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Appendix

Proof of Lemma 1

The utilities for the new and used product in the second period will be:

Uy =0—p2
and
U,=060—p,—h
where h is the license fee

Solving for the "indifferent" consumer, we get the following inverse demand equations

p2_pu_h
0 = —"—
! 1-9

_puth
6

Which lead us to the following inverse demand functions:

02

price of new products : py = —q¢2 + 1 — ¢,0
price of used products : p, = —qud +6 — q26 — h

the respective profits will be :

Mazy,  I(g2lqu) = (p2 —¢)g2 + hgy = (1 — g2 — qud — ¢) g2 + hqy
s.t q2 >0

Mazxg, s(qu, 5lq2) I, =(pu — $)qu

The Lagrangian for the RM’s problem is

L(%u 5, A1, )‘2) :Hu(QUa 5) + )\1(5(% + 1) _pT - Qu) + )\2(Q1 - QU) + U1qy

The conditions for optimality are :

oL __
8qu_0’
oL _
75 = 0,

M(s(2+1) = pf —qu) =



A2(q1 — qu) =0

H1GQu = 0

)\1 2 Oa)\2 2 Oa/Jl 2 Oa

Assume s(% +1) —p1 — qu > 0 ,then \; = 0. In this case, %—? = —qu < 0.

However, if g, = 0, there is no secondary market and thus, s = 0.Apparently, s(%—i—l)—pl—qu >0

will be a contradiction. Therefore, % =—q. <0.

Since this case can not meet the FOC (%—’; = 0), from hereafter we assume that inequality (1)
holds as an equality. Intuitively, the entrant would not be willing to buy more used units than the
quantity she would launch in the secondary market.

Proof of Proposition 1

From Lemma 1 we know that, ¢, = s(% +1)—p; =

v(qu + p})
T’Yl (2)

Therefore, we can rewrite the entrant’s problem as:

Y(qu + p%)

Ma’l‘(Iu HU :(pu - 1 + ~y

)u

while the OEM’s objective is given by:

Mazxg, Iy = (—ga+1—qud—c)ga+ h¥qy

g2 >0

We solve the following problem by assuming that constraint (3) is not binding at the optimal
solution. After determining the optimal first period price (pj) and the corresponding optimal
quantity (gj) we verify our assumption by substituting this value to constraint (3) and showing
that it always holds as a strict inequality.

Solving simultaneously for the quantities of the two competitors, we obtain the following Nash
Equilibria (N.E) :

72(5—1-257—1-27—52—527+5h*+6h*’y+5’ypf—2(50—2(570—270
—46 — 45y — 4y + 6%+ 6%

(4)

¢ =



« —OY+2R*4+2h*y -6 —dc+2p] —dye
q =

5
“ 40— 40y — 4y + 6%+ 0%y 5)
substituting ¢ from (5),
(2) can be rewritten as :
(=0 2R+ 2Ry =5 —dc—29p] —dyc—45p] — 46 ypi +(52pf +(52’yp{)
(=45 — 46y —4y+ 02 +6%y)(1+7)
First Period Analysis
The price in the first period, is given by
pr=1—q+s (6)

solving simultaneously (?77?7) and (6) we get

_ _(a 0% y4+4q1 y+4q1 6 y+62y—4y+2hy—58y—8 yet+d q1 6—q16% —4 5+6%) (1+7)
p1 46440y +47+2~2—52—6%

First period profits are consist of only the sales from new products :

Ii(q1,h) = (p1 — c)qu
st g >0,h>0

and the cumulative profits over the two periods will be II = II;+ Ily
The OEM'’s overall objective will be :

Mazg, p (g1, h)
st g1 >0
3% 20
Gy =0
h>0

Given, the second period equilibrium equations, an equivalent form is:

Maxg, n (g1, h)

s.t



h<~qu +B (9)
h >0
where A = 75727V2+720+527+25;0(;5;5)72*227”7%6272&25c and B = —5(1;0) _
Note that, B — A — GHa0yidyi2? - 83)(1-¢) - () for ¢ < 150 A < B.

25(117)

The Lagrangean is:

L(q1, hy A1, A2) =ID(q1,h) + M (vg1 + B — h) + Xa(h — vq1 — A) + pyq1 + poh

with the following conditions for optimality :

g—qu =0 (10)
Z_i =0 (11)
M(ygi+B—h)=0 (12)
Aa(h—yq1 — A) = (13)
g =0 (14)
fish = 0 (15)

)‘1 207)‘2207/1’1 207:[1’220

Case 1. y¢1 + B—h =0 and ¢; > 0, then Ao =0, ; =0, uy = 0.
Solving (10) and (11) gives

A\ — — 2¢(6y—y+9)
1 45+467+47y+2+2—62(1+7)
_ 1 —0yetey—bety?—6—8v+y
and h = —3 Ty

We need \; > 0 which holds only for § < ﬂ;
since 40 + 46y + 4y + 272 — 6%(1 +7) >0



Also, b > 0 holds only for ¢ < dM=1-2"

Y—0—~6
o 5(1+y)—y—2 : 5(1+y)—y—2
However, when § < T4 then e < 0 and since ¢ < Sy We conclude that

¢ < 0 which is false.
Since, A1 > 0 and h > 0 can not be satisfied simultaneously, this case can not meet the conditions
for optimality.
In other words, constraint (9), is not binding at the optimal solution, and thus, ¢} > 0
Case 2. (h—vqg1 — A) =0,and ¢; > 0 then A\; =0, ; =0, uy = 0.
Solving (10) and (11) gives
=83+ 8y — 8cy + §2yc — 36%y — 65vc + 6%c — 302 + 85(1 + )

A = 16
2 §(—48 — 46y — 4y — 292 + 52(1 + 7)) 16)

_ 148c— 4y + dyc + 26°y + 36yc + 20° — 40 — 56y — 57*

h 17
2 (1 +7) (17)

We need Ay > 0 or equivalently
—83c + 8y — 8¢y + 0%ye — 36%y — 66yc + 6%c — 36% +85(1++) <0 (18)

since  §(—48 — 46y — 4y — 272 + 5%(1 + 7)) < 0.

(1+)(35%—85)—8
—87+52(1+7)—85—657

147)(36%—85)—8 . .
for 6 > 1= ,78(Vig%((1+7)7§57g57 < 1 and thus (18) is possible.

(18) is equivalent to ¢ >

We also need h > 0 = 46c — 4y + dye + 20%y + 36yc + 262 — 46 — 56y — 672 > 0 =
> 072 =252 +45+55y+4v—26%y
¢z (45+4~+307)

. Y(+2) 42202 +45+55y+4y—25%y
Again for § > (14 51471357

< 1 and the condition is possible.

(147)(36%2—88)—8~
—87+32%(1+7)—85—657

(144)(35%-88)—8y - .
c> 8y 12(15) 8065, B which case h > 0

Case 3. h—vq1 —A#0and yq1 + B —h # 0 then \y =0, 2 = 0,4, = 0, 45 = 0 (since A # B)
Solving (10) and (11) gives

572202 +46+50y+4y—252y
(46+47+357)

However, since < , it is sufficient to have

A :352+652'y+807+850+46'yc—87—1657—85—872—8672—1—4072—36270—45720—3520—1—36272
2 (147) (36%y+362—807—8 6—8~)
b= 1 5%7c4383y+63c+36% —36%92 —52~yc—1162y—85% 4872 +85~2
-2 36274362 —867—85—8y

this case can also be feasible (at the optimality) as long as

3024662y —1657—85—8~% —8v+35272—85+>
< —
for ¢ < —( 8646748y —30%) ~ 4577367 1472 )
and ¢ < 30242 —36%74+116%7—36% —8+2—85~2+86>

-~ 53+63’Y—52’Y




Case 4. h—vq1 — A=0and v¢; + B — h = 0,then A = B which is false since A < B
so this case can not occur .

Case 5. h =0 and ¢ # 0,then \; =0,\2 =0,y =0

> 36242 —35%y4+115%~y—36° —8y2 —85~2 4852

since § > vy > J’— the case becomes feasible for ¢ P

To summarize the above Lagrangean analysis, we have the following conditions :
for ¢ < 362~2— 353y+16136j63 3:522—872—8672-1—862
c> 30242 —353y+116%y 363—872 —857% 48482
531 0%—52~
Finally, for very high values of ¢ >

Proof of Remark 1

we fall into case 3 (g2 > 0 and h > 0 ), while for

we fall into case 5.

(1+)(35%—85)—8y
—87+0%(1+7)—85—657

case 2 (g2 = 0) becomes also feasible.

We start by case 2. From our previous analysis,

. 1450—4’y+4’yc+252’y+3(570+252 — 45 — 55y — 52
2 5(1+7)

(19)

0 146c — 4y + dyc + 26° + 36yc + 20° — 46 — 56y — 57*
D62 5(1+7)

(20)

*
Thus oh 20242982 44yt —4cy
a5 262 +2762

To prove that h*is decreasing in 7 it is sufficient to show that the numerator of (19) is decreasing

> 0 and h*is decreasing in 4.

in 7.
By taking the first derivative, we get % (40c — 4y +4ryc + 262y 4 36yc+ 202 — 45 — 56y — 672) =
= 4c — 50 + 3¢ — 25 4+ 20% —4 = 4(c — 1) + 36(c — 1) — 2v5 + 25(5 — 1) which is obviously
negative for ¢ < 1.
Thus,h*is decreasing in +.
Finally,% = WIQ% (4y+40 +376) >0

Similarly, we prove the properties for case 3, where

h* = 16370+353’y+63c+363 36292 —5%yc—116%y—85°+8~424+8 52
362%362 86 ~y— 86 8~

52 (5—~+79)

de T 602—160—1670— 16716702 <0

Note, however, that in this case —
Proof of Proposition 2

The utilities for the new and used product in the second period will be:

Uy =0 —py and U, = 0 — p, — h where h is the license fee

Solving for the "indifferent" consumer, we get the following inverse demand equations

p2*pu*h
g, = = v -
1 1-6
pu+h

0y = 5



N
price of new products : po=—g+1—-90>_ g,
i=1

N
price of used products : p, =0 —q20 —h—9>_ ¢,

i=1
the respective profits will be :

N N
OEM : Maxg, H2:<q2+152q}lc)qz+h2qz
o~ A

= =1

s.t 72 =>0
and for the i'" RM : Mazg I, =(pu — 8)q,
N
5.t Ya<s(z+1)—m
=1
N
T < Q1
i=1
qu =0
‘ N
Let Q' = Y. ¢
J=Tj#i

then we can rewrite the OEM’s and RM’s problems as :

OEM : Mazg, I = (—g+1—0dq, —6Qy" —c) g+ h(d} + Qy")

s.t 72 =>0
and for the i'" RM : Mazg I, =(6 — g26 — h — 34, — 6Qy," — s)q,
5.t Gy + Q" <s(3+1) —p
GtQu" <a
qu =0

The FOC with respect to g2 and ¢’
—2q2+1—6¢, —0Q," —c=0
§—q6 —h—25¢, —0Q," —s5=0

however, since we assume N symmetric remanufacturers Q' = (N —1)q!

u

and the FOC can be rewritten as

—2¢2+1—0Ng, —c=0 (21)

§—q28 —h—0(N+1)g, —s=0 (22)

In addition, the market clearing price s will satisfy

; 1
Ng, = 3(; +1) —m (23)

solving simultaneously (21) ,(22) ,and (23)

we get the equilibrium quantities



_ AN+3+3v+8 N+yN§—62N—§2Ny+8 Nh+8 Nyh+8 Nyp1—eyN—8 c—y§ c—N§e—yNdc

92 = T2 N—20-267—28 N—27No+5°N+52N~
_ —0—07+2h4+2vh—0c—ydc+2yp1
Ju = 3 N—26-267—26 N—27No+62N-+32N~

(=0 N+2Nh—28p1—N6& c+6>Np1—25 Np1)
T —2yN-26—-267—26 N—2yNG§+5°N+52N~
From hereafter we proceed as in the case of one RM:

Since the OEM maximizes over ¢; and h, first we take the first derivative ﬂnﬁ,gi—’hl and set it
equal to zero so that we derive the ¢f(h).
We can now substitute this value to the expression for the OEM’s profits and apply the FOC

with respect to h (since the function is concave in h)

The FOC yield :

B — (63 Nc+352 N4-363 Ny+-62 Nyc—462 N—762 Ny—36272 N —52 Nyc—462y—462 4472 N§4+-467+467%+4v2N)
2(302N+302Ny—4yNS—46N—45y—46—4yN)

From, the last expression :

Oh* §c(—2—v+86+20v+67?)

ON (36°N + 362Ny —4yN§ — 45N — 45y — 45 — 44N)”

O Be( P =y 34207 +697) (3% +30% —467 45— 47)
ON? (362N 436Ny —4yN§ —46N — 45y —45 — 4yN)°

Since we are in the case of positive license fees § > ﬁ/; Si(l+y) >ve
SA+7)2>v1+7) & (2 =7+ 5+257+6879%) > 0= 2L <0
Also, we can readily see that

(30°+368%y—46y—46—47) <0

(30°N +36°Ny—4yNS—46N —46y—45—49N) <0

% > (0. Thus, we proved that h* is convex decreasing in N.

and therefore

Also,
8H*_4 502(5272+252'y+52—25’y2—25'y+72)
ON (36°N + 362Ny —4yN6 — 46N — 45y — 45 — 44N)”
9217 5262924252y +02 2572 =267++2) (36243 6%y—45y—45—47)
anz = 8 2 2Ny—4yN6—465 N—46~y—45—47N)°
(302N+362Ny—4yN6—45 N—45y—45—4yN)
Similarly,

(27242827 + 62 =262 —2867+7%) =61+ 61 +7) —267]++2>0
(30°+368%°y—46y—46—47) <0

(30°N +36°Ny—4yNS—46N —46y—45—49N) <0

9211+
) aNZ

By substituting the optimal license fee, to the second period equation we derive the correspond-

<0

SO

ing expressions and the proofs regarding the properties are similar .



Along th I that 2% < 0 with 2% > 0,2% > 0 with 2% < 0, and
ong the same lines, we can prove that gy < U with z55 > U,F5 > 0wl an: < U, an
3%s

Js
W>()andaN2 <0

oq; ) (30°9% + 605y +36° — 76292 — 116%°y —46° +44%) ¢
ON " (30°N + 362Ny —4yN§ —46 N — 45y — 45 — 49N)?
%q 4(353724-65374-353—7(5272—11527—452+4’y2)0(3524-3(527—457—45—47)

ON? (36°N + 362Ny —4yN5 —45 N — 45y — 46— 44N)®
oQr (*V2fv+5+25'y+5’y2)5c
ON (362N + 362Ny —4yN§ —45N — 45~y — 45 — 4yN)”
’Qr (=2 =7+8+257+067%)6c(38°+38%y—46vy—46—47)
ON? (36°N +36%y —4yNS —46 N — 45y — 46 —44N)®
0s _ g (6+dy—7)gdc

ON " (362N +30°Ny—4yNo— 46N — 40~y — 45— 44N)>

s _ 16 (6+67—7)v6c(36°+38%y—46v—46—47)

ON? " (382N 430Ny —4yNS —46 N — 45y — 46 — 49N)®




