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Dispersive effective models for

waves in heterogeneous media

Agnes Lamacz!

March 22, 2010

Abstract: We study the long time behavior of waves in a strongly heteroge-
neous medium, starting from the one-dimensional scalar wave equation with
variable coefficients. We assume that the coefficients are periodic with period
e and € > 0 is a small length parameter. Our main result is the rigorous
derivation of two different dispersive models. The first is a fourth-order
equation with constant coefficients including powers of . In the second
model, the e-dependence is completely avoided by considering a third-order
linearized Korteweg-de-Vries equation. Our result is that both simplified
models describe the long time behavior well. An essential tool in our analysis
is an adaption operator which modifies smooth functions according to the
periodic structure of the medium.

Keywords: Homogenization, wave equation, dispersive model, long time
behavior

1 Introduction

In recent years, many approaches have been developed for the homogenization of waves
in periodic media. Powerful methods such as two-scale convergence (Allaire, [1]), the
method of oscillating test-functions (Tartar) or compensated compactness, see [11],
have been used to prove rigorous convergence results. By now, it is well known that,
analogous to elliptic problems, the homogenization limit (¢ — 0) of

O, 7) = 0. (o (£) il 7))

is a linear wave equation with a constant coefficient a*, called the effective coefficient.
In other words, the problem fits the following picture: On bounded domains and short
time intervals 7 € (0,7, the original solution #. coincides up to corrections of order
O(e) with a limit function @, which solves the effective wave equation 82u —a*9?u = 0.

!Technische Universitit Dortmund, Fakultit fiir Mathematik, Vogelpothsweg 87, D-44227 Dort-
mund, Germany agnes.lamacz@tu-dortmund.de



2 Dispersive effective models for waves in heterogeneous media

Nevertheless, the limit 4. — @ is a weak convergence and, in particular, the energy of
the e-solutions need not converge to the energy of u, see [4].

In the present work we are interested in very long time scales, i.e. observation
times of order O(1/¢?). Numerical results and formal asymptotic expansions, see [6],
suggest that the shape of the propagating wave is considerably modified at long sight.
Our aim is to catch this effect with a uniformly valid dispersive model. The difficulty
is, taking into account the long time scale ¢ := %7, that we are now dealing with a
true three-scale problem whose homogenization limit is not given by the solution to the
effective wave equation. The interest in this question is not new, see [2] for dispersive
limits in the case of large potentials and [3] in the case of high frequency initial data.
Likewise, works such as [7, 8, 9, 12] deal with the long time behavior of waves and give
formal calculations. Nevertheless, it seems that a rigorous mathematical statement
(or even an effective equation) is still missing. With this paper, we would like to fill
this gap by proposing two different dispersive models and proving that they both are
well-posed and approximate the original problem for long observation times. While the
first model (weakly dispersive equation) still depends on powers of €, the second model
(linearized Korteweg-de-Vries equation) is e-independent. The general concept of our
homogenization proofs can be described with the following three steps. 1) We state
and solve the homogenized system. 2) We modify the solution of the homogenized
system to construct an approximate solution to the original system. 3) We show by a
testing procedure that the result of this construction is close to the original solution.
This principle is flexible and can be applied in complex applications, e.g. to another
three-scale problem in [13] or to problems with hysteresis in [14, 15, 16].

Let us start with a detailed description of the original problem. We assume that the
coefficient a(y) is a real, smooth and periodic positive function with period Y = (0, 1).
To be more precise, we assume that there exist «, 3 > 0 such that a(y) € C*(R)
with 0 < o < a(y) < f and a(y + 1) = a(y) Yy . Moreover, we are dealing with
smooth initial data with compact support being perturbated at order O(g) by high
frequency terms. To sum up, we consider the following problem on the long-time
interval (0,7/£?).

Definition 1.1 (Homogenization problem). Let T, R > 0. Denote by u.(x,t) the
unique solution to the wave equation

Pi(e,7) =0, (a () dsle, 7))
Ue(x,0) = co(x) + ey <§> Opco(z) + %Ly (g) 2co(x),
0 i.(x,0) = do(z) + e L (g) B, do ()

for (z,7) € R x (0,T/e%). We assume that the initial data are smooth, cy,dy €
C((=R,R)). The functions Li(y), L2(y) € C*(R) are Y -periodic and solve auziliary
cell problems. They are defined in Definition 5.1.

Here, C2°((—R, R)) as usually denotes the set of all infinitely differentiable func-
tions with compact support. Let us remark that the existence of a unique weak solu-
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tion 4. € L*>(0,T/e?; H*(R)), with d,u. € L>(0,T/e* H'(R)), to the homogenization
problem is a classical result.

2 Rescaled problem and main results

In this section we introduce three different long time problems and state our main
results. We start with a time-scaled version of the homogenization problem. Consid-
ering the long time variable ¢ := 27 and setting u.(z,t) := u.(z,t/e?), one arrives at
the following definition.

Definition 2.1 (Time-scaled homogenization problem). Let (x,t) € Rx(0,T"). Denote
by u.(z,t) the unique solution to

e'0Pu.(z,t) = 0, <a <§) Opus(z, t)) :
u.(z,0) = co() + Ly (g) Opco(x) + %Ly <§> D2co(x),

Oyus(z,0) = é(do(as) +ely (g) &Cdo(x)).

Let us discuss here what we expect in view of the classical homogenization results.
The effective coefficient a* is, in the one-dimensional case, given by the harmonic mean

()

The associated homogenized wave speed is ¢* := v/a*. Homogenization hence suggests
that waves 4. move with speed ¢*. Accordingly, in the time-scaled version of Definition
2.1, we expect that waves u. propagate with an asymptotic speed c¢*/&2.

In the next step, we introduce a fourth-order weakly dispersive solution. A proof
of existence and uniqueness as well as energy estimates can be found in Section 4.

Definition 2.2 (Weakly dispersive problem). Denote by v.(z,t) the unique solution
to the following problem
e*0Pv.(z,t) — a*Pv.(x,t) — 56%838505(% t) =0,
a
,Ua(x> 0) = CO(x)a
1
(Zve(x, 0) = 6—2610(.73)

for (z,t) € R x (0,T) and a’ > 0 introduced in Definition 5.1.

Finally, after a decomposition of the initial data into a right-going and a left-going
part ¢y = cg + ¢ (strongly depending on the initial time derivative dy, see Section 3
for details), let us now define the e-independent linearized Korteweg-de-Vries (1IKdV)
equations as follows.
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Figure 1: Numerical solution W7 to the right going IKdV-problem, evaluated in t = 1.
It is obtained with a finite difference scheme for initial data W (z,0) = sech(z) =
2 The solution W~ is obtained by symmetry.

et4e—T "

Definition 2.3 (The IKdV equations). We distinguish between a right moving and a
left moving wave. Denote by W=(x,t) the unique solution to
W= (x, 1) + ;—Qagwi(x, t) =0,
C*
W(2,0) = ¢ («)
for (z,t) €e R x (0, 7).

The existence and uniqueness of a solution is a direct consequence of the results
in [10], see Section 3 for more details. We are now able to state the two main results
of the paper. The first shows that the weakly dispersive problem of Definition 2.2
provides a good approximation of the original problem.

Theorem 1. Let ¢y, dy € Cfo((—R, R)) Consider u, from the time-scaled homoge-
nization problem in Definition 2.1 and the weakly dispersive solution v. of Definition
2.2. Then the following convergence holds

lute () = e, ) (o 3067) — 0 Jor e — 0. (2.1)

We note that in (4.6),(4.7) a slightly stronger convergence is derived.
The weakly dispersive solution and the IKdV-solution can be compared as follows.

Theorem 2. Consider the weakly dispersive solution v. of Definition 2.2 and the shifts
wZ of the IKdV-solutions of Definition 2.3

C*
wl(z,t): =W+ (x - St t) : (2.2)
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w, (z,t) : =W~ <x + S—Zt,t) : (2.3)
Then there exists an e-independent constant C' such that
|Opve(z, t) — O, (w;r + w;)(x,t)||Loo(07T;Lz(R)) < O (2.4)
Moreover,
[ve(,t) — (wd + w2 ) (2, )| L (o,r;00w)) — 0 for e — 0. (2.5)

Theorem 2 is shown in Section 3. It’s proof is rather elementary. By contrast, the
proof of Theorem 1 requires more computationally intensive methods and is performed
in the last section. By applying the triangle inequality to (2.1) and (2.5) one directly
obtains the following result.

Corollary 1. Consider u. from the time-scaled homogenization problem and the
IKdV-solutions W*. Then the following convergence holds

*

u(z,t) — W™ (x — g—zt, t) - W (:c + c—t, t)

= — 0 fore —0. (2.6)

L>2(0,T;L°(R))

The corollary suggests that the solution to the time-scaled homogenization problem
of Definition 2.1 is approximatively equal to two waves propagating with speed c¢* /g2
in opposite directions. Moreover, it shows that the shape of the right going wave is
well described by the solution W to the IKdV-problem, those of the left going wave
by W—.

3 Weakly dispersive equation and 1IKdV-problem

This section is devoted to the proof of Theorem 2.

3.1 The IKdV-problems and their shifts

Let us start with some preliminaries concerning the left going and the right going part
of the initial data. In fact, due to classical theory, each solution to the one-dimensional
wave equation

OPu(z,t) — () 0Pu(z,t) =0

is given by
u(z,t) = flz—ct) + gz + ).

In particular,
u(x,0) = f(z) +g(x) and Oyu(x,0) = —c* 0, f(x) + ¢ Opg(x).

Consequently, the following definition is useful.
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Definition 3.1 (Decomposition of the initial data). Let ¢* > 0. We define Pi(co, dy)
and P (co,do) as the solutions of

(P;:(CO, do)) (l’) + (PC:(C(), do)) (,I)
—c*0, (Pt (co,do)) () + ¢*0s (P (o, do)) ()

co(x),
do(l’)

In particular, in the case of smooth initial data, co,dy € C’fo((—R, R)), also their
projections are smooth, i.e. ¢f = Pt(co,dy), ¢y := Px(co,dy) € CZ((—R, R)).

Let us remark that in our case the wave speed as well as the initial data are rescaled,
i.e. we consider the wave speed ¢* /&2 and initial data (co, dp/e?). Nevertheless, a simple
calculation shows that P Je2(Co, do/ £2) = PE(co, dy).
Next, let us discuss existence and properties of the IKdV-solution W (x,t). We omit
the analysis of left moving initial data c¢; = P (co, do) for convenience, since it can be
handled in exactly the same way.

Proposition 3.2 (Existence of the IKdV-solution and its shift on R). Let ¢f €
C>X((—R, R)). Consider the right going IKdV-problem of Definition 2.3. Then,

(1) there exists a unique solution W+ and a constant C' such that

10:5WF (2, 8) | F oo (0.1:22)) < Clleg () s (- moy
|0FRW ™ (2, ) |7 oe (0 122wy < Cllcs (@) o ((—r.my)- (3.1)

(it) The shifted function w} of (2.2) satisfies wt, dywr, dfwr € L>(0,T; H*(R)).

Here, H"((—R, R)) as usually denotes the Sobolev-space
H"((—R,R)) := {u(z) € L*((—R, R)) with du(z) € L*((=R,R)) for i =1,..,n}
equipped with the norm |[u| gr(—r,r) = > i 105t L2((— R, R)) -
Moreover, H°((—R, R)) := L*((—R, R)).

Proof. The proof consists of two steps.
First step. In the first step we show the existence of a solution W on bounded
intervals Q = (—L, L).

Claim 1. On a fixed bounded domain Q = (=L, L) with L > R, the IKdV-problem
with boundary condition

WH(=L,t) = WH(L,t) = 8, WH(L,t) = 0

has a unique classical solution W™*. Moreover, there exists an Q-independent constant
C, such that

105V (2, 1) 1200 (0,12 (02)) < Clles (@)1
10702 (2, 1) |7 022000y < Cllcy ()10 - (3.3)
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A proof of existence and uniqueness of a classical solution can be found in [10]. Let
us merely remark that fixing the spatial derivative of W at the right endpoint of the
interval is necessary to ensure the well-posedness of the problem.

We have to show the energy estimates in (3.2) and (3.3). Actually, multiplying the
IKdV-equation by W (x, t), integrating over 2 and applying integration by parts leads
to

0=Mﬂ D = 5 [ 570 OW ) ds
I Oy — (@ (L, 1) — (@ (L)
= I Dl + (. (~L, 1)
> SN ) e
and thus for each t € (0,7T)
Iy < I 0) gy = i () (34

Next, we differentiate the IKdV-equation twice with respect to ¢ arriving at

O(PW* (2, 8)) + L2 0302 W (1)) = 0,

20 °
o (2.0) = D g o).

In exactly the same way as above we conclude

OFW () L2y < Clleg (@)oo

and thus, taking into account O7W* = —2.9,93W*, estimate (3.2) follows. To obtain
(3.3) we differentiate once more with respect to ¢ to find

107 W (2, )1 2w 0 z2yy < Clled () [0
An interpolation argument provides the control of [|07 ;W™ (2, )70 (0 7.12(m)) -

Second step. Since the estimates in (3.2),(3.3) are independent of Q = (=L, L),
one obtains a solution W7 to the IKdV-problem on R by considering L — oo. Then
W satisfies the same bounds as its approximations. O

3.2 Equation for v. in the moving frame

In what follows, we use that v, from Definition 2.2 has some regularity; a proof of
existence and regularity can be found in Section 4.1. To motivate the statement of
Theorem 2, let us firstly decompose the weakly dispersive solution v. = v 4+ v as in



8 Dispersive effective models for waves in heterogeneous media

Definition 3.1. To be more precise, we solve the weakly dispersive problem of Definition
2.2 with initial data that belong to a right going wave,

*

vi(x,0) =cf(z) and Gl (x,0)= —S—QBIC(J{(:E). (3.5)

We remark that the analysis of the left going part v is analogous.

Observation 1 (Equation in the moving frame). Let v} be the weakly dispersive
solution of Definition 2.2 with initial data (3.5). Then the shift

c't
VI (x,t) == vt (93 + = t)
€
satisfies the equation

269, (atv; + &a?vj) = —£%9, (atv; + 2%a§v€+) + 54%afa§v;. (3.6)

2cx *

Proof. Due to v} (z,t) = V:F(z — £}, t) one obtains

Opvt =0,V (3.7)
Dt = —%azv; OV, (3.8)
2ot = Tyt - 2 g0 v Loyt 3.9
t Ve cdrle £2 1O Ve + O Ve . ( : )

A direct calculation now gives the result, using ¢*/a* = 1/¢*. In what follows, we use
in (1) that v, solves the weakly dispersive problem, equality (2) is a direct consequence
of the chain rule (3.7)-(3.9).

*
@® a
0 =c*0?vf — a*0Pv — 202070
CL*

D 02V — 262*0,0,V.F + 02V — PV

2¢tal eSa
—2aoivt+ E gy - oy
c* a*
4 %

Ay
a

252(—20*at6x\/; — a0V 4 2RV
C

and hence (3.6). O

Loosely speaking, Observation 1 suggests that the shift V" satisfies the 1KdV-
equation

OV (w,t) + 2OV (1) = O()
C*
and can therefore be compared to leading order with W (z,¢). In order to make

the connection precise, we now start from the 1IKdV-solution W (z,t) and derive a
corresponding equation for w (z,t).
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Lemma 3.3. Consider the IKdV-solution W (z,t) of Definition 2.3 and its left shift
wi(z,t) = Wtz — & t). Then wt(z,t) solves the following problem

e*0Pwt (z,t) — a* 0w (z,t) — afai j(a: t)
— %a?a?W* (x — —t t) 263atw+ (x - —t t)
wl(2,0) = 03(93)7
c* as
dwl (z,0) = —gazcg(x) — 202* oict (x).

Proof. As in Observation 1, omitting the arguments (z,t) for convenience, the chain
rule yields

oWt =0,w!,
0,5W+ = C—awar + atw+,

PWT = 4@3 - Oyl + OFw’ (3.10)
and thus
0=0aW++ %aiw —a w + dwf + 2 ot (3.11)

Now, we apply the partial differential operator €19, — £2c¢*9, to (3.11). Inserting the
term 562—2630§w+ and observing that the expression &%c*0;0,w appears twice with
different sign, one arrives at

0 =*0*w — a*Pwl — £° 28,526:% wr

+ 2830310;4—6 2“ (20,050 — 0 w?)

(3.10)
=" 0?w — a*OPwt — €° 28,526:% wr

20+ \ 2272z

+ a—;€60§0t2W+ — 54% ( dawt + O2ow )
a*
(3é0)54afw: —a*Pwl — £° 28,526:% wr
a*
+ gﬁa—éagafw+ - 54%a§atw+,
a c

which is the claimed result. It remains to verify the initial conditions. Actually,

_%angr(% 0) = W™ (z,0) = %azwj(x, 0) + dyw (z,0).
c
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Taking into account

B (2,0) = A2 3R (1),

2c* "
c* o
5_28 wl(z,0) = = — 05 (2),

one finally arrives at

as c*
Oywt(x,0) = —202* Oiet (r) — ?(%car(x).
This shows the equation for w! and concludes the proof. O

3.3 Proof of Theorem 2

We are now in the position to prove Theorem 2. The main estimate is contained in
Proposition 3.4 below for right moving initial data. We will observe later that Theorem
2 can easily be derived from that proposition. In what follows, C' denotes different
e-independent constants. We will use the following integration by parts formula for
H'(R)-functions.

Claim 2 (Integration by parts). Let f(x),g(z) € H'(R). Then

/R 0, f(2)g(x) di = — / f(2)0ug(x) de. (3.12)

This result is easily obtained by approximating the function f(z) € H'(R) with
dx(x) € C°(R) such that || f — ¢pl|m @) — 0.

Proposition 3.4. Let v be the solution to the weakly dispersive problem of Definition
2.2 with initial data (3.5). Let W be the solution to the right going IKdV-problem of
Definition 2.3 and let wr be its shift, wr(z,t) = W (x — &L, t). Then there exists an
e -independent constant C', such that

||amU: — (‘3ww;r||Loo(07T;L2(R)) S 062, (313)
vl —wl || Lo 2@y < C. (3.14)

Proof. Since v} solves the weakly dispersive equation, Lemma 3.3 yields that the
difference wt — v satisfies

e*0? (wl —vF)(z,t) - a*o? (wf —vF)(z,t) — 56@@285 (wl —vF)(z,t)

— a2 2970w (x — —t t) 263atw+ (x — —t t) (3.15)
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Now, we multiply (3.15) by &;(wS — v}) and integrate over R. According to (3.12),
we then apply integration by parts to obtain

1d

2dt
a*

+ & 200wl () — Bidav <'>’f>||%2<R>>

* 3 * k
=— / 56%036§W+ + 54&026,5W+ x— c—t,t (&w: — 6tv€+> (x,t)dx
R a* 2c* g2

4303 3 + c ’
et —=0 atW = —2t,t
c L2(R)

2c*
et 5
+ E||0twj(~,t) — 0l ()72 )
2
LQ(R)>

4 (8| L2 (- St
a* T 52

4
€
+ E||0twj(~,t) — Ol ()72

<54||6tw:(-,t) — 0 (172w + a* 0wl (1) — Duvd ()| 72wy

2
< +

L*(R)

4
et

602 2g2yy+ ( . C—Qt,t)
a* €

2
+ et
L2(R)

@636 w+ ( — it t)
t 52 9

2c* F

for almost every t € [0,T]. Next, we define
1 *
A(t) =5 (54||3tw5+(',t) — 0L () lLa@y + 100w (1) = Ouvd ()| L2y

CL*
+ 02|00l (1) — @%U«?(vt”'i%ﬂv)‘

Taking into account

92 93t (x)

a0 =0 A o)) = it

3 3

and applying the Gronwall Lemma finally leads to

2 6 . *x

L*(R)

%2 g2 p2yy+ (x - %t,t)
a* €

L2(R)
2

+ &8

L2(0,T;L2(R))

2
L2(o,T;L2(R))>

B2PW+ (x - S—Qt,t)

2
L2(0,T;L2(R))>

+et

303 g5, <x _ C—t,t)

2cx g2

2

g0<*m£@m%m4um+f8 02
L2(0,T;L3(R))

+ &t

oW (x - C—Qt,t)
9

1)
< () By < Ce*
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for almost every ¢ € [0,7]. Let us remark that inequality (1) is a consequence of
Proposition 3.2. This shows (3.13) and that

||8tw;r - 8tv:]|Loo(0,T;Lz(R)) S C. (316)

Finally, to prove inequality (3.14), one simply writes

13 13 13

(wr —ovH)(x,t) = (wh —v1)(z,0) + /0 (Opwr — O )(x, 7) dr

¢
= / (Oywt — O )(x, ) dr
0

and applies (3.16). O
In exactly the same way the analogous result can be stated for the left going weakly
dispersive solution vZ and its shift w7 (z,t) := W~ (z + £, t). Due to v. = v + v

and the linearity of the weakly dispersive problem one obtains

Proposition 3.5. Let v. be the weakly dispersive solution of Definition 2.2 and let
wh,w> be as in Theorem 2. Then the following estimates are valid

1850 — 00 (wd + w2 ) | =(o/s2m)) < C€2, (3.17)
Jve — (w} 4+ w ) lzeori2m®) < C. (3.18)

We are now in the position to prove Theorem 2.

Proof of Theorem 2. Inequality (2.4) appears in Proposition 3.5.
We have to prove (2.5), that

ve(,t) — (wl + w?) (2, 1)|| Lo (oL () — 0 for & — 0. (3.19)
Considering the difference z.(x,t) := (vE — (wt + w;)) (x,t), we claim that

sup |[2:(-,t) — ZE(yut)HLOO(R) < Ce? (3.20)
te[0,7)

for each y € R. Actually, due to Proposition 3.5 one obtains

( / 0,2(6.1) d&)

2
sup ||z:(-,t) — Zs(%t)Hioo(R) = Sup

te[0,7) t€[0,7] L>(R)
< 10w ze 7o o 122wy < Ce.
It remains to prove that there exists yg € R such that
sup |z:(vo, )| =%0. (3.21)

te[0,T]
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Then, by applying the triangle inequality, convergence (3.19) follows directly,

[z (2, )l e oz @y < sup [[z(, 1) — 2e(yo, D)l ooy + sup |z(yo, 1)
te[0,T] t€[0,T

< O+ sup |z(yo.t)| 0.
te[0,T

To show (3.21) we assume that, for yy € R, there exist § > 0 and sequences &, — 0
and t; € [0, 7] such that

|22, (Yo, ti)| > 0.
Then, due to (3.20) one obtains

|2e,, (x, 1) > 0/2

for every x € R and k sufficiently large. This contradicts inequality (3.18) in Proposi-
tion 3.5 and thus convergence (3.21) follows. O

4 The original homogenization problem and the
weakly dispersive equation

This section is devoted to the proof of Theorem 1. We will study properties of the
weakly dispersive problem in Subsection 4.1. In Subsection 4.2 we discuss the adaption
operator A.. Finally, in Subsection 4.3 the proof of Theorem 1 is given.

4.1 The weakly dispersive problem

In this subsection, we prove existence and uniqueness of a solution to the weakly disper-
sive problem of Definition 2.2. Besides, energy estimates and regularity properties are
discussed. As for the IKdV-problem, we firstly construct solutions on bounded intervals
) = (=L, L) and show that the corresponding energy estimates are {2-independent.

Proposition 4.1 (Existence on R and energy estimates). Let k > 1 and co,dy €
C’é’o((—R, R)) Consider the weakly dispersive problem of Definition 2.2. Then there
exists a unique solution v. such that v. € L*>(0,T; H*(R)), Ow. € L>(0,T; H*(R)),
0?v. € L?(0,T; H*Y(R)). Moreover, the following energy estimates are valid

1000el| oo 0,711 ) + E2100e || oo (0,715 1 ()
+ 55||at2’UE||L2(O7T;Hk—1(R)) < CKk(CQ, do), (41)

where the constant C' is independent of € and
1/2
Kk(cme) = (Hﬁxconékfl((_}g’]g)) + HdOHQkal((_R’R)) + 52H8xd0||§{k71((_R’R))) .

Proof. Our aim is to apply the Rothe time discretization method. More precisely, we

discretize the time variable by introducing a finite number of time-steps ¢; and replace

Ve (t5)—ve (tj—1)

N . In each time-step

the time-derivative by a difference quotient d;v.(t;) :=
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t; we then solve an ordinary differential equation on Q = (—L, L) and derive a priori
estimates which are independent of the domain 2. Considering I — oo provides a
solution on R in each time-step. Finally, we consider the limit At — 0 in the dis-
cretization scheme. In the following we will merely give the proof of the corresponding
a priori estimates for £ = 1 and omit the details of the method. Actually, one derives
estimates for higher order spatial derivatives by differentiating the weakly dispersive
equation with respect to x.

First energy estimates. Multiplying the weakly dispersive equation of Definition
2.2 by 0;v. and integrating over {2, one obtains

1 d a*
Sdl (54||atva( ) )||Lz + a*|| 0,0 (-, )Hiz(g) +66a_i||atawvs('at)||iz(g)) _0

Next, we integrate over [0,¢] arriving at

* a*
e10we (-, )l 72(0) + @7 l10x0= (-, D) 72y +&° 10D (- t)!l%z(m

2 2

1 1

+ a*[|0xco ()| 220 +6 —
L2(Q)

L2(Q)
= ||d0(x)H%2((—R,R)+a*||a’v00( )||L2( (—R,R)) + & ||6 do(x )H%Q((—R,R))
< C<K1(007d0))2

for each t € [0, T], which proves the estimates for the first two terms in (4.1).
Second energy estimates. It remains to verify the estimate for 0?v.(x,t). Actually,
a*
e'07v.(x,t) — 920207 ve(w, t) — a*O2ve(w,t) = 0. (4.2)
a

Multiplying equation (4.2) by 0%v.(z,t), integrating over Q x (0,7) and applying
integration by parts leads to

a
e[| 07 v H%Q(O,T;LQ(Q)) + sﬁa—i ||at23zva||2L2(o,T;L2(Q))

T
= —/ /a*@zvg(x,t) 020, v, (w,t) dx dt
0o Ja

< ||a*0pve || 20,2200 107 Oxve || 22 0,122 ()

L,
< 567||a:cat2“e||%2(0,T;L2(Q)) + @Ha aIUEH%Q(O,T;L?(Q))?

where we choose v € (0, 3—2) Hence,

C

=6 10, ve ||2L2(0,T;L2(Q))

C >
= (Ki(co, do))

IA

54||at2ve||2L2(o,T;L2(Q)) + 56Hatzawve||2L2(o,T;L2(Q))

IN
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due to the first energy estimates. Consequently,
2 1
10; vell 20,7522 (0)) < ?C K (co, dy),

which is the claimed result.

4.2 The adaption operator

The aim of this section is to adapt a function f(z,t) to the micro-structure of the mate-
rial. More precisely, our aim is to construct an operator A, such that 9, <a (£)0, (A(f )))
can be expanded in derivatives of f, i.e.

8, (a(%)@z( ) (Z lqr Pt f ) —p, (4.3)

where p is a small error, m € N and af € R. If (4.3) is satisfied, we have a way to
replace the elliptic operator with oscillating coefficients by a finite sum of differential
operators with constant coefficients.

Let us start with some preliminaries. Considering Y = (0,1) as in the introduction,
we denote by H,,.(Y) the closure of {u(-) € C*(R) | u is Y-periodic} with respect to
the Sobolev—norm | |2 (v)- Moreover, let

(u(*))y = |Y|/ dy—/ u(y) dy

be the mean value of u(-) and let C2,.(Y) = {L(-) € C*(R)| L(-) is Y-periodic}.
Then, formal series expansions in powers of ¢ and numerical results (see, for instance,
[6, 7]) suggest that the solution to the time-scaled homogenization problem of Defini-
tion 2.1 can be approximated by functions which obey the following general structure.

We cut off the expansion after the sixth expansion term.

Definition 4.2 (Adaption operator A.). Let f(-,t) € H®(R) for each t and let
Ly(-), .., Le(-) € C2.(Y) be the smooth functions introduced in Definition 5.1. We
define the adapted function A.(f)(z,t) by

A (@, t) == f(z,b) + Zg L (f) 8 f(x,1).

We now discuss the regularity of an adapted function A.(f).
Claim 3 Let f(-,t) € H*(R) for each t. Then

A(f)(-,t) € H*(R).
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Indeed, since L;(-) € C?

(Y, there exists an e-independent constant C' such that

C
<SG D)oy

H2(R)

’|A6(f>('7t>“H2(R) = Hf(vt) + Zgi L; <g> chf(,t)

Our aim is to construct the auxiliary functions L;(y) such that (4.3) is satisfied. This
is possible as we show in Appendix A. Actually, if the error p = O(¢”) and m = 4, the
functions L;(y) and the coefficients af are uniquely determined, see Appendix A for
details.

Next, let us make the implications of characterization (4.3) more precise. Setting
a*(z) := a(%), one immediately discovers

Observation 2 Let A, be the adaption operator of Definition 4.2. Let A. satisfy
characterization (4.3) with m = 4 and let f(x,t) solve the constant coefficient problem

462 2510,*62—“]6 T t)

Then the adaption of f is an approximative solution of the time-scaled homogenization
problem of Definition 2.1 in the sense that

x4 (Aa(f)(x, t)) ~ 0, (af(x)az (AD) (@)
= A, < 102 f( Zéla*éﬂ“ t)) —p=A.(0)—p=—p

1s small.

In the light of classical homogenization theory, we can expect for the first coeffi-
cient aj that af = a* = (¢*)?, where ¢* denotes the homogenized wave speed. This
fact is also shown in Appendix A.

Finally, we make the connection between the adaption operator A. of Definition 4.2
and formula (4.3) more precise. Following the construction of Appendix A we insert
A.(f) with appropriate L;(-) in the left hand side of characterization (4.3).

Claim 3 suggests that the application of the differential operator d, <a€(x)8x> to
A.(f)(z,t) produces an L?(R)-function.

Lemma 4.3 (Algebraical Lemma). Let f(x,t) € H¥(R) for each t and let A. be the
adaption operator of Definition 4.2. Then

0, <a8(x)8 A(f)(z, t))
=a* 02 f(x,t) + a0 f(w,t) + *aldC f (1)
+ely (g)ﬁz (a*@if(x, t) + 2a0r f(z, t))
+ %L, (g)@i <a*6§f(9:, t) + as0r f(z, t))
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+ 53L3(§)a*82 Fla,t) + 54L4(§)a*8§ Fla,t) + oz, 1) (4.4)
with
Pl t) =07 f(z, )9, (a() Lo(.)) (f) + %00 f (2, t)a (2) (Ls (f) +9,Lg (g))
+ €505 (2)08 f(x, t) Lg (g) .

Proof. The lemma follows from formula (5.2) and Lemmas 5.2 and 5.3 of the appendix.
U

Regarding the characterization (4.3), the Algebraical Lemma yields that
0, (4 (20 A F)(2.1)) = A (02 (2.0) + 2a300 £ (2,0) + £'a3db f (1)) + O(?)

in L*(R) independent of . We consider only terms up to the fourth derivative of f.
Observation 2, exploiting aj = 0, a5 = 0, then suggests to consider the problem

02 f(x,t) — a* 02 f(x,t) — 2al05 f(x,t) = 0. (4.5)

Remark: Keeping in mind that ai > 0, we observe that Problem (4.5) is ill-posed.

4 ..
However, to lowest order, one formally can replace dif by g—*afagf arriving at the
weakly dispersive equation of Definition 2.2.

4.3 Proof of Theorem 1

We are now in the position to prove Theorem 1. In what follows, u. denotes the
solution of the time-scaled homogenization problem of Definition 2.1 and v, the weakly
dispersive solution of Definition 2.2. Actually, in our first step we show that the
difference between u. and A.(v.) is small. In the second step the adaption A. is
omitted. Our first result is analogous to Proposition 3.5.

Proof of Theorem 1.
First step. The crucial point is to show that there exists an e-independent constant
C such that

10pue(z,t) — Oy (Ac(v2)) (@, 8) | o (0.7 12R)) < CE?, (4.6)

Jue(z,t) — (A(ve)) (2, )| e 07 12R)) < C (4.7)

The idea is to apply the partial differential operator 0? — 9,(a°(2)9,) to A.(v.). The
difference between u. and A.(v.) is then controlled by standard energy estimates.

In the subsequent calculation, equality (1) holds due to the Algebraical Lemma 4.3.
Using in (2) that v. solves the weakly dispersive problem of Definition 2.2

e10Pv. — a*@Pv. = 52202020, we obtain
S0 (Av.) (w,1) = 0, (0 (2)0; (Acv.) (1))

(254831)5(@ t) — a*Pv.(x,t) — e*a30iv.(z,t) — e*aidCv. (v, 1)
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+elq (g)@x (e*07ve (2, t) — a*02v-(z, t) — e%as0pv.(, 1))

+ 2L, (g)ag (' 0P (,1) — a”0v-(x, 1) — 2a30 v.(x, 1))
+ 53L3(§)a§ (e* 0. (2, 1) — a*0%v.(x, 1))
+54L4(§)a§ (e*0v. (2, 1) — a*0%v.(x, 1))
+59L5(§)8§82v5(x,t) + 0L (2) 0P, (x, 1)
S, (x,1) (a ( ()L6(>)( >+a€(x) <L5< ) 8L6< )))
802 (2)Pv. (w, t) Lg (-)

@y e (Z—iafagve - aﬁve) (z,8) + al 53L1(§) (Z—iafagve - 821)5) (z,1)
Vaietl, (f) <Z—i@f@§v€ - (951}5) (z,1)

— ardPu.(z, t) — 5070 (z, 1) (ay (a()Ls(.) (g) o () (Ls(.) + 0, L (.)) (g))
— Saf(z) L (g) 9v.(z, 1) +ggafa§v5(x,t)( Lg( )+ Ly (Zf))

4 1092050, (2, 1) ( =y ( ) + Lg (5)) (4.8)

To sum up, the effect of the wave operator on A.(v.) is characterized by

402 (Aw.) (x,t) — 8, (f(:c)am (Av,) (z, t)) = f.(2.1).

The estimates for f. are obtained in a quite elementary way and can be found in
Appendix B. They provide

1fo(2, )] 20,02y < C.

Now, we consider the energy estimate for the time-scaled homogenization problem of
Definition 2.1 and apply it to u. — A.(v.). We refer to Appendix C for details. Let
us remark that due to classical regularity theory, Proposition 4.1 and Claim 3, u. and
A.(v.) are sufficiently regular.

Exploiting estimates for the initial data of Appendix B,

1021 (2, 0) — s (‘As(UE))( )||2L2 < Cet,
e Byu(x,0) — 0y (A(v:)) (2, 0) |22y < Ce*

and taking into account that u. solves the time-scaled homogenization problem, one
arrives at

10ntie — 0 (Ac(ve)) H%OO(O,T;LQ(R)) +eY|0; (ue) — B (Ac(ve)) ||%°°(0,T;L2(R))



A.Lamacz 19

<C <||8xug(x, 0) — 0, (Aa(va))(% 0)”%2(11%)

1
+ &Y 0puc (@, 0) — 0y (A(v:)) (2, 0) 2wy + €—4||fs!|%z(o,T;Lz(R>>)
<Ce. (4.9)

Now (4.6) is a direct consequence of (4.9). Moreover, one obtains
10ue = A= (ve) | =072y < C

and thus, writing

(ue — Ac(v)) (2, 1) = (ue — A(ve)) (2, 0) +/ O (ue — Ac(v.))(z, 7) dr,

0
inequality (4.7) follows directly.

Second step. We would like to show that

-0
[ue(x,t) — ve(@, )| Lo orizoor)) — 0.

Arguing in exactly the same way as in the proof of Theorem 2, inequalities (4.6), (4.7)
yield

Jus(e, 1) = Ac(v) (@, D)=z a=y = 0.
It remains to avoid the adaption operator A.. Actually, in the subsequent calcula-
tion we use in (1) that HL1<§)HL°°(R) e || L6 (%) HLOO(R) are uniformly bounded in e.

Inequality (2) is a consequence of Proposition 4.1 using once more the fundamental
theorem of calculus.

[ A (ve) (@, t) — ve(@, t) || oo (0,7, L0 ()
= HsLl(f)azvg(x,t) + ..+ €6L6(£)621)E(x,t)H
€ 5
1) )
<Ce (Hazva(x>t)HLO"(O,T;LO"(R)) + o+ [[Opve(, t)HLw(O,T;L(’O(R)»

(2)
< Ce.

L>o(0,T;L(R))

This proves Theorem 1. O

5 Appendix

Appendix A: Construction of A. and main properties. According to char-
acterization (4.3), we derive in Appendix A.1 the periodic boundary problems which
determine the auxiliary functions Ly (y), ..., L¢(y). Algebraical simplifications are per-
formed in Appendix A.2. The Algebraical Lemma 4.3 is a direct consequence of the
results in Appendix A.1 and A.2.
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Appendix A.1: Construction of the auxiliary problems. Our aim is to con-
struct the adaption operator A, such that

a. (cf(:c)a Af)(x.1))
= A (Z Sai0i 2 (2,1)) + O() (5.1)

for every smooth function f. We calculate the left hand side of (5.1) as

0. (a*(@)0, (A(1)) (w.1)))

0, <a€(x) (140,80 (2)) ouflat) + i (@) (Lia () + 0, L)) (2) Do t))
+ 0, (b0 (@)Le (2) 074 (1)) .

=0.7(2,09,(a0) (1 +0,1.0))) (£) + (.00 () (140, ()
* Zgl 10, (al) (L) + 0,Len () ) (£) 057 (a1

+ Z:gi—las(x) (Li_l(.) + 6yLi(.)> (g) 9 f(z, )
+£99), (a(.)LG(.)> (g) O f(x,t) + £%F () Lg (g) 8 f(x,1). (5.2)

Considering terms of order (1/¢) in (5.1), one immediately derives the following equa-
tion for L;(y)

0, (aly) (1+9,L1(y)) ) = 0. (5.3)

The additional claim (L;(y))y = 0 makes the periodic boundary problem (5.3) well-

posed. Hence, a unique solution Ly(y) € H),,.(Y) exists, see [5] for details.

At order (1), as a pre-factor of 92 f, the following equation arises

0, (ay) (L1(y) + O, La(y)) ) = @i — aly) (1+ 9, L (y)) (5.4)

Considering the mean value

0= (0, (alw) (L1 () + 0, La(w) ) ) = (a5 = aly) (1 + 0,11 (1)
= @i — {aly) (1 + 0, L1 ().

one directly concludes af = (a(y) (1 + 9yL1(y)))y. Demanding (Ls(y))y = 0, problem
(5.4) determines Ly(y) uniquely.
Next, considering terms of order (), one finds as pre-factor of 92 f

0y (a(y) (La(y) + 3yL3(y))> = a; +ayLi(y) —a(y) (Li(y) + 9y La(y)), (5.5)
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where a} = (a(y) (L1(y) + 0yL2(y)))y, since

0= (9, (aly)(Laly) + 0,Ls(v)) ) ), = (ai + a3 Li(y) = aly) (L1(y) + 0, La(y)))y
— a} — (a(y) (La(y) + 9, La(y)) v

Then a unique solution to problem (5.5), with (L3(y))y = 0, exists. In an analogous
manner, the equation at order (£2) is given by

0, (alw) (Ls(y) + B, La(w)) )
= ay + a1 L1(y) + agLa(y) — aly) (L2(y) + 9y Ls(y)) - (5.6)

Again, the mean value yields

0= (9, (aly)(L2(9) + 0, Ls(v)) ) )
= (a3 + a1 La(y) + agLa(y) — aly) (L2(y) + 9, Ls(y)))y
= ay — {a(y) (L2(y) + 9y Ls(y)))y
and thus a3 = (a(y) (L2(y) + 0yLs(y)))y- Problem (5.6) uniquely determines L4(y)

with (L4(y))y = 0. Following this procedure up to order (¢*), one at least arrives at
the followmg definition. By smoothness of a(-), the auxiliary functions are smooth,

Ll(y)a ( )G O;ger( )

Definition 5.1 (Auxiliary problems). Denote by Li(y), ..., L(y) the unique solution
to the following problem

0y < (y)(1+0 Ll(y))> =0,
0, (a(y) (L1(y) + 0, La(y)) ) =05 — aly) (1 + 9, La(y))
0, (a(y) (La(y) + 0, La(y)) ) =ai + aiLa(y) - aly) (Lily) + By La(y).
0, (ay) (Ls(y) + 0y La(y)) ) =a5 + aiLa(y) + as La(y) — a(y) (Lay) + O, Ls(y)),
0, (a(y) (La(y) + B, Ls(y)) ) =a3 + a3La(y) + aiLa(y) + ajLa(y)
~ a(y) (La(y) + 9, La(y),
0, (a(y) (Ls(y) + 0, Lo(y)) ) =ai + a3L1(y) + a3La(y) + aiLa(y) + aj La(y)
— a(y) (La(y) + 9, Ls(y)
and

(Li(y))y = (L2(y))y = (L3(y)y = (La(y))y = (Ls(v))y = (Le(y))y =0,

where

ag : = {a(y) (1 +0yL1(y)))v,
a; » = (a(y) (Li(y) + 9y Liz1(y)))y,

for1 <i<A4.
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Appendix A.2 Algebraical simplifications.
Lemma 5.2. The auziliary functions Li(y), Ls(y) € C% (YY) satisfy

a(y)(1+ 0y L1(y))
a(y) (L1 (y) + 0y La(y))

ag = a”,
a 0.

*
0
*
1

Proof. Since af = (a(y) (1 + 9,L1(y)))y, one obtains
o, +0,L0)) =0 = aw)(+a,L) = a

=1+0,Li(y) = aC(L;) = (1+9,Li(y))y = q; <@>Y.

(Y) and thus (9,L:(y))y = 0, we conclude

1 *
l=aj( —= =0 o ap =a’.
aly)/y @

Inserting in the equation for L, it follows that a(y)(Li(y) + 0yL2(y)) = 0. This
provides a] = 0 in the next equation. O

Due to L(y) € C?

per

Lemma 5.3 (The mean value a}). Consider the mean value a of Definition 5.1. Then
in fact
az = 0.

Proof. In what follows, equalities (1) and (3) are direct consequences of Definition
5.1 and Lemma 5.2. Equality (2) is valid, since a(y)(L1(y) 4+ 0,L2(y)) = 0 and thus
OyLo(y) = —L1(y). We calculate

0,(0, (aly) (Lo(w) + 9, La(v)) )
=0, (a3 + " La(y) — aly) (Laly) + 9, Ls(w)) ) = a*d, La(y) — a" Li(y)

2 90 Li(y) ¥ —20, (a(y)(Lg(y) + 3yL3(y))>-

—~
~

Consequently,

0, (aly) (Lo(y) + 9, La(y)) ) = ~2a(y) (La(y) + 0, La(y)) + C
for a constant C'. Considering the mean value one discovers
0=—2a5+C
and thus

0, (ay) (Ls(y) + 0, La(y)) ) = ~2a(y) (La(y) + 0, Ls(y)) + 203
= i+ " Ly(y) — aly) (La(y) + 0, Ls(y)).
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The last equality is valid due to Definition 5.1. Consequently,

—a(y) (L2(y) + 0y Ls(y)) + a3 = a*La(y)

and thus
0, (al) (Ls(y) + 9, La(w)) ) = 20" La(y). (5.9)

Next, multiplying equation (5.9) by L1 (y), integrating over Y and applying integration
by parts yields

/8& ()+@m(n@_m%/h(wﬂ)d

:)—2(1,/ ()aLg :—a/a L2 :Oa
Y

where (1) again uses the fact that d,Ls(y) = —L1(y). Moreover, taking into account
OyLy(y) = 2y — L, see Lemma 5.2, one concludes

0= /Y a(y)(Ls + B,L4) (y) dy — /Y 0 (Ls + 8, L) (y) dy = / a(y)(Ls + 0,La)(y) dy.

Y

which is the claimed result. O

Remark 5.4 (The mean value aj). Consider the mean value a3 of Definition 5.1.
Then
ay > 0.

Proof. As in the proof of Lemma 5.3, one multiplies the equation

0, (al) (L2(y) + ,La(y) ) = @' L1 (y)

by L1(y), integrates over Y and applies integration by parts arriving at

— [ u0) (o) (Eatt) + 9 La(0)) ) dy = (L) L)y > 0.

Now, we again use that d,L;(y) = — 1. Consequently,

a(y)

~ [ 020 (at) (Lalo) +0,Lal0) )
- /y( a(y)(La(y) + 9y Ls(y)) dy — /ya*(LZ’(y) +0,Ls(y)) dy
- /Y (a(y) (La(y) + By Ls(y)) dy = a.

and thus the positivity of aj. O

The Algebraical Lemma 4.3 directly follows considering Definition 5.1 and inserting
n (5.2) the results of Lemma 5.2 and Lemma 5.3.
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Appendix B. In this appendix we show some estimates which are applied in the
proof of Theorem 1.

Appendix B1l: Effect of the wave operator on A.(v.). Our aim is to estimate
the || ||2(0,7;L2(r))-norm of the following expressions

a) a;e’ (Z—i@f@ive - éﬁve) (z,1),

b) a;e’Ly <§> <z—ia§a§u€ — 8£v5) (x,1),

c) ayetLy <€> <2—i@f@§vg — Bgvg) (x,1),

d) e*a;obv.(x,t),

e) 0. (x,1) (a*(x) (L5 () + 0, Ls(.)) (g) +0,(a(.)Le(.)) (g))
f) €°Lg (g) af(2)Pv.(z,1),

9) &(2Ls (2) +Ls (2) ) 02000 (a1,

h) e'° <%L4 <g> + Lg <g>>8t282@8(a:, t).

In what follows, we exploit that due to L;(y) € C2,.(Y), there exists an - independent
constant K > 0, such that

2 () ey 120 ey = %

ot (e (2] <

a) We start with expression a). Due to

6 . *
< 020, — (9405) <Z Otv, — Giva)(x,t) = (ga%22838§v€(x,t)
e2a} e2al /| o
- (a*)Qa;l (54@27)5(%15)) = (aT;Q(a v (z,t) + a—i&?G@f@fcjve(x,t)),

one obtains
4

ase® (—*83551}5 — @%va) (x,t)
a

o e(ap)?
= (a%)?
< Cet,

L2(0,T;L(R))

a*
—i@f@gvg(x, t)
a

)

L2(0,T;L*(R))

(Ha*aﬁva(% 20722 +€°

where the last inequality is a consequence of Proposition 4.1.
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b),c) Expressions b) and c) have the same structure and can be handled in an analo-
gous way. We consider expression b) and observe that

!
(Eafaivg - Bivg) (z,t) = &b

a
(a*2)2 200v. (w0, 1).

Consequently,
4
aieLy <£> (6—*8383115 — 8£v5) (x,1)
c L2(0,T3L2(R)

e (D)., | (Geroze. - o) o

(a3)°

< Ke 9( OF 10700, )| 20,7522 )

L2(0,T5L*(R))

< Cet

due to Proposition 4.1.

d) The estimate of expression d) is a direct consequence of Proposition 4.1. One
obtains
H64a18§1}5 (Z’, t) HLQ(O,T;LQ(R)) < 054.

e), f) Expressions e) and f) have the same structure. Taking into account 0 < a <
a(%) < (8 and applying Proposition 4.1, one arrives at

H56L6 (g) ag(a:)aﬁvg(x,t)‘

< eSK |08 (x, t . < CéeS.
L2(0,T;L2(R)) ﬁ” v ( )HLQ(O’T’LQ(R)) B

In the same manner,

X

H€5(9;v€(x,t) <a€(x)(L5(.) +0,Lo(.)) (g) + 0, (a()Ls(.)) (_)))

3

< Ce°.
L2(0,T;L2(R))

g), h) The last two expressions can be estimated in an analogous way. Application of
Proposition 4.1 leads to

o2 (280 (2) + 20 (2)) 02utan0)

a
SC&QKHafaivg(x,t)HLz (0,T;L2(R)) < 054,

H510<a2L (x) + Lg < ))828605(93,15)‘
a* €
Appendix B2: Estimates of the initial data. We have to show that

1021 (2,0) = 0y (A:(v:)) (2, 0)[| 72y < Ce?, (5.10)
e|0yu.(x,0) — 0 (.Ag(’UE»( )||L2 < Cet. (5.11)

L2(0,T;L*(R))

< Ced.
L2(0,T;L%(R))
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Proof. Actually,

(0 (Ae(w2)) = D2.) (a1, 0)
=£%0,L3 <£> Deo(x) + & <L3 <§> + 0yLy4 <§>>8§co(x)

o (1 (2) e (2)) et (1 ()

+ 0y Lg <g>>8xco(x) + %L (g) Orco(w).

Since ¢p(z) € C°((—R, R)), one directly obtains

2
oyl (2 )0kaw)] g, < IOl < O
estimating the remaining terms in an analogous way. Similarly, we derive (5.11). O

Appendix C: Energy estimate for the long time wave equation.

Lemma 5.5. Letu € L*>(0,T; H*(R)) with O,u € L>(0,T; H'(R)), 9?u € L*(0,T; L*(R))
be the unique solution to the long time wave equation

e*0tu(z,t) — 0, (a <£> Opu(z, t)) = f(=z,1), (5.12)

u(z, 0) = aolx),
Oyu(x,0) = bo(x)

with f € L*(0,T; L*(R)), ap € H*(R) and by € H*(R).
Then, there exists an e-independent constant C' such that

||6xu||%oo(0 T;L2(R)) T 54||6tuH%oo 0,T;L2(R))

1
< O(l0saolay + I l32ey + 1 0 mecey )

Proof. We multiply the time-scaled homogenization problem (5.12) by dyu(z,t), inte-
grate over R and apply integration by parts according to (3.12). Then

d d
€4£H8tu(-,t)“%z(m + a/ga <§) (qu)z(x,t) dr = Q/Rf(x,t)ﬁtu(x,t) dx
4
< (GG DI a + 10l O

for almost every ¢ € [0,7]. Taking into account 0 < v < a(%) < 8 and integrating
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over (0,t), one arrives at

e|Ocu(:, O)llL2@) + alldwul-, 1)l 12

4
<o) + B10sa0() o) + 517D Eoto ez
t
T / (-, )|y dr
4
<o) + B10sa0() o) + 517D oo zocey

t
T / 1Ol 7wy + Bt 7 2o .

Application of the Gronwall lemma finally leads to the claimed result. O

6
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