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CHANGE POINT TESTING FOR THE DRIFT PARAMETERS OF A
PERIODIC MEAN REVERSION PROCESS

HEROLD DEHLING, BRICE FRANKE, THOMAS KOTT, AND REG KULPERGER

ABSTRACT. In this paper we investigate the problem of detecting a change in the drift
parameters of a generalized Ornstein-Uhlenbeck process which is defined as the solution of
dXt = (L(t) - aXt)dt + O'dBt

and which is observed in continuous time. We derive an explicit representation of the
generalized likelihood ratio test statistic assuming that the mean reversion function L(¢)
is a finite linear combination of known basis functions. In the case of a periodic mean
reversion function, we determine the asymptotic distribution of the test statistic under the
null hypothesis.

1. INTRODUCTION

The problem of testing for a change in the parameters of a stochastic process has been an
important issue in statistical inference for a long time. Initially investigated for i.i.d. data,
change point analysis has more recently been extended to time series of dependent data. For
a general review of change-point analysis, see e.g. the book by Csérgé and Horvath [3].

In the present paper, we investigate the problem of detecting changes in the parameters of
a diffusion process. Diffusion processes are a popular and widely studied class of models with
applications in economics, finance, physics and engineering. Statistical inference for diffusion
processes has been investigated by many authors, see e.g. the monographs by Liptser and
Shiryaev [12] and by Kutoyants [11]. However, change-point analysis for diffusion processes
has found little attention up to now.

In our paper, we focus on change-point analysis for a special class of diffusion processes,
namely for so-called generalized Ornstein-Uhlenbeck processes. These processes are defined
as solutions to the stochastic differential equation

(1) dX, = (L(t) — aX,)dt + cdB,, t >0,

where a and o are positive constants and where the mean-reversion function L(t) is non-
random. (B;):>o denotes standard Brownian motion and Xj is a square-integrable real-valued
random variable that is independent of (B;)i>o. If L(t) = p is a constant, we obtain the
classical Ornstein-Uhlenbeck process, introduced by Ornstein and Uhlenbeck [14]. Ornstein-
Uhlenbeck processes are popular models for prices of commodities that exhibit a trend of
reversion to a fixed mean level. Generalized Ornstein-Uhlenbeck processes can be used as
models for the evolution of prices with a trend or seasonal component L(t).

Dehling, Franke and Kott [5] have studied the problem of parameter estimation of a gener-
alized Ornstein-Uhlenbeck process if the mean-reversion function L(t) is a linear combination

Key words and phrases. Time-inhomogeneous diffusion process, change point, generalized likelihood ratio
test.
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2 H. DEHLING, B. FRANKE, T. KOTT, AND R. KULPERGER

of known basis functions ¢1(t),. .., ¢,(t), i.e. when

(2) L(t) = Z pipi(t)

In this model, the unknown parameter vector is 8 = (p1, ..., pp, @)'. We denote the corre-
sponding parameter space by ©, and observe that

© =R? x (0, 00).

As is usual in the statistical inference for the drift of a time-continuously observed diffusion
process, the diffusion parameter o is supposed to be known. This can be justified by the
fact that the volatility o can be computed by the quadratic variation of the process.

We are interested in testing whether there is a change in the values of the parameters
{1, - -, iy and a, in the time interval [0, 7] during which the process is observed. In the first
step, we will consider this problem assuming that the change-point 7 € (0,7') is known. For
the asymptotic analysis, when T — oo, we write 7 = sT, where s € (0,1) is known. The
generalized Ornstein-Uhlenbeck process with change-point 7 = s7T" is given by

(3) dX, = (S(0,t, Xy)1p<ry + S0, t, X)L ysry)dt + 0dB,, 0<t<T,
where
(4) 0 t Xt Zﬂzgoz aXt;

and where 1, denotes the indicator functlon of the set A. The test problem of interest can
be formulated as

(5) Hy: 6 =46 (no change) vs. Hy: 6+ 6 (change at time point 7) .

We want to study the generalized likelihood ratio test for this test problem. We denote
by Px the measure induced by the observable realizations X7 = {X;,0 < ¢t < T} on
the measurable space (C[0,T],B[0,T]), C[0,T] being the space of continuous, real-valued
functions on [0, 7] and B|0, T'| the associated Borel o-field. Moreover, let Pg be the measure
generated by the Brownian motion on (C10,7}],B[0,T]). Then the likelihood function £

of observations X7 of the process with stochastic differential (3) is defined as the Radon-

Nikodym derivative, i.e.
dPx

dP,
The generalized likelihood ratio R(X7T) is given byB
Supgee L£(0,0,XT)
SUDPy ¢'co £(0> v, XT) .
Note that this likelihood ratio depends on the suspected change point 7 = sT', where s €
(0,1). Eventually, we will study the log-transformed likelihood ratio
Ar(s) :== —2log(R(XT)).

We will give an explicit expression of the process (Ar(s))o<s<1 and study the asymptotic
distribution of this process as T' — oc.

The outline of the paper is as follows. In Section 2, we will first derive an explicit repre-
sentation of the log-transformed generalized likelihood ratio test statistic (Ar(s))o<s<1. We

£0,0, X7y = X (xT).

(6) R(XT) =
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then formulate two theorems concerning the asymptotic distributions of sup-norm function-
als of (Ar(s))o<s<1. It turns out that supy<,<; Ar(s) does not have a non-degenerate limit
distribution, as 7" — oco. In Theorem 1, we will prove convergence of SUP,, <s<s, Ar(s), when
0 < 81 < s9 < 1 are fixed constants. In Theorem 2, we will show that there exist centering
and norming sequences arp and by such that (supy<,«; Ar(s) — br)/ar converges towards
an extreme value distribution. The proofs of these theorems are given in Section 3 and
Section 4, respectively.

2. GENERALIZED LIKELIHOOD RATIO TEST

In this section, we will derive an explicit representation of Ar(s). In order to do so, we
need to calculate the maxima in the numerator and denominator in (6). Note that this is
achieved by the corresponding maximum likelihood estimators. A corollary to Girsanov’s
theorem, see Theorem 7.6 in Lipster and Shiryayev [12], gives an explicit expression of the
likelihood function of a diffusion process provided that

(7) P (/OT S(0,t, X;)2dt < oo) =1

for all 0 < T < oo and all 6.

Lemma 2.1. Let L(0, XT) denote the likelihood function of the observations X7 = {X;,0 <
t < T} of the generalized Ornstein-Uhlenbeck process (Xi)i>o, defined in (1), with mean
reversion function (2). If the drift term (4) satisfies condition (7) then

arg max L£0,XT) = Orrr, = Q;IRT.

Here Qp € RPHDX®HD gnd Ry € RP are defined as
o Gr —ar
QT - ( _a% bT ) )

_ T T T t
RT = (/ ©®1 (t)dXt7 ey / (,Dp(t)dXt, — / Xt dXt> s
0 0

where Gp = (fOT ©;(t)ep(t)dt)1<jr<p € RP*P ap = fo 01 (1) X dt, . fo op(t) Xy dt) and
br = [ X2dt.

Remark 1. Note that the integrals in Ry can be rewritten as

T T T
/ i(t)dX, = / S0 (L(1) — aX,) dt + o / i(1)dB,
0 0 0
where the latter is a well-defined Ito integral.
Proof. The likelihood function £ of a general diffusion process
dXt:S(e,t,Xt)dt—f—O'dBt, OStST,
is given by

dPx

T Ty = _L/T 2
®) LX) =2 exp< /S@tXt X =5 [ 800X
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if condition (7) is fulfilled; see Theorem 7.6 in Lipster and Shiryayev [12]. The maximum
likelihood estimator is defined as the maximum of the functional 6 — L£(6, XT) and the
partial derivatives of the logarithm of this functional are

9 T
(9) 55 (L@ XT)

I o)
S0,t, XT)dX; — ?/o S(0,t, X’f)aels(g t, Xy)dt.

B 02 89
The derivatives of the drift functlon specified in (4) can be computed to be

0 _ [ wlt), i=1,...p;
891 (97t7Xt) { _Xt’ l:p+1

Setting the partial derivatives of the log-likelihood function in (9) equal zero gives a system
of linear equations which yields the assertion. 0

Due to the linearity of the drift term, the log-likelihood function of the process (3) is given
by

T T
n (E(Q,QI,XT)> = % <A S(Q,t,Xt)dXt +/ S(el,t,Xt)dXt>

1 ! 2 g / 2
~557 </0 S(0,t, Xy) dt+/7 SO, t, Xt) dt) :

Hence, defining X™7 = {X,, 7 <t < T}, we can write the generalized likelihood ratio (6) as
sup, L£(6, X7T)

supg. L(0*, X7) supy L(6', X7T)

where £(0, XT) is given in (8) with drift function specified in (4). The terms £(6*, X7) and

L(0', X™T) are defined analogously as integrals with integration regions 0 to 7 and 7 to T,

respectively. It follows from Lemma 2.1 that

(10) R(XT) =

£(é£4L7 XT)

11 R(XT) = — .
- ) L0y XT)L(O,, XT)

where the maximum likelihood estimates éﬂ I é}w ; and QA&TL are computed from the total,
the pre- and post-change sample, respectively. This representation of the likelihood ratio is
used to prove the following proposition.

Proposition 2.2. The log-transformed generalized likelihood ratio test statistic Ap(s) =
—2In(R(XT)) of the test problem (5) can be represented under the null hypothesis as

Ar(s) = ~RyQp'Ry + RLQ;'R. + (Rr — R)'(Qr — Q)" (Rr — R.)

where Qr is given in Lemma 2.1 and
t

T T T
RT = (/ ©¥1 (t)dBt, Ce ,/ (pp<t>dBt, — / XtdBt) .
0 0 0

Proof. Our aim is to compute an explicit expression of the ratio given in (11). Note that the
likelihood function in the numerator of (10) can be represented as

1 .- 1
T
L(Q, X ) = exXp (EQtRT - WQISQT0>
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where Rr and Q7 are given in Lemma 2.1. Denoting by 6, the true value of 6, the represen-
tations A B B
‘9]7\;@ = Q;lRT and Rr = Qrby+ oRr,
where the latter can be obtained by plugging in the initial SDE (1) and (2), lead to
. 1 - .
LX) = e (Gt )

202

1 1 1
= exp <@96QT00 + ;R;eo + §R§~QT1RT> .

A~

The same procedure yields an analog expression for L(07,,,X7). The additivity of the
integrals provides

vl = (Qr — Q.) Ry — R,)

and ) )
Rr — R, = (QT - QT)QO + U(RT — RT)
such that
A . 1 1
L(HMZL, X ’T) — eXp <W€6<QT — Q-,—)eo + ;(RT _ RT)teo
1
+5(Rr — R)'(@Qr — @) (Rr - RT)).

Under the null hypothesis, cancelation of several terms in (11) proves the assertion. 0

For the rest of our investigations, we study periodic functions

(12) it +v) = p;(t)

where v is the period observed in the data. Under the null hypothesis of no change, this
implies periodicity of the mean reversion function, i.e. L(t + v) = L(t). We assume that
we observe the process over some integer multiple of periods, i.e. T = nv, n € N. By
Gram-Schmidt orthogonalization we may assume without loss of generality that the basis
functions ¢1(t), ..., ,(t) form an orthonormal system in L*([0,v], 2d)), i.e. that

(13 [ eama={ 5 125

Under these assumptions, the matrix ()7 appearing in the test statistic Ar(s), see Proposition
2.2, simplifies to
- TI pxp ar
QT - ( atT bT '

Theorem 1. Let X7 = {X,,0 < t < T} be observations of the mean reversion process
(1) with mean reversion function of the form (2), satisfying (12) and (13). Denote by
Ar(s) = —2In(R(XT)) the log-transformed generalized likelihood ratio test statistic for the
test problem (5). Then, for any fized 0 < s1 < s3 < 1, under the null hypothesis,

W(s) — sW(1)||?
o Aoy 25wy V) SO
s€[s1,52] SE[s1,82] 8<1 - 8)

as T — oo. Here || - || denotes the Euclidean norm and W is a (p+ 1)-dimensional standard
Brownian motion.
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The result stated in Theorem 1 is not satisfactory in application: First, it is not clear
how to choose the interval [si, so] potentially containing a change point if no information
about the location of the change is available. Second, the distribution of the limit which is
the squared length of a multi-dimensional Brownian bridge is not explicitly given such that
further analysis or a simulation study are necessary in order to specify the limit distribution
explicitly. In order to avoid this inconvenience it is possible to consider the exact test statistic
SUPg<s<1 Ar(s). It turns out that, by means of some appropriate normalizing terms ar and
br, the distribution of the expression (supy.,.; Ar(s) — br)/ar converges to the Gumbel
distribution. -

Theorem 2. Under the same assumptions as in Theorem 1 it holds under the null hypothesis
that

( sup Ar(s) —br)/ar 2 a,

0<s<1
as T — oo, where G denotes a real-valued random variable satisfying

IP(G < z) = exp(—2¢~%/?).
Here by = (2InInZ + 2 InInln L — lnF(’%l))z/(anln%), ar = 4/br/(2InIn L) where T

15 the gamma function.

3. PrROOF OF THEOREM 1

Before we can complete the proof of Theorem 1, we have to establish some auxiliary results.
First, we will study the asymptotic behavior of Ar(s) in the case of a periodic mean reversion
function, see (12) and (13). Note that by Proposition 2.2 we have the representation

Ar(s) = —RtTQTlRT + RtTQS%RsT + (Rr — Rar) (Qr — Q1) ' (R — Ryr).
The first term,

t ~—1 L 1 11
Ry Qr RT:ﬁRT<TQT> ﬁRTa

has already been studied by Dehling, Franke and Kott [5]. The following proposition sum-
marizes the results of Proposition 4.5, 5.1 and 5.2 in Dehling et al. [5].

Proposition 3.1. We have that

1 D
—Ry — N(0,2
=R B N(0.3)

and

1
TQT — X, almost surely,

as T — oo. The matrix X is given by

(14 z:(”k@ﬁ)
where Ay = [ pi(t Va(t)dt, i =1, . p,w= [ (h zdt—i—”; and where h : [0,00) — R is
defined by

(15) NZZMZM/B%NW-
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Here, N(0,%) denotes a normally distributed random vector with zero-mean and covariance
matriz 2.

Now we want to investigate the second term of Ar(s) which we rewrite as
1 11

1
t —1 _ t -
R Qo Ry = \/TRsT(TQﬂ) —\/TRST.

We will show that the process (\/%TRST) converges in distribution to a Gaussian process

s€[s1,52]
on [s1, s2], and that £Q,r converges in probability uniformly on [s;, so).

We need the following functional version of the asymptotic normality proved in [5]
Proposition 3.2. As T — oo, the sequence of processes (RST))OSTQ, where

1
RT) .—
T ﬁ
converges in distribution to a (p + 1)-dimensional Wiener-process R* with R ~ N(0, sX)
and where 3 is defined in (14). Thus the covariance function of R* is of the form

Cov (R;(s),R;(t)) =(sAt)X;y; fori,j=1,....p+1.

RTT )

Proof. Note that the vector-valued processes

1 nvt 1 nvt 1 nvt
R .= = dB,, ..., — dB,, —— X.dB,
t (\/ﬁ/o 901(8) \/ﬁ/o 9017(8) \/ﬁ/o )

are martingales with respect to the filtrations ]:t”) = 0(Bs;s < nwt). The associated
covariance processes are given by

1 nvt 1 nvt 1 (nvt

»Jo QOl(pldS - o Jo g01g0pd8 n Jo (pleS

.R(n)7 R(?’Z) = nvt ' nvt ) TLVt:
( )t % o Ppprds .. % o Ppppds % fO ppXds
% Onl/t g01Xd$ % Om/t SprdS % Onyt deS

As was shown in [5] (see p.184), these matrices converge for n — oo almost surely towards
the matrix

tfy ererds ..t [ prppds t Jo pihds
t foy epprds ... tfoy ©pppds t fO” gopizds =tX.
t foy wlﬁds tfoy gopﬁds t <f0,, h2ds + %)

The functional central limit theorem for continuous martingales (p.339 in [6]) now implies

that the sequence of continuous E(n)—martingales R™ converges in distribution toward the
unique continuous Gaussian martingale with covariance function ¢3. 0

Proposition 3.3. Let Q); be defined as in Lemma 2.1. Then, as'T — 00,
1
TQsT — 82

almost surely uniformly on [0, 1], where 3 is given in (14).
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Proof. By Proposition 3.1, we know that, almost surely, %QT — X as T'— oo . Thus, given
€ > 0, there exists a Ty such that for all 7" > Tj

1
I=@r -3 <
Let B := supgc,<p, ||Qs||. Then we get for any 7' > Ty and Ty /T < s <1
1 1
“TQTS - SZ” = SHEQTS - E” < e
For s < Ty/T we obtain
1 1 Th
~Ope— Y| < =B+ 2B < e,
I -Qr, — S < 2B+ ) <

for T large enough. The last two inequalities together show that for T" large enough, we have
H%QTS — sY|| <¢, and this proves the statement of the proposition. d
We can finally finish the proof of Theorem 1.

Proof of Theorem 1. By Slutsky’s theorem and Propositions 3.1, 3.2 and 3.3 we obtain

AT(S) = _R?Z“QTlRT + RtTQSI}RsT + (RT - ST) (QT - QST) l(RT - RST)
o e IO | W) = W)
s 1—s

[W(s) — sW(D)*
s(1—s)
in C[sy,s,]. Here we have used the fact that the process W (t) := Y~'/2R? is a Brownian
motion with covariance matrix I,,1, where I, is the (p+ 1) X (p+ 1) identity matrix, and

that (R;)'S>"'R; = ||[IW(¢)]|*>. The assertion about the supremum of Az (s) is justified by the
continuous mapping theorem. 0

4. PROOF OF THEOREM 2

The proof of Theorem 2 is motivated by the proof of an analogous result for discrete time
AR processes, given by Davis et al. [4]. We need the following result which is proved in in
Davis et al. [4] and which relies on Lemma 2.2 in Horvath [7]).

Proposition 4.1 (Corollary A.2 in Davis et al. [4]). Let Y1,Ya,... be an i.i.d. sequence
of (p + 1)-dimensional random vectors with IE[Y;] = 0 and E[Y1Y{] = I,41. Define Sy =
Zle Y;. If maxi<i<pr1 B|Y; 1> < 0o for some r > 0, then

( max ||Skl|* = bn)/an 2, 6,

1<k<n

as n — 00, where G* denotes a real-valued random variable satisfying
P(G* < z) = exp(—e %/?).
Thereby, it is b, = (2Inlnn+ 22 Inlnlnn — lnF(]L%l))2 /(2Inlnn), a, = \/b,/(2Inlnn).
Recall that

Ar(s) = —RYQ7 Ry + Ry Q. Rar + (Rr — Rer) (Qr — Qsr) ™ (Ry — Ryr)

and T = nv, v fixed. Let us assume for a moment that v = 1. We write A,(s), R, and @,
for Ar(s), Ry and Qr, respectively, since the asymptotic framework is n — oc.
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Assume further that the solution of the stochastic differential equation (1) is stationnary.
Note that this is not a constraint for our purposes since we may alternatively consider the
stationary process

X, = h(t)+ Z,
with
t
B(t) = e at/ o h(s)d

and

~ t ~

Zy = aeat/ e*’dB,
where

B, = Bg, (s) + B_1g_(s)

is bilateral Brownian motion defined through two independent standard Brownian motions
(Bi)is0 and (By);=0. The process (X;);>o is stationary and does not depend on X,. Fur-
thermore, it was proved in [5] (Lemma 4.4) that one has |X; — X;| — 0, almost surely, as
t — 00.

The following proposition is essential for the proof of Theorem 2. First, define for two
o-algebras A and B the quantities

a(A,B) = sup [P(ANB)—P(A)P(B)

AeA,BeB

and

p(A,B) = sup Corr(F, G).
FeL?(A,P),GeL?(B,IP)

It is known that
1
@(/Lfﬂ < ZpﬂAagy
For a stationnary sequence of random variables ((;)ren define the mixing coefficient o, by

ac(n) = sup&(o(@-;i <k),o(G;i>k+ n))
keN
The sequence ((i)ren is called strongly mixing if o (n) — 0 as n — oo.
Proposition 4.2. The sequence of random vectors (ry)ren defined by

k k k t
ARk = (Rk - Rk_l) = (/ SOl(t)dBt, ce ,/ @p(t)dBt, — XtdBt)
k—1 k

-1 k—1

1s strongly mixzing with mixing coefficient o of order

aar(n) = O(e ).

Proof. Define the C[0, 1]-valued stochastic process (£*))xen

g(k’) - X® — (Xt+k)t€[0 1]
‘ B®) . (Bt+k)t €[0,1]
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The process (£*))iey is both a Markov and a Gaussian process. Hence, by making use of
the Markov property and by applying the correlation inequality for Gaussian processes from
Lemma 4.3 we obtain

ag(n) < stgﬂga(a(f(’“); k<m),o(E®;k>m+n))

= sup a(o (&™), o (™))
meR

sup sup Corr({a, B(m)> + <b,X(m)>, (e, B(m+n)> + (d, X(m+n)>)
meN a,b,c,deL2[0,1]

< e sup - Corr({a, BY) + (b, XY), (¢, B®)) + (d, X))
a,b,c,d,€L2[0,1]

_ O(e—a(n—l))
where the last equality is stated in Lemma 4.4. Note that each ARy may be represented as
ARy = (W)

where f; : C[0,1] x C[0,1] — R is a measurable function. Since the o-algebra generated by
f.(£) : Q@ — R is smaller or equal the o-algebra generated by £%) : Q — C[0,1] x €0, 1],
the bound for ag(n) established above is also valid for aag(n). O

IN

Lemma 4.3. Let (H,{.,.)) be separable Hilbert-space and (X,Y’) be a pair of random vari-
ables with Gaussian joint law. Then one has

plo(X),a(Y)) < max Corr({a, X), (b,Y)).

Proof. Let (e;)ien be a system of orthonormal basis vectors for the Hilbert space H. If we
set V; == (X, e;) and W, := (Y, e;) then we have the representations

X = i%ei and Y = inej.
1= Jj=

Note that o(X) = o(V4, V4, ...) and o(Y) = a(Wy, Wy, ...). It follows from Prop. 3.18 and
Thm. 9.2 in [2] that

plo(X),0(Y)) = lim p(c(Vi,..,Va),a(Wy,...,1W,))

n—oo
n n
= lim sup Corr(E a; Vi, E bjo>.
n—00 A yeeey an,bi,..., bneR i=1 j=1

Since the correlation is homogeneous we can assume without loss of generality that > a? = 1
and ) b? = 1 holds. From this then follows

o0 [e.9]

plo(X),0(Y)) < sup Corr( a; Vi, b»W-)
(ai)ien,(bj)jen: 2 af=>"b3=1 ,Zl ]Zl T
< sup Corr((a, X), (b, Y))

a,beH:[a|=||b]|=1

The second inequality follows since one has for a € H and a; := (a, ¢;) that

<CL, X> = i az‘/z
i=1
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This finishes the proof of the lemma. 0

Lemma 4.4. For all a,b,c,d € L]0, 1] we have

Corr({a, B™) + (b, X™), (e, 7)) + (d, X7+7)))
= e Corr((a, B™) + (b, X™), (¢, B TV) 4 (d, X" D)).

Proof. Since B{*™ is independent from o(B™), X(™)) we have that

Corr({(a, B™) + (b, X)) (¢, B+ 4 (d, X (m+n)y)
= Corr((a, B™ ) (be(m)% (d,X(m+")>)
Cov({a, B™) + (b, X<m>>, (d, X (m+m)y)
v/ Var({ BW + (b, XMY)\/Var({d, X mmy)
Cov(( a, B™) + (b, X m)>, (d, X))
v/ Var({a, B(">> T (b, X)) /Var((d, X))

Note that we used the fact that the sequence (X (™), oy is stationary.
We will use the fact that (X;)>y, is the unique solution of the SDE (1) with initial condition
X, to see that X (™™ has the representation

n+s
Xmings = emnts) x4 h(n+s) + ge—onts) / e dB v
0

This representation follows from Lemma 4.2 in Dehling, Franke, Kott (2010). We use this
fact to compute the covariance in the above formula:

Cov({a, B™) + (b, X™) (d, X (mTm)y)

1
= e_o‘”Cov<(a, B™)y 4 (b,X(m)>,/ c(s)e_asdes>
0
1
—I—Cov((a, B™) 4+ (b, X(m)),/ c(s)h(n + s)ds>
0
1 1
+e " Cov ((a, By 4+ (b, X(m)>,/ c(s)ae‘o‘s/ e‘"dBerrds)
0 0

1 n+s
—|—e_a”Cov<(a BM)Y 4 (b, X M), / c(s)ae““/ e’”dBdes)
0 1

Note that the second term on the right vanishes, since the right entry in the covariance
is deterministic. Further, the fourth term vanishes, since the Brownian increments on the
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interval [m -+ 1,m + n + s] are independent with respect to o(B™, X (™). We thus have
Cov({a, B™) + (b, X)) (d, X"+™))

1
= eianCOV ((CL, B(m)> + <b7 X(m)>7 / C(S>easdeS>
0

1 1
—l—ea”Cov((a, BM) 4 <b,X(m)>,/ c(s)aeo‘s/ emdBmJﬂ.ds).
0 0

The result follows since we can do the same reasoning for n = 1. 0

Corollary 4.5. There exists an iid-sequence of RPF-valued Gaussian random variables
(st € N such that for Uy = Zle (; one has

Ry — Uy = O(EY*7)  for some X > 0 as k — oo.

Proof. This follows from Proposition 4.2 and the theorem from Kuelbs and Philipp on strong
approximation of mixing random sequences (see [9]). O

Remark 2. In the following we will denote by I'p;; the covariance matrix of the Gaussian
random variable ;. It then follows that the sequence of random variables FljilR[nt] //n;t €
0, 1] converges in distribution toward a p + 1-dimensional Brownian motion with covariance

matric /,,+1. Here I, ; denotes the identity matrix with p+1 rows. It follows from Proposition
3.2 that I'p 1 = 2.

Proposition 4.6. For all 6 > 0 one has as u — 0:

hmsup]P( sup Ar(s) — sup RLpQurRer| > aTcS) — 0

T—o00 0<s<u 0<s<u

and
lim sup IP ( sup Ap(s) — sup (Rr— Re)'(Qr — Qsr) (R — RsT)‘ > aT5> — 0.
T—o00 1—u<s<1 1-u<s<1

Proof. Tt holds that

a;1| sup Ar(s) — sup RzTQS_%Rsﬂ

0<s<u 0<s<u

< sup az'|Ar(s) — RLpQ 4 Rer|

0<s<u
= sw az'|(Rr = Rer)'(Qr = Qur) ™' (Rr — Ror) — RyQ7' Rr |
<s<u
1) — 2
(16) 2} sup ||W( ) W(S)H _ HW(1>H2 (asT—)oo)
0<s<u 1—s

— 0, almost surely,
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as u — 0, where the convergence in (16) is implicated by the proof of Theorem 1 and the
fact that ap — 1. Analogously, one has

ar' | sup Ar(s)— sup (Rr — Re)' (Qr — Qsr) ' (Rr — Ryr)
1—-u<s<1 1—-u<s<1
1 pt -1 t A1
< sup  ap ‘RSTQSTRST — Ry Qr RT}
1—u<s<1
W 2
D sup IWEIE W (as T — o)
1-u<s<1 S
— 0, almost surely,
as u — 0. [l

Proposition 4.7. Under the framework of Theorem 1 it holds under the null hypothesis that

1
— ( sup RETQS_TlRST - bT> 2o

ar \o<s<u

and
1 ( sup (Rp — Rer)"(Qr — Qur) ' (Rr — RsT)) 2 a6

ar \1-u<s<1l
as n — 0o, where G* denotes a real-valued random variable satisfying

IP(G* < z) = exp(—e/?)
and where ar and by are given in Proposition 4.1.

Proof. The reasoning follows the lines of the proof of remark A3 presented in [4] (see page
297). We first note that

RiTF;ileT - U[tsT] F;ilU[sT] = RzTF;il(RsT - U[sT]) + (RZT - U [tsTﬂF ;;ilU[sT]'
The law of iterated logarithm implies Uf,y Tty = O(([sT] log[sT [)*/2) and Corollary 4.5 then
implies RY T, = O(([sT]log[sT])*/?). Using those facts and Corollary 4.5 again yields
(17) Ry Rer — Ul Uy Uy = O(T]Y)
for some X' > 0 as T' — oc.

Since by Proposition 3.3 one has Qyr/sT — ', it follows that

1 R! Qst Ryr
t -1 -1 — sT ° -1 >
ReaQur Ry — mRalypy Ry = (sT)1/2 ﬁ) P (sT)1/2

This relation together with Equation (17) implies that as 7" — oo one has
(18) Rl Qop Rer — ULy Uyl Uy /[sT] — 0.

Proposition 3.3 and the continuous mapping theorem yield

W (s)]|?
sup RiTQS_%RsT N sup —H ()l :
s€lu,1] s€lu,1] S

— 0.

STQs_Tl (FP-‘rl -

It thus follows that
sup RirQy Rer = Op(1)

s€(u,1]
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Moreover we have

sup R.pQo Rer L .

s€(0,u]
Thus with propability closer and closer to one the supremum is achieved in the interval (0, u]
and not in [u, 1]. It then follows that

(19) ]P< sup RL.QARy = sup R TQsTleT) )
s€(0,1] s€(0,u]
We also note that for a fixed M > 0 one has
(20) IP( sup Ry Q Ry = sup R TQsTleT> — 1.
s€(0,1] se(M/T,1)
and
(21) ]P( sup Ul Do Uiy = sup Ul FpHU[ST) 1
s€(0,1] s€(M/T,1]
Let
Ry(M):= sup R;Q.;R.y sup Ul Tty Ulgy /15T,
s€(M/T,1] sE(M/T 1]

From Equation (18) we have

(22) [Rr(M)] =

sup R';Q R, — sup U[ST}FpHU[ST}/[ST]‘
se(M/n,1] se(M/n,1]

RiTQ;% RiT - U [sT) F];-‘rlU [tsT}/ [ST]‘

< sup
s€(M/n,1]

which goes to zero as M — oo uniformly in 77 > v. It now follows from Eq.(19) and
Proposition 4.1 that

lim IP( sup R TQsTlRST < arx + bT>

T—o0 s€(0,u]

= lim IP( sup R TQS%RST < arx + bT>

T—o0 s€(0,1]

o )
b i P _sup RirQuf R < o+ br)

= lim lim ]P( sup Ul Ty Ul /[T < ag + by —l—RT(M))
s€

M —o00 T—0c0

(M/T1]
= i <
Tlglgo P(si%pl] Ul Fp+1U[sT /1sT] < arz + bT>
= lim IP( sup [|Ssn1?/[sT) < aTx—I—bT> — exp ( — ”2).
T—o0 5€(0,1]

This proves the first statement of the proposition. The second one is proved in an analogous
way. 0]

Proof of Theorem 2. Since for fixed x € R one has arx + by — oo as T' — oo it follows from
Theorem 1 for all u € (0,1/2) that

IP( sup  Ar(s) <arx+ bT> — 1.

u<s<l—u
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Therefore, one has as T' — oo that

IP( sup Ar(s) < arz + bT> = IP( sup Ar(s) <arx+bp, sup Ar(s) <arx+ bT>.

0<s<1 0<s<u 1-u<s<1

By Proposition 4.6 this has for T" — co the same limit as

P| sup RLQ7 Rar < arx+bp, sup (Rr— Re)'(Qr — Qsr) '(Ry — Rer) < apx + by

0<s<u 1-u<s<1

Proposition 4.7 yields that this last expression converges toward exp(—2e~*/?) since the two
sequences

sup RipQp Rer

0<s<u
and
sup (Rr — Ror)"(Qr — Qo)™ (Rr — Rar)
l1—u<s<1
are asymptotically independent by Proposition 4.2. ([l
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