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RésuméL'objet d'étude de ette thèse est une mesure in�nie sur les boules (laets) naturellementassoiée à une large lasse de proessus de Markov et les proessus pontuels de Poissond'intensité proportionnelle à ette mesure (paramètre d'intensité α ¡ 0). Ces proessuspontuels de Poisson portent le nom d'ensembles poissoniens de boules markoviennes oude soupes de boules. La mesure sur les boules est ovariante par un ertain nombre detransformations sur les proessus de Markov, par exemple le hangement de temps.Dans le adre de soupe de boules brownienne à l'intérieur d'un sous-domaine ouvertpropre simplement onnexe de C, il a été montré que les ontours extérieurs des amasextérieurs de boules sont, pour α ¤ 1
2 , des Conformal Loop Ensembles CLEκ, κ P p 83 , 4s.D'autre part il a été montré pour une large lasse de proessus de Markov symétriques quelorsque α � 1

2 , le hamp d'oupation d'une soupe de boule (somme des temps passés parles boules aux dessus des points) est le arré du hamp libre gaussien.J'ai étudié d'abord les soupes de boules assoiés aux proessus de di�usion unidimen-sionnels, notamment leur hamp d'oupation dont les zéros délimitent dans e as les amasde boules. Puis j'ai étudié les soupes de boules sur graphe disret ainsi que sur graphemétrique (arêtes remplaés par des �ls ontinus). Sur graphe métrique on a d'une part unegéométrie non triviale pour les boules et d'autre part on a omme dans le as unidimen-sionnel ontinu la propriété que les zéros du hamp d'oupation délimitent les amas desboules. En ombinant les graphes métriques et l'isomorphisme ave le hamp libre gaussienj'ai montré que α � 1
2 est le paramètre d'intensité ritique pour la perolation par soupede boules de marhe aléatoire sur le demi plan disret Z� N (existene ou non d'un amasin�ni) et que pour α ¤ 1

2 la limite d'éhelle des ontours extérieurs des amas extérieurs sur
Z� N est un CLEκ dans le demi-plan ontinu.
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AbstratIn this thesis I study an in�nite measure on loops naturally assoiated to a wide rangeof Markovian proesses and the Poisson point proesses of intensity proportional to thismeasure (intensity parameter α ¡ 0). This Poissson point proesses are alled Poissonensembles of Markov loops or loop soups. The measure on loops is ovariant with sometransformation on Markovian proesses, for instane the hange of time.In the setting of Brownian loop soups inside a proper open simply onneted domainof C it was shown that the outer boundaries of outermost lusters of loops are, for α ¤ 1
2 ,Conformal Loop Ensembles CLEκ, κ P p 83 , 4s. Besides, it was shown for a wide range ofsymmetri Markovian proesses that for α � 1

2 the oupation �eld of a loop soup (the sumof times spent by loops over points) is the square of the Gaussian free �eld.First I studied the loop soups assoiated to one-dimensional di�usions, and partiularlythe oupation �eld and its zeros that delimit in this ase the lusters of loops. Then Istudied the loop soups on disrete graphs and metri graphs (edges replaed by ontinuouslines). On a metri graph on one hand the loops have a non-trivial geometry and on theother hand one has the same property as in the setting of one-dimensional di�usions thatthe zeros of the oupation �eld delimit the lusters of loops. By ombing metri graphsand the isomorphism with the Gaussian free �eld I have shown that α � 1
2 is the ritialparameter for random walk loop soup perolation on the disrete half-plane Z�N (existeneor not of an in�nite luster of loops) and that for α ¤ 1

2 the saling limit of outer boundariesof outermost lusters on Z� N is a CLEκ on the ontinuum half plane.
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CHAPITRE 1Introdution1.1. Dé�nitionsL'objet d'étude de ette thèse est une mesure in�nie sur les boules (laets) naturelle-ment assoiée à une large lasse de proessus de Markov et les proessus pontuels de Poissond'intensité proportionnelle à ette mesure. Ces proessus pontuels de Poisson portent le nomd'ensembles poissoniens de boules markoviennes ou de soupes de boules. Dans [LMR15℄et [FR14℄ apparaissent des adres assez larges dans lesquels ette mesure et es proessuspontuels de Poissons sont dé�nis. Dans ette thèse, le adre sera plus restreint et en parti-ulier tous les proessus de Markov seront symétriques. Soit S un espae loalement ompatà base dénombrable, muni de sa tribu borélienne. Soit pXtq0¤t ζ un proessus de Feller sur
S à trajetoires àdlàg dé�ni jusqu'à un temps de mort ζ P p0,�8s. On suppose que Xa des densités de transition ptpx, yq par rapport une mesure σ-�nie m sur S, ontinues enle triplet pt, x, yq et symétriques (ptpx, yq � ptpy, xq). On note Px et Ex les probabilités etespéranes relatives à des hemins issus de x P S. On note µx,y la mesure sur les hemins dedurée �nie pxtq0¤t ξ joignant x à y dé�nie par

µx,yp1ξ¡tF ppxsq0¤s¤tqfpξqq � » �8
t

Exr1ζ¡tF ppXsq0¤s¤tqfpuqpu�tpXt, yqsduLa mesure sur les boules µ assoiée au proessus de Markov X est dé�nie omme(1.1.1) µpdγq � 1

tγ

»
xPS µx,xpdγqmpdxqoù tγ désigne la durée totale de la boule γ. Dans ette thèse les proessus de Markov sous-jaents seront soit des di�usions unidimensionnelles, soit le mouvement brownien planaire,soit des proessus à sauts symétriques sur des graphes non-orientés, soit des di�usions surdes graphes métriques, 'est-à-dire des graphes où les arêtes sont remplaées par des "�ls"ontinus.Le plus souvent on onsidérera le boules dé�nies à translation de paramétrisation près.Étant donnés pγpsqq0¤s¤tγ et T P p0, tγq, on identi�era à γ la boule γ̃ dé�nie par"

γ̃psq � γps� tγ � T q si s P r0, T s
γ̃psq � γps� T q si s P rT, tγsLa raison d'être de ei est qu'après ette identi�ation la mesure est ovariante par hange-ment du temps du proessus de Markov sous-jaent par l'inverse d'une fontionnelle additiveontinue. Cei est montré dans un adre assez large dans [FR14℄ et apparaîtra dans le adredes di�usions unidimensionnelles dans le hapitre 2 de ette thèse. Par exemple, étant donnée

v une fontion stritement positive ontinue sur l'espae S, on peut introduire une famillepτvs qs¥0 de temps d'arrêts pour X :
τvs :� inf

"
t ¥ 0

����» t
0

vpXuqdu ¡ s

*Le proessus hangé de temps pXτv
s
q0¤s ³ζ

0
vpXuqdu est enore markovien et la mesure sur lesboules quotientées par les translations de paramétrisation assoiée à e proessus hangé de5



1.2. BOUCLES BROWNIENNES BIDIMENSIONNELLES, CLE, SLE ET CHAMP LIBRE GAUSSIEN 6temps est l'image de µ par le même hangement du temps. C'est là une propriété qui expliquela partiularité et l'intérêt de la mesure µ sur les boules ; elle sera utilisée à plusieurs reprisesdans ette thèse. On peut aussi noter que si le proessus X est un mouvement Browniensur Rd alors la mesure µ est invariante par tout hangement d'éhelle Brownien de l'espae-temps.On étudiera les proessus pontuels de Poisson d'intensité αµ, notés Lα, où α est uneonstante positive. Lα est appelé Ensemble poissonien de boules markoviennes ou biensoupe de boules. Dans les notations qu'on utilisera on verra Lα omme un ensemble aléatoiredénombrable de boules. On s'intéressera également à la mesure d'oupation de Lα, qui àun borélien A de S assoie la masse(1.1.2) ¸
γPLα

» tγ
0

1γpsqPAdsDans les di�érents adres qui apparaîtront dans ette thèse, la mesure d'oupation serabien dé�nie pour les proessus de Markov transients. De plus, pour des proessus ayant destemps loaux la mesure d'oupation d'ensembles poissoniens de boules Markoviennes auraelle-même des densités, notées p pLxαqxPS et on parlera de hamp d'oupation.1.2. Boules browniennes bidimensionnelles, CLE, SLE et hamp libre gaussienLa mesure sur les boules a été étudiée par Lawler et Werner dans [LW04℄ pour lemouvement Brownien planaire sur C tout entier ou dans un domaine ouvert simplementonnexe, le mouvement Brownien étant tué en atteignant le bord. Si on onsidère les boulessimplement omme des lieux géométriques en oubliant la paramétrisation par le temps,alors la mesure sur les boules est invariante par transformation onforme du domaine. Ceidéoule diretement de la ovariane de la mesure sur les boules par hangement du tempsdu proessus de Markov sous-jaent.Dans l'artile [SW12℄, She�eld et Werner utilisent les ensembles poissoniens de boulesbrowniennes planaires pour donner une onstrution des Conformal Loop Ensembles (CLE).Étant donné un domaine ouvert simplement onnexe D � C, un ensemble CLE dans D estune famille aléatoire dénombrable de boules simples (laets de Jordan qu'on voit ommedes lieux géométriques) dans D qui véri�e les propriétés suivantes : Les boules ne s'intersetent pas deux à deux. Les boules ne s'entourent pas l'une l'autre. Finitude loale : Pour tout ε ¡ 0 il y a un nombre �ni de boules de diamètre plusgrand que ε. Invariane onforme : La loi des boules est invariante par transformation onformede D. Restrition : Les boules véri�ent la propriété de restrition à un sous-domaine de
D suivante. Soit rD un sous-domaine ouvert simplement onnexe de D. On priverD de toutes les boules CLE dans D qui ne sont pas ontenues dans rD, ainsique de leurs intérieurs. On obtient un ouvert (voir �nitude loale) rD� dont toutesles omposantes onnexes sont simplement onnexe. Sahant les boules dont on aprivé rD, la loi onditionnelle des boules dans haune des omposantes onnexesde rD� est un CLE indépendant.Il y a une famille d'ensembles véri�ant es propriétés, paramétrée par κ P p 83 , 4s (CLEκ).Dans [SW12℄, les auteurs onsidèrent, pour α ¡ 0, l'ensemble poissonien de boules brow-niennes ontenues dans D, Lα, ainsi que les amas de Lα. Deux boules dans Lα sont dansun même amas s'il existe une haîne de boules dans Lα, dont les éléments extrêmes sontles deux boules préédentes, et tel que deux boules onséutives visitent un point de Den ommun. Les auteurs utilisent la notion de harge entrale, notée c, issue de la Théorie



1.2. BOUCLES BROWNIENNES BIDIMENSIONNELLES, CLE, SLE ET CHAMP LIBRE GAUSSIEN 7Conforme des Champs. Mais ontrairement à e qu'a�rment les auteurs, la harge entrale
c n'est pas le paramètre d'intensité α, mais en réalité α � c

2 . L'existene d'un fateur 1
2 m'aété ommuniqué par Werner. Dans l'artile [Law09℄ de Lawler, le fateur 1

2 apparaît égale-ment. She�eld et Werner montrent que si c ¡ 1 (et don α ¡ 1
2 ) il n'y a qu'un seul amas etsi c P p0, 1s, il y a une in�nité d'amas, tous bornés et à distane stritement positive du bordde D. De plus, dans le dernier as les ontours extérieurs des amas extérieurs (non-entouréspar un autre amas) forment un ensemble CLEκ ave la orrespondane(1.2.1) 2α � c � p3κ� 8qp6� κq

2κ

D

Fig. 1.1. : Représentation de quatre boules CLEκ en pointilléset des boules browniennes en traits pleins à l'intérieur d'une d'elle.Les boules CLE sont reliées aux ourbes SLE (Stohasti Loewner Evolution). Étantdonné un domaine ouvert simplement onnexe D � C et deux points du bord (au sensfrontière de Carathéodory, images du bord du disque unité par transformation onforme)
a � b, un SLE hordal dans D joignant a à b est une ourbe ξ dans D̄ allant de a vers btelle que : La loi de ξ est invariante par les transformations onformes de D qui laissent a et

b �xes. Conditionnellement à une partie de la ourbe ξpr0, tsq, la loi du reste est un SLEhordal dans Dzξpr0, tsq joignant ξt à b (la loi est l'image de elle dans D partransformation onforme).Les ourbes SLE sont lassées par un paramètre κ P p0, 8q. Si D � H � tz P C|ℑpzq ¡ 0u,
a � 0 et b � 8 on dérit SLEκ à l'aide du �ot de Loewner suivant. Il y a une uniquetransformation onforme gt de Hzξpr0, tsq vers H telle que à l'in�ni

gtpzq � z � O

�
1

z



gt véri�e l'équation di�érentielle suivanteBgtBt pzq � 2

gtpzq � ?
κWtoù pWtqt¥0 est un mouvement brownien standard unidimensionnel. Si κ P p0, 4s, SLEκ estune ourbe qui ne s'autointersete pas et qui ne touhe pas le bord du domaine sauf auxdeux extrémités. Pour plus de détails sur les proessus SLE, voir [RS05℄.Pour κ P p 83 , 4s, les tronçons de boules CLEκ "ressemblent" aux tronçons de ourbes

SLEκ. On peut donner à ela un sens plus préis suivant. Soit z0 un point dans le domaine
D et a un point sur le bord (au sens frontière de Carathéodory). On onsidère la boule du
CLEκ qui entoure z0 (qui existe p.s.) et on la onditionne à passer dans un ε-voisinage du



1.2. BOUCLES BROWNIENNES BIDIMENSIONNELLES, CLE, SLE ET CHAMP LIBRE GAUSSIEN 8point a. En faisant tendre ε vers 0 on a une onvergene en loi vers une boule "épinglée",allant de a vers a et entourant z0. Cette loi de boule épinglée peut être obtenue d'une autremanière, à partir de proessus SLEκ. aε va désigner un point du bord du domaine situédans un ε-voisinage de a, di�érent de a. On onsidère un SLEκ hordal allant de a vers aεet onditionné à "entourer" z0, et-à-dire à laisser z0 du même �té de la ourbe SLEκ quele segment ε-petit du bord du domaine. Lorsque ε tend vers 0, on a une onvergene en loivers la même boule "épinglée" que préédemment (voir [SW12℄).
bbb

b bD Dz0 z0

a aaε

Fig. 1.2. : Deux manières d'obtenir une boule épinglée au bord,à partir d'une boule CLEκ à gauhe et à partir d'une boule SLEκ à droite.Dans [Law09℄, Lawler établit la relation suivante entre les ourbes SLEκ, κ P p0, 4s,et la mesure µ sur les boules browniennes dans D. On onsidère deux points distints surle bord (frontière de Carathéodory) a et b, ainsi qu'un sous domaine ouvert simplementonnexe D1 de D dont le bord ontient des voisinages du bord de D autour de a et b. Soit
PDκ,aÑb la loi du SLEκ hordal de a vers b dans D, et PD1

κ,aÑb l'analogue dans D1. PD1
κ,aÑb estabsolument ontinu par rapport à PDκ,aÑb. Soit c la quantité appelée harge entrale, reliéeà κ par (1.2.1). Lorsque κ ¤ 8

3 , c ¤ 0. Étant donnée une ourbe ξ, soit µpξ Ø DzD1q la
µ-masse des boules browniennes qui visitent à la fois ξ et DzD1. Alors

dPDκ,aÑb
dPD1

κ,aÑb pξq1ξ�D̄1 � 1

Z
1ξ�D̄1 exp�� c

2
µpξ Ø DzD1q	A partir de e type de relations, on obtient l'expression (1.2.1) de la valeur de κ pour laquelle

CLEκ est le ontour des amas de l'ensemble poissonien de boules browniennes d'intensité
α. C'est-à-dire que pour κ P p 83 , 4s, c2 est l'intensité α.On présente la relation entre CLE4 (orrespondant au paramètre d'intensité α � 1

2 pourles boules browniennes) et le hamp libre gaussien. Dans le domaine ouvert simplementonnexe D � C, on onsidère le hamp libre gaussien φD ayant pour forme de Dirihlet
1

2

»
D

p∇fq2ave des onditions nulles sur BD. On peut oupler φD et CLE4 de manière suivante :(i) On éhantillonne d'abord les boules CLE4 dans D.(ii) A l'intérieur de l'intérieur de haque boule Γ P CLE4 (noté IntpΓq) on éhan-tillonne un hamp libre φIntpΓq ave des onditions nulles sur Γ, de manière indé-pendante onditionnellement à CLE4.(iii) Pour haque boule Γ P CLE4, on hoisit de manière uniforme un signe σΓ Pt�1,�1u, de manière indépendante et indépendamment des hamps libres préé-dents onditionnellement à CLE4.



1.3. BOUCLES DE MARCHES ALÉATOIRES ET APPROXIMATION 9(iv) On a alors l'identité en loi
φD

pdq� ¸
ΓPCLE4

1IntpΓqpφIntpΓq � σΓ
?
πqPour plus de détails voir [WW14℄. La normalisation du hamp libre dans l'artile ité estdi�érente.Dans le ouplage préédent, le omplémentaire des intérieurs des boules CLE4 apparaiten quelque sorte omme une ligne de niveau 0 du hamp libre φD. On pense en plus quedans e ouplage les boules CLE4 sont fontion déterministe de φD.1.3. Boules de marhes aléatoires et approximationLawler et Trujillo Ferreras dans [LF07℄ étudient des proessus de Poisson de boulesdisrètes sur Z2 qu'ils appellent soupes de boules de marhe aléatoire ("random walk loopsoup"). Les auteurs onsidèrent la mesure que l'on va noter µ7 sur les hemins à tempsdisret, de longueur �nie, aux plus prohes voisins sur Z2, dont le point d'arrivée est le pointde départ, et qui à tout tel hemin de longueur n paire assoie la masse

4�n
nOn va noter par Lα7 le proessus pontuel de Poisson d'intensité αµ7.Les auteurs herhent à approximer par Lα7 les ensembles poissoniens de boules brow-niennes (assoiés au mouvement brownien standard) dans C. On va noter ii par Lα lesensembles poissoniens de boules browniennes et onsidérer que les boules ont un instantde départ. Pour N P N�, on onsidère l'appliation ΦN de hangement d'éhelle sur lesboules disrètes suivante. Étant donné γ7 � pz0, . . . , zn�1, z0q dans Z2 une boule aux plusprohes voisins, ΦNγ7 est une boule à temps ontinu à espae ontinu dans C qui véri�e : La durée de ΦNγ

7 est n
2N2 . Pour j P t0, . . . , n� 1u, ΦNγ7p j

2N2 q � zj
N . ΦNγ

7p n
2N2 q � ΦNγ

7p0q � z0
N . Entre les temps j

2N2 , j P t0, . . . , nu, ΦNγ7 interpole linéairement.Soit sγ7 le nombre de sauts n d'une boule disrète γ7. Soit θ P p 23 , 2q et r ¥ 1. Dans[LF07℄ il est montré qu'il y a un ouplage entre L7α and Lα tel qu'à l'exeption d'un évé-nement de probabilité au plus cste � pα � 1qr2N2�3θ il y a une bijetion entre les deuxensembles tγ7 P L7α|sγ7 ¡ 2Nθ, |γ7p0q|   Nru tγ P Lα|tγ ¡ Nθ�2, |γp0q|   rutel que, étant données une boule disrète γ7 et une boule ontinue γ qui lui est assoiée,��� sγ7
2N2

� tγ

��� ¤ 5

8
N�2 et sup

0¤u¤1

���ΦNγ�u sγ7
2N2

	� γputγq��� ¤ cste �N�1 logpNqDans l'artile [dBCL14℄, van den Brug, Camia et Lis utilisent le résultat d'approxi-mation de Lawler et Trujillo Ferreras pour montrer le résultat de onvergene vers le CLEsuivant. Ils onsidèrent un domaine ouvert simplement onnexe et borné D, ainsi qu'unoe�ient θ P p 169 , 2q. Parmi les boules disrètes γ7 P L7α, ils onsidèrent elles qui sontontenues dans ND et qui font au moins Nθ sauts (sans les plus petites boules don). Ilsmontrent que pour α P p0, 12 s, la limite d'éhelle (lorsque N tend vers l'in�ni) des ontoursextérieurs des amas formés par es boules est un CLEκ, où α et κ sont reliés par (1.2.1).Toutefois, on peut se demander si la onvergene en loi tient toujours si on prend en omptetoutes les boules disrètes à l'intérieur de ND et non seulement elles qui sont assez grandes.Dans ette thèse, il sera démontré que 'est la as.



1.4. BOUCLES DE PROCESSUS À SAUTS ET CHAMP LIBRE GAUSSIEN 101.4. Boules de proessus à sauts et hamp libre gaussienDans [Jan11℄, Le Jan onsidère les ensembles poissoniens de boules assoiés à desproessus de Markov à sauts sur des réseaux életriques. Le adre est le suivant. G � pV,Eqest un graphe onnexe non-orienté. L'ensemble des sommets V est au plus dénombrable.Chaque sommet a un degré �ni. Les arêtes sont munies de ondutanes stritement positivespCpeqqePE et les sommets d'une mesure de meurtre positive ou nulle pkpxqqxPV . Le proessusde Markov à sauts pXtq0¤t ζ saute d'un sommet x vers un de ses voisins y ave un tauxégal à la ondutane Cpx, yq. Si jamais kpxq ¡ 0, Xt saute de x vers un état puits qu'onappellera imetière ave un taux kpxq. Le proessus est alors tué. ζ est soit l'in�ni, soit letemps où le proessus est tué par la mesure de meurtre, soit le temps où il explose (sortde tout ompat) en temps �ni. Si pXtq0¤t ζ est transient (meurtre non nul ou graphein�ni ave ondutanes idoines) alors on notera par pGpx, yqqx,yPV la fontion de Green duproessus :
Gpx, yq � Ex

�» ζ
0

1X�ydt�
G est symétrique.Le Jan onsidère la mesure µ sur les boules assoiée à pXtq0¤t ζ qui est donnée par(1.1.1) ainsi que les ensembles poissoniens de boules Lα. Les boules sont à espae disretmais à temps ontinu. Notons que dans e adre-là Lα ontient des boules non-triviales quivisitent plusieurs sommets mais aussi, au dessus de haque sommet, une in�nité de "boules"qui ne visitent qu'un sommet. Si le graphe est Z2, les ondutanes uniformes et il n'y a pasde mesure de meurtre, alors les soupes de boules de marhe aléatoire de Lawler et TrujilloFerreras sont les boules de proessus à sauts qui ne sont pas réduites à un sommet où l'onremplae le temps ontinu par un temps disret. En partiulier les amas de boules sontexatement les mêmes.Le Jan étudie la hamp d'oupation p pLxαqxPV de Lα. pLxα est la somme sur les boules de
Lxα du temps total qu'elles passent en x. Si le proessus à sauts est réurrent, le hamp d'o-upation est in�ni en tout point. Si le proessus à sauts est transient, le hamp d'oupationest �ni. Le Jan établit un "isomorphisme" entre le hamp d'oupation pLx1

2

et le hamp libregaussien disret φ. φ est un hamp gaussien entré don la fontion de variane-ovarianeest la fontion de Green G. Le Jan établit l'égalité en loi(1.4.1) p pLx1
2
qxPV pdq� �

1

2
φ2x



xPVLe paramètre d'intensité α � 1

2 est le même que elui qui dans le as bidimensionnelbrownien est relié au CLE4 qui a son tour est relié au hamp libre en ontinu. L'isomor-phisme de Le Jan fait partie d'une famille d'isomorphismes reliant le hamp d'oupationde trajetoires markoviennes au arré d'un hamp libre gaussien au même titre que l'iso-morphisme de Dynkin, l'isomorphisme d'Eisenbaum, l'isomorphisme de Sznitman pour lesentrelaements aléatoires et les théorèmes de Ray-Knight généralisés (voir [Szn12b℄). L'iso-morphisme de Le Jan ne relie pas le signe du hamp libre à l'ensemble Poissonien de boules
L 1

2
. Ce sera fait dans ette thèse.Dans le as où l'on onsidère un proessus de di�usion unidimensionnel transient endimension 1 au lieu d'un proessus à sauts, le hamp d'oupation est enore dé�ni pon-tuellement et l'isomorphisme de Le Jan tient. Ce sera étudié dans ette thèse. Dans le asdes boules browniennes en dimension supérieure, le hamp d'oupation n'est pas dé�nipontuellement et au lieu de ela on a une mesure d'oupation (1.1.2). Mais elle est loa-lement in�nie même si le proessus est transient. Toutefois en dimension deux et trois onpeut dé�nir une mesure d'oupation entrée.



1.5. ALGORITHME DE WILSON À EFFACEMENT DE BOUCLES 11Le adre est elui des boules browniennes dans un sous-domaine strit ouvert de C oudans R3. Soit pLα,ε le hamp d'oupation des boules de Lα dont la durée est supérieure à
ε. Alors pLα,ε � Er pLα,εsa une limite en loi quand ε tend vers 0, qui est une distribution aléatoire et qu'on noterapLα,ent. Pour l'intensité α � 1

2 , pL 1
2 ,ent a même loi que la moitié du arré de Wik du hamplibre ontinu, qu'on note

1

2
: φ2 :Le arré de Wik est dé�ni ainsi. Soit φε le hamp libre moyenné sur des boules de rayon εde manière à avoir un hamp dé�ni pontuellement. Alors

: φ2 :� lim
εÑ0

pφ2ε � Erφ2εsqDans le as d'un sous-domaine strit ouvert simplement onnexe de C, on a le diagrammesuivant qui relie L 1
2
, CLE4, le hamp libre φ et 1

2 : φ2 :.
1
2 : φ2 :

L 1
2

CLE4

φ

ontoursdes amas
arréde Wik

mesured'oupationentrée lignesde niveau
Fig. 1.3 : Relations entre L 1

2
, CLE4 et le hamp libre φ1.5. Algorithme de Wilson à e�aement de boulesUne autre propriété mise en évidene par Le Jan dans [Jan11℄ est le lien entre l'ensemblepoissonien de boules L1 et l'algorithme de Wilson d'e�aement de boules. Le adre estd'un réseau életrique �ni onnexe G � pV,Eq muni de ondutanes mais sans mesure demeurtre. Un sommet partiulier est la raine :. On onsidère le proessus à sauts sur V tuéen atteignant : ainsi que les ensembles poissoniens de boules orrespondants.Le Jan part de la remarque suivante. Soit x1 P V zt:u et pXtq0¤t ζ la trajetoire duproessus à sauts issue de x1. Soit pTx1 le dernier temps de passage de Xt en x1 avant ζ.Alors le proessus pXtq0¤t  pTx1a même loi que si on prenait toutes les boules de L1 qui passent par x1, les enrainait en x1et les onaténait bout à bout. Plus préisément, en partageant le temps que pXtq0¤t  pTx1passe en x1 suivant une partition aléatoire de Poisson-Dirihlet PDp0, 1q on obtient unin�nité dénombrable de boules de x1 à x1 qui ont même loi que le sous-ensemble de boulesde L1 passant par x1.S'en suit le lien entre les boules L1 et l'algorithme de Wilson ([Wil96℄) d'éhantillon-nage de l'arbre ouvrant uniforme pondéré par le produit des ondutanes des arêtes del'arbre. Vi respetivement Υi seront des ensembles de sommets respetivement arêtes aléa-toires. L'algorithme de Wilson est le suivant : Fixer px1, . . . , xnq une numérotation de V zt:u.



1.7. ORGANISATION DE LA THÈSE ET RÉSULTATS 12 Fixer V0 :� t:u et Υ0 :� H. Pour i allant de 1 à n faire :� Si xi P Vi�1 poser Vi � Vi�1 et Υi � Υi�1.� Sinon laner un proessus de Markov à sauts partant de xi et l'arrêter lorsqu'ilatteint Vi�1. E�aer les boules du proessus à saut au fur et à mesure qu'ellesapparaissent. On obtient ainsi un hemin simple joignant xi à Vi�1. Ajouterles sommets visités par e hemin à Vi�1 pour obtenir Vi. Ajouter le arêtesempruntées par e hemin à Υi�1 pour obtenir Υi.
Υn est alors un arbre ouvrant enrainé en : dont la loi est elle d'un arbre ouvrantuniforme pondéré par le produit des ondutanes des arêtes. Ses arêtes sont un proessusdéterminantal. Les boules e�aées au ours de l'exéution de l'algorithme sont en loi lesboules L1 où ertaines ont été reollées entre elles. En partiulier les hamps d'oupationsont les mêmes.La propriété mise en évidene par Le Jan pour les boules des proessus à sauts, aun analogue pour dans le as brownien bidimensionnel. Soit D un sous-domaine strit de
C, ouvert simplement onnexe et a et b deux points distints de son bord. Étant donnél'exursion brownienne dans D joignant a à b, on peut dé�nir un hemin simple joignant aà b obtenu en e�açant les boules de l'exursion. Il a pour loi un proessus de SLE2 hordal([Zha12℄). Il a été onjeturé que si l'on prend un SLE2 hordal de a à b ainsi qu'un ensemblepoissonien de boules browniennes L1 indépendant dans D, et qu'on attahe à SLE2 toutesles boules qu'il renontre, on reonstitue en loi l'exursion brownienne([LW04℄).1.6. Perolation par boules sur réseauxDans [JL13℄, Le Jan et Lemaire initient l'étude des amas formés par les ensembles pois-soniens de boules des proessus de Markov à sauts symétriques. On s'y intéresse notammentsous l'angle de la perolation : existene d'un amas in�ni de boules sur Zd. Cette étude estpoursuivie par Chang et Sapozhnikov dans [CS14℄. Le adre onsidéré est elui du proessusà sauts symétriques aux plus prohes voisins sur Zd, ave une mesure de meurtre uniforme(d ¥ 2) ou sans (d ¥ 3). Dans le as deux-dimensionnel sans mesure de meurtre il n'y qu'unseul amas, e qui est relié à la réurrene du proessus à sauts sous-jaent. Dans les autresas, il a été montré l'existene d'une transition de phase non triviale lorsque le paramètred'intensité α augmente, l'uniité de l'amas in�ni, ertaines estimées quantitatives des pro-babilités de onnexion et un équivalent asymptotique en grande dimension du paramètre αritique. Dans ette thèse, ette étude sera poursuivie.1.7. Organisation de la thèse et résultatsLes hapitres 2 et 3 de ette thèse sont tirés de mon mémoire [Lup13℄. Le adre étudiéest elui des di�usions unidimensionnelles sur un intervalle, tuées si éventuellement elles at-teignent le bord, ave ou sans mesure de meurtre à l'intérieur de l'intervalle. Dans le hapitre2, je montre qu'on peut érire la mesure sur les boules de di�usions unidimensionnelles nonseulement omme une somme pondérée de probabilités de ponts ((1.1.1)) mais aussi ommeune somme de mesures d'exursions positives ave des minima balayant tout l'intervalle.Dans le as du mouvement Brownien sur R, il s'agit juste d'une appliation de la transfor-mation de Vervaat. Quant au as général, il me onduit à mettre en évidene une relation,valable pour une di�usion quelonque ave ou sans mesure de meurtre, entre un pont de xà x onditionné à atteindre son minimum en a et l'exursion positive issue de a. La loi dupremier objet, après permutation de tronçons avant et après le minimum, est absolumentontinue par rapport à la loi du seond et la densité est proportionnelle au temps loalen x. On peut y voir une généralisation de la transformation de Vervaat. Toujours dans lehapitre 2 j'étudie le hamp d'oupation des ensembles poissoniens de boules de di�usions



1.7. ORGANISATION DE LA THÈSE ET RÉSULTATS 13unidimensionnelles. Si on onsidère la variable d'espae omme un paramètre d'évolution, leshamps d'oupation sont des proessus de branhement ave immigration non-homogènes àétat ontinu. En�n dans le hapitre 2 je montre aussi omment obtenir tout ou en partie lesensembles poissoniens de boules de paramètre α � 1 en déoupant de manière déterministeou aléatoire les trajetoires de di�usions. Cei est l'analogue du lien ave les boules e�aéesmis en évidene par Le Jan dans [Jan11℄ dans le adre de proessus de Markov à sauts.Dans le hapitre 3, j'étudie e qu'on obtient si l'on applique l'algorithme d'e�aement deboules, utilisé pour éhantillonner des arbres ouvrants aléatoires, à un mouvement brow-nien sur R ave une mesure de meurtre non nulle. On peut imaginer un "graphe" onstituéde R et d'une "raine" située à l'extérieur. Chaque point x P R est relié à ses deux voisinsin�nitésimaux x � dx et x � dx. De plus, haque point dans le support de la mesure demeurtre est relié à la raine. Un "arbre ouvrant" de et objet peut être dérit par deuxproessus pontuels sur R. Le premier orrespond aux sommets dans "l'arbre" reliés à la"raine" à l'extérieur de R. Le seond aux points x P R tels que x � dx et x � dx ne soientpas reliés par une "arête" in�nitésimale dans "l'arbre". Les deux proessus pontuels sontentrelaés : entre deux points onséutifs de l'un, il y a un point de l'autre. J'identi�e laloi jointe de es deux proessus pontuels. Les deux sont des proessus déterminantaux. Ily a ii analogie ave l'arbre ouvrant uniforme habituel dont les arêtes sont également unproessus déterminantal. Je déris aussi omment, à partir de bouts de trajetoires brow-niennes utilisées dans l'algorithme, on peut reonstruire l'ensemble poissonien de boules L1assoié au mouvement brownien ave mesure de meurtre. C'est l'analogue de e que Le Jandérit dans [Jan11℄ pour les proessus à sauts. En�n je montre que, si l'on augmente parendroits la mesure de meurtre sur R, on peut obtenir des ouplages monotones expliites desproessus déterminantaux-"arbres ouvrants" orrespondants à l'anienne et à la nouvellemesure de meurtre.Le hapitre 4 est tiré de mon artile [Lup14℄, augmenté d'une setion supplémentaire.L'artile a été aepté à Annals of Probability. Le adre est elui de proessus markoviensà sauts symétriques transients sur un graphe pV,Eq. D'après l'isomorphisme de Le Jan(1.4.1), le module du hamp libre gaussien p|φx|qxPV est donné par le hamp d'oupationp pLx1
2

qxPV . Je montre qu'en rajoutant de l'aléa supplémentaire, on peut réer un ouplageentre l'ensemble poissonien de boules L 1
2
et le hamp libre gaussien φ tel qu'en plus lesigne de φ soit onstant sur haque amas de L 1

2
. Pour onstruire le ouplage, j'interpole legraphe par un graphe métrique où haque arête est remplaée par un �l "ontinu" d'unelongueur égale à la moitié de la résistane (inverse de la ondutane) et je onsidère lemouvement brownien sur et objet. L'ensemble poissonien de boules du proessus à sautspeut être obtenu à partir de l'ensemble poissonien de boules browniennes sur le graphemétrique en prenant la restrition de es dernières au sommets. Ainsi les amas de boulesdes proessus à sauts sont ontenus dans les amas de boules browniennes sur le graphemétrique. L'isomorphisme de Le Jan fontionne également sur le graphe métrique. De plusau paramètre α � 1

2 , les amas des boules sur le graphe métrique sont exatement desomposantes onnexes du signe du hamp libre sur le graphe métrique. Don le signe duhamp libre est aussi onstant sur les amas de boules du proessus à sauts. De e ouplageje déduis que sur Zd (d ¥ 3) les boules de L 1
2
ne perolent pas, ne forment pas d'amasin�ni. Cette approhe utilisant les graphes métriques a été inspirée par les résultats portantsur les ensembles poissoniens de boules de di�usions unidimensionnelles présentés dans lehapitre 2.Dans le hapitre 4, je onsidère également les boules de proessus à sauts aux plusprohes voisins sur le demi-plan disret H � Z�N tués en atteignant la frontière Z�t0u. J'yétudie l'existene d'un amas in�ni et le paramètre d'intensité ritique αH�. La motivation estde omparer ave le modèle des boules browniennes sur le demi-plan de C où le paramètre



1.7. ORGANISATION DE LA THÈSE ET RÉSULTATS 14d'intensité ritique est 1
2 . Le résultat de non-perolation des boules pour α � 1

2 s'appliqueaussi au demi-plan disret et on a αH� ¥ 1
2 . Je montre en plus que 1

2 est le paramètred'intensité ritique omme dans le as brownien bidimensionnel. J'utilise les résultats d'ap-proximation des ensembles poissoniens de boules browniennes par les ensembles poissoniensde boules de marhes aléatoires obtenus par Lawler et Trujillo Ferreras dans [LF07℄.Dans le hapitre 4, j'applique aussi l'idée d'interpolation du graphe disret par un graphemétrique au modèle d'entrelaements aléatoires de Sznitman. Un entrelaement aléatoire sur
Zd, d ¥ 3, est un proessus pontuel de Poisson fait de hemins aux plus prohes voisinsbi-in�nis (paramétrés par un temps in�ni dans les deux sens) se omportant omme destrajetoires de marhes aléatoires. Étant donné un paramètre d'intensité u ¡ 0 et Iu unentrelaement aléatoire de e niveau d'intensité, l'ensemble vaant Vu est l'ensemble des sitesnon visités par auun des hemins dans Iu. A un niveau ritique u� P p0,�8q se produitune transition de phase au-delà de laquelle Vu n'a que des omposantes onnexes bornées([Szn10℄, [SS09℄). On peut paramétrer les hemins dans Iu par un temps ontinu et danse as, il y un hamp d'oupation de Iu, pLxpIuqqxPZd . Sznitman établit un isomorphismeave le hamp libre gaussien φ pour e modèle là. Si Iu et φ sont indépendants, alors�

LxpIuq � 1

2
φ2x



xPZd

pdq� �
1

2
pφx �?

2uq2

xPZdA partir de et isomorphisme, en interpolant Zd par un graphe métrique, je montre qu'il ya un ouplage entre Iu et φ tel quetx P Zd|φx ¡ ?

2uu � VuIl existe un paramètre h� ¥ 0 ritique à partir duquel l'ensemble de niveautx P Zd|φx ¡ h�un'a que des omposantes onnexes bornées ([RS13℄). Mon ouplage entre Iu et φ impliqueque h� ¤ ?
2u�.Le hapitre 5 est tiré de mon artile [Lup15℄. J'y onsidère les demi-plans disretsp 1nZq�p 1nNq interpolés par des graphes métriques (arêtes remplaées par des �ls ontinus demême longueur) et j'y étudie les amas d'ensembles poissoniens de boules sur des graphesmétriques de paramètre d'intensité α � 1

2 . Je m'interroge si la limite d'éhelle des frontièresextérieures des amas extérieurs quand n tend vers �8 est CLE4. En e�et, κ � 4 orres-pond selon la formule (1.2.1) au paramètre d'intensité α � 1
2 pour les boules browniennesplanaires sur un domaine simplement onnexe de C. La réponse est positive. Brug, Camiaet Lis on montré dans [dBCL14℄ que si au lieu de prendre toutes les boules on prendsseulement les boules pas trop petites, alors leurs amas véri�ent ette onvergene vers le

CLE. Pour montrer la onvergene en général, je alule ertaines probabilités sur les fron-tières extérieures qui, quand n tend vers �8, onvergent vers des probabilités analoguespour CLE4. Plus préisément, sur le demi-plan "ontinu" H � tℑpzq ¡ 0u, je onsidèredeux familles poissoniennes indépendantes d'exursions browniennes allant du bord vers lebord et indépendantes de l'ensemble CLEκ à l'intérieur de H. Les extrémités des exur-sions de la première famille sont ontenues dans l'intervalle p�8, 0q � t0u. Les extrémitésde la deuxième famille sont ontenues dans l'intervalle p1, qq � t0u où q ¡ 1. Je onsidèrel'événement que les deux familles d'exursions soient reliées soit en s'intersetant soit enintersetant une boule de CLEκ ommune. On peut érire une équation di�érentielle pourette probabilité en faisant varier q. Cei déoule des résultats de Lawler, Shramm et Wer-ner dans [LSW03℄ et de Werner et Wu dans [WW13℄. Ensuite, sur les graphes métriquesassoiés à p 1nZq � p 1nNq, je onsidère l'ensemble poissonien de boules L 1
2
et deux famillespoissoniennes indépendantes entre elles et de L 1

2
d'exursions du mouvement brownien surgraphe métrique allant du bord 1

nZ � t0u vers lui-même. Ces deux familles d'exursions



1.8. PERSPECTIVES 15onvergent en loi vers les familles d'exursions browniennes dans H dérites préédemment,quand n tend vers �8. Je onsidère la probabilité que les deux familles d'exursions sur legraphe métrique soient reliés soit en s'intersetant, soit en intersetant une boule ommunede L 1
2
. Cette probabilité peut être alulée expliitement en utilisant l'isomorphisme avele hamp libre gaussien. J'obtiens une onvergene vers une probabilité analogue à elleobtenue ave CLE4. En ombinant ave le résultat de Brug, Camia et Lis de [dBCL14℄ jemontre sur le graphe métrique que la limite d'éhelle des amas des boules de paramètred'intensité α � 1

2 est bien CLE4. Plus loin, je montre qu'il y a aussi onvergene des amaspour toutes les valeurs de α dans p0, 12 s, à la fois sur le graphe métrique et sur le graphedisret, vers CLEκ où α et κ sont liées par (1.2.1). La méthode onsiste à montrer que s'iln'y avait pas onvergene pour une valeur de α dans p0, 12 q, il n'y aurait pas non plus deonvergene pour α � 1
2 . Dans le hapitre 5, ertaines preuves de onvergene manquent dedétails mais toutes les idées prinipales y �gurent.Ainsi, en e qui onerne la omparaison de la perolation par boules sur le demi-plandisret et le demi-plan ontinu, on obtient le tableau suivant. Dans les deux as, le paramètred'intensité ritique est 1
2 et, pour α dans p0, 12 s, la limite d'éhelle des frontières extérieuresdes amas extérieurs des boules disrètes a la même loi que les frontières extérieures desamas extérieurs des boules deux-dimensionnelles browniennes, 'est-à-dire des CLEκ. Deplus, sur le graphe métrique, on a une analogie omplète ave le diagramme de la �gure 1.3.Les hapitres 4 et 5 sont auto-ontenus en termes de notations. Dans le hapitre 3,j'utilise les notations introduites dans le hapitre 2. Dans les hapitre 2, 3 et 4, la lettre κ vadésigner une mesure de meurtre alors que dans le hapitre 5, e sera le paramètre des SLEκet CLEκ. 1.8. PerspetivesDans le hapitre 4, nous avons obtenu un ouplage naturel entre le hamp libre gaussienet l'ensemble poissonien de boules des proessus à sauts L 1

2
. Le point départ y est L 1

2
, àpartir duquel on onstruit un hamp libre en rajoutant de l'aléa supplémentaire. Un pisted'étude est d'avoir au ontraire la loi onditionnelle de L 1

2
par rapport au hamp libre.Une autre piste d'étude future onerne les boules browniennes dans un domaine sim-plement onnexe en dimension 2. Le diagramme de la �gure 1.3 présente la relation entre

L 1
2
, CLE4, le hamp libre φ et 1

2 : φ2 :. On a des ouplages entre les paires de es objets quisont reliées par des �èhes dans le diagramme. Mais, la question de oupler les quatre objetsensemble de manière naturelle et onsistante ave les ouplages par paires se pose. Ii aussil'approximation du domaine par des graphes métriques peut être utile, étant donné que surle graphe métrique, les analogues des quatre objets sont ouplés naturellement ensemble, eton peut don essayer de passer à la limite leur ouplage.En�n, il sera intéressant d'étudier les amas des boules browniennes en dimension 3. Ene�et, la trajetoire du mouvement brownien tridimensionnel est non polaire et les ensemblespoissoniens de boules browniennes en dimension 3 forment des amas non-triviaux. Il y aune transition de phase, lorsque le paramètre d'intensité α augmente, entre l'absene et laprésene d'un amas non-borné. Il est vraisemblable que lorsque α � 1
2 , il n'y a pas d'amasnon-borné tout omme 'est le as pour les amas de boules de la marhe aléatoire sur Z3.Il se pose aussi la question du sens qu'on peut donner au signe du hamp libre sur R3 ete que pourrait signi�er d'avoir un signe onstant sur les amas des boules browniennes,'est-à-dire transposer, dans le ontinu sur R3, les résultats vrais en disret sur Z3.



CHAPTER 2Poisson ensembles of loops of one-dimensional di�usions2.1. IntrodutionLawler and Werner introdued in [LW04℄ the notion of Poisson ensemble of Markovloops ("loop soup") for planar Brownian motion. In [SW12℄ it was used by She�eld andWerner to onstrut the Conformal Loops Ensemble (CLE). Le Jan studied in [Jan11℄ theanalogue of the Poissonian ensembles of Markov loops in the setting of a symmetri Markovjump proess on a �nite graph. In both ases one de�nes an in�nite measure µ� on time-parametrizes unrooted loops (i.e. loops parametrized by a irle where it is not spei�edwhen the ut between the beginning and the end ours) and onsiders the Poisson pointensemble of intensity αµ�, α ¡ 0, denoted here Lα. In both ases the ensemble L1 (where
α � 1) is related to the loops erased during the loop-erasure proedure applied to Markoviansample paths.In partiular in the disrete setting Wilson's algorithm ([Wil96℄) leads to aduality between L1 and the Uniform Spanning Trees. In [Jan11℄ Le Jan also studied theoupation �eld of Lα, that is the sum of the oupation times in a given vertex of the graphof individual loops. In ase α � 1

2 he found that it the square of a Gaussian Free Field andrelated it to the Dynkin's Isomorphism ([Dyn84b℄).The analogue of the measure µ� an be de�ned for a muh larger lass of Markovproesses ([LMR15℄, [FR14℄). The aim of this essay is on one hand to study the measure
µ� and the Poisson ensembles of Markov loops Lα in the setting of one-dimensional, notneessarily onservative, di�usion proesses, and on the other hand to de�ne and studysome determinatal point proesses on R that are analogous to Uniform Spanning Tress anddual to L1. The di�usion proesses we onsider take values on a subinterval I of R, arealways killed at hitting a boundary point of I, and may be killed by a killing measure on theinterior of I. One an transform a di�usion proess into an other applying a hange of sale,a random hange of time, a restrition to a subinterval, an inrease of the killing measure ora onjugation of the semi-group by a positive su�iently regular funtion (Pt ÞÑ h�1Pth).The measure µ� is ovariant with all these transformations on Markov proesses. In otherwords the map di�usion to measure on loops is a ovariant funtor. Moreover we will showthat µ� is invariant by onjugation on underlying di�usions. We will also extend the sopeof our study by assoiating a measure on loops to "generators" whih ontain a reation ofmass term: If L � Lp0q� ν where Lp0q is a seond order di�erential operator on I and ν is asigned measure, and if one sets zero Dirihlet boundary onditions for L, one an de�ne ina onsistent way a measure on loops related to L even in ase the semi-group petLqt¥0 doesnot make sense. This extended de�nition of µ� will be partiularly handy for omputingthe exponential moments of the Poissonian ensemble of Markov loops.The layout of this paper is the following: In hapter 2.2 we will reall some fats onone-dimensional di�usions and set the important notations. We will further onsider "gen-erators" with reation of mass term and haraterize a lass of suh operators whih up toa onjugation are equivalent to the generators of di�usions. In hapter 2.3 we will de�nethe measure µ� and point out di�erent ovariane and invariane properties. Further wewill make a onnetion between the Brownian measure on loops and the Levy-It� measureon Brownian exursion using the Vervaat's bridge-to-exursion transformation. This in turn16



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 17will lead us to a onditioned version of Vervaat's transformation that holds for any one-dimensional di�usion proess, that is an absolute ontinuity relation between the bridgeonditioned to have a given minimum and an exursion of the same duration above thisminimum. The Vervaat's transformation is deeply related to the measure on loops µ�: Theloops are unrooted, so one an freely hose a moment separating the end from the start. Ifone hooses this moment uniformly over the life-time of the loop, then the loop under themeasure µ� looks in some sense like a bridge. If one hooses this moment when the loop hitsits minimum, then it looks like an exursion. In hapter 2.4 we will study the oupation�eld of the Poisson ensemble of Markov loops. Eah loop is endowed with a family of loaltimes. The oupation �eld is the sum of loal times over the loops. We will identify its lawas an non-homogeneous ontinuous state branhing proess with immigration parametrisedby the position points in I. In ase α � 1
2 we will identify it as the square of a Gaussian FreeField and show how it is possible to derive partiular versions of the Dynkin's Isomorphismusing this fat and Palm's identity for Poissonian ensembles. In hapter 2.5 we will root eahloop in Lα at its minimum and obtain this way a olletion of positive exursions. Then wewill order this exursions in the dereasing sense of their minima and glue them together.We will obtain this way a ontinuous path whih an be desribed using two-dimensionalMarkov proesses. This is a way to sample Lα. In the partiular ase α � 1 the pathwe obtain is the sample path of an one-dimensional di�usion. This is the analogue in oursetting of the relation between L1 and the loop-erasure proedure observed in the settingof the two-dimensional Brownian motion or of the symmetri Markov jump proesses ongraphs. In hapter 3.1 we will apply an extension of Wilson's algorithm to transient one-dimensional di�usions and obtain a ouple of interwoven determinantal point proesses on

R whih is dual to L1. In hapter 3.2 we will prove some monotone oupling properties forthe determinantal point proesses introdued in hapter 3.1.The author thanks Yves Le Jan for fruitful disussions and its helpful advie in relationwith this work. 2.2. Preliminaries on generators and semi-groups2.2.1. A seond order ODE. In this hapter we will introdue the one-dimensionaldi�usions we will onsider throughout this work (setion 2.2.2). In the setion 2.2.3 we willextend the framework to the "generators" ontaining a mass-reation term. In the setion2.2.1 we will prove or reall some fats on the funtions harmoni for these generators.Let I be an open interval of R and ν a signed measure on I. By signed measure wemean that the total variation |ν| is a positive Radon measure, but not neessarily �nite, and
νpdxq � ǫpxq|ν|pdxq where ǫ takes values in t�1u. We look for the solutions of the linearseond order di�erential equation on I:(2.2.1) d2u

dx2
� uν � 0Given a solution u of (2.2.1) we will write du

dx px�q and du
dx px�q for the right-hand siderespetively left-hand side derivative of u at x. The two are related by

du

dx
px�q � du

dx
px�q � �upxqνptxuqUsing a standard �xed point argument one an show that (2.2.1) satis�es a Cauhy-Lipshitz priniple: if x0 P I and u0, v0 P R, there is a unique solution u of (2.2.1), ontinuouson I, satisfying upx0q � u0 and du

dxpx�0 q � v0. Let x1 P I X px0,�8q. A ontinuous funtion
u on rx0, x1s is solution of (2.2.1) with previous initial onditions at x0 if and only if it is a



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 18�xed point of the a�ne operator I on Cprx0, x1sq de�ned aspIuqpxq :� u0 � px � x0qv0 � »px0,xspx� yqupyqνpdyqThe Lipshitz norm of In is smaller or equal to |ν|prx0,x1sqnpx1�x0qn
n! . So for n large enough

In is ontrating and thus I has a unique �xed point in Cprx0, x1sq.Let W pu1, u2qpxq be the Wronskian of two funtions u1, u2:
W pu1, u2qpxq :� u1pxqdu2

dx
px�q � u2pxqdu1

dx
px�qIf u1, u2 are both solutions of (2.2.1), W pu1, u2q is onstant on I. Using this fat we geta results whih is similar to Sturm's separation theorem for the ase of a measure ν witha ontinuous density with respet to the Lebesgue measure (see theorem 7, setion 2.6 in[BR89℄):Property 2.2.1. Given x0   x1 be two points in I:(i) Let u1 be a solution of (2.2.1) satisfying u1px0q � 0, du1

dx px�0 q ¡ 0, and u2 asolution suh that u2px0q ¡ 0. Assume that u2 ¥ 0 on rx0, x1s. Then u1 ¡ 0 onpx0, x1s.(ii) Let u1, u2 be two solutions suh that u1px0q � u2px0q ¡ 0 and du1

dx px�0 q ¡ du2

dx px�0 q.Assume that u2 ¥ 0 on rx0, x1s. Then u1 ¡ u2 on px0, x1s.(iii) If there is a solution u to (2.2.1) positive on px0, x1q and zero at x0 and x1 thenany other linearly independent solution of (2.2.1) has exatly one zero in px0, x1q.Next we prove a lemma that will be useful in the setion 2.2.3.Lemma 2.2.2. Let ν� be the positive part of ν. Let x0   x1 P I. Let f be a ontinuouspositive funtion on rx0, x1s suh that minrx0,x1s f ¡ ν�prx0, x1sq2. Then the equation(2.2.2) d2u

dx2
� uν � uf � 0has a positive solution that is non-dereasing on rx0, x1s.Proof. Set a :� minrx0,x1s f . Let u be the solution to (2.2.2) with the initial values

upx0q � 1, dudx px�0 q � ?
a. We will show that u is non-dereasing on rx0, x1s. Assume thatthis is not the ase. This means that du

dx px�q takes negative values somewhere in rx0, x1s.Let
x2 :� inf

!
x P rx0, x1s���du

dx
px�q ¤ 0

)Sine du
dxpx�q is right-ontinuous, du

dx px�2 q ¤ 0. Let rpxq :� 1
upxq dudx px�q. u is positive onrx0, x2s hene r is de�ned rx0, x2s. rpx0q � ?

a. r is adlag and satis�es the equation
dr � pf � r2qdx � dνLet x3 :� suptx P rx0, x2s|rpxq ¥ ?
au. We have

rpx2q � rpx�3 q � » x2

x3

pfpxq � r2pxqqdx � νprx3, x2sqBy onstrution rpx�3 q ¥ ?
a. By de�nition f � r2 ¥ 0 on px3, x2s. Thus

rpx2q ¥ ?
a� νprx3, x2sq ¡ 0It follows that rpx2q ¡ 0, whih is absurd. �



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 19In the ase ν � �2κ where κ is a non-zero positive Radon measure, the equation (2.2.1)beomes:(2.2.3) 1

2

d2u

dx2
� uκ � 0It ommonly appears when studying the Brownian motion with a killing measure κ. In thisase the two-dimensional linear spae of solutions is spanned by two onvex positive solutions

uÒ and uÓ, uÒ being non-dereasing and uÓ non-inreasing. Given x0 P I, we an onstrut
uÒ as the limit when x1 Ñ inf I of the unique solution whih equals 0 in x1 and 1 in x0. For
uÓ we take the limit as x1 Ñ sup I. uÒ and uÓ are de�ned up to a positive multipliativeonstant. See [Bre92℄, setion 16.11, or [RY99℄, Appendix 8, for more details. Next wegive equivalent onditions on the asymptoti behaviour of uÒ and uÓ that will be used inhapter 3.1.Proposition 2.2.3. In ase r0,�8q � I, the following four onditions are equivalent:(i) ³p0,�8q xκpdxq   �8(ii) uÓp�8q ¡ 0(iii) There is C ¡ 0 suh that for all x ¥ 1, uÒpxq ¤ Cx(iv) ³p0,�8q uÒpxquÓpxqκpdxq   �8Proof. We will prove in order that (ii) implies (i), (iii) implies (i), (i) implies (ii), (i)implies (iii) and (iv) implies (ii). (iv) is obviously implied by the ombination of (i), (ii) and(iii).(ii) implies (i): For all x P r0,�8q:�duÓ

dx
px�q � 2

»px,�8q uÓpyqκpdyq ¤ 2uÓp�8qκppx,�8qq�duÓ
dx px�q is integrable on p0,�8q. Sine uÓp�8q ¡ 0, this implies that:»p0,�8q κppx,�8qqdx   �8But »p0,�8q κppx,�8qqdx � »p0,�8q yκpdyqand hene (i).(iii) implies (i): If (iii) holds then for all x P r0,�8q, duÒdx px�q ¤ C. But

duÒ
dx

px�q � duÒ
dx

p0�q � 2

»p0,xs uÒpyqκpdyqThis implies that »p0,�8q uÒpyqκpdyq   �8Sine uÒ is onvex, uÒpyq ¥ uÒp0q � duÒ
dy p0�qy. So (i) is satis�ed.(i) implies (ii): For all y P r0,�8q:

uÓpyq � uÓp�8q � 2

» �8
y

»pz,�8q uÓpxqκpdxqdz ¤ 2uÓpyq »py,�8qpx� yqκpdxqCondition (i) implies that:
lim

yÑ�8 2

»py,�8qpx� yqκpdxq � 0So for y large enough, uÓpyq � uÓp�8q   uÓpyq. Neessarily uÓp�8q ¡ 0.



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 20(i) implies (iii): For all y   x P r0,�8q:(2.2.4) duÒ
dx

px�q � duÒ
dy

py�q � 2uÒpyqκppy, xsq � 2

»py,xspuÒpzq � uÒpyqqκpdzqLet y be large enough suh that:
2

»py,�8qpz � yqκpdzq   1Then there is C ¡ 0 large enough suh that:(2.2.5) C ¡ duÒ
dy

py�q � 2uÒpyqκppy,�8qq � 2C

»py,�8qpz � yqκpdzqAssume that there is x P r0,�8q suh that duÒ
dx px�q ¥ C. Let

x0 :� inf
!
x ¥ y

���duÒ
dx

px�q ¥ C
)

x ÞÑ duÒ
dx px�q is right-ontinuous. Thus duÒ

dx px�0 q ¥ C. By de�nition, for all z P ry, x0s,
duÒ
dz pz�q ¤ C and hene uÒpzq � uÒpyq ¤ Cpz � yq. But then (2.2.4) and (2.2.5) imply that
duÒ
dx px�0 q   C whih is ontraditory. It follows that duÒdx px�q is bounded by C, whih impliesproperty (iii).(iv) implies (ii): Applying integration by parts we get that for all x ¡ 0:

2

»p0,xs uÒpyquÓpyqκpdyq � »p0,xs uÓpyqd�duÒdy 	pdyq�duÒ
dx

px�quÓpxq � duÒ
dx

p0�quÓp0q � » x
0

duÓ
dy

py�qduÒ
dy

py�qdy
duÒ
dx px�quÓpxq is positive. We get that:(2.2.6) � » �8

0

duÓ
dy

py�qduÒ
dy

py�qdy ¤ 2

»p0,�8q uÒpyquÓpyqκpdyq � duÒ
dx

p0�quÓp0q   �8Next
duÒ
dx

px�qpuÓpxq � uÓp�8qq � � duÒ
dx

px�q » �8
x

duÓ
dy

py�qdy¤� » �8
x

duÓ
dy

py�qduÒ
dy

py�qdy(2.2.7)Assume that uÓp�8q � 0. Then (2.2.7) implies that:
lim

xÑ�8 duÒ
dx

px�quÓpxq � 0and(2.2.8) lim
xÑ�8�duÓdx px�quÒpxq �W puÓ, uÒq � lim

xÑ�8 duÒ
dx

px�quÓpxq �W puÓ, uÒq(2.2.6) together with (2.2.8) imply that» �8
0

1

uÒpyq duÒdy py�qdy   �8But this is impossible beause logpuÒp�8qq � �8. Thus uÓp�8q ¡ 0. �Next we deal with the ontinuity of uÒ and uÓ with respet the measure κ. We will write
uκ,Ò and uκ,Ó to denote the dependene on κ.



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 21Lemma 2.2.4. Let x0 P I. Let pκnqn¥0 be a sequene of non-zero positive Radon mea-sures on I onverging vaguely (i.e. against funtions with ompat support) to κ. Then
uκn,Ò

uκn,Òpx0q onverges to uκ,Ò
uκ,Òpx0q , uκn,Ó

uκn,Ópx0q onverges to uκ,Ó
uκ,Ópx0q and the onvergenes are uni-form on ompat subsets of I.Proof. We will deal with the onvergene of uκn,Ó

uκn,Ópx0q , the other one being similar. Tosimplify notations we will hose the normalization uκ,Ópx0q � uκn,Ópx0q � 1. Without lossof generality we will also assume that κptx0uq � 0. The proof will be made of two parts.First we will show that if u is the solution of (2.2.3) and un solution of(2.2.9) 1

2

d2u

dx2
� uκn � 0and if unpx0q � upx0q � 1 and du

dxpx�0 q � limnÑ�8 dun

dx px�0 q then un onverges to u uniformlyon ompat subsets of I. After that we will show that duκn,Ó
dx px�0 q onverges to duκ,Ó

dx px�0 q.Let x1 P I X px0,�8q. Let pvnqn¥0 be a sequene in R onverging to v. Let Inrespetively I be the following a�ne operators on Cprx0, x1sq:pInfqpxq :� 1� px � x0qvn � 2

»px0,xspx� yqfpyqκnpdyqpIfqpxq :� 1� px� x0qv � 2

»px0,xspx� yqfpyqκpdyqLet un respetively u be the �xed points of In respetively I. Let ε P p0, 1q. The Lipshitznorm of Ijn is bounded by 2j

j! κnprx0, x1sqjpx1 � x0qj . For j ¥ jε, for all n P N, this norm isless then ε. Then
maxrx0,x1s |un � u| � maxrx0,x1s |Ijεn un � Ijεu| ¤ maxrx0,x1s |Ijεn u� Ijεu| � maxrx0,x1s |Ijεn un � Ijεn u|¤ maxrx0,x1s |Ijεn u� Ijεu| � ε maxrx0,x1s |un � u|Hene(2.2.10) maxrx0,x1s |un � u| ¤ 1

1� ε
maxrx0,x1s |Ijεn u� Ijεu|For y   x P I and i P N� let

fn,ipy, xq :� »
y y1 ��� yi�1 xpx� yi�1q . . . py2 � y1qpy1 � yqκnpdy1q . . . κnpdyi�1q

fipy, xq :� »
y y1 ��� yi�1 xpx� yi�1q . . . py2 � y1qpy1 � yqκpdy1q . . . κpdyi�1qand f0,ipy, xq � f0py, xq � x � y. fn,i and fi are ontinuous funtions. Moreover the vagueonvergene of κn to κ ensures that if pyn, xnqn¥0 is a sequene onverging to py, xq then

fn,ipyn, xnq onverges to fipy, xq.pIjεn uqpxq �1� px� x0qvn � jε�2̧

i�0

» x
x0

p1� py � x0qvnqfn,ipy, xqκnpdyq� » x
x0

upyqfn,jε�1py, xqκnpdyqpIjεuqpxq �1� px� x0qv � jε�2̧

i�0

» x
x0

p1� py � x0qvqfipy, xqκpdyq� » x
x0

upyqfjε�1py, xqκpdyq



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 22For �xed x, the funtions y ÞÑ 1x0 y xfn,ipy, xq and y ÞÑ 1x0 y xfipy, xq have a ompatsupport but are disontinuous at x0. If pznqn¥0 is a sequene in rx0, x1s onverging to z, thenthe onvergene of vn to v, the weak onvergene of κn to κ and the ondition κptx0uq � 0ensure that pIjεn uqpznq onverges to pIjεuqpzq. This implies the uniform onvergene of Ijεn uto Ijεu on rx0, x1s. From (2.2.10) follows that un onverges uniformly to u on rx0, x1s. Thesituation is similar for x1   x0 and we get the uniform onvergene on ompat sets of unto u.Let
v :� lim inf

nÑ�8 duκn,Ó
dx

px�0 q v :� lim sup
nÑ�8 duκn,Ó

dx
px�0 qLet v   duk,Ó

dx px�0 q. There is x1 P I X px0,�8q suh that the solution of (2.2.3) with initialonditions upx0q � 1, dudx px�q � v is zero at x1 sine uκn,Ó onverges to uκ,Ó uniformly onrx0, x1s and uκ,Ó is positive on rx0, x1s, we get that for n large enough, uκn,Ó is positive onrx0, x1s and duκn,Ó
dx px�0 q ¡ v. Thus v ¥ duk,Ó

dx px�0 q.Conversely, let v   v. Let un be the solution of (2.2.9) with initial onditions unpx0q � 1,
dun

dx px�0 q � v. If duκn,Ó
dx px�0 q ¡ v, then for any x P I X rx0,�8q

dun
dx

px�q ¤ duκn,Ó
dx

px�q � �duκn,Ó
dx

px�0 q � v
	 ¤ ��duκn,Ó

dx
px�0 q � v

	
unpxq ¤ uκn,Ó � �duκn,Ó

dx
px�0 q � v

	px� x0qIf sup I   �8 then by onvexity of uκn,Ó:
unpxq ¤ sup I � x

sup I � x0
� �duκn,Ó

dx
px�0 q � v

	px� x0qand unpznq ¤ 0 where
zn :� sup I � �duκn,Ó

dx
px�0 q � v

	
x0psup I � x0q

1� �duκn,Ó
dx

px�0 q � v
	psup I � x0qThis is also true if sup I � �8 and in this ase zn � x0��

duκn,Ó
dx px�0 q� v	�1. Let u be thesolution of of (2.2.3) with initial onditions upx0q � 1, dudxpx�q � v and

z8 :� sup I � pv � vqx0psup I � x0q
1� pv � vqpsup I � x0qConsidering a subsequene along whih duκn,Ó

dx px�0 q onverges to v, we get by uniform on-vergene of un tu u on ompat sets that upz8q ¥ 0. It follows that duκ,Ó
dx px�0 q ¥ v. Hene

duκ,Ó
dx px�0 q ¥ v.Finally v � v � duκ,Ó

dx px�0 q and this implies the uniform onvergene on ompat subsetsof uκn,Ó to uκ,Ó. �2.2.2. One-dimensional di�usions. In this subsetion we will desribe the kind oflinear di�usion we are interested in, reall some fats and introdue notations that will beused subsequently. For a detailed presentation of one-dimensional di�usions see [IM74℄ and[Bre92℄, hapter 16.Let I be an open interval of R, m and w ontinuous positive funtions on I. We onsidera di�usion pXtq0¤t ζp0q on I with generator
Lp0q :� 1

mpxq ddx �
1

wpxq ddx




2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 23and killed as it hits the boundary of I. In ase I is unbounded, we also allow for X to blowup to in�nity in �nite time. ζp0q is the �rst time X either hits the boundary or explodes. Toavoid some tehnialities we will assume that dwdx is loally bounded, although this onditionis not essential. Given suh a di�usion, the speed measure mpxqdx and the sale measure
wpxqdx are de�ned up to a positive multipliative onstant, but the produt mw is uniquelyde�ned. A primitive S of w is a natural sale funtion of X . Consider the random timehange dt̃ � 1

mpXtqdt. Then p 12SpXt̃qq0¤t̃ ζ̃p0q is a standard Brownian motion on SpIq killedwhen it �rst hits the boundary of SpIq. For all f, g smooth, ompatly supported in I,»
I

pLp0qfqpxqgpxqmpxqdx � »
I

fpxqpLp0qgqpxqmpxqdxThe di�usion X has a family of loal times pℓxt pXqqxPI,t¥0 with respet to the measure
mpxqdx suh that px, tq ÞÑ ℓxt pXq is ontinuous. We an further onsider di�usions withkilling measures. Let κ be a non-negative Radon measure on I. We kill X as soon as³
I
ℓxt pXqmpxqκpdxq hits an independent exponential time with parameter 1. The orre-sponding generator is(2.2.11) L � 1

mpxq ddx �
1

wpxq ddx
� κLet pXtq0¤t ζ be the di�usion of generator (2.2.11), whih is killed either by hitting BI,or by exploding, or by the killing measure k. For x P I let η¡xexc and η xexc be the exursionmeasures of X above and below the level x up to the last time X visits x. The behaviourof X from the �rst to the last time it visits x is a Poisson point proess with intensity
η¡xexc � η xexc, parametrized by the loal time at x up to the value ℓζt pXq. η¡xexc and η xexc areobtained from the Levy-It� measure on Brownian exursions through sale hange, timehange and multipliation by a density funtion aounting for the killing. See [SVY07℄ fordetails on exursion measures in ase of reurrent di�usions.If X is transient the Green's funtion of L,

Gpx, yq :� Exrℓζt pXqsis �nite, ontinuous and symmetri. For x ¤ y it an be written
Gpx, yq � uÒpxquÓpyqwhere uÒpxq and uÓpyq are positive , respetively non-dereasing and non-inreasing solu-tions to the equation Lu � 0, whih through a hange of sale redues to an equation ofform (2.2.3). If S is bounded from below, uÒpinf I�q � 0. If S is bounded from above,

uÓpsup I�q � 0. uÒpxq and uÓpyq are eah determined up to a multipliation by a posi-tive onstant, but when entering the expression of G, the two onstants are related. For
x ¤ y P I:

uÒpxq
uÒpyq � PypX hits x before time ζq uÓpyq

uÓpxq � PxpX hits y before time ζqSee [IM74℄ or [Bre92℄, hapter 16, for details. Let W puÓ, uÒq be the Wronskian of uÓ and
uÒ:

W puÓ, uÒqpxq :� uÓpxqduÒ
dx

px�q � uÒpxqduÓ
dx

px�qThis Wronskian is atually the density of the sale measure: W puÓ, uÒq � w. We may write
GL when there is an ambiguity on L.If the killing measure κ is non zero, then the probability that X , starting from x,gets killed by κ before reahing a boundary of I or exploding equals ³

I
Gpx, yqmpyqκpdyq.



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 24Conditional on this event, the distribution of Xζ� is:
1zPIGpx, zqmpzqκpdzq³
I
Gpx, yqmpyqκpdyqIndeed, let f be a non-negative ompatly supported measurable funtion on I and

τl :� inf
!
t P r0, ζp0q��� »

I

ℓyt pXqmpyqκpdyq ¡ l
)Then by de�nition

Ex
�
fpXζ�q� � » �8

0

e�lEx�fpXτl^ζp0q q�dl � » �8
0

dve�vEx� » v
0

fpXτl^ζp0qqdl�But » v
0

fpXτl^ζp0qqdl � »
I

ℓy
τv^ζp0qpXqmpyqκpdyq(see orollary 2.13, hapter X in [RY99℄). It follows that

E
�
fpXζ�q� � »

I

fpyq� » �8
0

e�vℓy
τv^ζp0q pXqdv�mpyqκpdyq � »

I

fpyqGpx, yqmpyqκpdyqThe semi-group of L has positive transition densities ptpx, yq with respet to the speedmeasure mpyqdy and pt, x, yq ÞÑ ptpx, yq is ontinuous on p0,�8q � I � I. MKean givesa proof of this in [MK56℄ in ase when the killing measure k has a ontinuous densitywith respet to the Lebesgue measure. If this is not the ase, we an take u a positiveontinuous solution to Lu � 0 and onsider the onjugation of L by u: u�1Lu. The latteris the generator of a di�usion without killing measure and by [MK56℄ this di�usion hasontinuous transition densities p̃tpx, yq with respet to mpyqdy. Then upxqp̃tpx, yq 1
upyq arethe transition densities of the semi-group of L. Transition densities with respet to the speedmeasure are symmetri: ptpx, yq � ptpy, xq. For all x, y P I and t ¥ 0 the following equalityholds:(2.2.12) Ex

�
ℓyt^ζpXq� � » t

0

pspx, yqdsNext we deal with bridge probability measures.Proposition 2.2.5. The bridge probability measures Ptx,yp�q (bridge of X from x to y intime t onditioned neither to die nor to explode in the interval) satisfy: for all x P I the mappx, y, tq ÞÑ Ptx,yp�q is ontinuous for the weak topology on probability measures on ontinuouspaths.Proof. Our proof mainly relies on absolute ontinuity arguments of [PFY93℄ and[CB11℄, and the time reversal argument of [PFY93℄. [CB11℄ gives a proof of weak onti-nuity of bridges for onservative Feller adlag proesses on seond ountable loally ompatspaes. But sine the proof ontains an error and we do not restrit to onservative di�usions,we give here aurate arguments for the weak ontinuity.First we an restrit to the ase κ � 0. Otherwise onsider u a solution to Lu � 0,positive on I. The generator of the onjugate of L by u is
1

upxq2mpxq ddx �
upxq2
wpxq d

dx


and does not ontain any killing measure. The onjugation preserves the bridge measuresand hanges the density funtions relative to mpyqdy to 1
upxqptpx, yqupyq, and thus preservestheir ontinuity.



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 25Then we normalise the length of bridges: if pXpx,y,tq
s q0¤s¤t is a path under the law Ptx,yp�q,let rPtx,yp�q be the law of pXpx,y,tq

rt q0¤r¤1. It is su�ient to prove that px, y, tq ÞÑ rPtx,yp�q isontinuous. For v P r0, 1s, let rPt,vx,yp�q be the law of pXpx,y,tq
rt q0¤r¤v. Let rPt,vx p�q be the lawof the Markovian path pXrtq0¤r¤v starting from x. For v P r0, 1q we have the followingabsolute ontinuity relationship:(2.2.13) drPt,vx,y � 1vt ζ pp1�vqtpXvt, yq

ptpx, yq drPt,vxLet pJnqn¥0 be an inreasing sequene of ompat subintervals of I suh that I ��
n¥0 Jn. Let Tn be the �rst exit time from Jn. Let fn be ontinuous ompatly supportedfuntion on I suh that 0 ¤ fn ¤ 1 and fn|Jn

� 1. We an further assume that the sequenepfnqn¥0 is non-dereasing. The mappx, y, tq ÞÑ fnp supr0,vtsXqfnp infr0,vtsXqdrPt,vxis weakly ontinuous. Let pxj , yj , tjqj¥0 be a sequene onverging to px, y, tq. Let F be aontinuous bounded funtional on Cpr0, vsq. Then applying (2.2.13) we get:(2.2.14) rPtj ,vxj ,yjpfnpsupr0,vs γqfnp infr0,vs γqF pγqq � rPt,vx,ypfnpsupr0,vs γqfnp infr0,vs γqF pγqq �(2.2.15) rPtj ,vxj

�
pp1�vqtpγpvq, yq

ptpx, yq fnpsupr0,vs γqfnp infr0,vs γqF pγq�(2.2.16) �rPt,vx �
pp1�vqtpγpvq, yq

ptpx, yq fnpsupr0,vs γqfnp infr0,vs γqF pγq�(2.2.17) �rPtj,vxj

�
pp1�vqtj pγpvq, yjq

ptj pxj , yjq fnpsupr0,vs γqfnp infr0,vs γqF pγq�(2.2.18) �rPtj ,vxj

�
pp1�vqtpγpvq, yq

ptpx, yq fnpsupr0,vs γqfnp infr0,vs γqF pγq�Sine pp1�vqtp�,yq
ptpx,yq is ontinuous and bounded on Jn, (2.2.15)�(2.2.16) onverges to 0. More-over for j large enough, pp1�vqtj p�,yjq

ptj pxj ,yjq is uniformly lose on Jn to pp1�vqtp�,yq
ptpx,yq . Thus the di�erene(2.2.17)�(2.2.18) onverges to 0 and �nally (2.2.14) onverges to 0. Let n0 P N and n ¥ n0.ThenrPtj ,vxj,yj p1� fnpsupr0,vs γqfnp infr0,vs γqq � 1� rPtj ,vxj,yj pfnpsupr0,vs γqfnp infr0,vs γqq¤ 1� rPtj ,vxj,yj pfn0psupr0,vs γqfn0p infr0,vs γqq Ñ 1� rPt,vx,ypfn0psupr0,vs γqfn0p infr0,vs γqqand onsequently

lim
nÑ�8 lim sup

jÑ�8 rPtj,vxj,yj p1� fnpsupr0,vs γqfnp infr0,vs γqq � 0It follows that
lim

jÑ�8 rPtj ,vxj ,yjpF pγqq � rPt,vx,ypF pγqqFrom this we get that the law of any �nite-dimensional family of marginals of rPtx,yp�q dependsontinuously on px, y, tq. To onlude we need a tightness result for px, y, tq ÞÑ rPtx,yp�q. We



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 26have already tightness for px, y, tq ÞÑ rPt,vx,yp�q. The image of rPtx,yp�q through time reversalis rPty,xp�q. So we also have tightness on intervals r1 � v1, 1s where 0   v1   1. But if
v � v1 ¡ 1, tightness on r0, vs and on r1� v1, 1s implies tightness on r0, 1s. This onludes.The artile [CB11℄ ontains an error in the proof of the tightness of bridge measures in theneighbourhood of the endpoint. �2.2.3. "Generators" with reation of mass. In this setion we onsider more gen-eral operators(2.2.19) L � 1

mpxq ddx �
1

wpxq ddx
� νwith zero Dirihlet boundary onditions on BI, where ν is a signed measure on I whih isno longer assumed to be negative. We set
Lp0q :� L� νIn the sequel we may all L "generator" even in ase the semi-group petLqt¥0 does not makesense. Our main goal in this subsetion is to haraterize through a positivity onditionthe sublass of operators of form (2.2.19) that are equivalent up to a onjugation to thegenerator of a di�usion of form (2.2.11).We will onsider several kinds of transformations on operators of the form (2.2.19).First, the onjugation: Let h be a positive ontinuous funtion on I suh that d2h

dx2 is asigned measure. We all Conjph, Lq the operator
Conjph, Lq � 1

hpxq2mpxq ddx �
hpxq2
wpxq d

dx


� ν � 1

h
Lp0qhIf f is smooth funtion ompatly supported in I then

Conjph, Lqf � h�1LphfqWe will all Conjph, Lq the onjugation of L by h. h may not be harmoni (Lh � 0) orsuperharmoni pLh ¤ 0q and L is not neessarily the generator of a di�usion.Seond, the hange of sale: If A is a C1 funtion on I suh that dAdx ¡ 0 and d2A
dx2 P L8locpIqand pγptqq0¤t¤T a ontinuous path in I, then we will set ScaleApγq to be the ontinuouspath pApγpsqqq0¤t¤T in ApIq. Let ScalegenA pLq be the operator on funtions on ApIq withzero Dirihlet boundary onditions indued by this hange of sale:

ScalegenA pLq � 1

m �A�1paq dda � 1

w �A�1paq dda
�A�νwhere A�ν is the push-forward of the measure ν by A.Third, the hange of time: If V is positive ontinuous on I then we an onsider thehange of time ds � V pγptqqdt. Let SpeedV be the orresponding transformation on paths.The orresponding "generator" is 1
V L.Finally, the restrition: if rI is an open subinterval of I then set L|I to be the operator

L ating on funtions supported in rI and with zero Dirihlet onditions on BrI.For the analysis of L we will use a bit of spetral theory: If rx0, x1s is a ompatinterval of R and m̃, w̃ are positive ontinuous funtions on rx0, x1s, then the operator
1

m̃pxq ddx � 1

w̃pxq d
dx


 with zero Dirihlet boundary onditions has a disrete spetrum of neg-ative eigenvalues. Let �λ̃1 be the �rst eigenvalue. It is simple. Aording to Sturm-Liouvilletheory (see for instane [Tes12℄, setion 5.5) we have the following piture:
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1

m̃

d

dx

�
1

w̃

d

dx


� λu � 0with initial onditions upx0q � 0,
du

dx
px0q ¡ 0.(i) If u is positive on px0, x1q and upx1q � 0 then λ � λ̃1 and u is the fundamentaleigenfuntion.(ii) If u is positive on px0, x1s then λ   λ̃1(iii) If u hanges sign on px0, x1q then λ ¡ λ̃1Next we state and prove the main result of this setion.Proposition 2.2.7. The following two onditions are equivalent:(i) There is a positive ontinuous funtion u on I satisfying Lu � 0.(ii) For any f smooth ompatly supported in I(2.2.20) »

I

pLp0qfqpxqfpxqmpxqdx � »
I

fpxq2mpxqνpdxq ¤ 0Proof. (i) implies (ii): First observe that the equation Lu � 0 redues through ahange of sale to an equation of the form (2.2.1). Let u be given by ondition (i).Let rL :� Conjpu, Lq. Sine Lu � 0, rL is a generator of a di�usion without killingmeasure. Let m̃pxq :� u2pxqmpxq. Then for all g smooth ompatly supported in I,³
IprLgqpxqgpxqm̃pxqdx ¤ 0. But»

I

prLgqpxqgpxqm̃pxqdx � »
I

pLp0qpugqqpxqpugqpxqmpxqdx � »
I

pugqpxq2mpxqνpdxqThus (2.2.20) holds for all f positive ompatly supported in I suh that u�1f is smooth.By density arguments, this holds for general smooth f .(ii) implies (i): First we will show that for every ompat subinterval J of I thereis a positive ontinuous funtion uJ on J̊ satisfying LuJ � 0 on J̊ . Let J be suh aninterval. Aording to lemma 2.2.2 there is λ ¡ 0 and uλ positive ontinuous on J satisfying
Luλ � λuλ � 0 on J . Let Lλ :� Conjpuλ, L|J̊q. Then

Lλ � 1

u2λm

d

dx

�
u2λ
w

d

dx


� λLet Lp0qλ :� Lλ � λ. Lp0q is the generator of a di�usion on J̊ . We an apply the standardspetral theorem to Lp0qλ . Let �λ1 be its fundamental eigenvalue. Lp0qλ � λ � Lλ is a non-positive operator beause it is a onjugate of L|J whih satis�es ondition (ii). This impliesthat λ ¤ λ1. Let ũ be a solution of Lp0qλ ũ � λũ � 0 with initial onditions ũpmin Jq � 0and dũ
dx pmin Jq ¡ 0. Sine λ ¤ λ1, aording to property 2.2.6, ũ is positive on J̊ . We set

uJ :� uλũ. Then uJ is positive ontinuous on J̊ and satis�es LuJ � 0. This �nishes theproof of the �rst step.Now onsider a �xed point x0 in I and pJnqn¥0 an inreasing sequene of ompatsubintervals of I suh that x0 P J̊0 and �
n¥0 Jn � I. Let uJn be a positive L-harmonifuntion on J̊n. We may assume that uJnpx0q � 1. The sequene �duJn

dx px�0 q	
n¥0

is boundedfrom below. Otherwise some of the uJn would hange sign on I X px0,�8q. Similarly, sinenone of the uJn hanges sign on I X p�8, x0q, �duJn

dx px�0 q	
n¥0

is bounded from above. Let



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 28
v be an aumulation value of the sequene �duJn

dx px�0 q	
n¥0

. Then the L-harmoni funtionsatisfying the initial onditions upx0q � 1 and du
dx px�0 q � v is positive on I.We will divide the operators of the form (2.2.20) in two sets: D0,� for those that satis�esthe onstraints of the proposition 2.2.7 and D� for those that don't. D0,� is made exatlyof operators that are equivalent up to a onjugation to the generator of a di�usion. We willsubdivide the set D0,� in two: D� for the operators that are a onjugate of the generatorof a transient di�usion and D0 for those that are a onjugate of the generator of a reurrentdi�usion. These two sublasses are well de�ned sine a transient di�usion an not be aonjugate of a reurrent one. Observe that eah of L P D�, D0 and D� is stable underonjugations, hanges of sale and of speed. Operators in D� and D0 do not need to begenerators of transient or reurrent di�usions themselves. For instane onsider on R

L � 1

2

d2

dx2
� a�δ1 � a�δ�1where a�, a� ¡ 0. If 3a��a� ¡ 0 then L P D�, if 3a��a� � 0 then L P D0, if 3a��a�   0then L P D�. �If L P D0,�, the semi-group petLqt¥0 is well de�ned. Indeed, let X be the di�usion on Iof generator Lp0q and ζ the �rst time it hits the boundary of I or blows up to in�nity. Let

u be a positive L-harmoni funtion and rL :� Conjpu, Lq. rL is the generator of a di�usionrX on I without killing measure. Let ζ̃ be the �rst time rX hits the boundary of I or blowsup to in�nity. Using Girsanov's theorem, one an show that for any F positive measurablefuntional on paths, x P I and t ¡ 0 the following equality holds:
Ex

�
1t ζ exp�»

I

ℓyt pXqmpyqνpdyq
F ppXsq0¤s¤tq� �
1

upxqEx �1t ζ̃up rXtqF pp rXsq0¤s¤tq�In ase L P D�, let pGrLpx, yqqx,yPI be the Green's funtion of rL relative to the measure
upxq2mpxqdx. Then L has a Green's funtion pGLpx, yqqx,yPI that equals

GLpx, yq � Ex

�» ζ
0

exp

�»
I

ℓzt pXqmpzqνpdzq
 dtℓyt pXq� � upxqupyqGrLpx, yqFor L P D�, the Green's funtions GL satisfy the following resolvent identitiesLemma 2.2.8. If L P D� and ν̃ is a signed measure with ompat support on I suh that
L� ν̃ P D�, then for all x, y P I

GL�ν̃px, yq �GLpx, yq � »
I

GL�ν̃px, zqGLpz, yqmpzqν̃pdzq� »
I

GLpx, zqGL�ν̃pz, yqmpzqν̃pdzqProof. We deompose L as L � Lp0q � ν where Lp0q does not ontain measures and νis a signed measure on I. Let pXtq0¤t ζ be the di�usion of generator Lp0q. Then
GLpx, yq � Ex

�» ξ
0

exp

�»
I

ℓat pXqmpaqνpdaq
 dtℓyt pXq�
GL�ν̃px, yq � Ex

�» ξ
0

exp

�»
I

ℓat pXqmpaqpν � ν̃qpdaq
 dtℓyt pXq�
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exp

�»
I

ℓat pXqmpaqpν � ν̃qpdaq
� exp

�»
I

ℓat pXqmpaqνpdaq
� exp

�»
I

ℓat pXqmpaqνpdaq
 ��
exp

�»
I

ℓat pXqmpaqν̃pdaq
� 1


� exp

�»
I

ℓat pXqmpaqνpdaq
»
I

» t
0

exp

�»
I

ℓaspXqmpaqν̃pdaq
 dsℓzspXqmpzqν̃pdzqThus GL�ν̃px, yq �GLpx, yq equals(2.2.21)
Ex

�»
I

» ξ
0

» t
0

exp

�»
I

mpaqpℓat pXqνpdaq � ℓaspXqν̃pdaqq
 dsℓzspXqdsℓyt pXqmpzqν̃pdzq�We would like to interhange Ex r�s and ³
Ip�qmpzqν̃pdzq. Let z P I and pXpxq

t q0¤t ζx ,pXpzq
t q0¤t ζz be two independent di�usions of generator Lp0q starting in x respetively z.Applying Markov property, we get

Ex

� » ξ
0

» t
0

exp

�»
I

mpaqpℓat pXqνpdaq � ℓaspXqν̃pdaqq
dsℓzspXqdsℓyt pXq��E� » ζx
0

» ζz
0

exp

�»
I

mpaqpℓaspXpxqqpν � ν̃qpdaq
� exp

�»
I

mpaqpℓaupXpzqqνpdaq
duℓzupXpzqqdsℓxs pXpxqq��GL�ν̃px, zqGLpz, yqSine ν̃ has ompat support
Ex

� »
I

» ξ
0

» t
0

exp

�»
I

mpaqpℓat pXqνpdaq � ℓaspXqν̃pdaqq
dsℓzspXqdsℓyt pXqmpzq|ν̃|pdzq�� »
I

Ex

�» ξ
0

» t
0

exp

�»
I

mpaqpℓat pXqνpdaq � ℓaspXqν̃pdaqq

dsℓ

z
spXqdsℓyt pXq�mpzq|ν̃|pdzq� »

I

GL�ν̃px, zqGLpz, yqmpzq|ν̃|pdzq   �8Thus in (2.2.21) we an interhange Ex r�s and ³
I
p�qmpzqν̃pdzq and get

GL�ν̃px, yq �GLpx, yq � »
I

GL�ν̃px, zqGLpz, yqmpzqν̃pdzqSine L and L� ν̃ play symmetri roles, we also have
GLpx, yq �GL�ν̃px, yq � »

I

GLpx, zqGL�ν̃pz, yqmpzqp�ν̃qpdzq
�The disrete analogue of the sets D�, D0 and D� are symmetri matries with non-negative o�-diagonal oe�ients induing a onneted transition graph, with the highesteigenvalue that is respetively negative, zero and positive. However in ontinuous ase the



2.2. PRELIMINARIES ON GENERATORS AND SEMI-GROUPS 30sets L P D�, D0 and D� an not be de�ned spetrally beause for operators from L P D�and D� the maximum of the spetrum an also equal zero. However the next result showsthat the sets D� and D� are stable under small perturbations of the measure ν and that
D0 is not.Proposition 2.2.9. (i) If L P D0 and κ is a non-zero positive Radon measure on

I then L� κ P D� and L� κ P D�.(ii) If L P D� and J is a ompat subinterval of I then there is K ¡ 0 suh that forany positive measure κ supported in J satisfying κpJq   K we have L� κ P D�.(iii) If L P D� then there is K ¡ 0 suh that for any positive �nite measure κ satisfying
κpIq   K we have L� κ P D�.(iv) If L P D�, there is a positive Radon measure κ on I suh that L� κ P D0.(v) Let L P D� and x0   x1 P I. Then L|px0,x1q P D0 if and only if there is an
L-harmoni funtion u positive on px0, x1q and zero in x0 and x1.Proof. (i): Consider h positive ontinuous on I suh that Conjph, Lq is the generatorof a reurrent di�usion. Sine Conjph, L � κq � Conjph, Lq � κ, Conjph, L � κq is thegenerator of a di�usion killed at rate κ and thus L � κ P D�. Similarly we an not have

L� κ P D0,� beause this would mean L � pL� κq � κ P D�.(ii): Without loss of generality we may assume that L is the generator of a transientdi�usion and that it is at natural sale, that is L � 1
mpxq d2dx2 . Sine the di�usion is transient,

I � R. We may assume that x0 :� inf I ¡ �8. Write J � rx1, x2s. Let κ be a positivemeasure supported in rx1, x2s. Let u be the solution to Lu�uκ � 0 with the initial onditions
upx0q � 0, dudx px�0 q � 1. u is a�ne on rx0, x1s and on rx2, sup Iq. On rx1, x2s u is boundedfrom above by x2 � x0. Thus, if

κprx1, x2sq ¤ minrx1,x2smpx2 � x0qthen u is non-dereasing on I and hene positive. This implies that L � κ P D0,�. By thepoint (i) of urrent proposition, if κprx1, x2sq   minrx1,x2smpx2�x0q then L� κ P D�.(iii): By de�nition there is f smooth ompatly supported in I suh that (2.2.20) doesnot hold for f . Let U be the value of the left-hand side in (2.2.20). U ¡ 0. If κ is a positive�nite measure on I satisfying
κpIq   U}f}28maxSuppf mthen if we replae ν by ν�κ in (2.2.20), keeping the same funtion f , we still get somethingpositive. Thus L� κ P D�.(iv): Let f be a smooth funtion ompatly supported in I suh that (2.2.20) does nothold for f . Let J be a ompat subinterval of I ontaining the support of f . The setts P r0, 1s|L� ν� � s 1Jν� P D�uis not empty beause it ontains 0, and open by proposition 2.2.9 (ii). Let smax by itssupremum. Then smax   1 and L� ν� � smax1Jν� P D0. Then

κ :� 1IzJν� � p1� smaxq1Jν�is appropriate.(v): First assume that there is suh a funtion u. Then by de�nition L|px0,x1q P D0,�.
Conjpu, L|px0,x1qq does not have any killing measure and the derivative of its natural salefuntion is w

u2 . It is not integrable in the neighbourhood of x0 or x1. Thus the orrespondingdi�usion never hits x0 or x1. This means that it is reurrent. Conversely, assume that
L|px0,x2q P D0. Let u be a solution to Lu � 0 satisfying upx0q � 0 and du

dx px�0 q ¡ 0. If u



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 31hanged its sign on px0, x1q then aording to the preeding we would have L|px0,x1q P D�.If u were positive on an interval larger that px0, x1q we would have L|px0,x1q P D�. The onlypossibility is that u is positive on px0, x1q and zero in x1. �2.3. Measure on loops and its basi properties2.3.1. Spaes of loops. In this hapter, in the setion 2.3.3, we will introdue thein�nite measure µ� on loops whih is at the enter of this work. Prior to this, in the setion2.3.2 we will introdue measures µx,y on �nite life-time paths whih will be instrumentalfor de�ning µ�. In the setions 2.3.4, 2.3.5, 2.3.7, 2.3.8 will be explored di�erent aspetsof µ�. In the setion 2.3.6 we will extend the Vervaat's Brownian bridge to Brownianexursion transformation to general di�usions. This generalisation an be easily interpretedin terms of measure µ� and is related to the results of setion 2.3.5. In the setion 2.3.1 wewill introdue the spaes of paths and loops on with will be de�ned the measures we willonsider throughout the paper.First we will onsider ontinuous, time parametrized, paths on R, pγptqq0¤t¤T pγq, with�nite life-time T pγq P p0,�8q. Given two suh paths pγptqq0¤t¤T pγq and pγ1ptqq0¤t¤T pγ1q, anatural distane between them is
dpathspγ, γq :� | logpT pγqq � logpT pγ1qq| � max

vPr0,1s |γpvT pγqq � γ1pvT pγ1qq|A rooted loop in R will be a ontinuous �nite life-time path pγptqq0¤t¤T pγq suh that
γpT pγqq � γp0q and L will stand for the spae of suh loops. L endowed with the metri dpathsis a Polish spae. In the sequel we will use the orresponding Borel σ-algebra, BL, for thede�nition of measures on L. For v P r0, 1s we de�ne a parametrisation shift transformation
shiftv on L: shiftvpγq � γ̃ where T pγ̃q � T pγq and

γ̃ptq � "
γpvT pγq � tq if t ¤ p1� vqT pγq
γpt� p1� vqT pγqq if t ¥ p1� vqT pγqWe introdue an equivalene relation on L: γ � γ if T pγ1q � T pγq and there is v P r0, 1ssuh that γ1 � shiftvpγq. We all the quotient spae L ä � the spae of unrooted loops, orjust loops, and denote it L�. Let π be the projetion π : LÑ L�. There is a natural metri

δL� on L�:
dL�pπpγq, πpγ1qq :� min

vPr0,1s dpathspshiftvpγq, γ1qpL�, dL�q is a Polish spae and π is ontinuous. For de�ning measures on L� we will use itsBorel σ-algebra, BL� . π�1pBL�q, the inverse image of BL� by π, is a sub-algebra of BL.In the sequel we will onsider paths and loops that have a ontinuous family of loaltimes pℓxt pγqqxPR,0¤t¤T pγq relative to a measurempxqdx suh that for any positive measurablefuntion f on R and any t P r0, T pγqs» t
0

fpγpsqqds � »
I

ℓxt pγqmpxqdxWe will simply write ℓxpγq for ℓxT pγqpγq.In the sequel we will also onsider transformations on paths and loops and the images ofdi�erent measures by these transformation. We will use everywhere the following notation:If E and E 1 are two measurable spaes, ϕ : E ÞÑ E 1 a measurable map and η a positivemeasure on E , ϕ�η will be the measure on E 1 obtained as the image of η trough ϕ.



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 322.3.2. Measures µx,y on �nite life-time paths. First we reall the framework thatLe Jan used in [Jan11℄: G � pV,Eq is a �nite onneted undireted graph. LG is thegenerator of a symmetri Markov jump proess with killing on G. mG is the duality measurefor LG . ppGt px, yqqx,yPV,t¥0 is the family of transition densities of the jump proess andpPG,t
x,yp�qqx,yPV,t¥0 the family of bridge probability measures. The measure on rooted loopsassoiated with LG is(2.3.1) µLG p�q � »

t¡0 x̧PV PG,t
x,xp�qpGt px, xqmGpxqdt

t

µ�LG is the image of µLG by the projetion on unrooted loops. The de�nition of µ�LG is theexat formal analogue of the de�nition used in [LW04℄ for the loops of the two-dimensionalBrownian motion. In [Jan11℄ also appear variable life-time bridge measures pµx,yLG qx,yPVwhih are related to µ�LG
:(2.3.2) µx,yLG p�q � » �8

0

PG,t
x,yp�qpGt px, yqdtIn this subsetion we will de�ne and give the important properties of the formal analogueof the measures µx,yLG

in ase of one-dimensional di�usions. In the next setion 2.3.2 we willdo the same with the measure on loops µ�LG .
I is an open interval of R. pXtq0¤t ζ is a di�usion on I with a generator L of the form(2.2.11). We use the notations of the setion 2.2.1. Let x, y P I. Following the pattern of(2.3.2) we de�ne:Definition 2.1.

µx,yL p�q :� » �8
0

Ptx,yp�qptpx, yqdtWe will write µx,y instead of µx,yL whenever there is no ambiguity on L. The de�nition of
µx,y depends on the hoie of m, but mpyqµx,y does not. Measures µx,y were �rst introduedby Dynkin in [Dyn84a℄ and enter the expression of Dynkin's isomorphism between theGaussian Free Field and the loal times of random paths. Pitman and Yor studied thismeasures in [PY96℄ in the setting of one-dimensional di�usions without killing measure(κ � 0). Next we give a handy representation of µx,y in the setting of one-dimensionaldi�usions. It was observed and proved by Pitman and Yor in ase κ � 0. We onsider thegeneral ase.Proposition 2.3.1. Let F be a non-negative measurable funtional on the spae ofvariable life-time paths starting from x. Then(2.3.3) µx,ypF pγqq � Ex

�» ζ
0

F ppXsq0¤s¤tqdtℓyt pXq�Equivalently
µx,ypF pγqq � Ex

�» ℓyζpXq
0

F ppXsq0¤s¤τy
l
qdl�where τyl :� inftt ¥ 0|ℓzt pXq ¡ lu.Proof. It is enough to prove this for F non-negative ontinuous bounded funtionalwith takes value 0 if either the life-time of the paths exeeds some value tmax   �8 or of itis inferior to some value tmin or if the endpoint of the path lies out of a ompat subinterval



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 33rz1, z2s of I. For j ¤ n P N, set tj,n :� tmin � jptmax�tminq
n and ∆tn :� tmax�tmin

n . Almostsurely ³ζ
0
F ppXsq0¤s¤tqdtlyt is a limit as nÑ �8 of(2.3.4) n�1̧

j�0

F ppXsq0¤s¤tj,nqpℓytj�1,n^ζpXq � ℓytj,n^ζpXqqMoreover (2.3.4) is dominated by }F }8lytmax^ζ . It follows that the expetations onvergetoo. Using the Markov property and (2.2.12), we get that the expetation of (2.3.4) equals(2.3.5) n�1̧

j�0

»
zPI » ∆tn

0

Ptj,nx,z

�
F ppXsq0¤s¤tj,nq� ptj,npx, zqprpz, yqdrmpzqdzUsing the fat that prp�, �q is symmetri, we an rewrite (2.3.5) as(2.3.6) » z2

z1

� n�1̧

j�0

∆tnPtj,nx,z

�
F ppXsq0¤s¤tj,nq� ptj,npx, zq	 1

∆tn

» ∆tn

0

prpy, zqdrmpzqdzAs nÑ �8 the measure 1
∆tn

³∆tn
0

prpy, zqdrmpzqdz onverges weakly to δy. Using the weakontinuity of bridge probabilities (proposition 2.2.5) we get that (2.3.6) onverges to» tmax

tmin

Ptx,y pF ppXsq0¤s¤tqq ptpx, yqdt
�Proposition 2.3.1 also holds in ase of a Markov jump proesses on a graph, where theloal time is replaed by the oupation time in a vertex dived by its weight. Proposition2.3.1 shows that we an onsider µx,y as a measure on paths pγptqq0¤t¤T pγq endowed withontinuous oupation densities pℓzt pγqqzPI,0¤t¤T pγq. Next we state several properties thateither follow almost immediately from the de�nition 2.1 and proposition 2.3.1 or are alreadyknown.Property 2.3.2. (i) The total mass of the measure µx,y is �nite if and only if Xis transient and then it equals Gpx, yq. If it is the ase, 1

Gpx,xqµx,x is the law of X,starting from Xp0q � x, up to the last time it visits x. 1
Gpx,yqµx,y is the law of X,starting from Xp0q � x, onditioned to visit y before ζ, up to the last time it visits

y.(ii) The measure µy,x is image of the measure µx,y by time reversal.(iii) If rI is an open subinterval of I then
µx,yL| rI pdγq � 1γ ontained in Ĩµ

x,y
L pdγq(iv) If κ̃ is a positive Radon measure on I then

µx,yL�κ̃pdγq � exp

�� »
I

ℓzpγqmpzqκ̃pdzq
µx,yL pdγq(v) If A is a hange of sale funtion then
µ
Apxq,Apyq
ScalegenA L

� ScaleA�µx,yL(vi) If V is a positive ontinuous funtion on I then for the time hanged di�usion ofgenerator 1
V L:

µx,y1
V L

� SpeedV �µx,yL



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 34(vii) If h is a positive ontinuous funtion on I suh that d2h
dx2 is a signed measure and

Lu is a negative measure then
µx,yConjph,Lq � 1

hpxqhpyqµx,yL(viii) Let X and rX be two independent Markovian paths of generator L starting from
Xp0q � x and rXp0q � y. For a ¤ x ^ y, we introdue Ta and rTa the �rst time
X respetively rX hits a. Let PTa

x be the �rst passage bridge of X from x to a,onditioned by the event Ta   ζ. Let rP rTa
y be the analogue for rX. Let rP rTa^

y bethe image of rP rTa
y through time reversal and PTa

x ⊳ rP rTa^
y the image of PTa

x b rP rTa^
ythrough onatenation at a of two paths, one ending and the other starting in a.Then

µx,yp�q � »
aPI,a¤x^y PxpTa   ζqPyp rTa   ζ̃q�PTa

x ⊳ rP rTa^
y

	 p�qwpaqdaPrevious equalities depend on a partiular hoie of the speed measure for the modi-�ed generator. For (iv) we keep the measure mpyqdy. For (iii) we restrit mpyqdy to rI.For (v) we hoose �
dA
dx �A�1

��1
m � A�1da. For (vi) we hoose 1

V pyqmpyqdy. For (vii)we hoose hpyq2mpyqdy. Property (ii) follows from that ptpx, yq � ptpy, xq and Pty,xp�qis the image of Ptx,yp�q by time reversal. Property (vi) is not immediate from de�ni-tion 1 beause �xed times are transformed by time hange in random times, but followsfrom proposition 2.3.1. Property (vii) follows from the fat that a onjugation does nothange bridge probability measures and hanges the semi-group pptpx, yqmpyqdyqt¥0,xPI top 1
hpxqptpx, yqhpyqmpyqdyqt¥0,xPI . Properties (ii) and (viii) were proved by Pitman and Yorin ase κ � 0. See [PY96℄. The ase κ � 0 an be obtained through onjugations.Next property was given without proof by Dynkin in [Dyn84a℄.Lemma 2.3.3. Assume κ � 0. Let Pxp�q be the law of pXtq0¤t ζ where Xp0q � x. Then»

yPI µx,yp�qmpyqκpdyq � 1X killed by κPxp�qProof. Let 0   t1   t2   � � �   tn and let A1, A2, . . . An, An�1 be Borel subsets of I.The measure µx,y satis�es the following Markov property
µx,ypT pγq ¡ tn, γpt1q P A1, . . . γptnq P An, γpT pγqq P An�1q �»
A1�����An

pt1px, x1qmpx1q . . . ptn�tn�1pxn�1, xnqmpxnqµxn,ypT pγq P An�1qdx1 . . . dxn� 1yPAn�1

»
A1�����An

pt1px, x1qmpx1q . . . ptn�tn�1pxn�1, xnqmpxnqGpxn, yqdx1 . . . dxnHene(2.3.7) »
yPI µx,ypT pγq ¡ tn, γpt1q P A1, . . . γptnq P An, γpT pγqq P An�1qmpyqκpdyq �»

A1�����An�1

pt1px, x1qmpx1q . . . ptn�tn�1pxn�1, xnqmpxnqGpxn, yqmpyqdx1 . . . dxnκpdyqFrom Markov property of X follows
Pxpζ ¡ tn, Xt1 P A1, . . . , Xtn P An, Xζ� P An�1q �»

A1�����An

pt1px, x1qmpx1q . . . ptn�tn�1pxn�1, xnqmpxnqPxnpXζ� P An�1qdx1 . . . dxn



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 35Sine the distribution of Xζ� on the event of X killed by κ is 1yPIGpX0, yqmpyqκpdyq, weget(2.3.8) Pxpζ ¡ tn, Xt1 P A1, . . . , Xtn P An, Xζ� P An�1q �»
A1�����An�1

pt1px, x1qmpx1q . . . ptn�tn�1pxn�1, xnqmpxnqGpxn, yqmpyqdx1 . . . dxnκpdyqThe equality between (2.3.7) and (2.3.8) implies the lemma. �Next we study the ontinuity of px, yq ÞÑ µx,y.Lemma 2.3.4. Let J be a ompat subinterval of I. Then the family of loal times of Xsatis�es: for every ε ¡ 0

lim
tÑ0� sup

xPJ Px�supyPI ℓyt^ζpXq ¡ ε


 � 0Proof. It is enough to prove it in ase the killing measure κ is zero beause adding akilling measure only lowers ℓyt^ζpXq. Without loss of generality we may also assume that thedi�usion is on its natural sale, that is to say w � 2. ThenX is just a time hanged Brownianmotion on some open subinterval of R. For a Brownian motion pBtqt¥0 the statement islear. In this ase Px
�
supyPR ℓyt^ζpBq ¡ ε

	 does not depend on x and for a given x
lim
tÑ0� Px

�
sup
yPR ℓyt^ζpBq ¡ ε


 � 0Otherwise let
It :� » t

0

mpXsqdsThen given the time hange that transforms X into a Brownian motion B, we have
ℓyt pXq � ℓyIt

pBqLet J � rx0, x1s. Let xmin P I, xmin   x0 and xmax P I, xmax ¡ x1. Let Txmin,xmax the�rst time X hits either xmin or xmax. Let s ¡ 0, ε ¡ 0 and x P J . If t ¤ s
maxrxmin,xmaxsmthen on the event Txmin,xmax ¥ t, It is less or equal to s. So for t small enough

Px
�
sup
yPI ℓyt^ζpXq ¡ ε


 ¤ Px
�
sup
yPR ℓyspBq ¡ ε


� Px pTxmin,xmax   tqBut
Px pTxmin,xmax   tq � Px0 pTxmin,xmax   tq � Px1 pTxmin,xmax   tqand

lim
tÑ0� sup

xPJ Px pTxmin,xmax   tq � 0Thus
lim sup
tÑ0� sup

xPJ Px �supyPI ℓyt^ζpXq ¡ ε


 ¤ Px
�
sup
yPR ℓyspBq ¡ ε


Letting s go to 0 we get the statement of the lemma. �Proposition 2.3.5. Let tmax ¡ 0. Let F be a bounded funtional on �nite life-timepaths endowed with ontinuous loal times that depends ontinuously on the path pγtq0¤t¤T pγqand on plxT pγqpγqqxPI where we take the topology of uniform onvergene for the oupationdensities on I. On top of that we assume that F is zero if T pγq ¡ tmax. Then the funtionpx, yq ÞÑ µx,ypF pγqq is ontinuous on I � I.



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 36Proof. If we had assumed that F does only depend on the path regardless to itsoupation �eld then the ontinuity of px, yq ÞÑ µx,ypF pγqq would just be a onsequeneof the ontinuity of transition densities and of the weak ontinuity of bridge probabilitymeasures. For our proof we further assume that L does not ontain any killing measure.If this is not the ase, then we an onsider a ontinuous positive L-harmoni funtion
u. Then Conjpu, Lq does not ontain any killing measure and up to a ontinuous fator
upxqupyq gives the same measure µx,y (property 2.3.2 (vii)). We will mainly rely on therepresentation given by proposition 2.3.1.Let x, y P I and pxj , yjqj¥0 a sequene in I � I onverging to px, yq. Without loss ofgenerality we assume that pxjqj¥0 is inreasing. We onsider sample paths pXtq0¤t ζ andpXpjq

t q0¤t ζj of the di�usion of generator L starting from x and eah of xj , oupled on asame probability spae in the following way: First we sample X starting from x. Then wesample Xp0q starting from x0. It starts independently from X until the �rst time Xp0q
t � Xt.After that time Xp0q stiks to X . This two paths may never meet if one of them dies toearly. If X,Xp0q, . . . , Xpjq are already sampled, we start Xpj�1q from xj�1 independentlyfrom the preeding sample paths until it meets one of them. After that time Xpj�1q stiksto the path it has met. Let

T pjq :� inftt ¥ 0|Xpjq
t � XtuIf Xpjq does not meet X , we set T pjq � �8. By onstrution, pT pjqqj¥0 is a non-inreasingsequene. Here we use that there is no killing measure. T pjq is equal in law to the �rst timetwo independent sample paths of the di�usion, one starting from x and the other from xj ,meet. Thus the sequene pT pjqqj¥0 onverges to 0 in probability. Sine it is dereasing, itonverges almost surely to 0.We use redution to absurdity. The sequene pµxj ,yj pF pγqqqj¥0 is bounded beause Fis bounded and zero on paths with life-time greater then tmax. Assume that it does notonverge to µx,ypF pγqq. Then there is a subsequene that onverges to a value other than

µx,ypF pγqq. We may as well assume that the whole sequene pµxj ,yjpF pγqqqj¥0 onvergesto a value v � µx,ypF pγqq. Aording to lemma 2.3.4, the sequene ppℓz
T pjq pXpjqqqzPIqj¥0 ofoupation density funtions onverges in probability to the null funtion. Thus there is anextrated subsequene ppℓz

T pjnqpXpjnqqqzPIqn¥0 that onverges almost surely uniformly to thenull funtion. We will show that pµxjn ,yjn pF pγqqqn¥0 onverges to µx,ypF pγqq and obtain aontradition.For z P I and l ¡ 0 let
τzl :� inftt ¥ 0|ℓzt pXq ¡ luand

τzj,l :� inftt ¥ 0|ℓzt pXpjqq ¡ luThen aording to proposition 2.3.1
µx,ypF pγqq � E

� » ℓytmax^ζpXq
0

F ppXsq0¤s¤τyl qdl�
µxj ,yj pF pγqq � E

� » ℓyjtmax^ζj
pXpjqq

0

F ppXpjq
s q0¤s¤τyjj,l qdl�For any z P I, if τzj,l P rT pjq, ζjq then τzj,l � τzl1 where

l1 � l � ℓzT pjq pXq � ℓzT pjq pXpjqqAlong the subset of indies pjnqn¥0, τyjnjn,l
onverges to τyl for every l P p0, lyζ pXqq exeptpossibly the ountable set of values of l where l ÞÑ τyj,l jumps. For any l suh that τyjnjn,l



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 37onverges to τyl , the path pXpjq
s q

0¤s¤τyjn
jn,l

onverges to the path pXsq0¤s¤τyl . Moreover forsuh l the oupation densities plz
τ
yjn
jn,l

pXpjnqqqzPI onverge uniformly to plzτy
l
pXqqzPI . Indeed

ℓz
τ
yjn
jn,l

pXpjnqq � ℓz
τ
yjn
jn,l

pXq � ℓzT pjqpXq � ℓzT pjq pXpjnqqThus for all l P p0, ℓyζpXqq, exept possibly ountably many,
lim

nÑ�8F ppXpjnq
s q0¤s¤τyjnjn,l

q � F ppXsq0¤s¤τyl qFor n large enough, ζj � ζ and ℓyjntmax^ζjn pXpjnqq onverges to ℓytmax^ζpXq. It follows thatthe following almost sure onvergene holds(2.3.9) lim
nÑ�8 » ℓyjntmax^ζjn

pXpjnqq
0

F ppXpjnq
s q0¤s¤τyjnjn,l

qdl � » lytmax^ζpXq
0

F ppXsq0¤s¤τyl qdlThe left-hand side of (2.3.9) is dominated by }F }�8ℓyjntmax^ζjn pXpjnqq. In order to onludethat the almost sure onvergene (2.3.9) is also an L1 onvergene we need only to showthat(2.3.10) E
�|ℓyjntmax^ζjn pXpjnqq � ℓytmax^ζpXq|� � 0We already know that ℓyjntmax^ζjn pXpjnqq onverges almost surely to ℓytmax^ζpXq. Moreover

E
�
ℓ
yjn
tmax^ζjn pXpjnqq� � » tmax

0

ptpxjn , yjnqand
E
�
ℓytmax^ζpXq� � » tmax

0

ptpx, yqIt follows that the expetations onverge. By She�e's lemma, the L1 onvergene (2.3.10)holds.We have shown that there is always a subsequene pµxjn ,yjn pF pγqqqn¥0 that onvergesto µx,ypF pγqq whih ontradit the onvergene of pµxj ,yj pF pγqqqj¥0 to a di�erent value. �2.3.3. The measure µ� on unrooted loops. The measure µx,x an be seen as ameasure on the spae of rooted loops L. Next we de�ne a natural measure µ�L on L�following the pattern (2.3.1)Definition 2.2. Let µL be the following measure on L:
µLpdγq :� »

t¡0

»
xPI Ptx,xpdγqptpx, xqmpxqdxdtt � 1

T pγq »xPI µx,xL pdγqmpxqdx
µ�L :� π�µL is a measure on L�.We will drop the subsript L whenever there is no ambiguity on L. The de�nition 2does not depend on the hoie of the speed measure mpxq dx. The measures µ and µ� are
σ-�nite but not �nite. They satisfy the following elementary properties:Property 2.3.6. (i) µ is invariant by time reversal.(ii) If rI is an open subinterval of I then

µL| rI pdγq � 1γ ontained in Ĩ µLpdγq(iii) If κ̃ is a positive Radon measure on I then
µL�κ̃pdγq � exp

�� »
I

ℓzpγqmpzqκ̃pdzq
µLpdγq



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 38(iv) If A is a hange of sale funtion then
µScalegenA L � ScaleA�µL(v) If h is a positive ontinuous funtion on I suh that d2h

dx2 is a signed measure and
Lu is a negative measure then

µConjph,Lq � µLSame properties hold for µ�.The measures µ and µ� ontain some information on the di�usion X but the invari-ane by onjugations (property 2.3.6 (v)) shows that they do not apture its asymptotibehaviour. In the setion 2.3.4 we will prove a onverse to the property property 2.3.6 (v).In our setting, most important examples of onjugations are: The Bessel 3 proess on p0,�8q is a onjugate of the Brownian motion on p0,�8q,killed when hitting 0, through the funtion x ÞÑ x. The Brownian motion on R killed with uniform rate κdx (i.e. κ onstant) is aonjugate of the drifted Brownian motion on R with onstant drift ?2κ, throughthe funtion x ÞÑ e�?2κx.In the sequel we will be interested mostly in µ� and not µ. As it will be lear from thenext propositions, the measure µ� has some nie features that µ does not.Proposition 2.3.7. Let v P r0, 1s. Then shiftv�µ � µ. In partiular(2.3.11) µp�q � »
vPr0,1s shiftv�µp�qdvProof. For a rooted loop γ of life-time T pγq we will introdue γ1 the path restrited totime interval r0, vT pγqs and γ2 the path restrited to rvT pγq, T pγqs. By bridge deompositionproperty, the measure µpdγ1, dγ2q equals»

t¡0

»
I

»
I

Pvtx,ypdγ1qPp1�vqty,x pdγ2qpvtpx, yqpp1�vqtpy, xqmpyq dy mpxq dx dttSine γ1 and γ2 play symmetri roles, hanging the order of γ1 and γ2 does not hange themeasure µ. �Formula (2.3.11) shows that we an get bak to the measure µ from the measure µ� byutting the irle parametrizing a loop in L� in a point hosen uniformly on this irle, inorder to separate the start from the end.Corollary 2.3.8. Let F be a positive measurable funtional on L. Then the map
γ ÞÑ ³1

0
F pshiftvpγqqdv is π�1pBL�q-measurable and

dpF pγqµq
dµ |π�1pBL� q � » 1

0

F pshiftvpγqqdvProof. We need only to show that for every F 1 measurable funtional on L�:(2.3.12) »
L

F pγqF 1pπpγqqµpdγq � » 1

0

»
L

F pshiftvpγqqF 1pπpγqqµpdγqdvFrom proposition 2.3.7 follows that for every v P r0, 1s:(2.3.13) »
L

F pγqF 1pπpγqqµpdγq � »
L

F pshiftvpγqqF 1pπpγqqµpdγqIntegrating (2.3.13) on r0, 1s leads to (2.3.12). �



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 39The next identity appears in [Jan11℄ in the setting of Markov jump proesses on graphs.It an be generalized to a wider lass of Markov proesses admitting loal times (see lemma
2.2 in [FR14℄). We will give a short proof that suits our framework.Corollary 2.3.9. Let x P I. Then(2.3.14) ℓxpγqµ�pdγq � π�µx,xpdγqFor l ¡ 0, let Pτx

l
x p�q be the law of the sample paths of a di�usion X of generator L, startedfrom x, until the time τxl when ℓxt pXq hits l, onditioned by τxl   ζ. Then(2.3.15) 1γ visits xµ�pdγq � » �8

0

π�Pτx
l
x pdγqe� l

Gpx,xq dl
lConventionally we set Gpx, xq � �8 if X is reurrent.Proof. Let ε ¡ 0 suh that rx� ε, x � εs � I. Let Trx�ε,x�εspγq be the time a loop γspends in rx� ε, x� εs. From the identity (2.3.11) follows that

Trx�ε,x�εspγq
T pγq µ�pdγq � 1

T pγq » x�εx�ε π�µz,zpdγqmpzqdzand simplifying T pγq:
Trx�ε,x�εspγqµ�pdγq � » x�ε

x�ε π�µz,zpdγqmpzqdzUsing loal times we rewrite the previous expression as(2.3.16) ³x�ε
x�ε ℓzpγqmpzqdz³x�ε

x�εmpzqdz µ�pdγq � 1³x�ε
x�εmpzqdz » x�εx�ε π�µz,zpdγqmpzqdzLet ε0 ¡ 0 suh that rx � ε0, x � ε0s � I. Let F be a ontinuous bounded funtional onloops endowed with ontinuous loal times suh that F is zero if the life-time of the loopexeeds tmax ¡ 0 and if supzPrx�ε0,x�ε0s lzpγq exeeds lmax. Aording to the proposition2.2.5, the right-hand side of (2.3.16) applied to F onverges as εÑ 0 to pπ�µx,xqpF pγqq. Bydominated onvergene it follows that the left-hand side of (2.3.16) applied to F onvergesas εÑ 0 to »

L� ℓxpγqF pγqµ�pdγqThus we have the equality(2.3.17) »
L� ℓxpγqF pγqµ�pdγq � pπ�µx,xqpF pγqqThe set of test funtionals F that satisfy (2.3.17) is large enough to dedue the equality(2.3.14) between measures.From proposition 2.3.1 follows that

µx,xp�q � » �8
0

Pτ
x
l
x p�qe� l

Gpx,xq dlApplying (2.3.14) to the above disintegration, we get (2.3.15). �Corollary 2.3.10. Let V be a positive ontinuous funtion on I. We onsider a timehange with speed V : ds � V pxqdt. Then(2.3.18) µ�1
V L

� SpeedV �µ�L



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 40Proof. By de�nition 2.2 and property 2.3.2 (vi):
µ 1

V L
pdγq � 1

T pγq » T pγq0

V pγp0qq
V pγpsqqds SpeedV �pµLpdγqqApplying orollary 2.3.8 we obtain:

dSpeedV �µL
dµ 1

V L |π�1pBL� q � ³1
0 V

�1pγpvT pγqqqdv
1

T pγq ³T pγq0 V �1pγpsqqds � 1This onludes. �In dimension two, the time hange ovariane of the measure µ� on loops plays a keyrole for the onstrution of the Conformal Loop Ensembles (CLE) using loop soups as in[SW12℄: Let D be an open domain of the omplex plane, pBtq0¤t ζ the two-dimensionalstandard Brownian motion in D killed when hitting BD and µ� the orresponding mea-sure on loops. If f : D Ñ D is a onformal map, then pfpBtqq0¤t ζ is a time hangedBrownian motion. If we onsider µ� not as a measure on loops parametrized by time buta measure on the geometrial drawings of loops, then µ� is invariant by the transformationpγptqq0¤t¤T pγq ÞÑ pfpγptqqq0¤t¤T pγq. This is proved in [LW04℄.Given that µ� is invariant through onjugations and ovariant with the hange of saleand hange of time, if X is a reurrent di�usion, then up to a hange of sale and time, µ�is the same as for the Brownian motion on R, and if X is a transient di�usion, even if thekilling measure κ is non-zero, then up to a hange of sale and time, µ� is the same as forthe Brownian motion on a bounded interval, killed when it hits the boundary.2.3.4. Multiple loal times. In this subsetion we de�ne the multiple loal timefuntional on loops. Corollary 2.3.9 gives a link between the measure µ� and the mea-sures pµx,xqxPI . Using multiple loal times we will get a further relation between µ� andpµx,yqx,yPI . This will allow us to prove a onverse to the property 2.3.6 (v): two di�usionsthat have the same measure on unrooted loops are related trough onjugation.Definition 2.3. If pγptqq0¤t¤T pγq is a ontinuous path in I having a family of loaltimes pℓxt pγqqxPI,0¤t¤T pγq relative to the measure mpxqdx, we introdue multiple loal times
ℓx1,x2,...,xnpγq for x1, x2, . . . , xn P I:

ℓx1,x2,...,xnpγq :� »
0¤t1¤t2¤���¤tn¤T pγq dt1ℓx1

t1 pγqdt2ℓx2
t2 pγq . . . dtnℓxn

tn pγqIf γ P L and has loal times, we introdue irular loal times for γ:
ℓ�x1,x2,...,xnpγq :� ¸

c irularpermutationof t1,2,...,nu ℓxcp1q,xcp2q,...,xcpnqpγq
ℓ�x1,x2,...,xn being invariant under the transformations pshiftvqvPr0,1s, we see it as a fun-tional de�ned on L�.Multiple loal times of the form ℓx,x,...,xpγq, alled self intersetion loal times, werestudied by Dynkin in [Dyn84℄. Cirular loal times were introdued by Le Jan in [Jan11℄.Let n P N� and p P t1, . . . , nu. Let Shufflep,n be the set of permutations σ of t1, . . . , nusuh that for all i ¤ j P t1, . . . , pu, σpiq ¤ σpjq and for all i ¤ j P tp � 1, . . . , nu, σpiq ¤
σpjq. Permutations in Shufflep,n are obtained by shu�ing two ard deks t1, . . . , pu andtp� 1, . . . , nu. Let Shuffle1p,n be the permutations of t1, . . . , nu of the form σ � c where cis a irular permutation of tp � 1, . . . , nu and σ P Shufflep,n satis�es σp1q � 1. One anhek thatProperty 2.3.11. For all x1, . . . , xp, xp�1, . . . , xn P I:
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ℓx1,...,xppγqℓxp�1,...,xnpγq � ¸

σPShufflep,n ℓxσp1q,...,xσppq,xσpp�1q,...,xσpnqpγq(ii)
ℓ�x1,...,xppγqℓ�xp�1,...,xnpγq � ¸

σ1PShuffle1p,n ℓxσ1p1q,...,xσ1ppq,xσ1pp�1q,...,xσ1pnqpγqThe equality 2.3.11 (ii) appears in [Jan11℄. It is also shown in [Jan11℄ that for transientMarkov jump proesses:(2.3.19) »
ℓ�x1,x2,...,xnpγqµpdγq � Gpx1, x2q � � � � �Gpxn�1, xnq �Gpxn, x1qIt turns out that we have more: We onsider L a generator of a di�usion on I of form(2.2.11). If γi for i P t1, 2, . . . , n � 1u is a ontinuous path from xi to xi�1, then we anonatenate γ1, γ2, . . . , γn�1 to obtain a ontinuous path γ1 ⊳ γ2⊳ � � �⊳ γn�1 from x1 to xn.Let µx1,x2 ⊳ � � �⊳µxn�1,xn be the image measure µx1,x2b� � �bµxn�1,xn by this onatenationproedure.Proposition 2.3.12. The following absolute ontinuity relations hold:(i) pµx1,x2 ⊳ � � �⊳ µxn�1,xnqpdγq � ℓx2,...,xn�1pγqµx1,xnpdγq(ii) π�pµx1,x2 ⊳ � � �⊳ µxn�1,xn ⊳ µxn,x1qpdγq � ℓ�x1,x2,...,xnpγqµ�pdγqProof. (i): Let ppXpjq

t q0¤t ζj q0¤j¤n�1 be n� 1 independent di�usions of generator L,with Xpjq
0 � xj . For l ¥ 0, let

τ
xj�1

j,l :� inf
!
tj ¥ 0|ℓxj�1

tj pXpjqq ¡ l
)Aording to proposition 2.3.1, pµx1,x2 ⊳ � � �⊳ µxn�1,xnqpF pγqq equals(2.3.20)

E
� »

lj ℓxj�1
ζj

pXpjqq,1¤j¤n�1

F
�pXp1q

t q0¤t¤τx2
1,l1

⊳ � � �⊳ pXpn�1q
t q0¤t¤τxn

n�1,ln�1

�
dl1 . . . dln�1

�Let pXtq0¤t ζ be an other di�usion of generator L. Let
τl1 :� inftt ¥ 0|lx2

t pXq ¡ l1uand reursively de�ned
τl1,...lj�1,lj :� inftt ¥ τl1,...lj�1 |ℓxj�1

t pXq ¡ ljuThen by strong Markov property, (2.3.20) equals
E
�»

1τl1,...,ln�1
¤ζF �pXtq0¤t¤τl1,...,ln�1

	
dl1 . . . dln�1

�whih in turn equals(2.3.21) E
�»

1�j,tj ζF �pXtq0¤t¤tn�1

�
dt1ℓ

x2
t1 pXq . . . dtn�1ℓ

xn
tn�1

pXq�By proposition 2.3.1, (2.3.21) equals ³ ℓx1,...,xn�1pγqF pγqµx1,xnpdγq.(ii): Aording to the identity (i) and orollary 2.3.8, we have
π�pµx1,x2 ⊳ � � �⊳ µxn�1,xn ⊳ µxn,x1qpdγq � » 1

0

ℓx2,...,xnpshiftvpγqqdv π�µx1,x1pdγq
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0

ℓx2,...,xnpshiftvpγqqdvπ�µx1,x1pdγq � ℓx1pγq » 1

0

ℓx2,...,xnpshiftvpγqqdvµ�pdγqBut
ℓx1pγq » 1

0

ℓx2,...,xnpshiftvpγqqdv � ℓ�x1,x2,...,xnpγqwhih ends the proof. �The proposition 2.3.12 (ii) implies (2.3.19).Proposition 2.3.13. If L and rL are two generators of di�usions on I of the form(2.2.11) suh that µ�L � µ�rL, then there is a positive ontinuous funtion h on I suh that
d2h
dx2 is a signed measure, Lh a negative measure and rL � Conjph, Lq. If the di�usion ofgenerator L is reurrent then rL � L.Proof. Let mpxqdx be a speed measure for L and m̃pxqdx be a speed measure for rL.First let's assume that both L and rL are generators of transient di�usions. Applying theidentity (2.3.19) to ³

L� ℓ�x,ypγqµ�pdγq we get that for all x, y P I:(2.3.22) GrLpx, yqGrLpy, xqm̃pxqm̃pyq � GLpx, yqGLpy, xqmpxqmpyqand for all x, y, z P I:(2.3.23)
GrLpx, yqGrLpy, zqGrLpz, xqm̃pxqm̃pyqm̃pzq � GLpx, yqGLpy, zqGLpz, xqmpxqmpyqmpzqFix x0 P I. Let h be

hpxq :� GrLpx0, xqm̃pxq
GLpx0, xqmpxq

h is positive and ontinuous. 1
hpxqGLpx, yqhpyqmpyq equals:(2.3.24) GLpx0, xqGLpx, yqGLpy, x0qmpx0qmpxqmpyq

GrLpx0, xqGrLpx, yqGrLpy, x0qm̃px0qm̃pxqm̃pyq� GrLpx0, yqGrLpy, x0qm̃px0qm̃pyq
GLpx0, yqGLpy, x0qmpx0qmpyq �GrLpx, yqm̃pyqApplying (2.3.22) and (2.3.23) to (2.3.24) we get that(2.3.25) 1

hpxqGpx, yqhpyqmpyq � GrLpx, yqm̃pyqApplying (2.3.25) one to px, yq and one do px, xq we get that(2.3.26) hpyq � hpxqGrLpx, yq
Gpx, yq Gpy, yq

GrLpy, yqFrom (2.3.26) we dedue that d2h
dx2 is a signed measure. From (2.3.25) we dedue thatrL � Conjph, Lq. �Lh is the killing measure of rL and is positive.If we no longer assume that L and rL generate transient di�usions then onsider λ ¡ 0.Then µ�L�λ � µ�rL�λ. Aording to the above, there is h positive ontinuous funtion on Isuh that d2

dx2 is a signed measure andrL� λ � Conjph, L� λq � Conjph, Lq � λThen rL � Conjph, Lq and neessarily Lh is a negative measure.The lass of reurrent di�usions is preserved by onjugations. So if L is the generatorof a reurrent di�usion then so is rL, and thus h is bound to satisfy Lh � 0. But sine



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 43the di�usion of L is reurrent, the only solutions to Lh � 0 are onstant funtions. ThusrL � L. �2.3.5. A disintegration of µ� indued by the Vervaat's transformation. Byonditioning the measure µ by the life-time of loops we get a sum of bridge measures.In this setion we will disintegrate the measure µ� as a measure on the minimal value ofthe loop and its behaviour above this value. By doing this way we will obtain a sum ofexursion measures η¡xexc. In ase of Brownian loops on R this disintegration will followfrom the Vervaat's bridge to exursion transformation. The ase of general di�usion will beobtained using ovariane of the measure on loops by time and sale hange, restrition toa subinterval, killing, as well as invariane by onjugations.Theorem(Vervaat). ([Ver79℄,[Bia86℄) Let pγpsqq0¤s¤t be a random path followingthe Brownian bridge probability measure PtBM,0,0p�q. Let smin :� argminγ. Then the path
s ÞÑ �min γ � pshift smin

t
γqpsqhas the law of a positive Brownian exursion of life-time t.In the sequel if η is a measure on paths and x P R, we will write px � ηq for the imageof η by γ ÞÑ x� γ. η¡0

BM will be the Levy-It� measure on positive Brownian exursions and
η¡0
t,BM the probability measure on positive Brownian exursions of duration t. Given a on-tinuous loop pγtq0¤t¤T pγq and tmin the �rst time γ hits min γ, let Vpγq be the transformation
shift tmin

T pγq . V is BL-measurable.Proposition 2.3.14. Let µ�BM be the measure on loops assoiated to the Brownianmotion on R. Then:(2.3.27) µ�BM pdγq � 2

»
aPR π�pa� η¡0

BM qpdγq daThe measure on pmin γ,max γq indued by µ�BM is 1a bpb � aq�2dadb. Let a   b P R and
ρ, ρ̃ two independent Bessel 3 proesses starting from 0. Let Tb�a and rTb�a be the �rst times
ρ respetively ρ̃ hits b� a. Let pβtq0¤t¤Tb�a� rTb�a

be the path
βt :� "

a� ρt if t ¤ Tb�a
a� ρ̃Tb�a� rTb�a�t if t ¥ Tb�aThen the law of pβtq0¤t¤Tb�a� rTb�a
is the probability measure obtained by onditioning themeasure µ�BM by pmin γ,max γq � pa, bq.Proof. For the Brownian motion on R, µBM writes

µBM p�q � »
xPR »t¡0

px� PtBM,0,0qp�q dt?
2πt3

dxLet χpaqda be the law of the minimum of the bridge under PtBM,0,0. Applying the Vervaat'stransformation, we get that
V�µBM p�q � »

aPR »t¡0

�»
x¡a χpx � aqdx
 pa� η¡0

t,BM qp�q dt?
2πt3

daSine ³
x¡a χpx � aq dx � 1, the right-hand side above equals»

aPR »t¡0

pa� η¡0
t,BM qp�q dt?

2πt3
daBut »

t¡0

pa� η¡0
t,BM qp�q dt?

2πt3
� 2pa� η¡0

BM qp�q



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 44The equality (2.3.27) follows. The rest of the proposition is a onsequene of the William'srepresentation of Brownian exursions. �Corollary 2.3.15. Let I be an open interval of R and λ ¥ 0. Let µ� be the measureon loops in I assoiated to the generator 1
2
d2

dx2 � λ. Given a loop pγptqq0¤t¤T pγq, let Rpγq bethe loop
Rpγq :� pmax γ �min γ � γptqq0¤t¤T pγqthat is the image of γ through re�etion relative to max γ�minγ

2 . Then
R�µ� � µ�Proof. It is enough to prove this in ase λ � 0 and I � R. Otherwise we multiply themeasure µ�BM by a density funtion that is left invariant by R. Then we use the desription ofthe measure µ�BM onditioned by the value of pmin γ,max γq and the fat that if a ¡ 0, pρtqt¥is a Bessel 3 proess starting from 0 and Tb is the �rst time it hits b, then py� ρTb�tq0¤t¤Tbhas the same law as pρtq0¤t¤Tb

(see [RY99℄, hapter VII, �4). �Now we onsider that L is a generator of a di�usion on I of form (2.2.11). Given a point
x0 P I, u�,x0 and u�,x0 will be the L-harmoni funtions satisfying the initial onditions
u�,x0px0q � u�,x0px0q � 0, du�,x0

dx px�0 q � 1 and du�,x0

dx px�0 q � �1. If x ¤ y P I then(2.3.28) wpyqu�,ypxq � wpxqu�,xpyqIndeed, the WronskianW pu�,y, u�,xq takes in x the value u�,ypxq and in y the value u�,xpyq,and the ratio 1
wpzqW pu�,y, u�,xqpzq is onstant. If κ � 0, then the both sides of (2.3.28)equal ³y

x
wpzqdz. u�,x0 is positive on IXpx0,�8q and u�,x0 is positive on IXp�8, x0q. Let

L�,x0 be Conjpu�,x0 , Lq restrited to IXpx0,�8q and L�,x0 be Conjpu�,x0 , Lq restrited to
IXp�8, x0q. L�,x0 and L�,x0 are generators of transient di�usions without killing measures.If L is the generator of the Brownian motion on R, then L�,0 is just the generator of a Bessel
3 proess. In general ase, x0 is an entrane boundary for L�,x0 and L�,x0, that is to saya di�usion started from x � x0 will never reah the boundary at x0, and we an also startthis di�usions at the boundary point x0, in whih ase it will be immediately repelled awayfrom x0. Let x P I and pρ�,xt q0¤t ζ�,x be a di�usion of generator L�,x starting from x. Let
y P I, y ¡ x. Let T�,xy be the �rst time ρ�,x hits y and pT�,xy the last time it visits y. Thenpρ�,xpT�,x

y �tq0¤t ζ�,x� pT�,x
y

is a di�usion of generator L�,y starting from y. Let pρ�,yt q0¤t ζ�,ybe a di�usion of generator L�,y starting from y and T�,yx the �rst time it hits x. Thenpρ�,xt q0¤t¤T�,x
y

and pρ�,y
T�,y
x �tq0¤t¤T�,y

x
are equal in law: Indeed let C be the onstant

C � wpzq
W pu�,y, u�,xqpzqThe Green's operator of ρ�,x killed in y ispp�L�,x|px,yqq�1fqpx1q � C

» y
x

u�,xpx1 ^ y1qu�,ypx1 _ y1qu�,xpy1q
u�,xpx1qmpy1qdy1and the Green's operator of ρ�,y killed in x ispp�L�,y|px,yqq�1fqpx1q � C

» y
x

u�,xpx1 ^ y1qu�,ypx1 _ y1qu�,ypy1q
u�,ypx1qmpy1qdy1The potential measure of pρ�,xt q0¤t¤T�,x

y
starting from x is

Upx1qdx1 � Cu�,xpx1qu�,ypx1qmpx1qdx1



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 45and for any f, g bounded funtions on px, yq(2.3.29) » y
x

pp�L�,x|px,yqq�1fqpx1qgpx1qUpx1qdx1 � » y
x

fpx1qpp�L�,y|px,yqq�1gqpx1qUpx1qdx1The time reversal property for pρ�,xt q0¤t¤T�,x
y

follows from the duality relation (2.3.29). See[RY99℄, hapter VII, �4 for details on time reversal.Corollary 2.3.16. If L is a generator of a di�usion on I of form (2.2.11), then(2.3.30) µ�p�q � »
aPI π�η¡ap�qwpaqdaThe measure on pmin γ,max γq indued by µ� is 1a bPI dadb

u�,apbqu�,bpaq . Let a   b P I. Letpρ�,at q0¤t ζ�,a and pρ�,bt q0¤t ζ�,b be two independent di�usion, the �rst of generator L�,astarting from a and the seond of generator L�,b starting from b. Let T�,ab be the �rst time
ρ�,a hits b and T�,ba the �rst time ρ�,b hits a. Let pβtq0¤t¤T�,a

b �T�,b
a

be the path
βt :� #

ρ�,at if t ¤ T�,ab

ρ�,b
t�T�,a

b

if t ¥ T�,abThen the law of pβtq0¤t¤T�,a
b �T�,b

a
is the probability measure obtained by onditioning themeasure µ� by pmin γ,max γq � pa, bq.Proof. Both sides of (2.3.30) are ovariant by sale and time hange. Moreover bothsides satisfy the property 2.3.6 (ii) for the restrition to a subinterval and the property2.3.6 (iii) when adding a killing measure. Thus the general ase (2.3.30) follows from theBrownian ase (2.3.27) by this ovariane properties.If L is a generator without killing measure (κ � 0) then the desription of the mea-sure on pmin γ,maxγq and the probabilities obtained after onditioning by the value ofpmin γ,max γq follow through a hange of sale and time from the analogous desription inproposition 2.3.14. If κ � 0, then we an take u a positive L-harmoni funtion and deduethe result for L from the result for Conjpu, Lq using the fat that µ�L � µ�Conjpu,Lq. �The relation between the measure on loops and the exursions measures in dimension

1 (identity (2.3.30)) is analogous to the relation between the measure on Brownian loopsand the so alled bubble measures observed by Lawler and Werner in dimension 2. Seepropositions 7 and 8 in [LW04℄.2.3.6. A generalization of the Vervaat's transformation. In this subsetion wewill show a onditioned version of the Vervaat's transformation that holds for any one-dimensional di�usion of form (2.2.11) and not just for the Brownian motion. L will be agenerator of a di�usion on I of form (2.2.11). From orollary 2.3.9 and identity (2.3.30)follows that for every x P I:(2.3.31) »
t¡0

V�Ptx,xpdγqptpx, xqdt � »
aPI,a x ℓxpγqη¡apdγqwpaqdaLet Ptx,xpdγ|min γ � aq be the bridge probability measure ondition by the value of theminimum to equal a. Further we will show that there is a version that depends ontinuouslyon pa, tq. Let η¡at the probability measure obtained from η¡a by onditioning the exursionto have a life-time t. The identity (2.3.31) suggests the following:Proposition 2.3.17. For every a   x P I and t ¡ 0(2.3.32) V�Ptx,xpdγ|min γ � aq � ℓxt pγqη¡at pdγq

η¡at pℓxt pγqq



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 46The distribution of min γ under Ptx,x equals(2.3.33) wpaqη¡at pℓxt pγqq 1

ptpx, xq η¡apT pγq P pt, t� dtqq
dt

dawhere η¡apT pγqPpt,t�dtqq
dt is the density of the measure on the life-time of the exursion induedby η¡a. Given an exursion γ following the law ℓxt pγqη¡a

t pdγq
η¡a
t pℓxt pγqq , the loal time in x is a measureon ts P r0, ts|γpsq � xu. The transformation V sends the starting point of the bridge to apoint s P r0, ts distributed onditional on the exursion γ aording the measure dsℓ

x
s pγq

ℓxt pγq .Identities (2.3.32) and (2.3.33) an be viewed as a onditioned analogue of the Vervaat'srelation between the Brownian bridge and the Brownian exursion. The latter an be de-dued from (2.3.32) and (2.3.33) using the translation invariane of the Brownian motion.From (2.3.32) we an only dedue that (2.3.32) and (2.3.33) hold for Lebesgue almost all tand a. We need to show the weak ontinuity in pa, tq of onditioned bridge probabilities andbiased onditioned exursion probabilities to onlude. It is enough to prove the proposition2.3.17 for L not ontaining any killing measure and suh that for all a   x P I, a di�usionstarting from x reahes a almost surely. Indeed, for a general generator, ConjpuÓ, Lq doessatisfy the above onstraints and if the proposition 2.3.17 is true for ConjpuÓ, Lq then itis also true for L. From now on we assume that L satis�es the above onstraints. Nextwe give a more onstrutive desription of the onditioned bridges and biased onditionedexursions. We start with bridges.Property 2.3.2 (viii) shows that the measure PTa
x ⊳ P̃T̃a^

x onditioned on Ta � T̃a � t isa version of Ptx,xpdγ|min γ � aq. Let ppa�qt px, yq be the transition density on I X pa,�8qrelative to mpyqdy of the semi-group generated by L|IXpa,�8q. Then p
pa�q
t px, a�q � 0.Aording to [MK56℄, for all t ¡ 0, y ÞÑ p

pa�q
t px, yq is C1. Let B2ppa�qt px, yq be thederivative relative to y. It has a positive limit B2ppa�qt px, a�q as y Ñ a�. Extended in thisway, the map pt, x, yq ÞÑ B2ppa�qt px, yq is ontinuous on p0�8q� I Xpa,�8q� I X ra,�8q.The distribution of Ta under Px is (see [IM74℄, page 154):

1

wpaq B2ppa�qt px, a�qdtLet Ppa�q,tx,y be the bridge probability measures of L|IXpa,�8q. It has a weak limit Ppa�q,tx,a� as
y Ñ a�. Let Fs be the sigma-algebra generated by the restrition of a ontinuous path tothe time interval r0, ss. Let P�,aa be the law of ρ�,a starting from a. For all s P p0, tq wehave the following absolute ontinuity relations:(2.3.34) dPpa�q,tx,a�

dPx |Fs

� 1s Ta

B2ppa�qt�s pXs, a
�qB2ppa�qt px, a�qand for the time reversed bridge(2.3.35) dPpa�q,t^x,a�

dP�,aa |Fs

� p
pa�q
t�s pρ�,as , xqB2ppa�qt px, a�qUsing the absolute ontinuity relation (2.3.34) and (2.3.35) one an prove in a similar wayas in proposition 2.2.5 that the map pt, yq ÞÑ Ppa�q,t
x,a� is ontinuous for the weak topology.The �rst passage bridge PTa

x disintegrates as follows(2.3.36) PTa
x p�q � 1

wpaq »t¡0

Ppa�q,t
x,a� p�qB2ppa�qt px, a�qdtFrom the property 2.3.2 (viii) and (2.3.36) we get that



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 47Property 2.3.18. The distribution of min γ under P tx,x is(2.3.37) da

wpaqptpx, xq » t0 B2ppa�qs px, a�qB2ppaqt�spx, a�qdsThere is a version of Ptx,xpdγ|min γ � aq that disintegrates as(2.3.38) ³t
0

�
Ppa�q,sx,a� ⊳ Ppa�q,t�s^x,a� 	 pdγqB2ppa�qs px, a�qB2ppa�qt�s px, a�qds³t

0
B2ppa�qs px, a�qB2ppa�qt�s px, a�qdsNext we show that the probability measure given by (2.3.38) depends ontinuously onpa, tq.Lemma 2.3.19. The funtions px, a, tq ÞÑ p

pa�q
t px, a�q and px, a, tq ÞÑ B2ppa�qt px, a�q areontinuous on tpx, aq|x ¡ a P Iu � p0,�8q.Proof. As in [MK56℄, we an use the eigendi�erential expansion of L to express

p
pa�q
t px, a�q and B2ppa�qt px, a�q. Let x0. For λ P R onsider e1p�, λq and e2p�, λq two solutionsto Lu� λu � 0 with initial onditions

e1px0, λq � 1
Be1Bx px0, λq � 0 e2px0, λq � 0

Be2Bx px0, λq � 1Let epx, λq be the 2-vetor whose entries are e1px, λq and e2px, λq. Aording to theorems
3.2 and 4.3 in [MK56℄, for all a P I there is a Radon measure fpaq on p�8, 0s with values inthe spae of 2�2 symmetri positive semi-de�nite matries suh that for all x P IXpa,�8q

p
pa�q
t px, a�q � » 0�8 etλ⊺epx, λqfpa�qpdλqepa, λqB2ppa�qt px, a�q � » 0�8 etλ⊺epx, λqfpa�qpdλq BeBx pa, λqLet x ¡ a P I. Consider a two sequenes pxnqn¥0 and panqn¥0 in I X p�8, xq onverging to

x respetively a suh that for all n ¥ 0, xn ¡ an. Let pbjqj¥0 be an inreasing sequene in
I X px, sup Iq onverging to sup I. Let fn,j be the 2� 2-matrix valued measure on p�8, 0sorresponding to the eigendi�erential expansion of L restrited to pan, bjq. fn,j harges onlya disrete set of atoms. As shown in the proof of theorem 3.2 in [MK56℄, the total mass ofthe measures 1^|λ|�2}fn,j}pdλq, 1^|λ|�2}fpan�q}pdλq and 1^|λ|�2}fpa�q}pdλq is uniformlybounded. Moreover for a �xed n, as j Ñ �8, 1 ^ |λ|�2fn,jpdλq onverges vaguely, that isagainst ontinuous funtions vanishing at in�nity, to the measure 1^|λ|�2fpan�qpdλq. More-over, for any inreasing integer-valued sequene pjnqn¥0 onverging to �8, 1^|λ|�2fn,jnpdλqonverges vaguely as nÑ �8 to 1^|λ|�2fpa�qpdλq. Sine the sequene pjnqn¥0 is arbitrary,this implies that 1^ |λ|�2fpan�qpdλq onverges vaguely as nÑ �8 to 1^ |λ|�2fpa�qpdλq.There are onstants C, c1 ¡ 0 suh that for all λ ¤ 0 and n ¥ 0(2.3.39) }epxn, λq} ¤ Cec

1?|λ| }epan, λq} ¤ Cec
1?|λ| } BeBxpan, λq} ¤ Cec

1?|λ|Let t ¡ 0 and ptnqn¥0 a sequene of times onverging to t. From (2.3.39) follows that
lim

λÑ�8 sup
n¥0

|λ|2etnλ}epxn, λq} � }epan, λq} � 0

λ ÞÑ 1_ |λ|2etnλ pepxn, λq, Bepan, λqq vanishes at in�nity an onverges uniformly on p�8, 0sto λ ÞÑ 1_ |λ|2etλ pepx, λq, epa, λqq. The vague onvergene of measures implies that
lim

nÑ�8 » 0�8 etnλ⊺epxn, λqfpan�qpdλqepan, λq � » 0�8 etλ⊺epx, λqfpa�qpdλqepa, λq



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 48Similarly B2ppan�qtn pxn, a�n q onverges to B2ppa�qt px, a�q. �Lemma 2.3.20. The map a ÞÑ P�,aa is weakly ontinuous.Proof. Let a0 P I. Consider the proess pρ�,a0t qt¥0 following the law P�,a0a0 . For
a P I X pa0,�8q, let pTa be the last time ρ�,a0 visits a. Then pρ�,a0pTa�tqt¥0 follows the law
P�,aa . The proess valued map a ÞÑ pρ�,a0pTa�tqt¥0 is almost surely ontinuous on I X pa0,�8qand thus the laws depend weakly ontinuously on a. �Proposition 2.3.21. The version of Ptx,xpdγ|min γ � aq given by (2.3.38) is weaklyontinuous in pa, tq.Proof. From the absolute ontinuity relations (2.3.34) for the bridge Ppa�q,tx,a� and (2.3.35)for its time reversal, together with the ontinuity of the densities whih follows from lemma2.3.19, and the weak ontinuity of a ÞÑ P�,aa , we an dedue in a very similar way as in propo-sition 2.2.5 that the map pa, tq ÞÑ Ppa�q,tx,a� is weakly ontinuous on p0,�8q� IXp�8, xq andhene pa, s, tq ÞÑ Ppa�q,sx,a� ⊳Ppa�q,t�s^x,a� is weakly ontinuous. Finally the densities that appearin expression (2.3.38) are ontinuous with respet to pa, s, tq. �Next we will give a deomposition of the measure η¡a whih is similar to the Bismut's de-omposition of Brownian exursions (see [RY99℄, hapter XII, �4, theorem 4.7). Biane usedthis Bismut's deomposition to give an alternative proof for the Brownian Vervaat's transfor-mation ([Bia86℄). B2ppa�qt px, a�q is C1 relative to x and the derivative B1,2ppa�qt px, a�q hasa positive limit B1,2ppa�qt pa�, a�q as y Ñ a�. Moreover t ÞÑ B1,2ppa�qt pa�, a�q is ontinuous.The measure on the life-time of the exursion indued by η¡a is (see [SVY07℄):

1

wpaq2 B1,2ppa�qt pa�, a�qdtLet s P r0, ts. The measure η¡at p�q disintegrates as (see [SVY07℄):(2.3.40) »
xPI,x¡a �Ppa�q,s^x,a� ⊳ Ppa�q,t�s

x,a� 	 p�qB2ppa�qs px, a�qB2ppa�qt�s px, a�qmpyqB1,2ppa�qt pa�, a�q dyFor every s1   s2 P r0, ss, under the bridge measure Ppa�q,sy,z(2.3.41) Ppa�q,ty,z pℓxs2pγq � ℓxs1pγqq � » s2
s1

p
pa�q
r py, xqppa�qs�r px, zq

p
pa�q
s py, zq drand under the bridge measure Ppa�q,sy,a�(2.3.42) Ppa�q,ty,a� pℓxs2pγq � ℓxs1pγqq � » s2

s1

p
pa�q
r py, xqB2ppa�qs�r px, a�qB2ppa�qs py, a�q drCombining (2.3.40) and (2.3.42) we get that for every s1   s2 P r0, ss:(2.3.43) η¡at pℓxs2pγq � ℓxs1pγqq � » s2

s1

B2ppa�qs px, a�qB2ppa�qt�s px, a�qB1,2ppa�qt pa�, a�q ds



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 49Proposition 2.3.22. Let F1 and F2 be two non-negative measurable funtional on thepaths with variable life-time. Then(2.3.44) η¡at �» t
0

F1ppγprqq0¤r¤sqF2ppγps� rqq0¤r¤t�sqdsℓxs pγq
 �» t
0

Ppa�q,s^x,a� pF1qPpa�q,t�sx,a� pF2qB2ppa�qs px, a�qB2ppa�qt�s px, a�qB1,2ppaqt pa�, a�q dsIn partiular(2.3.45) ℓxt pγqη¡at pdγq � » t
0

�
Ppa�q,s^x,a� ⊳ Ppa�q,t�sx,a� 	 pdγqB2ppa�qs px, a�qB2ppa�qt�s px, a�qB1,2ppa�qt pa�, a�q dsProof. It is enough to prove the result in ase F1 and F2 are non-negative, ontinuousand bounded. On top of that we may assume that there are smin   smax P p0, tq suh that

F1 respetively F2 takes value 0 if the life-time of a path is smaller than smin respetively
t � smax, and that there is C P I, C ¡ a, suh that F1 and F2 take value 0 if max γ ¡ C.For j ¤ n P N set ∆sn :� 1

n psmax � sminq and sj,n :� smin � j∆sn. Then almost surely(2.3.46) » t
0

F1ppγprqq0¤r¤sqF2ppγps� rqq0¤r¤t�sqdsℓxs pγq �
lim

nÑ�8 n�1̧

j�0

F1ppγprqq0¤r¤sj,nqpℓxsj�1,n
pγq � ℓxsj,npγqqF2ppγpsj�1,n � rqq0¤r¤t�sj�1,n qMoreover the right-hand side of (2.3.46) is dominated by ℓxt pγq}F1}8}F2}8. Thus the η¡at -expetation onverges too. Applying (2.3.40) and (2.3.41) we get

η¡at �
F1ppγprqq0¤r¤sj,nqpℓxsj�1,n

pγq � ℓxsj,npγqqF2ppγpsj�1,n � rqq0¤r¤t�sj�1,n q� �» ∆sn

0

»pa,Cq2 Ppa�q,sj,n^y,a� pF1qPpa�q,t�sj�1,n

z,a� pF2qqnpr, y, zqmpyqdympzqdzdrwhere
qnpr, y, zq � B2ppa�qsj,n py, a�qB2ppa�qt�sj�1,n

pz, a�qB1,2ppa�qt pa�, a�q ppa�qr py, xqppa�q∆sn�rpx, zqThe measure 1y,z¡aPI 1

∆sn

³∆sn
0

qnpr, y, zqdrdydz onverges weakly as n Ñ �8 to δpx,xq.The maps ps, yq ÞÑ B2ppa�qs px, a�q and ps, yq ÞÑ Ppa�q,y,a�s p�q are ontinuous. MoreoverB2ppa�qsj,n py, a�qB2ppa�qt�sj�1,n
pz, a�q is uniformly bounded for j ¤ n P N and y, z P pa, Cs. Allthis ensures that the η¡at -expetation of the right-hand side of (2.3.46) onverges as nÑ �8to the right-hand side of (2.3.44). �Now we need only to math the preeding desriptions to prove proposition 2.3.17.(2.3.38) and (2.3.45) imply (2.3.32). (2.3.37) and (2.3.43) imply (2.3.33). The fat that thepoint where the exursion is split is distributed aording to dsℓ

x
s pγq

ℓxt pγq follows from (2.3.44).2.3.7. Restriting loops to a disrete subset. Let L be the generator of a di�usionon I of form (2.2.11) and pXtq0¤t ζ be the orresponding di�usion. Let J be a ountabledisrete subset of I. A Markov jump proess to the nearest neighbours on J is naturallyembedded in the di�usion X . In this setion we will show that, given any x, y P J, theimage of the measure µx,yL through the restrition appliation that sends a sample paths ofthe di�usion pXtq0¤t ζ to a sample path of a Markov jump proess on J is a measure on
J-valued paths that follows the pattern (2.3.2). From this we will dedue that the image of



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 50the measure µ�L through the restrition to J is a measure on J-valued loops following thepattern (2.3.1) and whih was studied in [Jan11℄. This property will be used in setion2.4.2 to express the law of �nite-dimensional marginals of the oupation �eld of a Poissonensemble of intensity αµ�L.For a ontinuous path pγptqq0¤t¤T pγq in I, endowed with ontinuous loal times, let
IJ
t pγq :�

x̧PJ ℓxt pγqmpxqFor s ¥ 0, we introdue the stopping time
τ Js pγq :� inftt ¥ 0|IJ

t pγq ¥ suWe write γJ for the path pγpτ Js qq0¤s¤IJ
T pγqpγq on J. Let mJ be the measure
mJ :�

x̧PJmpxqδxThe oupation measure of γJ is
x̧PJ ℓxpγqmpxqδxand pℓxpγqqxPJ are also oupation densities of the restrited path γJ with respet to mJ.The restrited di�usion XJ is a Markov jump proess to nearest neighbours on J, poten-tially with killing. If x0   x1 are two onseutive points in J, the jump rate from x0 to x1 is

1
mpx0qwpx0q 1

u�,x0px1q and the jump rate from x1 to x0 is 1
mpx1qwpx1q 1

u�,x1px0q . If x0   x1   x2are three onseutive points in J, then the rate of killing while in x1 is
1

mpx1qwpx1q �W pu�,x2 , u�,x0qpx1q
u�,x2px1qu�,x0px1q � 1

u�,x1px0q � 1

u�,x1px2q
If J has a minimum x0 and x1 is the seond lowest point in J, then the killing rate while in
x0 is

1

mpx0qwpx0q �W pu�,x1 , uÒqpx0q
u�,x1px0quÒpx0q � 1

u�,x0px1q
An analogous expression holds for the killing rate while in a possible maximum of J. XJ istransient if and only if X is. Let LJ be the generator of XJ. LJ is symmetri relative to mJ.Its Green's funtion relative to mJ is pGpx, yqqx,yPI , that is the restrition of the Green'sfuntion of L to J� J. XJ may not be onservative even if the di�usion X is. In ase if J isnot �nite, XJ may blow up performing an in�nite number of jumps in �nite time. Measurespµx,yL qx,yPI , µL and µ�L have disrete spae analogues pµx,yLJ qx,yPJ, µLJ and µ�LJ as de�ned in[Jan11℄, that follow the patterns (2.3.2) and (2.3.1).Proposition 2.3.23. Let x, y P J. Then γ ÞÑ γJ transforms µx,yL in µx,yLJ and µ�L in µ�LJ.Proof. The representation (2.3.3) also holds for µx,yLJ . For l ¡ 0, let
τyl :� inftt ¥ 0|ℓyt pXq ¡ luand
τy,Jl :� infts ¥ 0|ℓyspXJq ¡ luThen for any non-negative measurable funtional F

µx,yLJ pF pγqq � » �8
0

dlEx
�
1τy,J

l  IJ
ζ
F ppXJ

sq0¤s¤τy,J
l
q�



2.3. MEASURE ON LOOPS AND ITS BASIC PROPERTIES 51But pXJ
sq0¤s¤τy,J

λ
is the image of pXtq0¤t¤τy

λ
by the map γ ÞÑ γJ and τy,Jl   IJ

ζ if and onlyif τyl   ζ. Thus µx,yLJ is the image of µx,yL through the restrition on path to J. The seondpart of the proposition an be dedued from that for any x P J

ℓxpγqµ�Lpdγq � π�µx,xL pdγqand as notied in [Jan11℄
ℓxpγqµ�LJpdγJq � π�µx,xLJ pdγJq

�Previous restrition property and the time-hange ovariane of µ� (orollary 2.3.10)an be treated in a uni�ed framework of the time hange by the inverse of a ontinuousadditive funtional. This is done in [FR14℄, setion 7.2.3.8. Measure on loops in ase of reation of mass. We an further extend thede�nition of the measures µx,y on paths and µ and µ� on loops to the ase of L being a"generator" on I ontaining a reation of mass term as in (2.2.19). Doing so will enable usto emphasize further the onjugation invariane of the measure on loops and will be usefulin setion 2.4.2 to ompute the exponential moments of the oupation �eld of Poissonensembles of Markov loops. Let ν be signed measure on I. Let Lp0q :� 1
mpxq ddx � 1

wpxq ddx	and L :� Lp0q � ν.Definition 2.4.  µx,yL pdγq :� exp
�³
I
lxpγqmpxqνpdxq� µx,y

Lp0qpdγq µLpdγq :� exp
�³
I l
xpγqmpxqνpdxq� µLp0qpdγq µ�L :� π�µLDe�nition 2.4 is onsistent with properties 2.3.2 (iv) and 2.3.6 (iii). If ν̃ is any othersigned measure on I, then(2.3.47) µx,yL�ν̃pdγq :� exp

�»
I

ℓxpγqmpxqν̃pdxq
 µx,yL pdγqSame holds for µ and µ�. Under the extended de�nition, the measures µx,y still satisfyproperties 2.3.2 (ii), (iii), (v) and (vi). Proposition 2.3.5 remains true. µ still satis�esproperties 2.3.6 (i), (ii) and (iv). Proposition 2.3.7 and orollary 2.3.8 still hold. Theidentities (2.3.14) and (2.3.18) remain true for µ�. Conerning the onjugations, we have:Proposition 2.3.24. Let h be a ontinuous positive funtion on I suh that d2h
dx2 isa signed measure. hpxq2mpxqdx is a speed measure for Conjph, Lq. Then for all x, y P I,

µx,yConjph,Lq � 1
hpxqhpyqµx,yL , and µConjph,Lq � µL. Conversely, if L and rL are two "generators"with or without reation of mass suh that µL � µrL then there is a positive ontinuousfuntion h on I suh that d2h

dx2 is a signed measure and rL � Conjph, Lq.Proof. There is a positive Radon measure κ̃ on I suh that both L�κ̃ and Conjph, Lq�
κ̃ are generators of (killed) di�usions. But

Conjph, Lq � κ̃ � Conjph, L� κ̃qIt follows that µx,yConjph,Lq�κ̃ � 1
hpxqhpyqµx,yL�κ̃ and µConjph,Lq�κ̃ � µL�κ̃. Applying (2.3.47) weget the result.If µL � µrL, we an again onsider κ̃ a positive Radon measure on I suh that both

L� κ̃ and rL� κ̃ are generators of (killed) di�usions. Then aording to proposition 2.3.13,there is a positive ontinuous funtion h on I suh that d2hdx2 is a signed measure and rL� k̃ �
Conjph, L� k̃q. Then rL � Conjph, Lq. �



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 52Similarly to the ase of generators of di�usions (setion 2.3.5), one an onsider L-harmoni funtions u�,x and u�,x in ase of L ontaining reation of mass. If L P D�, then
u�,x respetively u�,x is not neessarily positive on I X p�8, xq respetively I X px,�8q.Let

Mpxq :� supty P I, y ¥ x|�z P px, yq, u�,xpzq ¡ 0u P I Y tsup IuIf L P D0,� then for all x P I, Mpxq � sup I. Let y P I, y ¡ x. If y   Mpxq, then
L|px,yq P D�. If y �Mpxq, then L|px,yq P D0. If y ¡Mpxq, then L|px,yq P D�. The di�usion
ρ�,x of generator L�,x � Conjpu�,x, L�,x|px,Mpxqqq is de�ned on px,Mpxqq. Similarly for ρ�,y.Moreover if If Mpxq P I, then L�,x|px,Mpxqq � L

�,Mpxq|px,Mpxqq.If L P D0,�, the desription of the measure on pmin γ,maxγq indued by µ� as well asof the probability measures obtained by onditioning µ� by the value of pmin γ,max γq isthe same as given by orollary 2.3.16, with the same formal expressions. Next we state whathappens if L P D�:Proposition 2.3.25. Let L P D�. The measure on pmin γ,max γq indued by µ� andrestrited to the set ta P I, b P pa,Mpaqqu is 1aPI,bPpa,Mpaqq dadb
u�,apbqu�,bpaq . If a   b   Mpaq,then the probability measure obtained through onditioning by pmin γ,max γq � pa, bq has thesame desription as in orollary 2.3.16. Outside the set ta P I, b P pa,Mpaqqu, the measureon pmin γ,max γq is not loally �nite. That is to say that, if a   b P I and b ¥Mpaq, thenfor all ε ¡ 0.(2.3.48) µ�ptmin γ P pa, a� εq,max γ P pb� ε, bquq � �8Proof. For the behaviour on ta P I, b P pa,Mpaqqu: There is a ountable olletionpIjqj¥0 of open subintervals of I suh thatta P I, b P pa,Mpaqqu � ¤

j¥0

tx   y P IjuSine for all j, L|Ij P D0,�, orollary 2.3.16 applies to L|Ij . Combining the desriptions ondi�erent ta   b P Iju, we get the desription on ta P I, b P pa,Mpaqqu.For the behaviour outside ta P I, b P pa,Mpaqqu: Let A   B P R. Then(2.3.49) µ�BM ptmin γ   A,max γ ¡ Buq � » �8
B

» A�8 dadbpb� aq2 � �8If a   b P I and Mpaq � b, then 1a γ bµ� is the image of µ�BM through a hange ofsale and time. In this ase (2.3.48) follows from (2.3.49). If b ¡ Mpaq, then L|pa,bq P D�.Aording to proposition 2.2.9 (iv), there is a positive measure Radon measure κ on pa, bqsuh that L|pa,bq � κ P D0. From what preedes, (2.3.48) holds for µ�L|pa,bq�κ. Moreover,
µ�L|pa,bq ¥ µ�L|pa,bq�κ. So (2.3.48) holds for µ�L|pa,bq . �2.4. Oupation �elds of the Poisson ensembles of Markov loops2.4.1. Inhomogeneous ontinuous state branhing proesses with immigra-tion. We will identify the oupation �elds of the Poisson ensembles of Markov loops asinhomogeneous ontinuous state branhing proesses with immigration. This will be donein setion 2.4.2. In the setion 2.4.1 we will give the basi properties of suh proesses. Insetion 2.4.3 we will deal with the partiular ase of the intensity being 1

2µ
�, in relation withDynkin's isomorphism.Let I be an open interval of R. We will onsider stohasti proesses where x P I is theevolution variable. We do not all it time beause in the sequel it will rather represent a



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 53spae variable. Let pBxqxPR be a standard Brownian motion. Consider the following SDE:(2.4.1) d rZx � σpxqbrZxdBx � bpxq rZxdx(2.4.2) dZx � σpxqaZxdBx � bpxqZxdx� cpxqdxFor our needs we will assume that σ is positive and ontinuous on I, that b and c are onlyloally bounded and that c is non negative. In this ase existene and pathwise uniquenessholds for (2.4.1) and (2.4.2) (see [RY99℄, hapter IX, �3), and rZ and Z take values in R�.
0 is an absorbing state for rZ.(2.4.1) satis�es the branhing property: if rZp1q and rZp2q are two independent proessessolutions in law to (2.4.1), de�ned on I X rx0,�8q, then rZp1q � rZp2q is a solution in lawto (2.4.1). If rZ and Z are two independent proesses, rZ solution in law to (2.4.1) and
Z solution in law to (2.4.2), de�ned on I X rx0,�8q, then Z � rZ is a solution in law to(2.4.2). Solutions to (2.4.2) are (inhomogeneous) ontinuous state branhing proesses withimmigration. The branhing mehanism is given by (2.4.1) and the immigration measure is
cpxqdx. The homogeneous ase (σ, b and c onstant) was extensively studied. See [KW71℄.The ase of inhomogeneous branhing without immigration redues to the homogeneousase as follows: Let x0 P I and let

Cpxq :� exp

�� » x
x0

bpyq dy
 Apxq :� » x
x0

σpyq2Cpyq2dyIf p rZxqxPI is a solution to (2.4.1), then pCpA�1paqq rZA�1paqqaPApIq is a solution in law to
d rZa � 2

b rZadBaLet rZ be a solution to (2.4.1) de�ned on I X rx0,�8q, starting at x0 with the initialondition rZx0 � z0 ¥ 0. Then, for λ ¥ 0 and x P I, x ¥ x0:
E rZx0�z0 �e�λ rZx

� � e�z0ψpx0,x,λq
ψpx0, x, λq depends ontinuously on px0, x, λq. If x � x0 then(2.4.3) ψpx0, x0, λq � λIf x0 ¤ x1 ¤ x2 P I then

ψpx0, x2, λq � ψpx0, x1, ψpx1, x2, λqq
ψ satis�es the di�erential equation(2.4.4) BψBx0 px0, x, λq � σpx0q2

2
ψpx0, x, λq2 � bpx0qψpx0, x, λqIf b is not ontinuous, equation (2.4.4) should be understand in the weak sense. If be is on-tinuous, then (2.4.4) satis�es the Cauhy-Lipshitz onditions, and ψ is uniquely determinedby (2.4.4) and the initial ondition (2.4.3). This is also the ase even if b is not ontinuous.Indeed, by onsidering Cpxq rZx rather than rZx, that is to say onsidering Cpxq

Cpx0qψpx0, x, λqrather than ψpx0, x, λq, we get rid of b.Inhomogeneous branhing proesses are related to the loal times of one-dimensionaldi�usions:Proposition 2.4.1. Let x0 P I and let pXtq0¤t ζ be a di�usion on I of generator L ofform (2.2.11) starting from x0. Let z0 ¡ 0 and
τx0
z0 :� inftt ¥ 0|ℓx0

t pXq ¡ z0u
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z0   ζ, pℓx

τ
x0
z0

pXqqxPI,x¥x0 is a solution in law to the SDE:(2.4.5) d rZx �a
2wpxqbrZxdBx � 2

d loguÓ
dx

pxq rZxdxProof. If X is the Brownian motion on R, then w � 2 and uÓ is onstant. In thisase the assertion is the seond Ray-Knight theorem. See [RY99℄, hapter XI, �2. Theequation (2.4.5) is then the equation of a square of Bessel 0 proess. If xmin   x0 and
X is the Brownian motion on pxmin,�8q killed in xmin then the law of pℓx

τ
x0
z0

pXqqxPI,x¥x0onditional on τx0
z0   ζ does not depend on xmin and is the same as in ase of the Brownianmotion on R. Equation (2.4.5) is still satis�ed.If X is a di�usion on I that satis�es that for all x ¡ a P I, starting from x, X reahesalmost surly a, whih is equivalent to uÓ being onstant, then through a hange of sale andtime X is the Brownian motion on some pxmin,�8q where xmin P r�8,�8q. Time hangedoes not hange the loal times beause we de�ned them relative to the speed measure.Only the hange of sale matters. If S is a primitive of w, then onditional on τx0

z0   ζ,pℓS�1p2yq
τ
x0
z0

pXqqy¥ 1
2Spx0q is a square of Bessel 0 proess. The equation (2.4.5) follows from theequation of the square of Bessel 0 proess by deterministi hange of variable dy :� 1

2wpxqdx.Now the general ase: let p rXtq0¤t ζ̃ be the di�usion of generator ConjpuÓ, Lq. wpxq
uÓpxq2 dxis the natural sale measure of rX and uÓpxq2mpxqdx is its speed measure. We assume thatboth X and rX start from x0. The law of rX up to the last time it visits x0 is the same asfor X . Let

τ̃ :� inf

"
t ¥ 0|ℓx0

t p rXq ¡ 1

uÓpx0q2 z0*Then the law of pℓx
τ
x0
z0

pXqqxPI,x¥x0 onditional on τx0
z0   ζ is the same as the law ofpuÓpxq2ℓxτ̃ p rXqqxPI,x¥x0 onditional on τ̃   ζ̃. The fator uÓpxq2 omes from the fat that per-forming a onjugation we hange the measure relative to whih the loal times are de�ned.For any a   x0 P I, rX reahes a a.s. Thus pℓxτ̃ pX̃qqxPI,x¥x0 satis�es the SDE

d rZx � a
2wpxq
uÓpxq brZxdBxand puÓpxq2ℓxτ̃x0

z0

p rXqqxPI,x¥x0 satis�es (2.4.5). �If there is immigration: Let Z be a solution to (2.4.2) de�ned on I X rx0,�8q, startingat x0 with the initial ondition Zx0 � z0 ¥ 0. Then, for λ ¥ 0 and x P I, x ¥ x0:(2.4.6) EZx0�z0 �e�λZx
� � exp

��z0ψpx0, x, λq � » x
x0

ψpy, x, λqcpyqdy
2.4.2. Oupation �eld. Let L be the generator of a di�usion on I of form (2.2.11).Let Lα,L be a Poisson ensemble of intensity αµ�L. Lα,L is a random in�nite ountableolletion of unrooted loops supported in I. It is sometimes alled "loop soup".Definition 2.5. The oupation �eld of Lα,L is p pLxα,LqxPI wherepLxα,L :� ¸
γPLα,L

ℓxpγqWe will drop out the subsript L whenever there is no ambiguity on L. In this subsetionwe will identify the law of p pLxαqxPI as an inhomogeneous ontinuous state branhing proesswith immigration. If J is a disrete subset of I, then applying proposition 2.3.23 we deduethat p pLxαqxPJ is the oupation �eld of the Poisson ensemble of disrete loops of intensity
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αµ�LJ as de�ned in [Jan11℄, hapter 4. This fat allows us to apply the results of [Jan11℄in order to desribe the �nite-dimensional marginals of the oupation �eld. If the di�usionis reurrent, then for all x P I, pLxα � �8 a.s. If the di�usion is transient, then for all x P I,pLxα   �8 a.s. Next we state how does the oupation �eld behave if we apply varioustransformations on L.Property 2.4.2. Let L be the generator of a transient di�usion.(i) If A is a hange of sale funtion, thenpLApxq

α,ScalegenA L
� pLxα,L(ii) If V is a positive ontinuous funtion on I, thenpLxα, 1

V L
� pLxα,L(iii) If h is a positive ontinuous funtion on I suh that Lh is a negative measure, thenpLxα,Conjph,Lq � 1

hpxq2 pLxα,LPrevious equalities depend on a partiular hoie of the speed measure for the modi�a-tion of L. For (i) we hoose �dAdx �A�1
��1

m �A�1da. For (ii) we hoose 1
V pxqmpxqdx. For(iii) we hoose hpxq2mpxqdx. The fat that pLxα,Conjph,Lq � pLxα,L despite Lα,Conjph,Lq � Lα,Lomes from a hange of speed measure.Next we haraterize the �nite-dimensional marginals of the oupation �eld by statingthe results that appear in [Jan11℄, hapter 4.Property 2.4.3. The distribution of pLxα ispGLpx, xqqα

Γpαq lα�1 exp

�� l

GLpx, xq
 1l¡0dlLet x1, x2, . . . , xn P I and λ1, λ2, . . . , λn ¥ 0. Then(2.4.7) E

�
exp

�� ņ

i�1

λi pLxi
α

�� � �
detpGL�°n

i�1 λiδxi
pxi, xjqq1¤i,j¤n

detpGLpxi, xjqq1¤i,j¤n 
αThe moment E � pLx1
α

pLx2
α . . . pLxn

α

� is an α-permanent:
E
� pLx1

α
pLx2
α . . . pLxn

α

� � ¸
σPSn

α7 yles of σ n¹
i�1

Gpxi, xσpiqqIf J is a disrete subset of I, then p pLxαqxPJ, viewed as a stohasti proess that evolves when xinreases, is an inhomogeneous ontinuous state branhing proess with immigration de�nedon the disrete set J. In partiular, for any x1 ¤ x2 ¤ � � � ¤ xn P I and p P t1, 2, . . . , nu,� pLx1
α ,

pLx2
α , . . . ,

pLxp
α

	 and � pLxp
α , pLxp�1

α , . . . , pLxn
α

	 are independent onditional on pLxp
α .Next we show that the proesses x ÞÑ pLxα parametrized by x P I, where x is assumedto inrease, is an inhomogeneous branhing proess with immigration of form (2.4.2). Inpartiular, it has a ontinuous version and is inhomogeneous Markov.Proposition 2.4.4. p pLxαqxPI has the same �nite-dimensional marginals as a solution tothe stohasti di�erential equation(2.4.8) dZx �a

2wpxqaZxdBx � 2
d loguÓ
dx

pxqZxdx � αwpxqdx



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 56If L is the generator of a Brownian motion on p0,�8q killed when it hits 0, then p pLxαqx¡0has the same law as the square of a Bessel proess of dimension 2α starting from 0 at x � 0.If L is the generator of a Brownian motion on p0, xmaxq, killed when hitting the boundary,then p pLxαq0 x xmax has the same law as the square of a Bessel bridge of dimension 2α from
0 at x � 0 to 0 at x � xmax.Proof. Let x0   x P I and λ0, λ ¥ 0. Applying the identity (2.4.7) to the ase of twopoints, we get that(2.4.9)

E
�
exp

��λ0 pLx0
α � λ pLxα	� � �p1� λ0Gpx0, x0qqp1� λGpx, xqq � λ0λpGpx0, xqq2��αLet

Λpx0, λ0q :� E
�
e�λ0

pLx0
α

� � �
Gpx0, x0q

Gpx0, x0q � λ0


αFor y ¤ x, let
ψpy, x, λq :� Gpx, yqGpy, xqλ

Gpy, yqpGpy, yq � λdety,xGq
ϕpy, x, λq :� � log

�
Gpy, yq

Gpy, yq � λdety,xG


One an hek that the right-hand side of (2.4.9) equals
Λpx0, λ0 � ψpx0, x, λqq expp�αϕpx0, x, λqqIn partiular for the onditional Laplae transform:(2.4.10) E

�
exp

��λ pLxα	 | pLx0
α

� � exp
�� pLx0

α ψpx0, x, λq	 expp�αϕpx0, x, λqq a.s.Moreover BψBy py, x, λq �W puÓ, uÒqpyqψpy, x, λq2 � 2

uÓpyq duÓdy pyqψpy, x, λq�wpyqψpy, x, λq2 � 2
d log uÓ
dy

pyqψpy, x, λqand BϕBy py, x, λq � �W puÓ, uÒqpyqψpy, x, λq � �wpyqψpy, x, λqand we have the initial onditions ψpx, x, λq � λ and ϕpx, x, λq � 0. Thus (2.4.10) has thesame form as (2.4.6) where cpyq � αwpyq. Let pZyqyPI,y¥x0 be a solution to (2.4.8) with theinitial ondition Zx0 being a gamma random variable of parameter α with mean αGpx0, x0q.It follows from what preedes that p pLx0
α ,

pLxαq has the same law as pZx0 , Zxq. Using theonditional independene satis�ed by the oupation �eld, we dedue that p pLyαqyPI,y¥x0 hasthe same �nite-dimensional marginals as pZyqyPI,y¥x0. Making x0 onverge to inf I alonga ountable subset, we get a onsistent family of ontinuous stohasti proesses, whihindues a ontinuous stohasti proess pZyqyPI de�ned on whole I. It satis�es (2.4.8) andhas the same �nite-dimensional marginals as p pLyαqyPI .In ase of a Brownian motion in p0,�8q killed in 0, the equation (2.4.8) beomes
dZx � 2

a
ZxdBx � 2αdxwhih is the SDE satis�ed by the square of a Bessel proess of dimension 2α. Moreoverp pLxαqx¡0 has the same one-dimensional marginals as the latter, more preisely pLxα is a gammar.v. of parameter α with mean 2αx. This shows the equality in law.



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 57In ase of a Brownian motion in p0, xmaxq killed in 0 and xmax the equation (2.4.8)beomes
dZx � 2

a
ZxdBx � 1

xmax � x
Zxdx � 2αdxwhih is the SDE satis�ed by the square of a Bessel bridge of dimension 2α from 0 at

x � 0 to 0 at x � xmax. Moreover the latter proess and p pLxαq0 x xmax have the same one-dimensional marginals, more preisely gamma r.v. of parameter α with mean 2αpxmax �
xq x

xmax
. Thus the two have the same law. �We showed that p pLxαqxPI has the same �nite-dimensional marginals as a ontinuousstohasti proess. We will assume in the sequel and prove in setion 2.5.2 that one anouple the Poisson ensemble Lα and a ontinuous version of its oupation �eld p pLxαqxPI onthe same probability spae. This does not follow trivially from the fat that the proessp pLxαqxPI has a ontinuous version. Consider the following ounterexample: Let U be anuniform r.v. on p0, 1q. Let E be a ountable random set of Brownian exursions de�ned asfollows: onditional on U E is a Poisson ensemble with intensity η¡UBM � η UBM . Let ppExqxPRbe the oupation �eld of E . Then pE is ontinuous on p�8, Uq and pU,�8q but not at U .Indeed pEU � 0 and

lim
xÑU� pEx � lim

xÑU� pEx � 1Let ppE 1xqxPR be the �eld de�ned by: pE 1x � pEx if x � U and pE 1U � 1. ppE 1xqxPR is ontinuous andfor any �xed x P R pE 1x � pEx a.s. Thus ppE 1xqxPR is a ontinuous version of the proess ppExqxPRbut it an not be implemented as a sum of loal time aross the exursions in E . As we willshow in setion 2.5.2, suh a di�ulty does not arise in ase of Lα.p pLxαqxPI is an inhomogeneous ontinuous state branhing with immigration. The branh-ing mehanism is the same as for the loal times of the di�usion X , given by (2.4.1). Theimmigration measure is αwpxqdx. The interpretation is the following: given a loop in Lα,its family of loal times performs a branhing aording to the mehanism (2.4.1), indepen-dently from the other loops. The immigration between x and x�∆x omes from the loopswhose minima belong to px, x �∆xq. It is remarkable that although the immigration mea-sure is absolutely ontinuous with respet to Lebesgue measure, there is only a ountablenumber of moments at whih immigration ours. These are the positions of the minima ofloops in Lα. Moreover the loal time of eah loop at its minimum is zero. For x ¡ a P I, letpLpaq,xα :� ¸
γPLα

minγ¡a ℓxpγqLet a   b P I. For j ¤ n P N, let ∆xn :� 1
n pb � aq and let xj,n :� a � j∆xn. Then� pLpxj�1q,xj

α

	
1¤j¤n is a sequene of independent gamma r.v. of parameter α and the meanof pLpxj�1q,xj

α is α�Gpxj , xjq � Gpxj�1, xjqGpxj , xj�1q
Gpxj�1, xj�1q 
. For n large

Gpxj , xjq � Gpxj�1, xjqGpxj , xj�1q
Gpxj�1, xj�1q � wpxj�1q∆xn � op∆xnq
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lim

nÑ�8E
� ņ

j�1

pLpxj�1q,xj
α

� �
lim

nÑ�8α ņ

j�1

�
Gpxj , xjq � Gpxj�1, xjqGpxj , xj�1q

Gpxj�1, xj�1q 
 � α

» b
a

wpxqdxand
lim

nÑ�8V ar� ņ

j�1

pLpxj�1q,xj
α

	 �
lim

nÑ�8α ņ

j�1

�
Gpxj , xjq � Gpxj�1, xjqGpxj , xj�1q

Gpxj�1, xj�1q 
2 � 0It follows that °n
j�1

pLpxj�1q,xj
α onverges in probability to α ³b

a
wpxq dx. This is onsistentwith our interpretation of immigration.Next proposition deals with the zeroes of the oupation �eld.Proposition 2.4.5. Let x0 P I. If ³x0

inf I
wpxqdx   �8 then

lim
xÑinf I

pLxα � 0Analogous result holds if ³sup I
x0

wpxq dx   �8.If α ¥ 1, then the ontinuous proess p pLxαqxPI stays almost surely positive on I. If α   1then p pLxαqxPI hits 0 in�nitely many times on I.Proof. If ³x0

inf I wpxqdx   �8, then L� κ, where κ is the killing measure of L, is alsothe generator of a transient di�usion. We an ouple p pLxα,LqxPI and p pLxα,L�κqxPI on the sameprobability spae suh that a.s. for all x P I, pLxα,L ¤ pLxα,L�κ. But aording to property2.4.2 (i), p pLxα,L�κqxPI is just a sale hanged square of Bessel proess starting from 0 orsquare of a Bessel bridge from 0 to 0. Thus
lim

xÑinf I

pLxα,L ¤ lim
xÑinf I

pLxα,L�κ � 0Regarding the number of zeros of p pLxαqxPI on I, property 2.4.2 ensures that it remainsunhanged if we apply sale, time hanges and onjugations to L. Sine any generator of atransient di�usion is equivalent through latter transformation to the generator of a Brownianmotion on p0,�8q killed in 0, the result on the number of zeros of p pLxαqxPI follows fromstandard properties of Bessel proesses. �In [SW12℄ respetively [JL13℄ are studied the lusters of loops indued by a Poissonensemble of loops in the setting of planar Brownian motion respetively Markovian jumpproesses on graphs. In our setting of one dimensional di�usions the desription of suhlusters is simple and is related to the zeros of the oupation �eld. We introdue anequivalene relation on the loops of Lα: γ is in the same lass as γ̃ if there is a hainof loops γ0, γ1, . . . , γn in Lα suh that γ0 � γ, γn � γ̃ and for all i P t0, 1, . . . , n � 1u,
γipr0, T pγiqsq X γi�1pr0, T pγi�1qsq � H. A luster is the union of all γpr0, T pγqsq where theloops γ belong to the same equivalene lass. It is a subinterval of I. By de�nition lustersorresponding to di�erent equivalene lasses are disjoint.Proposition 2.4.6. Let L be the generator of a transient di�usion on I. If α ¥ 1,the loops in Lα form a single luster: I. If α P p0, 1q, there are in�nitely many lusters.



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 59These are the maximal open intervals on whih p pLxαqxPI is positive. In ase of the Brownianmotion on p0,�8q killed at 0, the lusters orrespond to the jumps of a stable subordinatorwith index 1�α. In ase of a general di�usion, by performing a hange of sale of derivative
1
2
w
u2Ó , we redue the problem to the previous ase. In ase of the Brownian motion on p0,�8qkilled at 0 and with uniform killing κ, the lusters orrespond to the jumps of a subordinatorwith Levy measure 1x¡0

e2
?

2κxdxpe2?2κx�1q2�α
.Proof. Assume that Lα and a ontinuous version of p pLxαqxPI are de�ned on the sameprobability spae. Almost surely the following holds Given γ � γ1 P Lα, min γ � max γ1 and max γ � min γ1. For all γ P Lα, ℓminγpγq � ℓmaxγpγq � 0 and ℓxpγq is positive for x P pmin γ,max γq.Whenever the above two onditions hold it follows deterministially that the lusters arethe intervals on whih p pLxαqxPI stays positive. We dedue then the number of lusters fromproposition 2.4.5.If L is the generator of the Brownian motion on p0,�8q killed at 0, then p pLxαqxPI is thesquare of a Bessel proess of dimension 2α and its exursions orrespond to the jumps of astable subordinator with index 1� α.In general a generator L has the same measure on loops as ConjpuÓ, Lq. A di�usion ofgenerator ConjpuÓ, Lq transforms through a hange of time and a hange of sale of density

1
2
w
u2Ó into a Brownian motion on p0,�8q killed at 0. For the lusters, the hange of timedoes not matter.In ase of a Brownian motion on p0,�8q killed at 0 and with uniform killing κ, we antake uÓpxq � e�?2κx. The sale funtion is then

Spxq � » x
0

dy

uÓpyq2 � » x
0

e2
?
2κydy � 1

2
?
2κ
pe2?2κx � 1qLet pYtqt¥0 be an 1�α stable subordinator with Levy measure 1y¡0y

�p2�αqdy. The lustersof L
α, 12

d2

dx2�κ orrespond to the jumps of the proess pS�1pYtqqt¥0, whih is not a subordi-nator. We will that nevertheless the latter proess the same set of jumps as a subordinatorwith Levy measure 1x¡0
e2
?

2κxdxpe2?2κx�1q2�α
. Let ε ¡ 0 and pYε,tqt¥0 be the proess obtainedfrom pYtqt¥0 by removing all the jumps of height less then ε. By onstrution Yε,t ¤ Yt.pS�1pYε,tqqt¥0 is a Markov proess: given the position of S�1pYε,tq at time t, the proesswaits an exponential holding time with inverse of the mean equal to» �8

ε

dy

y2�α � 1p1� αqε1�αOne a jump ours, the jump of Yε is distributed aording the probability
1y¡εp1� αqε1�α dy

y2�α



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 60The distribution of the orresponding jump of S�1pYε,tq is obtained by pushing forward theabove probability by the map y ÞÑ S�1py � Yε,tq � S�1pYε,tq whih gives
1x¡S�1pε�Yε,tq�S�1pYε,tqp1� αqε1�α p2?2κq2�αe2?2κpx�S�1pYε,tqqdx�

e2
?
2κpx�S�1pYε,tqq � e2

?
2κS�1pYε,tq�2�α� 1x¡S�1pε�Yε,tq�S�1pYε,tqp1� αqε1�αp2?2κq2�αe�p1�αq2?2κS�1pYε,tq e2

?
2κxdxpe2?2κx � 1q2�α� 1x¡S�1pε�Yε,tq�S�1pYε,tqp1� αqε1�α p2?2κq2�αp1� 2

?
2κYε,tq1�α e2

?
2κxdxpe2?2κx � 1q2�αConsider now the random time hange

τεpvq :� inf

"
t ¥ 0

��� » t
0

p2?2κq2�αp1� 2
?
2κYε,sq1�α ds ¥ v

*and at the limit as εÑ 0

τpvq :� inf

"
t ¥ 0

��� » t
0

p2?2κq2�αp1� 2
?
2κYε,sq1�α ds ¥ v

*For the time-hanged proess pS�1pYε,τεpvqqqv¥0, the rate of jumps of height belonging torx, x� dxs is $&% e2
?
2κxdxpe2?2κx � 1q2�α if x ¡ S�1pε� Yε,τεpvqq � S�1pYε,τεpvqq

0 otherwiseThus, as ε goes to 0, on one hand the proess pS�1pYε,τεpvqqqv¥0 onverges in law topS�1pYτpvqqqv¥0 and on the other hand it onverges in law to a subordinator with Levymeasure 1x¡0
e2
?

2κxdxpe2?2κx�1q2�α
. �The lusters oalese when α inreases and fragment when α dereases. Some informa-tion on the oalesene of lusters delimited by the zeroes of Bessel proesses is given in[BP99℄, setion 3. This lusters an be obtained as a limit of lusters of disrete loops ondisrete subsets. In ase of a symmetri jump proess to the nearest neighbours on εN, if

α ¡ 1, there are �nitely many lusters, and if α P p0, 1q, there are in�nitely many lustersand these lusters are given by the holding times of a renewal proess, whih suitable nor-malized onverges in law as εÑ 0� to the inverse of a stable subordinator with index 1�α.See remark 3.3 in [JL13℄.We an onsider the oupation �eld p pLxα,LqxPI if L is not the generator of a di�usionbut ontains reation of mass as in (2.2.19). In this setting, if h is a positive ontinuousfuntion on I suh that d2h
dx2 is a signed measure, then for all x P IpLxα,Conjph,Lq � 1

hpxq2 pLxα,LIt follows that if L P D� then for all x P I, pLxα,L   �8 a.s. and if L P D0 then for all
x P I, pLxα,L � �8 a.s. If L P D�, then aording to proposition 2.2.9 (iv), there is a positiveRadon measure κ̃ suh that L � κ̃ P D0. Then for all x P I, pLxα,L ¥ pLxα,L�κ̃ � �8. If
L P D�, then properties 2.4.2 (i) and (ii) still hold. The desription given by the property2.4.3 of the �nite-dimensional marginals of p pLxαqxPI is still true, although the ase of reationof mass wasn't onsidered in [Jan11℄. p pLxαqxPI still satis�es the SDE (2.4.8).



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 61Proposition 2.4.7. Let L P D� and ν̃ a �nite signed measure with ompat support in
I. Then there is equivalene between(i) E

�
exp

�³
I
pLxα,Lν̃pdxq	�   �8(ii) L� ν̃ P D�If L� ν̃ P D� then for s P r0, 1s(2.4.11) E
�
exp

�»
I

pLxα,Lν̃pdxq
� � exp

�
α

» 1

0

»
I

GL�sν̃px, xqν̃pdxqds
Proof. First observe that ³I pLxα,L|ν̃|pdxq is almost surely �nite beause |ν̃| is �nite andhas ompat support and p pLxα,LqxPI is ontinuous. Also observe that D� is onvex. So if
L� ν̃ P D�, then for all s P r0, 1s, L� sν̃ P D�.(i) implies (ii): Let PLα,L be the law of Lα,L and PLα,L�ν̃ be the law of Lα,L�ν̃ . Thereis an absolute ontinuity relation between the intensity measures:

µL�ν̃pdγq � exp

�»
I

ℓxpγq
µLpdγqIn ase (i) is true PLα,L�ν̃ is absolutely ontinuous with respet to PLα,L and(2.4.12) dPLα,L�ν̃ � exp
�³
I
pLxα,Lν̃pdxq	

E
�
exp

�³
I
pLxα,Lν̃pdxq	�dPLα,LBut this an not be if L� ν̃ R D� beause then for any x P I, pLxα,L   �8 and pLxα,L�ν̃ � �8.Thus neessarily L� ν̃ P D�.(ii) implies (i): We �rst assume that ν̃ is a positive measure and L � ν̃ P D�. Then

PLα,L is absolutely ontinuous with respet to PLα,L�ν̃ and
dPLα,L � exp

�� ³
I
pLxα,L�ν̃ ν̃pdxq	

E
�
exp

�� ³
I
pLxα,L�ν̃ ν̃pdxq	�dPLα,L�ν̃Inverting the above absolute ontinuity relation, we get that

E
�
exp

�»
I

pLxα,Lν̃pdxq
� � E
�
exp

�� »
I

pLxα,L�ν̃ ν̃pdxq
��1   �8If ν̃ is not positive, let ν̃� and �ν̃� be its positive respetively negative part. Then
E
�
exp

�»
I

pLxα,Lν̃pdxq
�� E
�
exp

�»
I

pLxα,L�ν̃� ν̃�pdxq
�E �
exp

�� »
I

pLxα,Lν̃�pdxq
�� E
�
exp

�� ³
I
pLxα,Lν̃�pdxq	�

E
�
exp

�� ³
I
pLxα,L�ν̃ ν̃�pdxq	�   �8For the expression (2.4.11) of exponential moments:(2.4.13) d

ds
E
�
exp

�
s

»
I

pLxα,Lν̃pdxq
� � E
�»
I

pLxα,Lν̃pdxq exp�s »
I

pLxα,Lν̃pdxq
�



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 62From the absolute ontinuity relation (2.4.12) follows that the right-hand side of (2.4.13)equals
α

»
I

GL�sν̃px, xqν̃pdxqE �
exp

�
s

»
I

pLxα,Lν̃pdxq
�This implies (2.4.11). �As in disrete spae ase, the above exponential moments an be expressed using deter-minants. On the omplex Hilbert spae L2pd|ν̃|q de�ne for s P r0, 1s the operatorspGsν̃fqpxq :� »
I

GL�sν̃px, yqfpyqν̃pdyqp|G�
sν̃ |fqpxq :� »

I

GL�sν̃px, yqfpyq|ν̃|pdyqThe operator |G�
sν̃ | is self-adjoint, positive semi-de�nite with ontinuous kernel funtion,and aording to [Sim05℄, theorem 2.12, it is trae lass. Sine trae lass operators form atwo-sided ideal in the algebra of bounded operators, Gsν̃ is also trae lass. Moreover(2.4.14) TrpGsν̃q � »

I

GL�sν̃px, xqν̃pdxqThe determinant detpId�Gsν̃ q is well de�ned as a onverging produt of its eigenvalues (see[Sim05℄, hapter 3).Proposition 2.4.8.
exp

�
α

» 1

0

»
I

GL�sν̃px, xqν̃pdxqds
 � pdetpId�Gν̃qqαProof. Gν̃ has only real eigenvalues. Indeed, let λ be suh an eigenvalue and f a nonzero eigenfuntion for λ. The sign of ν̃, signpν̃q, is a t�1,�1u-valued funtion de�ned d|ν̃|almost everywhere.(2.4.15) »
I

psignpν̃qf̄qpxq|Gν̃ |psignpν̃qfqpxq|ν̃|pdxq � λ

»
I

|f |2pxqν̃pdxqThe left-hand side of (2.4.15) is non-negative. If the right-hand side of (2.4.15) is non-zero,then λ is real. If it is zero, onsider fε :� f � ε signpν̃qf . Then
λ � lim

εÑ0� 1

2ε

�»
I

psignpν̃qf̄εqpxq|Gν̃ |psignpν̃qfεqpxq|ν̃|pdxq
�»
I

|f |2pxq|ν̃|pdxq
�1and thus λ is real.The operators Gsν̃ are ompat and the harateristi spae orresponding to eah oftheir non-zero eigenvalue is of �nite dimension. Let pλiqi¥0 be the non-inreasing sequeneof positive eigenvalues of Gν̃ . Eah eigenvalue λi appears as many times as the dimensionof its harateristi spae kerpGν̃ � λiIdqn (n large enough). Similarly let p�λ̃jqj¥0 be thenon-dereasing sequene of the negative eigenvalues of Gν̃ . Let s P r0, 1s. Aording to theresolvent identity (lemma 2.2.8), the operators Gν̃ and Gsν̃ ommute and satisfy the relation(2.4.16) Gν̃Gsν̃ � Gsν̃Gν̃ � 1

1� s
pGν̃ �Gsν̃qSine Gν̃ and Gsν̃ ommute, these operators have ommon harateristi spaes. From(2.4.16) follows that � λi

1�p1�sqλi

�
i¥0

is a non-inreasing sequene of positive eigenvalues of
Gsν̃ . If �1

1�s is not an eigenvalue of Gν̃ , then � �λ̃j

1�p1�sqλ̃j

�
j¥0

is also a sequene of eigenvaluesof Gsν̃ . But the family of operators pGsν̃qsPr0,1s is bounded. Thus none of �λ̃j

1�p1�sqλ̃j
an



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 63blow up when s varies. So it turns out that Gν̃ has no eigenvalues in p�8,�1s. From(2.4.14) we get »
I

GL�sν̃px, xqν̃pdxq �
i̧¥0

λi
1� p1� sqλi � j̧¥0

λ̃j

1� p1� sqλ̃jThe above sum is absolutely onvergent, uniformly for s P r0, 1s. Integrating over r0, 1syields » 1

0

»
I

GL�sν̃px, xqν̃pdxqds �
i̧¥0

logp1� λiq �
j̧¥0

logp1� λ̃jqThis onludes the proof. �2.4.3. Dynkin's isomorphism. In this subsetion we reall the equality in law ob-served in [Jan11℄ between the oupation �eld p pLx1
2

qxPI and the square of a Gaussian FreeField and show how to derive from this partiular versions of Dynkin's isomorphism.Let L be a generator of a transient di�usion on I of form (2.2.11). Let pφxqxPI be aentred Gaussian proess with variane-ovariane funtion:
Erφxφys � Gpx, yqpφxqxPI is the Gaussian Free Field assoiated to L. Let rS be a primitive of w

u2Ó . ThenrSpsup Iq � �8. Moreover rSpinf Iq ¡ �8 beause L is the generator of a transient di�usion.�
1

uÓp rS�1paqqφ rS�1paq	
aPS̃pIq is a standard Brownian motion starting from 0 at rSpinf Iq. Inpartiular pφxqxPI is inhomogeneous Markov and has ontinuous sample paths.It was shown in [Jan11℄, hapter 5, that when α � 1

2 p pLx1
2

qxPI has the same law asp 12φ2xqxPI . In ase of a Brownian motion on p0,�8q killed in 0, p pLx1
2

qx¡0 is the square ofa standard Brownian motion starting from 0. In ase of a Brownian motion on p0, xmaxqkilled in 0 and xmax, p pLx1
2

q0 x xmax is the square of a standard Brownian bridge on r0, xmaxsfrom 0 to 0. In ase of a Brownian motion on R with onstant killing rate κ, p pLx1
2

qxPR is thesquare of a stationary Ornstein�Uhlenbek proess.The relation between the oupation �eld of a Poisson ensemble of Markov loops andthe square of a Gaussian Fee Field extends the Dynkin's isomorphism whih we state below(see [Dyn84a℄ and [Dyn84℄):Theorem(Dynkin's Isomorphism). Let x1, x2, . . . , x2n P I. Then for any non-negativemeasurable funtional F on ontinuous paths on I,(2.4.17) Eφ

�
2n¹
i�1

φxiF pp12φ2xqxPIq� �̧
pairings

»
Eφ

�
F pp1

2
φ2x � ņ

j�1

ℓxpγjqqxPIq� ¹
pairs

µyj,zj pdγjqwhere °
pairings means that the n pairs tyj , zju are formed with all 2n points xi in all p2nq!2nn!possible ways.Next we will show that in ase xi � xi�n, for i P t1, . . . , nu , i.e. ±2n

i�1 φxi being aprodut of squares ±n
i�1 φ

2
xi
, one an dedue the Dynkin's isomorphism from the relationbetween the square of the Gaussian Free Field and the oupation �eld. In [LMR15℄ and[FR14℄ this is only done in ase n � 1 and x1 � x2 using the Palm's identity for Poissonianensembles and the analogue of the relation (2.3.14). To generalize for any n we will use an



2.4. OCCUPATION FIELDS OF THE POISSON ENSEMBLES OF MARKOV LOOPS 64extended version of Palm's identity and the absolute ontinuity relation given by proposition2.3.19 (ii).Lemma 2.4.9. Let E be an abstrat Polish spae. Let MpEq be the spae of loally �nitemeasures on E and let M P MpEq. Let Φ be a Poisson random measure of intensity M.Let H be a positive measurable funtion on MpEq � En. Let Pn be the set of partitions oft1, . . . , nu. If P P Pn and i P t1, . . . , nu, then Ppiq will be the equivalene lass of i under
P. The following identity holds:(2.4.18) E

� »
En

HpΦ, q1, . . . , qnq n¹
i�1

Φpdqiq� �¸
PPPn

»
E7P E

�
HpΦ�

çPP δqc , qPp1q, . . . , qPpnqq�¹cPP MpdqcqProof. We will make a reurrene over n. If n � 1, (2.4.18) is the Palm's identity forPoisson random measures. Assume that n ¥ 2 and that (2.4.18) holds for n� 1. We setrHpΦ, q1, . . . , qn�1q :� »
E
HpΦ, q1, . . . , qn�1, qnqΦpdqnqThen(2.4.19)

E
� »

En

HpΦ, q1, . . . , qn�1, qnq n¹
i�1

Φpdqiq� � E
� »

En�1

rHpΦ, q1, . . . , qn�1q n�1¹
i�1

Φpdqiq�� ¸
P 1PPn�1

»
E7P1 E� »E HpΦ� ¸

c1PP 1 δqc1 , qP 1p1q, . . . , qP 1pn�1q, qnq� pΦpdqnq � ¸
c1PP 1 δqc1 pdqnqq� ¹

c1PP 1Mpdqc1qGiven a partition P 1 P Pn�1, one an extend it to a partition of t1, . . . , n� 1, nu either bydeiding that n is single in its equivalene lass or by hoosing an equivalene lass c1 P P 1and adjoining n to it. In the identity (2.4.19) the �rst ase orresponds to the integrationwith respet to Φpdqnq, and aording to Palm's identity
E

�»
E
HpΦ� ¸

c1PP 1 δqc1 , qP 1p1q, . . . , qP 1pn�1q, qnqΦpdqnq� �»
E
E

�
HpΦ� ¸

c1PP 1 δqc1 , qP 1p1q, . . . , qP 1pn�1q, qnq�MpdqnqThe seond ase orresponds to the integration with respet to δqc1 pdqnq. Thus the right-hand side of (2.4.19) equals the right-hand side of (2.4.18). �Next we show how derive a partiular ase of Dynkin's isomorphism using the aboveextended Palm's formula. Sine p pLx1
2

qxPI and p 12φ2xqxPI are equal in law:
Eφ

�
n¹
i�1

φ2xi
F pp1

2
φ2xqxPIq� � 2nEL 1

2

�
n¹
i�1

pLxi
1
2

F pp pLx1
2
qxPIq�
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EL 1

2

�
n¹
i�1

pLxi
1
2

F pp pLx1
2
qxPIq� �̧

PPPn

» n¹
i�1

ℓxipγPpiqqE�
F pp pLx1

2
�
çPP ℓxpγcqqxPIq�¹

cPP 1

2
µ�pdγcqLet SnpPq be all the permutations σ of t1, . . . , nu suh that the lasses of the partition

P are the supports of the disjoint yles of σ. Given a lass c P P , let jc be its smallestelement. From property 2.3.11 (ii) follows that
n¹
i�1

ℓxipγPpiqq � ¸
σPSnpPq¹cPP ℓ�xjc ,xσpjcq,...,xσ|c|pjcqpγcqProposition 2.3.12 (ii) states that

ℓ
�xjc ,xσpjcq,...,xσ|c|pjcqpγcqµ�pdγcq �

π�pµjc,σpjcqpdγ̃jcq⊳ � � �⊳ µσ
|c|�1pjcq,σ|c|pjcqpdγ̃σ|c|�1pjcqq⊳ µσ

|c|pjcq,jcpdγ̃σ|c|pjcqqqand if the loop γc is a onatenation of paths γ̃jc , . . . , γ̃σ|c|�1pjcq, γ̃σ|c|pjcq then
ℓxpγcq � ℓxpγ̃jcq � � � � � ℓxpγ̃σ|c|�1pjcqq � ℓxpγ̃σ|c|pjcqqIt follows that(2.4.20) 2nEL 1

2

�
n¹
i�1

pLxi
1
2

F pp pLx1
2
qxPIq� �¸

σPSn

2n�7 yles of σ » EL 1
2

�
F pp pLx1

2
� ņ

i�1

ℓxpγ̃iqqxPIq� n¹
i�1

µi,σpiqpdγ̃iqBut the right-hand side of (2.4.20) is just the same as the right-hand side of (2.4.17) in thespei� ase when for all i P t1, . . . , nu, xi�n � xi. This �nishes the derivation of the speialase of Dynkin's isomorphism.2.5. Deomposing paths into Poisson ensembles of loops2.5.1. Glueing together exursions ordered by their minima. Let L be thegenerator of a di�usion on I of form (2.2.11). A loop of Lα,L rooted at its minimal pointis a positive exursion. For a given x0 P I, we will onsider the loops γ P Lα,L suh that
min γ P pinf I, x0s. We will root these loops at their minima and then order the obtainedexursions in the dereasing sense of their minima. Then we will glue all these exursionstogether and obtain a ontinuous paths ξpx0q

α,L . The law of this path an be desribed asa one-dimensional projetion of a two-dimensional Markov proess. Moreover this pathontains all the information on the ensemble of loops Lα,L X tγ P L�|min γ   x0u. So thisis a way to sample the latter ensemble of loops. In the partiular ase of α � 1, ξpx0q
1,L is thesample paths of a one-dimensional di�usion. This is analogue of the link between L1 andthe loop-erasure proedure already observed in [LW04℄ and in [Jan11℄, hapter 8 and willde desribed in detail in setion 2.5.3 In the setion 2.5.1 we will onsider generalities aboutglueing together exursions ordered by their minima and probability laws won't be involved.In the setion 2.5.2 we will deal with ξpx0q

α,L and identify its law. In the setion 2.5.3 we willfous on the ase α � 1 and desribe other ways of sliing sample paths of di�usions intoPoisson ensembles of loops.



2.5. DECOMPOSING PATHS INTO POISSON ENSEMBLES OF LOOPS 66Let x0 P R and let Q be a ountable everywhere dense subset of p�8, x0q. We on-sider a deterministi olletion of exursions peqqqPQ where peqptqq0¤t¤T peqq is a ontinuousexursion above 0, T peqq ¡ 0 and
eqp0q � eqpT peqqq � 0�t P p0, T peqqq, eqptq ¡ 0We also assume that for all C ¡ 0 and a   x0, there are only �nitely many q P QX pa, x0qsuh that max eq ¡ C and that for all a   x0(2.5.1) ¸
qPQXpa,x0qT peqq   �8Let T pyq be the funtion de�ned on r0,�8q by

T pyq :� ¸
qPQXpx0�y,x0qT peqq

T is a non-dereasing funtion. Sine Q is everywhere dense, T is inreasing. T is right-ontinuous and jumps when x0 � y P Q. The height of the jump is then T pe�yq.Let Tmax :� T p�8q P p0,�8s. For t P r0, Tmaxq we de�ne
θptq :� x0 � supty P r0,�8q|T pyq ¡ tu

θ is a non-inreasing funtion from r0, Tmaxq to p�8, x0s. Sine T is inreasing, θ is ontin-uous. We de�ne
b�ptq � infts P r0, Tmaxq|θpsq � θptqu
b�ptq � supts P r0, Tmaxq|θpsq � θptqu

b�ptq   b�ptq if and only if θptq P Q and then b�ptq � b�ptq � T peθptqq. We introdue theset
b� :� tt P r0, Tmaxq|θptq P Q, b�ptq � θptqu

b� is in one to one orrespondene with Q by t ÞÑ θptq.Finally we de�ne on r0, Tmaxq the funtion ξ:
ξptq :� "

θptq if θptq R Q
θptq � eθptqpt� b�ptqq if θptq P QIntuitively ξ is the funtion obtained by gluing together the exursions pq � eqqqPQ orderedin dereasing sense of their minima. See �gure 2.1 for an example of ξ and θ.Proposition 2.5.1. ξ is ontinuous. For all t P r0, Tmaxq(2.5.2) θptq � infr0,ts ξThe set b� an be reovered from ξ as follows:(2.5.3) b� � tt P r0, Tmaxq|ξptq � infr0,ts ξ and Dε ¡ 0,�s P p0, εq, ξpt� sq ¡ ξptquIf t0 P b� then(2.5.4) b�pt0q � inftt P rt0, Tmaxs|ξptq   ξpt0quProof. Let t P r0, Tmaxq. To prove the ontinuity of ξ at t we distinguish three ase:the �rst ase is when θptq P Q and b�ptq   t   b�ptq, the seond ase is when θptq R Q andthe third ase is when θptq P Q and either b�ptq � t or b�ptq � t.In the �rst ase, for all s P pb�ptq, b�ptqq,

ξpsq � θptq � eθptqps� b�ptqq
eθptq being ontinuous, we get the ontinuity of ξ at t.



2.5. DECOMPOSING PATHS INTO POISSON ENSEMBLES OF LOOPS 67In the seond ase we onsider a sequene ptnqn¥0 in r0, Tmaxq onverging to t. Let
C ¡ 0. There are only �nitely many q P Q suh that there is n ¥ 0 suh that θptnq � qand max eq ¡ C. Moreover for any q P Q, there are only �nitely many n ¥ 0 suh that
θptnq � q. Thus there are only �nitely many n ¥ 0 suh that θptnq P Q and max eθptnq ¡ C.So for n large enough(2.5.5) θptnq ¤ ξptnq ¤ θptnq � CBut ξptq � θptq and θptnq onverges to θptq. Sine we may take C arbitrarily small, (2.5.5)implies that ξptnq onverges to θptq.Regarding the third ase, assume for instane that θptq P Q and t � b�ptq. The right-ontinuity of ξ at t follows from the same argument as in the �rst ase and left-ontinuityfrom the same argument as in the seond ase.By de�nition, for all t P r0, Tmaxq, θptq ¤ ξptq. θ being non-inreasing, for all t Pr0, Tmaxq

θptq ¤ infr0,ts ξFor the onverse inequality, we have
θptq � ξpb�ptqq ¥ infr0,ts ξRegarding (2.5.3) and (2.5.4) we have the following disjuntion: if θptq P Q and b�ptq  

t   b�ptq then ξptq ¡ θptq. If θptq P Q and t � b�ptq then for all s P p0, b�ptq � b�ptqq,
ξpt � sq ¡ ξptq. If either θptq P Q and t � b�ptq or θptq R Q then ξptq � θptq and there is apositive sequene psnqn¥0 dereasing to 0 suh that θpt�snq R Q and ξpt�snq � θpt�snq  
θptq. �

t0b�pt0q b�pt0q t

Tmax

x0 ξptq
θptqFig.2.1 - Drawing of ξ (full line) and θ (dashed line).Previous proposition shows that one an reonstrut Q and the family of exursionspeqqqPQ only knowing ξ. (2.5.2) shows how to reover θ from ξ. (2.5.3) and (2.5.4) show howto reover the left and the right time boundaries of the exursions of ξ above θ. Also observethat the set de�ned by the right-hand side of (2.5.3) is ountable whatever the ontinuousfuntion ξ is, even if it is not obtained by glueing together exursions.2.5.2. Loops represented as exursions and glued together. Let α ¡ 0 and

Lα,BM the Poisson ensemble of loops of intensity αµ�BM where µ�BM is the measure on loopsassoiated to the Brownian motion on R. Let x0 P R. We onsider the random ountableset Q:
Q :� tmin γ|γ P Lα,BMu X p�8, x0qAlmost surely Q is everywhere dense in p�8, x0q and for every q P Q there is only one

γ P Lα,BM suh that min γ � q. Almost surely γ P Lα,BM reahes its minimum at onesingle moment. Given q P Q and γ P Lα,BM suh that min γ � q we onsider eq to be theexursion above 0 equal to γ � q where we root the unrooted loop γ at argminγ. Then therandom set of exursions peqqqPQ almost surely satis�es the assumptions of the setion 2.5.1.In partiular the ondition (2.5.1) follows from the fat that, aording to (2.3.27)»
L� 1^ T pγq1minγPpa,x0qµ�BM pdγq � px0 � aq » �8

0

t^ 1?
2πt3

dt   �8



2.5. DECOMPOSING PATHS INTO POISSON ENSEMBLES OF LOOPS 68Thus we an onsider the random ontinuous funtion pξα,BM ptqpx0qqt¥0 onstruted byglueing together the exursions pq � eqqqPQ in the way desribed in setion 2.5.1. Let
θ
px0q
α,BM ptq � infr0,ts ξpx0q

α,BM

Ξ
px0q
α,BM ptq :� �

ξ
px0q
α,BM ptq, θpx0q

α,BM ptq�Next we will desribe the law of the two-dimensional proess �Ξpx0q
α,BM ptq�t¥0

.Proposition 2.5.2. Let p rBtqt¥0 be a standard Brownian motion on R starting from 0.�
Ξ
px0q
α,BM ptq�t¥0

has the same law as�
x0 � | rBt| � 1

α
ℓ0t p rBq, x0 � 1

α
ℓ0t p rBq


t¥0In partiular for α � 1, pξpx0q
1,BM ptqqt¤0 has the same law as a Brownian motion starting from

x0. Proof. For a   x0 let Ta be the �rst time θpx0q
α,BM hits a. For l ¡ 0 let

τ̃0l :� inftt ¡ 0|ℓ0t p rBq ¡ luAording to the disintegration (2.3.27) of the measure µ�BM in the proposition 2.3.14, for all
a   x0 the family peqqqPQXpa,x0q of exursions above 0 is a Poisson point proess of intensity
2αη¡0

BM . This implies the following equality in law�
ξ
px0q
α,BM ptq � θ

px0q
α,BM ptq�0¤t¤Ta

plawq� p| rBt|q0¤t¤τ̃0
αpx0�aqSine the above holds for all a   x0, we have the following equality in lawpξpx0q

α,BM ptq � θ
px0q
α,BM ptq, αpx0 � θα,BM ptqqqt¥0

plawq� p| rBt|, ℓ0t p rBqqt¥0whih is exatly the equality in law we needed. Finally for α � 1, px0�| rBt|� ℓ0tp rBqqt¥0 hasthe law of a Brownian motion starting from x0. See [RY99℄, hapter VI, �2. �Aording to proposition 2.5.2 a Brownian sample path an be deomposed into a Pois-son proess of positive exursion with dereasing minima.This deomposition id for instanedesribed in [KS10℄, setion 6.2.D. In ase α � 1, proposition 2.4.4 states that the oupa-tion �eld of a the Poisson ensemble of loops assoiated to the Brownian motion on p0,�8qkilled at 0 is the square of a Bessel proess of dimension 2 starting from 0 at 0. This resultan also be obtained using the fat that pξpx0q
1,BM ptqqt¤0 is a Brownian sample path and apply-ing the �rst Ray-Knight theorem whih gives the law of the oupation �eld of a Brownianpath stopped upon hitting 0.From proposition 2.5.2 follows in partiular that �Ξpx0q

α,BM ptq�t¥0
is a sample path of atwo-dimensional Feller proess. Let

T�pR2q :� tpx, aq P R2|x ¥ au DiagpR2q :� tpx, xq|x P RuFor px0, a0q P T�pR2q we de�ne the proess(2.5.6) �
Ξ
px0,a0q
α,BM ptq�

t¥0
� �

ξ
px0,a0q
α,BM ptq, θpx0,a0q

α,BM ptq�
t¥0

:� �
a0 � |x0 � a0 � rBt| � 1

α
ℓa0�x0
t p rBq, a0 � 1

α
ℓa0�x0
t p rBq


t¥0where p rBtqt¥0 is a Brownian motion starting from 0. Ξ
px0,x0q
α,BM has the same law as Ξpx0q

α,BM .The family of paths �Ξpx0,a0q
α,BM

�
x0¥a0 are the sample paths of the same Feller semi-group on
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T�pR2q starting from all possible positions. Next we desribe this semi-group in terms ofgenerator and domain. Let f be a ontinuous funtion on T�pR2q, C2 on the interior of
T�pR2q, suh that all its seond order derivatives extend ontinuously to DiagpR2q. Thisimplies in partiular that the �rst order derivatives also extend ontinuously to DiagpR2q.We write B1f , B2f and B1,1f for the �rst order derivative relative to the �rst variable,the seond variable and the seond order derivative relatively the �rst variable. ApplyingIt�-Tanaka's formula we get
f
�
Ξ
px0,a0q
α,BM ptq� � fpx0, a0q � » t

0

B1f�Ξpx0,a0q
α,BM psq� signpx0 � a0 � rBsqdB̃s�» t

0

��
1� 1

α


 B1 � 1

α
B2
 f�Ξpx0,a0q

α,BM psq�dsℓa0�x0
s p rBq � 1

2

» t
0

B1,1f�Ξpx0,a0q
α,BM psq�dsLet Dα,BM be the set of ontinuous funtions f on DR, C2 on the interior of T�pR2q, suhthat all the seond order derivatives extend ontinuously to DiagpR2q and that moreoversatisfy the following onstraints: f and B1,1f are uniformly ontinuous and bounded (whihalso implies that B1f is bounded by the inequality }B1f}8 ¤ 2

a}f}8}B1,1f}8) and on
DiagpR2q the following equality holds:��

1� 1

α


 B1 � 1

α
B2
 fpx, xq � 0If f P Dα,BM then 1

t

�
E
�
fpΞx0,a0

α,BM ptqq� � fpx0, a0q� onverges as t Ñ 0�, uniformly forpx0, a0q P T�pR2q, to 1
2B1,1fpx0, a0q. Moreover Dα,BM is a ore for 1

2B1,1 in the spae ofontinuous bounded funtion on T�pR2q.Next we desribe what we obtain if we glue together the loops, seen as exursion, orderedin the dereasing sense of their minima, where instead of Lα,BM we use the Poisson ensembleof Markov loops assoiated to a general di�usion. Let I be an open interval of R and rL agenerator on I of form rL � 1

m̃pxq ddx �
1

w̃pxq ddx
with zero Dirihlet boundary onditions. Let rS be a primitive of w̃pxq. We assume thatrSpsup Iq � �8. Let
T�pI2q :� tpx, aq P I2|x ¥ au DiagpI2q :� tpx, xq|x P IuLet {T�pI2q be the losure of T�pI2q in pinf I, sup Is2.Given any x10 ¥ a10 ¡ 1

2
rSpinf Iq let ζ̃α be the �rst time Ξ

px10,a10q
α,BM hits 1

2 S̃pinf Iq. LetrIt :� » t
0

1

m̃
prS�1

�
2ξ
px10,a10q
α,BM psqq�dsLet prI�1

t q0¤t rIζ̃α be the inverse funtion of prItq0¤t ζ̃α . It is a family of stopping times for
Ξ
px10,a10q
α,BM . For x0 ¥ a0 P I and t   rIζ̃α let

Ξ
px0,a0q
α,rL ptq � �

ξ
px0,a0q
α,rL ptq, θpx0,a0q

α,rL ptq� :� Ξ
p rSp2x0q, rSp2a0qq
α,BM prI�1

t qIf α � 1 then ξpx0,a0q
α,L̃

is just the sample paths starting x0 of a di�usion of generator rL. LetpDα,L̃ be the spae of ontinuous funtions f on T�pI2q satisfying f � rS�1 is C2 on the interior of T�pI2q and all the seond order derivatives extendontinuously to DiagpI2q.
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m̃pxqB1 � 1

w̃pxqB1fpx, aq	 are bounded on T�pI2q and extend ontinu-ously to {T�pI2q. fpx, aq and 1
m̃pxqB1 � 1

w̃pxqB1fpx, aq	 onverge to 0 as a onverges to inf I uniformlyin x. On DiagpI2q the following equality holds:(2.5.7) ��
1� 1

α


 B1 � 1

α
B2
 fpx, xq � 0Lemma 2.5.3. �

Ξ
px0,a0q
α,rL �

x0¥a0PI is a family of sample path starting from all possiblepositions of the same Markovian or sub-Markovian semi-group on T�pI2q. The law of thepath Ξ
px0,a0q
α,L̃

depends weakly ontinuously on the starting point px0, a0q. The domain of thegenerator of this semi-group ontains pDα,L̃, and on this spae the generator equals
1

m̃pxq B1� 1

w̃pxq B1
Moreover there is only one Markovian or sub-Markovian semi-group with suh generator onpDα,rL.Proof. Sine a hange of sale does not alter the validity of the above statement, wean assume that w̃ � 2. Then sup I � �8. �
Ξ
px0,a0q
α,L̃

ptq�
0¤t¤rIζ̃α is then obtained from�

Ξ
px0,a0q
α,BM ptq�

0¤t ζ̃α by a random time hange. The Markov property and the ontinuousdependene on the starting point for Ξpx0,a0q
α,rL follows from analogous properties for Ξpx0,a0q

α,BM .If f P pDα,rL then�
f
�
Ξ
px0,a0q
α,BM prI�1

t ^ ζ̃αq�� 1

2

» rI�1
t ^ζ̃α

0

B1,1f�Ξpx0,a0q
α,BM psq�ds�

t¥0is a loal martingale. We an rewrite it as��f�Ξpx0,a0q
α,rL pt^ rIζ̃αq�� » t

0

1

2m̃
�
ξ
px0,a0q
α,rL psq�B1,1f�Ξpx0,a0q

α,rL psq�1s rIζ̃αds�
t¥0The above loal martingale is bounded on all �nite time intervals and thus is a true martin-gale. Sine 1

2m̃pxqB1,1fpx, aq onverges to 0 as a onverges to inf I, uniformly in x, it followsthat
f
�
Ξ
px0,a0q
α,rL pt^ rIζ̃αq� � 1t rIζ̃αf�Ξpx0,a0q

α,rL ptq�Thus
lim
tÑ0� 1

t

�
E
�
1t rIζ̃αf�Ξpx0,a0q

α,rL ptq��� fpx0, a0q	 � 1

2m̃px0q B1,1fpx0, a0qMoreover the above onvergene is uniform in px0, a0q beause 1
2m̃pxqB1,1fpx, aq extendsontinuously to {T�pI2q.To prove the uniqueness of the semi-group we need to show that there is λ ¡ 0 suhthat �

1

2m̃pxq B1,1 � λ


 p pDα,L̃q



2.5. DECOMPOSING PATHS INTO POISSON ENSEMBLES OF LOOPS 71is su�iently large, for instane that it ontains all funtions with ompat support in
T�pI2q. Let g be suh a funtion and λ ¡ 0. Consider the equation(2.5.8) 1

2m̃pxq B1,1fpx, aq � λfpx, aq � gpx, aqLet ũλ,Ó be a positive dereasing solution to
1

2m̃pxq d2udx2 pxq � λupxq � 0Let
f0px, aq :� ũλ,Ópxq » �8

x

» �8
y

2m̃pzqgpz, aqũλ,Ópzq dz dy

ũλ,Ópyq2Then f0 is a solution to (2.5.8) and it is ompatly supported in T�pI2q. We look for thesolutions to (2.5.8) of form
fpx, aq � f0px, aq � Cpaqũλ,Ópxq

f satis�es the onstraint (2.5.7) if and only if C satis�es� 1

α
ũλ,ÓpaqdC

da
paq ��

1� 1

α



dũλ,Ó
dx

paqCpaq � hpaq � 0where
hpaq � ��

1� 1

α


 B1 � 1

α
B2
 f0pa, aq

h is ompatly supported in I. We an set
Cpaq � ũλ,Ópaqα�1

» x
inf I

hpyq
ũλ,Ópyqα dy

C is zero in the neighbourhood of inf I. Moreover ũλ,Ó has a limit at �8. It follows that
f P pDα,L̃. �Let L be the generator of a di�usion on I of form (2.2.11). Let x0 P I. Consider the loops
γ in Lα,L suh that min γ   x0, rooted at argminγ, seen as exursions. Let pξpx0q

α,L ptqq0¤t ζαbe the path on I obtained by glueing together this exursions ordered in the dereasing senseof their minima. Let
θ
px0q
α,L ptq :� minr0,ts ξpx0q

α,L

Ξ
px0q
α,L :� �

ξ
px0q
α,L , θ

px0q
α,L

�Proposition 2.5.4. Let rL :� ConjpuÓ, Lq. Then �
Ξ
px0q
α,L ptq�0¤t ζα has the same law as�

Ξ
px0,x0q
α,rL ptq�

0¤t ζ̃α . So it is a sample path of a two-dimensional Feller proess. In partiularfor α � 1, ξpx0q
1,L is the sample path of a di�usion of generator rL. For all α ¡ 0

lim inf
tÑζα ξ

px0q
α,L ptq � inf IIf L is the generator of a reurrent di�usion then

lim sup
tÑζα ξ

px0q
α,L ptq � sup IOtherwise

lim sup
tÑζα ξ

px0q
α,L ptq � inf I



2.5. DECOMPOSING PATHS INTO POISSON ENSEMBLES OF LOOPS 72Proof. First notie that if L is the generator of a reurrent di�usion then rL � L.Otherwise a di�usion of generator rL � L is, put informally, a di�usion of generator Londitioned to onverge to inf I (whih may our with zero probability). From onjugationinvariane of the measure on loops follows that Lα,L � Lα,rL. From property 2.3.6 (iv) andorollary 2.3.10 follows that Ξpx0q
α,L is obtained from Ξα,BM by sale and time hange in thesame way as Ξpx0,x0q

α,rL and thus Ξ
px0q
α,L and Ξ

px0,x0q
α,rL have the same law. Regarding the limitsof ξpx0q

α,L at ζα, we need just to observe that they hold if L is the generator of the Brownianmotion on an interval of form pa,�8q, a P r�8,�8q, and by time and sale hange theyhold in general. �As explained in the proposition 2.5.1, the knowledge of the path �
ξ
px0q
α,L ptq�0¤t ζα aloneis enough to reonstrut Lα,L X tγ P L�|min γ   x0u. From this we dedue the followingCorollary 2.5.5. If L is the generator of a transient di�usion, it is possible to onstruton the same probability spae Lα,L and a ontinuous version of the oupation �eld p pLxα,LqxPI .Proof. By sale and time hange ovariane and onjugation invariane of the Poissonensembles of loops, it is enough to prove the proposition in ase of a Brownian motion onp0,�8q killed at 0. Let pxnqn¥0 be an inreasing sequene in p0,�8q onverging to �8.We onsider a sequene of independent paths �ξpxn,xnq

α,BM

�
n¥0

de�ned by (2.5.6). Let
Tn,xn�1 :� inf

 
t ¥ 0|ξpxn,xnq

α,BM ptq � xn�1

(where onventionally we set x�1 :� 0. By deomposing on r0, Tn,xn�1s the restrited path�
ξ
pxn,xnq
α,BM ptq�

0¤t Tn,xn�1

one an reonstrut a family of loops γ suh that min γ P pxn�1, xnq:there is a random ountable set Bn of disjoint ompat subintervals rb�, b�s of r0, Tn,xn�1ssuh that �
ξ
pxn,xnq
α,BM pb� � tq�

0¤t¤b��b� |rb�, b�s P Bn

( � Lα,BM X tγ P L�|min γ P pxn�1, xnqu(see (2.5.3)). The union of all previous families of loops for n ¥ 0 is a Poisson ensemble ofloops Lα,BM X tγ P L�|min γ ¡ 0u.Eah of ξpxn,xnq
α,BM is a semi-martingale and its quadrati variation is�

ξ
pxn,xnq
α,BM , ξ

pxn,xnq
α,BM

D
t
� tMoreover for all x P R» t

0

1ξxn,xn
α,BM �xdξpxn,xnq

α,BM psq � �
1� 1

α


» t
0

1ℓ0sp rBq�αxdsℓ0sp rBq � 0From theorems 1.1 and 1.7 in [RY99℄, hapter VI, �1, follows that we an onstrut onthe same probability spae ξ
pxn,xnq
α,BM and a spae-time ontinuous version of loal times�

ℓxt
�
ξ
pxn,xnq
α,BM

��
xPR,t¥0

of ξpxn,xnq
α,BM relative to the Lebesgue measure. In partiular

x ÞÑ ℓxTn,xn�1

�
ξ
pxn,xnq
α,BM

� is ontinuous. If rb�, b�s P Jn, then�
ℓxb��ξpxn,xnq

α,BM q�� ℓxb��ξpxn,xnq
α,BM

��
x¡0is the oupation �eld of the loop orresponding to the time interval rb�, b�s. We need tohek that a.s(2.5.9) �x ¡ 0, ℓxTn,xn�1

�
ξ
pxn,xnq
α,BM

� � ¸rb�,b�sPBn

ℓxb��ξpxn,xnq
α,BM

�� ℓxb��ξpxn,xnq
α,BM

�
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t P r0, Tn,xn�1s|ξpxn,xnq

α,BM ptq � x
(z ¤rb�,b�sPBn

rb�, b�sIf x is a minimum of a loop embedded in �
ξ
pxn,xnq
α,BM ptq�

0¤t Tn,xn�1

or if x R pxn�1, xnq thenthe set (2.5.10) is empty. Otherwise it is redued to one point: the �rst hitting timeof the level x. Almost surely, for all x ¡ 0, the measure dtℓxt �ξpxn,xn

α,BM q� is supported in 
t ¥ 0|ξpxn,xnq

α,BM ptq � x
( and has no atoms, and thus does not harge the set (2.5.10). Thisimplies (2.5.9). Finally we an onlude that �ℓxTn,xn�1

�
ξ
pxn,xnq
α,BM

��
x¡0

is the oupation �eldof Lα,BM X tγ P L�|min γ P pxn�1, xnqu.The oupation �eld of Lα,BM X tγ P L�|min γ ¡ 0u is�
ņ¥0

ℓxTn,xn�1

�
ξ
pxn,xnq
α,BM

�

x¡0The above sum is loally �nite and thus varies ontinuously with x. �2.5.3. The ase α � 1. Aording to proposition 2.5.4 in ase α � 1 the Poissonensemble of loops L1,L an be reovered from sample paths of one-dimensional di�usions.A similar property was observed for loops of the two-dimensional Brownian Motion and ofMarkov jump proesses on graphs. In [Jan11℄, hapter 8, it is shown that by launhingonseutively symmetri Markov jump proesses from di�erent verties of a �nite graphand applying the Wilson's algorithm ([Wil96℄), one an simultaneously onstrut a uniformspanning tree of the graph with presribed weights on the edges and an independent Poissonensemble of Markov loops of parameter α � 1. If D is a simply-onneted open domain of

C other than C, it was shown in [Zha12℄ that one an ouple a Brownian motion on D,killed at hitting BD, and a simple urve pSLE2q with same extremal points suh that thelatter appears as the loop-erasure of the �rst. It is onjetured that given this loop-erasedBrownian motion and an independent Poisson ensemble of Brownian loops of parameter 1,by attahing to the simple urve the loops that ross it one reonstruts a Brownian samplepath. See [LW04℄, onjeture 1, and [LSW03℄, theorem 7.3.in ase of one-dimensional di�usions one an partially reover L1,L from Markoviansample paths otherwise than sliing ξpx0q
1,L in exursions. The next result has an analogue forloops of Markov jump proesses on graphs. See [Jan11℄, remark 21.Proposition 2.5.6. Assume that L is the generator of a transient di�usion. Let x P I.Let pXtq0¤t ζ be the sample path of a di�usion of generator L started from x. Let pTx thelast time X visits x. For l ¥ 0 let

τxl :� tt ¥ 0|ℓxt pXq ¡ luLet pqjqjPN be a Poisson-Dirihlet partition PDp0, 1q of r0, 1s, independent from X, orderedin an arbitrary way. Let
lj :� ℓxζ pXq j̧

i�0

qiThe family of bridges ppXtqτx
lj�1

¤t¤τx
lj
qj¥0 has, up to unrooting, the same law as the loopsin

L1,L X tγ P L�|x P γpr0, T pγqsquIn partiular pXtq0¤t¤ pTx
an be obtained through stiking together all the loops in Lα,L thatvisit x.



2.5. DECOMPOSING PATHS INTO POISSON ENSEMBLES OF LOOPS 74Proof. Aording to orollary 2.3.9, pℓxpγqqγPLα,L,γ visits x is a Poisson ensemble ofintensity e� l
Gpx,xq dl

l . Thus pLxα,L is an exponential r.v. with mean Gpx, xq and has the samelaw as ℓxζ pXq. Moreover the Poisson ensemble pℓxpγqqγPLα,L,γ visits x has up to reorderingthe same law as plj � lj�1qj¥0. Almost surely l ÞÑ τxl does not jump at any lj. Conditionalon pljqj¥0, ppXtqτx
lj�1

¤t¤τx
lj
qj¥0 is an independent family of bridges and pXtqτx

lj�1
¤t¤τx

lj
hasthe same law as pXtq0¤t¤τx

lj�lj�1
. We onlude using identity (2.3.15) and the theory ofmarked Poisson ensembles. �Assume that L is the generator of a transient di�usion. Let x P I and let pXtq0¤t ζbe a sample path starting from x of the di�usion orresponding to L. We will desribe twodi�erent ways to slie pXtq0¤t ζ so as to obtain the loops

L1,L X tγ P L�|γpr0, T pγqsq X rXp0q, Xpζ�qspor rXpζ�q, Xp0qsq � HuThe �rst method orresponds to the "loop-erasure proedure" applied to pXtq0¤t ζ and theseond to the "loop-erasure proedure" applied to the time-reversed path pXζ�tq0 t¤ζ . LetpTx be the last time pXtq0¤t ζ visits x. Let rT be the �rst time X hits Xζ� . If Xζ� P BI thenrT � ζ. Let pqjqjPN be a Poisson-Dirihlet partition PDp0, 1q of r0, 1s, independent from X .The �rst method of deomposition is the following: The path pXtq0¤t¤ pTx
is deomposed in bridges ppXtqτx

lj�1
¤t¤τx

lj
qj¥0 from x to x byapplying the Poisson-Dirihlet partition pqjqjPN to ℓxζ pXq, as desribed in proposi-tion 2.5.6. Given the path pX pTx�tq0¤t ζ� pTx

, if Xζ�   x we de�ne
b� :� !

t P r0, ζ � pTxq|X pTx�t � sup
sPrt,ζ� pTxqX pTx�sand Dε P p0, tq s.t. �s P pt� ε, tq, X pTx�s   X pTx�t)

b� is ountable and we de�ne on b� the map b�:
b�ptq :� sup

 
s P r0, tq|X pTx�s � XT̂x�t(ppX pTx�b�ptq�sq0¤s¤t�b�ptqqtPb� is the family of negative exursions of the pathpX pTx�tq0¤t ζ� pTx

below psupr pTx�t,ζqXq0¤t ζ� pTx
. If Xζ� ¡ x then

b� :� !
t P r0, ζ � pTxq|X pTx�t � inf

sPrt,ζ� pTxqX pTx�sand Dε P p0, tq s.t. �s P pt� ε, tq, X pTx�s ¡ X pTx�t)We de�ne on b� the map b�:
b�ptq :� sup

 
s P r0, tq|X pTx�s � X pTx�t(ppX pTx�b�ptq�sq0¤s¤t�b�ptqqtPb� are the positive exursions of pX pTx�tq0¤t ζ� pTx

abovepinf r pTx�t,ζqXq0¤t ζ� pTx
. We denote L 1ppXtq0¤t ζq the set of loops pXτx

lj�1
�sq0¤s¤τx

lj
�τx

lj�1
|j ¥ 0

(Y  pX pTx�b�ptq�sq0¤s¤t�b�ptq|t P b�(where the loops are onsidered to be unrooted.The seond method of deomposition is the following:
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b� :� !

t P r0, rT q|Xt � infr0,tsX and Dε ¡ 0 s.t. �s P pt, t� εq, Xs ¡ Xt

)On b� we de�ne the map b�:
b�ptq :� infts P pt, rT q|Xs � XtuppXt�sq0¤s¤b�ptq�tqtPb� are the positive exursions of the path pXtq0¤t  rT abovepinf r0,tsXq0¤t¤ rT . This is exatly the deomposition desribed in the previous se-tion 2.5.2. If Xζ� ¡ x then

b� :� !
t P r0, rT q|Xt � supr0,tsX and Dε ¡ 0 s.t. �s P pt, t� εq, Xs   Xt

)The map b� de�ned on b� is
b�ptq :� infts P pt, rT q|Xs � XtuppXt�sq0¤s¤b�ptq�tqtPb� are the negative exursions of the path pXtq0¤t  rT belowpsupr0,tsXq0¤t¤ rT . If rT   ζ we introdue:

l̃j :� ℓ
Xζ�
ζ pXq j̧

i�0

qiand
τl̃j :� inftt P r rT , ζq|ℓXζ�

t pXq ¡ l̃juWe deompose the path pXtq rT¤t ζ in bridges ppXtqτl̃j�1
¤t¤τl̃j qj¥0 from Xζ� to

Xζ� . We denote L 2ppXtq0¤t ζq the set of loops pXt�sq0¤s¤b�ptq�t|t P b�(Y  pXτl̃j�1
�sq0¤s¤τl̃j�τl̃j�1

|j ¥ 0
(where the loops are onsidered to be unrooted.The loops in L 1ppXtq0¤t ζq and L 2ppXtq0¤t ζq are not the same but follow the same law.Proposition 2.5.7. L 1ppXtq0¤t ζq and L 2ppXtq0¤t ζq, onsidered as olletions ofunrooted loops, have the same law. Let L1,L be a Poisson ensemble of loops independentfrom Xζ� . Then L 1ppXtq0¤t ζq and L 2ppXtq0¤t ζq have the same law as(2.5.11) L1,L X tγ P L�|γpr0, T pγqsq X rXp0q, Xpζ�qs por rXpζ�q, Xp0qsq � HuProof. First we will prove that L 2ppXtq0¤t ζq has the same law as (2.5.11). If

PpXζ� � inf Iq ¡ 0, then onditional on Xζ� � inf I, pXtq0¤t ζ has the law of a sample pathorresponding to the generator ConjpuÓ, Lq. If y P I X p�8, xs and y is in the support of κ(the killing measure in L) then onditional on Xζ� � y, pXtq0¤t ζ is distributed aordingthe measure 1
Gpx,yqµx,yL (property 2.3.2 (i)). Aording to the lemma 2.3.3, pXtq0¤t¤ rT andpX rT�tq0¤t¤ζ�T̃ are independent onditionally Xζ� � y, pXtq0¤t¤ rT having the law of a sam-ple path orresponding to the generator ConjpuÓ, Lq, run until hitting y, and pX rT�tq0¤t¤ζ�T̃following the law 1

Gpy,yqµy,yL . From proposition 2.5.4 and 2.5.6 follows that L 2ppXtq0¤t ζqand (2.5.11) have the same law on the event Xζ� ¤ x. Symmetrially this also true on theevent Xζ� ¥ x.The deomposition L 1ppXtq0¤t ζq is obtained by �rst applying the deomposition L 2to the time-reversed path pXζ�tq0 t¤ζ and then applying again the time-reversal to theobtained loops. The law of the loops in (2.5.11) is invariant by time-reversal. Let y P I,
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y in the support of κ. Conditional on Xζ� � y, the law of pXζ�tq0 t¤ζ is 1

Gpx,yqµy,x. Soapplying the deomposition L 2 to the path pXζ�tq0 t¤ζ onditioned by Xζ� � y gives
L1,L X tγ P L�|γpr0, T pγqsq X ry, xs por rx, ysq � HuIf PpXζ� � inf Iq ¡ 0 then onditional on Xζ� � inf I, the path pXtq0¤t ζ is a limit as

y Ñ inf I of paths following the law 1
Gpx,yqµx,y (i.e. the latter are restritions of the former).Thus onditional on Xζ� � inf I L 1ppXtq0¤t ζq is an inreasing limit as y Ñ inf I of

L1,L X tγ P L�|γpr0, T pγqsq X ry, xs � Huwhih is
L1,L X tγ P L�|γpr0, T pγqsq X rinf I, xs � HuSimilar is true onditional on Xζ� � sup I. �



CHAPTER 3The analogue of the Wilson's loop erasure algorithm forone-dimensional Brownian motion with killing3.1. The algorithm and its output3.1.1. Desription of the algorithm. Given a �nite undireted onneted graph
G � pV,Eq and C a positive weight funtion on its edges, a Uniform Spanning Tree of theweighted graph G is a random spanning tree with the ourrene probability of a spanningtree T proportional to ¹

e edge of T
CpeqThe edges belonging to the Uniform Spanning Tree are a determinantal point proess (trans-fer urrent theorem). In [Wil96℄ Wilson showed how to sample a Uniform Spanning Treeusing suessive random walks to nearest neighbours, with transition probabilities propor-tional to C, starting from di�erent verties, and erasing the loops reated by these randomwalks. The edges left after loop-erasure form a Uniform Spanning Tree. This is knownas Wilson's algorithm. See [BLPS01℄ for a review. In [Jan11℄, hapter 8, Le Jan showsthat the loops erased during the exeution of Wilson's algorithm are related to the Poissonensemble of Markov loops of parameter 1.In [Jan11℄, hapter 10, Le Jan suggests that Wilson's algorithm an be adapted tothe situation where the random walk on a graph is replaed by a transient di�usion on asubinterval I of R. In this setion we will desribe the algorithm in the latter setting. Thealgorithm returns on one hand a sequene of one-dimensional paths whih an be deomposedinto a Poisson ensemble of Markov loops of parameter 1 (setion 3.1.2), and on the otherhand a pair of interwoven determinantal point proesses on I, whih may be interpreted assome kind of Uniform Spanning Tree. In setion 3.1.3 we will derive the law of this pair ofdeterminantal point proesses in the setting where the underlying is a Brownian motion on

R with a killing measure. In setion 3.1.4 we will give without proof the law in general aseas it follows diretly from the Brownian ase.Let I be a subinterval of R and L a generator of a transient di�usion on I of form2.2.11. Let κ be the killing measure in L, whih may be zero. Let pxnqn¥1 be a sequene ofpairwise distint points in I whih is dense in I. Let ��Xpxnq
t

�
0¤t ζn	n¥1

be a sequene ofindependent sample paths of the di�usion of generator L, with starting points Xpxnq
0 � xn.In the �rst step of Wilson's algorithm we will reursively de�ne sequenes pTnqn¥1, pYnqn¥1and pJ qn¥1 where Tn is a killing time for Xpxnq, Yn is a �nite subset of Supppκq Y BI and

Jn is a �nite set of disjoint ompat subintervals of Ī, some of whih may be redued to onepoint:  T1 :� ζ1, Y1 :�  
X
px1q
T�1 (, J1 :�  �

x1, X
px1q
T�1 �( �or  �Bpx1q

T�1 , x1
�(�.77



3.1. THE ALGORITHM AND ITS OUTPUT 78 Assume that Yn and Jn are onstruted. If xn�1 P �J�Jn
J then we set Tn�1 :� 0,

Yn�1 :� Yn and Jn�1 :� Jn. If xn�1 R �J�Jn
J then we de�ne

Tn�1 :� min
�
ζn, inf

!
t ¥ 0|Xpxn�1q

t P ¤
J�Jn

J
)	If Xpxn�1q

T�n�1

P �J�Jn
J then there is a unique J P Jn suh that Xpxn�1q

T�n�1

P J . In thisase we set Yn�1 :� Yn and
Jn�1 :� pJnztJuq Y  

J Y �
xn�1, X

pxn�1q
T�n�1

�( �or pJnztJuq Y  
J Y �

X
pxn�1q
T�n�1

, xn�1

�(	If Xpxn�1q
T�n�1

R �J�Jn
J then we set Yn�1 :� Yn Y  

X
pxn�1q
T�n�1

( and
Jn�1 :� Jn Y  �

xn�1, X
pxn�1q
T�n�1

�( �or Jn Y  �
X
pxn�1q
T�n�1

, xn�1

�(	It is immediate to hek by indution the following fats: Yn � Supppκq Y BI. More preisely Yn � Supppκq Y  
y P BI|P�Xpxnq

ζ�n � y
� ¡ 0

(. The intervals in Jn are pairwise disjoint. 7Yn � 7Jn ¤ n For every y P Yn there is one single J P Jn suh that y P J . Yn � Yn�1 If n ¤ n1, then for every J P Jn there is one single J 1 P Jn1 suh that J � J 1. Wedenote ın,n1 the orresponding appliation from Jn to Jn1 . The appliation ın,n1 isinjetive. Trivially for n ¤ n1 ¤ n2, ın,n2 � ın1,n2 � ın,n1 For any J P Jn, BJ � Yn Y tx1, . . . , xnu.In the seond step of Wilson's algorithm we will take the limit of ppYn,Jnqqn¥1 andde�ne pY8,J8q as follows:
Y8 :� ¤

n¥1

Yn J8 :� ¤
n¥1

¤
JPJn

" ¤
n1¥n ın,n1pJq*

Y8 is a �nite or ountable subset of SupppκqY BI. J8 is a �nite of ountable set of disjointsubintervals of Ī, but these subintervals are not neessarily losed or bounded. For any
y P Y8, there is a single J P J8 suh that y P J , and this indues a bijetion between
Y8 and J8. For any J P Jn, there is a single J 1 P J8 suh that J � J 1. We de�ne
ın,8pJq � J 1. ın,8 is injetive. Trivially, for n ¤ n1, ın,8 � ın1,8 � ın,n1 . We will sometimeswrite Ynpx1, . . . , xnq, Jnpx1, . . . , xnq, Y8ppxnqn¥1q and J8ppxnqn¥1q in order to emphasizethe dependene on the starting points pxnqn¥1. In the setions 3.1.3 and 3.1.4 we will seethat  The set Y8 is a.s. disrete. A.s. for any intervals J P J8, JzBI is open The subset Iz�JPJ8 J is a.s. disrete. The law of pY8,J8q does not depend on the hoie of starting points pxnqn¥1.We introdue Z8 :� Iz��JPJ8 J	. We will further see that Y8 and Z8 are determinantalpoint proesses.The ouple pY8,J8q may be interpreted as a spanning tree. Consider the followingundireted "graph": Its set of "verties" is Ī Y t:u where : is a emetery point outside of
Ī. Ever point x P I is onneted by an "edge" to its two in�nitesimal neighbours x � dxand x � dx. Every point in Supppκq is onneted by an "edge" to :. Finally any point
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�
X
pxnq
ζ�n � y

� ¡ 0 is onneted by an "edge" to :. On this "graph"pY8,J8q indues the following "spanning tree": Eah point in �
JPJ8 J is onneted to itsin�nitesimal neighbours in I and Z8 represents "edges" on I that are missing. Moreoverevery point in Y8 is onneted to :.There are two trivial ases in whih pY8,J8q is deterministi. In the �rst one κ � 0and I has one single regular or exit boundary point y haraterized by P

�
X
pxnq
ζ�n � y

� ¡ 0(see [Bre92℄, hapter 16, for the haraterization of boundaries). Then Y8 is made of thisboundary point and J8 ontains one single interval I Y Y8. Z8 is empty. In the seondase I does not have regular or exit boundaries and κ is proportional to a Dira measure
cδy0 . Then Y8 � ty0u and J8 � tIu. Z8 is again empty. In all other situation Z8 isnon-empty and random. See �gure 3.1.a for an illustration of pYn,Jnq for 1 ¤ n ¤ 5 and�gure 3.1.b for an illustration of pY8,Z8q.
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b b b b b× × ×
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b b b b b× × ×
x4 x2 x3 x1 x5Fig.3.1.a - Illustration of ppYn,Jnqq1¤n¤5: x-dots represent the points of Ynand thik lines the intervals in Jn.

× × × × ×ld ld ld ldFig.3.1.b - Illustration of pY8,J8q: x-dots represent the points of Y8and diamonds the points of Z8.3.1.2. The erased paths. During the exeution of Wilson's algorithm we used thepaths ��Xpxnq
t

�
0¤t Tn

	
n¥1

. These paths an be further deomposed using the proeduredesribed in the setion 2.5.3.Proposition 3.1.1. The family of unrooted loops¤
n¥1

L 1
��
X
pxnq
t

�
0¤t Tn

	has the same law as the Poisson ensemble L1,L. Moreover it is independent from pY8,J8q.Proof. Let L1,L be a Poisson ensemble of loops independent from the family of paths��
X
pxnq
t

�
0¤t ζn	n¥1

. Using proposition 2.5.7 and indution is it immediate to show thatthe triple �
Yn,Jn,

n¤
j�1

L 1
��
X
pxjq
t

�
0¤t Tj

	�has the same law as�
Yn,Jn,

!pγptqq0¤t¤T pγq P L1,L|γpr0, T pγqsq X ¤
JPJn

J � H)�



3.1. THE ALGORITHM AND ITS OUTPUT 80Sine pY8,J8q is by onstrution independent from ��
X
pxjq
t

�
0¤t Tj

	
1¤j¤n onditionally onpYn,Jnq, we further get that the triple�

Y8,J8, n¤
j�1

L 1
��
X
pxjq
t

�
0¤t Tj

	�has the same law as�
Y8,J8,!pγptqq0¤t¤T pγq P L1,L|γpr0, T pγqsq X ¤

JPJn

J � H)�Taking the limit of the third omponent as n tends to in�nity we get that�
Y8,J8, ¤

j¥1

L 1
��
X
pxjq
t

�
0¤t Tj

	�has the same law as�
Y8,J8,!pγptqq0¤t¤T pγq P L1,L|γpr0, T pγqsq X ¤

JPJ8 J � H)�To onlude we need only to show that almost surely!pγptqq0¤t¤T pγq P L1,L|γpr0, T pγqsq X ¤
JPJ8 J � H) � L1,LThe latter is equivalent to �

JPJ8 J being dense in I, whih will be proved in the nextsetion. �3.1.3. Determinantal point proesses pY8,Z8q: Brownian ase. In this setionwe will desribe pY8,J8q in the Brownian ase by giving the joint law of the point proesses
Y8 and Z8. First we will study the ase of a Brownian motion on a bounded interval pa, bq,killed upon hitting a or b, and without killing measure. Then we will study the ase of theBrownian motion on R with a non-zero Radon killing measure κ. We will write �Bpxnq

t

�
0¤t ζninstead of �Xpxnq

t

�
0¤t ζn .Proposition 3.1.2. In the ase of a Brownian motion on a bounded interval pa, bq,killed upon hitting a or b, and without killing measure, Y8 is deterministi and equals ta, buand Z8 is made of a single point distributed uniformly on pa, bq.Proof. For n ¥ 1 we de�ne x̃n,0   x̃n,1   � � �   x̃n,n�1 as the family x1, . . . , xn, a, bordered inreasingly. Aording to this de�nition x̃n,0 � a and x̃n,n�1 � b. As a onventionwe denote x̃0,0 :� a and x̃0,1 :� b. For n ¥ 2, one of the following situations may our: Yn � tbu and Jn � trx̃n,1, bsu Yn � tau and Jn � tra, x̃n,nsu Yn � ta, bu and for some j P t2, . . . , nu, Jn � tra, x̃n,j�1s, rx̃n,j, bsuIn any ase pa, bqz��JPJn

J
	 is an interval of form px̃n,j�1, x̃n,jq.We set tJu0 � H. Let n ¥ 1. There is a j P t1, . . . , nu suh that xn P px̃n�1,j�1, x̃n�1,jq.Conditional on pa, bqz��JPJn�1

J
	 � px̃n�1,j�1, x̃n�1,jq, the point Bpxnq

T�n equals x̃n�1,j�1with probability x̃n�1,j�xn

x̃n�1,jq�x̃n�1,j�1
and x̃n�1,j with probability xn�x̃n�1,j�1

x̃n�1,jq�x̃n�1,j�1
. By indutionwe get that

P

�pa, bqz� ¤
JPJn

J
	 � px̃n,j�1, x̃n,jq� � x̃n,j � x̃n,j�1

b� a
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PpY8 � tauq ¤ lim

nÑ�8P

�pa, bqz� ¤
JPJn

J
	 � px̃n,0, x̃n,1q� � lim

nÑ�8 x̃n,1 � x̃n,0
b� a

� 0and similarly PpY8 � tbuq � 0. Thus Y8 � ta, bu. Almost surely for n large enough
Jn will be of form tra, x̃n,j�1s, rx̃n,j, bsu for a random j P t2, . . . , nu. We denote by p�n,1respetively p�n,2 the random values of x̃n,j�1 respetively x̃n,j . Almost surely, neither of thenon-dereasing sequene pp�n,1qn or non-inreasing sequene of pp�n,2qn is stationary. Thisfat follows from the same argument aording to whih Y8 is not redued to one point.Moreover p�n,2 � p�n,1, bounded by sup2¤j¤npx̃n,j � x̃n,j�1q, onverges to 0. It follows thata.s. Z8 is redued to one point, the ommon limit of p�n,1 and p�n,2. Finally if ã   b̃ are twovalues taken by the sequene pxnqn¥1 then

PpZ8 � pã, b̃qq � b̃� ã

b� aIt follows that the unique point in Z8 is distributed uniformly on pa, bq. �We onsider now the ase of the Brownian motion on R with a non-zero Radon killingmeasure κ. Gpx, yq � uÒpx^yquÓpx_yq will be the Green's funtion of 1
2
d2

dx2 �κ. The law ofpYn,Jnqmay be expressed expliitly. LetQn be the ardinal of Yn. Let Yn,1, Yn,2, . . . ,Yn,Qpnqbe the points in Yn ordered in the inreasing sense. Denote by rp�n,1, p�n,1s, rp�n,2, p�n,2s, . . . ,rp�n,Qn
, p�n,Qn

s the intervals in Jn ordered in the inreasing sense. For all q P t1, . . . , Qnu,
Yn,q P rp�n,q, p�n,qs. It happens with positive probability that for some q, p�n,q � p�n,q if one ofthe starting points x1, . . . , xn is an atom of κ. To ompute reursively the joint law of aboverandom variables we use the following fats: Given a killed Brownian path �

B
pxq
t

�
0¤t ζstarting from x, the distribution of Bpxq

ζ� is Gpx, yqκpdyq (see setion 2.2.2). Given a   x, let
Ta be the �rst time Bpxq hits a. Then

PxpTa ¤ ζq � uÓpxq
uÓpaq � Gpx, aq

Gpa, aqOn the event Ta ¡ ζ, the distribution of Bpxq
ζ� is:pGpx, yq � PxpTa ¤ ζqGpa, yqq1y¡aκpdyq � �

Gpx, yq � Gpx, aqGpa, yq
Gpa, aq 


1y¡aκpdyqMore generally, if a   x   b and ζ̃ is the �rst time Bpxq gets either killed by the killingmeasure κ or hits a or b then The probability that Bpxq
ζ̃� � a is:

uÓpaquÒpxq � uÓpxquÒpaq
uÓpaquÒpbq � uÓpbquÒpaq � det

�
Gpx, bq Gpa, bq
Gpa, xq Gpa, aq 


det

�
Gpb, bq Gpa, bq
Gpa, bq Gpa, aq 
 The probability that Bpxq

ζ̃� � b is:
uÓpxquÒpbq � uÓpbquÒpxq
uÓpaquÒpbq � uÓpbquÒpaq � det

�
Gpa, xq Gpa, bq
Gpx, bq Gpb, bq 


det

�
Gpa, aq Gpa, bq
Gpa, bq Gpb, bq 
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ζ̃� on pa, bq is:

det

�� Gpx, yq Gpa, yq Gpy, bq
Gpa, xq Gpa, aq Gpa, bq
Gpx, bq Gpa, bq Gpb, bq �

det

�
Gpa, aq Gpa, bq
Gpa, bq Gpb, bq 
 1a y bκpdyqAbove expressions give the law of pY1,J1q and the law of pYn�1,Jn�1q onditional onpYn,Jnq. By indution one an derive the law of pYn,Jnq. We will express it using a singleidentity involving a determinant. However this single identity may orrespond to di�erenton�gurations: We will divide the set of indies t1, . . . , Qnu in three ategories E�

n , E�
nand E�,�

n where for q P E�
n , Yn,q � p�n,q, for q P E�

n , Yn,q � p�n,q and for q P E�,�
n ,

p�n,q   Yn,q   p�n,q. For instane on the �gure 3.1.a, Q5 � 3, E�
5 � t3u, E�

5 � t1u and
E�,�

5 � t2u.Proposition 3.1.3. Let q P t1, . . . , nu. Let pE�
n , E

�
n , E

�,�
n q be a partition of t1, . . . , qu:t1, . . . , qu � E�

n > E�
n > E�,�

nLet x� be an inreasing funtion from E�
n > E�,�

n to tx1, . . . , xnu and x� an inreasingfuntion from E�
n > E�,�

n to tx1, . . . , xnu. We assume that the sets x�pE�
n > E�,�

n q and
x�pE�

n > E�,�
n q are disjoint, that for every i P E�,�

n x�piq   x�piq and that for every
i P E�

n > E�,�
n and j P E�

q > E�,�
q suh that i � j, px�pjq � x�piqq has the same signas pj � iq. Let p∆iq1¤i¤n be a family of disjoint bounded intervals eah of whih may beopen, losed or semi-open suh that for every i   j, max∆i   min∆j , that for every i,

min∆i ¥ x�piq if i P E�
n >E�,�

n , max∆i ¤ x�piq if i P E�
n > E�,�

n , and that for all i
x�pi� 1q, x�pi� 1q   min∆i, max∆i   x�pi� 1q, x�pi� 1qwhere in the previous inequalities one should only onsider the terms that are de�ned. Let

p�i pyiq and p�i pyiq be the funtions de�ned by: p�i pyiq � x�piq if i P E�
n > E�,�

n and yiotherwise. p�i pyiq � x�piq if i P E�
n > E�,�

n and yi otherwise. Then(3.1.1) P
�
Qn � q,�i P E�

n , p
�
n,i � x�piq, p�n,i � Yn,i�i P E�

n , p
�
n,i � x�piq, p�n,i � Yn,i,�i P E�,�

n , p�n,i � x�piq, p�n,i � x�piq,�r P t1, . . . , qu, Yn,r P ∆r

� �»
y1P∆1

. . .

»
yqP∆q

det
�
Gpp�i pyiq, p�j pyjqq�1¤i,j¤q ¹

1¤r¤q κpdyiq
det

�
Gpp�i pyiq, p�j pyjqq�1¤i,j¤q may be rewritten as a simpler produt:(3.1.2) Gpp�1 py1q, p�1 py1qq ¹

1¤r¤q�1

�
Gpp�r�1pyr�1q, p�r�1pyr�1qq� Gpp�r pyrq, p�r�1pyr�1qqGpp�r pyrq, p�r�1pyr�1qq

Gpp�r pyrq, p�r pyrqq 
If σ is a permutation of t1, . . . , nu, then pYnpxσp1q, . . . , xσpnqq, Jnpxσp1q, . . . , xσpnqqq has thesame law as pYnpx1, . . . , xnq,Jnpx1, . . . , xnqq Moreover, for any n1 ¡ n and any permutation
σ of tn� 1, . . . , n1u, the law of pYn1px1, . . . , xn, xσpn�1q, . . . , xσpn1qq,
Jn1px1, . . . , xn, xσpn�1q, . . . , xσpn1qqq onditional on pYnpx1, . . . , xnq,Jnpx1, . . . , xnqq is thesame as the law of pYn1px1, . . . , xn, xn�1, . . . , xn1q, Jn1px1, . . . , xn, xn�1, . . . , xn1qq onditionalon pYnpx1, . . . , xnq,Jnpx1, . . . , xnqq.



3.1. THE ALGORITHM AND ITS OUTPUT 83Proof. We will only give the sketh of a short proof. First let's hek that the de-terminant det �Gpp�i pyiq, p�j pyjqq�1¤i,j¤q may be indeed expressed as a produt (3.1.2). Weuse the fat that for any a   b   ã   b̃ P R:
Gpa, b̃qGpb, ãq � Gpa, ãqGpb, b̃q � uÒpaquÒpbquÓpãquÓpb̃qBy subtrating from the last line in the matrix �Gpp�i pyiq, p�j pyjqq�1¤i,j¤q , that is to say frompGpp�q pyqq, p�j pyjqqq1¤j¤q , the seond to last line pGpp�q�1pyq�1q, p�j pyjqqq1¤j¤q multiplied by

Gpp�q�1pyq�1q, p�q pyqqq
Gpp�q�1pyq�1q, p�q�1pyq�1qq we get zero for all oe�ient on the last line, exept the diagonalone. Thus det �Gpp�i pyiq, p�j pyjqq�1¤i,j¤q equals

det
�
Gpp�i pyiq, p�j pyjqq�1¤i,j¤q�1

��
Gpp�q pyqq, p�q pyqqq � Gpp�q�1pyq�1q, p�q pyqqqGpp�q�1pyq�1q, p�q pyqqq

Gpp�q�1pyq�1q, p�q�1pyq�1qq 
By indution we get (3.1.2).Next step is to hek that pYnpx1, . . . , xn�2, xn�1, xnq, Jnpx1, . . . , xn�2, xn�1, xnqq andpYnpx1, . . . , xn�2, xn, xn�1q,Jnpx1, . . . , xn�2, xn, xn�1qq have the same law onditional onpYn�2px1, . . . , xn�2q,Jn�2px1, . . . , xn�2qq. This an be done using the expliit expressionsfor the onditional destitution of Bpxn�1q
T�n�1

, Bpxnq
T�n , Bpxnq

T�n�1

and B
pxn�1q
T�n . This invariane bytransposition of the two last starting points implies in turn all the invarianes by permutationstated in the proposition.From the invariane by permutation follows that one only needs to prove (3.1.1) in ase

x1   x2   � � �   xn. In this ase one an prove (3.1.1) by indution on n using the expression(3.1.2) for det �Gpp�i pyiq, p�j pyjqq�1¤i,j¤q. �The fat that the law of the tree obtained after n steps of Wilson's algorithm is invariantunder permutations of the starting points px1, . . . , xnq is something that is also satis�ed inase of random walks on a true �nite graph. The produt (3.1.2) an be further rewrittenas(3.1.3)
uÒpp�1 py1qquÓpp�q pyqqq ¹

1¤r¤q�1

puÓpp�r pyrqquÒpp�r�1pyr�1qq � uÒpp�r pyrqquÓpp�r�1pyr�1qqqNext we will show that Y8 and Z8 are a.s. disrete.Lemma 3.1.4. For all n ¥ 2 and q P t2, . . . , nu:
P
�
Y8 X pp�n,q�1, p

�
n,qq � H|p�n,q�1, p

�
n,q, Qn ¥ q

� �
2pp�n,q � p�n,q�1q

uÓpp�n,q�1quÒpp�n,qq � uÒpp�n,q�1quÓpp�n,qqProof. Let n and q be �xed. For n1 ¡ n, let
Npn1q :� 7ptxn�1, . . . , xn1u X pp�n,q�1, p

�
n,qqand x̃n1,1   x̃n1,2   � � �   x̃n1,Npn1q the points of txn�1, . . . , xn1u X pp�n,q�1, p

�
n,qq orderedinreasingly. Conventionally we de�ne x̃n1,0 :� p�n,q�1 and x̃n1,Npn1q�1 :� p�n,q. The ondition

Yn1Xpp�n,q�1, p
�
n,qq � H is satis�ed if and only if for some i P t1, 2, . . . , Npn1q�1u, neessarilyunique, the following holds:rp�n,q�1, x̃n1,i�1s � ¤

JPJm

J and rx̃n1,i, p�n,qs � ¤
JPJn1 J
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P
�
Yn1 X pp�n,q�1, p

�
n,qq � H|p�n,q�1, p

�
n,q, Qn ¥ q

� �
Npn1q�1

i̧�1

P
�rp�n,q�1, x̃n1,i�1s � ¤

JPJm

J, rx̃n1,i, p�n,qs � ¤
JPJn1 J ���p�n,q�1, p

�
n,q, Qn ¥ q

	Let Tn1,i be the �rst time Bpx̃n1,iq hits either p�n,q�1 or p�n,q or gets killed by the killingmeasure κ. For i P t1, 2, . . . , Npn1q � 1u let Tn1,i,x̃n1,i�1
be the �rst time Bpx̃n1,iq hits x̃n1,i�1.Sine the law of pYn1 ,Jn1q onditional on pYn,Jnq is invariant by permutation of points inpxn�1, . . . , xn1q, we get that

P
�rp�n,q�1, x̃n1,i�1s � ¤

JPJm

J, rx̃n1,i, p�n,qs � ¤
JPJn1 J ���p�n,q�1, p

�
n,q, Qn ¥ q

	 �
P
�
B
px̃n1,i�1q
T�
n1,i�1

� p�n,q�1, B
px̃n1,iq
T�
n1,i � p�n,q, Tn1,i   Tn1,i,x̃n1,i�1

���p�n,q�1, p
�
n,q, Qn ¥ q


 �
uÓpx̃n1,i�1quÒpx̃n1,iq � uÒpx̃n1,i�1quÓpx̃n1,iq
uÓpp�n,q�1quÒpp�n,qq � uÒpp�n,q�1quÓpp�n,qqIt follows that

P
�
Yn1 X pp�n,q�1, p

�
n,qq � H|p�n,q�1, p

�
n,q, Qn ¥ q

� �
Npn1q�1

i̧�1

uÓpx̃n1,i�1quÒpx̃n1,iq � uÒpx̃n1,i�1quÓpx̃n1,iq
uÓpp�n,q�1quÒpp�n,qq � uÒpp�n,q�1quÓpp�n,qqIf x̃n1,i�1 is lose to x̃n1,i then

uÓpx̃n1,i�1quÒpx̃n1,iq � uÒpx̃n1,i�1quÓpx̃n1,iq�W puÓ, uÒqpx̃n1,i�1qpx̃n1,i � x̃n1,i�1q � opx̃n1 ,i � x̃n1,i�1q�2px̃n1,i � x̃n1,i�1q � opx̃n1 ,i � x̃n1,i�1qThe sequene pxn1qn1¥n�1 is dense in pp�n,q�1, p
�
n,qq. Thus

lim
n1Ñ�8P

�
Yn1 X pp�n,q�1, p

�
n,qq � H|p�n,q�1, p

�
n,q, Qn ¥ q

� �
2pp�n,q � p�n,q�1q

uÓpp�n,q�1quÒpp�n,qq � uÒpp�n,q�1quÓpp�n,qq
�Proposition 3.1.5. Let a   b P R. Then for all n ¥ 1(3.1.4) E r7pYn X ra, bqqs ¤ »ra,bqGpx, xqκpdxqIt follows that a.s. for all a   b P R, Y8 X ra, bq is �nite.Proof. Let ã   b̃ P ra, bs where ã is lose to b̃. We will �rst show that for all n ¥ 1(3.1.5) P

�
Yn X rã, b̃q � H	 ¤ »rã,b̃qGpx, xqκpdxq � opb̃� ãqwhere opb̃ � ãq is uniform over ã and b̃ lose to eah other in ra, bs. Then we will dedue(3.1.4) by partitioning the interval ra, bq in small subintervals rã, b̃q and approximating the



3.1. THE ALGORITHM AND ITS OUTPUT 85expeted number of points in rã, b̃q by the probability of presene of one point. Let n ¥ 1.Then
P
�
Ynpx1, . . . , xnq X rã, b̃q � H	 ¤ P

�
Yn�2px1, . . . , xn, ã, b̃q X rã, b̃q � H	Sine the law of Yn�2 is invariant by permutation of the starting points:

P
�
Yn�2px1, . . . , xn, ã, b̃q X rã, b̃q � H	 � P

�
Yn�2pã, b̃, x1, . . . , xnq X rã, b̃q � H	But(3.1.6) P

�
Yn�2pã, b̃, x1, . . . , xnq X rã, b̃q � H	 � P

�
Y2pã, b̃q X rã, b̃q � H	� P

�
Y2pã, b̃q X rã, b̃q � H,Yn�2pã, b̃, x1, . . . , xnq X rã, b̃q � H	We start Wilson's algorithm by launhing �rst Bpãq starting from ã followed by Bpb̃q starting

b̃. Then
P
�
Y2pã, b̃q X rã, b̃q � H	 � P

�
B
pãq
T�1 P rã, b̃q	� P

�
B
pãq
T�1 R rã, b̃q, Bpãq

T�1 ¤ ã, B
pb̃q
T�2 P rã, b̃q	Applying proposition 3.1.3 we get that

P
�
Y2pã, b̃q X rã, b̃q � H	 �»

xPrã,b̃q�Gpã, xq � »
y¤ãpGpy, ãqGpx, b̃q �Gpy, b̃qGpã, xqqκpdyq
 κpdxqFor x P R, let T1,x be the �rst time Bpãq hits x. Then

Gpã, xq � »
y¤ãpGpy, ãqGpx, b̃q �Gpy, b̃qGpã, xqqκpdyq �

Gpx, xq�PpT1 ¥ T1,xq � Gpx, bq
Gpx, xqPpT1   T1,x, B

pãq
T�1 ¤ ãq
 ¤ Gpx, xqThus(3.1.7) P

�
Y2pã, b̃q X rã, b̃q � H	 ¤ »rã,b̃qGpx, xqκpdxqFurther

P
�
Y2pã, b̃q X rã, b̃q � H,Yn�2pã, b̃, x1, . . . , xnq X rã, b̃q � H	 ¤

P
�
Y2pã, b̃q X rã, b̃q � H,Y8pã, b̃, pxjqj¥1q X rã, b̃q � H	Applying lemma 3.1.4 and proposition 3.1.3 we get that

P
�
Y2pã, b̃q X rã, b̃q � H,Y8pã, b̃, pxjqj¥1q X rã, b̃q � H	 �

P
�
Y8pã, b̃, pxjqj¥1q X rã, b̃q � H|Y2pã, b̃q X rã, b̃q � H	� P

�
Y2pã, b̃q X rã, b̃q � H	� �

1� 2pb̃� ãq
uÓpãquÒpb̃q � uÒpãqu Ó pb̃q�� »

y¤a »z¥b 1y,zRrã,b̃q det� Gpy, aq Gpy, zq
Gpa, bq Gpb, zq 


κpdyqκpdzq¤ puÓpãquÒpb̃q � uÒpãqu Ó pb̃q � 2pb̃� ãqq »
y¤b uÒpyqκpdyq »z¥a uÓpzqκpdzq
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uÓpãquÒpb̃q � uÒpãqu Ó pb̃q � 2pb̃� ãq � opb̃� ãqThus(3.1.8) P

�
Y2pã, b̃q X rã, b̃q � H,Yn�2pã, b̃, x1, . . . , xnq X rã, b̃q � H	 � opb̃� ãqCombining (3.1.6), (3.1.7) and (3.1.8) we get (3.1.5).Now for j P N� and i P t1, . . . , 2ju onsider the intervals ∆i,j de�ned by

∆i,j � " �
a� pi� 1q2�jpb� aq, a� i2�jpb� aq� if i ¤ 2j � 1�
a� p1� 2�jqpb� aq, b� if i � 2jThen E r7pYn X ra, bqqs is the inreasing limit of °2j

i�1 P pYn X∆i,j � Hq. But
2j

i̧�1

P pYn X∆i,j � Hq ¤ 2j

i̧�1

»
∆i,j

Gpx, xqκpdxq � 2jop2�jq(3.1.4) follows. Sine (3.1.4) holds for all n, it also holds at the limit when n tends to �8.This implies that Y8 X ra, bq is a.s. �nite. �Proposition 3.1.6. Almost surely all the intervals in J8 are open.Proof. We need only to show that for any n ¥ 1 and q P t1, . . . , nu(3.1.9) P
�
Qn ¥ q,�n1 ¥ n,minpın,n1prp�n,q, p�n,qsqq � p�n,q� � 0and

P
�
Qn ¥ q,�n1 ¥ n,maxpın,n1prp�n,q, p�n,qsqq � p�q,n� � 0Let n and q be �xed. We will show (3.1.9). We will also assume that q ¥ 2. The proof issimilar if q � 1. We need to show that a.s. the following onditional probability onvergesto 0:

lim
n1Ñ�8P

�
minpın,n1prp�n,q, p�n,qsqq � p�n,q|pYn,Jnq, Qn ¥ q

� � 0We reall that for n2 ¥ n � 1, Bpxn2q is a Brownian motion starting from xn2 and it isindependent from pYn,Jnq. Let Tn2,p�q,n be the �rst time it hits p�q,n and rTn2 the �rst timeit either hits �
JPJn

J or gets killed by the killing measure κ. Sine the law of pYn1 ,Jn1qonditional on pYn,Jnq is invariant by permutation of points in pxn�1, . . . , xn1q, we get that
P
�
minpın,n1prp�n,q, p�n,qsqq � p�n,q|pYn,Jnq, Qn ¥ q

�¤ inf
n�1¤n2¤n1 1� 1p�n,q�1 xn2 p�n,q

P
�rTn2 � Tn2,p�q,n |p�n,q�1, p

�
n,q, Qn ¥ q

	But P�rTn2 � Tn2,p�q,n |p�n,q�1, p
�
n,q

	 is lose to 1 if xn2 is lose enough to p�n,q. There is alwaysa subsequene of pxn2qn2¥n�1 made of points in pp�n,q�1, p
�
n,qq whih onverges to p�n,q. Itfollows that

inf
n2¥n�1

1� 1p�n,q�1 xn2 p�n,q
P
�rTn2 � Tn2,p�q,n |p�n,q�1, p

�
n,q, Qn ¥ q

	 � 0whih onludes the proof. �From proposition 3.1.6 follows that Z8 is losed. Moreover it does not ontain any ofthe points of the sequene pxnqn¥1. Sine the sequene pxnqn¥1 is everywhere dense, theonneted omponents of Z8 are single points. One an see that If y   ỹ are two onseutive points in Y8 then 7pZ8 X py, ỹqq � 1. If Y8 is bounded from below and y � minY8 then Z8 X p�8, ys � H. If Y8 is bounded from above and y � maxY8 then Z8 X ry,�8q � H.



3.1. THE ALGORITHM AND ITS OUTPUT 87See �gure 3.1.b. The set Z8 may be empty, whih for instane happens almost surely if κis a Dira measure. For n ¥ 1 we de�ne
Zn :� "

p�n,q�1 � p�n,q
2

���2 ¤ q ¤ Qn

*We will write Znpx1, . . . , xnq and Z8ppxnqn¥1q whenever we need to emphasize the depen-dene on the starting points.Proposition 3.1.7. The law of pY8,Z8q does not depend on the starting points pxnqn¥1.Proof. Let px̃nqn¥1 be another sequene of pairwise disjoint points in R. We will showthat the sequene pY2npx1, . . . , xn, x̃1, . . . , x̃nq,Z2npx1, . . . , xn, x̃1, . . . , x̃nqq onverges in lawto pY8ppxnqn¥1q,Z8ppxnqn¥1qq and that pY2npx̃1, . . . , x̃n, x1, . . . , xnq,
Z2npx̃1, . . . , x̃n, x1, . . . , xnqq onverges to pY8ppx̃nqn¥1q,Z8ppx̃nqn¥1qq. Sine the two ou-ples of point proesses pY2npx1, . . . , xn, x̃1, . . . , x̃nq,Z2npx1, . . . , xn, x̃1, . . . , x̃nqq andpY2npx̃1, . . . , x̃n, x1, . . . , xnq, Z2npx̃1, . . . , x̃n, x1, . . . , xnqq have the same law, this will �nishthe proof.For the onvergene in law we will use the topology of uniform onvergene on ompatsets of olletions of points in R. It an be de�ned using the following metri: Let dH be theHausdor� metri on ompat subsets of R. One may use the metri dPP on point proesses:

dPP pX , rX q :� dHptan�1pX q Y t�1, 1u, tan�1p rX q Y t�1, 1uqIn order to simplify the notations we will write:pYn,Znq :� pYnpx1, . . . , xnq,Znpx1, . . . , xnqqpY8,Z8q :� pY8ppxnqn¥1q,Z8ppxnqn¥1qqp rY2n, rZ2nq :� pY2npx1, . . . , xn, x̃1, . . . , x̃nq,Z2npx1, . . . , xn, x̃1, . . . , x̃nqqWe an onstrut ppYn,Znqqn¥1, pY8,Z8q and pp rY2n, rZ2nqqn¥1 on the same probabilityspae using independent Brownian motions starting from the points in pxnqn¥1 and px̃nqn¥1and killed by the measure κ. We onstrut the sequene ppYn,Znqqn¥1 using the Wilson'salgorithm desribed in introdution. This way Yn � Yn�1 and Y8 � �
n¥1 Yn. In orderto onstrut rY2n, we �rst onstrut Yn and then ontinue the Wilson's algorithm usingthe Brownian motions starting from x̃1, . . . , x̃n. This way Yn � rY2n but not neessarilyrY2n � rY2pn�1q.Let C ¡ 0 and ε P p0, C2 q. Let δ P p0, 1q, δ small. There is N P N� suh that

P pYN X r�C,Cs � Y8 X r�C,Csq ¥ 1� δThere is ε1 P p0, εq suh that for all a   b P r�C,Cs satisfying b� a ¤ ε1 the following holds:
1� 2pb� aq

uÓpaquÒpbq � uÒpaquÓpbq ¤ δ

NThere is N 1 ¥ N suh that with probability 1� 2δ the following two onditions hold:(3.1.10) YN X r�C,Cs � Y8 X r�C,Cs(3.1.11) Leb
�r�C,Csz ¤

JPJN 1 J� ¤ ε1We de�ne the following two random variables:
K� :� min

JPJN 1 ,J�r�C,Cspmin Jq K� :� max
JPJN 1 ,J�r�C,Cspmax Jq
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2 ,

C
2 s � rK�,K�s. If (3.1.10) and (3.1.11) hold than for n ¥ N 1,rK�,K�sz�JPJn

J is made of at most N intervals, eah of length at most ε1. Consider thefollowing ondition on rY2n:(3.1.12) rY2n X rK�,K�s � Yn X rK�,K�sApplying lemma 3.1.4 we get that for all n ¥ N 1
P
�rY2n satis�es (3.1.12) | (3.1.10) and (3.1.11) hold	 ¥ 1� δThis implies that for all n ¥ N 1

P
�rY2n satis�es (3.1.12), and (3.1.10) and (3.1.11) hold.	 ¥ 1� 3δLet n ¥ N 1. On the event when (3.1.10) and (3.1.11) hold and rY2n satis�es (3.1.12), whihhappens with probability at least 1� 3δ, the following is true: rY2n X rK�,K�s � Y8 X rK�,K�s dHp rZ2n X rK�,K�s,Z8 X rK�,K�sq ¤ εIn partiular with probability at least 1� 3δ dPP p rY2n,Y8q ¤ 1� tan�1pC2 q dHp rZ2n,Z8q ¤ ε� p1� tan�1pC2 qqSine C is arbitrary large and ε and δ are arbitrary small, this implies that p rY2n, rZ2nqonverges in law as nÑ �8 to pY8,Z8q. �Next we identify the law of Y8 as a determinantal fermioni point proess. For gener-alities on this proesses see [HKPV09℄, hapter 4, and [Sos00℄.Proposition 3.1.8. Let n ¥ 1 and a1   b1   a2   b2   � � �   an   bn P R. Then(3.1.13) E

�
n¹
r�1

7pY8 X rar, brqq� � »ra1,b1q . . . »ran,bnq det pGpyi, yjqq1¤i,j¤n n¹
r�1

κpdyrqIn other words Y8 is a determinantal point proess on R with referene measure κ anddeterminantal kernel G.Proof. Consider points ãr   b̃r P rar, brs for r P t1, . . . , nu. We will show that(3.1.14) P
��r P t1, . . . , nu,Y8 X rãr, b̃rq � H	 �»rã1,b̃1q . . . »rãn,b̃nq det pGpyi, yjqq1¤i,j¤n n¹

r�1

κpdyrq� � ņ

r�1

Opb̃r � ãrq	� n¹
r�1

κprãr, b̃rqq � ¸
E�t1,...,nu
E�H ¹

rPE opb̃r � ãrq¹
rRE κprãr, b̃rqqwhere the quantities Opb̃r� ãrq and opb̃r� ãrq are uniform over ãr   b̃r P rar, brs, ãr lose to

b̃r. From (3.1.14) one dedues (3.1.13) by splitting the intervals rar, brs in small subintervalsand approximating the number of points in Y8 X rar, brq by the number of subintervals ofrar, brq that ontain a point in Y8.As the law of Y8 does not depend on the hoie of everywhere dense sequene of startingpoints, we will assume that the �rst 2n starting points in Wilson's algorithm are in order
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ã1, b̃1, . . . , ãn, b̃n. We will show that for all non-empty subsets E of t1, . . . , nu(3.1.15) P

��r P E,Y2n X rãr, b̃rq � H,Y8 X rãr, b̃rq � H,�r R E,Y2n X rãr, b̃rq � H	� ¹
rPE opb̃r � ãrq¹

rRE κprãr, b̃rqqFurther we will show that for any r0 P t1, . . . , nu(3.1.16)
P
��r P t1, . . . , nu,Y2n X rãr, b̃rq � H, rãr0 , b̃r0s � ¤

JPJ2n

J
� � Opb̃r0 � ãr0q n¹

r�1

κprãr, b̃rqqIf for all r P t1, . . . , nu, Y2nXrãr, b̃rq � H and rãr, b̃rs � �
JPJ2n

J then neessarily Q2n � nand J2n � trãr, b̃rs|1 ¤ r ¤ nu. We will use the fat that aording to (3.1.1)(3.1.17) P
�
Q2n � n,J2n � trãr, b̃rs|1 ¤ r ¤ nu	� »rã1,b̃1q . . . »rãn,b̃nq det�Gãi,b̃j	1¤i,j¤n n¹

r�1

κpdyrq� »rã1,b̃1q . . . »rãn,b̃nq det pGpyi, yjqq1¤i,j¤n n¹
r�1

κpdyrq � � ņ

r�1

Opb̃r � ãrq	� n¹
r�1

κprãr, b̃rqqLet's show (3.1.15). A losed expression of the probability in (3.1.15) an be omputedusing (3.1.1) and lemma 3.1.4. Sine many di�erent on�gurations (di�erent values of Q2nand on�gurations of J2n) ontribute to the probability in (3.1.15), we won't give the losedexpression and only give the estimates. Let E be a non-empty subset of t1, . . . , nu. If
r R E, then the ondition Y2n X rãr, b̃rq � H ontributes by a fator Opκprãr, b̃rqqq tothe probability in (3.1.15). If r P E, then the two onditions Y2n X rãr, b̃rq � H and
Y8 X rãr, b̃rq � H imply that pãr, b̃rq X�

JPJ2n
J � H. Aording to the identity (3.1.3),the ondition pãr, b̃rq X�

JPJ2n
J � H ontributes to the probability in (3.1.15) by a fator

OpuÓpãrquÒpb̃rq � uÒpãrquÓpb̃rqq � Opb̃r � ãrqAording to the lemma 3.1.4, the additional ondition Y8Xrãr, b̃rq � H ontributes to theprobability in (3.1.15) by a fator
1� 2pb̃r � ãrq

uÓpãrquÒpb̃rq � uÒpãrquÓpb̃rq � op1q(3.1.15) follows.We deal now with (3.1.16). As in the previous ase, the ondition that for all r Pt1, . . . , nu, Y2nXrãr, b̃rq � H ontributes by a fator O �±n
r�1 κprãr, b̃rqq	 to the probabilityin (3.1.16). The ondition rãr0, b̃r0s � �

JPJ2n
J implies that there is i P t2, . . . , Q2nu suhthat ãr0   p�2n,i�1   p�2n,i   b̃r0 . As previously, this ontributes by a fator Opb̃r0 � ãr0q tothe probability. Combining (3.1.15), (3.1.16) and (3.1.17) yields (3.1.14). �Let Gκ be the following operator de�ned for funtions in L2pdkq with ompat support:pGkfqpxq :� »

R
Gpx, yqfpyqκpdyqA standard ondition for a determinantal point proess with kernel G relative to the measure

κ to be well de�ned is Gκ to be positive semi-de�nite, ontrating and loally trae lass.



3.1. THE ALGORITHM AND ITS OUTPUT 90We explain why this is true. Let f be a ompatly supported L2pdκq funtion. Then theweak seond derivative of Gκf is
d
�dpGκfq

dx

	 � 2pGκf � fqdκ
Gκf and dpGκfq

dx
are square-integrable and»

R
pGκfqfdκ � »

R
pGκfq2dκ� 1

2

»
R
pGκfqd�dpGκfq

dx

	� »
R
pGκfq2dκ� 1

2

»
R

�dpGκfq
dx

	2

dx

(3.1.18)Identity (3.1.18) shows that Gκ is positive semi-de�nite. It also shows that ³RpGκfq2dκ ¤³
RpGκfqfdκ, whih implies that Gκ is ontrating and hene an be ontinuously extendedto a ontration of the whole spae L2pdκq. Gκ is loally trae lass beause it is positivesemi-de�nite and its funtional kernel is ontinuous (see theorem 2.12 in [Sim05℄, hapter
2). Next we give a riterion for Y8 to be �nite or just to be �nite in the neighbourhood ofeither �8 or �8.Proposition 3.1.9. If ³p0,�8q xκpdxq   �8 then almost surely 7pY8 X p0,�8qq is�nite. Moreover(3.1.19) E r7pY8 X p0,�8qqs � »p0,�8qGpx, xqκpdxq   �8If ³p0,�8q xκpdxq � �8 then almost surely 7pY8Xp0,�8qq � �8. In general, for all a P R(3.1.20) PpY8 X pa,�8q � Hq � uÓp�8q »p�8,as uÒpxqκpdxqSimilarly, if ³R |x|κpdxq   �8 then a.s. 7Y8 is �nite and

E r7Y8s � »
R
Gpx, xqκpdxq   �8If ³R |x|κpdxq � �8 then a.s. 7Y8 � �8.Proof. We need only to deal with the �niteness of 7pY8Xp0,�8qq. If ³p0,�8q x kpdxq  �8 then (3.1.19) holds aording to 2.2.3 and hene 7pY8 X p0,�8qq is �nite is �nite a.s.We will prove (3.1.20). If ³p0,�8q xκpdxq � �8 then aording 2.2.3 uÓp�8q ¡ 0 andthus 7pY8Xp0,�8qq � �8 a.s. Let a   b P R. We assume that the two �rst starting pointsin Wilson's algorithm are a and b. Then

PpY8 X pa, bs � Hq �P�Bpaq
T�1 ¡ b

�� P
�
B
paq
T�1 ¤ a,B

pbq
T�2 � a

��P�Bpaq
ζ�1 ¡ b

�� P
�
B
paq
ζ�1 ¤ a

�� P
�
Bpbq hits a before time ζ2�� »pb,�8qGpa, xqκpdxq � �»p�8,asGpa, xqκpdxq	 � uÓpbq

uÓpaq� »pb,�8qGpa, xqκpdxq � uÓpbq »p�8,as uÒpxqκpdxq(3.1.21)
Letting b go to �8 in (3.1.21) gives (3.1.20). �



3.1. THE ALGORITHM AND ITS OUTPUT 91Next we will show that Z8 is a determinantal point proess with kernel K relative tothe Lebesgue measure where
Kpy, zq :�� 1

2

duÒ
dx

ppy ^ zq�quÓ
dz
ppy _ zq�q�2 »p�8,y^zs uÒpxqκpdxq � »ry_z,�8q uÓpxqκpdxqProposition 3.1.10. Let n ¥ 1 and a1   b1   a2   b2   � � �   an   bn P R. Then(3.1.22) E

�
n¹
r�1

7pZ8 X par, brqq� � »pa1,b1q . . . »pan,bnq detpKpzi, zjqq1¤i,j¤n n¹
r�1

dzrIf for r P t1, 2, . . . , nu, κptaruq � κptbruq � 0 then(3.1.23) P p�r P t1, 2, . . . , nu, 7pZ8 X par, brqq � 1q � detpKpai, bjqq1¤i,j¤n � n¹
r�1

pbr � arqProof. We will only prove (3.1.23). (3.1.22) an be dedued from (3.1.23) by diving theintervals par, brq in small subintervals and approximating the expeted number of points inthese subintervals by the probability to have one single point per subinterval. Observe thatif the measure κ has atoms then K is not ontinuous. Yet z ÞÑ duÒ
dx pz�q is right-ontinuousand z ÞÑ duÓ

dx pz�q is left-ontinuous. So the approximation an still be done.Consider theWilson's algorithmwhere the 2n �rst starting points are in order a1, b1, a2, b2,
. . . , an, bn. Then(3.1.24) P p�r P t1, 2, . . . , nu, 7pZ8 X par, brqq � 1q �

P
��r P t1, 2, . . . , nu, par, brq � Rz ¤

JPJ2n

J, par, brq X Y8 � H
Applying lemma 3.1.4 we get that (3.1.24) equals(3.1.25) P
��r P t1, 2, . . . , nu, par, brq � Rz ¤

JPJ2n

J


� n¹
r�1

2pbr � arq
uÓparquÒpbrq � uÒparquÓpbrqFurther(3.1.26) P

��r P t1, 2, . . . , nu, par, brq � Rz ¤
JPJ2n

J


 �
P
�
B
pa1q
T�1 ¤ a1, B

pbnq
T�2n ¥ bn,�r P t1, . . . , n� 1u, br ¤ B

pbrq
T�2r ¤ B

par�1q
T�2r�1

¤ ar�1


Applying (3.1.1) and (3.1.3) we get that (3.1.26) equals(3.1.27)
n¹
r�1

puÓparquÒpbrq � uÒparquÓpbrqq � »p�8,a1s uÒpy1qκpdy1q � »rbn,�8q uÓpznqκpdynq� n�1¹
r�1

�
κprbr, ar�1sq � »

br¤yr ỹr¤ar�1

puÓpyrquÒpỹrq � uÒpyrquÓpỹrqqκpdyrqκpdỹrq
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br¤yr ỹr¤ar�1

uÓpyrquÒpỹrqκpdyrqκpdỹrq� 1

2

»
br¤yr¤ar�1

uÓpyrq�duÒ
dx

par�1q � duÒ
dx

py�r q	κpdyrq� 1

4

�duÓ
dx

par�1q � duÓ
dx

pbrq	duÒ
dx

par�1q � 1

2

»
br¤yr¤ar�1

uÓpyrqduÒ
dx

py�r qκpdyrqand(3.1.29) � »
br¤yr ỹr¤ar�1

uÒpyrquÓpỹrqκpdyrqκpdỹrq� �1

2

»
br¤yr¤ar�1

uÒpyrq�duÓ
dx

par�1q � duÓ
dx

py�r q	κpdyrq� �1

4

�duÒ
dx

par�1q � duÒ
dx

pbrq	duÓ
dx

par�1q � 1

2

»
br¤yr¤ar�1

uÒpyrqduÓ
dx

pyrqκpdyrqCombining (3.1.28) and (3.1.29) we get that»
br¤yr ỹr¤ar�1

puÓpyrquÒpỹrq�uÒpyrquÓpỹrqqκpdyrqκpdỹrq� 1

4

�duÒ
dx

pbrqduÓ
dx

par�1q � duÓ
dx

pbrqduÒ
dx

par�1q	�1

2

»
br¤yr¤ar�1

�
uÓpyrqduÒ

dx
py�r q � uÒpyrqduÓ

dx
py�r q	κpdyrq� 1

4

�duÒ
dx

pbrqduÓ
dx

par�1q � duÓ
dx

pbrqduÒ
dx

par�1q	� κprbr, ar�1sqIt follows that (3.1.27) equals(3.1.30) n¹
r�1

puÓparquÒpbrq � uÒparquÓpbrqq � �� 1

4

duÒ
dx

pa1qduÓ
dx

pbnq	� n�1¹
r�1

�1
4

�duÒ
dx

pbrqduÓ
dx

par�1q � duÓ
dx

pbrqduÒ
dx

par�1q		� 1

2n

n¹
r�1

puÓparquÒpbrq � uÒparquÓpbrqq � detpKpai, bjqq1¤i,j¤n(3.1.25) together with (3.1.30) gives (3.1.23). �To see that the operator indued by the kernel K on L2pLebq is positive semi-de�nite,one an hek that for any L2 funtion f with ompat support»
R2

fpyqKpy, zqfpzqdydz � »
R2

Gpỹ, z̃q�» z̃
ỹ

fpxqdx�2

κpdỹqκpdz̃qToo see that K indues a ontration one an hek that for any C1 funtion f with ompatsupport »
R2

fpyqKpy, zqfpzqdydz � »
R
fpxq2dx� 1

2

»
R2

df

dx
pỹqGpỹ, z̃q df

dx
pz̃qdỹdz̃and that ³R2

df
dxpỹqGpỹ, z̃q dfdxpz̃qdỹdz̃ ¥ 0.



3.1. THE ALGORITHM AND ITS OUTPUT 93The determinantal kernels G and K both satisfy the following relation: for any x ¤ y ¤
z P R(3.1.31) Gpx, yqGpy, zq � Gpx, zqGpy, yq Kpx, yqKpy, zq � Kpx, zqKpy, yqFor x P R and y, z ¡ x, we de�ne(3.1.32) Gpx�qpy, zq :� Gpy, zq�Gpx, yqGpx, zq

Gpx, xq Kpx�qpy, zq :� Kpy, zq�Kpx, yqKpx, zq
Kpx, xqRelation (3.1.31) ensures that detpGpyi, yjqq1¤i,j¤n and detpKpzi, zjqq1¤i,j¤n an be fa-torised as follows: If y1   y2   � � �   yn then(3.1.33) detpGpyi, yjqq1¤i,j¤n � Gpy1, y1q n¹

r�2

Gpyr�1�qpyr, yrqIf z1   z2   � � �   zn then(3.1.34) detpKpzi, zjqq1¤i,j¤n � Kpz1, z1q n¹
r�2

Kpzr�1�qpzr, zrqThe relations (3.1.31) or equivalently the fatorisations (3.1.33) and (3.1.34) imply that thespaings between onseutive points of Y8 respetively Z8 are independent, that is to sayonditional on Y8 having a point at y0, the position of the next higher point y is independenton Y8 X p�8, y0q, and similarly for Z8 ([Sos00℄, setion 2.4). Conditional on y0 P Y8 thedistribution of its higher neighbour in Y8 is of the form fGpy0, yqκpdyq. Similarly denote
fKpz0, zqdz the distribution between two onseutive points in Z8 onditional on z0 be thelowest one. Following relations relateGpy0�qpy, yq respetively Kpz0�qpz, zq to fG respetively
fK:
Gpy0�qpy, yq � fGpy0, yq�

j̧¥2

»
y0 y1 ��� yj�1 y fGpy0, y1qfGpy1, y2q . . . fGpyj�1, yqκpdy1q . . . κpdyj�1q

Kpz0�qpz, zq � fKpz0, zq�
j̧¥2

»
z0 z1 ��� zj�1 z fKpz0, z1qfKpz1, z2q . . . fKpzj�1, zqdz1 . . . dzj�1If ³p0,�8q x kpdxq   �8, i.e. Y8 X p0,�8q a.s. �nite, then ³py0,�8q fGpy0, yqκpdyq   1 and³�8

z0
fKpz0, zqdz   1.Given a ouple of interwoven point proesses pY,Zq on R suh that between any twoonseutive point in Y lies one single point of Z and suh that for any J bounded subintervalof R Y satis�es the onstraint

E
�7pY X Jq�   �8the joint distribution of pY,Zq an be fully desribed by a family of measures pMnpY,Zqqn¥0de�ned by »

R
fpy0qM0pY,Zqpdy0q � E

� ¸
y0PY fpy0q�
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y0 z1 y1 ...zn yn fpy0, z1, y1, . . . zn, ynqMnpY,Zqpdy0, dz1, dy1, . . . dzn, dynq� E

� ¸
y0,...,yn

n�1 onseutive points in Y
z1,...,znPZ

y0 z1 y1 ...zn yn fpy0, z1, y1, . . . zn, ynq�
MnpY,Zqpdy0, dz1, dy1, . . . dzn, dynq is the in�nitesimal probability for y0, y1, . . . yn being
n�1 onseutive points in Y and z1, . . . zn being the n points in Z separating them. In aseof pY8,Z8q, M0pY8,Z8qpdy0q � Gpy0, y0qκpdy0q.Proposition 3.1.11. For n ¥ 1

MnpY8,Z8qpdy0, dz1, . . . dzn, dynq �2nuÒpy0quÓpynqκpdy0qdz1 . . . dznκpdynq�2nGpy0, ynqκpdy0qdz1 . . . dznκpdynq(3.1.35)Moreover
fGpy0, yq � 2py � y0q uÓpyq

uÓpy0q κpdyq � almost everywhere
fKpz0, zq � 2κppz0, zqq�duÓ

dx
pz0q	�1 duÓ

dx
pzq dz � almost everywhereThe distribution on Z8 onditional on Y8 is the following: given two onseutive points

y1   y2 in Y8, then the point of Z8 lying between them is distributed uniformly on py1, y2qand independently on the behaviour of Z8 on p�8, y1q Y py2,�8q. The distribution on
Y8 onditional on Z8 is the following: given two onseutive points z1   z2 in Z8,then the point of Y8 lying between them is distributed on pz1, z2q aording the measure
1z1 y z2 κpdyq

κppz1,z2qq and independently on the behaviour of Y8 on p�8, z1q Y pz2,�8q. If³p�8,0q |x|κpdxq   �8, then minY8 is distributed onditional on Z8 aording to the mea-sure 1y minZ8 κpdyq
kpp�8,minZ8qq and it is independent on the behaviour of Y8 on p�8,minZ8q.Similarly for the distribution of maxY8 onditional on maxZ8 if ³p0,�8q xκpdxq   �8.Proof. Let a0   b0   ã1   b̃1   a1   b1   � � �   ãn   b̃n   an   bn P R. Let

Cnpa0, b0, ã1, b̃1, a1, b1, . . . , ãn, b̃n, an, bnq orresponding to the following onditions: Y8 X ra0, b0s � H, Y8 X ran, bns � H �r P t1, . . . , nu, 7pY8 X rar, brsq � 1 �r P t1, . . . , nu, 7pZ8 X pãr, b̃rqq � 1 �r P t0, . . . , n� 1u, pY8 YZ8q X pbr, ãrs � H, pY8 YZ8q X rb̃r, ar�1q � HWe will ompute the probability of Cnpa0, b0, ã1, b̃1, a1, b1, . . . , ãn, b̃n, an, bnq. Consider thatwe exeute the Wilson's algorithm where the 2n �rst starting points are ã1, b̃1, . . . , ãn, b̃n.The only on�gurations that ontribute to the studied event are those where Bpã1q
T�1 P ra0, b0s,

B
pb̃nq
T�2n P ran, bns and for r P t1, . . . , n � 1u, Bpb̃rq

T�2r � B
pãr�1q
T�2r�1

P rar�1, br�1s. We further needthat for r P t1, . . . , nu, Y8 X pãr, b̃rq � H. Thus applying (3.1.1), (3.1.3) and lemma 3.1.4we get the probability of the event Cnpa0, b0, ã1, b̃1, a1, b1, . . . , ãn, b̃n, an, bnq equals»ra0,b0s uÒpy0qκpdy0q � »ran,bns uÓpynqκpdynq � n�1¹
r�1

κprar, brsq � n¹
r�1

2pb̃r � ãrqThe above probability also equals MnpY8,Z8qpra0, b0s � rã1, b̃1s � ra1, b1s � � � � � rãn, b̃ns �ran, bnsq and gives the expression of (3.1.35). To get the expressions of fG and fK justobserve that
Gpy0, y0qfGpy0, yqκpdy0qκpdyq �M1pry0, y0 � dy0s � py0, yq � ry, y � dysq
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Kpz0, z0qfKpz0, zqdz0dz �M3pp�8, z0q � rz0, z0 � dz0s � pz0, zq � rz, z � dzs � pz,�8qqExpression (3.1.35) gives also the law of Z8 onditional on Y8 and the law of Y8onditional on Z8, exept for the possible extremal points of Y8. Let's deal with the dis-tribution of maxY8 onditional on maxZ8 in ase ³p0,�8q xκpdxq   �8. Again aordingto (3.1.35), onditional on z0 P Z8, the distribution of minY8 X pz0,�8q is proportionalto 1y¡z0uÓpyqκpdyq. To obtain the distribution maxY8 onditional on maxZ8, one mustweight uÓpyq by 1 � ³

ỹ¡y fGpy, ỹqκpdỹq, i.e. the probability of not having any point in Y8onseutive to y. But»
ỹ¡y fGpy, ỹqκpdỹq �2 »ỹ¡ypỹ � yquÓpỹq

uÓpyqκpdỹq� lim
ỹÑ�8 ỹ � y

uÓpyq duÓdx pỹ�q � 1

uÓpyq »ỹ¡y duÓdx pỹ�qdỹBut pỹ � yqduÓ
dx

pỹ�q � pỹ � yq »pỹ,�8q 2uÓpxqκpdxq ¤ 2

»pỹ,�8qpx� yquÓpxqκpdxq Ñ 0It follows that:»
ỹ¡y fGpy, ỹqκpdỹq � � 1

uÓpyq »ỹ¡y duÓdx pỹ�qdỹ � 1� uÓp�8q
uÓpyqThus 1y¡z0uÓpyq�1� ³

ỹ¡y fGpy, ỹqκpdỹq�κpdyq is simply proportional to 1y¡z0κpdyq. �Proposition 3.1.12. In ase ³
R |x|κpdxq   �8

Pp7Y8 � 1q � uÒp�8quÓp�8qκpRqConditional on 7Y8 � 1 the unique point in Y8 is distributed aording κpdyq
κpRq .Proof. The distribution of the unique point y0 of Y8 on the event 7Y8 � 1 is givenby the following sieve identity:�

Gpy0, y0q� »
y�1 y0 Gpy�1, y�1qfGpy�1, y0qκpdy�1q� »
y1¡y0 Gpy0, y0qfGpy0, y1qκpdy1q� »
y�1 y0 »y1¡y0 Gpy�1, y�1qfGpy�1, y0qfGpy0, y1qκpdy�1qκpdy1q
κpdy0qIt is the in�nitesimal probability of Y8 having a point at y0 minus the probability of havinga point at y0 and an other lower, minus the probability of having a point at y0 and an otherhigher, plus the probability of having a point at y0 surrounded by two neighbours on bothsides. The identity an be further fatorized as�

uÒpy0q � 2

»
y�1 y0py0 � y�1quÒpy�1qκpdy�1q
��

uÓpy0q � 2

»
y1¡y0py1 � y0quÓpy1qκpdy1q
� κpdy0qAording to the alulation done in the proof of proposition 3.1.11 this the above equals

uÒp�8quÓp�8qκpdy0q. �



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 96Now let's desribe pY8,Z8q in two partiular ases. If the killing rate is uniform, thatis κpdyq � cdy where c is onstant, then
cfGpx0, xq � fKpx0, xq � 2cpx� x0qe�?2cpx�x0qBoth the spaings of Y8 and Z8 are i.i.d. gamma-2 variables with mean b

2
c . Atually theunion Y8 YZ8 is a Poisson point proess with intensity ?2cdx. If the killing measure is ofform κ � c

°
jPZ δj where c is onstant, then again the spaings between onseutive pointsin Y8 are i.i.d random variables, this time integer valued. Let N2 be a random variable withsame distribution as this spaings. For any j P N

PpN2 � jq � 2cjp1�?
2cq�j

N2 an be written as N2 � N1 � rN1 � 1 where N1 and rN1 are two independent geometrivariables of parameter p1 � ?
2cq�1. Atually, if y0   y are two onseutive points in Y8and z the point of Z8 lying between them, then onditional on y0, ptzu� y0, y� tzuq has thesame law as pN1 � 1, rNq. Moreover ttzu|z P Z8u has the same law as Y8.3.1.4. Determinantal point proesses pY8,Z8q: general ase. Let I be an opensubinterval of R and L be the generator of a transient di�usion on I of form
L � 1

mpxq ddx �
1

wpxq ddx
� κwith zero Dirihlet boundary onditions on BI with sample path denoted pXtq0¤t ζ We willdesribe, without proof, the law of pY8,Z8q in this generi ase. It an be derived in thesame way as it was done in the previous setion. Let G be the Green's funtion of L relativeto the measure mpyqdy, fatorisable as Gpx, yq � uÒpx^ yquÓpx_ yq.Proposition 3.1.13. Y8 and Z8 are a.s. disrete point proesses. Let BI be theboundary of I in RY t�8,�8u. Almost surely
Y8 X BI �  

y P BI|PpXζ� � yq ¡ 0
(If κ � 0, the points in Y8 X I are a determinantal point proess with determinantal kernel

Gpx, yq relatively the referene measure mpyqκpdyq. Z8 is a determinantal point proess on
I with determinantal kernel

duÒ
dx

ppy ^ zq�qduÓ
dx

ppy _ zq�qrelative to the referene measure dz
wpzq . Given two onseutive points y1   y2 in Y8, then thepoint of Z8 lying between them is distributed aording to the measure 1y1 z y2 wpzqdz³py1,y2q wpaqdaand independently on the behaviour of Z8 on p�8, y1q Y py2,�8q. Given two onseutivepoints z1   z2 in Z8, then the point of Y8 lying between them is distributed on pz1, z2qaording the measure 1z1 y z2 mpyqκpdyq³pz1,z2qmpqqκpdqq and independently on the behaviour of Y8on p�8, z1q Y pz2,�8q.3.2. Monotone ouplings for the point proesses pY8,Z8q3.2.1. Conditioning. In this hapter we will deal with monotone oupling for thedeterminantal point proesses Y8 and Z8 intruded in hapter 3.1. We will restrit to theBrownian ase. Consider two di�erent killing measures κ and κ̃ on R, with κ ¤ κ̃, and theouples of determinantal point proesses pY8,Z8q respetively p rY8, rZ8q orresponding tothe Brownian motion on R with killing measure κ respetively κ̃. We will show that onean ouple pY8,Z8q and p rY8, rZ8q on the same probability spae suh that Z8 � rZ8 and



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 97rY8 � Y8 Y Supppκ̃� κq. Moreover if κ and κ̃ are proportional we may also have Y8 � rY8.We will provide an expliit onstrution for the this ouplings in the setion 3.2.2.In the setion 3.2.1 we will prove onditionning results for pY8,Z8q: what is obtainedif Y8 or Z8 is onditioned by either ontaining a point at a given loation or not ontainingany points in a given interval. These results will be used in the next setion. The onditionallaw we will obtain are analogous to those of the Uniform Spanning Tree on a �nite undiretedonneted graph: Let G be suh a graph, E the set of its edges, C a weight funtion on
E and Υ the orresponding Uniform Spanning Tree on G. Let E1 and E2 be two disjointsubsets of E suh that E1 ontains no yles and suh that erasing the edges in E2 does notdisonnet G. The law of Υ onditioned by E1 � Υ and Υ X E2 � H an be desribed asfollows: Let G1 be the graph obtained from G trough erasing the edges in E2 and ontrating(i.e. identifying the two end verties) the edges in E1. The edges of G1 are in one to oneorrespondene with EzE2. If we keep the same weight funtion C on these edges and take
Υ1 an Uniform Spanning Tree on G1, then Υ1 Y E1 has the same law as Υ onditioned by
E1 � Υ and ΥXE2 � H (see proposition 4.2 in [BLPS01℄).Let κ be a Radon measure on R and Gpx, yq � uÒpx^ yquÓpx_ yq the Green's funtionof 1

2
d2

dx2 �κ. First we will restrit the Brownian motion with killing measure κ to a half-lineby adding either a killing or a re�eting boundary point and desribe what is obtained if weapply the Wilson's algorithm to it. This is related to some of the onditional laws we areinterested in. Di�usions with re�etion were not disussed so far.For x0   y let
u
px0�qÒ pyq :� uÒpyq � uÒpx0q

uÓpx0quÒpyqand for x0   y, z let
Gpx0�qpy, zq :� u

px0�qÒ py ^ zquÓpy _ zq
Kpx0�qpy, zq :� �1

2

du
px0�qÒ
dx

ppy ^ zq�qduÓ
dx

ppy _ zq�q
Gpx0�q was already introdued in (3.1.32). For y   x0 let

u
p�x0qÓ pyq :� uÓpyq � uÓpx0q

uÒpx0quÒpyqand for y, z   x0 let
Gp�x0qpy, zq :� uÒpy ^ zqup�x0qÓ py _ zq

Kp�x0qpy, zq :� �1

2

duÒ
dx

ppy ^ zq�qdup�x0qÓ
dx

ppy _ zq�q
Gpx0�q respetively Gp�x0q is the Green's funtion of 1

2
d2

dx2 � κ restrited to the intervalpx0,�8q respetively p�8, x0q with zero Dirihlet boundary ondition at x0.Let x0 P R suh that κptx0uq � 0. For x0   y let
u
px0�qÒ pyq :� uÒpyq � �duÓ

dx
px0q	�1 duÒ

dx
px0quÓpyqand for y, z   x0 let

Gpx0�qpy, zq :� u
px0�qÒ py ^ zquÓpy _ zq

Kpx0�qpy, zq :� �1

2

du
px0�qÒ
dx

ppy ^ zq�qduÓ
dx

ppy _ zq�q
Kpx0�q was already introdued in (3.1.32). For y   x0 let

u
p�x0qÓ pyq :� uÓpyq � �duÒ

dx
px0q	�1 duÓ

dx
px0quÒpyq
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Gp�x0qpy, zq :� uÒpy ^ zqup�x0qÓ py _ zq

Kp�x0qpy, zq :� �1

2

duÒ
dx

ppy ^ zq�qdup�x0qÓ
dx

ppy _ zq�q
Gpx0�q respetively Gp�x0q is the Green's funtion of 1

2
d2

dx2 � κ restrited to the intervalrx0,�8q respetively p�8, x0s with zero Neumann boundary ondition at x0. Equivalently
Gpx0�q respetively Gp�x0q is the restrition to rx0,�8q respetively p�8, x0s of the Green'sfuntion on R of 1

2
d2

dx2 � 1rx0,�8qκ respetively 1
2
d2

dx2 � 1p�8,x0sκ.Consider now x0 P R and pxnqn¥1 a dense sequene of pairwise disjoint points inpx0,�8q. We onsider the Wilson's algorithm applied to the Brownian motion on px0,�8qwith killing measure κ and killing boundary x0, where pxnqn¥0 is the sequene of startingpoints. Let Ypx0�q8 and Zpx0�q8 be the interwoven point proesses in rx0,�8q obtained asresult. See �gure 3.2.a for an illustration of the �rst four steps of Wilson's algorithm andof pYpx0�q8 ,Zpx0�q8 q. Aording to proposition 3.1.13, x0 P Ypx0�q8 a.s., Ypx0�q8 X px0,�8qis a determinantal point proess with determinantal kernel Gpx0�q relative to the measure
1px0,�8qκ and Zpx0�q8 is a determinantal point proess with kernel Kpx0�q relative to the mea-sure 1z¡x0dz. The distribution of the 2n losest to x0 points in pYpx0�q8 Xpx0,�8qqYZpx0�q8 ,the odd-numbered belonging to Ypx0�q8 Xpx0,�8q and the even-numbered to Zpx0�q8 , is givenby the measure

M px0�q
n pYpx0�q8 ,Zpx0�q8 qpdz1, dy1, . . . , dzn, dynq :� 2n

uÓpynq
uÓpx0qdz1κpdy1q . . . dznκpdynqIts total mass equals Pp7Ypx0�q8 ¥ n�1q. If the Wilson's algorithm is applied to the Brownianmotion on p�8, x0q, killed at x0 and with killing measure κ, and pYp�x0q8 ,Zp�x0q8 q are thepoint proesses returned by the algorithm, then the distribution of the 2n losest to x0points in pYp�x0q8 X p�8, x0qq YZp�x0q8 is given by the measure

M p�x0q
n pYp�x0q8 ,Zp�x0q8 qpdz�1, dy�1, . . . , dz�n, dy�nq :�

2n
uÒpy�nq
uÒpx0q dz�1κpdy�1q . . . dz�nκpdy�nqLet now x0 P R suh that κptx0uq � 0. If we replae the Brownian motion on px0,�8qkilled in x0 by a Brownian motion on rx0,�8q re�eted in x0, and keep the killing measure

κ, we get another pair pYpx0�q8 ,Zpx0�q8 q of interwoven point proesses on rx0,�8q. Thepair pYpx0�q8 ,Zpx0�q8 q an be also obtain through applying Wilson's algorithm to a Brownianmotion on R with the killing measure 1px0,�8qκ. See �gure 3.2.b for an illustration ofpYpx0�q8 ,Zpx0�q8 q. Observe the di�erene with �gure 3.2.a at the third step of Wilson'salgorithm. Ypx0�q8 is a determinantal point proess with determinantal kernel Gpx0�q relativeto the measure 1px0,�8qκ. Zpx0�q8 is a determinantal point proess with kernel Kpx0�q relativeto the measure 1z¡x0dz. The distribution of the 2n�1 losest to x0 points in Ypx0�q8 YZpx0�q8 ,the odd-numbered belonging to Zpx0�q8 and the even-numbered to Ypx0�q8 , is given by themeasure
M px0�q
n pYpx0�q8 ,Zpx0�q8 qpdy1, dz1, . . . dzn�1, dynq :�� 2n

�duÓ
dx

px0q	�1

uÓpynqκpdy1qdz1 . . . dzn�1κpdynq



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 99If the Wilson's algorithm is applied to the Brownian motion on p�8, x0s, re�eted at x0and with killing measure κ, and pYp�x0q8 ,Zp�x0q8 q are the point proesses returned by thealgorithm, then the distribution of the 2n�1 losest to x0 points in Yp�x0q8 YZp�x0q8 is givenby the measure
M p�x0q
n pYp�x0q8 ,Zp�x0q8 qpdy�1, dz�1, . . . dz�n�1, dy�nq :�

2n
�duÒ
dx

px0q	�1

uÒpy�nqκpdy�1qdz�1 . . . dz�n�1κpdy�nq
b b b bb ×

x0 x3 x2 x1x4

b b b bb× ×
x0 x3 x2 x1x4

× b b bb× ×
x0 x3 x2 x1x4

× b b bb× ×
x0 x3 x2 x1x4

× × × × × ×ld ld ld ld ld
x0Fig.3.2.a - Illustration of the �rst four steps of Wilson's algorithm in ase of killing at x0and of pYpx0�q8 ,Zpx0�q8 q: x-dots represent the points of Ypx0�q

n ,diamonds the points of Zpx0�q
n and thik lines the intervals in J px0�q

n .
b b b bb ×

x0 x3 x2 x1x4

b b b bb× ×
x0 x3 x2 x1x4

b b b bb× ×
x0 x3 x2 x1x4

b b b bb× ×
x0 x3 x2 x1x4

b × × × × × ×ld ld ld ld ld
x0Fig.3.2.b - Illustration of the �rst four steps of Wilson's algorithm in ase of re�etion at x0and of pYpx0�q8 ,Zpx0�q8 q: x-dots represent the points of Ypx0�q

n ,diamonds the points of Zpx0�q
n and thik lines the intervals in J px0�q

n .Let Y8 and Z8 be the determinantal point proesses assoiated to the Brownian motionon R with killing measure κ. Let n, n1 P N�. The following two fatorizations hold:
Mn�n1pY8,Z8qpdy�n1 , dz�n1 , . . . dy�1, dz�1, dy0, dz1, dy1, . . . , dzn, dynq �

M
p�y0q
n1 pYp�y0q8 ,Zp�y0q8 qpdz�1, dy�1, . . . , dz�n1 , dy�n1q �Gpy0, y0qκpdy0q�M py0�q

n pYpy0�q8 ,Zpy0�q8 qpdz1, dy1, . . . , dzn, dynq
Mn�n1�1pY8,Z8qpdy�n1 , dz�n1�1, . . . dz�1, dy�1, dz0, dy1, dz1, . . . , dzn�1, dynq �

M
p�z0q
n1 pYp�z0q8 ,Zp�z0q8 qpdy�1, dz�1, . . . dz�n1�1, dy�n1q �Kpz0, z0qdz0�M pz0�q

n pYpz0�q8 ,Zpz0�q8 qpdy1, dz1, . . . dzn�1, dynqThe above fatorisations imply the following:



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 100Property 3.2.1. Let ε ¡ 0 and let F1 and F2 be two measurable non-negative fun-tionals on ouples of point proesses on R and f a measurable non-negative funtion on R.Then
E
� ¸
y0PY8 fpy0qF1pY8 X p�8, y0s,Z8 X p�8, y0sqF2pY8 X ry0,�8q,Z8 X ry0,�8qq�� »

R
fpy0qGpy0, y0qErF1pYp�y0q8 ,Zp�y0q8 qsErF2pYpy0�q8 ,Zpy0�q8 qsκpdy0qand

E
� ¸
z0PZ8 fpz0qF1pY8 X p�8, z0s,Z8 X p�8, z0sqF2pY8 X rz0,�8q,Z8 X rz0,�8qq�� »

R
fpz0qKpz0, z0qErF1pYp�z0q8 ,Zp�z0q8 qsErF2pYpz0�q8 ,Zpz0�q8 qsdz0If y0 P Supppκq, then onditional on y0 P Y8, pY8 X p�8, y0s,Z8 X p�8, y0sq andpY8 X ry0,�8q,Z8 X ry0,�8qq are independent, pY8 X p�8, y0s,Z8 X p�8, y0sq has thesame law as pYp�y0q8 ,Zp�y0q8 q and pY8 X ry0,�8q,Z8 X ry0,�8qq has the same law aspYpy0�q8 ,Zpy0�q8 q.If κpp�8, z0qq ¡ 0, κppz0,�8qq ¡ 0 and κptz0uq � 0, then onditional on z0 P Z8,pY8Xp�8, z0s,Z8Xp�8, z0sq and pY8Xrz0,�8q,Z8Xrz0,�8qq are independent, pY8Xp�8, z0s,Z8 X p�8, z0sq has the same law as pYp�z0q8 ,Zp�z0q8 q and pY8 X rz0,�8qZ8 Xrz0,�8qq has the same law as pYpz0�q8 ,Zpz0�q8 q.Let y0 P R and c ¡ 0. We will denote by pYpy0q8 ,Zpy0q8 q the pair of interwoven determi-nantal point proesses orresponding to the killing measure κ � cδy0 , onditioned on Ypy0q8ontaining y0. The law of pYpy0q8 ,Zpy0q8 q does not depend on the value of c aording to theproperty 3.2.1. pYpy0q8 Xpy0,�8q,Zpy0q8 Xpy0,�8qq and pYpy0q8 Xp�8, y0q,Zpy0q8 Xp�8, y0qqare independent. The distribution of the 2n losest to y0 points in pYpy0q8 YZpy0q8 qXpy0,�8q,on the event 7pYpy0q8 X py0,�8qq ¥ n, is(3.2.1) 1y0 z1 y1 ��� zn yn2nuÓpynquÓpy0q dz1κpdy1q . . . dznκpdynqThe distribution of the 2n losest to y0 points in pYpy0q8 YZpy0q8 q X p�8, y0q is(3.2.2) 1y0¡z�1¡y�1¡���¡z�n¡y�n2

nuÒpy�nq
uÒpy0q dz�1κpdy�1q . . . dz�nκpdy�nqLet a   b P R. Next we will desribe what happens if we ondition by Z8 X ra, bs � H.This ondition implies in partiular that 7pY8 X ra, bsq ¤ 1. Let pR be the quotient spaewhere in R we identify to one point all the points lying in ra, bs. pR is homeomorphi to R.Let π̂ be the projetion from R to pR. Let θ be the lass of ra, bs in pR. We de�ne on pR themetri dpR: If x   y   a or b   x   y then dpRpπ̂pxq, π̂pyqq � y � x. If x   a and y ¡ b then dpRpπ̂pxq, π̂pyqq � py � xq � pb� aq. If x   a then dpRpπ̂pxq, θq � a� x. If x ¡ b then dpRpπ̂pxq, θq � x� b.pR endowed with dpR is isometri to R. So we an de�ne a standard Brownian motion on pR.Let κ̂ be the measure κ pushed forward by π̂ on pR. In partiular κ̂ptθuq � κpra, bsq. Let



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 101p pY8, pZ8q be the pair of interwoven determinantal point proesses on pR obtained by applyingthe Wilson's algorithm to the Brownian motion on pR with killing measure κ̂.Proposition 3.2.2. Conditional on Z8 X ra, bs � H, pπ̂pY8q, π̂pZ8qq has the samedistribution as p pY8, pZ8q. Moreover on the event Y8 X ra, bs � H, the unique point in
Y8 X ra, bs is distributed aording the probability measure 1a¤y¤bκpdyq

κpra,bsq .Proof. First we ompute PpZ8 X ra, bs � Hq. We onsider that a and b are the �rsttwo starting points in the Wilson's algorithm. Then
PpZ8 X ra, bs � Hq �P�Bpaq

T�1 ¡ b
	� P

�
B
paq
T�1   a,B

pbq
T�2 � a

	� P
�
B
paq
T�1 � B

pbq
T�2 P ra, bs	�1

2

duÒ
dx

pa�quÓpbq � 1

2
uÒpaqduÓ

dx
pb�q � uÒpaquÓpbqκpra, bsqNext we determine the Green's funtion pG of 1

2
d2

dx̃2 � κ̂ on pR. Let ûÒ and ûÓ be twosolutions on pR to
1

2

dû

dx
� ûκ̂ � 0with the initial onditions ûÒpθq � uÒpaq, dûÒdx pθ�q � duÒ

dx pa�q, ûÓpθq � uÓpbq and dûÓ
dx pθ�q �

duÓ
dx pb�q. Then for x ¤ a, ûÒpπ̂pxqq � uÒpxq and for x ¥ b, ûÓpπ̂pxqq � uÓpxq. ûÒ and ûÓ arepositive, ûÒ is non-dereasing and ûÓ non-inreasing. Moreover:

dûÒ
dx

pθ�q � dûÒ
dx

pθ�q � 2ûÒpθqκ̂ptθuq � duÒ
dx

pa�q � 2uÒpaqκpra, bsqThe Wronskian of ûÓ and ûÒ equals
W pûÓ, ûÒq �ûÓpθqdûÒ

dx
pθ�q � ûÒpθqdûÓ

dx
pθ�q�duÒ

dx
pa�quÓpbq � uÒpaqduÓ

dx
pb�q � 2uÒpaquÓpbqκpra, bsq�2PpZ8 X ra, bs � HqThus pG equals pGpx̃, ỹq � ûÒpx̃ ^ ỹqûÓpx̃ _ ỹq

PpZ8 X ra, bs � HqIn partiular if x ¤ a and y ¥ b then(3.2.3) pGpπ̂pxq, π̂pyqq � uÒpxquÓpyq
PpZ8 X ra, bs � Hq � Gpx, yq

PpZ8 X ra, bs � HqTo prove the equality in law, we need to onsider the probabilities of all the events
Cnpa0, b0, ã1, b̃1, a1, b1, . . . , ãn, b̃n, an, bnq where n ¥ 1 and a0   b0   ã1   b̃1   a1   b1  � � �   ãn   b̃n   an   bn P R, orresponding to following onditions: Y8 X ra0, b0s � H, Y8 X ran, bns � H �r P t1, . . . , nu, 7pY8 X rar, brsq � 1 �r P t1, . . . , nu, 7pZ8 X pãr, b̃rqq � 1 �r P t0, . . . , n� 1u, pY8 YZ8q X pbr, ãrs � H, pY8 YZ8q X rb̃r, ar�1q � HWe will also assume that either all of the rar, brs do not interset ra, bs or one of the rar, brsis ontained in ra, bs and the other do not interset ra, bs. The probabilities of suh eventsdetermine the joint law of pY8,Z8q on the event 7Y8 ¥ 2,Z8Xra, bs � H. We will denotepCnp�q the analogously de�ned events where we replae pY8,Z8q by p pY8, pZ8q. We do notneed to deal with the event 7Y8 � 1 beause then Z8 � H.
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r�0rar, brs� � H. If there is r0 P t0, n� 1u suhthat br0   a and b   ar0�1 then

P
�
Cnpa0, b0, ã1, b̃1, a1, b1, . . . , ãn, b̃n, an, bnq,Z8 X ra, bs � H	� »ra0,b0s uÒpy0qκpdy0q � »ran,bns uÓpynqκpdynq � n�1¹

r�1

κprar, brsq� ¹
r�r0 2pb̃r � ãrq � 2Lebprãr0, b̃r0szra, bsqUsing (3.2.3) we get that the above equals

PpZ8 X ra, bs � Hq � P
� pCnpπ̂pa0q, π̂pb0q, π̂pã1q, π̂pb̃1q, . . . , π̂panq, π̂pbnqq	If b   a0, then we onsider a Wilson's algorithm where the 2pn� 1q �rst starting points are

ã1, b̃1, . . . , ãn, b̃n, a, b. The onditions Cnpa0, b0, ã1, b̃1, a1, b1, . . . , ãn, b̃n, an, bnq and
Z8 X ra, bs � H are satis�ed if and only if the following is true: B

pã1q
T�1 P ra0, b0s, Bpb̃nq

T�2n P ran, bns, for all r P t1, . . . , n� 1u, Bpb̃rq
T�2r � B

pãr�1q
T�2r�1

P rar, brsand for all r P t1, . . . , nu, Y8 X pãr, b̃rq � H. Either Bpaq
T�2n�1

P pb, Bpã1q
T�1 s or Bpbq

T�2n�2

  a or Bpaq
T�2n�1

� B
pbq
T�2n�2

P ra, bs.Then
P
�
Cnpa0, b0, ã1, b̃1, a1, b1, . . . , ãn, b̃n, an, bnq,Z8 X ra, bs � H	� »ran,bns uÓpynqκpdynq � n�1¹

r�1

κprar, brsq � n¹
r�1

2pb̃r � ãrq��
uÒpaq »

b y y0,y0Pra0,b0spuÓpyquÒpy0q � uÒpyquÓpy0qqκpdyqκpdy0q � uÒpaqκpra0, b0sq� � »
y�1 a uÒpy�1qκpdy�1q � uÒpaqκpra0, b0sq	� »ra0,b0spuÓpbquÒpy0q � uÒpbquÓpy0qqκpdy0q
� »ran,bns uÓpynqκpdynq � n�1¹

r�1

κprar, brsq � n¹
r�1

2pb̃r � ãrq� �1
2
uÒpaq »ra0,b0s �duÓdx pb�quÒpy0q � duÒ

dx
pb�quÓpy0q	κpdy0q� �1

2

duÒ
dx

pa�q � uÒpaqκpra0, b01sq	 »ra0,b0spuÓpbquÒpy0q � uÒpbquÓpy0qqκpdy0q	But for y0 ¥ b

ûÒpπ̂py0qq �1

2
uÒpaq�duÓ

dx
pb�quÒpy0q � duÒ

dx
pb�quÓpy0q	��1

2

duÒ
dx

pa�q � uÒpaqκpra0, b0sq	puÓpbquÒpy0q � uÒpbquÓpy0qq



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 103Indeed one an hek the initial onditions ûÒpπ̂pbqq � uÒpaq and dûÒ
dx pπ̂pbq�q � duÒ

dx pa�q �
2uÒpaqκpra0, b0sq. It follows that
P
�
Cnpa0, b0, ã1, b̃1, . . . , an, bnq,Z8 X ra, bs � H	� »rπ̂pa0q,π̂pb0qs ûÒpỹ0qκpdỹ0q � »rπ̂panq,π̂pbnqs ûÓpỹnqκpdỹnq � n�1¹

r�1

κprar, brsq � n¹
r�1

2pb̃r � ãrq�PpZ8 X ra, bs � Hq � P
� pCnpπ̂pa0q, π̂pb0q, π̂pã1q, π̂pb̃1q, . . . , π̂panq, π̂pbnqq	Similar holds if bn   a.Now we onsider the ase when there is r0 P t0, . . . , nu suh that rar0 , br0s � ra, bs andra, bs X ��

r�r0rar, brs� � H. If 1 ¤ r0 ¤ n� 1 then
P
�
Cnpa0, b0, ã1, b̃1, . . . , an, bnq,Z8 X ra, bs � H	� »ra0,b0s uÒpy0qκpdy0q � »ran,bns uÓpynqκpdynq � n�1¹

r�1

κprar, brsq� ¹
r�r0,r0�1

2pb̃r � ãrq � 2Lebprãr0, b̃r0szra, bsq � 2Lebprãr0�1, b̃r0�1szra, bsq�κprar0 , br0sq
κpra, bsq � PpZ8 X ra, bs � Hq � P

� pCnpπ̂pa0q, π̂pb0q, π̂pã1q, π̂pb̃1q, . . . , π̂panq, π̂pbnqq	Moreover π̂par0q � π̂pbr0q � θ. If r0 � 0 then
P
�
Cnpa0, b0, ã1, b̃1, . . . , an, bnq,Z8 X ra, bs � H	�uÒpaqκpra0, b0sq � »ran,bns uÓpynqκpdynq� n�1¹
r�1

κprar, brsq � n¹
r�2

2pb̃r � ãrq � 2Lebprã1, b̃1szra, bsq�κpra0, b0sq
κpra, bsq � PpZ8 X ra, bs � Hq � P

� pCnpπ̂pa0q, π̂pb0q, π̂pã1q, π̂pb̃1q, . . . , π̂panq, π̂pbnqq	and π̂pa0q � π̂pb0q � θ. We have a similar expression if r0 � n. �Next we deal with the ondition of the determinantal point proess Y8 not harging agiven subinterval of R. We will onsider the following more general situation: Let κ and κ̃be two di�erent killing measures on R, with κ ¤ κ̃, and the ouples of determinantal pointproesses pY8,Z8q respetively p rY8, rZ8q orresponding to the Brownian motion on R withkilling measure κ respetively κ̃. Let rG be the Green's funtion of 1
2
d2

dx2 � κ̃, fatorized asrGpx, yq � ũÒpx ^ yqũÓpx _ yqLet rKpy, zq :� �1

2

dũÒ
dx

ppy ^ zq�qdũÓ
dx

ppy _ zq�qWe will assume that κ̃� κ has a �rst moment, that is to say»
R
|x|pκ̃pdxq � κpdxqq   �8Let χ be the Radon-Nikodym derivative

χ :� dκ

dκ̃



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 104By de�nition 0 ¤ χ ¤ 1. Let ∆ rY be the point proess obtained from rY8 as follows: Given apoint y in rY8 we hose to erase it with probability χpyq and keep it with probability 1�χpyq,eah hoie being independent from the other hoies and the position of other points. Itis immediate to hek that ∆ rY is a determinantal point proess with determinantal kernelp rGpx, yqqx,yPR relative to the measure p1 � χqκ̃, that is to say the measure κ̃ � κ. We willshow that onditional on ∆ rY � H, p rY8, rZ8q has the same law as pY8,Z8q. In ase 1� χbeing the indiator funtion of a bounded subinterval of R, this gives the law of p rY8, rZ8qonditioned on rY8 not harging this subinterval.Lemma 3.2.3. ∆ rY is a.s. �nite. Let
vκ,κ̃pyq :� �

ũÒpyq � »
y�1 y ũÒpy�1qpuÓpy�1quÒpyq � uÒpy�1quÓpyqqpκ̃� κqpdy�1q
��

ũÓpyq � »
y1¡y ũÓpy1qpuÒpy1quÓpyq � uÓpy1quÒpyqqpκ̃� κqpdy1q
Then

P
�7∆ rY � 1

� � »
R
vκ,κ̃pyqpκ̃� κqpdyqThe distribution of the unique point in ∆ rY onditional on 7∆ rY � 1 is

vκ,κ̃pyqpκ̃� κqpdyq
P
�7∆ rY � 1

�Furthermore
P
�7∆ rY ¥ 2

� ¤ 1

2

�»
R
rGpy, yqpκ̃pdyq � κpdyqq	2and Pp∆ rY � Hq ¡ 0.Proof. First let us hek that ³

R
rGpy, yqpκ̃pdyq � κpdyqq   �8. Sine κ̃ � κ has a�rst moment, we need only to show that rGpy, yq grows sub-linearly in the neighbourhoodof �8 and �8. Let a   b P R suh that κ̃ppa, bqq ¡ 0. Let rGa,b be the Green's funtionof 1

2
d2

dx2 � 1pa,bqκ̃. Then rGa,bpy, yq is a�ne on p�8, aq and on pb,�8q. Moreover rGpy, yq ¤rGa,bpy, yq. Thus we get
E
�7∆ rY� � »

R
rGpy, yqpκ̃pdyq � κpdyqq   �8In partiular ∆ rY is a.s. �nite.To bound P

�7∆ rY ¥ 2
� we use the following:

P
�7∆ rY ¥ 2

� ¤ 1

2
E
�7∆ rYp7∆ rY � 1q�� 1

2

»
R2

p rGpx, xq rGpy, yq � rGpx, yq2qpκ̃pdxq � κpdxqqpκ̃pdyq � κpdyqq¤ 1

2

�»
R
rGpy, yqpκ̃pdyq � κpdyqq	2The expression of E�7∆ rYp7∆ rY�1q� that we used is general for determinantal point proesses.Let's prove now that Pp∆ rY � Hq ¡ 0. ∆ rY is determinantal point proess assoiated toa trae-lass self-adjoint positive semi-de�nite ontration operator on L2pdκ̃�dκq. Pp∆ rY �



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 105Hq ¡ 0 if and only if all the eigenvalues of the operator are stritly less then 1 (see theorem
4.5.3 in [HKPV09℄). Let f P L2pκ̃� κq. Let

F pxq :� »
R
rGpx, yqfpyqpκ̃pdyq � κpdyqq

F is ontinuous, dominated byrGpx, xq 1
2

� »
R
rGpy, yqpκ̃pdyq � κpdyqq	 1

2
�»

R
fpyq2pκ̃pdyq � κpdyqq	 1

2and has left-side and right-side derivatives at every point. F satis�es the equation�1

2

d2F

dx2
� F κ̃ � fpκ̃� κqAssume by absurd that f � F pκ̃� κq-almost everywhere. Then»

R
F pxq2pκ̃pdxq � κpdxqq � »

R
fpxqF pxqpκ̃pdxq � κpdxqq� »

R
F pxq2κ̃pdxq � 1

2

»
R

dF

dx
pxq2dxThus F is neessarily onstant. But then this means that pκ̃ � κqpRq � κ̃pRq, whih isimpossible beause κ is non zero. Thus 1 is not an eigenvalue of the operator de�ning thedeterminantal proess ∆ rY and thus Pp∆ rY � Hq ¡ 0.As for rY8, the spaing between onseutive points of ∆ rY are independent. By on-strution ∆ rY � Supppκ̃� κq. Given y0 P Supppκ̃� κq, let

1y¡y0f∆ rYpy0, yqpκ̃pdyq � κpdyqqbe the distribution of the lowest point in ∆ rY X py0,�8q onditional on y0 P ∆ rY . Sine y0may be the maximum of ∆ rY, f∆ rYpy0, yqpκ̃pdyq�κpdyqq   1. For y to be min∆ rYXpy0,�8q,
y must belong to rY8, all points in y1 P rY8 X py0, yq must be erased (probability χpy1q foreah), and y must be kept (probability 1� χpyq). For y1 ¡ y0, let f rGpy0, y1q be

f rGpy0, y1q � 2py1 � y0q ũÓpy1q
ũÓpy0q

1y1¡y0f rGpy0, y1qκ̃pdy1q is the distribution ofmin rY8Xpy0,�8q onditional on y0 P rY8 (propo-sition 3.1.11). f∆ rY and f rG are related as follows:
f∆ rYpy0, yq� f rGpy0, yq �

j̧¥2

»
y0 ��� yj�1 y f rGpy0, y1q . . . f rGpyj�1, yq j�1¹

i�1

χpyiqκpdyiq� ũÓpyq
ũÓpy0q�2py � y0q �

j̧¥2

2j
»
y0 ��� yj�1 ypy1 � y0q . . . py � yj�1q j�1¹

i�1

κpdyiq
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2py�y0q �

j̧¥2

2j
»
y0 ��� yj�1 ypy1 � y0q . . . py � yj�1q j�1¹

i�1

κpdyiq� uÓpy0q
uÓpyq �fGpy0, yq � j̧¥2

»
y0 ��� yj�1 y fGpy0, y1q . . . fGpyj�1, yq j�1¹

i�1

κpdyiq
� uÓpy0q
uÓpyq �Gpy, yq � Gpy0, yq2

Gpy0, y0q	 � uÓpy0quÒpyq � uÒpy0quÓpyq(see setion 3.1.3). It follows that
f∆ rYpy0, yq � ũÓpyq

ũÓpy0q puÓpy0quÒpyq � uÒpy0quÓpyqqIn partiular, if y0   y1   � � �   yn P R, the in�nitesimal probability that ∆ rY has a pointat eah of the loations yi and no points in-between isrGpy0, y0qf∆ rYpy0, y1q . . . f∆ rYpyn�1, ynq n¹
i�0

pκ̃pdyiq � κpdyiqq� ũÒpy0qũÓpynq n¹
i�1

puÓpyiquÒpyi�1q � uÒpyiquÓpyi�1qq n¹
i�0

pk̃pdyiq � kpdyiqqThus the expression of vκ,κ̃pyq is a sieve identity obtained as follows: vκ,κ̃pyqpκ̃ � κqpdyqis the in�nitesimal probability that ∆ rY ontains a point at y, from whih we subtrat thein�nitesimal probabilities to have a point at y at another below respetively above, and towhih we add the in�nitesimal probability to have a point at y and points both below andabove y. �Next we deal with the law of p rY8, rZ8q onditional on ∆ rY � 0. Let y0 P Supppκ̃� κq.First we will ompute the probability that ∆ rY X py0,�8q � H onditional on y0 P rY8.Lemma 3.2.4. There are positive onstants c1 and c2 suh that for all x P R(3.2.4) »
y xpuÓpyquÒpxq � uÒpyquÓpxqqũÒpyqpκ̃pdyq � κpdyqq � ũÒpxq � c1uÒpxq(3.2.5) »
y¡xpuÒpyquÓpxq � uÓpyquÒpxqqũÓpyqpκ̃pdyq � κpdyqq � ũÓpxq � c2uÓpxqIn partiular

vκ,κ̃pyq � c1c2uÒpyquÓpyqProof. We will prove (3.2.5). The proof of (3.2.4) is similar. Let f be the funtion
fpxq :� ũÓpxq � »

y¡xpuÒpyquÓpxq � uÓpyquÒpxqqũÓpyqpκ̃pdyq � κpdyqqThe derivative of f , de�ned everywhere exept at most ountably many points, is
df

dx
pxq � dũÓ

dx
pxq � »

y¡x �uÒpyqduÓdx pxq � uÓpyqduÒ
dx

pxq	ũÓpyqpκ̃pdyq � κpdyqq
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d2f

dx2
pxq �d2ũÓ

dx2
pxq � »

y¡x �uÒpyqd2uÓdx2
pxq � uÓpyqd2uÒ

dx2
pxq	ũÓpyqpκ̃pdyq � κpdyqq� �

uÒpxqduÓ
dx

pxq � uÓpxqduÒ
dx

pxq	ũÓpxqpκ̃pdxq � κpdxqq�2ũÓpxqκ̃pdxq� »
y¡xpuÒpyquÓpxq � uÓpyquÒpxqqũÓpyqpκ̃pdyq � κpdyqq � κpdxq� 2ũÓpxqpk̃pdxq � kpdxqq�2ũÓpxqκpdxq� »
y¡xpuÒpyquÓpxq � uÓpyquÒpxqqũÓpyqpκ̃pdyq � κpdyqq � κpdxq�2fpxqκpdxqThus f satis�es the same di�erential equation as uÓ. Moreover |f | is dominated by

ũÓpxq � uÓpxq »
y¡xGpy, yqpκ̃pdyq � κpdyqqThus f is bounded on the intervals of the type pa,�8q. It follows that there is a onstant

c2 P R suh that f � c2uÓ. Thus we get the identity (3.2.5). Let's show that c2 ¡ 0. Let
x P Supppκ̃q. Then
1� 1

ũÓpxq »y¡xpuÒpyquÓpxq � uÓpyquÒpxqqũÓpyqpκ̃pdyq � κpdyqq� 1� »
y¡x f∆ rYpx, yqpκ̃pdyq � κpdyqq � P

�
∆rY X px,�8q � H|x P rY8�The above onditional probability is positive beause aording to the lemma 3.2.3, P�∆rY �H� ¡ 0. Thus f is positive and c2 ¡ 0. �Lemma 3.2.5. Conditional on the event ∆ rY � H, p rY8, rZ8q has the same law aspY8,Z8q.Proof. It is enough to show that onditional on ∆ rY � H, rY8 has the same law as

Y8. Indeed in both ases the points of rZ8 respetively Z8 are distributed independentlyand uniformly between any two onseutive points of rY8 respetively Y8. For n ¥ 1 and
y1   � � �   yn, let ρnpdy1, . . . dynq be the in�nitesimal probability for rY8 having a point ateah of the loations yi and none in-between, onditional on ∆ rY � H. We need only toshow that(3.2.6) ρnpdy1, . . . dynq � 2n�1uÒpy1quÓpynq n¹

i�2

pyi � yi�1q n¹
i�1

κpdyiqFor y1   � � �   yn to be n onseutive points in rY8 and for ∆ rY � H, we need y1   � � �   ynto be n onseutive points in rY8, to hoose not to erase any of yi (probability χpyiq) and



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 108�nally we need that ∆ rY X p�8, y1q � H and ∆ rY X pyn,�8q � H. Thus
ρnpdy1, . . ., dynq � 1

Pp∆ rY � Hq2n�1ũÒpy1qũÓpynq� �
1� 1

ũÒpy1q »y y1puÓpyquÒpy1q � uÒpyquÓpy1qqũÒpyqpκ̃pdyq � κpdyqq	� �
1� 1

ũÓpynq »y¡ynpuÒpyquÓpynq � uÓpyquÒpynqqũÓpyqpκ̃pdyq � κpdyqq	� n¹
i�2

pyi � yi�1q n¹
i�1

χpyiqκ̃pdyiqApplying lemma 3.2.4 we get that
ρnpdy1, . . . , dynq � c1c2

Pp∆ rY � Hq2n�1uÒpy1quÓpynq n¹
i�2

pyi � yi�1q n¹
i�1

κpdyiqSine the onstant c1c2
Pp∆ rY�Hq does not depend on n, the previous equations implies that
Pp rY8 � H|∆ rY � Hq � c1c2

Pp∆ rY � HqPpY8 � HqBut Pp rY8 � H|∆ rY � Hq � PpY8 � Hq � 1. Thus
c1c2

Pp∆ rY � Hq � 1and 3.2.6 holds. �Corollary 3.2.6. Let a   b P R suh that κ̃pRzra, bsq ¡ 0. Conditional on rY8Xra, bs �H, p rY8, rZ8q has the same law as the pair of interwoven determinantal point proessesobtained from the Wilson's algorithm applied to the Brownian motion with killing measure
1Rzra,bsκ.Lemma 3.2.7. Conditional on 7∆ rY � 1 and on the position of the unique point Y in
∆ rY, p rY8, rZ8q has the same law as pYpY q8 ,ZpY q8 q.Proof. It is enough to show that onditional on 7∆ rY � 1 and on the position of theunique point Y in ∆ rY, rY8 has the same law as YpY q8 . Indeed the points of rZ8 respetively
ZpY q8 are independently and uniformly distributed between any two onseutive points inrY8 respetively ZpY q8 .Let n ¥ 1 and i0 P t1, . . . , nu. Let y1   � � �   yn P R. The in�nitesimal probability for
y1, . . . , yn being n onseutive points in rY8 and ∆ rY � tyi0u is

2n�1ũÒpy1qũÓpynq� �
1� 1

ũÒpy1q »y y1puÓpyquÒpy1q � uÒpyquÓpy1qqũÒpyqpκ̃pdyq � κpdyqq	� �
1� 1

ũÓpynq »y¡ynpuÒpyquÓpynq � uÓpyquÒpynqqũÓpyqpκ̃pdyq � κpdyqq	� n¹
i�2

pyi � yi�1q ¹
i�i0 κpdyiq � pκ̃� κqpdyi0 q� c1c22

n�1uÒpy1quÓpynq n¹
i�2

pyi � yi�1q ¹
i�i0 κpdyiq � pκ̃� κqpdyi0q
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uÒpyi0q i0�1¹

i�1

pyi�1 � yiqκpdyiq� 2n�i0 uÓpynq
uÓpyi0q n¹

i�i0�1

pyi � yi�1qκpdyiq(3.2.7)In 3.2.7 appears the in�nitesimal probability for ∆ rY � tyi0u times the in�nitesimal proba-bility for y1, . . . , yn being n onseutive points in Ypy0q8 (ompare with expressions 3.2.1 and3.2.2). �3.2.2. Couplings. In this setion we will prove the monotone oupling results forpY8,Z8q stated at the begining of setion 3.2.1. The onstrution of the oupling willbe expliit. However it will not appeal to Wilson's algorithm used to de�ne pY8,Z8q.First we will desribe analogous monotone oupling results for Uniform Spanning Trees on�nite graphs. In this ase no expliit onstrution is known in general and the proof relieson Strassen's theorem and the onditions for stohasti domination between determinantalproesses shown in [Lyo03℄.Proposition 3.2.8. Let G be a �nite onneted undireted graph with E its set of edges,and pCpeqqePE a positive weight funtion on E. Let F be a subset of E. Let p rCpeqqePE be another weight funtion suh rC ¥ C and rC � C on EzF . Let Υ be the Uniform Spanning Treeof G orresponding to the weights C and rΥ the Uniform Spanning Tree of G orrespondingto the weights rC. There is a oupling of Υ and rΥ suh that(3.2.8) rΥX pEzF q � ΥX pEzF qIn ase F is made of all edges adjaent to a partiular vertex x0, and rC is proportional to
C on F , then there is a oupling satisfying the additional ondition(3.2.9) ΥX F � rΥX FProof. It is enough to prove the �rst oupling ((3.2.8)) in ase F is a single edge(F � teu). Then by indution on 7F the general result will follow. From de�nition ofUniform Spanning Trees is lear that Ppe P Υq ¤ Ppe P rΥq. Moreover, Υ onditional on
e P Υ respetively e R Υ has the same law as rΥ onditional on e P rΥ respetively e R rΥ.A possible oupling is the following: �rst we ouple 1ePΥ with 1ePrΥ in a way suh that
1ePΥ ¤ 1ePrΥ. In ase 1ePΥ � 1ePrΥ � 0 respetively 1ePΥ � 1ePrΥ � 1 we sample for both Υand rΥ the same tree having the law of Υ onditioned by e R Υ respetively e P Υ. In ase
1ePΥ � 0 and 1ePrΥ � 1, we use the fat that on the edges in Ezteu, the law of Υ onditionedby e P Υ is stohastially dominated by the law of Υ onditioned by e R Υ, whih impliesthe existene of a monotone oupling by Strassen's theorem. See theorems 5.2, 5.3 and 5.5in [Lyo03℄.Now we onsider the ase of F made of all edges adjaent to a partiular vertex x0, andrC is proportional to C on F . Let pΥ, rΥq be a oupling satisfying (3.2.8). In general it doesnot satisfy (3.2.9). To deal with this issue we will re-sample the edges of Υ and rΥ ontainedin F , that is to say sample Υ1 having the same law as Υ, rΥ1 having the same law as rΥ, suhthat Υ1XpEzF q � ΥXpEzF q, rΥ1XpEzF q � rΥXpEzF q and suh that Υ1XF � rΥ1XF . Let
T1, . . . , TN be the onneted omponents of ΥXpEzF q. (3.2.8) ensures that eah onnetedomponent of rΥ1XpEzF q is ontained in one of the Ti. Let T1,1, . . . , T1,q1 , . . . , TN,1, . . . , TN,qNbe the onneted omponents of rΥ1 X pEzF q, where Ti,j � Ti. Conditional on T1, . . . , TN ,
Υ X F has the following law: for eah Ti one hooses an edge onneting x0 to Ti withprobability proportional to C, and independently from the edges of Υ that will onnet x0 to



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 110other pTi1qi1�i. Similarly for the law of rΥ onditional on T1,1, . . . , T1,q1 , . . . , TN,1, . . . , TN,qN .To onstrut Υ1 and rΥ1 we use the fat that rC is proportional to C on F : We start with Υ and rΥ satisfying (3.2.8). Then we remove from Υ and rΥ the edges ontained in F . For eah Ti,j , we add to rΥ1 an edge onneting x0 to Ti,j , hosen proportionally toits weight under C, eah hoie being independent from the others. For eah i P t1, . . . , Nu, there are qi edges in rΥ1 onneting x0 to Ti, one for eahpTi,jq1¤j¤qi . In order to onstrut Υ1, we need to hose one out of qi to keep andremove the others. We hose to keep the edge orresponding to Ti,j with probabilityproportional to: ¸
e onneting
x0 to Ti,j

CpeqThe hoie is done independently for eah i P t1, . . . , Nu.By onstrution Υ1 X F � rΥ1 X F . �Consider now two di�erent killing measures κ and κ̃ on R, with κ ¤ κ̃, and the ou-ples of determinantal point proesses pY8,Z8q respetively p rY8, rZ8q orresponding to theBrownian motion on R with killing measure κ respetively κ̃. We want to show that onean ouple pY8,Z8q and p rY8, rZ8q on the same probability spae suh that Z8 � rZ8 andrY8 � Y8 Y Supppκ̃� κq, and if κ and κ̃ are proportional also have Y8 � rY8. The ondition
Z8 � rZ8 and rY8 � Y8 Y Supppκ̃� κq is analogous to (3.2.8). The ondition Y8 � rY8is analogous to (3.2.9), where the emetery : plays the role of the distinguished vertex x0.We used the stohasti domination priniple ([Lyo03℄) for determinantal point proess withdeterminantal kernel a projetion operator. It ensures the existene of a monotone ouplingbut does not give one expliitly (see open questions [Lyo03℄). However for pY8,Z8q andp rY8, rZ8q we will onstrut a whole family of rather expliit monotone ouplings.Let rG be the Green's funtion of 1

2
d2

dx2 � κ̃, fatorized asrGpx, yq � ũÒpx ^ yqũÓpx _ yqLet rKpy, zq :� �1

2

dũÒ
dx

ppy ^ zq�qdũÓ
dx

ppy _ zq�qLet Gκ̃ be the operator on L2pdκ̃q de�ned on funtions with ompat support as follows:pGκ̃fqpxq :� »
R
rGpx, yqfpyqκ̃pdyqIn ase κ̃ � cκ where c is a onstant, c ¡ 1, we have the following resolvent identity, whihfollows from lemma 2.2.8:(3.2.10) 1

c
GckGκ � 1

c
GκGcκ � 1

c� 1

�
Gκ � 1

c
Gcκ

	Next we prove that a simple neessary but not su�ient ondition for monotone ou-plings to exist is satis�ed. It won't be used in the sequel but we prefer to give a diret prooffor it.Proposition 3.2.9. For any z1, . . . , zn P R suh that κ̃ptziuq � 0(3.2.11) detp rKpzi, zjqq1¤i,j¤n ¥ detpKpzi, zjqq1¤i,j¤nIf κ̃ � cκ, c ¡ 1, then for any y1, . . . , yn P Supppκq(3.2.12) cn detp rGpyi, yjqq1¤i,j¤n ¥ detpGpyi, yjqq1¤i,j¤n



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 111Proof. We will �rst show (3.2.11). To begin with we will show that for any z1 P R,rKpz1, z1q ¥ Kpz1, z1q. The Wronskian
W puÒ, ũÒqpzq :� uÒpzqdũÒ

dx
pz�q � ũÒpzqduÒ

dx
pz�qis non-negative. Indeed W puÒ, ũÒqp�8q � 0 and

dW puÒ, ũÒq � 2uÒũÒpdκ̃� dκq ¥ 0Similarly the Wronskian
W puÓ, ũÓqpzq :� uÓpzqdũÓ

dx
pz�q � ũÓpzqduÓ

dx
pz�qis non-positive. Using the fat that

W puÓ, uÒq �W pũÓ, ũÒq � 2we getrKpz1, z1q �Kpz1, z1q �1

2

�duÒ
dx

pz�1 qduÓdx pz�1 q � dũÒ
dx

pz�1 qdũÓdx pz�1 q	�1

4

�duÒ
dx

pz�1 qduÓdx pz�1 qW pũÓ, ũÒq � dũÒ
dx

pz�1 qdũÓdx pz�1 qW puÓ, uÒq	�1

4

�duÓ
dx

pz�1 qdũÓdx pz�1 qW puÒ, ũÒqpz1q� duÒ
dx

pz�1 qdũÒdx pz�1 qW puÓ, ũÓqpz1q	 ¥ 0To prove (3.2.11) in general, we will use the fatorization (3.1.34). For x0   z, let
ũ
px0�qÒ pzq :� ũÒpzq � �dũÓ

dx
px�0 q	�1 dũÒ

dx
px�0 qũÓpzqFatorization (3.1.34) ensures that we only need to prove that for x0   z with κptx0uq � 0:�dũpx0�qÒ

dx
pz�qdũÓ

dx
pzq ¥ �dupx0�qÒ

dx
pz�qduÓ

dx
pzqFirst observe that the Wronskian

W pupx0�qÒ , ũ
px0�qÒ qpzq :� u

px0�qÒ pzqdũpx0�qÒ
dx

pz�q � ũ
px0�qÒ pzqdupx0�qÒ

dx
pz�qis non-negative on rx0,�8q. Indeed W pupx0�qÒ , ũ

px0�qÒ qpxq � 0 and
dW pupx0�qÒ , ũ

px0�qÒ q � 2u
px0�qÒ pzqũpx0�qÒ pzqpdκ̃� dκq ¥ 0The sequel of the proof works as in the previous ase.Let's prove now (3.2.12). First we onsider the ase n � 1. From the resolvent identity(3.2.10) follows that

Gcκ �Gκ � pc� 1qpGκ �GcκGκqSine Gcκ is ontrating, this implies that Gκ ¤ Gcκ, where the inequality stands for positivesemi-de�nite operators on L2pdκq. Let y1 P Supppκq. Then for any ε ¡ 0(3.2.13) c

»py1�ε,y1�εq2 rGpx, yqκpdxqκpdyq ¥ »py1�ε,y1�εq2 Gpx, yqκpdxqκpdyqSine y1 P Supppκq, both sides of (3.2.13) are positive. The ontinuity of G and rG ensuresthat c rGpy1, y1q ¥ Gpy1, y1q. In ase of general n, we use the fatorization (3.1.33). It isenough to prove that for any x0   y, y P Supppκq(3.2.14) c rGpx0�qpy, yq ¥ Gpx0�qpy, yq



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 112where rGpx0�qpy, yq :� rGpy, yq � rGpx0, yq2rGpx0, x0qrG is the restrition to px0,�8q2 of the Green's funtion of 1
2
d2

dx2 �1px0,�8qκ̃. Let Gpx0�q
κ and

G
px0�q
cκ be the operators on L2p1px0,�8qdκq de�ned for funtions f with ompat support aspGpx0�q

κ fqpxq :� »px0,�8qGpx0�qpx, yqfpyqκpdyqpGpx0�q
cκ fqpxq :� c

»px0,�8q rGpx0�qpx, yqfpyqκpdyq
G
px0�q
κ and G

px0�q
cκ are ontrations and satisfy a resolvent identity similar to (3.2.10), whihsimilarly implies (3.2.14). �The resolvent identity (3.2.10) implies that Gκ and Gcκ ommute and that Gκ ¤ Gcκ.It was shown in ase of determianatal point proesses on disrete spae that this a su�ientondition for a monotone oupling to exist. See theorem 7.1 in [Lyo03℄.To onstrut the ouplings we will give several proedures that take deterministi ar-guments, among whih pairs of interwoven sets of points, and return pairs of interwovenrandom point proesses. The �rst proedure we desribe will be used as sub-proedure insubsequent proedures.Proedure 3.2.10. Arguments: a pair pY,Zq of disjoint disrete sets of points in R suh that between any two pointsin Y lies a single point in Z and vie-versa, and suh that inf Y YZ P Y Y t�8u,

supY YZ P Y Y t�8u a positive Radon measure κ a point y0 P R suh that y0 R ZProedure:(i) If y0 R Y, we de�ne a random variable Z distributed as follows:(i a) If there are y1 P Y, z1 P Z Y t�8u, suh that y1   z1, y0 P py1, z1q and
Y X py1, z1q � Z8 X py1, z1q � H then Z is distributed aording to

1zPpy1,y0q
uÒpy0q � uÒpy1q duÒdx pzqdz(i b) If there are y1 P Y, z1 P Z Y t�8u, suh that z1   y1, y0 P pz1, y1q and

Y X pz1, y1q � Z X pz1, y1q � H then Z is distributed aording to�1zPpy0,y1q
uÓpy1q � uÓpy0q duÓdx pzqdz(ii) If there are y1 P Y, z1 P ZYt�8u, suh that y1   z1, y0 P py1, z1q and YXpy1, z1q �

Z X py1, z1q � H, then(ii a) with probability uÒpy1q
uÒpy0q we setp rY , rZq � pY Y ty0uzty1u,Zq(ii b) and with probability 1� uÒpy1q

uÒpy0q we setp rY , rZq � pY Y ty0u,Z Y tZuq(iii) If there are y1 P Y, z1 P ZYt�8u, suh that z1   y1, y0 P pz1, y1q and YXpz1, y1q �
Z X pz1, y1q � H, then
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uÓpy0q we setp rY , rZq � pY Y ty0uzty1u,Zq(iii b) and with probability 1� uÓpy1q

uÓpy0q we setp rY , rZq � pY Y ty0u,Z Y tZuq(iv) If y0 P Y, we set p rY , rZq � pY,Zq.Return: p rY, rZq.Lemma 3.2.11. If proedure 3.2.10 is applied to the pair of interwoven determinantalpoint proesses pY8,Z8q orresponding to the killing measure κ, then its result p rY , rZq hasthe same law as pYpy0q8 ,Zpy0q8 q.Proof. By onstrution y0 P rY. Let rZ1   rY1   � � �   rZn   rYn be the 2n losest pointsto y0 in p rY Y rZq X py0,�8q. On the event minpY8 Y Z8q X py0,�8q P Z8 (point (ii) inproedure 3.2.10) their distribution is given by(3.2.15) 1y0 z1 y1 ��� zn yn2n�»p�8,y0q uÒpy1qκpdy1q	uÓpynqdz1κpdy1q . . . dznκpdynqOn the eventminpY8YZ8qXpy0,�8q P Y8 (point (iii) in proedure 3.2.10), the distributionof minpY8 YZ8q X py0,�8q is (see proposition 3.1.11)
1y1¡y02�»p�8,y0quÒpy�1qpy0 � y�1qκpdy�1q	uÓpy1qκpdy1q� 1y1¡y0 uÒp�8quÒpy1q Gpy0, y0qκpdy1q�1y1¡y0puÒpy0q � uÒp�8qquÓpy1qκpdy1q � 1y1¡y0uÒp�8quÓpy1qκpdy1q�1y1¡y0uÒpy0quÓpy1qκpdy1qThus on the event minpY8 Y Z8q X py0,�8q P Y8 (point (iii) in proedure 3.2.10), thedistribution of pZ1, Y1, . . . , Zn, Ynq is(3.2.16)
1y0 z1 ��� yn� »

y0 y1 z1 uÓpy1quÓpy0quÒpy0quÓpy1q2nuÓpynquÓpy1q κpdy1q	dz1κpdy1q . . . dznκpdynq(3.2.17) �1y0 z1 ��� yn �1
uÓpy0q duÓdx pz1quÒpy0quÓpy1q2n�1uÓpynq

uÓpy1q dz1κpdy1q . . . dznκpdynqThe term (3.2.16) orresponds to the ase when a point is removed from Y8 (ase (iii a) inproedure 3.2.10) and (3.2.17) to the ase when Z is added to Z8 (ase (iii b) in proedure



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 1143.2.10). The sum of the densities that appear in (3.2.15), (3.2.16) and (3.2.17) is
2n
�»p�8,y0q uÒpy1qκpdy1q	uÓpynq � � »

y0 y1 z1 uÓpy1quÓpy0quÒpy0quÓpy1q2nuÓpynquÓpy1q κpdy1q	� �1
uÓpy0q duÓdx pz1quÒpy0quÓpy1q2n�1uÓpynq

uÓpy1q�2n�1 duÒ
dx

py0quÓpynq � 2n�1

uÓpy0q�duÓdx pz1q � duÓ
dx

py�0 q	uÒpy0quÓpynq� �2n�1

uÓpy0q duÓdx pz1quÒpy0quÓpynq�2n�1uÓpynq�duÒ
dx

py0q � �1
uÓpy0q duÓdx py�0 quÒpy0q	 � 2n

uÓpynq
uÓpy0qSo we obtain the density whih appears in (3.2.1).It remains to prove that p rYXpy0,�8q, rZXpy0,�8qq and p rYXp�8, y0q, rZXp�8, y0qq areindependent. Let Z�1 ¡ Y�1 ¡ � � � ¡ Z�n1 ¡ Y�n1 be the n1 losest points to y0 in p rYY rZqXp�8, y0q. The distribution of the family of points pZ�1, Y�1 . . . , Z�n1 , Y�n1 , Z1, Y1, . . . , Zn, Ynqon the event 7p rY X p�8, y0qq ¥ n, 7p rY X py0,�8qq ¥ n1 is(3.2.18) �»

y0 y1 z1 2n�n1uÒpy�n1quÓpynq uÓpy1quÓpy0qκpdy1q � 2n�n1�1uÒpy�n1quÓpynq
uÓpy0q duÓ

dx
pz1q(3.2.19)� »

z�1 y1 y0 2n�n1uÒpy�n1quÓpynq uÒpy1quÒpy0qκpdy1q � 2n�n1�1uÒpy�n1quÓpynq
uÒpy0q duÒ

dx
pz�1q
�1y�n1 z�n1 ��� z�1 y0 z1 ��� zn ynκpdy�n1qdz�n1 . . . dz�1dz1 . . . dznκpdynqThe term (3.2.18) orresponds to point (iii) in proedure 3.2.10 and (3.2.19) to point (ii) inproedure 3.2.10. One an hek that the sum of the densities equals

2n�n1 uÒpy�n1q
uÒpy0q uÓpynq

uÓpy0qThus p rY X py0,�8q, rZ X py0,�8qq and p rY X p�8, y0q, rZ X p�8, y0qq are independent. �Lemma 3.2.12. We onsider the subspae of triples ppY,Zq, κ, y0q onsisting of a pair ofdisrete sets of points pY,Zq, a Radon measure κ and a point y0 P R, and whih satis�es therestritions on the arguments of proedure 3.2.10. We assume this subspae endowed with theprodut topology obtained from the topology of uniform onvergene on ompat subsets forthe pairs pY,Zq, the vague topology for the measures κ and standard order topology on R. Ifp rY, rZq is the pair of point proesses obtained by applying proedure 3.2.10 to the argumentsppY,Zq, κ, y0q, then its law depends ontinuously on ppY,Zq, κ, y0q.Proof. From lemma 2.2.4 it follows that the umulative distribution funtion of Z(point (i) in proedure 3.2.10) depends uniformly ontinuously on ppY,Zq, κ, y0q in the neigh-bourhood of triples where y0 R Y. Moreover the probabilities to make either the hoie (iia) or the hoie (ii b), as well as to make either the hoie (iii a) or the hoie (iii b),depend ontinuously on ppY,Zq, κ, y0q. Thus the law of p rY , rZq depends ontinuously onppY,Zq, κ, y0q in the neighbourhood of triples where y0 R Y. Moreover in the neighbourhoodof triples where y0 P Y, with high probability, onverging to 1, p rY , rZq � pY,Zq. Thus thelaw of p rY , rZq is ontinuous also at these triples. �First we will desribe a oupling in ase when κ̃ and κ di�er by an atom: κ̃ � κ� cδy0 .We onstrut the oupling as follows:



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 115Proedure 3.2.13. Arguments: a pair pY,Zq of disjoint disrete sets of points in R suh that between any two pointsin Y lies a single point in Z and vie-versa, and suh that inf Y YZ P Y Y t�8u,
supY YZ P Y Y t�8u two positive Radon measures κ and κ̃ where κ̃ is of form κ̃ � κ� cδy0 and y0 R Z.Proedure:(i) Let β be a Bernoulli r.v. of parameter c rGpy0, y0q.(ii) If β � 0 we set p rY , rZq � pY,Zq.(iii) If β � 1, we apply the proedure 3.2.10 to the arguments pY,Zq, κ and y0 and setp rY , rZq to be its result.Return: p rY, rZq.p rY , rZq onstruted this way satis�es the following: between any two onseutive pointsin rY lies a single point in rZ and between any two onseutive points in rZ lies a point in rY .By onstrution Z � rZ and rY � Y Y ty0u.Proposition 3.2.14. If proedure 3.2.13 is applied to to the pair of interwoven deter-minantal point proesses pY8,Z8q orresponding to the measure κ, then the returned pair ofpoint proesses p rY, rZq has the law of the interwoven determinantal point proesses p rY8, rZ8qorresponding to κ̃ � κ� cδy0 .Proof. Observe that a.s. y0 R Z8. First we deal with the ase κpty0uq � 0. Thenalmost surely y0 R Y8 and y0 P rY if and only if β � 1. But

Ppβ � 1q � Ppy0 P rYq � c rGpy0, y0qAording to orollary 3.2.6, onditional on y0 R rY, p rY8, rZ8q has the same law as pY8,Z8q,that is to say the same law as p rY , rZq onditional on β � 0. Aording to lemma 3.2.11,onditional on β � 1, p rY, rZq follows the same law as p rY X p�8, y0q, rZ X p�8, y0qq, whihis also the law of p rY8, rZ8q onditioned on y0 P rY8.We deal now with the ase κpty0uq ¡ 0.
Ppy0 P rY8q � κ̃pty0uq rGpy0, y0q

Ppy0 P rYq � Ppβ � 1q � Ppβ � 0, y0 P Y8q� c rGpy0, y0q � p1� c rGpy0, y0qqκpty0uqGpy0, y0qBut G and rG satisfy the resolvent identity (see lemma 2.2.8):rGpy0, y0qκpty0uqGpy0, y0q � κpty0uq
κ̃pty0uq � κpty0uq pGpy0, y0q � rGpy0, y0qqIt follows that Ppy0 P rYq � Ppy0 P rY8q. Let κ̌ :� κ � κpty0uqδy0 and p qY8, qZ8q be theinterwoven determinantal point proesses orresponding to κ̌.et κ̃1 :� κ̃ � κpty0uqδy0 andp rY 18, rZ 18q be the interwoven determinantal proesses orresponding to κ̃1. Aording toorollary 3.2.6, p rY , rZq onditioned by y0 R rY has the same law as pY8,Z8q onditioned by

y0 R Y8, whih is the same law as p rY8, rZ8q onditioned by y0 R rY8, and it is the law ofp qY8, qZ8q. For y0 P rY there are two possibilities: either y0 P Y8 or y0 R Y8 and β � 1. Inthe �rst ase, it follows from proposition 3.2.1 that pY8,Z8q onditioned on y0 P Y8 hasthe same law as p rY8, rZ8q onditioned on y0 P rY8. In the seond ase pY8,Z8q onditionedon y0 R Y8 has the same law as p qY8, qZ8q. This bring us bak to the situation κpty0uq � 0.Aording to what was proved earlier, onditional on y0 R Y8 and β � 1, p rY, rZq has the



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 116same law as p rY 18, rZ 18q onditioned on y0 P rY 18. But this is the same law as for p rY8, rZ8qonditioned on y0 P rY8. So again, p rY, rZq has the same law as p rY8, rZ8q. �Next we onsider the more general ase where the measure κ̃� κ has a �rst moment:»
R
|x|pκ̃pdxq � κpdxqq   �8First we desribe a proedure that does not give a oupling between pY8,Z8q and p rY8, rZ8qbut allows to approah it.Proedure 3.2.15. Arguments: a pair pY,Zq of disjoint disrete sets of points in R suh that between any two pointsin Y lies a single point in Z and vie-versa, and suh that inf Y YZ P Y Y t�8u,

supY YZ P Y Y t�8u two positive Radon measures κ, κ̃ suh that κ ¤ κ̃ and ³
R |x| pκ̃pdxq�κpdxqq   �8and pκ̃� κqpZq � 0.Proedure:(i) Let β be a Bernoulli r.v. of parameter»

R
vκ,κ̃pyqpκ̃� κqpdyq(see notations of proposition 3.2.3)(ii) Let Y be a real r.v. independent from β distributed aording to
vκ,κ̃pyqpκ̃� κqpdyq

Ppβ � 1q(iii) If β � 0 we set p rY , rZq � pY,Zq.(iv) If β � 1, we apply the proedure 3.2.10 to the arguments pY,Zq, κ and Y and setp rY , rZq to be its result.Return: p rY, rZq.Observe that in ase κ̃ and κ di�er only by an atom, proedure 3.2.15 is the same asproedure 3.2.13.Lemma 3.2.16. Let pY8,Z8q respetively p rY8, rZ8q be the pair of interwoven determi-nantal point proesses orresponding to the killing measure κ respetively κ̃. We assume thatthe proedure 3.2.15 is applied to pY8,Z8q and that p rY , rZq is the returned pair of point pro-esses. Then the total variation distane between the law of p rY , rZq and the law of p rY8, rZ8qis less or equal to � ³
R
rGpy, yqpκ̃pdyq � κpdyqq	2.Proof. Let ∆ rY be the determinantal point proess de�ned in setion 3.2.1 (see lemma3.2.3). Aording to lemma 3.2.5, the law of p rY , rZq onditional on β � 0 is the same asthe law of p rY8, rZ8q onditional on ∆ rY � H. From lemmas 3.2.11 and 3.2.7 follows thatthe law of p rY , rZq onditional on β � 1 is the same as the law of p rY8, rZ8q onditional on7∆ rY � 1. Moreover Ppβ � 1q � Pp7∆ rY � 1q. However

Ppβ � 0q � Pp∆ rY � Hq � Pp7∆ rY ¥ 2q ¥ Pp∆ rY � HqIt follows that the total variation distane between the law of p rY , rZq and the law of p rY8, rZ8qis less or equal to 2Pp7∆ rY ¥ 2q, whih aording lemma 3.2.3 is less or equal to the square� ³
R
rGpy, yqpκ̃pdyq � κpdyqq	2. �



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 117Corollary 3.2.17. Let κ0 ¤ κ1 ¤ � � � ¤ κj be positive Radon measures suh that³
R |x|pκjpdxq�κ0pdxqq   �8. Let Gi be the Green's funtion of 1

2
d2

dx2�κi and pYpiq8 ,Zpiq8 q thepair of interwoven determinantal point proesses orresponding to κi. Let ppYpiq,Zpiqqq0¤i¤jbe the sequene of pairs of interwoven point proesses de�ned as follows: pYp0q,Zp0qq :�pYp0q8 ,Zp0q8 q; given pYpi�1q,Zpi�1qq, pYpiq,Zpiqq is obtained by applying proedure 3.2.15 tothe arguments pYpi�1q,Zpi�1qq, κi�1 and κi. Then the total variation distane between thelaw of pYpjq,Zpjqq and the law of pYpjq8 ,Zpjq8 q is less or equal to
j̧

i�1

� »
R
Gi�1py, yqpκipdyq � κi�1pdyqq	2Proof. Let pY 1piq,Z 1piqq be the pair of point proesses obtained by applying proedure3.2.15 to the arguments pYpi�1q8 ,Zpi�1q8 q, κi�1 and κi. Aording to lemma 3.2.16, the totalvariation distane between the law of pY 1piq,Z 1piqq and the law of pYpiq8 ,Zpiq8 q is less or equal to� ³

RGi�1py, yqpκipdyq � κi�1pdyqq	2. We denote by dq the total variation distane betweenthe law of pYpqq,Zpqqq and the law of pYpqq8 ,Zpqq8 q. The total variation distane between thelaw of pY 1piq,Z 1piqq and the law of pYpiq,Zpiqq is less or equal to di�1. It follows that
di ¤ di�1 � �»

R
Gi�1py, yqpκipdyq � κi�1pdyqq	2and thus

dj ¤ j̧

i�1

�»
R
Gi�1py, yqpκipdyq � κi�1pdyqq	2

�Next we give a true monotone oupling between pY8,Z8q and p rY8, rZ8q. We stillonsider that κ ¤ κ̃ and that ³R |x|pκ̃pdxq�κpdxqq   �8. To onstrut the oupling we willuse a ontinuous monotoni inreasing path in the spae of measures, pκqq0¤q¤1, joining κto κ̃ (κ0 � κ, κ1 � κ̃). Suh a path is de�ned as follows: Let Λ be a positive Radon measureon R� r0, 1s satisfying the following onstraints: For any q P r0, 1s, ΛpR� tquq � 0 For any A Borel subset of R,ΛpA� r0, 1sq � κ̃pAqFor q P r0, 1s, we de�ne κq as the measure on R satisfying, for any A Borel subset of R
κqpAq � κ0pAq � ΛpA� r0, qsqFor any q ¤ q1 P r0, 1s, κq ¤ κq1 . Moreover the map q ÞÑ κq is ontinuous for the vaguetopology. In the sequel we will denote Gq the Green's funtion of 1

2
d2

dx2 � κq (for x ¤ y,
Gqpx, yq � uq,Òpxquq,Ópyq) and use the measure Gqpy, yqΛpdy, dqq, whih is �nite.Proedure 3.2.18. Arguments: a pair pY,Zq of disjoint disrete sets of points in R suh that between any two pointsin Y lies a single point in Z and vie-versa, and suh that inf Y YZ P Y Y t�8u,

supY YZ P Y Y t�8u two positive Radon measures κ, κ̃ suh that κ ¤ κ̃ and ³
R |x|pκ̃pdxq�κpdxqq   �8and pκ̃� κqpZq � 0. a ontinuous monotoni inreasing path in the spae of measures, pκqq0¤q¤1, join-ing κ to κ̃, obtained by integrating the Radon measure Λ on R� r0, 1s.Proedure:



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 118(i) First sample a Poisson point proess of intensity Gqpy, yqΛpdy, dqq on R � r0, 1s:ppYj , qjqq1¤j¤N , the points being ordered in the inreasing sense of qj .(ii) Then onstrut reursively the sequene ppYpjq,Zpjqqq0¤j¤N of pairs of interwovenpoint proesses as follows: pYp0q,Zp0qq is set to be pY,Zq. pYpjq,Zpjqq is obtainedby applying proedure 3.2.10 to the arguments pYpj�1q,Zpj�1qq, κqj and Yj .(iii) p rY , rZq is set to be pYpNq,ZpNqqReturn: p rY, rZq.The ondition pκ̃� κqpZq � 0 ensures that a.s., none of Ypjq lies in Z. By onstrution
Z � rZ and rY � Y Y Supppκ̃ � κq. p rY , rZq di�ers from pY,Zq only by a �nite number ofpoints. The law of p rY , rZq depends only on the "geometrial path" pκqq0¤q¤1 and not on itsparametrization: if θ is an inreasing homomorphism from r0, 1s to itself, then proedure3.2.18 applied the path pκθpqqq0¤q¤1 returns the same result (in law). Below an illustrationof proedure 3.2.18:

× ×× ×× ×× ×ld ldld ldld ld

× × × ××ld ld ld

× × × ×× ×ld ld ld ld

× × × ×× ××ld ld ld ldld

× × × × ×× ×ld ld ld ldld

× × × ×× × ×ld ld ld ldld

× × × ×× × × ×ld ld ld ldld ld

0

1
q Fig.3.3 - Illustration of proedure 3.2.18: On the left are represented pY ,Zq andthe Poisson proess ppYj , qjqq1¤j¤N . On the right are represented the suessiveppYpjq,Zpjqqq0¤j¤N . x-dots represent the points of Ypjq and diamonds the points of Zpjq.Proposition 3.2.19. Let pY8,Z8q respetively p rY8, rZ8q be the ouple of interwovendeterminantal point proesses orresponding to the killing measure κ respetively κ̃. Weassume that the proedure 3.2.18 is applied to pY8,Z8q and that p rY , rZq is the returnedouple of point proesses. Then p rY , rZq has the same law as p rY8, rZ8q.Proof. Observe that a.s. pκ̃ � κqpZ8q � 0. Let n P N�. We de�ne the fam-ily ppYpj,nq,Zpj,nqqq0¤j¤n of interwoven point proesses as follows: pYp0,nq,Zp0,nqq equalspY8,Z8q. Given pYpj�1,nq,Zpj�1,nqq, pYpj,nq,Zpj,nqq is obtained by applying proedure3.2.15 to the arguments pYpj�1,nq,Zpj�1,nqq, κ j�1

n
and κ j

n
. We will show that as n tends to



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 119in�nity, the law of pYpn,nq,Zpn,nqq onverges in total variation to the law of p rY8, rZ8q andonverges weakly to the law of p rY, rZq, whih will imply that p rY, rZq and p rY8, rZ8q have thesame law.Applying orollary 3.2.17, we get that the total variation distane between the law ofpYpn,nq,Zpn,nqq and the law of p rY8, rZ8q is bounded by
ņ

j�1

�»
R
G j�1

n
py, yqpκ j

n
pdyq � κ j�1

n
pdyqq	2¤ sup

xPR�G0px, xq
1� |x| 
2 ņ

j�1

�»
R
p1� |y|qpκ j

n
pdyq � κ j�1

n
pdyqq	2¤ sup

xPR�G0px, xq
1� |x| 
2 »

R
p1� |y|qpκ̃pdyq � κpdyqq� sup

1¤j¤n »Rp1� |y|qpκ j
n
pdyq � κ j�1

n
pdyqqThe ontinuity of the path pκqq0¤q¤1 ensures that

lim
nÑ�8 sup

1¤j¤n »Rp1� |y|qpκ j
n
pdyq � κ j�1

n
pdyqq � 0and hene the total variation distane between the law of pYpn,nq,Zpn,nqq and the law ofp rY8, rZ8q onverges to 0 as n tends to in�nity.We de�ne a random �nite set En of points in R� 

1
n ,

2
n , . . . ,

n
n

( as follows: Take a familypβ1,n, β2,n, . . . , βn,nq of independent Bernoulli variables, βi,n being of parameter»
R
vκ i�1

n
,κ i

n

pyqpκ i
n
� κ i�1

n
qpdyqWhenever βi,n � 1, we add to En a point pYi,n, i�1

n q to En where Yi,n is a r.v. distributedaording the measure
1

Ppβi,n � 1qvκ i�1
n
,κ i

n

pyqpκ i
n
� κ i�1

n
qpdyqThe pYi,n, i�1

n q are assumed to be independent and independent from pβ1,n, β2,n, . . . , βn,nq.The pair pYpn,nq,Zpn,nqq is sampled as follows: starting from pY8,Z8q, independent from
En, we apply suessively, for i ranging from 1 to n, the proedure 3.2.10 with the argu-ments κ i�1

n
and Yi,n whenever βi,n � 1. At the end we get pYpn,nq,Zpn,nqq. Aording tolemma 2.2.4, the law of the pair of point proesses returned by proedure 3.2.10 dependsontinuously on the arguments. So to prove that pYpn,nq,Zpn,nqq onverges in law to p rY , rZq,we only need to show that the random set of point En onverges in law to the Poissonpoint proess ppYj , qjqq1¤j¤N used in proedure 3.2.18. All of the funtions vκ i�1

n

,κ i
n

pyq are
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n
,κ i

n

pyq �G i
n
py, yq��¤u i

n ,Ópyq »
y�1 y u i

n ,Òpy�1qpu i�1
n ,Ópy�1qu i�1

n ,Òpyq � u i�1
n ,Òpy�1qu i�1

n ,Ópyqq� pκ i
n
� κ i�1

n
qpdy�1q�u i

n ,Òpyq »
y1¡y u i

n ,Ópy1qpu i�1
n ,Òpy1qu i�1

n ,Ópyq � u i�1
n ,Ópy1qu i�1

n ,Òpyqq� pκ i
n
� κ i�1

n
qpdy1q� »

y�1 y u i
n ,Òpy�1qpu i�1

n ,Ópy�1qu i�1
n ,Òpyq � u i�1

n ,Òpy�1qu i�1
n ,Ópyqqpκ i

n
� κ i�1

n
qpdy�1q� »

y1¡y u i
n ,Ópy1qpu i�1

n ,Òpy1qu i�1
n ,Ópyq � u i�1

n ,Ópy1qu i�1
n ,Òpyqqpκ i

n
� κ i�1

n
qpdy1q¤G0py, yq »

y�1 yG0py�1, y�1qpκ i
n
� κ i�1

n
qpdy�1q�G0py, yq »

y1¡y G0py1, y1qpκ i
n
� κ i�1

n
qpdy1q�G0py, yq »

y�1 yG0py�1, y�1qpκ i
n
� κ i�1

n
qpdy�1q »

y1¡yG0py1, y1qpκ i
n
� κ i�1

n
qpdy1qThus given any bounded interval J

lim
nÑ�8 sup

1¤i¤n supyPJ ��vκ i�1
n
,κ i

n

pyq �G i
n
py, yq�� � 0It follows that

lim
nÑ�8 sup

1¤i¤nPpβi,n � 1q � 0and the measure
ņ

i�1

vκ i�1
n
,κ i

n

pyqpκ i
n
� κ i�1

n
qpdyq b δ i

n
pdqqonverges weekly to Gqpy, yqΛpdy, dqq, whih is the intensity of the Poisson point proessppYj , qjqq1¤j¤N . Thus the random sets En are ompound Bernoulli approximations of thePoisson point proess ppYj , qjqq1¤j¤N and onverge in law to the latter. �Given a ontinuous monotoni inreasing path pκqq0¤q¤1 in the spae of Radon mea-sures and a pair of interwoven determinantal point proesses pY8,Z8q orresponding to κ0,used as argument, proedure 3.2.18 yields non-homogeneous Markov q-parametrized proessin the spae of interwoven pairs of disrete sets of points whose one-dimensional marginalat any value q0 of the parameter is the pair of interwoven determinantal point proessesorresponding to the killing measure κq0 . This orresponds to sampling only the partialPoisson point proess of intensity 10¤q¤q0Gqpy, yqΛpdy, dqq and suessively applying pro-edure 3.2.10 for eah of its points. In general, multidimensional marginals orrespondingto q1   � � �   qn depend not only on κq1 , . . . , κqn but on the whole path pκqqq1¤q¤qn . Forinstane onsider two di�erent paths pκqq0¤q¤1 and pκ̂qq0¤q¤1 where κ0 � κ̂0 � δ� 1

2
� δ 1

2 κ1 � κ̂1 � δ� 3
2
� δ� 1

2
� δ 1

2
� δ 3

2 κq � 2qδ� 1
2
� δ� 1

2
� δ 1

2
for q P �

0, 12
� and κq � δ� 1

2
� δ� 1

2
� δ 1

2
� p2q � 1qδ 3

2
for

q P � 12 , 1�
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2
� δ 1

2
� 2qδ 1

2
for q P �

0, 12
� and κ̂q � p2q � 1qδ� 1

2
� δ� 1

2
� δ 1

2
� δ 3

2
for

q P � 12 , 1�Let Gqpx, yq � uq,Òpx ^ yquq,Ópx _ yq be the Green's funtion of 1
2
d2

dx2 � κq and pGqpx, yq �
ûq,Òpx^ yqûq,Ópx_ yq the Green's funtion of 1

2
d2

dx2 � κ̂q. Let ppY8,Z8q, p rY8, rZ8qq be theoupling between the point proess orresponding to κ0 respetively κ1 indued by the pathpκqq0¤q¤1 and ppY8,Z8q, p pY8, pZ8qq the oupling indued by the path pκ̂qq0¤q¤1. Then
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� 1The two ouplings are di�erent.If κ̃�κ does not have a �rst moment we an still onstrut a oupling between pY8,Z8qand p rY8, rZ8q as follows: Consider a ontinuous monotoni inreasing path pκqq0¤q¤1 joining

κ to κ̃ satisfying the onstraint�q P r0, 1q, »
R
|x|pκqpdxq � κ0pdxqq   �8Given q0 P p0, 1q, one an apply proedure 3.2.18 to the arguments pY8,Z8q, κ, κq0 and thepartial path pκqq0¤q¤q0 . As result we get a two interwoven determinantal point proessesorresponding to the killing measure κq0 . At the limit as q0 tends to 1 we get somethingthat has the same law as p rY8, rZ8q.Next we prove the existene of stronger ouplings in ase κ̃ � cκ where c ¡ 1 is aonstant.



3.2. MONOTONE COUPLINGS FOR THE POINT PROCESSES pY8,Z8q 122Proposition 3.2.20. If κ̃ � cκ with c ¡ 1 then there is a oupling between pY8,Z8qand p rY8, rZ8q suh that Z8 � rZ8 and Y8 � rY8.Proof. Consider a oupling between pY8,Z8q and p rY8, rZ8q given by proedure 3.2.18,possible extended to the ase where κ does not have a �rst moment. Then Z8 � rZ8 butin general Y8 � rY8. So we will sample other point proesses Y 18 and rY 18 that onditionalon Z8 respetively rZ8 have the same law as Y8 respetively rY8, and suh that Y 18 � rY 18.For eah onneted omponent rJ of Rz rZ8 we sample a point rY rJ aording the measure
1yP rJ κ̃pdyq
κ̃p rJq . We assume that onditional on rZ8, all the rY rJ are independent from Z8 andindependent one from another. We setrY 18 :� trY rJ | rJ onneted omponent of Rz rZ8uThen p rY 18, rZ8q has the same law as p rY8, rZ8q. Let be J a onneted omponent of RzZ8and rJ1, . . . , rJNJ the onneted omponents of Jz rZ8. On J we de�ne the r.v. YJ as follows:

YJ takes value in rY rJn
and

P
�
YJ � rY rJn

|J, rJ1, . . . , rJNJ

� � κp rJnq
κpJqWe set

Y 18 :� tYJ |J onneted omponent of RzZ8uBy onstrution Y 18 � rY 18. Moreover the proportionality of κ and κ̃ ensures that pY 18,Z8qhas the same law as pY8,Z8q. �



CHAPTER 4From loop lusters and random interlaements to theGaussian free �eld4.1. IntrodutionHere we introdue our framework, some notations, state our main results and outlinethe layout of the paper.We onsider a onneted undireted graph G � pV,Eq where the set of verties V is atmost ountable and every vertex has �nite degree. We do not allow multiple edges nor loopsfrom a vertex to itself. The edges are endowed with positive ondutanes pCpeqqePE andverties endowed with a non-negative killing measure pκpxqqxPV . κ may be uniformly zero.pXtq0¤t ζ is a ontinuous-time sub-Markovian jump proess on V . Given two neighbouringverties x and y, the transition rate from x to y equals the ondutane Cpx, yq. Moreoverthere is a transition rate κpxq from x P V to a emetery point outside V . One suh atransition ours, the proess X is onsidered to be killed. Moreover we allow X to blowup in �nite time, i.e. leave all �nite sets. ζ is either �8 or the �rst time X gets killed orblows up. We assume that X is transient, whih is a ondition on C and κ. In partiular if
κ is not uniformly zero X is transient. pGpx, yqqx,yPV denotes the Green's funtion of X :

Gpx, yq � Ex

�» ζ
0

1X�ydt�
G is symmetri.Let �

Ptx,yp�q�x,yPV,t¡0
be the bridge probability measures of X , onditioned on ζ ¡ tand let pptpx, yqqx,yPV,t¥0 be the transition probabilities of X . The measure µ on time-parametrized loops assoiated to X is, as de�ned in [Jan11℄,(4.1.1) µp�q �

x̧PV » �8
0

Ptx,xp�qptpx, xqdttLet α ¡ 0. Lα is de�ned to be the Poisson point proess in the spae of loops on G withintensity αµ. It is sometimes alled loop-soup of parameter α. The oupation �eld p pLxαqxPVof Lα is pLxα � ¸
γPLα

» tγ
0

1γptq�xdtwhere tγ is the duration of the loop γ. The loops of Lα may be partitioned into lusters: if
γ, γ1 P Lα belong to the same luster if there is a hain γ0, . . . , γn of loops in Lα suh that
γ0 � γ, γn � γ1 and for all i P t1, . . . , nu γi�1 and γi visit a ommon vertex ([JL13℄). Aluster C is a set of loops, but it also indues a sub-graph of G. Its verties are the vertiesof G visited by at least one loop in C and its edges are those that join two onseutive pointsof a loop in C. Therefore we will also onsider C as a subset of verties and a subset of edgesand use the notations γ P C, x P C and e P C where γ is a loop, x is a vertex and e is anedge. Cα will be the random set of all lusters of Lα. It indues a partition of V .123



4.1. INTRODUCTION 124Let pφxqxPV be the Gaussian free �eld on G, i.e. the mean-zero Gaussian �eld with
Erφxφys � Gpx, yq. In [Jan11℄, setion 5, Le Jan showed that at intensity parameter α � 1

2the oupation �eld p pLx1
2

qxPV has the same law as p 12φ2xqxPV . This equality in law may beseen as an extension of Dynkin's isomorphism ([Dyn84a℄, [Dyn84b℄) and in turn enablesan alternative derivation of some version of Dynkin's isomorphism through the use of Palm'sidentity for Poisson point proesses ([LMR15℄,[FR14℄ and [Lup13℄, setion 4.3). Howeverthe question of relating the sign of φ to L 1
2
remained open. In this paper we show thefollowing:Theorem 4.1. There is a oupling between the Poisson ensemble of loops L 1

2
and theGaussian free �eld φ suh that the two onstraints hold: For all x P V , pLx1

2

� 1
2φ

2
x For all C P C 1

2
the sign of φ is onstant on the verties of C.In setion 4.2 we will onstrut the oupling that satis�es the onstraints of theorem 4.1.To this end we will introdue the metri graph rG assoiated to the graph G and interpolate theloops in L 1

2
by ontinuous loops on rG. In setion 4.3 we will give an alternative desriptionof the same oupling that does not make use of the metri graph rG and the interpolation ofloops. In setion 4.4 we will give an alternative, diret, proof that the oupling holds usingits desription given in setion 4.3.In setion 4.5 we will apply theorem 4.1 to the loop perolation problem. The loopsof Lα are said to perolate if there is an unbounded luster of loops. This question ofperolation was studied in [JL13℄ and [CS14℄. Obviously from theorem 4.1 follows that theloops do not perolate if the sign lusters of φ are all bounded. But we will show that evenin some situations where φ is known to have some (two) in�nite sign lusters, the loops of

L 1
2
still do not perolate:Theorem 4.2. Consider the following networks: Z2 with uniform ondutanes and a non-zero uniform killing measure the disrete half-plane Z � N with instantaneous killing on the boundary Z � t0uand no killing elsewhere Zd, d ¥ 3, with uniform ondutanes and no killing measureOn all above networks L 1

2
does not perolate.We will also give a bound for the probability that two verties belong to the same lusterof loops.In setion 4.6 we will show that on the disrete half-plane Z � N, with instantaneouskilling on the boundary Z�t0u, 1

2 is atually the ritial parameter for the loop perolation.In this setion we will denote by H :� Z � N, by µH the measure on loops on the network
H endowed with instantaneous killing on the boundary Z � t0u, by LH

α the Poisson pointproess of intensity αµH and αH� the ritial value of α for the perolation by loops of LH
α.We will prove thatTheorem 4.3. For all α ¡ 1

2 LH
α has an in�nite luster of loops. Consequently αH� � 1

2 .For the proof of the inequality αH� ¤ 1
2 we will use ompletely di�erent argumentsthan previously. We will use the fat that large disrete loops approximate two-dimensionalBrownian loops on the ontinuum half plane H � tz P C|ℑpzq ¡ 0u. The measure µH onthe Brownian loops on H is de�ned as follows: Let ptpz, z1q be the transition density of theBrownian motion on H killed on R, let P t,Hz,z1 be the Brownian bridge probability measures



4.1. INTRODUCTION 125onditioned on not hitting R. Then
µHp�q � »

H

» �8
0

P t,Hz,z p�qptpz, zqdtt dz̄ ^ dz

2iwhere dz̄^dz
2i is the standard area form on C. The measure µH is invariant under Browniansaling pγptqq0¤t¤tγ ÞÝÑ λ� 1

2 pγpλtqq0¤t¤λ�1tγWe will denote by LH
α the Poisson point proess of intensity αµH. In [SW12℄ Werner andShe�eld onsider the lusters of LH

α. They use the notion of entral harge (denoted c) whihomes from Conformal Field Theory. In [SW12℄ the authors use the same normalisation ofthe measure on loops as we, but ontrary to what they laim, the entral harge c is not theintensity parameter of the loop soup. Atually (see [Law09℄)
α � c

2The ritial value of the entral harge is c� � 1. For c ¡ 1, LH
α has only one luster andfor c ¤ 1 it has in�nitely many lusters all bounded. This means that 1

2 is the ritialintensity parameter for LH
α. To onlude that αH� ¤ 1

2 we will use the result from [LF07℄ onapproximation of Brownian loops by large disrete loops and blok perolation arguments.In setion 4.7 we onsider random interlaements on Zd introdued by Sznitman ([Szn10℄).We onsider that the edges of Zd have ondutanes equal to 1 and that pGpx, yqqx,yPZd andpφxqxPZd are the orresponding Green's funtion and Gaussian free �eld. Given K a �nitesubset of Zd, let eK be the equilibrium measure of K (supported on K):�x P K, eKptxuq � Pxp�j ¥ 1, Yj R KqThe apaity of K is
cappKq � eKpKqLetQK be the measure on doubly in�nite trajetories on Zd, pxjqjPZ parametrized by disretetime j P Z, of total mass cappKq, suh that the measure on x0 indued by QK is eK onditional on x0, pxjqj¥0 and pyjqj¤0 are independent onditional on x0, pxjqj¥0 is a nearest neighbour random walk on Zd starting from

x0 onditional on x0, px�jqj¥0 is a nearest neighbour random walk on Zd startingfrom x0 onditioned not to return in K for j ¥ 1.There is an (in�nite) measure µil on right ontinuous doubly in�nite trajetories pwptqqtPRon Zd, parametrized by ontinuous time, onsidered up to a translation of parametrization(pwptqqtPR same as pwptqqt�t0PR) suh that limtÑ�8 |wptq| � limtÑ�8 |wptq| � �8 µil-almost everywhere for any �nite subset K of Zd, by restriting µil to trajetories visiting K, hoosingthe initial time t � 0 to be the �rst entrane time in K and taking the skeleton(the doubly in�nite sequene of suessively visited verties) we get the measure
QK under µil, onditional on the skeleton, the doubly in�nite sequene of holding timesof the trajetory (times spent at verties before jumping to neighbours) is i.i.d withexponential distribution of mean p2dq�1.See [Szn10℄ and [Szn12a℄.The random interlaement Iu of level u ¡ 0 is the Poisson point proess of intensity

uµil. The vaant set Vu of Iu is the set of verties not visited by any of trajetories in Iu.



4.2. COUPLING THROUGH INTERPOLATION BY A METRIC GRAPH 126There is u� P p0,�8q suh that for u   u� Vu has a.s. in�nite onneted omponents andfor u ¡ u� Vu has a.s. only �nite onneted omponents ([Szn10℄, [SS09℄).The oupation �eld pLxpIuqqxPZd of the interlaement Iu is de�ned as
LxpIuq :�

w̧PIu

» �8�8 1wptq�xdtIn [Szn12a℄ Sznitman showed the following isomorphism between pLxpIuqqxPZd and theGaussian free �eld: Let pφ1xqxPZd be a opy of the free �eld independent of pLxpIuqqxPZd .Then(4.1.2) �
LxpIuq � 1

2
φ12x 	

xPZd

pdq� �1
2
pφx �?

2uq2	
xPZdThis isomorphism an be used to relate the random interlaement to the level sets of theGaussian free �eld. There is h� P r0,�8q suh that for h   h�, the set tx P Zd|φx ¡ hu hasan in�nite onneted omponents and for h ¡ h� only �nite onneted omponents ([RS13℄,[BLM87℄). h� is positive if the dimension d high enough ([RS13℄). In setion 4.7 we willprove:Theorem 4.4. For all u ¡ 0, there is a oupling between Iu and φ suh that a.s.tx P Zd|φx ¡ ?

2uu � VuIn partiular
h� ¤a

2u�This theorem is again obtained by replaing the disrete graph Zd by a metri graph.We would like to explain the interdependene of di�erent setions. The setions 4.2, 4.3,4.4 and 4.5 are losely related both for the results and for the notations. The setion 4.7is more independent but uses the main ideas and notation of the above mentioned setions.The setion 4.6 is mostly independent of the rest, exept for the most ommon notations inthis artile. 4.2. Coupling through interpolation by a metri graphOne an assoiate a measure on loops following the formal pattern of (4.1.1) to a widerange of Markovian or sub-Markovian proesses. In the artiles [LMR15℄ and [FR14℄ theauthors give quite general de�nitions for a wide range of ases. The setting of [FR14℄ willover our needs. In that artile the measure on loops is de�nes for transient Borel rightproesses on a loally ompat state spae with with a ountable base, that have 0-potentialdensities with respet some sigma-�nite measure, the 0-potential densities being assumedto be �nite everywhere (in partiular on the diagonal) and ontinuous. In [Lup13℄ werespei�ally studied the measures on loops assoiated to one-dimensional di�usions and theorresponding loop ensembles. This ase is of partiular interest for the proof of Theorem4.1. Indeed in the setting of one-dimensional di�usions the oupation �elds are ontinuousspae-parametrized proesses with non-negative values and the lusters of loops orrespondexatly to the exursions of the oupation �eld above zero (proposition 4.7 in [Lup13℄). Inpartiular for the loop ensemble of parameter 1
2 , the lusters of loops are exatly the signlusters of the one-dimensional Gaussian free �eld.The nie identity between the lusters of loops and the sign lusters of GFF in ase ofone-dimensional di�usions leads us to onsider the metri graph or able system rG assoiatedto the graph G ([BC84℄, [EK01℄, [Fol14℄). Topologially rG is onstruted as follows: toeah edge e of G orresponds a di�erent ompat interval, eah endpoint of this interval beingidenti�ed to one of the two verties adjaent to e in G; for every vertex x P V the intervalsorresponding to the edges adjaent to x are glued together at the endpoints identi�ed to



4.2. COUPLING THROUGH INTERPOLATION BY A METRIC GRAPH 127the vertex x. We will onsider V to be a subset of rG. Given any e P E, Ie will denote thesubset of rG made of the interval orresponding to e minus its two endpoints. Topologially
Ie is an open interval. rG is a disjoint unionrG � V Y ¤

ePE IeWe further endow rG with a metri struture by assigning a �nite length to eah of thepIeqePI . The length of Ie is set to be
ρpeq :� 1

2Cpeqwhih makes Ie isometri to p0, ρpeqq. This partiular hoie of the lengths will be explainedfarther. Let m be the Borel measure on rG assigning a zero mass to V , a mass ρpeq to eahof the Ie and to a subinterval of Ie a mass equal to its length. m is σ-�nite.On rG one an de�ne a standard Brownian motion B rG . Here we give a desription throughhaining stopped Markovian paths on rG (see [BC84℄, [EK01℄ and [Fol14℄). If B rG starts inthe interior Ie of an edge, it behaves as the standard Brownian motion on Ie until it reahesa vertex. To desribe the behaviour of B rG starting from a vertex we use the exursions. Let
x0 P V , tx1, . . . , xdegpx0qu the verties adjaent to x0 and ttx0, x1u, . . . , tx0, xdegpx0quu theedges joining x0 to one of its neighbours. Let pBtqt¥0 be a standard Brownian motion on Rstarting from 0. To eah exursion e of pBtqt¥0 away from 0 we assoiate a random variable
xpeq uniformly distributed in tx1, . . . , xdegpx0qu. We hose the di�erent r.v.'s xpeq to beindependent onditional on the family of exursions of pBtqt¥0. et the exursion straddlingthe time t. Let be

Ttx1,...,xdegpx0qu :� inftt ¥ 0||Bt| ¥ ρptx0, xpetququTo the path pBtq0¤t¤Ttx1,...,xdegpx0qu we assoiate a path in rG: it starts at x0 and eahexursion e of pBtq0¤t¤Ttx1,...,xdegpx0qu is performed in Itx0,xpequ instead of R. The obtainedpath has the law of B rG starting at x0 and stopped at reahing tx1, . . . , xdegpx0qu. LetpLyt pBqqt¥0,yPR be the ontinuous family of loal times of B and pLyt pB rGqqt¥0,yP rG the familyof loal times of B rG started at x0, relative to the measure m. Let y P Itx0,xiu and δ be thelength of the subinterval px0, yq of Itx0,xiu. ThenpLyt pB rGqq0¤t¤Ttx1 ,...,xdegpx0qu � �» t
0

1xpesq�xi
pdLδspBq � dL�δs pBqq


0¤t¤Ttx1,...,xdegpx0quand the limit, uniform in time, of the above proess as y onverges to x0 is�
2

degpx0qL0
t pBq


0¤t¤Ttx1,...,xdegpx0quwhatever the value of i. Let Bpx0, δq be the ball in rG around x0 of radius δ. If δ ¤
min1¤i¤degpx0q ρptx0, xiuq then mpBpx0, δqq � degpx0qδ. Consequently for any time t Pr0, Ttx1,...,xdegpx0qus

lim
δÑ0

1

mpBpx0, δqq » t0 1B rG
s PBpx0,δqds � lim

δÑ0

1

degpx0qδ » t0 1|Bs| δds� 2

degpx0qL0
t pBq



4.2. COUPLING THROUGH INTERPOLATION BY A METRIC GRAPH 128It follows that the proess pB rG
t q0¤t¤Ttx1 ,...,xdegpx0qu has a spae-time ontinuous family ofloal times. By onatenating di�erent stopped paths we get that the whole proess B rG hasspae-time ontinuous loal times relative to the measure m. The measure on the heightof exursions (in absolute value) indued by the measure on Brownian exursions is (see[RY99℄, hapter XII, �4)

1a¡0
da

a2It follows that L0
Ttx1,...,xdegpx0qupBq is an exponential random variable with mean

degpx0q°deg x0

i�1 ρptx0, xiuq�1
� degpx0q

2
°degx0

i�1 Cpx0, xiq
Lx0

Ttx1,...,xdegpx0qupB rGq is an exponential random variable with mean
1°deg x0

i�1 Cpx0, xiqand
Px0

�
B
rG
Ttx1,...,xdegpx0qu � xj


 � Cpx0, xjq°degx0

i�1 Cpx0, xiq(see also theorem 2.1 in [Fol14℄). This explains our partiular hoie of the lengths pρpeqqePE .From now on the Brownian motion B
rG on rG is onsidered to be onstruted and thestarting point to be arbitrary. It is not exluded that B rG blows up in �nite time. Aneessary but not su�ient ondition of this is the existene of a path of �nite length thatvisits in�nitely many verties. Let κ̃ be the following measure on rG:

κ̃ :�
x̧PV κpxqδxLet ζ̃ be the �rst time either B rG blows up or the additive funtional»

yP rG Lyt pB rGqκ̃pdyq �
x̧PV Lxt pB rGqκpxqhits an independent exponential time with mean 1. ζ̃ � �8 a.s. if κ � 0 and B

rG isonservative. For l ¥ 0 let τl be the stopping time
τl :� inf

#
T ¥ 0

���
x̧PV Lxt pB rGq ¥ l

+If the starting point of B rG is a vertex then the proess pB rG
τl
q0¤l °xPV Lx

ζ̃
pB rGq has the samelaw as the Markov jump proess X on V . In partiular it follows that the proess pB rG

t q0¤t ζ̃is transient.The 0-potential of the proess pB rG
t q0¤t ζ̃ has a density relative to the measure m, theGreen's funtion pGpy, zqqy,zP rG . We use the same notation as for the Green's funtion of

X beause the latter is the restrition to V of the �rst. The value of pGpy, zqqy,zP rG on theinterior of the edges is obtained from its value on the verties by linear interpolation. Letpx1, y1q and px2, y2q be two pairs of adjaent verties in G. Let z1 respetively z2 be a pointin the interval rx1, y1s respetively rx2, y2s and r1 respetively r2 be the length of rx1, z1s



4.2. COUPLING THROUGH INTERPOLATION BY A METRIC GRAPH 129respetively rx2, z2s. Then(4.2.1) Gpz1, z2q � 1

ρptx1, y1uqρptx2, y2uq�pρptx1, y1uq � r1qpρptx2, y2uq � r2qGpx1, x2q� r1r2Gpy1, y2q � r1pρptx2, y2uq � r2qGpy1, x2q � pρptx1, y1uq � r1qr2Gpx1, y2q	Let pφyqyP rG be the Gaussian free �eld on rG with variane-ovariane funtion G. It'srestrition to V is the Gaussian free �eld on the graph G, hene the same notation. Condi-tional on pφxqxPV , pφyqyP rG is obtained by joining on every edge e the two values of φ on itsendpoints by an independent bridge of length ρpeq of a Brownian motion with variane 2 attime 1 (not a standard Brownian bridge). In partiular pφyqyP rG has a ontinuous version.The proess pB rG
t q0¤t ζ̃ �ts into the framework of [FR14℄ and one an assoiate to ita measure on time-parametrized ontinuous loops µ̃. Let rLα be the Poisson point proessof loops of intensity αµ̃. We would like to stress that by loop we only mean a ontinuouspaths with the same starting and endpoint without assumptions on its homotopy lass andatually most loops in rLα are topologially trivial. Just as the proess pB rG

t q0¤t ζ̃ itself,the loop γ̃ P rLα an be endowed with spae-time ontinuous loal times pLyt pγ̃qq0¤t¤tγ̃ ,yP rGrelative to the measure m. The oupation �eld p pLyαqyP rG is de�ned aspLyα � ¸
γ̃P rLα

Lytγ̃ pγ̃qThe restrition of p pLyαqyP rG to the set of verties V has the same law as the oupation �eldof the disrete loops Lα, hene the same notation. As in the disrete ase, at α � 1
2 , p pLy1

2

qyP rGhas the same law as p 12φ2yqyP rG (see Theorem 3.1 in [FR14℄).The disrete-spae loops of Lα an be obtained from the ontinuous loops rLα by takingthe print of the latter on V . This is desribed in [FR14℄, setion 7.3, or in a less generalsituation of the restrition of the loops of one-dimensional di�usions to a disrete subset in[Lup13℄, setion 3.7. We explain how the restrition from rG to V works. First of all weonsider only the subset tγ̃ P rLα|γ̃ visits V u beause the print of other loops on V is empty.Next we re-root the loops so as to have the starting point in V : to eah loop γ̃ visiting Vwe assoiate a uniform r.v. on p0, 1q Uγ̃ , these di�erent r.v.'s being independent onditionalon the loops. We introdue the time
τV pγ̃q :� inf

#
t P r0, tγ̃s���

x̧PV Lxt pγ̃q ¥ Uγ̃
x̧PV Lxtγ̃ pγ̃q+For eah loop γ̃ visiting V we make a rotation of parametrization so as to have the startingand end-time at τV pγ̃q instead of 0. Let rL1 be the set of the new re-parametrized loops. Foreah γ̃1 P rL1 and l P �0,°xPV Lxtγ̃1 pγ̃1q� we de�ne

τVl pγ̃1q :� inf

#
t P r0, tγ̃1s���

x̧PV Lxt pγ̃1q ¥ l

+The set of V -valued loops !pγ̃1τV
l pγ̃1qq0¤l¤°xPV Lx

t
γ̃1 pγ̃1q|γ̃1 P rL1)has the same law as Lα.



4.2. COUPLING THROUGH INTERPOLATION BY A METRIC GRAPH 130Next we explain how to reonstrut tγ̃ P rLα|γ̃ visits V u from Lα by adding randomexursions to the disrete-spae loops. We won't give the proof of this. For elements sup-porting what we explain see [Jan11℄, hapter 7, and [Lup13℄, orollary 3.11. Let x0 P Vand tx1, . . . , xdegpx0qu the verties adjaent to x0. Let η� be the intensity measure of positiveBrownian exursions. To every loop γ P Lα spending a time l in x0 before jumping to one ofits neighbours or before stopping one has to add exursions from x0 to x0 in �degpx0q
i�1 Itx0,xiuaording to a Poisson point proess, the intensity of exursions that take plae inside theedge Itx0,xiu being(4.2.2) l � 1height exursion  ρptx0,xiuqη�Let x, y be two adjaent verties. Whenever a loop γ P Lα jumps from x to y one has toadd a Brownian exursion from x to y inside Itx,yu (a Brownian exursion from 0 to a ¡ 0 isa Bessel-3 proess started from 0 run until hitting a). All the added exursions have to beindependent onditional on Lα. At this stage we get a Poisson point proess of ontinuousloops in rG, but all have a starting point lying in V . The �nal step is to hoose for eah anew random starting point distributed uniformly on their duration. What we get has thelaw of tγ̃ P rLα|γ̃ visits V u.From now on we assume that Lα and rLα are naturally oupled on the same probabilityspae through restrition. rLα has loop lusters and we will denote by rCα the set of theselusters. Obviously eah luster of Lα is ontained in a luster of rLα, but with positiveprobability a luster of rLα may ontain several lusters of Lα. We will prove the following:Proposition 4.2.1. There is a oupling between the Poisson ensemble of loops rL 1

2
anda ontinuous version of the Gaussian free �eld pφyqyP rG suh that the two onstraints hold: For all y P rG, pLy1

2

� 1
2φ

2
y The lusters of loops of rL 1

2
are exatly the sign lusters of pφyqyP rGTheorem 4.1 follows from the above proposition beause the restrition of p pLy1

2

qyP rG to
V is p pLx1

2

qxPV , the restrition of pφyqyP rG to V is the Gaussian free �eld on G and the sign of
φ is onstant on the lusters of rL 1

2
, hene also onstant on the lusters of L 1

2
.The �rst step in proving proposition 4.2.1 is to show that there is a realisation of rLαsuh that its oupation �eld p pLyαqyP rG is ontinuous. We know already that eah individualloop in rLα has spae-time ontinuous loal times and that the proess p pLyαqyP rG onsidered foritself, regardless of the loops, has a ontinuous version (see [Lup13℄, setion 4.2). Howeverthis does not automatially imply that a realisation of p pLyαqyP rG as the oupation �eld ofrLα an be made ontinuous (there are in�nitely many loops above eah point in rG and theoupation �eld is an in�nite sum of ontinuous funtions). A ounterexample is given in[Lup13℄, setion 4.2, the remark after proposition 4.5.Lemma 4.2.2. There is a realisation of rLα suh that its oupation �eld p pLyαqyP rG isontinuous.Proof. We divide the loops of rLα into three lasses:(i) The loops that visit at least two verties in V(ii) The loops that visit only one vertex in V(iii) The loops that do not visit any vertex and are ontained in the interior of an edge



4.2. COUPLING THROUGH INTERPOLATION BY A METRIC GRAPH 131Above any vertex x P V are only �nitely many loops of type (i) (see [Jan11℄ hapter
2 for the exat expression of their intensity). Eah individual loop of type (i) has a on-tinuous oupation �eld and the sum of this oupation �elds is loally �nite and thereforeontinuous.Let x0 P V and tx1, . . . , xdegpx0qu the verties adjaent to x0. We onsider now the loopsof type (ii) suh that x0 is the only vertex they visit, whih we denote pγ̃jqj¥0. Conditionalon Lx0

tγ̃j
pγ̃jq, γ̃j is obtained by launhing exursion from x0 to x0 in�degpx0q

i�1 Itx0,xiu aordingto a Poisson point proess, the intensity of exursions that take plae inside the edge Itx0,xiubeing (see (4.2.2))
Lx0
tγ̃j
pγ̃jq � 1height exursion  ρptx0,xiuqη�If we onsider all the loops pγ̃jqj¥0 we obtain an intensity�

j̧¥0

Lx0
tγ̃j
pγ̃jq	� 1height exursion  ρptx0,xiuqη�The ontinuity of the oupation �eld of pγ̃jqj¥0 follows from the ontinuity of Brownianloal times.Let e be an edge. We onsider the loops of type (iii) that are ontained in Ie. Theyhave the same law as a Poisson ensemble of loops of parameter α assoiated to the standardBrownian motion on the bounded interval Ie killed upon reahing either of its boundarypoints. This situation was entirely overed in [Lup13℄. Aording to orollary 5.5 in [Lup13℄it is possible to onstrut these loops and a ontinuous version on their oupation �eld onthe same probability spae. All the subtlety of our lemma lies in this point. Moreoveraording to proposition 4.6 in [Lup13℄ the oupation �eld of these loops onverges to 0at the end-verties of Ie. �From now on we onsider only the ontinuous realization of the oupation �eld p pLyαqyP rG .We all a positive omponent of p pLyαqyP rG a maximal onneted subset of rG on whih theoupation �eld is positive. It is open and by ontinuity the oupation �eld is zero on theboundary of a positive omponent. Given a ontinuous loop γ̃, Rangepγ̃q will denote itsrange.Lemma 4.2.3. Let rC P rCα be a luster of rLα. Then¤̃

γP rCRangepγ̃qis a positive omponent of p pLyαqyP rG . Conversely every positive omponent of p pLyαqyP rG is ofthis form.Proof. The following almost sure properties hold:(i) For every γ̃ P rLα the oupation �eld of γ̃ is positive in the interior of Rangepγ̃qand zero on the boundary BRangepγ̃q(ii) For every γ̃ P rLα and y P BRangepγ̃q, there is another loop γ̃1 P rLα suh that y isontained in the interior of Rangepγ̃1qThe property (i) omes from an analogous property of a �nite duration one-dimensionalBrownian path: its oupation �eld is positive on its range, exept at the maximum and theminimum where it is zero.We brie�y explain why the property (ii) is true. First of all the boundary BRangepγ̃q is�nite beause it an interset an edge in at most two points and a loop visits �nitely manyedges. Moreover any deterministi point in rG is almost surely overed by the interior of the



4.3. ALTERNATIVE DESCRIPTION OF THE COUPLING 132range of a loop. Applying Palm's identity one gets (ii):
E
�7tγ̃ P rLα|BRangepγ̃q not overed by interiors of the ranges of loops in rLαu��α » PpBRangepγ̃q not overed by interiors of the ranges of loops in rLαqµ̃pdγ̃q�0Properties (i) and (ii) imply on one hand that the zero set of p pLyαqyP rG is exatly the setof all point in rG that are not visited by any loop in rLα and on the other hand that any pointvisited by a loop annot belong to the boundary of a luster of loops. This in turn impliesthe lemma. �Proof of proposition 4.2.1. First sample rL 1

2
with a ontinuous version of its oupation�eld. Consider �b2 pLy1

2

	
yP rG as a realization of p|φy|qyP rG and sample the sign of the Gaussianfree �eld φ independently from rL 1

2
onditional on �b

2 pLy1
2

	
yP rG . Then aording to lemma4.2.3 the lusters of rL 1

2
are exatly the positive omponents of p|φy|qyP rG whih are the signlusters of pφyqyP rG . �4.3. Alternative desription of the ouplingIn this setion we give en alternative desription on the oupling between L 1

2
and pφxqxPVonstruted in setion 4.2 but that does not use rL 1

2
as intermediate. First we deal with thelaw of the sign of φ onditional on p|φy|qyP rG. We will show that one has to hose thesign independently for eah positive omponent of p|φy|qyP rG and uniformly distributed int�1,�1u. Then we will deal with the probability of a luster of ontinuous loops oupyingentirely an edge e onditional on disrete-spae loops L 1

2
and on the event that none of theseloops oupies e.Let K be a non-empty ompat onneted subset of rG. BK is �nite, rGzK has �nitelymany onneted omponents and the losure of eah of these onneted omponents is itselfa metri graph assoiated to some disrete graph. Let TK be the �rst time the Brownianmotion B

rG , started outside K, hits K. Let pG rGzKpy, zqqy,zP rGzK be the Green's funtionrelative to the measure m of the killed proess pB rG
t q0¤t ζ̃^TK

. G rGzK is symmetri, ontin-uous and extends ontinuously to rGzK by taking value 0 on the boundary. Atually G rGzKis obtained by linear interpolation from its values on the verties and BK as in (4.2.1). Letpφ rGzKy qyP rGzK be the Gaussian free �eld on rGzK with variane-ovariane funtion G rGzK . Let
f be a funtion on BK and uf,K be the following funtion on rGzK:

uf,Kpyq :� Ey
�
fpB rG

TK
q1TK ζ̃�By the Markov property of pφyqyP rG , onditional on pφyqyPK , pφyqyP rGzK has the same law aspuφ,Kpyq � φ

rGzK
y qyP rGzK . We onsider now a random onneted ompat subset K. We usethe equivalent σ-algebras on the onneted ompat subsets: the σ-algebra indued by the events ptK � UuqU open subset of rG the σ-algebra indued by the events ptF XK � HuqF losed subset of rGBelow we state a strong Markov property for the Gaussian free �eld pφyqyP rG . It an bederived from the simple Markov property (see [Roz82℄, hapter 2, �2.4, theorem 4).



4.3. ALTERNATIVE DESCRIPTION OF THE COUPLING 133Strong Markov property. Let K be a random ompat onneted subset of rG suhthat for every deterministi open subset U of rG the event tK � Uu is measurable withrespet to pφyqyPU . Then onditional on K and pφyqyPK, pφyqyP rGzK has the same law aspuφ,Kpyq � φ
rGzK
y qyP rGzK.Lemma 4.3.1. Given y0 P rG we denote by Fy0 the losure of the positive omponent ofp|φy|qyP rG ontaining y0 (a.s. φy0 � 0). Then the �eld p�1yPFy0

φy � 1yRFy0
φyqyP rG has thesame law as the Gaussian free �eld pφyqyP rG .Proof. By onstrution Fy0 is losed and onneted, but not neessarily ompat if Vis not �nite. φ is zero on BFy0 .We �rst onsider the ase of V being �nite. Then Fy0 is ompat. Aording to thestrong Markov property, onditional on Fy0 and pφyqyPFy0

, pφyqyP rGzFy0
has the same law aspφ rGzFy0

y qyP rGzFy0
. But φ rGzFy0 and �φ rGzFy0 have the same law. Thus p1yPFy0

φy�1yRFy0
φyqyP rGhas the same law as φ. Sine φ and �φ have the same law, p�1yPFy0

φy � 1yRFy0
φyqyP rG hasthe same law as φ too.If V is in�nite, let x0 P V . Let Vn be the set of verties separated from x0 by at most

n edges. Vn is �nite. V0 � tx0u and V1 is made of x0 and all its neighbours. For n ¥ 1let En be the set of edges either onneting two verties in Vn�1 or a vertex in VnzVn�1to a vertex in Vn�1. Gn :� pVn, Enq is a onneted sub-graph of G. Let rGn be the metrigraph assoiated to the graph Gn, viewed as a ompat subset of rG. For n large enoughsuh that y0 P rGn, let Fy0,n be the positive omponent of p|φ rGzpVnzVn�1q
y |qyP rG ontaining y0,whih is ompat. As in the previous ase, p�1yPFy0,nφ

rGzpVnzVn�1q
y �1yRFy0,nφ

rGzpVnzVn�1q
y qyP rGhas the same law as φ rGzpVnzVn�1q. As n onverges to �8, the �rst �eld onverges in lawto p�1yPFy0

φy � 1yRFy0
φyqyP rG and the seond �eld onverges in law to φ, whih proves thelemma. �Lemma 4.3.2. Conditional on p|φy|qyP rG, the sign of φ on eah of its onneted ompo-nents is distributed independently and uniformly in t�1,�1u.Proof. Let pynqn¥0 be a dense sequene in rG. Let pσnqn¥0 be an i.i.d. sequene ofuniformly distributed variables in t�1,�1u independent of φ. Aording to lemma 4.3.1,the �eld �

N¹
n�0

pσn1yPFyn
� 1yRFyn

q � φy

�
yP rGhas the same law as φ whatever the value of N . Moreover as N onverges to �8, this �eldonverges in law to the �eld obtained by hoosing uniformly and independently a sign foreah positive omponent of p|φy|qyP rG . �Next we onsider the disrete-spae loops L 1

2
and ontinuous loops rL 1

2
oupled in thenatural way though the restrition of the latter to V . We deal with the probability of aluster of ontinuous loops oupying entirely an edge e onditional on L 1

2
and on the eventthat none of disrete-spae loops oupies e. This event is the same as the oupation �eldpL 1

2
staying positive on Ie and not having zeros there. Let e � tx, yu be an edge joiningverties x and y. In ase e is not oupied by a loop of L 1

2
, there are three kind of pathsvisiting Ie: the loops of entirely rL 1

2
ontained in Ie. These are independent L 1

2
as they haveno print on V . The oupation �eld of these loops is the square of a standardBrownian bridge of length ρpeq from 0 at x to 0 at y ([Lup13℄, proposition 4.5).



4.3. ALTERNATIVE DESCRIPTION OF THE COUPLING 134 the Poisson point proess of exursions from x to x inside Ie of the loops in rL 1
2visiting x. The intensity of exursions ispLx1

2
� 1height exursion  ρpeqη�Conditional on pLx1

2

, this Poisson point proess of exursions is independent from
L 1

2
. Its oupation �eld is aording to the seond Ray-Knight theorem the squareof a Bessel-0 proess with initial value pLx1

2

at x onditioned to hit 0 before time
ρpeq. the Poisson point proess of exursions from y to y inside Ie of the loops in rL 1

2visiting y. The piture is the same as above.We will denote by pbpT qt q0¤t¤T a standard Brownian bridge from 0 to 0 of length T andpβpT,lqt qt¥0 a square of a Bessel 0 proess starting from l at t � 0 and onditioned to hit 0before time T . We have the following piture:Property 4.3.3. Conditional on the disrete-spae loops L 1
2
, the events of the family�t pL 1

2
has a zero on Ieu	

ePEz�CPC 1
2

C
are independent. Let e � tx, yu be an edge. Theprobability

P
� pL 1

2
has a zero on Ie���L 1

2
, e P Ez ¤

CPC 1
2

C

is the same as for the sum of three independent proesses�

b
pρpeqq2
t � β

pρpeq, pLx
1
2
q

t � β
pρpeq, pLy

1
2

q
ρpeq�t 	

0¤t¤ρpeqhaving a zero on p0, ρpeqq.Lemma 4.3.4. Let T, l1, l2 ¡ 0. The probability that the sum of three independent pro-esses(4.3.1) �
b
pT q2
t � β

pT,l1q
t � β

pT,l2q
T�t 	

0¤t¤Thas a zero on p0, T q is(4.3.2) 1?
π

» �8
0

exp
�� l1l2p2T q2s � s

	 ds?
sProof. We will break the symmetry of the expression (4.3.1) and use the fat that theproess �bpT q2t �βpT,l2qT�t 	

0¤t¤T has the same law as the square of a standard Brownian bridgeof length T from 0 to ?l2 (see [RY99℄, hapter XI, �3). For the proess (4.3.1) to have azero on p0, T q, the proess βpT,l1q has to hit 0 before the last zero of �bpT q2t � β
pT,l2q
T�t 	

0¤t¤T .Aording to Ray-Knight's theorem, the time when the square Bessel 0 started from l1hits 0 has the same law as the maximum of a standard Brownian motion started from 0 andstopped at its loal time at 0 reahing the level l1. The distribution of this maximum is
1a¡0

l1
2a2

exp

�� l1
2a



daIn βpT,l1q we ondition on hitting zero before time T . So the distribution of the �rst zero is(4.3.3) 10 t2 T l1

2t21
exp

�
l1
2T

� l1
2t1



dt1



4.3. ALTERNATIVE DESCRIPTION OF THE COUPLING 135Let pBtqt¥0 be a standard Brownian motion on R started from 0 and
gT :� suptt P r0, T s|Bt � 0uThe joint distribution of pgT , BT q is (see [RY99℄, hapter XII, �3)

10 a T |x| exp�� x2

2pT � aq

2π

a
apT � aq3 dadxIf we ondition by BT � ?

l2 we get the distribution of the last zero of �bpT q2t �βpT,l2qT�t 	
0¤t¤Twhih is(4.3.4) 10 t1 T ?l2T exp

�
l2
2T

� l2
2pT � t2q
a

2πt2pT � t2q3 dt2Gathering (4.3.3) and (4.3.4) we get that the probability that we are interested in is
l2T

2π
exp

�
l1 � l2
2T


»
0 t1 t2 T l1

2t21
exp

�� l1
2t1


 exp

�� l2
2pT � t2q
a

t2pT � t2q3 dt1dt2�
l2T

2π
exp

�
l1 � l2
2T


»
0 t2 T exp

�� l1
2t2

� l2
2pT � t2q
 dt2a

t2pT � t2q3By performing the hange of variables
s :� l2

2T

t2
T � t2we get the integral (4.3.2). �Lemma 4.3.5. For all λ ¥ 0» �8

0

exp
�� λ

s
� s

	 ds?
s
� ?

πe�2
?
λProof. Let

fpλq :� » �8
0

exp
�� λ

s
� s

	 ds?
sThen fp0q � Γp 12 q � ?

π and
f 1pλq � � » �8

0

exp
�� λ

s
� s

	 ds?
s3By doing the hange of variables z � λ

s we get
f 1pλq � � 1?

λ

» �8
0

exp
�� z � λ

z

	 dz?
z

f satis�es the ODE
f 1pλq � � 1?

λ
fpλqwith initial ondition fp0q � ?

π, thus fpλq � ?
πe�2

?
λ. �



4.3. ALTERNATIVE DESCRIPTION OF THE COUPLING 136Corollary 4.3.6. Conditional on the disrete-spae loops L 1
2
, the events of the family�t pL 1

2
has a zero on Ieu	

ePEz�CPC 1
2

C
are independent and the orresponding probabilities aregiven by

P
� pL 1

2
has a zero on Itx,yu���L 1

2
, tx, yu P Ez ¤

CPC 1
2

C

 � exp

�� 1

ρptx, yuqpLx1
2

pLy1
2

	� exp
�� 2Cpx, yqpLx1

2

pLy1
2

	
From lemma 4.3.2 and orollary 4.3.6 we get the following alternative desription of theoupling between L 1

2
and pφxqxPV (see �gure 4.1):Theorem 4.1. bis. Consider the following onstrution: First sample the Poisson ensemble of loops L 1

2
with p pLx1

2

qxPV being its oupation�eld and C 1
2
the set of its lusters. For any edge tx, yu not visited by any loop in L 1

2
, hoose to open it with probability

1�exp
��2Cpx, yqbpLx1

2

pLy1
2

	. By doing so some luster of C 1
2
may merge and thisindues a partition C1 of V in larger lusters. For all lusters C1 P C1 sample independent uniformly distributed in t�1,�1u r.v.

σpC1q. Set φx :� σpC1pxqqb2 pLx1
2

where C1pxq is the luster in C1 ontaining the vertex x.pφxqxPV is then a Gaussian free �eld on G. Moreover the obtained oupling between L 1
2
and

φ is the same, in law, as the one onstruted in setion 4.2.Observe that a posteriori the quantity 1� exp
�� 2Cpx, yqbpLx1

2

pLy1
2

	 equals
1� e�Cpx,yq|φxφy|
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Fig.4.1: Full lines are the edges visited by disrete loops. Double lines are additionaly opened edges.Dashed lines are edges left losed. Dotted ontours surround lusters in C1.4.4. Alternative proof of the ouplingIn this setion we prove diretly, without using metri graphs, that the proedure de-sribed in theorem 4.1 bis provides a oupling between L 1
2
and the Gaussian free �eld. Wewill denote by φ the �eld onstruted by this proedure and ψ a generi Gaussian free �eldon G, so as to avoid onfusion.Let e1 � tx1, y1u, . . . , en � txn, ynu be n di�erent edges of G. Let Gpe1,...,enq be thegraph obtained by removing the edges e1, . . . , en. Gpe1,...,enq may not be onneted. Let

κpe1,...,enq be the killing measure on V de�ned as
κpe1,...,enqpxq :� κpxq � ņ

i�1

Cpeiqp1x�xi � 1x�yiqLet pGpe1,...,enqpx, yqqx,yPV be the Green's funtion of the Markov jump proess on Gpe1,...,enqwith jump rates equal to ondutanes and killing rates given by κpe1,...,enq. Let pψpe1,...,enqx qxPVbe the orresponding Gaussian free �eld on Gpe1,...,enq. Let H be the energy funtional
Hpfq :� 1

2

�
x̧PV κpxqf2

x � ¸
x,yPV,tx,yuPECpx, yqpfx � fyq2
and let

Hpe1,...,enqpfq :� Hpfq � ņ

i�1

CpeiqfxifyiIf V is �nite the distribution of ψ is
1p2πq |V |

2 detpGq 1
2

e�Hpfq ¹
xPV dfx



4.4. ALTERNATIVE PROOF OF THE COUPLING 138and the distribution of ψpe1,...,enq is
1p2πq |V |

2 detpGpe1,...,enqq 1
2

e�Hpe1,...,enqpfq ¹
xPV dfxConditional on ei R �CPC 1

2

C for every i P t1, . . . , nu, p pLx1
2

qxPV has the same law as 1
2ψ

pe1,...,enq2.If V is �nite then(4.4.1) P
��i P t1, . . . , nu, ei R ¤

CPC 1
2

C
	 � detpGpe1,...,enqq 1

2

detpGq 1
2See [JL13℄.Lemma 4.4.1. Assume that V is �nite. Let e1 � tx1, y1u, . . . , en � txn, ynu be n di�erentedges of G. For any bounded funtional on �elds F(4.4.2) E

�
F p pL 1

2
q;�i P t1, . . . , nu, ei R ¤

C1PC1 C1� � E

�
n¹
i�1

e�Cpeiqp|ψxi
ψyi

|�ψxi
ψyi

qF�1
2
ψ2

	�(4.4.3) E

�
F p pL 1

2
q;Ez ¤

C1PC1 C1 � te1, . . . , enu� �
E

�
n¹
i�1

e�Cpeiqp|ψxi
ψyi

|�ψxi
ψyi

q ¹tx,yuP
Ezte1,...,enu 1ψxψy¡0p1� e�2Cpx,yq|ψxψy|qF�1

2
ψ2

	�Proof. We begin with the proof of (4.4.2). Conditional on ei R �
CPC 1

2

C for every
i P t1, . . . , nu, p pLx1

2

qxPV has the same law as 1
2ψ

pe1,...,enq2, that is to say
E

�
F p pL 1

2
q����i P t1, . . . , nu, ei R ¤

CPC 1
2

C
� � E

�
F
�1
2
ψpe1,...,enq2	�Applying (4.4.1) we get that

E

�
F p pL 1

2
q;�i P t1, . . . , nu, ei R ¤

CPC 1
2

C
� � detpGpe1,...,enqq 1

2

detpGq 1
2

E
�
F
�1
2
ψpe1,...,enq2	�But

detpGpe1,...,enqq 1
2

detpGq 1
2

E
�
F
�1
2
ψpe1,...,enq2	�� detpGpe1,...,enqq 1

2

detpGq 1
2

1p2πq |V |
2 detpGpe1,...,enqq 1

2

»
e�Hpe1 ,...,enqpfqF�1

2
f2
	 ¹
xPV dfx� 1p2πq |V |2 detpGq 1

2

»
e�Hpfq n¹

i�1

e�Cpeiqfxi
fyiF

�1
2
f2
	 ¹
xPV dfxIt follows that

E

�
F p pL 1

2
q;�i P t1, . . . , nu, ei R ¤

CPC 1
2

C
� � E

�
n¹
i�1

e�Cpeiqψxi
ψyiF

�1
2
ψ2

	�
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E

�
F p pL 1

2
q;�i P t1, . . . , nu, ei R ¤

C1PC1 C1�� E

�
n¹
i�1

exp
�� 2CpeiqpLxi

1
2

pLyi1
2

	
F p pL 1

2
q;�i P t1, . . . , nu, ei R ¤

CPC 1
2

C
�� E

�
n¹
i�1

e�Cpeiqp|ψxi
ψyi

|�ψxi
ψyi

qF�1
2
ψ2

	�For the proof of (4.4.3) we will use the inlusion-exlusion priniple.
E

�
F p pL 1

2
q;Ez ¤

C1PC1 C1 � te1, . . . , enu��
A̧�Ete1,...,enu�Ap�1q|A|�nE�F p pL 1

2
q;�e P A, e R ¤

C1PC1 C1��
A̧�Ete1,...,enu�Ap�1q|A|�nE� ¹tx,yuPAe�Cpx,yqp|ψxψy|�ψxψyqF�1

2
ψ2

	��E� n¹
i�1

e�Cpeiqp|ψxi
ψyi

|�ψxi
ψyi

q ¹tx,yuPEzte1,...,enu�1� e�Cpx,yqp|ψxψy|�ψxψyq	F�1
2
ψ2

	�But
1� e�Cpx,yqp|ψxψy|�ψxψyq � 1ψxψy¡0p1� e�2Cpx,yq|ψxψy|qThus we get (4.4.3). �Proposition 4.4.2. The �eld pφxqxPV onstruted in theorem 4.1 bis has the law of aGaussian free �eld on G.Proof. First we onsider the ase of V being �nite and use the identity (4.4.3). Let Fbe a bounded funtional on �elds. Given a subset of edges A � E, we will denote by CpAqthe partition of V obtained by removing from G the edges in A and taking the onnetedomponents. Let SApF q be the funtional on non-negative �elds de�ned as

SApF qpfq :� 1

2|CpAq| ¸
σPt�1,�1uCpAq F pσa2fqwhere F pσ?2fq means that we have made a hoie of a sign whih is the same on eahequivalene lass of the partition CpAq.Let e1 � tx1, y1u, . . . , en � txn, ynu be n di�erent edges of G. By onstrution(4.4.4) E

�
F pφq;Ez ¤

C1PC1 C1 � te1, . . . , enu�� E

�
Ste1,...,enupF qp pL 1

2
q;Ez ¤

C1PC1 C1 � te1, . . . , enu�



4.4. ALTERNATIVE PROOF OF THE COUPLING 140From (4.4.3) follows that this in turn equals(4.4.5) E

�
n¹
i�1

e�Cpeiqp|ψxi
ψyi

|�ψxi
ψyi

q ¹tx,yuP
Ezte1,...,enu 1ψxψy¡0p1� e�2Cpx,yq|ψxψy|q� Ste1,...,enupF q�12ψ2

	�In (4.4.5) the fator
n¹
i�1

e�Cpeiq|ψxi
ψyi

| ¹tx,yuP
Ezte1,...,enup1� e�2Cpx,yq|ψxψy|qSte1,...,enupF q�12ψ2

	depends only on the absolute value |ψ|. Two other fators take in aount the sign of ψ:(4.4.6) n¹
i�1

e�Cpeiqψxi
ψyiand(4.4.7) ¹tx,yuP

Ezte1,...,enu 1ψxψy¡0The fator (4.4.6) multiplied by the non normalized density e�Hpfq of ψ gives the non-normalized density e�Hpe1 ,...,enqpfq of ψpe1,...,enq, the Gaussian free �eld on Gpe1,...,enq. ψpe1,...,enqis independent on eah onneted omponent of Gpe1,...,enq. The fator (4.4.7) means that werestrit to the event on whih the �eld has onstant sign on eah onneted omponent of
Gpe1,...,enq. But onditional on ψpe1,...,enq having onstant sign on eah onneted omponentof Gpe1,...,enq, these signs are independent on eah onneted omponent and � and � haveequal probability 1

2 . This implies that (4.4.5) equals
E

�
n¹
i�1

e�Cpeiqp|ψxi
ψyi

|�ψxi
ψyi

q ¹tx,yuP
Ezte1,...,enu 1ψxψy¡0p1� e�2Cpx,yq|ψxψy|qF pψq�Then summing on all possible values of Ez�C1PC1 C1 we get ErF pφqs � ErF pψqs and deduethat φ and ψ are equidistributed.For the ase of in�nite V we approximate the graph G by an inreasing sequene of �niteonneted sub-graphs. Let x0 P V . Let Vn be the set of verties separated from x0 by atmost n edges. For n ¥ 1 let En be the set of edges either onneting two verties in Vn�1 ora vertex in VnzVn�1 to a vertex in Vn�1. Gn :� pVn, Enq is a onneted sub-graph of G. Weonsider the Markov jump proess on Gn with transition rates given by the ondutanesrestrited to En, the killing measure κ restrited to Vn�1 and an additional instant killingat reahing VnzVn�1. Let pGVn�1px, yqqx,yPVn�1 be the orresponding Green's funtion andpψVn�1

x qxPVn�1 the orresponding Gaussian free �eld. The assoiated Poisson ensemble ofloops of parameter 1
2 is tγ P L 1

2
|γ stays in Vn�1u. Let pφVn�1

x qxPVn�1 be the �eld obtainedby applying the proedure desribed in theorem 4.1 bis to tγ P L 1
2
|γ stays in Vn�1u. Asshown previously φVn�1 has same law as ψVn�1 . Moreover φVn�1 onverges in law to φ and

ψVn�1 to ψ. Thus φ and ψ have same law. �



4.5. APPLICATION TO PERCOLATION BY LOOPS 1414.5. Appliation to perolation by loopsIn this setion we onsider the latties Z2 with uniform ondutanes and a non-zero uniform killing measure the disrete half-plane Z � N with instantaneous killing on the boundary Z � t0uand no killing elsewhere Zd, d ¥ 3, with uniform ondutanes and no killing measureand show that there is no in�nite loop luster in L 1
2
. Obviously there annot be suh anin�nite luster if the Gaussian free �eld only has bounded sign lusters, whih is the ase for

Z2 with uniform ondutanes and a non-zero uniform killing measure (see Theorem 14.3in [HJ06℄). However on Zd for d su�iently large the Gaussian free �eld has in�nite signlusters, one of eah sign, at is it believed that is the ase for all d ¥ 3 ([RS13℄). But atthe level of the metri graph there are no unbounded sign lusters of the free �eld.The uniqueness of an in�nite luster of loops on Zd, d ¥ 3 and on Z2 with uniformkilling measure was shown applying Burton-Keane's argument in [CS14℄. Next we adaptthis argument to the ase of loops on the disrete half-plane.Proposition 4.5.1. On the disrete half-plane Z�N with instantaneous killing on theboundary Z� t0u, a.s. L 1
2
has at most one in�nite luster.Proof. The general layout of the proof is the same as for the i.i.d. Bernoulli perolation.See setion 8.2 in [Gri99℄. The law of L 1

2
is ergodi for the horizontal translations and henethe number of in�nite lusters in C 1

2
is a.s. onstant. The next step is to show that thisonstant an only be 0, 1 or �8. This an be proved similarly to the i.i.d. Bernoulliperolation ase and we omit it. Then one has to rule out the ase of in�nitely many in�nitelusters.For a P N let

L¡a1
2

:� tγ P L 1
2
|Rangepγq � Z� ra� 1,�8qu

L¡0
1
2

� L 1
2
and all the L¡a1

2

have the same law up to a vertial translation. A vertexpx1, a � 1q P Z � N� will be an upper trifuration if it is ontained in an in�nite luster of
L¡a1

2

and if this vertex and adjaent edges are removed the luster splits in at least threein�nite lusters. Every vertex of Z � N� has equal probability to be an upper trifuration.Let it be p3. If with positive probability L 1
2
has at least three in�nite lusters then a vertexin Z� t1u has a positive probability to be an upper trifuration. This an be proved in thesimilar way as in i.i.d. Bernoulli ase. Consequently p3 ¡ 0.Let Tn be the set of upper trifurations in r�n, ns � r1, ns. Let pziq1¤i¤Nn be an enu-meration of Tn suh that the sequene of seond oordinates of zi, pai � 1q1¤i¤Nn , is non-inreasing. Given zi, there are three simple paths c1pziq, c2pziq and c3pziq that onnet zito three di�erent verties onBpr�n� 1, n� 1s � r1, n� 1sq �t�n� 1u � r1, n� 1s Y tn� 1u � r1, n� 1s Y r�n� 1, n� 1s � tn� 1uthat do not interset outside zi and suh that c1pziqztziu, c2pziqztziu and c3pziqztziu areontained in three di�erent lusters indued by the lusters of L¡ai1

2

after deleting the vertex
zi. For i ¥ 2, two di�erent paths cjpziqztziu and cj1pziqztziu annot interset the sameonneted omponent of ¤

1¤i1¤i�1

pc1pzi1q Y c2pzi1q Y c3pzi1qq



4.5. APPLICATION TO PERCOLATION BY LOOPS 142beause the set above is overed by the loops in L¡ai1
2

. Then as in Burton-Keane's proof onesets c̃jpz1q � cjpz1q and iteratively onstruts the family of simple paths pc̃jpziqq1¤j¤3,2¤i¤Nnwhere the path c̃jpziq starts from zi as cjpziq and as soon as it meets a path c̃ from the familypc̃j1pzi1qq1¤j1¤3,1¤i1¤i�1 it ontinues as c̃. The graph formed by the paths pc̃jpziqq1¤j¤3,1¤i¤Nnhas no yles, its leaves (verties of degree 1) are ontained in Bpr�n� 1, n� 1s� r1, n� 1sqand the verties zi have degree 3 at least. Thus7Tn ¤ 7Bpr�n� 1, n� 1s � r1, n� 1sq � 4n� 3The expetation of 7Tn annot grow as fast as n2 hene p3 � 0. �Next we give a simple upper bound for the probability of two verties belonging to thesame luster of L 1
2
. This is an inequality that holds on all graphs and not spei�ally onperiodi ones as onsidered previously in this setion.Proposition 4.5.2. Let x, y P V . Let

gpx, yq :� Gpx, yqa
Gpx, xqGpy, yq(4.5.1) P

�
x and y belong to the same luster of L 1

2

	 ¤
P
�
x and y belong to the same luster of rL 1

2

	 � 2

π
arcsinpgpx, yqqProof. Consider the set of extended lusters C1. The probability that x and y belongto the same luster in C1 is exatly

E rsignpφxq signpφyqsIn our oupling if x and y belong to the same luster in C1 then the produt signpφxqsignpφyqequals 1, and if this is not the ase signpφxqsignpφyq equals either 1 or �1 eah withprobability 1
2One must to hek that

E rsignpφxq signpφyqs � 2

π
arcsinpgpx, yqqLet Z1 and Z2 be two independent standard entred Gaussian r.v.'s. We have the equalitiesin law pφx, φyq plawq� paGpx, xqZ1,

a
Gpy, yqpgpx, yqZ1 �a

1� gpx, yq2Z2qqpsignpφxq, signpφyqq plawq� psignpZ1q, signpgpx, yqZ1 �a
1� gpx, yq2Z2qqThen

E rsignpφxq signpφyqs � P

� |Z2||Z1| ¤ gpx, yqa
1� gpx, yq2�

Z2{Z1 follows the Cauhy distribution
1

π

dz

1� z2Thus
P

� |Z2||Z1| ¤ gpx, yqa
1� gpx, yq2� � 2

π
arctan

�
gpx, yqa

1� gpx, yq2� � 2

π
arcsinpgpx, yqq

�



4.5. APPLICATION TO PERCOLATION BY LOOPS 143In the ase of a graph Zd (d ¥ 2) with positive onstant killing measure, inequality(4.5.1) ensures an exponential deay of luster size distribution. For Zd (d ¥ 3) with nokilling inequality (4.5.1) implies
P
�
x and y belong to the same luster of L 1

2

	 � O

�
1|y � x|d�2


However this bound is ertainly not sharp and one expets that for d ¥ 5

P
�
x and y belong to the same luster of L 1

2

	 � O

�
1|y � x|2pd�2q
(see proposition 5.3 in [CS14℄). This also means that the perolation by disrete loops onperiodi latties and the perolation by ontinuous loops on the orresponding metri graphsbehave di�erently.Proof of theorem 4.2. Assume that L 1

2
has an in�nite luster. Let C8 be this in�niteluster. Let x be a vertex and

θpxq :� Ppx P C8qLet u1 be the unit vetor orresponding to the �rst oordinate, u1 � p1, 0, . . . , 0q. Let
xn :� x� nu1. From the invariane under translation by u1 it follows that θpxnq � θpxq.

P
�
x and y belong to the same luster of L 1

2

	 ¤ Ppx P C8, xn P C8q
L 1

2
satis�es Harris-FKG inequality ([JL13℄). Thus

Ppx P C8, xn P C8q ¥ θpxqθpxnq � θpxq2It follows that
θpxq2 ¤ 2

π
arcsinpgpx, xnqqLetting n go to �8 we get that θpxq � 0. �Let d ¥ 3. Let rZd be the metri graph assoiated to the graph Zd. All edges havelength 1

2 . We onsider the Gaussian free �eld pφzqzPrZd on rZd and the following dependentperolation model on the edges of Zd: Let ω be the random on�guration on the edges of Zdwith ωe � 1 (e is open) if |φ| has no zeros on Ie and ωe � 0 (e is losed) otherwise. The setof lusters of ω is exatly C1 whih appears in the oupling of theorem 4.1 bis. The free �eldon the metri graph has an unbounded sign luster if an only if there is an in�nite lusterin C1, as the sign lusters of φ that are ontained inside the intervals Ie orresponding tothe edges are all bounded. We will show that this annot happen. We will follow the samepattern as for the proof of theorem 4.2: �rst show that C1 an ontain at most one in�niteluster, the show that ω satis�es the Harris-FKG inequality and onlude using inequality(4.5.1).Lemma 4.5.3. With probability one C1 has at most one in�nite luster.Proof. Aording to theorem 1 in [GKN92℄, the uniqueness of the in�nite lusters isimplied by translation invariane and positive �nite energy property. We need only showthe �nite energy property:(4.5.2) Ppωe � 1|pωf , f is an edge of Zd and f � eqq ¡ 0 a.s.Let e � tx, yu be an edge. We see p 12φ2zqzPrZd as the oupation �eld of ontinuous loops rL 1
2
.The loops inside Ie and the exursions inside Ie from x to x and y to y that do not rossentirely Ie are independent of p 12φ2zqzPrZdzIe onditional on |φx| and |φy|. Thus, aording tothe omputations made in setion 4.3

P
�
ωe � 1

����1
2
φ2z

	
zPrZdzIe	 ¥ 1� e�|φxφy|
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E
�
1� e�|φxφy||pωf , f is an edge of Zd and f � eq�Sine |φxφy | ¡ 0 a.s., the right-hand side in (4.5.3) is a.s. non-zero and the ondition (4.5.2)is satis�ed. �Lemma 4.5.4. ω satis�es the Harris-FKG inequality: given A1pωq and A2pωq two in-reasing events(4.5.4) PpA1pωq, A2pωqq ¥ PpA1pωqqPpA2pωqqProof. We see the �eld p 12φ2yqyPrZd as the oupation �eld of the metri graph loopsrL 1

2
. If the events A1pωq and A2pωq are inreasing in the sense that opening more edges in ωonly helps their ourrene, then these events are also inreasing in the sense that they arestable by adding more loops to rL 1

2
. The inequality (4.5.4) follows from the FKG inequalityfor Poisson point proesses (lemma 2.1 in [Jan84℄). �Proposition 4.5.5. With probability one C1 has only �nite lusters.

4.6. Critial intensity parameter on the disrete half-planeLet α, δ ¡ 0. Given U an open subset of H, we will denote by LU,¥δα respetively LUXH,¥δ
αthe subset of LH

α respetively LH
α made of loops ontained in U and with diameter greater orequal to δ. We will use the notations LUα and LUXH

α when there is a ondition on the rangebut not on the diameter.Let Qext and Qint be the following retangles:
Qext :� p0, 6q � p0, 3q Qint :� p1, 5q � p1, 2qWe onsider the subset of Brownian loops LQext,¥δ

α whih is a.s. �nite. We introdue events
C1pLQext,¥δ

α q, C2pLQext,¥δ
α q and C3pLQext,¥δ

α q depending on the loops in LQext,¥δ
α . Theevent C1pLQext,¥δ

α q will be satis�ed if there is a luster K1 of loops in LQint,¥δ
α suh that in

Lp0,6q�p1,2q,¥δα there is a loop that intersets K1 and t1u � p1, 2q and a loop that intersets
K1 and t5u � p1, 2q. The two loops may be the same. C2pLQext,¥δ

α q will be satis�ed if therea luster K2 in Lp1,2q2,¥δα suh that in Lp1,2q�p0,3q,¥δα there is a loop that intersets K2 andp1, 2q� t1u and a loop that intersets K2 and p1, 2q� t2u. The event C3pLQext,¥δ
α q is similarto the event C2pLQext,¥δ

α q where the square p1, 2q2 is replaed by the square p4, 5q � p1, 2qand the retangle p1, 2q � p0, 3q by the retangle p4, 5q � p0, 3q. Next �gure illustrates theevent �3
i�1 CipLQext,¥δ

α q.
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Qext

Qint

Fig.4.2: Illustration of the event �3
i�1 CipLQext,¥δ

α q.One should imagine that the smooth loops are atually Brownian.Only a set of loops that is su�ient for the event is represented.Full line loops stay inside Qint. Dashed loops ross the boundary of Qint.We will all the event �3
i�1 CipLQext,¥δ

α q speial rossing event with exterior retangle
Qext and interior retangle Qint. We will also onsider translations, rotations and resalingof Qext and Qint and deal with speial rossing events orresponding to the new retangles.We are interested in the event �3

i�1 CipLQext,¥δ
α q beause then the loops in LQext,¥δ

α ahievethe three rossings drawn on the �gure 4.3:
Qext

Qint

Fig.4.3: The three rossings we are interested in.Next we show that if α ¡ 1
2 and δ is small enough then the probability of the event�3

i�1 CipLQext,¥δ
α q is lose to 1.Lemma 4.6.1. Let Q be a retangle Q :� p�a, aq � p0, bq. Let α ¡ 0. Let pBtqt¥0 be thestandard Brownian motion on C started from 0 and let LQα be a Poisson ensemble of loopsindependent from B. Then for all ε ¡ 0 there is t P p0, εq suh that B at time t intersets aloop in LQα .Proof. First we onsider a loops soup in H, LH

α independent of B. Let
T :� inftt ¡ 0|Bt is in the range of a loop in LH

αu
T is a.s. �nite. Indeed a loop in LH

α delimits a domain with non-empty interior. Sine theBrownian motion on C is reurrent, B will visit this domain and thus interset the loop. Let
λ ¡ 0. The Poisson ensemble of loops LH

α is invariant in law under the Brownian salingpγptqq0¤t¤tγ ÞÝÑ λ� 1
2 pγpλtqq0¤t¤λ�1tγSo does the Brownian motion B. Thus λT has the same law as T . It follows that T � 0 a.s.



4.6. CRITICAL INTENSITY PARAMETER ON THE DISCRETE HALF-PLANE 146The set of loops LH
αzLQα is at positive distane from 0 thus B annot interset it imme-diately. It follows that B intersets immediately LQα . �Lemma 4.6.2. Let a, α ¡ 0. There is a.s. a loop in Lp�a,aq2α that intersets the real line

R. Proof. Let Lpnqα be the subset of Lp�a,aq2α made of loops γ of duration tγ omprisedbetween 2�n�1 and 2�n. The family pLpnqα qn¥0 is independent. By Brownian saling, theprobability that the loop in Lpnqα intersets R is the same as a loop in Lp�a2n{2,a2n{2q2α ofduration omprised between 1
2 and 1 intersets R. This is at least as big as the similarprobability for Lp0qα . Sine the latter probability is non-zero, the intersetion events oursa.s. for in�nitely many of Lpnqα . �Lemma 4.6.3. Let a, α ¡ 0. There is a.s. a loop in Lp�a,aq2α that intersets the real line

R and a loop in Lp�a,aq�p0,aqα .Proof. Consider the subset of Lp�a,aq2α made of loops interseting R. It is non emptyaording the lemma 4.6.2. Moreover it is independent of Lp�a,aq�p0,aqα . The law of a Brow-nian loop that intersets R is loally, near the point of intersetion, absolutely ontinuouswith respet to the law of a Brownian motion started from there. Applying lemma 4.6.1, weget that it intersets a.s. a loop in Lp�a,aq�p0,aqα . �Lemma 4.6.4. Let α ¡ 1
2 . Then

lim
δÑ0� P

� 3£
i�1

CipLQext,¥δ
α q	 � 1Proof. It is enough to show that the probability of eah of the CipLQext,¥δ

α q onvergesto 1 as δ tends to 0. Sine the three ases are very similar, we will do the proof onlyfor C1pLQext,¥δ
α q. Aording to lemma 4.6.3 there is a loop γ in Lp0,6q�p1,2qα that intersetst1u � p1, 2q and a loop γ1 in LQint

α . Similarly there is a loop γ̃ in Lp0,6q�p1,2qα that intersetst5u � p1, 2q and a loop γ̃1 in LQint
α . Sine α ¡ 1

2 , γ1 and γ̃1 belong to the same luster in
LQint
α ([SW12℄). Thus there is a hain of loops pγ0, . . . , γnq in LQint

α , with γ0 � γ1 and
γn � γ̃1, joining γ1 and γ̃1. If δ is the minimum of diameters of pγ0, . . . , γnq and γ and γ̃ then
C1pLQext,¥δ

α q is satis�ed. Let δ̄ be maximal value of δ suh that C1pLQext,¥δ
α q is satis�ed. δ̄is a well de�ned random variable with values in p0,�8q. Then

lim
δÑ0� PpC1pLQext,¥δ

α qq � lim
δÑ0� Ppδ ¤ δ̄q � 1

�Next we reall the result on approximation of Brownian loops by random walk loopsfrom [LF07℄. Let N P N�. We onsider the disrete loops γ on Z�N�. We de�ne on theseloops a map ΦN to ontinuous loops on H. Given γ a disrete loop and pz0, . . . , zn�1, z0qthe sequene of the verties it visits, the ontinuous loop ΦNγ satis�es: The duration of ΦNγ is n
2N2 . For j P t0, . . . , n� 1u, ΦNγp j

2N2 q � zj
N . ΦNγp n

2N2 q � ΦNγp0q � z0
N . Between the times j

2N2 , j P t0, . . . , nu, ΦNγ interpolates linearly.The number of jumps n of o disrete loop γ will be denoted sγ . Let θ P p 23 , 2q and r ¥ 1.There is a oupling between LH
α and LH

α suh that exept on an event of probability at most
cste � pα� 1qr2N2�3θ there is a one to one orrespondene between the two sets



4.6. CRITICAL INTENSITY PARAMETER ON THE DISCRETE HALF-PLANE 147 tγ P LH
α|sγ ¡ 2Nθ, |γp0q|   Nru tγ̃ P LH
α|tγ̃ ¡ Nθ�2, |γ̃p0q|   rusuh that given a disrete loop γ and the ontinuous loop γ̃ orresponding to it:��� sγ

2N2
� tγ̃

��� ¤ 5

8
N�2 sup

0¤u¤1

���ΦNγ�u sγ
2N2

	� γ̃putγ̃q��� ¤ cste �N�1 logpNqNext we state as without proof a lemma that follows immediately from this approximation.Lemma 4.6.5. Let α ¡ 0 and δ ¡ 0. As N tends to �8 the random set of interpolatingontinuous loops  
ΦNγ|γ P LNQextXH,¥Nδ

α

(onverges in law to the set of Brownian loops LQext,¥δ
α .We need to show that the above onvergene for the uniform norm also implies a on-vergene of the intersetion relations, that is to say thattpγ, γ1q|γ, γ1 P LNQextXH,¥Nδ

α , γ intersets γ1uonverges in law to tpγ̃, γ̃1q|γ̃, γ̃1 P LQext,¥δ
α , γ̃ intersets γ̃1uLet j P N. Let γ be a ontinuous path on C (not neessarily a loop) of lifetime tγ . For

r ¡ 0 let
Trpγq :� infts ¡ 0||γpsq| ¥ ru P p0,�8suIf Trpγq   �8 let

eiωr :� γpTrpγqq
rLet Ij be the real interval

Ij :� � 7

12
2�j, 9

12
2�j	For 0   r1   r2 let Apr1, r2q be the annulus

Apr1, r2q :� tz P C|r1   |z|   r2uFor r ¡ 0 let HDprq be the half-dis
HDprq :� Bp0, rq X tz P C|ℜpzq ¡ 0uWe will say that the path γ satis�es the ondition Cj if T 11

122
�j pγq   �8 After time T 11

122
�j pγq   �8, γ hits eipω2�j�1�π

2 qIj at a time t̃j before hitting theirle Sp0, 2�jq On the time interval pT2�j�1pγq, t̃jq γ stays in the half-dis eiω2�j�1HDp2�jq From time t̃j the path γ stays in the annulus Ap 7
122

�j, 9
122

�jq until surroundingone lokwise the dis Bp0, 7
122

�jq one lokwise and hitting eipω2�j�1�πqIj .Figure 4.4 illustrates a path satisfying the ondition Cj . If this ondition is satis�ed than
γ disonnets the dis Bp0, 7

122
�jq from in�nity. Moreover if one perturbs γ by any ontin-uous funtion f : r0, tγs Ñ C suh that }f}8 ¤ 1

122
�j then the path pγpsq � fpsqq0¤s¤tγdisonnets the dis Bp0, 2�j�1q from in�nity. Moreover the disonnetion is made insidethe annulus Ap2�j�1, 2�jq.
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be

iω
2�j�1

2j�1
b

γ

Fig.4.4: Representation of a path γ satisfying the ondition CjLemma 4.6.6. Let pBtq0¤t¤T be a standard Brownian path on C starting from 0. Thenalmost surely it satis�es the ondition Cj for in�nitely many values of j P N.Proof. Let rB be the Brownian path B ontinued on t P p0,�8q. The events ” rBsatis�es the ondition Cj” are i.i.d. Indeed suh an event is rotation invariant and dependsonly on rB on the time interval pT2�j�1p rBq, T2�j p rBqq. Moreover the probability of suh anevent is non-zero. Thus rB satis�es the ondition Cj for in�nitely many values of j P N. Sine
lim

jÑ�8 T2�jp rBq � 0so does B. �Lemma 4.6.7. Let z1, z2 P C and t1, t2 ¡ 0. Let pbp1qs q0¤s¤t1 and pbp2qs q0¤s¤t2 be twoindependent standard Brownian bridges from z1 to z1 and z2 to z2 respetively. On theevent that bp1q intersets bp2q there is a.s. ε ¡ 0 suh that for all ontinuous funtions
f1 : r0, t1s Ñ C and f2 : r0, t2s Ñ C of in�nity norm }fi}8 ¤ ε, pbp1qs � f1psqq0¤s¤t1intersets pbp2qs � f2psqq0¤s¤t2 .Proof. Let T p1q2 be the �rst time bp1q hits the range of bp2q. If the two path do notinterset eah other T p1q2 � �8. On the event T p1q2   �8 the onditional law of pbp1q

T
p1q
2 �s �

b
p1q
T
p1q
2

q
0¤s¤t1�T p1q2 �ε (ε ¡ 0 a small onstant) given the value T p1q2 is absolutely ontinuouswith respet the law of a Brownian path starting from 0. From lemma 4.6.6 follows thatthe path pbp1q

T
p1q
2 �s � b

p1q
T
p1q
2

q
0¤s¤t1�T p1q2

satis�es the ondition Cj for in�nitely many values of
j P N. Let
̃ :� max

!
j P N|pbp1q

T
p1q
2 �s � b

p1q
T
p1q
2

q
0¤s¤t1�T p1q2

satis�es the ondition Cjand Ds P r0, t2s, |bp2qs � b
p2q
T
p1q
2

| ¥ 13

12
2�j)

̃ is a r.v. de�ned on the event where bp1q and bp2q interset. If f1 and f2 are suh that}fi} ¤ 1
122

�̃ then the path bp1q� f1 disonnets the dis Bpbp1q
T
p1q
2

, 2�̃�1q from in�nity insidethe annulus bp1q
T
p1q
2

�Ap2�̃�1, 2�̃q and the path bp2q�f2 rosses from the irle Spbp1q
T
p1q
2

, 2�̃�1qto the irle Spbp1q
T
p1q
2

, 2�̃q, so the two must interset. �



4.6. CRITICAL INTENSITY PARAMETER ON THE DISCRETE HALF-PLANE 149Observe that two disrete loops γ and γ1 interset eah other if and only if the ontinuousloops ΦNγ and ΦNγ
1 do. From lemmas 4.6.5 and 4.6.7 follows:Corollary 4.6.8. Let α ¡ 0 and δ ¡ 0. As N tends to �8 the random set ofinterpolating ontinuous loops  

ΦNγ|γ P LNQextXH,¥Nδ
α

(jointly with the intersetion relationstpγ, γ1q|γ, γ1 P LNQextXH,¥Nδ
α , γ intersets γ1uonverges in law to the set of Brownian loops LQext,¥δ

α jointly with the intersetion relationstpγ̃, γ̃1q|γ̃, γ̃1 P LQext,¥δ
α , γ̃ intersets γ̃1uWe onsider the saled up retangle NQext and NQint. The next lemma deals withthe probability that the disrete loops LNQextXH

α realise speial rossing event with exteriorretangle NQext and interior retangle NQint. See �gures 4.2 and 4.3 and onsider that
Qext is replaed by NQext, Qint by NQint and LQext,¥δ

α by LNQextXH
α .Lemma 4.6.9. Let α ¡ 1

2 . As N tends to �8, the probability that the loops LNQextXH
αrealise speial rossing event with exterior retangle NQext and interior retangle NQintonverges to 1.Proof. Let δ ¡ 0. The probability that that the loops LNQextXH

α realise speial rossingevent with exterior retangle NQext and interior retangle NQint is at least as large as theprobability that the loops LNQextXH,¥Nδ
α realise speial rossing event with the same interiorand exterior retangle. From orollary 4.6.8 follows that the latter probability onverges as

N Ñ �8 to
P

�
3£
i�1

CipLQext,¥δ
α q�We onlude by applying the lemma 4.6.4. �To onlude that for α ¡ 1

2 , LH
α has an in�nite luster we will use a blok perolationonstrution that will ombine speial rossing events. We will need the result of Liggett,Shonmann and Staey in [LSS97℄ on loally dependent perolation models. Consider

1-dependent edge perolations on H, pωpeqqe edge of H. By 1-dependent perolation we meanthat if two disjoint subsets of edges E1 and E2 are at graph distane at least 1 then pωpeqqePE1and pωpeqqePE2 are independent. For all suh 1-dependent edge perolations, with a uniformprobability p of an edge to be open, there is a universal p̃ppq P r0, 1q suh that the 1-dependent edge perolation ontains an i.i.d. Bernoulli perolation with probability p̃ppq ofan edge to be open. Moreover the following onstrain holds:
lim
pÑ1� p̃ppq � 1Proof of theorem 4.3. From the Theorem 4.2 we know already that αH� ¤ 1

2 . We need toshow that For α ¡ 1
2 , LH

α has an in�nite luster.Let α ¡ 1
2 and N ¥ 1. We onsider a depend edge perolation pωN peqqe edge of Hon the disrete half plane H. If e is an edge of form tpj, kq, pj � 1, kqu then ωNpeq � 1(open edge) if LpNQint�3Nj�i3NkqXH
α ahieves a speial rossing event with exterior retangle

NQext � 3Nj � i3Nk and interior retangle NQint � 3Nj � i3Nk. If e is an edge of formtpj, kq, pj, k � 1qu then ωN peq � 1 if LpiNQint�3Nj�i3NkqXH
α ahieves a speial rossing eventwith exterior retangle iNQext� 3Nj � i3Nk and interior retangle iNQint� 3Nj � i3Nk,where the multipliation by i means rotation by �π

2 . ωN is a 1-dependent edge perolation:if two disjoint subsets of edges E1 and E2 are suh that no edge is adjaent to both E1 and
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E2, then pωN peqqePE1 and pωN peqqePE2 are independent. This is due to the fat that thesubsets of loops involved in the de�nition of speial rossing events for edges in E1 and andedges in E2 are disjoint. To an open path in ωN orresponds a luster of LH

α whose loopsform rossings of related interior retangles. Thus if ωN has an unbounded luster, then sodoes LH
α. See next piture.

Fig.4.5: Crossings ahieved by subsets of loops in LH
α, orresponding to �ve open edges in ωN .The probability PpωNpeq � 1q is uniform and we will denote it pN . Aording to thelemma 4.6.9

lim
NÑ�8 pN � 1Thus for N large enough p̃ppN q ¡ 1

2 . 1
2 is the ritial probability for the i.i.d. Bernoulli edgeperolation on H. So for N large enough ωN ontains a superritial i.i.d. Bernoulli edgeperolation and perolates itself. Thus LH

α perolates too. �4.7. Random interlaements and level sets of the Gaussian free �eldLet d ¥ 3. As in setion 4.2 we onsider the metri graph rZd assoiated to the graph Zd.All edges have length 1
2 . We onstrut a ontinuous version rIu of the random interlaementof level u on the metri graph rZd. First we sample Iu. Given a path w in Iu we replaeeah jump from a vertex to its neighbour by a Brownian exursion inside the linking edgeand we add Brownian exursions from a vertex visited by w to itself inside adjaent edgessuh that the loal time on the vertex equals the time w spends in it (as in (4.2.2) for loops).By onstrution Iu is the restrition of rIu to the verties. rIu has an oupation �eldpLyprIuqqyPrZd whih is ontinuous (beause the oupation �eld of the Brownian exursionsis) and its restrition to the verties is pLxpIuqqxPZd . We will show that the isomorphism(4.1.2) also holds in the ontinuous setting on rZd. To this end we will use the approximationsheme of random interlaement by exursions that appeared in [Szn12a℄.Let K be a �nite subset of Zd. Let IuK be the set of trajetories in Iu that visit K.Given suh a trajetory w we will denote by pwKptqqt¥0 the trajetory obtained by setting



4.7. RANDOM INTERLACEMENTS AND LEVEL SETS OF THE GFF 151the origin of times at the entrane time of w in K and running w onward from this time.Conditional on wK0 , pwKptqqt¥0 is a Markov jump proess on Zd.Let Gn be the (disrete) graph obtained from the subgraph r�n, nsd of Zd by identifyingto one vertex x� the boundary of r�n, nsd, that is the vertiestpx1, x2, . . . , xdq P r�n, nsd|D!i P t1, . . . , du, |xi| � nuBetween any two distint adjaent verties in Gn the ondutane is 1. Let pXn
t qt¥0 be thereurrent Markov jump proess on Gn starting from x�. Xn jumps away from x� with rate

2dp2n� 1qd�1. Let
τnu :� inf

"
t ¥ 0

��� » t
0

1Xn
s �x�ds � u

*There are two sequenes pDn
j qj¥1 and pRnj qj¥1 with

0   Dn
1   Rn1   Dn

2   Rn2   � � �   Dn
j   Rnj   � � �of suessive departure and return times of Xn from and to x�. By onvention we set

Rn0 � 0. Xn is outside x� on time intervals rDn
j , R

n
j q and in x� on intervals rRnj�1, D

n
j q. Let

jnu :� maxtj ¥ 0|Rnj   τnu uLet K be a subset of r�pn� 1q, n� 1sd. Let
Jnu,K :� tj P t1, . . . , jnuu|Xn visits K on rDn

j , R
n
j quFor j P Jnu,K we de�ne the stopping time T nK,j :

T nK,j :� inftt P rDn
j , R

n
j q|Xn

t P KuConditional on j P Jnu,K and on the value of Xn
Tn
K,j

, the trajetorypXn
Tn
K,j�tq0¤t¤Rn

j �Tn
K,jis a Markov jump proess on Gn run until hitting x� or equivalently a Markov jump proesson Zd run until hitting the boundary of r�n, nsd.The next approximation result was shown in the �rst proof of theorem 2.1 in [Szn12a℄:Lemma 4.7.1. Let K be a �nite subset of Zd. The set of pointstXn

Tn
K,j
|j P Jnu,Kuonverges in law as nÑ �8 to twKp0q|w P IuKuThe set of trajetories !pXn

Tn
K,j�tq0¤t¤Rn

j �Tn
K,j
|j P Jnu,K)onverges in law to the set of trajetoriestpwKptqqt¥0|w P IuKuLet rGn be the metri graph assoiated to the graph Gn. Let pB rGn

t qt¥0 be a Brownianmotion on rGn starting from x� and pLyt pB rGnqqt¥0,yP rGn
its family of loal times. Let

τ̃nu :� inftt ¥ 0|Lx�t pB rGnq ¡ uuFor r P N� we denote by rΛr the metri graph assoiated to the subgraph r�r, rsd of Zd(without identi�ation of boundary points).Lemma 4.7.2. For all r P N� the oupation �eld �
Lyτ̃n

u
pB rGnq	

yPrΛr

onverges in law as
nÑ �8 to �

LyprIuq	
yPrΛr

.



4.7. RANDOM INTERLACEMENTS AND LEVEL SETS OF THE GFF 152Proof. The Markov jump proess Xn on Gn is obtained from the Brownian motion
B
rGn through a time hange by the inverse of the ontinuous additive funtional

x̧PGn

Lxt pB rGnqLet n ¥ r � 1. The oupation �eld �
Lyτ̃n

u
pB rGnq	

yPrΛr

is obtained from the set of disrete-spae trajetories(4.7.1) "pXn
Tnr�r,rsd,j

�tq0¤t¤Rn
j �Tnr�r,rsd,j

|j P Jnu,r�r,rsd*in the same way as the oupation �eld �
LyprIuq	

yPrΛr

is obtained from the trajetories(4.7.2) tpwr�r,rsdptqqt¥0|w P Iur�r,rsduIn both ases one adds Brownian exursions and takes the loal times. Aording to lemma4.7.1 applied to the set r�r, rsd, (4.7.1) onverges in law to (4.7.2). This implies the onver-gene in law of �Lyτ̃n
u
pB rGnq	

yPrΛr

to �
LyprIuq	

yPrΛr

. �Proposition 4.7.3. Let pφyqyPrZd be the Gaussian free �eld on the metri graph rZd andpφ1yqyPrZd a opy of φ independent of rIu. The following equality in law holds:(4.7.3) �
LyprIuq � 1

2
φ12y 	

yPrZd

pdq� �1
2
pφy �?

2uq2	
yPrZdProof. Let φn be the Gaussian free �eld on the metri graph rGn assoiated to theBrownian motion with instantaneous killing at x� (φnx� � 0). Let φ1n be a opy of φnindependent of the Brownian motion B rGn starting from x�. The seond generalized Ray-Knight theorem (see theorem 8.2.2 in [MR06℄) holds in this setting:�

Lyτ̃n
u
pB rGnq � 1

2
pφ1ny q2	

yP rGn

pdq� �1
2
pφny �?

2uq2	
yP rGnSine the φn onverges in law to φ and aording to lemma 4.7.2 �Lyτ̃n
u
pB rGnq	

yP rGn

onvergesin law to �
LyprIuq	

yPrZd
we get the isomorphism (4.7.3). �Proof of theorem 4.4. The oupling is the following: take a disrete-spae random in-terlaement Iu and extend it to a ontinuous interlaement rIu of the metri graph rZd.Take a Gaussian free �eld φ1 on rZd independent on rIu. Using isomorphism (4.7.3) we see�

LyprIuq � 1
2φ

12
y

	
yPrZd

as �
1
2 pφy � ?

2uq2	
yPrZd

where φ is a Gaussian free �eld on rZd andsample the sign of φ�?
2u using its onditional law given |φ�?

2u|.The ontinuous oupation �eld �
LyprIuq	

yPrZd
is stritly positive on all the verties andinside the edges visited by the disrete random interlaement Iu. In the isomorphism (4.7.3),p|φy � ?

2u|qyPrZd is stritly positive on these verties and inside these edges. This meansthat eah trajetory in Iu is ontained in a sign luster of φ � ?
2u, whih is neessarilyunbounded. But aording proposition 4.5.5, φ has only bounded sign lusters on the metrigraph and a fortiori the onneted omponents of ty P rZd|φy ¡ ?

2uu are all bounded. Thusin our oupling all the verties visited by Iu are ontained in ty P rZd|φy   ?
2uu and sinethese are verties, they are ontained in tx P Zd|φx   ?

2uu. �



4.7. RANDOM INTERLACEMENTS AND LEVEL SETS OF THE GFF 153The fat that for all h ¡ 0, tx P Zd|φx   hu, seen as a dependent site perolation on
Zd, has an in�nite luster was proved in [BLM87℄. However theorem 4.4 may be used asan alternative proof of this fat.



CHAPTER 5Convergene of the two-dimensional random walk loopsoup lusters to CLE5.1. IntrodutionOne an naturally assoiate to a wide lass of Markov proesses an in�nite measure ontime-parametrized loops. Roughly speaking, given a loally ompat seond-ountable spae
S, a Markov proess pXtq0¤t ζ on S, de�ned up to a killing time ζ P p0,�8s, with transitiondensities ptpx, yq with respet some σ-�nite measure mpdyq and with bridge probabilitymeasure Ptx,yp�q, where the bridges are onditioned on ζ ¡ t, the loop measure assoiated to
X is(5.1.1) µp�q � »

xPS »t¡0

Ptx,xp�qptpx, xqdtt mpdxqSee [LMR15℄ for the preise setting and de�nition. A Poisson ensemble of Markov loops orloop soup of intensity parameter α ¡ 0 is a Poisson point proess of loops of intensity αµ.It is a random olletion of loops. We will deal with the lusters of loops. Two loops γ and
γ1 in a loop soup belong to the same luster if there is a hain of loops γ0, . . . , γj suh that
γ0 � γ, γj � γ1 and γi and γi�1 visit a ommon point in S. These loop soups satisfy someuniversal properties, one of whih being the relation to the Gaussian free �eld at intensityparameter α � 1

2 ([Jan11℄, [Lup14℄).We will onsider loop soups in the following settings: On the ontinuum half-plane H � tℑpzq ¡ 0u � C we will onsider the loop soupsassoiated to the Brownian motion on H killed at hitting the boundary R anddenote them LH
α. These two-dimensional Brownian loop soups were introduedby Lawler and Werner in [LW04℄ and used by She�eld and Werner in [SW12℄to give a onstrution of Conformal Loop Ensembles (CLE). In (5.1.1) we usethe same normalisation of the loop measure as in [LW04℄, [SW12℄, [Jan11℄ or[LF07℄. However, ontrary to what is laimed in [SW12℄, the intensity parameter

α does not equal the so alled entral harge c. Atually
α � c

2The 1
2 fator was pointed out by Werner in a private ommuniation. It alsoappears in the Lawler's work [Law09℄. On the disrete resaled half-plane

Hn :� �
1

n
Z

��

1

n
N

we will onsider the loop soups assoiated to the nearest neighbours Markov jumpproess with uniform transition rates and killed at hitting the boundary 1

nZ�t0u.We will denote these loop soups LHn
α . The loop soups assoiated to Markov jumpproesses on more general eletrial networks were studied by Le Jan in [Jan11℄.If one forgets the parametrisation by ontinuous time and the "loops" that visit154



5.1. INTRODUCTION 155only one vertex, these are exatly the random walk loop soups studied by Lawlerand Trujillo Ferreras in [LF07℄. We will use the metri graphs rHn assoiated to Hn: eah edge tp in , jn q, p i�1
n , jn qu ortp in , jn q, p in , j�1

n qu is replaed by a ontinuous line of length 1
n . Let pBrHn

t q0¤t ζnbe the Brownian motion on rHn killed at reahing the boundary, that is to say theverties 1
nZ�t0u and all the lines joining p in , 0q to p i�1

n , 0q. pBrHn
2t q0¤t  1

2 ζn
onvergesin law to the Brownian motion on the half-plane H killed at reahing R. We willdenote by LrHnα the loop soups assoiated to pBrHn

t q0¤t ζn . The loop soups on metrigraphs were �rst onsidered in [Lup14℄. We will use the metri graphs beauseat intensity parameter α � 1
2 the probability that two points belong to the sameluster of loops an be expliitly expressed using a metri graph Gaussian free �eld.Indeed the lusters of loops are then exatly the sign lusters of the Gaussian free�eld ([Lup14℄).The disrete loops LHn

α an be deterministially reovered from the metri graph loops
LrHnα . The �rst are the trae on the verties of the latter. In partiular eah luster of LHn

α isontained in a luster of LrHnα , but the lusters of LrHnα may be stritly larger ([Lup14℄).
c � 1 is known to be the ritial entral harge for the Brownian loop perolationon H (or any other simply onneted proper subset of C). This means that the ritialintensity parameter is α � 1

2 . For α ¡ 1
2 LH

α has only one luster everywhere dense in H. If
α P p0, 12 s there are in�nitely many lusters and eah is bounded ([SW12℄). It was shownin [Lup14℄ that for disrete or metri graph Brownian loop soups on Hn respetively rHnthere are no unbounded lusters of loops if α P p0, 12 s. In all three settings, for α P p0, 12 s,we will onsider the olletion of outer boundaries of outermost lusters (not surroundedby any other luster) and denote it FextpLSαq, where S is H, Hn or rHn. Next we give theformal de�nition of FextpLSαq. We onsider the set of all points in H visited by a loop in LSαand take its omplementary in H. This omplementary has only one unbounded onnetedomponent. We take the boundary in H of this onneted omponent (by de�nition it doesnot interset R). The element of FextpLSαq are the onneted omponents of this boundary.We will all the elements of FextpLSαq ontours. The ontours are two by two disjoint andnon nested. See next piture for a representation of FextpLrHnα q.

Fig.5.1: Illustration of three lusters (thin full lines) of LrHn
α ,two of them being external and one being surrounded.The thik lines represent the elements of FextpLrHn

α q.The ontours in FextpLH
αq, α P p0, 12 s, are non self-interseting loops, and are equal inlaw to a Conformal Loop Ensemble CLEκ, κ P p 83 , 4s ([SW12℄). The relation between α



5.1. INTRODUCTION 156and κ is given by(5.1.2) 2α � c � p3κ� 8qp6� κq
2κWe will denote by κpαq the value of κ orresponding to a partiular intensity parameter α.We will show that both FextpLHn

α q and FextpLrHnα q onverge in law to FextpLH
αq pdq�

CLEκpαq for α P p0, 12 s. Observe that κp 12 q � 4 and FextpLrHn1
2

q and CLE4 are both re-lated to the Gaussian free �eld. FextpLrHn1
2

q is the olletion of outer boundaries of outermostsign lusters of a GFF on the metri graph rHn ([Lup14℄) and the CLE4 loops are in somesense zero level lines of the ontinuum GFF on H with zero boundary onditions on R([WW14℄).Next we de�ne the notion of onvergene we will use. dH will be Hausdor� distane onthe ompat subsets of H. We introdue the distane d�H on �nite sets of ompat subsetsof H:
d�HpK,K1q � " �8 if |K| � |K1|

minσPBijpK,K1qmaxKPK dHpK,σpKqq otherwiseGiven z P H we will denote by
FextpLSαqpzqthe ontour of FextpLSαq that ontains or surrounds z, whenever it exists. It exists a.s. inthe ase S � H. Given z1, . . . , zj P H we will denote

FextpLSαqrz1, . . . , zjs :� tFextpLSαqpziq|1 ¤ i ¤ juBy the onvergene in law of FextpLHn
α q and FextpLrHnα q to FextpLH

αq we mean that for any
z1, . . . , zj P H, the random sets FextpLHn

α qrz1, . . . , zjs and FextpLrHnα qrz1, . . . , zjs onverge inlaw to FextpLH
αqrz1, . . . , zjs for the distane d�H .In the artile [dBCL14℄ Van de Brug, Camia and Lis onsider lusters of resaled two-dimensional random walk loops that are not too small. Given T ¡ 0 let LHn,T

α be thesubset of LHn
α onsisting of random walk loops that do at least T jumps. In [dBCL14℄it is almost shown that for θ P p 169 , 2q and α P p0, 12 s, FextpLHn,n

θ

α q onverge in law to a
CLEκpαq proess in the sense desribed previously. The result uses the approximation of"not too small" Brownian loops by "not too small" random walk loops obtained by Lawlerand Trujillo Ferreras in [LF07℄. However the authors in [dBCL14℄ onsider the loop soupsonly on bounded domains and their lattie approximations. We will �ll the small gap toextend their result to the half-plane. Observe that in [dBCL14℄ the authors use the samenormalisation of the measure on loops as we but do the widespread mistake to onsider thatthe intensity parameter of the loop soups equals the entral harge.From above onsiderations one dedue that the limiting (in law) loops of FextpLHn

α q anda fortiori of FextpLrHnα q are at least as big as CLEκpαq loops. We have a "lower bound". Toonlude the onvergene we need an "upper bound". We will onstrut suh an "upperbound" for FextpLrHn1
2

q, dedue the onvergene to CLE4 of FextpLrHn1
2

q and FextpLHn
1
2

q. Thenfrom this we will dedue the desired onvergenes for α P p0, 12 q. Next we explain how the"upper bound" will be onstruted.We will onentrate on the ase α � 1
2 . We will additionally introdue two Poissonpoint proesses of exursions on rHn and on H. First we onsider rHn. Let x P 1

nZ��t0u. Let
νrHnexcpxÑ p�8, 0sq be the measure on exursions of the metri graph Brownian motion BrHnfrom x to a point in 1

nZ� � t0u. It is de�ned as follows: Let PrHnx�iεp�, BrHn
ζ�n P 1

nZ� � t0uq bethe law of a sample path of BrHn , started at x� iε, restrited to the event BrHn
ζ�n P 1

nZ� � t0u



5.1. INTRODUCTION 157(we do not ondition and the total mass is   1). Then
ν
rHn
excpxÑ p�8, 0sq � lim

εÑ0

1

ε
PrHnx�iε ��, BrHn

ζ�n P 1

n
Z� � t0u
Let q P p1,�8q and x P pp 1nZq X r1, qsq � t0u. We will similarly denote by νrHnexcpx Ñ r1, qsqthe measure on exursions from x to pp 1nZq X r1, qsq � t0u. Let(5.1.3) ν

rHn
excpp�8, 0sq :� 8π

n

¸
xP 1

nZ��t0uνrHnexcpxÑ p�8, 0sq(5.1.4) ν
rHn
excpr1, qsq :� 8π

n

¸
xPpp 1

nZqXr1,qsq�t0u νrHnexcpxÑ r1, qsq
νrHnexcpp�8, 0sq is a measure on exursions from and to 1

nZ� � t0u. νrHnexcpr1, qsq is a measureon exursion from and to pp 1nZq X r1, qsq � t0u. Both measures are invariant under timereversal.As n tends to in�nity, νrHnexcpp�8, 0sq and νrHnexcpr1, qsq have limits whih are measures onBrownian exursions in H, from and to p�8, 0s�t0u respetively r1, qs�t0u. We will denotethem by νHexcpp�8, 0sq respetively νHexcpr1, qsq. For x, y P R, let PH
x,yp�q be the probabilitymeasure on Brownian exursions from x to y in H. Then

νHexcpp�8, 0sq � 2

» 0�8 » 0�8 PH
x,y

dxdypy � xq2
νHexcpr1, qsq � 2

» q
1

PH
x,y

dxdypy � xq2In general, given a   b P R, we will use the notation
νHexcpra, bsq :� 2

» b
a

» b
a

PH
x,y

dxdypy � xq2We will onsider on rHn three independent Poisson point proesses: a loop soups LrHn1
2 a Poisson point proess of exursions of intensity uνrHnexcpp�8, 0sq, u ¡ 0, denotedby ErHnu pp�8, 0sq a Poisson point proess of exursions of intensity vνrHnexcpr1, qsq, v ¡ 0, denoted by

ErHnv pr1, qsqWe will onsider the following event: either an exursion from ErHnu pp�8, 0sq intersets anexursion from ErHnv pr1, qsq or an exursion from ErHnu pp�8, 0sq and from ErHnv pr1, qsq interseta ommon luster of LrHn1
2

. We will denote by prHn1
2 ,u,v

pqq the probability of this event. Theseond ondition of interseting a ommon luster is equivalent to interseting a ommonontour in FextpLrHn1
2

q.Similarly we will onsider on H three independent Poisson point proesses: a loop soups LH
α, α P p0, 12 s a Poisson point proess of exursions of intensity uνHexcpp�8, 0sq, u ¡ 0, denotedby EH

u pp�8, 0sq a Poisson point proess of exursions of intensity vνHexcpr1, qsq, v ¡ 0, denoted by
EH
v pr1, qsq



5.2. CONNEXION PROBABILITY ON METRIC GRAPH HALF-PLANE 158Then we will onsider the event when either an exursion from EH
u pp�8, 0sq intersets anexursions from EH

v pr1, qsq or an exursion from EH
u pp�8, 0sq and one from EH

v pr1, qsq interseta ommon luster of LH
α. This event is shematially represented on the �gure 5.2. We denoteby pHα,u,vpqq its probability.

0 1 qFig.5.2: Two exursions (full lines) onneted by a hain of two loops (doted lines).In the setion 5.2 we will ompute prHn1
2 ,u,v

pqq using the duality with the Gaussian free�eld, and ompute its limit as n tends to 0. In setion 5.3, for an arbitrary value of v anda partiular value u0pαq of u (depending on α) we will establish a di�erential equation in qfor 1� pHα,u,vpqq. Using this we will show that
lim

nÑ�8 prHn12 ,u0p 12 q,vpqq � pH1
2 ,u0p 12 q,vpqqThis will be our "upper bound". In the setion 5.4 we will prove the onvergenes to CLE.5.2. Computation of onnexion probability on metri graph half-planeLet G � pV,Eq be a onneted undireted graph. V is ountable and eah vertex is of�nite degree. Eah edge tx, yu is endowed with a positive ondutane Cpx, yq ¡ 0. We alsoonsider a metri graph rG assoiated to G where eah edge tx, yu is replaed by a ontinuousline of length(5.2.1) rpx, yq � 1

2
Cpx, yq�1Let B rG be the Brownian motion on the metri graph rG. Let F be a subset of V . Let

ζF be the �rst time B rG hits F . Let measure µ rG,�F be the measure on loops assoiated topB rG
t q0¤t ζF the Brownian motion killed at reahing F . It is de�ned aording to (5.1.1).See [Lup14℄ for details. Let L rG,�F

α be the Poisson point proess of intensity αµ rG,�F .
B
rG has a time-spae ontinuous family of loal times Lzt pB rGq. The Green's funtion ofthe killed Brownian motion pB rG

t q0¤t ζF satis�es
G
rG,�F pz, z1q � G

rG,�F pz1, zq � Ez

�» ζF
0

Lz
1
t pB rGq�
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cα has a family of ontinuous loal times Lzt pγq. We will denoteby tγ the total life-time of the loop γ. The oupation �eld p pLzαqzP rGzF is de�ned aspLzα � ¸

γPL rG,�F
α

Lztγ pγqIt is a ontinuous �eld. The lusters of L rG,�F
α are delimited by the zero set of the oupation�eld.At intensity parameter α � 1

2 the oupation �eld p pLzαqzP rGzF is related to the Gaussianfree �eld pφzqzP rGzF with zero mean and ovariane funtion G rG,�F . Given z P rGzF suh thatpLzα ¡ 0 we denote by C 1
2
pzq the luster of L rG,�F

1
2

that ontains z. We introdue a ountablefamily pσpC 1
2
pzqqqzP rGzF of i.i.d. random variables, independent of L rG,�F

1
2

onditional onthe lusters, whih equal �1 or 1 with equal probability. There is an equality in law (see[Lup14℄):(5.2.2) pφzqzP rGzF pdq� �
σpC 1

2
pzqq2 pLz1

2



zP rGzFLet x, y P V zF . Let Ceqpx, yq, χeqpx,yqpxq, χeqpx,yqpyq be the quantities de�ned by�

G
rG,�F px, xq G

rG,�F px, yq
G
rG,�F px, yq G

rG,�F py, yq ��1 � �
χeqpx,yqpxq � Ceqpx, yq �Ceqpx, yq�Ceqpx, yq χeqpx,yqpyq � Ceqpx, yq �Then Ceqpx, yq ¡ 0, χeqpx,yqpxq, χeqpx,yqpyq ¥ 0, pχeqpx,yqpxq, χeqpx,yqpyqq � p0, 0q. Ceqpx, yq is theequivalent ondutane between x and y given that all points in F have the same (eletrial)potential.Let N 1

2
px, yq the number of loops in L rG,�F

1
2

that visit both x and y.Lemma 5.2.1. Let u, v ¡ 0 and x, y P V zF .(5.2.3) P
�
C 1

2
pxq � C 1

2
pyq��� pLx1

2
� u, pLy1

2

� v,N 1
2
px, yq � 0

	 � e�2Ceqpx,yq?uvProof. If N 1
2
px, yq ¡ 0 then C 1

2
pxq � C 1

2
pyq. Thus(5.2.4) P

�
C 1

2
pxq � C 1

2
pyq��� pLx1

2
� u, pLy1

2

� v,N 1
2
px, yq � 0

	� P
�
C 1

2
pxq � C 1

2
pyq��� pLx1

2

� u, pLy1
2

� v
	

P
�
N 1

2
px, yq � 0

��� pLx1
2

� u, pLy1
2

� v
	The value of the denominator

P
�
N 1

2
px, yq � 0

��� pLx1
2
� u, pLy1

2

� v
	depends only on u, v and on G rG,�F px, xq, G rG,�F py, yq, G rG,�F px, yq (or equivalently on

Ceqpx, yq, χeqpx,yqpxq, χeqpx,yqpyq). This a general property of the loop soups (see [Jan11℄, espe-ially hapter 7).



5.2. CONNEXION PROBABILITY ON METRIC GRAPH HALF-PLANE 160As for the numerator, it an be omputed using the duality with the Gaussian free �eld(5.2.2):
P
�
C 1

2
pxq � C 1

2
pyq��� pLx1

2
� u, pLy1

2

� v
	� 1� E
�
signpφxq signpφyq||φx| � ?

2u, |φy| � ?
2v
�� e�2Ceqpx,yq?uv

coshp2Ceqpx, yq?uvqIt follows that the probability (5.2.3) that we want to ompute only depends on u, v andon Ceqpx, yq, χeqpx,yqpxq, χeqpx,yqpyq. Thus it is the same if we replae rG by the interval
I � ��1

2
χeqpx,yqpxq�1,

1

2
Ceqpx, yq�1 � 1

2
χeqpx,yqpyq�1


the Brownian motion on rG by the Brownian motion on I killed at endpoints, and the points
x and y by 0 and 1

2C
eqpx, yq�1 respetively. Aording to the omputation made in [Lup14℄,we get (5.2.3).By the way we also get that

P
�
N 1

2
px, yq � 0

��� pLx1
2
� u, pLy1

2

� v
	 � coshp2Ceqpx, yq?uvq�1

�In [Jan11℄, hapter 7, there is a ombinatorial representation of Ceqpx, yq. Given z P V ,we will denote
λpzq :� ¸

z1PV,z1�zCpz, z1qwhere the sum is over the neighbours of z in the (disrete) graph G. Then
Ceqpx, yq � λpxq

j̧¥1

¸pz0,...,zjqPpV zF qj�1

z0�x,zj�y,zi�zi�1

zi�x,y for 1¤i¤j�1

j¹
i�1

Cpzi�1, ziq
λpzi�1qThe sum is over all the disrete nearest neighbour paths joining x to y, that avoid F andonly visit x and y at endpoints. The above equality an be rewritten as(5.2.5) Ceqpx, yq � ¸

zPV,z�xCpx, zqPzpB rG hits y before F or xqNext we return to the metri graph half-plane rHn. Let a ¡ 0. Let rGn,apqq be the metrigraph obtained from rHn by identifying the following verties: All the verties in pp 1nZq X r�a, 0sq � t0u are identi�ed into a single vertex ⊳npaq. All the verties in pp 1nZq X r1, qsq � t0u are identi�ed into a single vertex ⊲npqq.See the following piture.
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1 qa 0

⊲npqq⊳npaqFig.5.3: Illustration of points identi�ed into ⊳npaq and ⊲npqq.As the length of the line joining p in , jn q to p i�1
n , jn q or p in , jn q to p in , j�1

n q is 1
n , theorresponding ondutane is aording (5.2.1) equal to n

2 . Let Ceqn,apqq be the equivalentondutane between ⊳npaq and ⊲npqq when all the points in p 1n qZ � t0u other than thoseidenti�ed to ⊳npaq or ⊲npqq have the same eletrial potential. Aording to (5.2.5):
Ceqn,apqq � n

2

tnqu̧
i�n Pp i

n ,
1
n q�BrHn hits �

1

n
Z

� t0u in r�a, 0s � t0u
As a tends to in�nity, Ceqn,apqq inreases and onverges to(5.2.6) Ceqn pqq � n

2

tnqu̧
i�n Pp i

n ,
1
n q�BrHn hits �

1

n
Z

� t0u in p�8, 0s � t0u
Lemma 5.2.2. For all n P N� and x0 ¡ 0, Ceqn pqq   �8. Moreover

lim
nÑ�8 1

n
Ceqn pqq � 1

8π
logpqqProof. Let GHp�, �q be the Green's funtion of the simple random walk on H � Z � Nkilled at hitting Z� t0u. Let i, j P Z. Then

Pp i
n ,

1
n q�BrHn hits �

1

n
Z

� t0u in �

j

n
, 0



� 1

4
GHppi, 1q, pj, 1qq � 1

4
GHpp0, 1q, pj � i, 1qqIndeed to go from p in , 1

n q to p jn , 0q the moving partile needs to reah p jn , 1
n q, possibly makeexursions from and to this point without hitting �

1
nZ

�� t0u, and then with probability 1
4transition to p jn , 0q. Replaing in (5.2.6) we get that

Ceqn pqq � n

8

tnqu̧
i�n �8̧j�0

GHpp0, 1q, pi� j, 1qqAording to the asymptoti expansion given in [LL10℄, setion 8.1.1,
GHpp0, 1q, pj, 1qq � 1

πj2
�O

�
1

j3
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1

n
Ceqn pqq � 1

8π

tnqu̧
i�n �8̧j�0

1pi� jq2 �O

�tnqu̧
i�n �8̧j�0

1pi� jq3�� 1

8π

tnqu̧
i�n 1

i
�O

�tnqu̧
i�n 1

i2

�� 1

8π
logpqq �O

�
1

n



�Let νrHnexcpr�a, 0sq be the measure on exursions νrHnexcpp�8, 0sq restrited to the exursionsfrom and to r�a, 0s� t0u. Let L rGn,apqq

α be the loop soup assoiated to the Brownian motionon the metri graph rGn,apqq, killed at hitting p 1n qZ�t0u outside the points identi�ed to ⊳npaqor ⊲npqq. Let p pLzn,a,q,αqzP rGn,apqq be the oupation �eld of L rGn,apqq
α . Let Nαp⊳npaq,⊲npqqqbe the number of loops in L rGn,apqq

α joining ⊳npaq to ⊲npqq.Lemma 5.2.3. Let a, α, u, v ¡ 0. We onsider L rGn,apqq
α onditioned on pL⊳npaq

n,a,q,α � u,pL⊲npqq
n,a,q,α � v and Nαp⊳npaq,⊲npqqq � 0. Then L rGn,apqq

α onsists of three independent familiesof loops: The loops that visit neither ⊳npaq nor ⊲npqq. These are the same as the loops in
LrHnα . The loops that visit ⊳npaq. The exursions these loops make outside ⊳npaq form aPoisson point proess of intensity n

8πuν
rHn
excpr�a, 0sq. The loops that visit ⊲npqq. The exursions these loops make outside ⊲npqq form aPoisson point proess of intensity n

8π vν
rHn
excpr1, qsq.Proof. This follows from universal properties of loop soups. See for instane [Jan11℄.The fator n

8π in n
8πuν

rHn
excpr�a, 0sq and n

8π vν
rHn
excpr1, qsq omes from the normalisation fator

8π
n in the de�nition of νrHnexcpr�a, 0sq ((5.1.3)) and νrHnexcpr1, qsq ((5.1.4)). �Proposition 5.2.4. Let u, v ¡ 0, q ¡ 1 and n ¥ 1.(5.2.7) p

rHn
1
2 ,u,v

pqq � 1� e�2Ceq
n pqq 8π

?
uv

n(5.2.8) lim
nÑ�8 prHn12 ,u,vpqq � 1� q�2

?
uvProof. Let a ¡ 0. Consider three independent Poisson point proesses: a loop soup LrHn1

2 a P.p.p of exursions of intensity uνrHnexcpr�a, 0sq a P.p.p of exursions of intensity vνrHnexcpr1, qsqThe probability for the two P.p.p. of exursions to be onneted either diretly or througha luster of LrHn1
2

equals, aording lemma 5.2.3, the probability for ⊳npaq and ⊲npqq tobe in the same luster of L rGn,apqq
1
2

onditional on pL⊳npaq
n,a,q, 12

� 8π
n u, pL⊲npqq

n,a,q, 12
� 8π

n v and
N 1

2
p⊳npaq,⊲npqqq � 0. Aording to lemma5.2.1 this probability equals

1� e�2Ceq
n,apqq?uv



5.3. CONNEXION PROBABILITY ON CONTINUUM HALF-PLANE 163Taking the limit as a tends to in�nity we get (5.2.7). Using lemma 5.2.2 we get the limit(5.2.8). �5.3. Computation of onnexion probability on ontinuum half-planeOn the ontinuum upper half plane H we onsider two independent Poisson point pro-esses:  a Brownian loop soup LH
α, 0   α ¤ 1

2 a P.p.p. of Brownian exursions from and to p�8, 0s � t0u, EH
u pp�8, 0sq, u ¡ 0.We will onsider the lusters made out of loops in LH

α and exursions in EH
u pp�8, 0sq. Amongthese lusters we only take the lusters that ontain at least one exursion and onsider theright boundary of the rightmost luster. This boundary is a non self-interseting urvejoining R to in�nity. It an be formally de�ned as follows. Take the lusters that ontainat least one exursion. The urve minus its starting point on R is the boundary in H of thelosure in H of the set of points visited by the above lusters.All the exursions EH

u pp�8, 0sq are loated left to the urve and there are only lustersmade of loops right to it. Aording to [Wer03℄ and [WW13℄ this boundary urve is an
SLEpκ, ρq starting from 0, where κ is given by (5.1.2) and ρ by

u � pρ� 2qpρ� 6� κq
4κWe will de�ne(5.3.1) u0pαq :� 6� κpαq
2κpαqSee next piture.loops LH

α � exursions EH
u pp�8, 0sq loops LH

α

0

no loop or exursionrossing the urve
Fig.5.4: Illustration of the urve separting lusters with loops and exursions on the leftfrom the lusters with only loops on the right.For u � u0pαq, ρ � 0 and SLEpκ, ρq is a hordal SLEκ urve starting from 0. For adesription of SLE proesses see [Wer04℄. We will denote by pξtqt¥0 this urve. ξ0 � 0.It does not return to R at positive times. There is only one onformal map gt that sends

Hzξpr0, tsq (half-plane minus the urve up to time t) onto H and that is normalized at in�nity
z Ñ8 as

gtpzq � z � at
z
� opz�1qThe Loewner �ow pgtqt¥0 satis�es the di�erential equationBgtpzqBt � 2

gtpzq � ?
κWtwhere pWtqt¥0 is a standard Brownian motion on R.
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pHα,u0pαq,vpqq is the probability that an exursion from EH

v pr1, qsq intersets an indepen-dent SLEκpαq urve. The exursions EH
v pr1, qsq satisfy a one-sided onformal restritionproperty ([Wer05℄): if K is a ompat subset of C that does not interset r1, qs � t0u andsuh that HzK is simply onneted, if f is a onformal map from HzK onto H suh that

fp1q   fpqq P R, then the probability that EH
v pr1, qsq does not interset K equals�

f 1p1qf 1pqqpq � 1q2pfpqq � fp1qq2 
vMoreover onditional on this event the law of fpEH
v pr1, qsqq is EH

v prfp1q, fpqqsq up to a hangeof parametrization of the exursions. From this onformal restrition property immediatelyfollows:Lemma 5.3.1. Let κ P p0, 4s. Let pξtqt¥0 be an SLEκ with the driving Brownian motionp?κWtqt¥0 and the Loewner �ow pgtqt¥0. Denote by g1t the derivative of gt with respet theomplex variable:
g1tpzq � BgtpzqBzDenote by p̄κ,vpqq the probability that and independent family of exursions EH

v pr1, qsq doesnot interset ξ. Then the onditional probability of the event that EH
v pr1, qsq does not interset

ξ onditional on pξsq0¤s¤t (or equivalently onditional on pWsq0¤s¤t) and on not intersetingpξsq0¤s¤t equals(5.3.2) p̄κ,v

�
gtpqq � ?

κWt

gtp1q � ?
κWt


The onditional probability of the event that EH
v pr1, qsq does not interset ξ onditional onpξsq0¤s¤t is(5.3.3) �

g1tp1qg1tpqqpq � 1q2pgtpqq � gtp1qq2 
v
p̄κ,v

�
gtpqq � ?

κWt

gtp1q � ?
κWt


In partiular for all t ¥ 0(5.3.4) p̄κ,vpqq � E
��

g1tp1qg1tpqqpq � 1q2pgtpqq � gtp1qq2 
v
p̄κ,v

�
gtpqq � ?

κWt

gtp1q � ?
κWt


�Proof. (5.3.2) is the onditional probability that gtpEH
v pr1, qsqq does not interset theurve pgtpξt�sqqs¥0. To express it we used the fat that gtpEH

v pr1, qsqq has same law as
EH
v prgtp1q, gtpqqsq and that pgtpξt�sqqs¥0 is a hordal SLEκ starting from ?

κWt. In (5.3.3)we multiplied the onditional probability that EH
v pr1, qsq does not interset pξsq0¤s¤t and theonditional probability that gtpEH

v pr1, qsqq does not interset pgtpξt�sqqs¥0. �Next we derive a di�erential equation in q satis�ed by p̄κ,vpqq on p1,�8q:Lemma 5.3.2. Let κ P p0, 4s, v ¡ 0 and q ¡ 1. Let f be a bounded, C2 funtion onp1,�8q. Then �
g1tp1qg1tpqqpq � 1q2pgtpqq � gtp1qq2 
v

f

�
gtpqq � ?

κWt

gtp1q � ?
κWt


is a martingale if and only if f satis�es the di�erential equation(5.3.5) f2 � 1pq � 1qq ��2� 4

κ



q � 4

κ



f 1 � 4v

κq2
f � 0



5.3. CONNEXION PROBABILITY ON CONTINUUM HALF-PLANE 165Proof. Let(5.3.6) Rt :� g1tp1qg1tpqqpq � 1q2pgtpqq � gtp1qq2 qt :� gtpqq � ?
κWt

gtp1q � ?
κWt

Rt has bounded variation (in t). Let
Mt :� Rvt fpqtqWe apply the It�'s formula to pMtqt¥0.

dMt � Rvt

�
vfpqtqdRt

Rt
� f 1pqtqdqt � 1

2
f2pqtqdxqyt
Denote H :� tℑpzq ¥ 0u. For z P Hzξpr0, tsq:Bg1tpzqBt � BBz �BgtpzqBt 
 � BBz � 2

gtpzq � ?
κWt


 � �2g1tpzqpgtpzq � ?
κWtq2Thus

dRt �� �2g1tp1qg1tpqqpq � 1q2pgtp1q � ?
κWtq2pgtpqq � gtp1qq2 � �2g1tp1qg1tpqqpq � 1q2pgtpqq � ?

κWtq2pgtpqq � gtp1qq2� 4g1tp1qg1tpqqpq � 1q2pgtp1q � ?
κWtqpgtpqq � gtp1qq3 � �4g1tp1qg1tpqqpq � 1q2pgtpqq � ?

κWtqpgtpqq � gtp1qq3
dt�� 2Rt

�
1pgtp1q � ?
κWtq2 � 1pgtpqq � ?

κWtq2� 2pgtp1q � ?
κWtqpgtpqq � ?

κWtq
dt�� 2Rt

�
1

gtp1q � ?
κWt

� 1

gtpqq � ?
κWt


2

dt�� 2Rt
pqt � 1q2pgtpqq � ?

κWtq2 dtFurther
dqt �?κ� �1

gtp1q � ?
κWt

� gtpqq � ?
κWtpgtp1q � ?
κWtq2
 dWt��

2pgtpqq � ?
κWtqpgtp1q � ?

κWtq � 2
gtpqq � ?

κWtpgtp1q � ?
κWtq3� κ

gtpqq � gtp1qpgtp1q � ?
κWtq3
dt� ?

κpqt � 1qqt
gtpqq � ?

κWt
dWt � pqt � 1qqtpgtpqq � ?

κWtq2 ppκ� 2qqt � 2qdt
dxqyt � κpqt � 1q2q2tpgtpqq � ?

κWtq2 dtFinally
dMt �Rvt f 1pqtq ?κpqt � 1qqt

gtpqq � ?
κWt

dWt � Rvt pqt � 1qpgtpqq � ?
κWtq2�� �κ

2
pqt � 1qq2t f2pqtq � qtppκ� 2qqt � 2qf 1pqtq � 2vpqt � 1qfpqtq	 dtIt follows that pMtqt¥0 is a loal martingale (hene a true one, f being bounded) if and onlyif

κ

2
pqt � 1qq2t f2pqtq � qtppκ� 2qqt � 2qf 1pqtq � 2vpqt � 1qfpqtq � 0



5.3. CONNEXION PROBABILITY ON CONTINUUM HALF-PLANE 166whih gives the equation (5.3.5). �(5.3.2) is the di�erential equation for p̄κ,v. However we do not know a priori that p̄κ,vis C2-regular.Proposition 5.3.3. Let q ¡ 1, v ¡ 0.
lim

nÑ�8 prHn12 ,u0p 12 q,vpqq � pH1
2 ,u0p 12 q,vpqq � 1� q�?vProof. By de�nition

pH1
2 ,u0p 12 q,vpqq � 1� p̄4,vpqqAording to proposition 5.2.4

lim
nÑ�8 prHn12 ,u0p 12 q,vpqq � 1� q�2

?
u0p 12 qv � 1� q�?vLet fvpqq :� q�?v. With κ � 4 the ODE (5.3.5) beomes

f2 � 1

q
f 1 � v

q2
f � 0and it is satis�ed by fv. Aording to the lemma 5.3.2, pRvt f0pqtqqt¥0 is a martingale (weuse the notations (5.3.6) and κ � 4) for any initial value of q0. In partiular for any t ¡ 0

fvpq0q � ErRvt fvpqtqsThe same is true if we replae fv by p̄4,v ((5.3.4)). Thus(5.3.7) fvpq0q � p̄4,vpq0q � ErRvt pfvpqtq � p̄4,vpqtqqsfor any starting value of q0 P p1,�8q and t ¡ 0.
p̄4,v is non-inreasing on p1,�8q with boundary limits

p̄4,vp1q � 1 p̄4,vp�8q � 0Moreover p̄4,v is ontinuous. Indeed, let q P p1,�8q. A.s. there is no exursion in EH
v pr1, qsqwith endpoint pq, 0q. This means that p̄4,v is left-ontinuous at q. Moreover a.s. there is

ε ¡ 0 suh that there is no exursion in EH
v pr1, q � εq with an endpoint in rq, q � εq � t0uthat intersets an independent SLE4 urve. This implies that p̄4,v is right-ontinuous at q.From the ontinuity of p̄4,v follows that there is q̂ P p1,�8q suh that|fvpq̂q � p̄4,vpq̂q| � max
qPp1,�8q |fvpqq � p̄4,vpqq|Let t ¡ 0 and let q̂ be the initial value q0 of pqsqs¥0. From (5.3.7) we get that|fvpq̂q � p̄4,vpq̂q| ¤ ErRvt s|fvpq̂q � p̄4,vpq̂q|But a.s. Rt   1 and ErRvt s   1. This implies that|fvpq̂q � p̄4,vpq̂q| � max

qPp1,�8q |fvpqq � p̄4,vpqq| � 0and that
p̄4,vpqq � q�?v

�



5.4. CONVERGENCE TO CLE 1675.4. Convergene to CLEIn this setion we prove the onvergene results. Let Ql :� p�l, lq� p0, lq. Let LHnXQl,T
αbe the loops in LHn

α that are ontained in Ql and do at least T jumps. Let LQl
α be theBrownian loops in LH

α that are ontained in Ql. From [dBCL14℄ follows that for α P p0, 12 s,
l ¡ 0 and θ P p 169 , 2q, FextpLHnXQl,n

θ

α q onverges in law to FextpLQl
α q.Lemma 5.4.1. Let α P p0, 12 s and θ P p 169 , 2q. FextpLHn,n

θ

α q onverges in law to FextpLH
αq.Proof. Let z1, . . . , zj P H. To dedue that FextpLHn,n

θ

α qrz1, . . . , zjs onverges in law to
FextpLH

αqrz1, . . . , zjs from the result of [dBCL14℄ we need only to show that
lim
lÑ�8 lim inf

nÑ�8 PpContours of FextpLHn,n
θ

α qrz1, . . . , zjs ontained in Qlq � 1Let ε P p0, 12 q. There is l0 ¡ 0 suh that
P
�Contours of FextpLH

αqrz1, . . . , zjs ontained in Ql0� ¥ 1� εDenote BHQl :� pt�lu � p0, lsq Y ptlu � p0, lsq Y pr�l, ls � tluqThere is l1 ¡ l0 suh that
PpDγ P LH

α, γ XQl0 � H, γ X BHQl1 � Hq ¤ εThen
lim

nÑ�8PpContours of FextpLHnXQl1
,nθ

α qrz1, . . . , zjs ontained in Ql0q� PpContours of FextpLQl1
α qrz1, . . . , zjs ontained in Ql0q¥ P

�Contours of FextpLH
αqrz1, . . . , zjs ontained in Ql0� ¥ 1� εAording the approximation of [LF07℄

lim
nÑ�8PpDγ P LHn,n

θ

α , γ XQl0 � H, γ X BHQl1 � Hq� PpDγ P LH
α, γ XQl0 � H, γ X BHQl1 � Hq ¤ εBut

PpContours of FextpLHn,n
θ

α qrz1, . . . , zjs ontained in Ql0q ¥
PpContours of FextpLHnXQl1

,nθ

α qrz1, . . . , zjs ontained in Ql0q� PpDγ P LHn,n
θ

α , γ XQl0 � H, γ X BHQl1 � HqThus
lim inf
nÑ�8 PpContours of FextpLHn,n

θ

α qrz1, . . . , zjs ontained in Ql0q ¥ 1� 2ε

�From now on θ P p 169 , 2q will be �xed. α will belong to p0, 12 s. For z0 P H, we de�ne
δα,npz0q :� maxtdpz,FextpLHn,n

θ

α qpz0qq|z P FextpLrHnα qpz0quBy z P FextpLrHnα qpz0q we mean that z is a point on the ontour FextpLrHnα qpz0q. The ran-dom variable δα,npz0q is de�ned only when FextpLHn,n
θ

α qpz0q is de�ned, whih happens withprobability onverging to 1.Lemma 5.4.2. Assume that FextpLrHnα q does not onverge in law to FextpLH
αq. Then thereis zα,0 P H suh that δα,npzα,0q does not onverge in law to 0.



5.4. CONVERGENCE TO CLE 168Proof. If FextpLrHnα q does not onverge in law to FextpLH
αq then by de�nition there are

z1, . . . , zj P H suh that FextpLrHnα qrz1, . . . , zjs does not onverge in law to FextpLH
αqrz1, . . . , zjs.To the ontrary FextpLHn,n

θ

α qrz1, . . . , zjs does onverge in law to FextpLH
αqrz1, . . . , zjs. Sineeah ontour of FextpLHn,n

θ

α qrz1, . . . , zjs is surrounded by a ontour of FextpLrHnα qrz1, . . . , zjs,one of δα,npziq must not onverge in law to 0. �Let zα,0 be de�ned by the previous lemma under the non onvergene assumption. Theset tz P FextpLrHnα qpzα,0q|dpz,FextpLHn,n
θ

α qpzα,0qq � δα,npzα,0q ^ 1uis non-empty (when δα,npzα,0q de�ned) beause FextpLrHnα qpzα,0q is onneted and ompat.Let Zα,n be a random point in the above set, for instane the maximum for the lexiograph-ial order.Lemma 5.4.3. Assume that FextpLrHnα q does not onverge in law to FextpLH
αq. Then thereis a sub-sequene of indies nα,0 suh that the joint law ofpFextpLHnα,0 ,n

θ
α,0

α qpzα,0q, Zα,nα,0qhas a limit when nα,0 Ñ �8, the law ofpFextpLH
αqpzα,0q, Zαqsatisfying the property that with positive probability Zα is not ontained or surrounded by

FextpLH
αqpzα,0q.Proof. δα,npzα,0q does not onverge in law to 0. This means that there is ε ¡ 0 and asub-sequene of indies n1 suh that(5.4.1) �n1,PpdpZα,n1 ,FextpLHn1 ,n1θ

α qpzα,0qq ¥ εq ¥ εThe sub-sequene of random variablespFextpLH
n1,n1θ
α qpzα,0q, Zα,n1qis tight. Indeed the �rst omponent of the ouple onverges in law and the seond is byde�nition at distane at most 1 from the �rst. Thus there is a sub-sequene of indies nα,0out of n1 suh that there is a onvergene in law. FextpLHnα,0 ,n

θ
α,0

α qpzα,0q onverges in law
FextpLH

αqpzα,0q. Let Zα the limit in law Zα,nα,0 . (5.4.1) implies that
PpdpZα,FextpLH

αqpzα,0qq ¥ εq ¥ εMoreover a.s. Zα annot be in the interior surrounded by FextpLH
αqpzα,0q beause Zα,n isnon surrounded by FextpLHn,n

θ

α qpzα,0q. �From now on pzjqj¥1 will be a �xed everywhere dense sequene in H.Lemma 5.4.4. Assume that FextpLrHnα q does not onverge in law to FextpLH
αq. Then thereis a family of sub-sequenes of indies nα,j suh that nα,0 is given by lemma 5.4.3. nα,j�1 is a sub-sequene of nα,j . The random variablepFextpLHnα,j

,nθ
α,j

α qrzα,0, z1, . . . , zjs, Zα,nα,j qonverges in law as nα,j Ñ �8 and the limit de�nes the joint law ofpFextpLH
αqrzα,0, z1, . . . , zjs, Zαq



5.4. CONVERGENCE TO CLE 169 The family of joint laws pFextpLH
αqrzα,0, z1, . . . , zjs, Zαqj¥1 is onsistent in thesense that the law on pFextpLH

αqrzα,0, z1, . . . , zjs, Zαq indued by the law ofpFextpLH
αqrzα,0, z1, . . . , zj�1s, Zαq is the same as the one given by the onvergene.In partiular the law on pFextpLH

αqpzα,0q, Zαq is the one given by lemma 5.4.3. The family of laws of pFextpLH
αqrzα,0, z1, . . . , zjs, Zαqj¥1 uniquely de�nes a law onpFextpLH

αq, Zαq.Proof. The onsisteny of law follows from the fat that nα,j�1 is a sub-sequene of
nα,j. A ontour loop in FextpLH

αq almost surely surrounds one of the zj points. Thus thefat that a onsistent family of laws on pFextpLH
αqrzα,0, z1, . . . , zjs, Zαqj¥1 uniquely de�nesa law on pFextpLH

αq, Zαq follows from the Kolmogorov extension theorem.Next we explain how we extrat nα,j�1 out of nα,j . By onstrution the sub-sequenepFextpLHnα,j
,nθ

α,j

α qrzα,0, z1, . . . , zjs, Zα,nα,j q onverges in law as nα,j Ñ �8 and de�nes ajoint law on pFextpLH
αqrzα,0, z1, . . . , zjs, Zαq. Moreover we have the onvergene in law of

FextpLHnα,j
,nθ

α,j
α qpzj�1q to FextpLH

αqpzj�1q. Thus the sub-sequenepFextpLHnα,j
,nθ

α,j

α qrzα,0, z1, . . . , zj�1s, Zα,nα,jq is tight and one an extrat a subset of indies
nα,j�1 suh that it onverges in law. The limit law is a law on pFextpLH

αqrzα,0, z1, . . . , zj�1s, Zαq.
�Theorem 5.1. FextpLHn

1
2

q and FextpLrHn1
2

q onverge in law as nÑ �8 to FextpLH
1
2

q, thatis to say to a CLE4 on H.Proof. It is enough to prove the onvergene of FextpLrHn1
2

q. Indeed we already havethe onvergene for FextpLHn,n
θ

1
2

q and eah ontour FextpLHn
1
2

qpzq is omprised between theontour FextpLHn,n
θ

1
2

qpzq and the ontour FextpLrHn1
2

qpzq.Assume that FextpLrHn1
2

q does not onverge in law to FextpLH
1
2

q. Let z 1
2 ,0

be the pointde�ned by lemma 5.4.2 and n 1
2 ,j

the sub-sequenes de�ned by lemma 5.4.4. We also onsiderthe joint law of pFextpLH
1
2

q, Z 1
2
q de�ned by 5.4.4.For u, v ¡ 0 and q ¡ 1 we onsider additional independent Poisson point proesses ofexursions EH

u pp�8, 0sq and EH
v pr1, qsq. Let A 1

2 ,u,v
pqq be the event that is satis�ed if eitheran exursion from EH

u pp�8, 0sq and one from EH
v pr1, qsq interset eah other or both interseta ommon ontour from FextpLH

1
2

q. By de�nition
PpA 1

2 ,u,v
pqqq � pH1

2 ,u,v
pqqLet A�1

2 ,u,v
pqq be the event that is satis�ed if one of the following onditions holds: An exursion from EH

u pp�8, 0sq and one from EH
v pr1, qsq interset eah other. An exursion from EH

u pp�8, 0sq and one from EH
v pr1, qsq interset a ommon ontourfrom FextpLH

1
2

q. An exursion from EH
u pp�8, 0sq intersets FextpLH

1
2

qpz 1
2 ,0
q and an exursion from

EH
v pr1, qsq hits or surrounds Z 1

2
. An exursion from EH

v pr1, qsq intersets FextpLH
1
2

qpz 1
2 ,0
q and an exursion from

EH
u pp�8, 0sq hits or surrounds Z 1

2
.Sine with positive probability Z 1

2
is not ontained or surrounded by FextpLH

1
2

qpz 1
2 ,0
q

PpA�1
2 ,u,v

pqqq ¡ PpA 1
2 ,u,v

pqqq � pH1
2 ,u,v

pqq



5.4. CONVERGENCE TO CLE 170See next piture for the illustration of A�1
2 ,u,v

pqqzA 1
2 ,u,v

pqq.

0

FextpLH
1
2

qpz 1
2 ,0
q

b
z 1

2 ,0b

Z 1
2

1 qFig.5.5: Illustration of A�1
2
,u,v

pqq where an exursion from EH
upp�8, 0sq surrounds Z 1

2and an exursion from EH
v pr1, qsq intersets FextpLH

1
2

qpz 1
2
,0
q.Let j ¥ 1. The events A 1

2 ,u,v
pq, jq respetively A�1

2 ,u,v
pq, jq are de�ned similarly to

A 1
2 ,u,v

pqq respetively A�1
2 ,u,v

pqq where the ondition of EH
u pp�8, 0sq and EH

v pr1, qsq interset-ing a ommon ontour of FextpLH
1
2

q is replaed by the ondition of interseting a ommonontour of FextpLH
1
2

qrz 1
2 ,0
, z1, . . . , zjs. Then

lim
jÑ�8PpA 1

2 ,u,v
pq, jqq � PpA 1

2 ,u,v
pqqq lim

jÑ�8PpA�1
2 ,u,v

pq, jqq � PpA�1
2 ,u,v

pqqqWe will denote by An1
2 ,u,v

pq, jq and An,�1
2 ,u,v

pq, jq the events de�ned similarly to A 1
2 ,u,v

pq, jqand A�1
2 ,u,v

pq, jq by doing the following replaements: EH
u pp�8, 0sq replaed by ErHnu pp�8, 0sq and EH

v pr1, qsq replaed by ErHnv pr1, qsq Z 1
2
replaed by Z 1

2 ,n FextpLH
1
2

q replaed by FextpLHn,n
θ

1
2

q and FextpLH
1
2

qrz 1
2 ,0
, z1, . . . , zjs replaed by

FextpLHn,n
θ

1
2

qrz 1
2 ,0
, z1, . . . , zjs

FextpLHn,n
θ

1
2

qrz 1
2 ,0
, z1, . . . , zns onverges in law to FextpLH

1
2

qrz 1
2 ,0
, z1, . . . , zjs, the Poisson pointproess ErHnu pp�8, 0sq to EH

u pp�8, 0sq and ErHnv pr1, qsq to EH
v pr1, qsq. Moreover in the limit, ifan exursion intersets a ontour loop in FextpLH

1
2

qrz 1
2 ,0
, z1, . . . , zjs then a.s. it goes in theinterior surrounded by the loop. Thus the intersetion still holds for small deformations ofthe exursion and of the ontour. Thus for all j ¥ 1 we have the onvergene

lim
nÑ�8PpAn1

2 ,u,v
pq, jqq � PpA 1

2 ,u,v
pq, jqqFrom lemma 5.4.4 follows that

lim
n 1

2
,j
Ñ�8PpAn 1

2
,j
,�

1
2 ,u,v

pq, jqq � PpA�1
2 ,u,v

pq, jqqEah ontour of FextpLHn,n
θ

1
2

q is surrounded by a ontour of FextpLrHn1
2

q and Z 1
2 ,n

be-longs to FextpLrHn1
2

qpz 1
2
, 0q. Thus on the event An,�1

2 ,u,v
pq, jq, an exursion from ErHnu pp�8, 0sqand one from ErHnv pr1, qsq either interset eah other or interset a ommon ontour from
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FextpLrHn1

2

qrz 1
2 ,0
, z1, . . . , zjs. Thus

p
rHn
1
2 ,u,v

pqq ¥ PpAn,�1
2 ,u,v

pq, jqqLet u be equal to u0p 12 q. Then
pH1

2 ,u0p 12 q,vpqq � lim
n 1

2
,j
Ñ�8 prHn 1

2
,j

1
2 ,u0p 12 q,vpqq ¥

lim
n 1

2
,j
Ñ�8PpAn 1

2
,j
,�

1
2 ,u0p 12 q,vpq, jqq � PpA�1

2 ,u0p 12 q,vpq, jqqTaking the limit as j Ñ �8 we get
pH1

2 ,u0p 12 q,vpqq ¥ lim
jÑ�8PpA�1

2 ,u0p 12 q,vpq, jqq � PpA�1
2 ,u0p 12 q,vpqqq ¡

PpA 1
2 ,u0p 12 q,vpqqq � pH1

2 ,u0p 12 q,vpqqwhih is a ontradition. It follows that FextpLrHn1
2

q onverges in law to FextpLH
1
2

q. �Theorem 5.2. Let α P p0, 12 q. FextpLHn
α q and FextpLrHnα q onverge in law as nÑ �8 to

FextpLH
αq, that is to say to a CLEκpαq on H.Proof. As for theorem 5.1 it is enough to prove that FextpLrHnα q onverges in law to

FextpLH
αq. Let's assume that this is not the ase. Let zα,0 be the point and nα,0 the sub-sequene de�ned by lemma 5.4.2. We also onsider the joint law of pFextpLH

αq, Zαq de�nedby 5.4.4. Let z̃ P H, z̃ � zα,0.Let ᾱ :� 1
2 � α. We take LH

ᾱ independent from pLH
α, Zαq and LrHnᾱ independent frompLrHnα , Zα,nq. We de�ne LH

1
2

and LrHn1
2

as unions of two independent Poisson point proesses:
LH

1
2
� LH

α Y LH
ᾱ LrHn1

2

� LrHnα Y LrHnᾱLet Aα be the event de�ned by FextpLH
1
2

qpzα,0q � FextpLH
1
2

qpz̃q. Let A�α be the eventwhih holds if one of the below onditions is satis�ed: FextpLH
1
2

qpzα,0q � FextpLH
1
2

qpz̃q. FextpLH
ᾱqpz̃q surrounds Zα.Sine LH

ᾱ is independent from pLH
α, Zαq and with positive probability Zα is in the exteriorof FextpLH

αqpzα,0q
PpA�α q ¡ PpAαqNext is an illustration of A�α zAα.
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0

FextpLH
ᾱqpz̃q

FextpLH
1
2

qpz̃q
FextpLH

1
2

qpzα,0q
b

zα,0

b

z̃

b

Zα

Fig.5.6: Illustration of A�α zAα.Let Anα and An,�α be the events de�ned similarly to Aα and A�α where the ontours
FextpLH

1
2

qpzα,0q, FextpLH
1
2

qpz̃q and FextpLH
ᾱqpz̃q are replaed by FextpLrHn1

2

qpzα,0q, FextpLrHn1
2

qpz̃qand FextpLrHnᾱ qpz̃q respetively and Zα is replaed by Zα,n. Sine Zα,n is on the ontour
FextpLrHnα qpzα,0q we have the equality An,�α � Anα. From theorem 5.1 follows that

lim
nÑ�8PpAnαq � PpAαqOn the other hand

lim
nα,0Ñ�8PpAnα,0,�

α q � PpA�α q ¡ PpAαqwhih is a ontradition. It follows that FextpLrHnα q onverges in law to FextpLH
αq. �
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