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Abstract

Hilbert transform pairs of wavelets, biorthogonal wavelets and frames were found
to be attractive in many applications. The Hilbert transform pairs are, however,
hardly adoptable for applications, since their two-scale symbols are not trigono-
metric polynomials. Moreover, the symbols can not be implemented as FIR filters,
nor rational IIR filters. That is the reason why approximations are constructed by
many researchers in spite of the theoretical existence of the Hilbert transform pairs
of wavelets, biorthogonal wavelets, and frames. But these conventional approaches
have two drawbacks. Firstly, the wavelets and refinable functions do not have closed
forms. Secondly, the symmetry, or ”"linear phase”, of the wavelets and refinable func-
tions is an important constraint in many applications. But, the results, however,
show that it is not easy to get symmetric Hilbert transform pairs of wavelets (or
generators of frames).

In the first half of this thesis, we study the construction of Hilbert transform pair
of MRA tight frames, which overcomes the drawbacks of the conventional construc-

tions. Namely, our first research contributions are as follows:

e We show that for a given MRA tight frame {t; s}, the family {H; .}
is an MRA tight frame as well. Furthermore, we present a general method
producing an MRA tight frame {T'9;,} from a given one, where 7' is a
linear operator including the Hilbert transform.

e For the sake of the application, we demonstrate an approximate Hilbert
transform {W,,} such that ¥, ~ H,; and ¥; has closed form and almost

Symmetry.

In the second half of this thesis, we focus on the work of Zhao. He constructed
the biorthogonal wavelet {Av, A=14} for a given biorthogonal wavelet {1, 1} and
applied it to the filtered backprojection algorithm of computed tomography. The
A-operator is defined by A = HD , where D is the differential operator. The A-
operator appears in the inversion formula for the Radon transform and plays an
important role in the filtered backprojection algorithm. His construction is based

on the general method of generating a biorthogonal wavelet from a given one. The



associated filters are described by IIR filters and they were approximated by FIR
filters by truncation.
We generalize the result of Zhao to MRA bi-frames in association with the first two

results of this thesis. Namely, the other main results of this thesis are as follows:

e We show that it is possible to construct the MRA bi-frame ({At); .o}, {A " 0, 1.0})
for a given MRA tight frame {t;1,}. In addition, we present a general
method generating an MRA bi-frame <{T¢j7kvg}, {T*1&j7k7g}> from a given
({@Dj’k’g}, {@/;M,g}), where the linear operator T' (possibly unbounded) in-
cludes the Hilbert transform, differentiation/integration, and the A-operator.

e Using the second result of this thesis, we present an approximation of
({AYjpcd AN jme}) -

In addition to the approximation, we propose an approximation of the Ram-Lak
filter. We expect that this result can be employed in the filtered backprojection
algorithm of computed tomography.
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CHAPTER 1

Mathematical background

1.1. Introduction

It is well-known that wavelets and frames of L*(R) have advantages in time-

frequency analysis and other applications ([5, 17, 21, 31]). In particular, spline
wavelets and frames have been of great interest due to their benefits in the following
points: size of the time-frequency window, computational complexity and efficiency,
simplicity in implementation, smoothness and symmetry of the wavelets, and order
of approximation ([5]). One of the basic methods for such constructions involves
cardinal B-splines, which are taken for the simplest functions with such properties.
In addition, they possess 'total positivity’ that controls zero-crossing and shapes of
the spline curves. Their properties are known to be crucial to computation, graphical
display, real-time processing of discrete data ([5]).
Chui et al. ([7, 8]) constructed spline MRA tight frame whose generators have high
order of vanishing moments apart from the good properties of splines. We will recall
the approach and demonstrate new examples in chapter 3 and the appendix. These
examples will be adopted for the demonstration of the main result of this thesis. In
section 3.4, algorithms of DFRT (Discrete Frame Transformation) will be given.

Recently, Hilbert transform pairs of wavelets, biorthogonal wavelets and frames
were found to be attractive in many applications ([15, 16, 18, 26, 27, 28, 30]).
The Hilbert transform pairs are, however, hardly adoptable for applications, since
their two-scale symbols are not trigonometric polynomials. Moreover, the symbols
can not be implemented as FIR filters, nor rational IIR filters ([26]). That is the
reason why approximations are constructed by many researchers in spite of the the-
oretical existence of the Hilbert transform pairs of wavelets, biorthogonal wavelets,
frames, see e.g. [15, 16, 18, 26, 27, 28|. Kingsbury proposed the dual-tree wavelet
transform in [18], where he constructed a pair of wavelet frames, each having 2 gener-

ators, and such that the generators of one frame are approximate Hilbert transforms
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of the generators of the other. Selesnick ([26]) showed that, when an MRA (Mul-
tiresolution analysis) wavelet 1) is given, H1 is an MRA wavelet as well, where H
denotes the Hilbert transform. The relations between the two refinable functions
and two-scale symbols are given. Furthermore, he imposed several constraints on
the two-scale symbols in order to obtain approximate Hilbert transform pairs of
wavelets ([26]), biorthogonal wavelets ([27]), and frames ([28]). He calls the cor-
responding discrete transform the double-density dual-tree DWT ([28]). Gopinath
generalized the result of Kingsbury ([18]) and Selesnick ([26, 27, 28]) to an approx-
imately shift invariant redundant dyadic wavelet transform - the phaselet transform
([15, 16]). For biorthogonal wavelets, these constructions are special cases of a gen-
eral approach of Zhao, who showed how one can construct new MRA biorthogonal
wavelets {4, T~";,} from given ones ([30]), where T is a linear (possibly un-
bounded) operator and v = 29/2y(27 - —k). In his work, the Hilbert transform
pair of the given MRA biorthogonal wavelet was demonstrated as a special case.
All these approaches have two drawbacks. Firstly, the wavelets and refinable func-
tions do not have closed forms. Similar to the construction of Daubechies wavelets,
the two-scale symbols are found so that the resulting wavelets form a Hilbert trans-
form pair. Then the function values of the corresponding wavelets and refinable
functions at the dyadic points are computed by the cascade algorithm. But, in some
applications and industry standards, explicit analytic formulation of the functions
are required ([7]). Secondly, the symmetry, or ”linear phase”, of the wavelets and
refinable functions is an important constraint in many applications ([27, 28]). The
results ([15, 16, 26, 27, 28]), however, show that it is not easy to get symmetric
Hilbert transform pairs of wavelets (or generators of frames).

The first half of this thesis is devoted to the generalization and development
of these results to the MRA tight frames. First, we introduce the definition and
several properties of the Hilbert transform in chapter 2. In addition, some basic
notions and formulas relating to the filtered backprojection algorithm of computed
tomography are given. Then we examine the existence of the MRA tight frame
{Hwjke} as well as its approximation under the assumption that an MRA tight
frame {1; 4, := 28/29;(2% - =€), 1 < j < k,f € Z} is given. In particular, we are
interested in the MRA tight frames which are characterized by [7] and [13], that

2



enable the generators to have a high order of vanishing moments. We will recall the
characterizations in chapter 4.

In summary, we study the solutions of the following questions.

(Q 1) For a given MRA tight frame {t; ;,}, is the family {H1; ;. ,} an MRA tight
frame as well? Furthermore, can we find a general method producing an
MRA tight frame {79, } from a given one, where T is a linear operator
including the Hilbert transform?

(Q 2) Can we find an approximate Hilbert transform {¥; ,} such that ¥; ~ Ha);

and \11]. has closed form and symmetry?

For the solution of (Q 1) we adopt the approaches of Selesnick ([26, 27, 28]) and
Zhao ([30]) and show in chapter 4 that they work for MRA tight frames as well.
In addition, a general way will be given, that enables us to go from an MRA tight
frame to another. Furthermore, in Theorem 4.12 we suggest an alternative descrip-
tion (4.20)-(4.23) of Selesnick’s approach. On the basis of our new description, we
suggest an answer of (Q 2) in chapter 5 using Thiran allpass filters which were
employed in [15, 16, 26, 27, 28|. In particular, our new description contains a for-
mulation of the Hilbert transform pair in terms of B-splines of order m and m + 1.
When we adopt some examples of the spline MRA tight frames of order m, we find
their approximate Hilbert transforms as finite linear combinations of B-splines of
order m + 1 as well, i.e. they have closed forms, and are almost symmetric unlike
the afore-mentioned approaches. Furthermore, our approximate Hilbert transforms
have compact support, high order of vanishing moments, and enough regularity.

On the other hand, we show that \Tfj satisfies the characterizing identities of MRA
tight frames approximately. From this fact, we introduce the notion of approximate
MRA tight frames in chapter 5. In chapter 6, we lay emphasis on the tightness of
the approximate Hilbert transforms. Namely, for given spline MRA tight frames we
search their approximate Hilbert transforms which are themselves spline MRA tight
frames. For examples, we take some spline MRA tight frames from chapter 3 and

the appendix and demonstrate their approximate Hilbert transforms.

3



Next, we take the operator A = HD into account, where D is the differential opera-
tor. The A-operator appears in the inversion formula for the Radon transform and
plays an important role in the filtered backprojection algorithm. In the second half
of this thesis, we focus on the work of Zhao ([30]). He constructed the biorthogonal
wavelet { A1), A’lzﬂ} for a given biorthogonal wavelet {1, 12} and applied it to the fil-
tered backprojection algorithm of computed tomography. His construction is based
on the general method of generating a biorthogonal wavelet from a given one ([30,
Theorem 4.1]). The associated filters are described by IIR filters and they were ap-
proximated by FIR filters by truncation. Our study is devoted to the generalization
of Zhao’s result to MRA bi-frames in association with the solutions of (Q 1) and (Q

2). Namely, we will seek the solutions of the following problems.

(Q 3) Can we construct the MRA bi-frame ({Av;ke}, {A""j1e}) for a given
MRA tight frame {¢;;,}? In addition, can we find a general method gener-
ating an MRA bi-frame ({T@Dj,k,g}, {T71¢j7k7g}> from a given <{’I7Z)j7]€’g}, {@Z)]H}> :
where the linear operator T (possibly unbounded) includes the Hilbert
transform, differentiation/integration, and the A-operator?

(Q 4) Can we find an approximation of ({Av;x¢}, {A™ 0 ke})?

In the study of the solution of (Q 3), we begin with the characterization of MRA
bi-frames which will be given in Proposition 7.1. After that we take a close look at
the formulation of the A-operator and we reveal that the commutation of the MRA
tight frame {H1); ¢} brings us the desired MRA bi-frame. For the general method
in (Q 3), we generalize the result of [30, Theorem 4.1] and extend the solution of
(Q 1). These results will be given in Theorem 7.9. In section 7.5, we deal with
the lifting scheme for MRA bi-frames, which is not included as a special case of
Theorem 7.9. Furthermore, we show in chapter 8 that (Q 4), again, is answered by
the commutation of the proposed solution of (Q 2). As in the case of approximate
MRA tight frames, we introduce the notion of approximate MRA bi-frames. Using
the approximation, we propose an approximation of the Ram-Lak filter. We expect
that this result can be employed in the filtered backprojection algorithm of computed
tomography.



1.2. Orthonormal wavelets

In this section we give some basic notions which will be used throughout this

dissertation. The Fourier transform of f € L?(R) is defined as

f&) = /Rf(x)emfd:c, ¢eR.

The inner product and norm for the space L*(R) are

()= [ S@igde, Il = (5.0

A function ¢ € L*(R) is an orthonormal wavelet provided that the system {1,
J,k € Z} is an orthonormal basis for L?(R), where

Yin(r) = 2P — k) for all j,k € Z.
In other words, ¢ € L*(R) is an orthonormal wavelet if

(11) <wj,k7w8,m> = 6j,55k,m v j7 k7€7m € Z

and every f € L*(R) can be written as

o0

(1.2) f= Z Ciklins Cik = (f,0in)

jk=—o00
with strong convergence in L*(R). A multiresolution analysis (MRA) consists of a
sequence of closed subspaces V;, j € Z, of L*(R) satisfying ([17, p.44])

(1) V; C V4 forall j € Z,

(2) f()eV; & f(2) €V forall j€Z,

(3) Myez Vi =10},

(4) Ujez Vi = I*(R),

(5) There exists a function ¢ € Vj, such that {¢(-—k)|k € Z} is an orthonormal

basis for V4.
The function ¢ is called scaling (or refinable) function of the MRA. The condition
(5) can be weakened to {¢(- — k)|k € Z} being a Riesz basis for Vj, viz. for every
[ € Vj there exists a unique sequence (v, )nez € £%(Z) such that

f(.’]f) = Z&n¢($ - n)7

ne’
5



with convergence in L?(R), and

AZ |an|2 <

nel

2

Z and(x —n)

nel

< BZ |an|2

L2(R) nez

with constants 0 < A < B < oo independent of f. It is known ([17]) that condition
(3) is obsolete.

We say that the wavelet 1) is associated with an MRA, or that ¢ is an MRA wavelet,
if there exists a function ¢ € L*(R) such that the system {¢(- — k)|k € Z} is an

orthonormal basis for V;, where

-1
(1.3) V= é Wi, Wi = clospamspan{ty : £ € Z}.
k=—o00

(Note that V; satisfies (1) to (4) automatically from its definition, since {1, : j, k €
Z} is an orthonormal basis for L?(R).) Shortly, ¢ is an MRA wavelet if the sequence
of the spaces (V) ez constitutes an MRA. If we have such an MRA wavelet, every
function f € L?(R) can be approximated as closely as desired by f, € V,, for some
n € Z, by the property (4). By the fact that V,, = V,,_1 @ W,,_1, we obtain

fn = fn—l + gn—1

(1.4) = fott Gn+ -+ gna,

where g € Wi,k =n—1,...,n —{. The decomposition in (1.4) is called wavelet
decomposition. The function f,_, is a coarse approximation of f and g, _1,..., gn_v¢,
are differences or details of f ([5, p.19]). This decomposition provides a multilevel
description of f, which has very important applications in signal/image processing
(31, p.151, 214]).

Now from the fact that ¢ € Vp, ¢ € Wy and V; = Vo @ Wo, ¢ and ¢ are linear
combinations of ¢, = 2Y/2¢(2-—k), k € Z. That is to say, there exist two sequences
{pr} and {q} € (*(Z) such that

(1.5) dlr) = > mo(2r— k),

(1.6) o) = Y qo2e - k),
6



for all z € R. The formulas (1.5) and (1.6) are called two-scale relations of the refin-
able function and wavelet, respectively ([5, p.19]). Each of the sequences {p;} and
{qx} is called two-scale sequence of the refinable function and wavelet, respectively.
If we take Fourier transforms, the formulas (1.5) and (1.6) are equivalent to

oE) = PE/2IEN), <>:=§Zpke“€€,

keZ
P(E) = QE/2)0(¢/2), que e
keZ
We call P and @) the two-scale symbols of the refinable function and wavelet, re-
spectively ([5, p.122]).
It is well known that the constructions of such ¢ and ¢ are based on the periodic

function P(¢) such that

(1.7) P0)=1
and
(1.8) IPEOP+IPE+mP =1, Q&) =e *P(E+m).

We call P and @ that satisfy (1.7) and (1.8) conjugate quadrature filters (CQF) ([4,
p.313]). In addition, P and @ are called finite impulse response (FIR) filters, if only
finitely many coefficients py (resp. ¢x) are nonzero. They are called infinite impulse
response (IIR) filters otherwise. The associated refinable function ¢ and wavelet 1)

are defined by
=[[re*
k=1
and
D) = Q(6/2)0(8/2) = e */*P(/2 + m)d(¢/2).
For efficiency in computation and applications, wavelets with the following proper-
ties are desirable,

e ¢ and v have compact support and are smooth,

e 1) has L vanishing moments, i.e.

/ thp(t)dt =0, for 0<k < L,

e 1) is symmetric or antisymmetric,
7



e ¢ and v have finite two-scale sequences, i.e. the two-scale symbols P and

() are trigonometric polynomials.

1.3. Biorthogonal wavelets

It is known that the CQF’s have some disadvantages for practical design and ap-
plications. One of them is that they cannot be both FIR and linear phase (real and
symmetrical coefficients) ([4, p.314]). This is one of the reasons so-called biorthogo-
nal wavelets are considered. A pair {1, 15} of functions is called biorthogonal wavelet,
if each set {1;4 : j,k € Z} and {4, : j,k € Z} is a Riesz basis of L?(R) and they
are biorthogonal to each other in the sense ([17, p.423])

(U k, @m> = 0;00km Y J k. l,m € Z.

For any f € L*(R) two possible decompositions exist in these bases ([21, p.266]),

namely

F=Y Y imtie =) (i)

JET kel JET ke
A biorthogonal wavelet {v, 1;} is called an MRA biorthogonal wavelet, when a pair
of associated scaling functions {¢, ¢} in L?(R) exists, with ([21, p.266])

(Pok, Dom) = Okm ¥ k,m € Z.

In other words, the spaces V; and f/] which are defined as in (1.3) define two MRA’s
of L*(R)
{oyc...cVicVWcVic...Cc L*R),
{0c...cVicV,cVic...c L*(R),

where {¢(- — k)|k € Z} is a Riesz basis of Vp, and {¢(- — k)|k € Z} is a Riesz basis
of 170. For every j € Z the biorthogonality implies that

VLW, VLW, Via =V, w;, ‘Z+1:‘Z@Wj7
V;NW; = {0}, V;nW,={0}

and thus
vE - @, - @,
jez jez
8



The corresponding two-scale relations are:

S(x) = o2 —k), ¥(z) = a2z —k),

Sx) = md2r—k), ¥(z) = G2 —k).

When an MRA biorthogonal wavelet is given, every f € L?*(R) can be decomposed
by both

(1.9 f = Z Z(ﬁ Vi) = Z(ﬁ Py Gy + Z Z(ﬁ i)k

JEZ kel kEZ j>m keZ
and
(110) f = Z Z<f7 wj,k>1;j,k = Z<f7 ¢m,k>§gm,k + Z Z(fv ¢j,k>1;j,k7
JEZL kEZ kEZ j>m kEZ

for every m € Z.

As in the case of the MRA wavelets, we can construct an MRA biorthogonal
wavelet using the set of two-scale symbols. An MRA biorthogonal wavelet {u, zﬂ}
with refinable functions {¢, q~5} can be constructed by two-scale symbols { P, P, Q, Q}
if each of {4, 4,7,k € Z} and {4, j, k € Z} forms a Riesz bases of L2(R) and the

two-scale symbols

PE) = 5 Y me ™ P(E) = 5 3 e ™

(1.11) Q) == “P(E+7), Q&) =e*P(E+m),
satisfy

(1.12) PP+ PE+mP(E+m)=1, forae £€R,
(1.13) P(0) =1=P(0), Q(0)=0=Q(0).

In this case, the pairs {11} and {¢, ¢} are determined by the two-scale symbols

13

<
||
I\

o) =[] P70, d(e) =Qle/2)

~

o) = [[ P70, 4O =2 [[Peo.

8

j=2

<
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Now we introduce the decomposition and reconstruction algorithms of MRA biorthog-

onal wavelets. When f € L?(R) is given, we have from (1.9)
F@) = Cnpbma(z) + Y diuthju(),
kezZ j=zm keZ

where ¢, 1= (f, ng,k% dj,k = (f, %IJ The following decomposition and recon-

struction algorithms are well known ([30, p.358]):

Decomposition:

Crm—1k = g Pe—2kCmyty,  Am-1k = E Qo—2kCm e

LeZ LEL

Reconstruction:

C k= E (Pr—20Cm—1,0 + Qh—208m—1.0)
LETL

1.4. Frames

Now we introduce the notion of a frame which allows us to replace the orthonor-
mality condition (1.1) by a weaker one ([21, p.397]). Recall that, if ¢ € L*(R) is an

orthonormal wavelet, we have for every f € L*(R)

(1.14) oKL = 1 1R wy-

j.k€EZ

Moreover, the function f can be recovered from the numbers ¢;, = (f, ;) and the
function v, ; as in (1.2). It is particularly useful for applications, such as encoding
and reconstructing sounds and other signals ([17, p.397]), to relax condition (1.1)
and to allow redundancy of such systems, and yet still be able to recover f, as in
(1.2). These considerations lead us to the notion of a frame. In general, a family of
functions {p; : j € J} € L*(R) is called a frame of the Hilbert space L*(R), if there
exist two constants A and B, 0 < A < B < oo, such that

(1.15)  AlflZe@ < D 1Fenl* < Bllfllzeg  forall f € L*(R).
jel
If the family {p; : j € J} satisfies only
Z [(fro)? < Bl fll7o@ ~ forall fe L*(R),
jel
10



we call it a Bessel family. The constants A and B in (1.15) are called frame bounds.
When A = B we say that the frame is tight. If we have a tight frame, we can recover
every f € L*(R) by

(1.16) f= %;U, 03095

A tight frame in which the family {y;, 7 € J} is composed of shifts and scales of r

(in our work = 2 or 3) generators, i.e.
{5.5 € T} = {tjue = 2P;(2" - —0), 1< j <r k(€ L},

is called a wavelet tight frame. Moreover, if the generators are associated with a
refinable function, we call it an MRA tight frame. In chapter 4, we deal with such
MRA tight frames having high order of vanishing moments. Even if a frame is not
tight, we have a reconstruction formula similar to (1.16) using its dual frame. For
details see [17, Chapter 8].

Now, we introduce the notion of bi-frame ([13]) which can be understood as a
generalization of biorthogonal wavelets. When {41, ... 1, } and {1;1, U, } are

two families in L?(R), the pair of systems
({wj,k,fa 1 S ] S r, kl7£ S Z}, {I;j,k,ea 1 S ] S r, k7£ € Z}>

is called a bi-frame, if each of the two systems is a Bessel family, and they present
the perfect reconstruction formula
f= Z(ﬁ Uk o) ine = Z(ﬁ Yk e)hjke, for all f € L*(R).
gkt Jikyt
Note that each of the two systems is necessarily a frame. When each of two systems
is a frame with an underlying MRA, the system is called an MRA bi-frame. MRA
bi-frames will be dealt with in chapter 7.

11



CHAPTER 2

Hilbert transform and filtered backprojection

The Hilbert transform appears in the inversion formula for the Radon trans-
form as well as in the filtered backprojection algorithm of computed tomography.
We introduce the definitions and basic properties of the Hilbert transform, Radon
transform, and the filtered backprojection algorithm. These properties will be used
for the generation of Hilbert transform pairs of MRA tight frames in chapter 4 and

for the construction of approximate MRA tight frames in chapter 5.

2.1. Hilbert transform

In this section we introduce the notion of Hilbert transform and its basic prop-

erties. The terminology in this section is mainly taken from [3, Chapter 8|.

Definition 2.1. [3, p.306] The Hilbert transform of a function f € LP,1 < p <
o0, 15 defined as the Cauchy principal value,

(2.1) (Hf)(z) = PV F h &du] )

T ) —U 5—0+

where f§'(z) = l/ Malu.

™ |u|>6 Tr—Uu

From the definition we have the following basic properties of the Hilbert trans-

form for f,g € LP)1 < p < oo ([3, pp.310-315]):

(i) The Hilbert transform Hf exists a.e.
(ii) (Linearity) H(af + Bg) = aHf + fHg a.e. for a, 3 € C.
(iii) (Shift-invariance) H(f(-+ h))(z) = Hf(xz + h) a.e. for each h € R,
(iv) (Homogeneity) H(f(a-))(z) = Hf(ax), for a > 0.
(v) If f is an even (resp. odd) function, then Hf is odd (resp. even).
Some further results which are useful in forthcoming chapters are presented in the

next Proposition ((a) — (¢) are from [3, pp.311-323] and (d) is from [2]).
12



Proposition 2.2. Let f € L’(R),1 < p < co. Then
(a) Hf belongs to LP(R) and satisfies

[H e < Gyl fllo
with some constant C,, independent of f. Moreover,
li — [ =

Jm R = f57]|e =0,

i.e. the limit (2.1) exists not only pointwise a.e. but also in the LP-norm. Especially
for f € L*(R), we have

1 2wy = IR fll 2wy
(b)(Hilbert formula) For every g € L (R), ]l? + z% =1,
| s@isids = [ niHsws
In particular, for p = p/ = 2, we have
(f,9) 2wy = (Hf, Ho) r2w)-
(¢) HHS) (@) = —f(2) a.e. and generally,

f, r even,

Hf, r odd.

(2.2) Hf = (-1l

(d) If f,...,f* D € AC(R) and f® € LP(R), then Hf,...,(Hf)* D € AC(R)

and
(2.3) D*Hf = HD"f a.e.

Note that (a) doesn’t hold, in general, for f € L'(R). For example, when
flx) = ﬁ € L', its Hilbert transform Hf(z) = -5z is not in L'(R) any more
([3, p-315]). Furthermore, (a) means that the Hilbert transform defines a bounded
linear mapping from LP to LP. In particular, for L?(R) it preserves the norm.
It follows from (b) that H is a unitary operator on L?*(R), and (c) implies that

H : LP — L? is bounded, linear, onto ([3, p.323]) and invertible with

Hl= M.
13



In (d) the notation AC(R) means the space of all absolutely continuous functions,
and D is the differential operator. Hence, H f inherits the regularity of the function
f, and the Hilbert transform and the differential operator commute under the given
regularity condition. This commutation property will contribute to the construction
of our MRA bi-frames in chapter 7.

Instead of Definition 2.1, we can give another formulation through the Fourier trans-

form. In the distributional sense, Definition 2.1 is expressed as ([3, p.324])

(2.4) 1)) = (7o) @)
For f € L*(R), this gives us

. LY s | :
(25) 1)1 = () (€0 =~ ssn©) 7€)
Sometimes (2.5) is used as the definition of the Hilbert transform of f € LP(R), 1 <
p <2 ([26]).
Next, let us look at the close connection between the Hilbert transform and wavelets.
Firstly, if ¢ € L*(R) is an orthonormal wavelet, so is H. Indeed, if we combine

the properties (ii)-(iv), we have for an orthonormal wavelet ¢ € L*(R) that
H(Win) = HEP(2 - —k)) = 2PH@(2 - =k)) - by (i)
= 22(HyY) (27 - —k) by (i) and (iv)

The unitarity of ‘H implies that H1 is also an orthonormal wavelet. Furthermore,
when two wavelets 1; and 1), are given satisfying 1» = Hay, then the function

n = 1 + 1)y satisfies

201(¢) ae.  £>0,

(2.7) (&) =
0 ae. £<0,
since
Bal€) = —ith (§) ae.  £>0,

i (€) ae.  €<O.
It is well-known that {n;|j,k € Z} is an orthonormal basis of the Hardy space
H2(R) := {f € L2X(R)|f(&) = 0, a.e. &€ < 0}. 7 is called a Hardy wavelet ([15]).
14



The support behavior of Hardy wavelets in the Fourier domain made them useful
in many applications ([15]), and several results appeared recently dealing with (ap-
proximate) Hilbert transform pairs of wavelets ([15, 16, 18, 26, 27, 28]). One of
our main results is devoted to finding Hilbert transform pairs of MRA tight frames
and their approximations. One of the applications of Hilbert transform pairs of
wavelets/frames is the algorithm of filtered backprojection of computerized tomog-
raphy ([30]), since the operator H appears in the inversion formula of the Radon

transform, as will be explained in the next section.

2.2. Algorithm of filtered backprojection of computerized tomography

In this section we present some background on the filtered backprojection algo-
rithm. Not only the definitions of the Radon transform and its dual but also the
inversion formula of the Radon transform and the filtered backprojection algorithm
will be presented. The notations in this section are taken from [22, 23]. As the

domain of the Radon transform, one usually defines the Schwartz space ([22, p.180])
S(R™) = {f € C(R") : supyepa|¥X D*f(x)| < +o0 V j, k € Z}.
The (n — 1)-dimensional unit sphere in R" is denoted by S™~1.
Definition 2.3. [23, p.9] The Radon transform
(2.8) RIO.5) = [ pexdx= [ f(s0+y)dy
H(0,s) 0+
is the integral of f € S(R™) over the hyperplane H(0,s) := {x € R" : x- 0 = s}

perpendicular to 0 € S™ ' with (signed) distance s € R from the origin, where
0+ = {xeR":x-0=0}.

Note that for n = 2, Rf is the integral over a straight line. Furthermore, Rf is

a function on the unit cylinder
C"={(0,s):0c S" ' sc R} CR"

and Rf € S(C™) (|23, pp.9-10]), where

L
S(C") ={geC>(C"): Sj@g

15
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The dual operator RF, called backprojection, is known as
Rig(x) = / g(0,x-0)dj, xeR" geSC").
Snfl

Thus if we have g = Rf, the value (Rfg)(x) is the average of the integrals of f over
all hyperplanes (straight lines for n = 2) which contains x ([23, p.10]). Furthermore,
we have the following inversion formula for the Radon transform for an arbitrary

dimension n > 2 ([23, p.11]),
1
(2.9) f=5@nTTIORITTITIRY,

where 7= and Z%t'" are the Riesz potentials in R™ and O™, respectively. Note

that the Riesz potential Z* in R™ is defined by (|23, pp.5-11])
(T°H)NE) = ] f(€), a <n,
and the Riesz potential % in C™ by
(Z°9)"(0,0) = |o|™*3(0,0), a <1,

where the univariate Fourier transform with respect to s is used. For n = 2 and
a = 0, we have in (2.9) ([23])
1
f=RI R,
47
where Z7! is the Riesz potential in C?. Note that

(Z7'9)"(0,0) = |01§(0, 0) = sgn(0)og(0, o) = (HDg)" (0, 0).

Hence, we have
7' =HD,

where both the Hilbert transform H and the differential operator D are with respect

to the second variable s € R of g (|23]). From now on we set for convenience
(2.10) AN=T"1

and use it in our inversion formula ([22]),

@2.11) [x) = (RARS() = 1 (R'HDRS)(x)
(2.12) = = (Hgg)(G,x -0)do, g=TRf, x € R

4 S1 85
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If we apply the definition of the Hilbert transform, we get Radon’s inversion formula
([23, p.12))

(2.13) fx) = —

1 0
471_2/]12;; o EQ(Q,XG—i-t)dedt

From Radon’s inversion formula we want to point out an important practical aspect.
Note that g(0,x - 6) is the integral of f over the straight line perpendicular to ¢
through x ([22]). If we want to recover f at some point x € R? using (2.13),
we should compute the integrals along all straight lines through x + tf for each
6 € S' and t € R. In other words, computing f at some point x € R? requires
the integrals along all straight lines through the support of f ([22]). In this sense
Radon’s inversion formula is not local, and, generally, neither are the inversion
formulas in even dimensions (|22, 23]). This is the reason why some alternative
reconstruction algorithms are developed. The standard reconstruction algorithm in
two dimensions is the filtered backprojection algorithm ([22]). It is based on the
formula ([22, 23])
(Rfg) * f = R¥(g * Rf),

where f € S(R") and g € S(C"). Let g = wy, and W, = Rfw,. Then the filtered

backprojection algorithm is obtained as
Wy, * f = R*(wy * Rf).

The main idea is to choose W;, as an approximation of the J-distribution and to
determine wy, by W), = Rfw, ([23]). Usually W, is chosen to be the low-pass filter
with cut-off frequency b. Then W, % f is an approximation to f which is computed
by convolving (”filtering”) the given data R f by wy, followed by the backprojection
operator RF ("backprojection”) ([22, pp.102-103], [23, p.81]). On the other hand,
there are several wavelet-based reconstruction algorithms (see [30]). For example,
Zhao ([30]) constructed an MRA biorthogonal wavelet {®, ®, Ay, A=)} and applied
it to the decomposition of the given R f and the reconstruction of AR f. Finally the
backprojection R* was applied to get the original f. This approach motivated our
study of construction of MRA bi-frames ({At); ¢}, {A" "¢, x,}) and its approxima-

tion.
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CHAPTER 3

MRA tight frames of splines on an interval

Recently Chui et al. ([8, 11]) constructed MRA tight frames of splines on an
interval. The frame elements have compact support and a high order of vanishing
moments up to the order of the splines. In addition, the examples in [8, 11] reveal
that 2 or 3 symmetric/antisymmetric frame elements of the tight frame on an in-
terval can be adopted as frame generators of L?(R). In other words, the technique
of the construction of the MRA tight frames on an interval is available for the con-
struction of tight frames of L?(R) ([8]). In this chapter, we present several examples
of MRA tight frames on an interval using the approach in [8]. In particular, we
address that 2 or 3 interior wavelets generate a tight frame of L?(R) and they will

be employed in the examples of coming chapters.

3.1. Background on spline MRA tight frames on an interval

In this section we introduce basic notions and notations which are required for
the construction of spline MRA tight frames on an interval. Furthermore, we recall
several facts regarding the construction. They are mainly taken from [8, 11].

Let I = [a,b] be a bounded interval and m > 2 be the order of the B-splines which
will be used as refinable functions for the description of the frame elements. Fur-

thermore, let (t;);>o be a sequence of knot vectors such that

(3.1) toCtC--CI, [ Jt; =1,
Jj=0
(3.2) lim h(t;) =0, where h(t;) = max{tY), — £},

Each knot vector

(3.3) t; o= {tY: —m+1<k<M}, MeN
18



is assumed to have m stacked knots at the boundaries of the interval I, and their
interior knots may be nonuniformly spaced and have multiplicities from 1 to m. In
other words, we consider each knot vector t; as an ordered set whose elements may

have multiplicities up to m such that

(3.4) t;(gj) < t,(ﬁl and t,(cj) < t,(i)rm for all k,

For each t;, we consider the normalized B-splines of order m defined by

(3.6) Nejomi () := (6 =t 00,00 = )7,
where —m +1 < k < M; —m and [t tj) ] denotes the divided difference
of order m. Note that Ng . is strictly positive on its support [t(] ) t,ilm] and is

a polynomial of degree m — 1 in each interval (¢ l('), erl) E<i<k+m-—1 In

addition, it has m — u,g 2 Z(J)7

— 1 continuous derivatives at each t;”/, where ug 7 is the
multiplicity of the knot tgj) € t;. Now, we define V},j > 0, to be the space of splines

of order m, generated by the family
(I)j = [th§m7k; —-m+1 < k < Mj — m]

of the normalized B-splines with respect to t;. We have generally M; = §(t;) —m
denoting the number of the normalized B-splines over the knot vector t;. The
sequence of spaces {V}};>o is called a nonstationary MRA of L*(I) ([8, 11]). Each

family ®; is also considered as a row vector.

Example 3.1. We look at the quadratic B-splines, of order m = 3, over
t:={0,0,0,0.5,1,1.5,...,4,4.5,5,5,5}

and
t:= {0,0,0,0.7,1.2,1.2,1.8,2,2,3.1,3.7,4.7,5,5,5}.

The knot vector t is equidistant and has simple knots except at the boundaries,
whereas t is non-equidistant and has multiplicity 2 at the knot 1.2. Figure 3.1 shows
the families, say ® and ®, of the normalized B-splines with respect to t and t,
respectively. Note that the interior functions of ® are composed of shifts of a single

function, but those of ® are not.
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FIGURE 3.1. B-splines of order 3 over t (left) and t (right).

From the fact that V; and V; are nested we have the refinement relation
(3.7) Pj = P51l

Namely, each N . x, —m+1 < k < M;—m, is a linear combination of N, ,.m k, —m+
1 <k < My —m. The M;;; x M; matrix P; is sparse and can be computed by
the Oslo-algorithm ([8]). Chui et al. ([8]) constructed families

(3.8) U, =l <k<njl=o,,Q;, j=>0,

that generate a so called MRA tight frame of L*(I) (with respect to a quadratic form
To). We give its definition first.

Definition 3.2. [8] Assume that {®;};>0 is a locally supported family. Let Sy be

a spsd (symmetric positive semi-definite) matriz, that defines the quadratic form T,

(3.9) Tof == (f,®0)So(f, o), f € L*(I).

Then the family {¥,};>0 constitutes an MRA tight frame of L*(I) (with respect to
T0)7 Zf

(3.10)  Tof + > > {fimawl® = 1f1320) for all f € L*(I).

7>0 k=1

Note that this definition is slightly different from that of usual MRA tight frames
of L*(R). If Sy = I, the identity matrix, then {¥;};50 U {®o} is a tight frame in
the usual sense. Now we introduce the notion locally supported. A function family

{®,};>0 is said to be locally supported, if the sequence

h((bj) = maxkeMjlength(SUpp¢j,k)
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converges to zero. If the sequence of knot vectors (t;),>0 satisfies (3.2) and ®; is the
family of the normalized B-splines over t; in (3.6), then it is known that {®;},>0
is locally supported ([8]). A general characterization of the MRA tight frame (with

respect to Tp) is also provided in [8], and we present it here for the next section.

Theorem 3.3. [8] Let {®,},>0 be a locally supported family and Sy an spsd ma-
triz such that | Tof |2y < | fl122() for all f € L*(I). Then {¥;} 50 = {®11Q;} ;>0
defines an MRA tight frame with respect to Ty, in the sense of Definition 3.2, if and
only if there exist spsd matrices S; of dimensions M; x M;, j > 1, such that the

following conditions hold:

(i) The quadratic forms
Ty = (f,2;)S;(f, ;)"
satisfy
I 737 = f ey f € 1201,
(ii) For each j > 0, we have the identity

(3.11) Sin1 — PSP = Q;Q5.

3.2. Stationary spline MRA tight frames on an interval

For a given m, the order of the B-spline, and L, the order of vanishing moments,
and an interval I = [0,n],n € N, we want to look at the practical aspect of the
construction of spline MRA tight frames (with respect to Ty) of L*(I) using Theorem

3.3. In particular, we are interested in the stationary case, where
(3.12) t;=1N277Z, j >0,

and both boundary points 0 and n have multiplicity m. Throughout our work, we
will deal with the stationary case only (for the general case see [8, 11]). It is clear
that the nested sequence of knot vectors t;, 7 > 0, in (3.12) satisfies (3.1) and (3.2).
Now, the family ®; of B-splines in (3.6) provides the basis of the MRA spline space
Vi,3 > 0. First, the matrices P;,7 > 0, are computed by the Oslo-algorithm as

we already mentioned. Then spsd matrices S;,j > 0, are obtained by the method
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in [8] so that condition (i) of Theorem 3.3 holds. Moreover, the matrix on the
left hand side of condition (ii) in Theorem 3.3 is positive semi-definite. Finally,
each matrix @); is obtained by a factorization of the matrix S;; — PijPjT and
defines the family ¥; = ®;,,Q;, 7 > 0. We have, in the end, an MRA tight frame
{¥;}is0 = {®;+1Q;};>0 (with respect to Ty) of L*(I).

The very core of the work of Chui et al. ([8]) is the construction of such S;’s
that eventually provide an MRA tight frame with L vanishing moments. Indeed,
the M; x M; matrix S; is designed to be an approximate inverse of the Gramian
matriz T'(t;) := [(Nt;imk, Nejme)] so that @;5; defines an approximate dual of ®;
(for further details see [8]).

Note that each family ®; is composed of 2m — 2 "boundary functions” (B-
splines with a multiple boundary knot) and M; — (2m — 2) "interior functions”
(B-splines with simple knots only). For example, the family ® in Figure 3.1 has 4
boundary functions and 8 interior functions. In the stationary case, the boundary
functions of ®;,5 > 1, are just scales of those of ®; and the interior functions of
®, are also shifts and scales of those of ®;. More precisely, the first m — 1 B-
splines Nt im,—m+1, > Nejim,—1, ("left boundary functions”) have a multiple knot
0, and the last m — 1 B-splines N . ar,—2m+2, =5 Nejsma;—m, ("right boundary
functions”) have a multiple knot n. Moreover, these boundary functions are dilates
of Ntgim,—m+15° s Negym,—1, a0d Negum a1, —2mi2, 5 Negim,mr;,—m- Note that the right

boundary functions are reflection of the left boundary functions, as
Nejim, gy —2ms1—k(2) = Nemp(n — ), —m+1<k < 1.
The interior B-splines Nt .m0, s Nt;m,m;—2m+1, satisty
Ne;im () = Nygimo(272 — k),0 < k < M; — 2m + 1,

i.e. they are shifts and dilates of a single cardinal B-spline. The families ¥; in (3.8)
which we will construct have a similar structure; there is a fixed number s € N
of "boundary wavelets” satisfying 1, () = 27/%1g,(272), 1 < k < s, at the left

boundary and

Vjm;+1-k(x) = Yjp(n —x), 1<k <s,
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at the right boundary. All other functions t;; (”interior wavelets”) are dilates and
shifts of a fixed small number » = 2 or 3 of interior wavelets of ¥,. Namely, in the

stationary case,
?ﬁg s+rk+L — 2J/ wO s+€< k>7 1 S l S T,

holds and we call ¥ 541, ..., %05+, the generators of the interior wavelets.

This structure does not depend on the stepsize 277 if the interval I = [0,n] is
large enough such that the boundary scaling functions/wavelets at the left and right
boundary do not overlap. In this sense we call this construction scaling-invariant.
Hence, due to the scaling-invariant construction, we only need to find the family
U, for an MRA tight frame (with respect to Tp) of L?(I). In other words, we will
find just a factorization QOQOT of the matrix S; — POSOPOT. The matrix )y has s
first columns defining the boundary wavelets, its s last columns are the reflection of
the first s columns, and the ”interior” columns are shifted versions of r generating
columns.

There is a close connection between spline MRA tight frames (with respect to
To) on an interval and spline MRA tight frames on the real line. In the stationary
case, the examples of spline MRA tight frames (with respect to Tp) ([8, 11]) suggest
that the interior wavelets of W, are splines with simple integer knots obtained as
shifts of 3 fixed symmetric generators v, 1, 13, for m =4, L =4 ([8, 11]) (or
two symmetric generators for m =2, L =2 ([7, 8, 11])). Moreover, it was revealed

([8, 11]) that these 3 (or 2) generators constitute a spline MRA tight frame of L?(R)
{jpe =22 (28 —0) 1 j=1,2,3 (or j = 1,2), k,0 € Z}

in the sense of
3 (or 2)

7]k£ L2(R)| = L2(R)"
DD e > =1IfII3

j=1 keZ (el
In other words, these 3 (or 2) generators satisfy both of the characterizations [11,
Theorem 1] and [13, Proposition 1.11 (OEP)] of MRA tight frames of splines in
L?*(R). These recently developed characterizations will be recalled in section 4.1. In
the next section and in the appendix, we extend the results. Namely, we construct
MRA tight frames on an interval of order m = 3,4,5,6, and take r = 2 or 3

symmetric/antisymmetric generators i1, - - - ,1,, of interior wavelets of Wy. In the
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next chapter, we point out that the generators constitute an MRA tight frame of
L*(R).

3.3. Examples of stationary spline MRA tight frames on an interval

We develop some new examples of the spline MRA tight frames on an interval
which were not given in the work of Chui et al. ([8, 11]). For the construction,
we employ the method introduced in [8] for m =3 (L =1,3), 4 (L =2), 5 (L =
3,5), 6 (L = 4,6), where m denotes the order of the spline and L is the order of
vanishing moments of the frame elements. Although the approach in [8] includes
the nonstationary case, we consider only the stationary case for the sake of the
scaling-invariant construction and a simple algorithm of DFRT (Discrete Frame
Transformation).

In this section, we briefly present the general approach of the construction. The
main process of the construction is devoted to the factorization of the spsd matrix
in (3.11) for j =0

Sy — PySoPL = QoL
In each case, we consider the following two equidistant and simple knot vectors on
I =10,n]

(313) tO = {07"'7071727”'7”_17”7'”7”}7
—— ——

(3.14) t;, = {0,---,0,05,1,--- ;n—1,n—0.5,n,--- ,n}.
—— ——

We define the families ®; and ®; of normalized B-splines of order m over the knot
vectors. The interval I = [0, n] is chosen so that the left and right boundary functions
of & do not overlap and 2 or 3 generators of the interior wavelets are apparently seen.
For given m and L, the scaling-invariant construction reveals the same generators
for different values of n, if n is large enough.

First, we compute the matrix P, for the two knot vectors t; and t;. The matrices
So and S; depend on m, L, and the knot vectors t, and t;, respectively and they
are computed by matlab routines in [20]. It is shown in [8, Theorem 5.7] that the

matrix S; — PySoP) is positive semi-definite and has the representation

(3.15) S1 — PySoP) = B, . Z1EL

t1;m,L>
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where Ej, ., is used for the description of the Lth order derivatives of the B-
splines of order m + L ([8, p.155]). The matrix Z;, is sparse, symmetric, and can be
factorized on the basis of [8, Theorem 6.2] and consequently reads 7, := QOT. As

a result we have the representation

(3.16) S — PoSoPy = Eeyn 21 g

(317) = Etl;m,LQQTEg;;m,L = QOQ57

where the matrix Q) 1= Eg,.m, LQ defines the family ¥y. We obtain the factorization
of Z;, in a similar way as in the examples in [8] so that the interior wavelets of ¥,
are symmetric/antisymmetric. In order to simplify the computation of the factor-
ization we employ the symmetric reductions suggested in [8]. Namely, we multiply
tridiagonal matrices (I — K;) and (I — K') to the left and right side of Z, to get
a matrix Z;, with a smaller bandwidth. In the examples, the symmetric reductions

are performed 0 < 5 < 3 times to get a matrix Z I

(818)  Zi=(I =K (I = K\)Zy(I = K)o (I = KT),

Each matrix I — K; will be precisely given in each example and has the inverse
(3.19) (I-K)'=1+K,.

Finally, we find a factorization Z;, = BBT, with B = |By, B;, B;|, where By and B,
are, so called, the left and right blocks of B, and B; is the interior block matrix.
In the factorization we determine the block B; first, and then find the other blocks

from
Z, — B;BT = B,B! + BB

Namely, the matrix B; will be determined so that the elements of the matrix Z —
B; BT are zero except at the blocks in the first and last diagonal corners. Moreover,
the right block is positive semi-definite and the 180°-rotation of the left. Through
the Cholesky factorization we get a matrix By, and rotate it to get B,. Hence, from
(3.18) and (3.19), we have

Zp=(I+K)) - (I+K;)BB"(I +K;)--- (I + K,)",
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and from (3.16) and (3.17)

Sy — PySoPT
= Bymr(I + K1) (I + K;)BB'(I+ Kj)" - (I + K1) B, 1

NAT T T
Etl;m,LQQ Etl;myL = QOQO .

As mentioned in [8], we have two representations of the elements of Wy. One is from
the matrix @)y using ¥y = ®,0Q)y, namely

Mi—m

(3.20) You(@) = > qialNema(z), k=1,...n,

i=—m+1
where, for convenience, the elements ¢;, of (o carry the row index —m + 1 <

1 < M; — m. The second equivalent representation is from the matrix @ =+
Ky)---(I+Kj;)B

Mi—m—L dL
(3.21) Vor(@) = D Girr Nemeri(r), k=1,....m,
i=—m+1

with respect to the Lth order derivatives of the B-splines of order m+ L. We employ
the latter since it requires fewer coefficients and shows clearly that both the boundary
and interior wavelets have L vanishing moments. The matrices (I+K7) - -- (I+K;)B,
and (I + K;)--- (I + K;)B; give the coefficients of the left boundary wavelets and
the interior wavelets, respectively. The right boundary wavelets are reflections of
the left.

Note that each frame element has L vanishing moments and compact support. Par-
ticularly, the interior wavelets are m —2 times continuously differentiable and consist
of shifts and dilates of the 2 or 3 symmetric/antisymmetric generators. The coef-
ficients of the 2 or 3 interior wavelets and those of left boundary wavelets will be
given in expansion (3.21) in each example. For convenience, we give three exam-
ples for (m,L) = (3,3),(5,5), and (6,4) in this chapter and further examples for
(m,L) =(3,1),(4,2),(5,3), and (6,6) in the appendix.

3.3.1. Construction of a quadratic spline tight frame with 3 vanishing
moments (m =3, L =3).
For the construction we take I = [0,6], i.e. n =6 in (3.13) and (3.14). Then from
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representation (3.15) we have the 11 x 11 matrix

0.085938  0.052083
0.052083  0.262587
0.008681 0.167191

0 0.063477

: 0.010579
1

= — 0
100

0.008681
0.167191
0.673289
0.385132

0.125902
0.031738

0.005290
0

0
0
0

0
0.063477
0.385132
0.723877

0.490926
0.190430

0.031738
0

0
0
0

0
0.010579
0.125902
0.490926

0.948385
0.498861

0.144857
0.031738
0.005290
0
0

0

0
0.031738
0.190430

0.498861
0.771484

0.498861
0.190430
0.031738
0
0

Note that the last 5 columns of Z3 are the 180°-rotation of the first 5 columns. Now,

we employ the symmetric reductions by

(3.22) Zy = (I — K\)Zs(I — K7),
where
0.085938 0.052083 0 0 0 0 0
0.052083 0.262587 0.112847 0.063477 0 0 0
0 0.112847 0.520110 0.253906 0 0 0
0 0.063477 0.253906 0.723877 0.338542  0.190430 0
1 0 0 0.338542 0.670573 0.338542 0
3= —— 0 0 0.190430 0.338542 0.771484 0.338542
100
0 0 0.338542 0.670573
0 0 0.190430 0.338542
0 0 0 0
0 0 0 0
0 0 0 0
and
1
1
-1/6 1 —-1/6
1
-1/6 1 —1/6
(3.23) I-K = 1
-1/6 1 —1/6
1
-1/6 1 —1/6
1

1

The last 11 x 4 block of the Zg is the 180°-rotation of the first 11 x 4 block. Each

matrix I — K; that appears in our work has the same structure as I — K;. Thus, for

convenience, we use the notation 77,1 _1/6 for this matrix. Generally, T} . denotes
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a tridiagonal matrix of dimensions j x j that has exactly the same structure as the
matrix (3.23) with k x k unit block matrix at both diagonal ends. In addition, T}k
has « instead of —1/6 in (3.23). The relation (I — K;)~! = I + K; in (3.19) reads
as T]_kla = Tk o Now for the factorization of Zs = BB”, with B = [By, B;, B,],
we suggest the 11 x 7 block matrix B; given by

0
0
0
(3.24) B; =

0
0
0

The 3 repeating columns of B; will result in 3 antisymmetric interior wavelets in
the end. We compare the 5th and 6th columns of the matrices Zs and B;BY to
determine a, b, ¢, d as in Table 3.1.

13/3840 be 39/20480 b?

103/15360 | c2 +d? || 13/3840 be
13/3840 be 79/10240 | a2 + 22

0 0 13/3840 be

0 0 39/20480 b2

TABLE 3.1. The 5th and 6th columns of 23 and BiBiT.

Then we have,

b= /39/20480, c=13/(3840 x b),
a=/79/10240 — 202, d = \/103/15360 — c2.

as one possible solution. Hence, we have
Zs — B;B!' = B,Bf + B,B!,

and the elements of 23 — B; BT are zero except at the first and last 4 x 4 blocks at
both diagonal corners. The first block is positive definite and its 180°-rotation is the
last block. Through the Cholesky factorization of the first block we get the 11 x 4
matrix By, and rotate it to get B,. Now, the matrix T7,,11/6B; gives the coefficients

of 7 interior wavelets

Pi(-—k), 1<5<3, 0<k<1, ¢(—2),
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which are given by 3 generators v := g5, V2 1= Yo, and 3 := 7. Table 3.2

gives their coefficients in expansion (3.21).

‘ 4o,a+i ‘ 41,4+ ‘ 42,4+ ‘ 43,4+ ‘ 44,4+

i

1| 25/24 25/4 25/24

2 | 0.727304 | 4.363825 | 9.212519 | 4.363825 | 0.727304
3 2.621470

TABLE 3.2. Coeflicients (*100) of interior wavelets 1 44,7 = 1,2, 3,

in expansion (3.21).

The supports of 11, 19, 13, are

supp 1 = [0,4], supp ¥ =[0,5], supp ¢3 = [1,4].

The graphs of the three generators are shown in Figure 3.2.

lpl llJ2 Lpa
0.4
05 0.5
0.2
0 0 0
-0.2
05 -05
-0.4
0 2 4 0 2 4 0 2 4

FiGUuRrRE 3.2. Three antisymmetric generators of the quadratic spline

tight frame with 3 vanishing moments and simple interior knots.

Table 3.3 lists the coefficients in (3.21) of the 4 boundary wavelets for the left

endpoint of the interval. The reflections of these functions give the 4 boundary

‘ G2, ‘ G-1,i ‘ 4o, ‘ q1,i ‘ G2,

7

1] 2.931510 | 1.776673 | 0.296112

2 4.806466 | 3.369007 | 1.320649 | 0.220108
3 7.363799 | 3.268805 | 0.544801
4 0.226876 | 1.361258 | 0.226876

TABLE  3.3. Coefficients(x100) of boundary wavelets g, 1
1,...,4, in expansion (3.21).
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wavelets at the other endpoint 6. The graphs of the boundary wavelets for the left

endpoint are shown in Figure 3.3.

3 You Yo
0.4
2 0.2
0
1
-0.2
0 -0.4
1 -0.6
-0.8
0 1 2 3 4 0 1 2 3 4
410‘3 Yo4
0.2
0.5
0.1
0
0
-0.5 0.1
-1 -0.2
0 1 2 3 4 0 1 2 3 4

FiGure 3.3. Boundary wavelets of the quadratic spline tight frame

with 3 vanishing moments and simple interior knots.

3.3.2. Construction of a quartic spline tight frame with 5 vanishing
moments (m =5, L=75).
We take n = 11 in (3.13) and (3.14) for the construction. For a factorization of the
21 x 21 matrix Z5 in (3.15) we get

5 T T
Zs = T21,4,—5/16T2173,—1/10Z5T21,3,71/10T21,4,75/167

by two symmetric reductions. Now we are going to get a factorization Z; = BB7,

where B = [By, B;, B,]. We take the 21 x 10 block matrix B; given by

0
0
a e
bef
adga
cfb
e a
Bi: )
e
cf
dga
cfb
ea
0
0
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where B; has 6 null rows at the top and the bottom, and find a solution similarly
to the previous example. A numerical solution is

a=0.366152 x 1072, b =1.152073 x 1072, ¢ = 0.059178 x 1072, d = 0.284117 x 102,

e=0.571251 x 1072, f =0.999690 x 1072, g = 2.402380 x 10~ 2.

From the columns of the matrix 751 31/107%1,4,5/168; We obtain the coeflicients (see

Table 3.4) of 10 interior wavelets
Wi(-—k), 1<7<3,0<k<2, ¢(—3),

which are given by 3 antisymmetric generators v; := 1910, V2 := Y911, and Y3 :=

¥12. Their supports are

supp ¢ = [0,8], supp ¢» = [1,8], supp ¥3 = [0,9],

and their graphs are shown in Figure 3.4.

Ul Gooti | Quovi | Go9+i | G39+i | 9a9+i | G59+i | 96,9+i | G7.9+i | 48,9+

0.011442 | 0.114422 | 0.515686 | 1.380918 | 0.515686 | 0.114422 | 0.011442

0.014796 | 0.147964 | 0.313710 | 0.147964 | 0.014796

w N =

0.017852 | 0.178516 | 0.781998 | 1.928950 | 2.788170 | 1.928950 | 0.781998 | 0.178516 | 0.017852

TABLE 3.4. Coefficients(*100) of interior wavelets 19944, @ = 1,2, 3,

in expansion (3.21).

Y v Wy

L 0.15 2 0.6
05 0.1 0.4
0.05 0.2
0 0 0
-0.05 -0.2
-05 -0.1 -0.4

0o 2 4 6 8 0 2 4 6 8 0o 2 4 6 8

FiGURE 3.4. Three antisymmetric generators of interior wavelets of
the quartic tight frame with 5 vanishing moments and simple interior
knots.
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i G4 G—3.i

G2 d—1. do.i 41,

© 00 N O Ut W N

0.083801 0.129096 0.080878 0.022197 0.002220
0.268477 0.371396 0.278256 0.114840 0.026368 0.002637

0.651194 0.800265 0.509584 0.217970 0.067069 0.013719 0.001372
1.000536 1.325019 0.963876 0.456642 0.149937 0.036015 0.006370 0.000637
1.298451 1.525510 1.069101 0.522368 0.178372 0.038223 0.003822
0.149179 1.491788 1.508878 0.940359 0.364858 0.082067 0.008207
0.050778 0.507781 1.818456 1.427776 0.598845 0.138202 0.013820
0.009743 0.097426 0.086200 0.023169 0.002317
0.000335 0.003345 0.011374 0.003345 0.000335

TABLE 3.5. Coefficients (¥*100) of the 9 boundary wavelets g ;, i =

1,...,9, in expansion (3.21).

Furthermore, the columns of the matrix 751 31/10721,4,5/16 B¢ give the coefficients

(see Table 3.5) of the 9 boundary wavelets for the left endpoint of the interval. The

graphs of them are shown in Figure 3.5.

4 LIJcp‘;[ llJ0,2 lJJ0,3
05
3 05
2 0
1 0
0 -
05 o5
-1
0 2 4 0 2 4 0 2 4 6
llJ0,4 LlJ0,5 lIJO,B
0.5 05 05
0 0 0
-05 -05 -05
o 2 4 6 o 2 4 8 o 2 4 6
1 Yo7 Yog x 10 Yoo
0.05 5
05
0
0 0
-05 -5
-0.05
o 2 4 6 o 2 4 s o 2 4 6
FiGurE 3.5. Boundary wavelets of the quartic tight frame with 5

vanishing moments and simple interior knots.

3.3.3. Construction of a quintic spline tight frame with 4 vanishing

moments ( m =6, L = 4).
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We consider n = 12 in (3.13)-(3.14) and search for a factorization of the 25 x 25

matrix Z, from representation (3.15). First, we get
Zy = T25,5,—5/16T25,4,—1/10Z4T2€,4,,1/10T2€,57,5/16
by two symmetric reductions. In order to get a factorization of Z4 we set
Z, = BB”,
where B = [By, B;, B;| and B; is the 25 x 13 block matrix given by

0

Q RO
o0
O%Q %0

Qo e

Qa0
OHQ 0

- oo Qe

6
In addition, B; has 7 null rows at the top and bottom. A solution is
a = 0.742456 x 1072, b = 3.700562 x 1072, ¢ = 0.285988 x 1072, d = 1.520220 x 1072,

e = 1.398466 x 1072, f = 2.447316 x 1072, g = 6.367207 x 10~ 2.

The columns of the 25 x 13 matrix 755 4.1/10725,5,5/16 8; represent the coefficients (see

Table 3.6) of the 13 interior wavelets
vi(-—k), j=1,2,3 0<k<3, ¢i(-—4).

They are shifts of the 3 symmetric generators 1 := g 11, V2 = Y112, and Y3 =

10,13, whose supports are

supp ¢1 = [0,8], supp 1> = [1,8], supp ¢35 = [0,9].

The three generators are shown in Figure 3.6.

The columns of the 25 x 10 matrix Ths4,1/107%5,5,5/16 B¢ give the coefficients (see
Table 3.7) of the 10 boundary wavelets for the left endpoint of the interval. Figure
3.7 shows them.

Remark 3.4. 1. If we extend the bounded intervals to R, each matrix B; has
infinite dimension and 2 or 3 columns (from the bounded interval case) are repeated

with their nonzero entries shifted by 2 rows at a time. FEventually, no boundary
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( q0,i+10 | 91+10 | 92,i+10 | 43,i+10 | 44,i+10 | 45,i+10 | 96,i+10 | 47,i+10 | §8,i+10
1| 0.023202 | 0.232018 | 1.182118 | 4.164597 | 1.182118 | 0.232018 | 0.023202
2 0.076106 | 0.761056 | 1.672431 | 0.761056 | 0.076106
3 | 0.043702 | 0.437021 | 1.929577 | 4.874089 | 7.342024 | 4.874089 | 1.929577 | 0.437021 | 0.043702
TABLE 3.6. Coeflicients(*100) of interior wavelets g 10+i,% = 1,2, 3,
in expansion (3.21).
W, v, v,
0.2 0.6
0.5 0.4
0.1
0.2
0 0 0
0.1 -0.2
-0.5
0 2 4 6 8 0 2 4 6 8 0 2 4 6 8

FIGURE 3.6. Three symmetric generators of the interior wavelets of
the quintic spline tight frame with 4 vanishing moments and simple

interior knots.

t §-s5i G-ai G-35i G-24 G-1i  Goa 41.i Go.i d3,i Gai ds.i de,i
1 0.17537 0.18268 0.06905 0.00863
0.54686 0.58634 0.32338 0.08574 0.00857
1.32579 1.23516 0.66480 0.22620 0.04840 0.00484
2.35354 2.32681 1.27944 0.47586 0.12939 0.02479 0.00248
3.35991 3.41191 2.14596 0.93804 0.29198 0.06671 0.01137 0.00114
4.13071 3.98100 2.46809 1.09545 0.35095 0.07315 0.00732
0.45761 4.57611 3.57169 1.99741 0.73193 0.16127 0.01613
0.15721 1.57207 5.58467 3.96854 1.55834 0.35197 0.03520
0.04454 0.44540 0.39910 0.10744 0.01074
0.00142 0.01422 0.04836 0.01422 0.00142

© 00 N O Ut b W N

—_
o

TABLE 3.7. Coefficients (*100) of the 10 boundary wavelets v ;,7 =
1,...,10, in expansion (3.21).

matrices By, B,., occur. In other words, our construction of interior frame elements
reveals 2 or 3 generators of a tight frame of L*(R). For details, see the work of Chui

et al. (19]). Through numerical computations using the characterizations [7, 11, 13]
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FiGure 3.7. Boundary wavelets of the quintic spline tight frame

with 4 vanishing moments and simple interior knots.

of MRA tight frames that will be introduced later, we will verify that they are actually
MRA tight frames of L*(R).

3.4. Discrete frame transformation (DFRT)

Once we have an MRA tight frame on an interval, we can construct the so-
called DFRT (Discrete Frame Transformation) in a similar fashion as the DWT
(Discrete Wavelet Transformation). Namely, for a given input signal [ci|r—1,..11, €
2(M;), j > 0, M; = {1,2,...,M,}, we can compute the coefficient sequences
Cig€P(M;_y), J<j,and D; € *(Ny),j —J <i<j—1, N, ={1,2,...,n},
of the decomposition and, likewise, the reconstruction by a pyramidal algorithm.
Depending on the nature of the input data we divide the algorithms into simple
DFRT and preprocessed DFRT. We deal with the stationary case consistently as in

the previous section.

3.4.1. Simple DFRT decomposition and reconstruction.

Let a spline MRA tight frame, with splines of order m on some interval I =
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[a,b],a,b € R, be given. Moreover, the associated knot vectors t;, j > 0, are assumed
to have the form (3.3) and satisfy (3.4), (3.5), and (3.12). The B-splines ¢, ’s are
defined on these vectors. Now we suppose that input data [cgxlg=12.... M; are given
with

Ck ‘= Cj,k = <f7 ¢j,k>a k € {17 ey Mj}a

for some f € L*(I). The knot sequences of coarser levels t;_q1,t; o, ,t;_;, de-
termine the matrices P;_; of the refinement relations ®;_, = ®; ;1 P;_; in (3.7)
and S;j_j, in (3.11). Moreover, the frame elements are defined by the matrices Q;_y

as in (3.8). For convenience, we employ the notions of row vectors C; = [cjx]i =

[(f. i)k = (f,®;) and D; := [djxlx = [(f, i)k = (f,¥;), which are called
core and detail part of the input at depth j, respectively. Using these notations we

describe the algorithms of decomposition and reconstruction.

Theorem 3.5. Let j > 0 and C; := [c; ]k = (f, ®;) be given for some f € L*(I).
Then we have
(i) [Decomposition] C;_1 = C;Pj_1, D1 = C;Q;_1.
(ii) [Reconstruction] C;S; = C;_1S;1 P} + D;1QT

Proof.
We begin with the decomposition. From the definition of C; and the refinement

relation (3.7) we have

CP] 1_<f7 >]l_<f7 >:<f>®j—l>:Cj—l

The identity D;_; = C;Q;_; follows analogously using (3.8).

The reconstruction algorithm follows from (i) and (3.11),
Ci-1Sj1 Py 4+ Dj1QT = Cj(Pim1S; Py 4+ Q5-1Q) ) = Gy O

Remark 3.6. 1. C; is obtained from (i1), if S; is invertible.
2. If we want to reconstruct C; from its decomposition Cj_;,D; 0 = j — 1,5 —
2,...,3—J, we do not need to compute the inverse of S; at each level. Namely, if

we employ the notation C’JS = C;8;, (1) is equivalent to

(3.25) CP=CP Pl +D;j1Q1
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We get C]S_J by multiplying C;_; by Sj_; at the coarsest level, and apply (3.25) until
we obtain C5. Finally we obtain Cj = CJ»SSj_l. (see Figure 3.9).

We present the diagrams of the simple DFRT decomposition and reconstruction.

Cj Py chfl P; o Fojﬂ e Gy Py chﬂ]

%Dj—l Qj—2 FD]‘—Q %Djd

Ficure 3.8. Simple DFRT decomposition.

Ci_g—~ Sj—s F PJTfJ H Cj‘quH"' Cf—l*@—EEPCJSH Sj_l ’—>Cj
Dy [ % Dj_yya-- Dj—l% Qi ’7

FiGure 3.9. Simple DFRT reconstruction.

3.4.2. Preprocessed DFRT decomposition/reconstruction.
We suppose, as in the previous section, that we have an MRA tight frame on an
M;

interval. Now let the input C; := [¢;4]r be a row vector in RM whose entries are

the coefficients of some function f € V; for some j > 0,

M;
(3.26) F=> &rdie = Ci®].
k=1

In order to apply the algorithm of the decomposition as in (i) of Theorem 3.5,

however, we need the coefficients

Cj = ([, ®;).

Namely, we are required to transform the input C’j to C; before we perform the
decomposition. This is the reason why we call this algorithm 'preprocessed DFRT".
In the next theorem we are going to deal with the preprocessed DFRT decomposition

and reconstruction. Here, I'; denotes the Gramian matrix of the basis ®; of Vj, i.e.
T
L= (®;, D).
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Theorem 3.7. Let C; be the row vector in (3.26). Then we have
(i) [Decomposition] C; = C;T';, C;_1 = C;Pj_y, D;_1 = C;Q;_;.
(11) [RGCOHStYUCtiOH] Cij = ijlsjflpjT_l -+ Dj*lQ?—l? éj = erj_l

Proof.
The definition of I'; directly implies C; = C’jfj. The decomposition in (i) is identical
to (i) of Theorem 3.5. The first part of the reconstruction is also the same as that
of Theorem 3.5, and C’j = C'jl“j_1 is obvious. 0

Remark 3.8. If we want to reconstruct éj fromC;_y and D;,i = j—1,...,57—J,
we compute C;S; using (i) in each step until we get C;S;. Then the last step of the
reconstruction 1s to get C’j using C'j = C’JSSj_le_l. Namely, the matrices Sj_l and

Fj_l are necessary only one time at the end of the algorithm.

In order to reconstruct é'j in (ii) we need to compute two inverse matrices

1 =1 - . . . . . . .
S5, I, in which the computational complexity is high. For a simpler algorithm, we
recall that the spsd matrix S; is designed as an approximation of Fj_l, ie. Sj_l ~ T
or Sj*ll”;1 ~ [. If we apply this property to the given function f in (3.26), we
have an alternative decomposition/reconstruction algorithm. Namely, we define
f= C*jS].’lF;ld)]T and C’j = <f, P;), where f is taken for an approximation to f

and brings us
Cy = (f,9;) = C;S7'T71(@], ;) = €357 'T;'T; = G587

This relation allows us to describe the algorithms without use of the matrix Fj’l.

Theorem 3.9. Let C; be the row vector in (3.26) and C; = (f,®;), D; =
(f,W;). Then we have
(1) [Decomposition] = C’jS;l, éj—l = éij_l, Dj_l = é’ij_l.

C;
Cj = CiaS;a Py + D QY.

(ii) [Reconstrucion]
Proof.

Firstly, at the beginning of the decomposition we compute C’j = C'jS; ! and then

analogously to the proof of Theorem 3.5 we have the decomposition (i). For the

reconstruction we have

éij = éj,lsj,lpﬁl + DjleT

i—1
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which is identical with
Cj = G185 Py + DymaQ.
Hence, we have (ii). O

Remark 3.10. If we want to decompose the input C’j to the (j — J)th level, we
perform the preprocessing C'j = CA’ij_l in advance. Then we have the core and detail
parts only by multiplying éj_k+1 by the matrices P;_i’s and Q;_’s fork =1,...,J,
(see Figure 3.10). On the other hand, if we want to reconstruct é’j from the éj,J
and Dj_k s fork=1,...,J, we multiply C'j_J by S;_; at the coarsest level, and then

reconstruct the original C'j with the ordinary pyramidal scheme (see Figure 3.11).

C—1% G Pra =Gyt o Gy Pt [ =i

Qj—l Djfl to Qj—J F)Djf.]

Ficure 3.10. Preprocessed DFRT decomposition.

S J 9. S pT i A ) A S pT mi
Cj_J S]—J Pj_J = Cji—J+1 Cj,1 P]',l =05
~ T ~ ™ T

Dj—,; j—J Dj_ji1 - Djma= @i

Ficure 3.11. Preprocessed DFRT reconstruction.
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CHAPTER 4

Generation of Hilbert transform pairs of MRA tight frames

This chapter is devoted to the study of Hilbert transform pairs of MRA tight
frames of L*(R). We suppose that an MRA tight frame {¢;,} of L*(R) is given.
Then we construct its Hilbert transform {H1; ,} that is also an MRA tight frame
of L?*(R). For the construction we will show that Selesnick’s ([26, 27]) and Zhao’s
([30]) approaches can be extended to MRA tight frames of L*(R). At the end, we
reveal a general method generating an MRA tight frame from a given one. This
method covers the generation of the Hilbert transform of a given MRA tight frame.
We begin with the recently developed characterizations of MRA tight frames of
L*(R).

4.1. Characterizations of MRA tight frames of L*(R)

The characterizations of MRA tight frames were developed in parallel and inde-
pendently in [7, 11, 13]. The characterization of Daubechies et al. ([13]) is more
general and includes that of Chui et al. (|7, 11]). One of the salient differences is
that the latter requires a compactly supported refinable function. Since we want to
develop the Hilbert transform of frames, we need the more general characterization
in [13]. By [11, Theorem 1] and [7, Theorem 1], one can characterize the tight

frames generated by a compactly supported refinable function.

Assumption 4.1. [7] (a) The refinable function ¢ is compactly supported, real-
valued, piecewise Lip a for some o > 0, and satisfies ngS(O) = 1. Furthermore, it

satisfies a two-scale relation

o(z) = ZZ: po(2x — k), ae z€R,

k=n1

for some real numbers py. In other words,

(4.1) O(&) = p(£/2)6(£/2), ae. E€R,
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where the corresponding two-scale trigonometric polynomial p is defined by

p(§) = % Z pre " e R,

k=n1

we= (25 mie)

for some m > 1, with a trigonometric polynomial py that satisfies po(mw) # 0.

We further assume that

Next, we consider a finite family {¢; € L*(R),j = 1,...,r} defined by two-scale
relations

~ ~

(4.2) $i(€) = 4;(§/2)0(§/2), j=1,....m,

where ¢; are trigonometric polynomials that have real coefficients and vanish at
¢ = 0. Namely,

(4.3) g;(6) = (1— )" (),

where L; > 1 and ¢} are trigonometric polynomials as well and satisfy g (0) # 0.
Each of the functions 1; has, as a result, compact support and at least one vanishing

moment. The next characterization asserts when the family of shifts and dilates
{jpe =262;28 =) 1 <j<rk e}

is an MRA tight frame of L*(R).

Proposition 4.2. [11, Theorem 1] Let ¢ be a refinable function with compact
support and two-scale trigonometric polynomial p with real coefficients such that
Assumption 4.1 is satisfied. Let q; be trigonometric polynomials with real coefficients
vanishing at £ = 0. Then the functions v, j =1,--- ,r, defined in (4.2) generate a
tight frame of L*(R), if and only if there exists a VMR (Vanishing Moment Recovery)
function S, defined a.e. in R, that satisfies the following properties:

(i) S is a trigonometric polynomial with real coefficients and nonnegative values for
all ¢ € R, and S(0) = 1;
(ii) for a.e. £ € R the following two equations hold;

(4.4) S(2¢) p(&)]” + Z ;&) = 5(¢),
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(4.5) SOPEPE+T) + > ¢(€)g(€+7) =0.

j=1
Remark 4.3. 1. If we take N,,, the cardinal B-spline of order m (degree m—1),

as our refinable function for m > 2, it satisfies all conditions in Assumption 4.1.

. 1 —e @\

mie) = (F)

2. Furthermore, the VMR functions S of N,, were presented in [7, 11] so that S

Namely, we have

and its two-scale symbol is

satisfy (i) and (i1) of Proposition 4.2. They were designed for given m and 1 < L <
m so that each q; has the form (4.3).

3. Note that the v (r =2 or 3) generators of the interior wavelets in the examples
of the previous section have equivalent expansions to those in (3.20) and (3.21).
From now on, we use the notation ¢T’L, j =1,...,r, for the generators of order
m and having L vanishing moments. The expansion (3.20) in the time domain is
equivalent to the representation

(4.6) D) = ¢ (E/2)NL(E/2), 1< <,

in the frequency domain, where the two-scale symbols q]m’L are trigonometric poly-

nomials,
1 Mi—m

(4.7) GHE) =5 D dekesge TS 1< <,
l=—m-+1

and where ky € N denotes the number of "left boundary wavelets” in (3.20) (qoxo+j
are the elements of the (ko + 7)th column of the matriz Qo in (3.17)). If we employ
the expansion (3.21), each q;.n’L s given by

(4.8) q;"" (&) = 2" () (L — e ),

where the trigonometric polynomial qA;.n’L is defined similarly to (4.7) using the coef-
ficients of expansion (3.21). Note that cj;"’L(O) = 0 since its coefficients are positive

(see section 3.3).
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4. Numerical computations verify that the above mentioned p,,, q;n’L, and the as-
sociated VMR function, say sm 1, satisfy (i) and (ii) of the Proposition 4.2 for all
examples of section 3.3 and the appendiz, which was already pointed out in Remark

3.4.

Another characterization, Oblique Extension Principle (OEP) ([13]), of tight
frames with MRA is given under the following assumptions on the two-scale symbols

and the refinable functions. The notation 7 := (p,qi,- - ,q,) denotes the combined

MRA mask.

Assumption 4.4. [13] All MRA-based constructions that are considered in [13]
are assumed to satisfy the following:
(a) The combined MRA mask T is measurable and (essentially) bounded.
(b) The refinable function ¢ satisfies limg_,g b(&) = 1.
(¢) The function [, ¢] := Y kezd |p(- + 21k) |2 is essentially bounded.

Now, we give several definitions and notations taken from [13] before the char-
acterization is presented. Let the family {¢;,j =1,--- ,r} constitute an MRA tight
frame and ¢ be the corresponding refinable function. The fundamental function ©

of the parent wavelet vector F := (¢,11,...,1,) is defined by

co T k—1
(4.9) 0(&) ==Y > g2 ] Ir2mo)P.
k=0 j=1 m=0
From this definition, it follows that
(4.10) 0(¢) = Y lg; () + [p(©)P0(2¢),
j=1

which is identical with (4.4), if © = S. (We accept the identity © = S a priori, and
deal with it later in detail.) The notation for the spectrum of the shift-invariant

space Vj
o(Vo) == {w € [-m,7]% : dp(w + 27k) # 0, for some k € Z4}

appears in the following propositions. Note that if the refinable function ¢ has

compact support, ¢ is entire. Hence, o(Vp) := [—m, 7|4 \ N, where N is a null set.
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Proposition 4.5. [13, Propositionl.7] Assume that the combined MRA mask
T =(p,q,...,q) is bounded and, furthermore, quS 18 continuous at the origin and
é(()) = 1. Define © as in (4.9). Then the following conditions are equivalent:
(a) The corresponding wavelet system {1, 1 < j <1k, € Z} is a tight frame.
(b) For almost all £ € o(Vy), the function © satisfies:
(b1) lim; o, O(27) = 1.
(b2) For £ +m € o(Vp)

(4.11) OROpEpE+m) + Y _¢;(§g(E+m) =0.
j=1
For the construction, however, it is not easy to build the masks p,q;,7 =1,...,7,
so that the fundamental function © and the masks satisfy all conditions of Proposi-

tion 4.5 ([13]). For that reason the following sufficient condition is proposed ([13]).

Proposition 4.6. [13, Proposition 1.11] (Oblique extension principle (OEP)) Let
T be the combined mask of an MRA that satisfies Assumption 4.4. Suppose that there
exists a 2m—periodic function © that satisfies the following:

(1) © is non-negative, essentially bounded, continuous at the origin, and ©(0) = 1.
(id) If §,£ + 7 € a(Vp), then

o . Ow), ifv=0,
(412)  OROPEPE+V) + D 6(O)g(E+v) = 0( | j: _

Then the wavelet system {1, 1 < j <1k, € € Z} defined by T is a tight frame.

Remark 4.7. 1. Note that Proposition 4.5 does not require that the two-scale
symbols are trigonometric polynomials nor the refinable function is compactly sup-
ported. Furthermore, condition (b1) is milder than (i) of Proposition 4.2. In this
sense Proposition 4.5 is more general than Proposition 4.2. As for the two identities
(4.4) and (4.5) of the first characterization, (4.4) is the same as (4.10) and (4.5)
equals (4.11).

2. Now we need to clarify the difference between the functions S and ©, although
they are in many cases identical as we accepted a priori. The VMR function S s
defined through the equations (4.4) and (4.5), while the fundamental function © is

defined by the masks in (4.9). We show that these two functions are identical when
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S is bounded. Note that the boundedness of S follows from the stability of ¢ (]7]).
If we apply (4.4) recursively, we have

S = <S<4£>|P<2£>F+Z|@j<2£>\2> PEOF +>_1Q5(0)F
= (S(Sf) PAOF + > IQj(4£)\2> PEOFIPEF

+ PO Y 1Q;01 + 10,9
J=1 j=1
and generally
K-1
S =52 [ |P
=0

Finally, using (4.1), we obtain

K§2K1T

+ |Q;(2%¢) H P

k=0 j=1 =0

(4.13)  S(¢) = S(2%¢) '

First, we show that

. 2
2K

S(2K¢) gb(A 3 — 0, as K — oo for £ € a(Vp).

¢(¢)

Since S is bounded, it suffices to show that |p(25€)] — 0 a.e. as K — oo. This

follows from the Riemann-Lebesgue lemma, if ¢ has compact support. In general, if

¢ € LA(R), then

2]+1

| teteede - Z/W )2 de = ZW/!MJ )Pde < oo

Hence, we conclude that 3, 10(296)]2 < 00 for a.e. € €[1,2], and, a fortiori,

D 0P < o0 ae. £ €[1,2].

Jj=20
This implies lim;_, QAS(QJ{) =0 for a.e. £ € [1,2]. The same argument holds for the
interval [—2, —1], and this gives

lim ¢(27¢) =0 for a.e. € € R\ {0}

j—o0
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Now, it follows from (4.13) that

r

K-1 2k—1
+> > | [T 1Per )P
m=0

k=0 j=1

S(€) = lim | S(2%¢) ‘Gb;—K

K—oo

= ZZ!QJ (2"¢) H| @2me) = 0(8), & € o(Va).

k=0 j=1

As a result, S is real and positive on o(Vy). If, in addition, ¢ has compact support,
S = O almost everywhere. In the work of Chui et al. ([7]) B-splines were chosen as
the refinable function and the associated VMR function S is constructed as a trigono-
metric polynomial. Since S is bounded and satisfies all conditions of Proposition 4.5
the same MRA tight frames are generated by both characterizations Proposition 4.2
and Proposition 4.5. In the rest of this thesis, for convenience, we use the notation
S for the fundamental function (VMR functions will be called fundamental functions

as well).

4.2. Construction of Hilbert transform pairs of MRA tight frames

In this section we present an important result of this thesis which asserts that
the Hilbert transform of a given MRA tight frame of L?*(R) is an MRA tight frame
of L?(R) as well. For the proof we employ the approach introduced in [30, 26].
Namely, we suppose that an MRA tight frame of L?(R) is given which is generated
by r generators ;. They satisfy the two characterizations (see Remark 4.3). Let
s be the associated fundamental function. Now we show how to multiply a certain
function to the two-scale symbols of the given MRA tight frame, in order that the
new two-scale symbols define the generators {Hv;,j = 1,...,7} of an MRA tight
frame of L?*(R) with a new refinable function ®. The new refinable function ® does
not have compact support, in general, although the given refinable function has

compact support. This is the reason why we use Proposition 4.5 for the proof.

Theorem 4.8. Let {1;,5 = 1,...,1} be the generators of an MRA tight frame
of L*(R) defined by the two-scale symbols qj,j = 1,...,r. Furthermore, suppose that
the associated refinable function ¢ and its corresponding two-scale symbol p satisfy

the assumptions of Proposition 4.5. In addition, let s be the associated fundamental
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function defined in (4.9). If we define new symbols

(414) P(f) = eiie(g)p(é-% Q](€> = eie(giﬂ)QJ(S)? j = 17 T

where 0 is 2m-periodic and 0(§) = £/2 on [—7r ), the refinable function ® with

b(&) = TI2, P(279¢) is in LX(R), and {¥;,j = 1,--- , 7} with W;(§) = Q;(£/2)(¢/2)
are the generators of an MRA tight frame of L2( ) and W; =H;,j=1,---r

Proof.
As we mentioned above, we employ Proposition 4.5 for the proof. Firstly, it is clear
that P,Q;,j = 1,--- ,r, are measurable, since p,q;,7 = 1,--- ,r, are measurable and
the function e~?® is piecewise continuous with has jumps at 7(2k + 1),k € Z (see
[26]). In addition, P,Q;,j = 1,--- ,r, are bounded, since |P| = |p|, |Q;| =|g;|, j =
1,...,r. Note that the combined mask (P, Q1,...,Q,) gives the same fundamental
function s as the combined mask (p, g1, . . ., ¢-). Hence, (b1) holds trivially. Secondly,

from the two-scale relation of the refinable function we have

o) = [[Pete = sz e
k=1 =1
(4.15) = G(E)eTINE0ET 5), ae. £ €R

The pointwise convergence of — > 7, 0(27%¢) is shown in [26] and can be demon-
strated as in Figure 4.2. Furthermore, ® is in L2(R) due to |®| = |¢| and & is
continuous at the origin since the functions ¢ and e~*>=12™) are continuous at
zero as well, and clearly has value 1 at zero (see Figure 4.1).

As the next step, we show that the fundamental function s satisfies (b2) with the
two-scale symbols P, Q)1,...,Q,. From the definitions of P and Q;,7 =1,...,r, we

have

SQOPOPE+7) + Z Qi(©)Qs(E +)

= SOp(Ep(E + m)e e +qu (€)% (€ + m)eE ™0

7=1

= MmO ( (26)p <5>M+qu<5>m) =0, ac ek
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Taken together, we have shown that the fundamental function s and the new masks
P and @;,7 = 1,---,r, define the generators ¥;,57 = 1,--- ,r, and the refinable
function ® of an MRA tight frame of L*(R).

Finally we want to show that U; = Hv;, 5 = 1,--- ,r. From the two-scale relation

of generators we have for each j € {1,--- ,r},

A A

V€)= Q;(§/2)2(5/2)
= j(€/2)e " TG(g/2)em I
(4.16) — ()02 -EE 0/ e ¢ € R,
It is clear that W; € L2(R) from |¥,| = |¢);| and the function
(lb(E/2-m) -, 6(6/2)]
converges pointwise to —isgn(§) as N — oo (see [26] and Figure 4.2). We have

consequently

U, =My, j=1,---,r O

\ 2n 4n 61
-on am - 0 \\
-7

FIGURE 4.1. —> 2, 6(£/25).

Remark 4.9. 1. The approximation order of the refinable function ® is a matter
of interest. It is known that ¢ € L*(R?) provides approximation order m if and only

if the function

g \ 12
(4.17) Ay = <1 - ﬂ)
¢, 0]
has a zero of order m at the origin ([1]). When, especially, ¢ has compact support

and $(0) # 0, the condition (4.17) is equivalent to the Strang-Fiz (SF) condition,
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/ w2 34 \
-8mn 0 / \ \\
N=3 -T2 =314 N=2

—41 =21 0 2n an
/ 2 78 \
“16m 0 ﬂ \ \\\
-7178
N=4 -T2 N=3
-8m-6m —-4m -2m 0 2m 4m 6T 8m
w2
n \\
0 \\\
N® o -T2 TIN® o

-§m—6m —4m —2m 0 2m 4m 6m 8n
FIGURE 4.2, Left: 6(£/2 — ) — S0 ,0(¢/2%), for N =

2,3,4, and N — oo, Right: —25219(5/2’“), for N =
1,2,3, and N — oc.

namely, (/3 has a zero of order m at each point in 2rZ\{0}. When the given refinable
function ¢ in Theorem 4.8 provides approrimation order m, then ® has the same

approzimation order, since

- 1/2 A 1/2
5|2 |¢>!2)
Ae =1 1— —= =11- == =A,.
’ ( [<I>,<I>]> ( 6, ] ¢

2. The generators V;,j = 1,--- ,r, and refinable function ® do not have compact

support, in general, even if the given generators 1,5 = 1,--- ,r, and the refinable
function ¢ do. In other words, from (2.4) we have
1/1 4

Hence, each V; s the convolution with the globally supported function % The

refinable function ®, in the next place, is acquired by (4.15), in which the factor
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e 1221062 has jumps at 27k, k € Z \ {0}, see Figure 4.1. In other words, ® is
obtained by the convolution of ¢ and a globally supported function (this function will
be exactly described in Proposition 4.10) obtained by the inverse Fourier transform
of e 1062 i the distributional sense. Hence, ® has a global support in the
time domain as well. However, if ¢ has compact support andgzg has a zero of order m
at each point in 2xZ\{0} (SF-condition), then ® € C™ 1 around 2nZ\{0}. Thus,
e cmt globally. Consequently, ® decays at a certain rate in the time domain.

3. Now we consider the masks P and Q;,5 = 1,---,r. It is clear from (4.14)

that they have jumps, which implies that they are not trigonometric polynomials

any more, even though p and q;,j = 1,---,r, may be trigonometric polynomials.
But, @, has the same order of root at § = 0, which means that the generators
U, j=1,---,r, have the same order of vanishing moments as 1;, j =1,--- ,r.

4. The result of Theorem 4.8 reveals an interesting aspect of the equations (4.4) and
(4.5). That is, when the given s, p, and q;,j = 1,--- ,r, satisfy the two equations

then s, P, and Qj;,j = 1,---,r, do as well. This can be rephrased from another
point of view, i.e. when the fundamental function s is given, p,q;,j = 1,---,r,
and P,Qj,j = 1,---,r, are different solutions of the two equations which generate

a Hilbert transform pair of tight frames with the same order of vanishing moments.

Now we want to find out what is the meaning of (4.15) in the time domain. It is
clear that ® is the convolution of ¢ and a certain function or distribution as pointed

out above.
Proposition 4.10. The relation (4.15) is equivalent to
cot(m-)
O(z) = LAY
@)= (o =20 ) @

Proof.

The Fourier series of the 27-periodic function e=*®) on [—7, 7] is

e Zk:+1/2 e g€ fomml,

If we use 6(¢ — k) = ¢/*¢, in the distributional sense, then we have

o (g en)
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Furthermore, the scaling and translation in frequency domain yields,

i0(E/2m) _ (2 ﬂew%(zx _ k))A(S) ae { €R
~2% T1/2 L '
keZ

Now we recall

AN
(lO(E/2-m) -T2, 0270)] _ (i> (€), ae. £ €R,

T

which implies
. . 1\ _
iSEL 027 (_) (£)e06/2-m)
T

_ (sz . [Z ];;—11)/262”905(235 _ k)]) (€), ae. £ €R.

The scaling & — 2£, in the end, results in,

iR 00T (L* [Z ﬂe’f“é(m—mDA@ a.e EE€R
2 k+1/2 T '
keZ

The convolution can be simplified as follows,
1 (-D*
. N 7 71'1936 _ k
(7.[-21.* [Zk+1/2€ (iL‘ )]) (y)
kEZ,

= / L Z (-1 " WIS (y —t — k)dt
R7T2t ez k+1/2
1

1
N FZ(y—k)(kH/m‘

kEZ

Now the sum }_, _, m converges for all y € R\Z and is equal to the partial

fraction decomposition of ”;itl(;;’), ie.
1 1 _ cot(my)
mt = (y—k)(k+1/2) 7y +1/2)
The refinable function ® can be obtained by convolution of ¢ and W‘Eztﬂ%), whose

sketch is given in Figure 4.3. It behaves much like w—ly near 0, but has additional

poles in Z. O
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TJL \1

cot(mx)
FIGURE 4.3. 75575 on [=3,3].

Remark 4.11. The formulation ® = ¢ W‘Eofr(f/%) presents us another aspect of the
fact that ® is a half-sample delayed version of ¢, which was pointed out by Selesnick
(126, 27]).

4.3. Another closed form of the Hilbert transform of MRA tight frames

The closed form of each H1;,j = 1,...,r, and the associated refinable function

® were given in (4.15)-(4.16). They were described by the function €?(®) so were the

associated symbols P, @);,7 = 1,...,7. Now we present simpler forms which are more
suitable in the context of spline MRA tight frames. Recall that Nm(f ) = <1_Z.e;£>

is the Fourier transform of the cardinal B-spline of order m.

Theorem 4.12. Let two-scale symbols be given by

(419 0O = (F55) O = pulOmle), mz 1
(4.19) (&) = (1_;%) jCJé(f), m; > 1,

such that they are subjected to the assumptions of Proposition 4.5, i.e. they generate

an MRA tight frame {¢re, 1 < j < 1k, 0 € Z} and the refinable function ¢.

The refinable function is, as a result, described by ¢(€) = Np()R(E), R(E) =

12>, po(27%€) and the generators are 1;(€) = q;(€/2)p(£/2). Then the refinable

function ® in (4.15) and the generators V; = Hyp;,j =1,...,7, in (4.16) are given
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1—e %

> A(&) = M(§)R(E)Nmya (€),

&2 | _ I
sing/2| |1 —e %
. 1— /2,
v;(8) = N(fﬂ)w%(f)

(4.21) = D2 4,(6/2)9(6/2) = N(E/2a,(E/DRE/2) Fnia(€/2),

el
1—e € sin&/2

(4.20) O(&) = M(E)

M(E) =

Thus the symbols P and Q;,5 =1,...,r, are equal to

e ¥ e %
(1.22) PO = i nlO = e nl©)
— e %
(1.2 %O = pu© =T
Proof.

We study the exponential function e~#Xi=10(27") ip (4.15) first. The exponent is
neither periodic nor continuous, as we noted in Figure 4.1. But its phase can be
described by

(4.24) —ZH 27%¢) = g(&) + h(¢),

where

g(&) == —¢/2 on [—27, 27| and 47 — periodic,

and h is piecewise constant as in Figure 4.4 (compare with Figure 4.2).

FIGURE 4.4. g (solid) and h (dotted).
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Hence, (4.24) gives
(4.25) eTIERR 0RO — (10O () — /2 A(£) A(E) 1= MO,

Note that we have €€ = ¢=%/2 for £ € R by the periodicity of €9}, The function
A is piecewise constant with range {—1,1} (see Figure 4.5). Now we show (4.20).

——————

FIGURE 4.5. % (solid) and A (dashed).

If we insert (4.25) into (4.15), we have

A

BE) = e ZEmICTIG(e) = eTERAE)N,, (E)R(E)

) . i€ +1
_ eﬁﬁ/ﬂg)l_ji_% (1 i; ) R(€)
£/2

2 « .
| ROl = MORE N ),
where N,,.1 is the B-spline of order m + 1. Note that the identity

§/2 §/2 ‘

A<5)sin(g/2) ~ |sin(£/2)

(4.26)

is due to the same behavior of signs of A and Smg(/ﬁ (see Figure 4.5).
From (4.26) we show (4.22) next. The two-scale relation and (4.26) result in

$(26)  MEORREONw(20)  M(26)1+e

PO = 30 T T MORONme - MEe 2 MY
197 B 2 B 1+e %
( . ) = ml%ﬂ(é)ﬁ@(f) = mp(f)-
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Finally, note that
R 1 —e /2

55(6) = isen(©)33(6) = N(&/2) ().
where N () = 17‘5'_1-5. From the two-scale relation of ¢; and (4.20) we have
R 1—e %2
v;(€) = N(£/2 )—/ 4;(£/2)0(¢/2)
1 —e /2 1 £/2 .
— N ) g T )
CONED i
TR a€/DAE/2),
Thus, we have Q;(§) = %qj (&). If we insert (4.26) into the last formula, we have
U5(€) = N(&/2)a;(6/2RE/D N (€/2). O
Remark 4.13. 1. Comparing (4.14) with (4.22)-(4.23) results in
i L+e™®  M2&1+e™
(4.28) e = 1re€  MeE 2
(4.29) goem _ 1zt e NE

Tef 1o M)
2. Note that the identity (4.28) is also contained in Zhao’s work ([30, p.356]).
Namely,

e~ = ¢~%/%5gn(cos(£/2)), P = €™ 25gn(sin(€/2)).

3. Now we look at the Strang-Fiz condition from the point of view of Theorem 4.12.
M has simple poles at 2nZ\ {0}. But, the term R(€)Ny41(€) has one more zero at
27Z\ {0} than ¢(€) = R(E)N,(€). Taken together, ® has the same number of zeros
at 27\ {0} as & does. On this account, the Strang-Fiz condition holds for ® and
¢ with the same order of zeros at 2nZ \ {0}.

4. We have M = |N|. Namely, the refinable function ® is described by the amplitude
factor M multiplied by R(f’)NmH(S). Note, however, that the function R(S)Nmﬂ(é’)
(or ¢ Ny in the time domain) generates a different MRA, since M is not a trigono-
metric polynomial, i.e. ® ¢ span{¢ * N1(- — k), k € Z}.

5. For the MRA tight frames {wjr-'};,jz, 1 <j < nrk,te€Z} which appeared in sec-

tion 3.3 and the appendiz, the formulations of their Hilbert transforms become much
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simpler. Recall that the refinable function is ¢ = N,,, i.e. R = 1 a.e., and the

associated two-scale symbol is p,,, i.e. po =1 a.e..

4.4. General method generating an MRA tight frame from a given one

We have, hitherto, examined how one can obtain an MRA tight frame of L?(R)
that is the Hilbert transform of a given MRA tight frame of L*(R). Furthermore,
we showed in Theorem 4.8 that these pairs of MRA tight frames have a common
fundamental function. Now, we want to generalize this result to the generation of a

pair of MRA tight frames of L?*(R) that has the same fundamental function.

Theorem 4.14. Let two-scale symbols p,q;,j = 1,---,r, and a fundamental
function s satisfy the characterization of Proposition 4.5 which provides the gener-
ators {1;,7 =1,--- ,r} of an MRA tight frame of L*(R). Now, suppose that

P(&) = a(§)p(§), Q;(8) = B;(€)a; (&), j=1---

where o and 35, j =1,...,r, are subjected to the following conditions:

(i) a, B;, are 2m-periodic and measurable.
(ii) a is continuous at 0, a(0) = 1, and v(§) := [[oe, @(27%¢) exist a.e. £ €R
with limg_o (&) = 1.

(iii) [a()] =156 =1, ae R

(iv) a(§)a(§ +m) = B;()B;(§ + ), for L<j <.
Then {V;,j = 1,...,r} are the generators of an MRA tight frame of L*(R) with
the refinable function ®, where W; = Tib;, (T;) (&) = B;(&/2)v(€/2)1;(€) and
(&) = v(€)p(€) . Furhtermore, U, =1,...,r, and ® are generated by the two-

scale symbols P, Q;,j =1,---,r, and have the same fundamental function s.

Proof.
The proof is similar to that of Theorem 4.8, i.e. we employ Proposition 4.5 for the
proof. First, we check the assumptions on the two-scale symbols P, );,7 =1,...,,
and refinable function. P and @); are bounded and measurable, by the assumptions

on p, ¢;, o, and (3;. The refinable function ® is defined by the infinite product

=[Ire7e=TJae™e) Hp 7€) = 1(6)9(6),
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where (€) := [[r—, @(27%¢) is well-defined by (ii). The generator ¥; is obtained by

Ui6) = Qi(E/2)8(6/2) = B;(€/2)7(6/2)4;(6/2)9(¢/2)

= B(/2)7(6/2)45(9)-
Furthermore, we have |®| = |¢| and |¥| = |¢| from (iii) and, thus, ®, ¥; € L*(R).
Note that from |®| = |¢| the associated spectrums o(Vp) and o(vg) are identical.

On the other hand, the condition lime_o ®(¢) = 1 follows from (ii).
It remains to show that (b1) and (b2) of Proposition 4.5 hold. We have |P| = |p| and
|Q;| = |g;| from (iii), which implies the same fundamental function S = s. Thus,

condition (b1) holds trivially. Condition (b2) is satisfied by (iv)

SOPEOPE+m) + Y Qi(€)Q(E +7)

= s2O)p(©)p( + ma(&)al€ + ) + Z q;(€)q; (€ + m)B;(£)8; (€ + )

= a(§a(l+m) (8(25)1?(5)1?(5 1)+ 4 (E+ W)) =0, foraefecR.

j=1
By Proposition 4.5, {¥;,j =1,--- ,r} generates an MRA tight frame of L*(R). O

Remark 4.15. It is easy to check that the form of P and Q); in Theorem 4.8 is
a special case of Theorem 4.14. We set
1+e % 1— e
‘1+€715|’ ﬁ](g) ’1_615‘7 J ) T

Then (i) a and B; are 2m-periodic and measurable, (it) o is continuous at 0 and

a(§) =

a(0) = 1. Furthermore, the infinite pmduct converges pointwise,

had 3 1+ e Ry cos&/2 »
IHO[<2 5 H |1—|—€ i2— k£| =e 2|COS§/2|( ngn(é—/Q))7

where % is an alternative form of the function A in (4.25), i.e. A(§) = %
Finally, (iii) holds trivially and (iv) does as well by

14+e % 1—e%

a(§)a(§+m) = 11+ e 1 — e

=B +m), j=1,...,7
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CHAPTER 5

Approximate Hilbert transforms of MRA tight frames:

general case

We already pointed out the drawbacks of the conventional approaches ([15, 16,
18, 26, 27, 28]) for the construction of (approximate) Hilbert transform pairs, i.e.
the absence of the analytical form of the refinable function ® and the symmetry
of the associated wavelets (or frame generators). In order to overcome these short-
comings, we propose a new method getting approximate Hilbert transform pairs of
MRA tight frames. Unlike the conventional approaches, we begin with an MRA
tight frame {¢;0,1 < j < 1k, € Z} of L*(R) and then find its approximate
Hilbert transform {\ifj,k,g, 1 <j <rk,t € Z} such that \ilj ~ Hi,. For the de-
sign of the approximations we recall Theorem 4.12 and suggest the approximations
of the functions M, N in (4.20)-(4.21). These approximations lead to the desired
approximate Hilbert transform. At the end of this chapter, some examples will be
given for spline MRA tight frames of L*(R) whose generators are given in section
3.3.

5.1. Approximate MRA tight frames

We suppose that the refinable function ¢, the associated symbols p, g;, and the
fundamental function s of the given MRA tight frame satisfy the characterization of
Proposition 4.5. In addition, we suppose that p and ¢, are subjected to (4.18)-(4.19).
Now we take a close look at Theorem 4.12. Note that V; = H1); has the following

properties:

e U, is the exact Hilbert transform of ;.

o U, j=1,...,7 constitute a tight frame,

e the two-scale symbols P and (); are not trigonometric polynomials nor
rational functions.
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These properties will only be recovered approximately by our construction, i.e. our

approximation procedure of ¥, will result in \i/j such that

° \ilj is an approximate Hilbert transform of v;,
° \ilj,j =1,...,r, generate an approximate tight frame,

e two-scale symbols, say P, Qj, are trigonometric polynomials.

It is clear that {‘ilj, j = 1,...,r} might well not satisfy the characterization of
Proposition 4.5, since we substitute simple (trigonometric polynomial) symbols for
the complicated symbols in (4.22)-(4.23). Thus, in all cases which we consider
Proposition 4.5 does not hold exactly. Moreover, although the associated fundamen-
tal function of the approximations \I/j, j=1,...,r, and P is essentially bounded, it
does not satisfy (b1) of Proposition 4.5. On this account we introduce the notion of

approximate MRA tight frames.

Definition 5.1. If an extended mask vector 7 :== (P, Q1,...,Q,) and the asso-
ciated fundamental function S satisfy Assumption 4.4 as well as
(i)
Tim ‘5(27'5) - 1‘ <6,
j——00
for some 0 <6, <1 and a.e. £ € R,
(i)

SEOPEOPE+m)+ > Q;(0)Qi(E+)

j=1
for some 0 < 6y < 1 and a.e. £ € R,

< 09

then we call the system {@jykﬁ, 1 <j<nrk e} generated by the mask vector T
an approximate MRA tight frame.

Depending on the features of the given MRA tight frame we can add some more
properties that @j should have. For example, \IJJ- are required to have almost the
same regularity in the sense of (d) of Proposition 2.2. Furthermore, from the basic
property (v) of the Hilbert transform, ¥, should be symmetric (resp. antisymmet-
ric) if ¢; is antisymmetric (resp. symmetric). \I~/j is obliged to keep the order of
vanishing moments of ¢; in effect. Taken together, we impose the following con-
straints on \i/j, g=1,...,r,and P.
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Constraint A

(i) \i/j and @ are real and finite linear combinations of a compactly supported
function. Namely, the associated two-scale symbols are trigonometric poly-
nomials with real coefficients and \ilj and ® have compact supports.

(i) ¥; has almost the same regularity as 1; does.

(iii) ¥, has the same order of vanishing moments as 1;.

(iv) lifj is nearly symmetric (resp. antisymmetric) if ¢; is antisymmetric (resp.
symmetric).

(v) \f/j &) + Z@Z;](f) is approximately zero for all ¢ <O and all 1 < j <.

(vi) {T;,} is an approximate tight frame in the sense of Definition 5.1.

For the construction of the approximations, we propose the representations

(5.1) b(&) = N(E)RE)Npii(©),
= ) =
(5.2) O = /D)

(5.3) = N(£/2)q;(£/2)R(§/2) Nimy1 (£/2),

where M and N were substituted for the original M and N from the closed forms

of Theorem 4.12. The two-scale symbols are

) b(26)  N(26)
. P(&) = — = — m+1 0\S )5
(5.4) (€) Se M) Pr+1(8)Po(§)
(55) 0,(6) = —A]i((?) 5(6)

The associated fundamental function S is, by (4.9),

(5.6) ZZ@J (2%¢) |2H\ 2"

k=0 j=1
In the light of Constraint A and the suggested formulations (5.1)-(5.5), we impose
the following constraints on M and N.

Constraint B

(i) M and N are trigonometric polynomials.

M
N() N _ 1—e %]
(i) M) T ME) T 1-e %
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real, symmetric, and M(§) ~ M (&) = 2 — L

]‘:4 8 [sing/2]  [i=e 7"

(iv) N(&) = N(§) = k.

(v) M(&) = |N(€)| € [1—e,m/2+¢] for some 0 < e < 1 and V € € [—n, 7] and
§(0) = [N (0)] = 1.

Remark 5.2. 1. Constraint B(i) will guarantee that the functions ® and \ifj
are finite linear combinations of ¢ * Ny due to R(€)Npi1(€) = d(E)NL(E). If ¢
has compact support, e.g. ¢ = Ny, then Constraint B(i) implies Constraint A(i).
Constraints B(ii)-(iv) are natural requirements in comparison with the exact Hilbert
transform in Theorem 4.12. In particular, constraint B(ii) is most important for
the design of a Hilbert transform pair of the given MRA tight frame, since a good
approzimation would result in U; satisfying Constraint A(v). Constraint B(iii) and
Constraint B(v) are natural in the sense that the original M is real, symmetric, and
satisfies M (&) € [1,7/2] for & € [—m, 7| and M (&) = |N(§)|. Furthermore, the last
constraint is related to the condition limg_, %(5) =1.

2. Note that the constructions of M and N do not depend on the given MRA tight
frames, i.e. they are universal for the approrimation.

3. We take a closer look at the symbols P and Qj,j =1,...,r,in (5.4)-(5.5). In
general, they are not trigonometric polynomials but rational trigonometric functions.
On that account we consider another refinable function in order to get FIR filters.
A good clue for an alternative refinable function is based on the fact that both ® and

\ifj,j =1,...,7, are linear combinations of the function ¢ * Ni.

Based on the last observation, we show in the next theorem that {@j’k,g, 1< <
r,k,¢ € Z} is an approximate MRA tight frame with the refinable function ® if and
only if {\i/j,k,g, 1 <j<nrkteZ}is an approximate MRA tight frame with the
refinable function ¢ * N;. Note that the associated two-scale symbols of the latter
are trigonometric polynomials. The fact that the MRA itself does not determine
the associated scaling function and its mask uniquely, was already pointed out by
Daubechies et al. ([13, p.4]).

If we have another refinable function, the associated fundamental function changes

as well, since the fundamental function depends on the symbols. We show that
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the new fundamental function is just SM?. We suppose that Constraint B holds a

priori. We will obtain such an M and N in the next section.

Theorem 5.3. The family {\ifj7k7g7 1<j<rkleZ}in (52)is an approrimate
MRA tight frame with respect to the refinable function ® in (5.1) if and only if it is
an approximate MRA tight frame with respect to the refinable function ¢ * Ny.

Proof.
Let 7 == (P,Q1,...,Q,) and 75 :== (p, 1, - .., Gr) be the mask vectors with respect
to the refinable functions ® and ¢* N1, respectively. Furthermore, we let Sn and STZ
denote the respective associated fundamental functions. Note that Q]-, g=1...r,
P are given in (5.4)-(5.5), and S,, corresponds to S in (5.6). On the other hand,
gj,j =1,...,r, are from (5.3)

g(§) = N()g(6), j=1,...,m,

and p() = puir(©po(€) s from GOM(E) = R(ENmi1(€), where pria(€) =
e~ "

<1+2 )

We start with the verification of Assumption 4.4. Firstly, the mask vectors 7, are

measurable and essentially bounded, since py,41, po, ¢;, and N are. The symbol P

in 71 is measurable and essentially bounded by (5.4) and (v) of Constraint B,

~ T/24¢
IPO)] < I (O < o0, € € [~
so are the symbols Qj, 7 =1,...,r, by the same reason
~ T/24¢ ,
001 < 2 g @) < o0, =L € o

1—¢
The refinable function ¢* N, clearly satisfies (b) of Assumption 4.4 since qg(f )N 1(§) is
continuous at the origin and ¢(0)Ny(0) = 1. By [¢Ny, oN1](€) < [, @] (€)[N1, N1](€),
we have the condition (c) of Assumption 4.4 as well. For the refinable function ®

we have the condition (b)

lim & (€) = lim Nywya (€)M (€) = 1,

by Constraint B(i) and Constraint B(v) on M. Furthermore, we have by RN, 11 =
oMy
[&)7 &)] = M2[RNm+17 RNerl] < MQ[Q% 95] [Nla Nl]u
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thus, [®, ] is essentially bounded.
Now, we show that the fundamental function S’TQ is M 25”71. It follows from the

definition that

(5.7) ZZ 1G;(25¢)|? H 5(24€) [

k=0 j=1

The relations (5.4)-(5.5) lead to

Q _ k ok 2 (245)
SH(6) = §;|M2§Qg §>| (WQ P(2 5)‘
—1
= ZZiM 286)Q;(2"¢)? P(2'¢)]?
k=0 j=1 =0

By the fact that M is real, we deduce that

S, (€) = M*(€) 55 (6).

Now we check if S”Tl and 512 are well-defined, namely if they are essentially bounded.
If we show that S,, is bounded, then S, is bounded as well due to the boundedness
of M. From the definition, we have

T

=D 105 25!2H\P (2°€)
k=0

7j=1

By (5.4)-(5.5)

Sa(€) = >

=0 j=1

0o | "r/ok r k—1
(58 = > %‘ ;yqj yzél‘ypmﬂ )P lpo(2°€) .

k=0
It is obvious from (v) of Constraint B, that

k—1
|2

T

M(2£+1§

0
Yo O lp(2'6)

N(27.)

[ <7T/2-|—6
M()

=:C
- 1-—¢

independently of j. Hence,

) < C’QZZMJ (2F¢) |2H|pm+1 2°6) PPlpo(2€) .

k=0 j=1
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1+€—z£

Now, if we use the simple inequality |[pp,11(§)| = 1D (§)] < |pm(£)], we have

) < CQZZ |g;(2%¢) |2H p(2%€)|? = C?s(€),

k=0 j=1
where s is the fundamental function of the tight frame generated by the mask vector
7= (p,q,---,q), which was assumed to be essentially bounded at the beginning
of this section. Hence, the boundedness of S, follows from that of s. Finally we
put (r1,5;,) and (72, 5;,) to the test of (i) and (ii) of Definition 5.1. Firstly, (i)
holds for S, if and only if it holds for S, due to lim;_,_, M?(2/¢) = M?(0) = 1.

Furthermore, for (ii) we observe

E, (&) = S,(20)PP(¢+) +ZQJ (6 +m)

(5.9) = 5,(20) ( OM € + 2ﬂ)pm+1(€)pm+1(§ + 7)po(§)po(§ + )
M ( )M (€ + )
VEONE+T) e
. q;(§)q;(& + ),
Z T M(E)M (€ + 7T)

and owing to the fact that M is 27-periodic and real, we have further

1 - - < S
E. () = ————=[S,)M*2)p(&)p(¢ + 7 G;,(6)q;(E+ 7
€) M@M@H)[ (26) M2 (26)p(£)p(E + >+;q<£>q &+
- 1 r.
M(§M (& + )
Hence, we have
(5.10) E.,(&) = M()M(& + m)Ex, ().

For this reason if one of E,, and FE,, satisfies (ii) of Definition 5.1, then the other
does equivalently by (v) of Constraint B. O

Remark 5.4. Note that from the choice of (p,qi,-..,G.) we have trigonometric
two-scale symbols and the error bound in (5.10) does not increase much, since 1 +
g1 < M()M(-+7) < 14y on [—m, 7], where 0 < &, < &5 < 1 (e.g. see Figure
5.3).
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5.2. Design of M and N by use of Thiran Allpass Filters

Now we study the approximations in (5.1)-(5.2). We find them through the
constructions of the trigonometric polynomials M and N satisfying Constraint B.
In order to take the three approximations in (ii)-(iv) of Constraint B into account
at the same time, it is sufficient to get two of the approximations. Among them,
the approximation in (ii) is most important, as we pointed out before, and for the
approximation we employ the approach that was adopted by Gopinath ([15, 16]) and
Selesnick ([27, 28]). Their method is based on the so-called Thiran allpass filters.
We recall some basic facts which are necessary for the design of the approximation
in (ii) of constraint B.

The Jth-order Thiran allpass filter for delay 0 < A < 1 is given by
2= Dy(z7Y)
Aj(z) = —.DJ(Z)

where

(5.11) Dy(z) = Z d(k)z",

with :
_ T YA=De
(5.12) d(k) = (=1) ( ) ) G k=0l

Here, (), represents the rising factorial (or Pochhammer symbol)
(@) = (x)(x+1)---(x+k—1).

For convenience, we use the notations A;(£), Ds(€), for z = €%, ¢ € R. Note that
Aj(2) is an allpass filter and approximates the delay by A samples, i.e.

(5.13) Aj(2) = 2z~ around z = 1.

The bigger J is, the better is the above approximation.
For the design of the Hilbert transform pair, we will use the case A = 1/2 and choose

either J =1 or J = 2. The corresponding coefficients are

d=1[1,1/3) for J =1,

(5.14) d=1[1,2,1/5] for J = 2.
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Notice that, for all 0 < A < 1, the Laurent polynomial D; has J real negative J
roots {ry,...,rs} none of which lies on the unit circle and rj # % for all k, ¢ (see
[15, Appendix B ]). Therefore, D;(z) and D;(27") do not have common zeros. That
is, the rational function A; is irreducible. Table 5.1 shows the roots of D;(z) and

Dy(z7') for A\=1/2 and J = 1,2,3,4.

J roots of D;(z) roots of D;(z71)

1 13 -3

2 —1.8944, —0.1056 —9.4721, —0.5279

3 —4.3119, —0.6360, —0.0521 —19.1957, —1.5724, —0.2319
4 | —7.5486,—1.4203, —1/3, —0.0311 | —32.1634, —3, —0.7041, —0.1325

TABLE 5.1. Roots of the Laurent polynomials D;(z) and D;(z7!).

Note that for A = 1/2 it follows from (5.13) and (4.29) that
1+e %  N(E+m)

5.15 Aj(é) = — = ——=—" around £ =0,
(513) ) [1+e %] M(E+m)

: N(+m) _ —ig/2 N(E+m) _ —ig/2 .
since 7S = ¢ sgn(cos&/2), and therefore M = © for & € [—m,7].
Namely, the trigonometric rational function A;(£) provides a good approximation
to % This fact provides a good clue to the approximation in (ii) of Constraint
B. Namely, we have

7 . N©)
Aj(€ —7) =~ around & = 7.
M(¢)
The phase of the 27-periodic function % = /6™ /25gn(sin £/2) is depicted in

Figure 5.1, and the approximations by m for J =1,...,6, are in Figure 5.2.
In Figure 5.2, one can see the approximation on [—7, 7] of the discontinuous phase
of % by the continuous phase of A;(€ — ).

Thus, we take the trigonometric rational function A;(§ — ) as the desired ap-

proximation in (ii) of Constraint B, that is,

V ey e—— —61‘£ 7 J\g — T
(5.16) % _TE = Di(?i) ) ]\]E(é))

From (5.16) it is clear that if we have an approximation M then we have automat-

ically N, and vice versa. In other words, we have two choices. One is getting M
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N
FIGURE 5.1. Phase of % on [—3m, 3.

21

312

A
-T2

- 0 T

FIGURE 5.2. Phases of A;(§ —m), &£ € [—m, x|, for J =1,3,5, (left)
and for J = 2,4,6 (right).

first, and then N by

(=€)’ Dy =) -

(5.17) N(§) = A€ —mM(€) = ————M(9),

Dy(§—m)
the other is getting N first, and then M. We choose, for convenience, the former,
since M(§) = \s|i§1/§2 /|2| is real. In addition, the symmetry of M makes it possible

to save computational costs in the approximation. In summary, we will find an
approximation M and then obtain N using (5.17).
For the study of the approximation M, we recall Constraint B. The second constraint

is satisfied by the choice in (5.16). To satisfy the first constraint, we should have,

(5.18) M(€) = Dy —m)F(¢),

where F is a trigonometric polynomial, since N in (5.17) would not be a trigono-

metric polynomial otherwise. If we take the third constraint into account, we have

M(§) = Dy(§—m)F(¢)

(5.19) = D& —m)Dy(§ — m)Fo(§) = [Dy(€ — m)[*Fo(§),
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where Fj is a real and even trigonometric polynomial, i.e. a cosine polynomial.
Moreover, we require Fy(0) = 1/|D;(—m)|* for M(0) = 1. Constraint Constraint
B(iv) will be automatically satisfied from the approximations of Constraint B(ii)

and (iii), i.e. we have from (5.17) and (5.19)

Y (_eig)JDJ(f - 7‘) ~
N = - M
(f) DJ(f ) (5)

(5.20) = (=) (Ds(€ — 7)) Fo(€).

Constraint B(v) will be easily satisfied, if we find a reasonable approximation M
due to M(§) € [1,7/2],V £ € [, 7]. Now it is obvious from (5.19) and (5.20) that
the construction of the cosine polynomial Fy results in M and N.

As the next step, we want to find
(5.21) Fy(¢) = Zak cos k&,

so that M (&) gives a good approximation to M, i.e.

(&) = — )2 ~ = M on [—m,m
5:22) M) = Dy(E ~ MIRE) ~ M(Q) = 5 on [
This is equivalent to
(5.23) Fo(6) ~ By(e):= &2 on [, 7).

- sing/2 [Dy(€ - )]

Based on the given observation we present the following lemma.

Lemma 5.5. Let the trigonometric polynomials M and N be given by

M (&) := |Ds (€ — m)PFo(€), N(&) i= (—e®) (D (& — m))*Fy (&),

where Fy is a cosine polynomial satisfying the approzimation in (5.23) with Fy(0) =
1/|Dy(=m)|?. Then M and N satisfy Constraint B.

We know that the function By is continuous at £ = 0, since the function |D (£ —
7)|? has no roots on the unit circle. The function By is apparently not periodic and
we approximate it by 2m-periodic Fy on [—m, 7]. For this approximation we employ
Hermite Interpolation at the Chebyshev nodes on [—m, w]. We choose one node at
the origin, so that the last constraint M (0) = 1 holds automatically. We present
the results in the next section through several examples.
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5.3. Some examples

In this section, we give some examples of approximate Hilbert transforms of MRA
tight frames. We take the spline MRA tight frames of section 3.3 and then find their
approximate Hilbert transform pairs which are approximate MRA tight frames.
In other words, for a given spline MRA tight frame {¢;’715,L£’ 1 <j<nrktlelZ}
of order m and L vanishing moments, we find an approximate MRA tight frame
{\ifj,kj, 1 <j <rkt e Z} using the method introduced in the previous section.
Recall from Remark 4.13 that spline MRA tight frames have simpler formulations
since pg = R = 1. Namely, the refinable function is ¢ = N,, with the symbol p = p,),.
For convenience, we take only J = 1, 2, for the computation of the Jth-order Thiran

allpass filter (5.16). Firstly, for J = 1 we have from (5.11)

D) = 14 L. Dye—m) = 1 - Lo

3 3
10 2
|D (€ —7)|* = 5~ gcosg.
If we find an approximation
S £/2
(5.24) Fy(&) = ;ak coské =~ By(§) = SnE/2 DyE TP on [—m, 7],

then by (5.20)-(5.23) we have

=

(5.25) (&) = D& — )P Fo(8),

(5.26) N(§) = —e“(Di(&—m))"Fy(&).

We give an approximation Fj by its coefficients a; which are obtained by Hermite

interpolation. Namely, for J = 1, we take 11 Chebyshev nodes on [—7, 7] ,

2k — 1
Wy := T COS T , k=1,...,11,
2 11

and Hermite interpolation conditions

d d
(527) d—é_eFo(f)k:wk = d_ngl(g)‘g:w’“’ g == 0, e ,Ck, k == 1, ey 11,
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of orders (¢;) = (0,0,1,2,0,4,0,2,1,0,0) at each node wy. The resulting Fj is given
by
(5.28) Fy(&) = 1.23976790776388 + 0.63350413697975 cos &
+0.26789403554534 cos 2£ + 0.05812502671878 cos 3 + 0.03945332896836 cos 4&
+0.00468789622758 cos 5¢ + 0.01086970558701 cos 6 — 0.00508016557257 cos 7€

+0.00243735166848 cos 8¢ — 0.00412602131519 cos 9¢ + 0.00246679742858 cos 10€.

It will be used for the case J = 1 in the following examples. In Figure 5.3 we see

that, Fy, and M approximate B; and M well. Notice that Constraint B is satisfied

16
22 _
5 15
18 ] 1.4
16 13
1.4
1.2
1.2
L 1.1
0.8 1
2 0 2 2 0 2

FIGURE 5.3. Left: Approximation Fy (solid) to B; (dotted), Right:
Approximation M (solid) to M (dotted).

by (5.25)-(5.26) and our choice of Fyy (see Figure 5.3). The errors of approximation

for Fyy and M with respect to the maximum norm are

[Fo — Billo = 0.0153,

|M — M|l = 0.0180.

(see Figure 5.4.) On the other hand, N is not real and discontinuous at £ = 0, in
contrast to M. Thus, we show the approximation N to N by closed curves in the
complex plane. The parametric curve for N begins at N(—m) = 7 on the positive
real axis and goes counterclockwise to N(0—) = i. Then it jumps to N(0+) = —i and
goes counterclockwise to N(7) = 7. The trigonometric polynomial N is a continuous
approximation of V. Figure 5.5 shows the values of N(¢;) (marked by o) and N (&)
(marked by *), where &, is equally spaced on [—,7]. Note that N accelerates near
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0.02 0.02

0.015 0.015
0.01 0.0
o ww\/\ /quﬂ o
a —2 o 2 a a —2 o 2

Ficure 5.4. Left: |Fy(&) — Bi(§)|, £ € [—m, ], Right: |M(§) —
M(&)l, & € [-m,m]

P

]

zero in order to approximate the jump of N at & = 0. For the case J = 2, from

08} e
06f
0.4f

0.2f

-0.21
-0.4f

—-0.6F

-0.8f Tk,

FIGURE 5.5. Approximation of N (dotted) to N(solid) for J = 1

(left) and J = 2 (right). The values of N(¢;) are marked by o and
N(&;) by *, where &’s are equally spaced on [, 7).

(5.14) we have

T L1,
Daf€) =142e7% + ze™, Dy —m) = 1= 27" 4 e,
126 24

2
Do(é — )2 = 2= 22 — 2¢€.
| Dy (& — )| o E cosé + 5(:05 19

Furthermore, M and N are set by

(5.29) M) = |Dyo(é—m)|Fo(9),

(5.30) N = e*(Dy(& —m)°F(8),

and a trigonometric polynomial Fj approximating Bs should be obtained, namely,

Fa) ~ Bal€) = ot on [
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We propose the following Hermite Interpolation. With 13 Chebyshev nodes on

[_77-7 Tda

2k — 1
Wy 1= T COS T , k=1,...,13,
2 13

and ({;) = (0,0,1,1,2,1,4,1,2,1,1,0,0) at each node wy, we find Fy satisfying

d d’
(5.31) d_fZFO(g)‘é:wk = d_ggBQ(g)’Eﬂ%

for £=0,...,(x, and k=1,...,13. As a result we obtain

(5.32) Fy(¢) = 0.46109148979134 + 0.50701763950757 cos &
0.28466184491444 cos 2€ + 0.14481523187640 cos 3¢ + 0.07977219294095 cos 4
0.03956874890536 cos 5¢ + 0.02185794683537 cos 6§ + 0.00971199048350 cos 7€

0.00607199386946 cos 8¢ + 0.00301301634923 cos 9¢ + 0.00261247054575 cos 10€

+ + o+ o+

0.000910841241721 cos 11£ + 0.00139459273892 cos 12€.

As in the case J = 1, it is obvious that M and N in (5.29)-(5.30) satisfy Constraint
B as well. The errors of approximation of Fy and M with respect to the maximum

norm are

|Fo — Ballos = 0.0047,

|M — M||os = 0.0144.

The trigonometric polynomial N for J = 2 is shown in Figure 5.5. Note that N
approximates the function N better than N for J = 1.

5.3.1. Approximate Hilbert transform pairs of spline MR A tight frame
{0207 =1,2,3k,( € Z}.
We begin with the MRA tight frame { ?7’57e,j =1,2,3,k, ¢ € Z} whose generators
%575 j = 1,2,3, are given in section 3.3.2 (see Figure 3.4 and Table 3.4 ). We
demonstrate their approximate Hilbert transform pairs for J =1, 2.

Example 5.6. We consider the case J = 1 in this example. From Fy in (5.28) we

get M and N using (5.25)-(5.26). Moreover, we get the approzimations (5.1)-(5.3)
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by means of M and N. They are given by

B(E) = FHON(O) = (5 — 3 cos€ ) PONu(e)

= _ N<§/2) 5,5 =
B = kR

_ e (1_§e—i£/2) FolE/2)¢7 (€/2) No(€/2)

(5.33) — 2% (1 - %e’w) Fo(€/2)37°(6/2)(1 — e /%) No(¢/2).

We compare the \~I/j, J = 1,2,3, to the exact Hilbert transforms ¥;, j =1,2,3, in
(4.21). The magnitudes of \i/j and @j and their errors are shown in Figure 5.6 and
Figure 5.7.

0.8 0.2

0.6 0.15 0.6
0.4 0.1 0.4
0.2 , 0.05 0.2
° o 0 o °o 0 ‘ 10 %10 0 10

FIGURE 5.6. Magnitudes of ¥; (solid) and ¥; (dotted) for j = 1
(left), 7 = 2 (middle), and j = 3 (right) for J = 1.

-3
0.04

0.03
0.02
0.01
° 10 A o A 10

0.015

loAMA _ Amﬂw O'ooj /\A/\/\OJ\/\A

— —10 10

O R N W MO

FIGURE 5.7. Error of | W; — W, | for j = 1 (left), j = 2 (middle),
and j = 3 (right) for J = 1.

As we mentioned in Theorem 5.3, however, we take Ng as the refinable function
of the approximate MRA tight frame {i’ng’g,j =1,2,3,k,0 € Z}. The two-scale
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symbols of the generators \ifj, J =1,2,3, and the refinable function Ng are described
by (5.33) and the notations of Theorem 5.3

0 =me = (Y

56 = =2 (1= 3) RO O -

Now we show that ﬁ/j, Jj =1,2,3, satisfy Constraint A. We check Constraint A(v)
first. It is clear that the symbols p = ps and g;, 7 = 1,2,3, are trigonometric
polynomials and thus they satisfy the Assumption 4.4, so does the refinable function
Ng. Furthermore, NG 15 continuous at the origin and NG(O) = 1. Next, we compute
the fundamental function S,, numerically by (5. 7). Figure 5.8 shows that (i) of
Definition 5.1 holds, i.e. the 2m-periodic function 5}2 15 positive, bounded, and

hm |g7'2 (235) - 1| < 51
j——00

for 0 < 61 < 0.02. In order to check (ii) of Definition 5.1 we compute numerically

(5.34) B, (&) = 5, 20)ps(©ps(E +m) + > _ G(&)q(E + ).

j=1
It is clear that the function E., is 2mw-periodic and its magnitude |E.,| is w-periodic.

A numerical computation asserts that 0 < |E.,| < dq, d3 = 0.104, see Figure 5.8.

25
20 1.02 0.1
15
1
10 0.05
5 0.98
0 0

-2 0 2 -0.1 0 0.1 -2 0 2

FIGURE 5.8. S,, on [—m, ] (left), on [—0.1,0.1] (middle), and |E,,|
(right) for J = 1.

It is apparent that each of \ifj, 7 =1,2,3, has compact support, in fact, supp\ifl =

[—6,13.5], suppWy = [—5,13.5], supp¥s = [—6,14.5], and 5 vanishing moments

from (5.83), just like the given gemerators w;n’L, i.e. we have Constraint A(i) and
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Constraint A (iii). From the associated refinable function Ng we have \i/j e Cct

(Constraint A(ii)). Now, we look at the generators in the time domain so that we

0.6

0.6

0.4
0.4

0.2
0.2

0
0

-0.2
-0.2

-0.4
-0.4

-0.6
-0.6

-0.8
-0.8

0 2 4 6 8 0 2 4 6 8

FIGURE 5.9. U, (left) and @/}5’5 (right) for 57 = 1 (solid), j = 2
(dotted), and j = 3 (dashed) for J = 1.

examine Constraint A(iv) (see Figure 5.9). Note that each ¢?’5 is antisymmetric
and each \I/j should be symmetric as an approrimate Hilbert transform of %55 But,
Figure 5.9 shows that this is not true due to the non-symmetric coefficient vector of
(Dj(&+m))? in (5.20). This effect is still pronounced for J = 1. For a higher value
of J, we expect that this effect is reduced. Finally, we make sure if

[0;5(€) + i °(€)| = 0, for j=1,2,3, £ €R™.

For a good approzimation ¥, |¥;(€) + 21/35’5(5)| should vanish on R~ due to (2.7).
Figure 5.10 shows that \\Tfj(ﬁ) + u@?‘f’(f)] approximately vanishes for & < 0 already
for J=1.

15 0.4 15
0.3
1 1
0.2
0.5 0.5
0.1
-10 0 10 -10 0 10 -10 0 10

FIGURE 5.10. |\/i\/j(§)+i1&?’5(f)| for j =1 (left), j = 2 (middle), and
j = 3 (right) for J = 1.
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Example 5.7. Now we apply the results of the case J = 2. As in the previous
example, we start with Fy in (5.32) and insert it into (5.29)-(5.30) to obtain M and

N. The corresponding refinable function is Ng, and the frame generators are

B0 = o (1= 27 4 1) R/ DR/

. 4 1 \? . .
= 2 (1- 2 ) (- PR 2 €D/,
The associated two-scale symbols are p = pg and
~ ; e Lo ’ —i - -
6() = 2% (1 —2f e f) (1= PR (©), j=1,2.3

Note that the symbols and the refinable function satisfy Assumption 4.4 trivially. If

25 0.08
1.02
20 0.06
15
1 0.04
10
0.02
5 0.98
0 0
-2 0 2 -0.1 0 0.1 -2 0 2

FIGURE 5.11. S, on [, 7] (left), on [—0.1,0.1] (middle), and |E,,|
(right) for J = 2.

we compute the associated fundamental function 5}2 using the same method of the
previous example, it shows that (i) of Definition 5.1 is also valid (see Figure 5.11).
The second condition (ii) of Definition 5.1 is tested by the numerical computation
of the function E., as in (5.34). Figure 5.11 indicates that (ii) holds for the asso-
ciated symbols and fundamental function as well. The 3 generators are shown in
Figure 5.12. Each of them has also 5 vanishing moments, compact support, in fact,
supp¥; = [—7.5,15], suppW, = [—6.5,15], supp¥s = [—7.5,16], and is again in C*.
Furthermore, they are closer to being symmetric than those for J =1 (compare with
Figure 5.9).

Finally Figure 5.18 shows that |\flj(§) + 11ﬂ5’5(§)| almost vanishes for & < 0,
and the size is much smaller than the case J = 1 (compare with Figure 5.10).

From Figure 5.12 and Figure 5.13 we can conclude that for J = 2 we have better
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o 1 2 3 a 5 6 7 8 9

FIGURE 5.12. ¥, j =1 (solid), j = 2 (dotted), and j = 3 (dashed)

for J = 2.
15 0.4 15
0.3
1 1
0.2
0.5 01 0.5
0 0 0
-10 0 10 -10 0 10 -10 0 10

FIGURE 5.13. [0;() + i} °(¢)], j = 1 (left), j = 2 (middle), and
j = 3 (right) for J = 2.

approximations \ilj to H@D?’s forj=1,2,3.

5.3.2. Approximate Hilbert transform pairs of spline MRA tight frame
(Wi =1,2,3,k L € Z}.
The construction of the previous examples does not depend on the order of the B-
splines. Thus, we get approximate Hilbert transform pairs of the spline MRA tight

frame {@/J;{’?’Z,j =1,2,3,k, ¢ € Z} using the results of the cases J = 1,2. Notice that

the generators w;‘A, 7 =1,2,3, are symmetric and finite linear combinations of Ny

(their coefficients c];{’,f are given in [8, p.183]).

Example 5.8. We set J = 1. The functions Fy, M, and N are the same as
those of the case J =1 in Example 5.6. Thus we have the refinable function N5 and
generators

~

2
535) B0 = -2t (1= 1) (- PR/ €/ DN (E/2)

7



and the two-scale symbols are p = ps and

2
4j(§) = —2"e't <1 - §€i§> (1= e ) Fo()d;"(9), J=1,2,3.

Now we examine if \i!j, j =1,2,3, and N5 constitute an approximate MRA tight
frame. It is trivial to check Assumption 4.4 for the symbols and the refinable func-
tion. Thus, we compute the associated fundamental function §T2 and observe its
behavior around the origin. Figure 5.14 shows that (i) of Definition 5.1 is satisfied.

Moreover, a numerical computation of the function E,, in (5.34) asserts that (ii) of

1.02
10 01
1
5 0.05
0.98
0 0
2 0 2 01 0 0.1 2 0 2

FIGURE 5.14. S, on [, 7] (left), on [—0.1,0.1] (middle), and |E,,|
(right) for J = 1.

Definition 5.1 holds as well. We have, therefore, an approximate MRA tight frame.
From (5.35) it is obvious that the generators \I/j, J=1,2,3, are compactly supported
(suppW; = [—6,11.5], supp¥y = [—5,11.5], supp¥s = [—6,12.5]) and are in C°.
The 3 generators are shown in Figure 5.15 and they are nearly antisymmetric, while

wj‘A, j =1,2,3, are symmetric. Finally, Figure 5.16 shows that |¥,(€) + iz&;’ﬁ‘(fﬂ

0.6
0.4
0.2
6]
-0.2

-0.4

-0.6

(o] 2 4 6 (o] 2 4 6

FIGURE 5.15. U; (left) and ¢/} (right), j = 1 (solid), j = 2 (dotted),
and j = 3 (dashed) for J = 1.
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0.5 0.5 0.5

0 0 0 VA

-10 0 10 -10 0 10 -10 0 10

FIGURE 5.16. [¥,(€) + ii*(€)], j = 1 (left), j = 2 (middle), and
j =3 (right) for J = 1.

nearly vanishes for € < 0 for each j.

Example 5.9. For J = 2 the functions Fy, M, and N are identical with those
of the case J = 2 in FExample 5.7. Therefore, we have the refinable function N5 and

generators

-~

2
Bi(6) = 20 (1o 2074 L) (- R (g2 € (e )

and the two-scale symbols are ps and

2
Q;(§) = 2™ (1 —2 4 %e‘”ﬁ) (L= e R4, 7=1,2.3

If we compute the associated fundamental function 5}2 as in the previous examples,
we can examine (i) and (i) of Definition 5.1. Figure 5.17 displays that both (i)
and (ii) hold. The 3 generators are shown in Figure 5.18. It is clear that they are

1.02 0.1
10 1
0.05
5 0.98
0 0.96 0
-2 0 2 ~0.1 0 0.1 -2 0 2

FIGURE 5.17. S, on [—m, 7] (left), on [—0.1,0.1] (middle), and |E,, |
(right) for J = 2.

compactly supported (suppW¥, = [—7,13], supp¥y = [—6,13], supp¥s = [—7,14])
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and they are closer to being antisymmetric than those of the case J = 1 (compare

with Figure 5.15). Finally Figure 5.19 shows that |¥;(€) +i@[}§1’4(§)| almost vanishes

o 1 2 3 a 5 6 7

FIGURE 5.18. T, j =1 (solid), j = 2 (dotted), and j = 3 (dashed)
for J = 2.

for £ <0, and the size is much smaller than for J =1 (compare with Figure 5.16).

Hence, \ifj of the case J = 2 approximates H@D}M better than that of the case J =1
for each j.

1 1 1

0.5 0.5 0.5

0 0 0
-10 0 10 -10 0 10 -10 0 10

FIGURE 5.19. |¥;() + ;" (¢)], j = 1 (left), j = 2 (middle), and
j =3 (right) for J = 2.

Remark 5.10. 1. If we are given a spline MRA tight frame {wgnk,Lé}, our approach
provides an approximate MRA tight frame {\f[}j’k;’g} such that ‘ilj € C"™INL2(R) with
the associated refinable function Np,.1. Each generator \ifj has compact support and
vanishing moments of order L. Furthermore, we can expect that each generator \i/j S
nearly symmetric (resp. antisymmetric) if w;n’L is antisymmetric (resp. symmetric).
In other words, if the given MRA tight frame has good properties such as reqularity,
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vanishing moments, symmetry, then the approximate Hilbert transform inherits the
properties. Furthermore, if we once store M and N, we obtain our approzimations
automatically regarding to the given MRA tight frames. Namely, in order to get
approzimate Hilbert transform pairs of MRA tight frames that have good properties,
we only need to choose an MRA tight frame of good properties. The conventional
approaches ([15, 16, 18, 26, 27, 28]), however, construct both parts of the Hilbert
transform pair at the same time. Thus the computational complexity will naturally
increase if one requires “good” frames. This is another difference between our and
the fore-existing approaches.

2. It follows from [10] that the approximate MRA tight frames are Bessel systems.
We believe that they are frames of L*(R) as well. A complete proof is, however, still
missing. We conjecture that one can prove the existence of their duals which are
Bessel systems.

In the next section, we will develop pairs of MRA tight frames which are approximate

Hilbert transform pairs in the sense of (v) of Constraint A.
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CHAPTER 6

Approximate Hilbert transform pairs of spline MRA tight

frames

The examples in the previous section indicate that it is not possible to get an
approximate Hilbert transform pair of a given spline MRA tight frame where the
approximation itself is a spline MRA tight frame. Namely, although our examples
are good approximate Hilbert transforms, they satisfy the characterization of tight
frames, i.e. (i) and (ii) of Proposition 4.5, only approximately. Hence, they are not
MRA tight frames in the strict sense, but approrimate MRA tight frames.

In contrast to the approach of chapter 5, we want to stick to the tightness. In this
chapter, we give priority to the tightness, i.e. we start with an MRA tight frame and
find another MRA tight frame whose generators are approximate Hilbert transforms
of the given generators. What we can expect is that the approximations would be
worse than those in the previous chapter since we lose many degrees of freedom due
to the tightness.

For the search for those MRA tight frame pairs, we revisit the definition of the
Hilbert transform in the frequency domain and characterize a pair of functions which
are Hilbert transforms of each other. Using the characterization we search for the
pairs of spline MRA tight frames among the examples which are given in section

3.3, the appendix, and [8].

6.1. Characterization of Hilbert transform pairs in L?*(R)

If two functions  and v in L*(R) are a Hilbert transform pair, i.e. n = H1), we
have equivalently from (2.5)

(6.1) ()] = [0()], ae € R,
(6.2) pa(€) = py(6) — gsgn(f) Y orl, ae EERLET,
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where p; and p;; are the phases of 7 and ). We make use of (6.1) and (6.2) in our
search for approximate Hilbert transform pairs of spline MRA tight frames. Namely,
for a spline MRA tight frame {1, 1 < j <, k,{ € Z}, we search for another
spline MRA tight frame {n;;,,1 <j <r, k,{ € Z} with

(6.3) 17;(€)] ~ [¥;(€)], ace. R

(6.4) pi,; (§) ~ P, &) — gsgn(ﬁ) +27l, ae. £E€R,lEZ,

for each j = 1,...,r. For the sake of the construction of approximate Hilbert trans-
form pairs, we require that (6.3) and (6.4) hold. In the next section we present

examples of such pairs.

6.2. Examples

We begin with {w;’,i[,j = 1,2,3, k,{ € Z} and find its approximate Hilbert
transform pair. In fact, Theorem 4.12 and Remark 4.13 give us a good hint, since
the exact Hilbert transform of each generator ¢]5-’5 is described by Ng. In other
words, the candidates are MRA tight frames with refinable function Ng, i.e. @/J?’L for
some L. Furthermore, the ideal pair should be symmetric since w;”‘r’ is antisymmetric
for each 7 = 1,2,3. Our examples in section 3.3 and the appendix show that each
@DJG-’L, j =1,2,3, is symmetric for even L (the example of the case L = 2 is not given
in this thesis for the sake of saving space). Among the candidates of the generators

{1/)]6/L,j = 1,2,3}, for L = 2,4,6, we recall that each of the two-scale symbols of
@D?A is given by

g7 (&) = 24711 — 7)1,
and each qA?A has the same number of coefficients as Q?’5, where
¢;7(€) = 2°4;°(6)(1 — e 7).

We show that this fact is crucial for the condition (6.4). We demonstrate, further-
more, that (6.3) holds for @/155 and @ZJ?A. After that we extend the result to the pairs

(W, 92?) and (477°,472).

Example 6.1. For each j € {1,2,3}, we show that ¢j5 and ¢?’4 satisfy (6.3)
and (6.4). In other words, 1/}?5 and @D?A,j = 1,2, 3, generate an approrimate Hilbert
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transform pair of spline MRA tight frames.
We begin with the Fourier transforms of @/15’5 and ¢?’4,
0O = PE0E2) (1) N(/2),
e = 2'¢"E/2) (1- ) Ne(e/2).
The coefficients cjf,f and qﬁ’,ﬁ are given in Table 3.4 and Table 3.6. Note that the

coefficient vectors (@f,f) and (qjk) have the same length for each j. In addition, we

0.08 0.04
0.06 0.03 02
0.15
0.04 0.02
0.1
0.02 , 0.01 | 0.05
ol— ol » o= ~
2 0 2 2 0 2 2 0 2

FIGURE 6.1. €¥3>°(€) (left, dotted) and e¢¢%*(&) (left, solid),
e¥€G°(€) (dotted) and ¥4 (¢) (solid) for j = 2 (middle) and j = 3
(right).

have (see Figure 6.1)

(&) = e g7 ()], @M (&) = e (9],
@y (&) = e Mgy ()], 451 (€) = e €10 ()],
G5°(€) = e G2 ° ()], @54 (E) = e a5 (©)], £ eR.

Namely, the phases of d?’5 and cj?A are identical for each j. Now we compare the

phases of 1&?5 and 1&?’4. For the comparison we describe 1&?5 in a different way as
00 = 2@0E/2) (1- ) (/2Ns(E/2)
= 24G°(6/2) (1 - %) No(€/2)
= 2tisgn(§)[€]4)°(6/2) (1 - e7)" N(&/2).

Note that @255 and 1&?’4 have the common factor (1 — e_i'/2)4 Ns. In addition, owing
to pps = pga, j =1,2,3, the difference of the phases arises only from the factor
J J

isgn(§) whose phase corresponds to Tsgn(§). Therefore, we have

(6.5) pw;%s(f) = pd;]@,zl(f) + gsgn(ﬁ) +2nl, L € Z ae. £ €R,
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-2 0 2 -2 0 2 -2 0 2

FIGURE 6.2. pgss (dashed) and pgea (solid), for j =1 (left), j = 2
J J
(middle), and j = 3 (right).

which satisfies the requirement (6.4) perfectly (see Figure 6.2). The linear phase of
1/;]674 18
pioa(§) = (pj = 5)&/2 +2nl, L Z
from
UE) = 20g5 " (€/2)12sin /4] | No(g/2) e 2,
where p;§ is the phase of Q?A(f) and p1 = —3,py = p3 = —4.

6,4

If we compare the magnitudes of @355 and @/A)j , we have (see Figure 6.3)

027~ [, for j =1,2,3.

Figure 6.4 shows that |@ZA)§’5(§) + 2’172)?4(€>| vanishes approzimately for & < 0.

FIGURE 6.3. [{°7

J

(dashed) and |1ﬂ?’4| (solid), for j =1 (left), j = 2
(middle), and j = 3 (right) .

Remark 6.2. 1. If we give priority to the approrimation of the Hilbert trans-
form of wj»”“r’ for 7 = 1,2,3, we obtain better approximations of the magnitudes
of 1@]55 through cj¢?’4, where ¢; = 1.1042, ¢ = 0.6370, and c3 = 1.0177. Hence
|¢?’5(£) + icjw?’4(£)| is smaller for & < 0 (see Figure 6.4). Note that {c; ?}’,f‘yf,j =
1,2,3,k,¢ € Z} is not a tight frame anymore, but a frame with frame bounds
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15 ‘ ‘ 1.5

0.4
1 0.3 1
0.2
0.5 05
0.1 -
-10 0 10 -10 0 10 -10 0 10

FIGURE 6.4. |1ﬂ]55 + ilﬂ?’4| (dotted) and |1ﬁ]55 + icjlﬂ?’él (solid) for

j =1 (left), j = 2 (middle), and j = 3 (right).

A =0.6370% and B = 1.10422.

2. Note that the generators w?’5 and w;?A for 7 = 1,2,3, are antisymmetric and
symmetric, respectively (see Figure 3.4 and Figure 3.6). Furthermore, they have
compact supports, high vanishing moments, and enough smoothness.

3. 1t is apparent that (6.5) follows from the fact that the trigonometric polyno-
mials qu55(§) and 65’4(5) have the same number of coefficients and, moreover, the
phases are the same for each j. If these properties hold generally for the trigono-

metric polynomials §;"™(§) and (j}"“’mfl(ﬁ), we have automatically (6.5) for the

pair (wyl’m,v,byzﬂ’m_l), Jj = 1,2,3. In addition, we expect that the magnitudes of
Y™ and zﬂ}nﬂ"n_l, j=1,...,r, are approximately the same as those in Example

6.1. Therefore we conjecture that (wgn’m,qb?H’m*l), j=1,...,7,m > 3, generate

approximate Hilbert transform pairs of MRA tight frames in the sense of (6.3) and

(6.4).

~m—+1,m—1

Now we recall that ¢;"™({) and ¢
for m = 3,4. Using it we address that (w?’z,zﬂ;”g) and (1&?’4,1#?’3), j=1,2,3, are

approximate Hilbert transform pairs as well.

(€) have the same number of coefficients

Example 6.3. For the pairs (1/1?’3,1#;1’2), j=1,2,3, we have

D) = 228%(¢/2) (1 - %) Ny(¢/2),
D2E) = 22¢02(€/2) (1 - e %) Nule/2),
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where the coefficients of the trigonometric polynomials are given in Table 3.2 and
Table A.3, respectively. As in the previous example, Figure 6.5 shows that |g@j’3(§) +
mﬂj‘z(fﬂ vanishes approzimately for & < 0.

0.6
1 1
0.4
0.5 0.5
0.2
0 0 0
-10 0 10 -10 0 10 -10 0 10

FIGURE 6.5. |7 +i)}?| for j =1 (left), j = 2 (middle), and j = 3 (right).

Example 6.4. The pairs (7, 457), j = 1,2,3, have the Fourier transforms
. . —ig/2\4 1
OO = 2N/ (1= e ) N(E/2),
. . —i€/2\3 §
GO = 2477(E/2) (- )TN (€/2),

where the coefficients of @?’4 and cjj-”?’ are given in ([8]) and Table A.5. Figure 6.6
indicates that |zﬂ;~1’4(£) + zzﬁjg(ﬁ)\ vanishes approzimately for & < 0.

1 1 1
0.5 0.5 0.5
-10 0 10 -10 0 10 -10 0 10

FIGURE 6.6. [ +ip?| for j =1 (left), j = 2 (middle), and j = 3 (right).
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CHAPTER 7

Generating new MRA bi-frames from given MRA bi-frames

From an MRA bi-frame, we find a way to produce an MRA bi-frame
{TVjne}, {T";rs}), where T is a linear (possibly unbounded) operator. Our
construction is based on the characterization of MRA bi-frames of [13] which we
present in Section 7.1. As some concrete examples for T, we study the differentiation
T = D in Section 7.2 and the operator A = HD in Section 7.3. The connection
of D with the ”"commutation” of wavelets is explored. Section 7.4 provides much
more general method. Our Theorem 7.9 is an extension of the result by Zhao ([30])
to MRA bi-frames. Finally, in Section 7.5 we develop an analogue of the " Lifting
Scheme” by Sweldens ([29]) for MRA bi-frames.

7.1. Characterization of MR A bi-frames

The characterization of MRA bi-frames are based on the mized fundamental
function. Let {¢j11 < j <1k { € Z} and {'l;j’k’g, 1 <j<nrkteZ} betwo
MRA-based families in L*(R), with two-scale symbols ¢; and ¢;,7 = 1,...,r, respec-
tively, and ¢, &, be the corresponding refinable functions with two-scale symbols p
and p, respectively. The following function is called the mized fundamental function

for dyadic scaling:

T

(7.1) = D) q;(2%)¢;(25) H p(27E)p(2mE).

k=0 j=1

The function S}, is well-defined, and essentially bounded, if each of the two families

(i xe} and {1, ) is a Bessel system ([13]), since the inequality

Sy < VS8
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holds, where S and S are the fundamental functions (4.9) of the two families. In

addition, it follows from the definition, as in (4.10), that

(7.2) Su(€) = SuOp©)p) + > ¢;(§)g (&), ae E€R

Now we give the characterization of MRA bi-frames for the one-dimensional and

dyadic case. This is a special case of [13, Proposition 5.2].

Proposition 7.1. [13, Proposition 5.2] Assume that the combined MRA masks
T=mq, ..,q¢) and T = (p,G1,---,G-) are bounded. Assume also that & andqg are
continuous at the origin and QE(O) = QZS(O) = 1, and that the corresponding wavelet
systems {Yjre, 1 < j < 1.k, € Z} and {"&j,k,g,l < j < rk €L} are Bessel
systems. Then the following conditions are equivalent:

(a) The pair ({Qﬂj’k’g, 1<j<nrklelZ}, {gﬁjyu,l <j<nrkle Z}) is an MRA
bi-frame.
(b) For all € € o(Vo) Na(Vy), the mized fundamental function Sy satisfies:

(b1) lim; o Sy (27€) = 1,

(b2) If € + 7 € o(Vo) Na(Vp), we have

(7.3) Su(2€)p(E)PE + ) + Y _ 4 ()G +m) = 0.
j=1
This result leads to the following sufficient condition for the construction of an
MRA bi-frame, which allows us to adopt a simple 2m-periodic function instead of

the mixed fundamental function.

Proposition 7.2. [13, Corollary 5.3] (The mized oblique extension principle
(MOEP)) Let T := (p,q1,---,q.) and T = (p,G1,---,Gr) be the combined masks of
the wavelet systems {0, 1 < j < r, k.l € Z} and {QZJjJﬂ’g, 1 <j<nrktelZ}
respectively. Assume that Assumption 4.4 is satisfied by each system and that both
are Bessel systems. Suppose that there exists a 2mw-periodic function Sy that satisfies
the following:

(1) Sar is essentially bounded, continuous at the origin, and Sy (0) = 1.
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(i) If £, €+ 7 € a(Vy) N a(%), then

SM(&)? ’I;fl/:O,

(7.4) Sy (26)p(&)p(€ +v) +qu )G (€ +v) =
0, if v =m.

en ke, 1L <jg<rkte , ~-H, <j3<nrkle 15 an 1-frame.
Th ({% wl<j<rk ey (Dl Kl Z}) MRA bi-f
7.2. Commutation of MRA bi-frames

First, we recall the commutation of biorthogonal wavelets ([12]). Our aim is to
show that the same approach works for MRA bi-frames.
Let {1, 1} be a biorthogonal wavelet with corresponding scaling functions ¢ and ¢.
Furthermore, let ¢, g, and p, p, be the respective two-scale symbols. Commutation

constructs a new pair P, P, by means of

(75) P(&) =20(€)/(1+¢), P(E) = SH(O)(1 + 7).

They result in a new pair of scaling functions ® and @, which are related to ¢ and

& by differentiation/integration, that is to say:

. L et
(7.6 6O =4O & Tola) =Bzt 1)~ B)
2 2 —e_ig ~ ~ ~
1D MO =HOT— & ble) = o)~ a1

The other two-scale symbols @ and @Q are given by (1.11)

(7.8) Q) = a(&)(1 —€*)/2, Q&) =24(&)/(1 — e™¥).

As a result, we have
(7.9) U =—-

and {W¥, U} is a biorthogonal wavelet with scaling functions {®, ®}.
In Theorem 7.4 we reveal that there exists commutation for MRA bi-frames as well.
Lemma 7.3 ([10, Theorem 1)) provides a sufficient condition for a Bessel system and

will be used in the remaining sections.

Lemma 7.3. [10, Theorem 1] Let ¢ be piecewise Lip o, 0 < a < 1, and |¢(x)| <
C(1 + |z])7t== for some e > 0, 0 < C < oo. If [(x)dr = 0, then {a//*(a/x —
kb),k,t € Z} is a Bessel system for arbitrary a > 1,b > 0.
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Note that if {1, ke, k, ¢ € Z} is a Bessel system for each j, € {1,...,7}, then
{Vjre, 1 <j<rk,leZ} is also a Bessel system.

Theorem 7.4. Let ¢ andgz be continuous at the origin and ngS(O) = gZ(O) = 1.

Furthermore, let the corresponding wavelet system pair

({@/Jj,k,z, 1<j<nrklel} {@Ej,k,e, 1<j<nrkle Z})

be an MRA bi-frame, in which each generator satisfies the following regqularity and
decay conditions: ¥ € Lip «, ffoo %(y)dy € Lip &, for some a,a > 0, and
Vi(x) = O((1+1z])779), [ ¥i(y)dy = O((1+|z|)77%), for some e, & > 0. Assume
also that the symbols satisfy:

14+ e

w0 00 = (25 w10 = () e

2

where m > 2,m > 1, and po(7), po(m) # 0, and po, Po, are bounded.

w6 a0 = () " de. we - (20) e

where mj; > 1,m; > 2, and qé(O),qﬁ(O) £ 0, and qg,q}%, are bounded. Namely, 1;
and @/;j have m; and m; vanishing moments, respectively. The associated mizved
fundamental function is denoted by sy .

If we define new symbols for j=1,...,r,

(7.12) P(€) =2p(&)/(1+€%), P& =p(&)(1+e)/2,
(7.13) Qi(€) = ()1 —€*)/2, Q&) =24;(&)/(1 — ™),

then the associated pair of systems
({\Ijj,k,ﬁa 1 S ] S r, kag € Z}a {\ij,k,€7 1 S .7 S r, kag € Z})

is again an MRA bi-frame with the same mized fundamental function sp;. More-
over, the generators W, \le, j=1,...,r, and scaling functions ®, CiD, are related to
(L 1%-, j=1,....r, and ¢, ¢, by differentiation /integration.
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Proof.
We make use of Proposition 7.1 for the proof. First, the boundedness of the two-scale
symbols should be examined. By (7.10) and (7.12), we have

‘ —i€ m—1
PO = (F5) o mx1

Hence, P is bounded due to the boundedness of py. From (7.11) and (7.13) we have

i _mie\ Tl
a©=("5—) a2

and @j is bounded as well by the boundedness of (]6. The other symbols P and Q;
are also bounded since p and g; are.
Now we check the continuity of ® and @ at the origin. By (7.6) and the continuity

of QAS at the origin, we have

lim &(¢) = lim $(§) = = 9(0) - 1 = 1
Analogously, it follows that
lim &(¢) = 1.

£—0
Next, we show that each system {V¥;;,,1 < j < r. k¢ € Z} and {\ifj,k,g,l <
j < rkl € Z} is a Bessel system, which is generated from the masks (); and
Qj,j =1,...,r, respectively. For the proof we apply Lemma 7.3. From (7.9) we get
wavelets ¥; and \ilj such that

U, (z) = —iw;(x), il](x) = 4/_ @j(y)dy, forjg=1,...,r

By assumptions on ¢; and sz, we have ¥; € Lip a, ﬁ/j € Lip a for some a > 0, & > 0,
and ¥, = O((1+ |z|)~"< and ¥; = O((1 + |z|)"'"¢. In addition, ¥;(0) = 0 and
‘jffj(O) = 0 from (7.11) and (7.13). Consequently, both families {¥,,} and {¥; .}
are Bessel systems.

Next, we show that the mixed fundamental function for P, P, Qj, Qj, g=1...,ris

identical to that of p,p, ¢;,qG;,j = 1,...,r. From (7.12) and (7.13), we have

PEP(E) = p(&)(2/(1+¢) B +¢%)/2) = p(&)B(E),
Qi(OQi(&) = 41 —e%)/2) GE)(2/(1 — %)) = ¢;()d;(€).
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Applying these identities to (7.1) leads to

Su(§) = ZZ@] (2°€)Q;(2+¢) HPT”& 2me)

k=0 j=1
k—1
= ZZ% 2°¢)4;(2%¢) Hp (2m)p(2mE)
k=0 j=1
(7.14) = sy(§), ae £ ER.

Therefore, it is clear that (b1) in Proposition 7.1 holds automatically.
We demonstrate, finally, that (b2) holds for Sy, and the symbols P, Q);, P, Qj, j =
1,...,r. From (7.12) and (7.13) we see that

S (2) P( ) + Z Q;(¢

= su(20)p(€)(2/(1+¢%)) pE+m) (1~ €*)/2)

T

£ 32001 - 9/2) ZEF TR/ +)
1—e¢i

o | SMCOPEOPE+ ™) + D g(OE(E+ )| =0, ae {ERD

i=1

(7.15)=

Remark 7.5. The expression in (7.15) is zero even for the pole & € (2Z + 1)w

we show that

(716)  suOPEOPE+ ) + D4 (€ + ) = (14U,

for some 2m-periodic bounded function U. From the conditions on the two-scale
symbols (7.10)-(7.11), we have

s (28)p(&)p(E + ) + Z q;(€)q (€ + )

= s (M) wie (52 e
+z () e (¢ *;eig)mj B+

= (1+€%)%U(9),
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since m > 2 and m; > 2.

7.3. Application to A-operator

As an application, we show that an MRA bi-frame ({At;re}, {N" ;x0}) is
obtained from an MRA tight frame {1, ¢} by combining Theorem 4.12 and Theorem
74.

Theorem 7.6. Let v;,5 = 1,...,r, be generators of an MRA tight frame with
refinable function ¢. Furthermore, let the refinable function and symbols p, q;, satisfy
all assumptions of Theorem 4.12 with ¢(&) = R(€)Npw(€) and p(€) = pm(E)po(£).
Let W;, j=1,...,r, and ® denote the generators and the refinable function of the
MRA tight frame with masks P, Q;, obtained by the result of Theorem 4.12. If we
suppose that ®, V;, 5 =1,...,r, and P,Q;, meet all conditions of Theorem 7.4, then
ke = Mjrot, {jke = N1 0}) is an MRA bi-frame with refinable functions
@ and @, where

(7.17) $(&) = e EM(£)B(€) = e M ()R(E) N (9),
N —e_i§ 2 ~ A
(7.18) 56 = M) () 9O = MORONnsalo),

Moreover, the associated symbols are given by

(7.19) P,(¢) = eiéﬂﬁéi)p(f)zuie—jmp(f%

I N (”;ig)z € = S ne
(7.21) _ %pmms)po@,

and

(7.22) e = 55080~y

(7.2 W = e - e

94



As a result, the generators of the MRA bi-frame are

0i(&) = @ (§/2)0(£/2)

L e
(724 = LTE TN = S0,
WO = @ E/29E/)
(7.25) = N (E/DRE/) Riale/2)
1— e %/2 N 4 .
(7.26) = S N(E/2() =~ ).

Proof.
Since ¥;, @, P, and ) fulfill all conditions of Theorem 7.4, we have an MRA bi-frame

from the result of Theorem 7.4

(7.27) (ke = DHYjpe b ATjke = THY ke })

with refinable functions ¢ and ¢. From the commutation formulations of (7.6)-(7.7),
(4.20), and ¢(€) = N, (£)R(€) we have

P(E) = (€)= M EI(E) = MO REN.(E),
2 1—e % 1—e % 2 A ~
5O = 18 = (1) MO = MOROTnsalo),

Moreover, the symbols P,, Pz, are obtained by (7.12) and (4.22)

9 2 M(28)1+e%
PO = 1ol = 1w M) 2 He)
. e~ %
_ e—ﬂﬁéﬁ%(@:ﬁp(&),
e %€ e % 2
PO = T3PO = i (1+2 )p(@
o162
:=%5;%W@:%%%%M““&
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The symbols @Q,,, Q5,, are computed by (7.13) and (4.23)

1— ek
Qu(§) = —5—Q4(©)
1—e |1 —e 1—e
el R e = S e,
2 201 —e™®
Qn,(6) = —Qj(é)zﬁqj(é)-

1—e#
Now from the assumptions that ¥; = Hvy; € Lip a and %\Ifj = %ij =0O((1+
|z|)717) we have Hy; € AC and L'Hy; € L*(R). Thus, by (c) and (d) of Proposi-

tion 2.2 we can verify that
DHHy; = HDHY; < —Dv; = HDH);.
Moreover, if we apply H on both sides, we obtain by (¢) of Proposition 2.2 that
HDvy; = DHY;.

That is to say, the operators H and D in (7.27) commute, and this gives 7, =
A, i o. Therefore, the bi-frame in (7.27) is

{DHYj ke ATHY ko)) = (M0} {A 00 }) -

The two-scale relations reveal (7.24)-(7.26). O

Remark 7.7. In Theorem 7.4 we addressed that the mized fundamental function
of the parent wavelet vectors (p,m,...,n.) and (@, M1, ...,M.) is identical with the
fundamental function of the MRA tight frame {V;; .1 < j < r k, 0 € Z}. The
fundamental function of {V,xe, 1 < j <1k, { € Z} is, again, the same as s, the
fundamental function of the MRA tight frame {1, 1 < j <1k, € Z}. In other
words, the mask vectors ' := (P, Qp,,...,Qn.) and 7 := (P3,Qg,,...,Q;.) and
the mized fundamental function s satisfy the MOEP (7.4). Furthermore, the mask
vector 72 := (P,Qy,...,Q,) and s fulfill the OEP (4.12). The OEP (4.12) holds,

again, for 7 := (p,q1,...,q-) and s. Generally speaking, the triples (1,7, s),

(12,72%,5), and (73,73, 5) are three different solutions of (7.4), where 72 := 7% and
-3 3
73 =73,
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We present an example showing that an MRA bi-frame ({Awﬂ’;}, {A‘lw;‘k’fé )
can be constructed from a spline MRA tight frame {@ka’,Le» 1<j<rklel}.

Example 7.8. Let {wi’zf,evj = 1,2,3,k, 0 € Z} be the MRA tight frame with
vanishing moments of order 5 and with the refinable function N5 (B-spline of order
o\ 5
5). The associated two-scale symbols are denoted by ps(§) = (%) and q?’E’ such
that

(7.28) @) =20 (1-e)°, j=1,2,3.

The fundamental function ss 5 is given explicitly in [11, Theorem 7.2.4].

Now, we apply Theorem 4.12 to the given MRA tight frame. If we employ the
notations in Theorem 4.12, we have m =m; =5 and po =1, R = 1. The refinable
function N5 has compact support and satisfies Assumption 4.1. Moreover, from
(7.28) it is clear that each symbol qj5-’5 has real coefficients and vanishes at & = 0.
As we already mentioned in Remark 4.3, the associated fundamental function ss5 is
bounded and satisfies (i)-(iii) of Proposition 4.2. Thus, all conditions of Theorem
4.12 are satisfied. As a result, we have another MRA tight frame {H@Di’liz,j =
1,2,3,k, ¢ € Z} with refinable function

. 1—ei€ .

(7.29) B(E) = MO Fu(6),
and symbols

w0 P = MBI g - e
@ el - Ye -l -

This MRA tight frame can also be considered as an MRA bi-frame
({wj,k7g,j = 1,23,k (€T} {405 =1,23k (€ Z}) ,

where V; = ﬁ/j = H¢?’5. The corresponding refinable functions are ® and i)(: D)

and the two-scale symbols are P = 15, Q; = Qj. From Theorem 4.12 it is clear that

® (and trivially &;) is continuous at the origin and ®(0) = 1. Now we refer to the

reqularity and decay of H@/J?’? It is well known that N5 € C®, and, therefore, @/)]55 €
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C3,j =1,2,3. Since ¢; has compact support, %@/}?’5 € L*(R) for k =0,1,2,3,4.
If we apply (d) of Proposition 2.2, we have

H¢j5"5 € C? and (H%B"E))(k) € L*(R), k=0,1,2,3,4,

which is much stronger than the requirements. Finally, the conditions (i) and (it) of
Thereom7.4 should be verified for the masks P and Q; given in (7.30) and (7.31). If
we employ the expressions of Thereom7.4, we have m = m =5 and again m; = m; =
5 for each j, which is much stronger than the required conditions. The confirmation

of ﬁiz ; £ 0 for £ = 7 and q 2 §| Aj’S( ) # 0 for & = 0 will complete the whole

process of checking the requirements of Theorem?7.4. They hold obviously by the fact

that ﬁiz ZZI and |1 ° ‘ lies on the unit circle and the coefficients ;i are positive

(see Table 3.4). C’onsequently, Theorem 7.4 gives rise to a new MRA bi-frame

({DH%M} {IHQ/J]M}) (‘{HD%M} {IH%M}) (‘[A%ke} A~ 1¢yke}>

7.4. General method generating an MRA bi-frame from another

Theorem 7.4 and Theorem 7.6 can be understood as special methods generat-
ing an MRA bi-frame from a given MRA bi-frame. They deal with, however, only
specific cases (commutation and combination of the Hilbert transform and the com-
mutation). These results intrigue us to ask if we can find a more general method
generating an MRA bi-frame from a given one. If we find any, it would be taken
for a natural extension of the case of biorthogonal wavelets ([30, Theorem 4.1]). On
the other hand, we could regard it as a generalization of Theorem 4.14 as well. In
fact, using the techniques employed in both Theorem 4.14 and [30, Theorem 4.1],

we provide a solution of our question.

Theorem 7.9. Let an MRA bi-frame <{wj’k’g}, {&]H}) be given with refinable
functions ¢ and ¢ such that ¢ andqzﬁ are continuous at £ =0 and ¢E(O) = é(o) =1.

Furthermore, let p,D,q;,G;,7 = 1,...,7, be the associated two-scale symbols satisfying
(7.10)-(7.11) with m,m, m;,m; > 2. Suppose that sy denotes the associated mized

fundamental function. Now, suppose that we have new two-scale symbols

(7.32) P(&) = a(§)p(§), Q;(&) =b;(&)q; (&),
S N e
(7.33) PE) = Tap(f)a Q;(&) = m%(f),
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such that P, P, Qj, Qj and a(§) and b;(§) are subjected to the following conditions:
(i) P, P, and Qj,@j, are bounded.
(ii) a(&) and b;(§) are 2m-periodic, measurable, and aé(f)ﬂ) = bjbé(ir).
(iil) [Ir, a(27%€) converges a.e., and its limit a(§) is continuous at & = 0 and
lime o (§) = 1.
Let V5, @j and ®, D be the functions generated by the two-scale symbols in (7.32)-
(7.38) and assume that

(iv) they are in L*(R) and {W; 4.}, {V;r0}, are Bessel systems.

Then W \I/], constitute an MRA bi-frame of L*(R) with the same mized fundamental
function sy, where U = T¢j, ;=T and (T;)N(€) = a(§/2)bj(§/2)gﬁj(§),

-1
(T~14;)"(€) = W%(@

Proof.
We apply Proposition 7.1 for the proof. From condition (i) we have the boundedness
of the two-scale symbols P, P, and Qj, Qj. The refinable functions are obtained by

=[IP@") =[a2 O [[p(27") = a(&)e(9).

Similarly,

2 1 =2
O(¢) = —
(€) (€)¢(€)

Hence,  and & are continuous at £ = 0 and ®(0) = ®(0) = 1 by (iii).
On the other hand, the generators are given by

V€)= Qi(€/2)0(6/2) = b;(€/2)¢;(€/2)a(€/2)0(¢/2)

= a(&/2)b;(£/2)0,(),

and analogously
s 1 "
U5(8) = =—=——=————=1(¢).
= e

By our assumptions, ¥;, ¥; € L2(R) and {W,;,}, {¥; .}, are Bessel systems.
Let us compute the mixed fundamental function Sy, of the new symbols. From
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(7.1), we have

ZZQ] (2°6)Q;(25¢) HPz’“&P £).

k=0 j=1
By inserting (7.32)-(7.33), we obtain

T

00 k—1
=33 4(2),2%) [ p@"€)527E) = su(€). ae. £ €R.
m=0

k=0 j=1
Thus (b1) of Proposition 7.1 holds trivially for Sj;. Finally, (b2) for P, IB,QJ-,Q]-,
and Sy is by (ii)

Sar(26)P(€)P(€ + ) +ZQJ )i (6 +)

< b. -
_ 5M<25>a(§(fﬂ)p<@ﬁ<g+w> > e WO )
el | CONORE T T + Y OFE T T | =0, ac(eR O
j=1
Remark 7.10. 1. Notice that the condition —25- = Y& _ e 4he same as re-

a(§+m) b(&+)
quiring that % 18 m-pertodic.

2. Theorem 4.14, thus Theorem 4.8 as well, are special cases of Theorem 7.9. Let
{Yjre} be an MRA tight frame. The associated symbols are denoted by p,p(=
P), 45, 4;(= q;). If we take | &) = 16;(6)] = 1 for a.e. £ € R, it is clear that
aé(_f)ﬂ) = a(&)a(E+7) and @ = a(&). Hence, (ii) and (iii) of Theorem 7.9 im-
ply (i1)-(iv) of Theorem 4.14. In addition, (i) of Theorem 7.9 holds. The two-scale

symbols are

P(&) = P(€) = a(&)p(€), Q;(&) = Q;(&) = b;(©)g;(&).

Thus we have another MRA tight frame. Theorem 4.8 results from a(€) = e~ =

Lpei€ _ ile-m) — lize"]
Tree and b;(§) = ¢’ (€ = L=¢ 1

3. The commutation in Theorem 7.4 is also included in Theorem 7.9. Under the

same hypotheses on the given MRA bi-frame and two-scale symbols, if we take
_ _2 ) _ 1—¢* 1 14eT 1 2
a(§) = 7%= and b;(§) = =—, then we obtain - S— and o T T

i.e. (7.32)-(7.33) are identical with (7.12)-(7.13). From the hypotheses, the as-

sumptions (i)-(iw) of Theorem 7.9 hold obviously. Consequently, the commutation
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giwes an MRA bi-frame.
4. Theorem 7.6 results from Theorem 7.9 as well. We suppose first that an MRA
tight frame {1, 1 < j <r k.l € Z} is given with refinable function ¢. The con-

ditions (7.19)-(7.23) correspond to a(§) = Hsz_jg‘gl and b;(§) = li;i:zz‘ in the notion

of Theorem 7.9. Under the assumptions on p,q;, and 1; of Theorem 7.6, we have
trivially (i) and (iv) of Theorem 7.9. Let us we check (ii) and (iii) of Theorem 7.9.

It is obvious that the functions a and b; are 2w-periodic and measurable. Moreover,

a@ =] ()

al€+m)  [Ltet] b+ m)
Next, the infinite product [, a(27%¢) converges and is continuous at zero, with
the value 1 (see the proofs of Theorem 4.12 and Theorem 7.9). As a result, we have
the bi-frame

({AYsed AN el -
5. The fractional derivative/integration is realized by a(§) = | cos&/2|™" and b(§) =
|sin&/2|" for k € R. If a given MRA bi-frame satisfies some reqularity condition (if
it arises from an r-reqular MRA of L*(R)), we have from Theorem 7.9 the bi-frame

(A Dsnet AN Pj0e})
where the operator A" is defined on the frequency domain by (A*;)" (&) = <%>N @ZA)](S)

6. Through the special cases of Theorem 7.9, we see that it generalizes the result
of Zhao ([30, Theorem 4.1]). The lifting scheme for MRA bi-frames, however, can
not be recovered, in contrast to [30, Theorem 4.1|. In this sense we need a more
general result including the lifting scheme. In the next section we prove that the

lifting scheme also works for bi-frames.

7.5. Lifting scheme of MRA bi-frames

We develop the lifting scheme for bi-frames in this section. For the construction,
we make use of Proposition 7.1. A short review of the lifting scheme for biorthogonal
wavelets is presented first ([29]). For given biorthogonal filters {p, p, ¢, G}, a new set
of biorthogonal filters { P, P, @, Q} can be found as

P=p, P(&)=p(¢&)+p26)q(§),
Q&) = a(€) — n(26)p(€), Q=
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where p(§) is a trigonometric polynomial. If {4, @, o, (5} denotes the given biorthog-
onal wavelet, as a result of the lifting scheme we can have a new biorthogonal wavelet

{V¥, T, P, é} such that

~ ~

D =¢ B(E) = ﬁ<s/2><f><s/2> EE)
B(E) = 0(6) — p(©)(E), W(E) = GE/2)B(¢/2),

where ® = ¢ and the trigonometric polynomial ;(€) satisfies p(0) = 0. Usually (&)
is determined so that ) has more roots than ¢ at the origin, i.e. W has a higher
order of vanishing moments than . Next, we present the lifting scheme for MRA

bi-frames.

Theorem 7.11. Let an MRA bi-frame <{¢j,k,g}, {@JH}> be given with refinable
functions ¢, d, such that their symbols p, 4;:0,q;, j =1,...,r, and the mized fun-
damental function sy are subjected to the assumptions of Proposition 7.1. Now, we
define new symbols P, P, Qj, Qj, by

P(&) =p(&), P& =p()+ Z 11;(28);(€),

Qi (&) = q; (&) — 1 (29)sm(26)p(€), Q;(€) = G(9),

where (1; are measurable and bounded 27-periodic functions. We suppose that As-
sumption 4.4 holds and {V; .} and {U;4,} are Bessel systems. Furthermore, we
assume that the spectrum of Vi (with respect to ®) is a subset of that of ¥y (with
respect to ¢), i.e. o(Vy) C o(Ty). Then ({\I/j7k7g}, {\i’jkg}> is an MRA bi-frame in
the sense that Proposition 7.1 is satisfied by the symbols P, P, Qj, Qj, and the given

fundamental function sy;. The generators V;, \ilj, and refinable functions ®, ®, are

given by

(7.34) D=, B() = HlE/D(E/2) + Zu; v, (¢

(735) (€)= 0(€) — m(©su(OHO), T(6) = G(E/2)D(E/).
Proof.
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For the proof we apply Proposition 7.1. The new symbols are measurable and essen-
tially bounded since the given symbols and p; are. Next, we show that the mixed
fundamental function Sy; of the combined masks (P, Q1, ..., Q,) and (P, Q1,...,Q,)
is identical with the given mixed fundamental function s,;. First, we look at the

following computation

ZQ;’(S)@(S) = Z%’(f)@j( —sm(28)p Z“J 26)g;(§
= su(§) —sm(25)p ( +Zlu] (28)q;( ))

= su(§) —sm(2)p

and PP = pﬁ by assumption. By inserting these identities we obtain the partial

sum of Sy,
Z Z Q,;(256)Q;(2%¢) H P(2mE)P(2m¢)
=S (sM@k@ — (2 (' P(2h)) ﬂ P27 P(27%)

= sM<£>—sM<2K“£>Hp<2’“£>HP<2k£>, ae £ER.

Thus, we have

Sule) =l <SM<»:>—SM<2K+15>||p<2%>||P<2ks>>
. QK1 H(25H1E) B(2K+1¢)
= lim | sy(&) — sy — a.e. R.
KW( © - s 9= $(£)> e

Note that from P = p we have o(Vy) = o(vp). From the fact that s, is bounded
and ¢ and ® are in L?(R), it follows as in Remark 4.7 that




Therefore, we have Sy, = s, on o(V) N o(Vy) and (bl) of Proposition 7.1 follows
directly. Now we put the new symbols and s, to the test of condition (b2). By the
2m-periodicity of j1;, we have

su(2)PEPE+m)+ ) Qi(9)Qs(6 + )

Jj=1

= su(26)p(8) (15(6 I+ Y m(20GET 7r>>
20 ((6) — pOn; (265 (26) GE+ 1)

= suOPEODPE+T) + ) q(EGE+m) =0

J=1

forall £+ m € a(Vy) Na(Vy) C a(v) Na(dy). O

Example 7.12. We want to demonstrate an example of the lifting scheme of a bi-
frame. For convenience, we take a simple MRA tight frame {¢jx¢,7 = 1,2,k, 0 € Z}
which is given in the appendiz A.1. Note that the generators i, and vy have order
m = 3 and L = 1 vanishing moment. The associated fundamental function is trivial,

N\ 3
namely syr = 1. From Table A.1, the symbols are given by p3(§) = <—1+€_Z€) and

2
V3 1

(&) = T(l —e 8, (€)= §<1 — e (1 4 de i€ 4 %),
Now we define new symbols { P, Q1,Q2} and {15, Q1. QQ} by

P(&) = ps(§), P(&) =ps(&) + Z 15 (26)d;(6),

Q;(€) = ¢;(&) — p3(n;(28), Q;(&) = ().

We choose the trigonometric polynomials p;(&) by

(€)= ?a pa(€) = Sising,

so that the new generators ()1, Qs have a double root at the origin, i.e. Wy and ¥,
have at least 2 vanishing moments. Using these functions, we obtain the two-scale
symbol P

1

P() = g1 +e7) (~(3+2v3)e +10+4V3 + (50 — 2vB)e ™ + 1072 — 3e%¢)

104



Note that, through the analysis of the spectral radius of the transition operator
of P ([19]), we have the strong convergence of the cascade algorithm, i.e. ® €
L*(R). Furthermore, the characterization of the reqularity ([14]) asserts that ® €
Lip o, a = 0.4612. In addition, ® has compact support, i.e. supp® = [—1,4].
Hence, ® satisfies (1)-(1ii) of Assumption 4.4. The computation by the cascade
algorithm provides ® at the dyadic points (see Figure 7.1). From the fact that
¢ =¢ == Ny and ® has compact support, we have o(vy) = o(ty) = (V) =
o(Vo) = [=m, 7| \ N, where N is a null set.

The generators ¥, and U, are given by (see also Figure 7.1)

~

L) = q(E/2)B(E/2), Tal€) = qal/2)D(€)2).

i)

Notice that they have 1 vanishing moment and compact supports with supp¥; =
[—0.5,2.5], suppWy = [—0.5,4]. We have ¥; € L*(R) and ¥, € Lip a, o = 0.4612,
from the properties of ®. Therefore, {\i’j’k’g,j =1,2,k, 0 € Z} is a Bessel system by
Lemma 7.3. On the other hand, @)1, Q)2 are

1 1
1
0.5 0.5
0.5 0 0
-0.5 -0.5
0
-1 -1
0 2 4 0 1 2 0 2 4
FiGUuRE 7.1. ® (left), ¥, (middle), and ¥, (right).
3 ) . 4 ) ) .
@Q1(8) = %(1 — e %)% (=¥ = Be’t + 20 + 127 + 5e T 4 %)
1 ) ) . . .
@) = 551 = e76)% (3¢ 4 18e™ + 38 + 187 + 37 %)

Hence, we obtain the generators Wy and Vo by

U1(€) = Qu(€/2)N3(£/2), Wa(€) = Q2(£/2)N3(£/2).

Note that Uy, Uy, are in C* as well as in L*(R). Furthermore, they have compact

supports and Uy has 2 vanishing moments and Vo has 3 vanishing moments (see

Figure 7.2). Hence, {V,;x0,j =1,2,k,{ € Z} is also a Bessel system by Lemma 7.5.
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In summary, the new two-scale symbols P, P,Qj,Qj, refinable functions o, P, and

0.6

0.4

0.2

FIGURE 7.2. U (left) and Wy (right).

the generators \I/j,\I/j, satisfy all conditions of Proposition 7.2. Thus, we have an
MRA bi-frame ({\I/]-,k,g}, {\i/]kg}> by applying the lifting scheme to the given MRA
tight frame {1;re}. The lifting scheme can be applied to other MRA tight frames,
for example, spline MRA tight frames given in section 3.3 and the appendix.
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CHAPTER 8

Application of A-operator

We constructed MRA bi-frames ({Av;x ¢}, {A" ;1 }) as a result of the commu-

tation of the tight frame {U, s ,} in Theorem 7.6, where ¥; = Hq);, j =1,...,r. The
associated two-scale symbols, however, are not easily implemented. Zhao described
the symbols of biorthogonal wavelets by rational functions and truncated them to
get FIR filters ([30]). Thus, the truncated symbols do not satisfy the conditions
(1.12)-(1.13) exactly. In other words, the wavelets generated from the truncated
symbols are not exactly biorthogonal.
In the same context, we introduce the notion of approximate bi-frames and demon-
strate an approximate bi-frame approximating ({A¢; e}, {A " ¢;rc}) so that we
have trigonometric two-scale symbols. For the search we recall the closed forms of
the bi-frame ({Av; 0}, {A"";k,}) in Theorem 7.6. At the end, we propose an ap-
proximation of the Ram-Lak filter, employed in filtered backprojection algorithms,
using the two-scale symbols of the approximate MRA bi-frame.

Now, for the approximation we take a look at the closed forms of (7.17)-(7.26).
In particular, the two-scale symbols are described by the functions M, N. The main
difficulty of the application lies in the implementation of these functions. The term
(1 — e %) in the denominator of @y, is cancelled out by ¢; owing to its vanishing
moments. Recall that we constructed trigonometric polynomials M and N approx-
imating M and N in section 5.1. Therefore, without any further manipulations, we
can make use of the trigonometric polynomials M and N for the construction of the
desired approximate MRA bi-frame. If we apply them to (7.17)-(7.26), we have the

refinable functions and the two-scale symbols

A

(8.1) plE) i= e EM(E)R(ENn(E), (€) := M(E)R(E)Nips2(€),
M (2€) M (2€)

(82> Pp(g) = eiig M(é) pm(é)p0(€>7 Pﬁ(é) = me+2(£>p0(£)'
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U, Hi;

Q

commutation l l
{vi, 5}~ {A;, AN}

FIGURE 8.1. Approximate bi-frame by commutation of approximate

tight frame.

The two-scale symbols of the generators are given by

— ¢i€ N V
83 040 = g O, 0l = ey S u(E)

Hence, the generators are
| — it/

(84) 5O = Qu,(E/20E/2) =

(85)  51(6) = @, /2AE/2) = g N (E/Dai(E/2R(E/2) Nl E/2).

N(&/2)4;(€/2)R(E/2) N (€/2),

Remark 8.1. Note that the refinable functions, symbols, and generators are
obtained from the commutation of the approximate MRA tight frame {@M,g,j =
1,...,m k.0 € Z} whose generators @j, j =1,...,r, with the associated refinable
function ® are given in (5.1) and (5.2) (see Figure 8.1). By a simple observation,

we have

By(§) =2P(&)/(1+¢€%),  B,(&) =PE)(1+e%)/2
Qu, (&) = Qi(O)(1—€%)/2,  Q,, (&) =2Q;(&)/(1 — ™),

where P and Qj are given in (5.4)-(5.5). This setting corresponds to the commuta-
tion of {U; 4} in the sense of (7.12) and (7.13).

Analogously to the case of approximate MRA tight frames, the new symbols in
(8.2)-(8.3) define a new mixed fundamental function, say Sy, and the new symbols
and the mixed fundamental function Sy; do not exactly satisfy the conditions (b1)

and (b2) of Proposition 7.1, but only approximately. That is to say, the system pair

{1 <G <kt €T} (Pip 1 S <k, L ELY)
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is not an MRA bi-frame, in general. Thus, we introduce the notion of approzimate
MRA bi-frames.

Definition 8.2. A system pair
({Vj,k,fa 1 S j S r, k7€ € Z}a {ﬁj,k,ﬁa 1 S] S T, k7£ € Z})

is an approzimate MRA bi-frame with the refinable functions p, p, if they satisfy all
hypothesis of Proposition 7.1 and

(i)
TTim | Sy (27€) — 1| < 4y,
j——o00
for some 0 <9, <1 and a.e. £ €R
(ii)
Su(2) P ()P + ) + Y Qu, (@5, (E+m)| < 6
=1

for some 0 < 0y < 1 and a.e. £ € R.

Remark 8.3. 1. Clearly, the notion in Definition 8.2 is an extension of the
notion of approximate MRA tight frames.
2. Let an approxrimate MRA tight frame {@]M} be given such that the associated
symbols P, Qj,j =1,...,r, and the fundamental function S are given in (5.4)-(5.6)
with the conditions

s Po=(H) B o= () @

where m,m; > 2, and }30,@? are bounded and ﬁo(ﬂ), Q?(O) # 0. Then, using a
similar process as in the proof of Theorem 7.4, we can show that the system pair
({vine}, {Tine}) resulting from the commutation of {U; .} is an approzimate MRA
bi-frame. Note that all assumptions on the two-scale symbols and refinable functions
hold similarly to the proof of Theorem 7.4. Furthermore, from (7.14) in the proof of
the Theorem 7.4, it is clear that the mixed fundamental function of the system pair is
equal to the fundamental function of the approximate MRA tight frame. Therefore,
(i) of Definition 8.2 is satisfied by (i) of Definition 5.1. In addition, from (7.15)
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and the notations of (5.4)-(5.6), we have

Em(€) = Su(20)P,(&)Bs(€ +7) + Z Qu, (£)Qs, (€ + )

1—e %

= = E©),

1+ et

1—e %

B0 = Ty

SEOPOPE+m)+ D Qs(€)Qs (¢ +7)

where 0 < |E(§)] <9, 0 < < 1 from the assumption. Similar to (7.16), we have

from m,m; > 2, that

(.8) B(€) = <1 +eig)QU@),

2

where U is some 2m-periodic and bounded function with a double root at £ € (27 +
V)r. Thus, we can find 61, 0 < 0y < 1 such that |Epy(§)] < 61. Thus, (i) of
Definition 8.2 follows from (i) of Definition 5.1 as well.

As in the case of the approximate MRA tight frames, it is obvious that the
symbols in (8.2)-(8.3) are not trigonometric polynomials. In order to get trigono-
metric symbols, we apply the same technique applied in Theorem 5.3. Namely, we
show that ({vjke, 1 <j<mrk, € Z},{Vjre, 1 <j<rkl€Z})isan approximate
MRA bi-frame with refinable functions ¢ and ¢ * Ny as well. The proof is similar to

Theorem 5.3, so we give only a short version.

Theorem 8.4. We suppose that the symbols in (8.2)-(8.3) are subjected to the
condition (8.6). Then p and p in (8.1) are refinable functions of the approzimate
MRA bi-frame ({vjre},{Djrs}) in (8.4) and (8.5) if and only if ¢ and ¢ x Ny are

refinable functions of the same approximate MRA bi-frame.

Proof.
We employ Definition 8.2 for the proof. Firstly, the assumptions of Proposition 7.1
on two-scale symbols and those of refinable functions hold trivially from the same
argument of the proof of Theorem 5.3. Note that the symbols of the generators with
respect to ¢ and ¢* N are q,, 1= e*i'MQVj and gz, := MQ;,J.. Let SMI be the mixed
fundamental function of the bi-frame with refinable functions p and j and S M, be

that of ¢ and ¢ * N,. First, from the definition of the mixed fundamental function
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in (7.1) and (8.2)-(8.3), we have

S, (6) = M#@SM (©).

Thus,

m |Sy, (276) — 1| < 6; & Tim [Sy,(27€) — 1] < 6,
——00 J——00

J

due to the fact that M(0) = 1 and M is continuous. By the same argument of the
proof of Theorem 5.3 and by employing the notation

E1(€) = S, (26) P (&) P5(€ + ) + Z Qs,()Qs, (€ + 1),

(Ey is defined similarly) we can show that Ei(§) = mEg(é) Hence, (ii)

holds equivalently. [

Now we present an approximate MRA bi-frame which is an approximation to the
MRA bi-frame {A@Dﬁﬂj, At ;771,;5, 1 <j<rk,teZ} for the case m =5 and L = 5.
The approximate MRA bi-frame and the associated refinable functions depend on
the functions M and N, so do the associated symbols. Thus M and N are crucial
for the construction. Thanks to the construction of M and N in section 5.1, there
is no additional work needed. In order to check the quality of the approximation,

—

we compare the magnitudes of 7; and ﬁj to those of A¢?’5 and A—1¢?’5, respectively.

Example 8.5. For the case m = 5 and L = 5, we have generators v;, v;, j =
1,2,3, and refinable functions N5 and N7 from (8.1)-(8.3) and Theorem 8.4. We
take M and N from Ezample 5.7 (with J = 2 for the Thiran allpass filter). We have

from (8.4)-(8.5)

2 . .
BE) = e N/ E/2)R(E/2)
1—e %2

= 5 NE/22 (- e (E/2)6°(€/2)N5(6/2)

= —2'N(/2)(1 — e /2527 (¢/2) N5 (£/2),
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and

PO = g NE/DE €/ NE/2)

= N/ - PP €/ NE/2)

= 2PN(£/2)(1 — e /20 (£/2) N (€/2).

Notice that v; and v; have compact supports and good reqularities, i.e. v; € C* and
v; € C°. Furthermore, v; has 6 vanishing moments and v; has 4. If we compare
our result to that of Zhao ([30]), our generators have explicit forms described by
finite linear combinations of B-splines in contrast to the biorthogonal wavelets of
(30, p.358]. In addition, both of the generators v; and U; have good reqularities
which is not the case in [30, FIG.1 p.358].

From the commutation we have vj(x) = —i%@j(:v) and vy(x) = 4 [° T, (y)dy,
where V; is given from Example 5.7. Figure 8.2 and Figure 8.3 show v; and v; for

j=1,23.

FIGURE 8.2. v; (solid) and ¥; (dotted) for j = 1 (left), j = 2
(middle), and j = 3 (right).

The system pair ({vje}, {Pjre}) is an approzimate MRA bi-frame in the sense
of Definition 8.2. First, (i) holds trivially from the fundamental function of the ap-
prozimate MRA tight frame {U;} (see Figure 5.11). From (8.7) we have Ex(€) =
};ZZE(@“), where E is the expression in (ii) of Definition 5.1 and Eyy is that in (ii)
of Definition 8.2. Numerical computation shows that 0 < |Ey| <9, § = 0.1045 (see

Figure 8.4). Next, using the relation

(8.9) v m AT, oy AT 5 =1,2,3,
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FIGURE 8.3. 7 (solid) and W, (dotted) for j = 1 (left), j = 2
(middle), and j = 3 (right).

0.12

0.1
0.08
0.06
0.04

0.02

FIGURE 8.4. |Ey(§)] in (ii) of Definition 8.2.

—

we compare the magnitudes of the pairs (U;, A¢?’5) and (13]-, A—1¢?’5). Figure 8.5 and

Figure 8.6 indicate that v; and v; approzimate Awf-"r’ and A‘lw?’5 well.

0.2 0.6
0.8
0.15
0.6 0.4
04 | 01
0.2
0.2 0.05
oL~ i 0
-10 0 10 -10 0 10 -10 0 10

FIGURE 8.5. |7;] (dotted) and [Ay)°| (solid) for j = 1 (left), j = 2
(middle), and j = 3 (right).

Now we want to look at the two-scale symbols of the generators. For their appli-
cation in the DFRT, the symbols of vj should be good approzimations to the symbols
of (7.24)-(7.26). We describe v; and 13]- with respect to 1/3]55 in order to compare the

113



1
0.15
0.5 0.1
0.5
0.05
0 0 0
-10 0 10 -10 0 10 -10 0 10

FIGURE 8.6. |;] (dotted) and |A‘17,DJ5-’5| (solid) for j =1 (left), j = 2
(middle), and j = 3 (right).

symbols.
e = N2 R )
.10 = L R,
5O = e N/ /DN E2)
- (1};/;5/2> N(€/2}°(€/2)5(/2)
1) s )

In the sense of (7.24)-(7.26) we should have

_itf2
(8.12) 1+N(§/2) ~ %,

161 — e %/2 4
8.13 o N(£/2) &~ —.
(8.13) 2 (£/2) €]

We focus on the approximation in (8.12), since a good approzimation in (8.12)
leads to (8.13) directly. The filter % is called the Ram-Lak filter. Note that the
L 6%/2 N(&/2) is not real. Thus, it

approzimates the Ram-Lak filter El i the complex plane. We plot the curves & —

A-periodic trigonometric polynomial T(§) =

<|§—| 0) and & — (Ret (&), Im7(§)) in order to compare them gmphz'cally (see Figure
8.7.). On the other hand, if we take the magnitude or real part o 15/2 N(£/2),
they also provide good approzimations to the Ram-Lak filter (see Fzgure 8.8). Note
that |'=5==N(/2)] = | sin¢/4|M (¢/2).
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0.2

0.1 .~ I 4
/

or oI TEEmEemm e — o —— ———
\

-0.1

_0.2 1 1 1 1 1 1 1
Ficure 8.7. The Ram-Lak filter (dotted) and its approximation

15/2 N(€/2) (dashed) as curves in the complex plane for & €

[—277, 27].
3 03 15
2 0.2 1
1 01 05
10 0 10 s 0 5 %% 0 5

FIGURE 8.8. Left: The Ram-Lak filter (dotted) and the magni-
tude of =& = 6_15/2 N(&/2) (solid) on [—4m, 4xw]. Middle: The error of
@ 1= 6715/2 N(&/2)| on [—2m,27]. Right: The Ram-Lak filter (dot-
ted) and the real part of 1=¢—— P N(£/2) (solid) on [—27, 2n).

Remark 8.6. 1. Note that our construction of the so-called approximate Ram-

Lak filter le ¥ N(&/2) does not depend on the order of the B-spline. Thus we

2
can apply this approach to construct approrimate MRA bi-frames approximating

({A%M} {A! ]M}> for further m > 2 and L > 2. Namely, we take an MRA
tight frame {%ke} of splines from the examples in section 3.3 or in the appendix
then find its approzimate Hilbert transform using the technique in section 5.1. Then,
by applying the commutation for bi-frames of Theorem 7.4 we can obtain the approx-
imate MRA bi-frame.
2. The construction of an approximate MRA bi-frame approrimating {Aw;};ﬁg, At i e}
allows us a good possibility of the application to the filtered backprojection algorithm
of computed tomography. Namely, we can extend the algorithm for biorthogonal
wavelets (see [30, Section 5 |) to using an MRA tight frame {%M} and its approx-
imate MRA bi-frame {v; 0, Vji0}-
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APPENDIX A

Further examples of stationary spline MRA tight frames on

an interval

A.1. Construction of a quadratic spline tight frame with 1 vanishing

moment (m =3,L =1)

We choose n = 4 in (3.13) and (3.14) for the construction. From the correspond-
ing representation (3.15), we want to get a factorization of the 9 x 9 matrix Z;. We

apply the symmetric reduction to get
Zl = T9,1,—1/4Z1Tg;1,71/4-

Note that Z; is a diagonal matrix with diagonal elements

113131311
127871674°1674° 1687 12

Hence, we have the factorization of Z; = BBT, where B is the square root of Z;,
i.e. a possible solution of B is the diagonal matrix with diagonal elements

V3 V2 V31 V31 V3 V2 V3
640472 4°2 446 |

As a result we have the 9 x 11 matrix Q i=T91,1/4B. The 5 columns (3rd to Tth)

of Q contain the coefficients (see Table A.1) of the interior wavelets

Ui —k), j=1,2,0<k<1, ¢i(-—2),

which are given by 2 antisymmetric generators ¥ = 93 and ¥y = 1¢p4. The

supports of ¥y, 19, are (see Figure A.1)

supp 91 = [0,2], supp ¢z = [0, 3].

The first two columns of the matrix Q represent the coefficients (see Table A.2)
of the 2 boundary wavelets for the left endpoint of the interval and Figure A.2 shows
their graphs.
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i | qo,
1

2

)

+1

q1,2+i | 92,2+

ol
= 2

1 1
2 8

TABLE A.1l. Coefficients of interior wavelets 124, ¢ = 1,2, in ex-

pansion (3.21).

0.6 el 0.6 he
0.4 0.4
0.2 0.2
0 ] 0
-0.2 -0.2
-0.4 -0.4
0 1 2 3 0 1 2 3

FiGure A.1. Two antisymmetric generators of the quadratic spline

tight frame with 1 vanishing moment and simple interior knots.

i des | oa | de
110.288676
2 0.353553 | 0.088388

TABLE A.2. Coefficients of boundary wavelets 1y;,7 = 1,2, in ex-

pansion (3.21).

2

0.6

15 0.4

1

0.5

0

-0.5
0

0.2

0

-0.2

0.5

1

15
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-0.4
0

0.5

1

15

2

FiGUurE A.2. Boundary wavelets of the quadratic spline tight frame

with 1 vanishing moment and simple interior knots.

Remark A.1. Note that the given two generators of interior wavelets are exactly
the same to the two generators of the quadratic spline tight frame of [6, Example 2].
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A.2. Construction of a cubic spline tight frame with 2 vanishing

moments (m =4, L = 2)

We consider n = 6 for the interval and two knot vectors in (3.13) and (3.14).
We begin with the 13 x 13 matrix Z, from representation (3.15) and perform the

symmetric reductions using 732 _1/6 to get
Zy = Taz-1/6Z2T 155 1 /6-

Now we search for a factorization Zo = BBT, with B = [By, B;, B,], where B; is the
13 x 7 block matrix that has the same structure as (3.24) with one more null row
at the top and the bottom. A solution reads

Vi, V3 V3 13
“T16 0160 T 9 T Vsea

Consequently we get the 13 x 17 matrix B = [By, B;, B,| by applying the same
method as in the previous examples. From the columns of the matrix T3 1/65; we

obtain the coefficients (see Table A.3) of 7 interior wavelets
Pi(-—k), 1<7<3, 0<k<1, ¢(-—2),

which are given by 3 symmetric generators ©; 1= g6, %2 = o7, and 3 = .

The supports of ¥, s, 13, are

supp 91 = [0,4], supp )2 = [0,5], supp 3 = [1,4]
and their graphs are shown in Figure A.3.

T ‘ 4o,5+i ‘ 41,514 ‘ G2,5+i ‘ 43,5+i ‘ 44,5+
1 | 0.034548 | 0.207289 | 0.034548

2 | 0.018042 | 0.108253 | 0.228534 | 0.108253 | 0.018042
3 0.122663

TABLE A.3. Coefficients of the interior wavelets 154, ¢ = 1,2, 3,

in expansion (3.21).

On the other hand, the columns of the matrix T3 1 /65, provide the coefficients
(see Table A.4) of the 5 boundary wavelets for the left endpoint of the interval.

Their graphs are shown in Figure A.4.
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0.4
0.2 0.2
0 0
-0.2 _
0.2 o2
-0.4
-0.4
-0.8 0.6
0 2 4 0 2 4 0 2 4

FiGURE A.3. Three symmetric generators of the cubic spline tight

frame with 2 vanishing moments and simple interior knots.

43, G2, q—1,i do,i q1,i G2,i
0.612372 | 0.153093
1.096871 | 0.522319 | 0.087053
1.739481 | 0.726565 | 0.224564 | 0.037427
2.151416 | 0.725354 | 0.120892
0.091642 | 0.549853 | 0.091642

.

Tt W N =

TABLE  A.4. Coefficients (*10) of boundary wavelets ;i =
1,...,5, in expansion (3.21).

Yo Yo Yo
4
0.5
3 0.5
2 0
0
1
o1 / -05 -05
-1
[¢] 2 4 0 2 4 0 2 4
Yo.a Yos
0.5 0.1
0 0
-0.1
-0.5
-0.2
0 2 4 0 2 4

FIGURE A.4. Boundary wavelets of the cubic spline tight frame with

2 vanishing moments simple interior knots.

A.3. Construction of a quartic spline tight frame of 3 vanishing

moments (m =5, L = 3)

For the construction we choose n =9 in (3.13)-(3.13). As in the former exam-

ples, we obtain the 19 x 19 matrix Z3 from representation (3.15) and perform two
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symmetric reductions to get

5 T T
Z3 = T19,4,—2/5T19,3,—1/8Z3T19,3,71/8T19,4,72/5'

Now, for a factorization Z3 = BBY, we set B = [By, B, B,], where the 19 x 10 block
matrix B; is given with 5 unknowns

0

QO
o
QLo Q.
Qo

e}
[SHURSH
- O oRQ

6
B; has 5 null rows at the top and the bottom. Using the system of equations from
the 9th and 10th columns of Zs = B;BY, we get a solution

5V2 173
a =1+/0.169271 x 1073, d = V2 b= 2d?

1287 12288 7

107 121
— - _ — - 2 _ p2
¢ (30720 ab) /d ¢ V/12800 207 — .

Consequently, the coefficients of the 10 interior wavelets are given by the columns

of the matrix T'g 31/8719,4,2/5B;
Wi(-—k), 1<7<3,0<k<2, ¢(—3),

and they are generated by the 3 antisymmetric generators 11 1= ¥y, ¥ = o,
and 13 := 1) 19. Their coefficients, in expansion (3.21), are listed in the Table A.5,

and their supports are

supp 1 = [0,6], supp ¢ = [1,6], supp ¢3 = [0,7].

The graphs of the 3 antisymmetric generators are shown in Figure A.5.

The columns of the 19 x 7 matrix Thg31/87"9,4,2/558, represent the coefficients
(see Table A.6) of the boundary wavelets having multiplicities at the left endpoint
0. The graphs of the boundary wavelets for the left endpoint are shown in Figure

AL6.
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U Qogvr | Quitt | G217 | G347 | Qaivr | $Bavr | Q6itT

0.060915 | 0.487321 | 1.014873 | 0.487321 | 0.060915

1
2 0.107158 | 0.857267 | 0.107158
3

0.027621 | 0.220971 | 0.687814 | 0.862121 | 0.687814 | 0.220971 | 0.027621

TABLE A.5. Coefficients (*10) of interior wavelets ¢ 74,7 = 1,2, 3,

in expansion (3.21).

05 e Yo 0.3 %
0.5 0.2
0.1
0 0 0
-0.1
05 -0.2
T2 4 6 o 2 4 6 o 2 4 6

FicURE A.5. Three antisymmetric generators of interior wavelets of
the quartic spline tight frame with 3 vanishing moments and simple

interior knots.

i G4 G-3.i G—2,i G-1,i 4o,i 41, Go.i 4s.i Gai

1 0.108130 0.065534 0.010922
0.261981 0.196515 0.068783 0.008598
0.521353 0.337504 0.131162 0.033895 0.004237
0.787054 0.561272 0.238378 0.070510 0.015510 0.001939
0.935485 0.619529 0.280960 0.077531 0.009691
0.119079 0.952636 0.267369 0.056491 0.007061
0.022096 0.176769 0.486114 0.176769 0.022096

N O Ut s WN

TABLE A.6. Coefficients (*10) of the 7 boundary wavelets g ;,7 =
1,...,7, in expansion (3.21).

A.4. Construction of a quintic spline tight frame with 6 vanishing

moments (m = 6, L = 6)

We search for a quintic spline tight frames on I = [0, 15], i.e. n = 15 in (3.13)-
(3.14). As in the previous examples, we compute all matrices in representation

(3.15). For a factorization of the 29 x 29 matrix Zs we apply three symmetric
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4 0.5
3 0.5
2 0
0
1
0 -05 -0.5
-1
0 2 4 6 0 2 4 6 0 2 4 6
U Y U,
05 04 05 05 0,6
0.5
0 0
0
-0.5 -0.5 -05
0 2 4 6 0 2 4 6 0 2 4 6
LI"O,7
0.2
0.1
0
-0.1
-0.2
0 2 4 6

FIGURE A.6. Boundary wavelets of the quartic spline tight frame

with 3 vanishing moments and simple interior knots.
reductions and get Zg by

7 T T T
Zg = T29767—063T2975,—042T29747—041Z6T29,4,—o¢1T29,5,—o¢2T29,6,—o¢37

where a; = 1/12, as =9/35, ag = 175/384.
Now we suggest a factorization Zg = BBT by the matrix B = [B;, B;, B,], where
B; is the 29 x 16 block matrix given by

0
0
a
b f
cdga
behbd
adgcd
fbe
Bi: ad 9
- f
ga
hb
gc
b
a
0
0

and B; has 7 null rows at the top and the bottom. A possible solution of the
factorization is obtained by letting

a=0.651082 x 10~*, b =0.155501 x 1072, ¢ = 0.484462 x 1072, d = 0.187213 x 1073,

e=0.143774 x 1072, f = 0.296685 x 1072, g = 0.413488 x 10~2, h = 0.108304 x 10~ .
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As a result, the columns of the matrix Th9 4.0, 7%9.5.0:129.6,05 Bi give the coefficients

of the 16 interior wavelets
bi(-—k), 1<5<3,0<k<4, ¢(—5),

and they are generated by the 3 symmetric generators (see Figure A.7) 1, =
Yo12, Y2 = Yo13, and Y3 := 1o 14. Their coeflicients are given in the Table A.7

and their supports are

supp 7/11 = [07 10]7 supp ¢2 = [17 11]a supp w?) = [07 11]

i §o,i+11  G1i+11 G2yi+11 G3,i+11 Gai+11 Gsi+11 G611 Griat11l 411 G911 G10,i+11

1 0.001658 0.019897 0.107070 0.336420 0.682265 0.336420 0.107070 0.019897 0.001658
2 0.001805 0.021663 0.101640 0.187099 0.101640 0.021663 0.001805
3 0.002897 0.034768 0.188061 0.599465 1.227145 1.619062 1.227145 0.599465 0.188061 0.034768 0.002897

TABLE A.7. Coefficients(*100) of interior wavelets g 1144,7 = 1,2, 3,

in expansion (3.21).

v, v, 0.4 ¥,
0.5 0.1 02
0 0 0
-02
iy -0.1 ot
0 5 0 %% 5 0 %% 5 10

FiGURE A.7. Three symmetric generators of interior wavelets of
the quintic spline tight frame with 6 vanishing moments and simple

interior knots.

Now the coefficients of the 11 boundary wavelets for the left endpoint of the in-
terval are found in the first 11 columns of the 29 x 11 matrix T59 4.4, 759 5.05 129,605 De-

Table A.8 lists the coefficients in expansion (3.21) and Figure A.8 shows their graphs.
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it G-5i G-4i 4-34i G-24 G—14 Goi  dqii G2 g3, G4 Gsi  Gei  QGri 48
1 0.1297 0.2712 0.2459 0.1095 0.0236 0.0020

2 0.5244 0.9413 0.9299 0.5359 0.1773 0.0334 0.0028

3 1.5236 2.4565 2.0941 1.1261 0.4326 0.1182 0.0207 0.0017

4 2.8399 4.7083 4.1790 2.4199 0.9912 0.2995 0.0678 0.0108 0.0009

5 4.3988 7.0284 6.3183 3.9763 1.8535 0.6439 0.1660 0.0320 0.0046 0.0004
6
7
8
9

=]

5.6361 8.8393 7.9757 4.9753 2.2986 0.8046 0.2076 0.0354 0.0029
0.5451 6.5415 8.7155 7.2024 4.1913 1.7587 0.5103 0.0916 0.0076
0.1504 1.8052 7.8577 8.2460 5.6803 2.6394 0.8083 0.1481 0.0123
0.0726 0.8715 4.3191 10.2857 8.9272 4.5770 1.4647 0.2727 0.0227
10 0.0141 0.1687 0.7262 0.6719 0.2657 0.0528 0.0044
11 0.0005 0.0054 0.0264 0.0574 0.0264 0.0054 0.0005

TABLE  A.8. Coefficients (*1000) of the 11 boundary wavelets
4,0 =1,...,11, in expansion (3.21).

4 Yo Yoo Yo Vo4
3 0.5 0.5 05
2 0
1 0 0
0 _
M\% 05 05
-1 -0.5
0 5 0 5 0 5 0 5
Yo s Yo Yo 7 Yoe
0.5 0.5 0.5 0.5
0
0 0 0
-0.5 05
-0.5 -0.5
0 5 0 5 0 5 0 5
Yoo Wo,10 x10° Wo11
5
05 0.05
0 0 0
-0.5 ~0.05 -5
0 5 0 5 0 5

FicURE A.8. Boundary wavelets of the quintic spline tight frame

with 6 vanishing moments and simple interior knots.

Remark A.2. In the work of Daubechies et al. ([13]) the three symmetric gen-
erators of a tight frame of L*(R) were introduced for the case m = 6,L = 6. The

supports of them are the same as those of the three generators in this example.
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