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PREFACE

This thesis is a compilation of papers which I have written with my advisor, Professor Renato
Monteiro, over the past two years. Other coauthors include Professor Takashi Tsuchiya,
Professor Arkadi Nemirovski, and fellow Ph.D. student Zhaosong Lu.

The first portion of Chapter 2, discussing the maximum weight basis preconditioner, is
joint work with my advisor and Takashi Tsuchiya published in [44]. The second portion
of that chapter, discussing the application of the MWB preconditioner to LP, is given in
a technical report published with my advisor in [42]. Chapter 3 is work which has been
done with my advisor and Zhaosong Lu. The first portion of Chapter 3 is presented in
a technical report in [33] which has been conditionally accepted for publication in STAM’s
Journal on Optimization. The second portion of Chapter 3 is given in [34]. Finally, Chapter
4 details work done with my advisor and Arkadi Nemirovski; the results are published in

the technical report given in [43].
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SUMMARY

Over the last 25 years, interior-point methods (IPMs) have emerged as a viable
class of algorithms for solving various forms of conic optimization problems. Most IPMs
use a modified Newton method to determine the search direction at each iteration. The
system of equations corresponding to the modified Newton system can often be reduced to
the so-called “normal equation,” a system of equations whose matrix AD?AT is positive
definite, yet often ill-conditioned. In this thesis, we first investigate the theoretical prop-
erties of the maximum weight basis (MWB) preconditioner, and show that when applied
to a matrix of the form AD?AT, where D € R™ ™" is positive definite and diagonal, the
MWB preconditioner yields a preconditioned matrix whose condition number is uniformly
bounded by a constant depending only on A. Next, we incorporate the results regarding
the MWB preconditioner into infeasible, long-step, primal-dual, path-following algorithms
for linear programming (LP) and convex quadratic programming (CQP). In both LP and
CQP, we show that the number of iterative solver (“inner”) iterations of the algorithms can
be uniformly bounded by n and a condition number of A, while the algorithmic (“outer”)
iterations of the IPMs can be polynomially bounded by n and the logarithm of the desired
accuracy. We also expand the scope of the LP and CQP algorithms to incorporate a family
of preconditioners, of which MWB is a member, to determine an approximate solution to
the normal equation.

For the remainder of the thesis, we develop a new preconditioning strategy for solving
systems of equations whose associated matrix is positive definite but ill-conditioned. Our
so-called “adaptive preconditioning” strategy allows one to change the preconditioner dur-
ing the course of the conjugate gradient (CG) algorithm by post-multiplying the current
preconditioner by a simple matrix, consisting of the identity matrix plus a rank-one update.

Our resulting algorithm, the Adaptive Preconditioned CG (APCG) algorithm, is shown to

xii



have polynomial convergence properties. Numerical tests are conducted to compare a vari-

ant of the APCG algorithm with the CG algorithm on various matrices.
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CHAPTER I

INTRODUCTION AND PREVIOUS WORK

1.1 Motivation

The purpose of this thesis is to explore the use of iterative linear solvers within interior-
point methods (IPMs). The development of IPMs dates back to the 1960s, where different
methods from nonlinear programming were proposed to tackle linear programming (LP)
and related problems. The reasoning behind such methods stems from the fact that, at
its core, the optimality conditions for LP, known also as the Karush-Kuhn-Tucker (KKT)
conditions, can be written in the form {z : F(z) = 0,G(z) > 0}, where F(-) and G(-)
are maps and z is a vector. Interior point methods are iterative algorithms generating a
sequence of points {2/} lying in the interior of the set {z : G(z) > 0} (hence the name),
and which converge to a point z* satisfying the KKT conditions.

An early drawback to the use of IPMs for LP was the fact that no theoretical convergence
properties, in terms of the data of the problem, were known. (An example of an early IPM
is Dikin’s method; see [15].) Thus it was impossible to compare the complexity of an IPM
with the Simplex Method, a well-known method for LP. The Simplex Method has been
shown to be extremely efficient in practice, often requiring ~ 3m iterations to achieve an
optimal solution, where m is the number of linear constraints (see e.g. [13]). However, it is
not known whether the Simplex Method is a polynomial-time algorithm in theory; indeed,
it has been shown to be an exponential-time algorithm for most well-known pivoting rules,
as shown via problems such as the Klee-Minty problem [27].

A breakthrough for the problem of complexity came in 1984, in a paper written by Kar-
markar [24]. In this paper, he proved that an interior-point method for LP had provable
polynomial convergence properties; his algorithm required O(n3®loge~!) arithmetic opera-
tions to achieve an e-solution to LP, where n is the length of the decision vector. More recent

advances, most notably those by Renegar [50], Gonzaga [19], and Nesterov and Nemirovski



[47], have reduced the arithmetic complexity as low as O(n3loge™!). (An even more recent
advance by Anstreicher reduced the complexity even further, to O((n3/logn)loge™1) arith-
metic operations; see [4]. For a thorough discussion of IPM algorithms and their theoretical
convergence properties, see [52].)

In addition to their polynomial convergence properties, another strength of IPMs lies in
their ability to solve more complex classes of problems. Specifically, [IPMs can be used to

solve conic programming problems of the form
min{c’z: Az — b € K}, (1)

where K is a closed, convex, pointed cone with non-empty interior (see e.g. [7, 52]). The

most well-known classes of conic problems for which IPMs have been developed are
I.LP: K=R} ={z €R": 2; >0foralli=1,...,n},

2. Second-order cone programming (SOCP): K = K;j x --- x K, where each

Ki — {.’L‘ c Rni :‘rni Z m}u and

3. Semidefinite programming (SDP): K = {X ¢ R™" : X = X7 yTXy > 0forall y €

R"}.

It it straightforward to show (see e.g. [7]) that through some simple changes of variables,
LP C SOCP cC SDP.

A class of problems which we will consider extensively in this thesis is the class of convex
quadratic programming (CQP) problems. CQP is an extension of LP in that a quadratic
term is added to the objective function. The CQP problem we will consider in this thesis
takes the form

1
min{ZxTQ:U—i—cTa:: Ax =b, 3320}, (2)
where the matrix @ is positive semidefinite. It is easy to show the following:
Proposition 1.1.1 LP C CQP C SOCP.

Proof: The first inclusion follows by noting that the standard form for LP is precisely

(2) with @ = 0. For the second inclusion, we use a method explained in [7]. Specifically,



let a factorization @ = V'V be given. It is clear that (2) is equivalent to the problem

t
min {CT:U+ 3 Az =b, >0, |[VTz|? < t}.

fo (tELY (1)’
S\ 2 2 ’
this is equivalent to

t t—1\? _ [(t+1)?
mm{CT“2= Ao =v oz e+ (50) < (Y5 }

t Vi t41
min{ ¢fz+=: Az =0b, x>0, gi
2 =1 2
2

Since

Through a simple substitution of variables z; = V1 z, 20 = (t — 1)/2, and 23 = (t + 1)/2,

we see that the desired problem is an example of SOCP, as desired. .

Because of this result, all SOCP algorithms can solve the equivalent CQP problem.
CQP also falls within another class of well-known problems, the so-called complementary
problems. CQP is a specific case of a mixed linear complementary problem (mLCP) (see
[67]). In the next section, we will turn to a class of IPM algorithms which can be used to

solve CQPs.

1.2 IPMs for CQP

In this section, we consider a class of IPM algorithms which can be used to solve the CQP

problem. We begin by noting that the primal and dual problems of CQP are
1
min {2xTQ9: +cle: Ar=b, > O} , (3)
1
max {—2§7TQ§:+I)Ty: ATy+s—Qi=c, SZO}, (4)

where the data are the n x n positive semidefinite matrix @, the matrix A € R™*", and

the vectors b € R™ and ¢ € R". A point (,2,s,y) € R x R" x Rt x R™ is optimal for (3)



and (4) if and only if it satisfies the following KKT conditions:

Az = b, (5)
Aly+s—-Qi = ¢ (6)
Xs = 0, (7)
Q—2) = 0, (8)

where X is a diagonal matrix having the vector x along its diagonal (i.e. X = Diag(z)). From
these conditions, it is clear that if = and (Z, s, y) are optimal for (3) and (4), respectively,
then (z,s,y) is optimal for (4) as well. As a result, most IPMs solve the problem (4) with
Z replaced by x, so that the data of the problem is w := (z,s,y) € R x R} x R™. Given
this fact, if  and (x,s,y) are feasible solutions of (3) and (4), respectively, we have the

following simple result relating the objective functions of (3) and (4).

Proposition 1.2.1 Let w € R’} x R} x R™ be feasible for (3) and (4), respectively. Then,

the difference between the objective functions is precisely nu, where p = u(x,s) = x%s/n.

Proof: By using the linear relations in (3) and (4), it is straightforward to show that

the difference between the objective functions is
2"Qu+ Ta— Ty = 2T Qe+ Tx — (Az)Ty = oT(c— ATy + Qu) = 2",
as desired. .

The function pu(z, s) is known as the “duality gap” between the primal and dual objective
function values.
IPMs for CQP develop a sequence of iterates w* := (zF, s* y¥) € R%, x R}, x R™,
i.e. (z,s%) > 0. Tt is clear that these points lie in the interior of the cone K = {(z,s,y) :
k

(z,s) > 0}. Given a current iterate w = w" as above, most of these methods seek to

determine a solution to the Newton system of equations

AAz = b—Azx = —rp, 9)
ATAy+As—QAz = c— ATy —s+Qx = —ry, (10)
XAs+ SAx = —Xs+ope =: —ryg, (11)



Table 1: Iteration Complexity Results for CQPs

Initial point | Neighborhood | Complexity
Feasible Narrow O(y/nloge )
Feasible Wide O(nloge™t)

Infeasible Narrow O(nloge™)
Infeasible Wide O(n?loge™ 1)

)

where S = Diag(s), o € [0, 1] is a user-defined “centering parameter,” and p is the duality
gap. One then determines an appropriate step length « € (0, 1] (chosen so that w + aAw
lies in the interior of K), then updates w «— w + aAw.

When o = 0, the system (9)—(11) reduces to the exact Newton system for determining
the direction Aw := (Ax,As, Ay) at w; in this case, the search direction is known as an
“affine scaling” or “predictor” direction. In contrast, when ¢ = 1 the search direction
allows one to approach the “central path” of the problem, where the central path is the set
of points w(v) := (x(v), s(v),y(v)) € R} xR}, x R™ which satisfy (5), (6), and Xs = ve,
where e is a vector of all ones and v > 0; in this case, the search direction is known as a
“centering” direction. IPMs require that all iterates w* lie in some neighborhood of this

central path. Two common neighborhoods are the “narrow” and “wide” neighborhoods,

which are defined as
e Narrow: {w e R? | xR}, xR™: | Xs— pel| < Bu}, where 3 € (0,1); and
o Wide: {w e R, xR, xR™: Xs> (1 —~)ue}, where v € (0,1).

The complexity results for CQP vary, depending on whether the initial point w? is
feasible for the affine constraints and on the size of neighborhood allowed for the iterates
wk. Table 1 details the iteration complexity results which have been proven for various
types of IPM algorithms. (Note that these algorithms must be multiplied by O(n?) to
obtain arithmetic complexity results.) The justification for this table comes from Chapter
8 of [67] and from [72].

The results in this chapter assumed that we could determine a search direction Aw

satisfying (9)—(11). In Subsection 1.2.1, we detail two methods for determining this search



direction.
1.2.1 Determining the Search Direction for CQP

In this subsection, we briefly discuss two methods for determining a search direction Aw
satisfying (9)—(11). Throughout, we will assume that the current iterate (x,s,y) satisfies
(z,s) > 0, and that the matrix A has full row rank. We begin by removing the variable As
from the system of equations. By solving for As in (10), then substituting it into (11), we
obtain

—D7 Az + ATAy = XYy — 1y, (12)

where D := (Q + X~15)~1/2 is positive definite, hence invertible. Equivalently, we obtain

the following system of equations, known as the augmented system, in Az and Ay:

—D72 AT Az X Yrps —1g
= ) (13)
A 0 Ay —Tp

The matrix in this system is quasidefinite (see [64]), and hence has a unique solution which
can be determined through various means, including Cholesky-like factorizations. Once Az
and Ay are determined through this means, As can be determined via equation (10).

We can reduce the system of equations (13) even further by eliminating the variable
Az. We do this by multiplying (12) by AD? and using equation (9) to obtain the so-called
normal equation

AD?ATAy = —rp+ AD*(X 'rps —74). (14)

We then determine Az and As according to the formulas

Az = D*(rq+ ATAy — X 'ry), (15)

As = —rqg—ATAy+ QAs.. (16)
It is clear that Aw satisfies (10) in view of (16). Moreover, the definition of D implies that

XAs+SAz = X(—rq— ATAy+ QAz) + SAx

= —Xry— XATAy + XD 2Az = —ry,



and we observe that
AAx = ADQATAy —|—AD2(rd — X‘lrm) = —rp

so equations (9) and (11) are also satisfied. We should note that for the specific case of
LP, i.e. Q@ = 0, the normal equation matrix AD?A” has the property that D? = XS~ is
diagonal.

Under the assumptions given at the beginning of this subsection, the matrix AD?A” in
(14) is positive definite. As a result, numerous algorithms exist for determining a solution to
(14). Generally, these algorithms can be classified into one of two forms: direct and iterative
methods. Direct methods (such as Cholesky factorization and Gaussian elimination) create
a factorization of the matrix to determine a solution to (14). These methods have been
shown to work well on many classes of CQP problems; however, they can be expensive
to compute, both in terms of CPU time (©(m3) operations, where m is the length of the
vector Ay), and memory (©(m?) bytes), since a factorization of AD?AT must be computed
to determine Ay.

In contrast, iterative methods for solving a system of the form (14) develop a sequence
of points {1/} which converge to Ay. These methods can be significantly faster than direct
methods on some problems; moreover, they do not require that a factorization of AD?AT
be obtained, hence they require less memory than direct methods.

Iterative methods possess two significant drawbacks when compared with direct meth-
ods. The first is that they only obtain approximate solutions to Hu = h. If u is only an
approximate solution to (14), it is easy to see that the resulting search direction Aw can
only satisfy (9)—(11) only approximately. Next, and potentially even more significant, is that
the convergence rate for iterative methods depends on the condition number of the matrix
AD?AT. For degenerate CQP problems, the condition number of AD?A” tends to “blow
up” as one approaches an optimal solution (see [32]). Thus, iterative methods can become
increasingly slow and unstable when applied to the system (14) in interior-point methods.
For a detailed discussion of iterative methods, see [25] and the references contained therein.

One particular iterative method, the so-called Conjugate Gradient (CG) method, is



discussed repeatedly in this thesis. In the next section, we present the major theoretical

results pertaining to this method.

1.3 The Conjugate Gradient Method

The CG method is an iterative method which determines an approximate solution to the
system Hu = h, where H is a positive-definite matrix and h is a vector. A good introduction
to the CG method can be found in [56]. In this section, we present the CG method and
detail the main theoretical results which have been obtained for it.

The CG method is normally implemented with a “preconditioner” matrix Z, chosen so
that the condition number of Z” HZ is significantly smaller than the condition number of
H. In this case, the algorithm is known as the preconditioned CG (PCG) algorithm. The

details of the algorithm are given below.

PCG Algorithm:

Start: Given H > 0, h € R™, an invertible matrix Z € R™*™, and ug € R™.
1. Set go = Hug — h, dg = —ZZ" gy, and vo = || Z7 go||%.
2. Fori=0,1,...do
(a) wj+1 = u; + a;d;, where a; = yi/(d;prdi)
(b) gi+1=gi +a;Hd;
(©) vir1 = 127 gisa?
(d) diy1 = —ZZTgiy1 + Bigrdi, where Bip1 = vig1/7i

end (for).

Before presenting the main theoretical results associated with the PCG algorithm, we



define the following notation.

H = Z'HZ, (17)
g = Z'g, (18)
Si == span{go, ..., A'go}, (19)
Si = Z8 ={Zv:veb’}. (20)

One well-known property of the PCG method is that the sequence of points {u;} defined as
@; := Z 'u; is the sequence generated by the standard CG algorithm applied to the system
Hi = h, where H is defined in (17) and h := ZTh. Moreover, the gradient of the energy
function @5 (u) := (u — w)TH(u — u*) associated with this system at 4, is equal to §; as
defined in (18).

The following proposition follows from the above observations and the properties of the

standard CG algorithm:
Proposition 1.3.1 FEach step ¢ of the PCG algorithm possesses the following properties:
(a) S; = span{go,--.,0i};
(b) 919; =0 for alli < j;
(c) gfﬁgj =0 foralli<j—2; and
(d) u; = argmin{®g(u) : u € ug + Si—1}.
Proof: See e.g. pages 295-7 of [62]. .

From the above results, it is clear that under exact arithmetic, the PCG algorithm
terminates in at most m iterations, where H € R™*™. However, the results in Proposition
1.3.1 often fail to hold under finite-precision arithmetic. Indeed, the properties of the PCG
algorithm depend heavily on property (b) above. Under finite precision arithmetic, the
gradients g; often fail to lose their orthogonality, and may even become linearly dependent.
For a detailed discussion of the effects of finite-precision arithmetic on the PCG method,

see [20].



Another error bound for the PCG method is based on the application of Chebyshev
polynomials (see [56] for an introduction to Chebyshev polynomials). The bound states
that, at each iteration of the PCG method, we have

2
, Ve(ZTHZ) — 1
o) < 4 YL ) Oy ().
VE(ZTHz)+1

Since (t—1)/(t+1)=1—-2/(t+1) and 1 + w < ¥ for all w € R, it is easy to see that

. —4
Ppy(u!) < dexp {\/ﬁjZ—i—l} Op(u),

and hence an e-solution satisfying ®p(u’/) < e®y(u") can be obtained in at most

O/ K(ZTHZ)loge™ ) (21)

iterations. It is this bound which we will employ throughout this thesis, in part because
bounds similar to this one appear to hold under finite-precision arithmetic (see [20]).

One drawback to the bound (21) is that it is not a polynomial-time bound. Indeed,
the condition number of a matrix is well-known to be exponential in the size of the matrix
(see [55]). In Chapter 4, we will present a new iterative method which is based on the CG
algorithm, but which possesses polynomial convergence properties.

In the next section, we present the main results of our thesis. The results detail the use
of iterative methods, including CG, within interior point algorithms for LP and CQP. In
addition, the results offer a new approach, based on the CG algorithm, for determining an

e-solution to the system Hu = h.

1.4 Major Results of the Thesis

In this section we detail the major results of our thesis. The results can be divided into two
areas. First, we present new theoretical complexity results for IPMs for LP and CQP, where
the search directions are computed approximately by means of appropriately preconditioned
iterative linear solvers. The second set of results pertain to a new iterative method for

solving a system of equations whose matrix is positive definite.

10



1.4.1 New IPM Complexity Results for LP and CQP

In Chapters 2 and 3, we present new algorithmic approaches for LP and CQP whose search
directions are computed by means of an iterative linear solver. We begin by discussing a well-
known preconditioner, the so-called mazimum weight basis (MWB) preconditioner. The
MWB B is determined from a vector d > 0 and a corresponding matrix A of full row rank.
Given this pair (A, d), the matrix B is formed from columns of A, giving higher priority to
columns corresponding to larger elements of d; we then form the MWB preconditioner 7’
according to the formula T' := Dng_l. In Section 2.2, we show that the preconditioned
normal matrix TAD?ATTT has a condition number which is uniformly bounded by m and
a condition number of A. It is important to note that our bound given in Section 2.2 does
not depend on the values of the diagonal matrix D.

In the remainder of Chapter 2, we use the MWB preconditioner to precondition the
normal equation in an inexact, long-step, path-following, primal-dual IPM algorithm for
LP. We show that the iterative linear solver, preconditioned with the MWB preconditioner,
can obtain a suitable approximate solution to the normal equation within a uniformly
bounded number of iterations. Since the iterative solver determines only an approximate
solution to the normal equation, we show one method to distribute the error in the search
direction so as to ensure polynomial convergence in the number of outer iterations. As we
will show, the number of outer iterations required by our algorithm is O(n?loge™1), the
same as for the exact methods discussed in Subsection 1.2.1.

In Chapter 3, we extend the results in Chapter 2 from LP to CQP. The extension from
LP to CQP is not immediately apparent at first, since the MWB preconditioner used in
LP requires that the matrix D? be diagonal, which does not necessarily hold for CQP. In
Section 3.2, we remedy this difficulty by presenting a new equation, the so-called augmented
normal equation (ANE), for determining a portion of the search direction in CQP. The ANE
is constructed in such a manner as to be able to use the MWB preconditioner described
in Subsection 2.2. Again, we show that the number of iterative solver iterations can be
uniformly bounded, while the iterations of the IPM are bounded by O(n?loge!) as before.

In Section 3.6, we extend the results even further to allow for a class of preconditioners to
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be used. We detail the results for two of the preconditioners in this class, namely the MWB
preconditioner and the partial update method preconditioner. The iterative solver iteration
bounds that we obtain for the MWB preconditioner are exactly the same as the bound
given in Section 3.3, while the bound for the partial update method is within a logarithmic
factor of bounds given in [4] and [47]. Moreover, the method presented in Section 3.8 gives
a stopping criterion for the iterative solver which may be checked, allowing us to stop the
iterative solver once a suitable approximate solution has been reached. (In contrast, the
methods given in [4] and [47] require that a prescribed number of iterative solver iterations
must be performed at each step of the IPM to ensure convergence; see Section 3.8 for

details.)

1.4.2 The Adaptive PCG (APCG) Method

In Chapter 4, we turn our attention to the solution of a system of equations Hu = h
whose matrix H is positive definite but may be extremely ill-conditioned. We present a new
approach which allows one to change the preconditioner in the PCG method throughout the
course of the algorithm to speed convergence. We introduce this adaptive preconditioning
procedure by applying it first to the steepest descent algorithm. Then, the same techniques
are extended to the PCG algorithm, and convergence to an e-solution in O(logdet(A) +

/nlog e 1) iterations is proven, where det(A) is the determinant of the matrix.
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CHAPTER II

THE MAXIMUM WEIGHT BASIS PRECONDITIONER
AND ITS USE IN AN INEXACT LP ALGORITHM

2.1 The Maxrimum Weight Basts: Introduction

Consider the linear programming (LP) problem min{c’z : Az = b, z > 0}, where A € R™*"
has full row rank. Interior-point methods for solving this problem require that systems
of linear equations of the form AD?ATAy = r, where D is a positive diagonal matrix,
be solved at every iteration. It often occurs that the “normal” matrix AD?AT, while
positive definite, becomes increasingly ill-conditioned as one approaches optimality. In fact,
it has been proven (e.g., see Kovacevic and Asic [32]) that for degenerate LP problems,
the condition number of the normal matrix goes to infinity. Because of the ill-conditioned
nature of AD? AT many methods for solving the system AD? AT Ay = r become increasingly
unstable. The problem becomes even more serious when conjugate gradient methods are
used to solve this linear system. Hence, the development of suitable preconditioners which
keep the condition number of the coefficient matrix of the scaled system under control is of
paramount importance. We should note, however, that in practice, the ill-conditioning of
AD?AT generally does not cause difficulty when the system AD?AT Ay = r is solved using
a backward-stable direct solver (see e.g. [66, 70] and references contained therein).

In the first section of this chapter, we analyze a known preconditioner for the normal
matrix AD2A” | the so-called maximum weight basis (MWB) preconditioner, that has been
proposed by Vaidya [63] in the context of the minimum cost network flow problem and
subsequently by Oliveira and Sorensen [48] for general LP problems. The preconditioning
consists of pre- and post-multiplying AD?AT by Dlng*1 and its transpose, respectively,
where B is a suitable basis of A and Dp is the corresponding diagonal submatrix of D.

Roughly speaking, B is constructed in such a way that columns of A corresponding to
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larger diagonal elements of D have higher priority to be in B. Our main result is that
such preconditioner yields coefficient matrices with uniformly bounded condition number
regardless of the value of the diagonal elements of D. In the context of interior-point
methods, this means that the condition number of the preconditioned normal matrix has a
bound that does not depend on the current iterate, regardless of whether it is well-centered.
We also show that when applied to network flow-based LPs, the condition number of the
preconditioned normal matrix is bounded by m(n —m+ 1), where m and n are the number

of nodes and arcs of the network.

2.2 The Maximum Weight Basis Preconditioner

In this section, we describe the MWB preconditioner and establish its main properties.
We first describe a procedure, which given an n x n diagonal matrix D € D4, finds a

suitable basis of a full row rank matrix A € R™*"

obtained by giving higher priority to the
columns of A with larger corresponding diagonal elements of D. The use of this basis as a
way to obtain preconditioners of matrices of the form AD?AT was originally proposed by
Vaidya [63] in the context of minimum cost network flow problems and was subsequently
extended by Oliveira and Sorensen [48] to the context of general LP problems. Note that
when this procedure is used in the context of the minimum cost network flow interior point

methods, it produces a maximum spanning tree for the network whose arc weights are given

by the diagonal elements of D.

Algorithm for determining MWB B: Let a pair (A,d) € R™*™ x R, be given such

that rank(A) = m. Then:
1. Order the elements of d such that dy > ... > d,; order the columns of A accordingly.
2. Let B=0 and set [ = 1.
3. While |B| < m, do

(a) If A; is linearly independent of {4; : j € B}, set B «— BU{l}.

(b) 1 1+1.
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4. Return to the original ordering of A, and determine the set B according to this order-

ing.

5. Let N ={1,...,n}\ B, B= Ap, and N = Ay

We will refer to a basis B produced by the above scheme as a MWB associated with

the pair (4,d) € R™*" x R}, . We begin with a technical, but important lemma.

Lemma 2.2.1 Let (A,d) € R™*" x R, be given such that rank(A) = m. Suppose that
B is a MWB associated with the pair (A,d) and define D = Diag(d) and Dp = Diag(dp).

Then, for every j =1,...,n:
d; | Dg' B Aj| < |1B7HA]l. (22)
As a consequence, we have:

|IDz'B™'AD|| < |Dg'B'AD|p < ||BT'A|p. (23)

Proof: We first prove (22). For every j € B, both sides of (22) are the same and hence
(22) holds as equality in this case. Assume now that j € N. We consider the following two
distinct cases: i) A; was not considered to enter the basis B in step 3 of the above scheme,
and ii) A; was a candidate to enter the basis but it failed to make it. Consider first case
i). In this case, we have d; < min(dg) since the dj’s are arranged in nonincreasing order at
step 1 of the above scheme. Thus, we have

d;

d; | Dg' B 4| < min(dg)

1B=1A4;] < [1B7 4.

Consider now case ii). Suppose that A; was a candidate to become the r-th column of B.
Since it failed to enter B, it must be linearly dependent on the first » — 1 columns of B.

Hence,
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for some u € R"~!. Hence, using the fact that dp, > d; for every i« = 1,...,7 — 1, we

conclude that

= 1/2 el 1/2
4,105 B~ 4| < d; (z d;) < <2u3> = Jlu| = B4
=1

i=1 Bi

We next prove (23). The first inequality of (23) is well-known. The second inequality
follows from (22), the identity ||R||% = > e | R;||? for every R € R™ " and the fact that

the j-th column of D' BYAD is d; D' B™1A;. )

Given a pair (A,d) € R™*"™ x R", such that rank(A) = m, we next consider a precon-
ditioner for a system of equations of the form AD?ATp = r, where D = Diag(d). Pre- and

Rme

post-multiplying its coefficient matrix by an invertible matrix T € , we obtain the

following equivalent system

T(AD*ATYTTy = T,

where p = T~ Tp. The following results give a suitable choice of T for which the condition
number of the coefficient matrix of the above system is uniformly bounded as d varies over

n
R, .

Lemma 2.2.2 Let (A,d) € R™*" x R, be given such that rank(A) = m. Suppose that
B is a MWB associated with the pair (A,d) and define D = Diag(d), Dg = Diag(dg) and
T = Dg'B™L. Then,

k(TAD*ATTT) < |B7'A|%.

Proof: By Lemma 2.2.1, we have |TAD| < ||[B~'A| . Hence,
Amax(TAD?ATTT) = |ITAD|? < |B7'4]%.
Moreover, since
T(ADAT)TT = Dgz'B'(BDgB" + NDiN")BTD;' = T+ WwT,
where W = Dng*INDN and Dy = Diag(dy), we conclude that

Amin(TAD?ATTT) > 1.
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Hence, the lemma follows. -

We will refer to the preconditioner 7" described in Lemma 2.2.2 as a MWB precondi-
tioner. For the purpose of stating the next result, we now introduce some notation. Let us
define

oA = max{||B~'A|p : B is a basis of A}. (24)
The constant @4 is related to the well-known condition number x4 (see [65]), defined as

Ya = sup{||AT(AEAT) ' AE| : E € Diag(R"},)}.

1/2 1/2|

Specifically, pa < m'/?x4, in view of the facts that |C||r < m'/?|C| for any matrix

C € R™*™ and, as shown in [60] and [65],
XA = max{||[B7'A| : B is a basis of A}.

From the lemma above, we arrive at our main result for the MWB preconditioner.

Theorem 2.2.3 Let (A,d) € R™*" x R}, be given such that rank(A) = m. Suppose that
B is a MWB associated with the pair (A,d) and define D = Diag(d), Dp = Diag(dg) and
T = Dg'B™'. Then,

k(TAD?*ATTT) < ¢4 < myA.

Another important consequence of Lemma 2.2.2 is the following result.

Theorem 2.2.4 Let A € R™*™ denote the node—arc incidence matriz of a connected di-
rected graph with one of its rows deleted. Suppose that B is a MWB associated with the
pair (A,d), for some d € R" . Letting D = Diag(d), Dp = Diag(dg) and R = D' B71,
we have

k(TAD*ATTTY < m(n—m+1).

Proof: Using the structure of A, it is easy to see that |B~1A||% < m + (n — m)m =

m(n —m + 1). The result now follows directly from Lemma 2.2.2. .
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2.3 The Maximum Weight Basis: Concluding Remarks

As mentioned earlier, using a maximum weight basis preconditioner in the context of net-
work flow problems yields a maximum spanning tree preconditioner first proposed by Vaidya
[63]. In such a case, Judice et al. [22] have attempted to show that the condition number of
the preconditioned matrix is bounded. However, their proof is incomplete, in that it deals
only with three out of four possible cases, the neglected case being the most difficult and in-
teresting one. Our proof does not attempt to correct theirs; rather, it is based on an entirely
different approach. Moreover, our approach also holds for general LP problems in standard
form, and shows that the derived bounds on the condition number of the preconditioned
normal matrices T(AD2AT)TT hold for any D € Dy,. In the context of interior-point
methods, this means that the condition number of the preconditioned normal matrix has a
bound that does not depend on the current iterate, regardless of whether it is well centered.

Certain computational issues arise from our analysis. When determining the maximum
weight basis B, one must determine whether a set of columns in A is linearly independent.
This process tends to be sensitive to roundoff errors. Once the set B is determined, the
matrix T can be computed in a stable fashion, since the condition numbers for all possible
bases B are uniformly bounded and multiplication by the diagonal matrix Dgl can be done
in a componentwise manner.

The authors believe that the preconditioner studied in this section will be computa-
tionally effective only for some special types of LP problems. For example, the papers
[22, 53] developed effective iterative interior-point methods for solving the minimum cost
network flow problem based on maximum spanning tree preconditioners. Another class of
LP problems for which iterative interior-point methods based on maximum weight basis
preconditioners might be useful are those for which bases of A are sparse but the normal
matrices AD?AT are dense; this situation generally arises in the context of LP problems
for which n is much larger than m. Investigation of the many classes of LP problems which
would benefit from the application of such methods is certainly an important area for future

research.
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2.4 Inexact LP using the MWB: Introduction

Consider the standard-form linear programming (LP) problem
min{c’ 'z : Az = b, z >0} (25)
which we refer to as the primal problem, and its associated dual problem
max{bTy : ATy +s=c, s >0}, (26)

where the data consists of (A, b, c) € R™*"™ x R™ x R™ and the primal-dual variable consists
of (z,s,y) € R" x R” x R™.

This section deals with interior-point (IP) algorithms for solving the pair of LP problems
(25) and (26) whose search directions are computed by means of iterative linear solvers.
We refer to such algorithms as iterative IP methods. An outer iteration of an iterative IP
algorithm is similar to that of an exact IP method, except that the Newton search directions
are computed approximately by means of an iterative linear solver. In this context, the
iterations of the linear solver will be referred to as the inner iterations of the iterative
IP method. We will consider an iterative version of the long-step primal-dual infeasible
IP algorithm considered in [28, 72] and show that its total number of inner iterations is
polynomially bounded by m, n and a certain condition number associated with A, while
the number of outer iterations is bounded by O(n?loge™!), where € is a given relative
accuracy level.

Given a current iterate (z, s,y) in a generic primal-dual IP algorithm, one usually solves
for the Newton search direction (Az, As, Ay) using one of two well-known approaches. In
the first approach, one solves an augmented system for (Ax, Ay), which then immediately

yields As. In the second one, one solves the normal equation system
AD*ATAy = p, (27)

for some appropriate p € R™, where D?> = S™'X. Our method is based on the second
approach where we solve (27) using an iterative solver.
Most IP solvers using the normal equation usually solve (27) via a direct solver which

computes a factorization of AD2A” to obtain Ay. The use of an iterative linear solver to
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solve (27) has two main potential advantages: (i) it can be significantly faster than a direct
solver in some LP instances (see e.g. [48, 53]); and (ii) it can take complete advantage of
the sparsity of the matrix A. However, iterative solvers possess two potential drawbacks
when compared with direct solvers: (a) they solve (27) less accurately than direct methods;
and (b) they may have slow convergence if the coefficient matrix AD2AT is ill-conditioned.

The effect of item (a) above is that the search direction (Az, As, Ay) can only satisfy
the Newton system approximately, regardless of the choice of Az and As. In our approach,
we will choose these components so that the equations of the Newton system corresponding
to primal and dual feasibility are satisfied exactly, while the equation corresponding to the
centrality condition is violated. This way of choosing the search direction is crucial for us
to establish that the number of outer iterations of our method is polynomially bounded (see
Section 2.5.4).

Item (b) has been a significant problem for those wishing to use iterative methods to
solve (27). It is well-known that in degenerate cases, the condition number of ADZAT
“blows up” as we approach an optimal solution, even if our iterates (x,s,y) lie on the
central path (see e.g. [32]). A cure to this problem is to use a preconditioner 7" so as to
make the condition number of TAD?ATTT small. One such preconditioner was introduced
by Resende and Veiga [53] in the context of the minimum cost network flow problem, and
later generalized by Oliveira and Sorensen [48] for general LP problems. The proof that
the above preconditioner makes the condition number of TAD2ATTT uniformly bounded
regardless of the values of the diagonal elements of D was proved by Monteiro, O’Neal, and
Tsuchiya [44]. In view of this nice property, we will use this preconditioner in our algorithm.

Global convergence analysis of algorithms using inexact search directions has been pre-
sented in several papers (see e.g. [17, 28, 31, 39]). Several authors have also used iterative lin-
ear solvers to compute an approximate Newton search direction (see e.g. [6, 31, 48, 49, 53]).
In particular, Resende and Veiga [53] and Oliveira and Sorensen [48] used an iterative solver
in conjunction with the above preconditioner to compute (27) inexactly for network-flow
problems and general LP problems, respectively. Their computational results show that

iterative IP methods can be extremely useful in practice. To our knowledge, though, no one
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to date has obtained strong theoretical arithmetic complexities for iterative IP methods.
The remainder of this chapter is organized as follows. Subsection 2.4.1 describes the
terminology and notation used throughout the rest of this chapter. Section 2.5 gives the
main results we have obtained for LP, and is divided into five parts. Section 2.5.1 describes
an exact variant of an infeasible-interior-point algorithm on which the algorithm we study
in this chapter is based. Section 2.5.2 discusses the preconditioner 7" mentioned above
and gives some background results. Section 2.5.3 states the convergence results about a
generic iterative method for solving (27). Section 2.5.4 gives our algorithm and main results,
and Section 2.5.5 discusses the application of our algorithm to network flow problems. In
Section 2.6, we prove the results stated in Section 2.5. Finally, some concluding remarks

are presented in Section 2.7.
2.4.1 Terminology and Notation

Throughout the remainder of the chapter, upper-case Roman letters denote matrices, lower-
case Roman letters denote vectors, and lower-case Greek letters denote scalars. For a matrix
A, A € R™*" means that A is an m X n matrix with real entries; while for a vector x, x € R"
means that z is an n-dimensional real vector. More specifically, x € R} means that z € R"
and x; > 0 for all ¢, while z € R"} | means that z € R" and x; > 0 for all <. Next, the vector
|v| is the vector whose ith component is |v;|. Also, given a vector v, Diag(v) is a diagonal
matrix whose diagonal elements are the elements of v, i.e. (Diag(v));; = v; for all i.

Five matrices bear special mention: the matrices X, S, D, AX, and AS all in R™*".
These matrices are diagonal matrices having the elements of the vectors z, s, d, Az, and
As respectively, along their diagonals (i.e. X = Diag(z), etc.). The symbol 0 will be used
to denote a scalar, vector, or matrix of all zeroes; its dimensions should be clear from the
context. Also, the vector e is the vector of all 1’s, whose dimension is implied by the context.

If a matrix W € R™*™ is symmetric (W = W) and positive definite (has all positive
eigenvalues), we write W > 0. The condition number of W, denoted «(W), is the ratio
between its maximum eigenvalue divided by its minimum eigenvalue. We will denote sets

by upper-case script Roman letters (e.g. B, N). For a set B, we denote the cardinality of
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the set by |B|. Given a matrix A € R™*" and a set B C {1,...,n}, the matrix Ag is the
submatrix consisting of the columns {A; : ¢ € B}. Similarly, given a vector v € R™ and a
set B C {1,...,n}, the vector vp is the subvector consisting of the elements {v; : i € B}.
We will use several different norms throughout the chapter. For a vector z € R",
|2l = V2Tz is the Euclidian norm, and ||z||ec = max;—1,__, |2 is the “infinity norm”.
For a matrix V' € R™*"  ||V] denotes the operator norm associated with the Euclidian

norm: ||V = max,. = [[Vz|. Finally, |[V|F denotes the Frobenius norm: |[V||p =

(i X Vi)'
2.5 Inexact LP using the MWB: Main Results

The main results of the chapter are stated in this section, which is divided into five parts.
Section 2.5.1 gives some background and motivation for the method proposed in the chapter.
Section 2.5.2 describes the maximum weight basis preconditioner. Section 2.5.3 considers a
generic iterative linear solver and derives an upper bound on the number of iterations for
it to obtain a reasonably accurate solution of (27). Section 2.5.4 describes how the overall
search direction is obtained and states the main algorithm. Finally, Section 2.5.5 describes

a tighter complexity for the algorithm when applied to network flow problems.
2.5.1 Preliminaries and Motivation

In this subsection, we discuss a well-known infeasible primal-dual long-step IP algorithm
(see for example [28] and [72]) which will serve as the basis for the iterative IP method
proposed in this chapter. We also state the complexity results which have been obtained
for this algorithm. For the sake of concreteness, we have chosen to work with one specific
primal-dual TP method. We note, however, that our analysis applies to other long-step
variants as well as to short-step IP methods.

As stated in the introduction, we will be working with the pair of LPs (25) and (26).

Letting S denote the set of primal-dual optimal solutions (z,s,y) € R?® x R™ of (25) and
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(26), it is well-known that S consists of the triples (z,s,y) € R?™ x R™ satisfying

Az = b, >0 (28)
ATy+s = ¢, >0 (29)
Xs = 0. (30)

Throughout the chapter, we will make the following assumptions:
Assumption 1 A has full row rank.

Assumption 2 The set S is nonempty.

For a point (z,s,y) € R, x R™H let us define

p=plzs) = als/n,

rp=1p(z) = Az —b,
re=rasy) = ATy+s—c
r=r(z,s,y) = (rp,ra).

Moreover, given v € (0,1) and an initial point (2°,s%,y%) € R2" x R™, we define the

following neighborhood of the central path:

N = { (0s0) € R XR™ KXo 2 (1= e, <24 @)
r Ho
where 79 := 7(2°, 5%,9%) and pg := (2, s°). Here, we use the convention that v/0 is equal

to 0 if v = 0 and oo if v is positive.

The infeasible primal-dual algorithm which will serve as the basis for our iterative IP

method is as follows:

Algorithm IIP

1. Start: Let € > 0, v € (0,1), (2°,5°,4°) € N(y) and 0 < ¢ < & < 1 be given. Set

k=0.

2. While y, := p(z*, s*) > € do
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(a) Let (z,s,y) := (z¥, s*,y*) and w := (z, s, y); choose o € [o,7]

(b) Let Aw := (Axz, As, Ay) denote the solution of the linear system

XAs+ SAzx = —Xs+opue, (32)
AAx = —rp, (33)
ATAy+As = —r, (34)

(c) Let

& = argmax {a € [0,1] : w+ o'Aw € N(v), Vo' € [0,a]} .

(d) Let & = argmin{(z + aAz)T (s + aAs) : a € [0,d]}.

(e) Let (xM+1, s"1 y**1) = w4+ a Aw, and set k « k + 1.

end (while)

The main complexity result for Algorithm IIP (see for example [28] and [72]) is as

follows:

Theorem 2.5.1 Assume that the constants v, ¢ and & are such that
max {771, (1-9)7", 07, (1-2)"'} =0(),

and that the initial point (2°,s°,1°) € R?ﬁr x R™* satisfies (20,5%) > (z,5) for some
(z,5,9) € S. Then, Algorithm IIP finds an iterate (z*,s*,y*) € R2" X R™H satisfying

e < epo and ||r¥|| < €||r®| within O (n*log(1/e€)) iterations.

One way of computing the solution (Az,As,Ay) of (32)-(34) is to first solve for Ay

using the following equation, known as the normal equation:
AD*ATAy = —r,—ouAS'e+ Az — AD?ry, (35)
where D? = S71X, and then compute As and Az using the following formulae:

As = —rg— ATAy, (36)

Az = —z+opuSte— D?As. (37)
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Theorem 2.5.1 assumes that we can solve (32)-(34), and hence (35), exactly. Normally,
the exact solution of (35) is obtained via a Cholesky factorization of AD?A”. Instead of
this, we would like to use an iterative solver to obtain an approximate solution of (35).
However, as mentioned in the introduction, the condition number of AD?AT may “blow
up” as we approach an optimal solution, making the use of iterative methods for solving
(35) undesirable. One cure is to use a preconditioner 7" such that the condition number
k(TAD?ATTT) remains bounded and hopefully small. One such preconditioner will be
described in the next subsection, and will play an important role in our main algorithm

described in Section 2.5.4.

2.5.2 Preconditioner

In this subsection, we will describe the preconditioner 7" that we will use to solve (35), and
we will state the main results for this preconditioner, as given in [44].

Our proposed approach consists of solving the preconditioned system of linear equations:

Wz =q, (38)

where
W = TAD?*ATTT, (39)
q = —Trp—ouTAS e+ TAx — TAD?ry, (40)

and T is the preconditioner matrix (which we refer to as the mazimum weight basis precon-

ditioner) determined by the following algorithm:

Maximum Weight Basis Algorithm

Start: Given A € R™*" and d € R" , ,
1. Order the elements of d so that dy > ... > d; order the columns of A accordingly.
2. Let B=0,1=1.
3. While |B| < m do

(a) If A; is linearly independent of {4; : i € B}, set B — BU{l}.
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(b) 1 e—1+1.

4. Return to the original ordering of A and d; determine the set B according to this

ordering and set N := {1,...,n}\B.
5. Set B := Ap, N := Ay, Dg := Diag(dg) and Dy := Diag(dy/).
6. Let T:= Dg'B~".
end

This preconditioner was originally proposed by Resende and Veiga in [53] in the context
of network flow problems. In this case, A is a node-arc incidence matrix of a connected
directed graph (with one row deleted to ensure that A has full row rank), and the elements
of d are weights on the edges of the graph. Using this algorithm, we see that the set B
created by the algorithm above defines a maximum spanning tree on the digraph. Oliveira
and Sorensen [48] later proposed the use of this preconditioner for general matrices A.

For the purpose of stating the next result, we now introduce some notation. Let us
define

@A = max{||[B"A||p : B is a basis of A}. (41)

It is easy to show that w4 < \/m x4, where Y4 is a well-known condition number (see [65])
defined as
¥4 = sup{|[AT(ADAT)"*AD|| : D € Diag(R".,)}.

Indeed, this follows from the fact that ||C||p < /m/||C] for any matrix C € R™*™ with

m < n and that an equivalent characterization of y 4 is
XA :=max{||B~'A| : B is a basis of A}, (42)

as shown in [60] and [65].

Recently, Monteiro, O’Neal and Tsuchiya showed the following result in [44].

Proposition 2.5.2 Let a full row rank matriv A € R™" and d € R}, be given. Let
T = T(A,d) be the preconditioner determined according to the Maximum Weight Basis

Algorithm, and define W := TAD?ATTT. Then, |TAD|| < ¢4 and k(W) < ¢4.
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Table 2: Values of ¢(x) and f(x) for Well-Known Iterative Solvers

Solver ‘ c(k) f(r)
SD Ve o (k+1)/
CG |2vrk (Vr+1)

2
/2

Note that the bound ¢?% on (W) is independent of the diagonal matrix D and depends
only on A. In the next subsection, we derive bounds on the number of iterations needed by

an iterative solver to solve (38) to a desired accuracy level.
2.5.3 Iteration Complexity for the Iterative Solver

In this subsection, we will develop a bound on the number of iterations that an iterative
linear solver needs to perform to obtain a suitable approximate solution to (38). Instead of
focusing on one specific solver, we will assume that we have a generic iterative linear solver
with a prescribed rate of convergence. More specifically, we will assume that the generic
iterative linear solver when applied to (38) generates a sequence of iterates {27} satisfying

the following condition:

. 1 17 )
o= Wl <) 1= 0] =W vi=on2. (43)

where ¢ and f are positive functions of k = k(W). For our purposes, we will also assume
that the initial iterate 2% = 0, so that ¢ — W20 = ¢.

Examples of solvers which satisfy (43) include the steepest descent (SD) and conjugate
gradient (CG) methods, with the following values for ¢(k) and f(k):

The justification for the table above follows from Section 7.6 and Exercise 10 of Section
8.8 of [35].

Before we give the main convergence result, we state the following lemma, which we will

prove in Section 3.1:

Lemma 2.5.3 Assume that T = T(A,d) and the initial point (2°, 5%, y") is such that s >
lc — ATyYY) and (2°,5%) > (z,3) for some (z,5,9) € S. Suppose also that (z,s,y) € N ()

and that r = nr° for somen € [0,1]. Then, the vector q defined in (40) satisfies ||q|| < ¥ /1,
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where

Inp A n
U= +Vnpa+opa, | —. 44
v1—7v 1—v (44)

The following result gives an upper bound on the number of iterations that the generic
iterative linear solver needs to perform to obtain an iterate 27 satisfying ||¢ — W27|| < p\/k,

for some constant p > 0.

Theorem 2.5.4 Suppose that the conditions of Lemma 2.5.3 are met and (1—~)~! = O(1).

Then, a generic iterative solver with a convergence rate given by (43) generates an iterate

20 satisfying ||g — W29|| < py/1t in
O (0 tog (122241 (45)
iterations, where k := k(W).
Proof: Let j be any index satisfying

jzf@ﬂ%<d?w>. (46)

Using the fact that log(1+4z) < x for all x > —1 and the above inequality, we conclude that

log (o) > log () ¥V ~ 71

> log (c(k) U/l + jlog <1 _ f(lﬁ)> .

This together with the assumption that 2 = 0, relation (43) and Lemma 2.5.3 imply that
P Zcm[l—]\ll Zcm[l—] qll > |lg —W27|.
Vi 2 el) |1 s W 2 el) |1 sl 2 g - W

Since ¥ = O(np4) in view of Lemma 2.5.3, it follows that the right hand side of (46) is

majorized by (45), from which the result follows. .

We will refer to an inner iterate 27 satisfying ||¢ — W27 < p+/It to as p-approximate
solution of (38). In our interior-point algorithm in the next subsection, we will choose the
constant p as p = yo/(4y/n). As a consequence of Proposition 2.5.2, we obtain the following

corollary.
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Corollary 2.5.5 Suppose that the conditions of Lemma 2.5.3 are met and that max{c =1, v~ 1, (1—
)™ = 01). If p = yo/(4y/n), then the SD and CG methods generate a p-approzimate

solution in O(p% log(npa)) and O(palog(npa)) iterations, respectively.

Proof: This result follows immediately from the assumptions, Theorem 2.5.4, Table 2

and Proposition 2.5.2. .

Note that the inner-iteration complexity bounds derived in Corollary 2.5.5 are not poly-
nomial in general, since they depend on ¢ 4. However, these bounds will be polynomial if
@4 is polynomial. We will discuss this impact for general matrices A at the end of Section
2.5.4. In Section 2.5.5, we will consider a specific case when ¢4 is polynomial, namely when

A is the node-arc incidence matrix of a directed graph.
2.5.4 The Iterative IP Algorithm

In this subsection, we describe our main algorithm. It is essentially the ITP algorithm,
except that the search direction (Az, As, Ay) is computed approximately with the use of
iterative methods applied to (38).

Notice that under exact computations, the primal and dual residuals ¥ = (r}’;,rfj)
corresponding to the k-th iterate of Algorithm IIP always lie on the line segment between 0
and ¥ because of (33) and (34). It is well known that this property plays an important role
in the convergence analysis of infeasible interior point methods. We will now show that it
is still possible to ensure that * lies on the segment between 0 and 7, even when Ay is an

approximate solution of (35). Indeed, consider an approximate solution Ay which satisfies

the following equation:
AD?*ATAy = —r, —opAS™'e + Ax — AD*ry + f (47)

where f is some error vector. Next, we solve for As using (36), so that (As, Ay) satisfies
(34).
The usual approach for choosing Az is to use (37). However, this does not ensure that

(33) is satisfied. To ensure that (33) is satisfied, we use the following equation:

Az =—x+opS te— D?*As— St (48)

29



where v is a perturbation vector satisfying
ASTlv = f. (49)
Condition (49) is necessary and sufficient for Az given by (48) to satisfy (33), since

AAz = A(—z+ouS~te— D*As— S 1)
= —Ax+opAS~te— AD?*As — AS™ 1w
= —Az+opAS~le+ AD*rg+ AD?ATAy — AS™ Y

— —ry+ f—AS Ty, (50)

due to (48), (36) and (47). Note from (48) that (32) is satisfied exactly if and only if v = 0,
which in turn satisfies the necessary and sufficient condition AS~ v = f if and only if f = 0,
i.e. when Ay is an exact solution of (35).

There are numerous choices for v. An obvious choice for v is to choose the least squares
solution, i.e., to choose the optimal solution to min{||v| : AS~!'v = f}. However, this is
the type of computation we wish to avoid when using an iterative solver. A more effective

choice for v is to choose a basis B of A and let

v = (UB’U./\T) = (Sééflf, 0), (51)

where (3,1\7 ) is the index partition corresponding to the basis B.

It turns out that an obvious choice for B in our approach is to let B be equal to the
maximum weight basis B corresponding to (A,d). More specifically, recall that in our
algorithm, we compute Ay approximately using the preconditioned system Wz = ¢q. Let
&J denote the final iterate 2z’ in the approximate solution of Wz = ¢, and let f = W&/—q.
Letting Ay = TT&/, it is easy to see that Ay is an approximate solution satisfying (47)
with error f = T~'f = BDgf. Using this expression for f and letting B = B in (51), we
obtain

v=(SgB7'f,0) = (SsB~'BDgf, 0) = (X5Ss)"/*f, 0). (52)

Note that by (48), we have XAs 4+ SAz = —X Se + ope — v, i.e. (32) is satisfied only

approximately. To ensure convergence of our method, it turns out that it is important to
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keep || f||, and hence |[v]|, small. In our algorithm below, we require that

171 < {7 vF (53)

so as to ensure that the number of outer iterations of our method is still polynomially
bounded.

We now present our main algorithm:

Algorithm ITP-IS:

1. Start: Let € > 0, v € (0,1), (2°,5%,94°) € N(7) and 0 < ¢ < & < 4/5 be given. Set

k=0.
2. While y, := p(z*, s*) > € do

(a) Let (z,s,y) := (zF,s* y*), and choose o € [o,7].
(b) Set d = S~Y2X' 2, 1, = Az — b, rq = ATy + 5 — ¢, and r = (rp, 7q).

(c) Build the preconditioner T' = T'(A, d) using the Maximum Weight Basis Algo-

rithm.
(d) Find an approximate solution Ay of (38) such that f = WAy — q satisfies (53).

(e) Let v be computed according to (52). Set Ay = TTANy, and compute As and

Ax by (36) and (48), respectively.

(f) Compute & := argmax{a € [0,1] : w+ ’Aw € N(y), V&' € [0,a]}, where
w:= (z,s,y) and Aw = (Azx, As, Ay).

(g) Compute @ := argmin{(x + aAz)? (s + alAs) : a € [0,a]}.

(h) Let (zF+1, sF1 ¢F*+1) = w + aAw, and set k «— k + 1.

end (while)

Using this algorithm, we obtain nearly the exact same polynomial convergence result as
Theorem 2.5.1. The results for Algorithm IIP-IS are summarized in the following theorem,

which we will prove in Section 3.2.
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Theorem 2.5.6 Assume that the constants v, o and & are such that

—1
max {7_1 R R (1 - Zo) } =0(1), (54)

and that the initial point (2°,5%,y°) € R2" x R™* satisfies (20,5%) > (z,3) for some
(z,8,9) € S. Then, Algorithm IIP-IS generates an iterate (z*,s*,y¥) € R x R™H

satisfying px < epo and ||[r¥|| < €||rC|| within O (n*log(1/€)) iterations.

Note that while the number of “outer” iterations is polynomial for our algorithm, the
overall complexity is not, due to the total number of “inner” iterations. To see this, con-
sider a given iteration of our algorithm with the CG solver. It is easy to see that steps
(a), (b), and (e) through (h) can be carried out in O(mn) flops. Let us now examine the
other two steps (c) and (d). The sorting part of the Maximum Weight Basis algorithm
can be done in O(nlogn) with a quick sorting algorithm. Computing 7" and its corre-
sponding LU factorization can be done in O(m?n) flops. Hence, the entire step (c) takes
O(nmax{m?, logn}) flops. Now, notice that each step of the CG solver requires O(mn)
flops. Since O(p4log(nga)) iterations of the CG solver are required, we conclude that step
(d) takes O(mnepalog(npa)) flops. Thus, the number of flops per iteration of Algorithm
IIP-IS is O(n max{mepalog(nya), m?}).

In the next subsection, we will consider a specific case where ¢ 4 is polynomial, namely

when A is the node-arc incidence matrix of a directed graph.
2.5.5 Application to Network Flows

Consider a standard network flow problem of the form (25). In this case, A is the node-arc
incidence matrix of a simple connected directed graph G, with one row deleted to ensure
that A has full row rank. We will show that for this particular problem, Algorithm IIP-IS is
indeed a polynomial-time algorithm. The key result comes from the following observation:
since A is a node-arc incidence matrix, it is totally unimodular so that every element of
B71Ais 1,0, or -1. Thus, p4 < \/mn, as can be seen from definition (41) of 4.
Additional savings in the complexity of our algorithm can be obtained by using the

special structure of the matrix A. Indeed, consider a single iteration of Algorithm ITP-IS
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using the CG solver. Steps (a), (b), and (e) through (h) now take O(n) flops since A has
only 2n nonzero entries. Since a maximum weight basis is now a maximum spanning tree on
G, it can be found with O(nlogn) flops using either Prim’s or Kruskal’s algorithm (see e.g.
[14]). The basis matrix B, under a suitable ordering, will be upper triangular, so we do not
need to form B~! explicitly; thus step (c) requires O(nlogn) flops. Next, Corollary 2.5.5
and the fact that ¢4 < y/mn imply that the CG method takes O(y/mnlogn) iterations to
find a suitably accurate solution of (38). As each step of the CG method takes O(n) flops,

1/2,,3/2

step (d) requires O(m logn) flops. Thus, a single outer iteration of Algorithm ITP-IS

applied to a minimum-cost network flow problem requires (’)(ml/ 2p3/2 logn) flops.

2.6 Inexact LP using the MWB: Proofs

In this section, we give detailed proofs for the results given in Sections 2.5.3 and 2.5.4.
Section 2.6.1 will be devoted to the proofs of the results in Section 2.5.3, while Section 2.6.2

will give the proofs for the results in Section 2.5.4.
2.6.1 Results for the Iterative Solver

Consider a generic iterative solver which solves (38), and suppose that this solver satisfies
(43) at each iteration. We will seek to get |[¢ — W2?| < py/u for some term p > 0. We

begin with some technical lemmas:

Lemma 2.6.1 Let (2°, 5% y") and (z,s,y) be points such that r(x, s,y) = nr(z°, s°,4°) for

somen € R, and let (z,8,y) be a point such that r(z,s,y) = 0. Then,

0=n*"s"+ (1 —n)?2"5 +2"s + 01— n)(@* 5 +27s")

—n(a” s +2"s") = (1= n)(@"s +275), (55)

Proof: Using the definition of r, it is easy to see that

Az —nz’—(1-n)z) = 0

(s—ns"—=(1=ms)+AT(y—m’ -1 -n)y) = 0
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Multiplying the second relation by [z — nz" — (1 — 7)z]7 on the left and using the first

relation, we get
(o —na” — (1= n)z]"[s —ns’ — (1 - )] =0. (56)

Expanding this equality, we obtain (55). .

Lemma 2.6.2 Let (2°,s°,y") € R?" x R™* be a point such that (z°,5°) > (z,3) for some
z,5,§) € S. Then, for any point (z,s,y) € R x R™ such that r = nr° for some
++

ne0,1] and n < z¥s/2%" O, we have that n(a® s+ %" x) < 3npu.

Proof: By assumption, there exists (z,5,7) € S such that # < 2% and 5 < s". Since
r =nrY and (Z,5,7) € S, the points (z, s,y), (2°,5°,9"), and (z, 5, 7) satisfy the assumption

of the previous lemma. Hence, by equation (55), along with the facts that n < :UTs/xOT sY,

#T5=0, (x,5) >0, (z,5) >0, (2°,5°) > 0,7 €[0,1], z < 2°, and 5 < 5%, we conclude that

@ s+ 2) < P2 L4 aTs+nl-n)" s+ 2)
< 772$OT80 +2Ts 4+ 2n(1 — n)a:oTso

T
< 277:60 SO+ a7s < 327s.

Next, we turn to the proof of Lemma 2.5.3:

Proof of Lemma 2.5.3: By (40) and the triangle inequality for norms, we have
lall < |ITrpll + |lopTAS ™ e|| + | T Az|| + | TAD?r]. (57)

We will now bound each of the terms in the right hand side of (57). Let (z,8,y) € S
and (20,5°, 4°) satisfy the assumptions of Lemma 2.5.3, so that 2z > z, s° > 5 and s >
|c— ATyY|. Using these inequalities, the assumption that (x, s,y) € N'(y) and Lemma 2.6.2,

we obtain

nlS@—a%) < S’ < ns"2® < 3nu (58)

| X(s®+ ATy —o)| < 2| XS0 < 2m2Ts” < 6np (59)
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Thus, using the relations r = nr%, b = Az, (58) and (59), the fact that (z,s,y) € N'(y) and

Proposition 2.5.2, we obtain

ITrpll = nlITrpll = nlIT(b— Ax®)|| = n |TA@ — 2°)|| = n |(TAD)(XS)~/*S(z — 2°)]|
_ _ 1 3nwa
< n||TAD]|||[(XS 12)118(z — 2° <pp————= 3nu = m
| HIEXS) =S )l T m\f
and

|TAD*r|| < | TAD|||Drgll = n TAD|| |DrY)] = g TAD| [ D(° + ATy® — o)

< 0| TAD| (X)X (s” + ATy — o)

1 61w A
< —— 6nu = .

Similarly, we have

_ _ 1 n
lopTAS el < op||TADI||[|(XS)"2|||le] SUWAW\/E:WAMGVE

and

|ITAz| = |TAD(XS)"?e|| < |TAD|[[(X9)"/?e|l < pav/nn,

where in the last inequality we used the fact that ||(XS)'/2¢| = /. The result now

follows by combining the four bounds obtained above with (57). .

2.6.2 Convergence Results for Algorithm ITP-IS

In this subsection, we will provide the proof of Theorem 2.5.6.

For the sake of future reference, we note that (Ax, As, Ay) satisfies

Adz = -1, (60)
ATAy +As = —ry (61)
XAs+ SAzx = —Xs+ope—v (62)

by equations (49), (50), (36), and (48), respectively. Throughout this section, we use the
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following notation:

(z(), s(),y(@)) = (2,5,9) + a(Ax, As, Ay),
pa) = z(a)s(a)/n,
r(a) = r(a(a)s(a),ya)) = (Az(a) —b ATy(a) + s(a) - c).

Lemma 2.6.3 Assume that (Ax,As, Ay) satisfies (60)-(62) for some o € R, v € R" and

(z,8,y) € R¥. x R™*L. Then, for every a € R, we have:
(a) X(a)s(a) = (1 — a)Xs+ aope — av + 2 AXAs;
(b) u(a) =[1—a(l —o)|p—avle/n+ oAzt As/n;
(¢c) r(e) = (1 —a)r.

Proof: Using (62), we obtain

X(a)s(a) = (X +aAX)(s+ aAs)
= Xs+a(XAs+ SAz) +a*AXAs
= Xs+a(—Xs+ope—v)+a’AXAs

= (1-a)Xs+aopue—av+ a’AXAs,
1

thereby showing that a) holds. Left multiplying the above equality by e’ and dividing the
resulting expression by n, we easily conclude that b) holds. Statement c) can be easily

verified by means of (60) and (61). .

Lemma 2.6.4 Assume that (Ax, As, Ay) satisfies (60)-(62) for some o > 0, (x,s,y) €

Ra_”_,_ x R™* and v € R™ satisfying vTe/n < ou/2. Then, for every scalar o satisfying

. ou
<a< 1, ——————
O_a_mm{ ,2HAXASHOO}’ (63)
we have
Ir()l _ ple) 0
Il p
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Proof: Using Lemma 2.6.3(b) and the assumption that vTe/n < ou/2, we conclude for

every « satisfying (63) that

wa) = [1—a(l—o0o)p— avTe/n + aQAxTAs/n
1
> [1—a(l—0o)]p— 5 QOH + o?AzTAs/n
> (1—a)u+%aau—a2\|AXAsHoo

> (I—-ap

The result now follows from the last relation and Lemma 2.6.3(c). .

Lemma 2.6.5 Assume that (Az, As,Ay) satisfies (60)-(62) for some o > 0, (z,s,y) €
N () with v € [0,1], and v € R™ satisfying ||v||coc < you/4. Then, (z(a),s(a),y(a)) € N(¥)

for every scalar o satisfying

. You
<a< 1, ——— .
Oamln{ ,4HAXASHOO} (65)

Proof: Since the assumption that v € [0,1] and ||v||c < you/4 imply that vle/n <
ou/2, it follows from Lemma 2.6.4 that (64) holds for every « satisfying (63), and hence

(65). Thus, for every « satisfying (65), we have

Ir@Il _ lIr@l vl _ pl0) i _ (o)
T N TR e (66)

Now, it is easy to see that for every v € R™ and 7 € [0, n], there holds [|u — 7(u”e/n)e|| o <

(14 7)|Julloo- Using this inequality twice, the fact that (z,s,y) € N(v) and statements (a)
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and (b) of Lemma 2.6.3, we conclude for every « satisfying (65) that

X(a)s(a) = (1 —7) pla)e
— (1= a) (X5~ (L= el rope o= (1) ()
+ a2 [AXAS —(1-7) <MZAS) e]
> a [vau— v—(l—'y)vzee -a A:L‘As—(l—fy)szAse OO] e
Yo — %wu - ;VWL) e > 0.

> alion =2l - 20[AXAs])e > o
We have thus shown that (z(«), s(a),y(«)) € N(v) for every « satisfying (65).

Next, we consider the minimum step length allowed under our algorithm:

Lemma 2.6.6 In every iteration of Algorithm IIP-1S, the step length & satisfies
. min{yo,1 — Fo}pu
> 1 67
O‘—mm{ T AAXAs| o (67)
and
@<1-(1-20)2 (68)
a —(1—-=0) =
p(@) < 1) 5| m
Proof: Using (52) and (53), we conclude that
1/2 F 1/2) § Yo 1
[0lloo = 1(XBSB) " flloo < I XBSBII | flleo < vrp —=v1=Jy0p. (69)
4y/n 4
Hence, by Lemma 2.6.5, the quantity & computed in step (g) of Algorithm ITP-IS satisfies
- . Yo
> 1, ————". 70
o min{1 i o

Moreover, by (69), it follows that the coefficient of o in the expression for p(«) in Lemma

1 )
u+'yau:—<1—4a>u<0, (71)

2.6.3(b) satisfies
4

vTe
o=l < (ot ol < ~(1 - 0)
). Hence, if AzTAs < 0, it is easy to see that @ = @&, and hence that (67)

|-

since o € (0,2
holds in view of (70). Moreover, by Lemma 2.6.3(b) and (71), we have

£ [i- (- Fe)e] s -

p@) < [1—a(l—o)u—a’’ <

N | Q1
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showing that (68) also holds. We now consider the case where AzTAs > 0. In this case,
we have & = min{ayin , @}, where ami, is the unconstrained minimum of u(«). It is easy

to see that

nu(l — o) +vle S np(l— o) — Tonp - p(l—30)
Qmin = = = .
2AxT As 2AxT As 2 [AXAs||

The last two observations together with (70) imply that (67) holds in this case too. More-
over, since the function p(«) is convex, it must lie below the function ¢(«) over the interval

[0, Atmin ], Where ¢() is the affine function interpolating p(«) at o« = 0 and o = ain. Hence,

(@) < 6@) = 11— (1= ) SJu—a’© < [1— (1— ia) ‘;‘] to (72)

where the second inequality follows from (71). We have thus shown that & satisfies (68). =

Our next task will be to show that the stepsize & remains bounded away from zero. In
view of (67), it sufficient to show that the quantity ||AX As|/» remains bounded. The next

lemma addresses this issue.

Lemma 2.6.7 Let (2%,5%,4°) € R2" x R™ be such that (z°,s°) > (,5) for some
(2,5,9) € S, and let (z,s,y) € N(v) be such that r = nr® for some n € [0,1]. Then,

the search direction (Ax, As, Ay) generated by Algorithm IIP-IS satisfies

2

1/2
6
max(|D' Ax], | DAs]) < (1 ~20+ 1“_7) A+ L

yo
VerACAE VAL

Proof: Relations (60) and (61) and the assumption r = nr® imply that
AlAz 4+ —z) = 0
AT(Ay + 0y’ =) + (As + (s = 5)) = 0,

from which it follows that (Az + n(z° — 2))T(As + n(s® — 5)) = 0. Multiplying (62) on
the left by (XS)~%/2, we obtain D~'Az 4+ DAs = H(c) — (XS)~Y?v, where H(c) :=

—(X8)2e 4+ opu(XS)~2e. Equivalently, we have that

D YAz +n(z® — %)) + D(As +1(s° — 7))

= H(o)+n(D(s"—5)+ D12 — 7)) — (X9)" Y20,
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Using the fact that the two terms on the left hand side of the above identity are orthog-

onal, along with the fact that ||(XS)~2v| = || f]| by (52), we obtain

max (|| D! (Az + (2 — 7)), [ D(As +n(s° - 5)|])
< |H(0) +0(D(s" = 5) + D~ (2" —2)) — (X5)"'/?0|

< [|H (@)l +n (1D(s° = 3)| + 1D~ @ = 2)[1) + | F]]
This, together with the triangle inequality and the definition of D, imply that

max(| D~ Az, |DAs|)) < [[H (o) +2n (|1D(s” = 8)l| + D~ («° = 2)) + I

IN

1E (o) + 200l (X8) 72 (I1X(s° = &)l + 15 = @)II) + | £

2n
(1 =7)n

IA

I1H (o)l + (IX(s* = 8)ll + 1S (@ = 2)]) + 1 £(73)

It is well-known that

2

1/2
|HE@) < (1_20+1 ) R (74)

Moreover, using the fact that 5 < s° and z < 2° along with Lemma 2.6.2, we obtain
X" = 5)| + 1S = 3)|| < n(s" z+2""s) < 3np. (75)

The result now follows by incorporating inequalities (74), (75) and (53) into (73). .

We are now ready to prove Theorem 2.5.6.

Proof of Theorem 2.5.6: Let (Az*, As* Ay*) denote the search direction, and let
r* = r(2¥ %, y*) and pp = p(a®,s*), at the k-th iteration of Algorithm ITP-IS. Clearly,
(¥, s*,y*) € N(v), and using Lemma 2.6.3, it is easy to see that ¥ = nr® for some

n € (0,1). Hence, using Lemma 2.6.7, assumption (54) and the inequality
IAXFAs* oo < [JAXFAS®| < [[(DF) " Azk(| | DFAs"],

we easily see that || AX¥As¥|| = O(n?)ug. Using this conclusion together with assumption

(54) and Lemma 2.6.6, we see that, for some universal constant 3 > 0, we have

Hrt1 < <1 - 52) pi, Vk=>0.
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The conclusion of the theorem now follows by using the above inequality, the fact that
7% /117°|] < pa/po for all k > 0, and some standard arguments (see, for example, Theorem

3.2 of [68)). .

2.7 Inexact LP using the MWB: Concluding Remarks

We have shown in this chapter that the outer iteration complexity of Algorithm ITP-IS is the
same as that of its direct counterpart, namely Algorithm IIP. We strongly believe that, using
approaches similar to ours, it is possible to develop iterative versions of other primal-dual
IP methods whose outer iteration complexities match those of their direct counterparts.

As we showed in Section 2.5.4, an inexact Ay leads to an error in the Newton equation
(33) corresponding to primal feasibility. We have addressed this problem by introducing the
vector v in equation (48) defining Ax. This correction term v can be used, not only in the
context of iterative methods, but also in connection with direct methods, as was pointed out
in Section 2.5.4. It would be interesting to see how the addition of this correction term v in
the context of direct methods could help handle LP problems which are extremely hard to
solve due to the ill-conditioning of AD?A”. Clearly, a certain overhead exists in computing
v, but it might be worthwhile in such a case.

In order to satisfy the polynomial convergence of our methods, we have imposed stringent
conditions on f . In a practical situation, it may be more appropriate to monitor v directly.
Indeed, as long as v satisfies the requirements in Lemmas 2.6.4 and 2.6.5, the outer iteration
convergence analysis used in this chapter remains valid. Moreover, weaker requirements
than those imposed on v in the two lemmas above might be more advantageous from the

practical point of view. This is certainly a topic that deserves further investigation.
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CHAPTER III

INEXACT CQP ALGORITHMS USING THE MWB AND
OTHER PRECONDITIONERS

3.1 CQP Algorithm Using the MWB: Introduction

In this chapter we develop an interior-point long-step primal-dual infeasible path-following
(PDIPF) algorithm for convex quadratic programming (CQP) whose search directions are
computed by means of an iterative linear solver. We will refer to this algorithm as an inexact
algorithm, in the sense that the Newton system which determines the search direction will

only be solved approximately at each iteration. The problem we consider is
1
min {2$TQ$ +cle: Ax=0b, 2> 0} , (76)
x

where the data are Q € R™" A € R™" b € R™, and ¢ € R”, and the decision vector
is x € R™. We also assume that @ is positive semidefinite, and that a factorization @) =
VE?VT is explicitly given, where V € R™*! and FE is a | x [ positive diagonal matrix.

A similar algorithm for solving the special case of linear programming (LP), i.e. problem
(76) with @ = 0, was developed by Monteiro and O’Neal in [42]. The algorithm studied in
[42] is essentially the long-step PDIPF algorithm studied in [28, 72], the only difference being
that the search directions are computed by means of an iterative linear solver. We refer to
the iterations of the iterative linear solver as the inner iterations and to the ones performed
by the interior-point method itself as the outer iterations. The main step of the algorithm
studied in [28, 42, 72] is the computation of the primal-dual search direction (Ax, As, Ay),
whose Ay component can be found by solving a system of the form AD?AT Ay = g, referred
to as the normal equation, where g € R™ and the positive diagonal matrix D depends on
the current primal-dual iterate. In contrast to [28, 72], the algorithm studied in [42] uses an
iterative linear solver to obtain an approximate solution to the normal equation. Since the

condition number of the normal matrix AD?A” may become excessively large on degenerate

42



LP problems (see e.g. [32]), the maximum weight basis (MWB) preconditioner 7" introduced
in [48, 53, 63] is used to better condition this matrix and an approximate solution of the
resulting equivalent system with coefficient matrix TAD?ATTT is then computed. By
using a result obtained in [44], which establishes that the condition number of TAD?ATTT
is uniformly bounded by a quantity depending on A only, Monteiro and O’Neal [42] show
that the number of inner iterations of the algorithm in [42] can be uniformly bounded by a
constant depending on n and A.

In the case of CQP, the standard normal equation takes the form
AQ+ X718 ATAy = g, (77)

for some vector g. When @ is not diagonal, the matrix (Q + X ~15)~! is not diagonal, and
hence the coefficient matrix of (77) does not have the form required for the result of [44] to
hold. To remedy this difficulty, we develop in this chapter a new linear system, referred to
as the augmented normal equation (ANE), to determine a portion of the primal-dual search
direction. This equation has the form AD2ATu = w, where w € R™*, D is an (n+1)x (n+1)
positive diagonal matrix and A is a 2 x 2 block matrix of dimension (m 4 1) x (n + 1) whose
blocks consist of A, VT, the zero matrix and the identity matrix (see equation (96)). As
was done in [42], a MWB preconditioner T for the ANE is computed and an approximate
solution of the resulting preconditioned equation with coefficient matrix TAD?ATTT ig
generated using an iterative linear solver. Using the result of [44], which claims that the
condition number of TAD2ATTT is uniformly bounded regardless of D, we obtain a uniform
bound (depending only on 121) on the number of inner iterations performed by the iterative
linear solver to find a desirable approximate solution to the ANE (see Theorem 3.3.5).
Since the iterative linear solver can only generate an approximate solution to the ANE, it
is clear that not all equations of the Newton system, which determines the primal-dual search
direction, can be satisfied simultaneously. In the context of LP, Monteiro and O’Neal [42]
proposed a recipe to compute an inexact primal-dual search direction so that the equations
of the Newton system corresponding to the primal and dual residuals were both satisfied.

In the context of CQP, such an approach is no longer possible. Instead, we propose a way to
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compute an inexact primal-dual search direction so that the equation corresponding to the
primal residual is satisfied exactly, while the one corresponding to the dual residual contains
a manageable error which allows us to establish a polynomial bound on the number of
outer iterations of our method. Interestingly, the presence of this error on the dual residual
equation implies that the primal and dual residuals go to zero at different rates. This is
a unique feature of the convergence analysis of our algorithm in that it contrasts with the
analysis of other interior-point PDIPF algorithms, where the primal and dual residuals are
required to go to zero at the same rate.

The use of inexact search directions in interior-point methods has been extensively
studied in the context of cone programming problems (see e.g. [4, 5, 17, 31, 39, 47, 73]).
Moreover, the use of iterative linear solvers to compute the primal-dual Newton search
directions of interior-point path following algorithms has also been extensively investigated
in [4, 6, 8, 17, 31, 47, 48, 49, 53]. For feasibility problems of the form {z € H; : Az =
b,x € C}, where H; and Hso are Hilbert spaces, C C H; is a closed convex cone satisfying
some mild assumptions, and A : H; — Hy is a continuous linear operator, Renegar [51] has
proposed an interior-point method where the Newton system that determines the search
directions is approximately solved by performing a uniformly bounded number of iterations
of the conjugate gradient (CG) method. To our knowledge, no one has used the ANE system
in the context of CQP to obtain either an exact or inexact primal-dual search direction.

The first part of this chapter is organized as follows. In Subsection 3.1.1, we give the
terminology and notation which will be used throughout the first part of the chapter. Section
3.2 describes the outer iteration framework for our algorithm and the complexity results we
have obtained for it, along with presenting the ANE as a means to determine the search
direction. In Section 3.3, we discuss the use of iterative linear solvers to obtain a suitable
approximate solution to the ANE and the construction of an inexact search direction based
on this solution. Section 3.4 gives the proofs of the results presented in Sections 3.2 and

3.3. Finally, we present some concluding remarks in Section 3.5.
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3.1.1 Terminology and Notation

Throughout this chapter, upper-case Roman letters denote matrices, lower-case Roman
letters denote vectors, and lower-case Greek letters denote scalars. We let R, R" and R’}
denote the set of n- vectors having real, nonnegative real, and positive real components,
respectively. Also, we let R"™*™ denote the set of m x n matrices with real entries. For a
vector v € R"™, we let |v| denote the vector whose ith component is |v;|, for every i = 1,...,n,
and we let Diag(v) denote the diagonal matrix whose i-th diagonal element is v;, for every
i =1,...,n. In addition, given vectors u € R and v € R", we denote by (u,v) the vector
(u?,vT)T € R™+7,

Certain matrices bear special notation, namely the matrices X, AX, S, D, and D.
These matrices are the diagonal matrices corresponding to the vectors z, Az, s, d, and J,
respectively, as described in the previous paragraph. The symbol 0 will be used to denote
a scalar, vector, or matrix of all zeroes; its dimensions should be clear from the context.
Also, we denote by e the vector of all 1’s, and by I the identity matrix; their dimensions
should be clear from the context.

For a symmetric positive definite matrix W, we denote its condition number by x(W),
i.e. its maximum eigenvalue divided by its minimum eigenvalue. We will denote sets by
upper-case script Roman letters (e.g. B, N). For a finite set B, we denote its cardinality
by |B|. Given a matrix A € R™*" and an ordered set B C {1,...,n}, we let Ag denote
the submatrix whose columns are {A; : ¢ € B} arranged in the same order as B. Similarly,
given a vector v € R™ and an ordered set B C {1,...,n}, we let v denote the subvector
consisting of the elements {v; : i € B} arranged in the same order as B.

We will use several different norms throughout the chapter. For a vector z € R", ||z|| =
V2T 2 is the Euclidian norm, ||z||; = 327, |2] is the “l-norm”, and ||z||ec = maxj—1 |2
is the “infinity norm”. For a matrix V' € R"™*™ ||V|| denotes the operator norm associated

with the Euclidian norm: |[V|| = max..; = [|[Vz|. Finally, |V||F denotes the Frobenius

norm: |V =32, 22;1 Vi?)l/Q‘

45



3.2 CQP Algorithm Using the MWB: Outer Iteration Frame-
work

In this section, we introduce our PDIPF algorithm based on a class of inexact search di-
rections and discuss its iteration complexity. This section is divided into two subsections.
In Subsection 3.2.1, we discuss an exact PDIPF algorithm, which will serve as the basis for
the inexact PDIPF algorithm given in Subsection 3.2.2, and we give its iteration complexity
result. We also present an approach based on the ANE to determine the Newton search
direction for the exact algorithm. To motivate the class of inexact search directions used by
our inexact PDIPF algorithm, we describe in Subsection 3.2.2 a framework for computing
an inexact search direction based on an approximate solution to the ANE. We then intro-
duce the class of inexact search directions, state a PDIPF algorithm based on it, and give

its iteration complexity result.
3.2.1 An Exact PDIPF Algorithm and the ANE

Consider the following primal-dual pair of CQP problems:
1
min, {QxTVEQVT:c +clz: Az =0, > 0} , (78)

MaAX(2,s,y)

1
{_2ATVE2VT£‘—|—bTy : ATy +s—VEVTi=¢, s> O}’ (79)

where the data are V € R™*! E ¢ Diag(RLr), A e R™" b e R™and ¢c € R, and the
decision variables are € R™ and (&, s,y) € R™ x R™ x R™. We observe that the Hessian
matrix @Q is already given in factored form Q = VE?VT,

It is well-known that if 2* is an optimal solution for (78) and (2*,s*,y*) is an optimal
solution for (79), then (x*,s*, y*) is also an optimal solution for (79). Now, let S denote

the set of all vectors w := (z, s,y, z) € RZ""H satisfying

Ar = b, >0, (80)
ATy +s+Vz = ¢ s>0, (81)
Xs = 0, (82)
EVIg+E~'2 = 0. (83)
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It is clear that w € S if and only if x is optimal for (78), (z,s,y) is optimal for (79),
and z = —E?VTz. (Throughout this chapter, the symbol w will always denote the
quadruple (z, s,y, z), where the vectors lie in the appropriate dimensions; similarly, Aw =
(Az, As, Ay, Az), wF = (2% % 4%, 2F), w = (2, 5,7, 2), etc.)

We observe that the presentation of the PDIPF algorithm based on exact Newton search
directions in this subsection differs from the classical way of presenting it in that we in-
troduce an additional variable z as above. Clearly, it is easy to see that the variable z is
completely redundant and can be eliminated, thereby reducing the method described below
to the usual way of presenting it. The main reason for introducing the variable z is due to
the development of the ANE presented at the end of this subsection.

We will make the following two assumptions throughout the chapter:
Assumption 3 A has full row rank.
Assumption 4 The set S is nonempty.

For a point w € R2", x R™* let us define

po= plw) = als/n, (84)
rp = rp(w) = Az —b, (85)
rg = re(w) = Aly+s+Vz—c, (86)
rv = ry(w) = EVIg+ E71z, (87)
ro= rw) = (rp(w),ra(w),rv(w)). (83)

Moreover, given v € (0,1) and an initial point w® € R%ﬁr x R™*! we define the following

neighborhood of the central path:

Nyo(v) == {w € R2" x R™: Xs > (1 —7)ue, 7 =nr’ for some 0 < < min [1, :} } ,(89)
0

where 7 := r(w), 0 := r(w?), p = p(w), and pg = p(w’).
We are now ready to state the PDIPF algorithm based on exact Newton search direc-

tions.

Exact PDIPF Algorithm
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1. Start: Let € >0 and 0 < ¢ <& < 1 be given. Let v € (0,1) and w® € R%" x R™*

be such that w® € No(7y). Set k = 0.
2. While i := p(w”) > ¢ do

(a) Let w := w* and u := py; choose o := oy, € [0, 7.

(b) Let Aw = (Az, As, Ay, Az) denote the solution of the linear system

AAz = —rp, (90)
ATAy+As+VAz = —rg, (91)
XAs+ SAzx = —Xs+opue, (92)
EVIAz + E7'Az = —ry. (93)

(c) Let & = argmax{a € [0,1] : w + &' Aw € N, o(7), Vo' € [0,a]}.
(d) Let &= argmin {(z + aAz)" (s + als) : a € [0,d]}.

(e) Let w**! = w 4+ aAw, and set k « k + 1.

End (while)

A proof of the following result, under slightly different assumptions, can be found in

[72].
Theorem 3.2.1 Assume that the constants v, o, and @ are such that
max {7_1’ (1 - ’7)_172_1’ (1 - E)_l} = O(1>v

and that the initial point w® € R x R™H satisfies (z0,s%) > (z*,s*) for some w* € S.
Then, the Exact PDIPF Algorithm finds an iterate w® € R x R™ satisfying pu, < epio

and ||r¥| < €||70|| within O(n?log(1/€)) iterations.

A few approaches have been suggested in the literature for computing the Newton search
direction (90)-(93). Instead of using one of them, we will discuss below a new approach,
referred to in this chapter as the ANE approach, that we believe to be suitable not only for

direct solvers but especially for iterative linear solvers as we will see in Section 3.3.
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Let us begin by defining the following matrices:

D = XY2571/2 (94)

D = D 0 c R(n—l—l)x(n—l—l)’ (95)
0 E!

A — A0 c R(m+l)><(n+l)_ (96)
vT I

Suppose that we first solve the following system of equations for (Ay, Az):

e - A | z—ouS—te— D?*r —r
ap2ar | V| = i : o ’ — b (97)
Az 0 —E~ry

This system is what we refer to as the ANE. Next, we obtain As and Az according to:
As = —rg—ATAy—VAz, (98)
Azr = —D*As—xz+ouS e (99)

Clearly, the search direction Aw = (Az, As, Ay, Az) computed as above satisfies (91) and

(92) in view of (98) and (99). Moreover, it also satisfies (90) and (93) due to the fact that
by (95), (96), (97), (98) and (99), we have that

- Ax | —=D?As—xz+ouS~'e
A = A
E2Az E72Az
i D?rg + D?ATAy + D*VAz —x +opS~ e
E72Az
| D?ATAy + D?>VAz | D%*yg—x+ouSle
= A + A
E72Az 0
o A | D*y4—x+opSle
= aprAat| 7Y v a ‘ :
Az 0
-7
- P . (100)
—EilTV

49



Theorem 3.2.1 assumes that Aw is the exact solution of (97), which is usually obtained
by computing the Cholesky factorization of the coefficient matrix of the ANE. In this
chapter, we will consider a variant of the Exact PDIPF Algorithm whose search directions
are approximate solutions of (97) and ways of determining these inexact search directions

by means of a suitable preconditioned iterative linear solver.
3.2.2 An Inexact PDIPF algorithm for CQP

In this subsection, we describe a PDIPF algorithm based on a family of search directions
that are approximate solutions to (90)—(93) and discuss its iteration complexity properties.

Clearly, an approximate solution to the ANE can only yield an approximate solution to
(90)—(93). In order to motivate the class of inexact search directions used by the PDIPF
algorithm presented in this subsection, we present a framework for obtaining approximate
solutions to (90)—(93) based on an approximate solution to the ANE.

Suppose that the ANE is solved only inexactly, i.e. that the vector (Ay, Az) satisfies
- A
AD?AT S f (101)
Az

for some error vector f. If As and Az were computed by (98) and (99), respectively, then
it is clear that the search direction Aw would satisfy (91) and (92). However, (90) and (93)

would not be satisfied, since by an argument similar to (100), we would have that

- Ax o A | D?*ry—z+opSte —r
i — = ipar| Y |4a I : - L
E2Az Az 0 —E7lry

Instead, suppose we use (98) to determine As as before, but now we determine Az as
Az = —D?As —z+opuS~te—S71p, (102)

where the correction vector p € R™ will be required to satisfy some conditions which we will

now describe.
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To motivate the conditions on p, we note that (98), (101), and (102) imply that

i Az Tp
+
E72Az E-lry
| -D?*As—z+opuSle— St T
_ i K p n P
E72Az EilT'V
_ D?rg+ D?ATAy + D*VAz —x+opS~te— S~ Ip N p
E2Az E-lry
- ATAy + VA2 | D?*ry—xz+opSle [ st T
_ ipe y A d It i P, »
Az 0 0 E~lry
I A | D?*ryg—xz+opSte [ S71p r
- aprar| 7Y+ A ¢ : | + g
Az 0 0 E~lry
[ S 'p
= f-A . (103)
0

Based on the above equation, one is naturally tempted to choose p so that the right hand
side of (103) is zero, and consequently (90) and (93) are satisfied exactly. However, the
existence of such p cannot be guaranteed and, even if it exists, its magnitude might not
be sufficiently small to yield a search direction which is suitable for the development of a
polynomially convergent algorithm. Instead, we consider an alternative approach where p
is chosen so that the first component of (103) is zero and the second component is small.

More specifically, by partitioning f = (f1, f2) € R™ x R!, we choose p € R™ such that
AS'p = f1. (104)

It is clear that p is not uniquely defined. Note that (96) implies that (104) is equivalent to

| S71p
;= A , (105)
E_lq
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where q := E(fy — VTS~ 1p). Then, using (96), (103), and (105), we conclude that

- Ax r [ S7p . 0
A + g = f-4A +A
E2Az E~lry E~ 14 E~1q
- 0 0
= A = ) (106)
E~ g E 14

from which we see that the first component of (103) is set to 0 and the second component
is exactly E~1q.
In view of (98), (102), and (106), the above construction yields a search direction Aw

satisfying the following modified Newton system of equations:

AAz = —r1p, (107)

ATAYy+ As+VAz = —rg, (108)
XAs+ SAx = —Xs+oue—p, (109)
EVIAz + E7'Az = —ry4q (110)

As far as the outer iteration complexity analysis of our algorithm is concerned, all we
require of our inexact search directions is that they satisfy (107)—(110) and that p and ¢ be

relatively small in the following sense:

Definition 1 Given a point w € R?ﬂ x R™H and positive scalars Tp and T4, an inexact
direction Aw is referred to as a (7, 74)-search direction if it satisfies (107)-(110) for some

p and q satisfying ||pllec < Tpp and ||q|| < 14 \/1t, where p is given by (84).

We next define a generalized central path neighborhood which is used by our inexact
PDIPF algorithm. Given a starting point w® € R2" x R™* and parameters n > 0, v € [0, 1],

and 6 > 0, define the following set:

2 ;o Xs=(L=)e, (rp.a) = n(rp,73),
Noyo(m7,0) = 4 w € R x R - » (H1
wo 7, 7Y ++
lrv =l <oV, 0 <p/no

where u = p(w), po = pw?), r = r(w) and r° = r(w’). The generalized central path
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neighborhood is then given by

Nwo((l —04)7%%9) = U Nwo(na77 9) (112)

n€l0,1]
We observe that the neighborhood given by (112) agrees with the neighborhood given by
(89) when 6 = 0.

We are now ready to state our inexact PDIPF algorithm.
Inexact PDIPF Algorithm:

1. Start: Let ¢ > 0 and 0 < ¢ < 7 < 4/5 be given. Choose v € (0,1), § > 0 and

w’ € R?" x R™H such that w® € Nyo((1 —a)n,v,0). Set k= 0.
2. While i := p(w”) > ¢ do

(a) Let w := w* and p := py; choose o € [o,7].

(b) Set

7, = ~7o/4 and (113)

0= [VI+(I=0590-1]6. (114)

(c) Setrp = Ax—b,rg=ATy+s+Vz—c,ry = EVIz+E~'z and n = |r||/[r)].
(d) Compute a (7, 7¢)-search direction Aw.

(e) Compute & := argmax{«a € [0,1] : w+ ’Aw € Nyo((1—a)n,v,0), Vo' € [0,a]}.
(f) Compute & := argmin{(z + aAz)T (s + aAs) : a € [0,a]}.

(g) Let wh*t! = w4+ aAw, and set k «— k + 1.

End (while)

The following result gives a bound on the number of iterations needed by the Inexact
PDIPF Algorithm to obtain an e-solution to the KKT conditions (80)—(83). Its proof will

be given in Subsection 3.4.2.
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Theorem 3.2.2 Assume that the constants 7y, o, & and 0 are such that

—1
max {7—1 A=)t et, (1 - Zo) } —0(1), 0=0(/n), (115)

and that the initial point w® € R2" x R™H satisfies (29,5%) > (2*,s*) for some w* € S.

Then, the Inezact PDIPF Algorithm generates an iterate wF € ]R%_”_i_ x R™t satisfying
1/2 -

i < epos 55 < 08 r Q) and [l < ellrdll + €20 within O (n?1og(1/e))

iterations.

3.3 CQP Algorithm using the MWB: Determining an In-
exact Search Direction Via an Iterative Solver

The results in Subsection 3.2.2 assume we can obtain a (7, 7¢)-search direction Aw, where
7, and 7, are given by (113) and (114), respectively. In this section, we will describe a way
to obtain a (7, 74)-search direction Aw using a uniformly bounded number of iterations of
a suitable preconditioned iterative linear solver applied to the ANE. It turns out that the
construction of this Aw is based on the recipe given at the beginning of Subsection 3.2.2,
together with a specific choice of the perturbation vector p.

This section is divided into two subsections. In Subsection 3.3.1, we introduce the MWB
preconditioner which will be used to precondition the ANE. In addition, we also introduce
a family of iterative linear solvers used to solve the preconditioned ANE. Subsection 3.3.2
gives a specific approach for constructing a pair (p, ¢) satisfying (105), and an approximate
solution to the ANE so that the recipe described at the beginning of Subsection 3.2.2 yields
a (7p, 7¢4)-search direction Aw. It also provides a uniform bound on the number of iterations
that any member of the family of iterative linear solvers needs to perform to obtain such a

direction Aw when applied to the preconditioned ANE.
3.3.1 MWB Preconditioner and a Family of Solvers

In this subsection we introduce the MWB preconditioner, and we discuss its use as a pre-
conditioner in solving the ANE via a family of iterative linear solvers. Since the condition
number of the ANE matrix AD?A” may “blow up” for points w near an optimal solution,

the direct application of a generic iterative linear solver for solving the ANE without first
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preconditioning it is generally not effective. We discuss a natural remedy to this problem
which consists of using a preconditioner T, namely the MWB preconditioner, such that
/@(TADQATT 7Y remains uniformly bounded regardless of the iterate w. Finally, we analyze
the complexity of the resulting approach to obtain a suitable approximate solution to the
ANE.

We start by describing the MWB preconditioner. Its construction essentially consists
of building a basis B of A which gives higher priority to the columns of A corresponding
to larger diagonal elements of D. More specifically, the MWB preconditioner is determined

by the following algorithm:
Maximum Weight Basis Algorithm
Start: Given d € R(f:l), and A € RO"Dx(+) guch that rank(A) = m + 1,
1. Order the elements of d so that Jl > ... > Jn+l; order the columns of A accordingly.
2. Let B=10, j=1.
3. While |B| <m+1 do
(a) If A; is linearly independent of {A; : i € B}, set B « BU {j}.
(b) j—j+1.

4. Return to the original ordering of A and d; determine the set B according to this
ordering and set N := {1,...,n+ [}\B.

5. Set B:= Ap and D := Diag(dB).

6. Let T =T(A,d) := Dg'B~".

end

Note that the above algorithm can be applied to the matrix A defined in (96) since this
matrix has full row rank due to Assumption 1. The MWB preconditioner was originally
proposed by Vaidya [63] and Resende and Veiga [53] in the context of the minimum cost

network flow problem. In this case, A = A is the node-arc incidence matrix of a connected
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digraph (with one row deleted to ensure that A has full row rank), the entries of d are
weights on the edges of the graph, and the set B generated by the above algorithm defines
a maximum spanning tree on the digraph. Oliveira and Sorensen [48] later proposed the
use of this preconditioner for general matrices A. Boman et. al. [9] have proposed variants
of the MWB preconditioner for diagonally dominant matrices, using the fact that they can
be represented as Di + ADy AT, where Dy and Dj are nonnegative diagonal and positive
diagonal matrices, respectively, and A is a node-arc incidence matrix.

For the purpose of stating the next result, we now introduce some notation. Let us
define

¢; = max{|B A : B is a basis of A}. (116)
The constant ¢ ; is related to the well-known condition number Y ; (see [65]), defined as
¥4 = sup{|AT(AEAT) 'AE| : E € DiagR)}.

Specifically, ¢ ; < (n +1)}/2x 4, in view of the facts that ||C||p < (n + 1)/2|C|| for any

matrix C' € R(MTDX(+) and, as shown in [60] and [65],
Y;i = max{|[B"'A| : B is a basis of A}.

The following result, which establishes the theoretical properties of the MWB precon-

ditioner, follows as a consequence of Lemmas 2.1 and 2.2 of [44].

Proposition 3.3.1 Let T = T(fl, J) be the preconditioner determined according to the
Mazimum Weight Basis Algorithm, and define W := TAD?ATTT. Then, |TAD| < 0

and k(W) < go%.

Note that the bound go% on k(W) is independent of the diagonal matrix D and depends
only on A. This will allow us to obtain a uniform bound on the number of iterations needed
by any member of the family of iterative linear solvers described below to obtain a suitable
approximate solution of (97). This topic is the subject of the remainder of this subsection.

Instead of dealing directly with (97), we consider the application of an iterative linear
solver to the preconditioned ANE:

Wu =, (117)

56



Table 3: Values of ¢(x) and ¢(x) for Well-Known Iterative Solvers

Solver ‘ c(k) Y(k)
SD Ve o (k+1)/2
CG |2k (VE+1)/2

where

W :=TAD*ATTT,  v:=Th. (118)

For the purpose of our analysis below, the only thing we will assume regarding the iterative

linear solver when applied to (117) is that it generates a sequence of iterates {u/} such that

. 1 17
lo—Waul|| < e(k) [1_%%)] v =W, ¥Vji=0,1,2,..., (119)

where ¢ and v are positive, nondecreasing functions of k = x(W).

Examples of solvers which satisfy (119) include the steepest descent (SD) and CG meth-
ods, with the following values for ¢(k) and 1 (k):

The justification for the table above follows from Section 7.6 and Exercise 10 of Section
8.8 of [35].

The following result gives an upper bound on the number of iterations required by any
iterative linear solver satisfying (119) needs to perform to obtain a £-approzimate solution

of (117), i.e. an iterate w/ such that ||v — Wu/| < &,/n for some constant £ > 0:

Proposition 3.3.2 Let u’ be an arbitrary starting point. Then, a generic iterative linear

solver with a convergence rate given by (119) generates an iterate v’ satisfying ||v—Wu/|| <

¢/ in
o (zp(n) log (C(“)”Z\;EW“OH» (120)

iterations, where k = K(W).

Proof: Let j be any iteration such that ||v — Wu/|| > £,/i. We use relation (119) and

the fact that 1 +w < e¥ for all w € R to observe that

i < lo-wil < o) L= g o= wal < e { L - wa
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Rearranging the first and last terms of the inequality, it follows that

c(r)llv Wu°||)
SV ’

and the result is proven. .

j < ) log<

From Proposition 3.3.2, it is clear that different choices of u® and ¢ lead to different
bounds on the number of iterations performed by the iterative linear solver. In Subsection
3.3.2, we will describe a suitable way of selecting u® and ¢ so that (i) the bound (120) is
independent of the iterate w and (ii) the approximate solution TTw of the ANE, together
with a suitable pair (p, ¢), yields a (73, 7)-search direction Aw through the recipe described

in Subsection 3.2.2.
3.3.2 Computation of the Inexact Search Direction Aw

In this subsection, we use the results of Subsections 3.2.2 and 3.3.1 to build a (7, 74)-search
direction Aw, where 7, and 7, are given by (113) and (114), respectively. In addition,
we describe a way of choosing u° and ¢ which ensures that the number of iterations of
an iterative linear solver satisfying (119) applied to the preconditioned ANE is uniformly
bounded by a constant depending on n and ¢ ;.

Suppose that we solve (117) inexactly according to Subsection 3.3.1. Then our final

solution u’ satisfies Wu/ — v = f for some vector f. Letting

A o
- T, (121)
Az

we easily see from (118) that (101) is satisfied with f := T~'f. We can then apply the
recipe of Subsection 3.2.2 to this approximate solution, using the pair (p,q) which we will
now describe.

First, note that (105) with f as defined above is equivalent to the system

~ [ s? X912 ¢
p 71D (XS5) P

~
Il
~
h
Il

(122)
E~1q 0 I q

Now, let B = (Bi,...,B,,+1) be the ordered set of basic indices computed by the MWB

Algorithm applied to the pair (/Nl, ) and note that, by step 6 of this algorithm, the B;-th
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column of TAD is the ith unit vector for every i = 1,...,m+ 1. Then, the vector t € R**
defined as tg, = f; for i = 1,...,m + [ and t; = 0 for every j ¢ {Bi,..., By} clearly

satisfies

f = TAD t. (123)

We then obtain a pair (p,q) € R” x R satisfying (105) by defining

p XS)12 o
= (£5) t. (124)
q 0 I
It is clear from (124) and the fact that ||t]| = ||f| that
Ipll < 1XSIM2I 11, lall < 1I71- (125)

As an immediate consequence of this relation, we obtain the following result.

Lemma 3.3.3 Suppose that w € R?ﬂr x R™ and positive scalars Tp and T, are given.
Assume that u’ is a &-approzimate solution of (117), or equivalently f < &1, where
£ = min{n_1/27'p,7'q}. Let Aw be determined according to the recipe given in Subsection
3.2.2 using the approzimate solution (121) and the pair (p,q) given by (124). Then Aw is

a (Tp, 7q)-search direction.

Proof: It is clear from the previous discussion that Aw and the pair (p,q) satisfy
(107)-(110). Next, relation (125) and the facts that ¢ < n~'/?7, and | XS||'/? < /ap
imply that

Iplle < llpll < IXSIM2IFIl < vap &v/i < mpp.
Similarly, (125) and the fact that { < 7, imply that |q|| < 74/p. Thus, Aw is a (7, 79)-

search direction as desired. .

Lemma (3.3.3) implies that, to construct a (7,, 74)-search direction Aw as in step 2(d) of

the Inexact PDIPF Algorithm, it suffices to find a {-approximate solution to (117), where
£ = mm{;\;’ﬁ,[ 1—}-(1—;)0—1}0}. (126)
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We next describe a suitable way of selecting u” so that the number of iterations required
by an iterative linear solver satisfying (119) to find a {-approximate solution of (117) can

be uniformly bounded by a universal constant depending only on the quantities n and ¢ ;.

a: b
A(Eié) - (0)’ ATj4+54+Vz=c (127)

Note that vectors z and Z satisfying the first equation in (127) can be easily computed once
a basis of A is available (e.g., the one computed by the Maximum Weight Basis Algorithm
in the first outer iteration of the Inexact PDIPF Algorithm). Once 3 is arbitrarily chosen,

a vector § satisfying the second equation of (127) is immediately available. We then define
W = —nT T : (128)

The following lemma gives a bound on the size of the initial residual |[Wu" — v||. Its proof

will be given in Subsection 3.4.1.

Lemma 3.3.4 Assume that T = T(A,d) is given and that w° € R2". x R™* and o are
such that (z°,s°) > |(7,5)| and (2°,s°) > (2%, s*) for some w* € S. Further, assume that
w € Nyo((1 —a)n,v,80) for some v € [0,1] and 6 > 0, and that W, v and u® are given by
(118) and (128), respectively. Then, the initial residual in (119) satisfies |[v—Wu°|| < ¥, /L,

where
o [771 +62%/2

Vs +6] oy (129)

As an immediate consequence of Proposition 3.3.2 and Lemmas 3.3.3 and 3.3.4, we can
bound the number of inner iterations required by an iterative linear solver satisfying (119)

to yield a (7, 74)-search direction Aw.
Theorem 3.3.5 Assume that & is defined in (126), where 0,v,0 are such that

max{a_l, 7_17 (1 - ’7)_1> 97 9_1}
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is bounded by a polynomial of n. Assume also that w° € ]Riﬂ x R™* and w are such that
(2%, 5%) > |(7,5)| and (2°,5°) > (2*,s*) for some w* € S. Then, a generic iterative linear
solver with a convergence rate given by (119) generates a &-approximate solution, which

leads to a (1p, 74)-search direction Aw, in

o (w(w%) log (C(soi;)w;l)) (130)
iterations. As a consequence, the SD and CG methods generate this approrimate solution
w in (9((,01%1 log(ng 7)) and O(p zlog(ny 7)) iterations, respectively.

Proof: The proof of the first part of Theorem 3.3.5 immediately follows from Proposi-
tions 3.3.1 and 3.3.2 and Lemmas 3.3.3 and 3.3.4. The proof of the second part of Theorem

3.3.5 follows immediately from Table 3 and Proposition 3.3.1. .

Using the results of Sections 3.2 and 3.3, we see that the number of “inner” iterations
of an iterative linear solver satisfying (119) is uniformly bounded by a constant depending

on n and ¢ 7, while the number of “outer” iterations in the Inexact PDIPF Algorithm is

polynomially bounded by a constant depending on n and loge™!.

3.4 CQP Algorithm using the MWB: Technical Results

This section is devoted to the proofs of Lemma 3.3.4 and Theorem 3.2.2. Subsection 3.4.1
presents the proof of Lemma 3.3.4, and Subsection 3.4.2 presents the proof of Theorem

3.2.2.
3.4.1 Proof of Lemma 3.3.4

In this subsection, we will provide the proof of Lemma 3.3.4. We begin by establishing

three technical lemmas.

Lemma 3.4.1 Suppose that w° € R x R™ w € No(n,v,0) for some n € [0,1],

€10,1] and 6 > 0, and w* € S. Then

(=2’ — (1 —n)a*) (s—ns"— (1—n)s*) > ——pn. (131)
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Proof: Let us define @ := w — nuw’ — (1 — n)w*. Using the definitions of No(n,",6),

r, and S, we have that
Az = 0
ATj+5+VZ = 0

VIZ+E2 = E '(rv —nr)).

Multiplying the second relation by &7 on the left, and using the first and third relations

along with the fact that w € No(n,7,0), we see that

i's = —3"Vzi = [E22—FE Yry —nri)]" 2 = |[ETZ)P - (B (ry — )

v

15221~ 152l - bl = (1) - 15

02 2
v w6
- 4 - 4

2
Iy — 77?“3!) v =y |2

4

Lemma 3.4.2 Suppose that w® € R?ﬂermH such that (20, s%) > (x*, s*) for some w* € S.

Then, for any w € Nyo(n,~,0) with n € [0,1], v € [0,1] and § > 0, we have

02
n(zTs" 4+ sT20) < <3n + 4> L.

Proof: Using the fact w € N,0(n,7,6) and (131), we obtain

als —n(aTs® + sTa%) + 7721:0T50 — (1 =) (zTs* 4+ 5Tz

2 xT 02

*

(1l = s al) F (1)t 2 T

Rearranging the terms in this equation, and using the facts that n < x7's/ 20"
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ij* g* :0,



(x,8) >0, (z*,5*) >0, (2°,5°) >0, €[0,1], z* < 2% and s* < s, we conclude that

92
0
x)+4,u

T0 T,.0 T

nx' s’ +s'z”) < 1721:0T80+xT8—|—7](1—17)(:13*T50+5*
6)2

ZM

VAN

n2m0T30 +2Ts +2n(1 — n)xoTso +
2

0
2773:0T30 +als + Z,u

T 62 62
3x 3+zﬂ = 3n+z I

IN

IN

Lemma 3.4.3 Suppose w® € R?", x R™ T w € Nyo(n,v,0) for some n € [0,1], v € [0,1]
and 0 > 0, and W satisfies (127). Let W, v and u® be given by (118) and (128), respectively.

Then,

| —z+ouSte+nx® —z)+nD3sY -3
Wu' —v = TA : t )+ D ) . (133)

E-(ry —r)

Proof: Using the fact that w € No(n,7,0) along with (96), (111) and (127), we easily

obtain that

0

Tp B nrp
E-lry nEilr?/ + E- Y (ry — 177“9,)
~ [ s 0
= ndA + A , (134)
E72(20 - 3) E~ N ry —nrd)
=5 = AT —9) - V(" —2) +19. (135)
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Using relations (95), (96), (118), (111), (128), (134) and (135), we obtain

S | v—ouSte— D?ry . r
Wul —v = TAD2ATTTW® —TA +T g
0 Eilrv
_apear | VT | _gal eS| p [
20—z 0 E_lrv

. [ D*AT(y° —y) + D>V (2° - z) — D%
= —nTA
E72(20 - %)
| z—ouSte - T
7 H n j2 ’
0 E_ITV
.| —D?*(s"—3 | z—ouS7te
_ A ( )| i I
E72(2% - 2) 0
- 20—z - 0
+nTA +TA ,
E2(2Y - 2) E-Y(ry —nrd)
which yields equation (133), as desired. .

We now turn to the proof of Lemma 3.3.4.
Proof of Lemma 3.3.4: Since w € N o((1 — a)n,v,0), we have that z;s; > (1 —v)u

for all ¢, which implies

6 el p—— (136)

(I =y)u

Note that || Xs — opel||, when viewed as a function of o € [0,1], is convex. Hence, it is
maximized at one of its endpoints, which, together with the facts || Xs — ue|| < || Xs|| and

o € [o,7] C [0, 1], immediately implies that
1Xs—opell < |Xsl| < | Xy = %5 = np (137)
Using the fact that (z%,s°) > |(z, 5)| together with Lemma 3.4.2, we obtain that

S(a? - 7) + X (s° - 5)|

IN

{18 — )|+ X (" =5} < 2n{]lS2°l| + 1Xs"]1}

92
< 2m(aTs¥ + 2750 < <6n + 2> L (138)
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Since w € Nyo((1 — a)n,,0), there exists n € [0,1] such that w € No(n,7,0). It is clear
that the requirements of Lemma 3.4.3 are met, so equation (133) holds. By (94), (95) and

(133), we see that

“120Xs — ope — 20—z s"—3
7ap | (X9 XS —one = nlS( )+ X( N}

v —Wud°|| =
Tv—n'f’(‘)/
< IITAEII{H(XS)1/2||[||XS—0M6||+77HX(SO—S)+5($O—$)H
v nr%u},
1 62
< pi [nu—i—(Gn—i—)u}%—@\/ﬁ = U /i,
(1=7)u 2

1_
where the last inequality follows from Proposition 3.3.1, relations (136), (137), (138), and

the assumption that w € No((1 — a)n,~,0). .

3.4.2 “QOuter” Iteration Results — Proof of Theorem 3.2.2

In this subsection, we will present the proof of Theorem 3.2.2. Specifically, we will show
that the Inexact PDIPF Algorithm obtains an e-approximate solution to (80)—(83) in
O(n?log(1/¢)) outer iterations.

Throughout this section, we use the following notation:
w(a) = w+ aAw, pla):=pw@)), r(a):=r(w(a)).

Lemma 3.4.4 Assume that Aw satisfies (107)-(110) for some o € R, w € R?m+ gng

(p,q) € R™ x R!. Then, for every o € R, we have:
(a) X(a)s(a) = (1 - a)Xs+ aoue — ap + a?AX As;
(b) pla) =1 —a(l —o)lu—apTe/n+ a2Az" As/n;
(¢c) (rp(a);ra(a)) = (1= a)(rp,ra);

(d) rv(e) = (1 - a)ry +aq.
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Proof: Using (109), we obtain

X(a)s(a) = (X +aAX)(s+ aAs)
= Xs+a(XAs+ SAz) + a’AXAs
= Xs+a(—Xs+ope —p) +a*AXAs

= (1-a)Xs+aoue —ap+a*AXAs,

thereby showing that (a) holds. Left multiplying the above equality by e’ and dividing the
resulting expression by n, we easily conclude that (b) holds. Statement (c) can be easily

verified by means of (107) and (108), while statement (d) follows from (110). .

Lemma 3.4.5 Assume that Aw satisfies (107)-(110) for some o € R, w € R?" x R™H

and (p,q) € R x R! such that ||p|lec < yop/4. Then, for every scalar o satisfying

. op
<a< 1, ————— 1
O_a_mln{ ’4HAXASHOO}’ (139)
we have
L(a) > 1-oa. (140)
I

Proof: Since ||p|lcc < you/4, we easily see that
pTe/nl < plle < op/t. (141)
Using this result and Lemma 3.4.4(b), we conclude for every « satisfying (139) that

pla) = [L—a(l—o)u—ap’e/n+a®Ac"As/n
> l—a(l—o)lp— % aop + a?AzT As/n
> (1—04),u+%aa,u—a2HAXAsHoo

> (1-apu.
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Lemma 3.4.6 Assume that Aw is a (7p, 74)-search direction, where 1, and 1, are given by
(113) and (114), respectively. Assume also that o > 0 and that w € No((1—a)n,~, 0) with
w’ € R?[ﬂr x R™H ~ € [0,1] and 0 > 0. Then, w(a) € Nyo((1 — a)n,~,0) for every scalar
a satisfying

. You
<a< 1, ———MM > 142
O_a_mln{ ’4HAXA5HOO} (142)

Proof: Since w € Nyo((1—a)n,~,0), there exists € [0, 1] such that w € Nyo(n,,0).
We will show that w(a) € Nyo((1 — a)n,v,0) C Nyo((1 — a)n,~,0) for every « satisfying
(142).

First, we note that (r,(a), rq¢(a)) = (1—a)17(r2, r9) by Lemma 3.4.4(c) and the definition
of Nyo(n,7,0). Next, it follows from Lemma 3.4.5 that (140) holds for every « satisfying

(139), and hence (142) due to v € [0, 1]. Thus, for every « satisfying (142), we have

u(a)n o o) po_ pla)

l1—-a)n< < — = —. 143
( ) w B Ho Ho (143)

Now, it is easy to see that for every v € R™ and 7 € [0, n], there holds |Ju — 7(u’e/n)e|| s <
(1+7)||ul|co- Using this inequality twice, the fact that w € N, o(n,~, ), relation (113) and

statements (a) and (b) of Lemma 3.4.4, we conclude for every « satisfying (142) that

X(a)s(a) = (1 =7)pla)e

= (1—a)[Xs—(1—7)pe]+ayope—a [p_ (1=7) (1326) 6}

+ a2 |:AXAS —(1-7) <A$ZAS> e}

AzTAs

n

T
p e
> a[vou—Hp—(l—v)ne

AXAs—(1—7)

—
[ee]

e

Je

1 1
> a(yop —2[plle — 20|AXAs|c) e > o <70u — 50K~ 27%) e = 0.
Next, by Lemma 3.4.4(d), we have that
rv(a) =1 —a)ry +ag= (1— )yl +a,

where & = (1 — a)(ry — nr,) + ag. To complete the proof, it suffices to show that [|a|| <

0/ () for every a satisfying (142). By using equation (114) and Lemma 3.4.4(b) along
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with the facts that ||ry — nri,|| < 6,/a and « € [0,1], we have
(1= a)?llrv =y l? +2a(1 = a)frv — ] " g + o?|lgl|* — 6% u()

T

e

e
n n

AzT As

lal* = 0*u(a) =
202 2 112
< (1=a)0p+2a(1 = a)fy/ullgll + a”[lqll
QAxTAs}

~e*{i-at-a)n

T
< ®|lgl® + 2a0/ullqll — abPopu + oﬁ% — 02
< allal® +26\alall - (1-2) 6%ou + 60 AX Al

< alllal? +20y/plall - (1-3) 6%n] < o,

where the last inequality follows from the quadratic formula and the fact that |q|| < 7,

where 7, is given by (114).
Next, we derive a lower bound on the stepsize of the Inexact PDIPF Algorithm.
Lemma 3.4.7 In every iteration of the Inexact PDIPF Algorithm, the step length & satis-
(144)

min{yo,1— 20}p
1[AX A5

fies
a > min{ ,
(145)

Qi

and
w(
Proof: We know that Aw is a (7, 74)-search direction in every iteration of the Inexact

PDIPF Algorithm, where 7, and 7, are given by (113) and (114). Hence, by Lemma 3.4.6,
(146)

the quantity & computed in step (g) of the Inexact PDIPF Algorithm satisfies
You }

G > min< 1
“ = mm{ "AAX Asllo
Moreover, by (141), it follows that the coefficient of «v in the expression for () in Lemma

—<1—50>,u < 0, (147)

3.4.4(b) satisfies
pTe 1
~(I=o)p—=—x < ~(1=0)ut|ploc = ~(I=0)pt you =
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since o € (0,4/5). Hence, if Az As <0, it is easy to see that @ = &, and hence that (144)

holds in view of (146). Moreover, by Lemma 3.4.4(b) and (147), we have

(@) < [1—a(l—o)u—alt < [1—(1—ia>d]u < [1—(1—50>d]u,

n 4 2
showing that (145) also holds. We now consider the case where AzTAs > 0. In this case,
we have & = min{ayn , @}, where amni, is the unconstrained minimum of u(«). It is easy

to see that

_ mp(l—o)+pe _ nlu(l —o0) - jou p(l = 3o)
Omin = > > .
2AzT As 2AzT As 2 [AX Asl|o

The last two observations together with (146) imply that (144) holds in this case too.
Moreover, since the function p(«) is convex, it must lie below the function ¢(«) over the
interval [0, aumin], where ¢(«) is the affine function interpolating p(a) at o = 0 and o = yin.

Hence,

| Q1

W@ < 9(@) = [1-(1-a)2u—al® < - (1-20)5]n s

where the second inequality follows from (147). We have thus shown that & satisfies (145).

Our next task will be to show that the stepsize & remains bounded away from zero. In
view of (144), it suffices to show that the quantity ||AXAs||c can be suitably bounded.

The next lemma addresses this issue.

Lemma 3.4.8 Let w® € R?" x R™ be such that (2°,5°) > (2*, s*) for some w* € S, and
let we Nyo((1—a)n,v,0) for some v >0 and § > 0. Then, the inexact search direction

Aw used in the Inexact PDIPF Algorithm satisfies

2

1/2
max(| D™ Az||, || DAs[l) < (1—20+1 ) Vg

1

+
V1I—7

o 2
<74\/ﬁ+ 6n + 92> Vie+ 0y (149)

Proof: Since w € N,o((1—a)n,~,8), there exists n € [0, 1] such that w € No(n,7,0).

Let Aw := Aw + n(w® — w*). Using relations (107), (108), (110), and the fact that w €
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Nyo(n,7,0), we easily see that

AAz = 0 (150)

TA 1 A AN, —
A" Ay+As+VAz = 0, (151)
VIAz + E2Az = E Yq—ry +mpd). (152)

Pre-multiplying (151) by Az and using (150) and (152), we obtain
NN U A —27 -1 0T A
Azrx As = —Ax VAz = [E7*Az—E " (¢—ry +nry)] Az
= BT A~ (g = v+ )T (BTA)

g —rv + |

> ||ETNAZ? g —rv V[ |ETT A > 1

(153)

Next, we multiply equation (109) by (XS)~'/2 to obtain D~'Az + DAs = H(o) —

(XS)~1/2p, where H(o) := —(XS)"/2¢ + ou(X S)~'/2¢. Equivalently, we have that
D~ 'Az+ DAs = H(o)— (X8)"Y2p+1q [D(sO — )+ DMl — )] = g.

Taking the squared norm of both sides of the above equation and using (153), we obtain

—1AT N ~ T~ —ry +nri?
2
lall + [lrv — nry | )
= <||9||+ ) < Usll+ovi®,

since |lg|| + |lrv —nrd || < [V2 —1] 6/r+ 0/ = V26, /1 by (111), (114), and the fact that
1+ (1 —+/2)0 < 2. Thus, we have

max([|D~" Az|l, | DAs|) < |lgll + 6y
< 1H @)+ 1CXS) "2 ) lpll +9 [[ID(s° = s + 1D~ (@ = 2*)||] + 6/
This, together with the triangle inequality, the definitions of D and Hu, and the fact that
w € Nyo(n,v,0), imply that
max(|| D~ Az, | DAs]|)
< H(@)| + 1) 72| Ipll + 20 [ID(s° = 55| + D72 = 2*)|]] + 0/

< HO)+ 1XS) 2] Ipll + 20l (X9) 72 [1X (s° = )| + 15(2° = 2] + 6y/k

IN

VH@) + —— [Ipll + 20 (1X(° — 5[+ IS@° — 2*))] + 0w/ (154)
(I —=y)u
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It is well-known (see e.g. [30]) that

@) < (1-20+2)" yam (155)

Moreover, using the fact that s* < s° and z* < 2¥ along with Lemma 3.4.2, we obtain

2
n (HX(SO — s +1S(2® — :z:*)||) < stz +27s%) < <3n + 94> 1. (156)

The result now follows by noting that ||p|| < v/n||p|lcc, and by incorporating inequalities

(155), (156) and (113) into (154). .

We are now ready to prove Theorem 3.2.2.

Proof of Theorem 3.2.2: Let Aw” denote the search direction, and let r* = r(w")
and py, = p(wk), at the k-th iteration of the Inexact PDIPF Algorithm. Clearly, w* €

Ny ((1 = a)n,v,0). Hence, using Lemma 3.4.8, assumption (115) and the inequality
IAXFAS oo < [JAXFASH| < ||(DF) " Ac®| [ D ASH,

we easily see that || AX¥As¥|| = O(n?)ug. Using this conclusion together with assumption

(115) and Lemma 3.4.7, we see that, for some universal constant 5 > 0, we have

eyl < <1 - n@) pr, Yk > 0.

Using this observation and some standard arguments (see, for example, Theorem 3.2 of [68]),
we easily see that the Inexact PDIPF Algorithm generates an iterate w* € Nyo((1—a)n,~, )
satisfying . /po < € within O (n?log(1/€)) iterations. The theorem now follows from this

conclusion and the definition of N0 ((1 — a)n,, ). .

3.5 CQP Algorithm using the MWB: Concluding Remarks

We have shown that the long-step PDIPF algorithm for LP based on an iterative linear
solver presented in [42] can be extended to the context of CQP. This was not immediately
obvious at first since the standard normal equation for CQP does not fit into the mold

required for the results of [44] to hold. By considering the ANE, we were able to use the
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results about the MWB preconditioner developed in [44] in the context of CQP. Another
difficulty we encountered was the proper choice of the starting iterate u? for the iterative
linear solver. By choosing u® = 0 as in the LP case, we obtain |[v — Wu"| = ||v||, which
can only be shown to be O(max{u, /it}). In this case, for every p > 1, Proposition 3.3.2

would guarantee that the number of inner iterations of the iterative linear solver is

@ (d)(@i) max { log (d@;)m@z) , log }) ,

a bound which depends on the logarithm of the current duality gap. On the other hand,
Theorem 3.3.5 shows that choosing u as in (128) results in a bound that does not depend
on the current duality gap.

We observe that under exact arithmetic, the CG algorithm applied to Wu = v generates
an exact solution in at most m + [ iterations (since W € R(mﬂ)x(m*l)). It is clear, then,
that the bound (130) is generally worse than the well-known finite termination bound for
CG. However, our results in Section 3.3 were given for a family of iterative linear solvers,
only one member of which is CG. Also, under finite precision arithmetic, the CG algorithm
loses its finite termination property, and its convergence rate behavior in this case is still an
active topic of research (see e.g. [20]). Certainly, the impact of finite precision arithmetic
on our results is an interesting open issue.

Clearly, the MWB preconditioner is not suitable for dense CQP problems since, in this
case, the cost to construct the MWB is comparable to the cost to form and factorize AD2AT
and each inner iteration would require ©((m + [)?) arithmetic operations, the same cost as
a forward and back substitution. There are, however, some classes of CQP problems for
which the method proposed in this chapter might be useful. One class of problems for which
PDIPF methods based on MWB preconditioners might be useful are those for which bases
of A are sparse but the ANE coefficient matrices AD?A” are dense; this situation generally
occurs in sparse CQP problems for which n is much larger than m + [. Other classes of
problems for which our method might be useful are network flow problems. The paper
[53] developed interior-point methods for solving the minimum cost network flow problem

based on iterative linear solvers with maximum spanning tree preconditioners. Related
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to this work, we believe that the following two issues could be investigated: (i) will the
incorporation of the correction term p defined in (104) in the algorithm implemented in [53]
improve the convergence of the method? (ii) whether our algorithm might be efficient for
network flow problems where the costs associated with the arcs are quadratic functions of
the arc flows? Identification of other classes of CQP problems which could be efficiently
solved by the method proposed in this chapter is another topic for future research.

Regarding the second question above, it is easy to see (after a suitable permutation of
the variables) that V71 = ( I 0 ) and E? is a positive diagonal matrix whose diagonal
elements are the positive quadratic coefficients. In this case, it can be shown that A is
totally unimodular, hence go% < (m+1)(n —m+ 1) by Cramer’s Rule (see [44]).

The usual way of defining the dual residual is as the quantity
Ri=ATy+s—-VE*WTz —¢,
which, in view of (86) and (87), can be written in terms of the residuals r4 and ry as
Ryj=r4—VEry. (157)

Note that, along the iterates generated by the Inexact PDIPF Algorithm, we have rg = O(u)
and ry = O(y/i), implying that R; = O(\/n). Hence, while the usual primal residual
converges to 0 according to O(u), the usual dual residual does so according to O(,/x). This
is a unique feature of the convergence analysis of our algorithm in that it contrasts with the
analysis of other interior-point PDIPF algorithms, where the primal and dual residuals are
required to go to zero at the same rate. The convergence analysis under these circumstances
is possible due to the specific form of the O(,/f)-term present in (157), i.e. one that lies in
the range space of VE.

CQP problems where V' is explicitly available arise frequently in the literature. One
important example arises in portfolio optimization (see [12]), where the rank of V' is often
small. In such problems, [ represents the number of observation periods used to estimate the
data for the problem. We believe that the Inexact PDIPF Algorithm could be of particular

use for this type of application.
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3.6 CQP Algorithm for a Class of Preconditioners: Intro-
duction

In this paper we develop an interior-point long-step primal-dual infeasible path-following
(PDIPF) algorithm for solving convex quadratic programming (CQP) based on inexact

search directions. The CQP problem we consider has the form
1
min {QwTQx +cTz: Az =b, x> 0} , (158)
€T

where the data are Q € R™™™, A € R™*", b € R™, and ¢ € R", and the decision vector is
x € R". We assume that Q is given in the form Q = VE2VT + Q, where V € R™*!, F is a
[ x [ positive diagonal matrix, and @) is a n X n positive semidefinite matrix.

In [33], the authors also developed an inexact PDIPF algorithm for solving (158). This
inexact PDIPF algorithm is essentially the infeasible long-step primal-dual path-following
algorithm in [28, 72|, the only difference being that the search directions are computed by
means of an iterative linear solver. We refer to the iterations of the iterative linear solver as
the inner iterations, and the iterations performed by the actual interior-point method as the
outer iterations. The main step in the inexact PDIPF algorithm in [33] is the computation
of a primal-dual search direction (Az, As, Ay, Az), whose subvector (Ay, Az) can be found
by solving the so-called augmented normal equation, or ANE. This ANE is of the form
ABQAT(Ay, Az) = g, where D is a positive diagonal matrix and A is a 2 x 2 block matrix
whose blocks consist of A, V7, the zero matrix and the identity matrix. In contrast to
direct methods, the inexact PDIPF algorithm in [33] assumes that an approximate solution
to the ANE is obtained via an iterative linear solver. Since the condition number of the
ANE matrix may become excessively large on degenerate QP problems (see e.g. [32]), the
maximum weight basis (MWB) preconditioner 7" introduced in [48, 53, 63] is used to better
precondition the matrix. A suitable approximate solution can then be determined within
a uniformly bounded number of iterations of an iterative linear solver. Since the ANE is
solved only approximately, it cannot yield a search direction which satisfies all equations
of the primal-dual Newton system. Thus, we developed a recipe in [33] for determining

an inexact search direction, based on an approximate solution to the ANE and the MWB
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preconditioner, which accomplishes the following two goals: (i) problem (158) can be solved
within a polynomial number of iterations, and (ii) the required approximate solution to the
ANE can be found within a uniformly bounded number of inner iterations.

This paper extends the authors’ previous work [33] in the following two ways. The first
extension which we present in this paper is to introduce a new linear system, which we refer
to as the hybrid augmented normal equation (HANE), as a means to determine the search
directions for the PDIPF algorithm studied in this paper. The development of the HANE
stems from the desire to take into account the structure of Q, given by Q = VE?VT + @,
in the computation of the search direction. To motivate the approach based on the HANE,
we will assume in this paragraph that ) is nonnegative diagonal. Consider the two extreme
cases where V. = 0 or ) = 0. In the first case, since Q = @ is diagonal, the search
directions can be effectively computed via the standard normal equation, since the latter
has a structure similar to that of a linear programming problem. In the second case, the
approach based on the ANE developed in [33] provides a viable alternative for computing
the search direction. The approach based on the HANE combines the ideas involved in
these two extreme cases in order to handle the mixed structure of Q as stated above. The
second extension, which is the major contribution of this paper, is to show that a large
class of preconditioners can be used in place of the MWB preconditioner in the recipe for
determining inexact search directions proposed in [33]. In this regard, this extension will be
done in the more general context of the HANE equation, rather than in the context of the
ANE used by [33]. We will also discuss the situation where the preconditioned conjugate
gradient method is used in conjunction with the partial update preconditioner proposed
by Karmarkar in [24] (see also [19, 29, 40]) and derive the corresponding inner iteration
complexity bound.

We observe that the use of iterative linear solvers to compute the primal-dual Newton
search directions of interior-point path following algorithms has been extensively studied
in [4, 6, 8, 17, 31, 47, 48, 49, 53]. The use of inexact search directions in interior-point
methods has been investigated in the context of conic programming problems (see e.g.

[4, 5,17, 31, 39, 47, 73, 61]). For feasibility problems of the form {z € Hy : Ax = b,z € C},
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where H; and Hy are Hilbert spaces, C C H; is a closed convex cone satisfying some mild
assumptions, and A : H; — Hs is a continuous linear operator, Renegar [51] has proposed
an interior-point method where the Newton system that determines the search directions
is approximately solved by performing a uniformly bounded number of iterations of the
conjugate gradient (CG) method.

Our paper is divided into five sections. In Subsection 3.6.1, we present some terminology
and notation which will be used throughout this paper. In Section 3.7, we present an inexact
PDIPF algorithm based on a class of inexact search directions, and we also partially describe
a recipe based on the HANE for determining an inexact search direction suitable for this
algorithm. In Section 3.8, we introduce the class of preconditioners used in a crucial step
of the above recipe for constructing a vector of a required size, thereby providing the final
details of the recipe that were left undetermined in Section 3.7. Section 3.9 gives proofs of
some of the results presented in Section 3.8. Finally, some concluding remarks are given in

Section 3.10.
3.6.1 Terminology and Notation

Throughout this paper, upper-case Roman letters denote matrices, lower-case Roman letters
denote vectors, and lower-case Greek letters denote scalars. We let R", R and R,
denote the set of n- vectors having real, nonnegative real, and positive real components,
respectively. Also, we let R™*"™ denote the set of m X n matrices with real entries, and
let 8" denote the set of n x n positive semidefinite real symmetric matrices. For a vector
v € R™, we let |v| denote the vector whose ith component is |v;|, for every i = 1,...,n,
and we let Diag(v) denote the diagonal matrix whose ith diagonal element is v;, for every
i =1,...,n. In addition, given vectors u € R and v € R", we denote by (u,v) the vector
(u?,vT)T € RM*",

If a matrix Z € R"™*™ has all positive eigenvalues, we denote by x(Z) its spectral
condition number, i.e. its maximum eigenvalue divided by its minimum eigenvalue. Also,
if a matrix W € R™™ is symmetric (W = W7) and positive definite (resp., positive

semidefinite), we write W > 0 (resp., W > 0). The range space of W, denoted R(W),
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is the set {Wv : v € R™}. Certain matrices bear special mention, namely the matrices
X and S. These matrices are the diagonal matrices corresponding to the vectors x and s,
respectively, as described in the previous paragraph. The symbol 0 will be used to denote
a scalar, vector, or matrix of all zeroes; its dimensions should be clear from the context.
Also, we denote by e the vector of all 1’s, and by I the identity matrix; their dimensions
should be clear from the context.

We will use several different norms throughout the paper. For a vector z € R", ||z|| =
V2T z is the Euclidean norm and |2||lcc = max;—1,..n |2 is the “infinity norm”. Also, given a
matrix C' > 0, we define the norm ||z||c = v2TCz. Finally, given a matrix V € R™*" |V||

denotes the operator norm associated with the Euclidean norm: [|[V'|| = max, =1 ||V 2]

3.7 CQP Algorithm for a Class of Preconditioners: QOuter
Iteration Framework

In this section, we introduce an inexact PDIPF algorithm based on a class of inexact search
directions and discuss its iteration complexity. The algorithm is essentially equivalent to
the one presented in [33]. This section is divided into subsections. In Subsection 3.7.1, we
introduce the class of inexact search directions, state the inexact PDIPF algorithm based
on it, and give its iteration complexity result. In Subsection 3.7.2, we will discuss how the
HANE naturally appears as a way of computing the exact search direction. We will also
describe how an approximate solution to the HANE can be used to compute an inexact

search direction which is suitable for the inexact PDIPF algorithm.
3.7.1 An Inexact PDIPF Algorithm for CQP
Consider the following primal-dual pair of QP problems:
min,, {;.%‘TQQS +clz: Az =0, x> O} , (159)
max(; ;) {—; 'Qe+bvly: ATy+s—Qi=c, s> o} , (160)

where the data are Q € S}, A € R™*", b € R™ and ¢ € R", and the decision variables

are € R" and (,s,y) € R" x R" x R™. We will assume that Q is given in the form
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= VE2VT 4+ Q for some V € R™¥ E € Diag(R! and @ € §?. In addition, we will
++ +

make the following two assumptions throughout the paper:
Assumption 5 rank(A) =m < n.
Assumption 6 The set of optimal solutions of (159) and (160) is nonempty.

It is well-known that if * is an optimal solution for (159) and (£*, s*,y*) is an optimal
solution for (160), then (z*, s*,y*) is also an optimal solution for (160). Now, let S denote

the set of all vectors w := (z, s,y, z) € RZ"*"H gatisfying

Az = b, >0, (161)
ATy+s4+Vz—Qx = ¢, s>0, (162)
Xs = 0, (163)

EVIz+E'2 = 0. (164)

It is clear that w € S if and only if z is optimal for (159), (z,s,y) is optimal for (160),

and z = —E2V T2, (Throughout this paper, the symbol w will always denote the quadruple
(z,s,y, z), where the vectors lie in the appropriate dimensions; similarly, Aw = (Azx, As, Ay, Az),
wh = (xF, s,y 2F), ete.)

For a point w € R?" x R™*! let us define
p ++

po= plw) = als/n, (165)
rp = rp(w) = Az —b, (166)
rg = ro(w) = Aly+s+Vz—Qr—c, (167)
rv = ry(w) = EVig+E7 2, (168)
ro= r(w) = (rp(w), rg(w), rv(w)). (169)

Given a point u € R(Q), it is easy to show that the function ¢” Q¢ is constant over the

manifold {t € R" : Qt = u}. Hence, the function ||| - [||g : R(Q) — Ry given by
[|lulllo = VtTQt for any t € R" such that Qt = u (170)

is well-defined. The following proposition shows that this function is a norm on R(Q).
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Proposition 3.7.1 Let ||| - |||g be as defined in (170), and let w € R(Q). Then, the

following statements hold:

1. Given a factorization Q = VV'T, where V has full column rank, we have that |||ul| lo =

v, where v is the unique vector satisfying Vv = u;
2. ||l |llq defines a norm on R(Q); and

3. |lull < QU2 [[ulllq-

Proof: Let u € R(Q) be given, and let ¢ be a vector such that Qt = u. If we define

v := VT¢, then the assumption that Q = VV7 along with (170) implies that

llullle = ViTQt = [[VH| = ||v]. (171)

Since u = Qt = VVTt = Vv and V has full column rank, it is clear that v is uniquely
determined by the formula v = [1~/T1~/]*11~/Tu, and statement 1 is proven.

Using the above formula for v and statement 1, it is easy to see that |||-|||g is a seminorm
on R(Q). It is indeed a norm, since, in view of (171), |||u|||g = 0 implies that v = 0, and
hence that u = Vv = 0.

To prove the third statement, let ¢ be a vector such that Q¢ = u. Then (170) implies

that
lull = QI < [Q71QY2t] = IQII'*VITQt = Q' [Iulllq.

Next, given a point w € Ri’ﬂr x R™+ and scalars o € [0,1], 7, > 0, and 7, > 0, we will
say that a search direction Aw is a (7, 7¢)-search direction at w (with centrality parameter

o) if Aw satisfies

ANz = —rp, (172)

ATAy+ As+VAz—QAz = —rg—g, (173)
XAs+ SAx = —Xs+ope—p, (174)
EVIAz+E7'Az = —ry+4gq (175)
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for some (g,p,q) € R(Q) x R™ x R! such that

[plloe < Tpu, glll?y + llal® < 75, (176)

where p is given by (165). Note that while p and ¢ can vary over the whole Euclidean spaces
R™ and R!, respectively, the error g is required to be in R(Q).

We will now point out the relationship between the definition above and the definition
of a (7, 7¢)-search direction given in paper [33]. It is clear that system (32)-(35) in [33] for
determining an inexact search direction can be viewed as a special case of system (172)-(175)
by setting @@ = 0, which also implies that g = 0 due to the fact that g € R(Q). However,
it is also possible to transform system (172)-(175) into a system of the form specified by
equations (32)-(35) of [33] (see the proof of Theorem 3.7.2 in Subsection 3.9.1). Hence, these
two systems for defining inexact search directions are essentially equivalent. We consider
system (172)-(175) in this paper because it naturally lends itself to the development of the
HANE as a means to determine the search direction Aw (see Subsection 3.7.2).

Next, given € [0,1], v € (0,1), § > 0, and an initial point w® € R?", x R™ we define

the following set:

Xs > (1—v)pe, rp=nry, 1< p/po,

Nyo(1,7,0) := { w € R2" x R™F . ra —nrd € R(Q), . (17T7)

lllra = mrglllyy + llrv = nry/ |1 < 6%p.

where p = p(w), po = p(w®), r = r(w) and r¥ = r(w®). The central path neighborhood

used by the inexact PDIPF algorithm described below is given by

Nwo((l _04)77:%9) = U Nwo(nary’ 9) (178)

776[071]

We are now ready to state the inexact PDIPF algorithm.
Inexact PDIPF Algorithm:

1. Start: Let ¢ > 0 and 0 < ¢ < & < 4/5 be given. Choose v € (0,1), § > 0 and

w’® € R?" x R™H such that w® € Nyo((1—a)n,v,6). Set k= 0.
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2. While i := p(w”) > ¢ do

(a) Let w := w* and u := py; choose o := oy, € [a, 7).

(b) Set

7, = ~7o/4 and (179)

0= [VI+(I=059)0-1]0. (180)

(c) Compute a (7, 7,)-search direction Aw := Awk.
(d) Compute & := argmax{a € [0,1] : w+ ' Aw € No((1—a)n,v,0), Vo' € [0, al}.
(e) Compute & := argmin{(z + aAz)T (s + aAs) : a € [0,d]}.

(f) Let w**! = w + aAw, and set k «— k + 1.

End (while)

The following result gives a bound on the number of iterations needed by the inexact
PDIPF algorithm to obtain an e-solution to the KKT conditions (161)—(164). Its proof will

be given in Subsection 3.9.1.

Theorem 3.7.2 Assume that the constants v, o, & and 0 are such that

-1
max {71 A=)t et, <1 _ ia> } —0(1), 0=0(/n), (181)

and that the initial point w® € R x R™M satisfies (20,s%) > (2*,s*) for some w* € S.

Then, the inezact PDIPF algorithm generates an iterate w* € Riﬂ x R™H satisfying p, <
1/2 12 ..

epio, Pl < ellrlll, Pl < ellr§l + e/20l1Q1 g and vl < el + /205 within

@) (n2 log 6*1) iterations.

It is possible to show that if w? is a strictly feasible point, i.e. w® € Rfﬂr xR™H and r0 =
0, then the iteration complexity of the above algorithm is bounded by O(nlog e~!) iterations.
It is also possible to develop a primal-dual short-step path-following algorithm based on the
inexact search directions introduced above, which would have iteration complexity bounds

O(nloge™!) and O(y/nloge™!) for infeasible and feasible starting points, respectively. One
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interesting characteristic of the feasible algorithms discussed in this paragraph is that,
although the algorithms start with a primal- and dual-feasible point w®, the algorithms
only maintain primal feasibility throughout, while the dual residuals satisfy ||r4|| = O(\/n).

For the sake of brevity, we will only deal with the long-step PDIPF algorithm stated above.
3.7.2 Framework for Computing an Inexact Search Direction

In this subsection we will provide a framework for computing inexact search directions and
give sufficient conditions for them to be (7, 7y)-search directions.

We begin by defining the following matrices:

D = (Q+X7'9)71/2 (182)
0 E!
A\ — A0 ER(m-}—l)x(n-‘rl)’ (184)
vT T
H := AD?AT, (185)
and the vector
| D*(s—ouXte—r T
oo Al Do 2 . (186)
0 E-lry

One approach to compute an exact search direction, i.e. a direction Aw satisfying (172)—
(175) with (g,p,q) = 0, is as follows. First, we solve the following system of equations for
(Ay, Az):
H Ay = h.
Az
This system is what we refer to as the HANE. (We observe that if V' = 0, i.e. Q = Q,
then this system reduces to the standard normal equation for QP, while if @ = 0, i.e.

Q = VE?VT it reduces to the ANE in [33].) Once (Ay, Az) is determined, we obtain Ax

and As according to formulas (188) and (189) below with g = p = 0.
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Suppose now that the HANE is solved only inexactly, i.e. that the vector (Ay, Az)

satisfies

Ay
H = h+f (187)

Az

for some error vector f. We then compute Az and As according to the following formulas:

Az = D? (rd—i-ATAy—i-VAz—s—l—a,qule—l—g—Xflp), (188)
As = —rqg—ATAy+QAz —VAz—g, (189)
where the pair of correction vectors (g,p) € R(Q) x R™ will be required to satisfy some
conditions which we describe below. Clearly, the search direction Aw = (Az, As, Ay, Az)
computed as above satisfies (173) in view of (189). Moreover, (174) is satisfied, since
equations (182), (188), and (189) imply that
XAs+SAz = —Xrg— XATAy—XVAz— Xg+ (XQ + S)Ax
= —Xrqg— XATAy— XVAz—Xg+ XD ?Az
= —Xs+oue—p.

To motivate the conditions we will impose on the pair (g,p) € R(Q) x R™, we note that

equations (183)—(189) imply that

—“ Ax Tp
A +
E2Az E-lry
1 D? (ATAy+ VA2) 4+ (=s+opX te+rq) + (9 — X 'p)) N Tp
E—2Az E~lry
| ATAYy+ VA | D*(X 1p-
_ i y L (X~'p—9)
Az 0
A | D*(X tp-— | D*(X tp-—
= H Y —h—A ( 9) = f-A ( 9) . (190)
Az 0 0

Our strategy will be to choose the pair (g,p) € R(Q) x R™ so that the first component of

(190) is zero, and hence that (172) is satisfied. Specifically, let us partition f = (f1, f2) €
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R™ x RI. We will choose (g,p) € R(Q) x R™ such that
AD*(X7'p—g) = fi. (191)
Observe that g and p are not uniquely defined. Letting
g = E(fz=V'D*(X"'p—yg))
and using (184), we easily see that (191) is equivalent to

2(yv—1.
f=A D& ~g) : (192)
E~ 4

Then, using (184), (190), and (192), we conclude that

~ Ax T | D*( X 'p—g ~ 0
A + P = f-A ( ) + A
E72Az E~lry E~1q E~1q
N 0 0
= A = , (193)
E~1q E~ g

from which we see that the first component of (190) is set to 0 and the second component
is exactly E~'q. We have thus shown that the above construction yields a search direction
Aw satisfying equations (172)—(175).

Before ending this subsection, we provide a framework for computing a triple (g,p, q) €

R(Q) x R™ x R! satisfying (192). First, choose a vector v := (v1,v9) € R" x R! satisfying
Av = f. (194)
Next, we choose the triple (g,p,q) € R(Q) x R x R! according to
g:=—Qui, p:=Svy, q:=FEuv,. (195)
Then (182), (194), and (195) imply that

| D¥x—1p— | D*x1S+
i (X~ 'p—yg) 1 ( Q)v1

E"q U2
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ie. (9,p,q) € R(Q) x R" x R satisfies (192). Note that in view of Assumption 5 and (184),
system (194) has multiple solutions. Strategies for choosing a specific vector v satisfying
(194) will be discussed in Subsection 3.8.1.

The following result relates the size of D~1v with the magnitude of the triple (9,p,q) €
R(Q) x R™ x R!, and gives a sufficient condition for the search direction described above to

be a (7p, 74)-search direction.

Proposition 3.7.3 Let w € R?ﬁ,_ x R™ be given, and consider the vector v € R"* and

the triple (g,p,q) € R(Q) x R" x R! as defined in (194) and (195). Then, we have
Il < vaRIB Yl gl + lal? < 15, (196)
As a consequence, if HlA?*lvH < &/, where & is defined as
¢ = min{n"Y?7, 7.}, (197)

then the corresponding inezact search direction Aw as described above is a (7, T4)-search

direction.

Proof: Using (182) and the fact that (z,s) > 0, we conclude that Q < Q+X 1S = D=2
Next, the second identity in (195) along with (170) implies that |]|g||% = v{'Qu;. Using

these facts along with (183) and (195), we obtain
lglllg+lal* = vf Qut||Eva|® < v D™2v1+[|Eva||* = [|D™ ot |2+ Bva|* = D7 ol|*.

Similarly, we have X ~1S < D72, which clearly implies that D? < XS~!. This result, along
with the fact that x;s; < nu for all i, implies that SD?S < XS < nul, and hence that
|SD|| = ||SD?S||'/? < \/np. We use this result along with (183) and the first relation in

(195) to obtain

lpll =[Sl < ISDIID™ el < Vag | D7 lor]| < y/mp||D™Holl.

Thus (196) is proven. The second part of the proposition follows from the fact that (196),

(197), and the assumption that |[D~1v| < £y/i imply that (176) holds. .
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3.8 CQP Algorithm for a Class of Preconditioners: Inner
Iteration Complexity

In this section, we complete the description of the recipe given in Subsection 3.7.2 to de-
termine a (7, 7,)-search direction Aw. The section is divided into two subsections. In
Subsection 3.8.1, we derive a uniform upper bound on the number of iterations a generic
iterative linear solver requires to obtain a sufficiently accurate solution (Ay,Az) to the
HANE, which will then yield a (7, 7,)-search direction Aw, as required in step 2(d) of
the inexact PDIPF algorithm. One of the key ideas in this paper, which is described in
Subsection 3.7.1, is the use of a suitable approximation F' of D? to define the vector v as
a linear function of u. In Subsection 3.7.2, we present two examples of matrices I’ which
are suitable approximations of D2. We also obtain specific expressions for the iteration
complexity developed in Subsection 3.7.1 when the iterative solver used to obtain an ap-
proximate solution to the HANE is the preconditioned conjugate gradient (PCG) method

with preconditioner given by AFAT.
3.8.1 Inner Iteration Complexity Analysis

In this subsection, we will complete the description of the recipe given in Subsection 3.7.2
to determine a (7, 7,)-search direction Aw. For simplicity of notation, in this section we
will denote the variable of unknowns in the HANE by w, so that the HANE takes the
form Hu = h, where H and h are given by (185) and (186), respectively. Recall that
the only thing that was unspecified in the recipe of Subsection 3.7.2 was the choice of
a vector v satisfying (194). Recall also from Lemma 3.7.3 that by choosing v such that
|ID~ o] < ¢ /I, where ¢ is given by (197), the corresponding inexact search direction Aw is
guaranteed to be a (7, 74)-search direction, simply by choosing (g, p, ¢) according to (195).
One of the key ideas in this paper, which is described in this subsection, is the use of a
generic preconditioner for H to define the vector v as a linear function of w. This subsection
also discusses the iteration complexity of a generic iterative solver to obtain an iterate u
so that the corresponding v = v(u) satisfies the condition |D~lv|| < ¢ V- We also discuss

an appropriate choice of the starting point u° and conditions on the generic preconditioner
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for H which guarantee that the inner iteration complexity bound is uniformly bounded
throughout the iterations of the inexact PDIPF algorithm.

We will first discuss the criterion we use to measure the complexity of an iterative solver
to obtain an approximate solution to a system of the form Hu = h. A common way of
measuring the closeness of u to u* := H~'h is by the distance ||u — u*||g = ||f(u)|z-1,
where f(u) := Hu—h. Many algorithms for solving the system Hu = h produce a sequence
of iterates which decrease this distance at every step (see [20, 25, 35]). Other equivalent
distances could be used in our discussion below, but we will only consider the one above
without any loss of generality. We will say that the complexity of an iterative solver (with
respect to the above distance) is bounded above by a nondecreasing function Y : [1, 00) —
Z4 if, for any 6 > 1, Y(6) denotes an upper bound on the number of iterations required
by the iterative solver, started at any u’, to obtain an iterate u such that || f(u)|g-1 <
0L ()1

Next, we will discuss a way of choosing a vector v satisfying (194) and the condition
1D~ < K| f(u)] g (198)

for some suitable constant K > 1. For fixed f(u), consider the ideal case for which we set

v = vrg, where vg = argmin{||D~'v|| : Av = f(u)}. It is straightforward to show that
vps = D*ATH 'f(u) = D?AT(AD>*AT)~'f(u), (199)

where H is given by (185). Thus we have that

1D urs|| = \/f(U)T(ﬁf?QXT)*lf(U) = [ @)lg-1, (200)

and hence that (198) is satisfied with K = 1. Unfortunately, the computation of vrg
requires the computation of H~!f(u), or equivalently the solution of a system of linear
equations with the same coefficient matrix as the HANE we are trying to solve. To remedy
this problem, we will approximate D2 by a matrix F' > 0 such that G := AFAT » 0 and
G~ f(u) is much cheaper to compute than H~!f(u). We then replace D? in (199) by F to

obtain a vector v according to

v = v(Fu) = FATG™'f(u) = FAT(AFAT) ™ f(u). (201)
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It is clear that v defined in this manner satisfies (194). By imposing some conditions on
the approximation F according to the definition below, v will also satisfy (198) for some

constant K > 1. We will require that F' approximate D? in the following sense.

Definition 2 Let constants 0 < A\ < Ay be given. We will say that a matriz F is a

(AL, \v)-approximation of D2 if0=<F =< )\y D? and AFAT = )\, AD2AT.

Using the above definition, we can now state the following result.

Lemma 3.8.1 Suppose that a matriz F is a (A, \y)-approzimation of]_A72. Then the vector
v given by (201) satisfies (198) with K = \/Auy/AL.

Proof: Let G = AFAT, and recall the definition of H in (185). Using the assumption
that F'is a (A, A\y)-approximation of D? and Definition 2, we have that G~! < )\ZlH_l

and D"'FD~! < Ayl Using these inequalities along with (201), we conclude that

1Dl < IDTTEYRFVPATG T f(u)]| = DRV \/fuTG*l(zZFfTT)G”f(u)

= |[DT'FD YV F()TG 1 f(u) < Au/Apy/ f)TH f(u

VAu/ALS (W)l -1

Note that if u is a point such that ||f(u)|gz-: < 071|f(u®)||g-1, and if v is formed

according to (201), where F' is a (Ar, Ay)-approximation of 132, we have

ID~1v] I[f (u HH 1 1
L | N 5
||f(u0)||H—1 m”f < )\U/)\L (202)

in view of Lemma 3.8.1. The issues to be considered now are (i) the choice of the starting
point u° and (ii) the choice of §. Regarding (i), we will show that a starting point u° can

always be chosen so that
1F@) g < O/ (203)

for some universal constant W. Assuming this fact, the constant § in issue (ii) can be chosen

as

6 = (Y/)VAIu/AL, (204)
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where £ is given by (197). Indeed, by (202)-(204), it follows that the resulting vector v
satisfies [|[D~1o| < §\/It, as desired.

We will now concentrate our attention on the construction of a starting point u® sat-
isfying (203). First, compute a point w’ = (2,1, ¢, 2’) satisfying the following system of

linear equations:

/
A<E$22/) - @ ATy 45+ V= Qar = (205)
We then define
0 /
y -y
W = —n , (206)
20— 2

where n = ||rp||/ Hrg”. Notice that all of the starting points generated by the above formula
are multiples of the same vector, which can be computed once at the beginning of the
inexact PDIPF algorithm. Moreover, if the starting point w® of the algorithm is feasible
to (159) and (160), then we may choose w’ = w”, and hence u° = 0. The following lemma

gives a bound on || f(u®)| g-1.

Lemma 3.8.2 Assume that w® and w' are such that (z°,s°) > |(2/,s")| and (2°,s°) >
(x*,8*) for some w* € S. Further, assume that w € Nyo((1 — a)n,v,0) for some ~v € [0, 1]
and 0 > 0, and that H, h and u° are given by (185), (187) and (206), respectively. Then,
f(u®) satisfies (203), where p is given by (165) and ¥ is defined as

2

I—»v

1/2 02
 —— 2
> Vn+ 2\/ﬁ+ (207)

v = 6 n+<1—20—|—
L=~

The proof of this lemma will be given in Subsection 3.9.2. Our next lemma provides

insight into the size of the ratio ¥/¢ in (204).

Lemma 3.8.3 Suppose that max{o, o1,y 1 (1 —4)71,071} = O(1) and § = O(y/n) in
the inexact PDIPF algorithm, and that 1, 74, § and V are as defined in (179), (180), (197)

and (207), respectively. Then, we have that W /¢ = O(n®/?).

Proof: Under the assumptions above, it is easy to see that ¥ = O(n) and ¢~ = O(y/n),
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and the result follows immediately. .

We summarize the results of this subsection in the following theorem.

Theorem 3.8.4 Suppose that the conditions of Lemmas 3.8.1-3.8.3 are met. Then, an
iterative solver with complexity bounded by Y (-) generates an iterate u such that v = v(F,u)

satisfies | D~ 1v|| < £/ in at most

(o (i)

iterations.

It is important to observe that, although the requirements given in this subsection are
sufficient to ensure that the resulting Aw is a (7, 74)-search direction, they are not necessary.
Indeed, it is only necessary to check the sizes of ||p[lo and [[[gll|3 + [l¢[|* to ensure that
the resulting Aw is a (7, 74)-search direction. Once a candidate vector v is generated, then
(9,7,q) € R(Q) x R x R! (and their corresponding magnitudes) can be easily computed

according to (195).
3.8.2 Specific Applications

In this subsection, we present two examples of matrices F which are (A, Ay )-approximations
of 152, and an estimation of their corresponding constants Ar, and A\y. As a consequence,
we will obtain specific expressions for the iteration complexity developed in Theorem 3.8.4
when the iterative solver used to obtain an approximate solution to the HANE is the pre-
conditioned conjugate gradient (PCG) method with preconditioner given by AFAT.

The first example of a matrix /' we will consider in this subsection is the maximum
weight basis (MWB) preconditioner originally proposed by Vaidya [63] (see also [53]). For
the purposes of this example only, we will assume that @) is diagonal, which clearly implies
that D is also diagonal. The MWB is a basis B of A formed by giving higher priority to
columns of A corresponding to larger diagonal elements of D. The MWB preconditioner
is then given by f‘lf_T, where T = ﬁng_l and lA)B is the diagonal submatrix of D

corresponding to the columns of B. (See [44] for a complete description of the MWB). Note
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that this preconditioner can be written as
G = BDEBT = A AT = AFAT

where

It is clear from this definition that 0 < F < D2, Next, Lemma 2.1 in [44] implies that

ITAD| < ¢ 7, where ¢ 7 is defined as
v = max{||[B~'A||r : B is a basis for A}.

It follows that THTT = f(gfﬂgT)fT =< cp%] , which implies that G' > @E2H . In view of
definition 2, we have thus shown that F is a (gpgj, 1)-approximation of D2

Another way of obtaining an approximation of D? is by using the partial updating
strategy which was first proposed by Karmarkar [24] (see also Gonzaga [19]) in the context
of primal-only interior-point methods, and extended by Monteiro and Adler [40] and Kojima
et. al. [29] to the context of primal-dual path-following methods. At each iteration of a path-

following algorithm, the strategy consists of generating a diagonal matrix D satisfying

p_lﬁ < D; < pﬁ, foralli=1,...,n (208)
xX; ZX;

for some constant p > 1, and using

F o= (209)

as the approximation for D?. The current approximation D is obtained by updating the
approximation used at the previous iterate in the following manner. If the ith diagonal
element of D used at the previous iterate violates (208), then it is changed to s; /x;; otherwise
it is left unchanged. Using (182), (183), (208), and (209), we easily see that p~'D? < F <
pﬁ2, which implies that G = AFAT = p~'H. Hence F is a (p~!, p)-approximation of D2

In the remainder of this subsection, we will obtain specific expressions for the itera-

tion complexity developed in Theorem 3.8.4 when the iterative solver used to obtain an
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approximate solution to the HANE is the PCG method with preconditioner AF A\T, where
F' is obtained via the MWB and partial update methods, respectively. It should be noted
that under exact arithmetic, the PCG algorithm is in fact a finite termination algorithm,
achieving an exact solution to the HANE in at most m + [ iterations, since H € S_Tfrrl
(see for example [25, 35]). For our purposes, we will view the PCG method as an itera-
tive method, which is known to satisfy the following convergence property: if G € STIZ
is used as a preconditioner for the HANE, then the method obtains an iterate u such that

1@l < 67 f(u®) ][+ in at most

() = o{\/ﬂ(cle)loga} (210)

iterations, where we recall that x(-) represents the spectral condition number of (-). The
following lemma gives a bound on the spectral condition number of G~'H when G = AFAT

and F is a (Ar, Ay )-approximation of D2.

Lemma 3.8.5 Suppose that F is a (A, \y)-approxzimation of 132, and define G := AFAT.

Then, k(G™1H) < Ay /L.

Proof: Let L be an invertible matrix such that LLT = G~!. We observe that G~'H and
LTHL are similar, and hence x(LTHL) = k(G~'H). Since F is a (A1, \y)-approximation
of D2, we have that F < AyD? and G = A, H. These relations, along with (185) and the
definition of G, imply that A\ H <= G < AyH. This observation together with the fact
that G = L~TL~! then implies that \j;'T < LTHL < A;'I, and hence that k(G H) =

H(LTHL) < )\U/)\L‘ Ll

Using Lemma 3.8.5 along with (210), we see that Theorem 3.8.4 yields the iteration

complexity bound
O {\/)\U/)\L log(n )\U/AL)} (211)

for the PCG method with preconditioner G = AFAT , where F'is a (A, \y)-approximation
of D2. For the MWB and partial update preconditioners, this bound becomes O(pzlog(nwyz))
and O(plog(np)) iterations, since the respective matrices F' are (@1%2, 1)- and (p~', p)-

approximations of 132, respectively. We observe that the resulting bound for the MWB

92



preconditioner is precisely the same as the one obtained in [33].

In the remaining part of this subsection, we will make a few observations about the
inner iteration complexity bound (211). As mentioned in Subsection 3.7.1, it is possible to
develop a short-step method based on the inexact search directions introduced in Subsection
3.7.1. When this method is started from a feasible point, then it can be shown that the
inner iteration complexity bound is the same as (211), but with the factor n removed from
the logarithm. Recall that the term logn in (211) follows from the fact that the ratio ¥/&
in Lemma 3.8.3 is O(n®/?), which in turn follows from the fact that ¥ in Lemma 3.8.2 and
€1 in (197) satisfy ¥ = O(n) and ¢! = O(y/n). In the context of a short-step feasible
method, it is possible to show that for an appropriate choice of o, 7, and 8, ¥ = O(1) and
¢! = O(1). The latter follows from the fact that the bound derived in (196) for ||p|| can
be reduced by a factor of O(y/n), and hence that { can be chosen as ©(min{,, 74}).

In view of the discussion in the previous paragraph, the short-step variant of the inex-
act PDIPF algorithm, started from a feasible point, has inner iteration complexity bound
O(plog p) if the partial update preconditioner is used to solve the HANE. It is interesting to
compare this bound with the inner iteration complexity bound of the inexact path-following
method presented by Anstreicher in [4]. His paper presents a short-step, dual-only, path-
following method with feasible starting point, where the normal equation is solved by the
PCG method using the partial update preconditioner. It shows that the outer and inner
complexity bounds are O(y/nloge™1) and O(p) iterations, respectively. In order to mini-
mize the overall arithmetic complexity of his method, including the work of updating the
preconditioner through a series of rank-one updates, Anstreicher shows that the best choice
for p is p = O(m?) for some 3 € (0,1/2), which yields the optimal arithmetic complexity
of O((n/logn)loge1).

Note that the inner iteration complexity bound in [4] is a factor of log p = O(log(Ar/AL))
better than the same bound in our method. The main reason for this difference is that,

while Anstreicher’s method generates an iterate u satisfying

@las
) =0 (212)
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where 6 = O(1), our method generates an iterate u such that Hﬁ_lv(F, uw)|l/(Evm) < 1.

Noting that Lemmas 3.8.1 and 3.8.2 imply that

1D o(E | ¥ [ De(F )] K /@)

EVH 3 v\/n =& O
where K = \/m, our requirement on the iterate u can be accomplished by enforcing
(212) with 6 = KW/, Since, for a short-step method with a feasible starting point, we
have that this choice of § satisfies § = O(p), it follows that our inner iteration complexity
has an additional logd = O(logp) factor compared to the complexity of [4]. Note that
if the ideal choice of v = vpg given by (199) is made, then K = 1 in view of (200) and
d = O(1). Then we would have an inner iteration complexity bound of O(p), the same
as in [4]. Hence, the dual-only method in [4] can be thought of as being comparable, in
terms of the number of inner iterations, to the inexact PDIPF algorithm proposed in this
paper, with this ideal (but expensive) choice of inexact search direction. Note that, since
the left hand side of (212) cannot be computed, and hence cannot be used to check for
early termination of the PCG method, exactly T(J) iterations of the PCG method must
be performed at each outer iteration of Anstreicher’s algorithm, where Y(0) is given by
(210). In this respect, our approach is preferable to the one in [4], since it has a measurable
termination criterion, namely |[D~ v(F,u)|/ (§y/) < 1. It is possible to incorporate a
measurable stopping criterion into Anstreicher’s approach, but in that case, the resulting
inner iteration complexity bound would increase to O(plogp), the same bound as in our

method.

3.9 CQP Algorithm for a Class of Preconditioners: Tech-
nical Results

In this subsection, we present the proof of Theorem 3.7.2 and Lemma 3.8.2. Subsection
3.9.1 presents the proof of Theorem 3.7.2, while Subsection 3.9.2 gives the proof of Lemma

3.8.2.
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3.9.1 Proof of Theorem 3.7.2

In this subsection, we prove Theorem 3.7.2 by showing that the inexact PDIPF algorithm
of Subsection 3.7.1 is completely equivalent to the algorithm presented in [33], and hence

has similar convergence properties as the latter one.

Proof of Theorem 3.7.2: Let V be a matrix of full column rank such that Q= vvT.

It is clear that we may write Q = VE?V7” where
_ E 0
Vo= < vV v ) E =
0 I

Note that Q has the form required for the inexact PDIPF algorithm in [33]. Recall that the
algorithm in [33] generates a sequence of iterates w* = (2, s*, 4%, (2*, %)) to approximate

a solution of the equivalent reformulation of the optimality conditions (161)—(164):

Axr = b, >0,
ATy—l—s+Vz+1~/2 = ¢ s5>0,
Xs = 0,
EVIia+E 2 = 0,
Viz+z = 0.
More specifically, the algorithm in [33] generates a sequence of points w* which lie in the

neighborhood N0 (7,0) := Uyeo,1)Nwo (7,7, 0), where

, i Xs = (=ype, (rp,7a) = n(ry,7), 0 < /o,
Nyo(n,7,0) == { w e RT% x R™HH
v = 1P + g = P < 0%

and the residuals 74 and r; are defined as

Tq = ATy+s+Vz+‘7%—c,

7"7 = ‘N/Tl'-f—g.

Given a point w € Nyo(7v,0), the inexact algorithm in [33] generates a (73, 74)-search

direction Aw = (Az, As, Ay, (Az,Kz)), which in that context means a search direction

95



satisfying

ANz = —rp,
ATAYy + As+ VAz+VAz = —iy,
XAs+ SAx = —Xs+opue—np,
EVIAz + E7'Az = —ry+g,
VIiAz+ Az = -1y +4,

for some vectors p, ¢, and G satisfying ||p|/cc < 7Tpp and ||(q, G)|| < 741/1t, where 7, and 7, are
defined in (179) and (180), respectively. The inexact PDIPF algorithm in [33] determines
a stepsize « in the exact same manner as steps (d) and (e) of the inexact algorithm in
Subsection 3.7.1, but with w, Aw and N, ((1—a)n,, #) replaced by w, Aw and Nyo(v, 6),
respectively, and determines the next iterate w' according to w™ = w + aAw.

It is straightforward to show that the inexact PDIPF algorithm in Subsection 3.7.1,
started at w® is completely equivalent to the inexact PDIPF algorithm in [33], started at

0

w? = (20,59, 40, (29, 29)), where 20 = —V720, due to the following claims:

1. A vector w = (x,s,y,2) € Nyo(n,7,0) if and only if there exists a vector Z such that

w = (z,8,y,(z,2)) € Nyo(n,7,0), in which case Z is unique; and

2. If w and w are related as in statement 1 above, a search direction Aw = (Az, As, Ay, Az)
is a (7, 74)-search direction at w if and only if there exists a vector Az such that the
search direction Aw = (Az, As, Ay, (Az, sz)) is a (7, 7¢)-search direction at w (in

the sense of [33]), in which case Az is unique.

The proofs of claims 1 and 2 are based on the following observations, which are valid under
the assumption that 2° = —VT0,
- If w € Nyo(n,7,0), let t be the unique vector such that Vt = rq — 777“27 and define
7=-VTz —t Then w € Nyo(n,7, 0).
- If w € Nyo(n,7,0), then we have that 7y = nf) = nr) = ry + 177"7. Thus rq —nr €
R(Q), and statement 1 of Proposition 3.7.1 and the fact that r% = 0 imply that

|||ra — m“ng = ”T“';H = Hr‘; — nr%”. It follows that w € No(n,7,6).
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- Let Aw be a (7, 7,)-search direction with error terms (g,p, q) € R(Q) x R x R!, let §
be the unique vector such that 17(1 = g, and let Az be given by Az = —VTAx—rf,—i—cj.

Then Aw is a (7p, 74)-search direction at w with error terms (p, (¢, q)).

- Let Aw be a (7, 74)-search direction at w with error terms (p, (¢, ¢)), and let g = V.
It follows that Aw is a (7, 7,)-search direction with error terms (g,p,q) € R(Q) x
R"™ x R
We leave a detailed proof of claims 1 and 2 to the reader.

Given € > 0, Theorem 2.2 of [33] claims that the inexact algorithm in [33] finds a point
w* € Nyo(7,0) satisfying ju; < epo in at most O(n?log 1) iterations. Translated to the in-
exact PDIPF algorithm in Subsection 3.7.1, this means that a point w* € Ny ((1—a)n,7,6)
satisfying up < ey can be found in at most O(n?loge~!) iterations. The remaining con-
ditions on w* in our theorem follow from the definition of N0 ((1 — a)n,~,6) in (178), the

fact that pp < eug, and statement 3 of Proposition 3.7.1. .

3.9.2 Proof of Lemma 3.8.2

In this subsection, we present the proof of Lemma 3.8.2. We first present some technical

lemmas.

Lemma 3.9.1 Suppose that w® € R¥ xR™* such that (2°,s%) > (z*,5*) for some w* € S.

Then, for any w € Nyo(n,~,8) with n € [0,1], v € [0,1] and 6 > 0, we have

92
n(zls® + sTa%) < <3n + 4> L.

Proof: Recall from Subsection 3.9.1 that any point w € N,o(n,~,0) can be mapped
into a point w € Nyo0(n,7,0), such that the x and s components of w and w are precisely

the same. The result now follows by applying Lemma 4.1 of [33] to w. .

Lemma 3.9.2 Let H be defined as in (185), and suppose that (z,s,y,z) € ]R?[Zr x R,

Then, for any w € R we have that | ADw|| -1 < ||lw]|.

Proof: Observe that DATH-'ADisa projection matrix, which implies that DATH-'AD <
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I. Thus, for any w € R™* we have that

|ADwly1 = T (DATH-1AD)w < VaTw = [u].

For the purpose of the next proof, let us define
J(0) = —(X8)Y2%e +ou(XS)" 2. (213)

Lemma 3.9.3 Suppose w® € R2", x R™H w € Nyo(n,7,0) for some n € [0,1], v € [0,1]
and 6 > 0, and w' satisfies (205). Let H, h and u® be given by (185), (187) and (206),

respectively. Then,

Hu'—h — AD DX~128Y2 (o) + nDX ! [X(so — ')+ S — w/)] 4 D(rg— %)

ry — ?77'(‘]/
(214)

Proof: Using the fact that w € N,0(n,7,0) along with (177), (184) and (205), we easily

obtain that

Tp B nrp
E~lry nE=1rY + E7(ry —nrd)
N 29 — a2’ ~ 0
= nA + A (215)
B2 - ) E-(ry — i)
9= = AT — )+ Q@ —2) = V(2" =) + Y. (216)

From (213), we easily see that
—s+opuXle = X7V258Y2(0). (217)
Equation (182) implies that

I-D*Q = D*(D%2-Q) = D*’X'S. (218)
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Using relations (177), (183), (184), (185), (186), (206), (215) and (216), we obtain

~ | D*(s—opuX"te—r r
Hu —h = AD2ATWO — A ( H a) " P
0 E_lT’V
0 / 2 1 0 0
~ -y | D*s—opuXte—nr9 — (rqg —nr
= —AD*A" —A ( a—( )
ZO — 0
- »
E_1TV
A\ D? (AT(yO _ yl) . Q(xo _ ZL‘/) + V(ZO _ Z/) B 7“2)
= -1
E_2(ZO — z/)
B A\ D2 (nQ((L‘O _ x/) — (Td — nrg)) B N DQ(S o UMXile)
0 0
- v
E_lT‘V
_ a0 ) 5[ PP =) = a—w)
E_2(Z0 - Z/) 0
| D*(s—ouXle) R 20 o - 0
-4 +nA +A
0 E_Z(ZO - Z,) E_l(’r‘v — 777“(‘)/)

—D*(s —ouX—te) + nD*(s" — &) + n(I — D?Q)(2° — 2') + D?(ry — 777"2)

~

By —m})
which together with (183), (217), and (218) yields (214), as desired.

We now turn to the proof of Lemma 3.8.2.

Proof of Lemma 3.8.2: The fact that w € N o((1 — a)n,v,0) implies that w €

99



No(n,7,0) for some n € [0,1]. By Lemmas 3.9.2 and 3.9.3, we have that

| Eu® = |y
15 [ DXTHRSMRI(0) + DX [X(0 ~ ) + S(a® — a')] + Dlra — )
TV—’I’]T‘?/ o
_ || x2S M2I(0) + DX [X(s” — ) + S(a® — )] + Dlra — )
TV—HT?/
< DXV J(@)]| + nI DX [S@E° — o) + X (s — &)
D(rg — nrY
+ ra =) : (219)
7"\/—7’]7“9/

We will examine each norm in (219) in turn. First, since w € N,o((1 — a)n,~,0), we have
that z;s; > (1 — ~y)p for all i. It follows from a well-known result (see e.g. [30]) that

2

1/2
) v (220)

I < (1-20+
Moreover, using (182) and the facts that @ > 0 and x;s; > (1 —~)p for all 4, we obtain that

IDXTY = IXTIDPX TR = X THQ + X TS) T

e e p—— (221)

(I =)p

IN

Similarly, we have

max{|| DX /2SV2| | DQV? |} < 1. (222)

Using the fact that (z°,s°%) > |(2/,5')] and (29, %) > (2%, s*) together with Lemma 3.9.1,

we obtain that

nS(a? —a) + X (s° = &)l

IN

(18" = 2|+ X (s° = ) < 20 (152 + 1 X))

IN

92
(2T 4+ 27s%) < <6n + 2> L. (223)

The fact that ||[DQY?|| < 1 implies that QY/2D?Q'Y? < I, which in turn implies that

QD?Q =< Q. Next, the fact that w € No((1 — a)n,v,0) implies that r4 — nrd = Qt for
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some vector t. We use these facts along with (170) to observe that

D(rq — 777“3) 1/2
[ (@QD2Q)t + [lrv — wr|1?]
Ty — 777“%)/
1/2
< [17Qt+ llrv — w7
1/2
= [llra— w3 + v — eV I2)° < 0y (224)
The result now follows by combining bounds (220)—(224) into (219). .

3.10 CQP Algorithm for a Class of Preconditioners: Con-
cluding Remarks

In this paper, we presented two important extensions to the results of [33]. First, we
extended the available choices of preconditioners in the recipe for constructing inexact search
directions to a whole class of preconditioners which includes the MWB preconditioner used
in [33] as a special case. These preconditioners are indexed by a positive semidefinite matrix
F', and convergence using these preconditioners depends on how well F' approximates D2
Second, we presented the HANE as a new method to determine an approximate search
direction in the inexact PDIPF algorithm.

In the specific case of LP, the results presented in this paper can be simplified consid-
erably. First, the HANE reduces to the standard normal equation, since Q = 0. It follows
that the residual 7y disappears, as does (175) and the constant g in (173). These facts
imply that the constant 7, is unnecessary, and hence we may set § := yo/(4y/n) in (197).
It also follows that the last inequality in the definition of N0 (n,v,6) in (177) disappears,
and hence we may choose § = 0. It follows that the constants ¥ and ¥ in Lemma 3.8.2
can be tightened by removing terms containing 6. Finally, it is clear that one may use the
starting point u® = 0 for the iterative solver. This follows from the fact that only the first
component of u° in (206) is involved in LP, and that s’ may be chosen so that ' = 3°.

One added benefit of the MWB preconditioner T discussed in Subsection 3.8.2 is the
fact that THTT > I, as was shown in [44]. Thus the Adaptive PCG (APCG) method

in [43] may be used as the iterative solver to determine an approximate solution to the
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preconditioned HANE. The APCG method, applied to the preconditioned HANE with
initial preconditioner 7', determines a solution u such that ||f|z-1 < 61|/ z-1 in at
most

O(log det(THTT) + (m + 1)/ 1og 8)

iterations (see [43]). Since
log det(THTT) < (m + 1)1og Amax(THTT) < 2(m +1)log 1,
it follows that a suitable approximate solution to the HANE can be found in at most
O((m + 1) log 3+ (m + 1) /* log(np 7)) (225)

iterations of the APCG method. One unique feature of the APCG method is that the
preconditioner Tis updated to better condition the preconditioned matrix. The bound (225)
assumes that we form v according to (201) using the preconditioner G = T-17-T employed
at the beginning of the APCG method. It would be interesting to investigate whether v
could be formed using the preconditioner after it is updated during the APCG method.
One question which would need to be addressed is whether the updated preconditioner fits
into the form G = AFAT required for the results in Section 3.8 to hold. Exploring adaptive
preconditioning strategies, such as the one employed by the APCG method, for generating
inexact search directions in the context of the inexact PDIPF algorithm is certainly an

interesting area for future research.
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CHAPTER IV

THE ADAPTIVE PRECONDITIONED CONJUGATE
GRADIENT ALGORITHM

4.1 Introduction

In this chapter, we will present a new procedure for determining the solution z, to the
system Ax = b, where A is a real, positive definite n x n matrix and b is a real n-dimensional
vector. Solution methods for this classic problem are varied and wide-ranging; some of these
methods date back centuries (e.g. Gaussian elimination), while others are more recent.
However, all methods for solving the above system of equations fall into one of two primary
categories: direct methods and iterative methods. Direct methods first build a factorization
of A, then perform a series of substitutions to determine x,. In contrast, iterative methods
create a sequence of points {z;} which converge to z..

Iterative methods possess several advantages when compared with their direct counter-
parts, including (1) the development of intermediate, “approximate” solutions, (2) faster
performance on sparse, well-conditioned systems, and (3) lower memory storage require-
ments. On the other hand, iterative methods have a convergence rate which depends on the
condition number of the matrix A. This, combined with the cumulative effects of roundoff
errors in finite-precision arithmetic, may make iterative methods ineffective when employed
on extremely ill-conditioned systems.

The most well-known of the iterative methods is the conjugate gradient (CG) method.
This method is known to have excellent theoretical properties, to include n-step finite
termination. However, under finite arithmetic these properties are lost, and the CG method
behaves similarly to other iterative methods, with a convergence rate proportional to the
square root of the condition number of A.

In this chapter, we will adapt the CG method so that our convergence rate depends,
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not on the square root of the condition number of A, but on the logarithm of the deter-
minant of A. We do this by using an adaptive preconditioning strategy, one which first
determines the quality of our preconditioner matrix at the current iterate. If the quality of
the preconditioner is good, then we use it to perform a standard CG iteration. If the pre-
conditioner is of poor quality at the current iterate, the preconditioner will be updated by
multiplying it by a rank-one update matrix. This update matrix, which incorporates ideas
from the Ellipsoid Method (see e.g. [26, 46]) and is reminiscent of the update matrices used
in space dilation methods (see e.g. [57, 58]), reduces the determinant of the preconditioned
matrix, while keeping the minimum eigenvalue bounded away from zero. We note that our
algorithm places one key restriction on A, namely that the minimum eigenvalue of A be at
least one.

The early development of the CG method dates to the 1950’s, particularly to the seminal
work of Hestenes and Stiefel [21]. CG methods based on preconditioners, known as pre-
conditioned CG (PCG) methods, we first proposed in the early 1960’s. Since then, a wide
array of preconditioners have been suggested, many for specific classes of problems. For
descriptions of preconditioners currently employed with the PCG algorithm, see [20, 54].
The early history of the PCG method is detailed in the survey work by Golub and O’Leary
[18]. The PCG method has been widely used in optimization; see for example [42, 53].
Finally, for those unfamiliar with the PCG method, a good introduction is presented in
[56].

Our chapter is organized as follows. Subsection 4.1.1 presents terminology and notation
which are used throughout the chapter. Section 4.4 introduces the adaptive preconditioning
strategy in the context of the steepest descent method in order to avoid obfuscating its
main ideas due to the challenges inherent in the analysis of the PCG method. Section 4.3
is devoted to two sets of results pertaining to the PCG method. In Subsection 4.3.1, some
classical theoretical results are reviewed, and in Subsection 4.3.2, some new convergence
rate results are obtained in the case where the preconditioner matrix is of good quality
over the first j iterates. In Section 4.4, the adaptive preconditioning strategy is extended

to the context of the PCG method and as a result, an adaptive PCG method is developed
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and corresponding convergence results are derived. Some numerical results regarding the
APCG method are given in Section 4.5, and concluding remarks are presented in Section

4.6.

4.1.1 Terminology and Notation

Throughout this chapter, uppercase Roman letters denote matrices, lowercase Roman letters
denote vectors, and lowercase Greek letters denote scalars. The set R™*™ denotes the set of
all n xn matrices with real components; likewise, the set R” denotes the set of n-dimensional
vectors with real components. Linear operators (except matrices) will be denoted with script
uppercase letters.

Given a linear operator F : E +— F between two finite dimensional inner product
spaces (E, (-,-)g) and (F, (-,-)F), its adjoint is the unique operator F* : F' — FE satisfying
(F(u),v)p = (u, F*(v))g for all w € E and v € F. A linear operator G : E — E is called
self-adjoint if G = G*. Moreover, G is said to be positive semidefinite (resp. positive definite)
if (G(u),u)g >0 for all u € E (resp., (G(u),u)r >0 for all 0 # u € E).

Given a matrix A € R"*™, we denote its eigenvalues by \;(A4), i = 1,...,n; its maximum
and minimum eigenvalues are denoted by Apax(A) and Apin(A), respectively. If a symmetric
matrix A is positive semidefinite (resp. positive definite), we write A = 0 (resp., A > 0);
also, we write A = B to mean A — B = 0. Given A > 0, the condition number of A,
denoted k(A), is equal to Apax(A)/Amin(A). The size of the matrix A, denoted size(A), is
the number of bits required to store the matrix A. The identity matrix will be denoted by I;
its dimensions should be clear from the context. The notation ||z|| denotes Euclidean norm
for vectors, i.e. [|z|| = VaTz. The function log o denotes the natural logarithm of a.. Finally,

the set B(0, 1) denotes the Euclidean ball centered at the origin, i.e. B(0,1) := {z: 2| < 1}.

4.2 The Adaptive Steepest Descent Algorithm

In this section, we introduce the concept of adaptive preconditioning in the context of the
preconditioned steepest descent (PSD) algorithm to develop an adaptive PSD algorithm.
The section is divided into two subsections. In Subsection 4.2.1, we motivate the concept

of adaptive preconditioning by discussing the PSD algorithm and showing how a generic
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update matrix F', applied to the original preconditioner matrix C', can improve the conver-
gence of the algorithm. In Subsection 4.2.2, we present the update matrix F' and prove that

it has the properties required for the Adaptive PSD Algorithm in Subsection 4.2.1.
4.2.1 Motivation from the Steepest Descent Method

In this subsection, we discuss the motivation behind adaptive preconditioning procedures.
Let 2, = A~'b denote the unique solution to Az = b. The following “energy” function

will play an important role in the analysis of the algorithms discussed in this chapter:
1 T
Dp(x) = i(x—w*) Az — xy4). (226)
Notice that the gradient of this function is
Vos(z) = Az —b =: g(z).

The methods described in this chapter reduce the energy function (226) at each step. We
note, however, that this function is never evaluated in the course of our algorithms. Rather,
it just serves as an analytic tool in the complexity analysis of the algorithms discussed in
this chapter.

All methods in this chapter are gradient methods. Recall that a gradient method (for
minimizing ®4(-)) is a method which generates a sequence of iterates {xy} according to
Tk1 = Tk + apdy, where dy is a search direction satisfying d{g(:ck) < 0Oand a > 0is a
stepsize chosen so that ®4(zx11) < Pa(xk) (see page 25 in Bertsekas [?]). In this chapter,
we will only discuss gradient methods in which the sequence of stepsizes {ay} is chosen
using the minimization rule, i.e. oy = argmin{®4(zy + ady) : « > 0}.

The following definition provides a means for determining “good” search directions in

gradient methods.

Definition 3 Given a constant ¢ > 0 and a point € R™ such that g := g(z) # 0, we say

that a search direction 0 # d € R" is (-scaled at x if

V(g7 A1g)(dT Ad) < —/C(g"d). (227)
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It turns out that if d is (-scaled at x, then minimizing ® 4 along the ray {xr+ad : a > 0}
yields a significant reduction in ®4(-). Indeed, Definition 1 ensures that d is a descent

direction at z, since the left hand side of (227) is strictly positive. Moreover, it can be

shown that
. dl'g
Opew = argmin{®4(z +ad):a >0} = ~TAd
and
Pa(z) — Pa(Tnew) _ (gTd)2
D y(x) (9" A~tg)(d" Ad)’

where Zpew = & + apewd (see Chapter 7.6 in Luenberger [35]). Hence, if d is (-scaled at z,

Definition 1 implies that the next iterate e satisfies

B A(non) < (1 - 2) D). (228)

Thus, if all search directions of a gradient method are (-scaled at their respective iterates,
the method will obtain an iterate ) such that ®4(xy) < e®4(7¢) in at most O((loge™!)
iterations.

We now give a sufficient condition for a search direction d of the form d = —CCTg(x),

where C' € R™"™ is an invertible matrix, to be well-scaled at x. We first give a definition.

Definition 4 For a given constant v > 0, a matrix C € R™*" is called a v-preconditioner

at x if C is invertible and g7 C(CT AC)CT g < v||CTg||?, where g = g(x).

Proposition 4.2.1 If CTAC > &I for some € > 0, and if C is a v-preconditioner at a

point = such that g = g(x) # 0, then d = —CCTg is (v/€)-scaled at x.

Proof: Note first that d # 0 since g # 0 and C is invertible. The assumption CT AC >

&¢I implies that (CT AC)~! < ¢7'1, and hence
g"ATlg = (CTg)T(CTAC) (CTy) < (T OCTg) = —¢gd.

The assumptions that C' is a v-preconditioner at x and d = —CC7Tyg clearly imply that
dT Ad < —v(gTd). The conclusion that d = —CCTg is (v/£)-scaled at x follows by noting

Definition 1 and combining the above two inequalities. .

We will now outline a basic step of our adaptive preconditioned steepest descent (APSD)

107



algorithm under the assumption that A = I. At every iteration of this method, we generate
preconditioners C' satisfying Definition 4 and CTAC = I. For reasons that will become
apparent later, we assume from now on that v > n. Suppose that x is the current iterate
and C is an invertible matrix such that CTAC = I. (If x is the first iterate, we can set
C = I since we are assuming that A > I; otherwise, we can let C be the preconditioner
used to compute the search direction at the previous iterate.) If C is a v-preconditioner
at x, we can use it to generate a search direction at = according to Proposition 4.2.1. If
C' is not a v-preconditioner at x, we can obtain a v-preconditioner at x by successively
post-multiplying the most recent C' by an invertible matrix F' satisfying the following three

properties:
Pl. F = o011 + o9pp” for some vector p € R” and constants ¢y and o,
P2. F(CTAC)F = (CF)TA(CF) = I, and

P3. det F < n(v) :== \/n/vexp{(1 —n/v)/2} < 1.

We will describe how to construct a matrix satisfying properties P1-P3 in Subsection 4.2.2.
The process of replacing C' by C'F' will be referred to as an update of C. For now, we will
make a few observations regarding these updates. Property P2 ensures that the updated
matrix CF still satisfies the requirement that (CF)TA(CF) = I. Moreover, properties
P2 and P3 together ensure that after a finite number of updates of the form C «— CF, a

v-preconditioner C at z will be obtained. Indeed, since
det F(CTAC)F = (det F)?det CTAC < n(v)*detCT AC, (229)

we see that det CT AC decreases by a factor of n(v)? each time an update C' « CF is
performed. Since by property P2, det CT AC > 1 for every preconditioner C' generated, it
is clear that only a finite number of updates can be performed.

Finally, property P1 ensures that the process of updating C' to C'F' is a simple process
requiring O(n?) flops if C is kept in explicit form. On the other hand, if C' is kept in factored

form (i.e., C = Fy --- F;, where [ is the total number of updates performed throughout the
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method), then each matrix F}j requires O(n) units of storage, and multiplying F}; by a vector
requires O(n) flops.

We are now ready to state the main algorithm of this section using the above ideas.

Algorithm APSD

Start: Given A = I, zg € R", b € R", and constants v > n and € > 0.
1. Set i =0, gg = Axg— b, and C = 1.
2. While ®4(z;) > eP4(zo) do

(a) d=—-CCTg;
(b) o= —g/d/(d" Ad)
(c) If a < v~! then
e Create an update matrix F' satisfying properties P1-P3 above
e Set C' = CF and go to step 2(a)
end (if)
(d) ziy1 =2 +ad
() gi+1 = gi + aAd

(f) Seti=i+1

end (while).

Let us make a few observations about the above algorithm. First, if v > Apax(A),
then it is clear that no updates will be performed and that the algorithm reduces to the
standard SD algorithm. Hence, the novel and interesting case to consider is when v is
chosen so that v < Apax(A). Second, notice that the test o < v~! performed in step 2(c)
of Algorithm APSD is equivalent to testing whether C' is a v-preconditioner at x;. This
follows by inserting the definition of d given in 2(a) into the formula for a in 2(b). Finally,
observe that whenever the test in step 2(c) is satisfied, an update is made to the matrix C'.

The following theorem details the main convergence results for Algorithm APSD.
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Theorem 4.2.2 Assume that A = I and that v < Amax(A) in Algorithm APSD. Then, the

following statements hold:

(a) The number of updates is bounded by Ny := (logdet A)/(¥ ™! — 1 + logy), where

Y i=v/n.
(b) The number of iterates x; generated by the algorithm cannot exceed [vloge 1].

(¢) The algorithm has an arithmetic complezity of O(n*(Ny+vloge™1)) flops if C is kept
in explicit form, and O(max{nNy,n*}(Ny + vloge 1)) flops if C is kept in factored

form.

Proof: For the proof of (a), let Cj denote the preconditioner matrix in Algorithm
APSD after k updates have been performed. In view of (229), we have that det(C{ ACy) <
n(v)?* det A. Also, property P2 implies that det(C{ AC)) > det(I) = 1. Combining these
two inequalities yields 1 < n(v)?* det A. By taking logarithms on both sides of this equa-
tion, we get that k < [logdet A]/[2log(1/n(v))]. Statement (a) follows by substituting the
definition of n(v) given in P3 into this inequality.

For (b), notice that we require o > v~! at iterate x; before we generate a new iterate
zj+1. Equivalently, we ensure that the matrix C is a v-preconditioner at iterate x; before
generating z;41. The assumption that A = I and property P2 ensure that CTAC ~ I;
hence Proposition 4.2.1 implies that the search direction d used to generate ;41 is v-scaled
at x;. As a result, ®4(x;11) < (1 — v HPy(x;) by (228), and the result follows by using
standard arguments.

For the proof of (c), we begin by claiming that the process used to create an update
matrix F requires O(n?) flops if C is kept in explicit form, and O(max{nN,,n?}) flops if C
is kept in factored form. (The proof of this fact follows immediately from Theorem 4.2.6 and
equation (235) in Subsection 4.2.2.) Based on this result, it is clear that a single iteration or
update of Algorithm APSD requires O(n?) flops if C is kept explicitly and O(max{nNy, n*})
flops if C' is kept in factored form. The result follows from this observation and statements

(a) and (b). .

It is interesting to examine how Ny, varies for ¢ € (1, Amax(A4)/n). Note that Ny, is a
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strictly decreasing function of 1), since the function ¥~! — 1 + log® is strictly increasing
for all ¢ > 1. Moreover, it is easy to see that Ny, — oo as 1 | 1. Next, if we denote the

eigenvalues of A by \;(A), we see that

logdet A = log (H )\i(A)> = Zlog)\i(A) < nlog Amax(A4).
i=1 i=1

Hence, if ¥ T Amax(A)/n, then we have

nlog Amax(A) nlog Amax(A4)
< B lmel = :
Y= logy — 1 log Amax(A4) —logn — 1 On)

Hence, the value of IV, decreases from infinity to O(n) as v increases from one to Apax(A4)/n.
While the SD algorithm is not necessarily polynomial in n and the size of A, the

following lemma shows that Algorithm APSD is, under some reasonable assumptions on

P € (1, Amax(4)/n).

Lemma 4.2.3 Let v := v/n, and assume that max{y, (1 — 1)~} = O(p(n)) for some
polynomial p(-). Assume also that A is a rational matriz such that A = I. Then, the

arithmetic complexity of Algorithm APSD is polynomial in n and the sizes of A and e !.

Proof: Let us first get an upper bound on h(v) := [1p=! — 1 + loge]~t. If o > 3/2,
then it is clear that h(1)) = O(1), so assume that ¢ < 3/2. Using the assumption that

(1 — 1)~ = O(p(n)) and the fact that logv) > (1 — 1) — (3 — 1)?/2 for all 1 > 1, we have

that
Wl —1+logy]™t < [T+(¢_1)_w—21)1_1 - [(7’[)_1)2 (;_;)]—1
< Jw-m2(3-3)] =60 = 0w

Hence, we see that N, = O(p*(n)logdet A). Next, Theorem 3.2 of [55] shows that
size(det A) < 2 size(A). Using this result along with the fact that log det A = O(size(det A))
and the bound on Ny, we have that Ny = O(p*(n)size(A)). It is clear that the assumption
¥ = O(p(n)) implies that v = ¢yn = O(np(n)). The result follows from these facts and

Theorem 4.2.2(c). .
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4.2.2 The Ellipsoid Preconditioner

In this subsection, we will show how we can construct a matrix F' which satisfies properties
P1-P3.

Our first lemma gives necessary and sufficient conditions for F' to satisfy P2.

Lemma 4.2.4 Let A = 0 and F' € R™" be given. Then, FAF = I if and only if E(A\) -
E(F), where
E(F) := {Fu:ue B(0,1)},

E(A) = {z:2T4z<1)}.

Proof: Let U denote the boundary of B(0,1), i.e. U := {u: u’u = 1}. We have
E(A)CE(F) & Fud¢int E(A), YueU

& (Fu)TA(Fu) = u"(FAF)u>1, YueU

& FAF = 1.

Our update matrix F' possesses the following special property: its ellipsoid £(F) is the
minimum volume ellipsoid containing a certain “stripe” II intersected with the unit ball.

The next lemma provides the details surrounding the construction of F'.

Lemma 4.2.5 Let a unit vector p € R™ and a constant 7 < 1 be given, and consider the
stripe 11 := Tl(p,7) = {z : [2Tp| < 7}. Then, the smallest volume ellipsoid containing

IINB(0,1) is E(F), where

F = F(p,r) = p(l —pp") +0pp, (230)
with
0 = 0(r) := min{r\/n,1}, and (231)
n — 62
po=ulr) =\ (232)
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1/2

Moreover, if T < n~/*, we have

det F < 7v/n exp{(1—12n)/2} < 1. (233)

Proof: For the proof of the first part of the lemma, see Theorem 2(ii) in [59]. We will
only prove equation (233). Since p is a unit vector, it is clear that p is an eigenvector of
F with eigenvalue 0. In addition, any vector perpendicular to p is also an eigenvector of
F with eigenvalue p. Since det F' is equal to the product of its eigenvalues, it follows that
det F = u"~'. Also, the assumption that 7 < n~'/2 and (231) imply that § = 7/n < 1.
Using the above observations together with the fact that 1 + w < exp(w) for all w € R, we
obtain

n—1 n—1 n—1
_ 921 = _ 921 = _ 921 =
det FF = Ou”_1:9[n 9] :0[14—1 9] §9[exp{1 0}}

n—1 n—1 n—1

= fexp{(1—6%)/2} = 7vn exp{(1—7%n)/2} <1,

where the last inequality is due to the facts that f(s) = sexp[(1 — s2)/2] is a strictly

increasing function over the interval [0, 1] and f(1) = 1. .

We will now show how to construct a matrix F' satisfying P1-P3 under the assumptions
that A = CTAC = I , v >mn, and C is not a v-preconditioner at x. First, we observe that
since A = I, we have E(A) C B(0,1). Suppose now that a unit vector p and a scalar 7 are
chosen so that E(A\) C II, where IT = II(p, 7) is the stripe defined in Lemma 4.2.5. Then,
the matrix F' = F(p,7) given by (230) clearly satisfies property P1 and, by Lemma 4.2.5,

we have

E(A) C INB(0,1) C E(F).

This together with Lemma 4.2.4 implies that F' satisfies property P2.
We will now show how to construct a unit vector p and a scalar 7 so as to ensure that

E(A) C II(p, 7) and that property P3 also holds under the assumptions above. Indeed, since

C is not a v-preconditioner at z, it follows from Definition 2 that w := CTg(x) satisfies
w’ Aw > v|wl?. (234)

113



B(0,1)
direction

of p
E(A

/ / ]

\:I\

o~

Figure 1: Vector p normal to boundary of E(A); stripe II.

Now, letting y := w/V wazl\w, we have that yTﬁy = 1, that is, y lies on the boundary of

-~

E(A). As Figure 1 illustrates, the boundary of our stripe II will consist of the hyperplanes

tangent to the boundary of E(g) at y and —y. It is easy to show that IT = {z : [2Tp| < 7},

where
Aw Ay VwT Aw
p = —— = — and T = ———. (235)
[Aw]| [l Ay]| [ Aw]]

We note that the formula for p follows from the fact that the vector Xy is normal to the
boundary of £ (2) at the point y, since the gradient of the function 2T Az at y is 2ﬁy. This
construction clearly implies that E(A) C IL

It remains for us to show that the matrix F' satisfies property P3. Indeed, by (233) and
the fact that f(s) = sexp{(1—s%)/2} is strictly increasing on the interval [0, 1], we conclude
that F satisfies property P3 whenever the condition 71/n < \/m < 1 holds. The latter
inequality holds due to the assumption that v > n, while the first inequality is due to the

fact that relations (234) and (235) and the Cauchy-Schwartz inequality imply that

VT Aw wT Aw [|lwl|

= — = < < v 2
| Aw]| |Aw| VT Aw — Vwl Aw

Notice that the construction above does not use the facts that A = CTAC and w =
CTg(z), but only the facts that A = I and (234) hold. Hence in the discussion above we

have established the following more general result.
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Theorem 4.2.6 Let A = I be given, and let v > n be a given constant. Suppose that a
vector w € R™ satisfies (234), and let p, 7, and F = F(p,T) be determined by equations

(235) and (230), respectively. Then, the matriz F satisfies properties P1-P3, i.e.
(P1) F = pul + (6 — w)pp”, where o and 0 are given by (231) and (232), respectively;
(P2) FAF = I; and

(P3) det FF < /n/vexp{(l1—n/v)/2} < 1.

Before we end this section, we will briefly motivate the remaining part of this chapter.
Note that in Algorithm APSD, we either perform a standard SD iteration or an update of the
preconditioner matrix C at each step. These two sets of computations require roughly the
same number of arithmetic operations in view of Theorem 4.2.2(c), and hence may be consid-
ered equivalent from a complexity standpoint. For the purpose of the discussion in this para-
graph, we will refer to both sets of computations as iterations of the whole algorithm. Recall
that the standard SD algorithm has an iteration-complexity of O(x(A)loge™!). In view of
our assumption that Apin(A) > 1, this implies that the SD algorithm has an iteration-
complexity of O(Amax(A)loge 1), and that all search directions in the SD algorithm are
Amax(A)-scaled. By contrast, Algorithm APSD forces its search directions to be v-scaled
at every iteration; as a result, the algorithm achieves an improved iteration-complexity of
O(Ny +vloge™t). On the other hand, the conjugate gradient (CG) algorithm is known to
possess an iteration-complexity of O(y/k(A)loge™) < O(\/ Amax(A)loge™t). Hence, it is
natural to conjecture whether we can reduce its iteration-complexity to O(Ny, + /v log e 1)
by means of an adaptive preconditioning scheme. We will show that this is indeed possible.
The development of an adaptive PCG (APCGQG) algorithm and the proof of its convergence

properties is the subject of the remainder of this chapter.

4.3 The Conjugate Gradient Method Revisited

In this section, we examine the conjugate gradient algorithm in detail. The section is

divided into two subsections: Subsection 4.3.1 is devoted to a review of classical results,
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while Subsection 4.3.2 presents new convergence rate results obtained under the assumption

that the preconditioner matrix is a good preconditioner at iterates xo, ..., ;.
4.3.1 Review of the Classical Conjugate Gradient Algorithm

In this subsection, we review the classical preconditioned conjugate gradient (PCG) algo-
rithm and some of its well-known theoretical properties.

The PCG algorithm is an iterative algorithm which generates a sequence {z;} of ap-
proximate solutions to the system Ax = b, where A > 0. The PCG algorithm, which is
stated next, uses an invertible matrix Z € R™*"™ as a preconditioner.

PCG Algorithm:

Start: Given A = 0, b € R™, an invertible matrix Z € R"*", and xy € R™.
1. Set go = Axg — b, dy = —ZZ" gg, and vy = || Z7 go||?.
2. Fori=0,1,...do
(a) wit+1 = x; + a;d;, where a; = %/(dZTAdZ-)
(b) gi+1 = gi + i Ad;

(€) Yitr = |27 gis1|?

(A) dis1 = —ZZ7gix1 + Biv1d;, where Bip1 = Yit1/7i

end (for).

To present the main theoretical results associated with the PCG algorithm, we introduce

the following notation.

A = zT4Az (236)
a = Z'g, (237)
S; = span{do,..., A4}, (238)
S; = Z8 ={Zv:ve S} (239)

A well-known interpretation of the PCG method is that the sequence of points {#;} defined

as @; := Z 'x; is the one that is generated by the standard CG algorithm applied to the
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system AZ = b, where A is defined in (236) and b := ZTb. Moreover, the gradient of the
energy function ® ;(-) associated with this system at #; is equal to g; as defined in (237).
The following proposition follows from the above observations and the properties of the

standard CG algorithm:
Proposition 4.3.1 FEach step i of the PCG algorithm possesses the following properties:
(a) S; = span{go, ..., 3i};
(b) g;fgj =0 foralli < j;
(c) giTﬁgj =0 foralli <j—2; and
(d) z; = argmin{®4(x) : v € xo + S;—1}.
Proof: See e.g. pages 295-7 of [62]. .

We note that these properties may fail to hold under finite arithmetic. Indeed, the PCG
method relies heavily on the fact that the search directions d; in the transformed space
are conjugate to one another (i.e. dAZ-T;l\cfj = 0 for i # j). However, under finite-precision
arithmetic, it is well-known that the search directions will often lose conjugacy and may
become linearly dependent (see e.g. [20]). As a result, the PCG algorithm tends to perform
poorly on extremely ill-conditioned systems.

On the other hand, when Ais well-conditioned, the PCG algorithm performs reasonably
well. As we will see in the next subsection, a weaker condition for the PCG algorithm to

perform well at iterates xg, ..., x; is for Z to be a good preconditioner at these iterates.
4.3.2 Revisiting the Performance of the PCG Algorithm

In this subsection, we examine the rate of convergence of the iterates zo, ..., x; of the PCG
algorithm under the assumption that Z is a good preconditioner at those iterates.

First, assume that Z is a v-preconditioner at z; and that Z7 AZ > £I for some positive
constants v and £. Let #;41 be the point obtained by taking a step of the PSD algorithm

at x; using Z as preconditioner. Using the fact that, by Lemma 4.2.1, d = —ZZTg; is
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v/&-scaled at x; along with (228) and statements (a) and (d) of Proposition 4.3.1, we have

that

Ba(@is) < PalEim) < <1—i) Ba(ay), (240)

where x := v /{. Hence, if Z is a v-preconditioner at xo,...,z;_1, we obtain

Bar;) < <1 - ;)jm(xo).

It turns out that we can derive a convergence rate stronger than the one obtained above,

as the following theorem states.

Theorem 4.3.2 Assume in Algorithm PCG that Z is a v-preconditioner at x; for all i =
0,...,7, and that A = &I. Further, let us define x :=v/{. Then,

27
VX 1) B 4 (x0).

Pa(z;) < 4x (\/%

The proof of this theorem will be given at the end of this subsection after we present
some technical results.
We begin with some important definitions. First, consider the linear operator B; : §j —
§j defined as
Bj(u) = Pg (Au), (241)
where ng denotes the orthogonal projection operator from R™ onto §j. Since for all u,v €
S;,

uTBj(v) = uTPg,j(EU) = (Pzu)TAv = uT Av, (242)

and A = 0, it follows that B; is self-adjoint and positive definite, and hence invertible. Next,

define the function ¥; : g + S;_1 — R as

Vj(2) = S[27g(2)]"B; 2" g(x)). (243)

1
2
Before continuing, we need to show that W;(-) is well-defined on the affine space zo + S;_1,

i.e. that Z7g(x) € §j for all z € xg+S;—1. In fact, this assertion follows from the inclusion

Jo + ﬁ§j_1 C §j, which holds in view of (238), and the following technical result.
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Lemma 4.3.3 Define
P; = {Pj:Pjis a polynomial of degree at most j such that P;(0) = 1}. (244)
Then, the following statements are equivalent:
i) v €xg+ Sj_1;
it) ZTg(x) € go + AS;_1;

-~

iii) ZTg(z) € Pj(A) go for some Pj € P;.

Proof: The equivalence between ii) and iii) is obvious in view of (238) and the definition

of P;. Now, (236), (237), and (239) imply that
xr € xg+ ijl < T— X9 € Z§j71 = ZTA(.I — xo) S A\gj,l
= ZT(g(l') — go) c A\S‘\j,l & ZTg(x) S go + A\gjfl,
i.e. i) and ii) are equivalent. .

The relevance of the function V¥; is revealed by the following lemma, which relates the

functions ®4(-) and ¥;(-) on the space z¢ + Sj_1.

Lemma 4.3.4 Let v € ko + Sj_1, and let ;11 be the j + 1-st iterate of the PCG method.

Then

Dax) ~ alzjn) = (a). (245)

Proof: Let u € §j be given, and define v := B]-_l(u) € §j. By the definition of Bj,
u=Bjv) = Av + p for some unique vector p = p(u) € 5’} Thus,
Aty = v+ A Mp, (246)

Multiplying (246) by p? and using the facts that v € §j and p € §j, we obtain

uTA\_lp = vlp4+pTA~lp = pT A~ 1p. (247)
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On the other hand, multiplying (246) by u? and using (247), we see that

WAy = wTo+uTA ™ = uTle(u) +ulTA™p = uTBfl(u) +pTA . (248)

Now, let x € 9 + Sj_1 be given. We will show that (248) with u = ZTg(z) implies
(245). Indeed, first note that Z7g(zj41) € 5} in view of (237) and statements (a) and (b)
of Proposition 4.3.1. Moreover, since x,z;+1 € xo + 5}, it follows from Lemma 4.3.3 that
ZTg(x) — ZTg(zj41) € E:S’\] These two observations together imply that if u = Z7g(z)
then p(u) = ZTg(x;+1). The result now follows from equality (248) with u = ZTg(x)
and p = ZTg(x;11), the definition of ¥; and the fact that ®4(z) = 3g(z)T A lg(z) =

%(ZTg(x))T/T_l(ZTg(x)) for every z € R™. .

Lemma 4.3.5 Assume in Algorithm PCG that Z is a v-preconditioner at xj, and that
ZTAZ = ¢I. Then,

where x 1= v/E.
Proof: Since Z is a v-preconditioner at x;, equation (240) holds for ¢ = j. By rear-

ranging the terms in (240) and invoking Lemma 4.3.4 with z = z;, we see that
Pa(z;) < x[Palz)) — Palzjt)] = x¥ (). (249)

Moreover, Lemma 4.3.4 along with the facts that o € xo + Sj—1 and ®4(x;41) > 0 imply

that ®4(x¢) > ¥;(x). Combining this inequality with (249) yields the desired result. =

Observe that Theorem 4.3.2 gives an upper bound on the ratio ®4(z;)/®a(xo). In view
of Lemma 4.3.5, such an upper bound can be obtained by simply developing an upper bound
for the ratio W;(x;)/¥;(zo), which will be accomplished in Lemma 4.3.7 below. First, we

establish some bounds on the eigenvalues of B; in the following result.

Lemma 4.3.6 Assume in Algorithm PCG that Z is a v-preconditioner at every x; for

i=0,...,7, and that ZTAZ = €I. Then, all of the eigenvalues of Bj lie in the interval
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[, 3v].

Proof: Since B; is self-adjoint, its eigenvalues are all real-valued. To prove the con-
clusion of the lemma, it suffices to prove that éulu < u?Bj(u) < 3v(ulu) for all u € §j.
However, in view of (242), we have that u? Bju = uT Au for all u € §j. Thus, it suffices to
prove that

cuTu < uTAu < 3v(uTu) forall u e :S'\j. (250)

To that end, let u € §j be given. Since A €I, we have that éulu < uTA\u, proving the
first inequality in (250). Next, by Proposition 4.3.1(a), there exist oy, ..., a; € R such that

u= Z{ZO «;g;. Using Proposition 4.3.1(b), we see that

. T ) )
J J J
ATy — (zaigi) (zaigz) Yo (251)

The fact that Z is a v-preconditioner at x; implies that g;fﬁgi <vl||g]?fori=0,...,j. Us-

ing this fact, along with Proposition 4.3.1(c), the Cauchy-Schwartz inequality, and equation

(251), we have that

. T . .
J J J
uwlAu = (Z ai§i> A (Z ai§i> = Za? giTAgi + 2 Z ;0 nggl
i=0 i=0 i=0

0<i<I<j
i i1 R
= v 0lg i +2)  cieipd] Agiga,
=0 1=0
J Jj—1 — —
< > a2al?+2 3 ool Agin/o% Agien,
=0 =0
J Jj—1
< vY gl +2 Y faul o] Vo3l (Vollgil):
i=0 i=0
J Jj—1
< »Y a2l + 3 (vaRlglP + vaZallgilP).
=0 =0

J
< 3wy aflgl? = 3v(uw),
=0

where in the second to last inequality we use the fact that 26y < 32 +~2 for all § and ~.

Thus, the second inequality in (250) holds. .

The following lemma provides a bound on the ratio V;(xz;)/¥;(xo).
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Lemma 4.3.7 Assume in Algorithm PCG that A = &1, and that Z is a v-preconditioner

at every x; fori=20,...,5. Then,

Vi) oy, (\/\/%J—FD%.

Proof: Let \g,...,\; denote the eigenvalues of B;. We begin by observing that since
Bj is self-adjoint, it has an orthonormal basis of eigenvectors vy, ..., v; associated with its
eigenvalues X, ..., A;, which all lie in the interval [¢,3v] by Lemma 4.3.6. Using the fact
that Z7 gy = go clearly belongs to §j in view of (237) and (238), we conclude that there

exist ag, ..., a; € R such that ZTgy = >°/_, av;. By equation (243), we have that

L[ T j L [J T/ j
\I’j(l‘o) = 5 <Z Oéﬂ}i) B;l (Z Oéil)l') = 5 <Z aivi> ( ’Uz) Z
i=0 i=0 i=0 i= 0 i=0 Ai

Next, let © € xg + Sj_1 be given. In view of Lemma 4.3.3, there exists P; € P; such that

'\"l\?

[\3\*—‘

ZTg(z) = Pj(ﬁ)go. Using (238) and the fact that Au = Bj(u) for all u € §j, we easily see

that
Z"g(x) = Pi(A)go = P;(B;)(G0) = P;(B)) <Zawi> = > aP(\)vi.
=0 ]

Thus, in view of (243), we have

V() = ;(

J
>
i=0 =0
1 (< Ty
-~ 9 (Zai{Pj()‘l)]Uz) (Zaz[Pj()\i)]le(Uz)>
1=0 i=0
1 ’ ’ J (6% 1 J a2
— 2( [ Pj(Ai)]vi <Z)\Z[Pj()\l)]vi> — 5271[1%(&)]2
i=0 i=0 " i=0 "

where the last inequality is due to the fact that A\; € [£,3v] for all @ = 0,...,7. The last

relation together with Lemma 4.3.3 then imply

min W) < | ig { max (BOOP || w0 < 4

:L“E:Eo+5j71 Pj G'P]' )\E[ﬁ 31/]

Y )
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where the last inequality is well-known (see for example pages 55-56 of [56]). The result
now follows by noting that Proposition 4.3.1(d) and the fact that, by Lemma 4.3.4, ¥;(-)
and ®4(-) differ only by a constant on g + S;j_1, imply that ¥;(x;) = mingeq,ts;_, Yj(z).

We now note that Theorem 4.3.2 follows as an immediate consequence of Lemma 4.3.5

and Lemma 4.3.7.

4.4 An Adaptive PCG Algorithm

In this section, we will develop an algorithm which incorporates the adaptive preconditioning
scheme from Section into the PCG method. We start by discussing a step of our adaptive
PCG (APCG) algorithm. A step falls into one of the following three categories: (i) a
standard PCG iteration, (ii) an update of the preconditioner matrix Z followed by a one-
step backtrack in the PCG algorithm if possible, or (iii) an update of the preconditioner
matrix Z followed by a restart of the PCG algorithm. To describe a general step of the
APCG algorithm, suppose that we have already generated the jth iteration of the PCG
algorithm using Z as a preconditioner. Assume that Z satisfies ZTAZ > &I for some
¢ € (0,1], and that Z is a v-preconditioner at the PCG iterates xo,...,z;—1 for some
constant v > n. (In the first step of the APCG algorithm, we assume that A > I; hence we
may choose Z = I and £ = 1.) We will split our discussion into two cases, depending on
whether Z is a v-preconditioner at x;.

If Z is a v-preconditioner at x;, then we simply perform a PCG iteration with Z as the
preconditioner, which corresponds to a step of type (i). Assume from now on that Z is not
a v-preconditioner at z;. In this case, the step of the APCG algorithm consists of updating
Z and &, then either backtracking one PCG iteration if possible (i.e., a type (ii) step) or
restarting the PCG algorithm with £ reset to one (i.e., a type (iii) step). More specifically,
let C' := £71/2Z and note that A:= CTAC = I. The facts that Z is not a v-preconditioner

at z; and that £ <1 imply that

1 1 v
[ 2(ZTAZ)Z gy > Svl|ZT gl = g||Cng||2 > v||CT g%

QJ‘TC(CTAC)CTF}J' = ?gj €2
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Hence w := C’ng satisfies equation (234); as a result, we may use Theorem 4.2.6 to generate
an update matrix F' satisfying properties P1-P3. Next, let H := F'/u, where p is given by

(232). It is important to observe that H takes the following form:
H=1+Cpp",

where p is parallel to /ng and ( is a constant. By Proposition 4.3.1(c), we have that p L g;
for all 1 < j — 2, and as a result, Hw = w for all w € §j_2. Using this fact, it is easy to see

that

1. The PCG algorithms corresponding to Z and ZH are completely identical up to step

J — 2 and generate the same iterate x;_1, and
2. ZH is a v-preconditioner at xg,...,z; 2.

Moreover, the preconditioner ZH satisfies
(ZH)TA(ZH) = p 2(ZF)TA(ZF) = ¢u 2CTAC = ¢u 1.

Hence, by performing the updates Z « ZH and & « £u~2, we have that ZT AZ > ¢1. Also,
by condition 2 above, if we replace j by max{j—1,0}, we have the conditions assumed at the

2 and j by max{j—1,0}

beginning of this step. The process of replacing Z by ZH, £ by {u™
is a type (ii) step of the APCG algorithm. Note that a backtrack is possible if and only if
7> 0.

The above description of a step would be complete were it not for the fact that & might
get too small, which would adversely affect the rate of convergence of the PCG algorithm
in view of Theorem 4.3.2. To prevent this from occurring, we perform a type (iii) step
whenever ¢ becomes too small. More specifically, fix a constant § € (0,1). Perform the
updates Z « ZH and & « &u~?2 as before (in the case where Z is not a v-preconditioner at
the current iterate x;). Next, check to see whether £ > 4. If it is, we complete a type (ii)
step by replacing j < max{j — 1,0} as in the previous paragraph. Otherwise, if £ < §, we
complete a type (iii) step by restarting the PCG algorithm (with j = 0) using the last PCG

iterate as the starting point with the preconditioner Z updated to 5*1/2Z and & updated to
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1 in this exact order. Note that these last two updates preserve the fact that Z7TAZ = &I
and also prevents £ from becoming too small by resetting it to one. Note also that if j is
set to zero in a type (ii) step, the PCG algorithm clearly restarts, but £ is not reset to one
as is done in a type (iii) step.

We are now ready to state our main algorithm.

Algorithm APCG:

Start: Given A = I, b € R", g € R", and constants v > n, § € (0,1), and € > 0.
1. Set &5 = (DA(CCQ) and Z = 1.
2. Seti=0,6=1,g0=Arg—b,d_1 =0, 8o =0, and 7o = || Z7 g0]|?.
3. While ®4(z;) > ePy do
(a) While g/ Z(ZTAZ)ZTg; > vv; do
i. Build a matrix F' per Theorem 4.2.6 with w := £~1/227 g; and A= ¢1zTAZ
ii. Set Z = ZF/u and & = £u~2, where p is given by (232)
iii. If £ < § then go to Step 2 with Z := ¢1/2Z and zg := x;
iv. Set i = max{i — 1,0}
end (while)
(b) di = —ZZ"g; + Bid;—1, where 3; = vi/vi—1
(¢) xiy1 = x; + a;d;, where o = %/(dZTAdi)
(d) git1=gi+ a;Ad;
(€) vit1 =27 git|?
(f) Seti=i+1
end (while).
Note that in the above algorithm, x; may denote several ith iterates of the PCG method,
since the latter may be restarted several times during the course of Algorithm APCG. We

now present the main convergence result we have obtained for Algorithm APCG, which

shows that an e-solution to Az = b can be obtained in O(Ny, + y/nloge™!) steps.
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Theorem 4.4.1 Assume that the starting conditions of Algorithm APCG are met, and that
v =0(n) and max{(1 — )", 671} = O(1). Then, Algorithm APCG generates a point x;
satisfying ®a(x;) < e®g in

O (Ny +nloge™)

steps, where Ny, is defined in Theorem 4.2.2(a).

Proof: For the purposes of this proof, we say that a cycle begins whenever step 2
of Algorithm APCG occurs, or equivalently, whenever ¢ is reset to one, and that a cycle
ends whenever a new one begins. Consider any iterate x; in Algorithm APCG such that
D 4(x;) > ePp, and let [ denote the cycle number in which this iterate occurs. Also, for
any cycle r < [, let i, and y, denote the last PCG iterate number and last PCG iterate,

respectively, of that cycle. Finally, we define

-1
to=it Y i
r=1
(The index ¢ denotes the “current” PCG iterate number, if the iterate count is not reset to
0 when a restart occurs.)

Recall that at the beginning of this section, we divided the steps in Algorithm APCG
into types (i)—(iii). Our objective is to bound the number of these steps required to get
to iterate x;. Let us first consider the number of type (ii) and (iii) steps. If we define
C = ¢1Y27 it is clear that C = F) --- F,, where the matrices Fj, j=1,...,k, are the
ones obtained via Theorem 4.2.6. Thus, an argument similar to the one given in Theorem
4.2.2(a) can be used to show that the number of updates is bounded by Ny. Since each
type (ii) and (iii) step requires that an update be performed, the number of type (ii) and
(iii) steps is bounded by Ny.

Let us now consider the number of type (i) steps required to get to iterate x;. We
observe that when a type (ii) step occurs, one PCG iteration may be lost; thus, the total
number of type (i) steps cannot exceed t plus the number of type (ii) steps. Hence, we have

the following bound on the total number of steps:

Total steps < t + (number of type (ii) steps) + Ny = t + O(Ny). (252)
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It remains for us to determine a valid bound on ¢. To that end, let us examine the perfor-
mance of the PCG iterates within a given cycle. In particular, consider the final step of the
first cycle; it is clear that the current PCG iterate for this step is y; = x;,. At the beginning
of this step, we have a preconditioner Z which is a v-preconditioner at zo, ...,z —1) and
which satisfies ZT AZ = £I. Hence, we apply Theorem 4.3.2 with j = i; — 1 and use the

fact that ®4(wi,) < ®a(x(,—1)) by Proposition 4.3.1(d) to obtain

2(i1—1
Pa(yr) = Pa(wiy) < Palzy,—1)) < 4x (1 - \/3;“) " )@o-
Now v also serves as the starting iterate for the second cycle; as a result, we have that
9 2(ia—1) 9 2(i1+i2—2)

DA(ys) < 4x (1 - W) Pa(y1) < (4x)? (1 - \/W) Po.

By induction, it follows that
9 2t—21
Pa(z;) < (4y) <1 - W) Dy

We use this result along with the fact that ®4(z;) > e®q to observe that

2 \* —4t + 41
e ()= ot

By taking logarithms on both sides of this inequality, we obtain

bs H(\/&JFQ (1og(4x) +loge™!)| +1 = O (1yXlogx +yXloge™!) . (253)

We will now show that [ = O(N,/n). Observe that since (1—4)~! = O(1), we have that
log ! > w for some constant w > 0. Suppose that since the beginning of a cycle, we have
performed k updates on the preconditioner Z, and assume that & < w(n — 1). It follows
that k < (n — 1)logé~!, and by rearranging terms, we have that § < exp{—k/(n — 1)}.
However, notice that in step 3(a)ii of Algorithm APCG, we have by (232) that

9 n— 62 < N - 1 < 1
= = ex
a n—1 = n-1 n—1 - P (n—1)J"

ie, p=2 > exp{—1/(n — 1)}. Hence, our current ¢ > exp{—k/(n — 1)}, which implies

that & > §. Thus, we can still perform another update within the same cycle. This
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shows that the number of updates in a complete cycle is > w(n — 1), which implies that
Il < Ny/lw(n—1)] +1=O(Ny/n).

To obtain a bound on x, we observe that at each type (i) step, & > §. In view of the
assumptions that 6! = O(1) and v = O(n), it follows that x = vé~1 < v~ = O(n). We

incorporate the bounds on [ and y into (253) to conclude that

Ny 1
t =0 ( ”’\;g" + /nlog e—l) = O(Ny + vnloge™). (254)
n
The result follows by incorporating this bound into (252). .

It is important to observe that by using analysis similar to Lemma 4.2.3, it can be shown
that Algorithm APCG is also a polynomial-time algorithm under the same assumptions as
those given in that lemma.

We conclude the section by discussing some computational aspects of Algorithm APCG.
It is important to note that if step 3(a) occurs repeatedly, we may find ourselves regressing
through the PCG iterates. As a result, we need to either keep all of the PCG data in
memory or determine a way to recreate the data as needed. When lack of memory is an
issue, the latter option is the only viable alternative. In such a case, it is easy to see that
all of the iterates and search directions generated by the PCG algorithm can be recreated

by only storing the constants §; in memory and by simply reversing the PCG algorithm.

4.5 Numerical Results

In this section, we provide numerical results for testing we have done using the APSD/APCG
algorithms. All tests were run in Linux on a Pentium 4M 1.9 GHz processor with 1.0 GB
RAM, using MATLAB Student Version 6, Release 12.

We conducted a series of preliminary tests on various algorithms, including APSD,
APCG, APCG with limited preconditioners, and combinations of the above. The best
algorithm from a practical standpoint, and the one whose results are presented below, is
apsd_to_pcg.m. This algorithm begins by setting the preconditioner C' = I, then performs
the APSD algorithm from Subsection 4.2.1 until either the desired accuracy is reached, or

until SD > P 4 20, where SD is the number of steepest descent steps and P is the number
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of preconditioners created. If the desired accuracy has not yet been reached, the algorithm
then transitions to the standard PCG method, using the preconditioner created in the
APSD algorithm. It should be noted that the APSD algorithm in apsd_to_pcg.m varies
from the one given in Subsection 4.2.1 to allow for matrices of the form A > 61. Specifically,

the following changes are made to step 2(c) to the APSD algorithm:
e Change the test from a < v~ ! to a < (v6)~!, and
e Change the definition of 7 in (235) to 7 := V& - wT Aw/|| Aw).

The tests below compare the convergence of Algorithm apsd_to_pcg.m with the standard
MATLAB PCG algorithm without preconditioners. For each test, we also present the
accuracy of the solution x obtained via a direct method, namely Cholesky factorization, for
comparison with our method. It should be noted that on better-conditioned matrices in the
tests below, Cholesky gives a much more accurate solution than our method. This follows
from the fact that our method terminates once the desired accuracy of 1076 is reached. We
should also point out that the PCG portion of Algorithm apsd_to_pcg.m may terminate
prior to obtaining a solution of accuracy 1079, for various reasons (for example, the PCG
algorithm will terminate if a constant fails to satisfy required bounds, or if the algorithm
stalls).

The matrices A and vectors 2° and b were determined according to the following algo-

rithms:

e Matrix A: Given user-defined dimension n and constant const, for i =1 :n, set
d(i) = const® x rand(1) and [Q,R] = qr(rand(n)). Next, define A = Q x diag(d) xQ’;

then set A = A+ A’ (to ensure symmetry); and finally set A = A/trace(A).
e Vector 20 set x0 = zeros(n,1).
e Vector b: set b = rand(n, 1).

Throughout the tests below (except as noted), the user-defined constants were set to
the values shown in Table 4. Table 5 presents notation used in Tables 6-8, and Tables 6, 7,

and 8 present the numerical results for test matrices 1-5, 6-10, and 11-15, respectively. In
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Table 4: User-Defined Values for Algorithm apsd_to_pcg.m with A € R™"*"

Constant Value
v 2n
) 2—40
max_precond | 1.5n
€ le — 6

Table 5: Notation for Tables 6-8

Notation Description
k(A) Condition number of A
CH acc. Accuracy of Cholesky Factorization Method
ATP acc. Accuracy of Algorithm apsd_to_pcg.m (ATP)
#SD Number of steepest descent steps taken by ATP
#PCG Number of PCG steps taken by ATP
#P Number of updates made to the preconditioner C in ATP
CG acc. | Accuracy obtained by best CG iterate after 10000 iterations

many tests, the value for CG accuracy is 1e0; this indicates that the best iteration found by
CG was the starting vector 2°. Some additional comments regarding Table 8 are required

here:

* Test #11: The CG method converged within the desired tolerance of 1076 in 2899

iterations; in all other tests, the CG method failed to converge in 10000 iterations.

*% Test #15: Algorithm apsd_to_pcg.m failed to converge using 6 = 274°; the results

shown are for § = 2790,

The following observations can be deduced from the results in Tables 6-8. First, it is

Table 6: Results of tests: n = 100, const = 1.3

Test k(A) CH acc. | ATP acc. | #SD | #PCG | #P | CG acc.
1 1.624e+12 | 2.187e-6 | 5.266e-6 | 100 83 80 1e0
2 6.724e+11 | 1.301e-5 | 2.218e-5 | 101 72 81 1e0
3 2.287e+12 | 1.039e-5 | 1.379e-5 100 113 80 | 6.238e-1
4 1.169e+12 | 3.213e-6 | 1.227e-5 | 102 93 82 | 6.994e-1
5 1.624e+12 | 2.922e-6 | 3.364e-6 101 78 81 | 6.561e-1
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Table 7: Results of tests: n = 200, const = 1.1

Test k(A) CH acc. | ATP acc. | #SD | #PCG | #P | CG acc.
6 4.761e+9 | 2.330e-9 | 9.328e-7 83 0 200 | 2.393e-2
7 1.017e+9 | 6.637e-9 | 6.407e-7 83 0 200 | 1.514e-2
8 7.166e+9 | 1.600e-8 | 1.722e-7 98 0 200 | 6.718e-1
9 2.813e+9 | 1.139e-8 | 8.435e-7 87 0 199 | 1.262e-1
10 1.163e+9 | 6.385e-9 | 8.445e-7 88 0 201 | 1.231e-2
Table 8: Results of tests: n = 500, const varies
Test | const k(A) CH acc. ATP acc. | #SD | #PCG | #P | CG acc.
11%* 1.02 6.407e+6 | 6.415e-12 | 9.415e-7 68 0 505 | 7.618e-7
12 1.03 1.113e+8 | 3.350e-10 | 9.753e-7 98 0 504 | 2.374e-2
13 1.04 3.626e+10 | 3.966e-8 | 3.323e-7 | 470 3 450 1e0
14 1.05 1.133e+12 | 2.930e-6 | 7.863e-6 | 386 502 366 1e0
15%* 1.06 2.185e+14 | 2.922e-4 | 3.141e-4 | 449 196 429 1e0

clear that the APSD algorithm creates an excellent preconditioner C = F} - - - Fy, normally
after about k& = O(n) updates. (For example, in tests 14 and 15, the final preconditioned
matrices CT AC have condition number 8.804e+3 and 1.803e+3, respectively.) Once the
preconditioner is created, the PCG algorithm tends to converge quickly. Second, when the
matrix is better conditioned, as in tests 6-12 in Tables 7-8, the APSD algorithm will often
find a solution within the desired tolerance, without ever passing to the PCG Algorithm.
Finally, the choice of ¢ seems to be quite important, as note (**) for test 15 indicates.
Indeed, the APSD algorithm as implemented assumes that A = §I, hence Apin(A) > 6. If
J is chosen much larger than Ay, (A), then the updates created by the algorithm are still
valid; however, the APSD algorithm may not create a sufficient number of updates, and
the PCG algorithm may fail to converge as a result. We can almost always guarantee a
reasonable level of convergence, simply by choosing § sufficiently small.

We should mention one unfortunate aspect of the algorithm: it does appear that the
algorithm must create almost all of the required preconditioners before quick convergence
in PCG can be ensured. This fact, along with the observation that the vectors p in (235)

are likely to be dense, implies that the method as currently implemented will not work as
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effectively on sparse matrices as it will on dense matrices. Investigating possible extensions

of our algorithm to sparse matrices is certainly an important area for future research.

4.6 Concluding Remarks

It is well-known that under exact arithmetic, the standard CG algorithm terminates in at
most n iterations. However, in finite-precision arithmetic, the standard CG algorithm loses
this property and instead possesses an iteration-complexity bound of O(m loge™1).
Our algorithm also loses its theoretical properties under finite arithmetic; indeed, Lemma
4.3.6 relies heavily on statements (b) and (c) of Proposition 4.3.1, which only hold under
exact arithmetic. Nevertheless, one may hope to gain significant reductions in the number
of CG iterations using our algorithm in finite-precision arithmetic, since the update matrices
F}; have the effect of making the preconditioned matrix ZT AZ better conditioned as the
algorithm progresses.

One important assumption in our algorithm is the requirement that A = I. It is possible
to ensure that this assumption holds for matrices for which A = 0, simply by premultiplying

A by some large positive constant w > (Apin(A4))~*

. In a future paper, we wish to relax
the requirement that A = I, as well as provide further computational results measuring the

performance of our approach.
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CHAPTER V

CONCLUSION

The results in this thesis have been primarily in two areas. In IPMs, we were able to prove
theoretical complexity results for inexact PDIPF algorithms for LP and CQP. It is clear
that the inner iteration results obtained for those algorithms depend on two key facts: (1)
the initial energy and desired final energy of the residual for the normal equation, and (2)
the properties of the preconditioner used in the preconditioned iterative solver and in the
computation of the correction term v. For the outer iteration results, we were able to show
that by distributing the error from the normal equation in a suitable manner, we were still
able to obtain polynomial convergence in a manner similar to the exact algorithms given in
[68] and [72].

With regard to the APCG method, we were able to take an algorithm with iteration
complexity O(\/@ loge™!) and reduce its complexity to O(logdet A + y/nloge™!) iter-
ations through the use of adaptive preconditioning. In practice, the algorithm appears to
produce k < n updates to the preconditioners, where k denotes the number of “large”
eigenvalues of A; once these updates are built, the PCG algorithm with this preconditioner
performs extremely well.

Numerous extensions to this research are possible. With regard to IPMs, the most
likely extension of our results lies in the area of semidefinite programming (SDP). In SDP,
numerous problems arise for which it is much easier to multiply by the normal equation
operator AE"1FA* than it is to form and factorize it as a matrix. In this case, iterative
methods such as in Chapter 4 might be extremely useful in obtaining an approximate
solution to the normal equation. Distributing the error from the normal equation would
then ensure polynomial convergence in the outer iterations, as we have proven for LP and
CQP.

One of the current drawbacks of the APCG method lies in the fact that numerous
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updates must be created before substantial improvement is seen in the number of CG iter-
ations. This can create substantial memory issues on large, sparse problems. Two possible
solutions are (1) developing a new method for finding the vectors w which strengthens the
updated preconditioner and (2) making the vectors p sparse, thus making it easier to store
and multiply by the vectors. These possibilities are certainly important areas for potential

research.
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