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Résumé

Dans cette thèse, on étudie la structuration des phases de la transformée
de Fourier d’images naturelles, ce qui, du point de vue applicatif, débouche sur
plusieurs mesures de netteté ainsi que sur des algorithmes rapides pour la synthèse
de texture par l’exemple.

Le Chapitre 2 présente dans un cadre unifié plusieurs modèles de champs aléa-
toires, notamment les champs spot noise et champs gaussiens, en prêtant une at-
tention particulière aux représentations fréquentielles de ces champs aléatoires.

Le Chapitre 3 détaille l’utilisation des champs à phase aléatoire à la synthèse
de textures peu structurées (microtextures). On montre qu’une microtexture peut
être résumée en une image de petite taille s’intégrant à un algorithme de synthèse
très rapide et flexible via le modèle spot noise. Aussi on propose un algorithme
de désocclusion de zones texturales uniformes basé sur la simulation gaussienne
conditionnelle.

Le Chapitre 4 présente trois mesures de cohérence globale des phases de la
transformée de Fourier. Après une étude théorique et pratique établissant leur lien
avec la netteté d’image, on propose un algorithme de déflouage aveugle basé sur
l’optimisation stochastique de ces indices.

Enfin, dans le Chapitre 5, après une discussion sur l’analyse et la synthèse directe
de l’information de phase, on propose deux modèles de textures à phases cohérentes
qui permettent la synthèse de textures plus structurées tout en conservant quelques
garanties mathématiques simples.

Abstract

This thesis deals with the Fourier phase structure of natural images, and ad-
dresses no-reference sharpness assessment and fast texture synthesis by example.

In Chapter 2, we present several models of random fields in a unified framework,
like the spot noise model and the Gaussian model, with particular attention to the
spectral representation of these random fields.

In Chapter 3, random phase models are used to perform by-example synthesis
of microtextures (textures with no salient features). We show that a microtexture
can be summarized by a small image that can be used for fast and flexible synthesis
based on the spot noise model. Besides, we address microtexture inpainting through
the use of Gaussian conditional simulation.

In Chapter 4, we present three measures of the global Fourier phase coherence.
Their link with the image sharpness is established based on a theoretical and practi-
cal study. We then derive a stochastic optimization scheme for these indices, which
leads to a blind deblurring algorithm.

Finally, in Chapter 5, after discussing the possibility of direct phase analysis
or synthesis, we propose two non random phase texture models which allow for
synthesis of more structured textures and still have simple mathematical guarantees.
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Notations

|E| is the cardinality of the set E.
If E,F Ă Rd, E ´ F “ { x´ y ; x P E, y P F }.
T “ R{2πZ.
If z P C˚, then argpzq P T denotes the argument of z.
AT is the transpose matrix of A.
Ā is the complex conjugate of A.
A˚ is the adjoint of A (A˚ “ ĀT ).
A1{2 is the square root of the symmetrical non-negative matrix A
If x,y P Rk, x.y “ xTy

‖v‖p is the ℓp norm of a complex vector v
‖v‖ is the euclidian norm of the complex vector v (‖v‖ “ ‖v‖2)
For p P r1,8r, ℓppZ2,Rmˆnq is the Banach space of functions f : Z2 Ñ Rmˆn such
that

‖f‖pp “
∑

xPZ2

‖fpxq‖p ă 8 .

If p “ 8, ℓ8pZ2,Rmˆnq is the Banach space of functions f : Z2 Ñ Rmˆn such that

‖f‖8 “ sup
xPZ2

‖fpxq‖ ă 8 .

f̃pxq “ fp´xq.
Hd is a set of (complex) Hermitian matrices of size dˆ d (A˚ “ A).
Hě0
d is the set of non-negative Hermitian matrices of size dˆ d.

UpEq is the uniform probability distribution on E.
Ppλq is the Poisson distribution with intensity λ,

Ppλq “ e´λ
∑

ně0

λn

n!
δn .

EpXq is the expectation of the matrix-valued random variable X.
VarpXq is the variance of the real random variable X.
If X,Y are two complex random vectors of same dimension,

CovpX,Y q “ EppX ´ EpXqqpY ´ EpY qq˚q

and by extension, CovpXq “ CovpX,Xq.
We shall denote the Nyquist frequencies corresponding to a discrete rectangle of
size M ˆN by

ηx “ p´M{2, 0q ηy “ p0,´N{2q ηxy “ p´M{2,´N{2q .
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This thesis would certainly not have been written, had I any detectable drawing
talent. Being unable to reproduce what you see in your everyday life, however
beautiful it may be, encourages to develop a certain fascination for automatic image
synthesis.

If we admit that images are expected to reflect the reality in the most faithful
manner, several issues are at stake: the design of objects contours in the right pro-
portions, the precise reproduction of the human or animal morphology, the respect
of geometrical constraints like perspective. But an image realism also highly de-
pends on the credibility of the textural content with which objects are covered, as
one can see in Fig. 1.1. In a certain sense, textures may not be our first concern
when representing the spatial organization of a scene, but they must seem realistic,
especially if one decides to focus on them. Finding an automatic way to produce a
(possibly large) image that resembles a (possibly small) given texture sample is a
problem known as by-example texture synthesis. This thesis was motivated in great
part by texture modelling and texture synthesis, and is mostly meant to study the
role of Fourier phase (that is, the argument of the Fourier transform) in texture
modelling and image quality assessment.

1.1 Stochastic Texture Models

The ambiguous concept of texture

One main difficulty of texture modelling is that the set of texture images is not
precisely defined. According to the lexical definition [Simpson & Weiner 1989], this
word has several meanings all related to the composition of a piece of material
(fabric, rock, food, etc). The meaning that is relevant here is inherited from fine arts:
a texture is the graphical representation of an object surface. The consideration of
one single object implicitly assumes some kind of homogeneity.
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Figure 1.1: The importance of texture for image realism. One can see two
versions of the same virtual character (copyright Nintendo), the first one (left)
designed in 1998, and the second one (right) designed in 2008. One main difference
between these two images is the rendering of texture, which makes the new image
much more realistic.

Several precised definitions have been given in the image processing literature.
In [Haralick 1979], a texture is seen as “organized area phenomena”, whereas it is
defined in [Cross & Jain 1983] as a “stochastic, possibly periodic, two-dimensional
image field”. The authors of [Chellappa & Kashyap 1985] suggest to oppose “de-
terministic” and “stochastic” textures: a deterministic texture is characterized by
a set of “primitives” (i.e. micro-objects) whose arrangement obeys a (possibly ran-
dom) placement rule, whereas a stochastic texture is only described by statistical
characteristics. One can argue that these abstract concepts correspond more to an
early attempt of texture modelling than to a clear delimitation of the set of texture
images. Still, all these authors expressed the importance of randomness in texture
modelling, which agrees with the lexical definition because an object formation can
be governed by deterministic and stochastic rules.

More recently, the authors of [Wei et al. 2009] adopted a very large definition
of texture (which is shared by many researchers in the graphics community) as “an
image containing repeating patterns” [with] “a certain amount of randomness”. As
illustrated in Fig. 1.2, this definition is larger than the lexical one. But its success
is undeniable, maybe because it encompasses many (if not all) examples of textures
shown in research articles about texture synthesis, but also because this definition
still allows to think the concept of texture by negation of geometrical content (a
point of view that was precised for example in [Meyer 2001] and [Aujol et al. 2005]).
And this negative definition complies well with a two-step image synthesis scheme
that first positions graphical objects in the image and later covers them with re-
peated patterns.

A related question is to ask which mathematical objects will be involved in
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Figure 1.2: Examples of natural textures. Even if the term “texture” usually
refers to the graphical representation of an object surface (first column), it can more
generally refer to images having repeated patterns (second and third column), as
suggested by [Wei et al. 2009]. If one can distinguish such repeating patterns, then
the period of repetition is sometimes referred to as the texture scale (large scale in
the second column, and fine scale in the third column).

the modelling of textures. In this thesis, we will only work with discrete-sampled
models, and thus, as suggested by [Cross & Jain 1983], textures will be modelled
by random fields F defined on a subdomain Ω of Z2 (which will often be a finite
subdomain of Z2, or the whole plane Z2) and with values in Rd (taking d “ 1 for
gray-level images, and d “ 3 for color images). In other words, for all x P D, F pxq

is a Rd-valued random variable, and thus, ommiting to write the sample ω of the
probability space, we will often describe F as a random function

F : D ÝÑ Rd .

A non-trivial problem is then to impose the texture homogeneity through a formal
property of the random field F . A common way to do this is to impose stationarity
of the random field F with respect to the translations of D. Because of some
degenerate cases1, stationarity is not sufficient to ensure the spatial homogeneity of
the realizations. But conversely, (so far) we have not found any reason that prevent
us to consider a homogeneous texture image as the realization of some stationary
random process (in particular if all pieces of the texture have been obtained by the
same physical process). So imposing stationarity is still a relevant constraint, which
can have some practical consequences, as we will see later.

1think of a randomly positioned segment in a finite domain
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From constrained random models to a highly complex reality

In probability theory, the introduction of a random process is generally motivated
by a physical or a practical problem. To mention a few classical examples, Brown-
ian motion [Doob 1990] can represent the position of a moving microscopic particle
in a viscous fluid, discrete martingales [Doob 1990] can model the gain evolution
in several gambling games, and Ising model [Brémaud 1999] can describe the or-
ganization of magnetic dipoles in a ferromagnetic material. In these examples,
the physical behavior is translated into simple mathematical rules (respectively,
prescribed covariance function, null incremental conditional expectation, local con-
ditional distribution) which completely describe the corresponding random process
and allow for extensive mathematical study.

The realizations of these random models can already be considered as interesting
creations in the sense that they satisfy some criteria which make them very peculiar.
For example, almost surely, a realization of the Brownian motion is continuous and
nowhere differentiable. Of course, other constructive and non-constructive meth-
ods were formerly known to show the existence of such counter-intuitive behavior.
But one can still be intrigued by this example which illustrates the remarkable
creative power of random methods (in particular if one remembers that a Brow-
nian motion can be seen as a limit of properly renormalized “heads or tails” se-
quences). Stochastic methods can also generate visual curios since many fractal ob-
jects can be obtained with self-similar random fields [Mandelbrot & Van Ness 1968],
[Fournier et al. 1982].

Nevertheless, the constraints making these models interesting (from a mathe-
matical point of view) also make them very specific and therefore not sufficient (in
terms of visual similarity) to account for the large diversity of natural textures.
That is why, in texture synthesis by example, in some sense we follow the inverse
approach (maybe closer to the statistical paradigm): we choose a very large model
with as less constraints as possible, adjust it based on an exemplar image, and then
draw a realization of this random model to produce a new texture sample. The
main question is thus: can we find a class of random functions able to model a wide
variety of texture images for which the model analysis and synthesis is easy, and
which still allows for some kind of mathematical analysis?

The statistics of texture perception

In order to precise the model, we now have to discuss the important statistics that
rule the human perception of textures. The statistics of a random field F are usually
sorted by order, a statistic of order p being any quantity of the form

E
[
ϕ
(
F px1q, . . . , F pxpq

)]
,

where ϕ is a measurable function such that the expectation exists and where
x1, . . . ,xp are p points in D. For example, knowing all the first-order statistics
is equivalent to knowing the marginal distribution, i.e. the probability distribution
of one value F pxq of the random field (notice that this distribution does not depend
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on x since F is stationary). Among the statistics of order p, we single out the mo-
ments of order p, which are obtained by taking a p-linear function ϕ in the above
expectation. In particular, the moments of order 1 are given by ErF pxqs P Rd and
the moments of order 2 are given by

ErF pxqF pyqT s P Rdˆd .

We will see in Chapter 2 that, if the first-order moments are prescribed, then the
moments of order 2 are as informative as the energy spectrum (which in a periodic
discrete setting is represented by the expected square modulus of the discrete Fourier
transform). Sometimes, one does not consider the raw values of the random field
but rather the values of a linear transform (for example the Fourier transform, or a
wavelet transform); one can then define the p-th order distribution after this linear
transformation as above.

The first-order distribution of a texture is perceptually important because it de-
fines the color distribution. Also, the second-order moments are important because
they encode the frequency content of the texture. But are these statistics sufficient?
Can we state a global rule for texture perception? These problems were dealt with
by Julesz in a famous series of articles in which he exhibited several examples and
counter-examples illustrating the complexity of the two previous questions. In the
article [Julesz 1962], he formulated the conjecture that two textures with identi-
cal second-order statistics are pre-attentively indistinguishable, meaning that they
cannot be discriminated without scrutiny. Indeed, for a wide class of textures,
these first-order statistics are sufficient for discrimination. However, he showed
in [Julesz 1981] the existence of counterexamples, and two of them are reproduced
in Fig. 1.3. More precisely, he exhibited

1. pre-attentively indistinguishable textures with same second-order statistics
but different higher-order statistics,

2. pre-attentively distinguishable textures with same second-order statistics but
exhibiting different local conspicuous features based on closure, connectivity,
granularity.

With the latter example, he thus refuted his own first conjecture. The former
example illustrates the difficulty of the human visual system (HVS) to compute
high-order statistics. The two textures of this former example can actually be
attentively discriminated by paying particular attention to local details. Beyond
the refutation of his first conjecture, the experiments of this article thus led him to
two important conclusions. The first one is the clear separation between two texture
perception systems: a pre-attentive one that uses globally summed statistics of low
order, and an attentive one that takes profit of extended local analysis of features.
The second conclusion is that the perception of texture is mostly based on the
computation of first-order statistics on the textures or on local features which are
called textons. For example, the HVS is sensitive to the density of elongated blobs,
of terminations, of crosses, etc. Julesz thus introduced the word texton referring
to any textural unit that allows for pre-attentive texture discrimination. He then
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Figure 1.3: Counterexamples to the first Julesz conjecture. These texture
images are borrowed from [Julesz 1981, Fig. 2 and Fig. 5]. The left image is made
of two pre-attentively indistinguishable textures with same second-order statistics
but different higher-order statistics. The right image is made of two pre-attentively
distinguishable textures with same second-order statistics; the pre-attentive dis-
crimination is based on the density of terminators (i.e. end of lines).

formulated his modified conjecture: the pre-attentive system for texture perception
cannot compute global statistics of order ą 2.

So must the Fourier modulus be thrown out?

However, the fact that texture perception is focused on first-order distribution of
textons must not prevent us from exploring texture models based on second-order
statistics. Indeed, on the one hand, since Julesz did not provide an exhaustive
and operative description of textons, it is not straightforward to derive a clear
texture model that precisely respects the density of textons. On the other hand,
considering the complexity of texture modelling, it is legitimate to exploit every
available mathematical tool that could build a texture model whose success would
be measured not only by the adequation with the theory of texture perception, but
also according to the multiple applicative issues it may solve (should it be texture
classification, texture analysis, fast texture synthesis, etc).

In particular, in this thesis, we will thoroughly study texture models based on
first and second-order moments. As it is well-known (and sometimes referred to
as Wiener-Khintchine theorem [Yaglom 1987]), the energy spectrum is the Fourier
transform of the autocorrelation, so that prescribing the second-order moments
is equivalent to impose the expected squared modulus of the Fourier transform.
Even if this link between the autocorrelation and the frequency content is already
a convincing argument to use second-order moments, one can also argue that the
autocorrelation can be used to analyze periodic patterns and to single out relevant
texture scales (see [Haralick 1979] and references therein).
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1.2 Random Phase Texture Models

Fourier modulus rescued by the success of random phase texture models

Another way to justify the use of second-order moments in texture modelling
is to observe the power of frequency-based synthesis algorithms. The richness
of frequency-based models was demonstrated for image synthesis by the authors
of [Perlin 1985], [Lewis 1984], [Lewis 1989] and [Van Wijk 1991]. In particular, in
the first one, Perlin introduces the (slightly overloaded) concept of “noise” as a
procedure to compute and display the values of a synthetic texture at prescribed
spatial positions. The authors of these four articles notice that a wide variety of
textures can be obtained by adjusting the distribution of the energy spectrum. Sec-
tion 5 of [Lewis 1984] details two methods to set up the output texture: one can
directly operate in Fourier domain (spectrum painting); or one can design a spatial
kernel h that is convolved by a (possibly white) noise called excitation function
(sparse convolution). The author explains in [Lewis 1989] that in the case of sparse
convolution, the spectrum of the output texture is the spectrum of the excitation
function multiplied by |ĥ|2 where ĥ is the Fourier transform of h. Thus, spectrum
painting and sparse convolution are two ways to prescribe the output texture spec-
trum. The author of [Van Wijk 1991] proposes the spot noise model which amounts
to convolve a spot h with a Poisson point process. He also discusses the interpre-
tation in spectral domain by claiming that a sample of spot noise texture can be
obtained via a multiplication by a random phase shift in Fourier domain, with a
slight confusion due to the ambiguity of the term “white noise”. But the major con-
tribution of van Wijk is to exhibit many textures that can be obtained by simple
geometric variations of the spot h.

Several years later, these frequency-based models were rigorously studied
in [Galerne et al. 2011b]. In this article, a clear distinction is made between the
random phase noise (RPN) and the asymptotic discrete spot noise (ADSN). The
RPN model is a random field with prescribed Fourier modulus, and maximally ran-
dom Fourier phase coefficients. The ADSN model is obtained as the limit for larger
and larger intensity λ of properly renormalized spot noise functions

x ÞÝÑ
∑

iě1

hpx ´ Xiq ,

where pXiq is a point process of intensity λ. Based on the classical central-limit
theorem, the authors of [Galerne et al. 2011b] show that the ADSN is a Gaussian
random field. They also clear up the confusion between the RPN and ADSN models
by showing that they differ in Fourier domain by a Rayleigh noise on the Fourier
modulus. Besides, they detail the application of RPN and ADSN models to by-
example texture synthesis, drawing a particular attention to the handling of color
distribution. They show that for natural exemplar textures, the realizations of both
models are perceptually similar. Since both these models have maximally random
Fourier phase (in the entropy sense), the textures that are reproduced by RPN or
ADSN in a visually satisfying manner are called random phase textures. They are
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Original RPN ADSN

Figure 1.4: Examples of RPN and ADSN synthesis. For each row, from left
to right, one can see a natural texture, and the synthesis results obtained with RPN
and ADSN models. In the first case, the original texture is well-reproduced by RPN
or ADSN algorithm and thus one would say that this original texture is a random
phase texture. Notice that random phase textures do not have salient features nor
large-scale geometric elements.

also sometimes called microtextures because, as one can see in Fig 1.4, their per-
ceptual characteristics are concentrated on fine non-salient details. By opposition,
textures with salient geometric details are called macrotextures. Actually, the per-
ceptual unit for microtextures is exactly the Fourier modulus which led the authors
of [Desolneux et al. 2012] to a practical definition of texton for Gaussian textures.
Inspired by the work of [Galerne et al. 2011b], the richness of the Gaussian texture
model can be explained a posteriori by the universality that it inherits from the
central-limit theorem.

In Chapter 2, we give a more detailed presentation of the spot noise
model and other random phase models. Using the general framework of ran-
dom fields on Z2 (with a special attention to spectral representations) allows
for comparison with the autoregressive [Chellappa & Kashyap 1985] and moving-
average models [Cadzow et al. 1993]. The notion of texton for Gaussian tex-
ture [Desolneux et al. 2012], [Xia et al. 2014] is introduced but mainly used to ex-
plain the simulation of Gaussian random fields in simple terms; we will not ex-
tensively discuss the link between this definition of texton and the perceptual one
given by Julesz. In this chapter, we will also recall the definition of the optimal
transport distance between texture models [Xia et al. 2014] and extend it to the
case of texture models on Z2.

We explain in Chapter 3 how random phase models can be used to perform
fast by-example microtexture synthesis. After discussing the estimation procedure
for random phase models, we provide several examples of random phase texture
synthesis in order to highlight the limits of RPN and ADSN synthesis. The main
contribution of this chapter is the synthesis-oriented texton (SOT) which realizes
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˚ “

Original SOT Point process DSN ADSN

Figure 1.5: Spot noise synthesis with the synthesis-oriented texton. The original
texture shown on the left can be successfully synthesized via the convolution of the synthesis-
oriented texton with a sparse point process. The resulting discrete spot noise is a satisfying
approximation of the asymptotic discrete spot noise. The DSN and ADSN associated with
the SOT are shown on the right.

a compact summary of a microtexture that can be used as the kernel for spot
noise synthesis. We show that many microtextures can be successfully synthesized
with a small kernel convolved with a sparse Poisson point process, as illustrated
in Fig. 1.5. The SOT thus allows fast and flexible synthesis by direct sampling of
the spot noise process. In this chapter, we also propose a solution to the inpainting
problem in the case of Gaussian textures by making use of Gaussian conditional
simulation [Lantuéjoul 2002].

1.3 The Importance of Phase in Images

What do we miss if we leave out the Fourier phase?

Even if the random phase texture models have a certain success in texture synthesis,
their richness is still limited. In particular, a part of Julesz’s textons are not directly
encoded in the energy spectrum, so that more evolved texture models must bear
some kind of structure in the Fourier phase.

Actually, with a naive approach of Fourier transforms, it may seem tempting to
consider Fourier modulus more important than Fourier phase for the three following
wrong reasons:

1. many basic scholar examples of Fourier transforms are computed with odd or
even functions and are thus real;

2. discrete Fourier transforms are often represented through the modulus com-
ponent and only occasionally accompanied with the phase component;

3. most theorems linking the signal regularity with the decreasing speed at in-
finity of the Fourier transform only involve its modulus.

But, since a translation of the signal is expressed in Fourier domain by the
addition of a linear function to the phase, it is clear that the phase component
will play a role in the spatial organization of the signal. As concerns regularity,
as illustrated in Fig. 1.6, shuffling the phases of a piecewise smooth function with
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Figure 1.6: Phase randomization of a bounded variation function. The
signal shown on the right has been obtained by randomizing the phase information
of the bounded variation signal shown on the left. Both these signals thus have the
same Fourier modulus, but the second one looks much more irregular.

discontinuities leads to a new signal having large oscillations everywhere; and still,
this does not modify the Fourier modulus! This means that the regularity expressed
by the decreasing speed of Fourier coefficients does not reflect the regularity in the
sense of bounded variation functions.

Beyond the context of texture modelling, several works confirmed the impor-
tance of Fourier phase in image processing and perception. The most famous
one is certainly the paper [Oppenheim & Lim 1981] whose authors bring several
arguments justifying the importance of phase, and in particular the one stating
that the geometry of an image persists if its phase component is being imposed
a completely different modulus information (a random one or one taken from an-
other image). Also, several perceptual studies (for example [Morrone & Burr 1988],
[Field et al. 2000] and [Hansen & Hess 2006]) confirm the HVS sensitivity to local
phase shifts (i.e. phase values of localized Fourier transforms). To precise the
results of [Oppenheim & Lim 1981], the authors of [Gegenfurtner et al. 2003] mea-
sure in a more quantitative manner the persistence of image perception when the
phase information is more and more corrupted. Inspired by the work of Morrone
and Burr, the author of [Kovesi 2000] (and of the technical report [Kovesi 1999])
suggests to address edge detection by exploiting a concept of local phase coherence.
Also, the authors of [Peters & Itti 2008] show that Fourier phase can be used to
produce saliency maps, or in other words, to predict the regions of an image that
will receive more visual attention from an observer.

Global phase coherence and image quality assessment

Therefore, by showing that the image geometry is mainly encoded in the Fourier
phase, these works suggest that the precision of the image geometry may be linked
to the coherence of the phase information. And indeed, there has been several at-
tempts to measure the image quality based on phase coherence. Before quoting the
corresponding articles, let us briefly discuss the stakes of image quality assessment.
We only propose here a very modest evocation of these difficult questions and refer
the reader to [Chandler 2013] for a largely more exhaustive review.



1.3. The Importance of Phase in Images 25

Of course, measuring the intrinsic quality of an image is a quite ill-posed prob-
lem, since many observers may have different subjective methods and criteria to
precise why they are satisfied or not by a particular image. The problem is a bit
simpler if one has to assess the quality of an image by comparing it to a supposedly
ideal version; in this case, we would speak of full-reference image quality assessment.
The problem of full-reference automatic evaluation is already very wide and has led
to a large research effort. It is now commonly admitted that mean-square error
(MSE) and peak-signal-to-noise ratio (PSNR) are not sufficient to compare image
processing algorithms. Thus, new measures have been proposed for full-reference
evaluation, like the structural similarity (SSIM) in [Wang et al. 2004] and the vi-
sual signal-to-noise ratio (VSNR) in [Chandler & Hemami 2007], even though the
PSNR values are still widely trusted, in particular when it comes to decide if a
denoising or deblurring algorithm is worth publishing or not.

However, in many applications, the ideal version of the image is not available; we
then speak of no-reference image quality assessment. In articles about full-reference
or no-reference quality assessment, a largely shared goal is to obtain quality indices
that are correlated to perceptual scores measured on a group of subjects confronted
to a certain image database; this is a way to cope with the subjective nature of
image quality. Many questions can be asked, from the most to the least difficult:

• From these two images, which one do you prefer?

• From these two corrupted versions of the same image, which one do you prefer?

• From these two images with different levels of the same artifact, which one
do you prefer?

Several interesting no-reference quality measures have been proposed in the lit-
erature (see [Chandler 2013] for a detailed list). A standard approach is to evaluate
the overall quality by examining the geometric details on which human observers
may pay attention. For example, the authors of [Marziliano et al. 2004] propose a
direct analysis of image edges in order to detect blur and ringing artifacts (with
the intent to compare the quality of JPEG2000-compressed images). On the other
hand, the authors of [Zhu & Milanfar 2010] notice that blur or noise tend to de-
stroy the anisotropy of certain image patches (like edge patches), and thus they
suggest to measure image quality by exploiting the singular values of a matrix
containing local gradient values. Of course, if the goal is to correlate with per-
ceptual quality measurements, it also seems relevant to adjust certain parameters
of the method based on the mean opinion of human observers; for example, the
method of [Ferzli & Karam 2009] compares the edges width to a threshold value
called “Just Noticeable Blur” (JNB). The JNB computation is based on a percep-
tual experiment and represents the value under which blur becomes unnoticeable
to a human observer.

Returning to the importance of phase in image analysis, the authors
of [Wang & Simoncelli 2004] make the connection between the local phase coher-
ence defined by Kovesi, and the perception of blur. In this article, they translate
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the idea of Kovesi using the language of complex wavelet transforms, which allows
them to propose a natural two-dimensional analogue of phase coherence based on
coarse-to-fine predictions of the phase values. This link between local phase co-
herence and perceived blur was later exploited in [Hassen et al. 2010] to define a
no-reference image quality index which is able to penalize a remarkably large class
of artifacts (different kinds of blurs, noises, compression artifacts).

Meanwhile, another line of articles proposed to define a notion of global Fourier
phase coherence, and used it to address sharpness evaluation. More precisely, the
authors of [Blanchet et al. 2008] propose to define a notion of global phase coher-
ence (GPC) by measuring how much the regularity of an image is affected by the
randomization of the phase information. Given an image u, they define

GPCpuq “ ´ log10 PpTVpUq ď TVpuqq ,

where U is the RPN associated to u, and where TVpuq is the discrete periodic total
variation (TV) of u. Since we have seen that the phase randomization turns a BV
signal into a much more oscillating one, the probability of the righ-hand side is very
small, thus motivating the logarithmic scale. Even if a computation of GPC relies on
an expensive Monte Carlo simulation, the authors of [Blanchet et al. 2008] are able
to give practical evidence that the GPC reflected some kind of image quality. This
approach is made viable by the heuristic (but non-trivial) remark that the corrup-
tion of the phase information is more destructive (with respect to the image geome-
try) in an image that has low levels of noise and blur. In [Blanchet & Moisan 2012],
a variant of GPC is proposed by replacing the RPN field U by its Gaussian analogue
(that is, ADSN). The major advantage of this new index, called sharpness index
(SI), is that it can be expressed with a closed-form formula (modulo a reasonable
Gaussian approximation of TVpUq), and thus can be easily computed (using only
four fast Fourier transforms). This considerable simplification made SI appropri-
ate for further applications, as illustrated by the parametric deblurring experiment
presented in [Blanchet & Moisan 2012].

In Chapter 4 of this thesis, we will pursue the work initiated by the authors
of [Blanchet et al. 2008] and [Blanchet & Moisan 2012] on global phase coherence
and no-reference image quality assessment. Accordingly, we will mainly consider
the concept of image quality2 by opposition to certain well-identified artifacts that
corrupt a particular image. The choice of artifacts that will be considered is driven
by our applicative purposes which are mostly focused on image restoration. We will
take particular care to blur, noise, ringing and aliasing, which are the four major
stakes of image denoising and deblurring, whereas only marginal attention will be
paid to compression artifacts. In this chapter, we will first recall the definition of
GPC, SI, and present the index S as a further simplification of SI. We will give
many analytical and probabilistic properties of these indices, thus illustrating the
great advantage to dispose of relatively simple formulae (as opposed to most image
quality indices). After that, we provide a more practical study which first proposes
many experiments relating phase coherence indices with perceived sharpness, and

2or sharpness, which will be considered as synonym.
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next shows how the indices SI and S can be used in a blind deblurring algorithm
based on a simple stochastic optimization framework.

1.4 Non Random Phase Texture Models

How to account for the phase in a texture model?

Going back to texture modelling and inspired by these works which clarify the role
of phase in image perception, it seems that more expressive texture models could
be obtained by considering not only the first and second-order moments but also
the information contained in the Fourier phase. In particular, one would expect
from a phase-dependent synthesis algorithm to be able to reproduce the edge-like
structures (which is impossible with RPN and ADSN synthesis algorithms). Such
models could also have a significant impact in texture analysis because of the im-
portance of linear structures in medical images: fiber structures are visible all over
bone radiographs used for the diagnosis of osteoporosis [Benhamou et al. 1994], and
spiculated lesions (identified by convergence points of segments) play an important
role in the diagnosis of breast cancer [Sampat & Bovik 2003].

Unfortunately, as we observed in the first years of this thesis, the direct process-
ing of the global Fourier phase is a difficult problem. The first section of Chapter 5
summarizes our work in this direction. We show in particular that the phase con-
straints induced by stationarity are not rigid enough to inspire direct by-example
synthesis of the phase component.

How to account for edges in a texture model?

Putting aside the constraints of Fourier representation, one can wonder: which
texture models are truly sensitive to edge structures?

Of course, it is possible to design texture models whose corresponding syn-
thesis algorithms naturally produce sharp edges. Let us mention for exam-
ple the dead leaves model introduced in [Matheron 1968] and later studied
in [Bordenave et al. 2006], which consists in throwing on a given domain several
shapes with different colors that will progressively occlude each other. The oc-
clusion principle used in this model naturally produces sharp edges. If one re-
laxes this principle with a transparency factor, one gets another texture model
called transparent dead leaves [Galerne & Gousseau 2012] whose realizations also
exhibit sharp edges. Sharp edges can also be directly produced by random tessella-
tions [Lantuéjoul 2002]. These models have seldom been used to address by-example
texture synthesis: still, the method of [Gousseau 2002] indeed emulates dead leaves
(by throwing shapes defined as filled connected components of level sets) and thus
manages to reproduce sharp edges, but fails to grasp the complex inter-dependences
of geometric structures that exist in structured textures.

Actually, since edge structures can be seen as specific salient features, we can
formulate another question whose conceptual aspect will be more inspiring: does
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there exist a texture synthesis model/algorithm that precisely respect the local
conspicuous features and thus complies well with Julesz’s texton theory?

This question has been partially answered through the use of filter banks and
wavelet transforms. Indeed, since the atoms of certain wavelet transforms have
the aspect of local salient features, it seems convincing to address by-example tex-
ture synthesis via a method based on the first-order distribution of the wavelet
coefficients. The problem has been addressed in those terms by the authors
of [Heeger & Bergen 1995] who proposed a synthesis algorithm that matches the
histograms of sub-bands in a steerable pyramid. This work is justified by the per-
ceptual studies [Bergen & Adelson 1988] and [Malik & Perona 1990] which, in some
sense, takeover Julesz’s texton theory. In fact, the later article [Malik et al. 1999]
tends to bridge the gap between the two approaches: its authors propose an opera-
tive definition of texton, as frequently-occurring local filter responses (obtained by
K-means clustering performed over filter responses at many pixels). As concerns
texture synthesis, the algorithm of [Heeger & Bergen 1995] is quite successful for
by-example synthesis of microtextures, but for textures with more structured local
features the results are in general not convincing. As one can see in Fig. 1.7, Heeger-
Bergen algorithm is less precise than RPN or ADSN models in terms of frequency
content. But in a few number of cases, it (surprisingly!) allows to reproduce non
random phase features.

The main drawback of Heeger-Bergen algorithm is that it only enforces the
marginal distribution of each filter response, without respecting the correlations
between the filter responses. And, as the Fourier phase, these correlations are
crucial to produce edges or conspicuous features. A very satisfying answer to that
problem was brought in [Portilla & Simoncelli 2000]. Indeed, in this article, Portilla
and Simoncelli propose to define a statistical texture model parametrized by several
well-chosen second-order statistics computed in a complex wavelet transform. We
refer to the original article for the detailed list of the chosen statistics but let us
mention that among these, they capture local phase measurements through the
complex correlation between a wavelet coefficient and its parent coefficient at the
adjacent coarser scale. This certainly agrees with the importance of local phase
shifts in image perception. Also, to address synthesis, this statistical model is
sampled using an iterative procedure that alternately adjust all the chosen statistical
constraints.

Among many conceptual advances, Portilla and Simoncelli demonstrate the rich-
ness of this parametric texture model by showing an amazing variety of textures
(microtextures and also macrotextures) that are well-reproduced by their synthe-
sis algorithm. Besides, their work also show that a small set of parameters (710
in their experiments but that could be even less) suffices to describe a very wide
class of texture images. However, one of the weakness of Portilla-Simoncelli algo-
rithm, which is already mentioned in the final section of their article, is that the
output synthesis is not properly defined as a stationary random field (partly be-
cause they use a decimated wavelet transform, but also because the model is only
partially determined by the iterative synthesis algorithm whose convergence is not
proved). Also, since this iterative procedure is very slow, it is far from meeting the
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Original RPN Heeger-Bergen

Figure 1.7: Comparison between RPN and Heeger-Bergen synthesis algo-

rithms. In each row, from left to right, one can see an original texture, and the syn-
thesis results of RPN algorithm and Heeger-Bergen algorithm. These results have
been obtained with the online demos [Galerne et al. 2011a] and [Briand et al. 2014].
These algorithms perform well for microtexture synthesis, but as one can see in the
third row, RPN is actually more precise. However, for macrotexture synthesis,
both algorithms fail in general. Nevertheless, Heeger-Bergen algorithm sometimes
reproduces non random phase features on very peculiar exemplars (last row).
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requirements of real-time image synthesis.

Texture modelling with Markov random fields

Another weakness of Portilla-Simoncelli algorithm (mentioned in the “Discussion”
section of [Portilla & Simoncelli 2000]) is that it sets once and for all, among the
second-order distribution of filter responses, a subset of interesting statistical con-
straints whose choice is essentially motivated by empirical observations. Therefore,
the synthesis algorithm still has a few failure cases and thus one would mitigate
the first sentence of their abstract: their statistical model is just nearly universal
(which was still, of course, an incredible breakthrough in texture modelling).

A much less specific approach was proposed two years before by the authors
of [Zhu et al. 1998]. In this article, Zhu et al. completely identify the concept of
texture with the one of random field. Subsequently, they explain that if one has
access to several exemplars of the same texture, then texture analysis boils down to
inference on a probability distribution, and that, after this inference step, one can
perform texture synthesis by sampling according to that probability distribution.
Of course, apart from the Gaussian case where such an analysis/synthesis pipeline
is easily followed, these two steps are very hard to solve in a general setting. In
their FRAME algorithm, Zhu et al. suggest to infer a Gibbs distribution by se-
lecting automatically a few filters (among a large filter bank) that will capture the
important features of the considered texture.

The FRAME algorithm thus automatically recognizes the features that will play
a role in the perception of a specific texture. In terms of textons, this analysis step
is close to the one of [Malik et al. 1999] because in some sense, both articles go
against the search of a universal notion of texton. Indeed, since the concept of
texture is quite vague, we do not know a priori what kind of local details will
drive our perception, and thus it is natural to define the textons with respect to a
specific class of textures. In the example of Gaussian textures, this justifies again
the definition of texton that was given in [Desolneux et al. 2012]. This idea has also
been pursued in [Zhu et al. 2005] whose authors propose a more generative view of
textons.

One of the advantage of FRAME is that it is formulated in the framework of
Gibbs distributions, which are shown to be equivalent to Markov random fields by
the Hammersley-Clifford theorem [Besag 1974], [Winkler 2006]. Let us recall that
a Markov random field (MRF) is a probability distribution P on a set of images RΩ

such that (with obvious notations for the conditional distributions) for every pixel x,

P p upxq | upyq, y ‰ x q “ P p upxq | upyq, y P Nx ,y ‰ x q ,

where Nx is a neighborhood of x. The right-hand side of this equation is sometimes
called local specification of the MRF.

Therefore, Markov random fields form a clearly defined probabilistic model
which is very suited to texture analysis because it is completely determined by the
local specification. Even if MRF models are generally presented only in the case of
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a finite image domain3 Ω, relying on a precise random model is still an apprecia-
ble theoretical asset (which does not have [Portilla & Simoncelli 2000] for example).
MRF have already been used for texture analysis and synthesis long before the arti-
cle of Zhu et al., for example in [Cross & Jain 1983], [Chellappa & Chatterjee 1985]
and [Geman & Graffigne 1986]. But these three articles use simple local specifica-
tions parametrized by a few number of coefficients which can be estimated on an
exemplar; hence the richness of these models is very limited.

Nonetheless, anyone who performs texture synthesis based on a MRF model is
confronted to the fact that in general, the sampling of MRF involves heavy numer-
ical simulations. Apart from very specific cases, the simulation of MRF relies on
Gibbs sampling, which is a very costly algorithm especially with large size neigh-
borhoods Nx, and whose convergence speed may depend on the model (because it
is already true for the “simple” case of Ising model). This practical problem is thus
the main limitation of FRAME synthesis algorithm.

The incredible success of non-parametric texture synthesis by example

Fortunately, a tremendous simplification was brought quasi-simultaneously by the
authors of [Efros & Leung 1999] and [Wei & Levoy 2000]. They showed that by-
example texture synthesis could be performed by progressive filling of the synthesis
domain with a kind of copy-paste technique: in order to synthesize a new pixel x, one
only has to look for exemplar pixels whose neighborhoods resemble the already syn-
thesized pixels in the neighborhood of x. Then, one can randomly sample from these
exemplar values as suggested in [Efros & Leung 1999] or simply copy the most re-
sembling exemplar value as in [Wei & Levoy 2000]. Apart from slight modifications
involved in the final algorithms (for example in [Wei & Levoy 2000], the multireso-
lution scheme, and the tree-structured vector quantization which greatly fastens the
execution), the simple “copy-paste” principle was established. In terms of MRF,
it means that one has access to a partial realization of the random field, sampling
according to the local conditional distribution can be approximated by this simple
copy-paste operation. This tremendous simplification certainly explains the success
of their method over the one proposed in [Paget & Longstaff 1998] which consists in
a precise non-parametric estimation and sampling of the local conditional distribu-
tions of the MRF. The algorithms of [Efros & Leung 1999] and [Wei & Levoy 2000]
exhibit good results even on structured textures. As one can try with the online
demo [Aguerrebere et al. 2013], these algorithms may be less precise for microtex-
ture synthesis than random phase algorithms, but they perform well on many more
structured textures.

The works of Efros-Leung and Wei-Levoy have inspired many further texture
synthesis articles and methods; here we will mention only a few ones that we judge
apropos with regards to the problematics of this thesis; the interested reader may
refer to [Wei et al. 2009] for a more exhaustive (though already outdated) review.
Several authors remarked that in Efros-Leung algorithm, only a few pixels have a

3 Several technical difficulties arise when considering Markov random fields defined over the

infinite lattice Z2, see for example [Prum 1997].
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truly random choice when sampled, so that the copy-paste principle could be acceler-
ated by processing patches instead of pixels. Thus, the method of [Liang et al. 2001]
accelerates the one of [Efros & Leung 1999] by using conditional sampling of patches
instead of pixels. The authors of [Efros & Freeman 2001] also exploit such a patch-
based sampling method but obtain much better results since they cautiously handle
the boundary between adjacent overlapping blocks: a minimum error boundary cut
is found with a dynamic programming method. The authors of [Kwatra et al. 2003]
bring a considerable algorithmic improvement to Efros-Freeman’ method by us-
ing graphcut optimization to stitch the texture blocks. Let us also mention the
work [Ashikhmin 2001] which modifies Wei-Levoy’ algorithm by encouraging ver-
batim copy; this modification is quite questionable in terms of random simula-
tion but undeniably fastens the method by avoiding exhaustive search in the ex-
emplar texture. The methods of [Wei & Levoy 2000] and [Ashikhmin 2001] have
inspired the concept of image analogies [Hertzmann et al. 2001] which has numer-
ous applications, although it brings only minor improvements as concerns texture
synthesis. The patch similarity in [Efros & Leung 1999] also inspired the “non-
local means” denoising algorithm [Buades et al. 2005]. Finally, the unpublished
work [Wei & Levoy 2002] achieves order-independence in the pixels filling; we would
like to highlight here that this feature is conceptually attractive because it guaran-
tees some kind of stationarity in the output random field.

Texture Optimization

The order-independence is inherently respected by synthesis algorithms
based on texture optimization [Kwatra et al. 2005] (and its surface ana-
logue [Han et al. 2006]). Given an exemplar texture u : Ωu ÝÑ Rd, Kwatra et
al. suggested to synthesize a texture v : Ωv ÝÑ Rd by finding a local minimum of
the “texture energy”

Epvq “
∑

yPΩv

min
xPΩu

‖pupxq ´ pvpyq‖2 ,

where pupxq denotes the patch of u that is centered on pixel x. The authors propose
to minimize this energy, starting from a random initialization, by iterating simul-
taneous projections of all the pixel values to the exemplar values with the closest
resembling neighborhood. Here too, the final algorithm is a bit more complicated
(multiresolution framework, reweighted least-square for optimization, and K-means
acceleration for patch search in the exemplar) but this method is an inherently
stationary improvement of [Wei & Levoy 2000] and produces both impressive and
stable results on highly structured textures (the stability of the algorithms will
be discussed below). Texture optimization can also address constrained synthe-
sis [Kwatra et al. 2005], [Ramanarayanan & Bala 2007], [Kim et al. 2012]. Finally,
let us mention that similar functionals have been used to address video inpainting
problems [Wexler et al. 2004], [Newson et al. 2014] and also inspired the PATCH-
MATCH algorithm for image editing [Barnes et al. 2009].

Maybe one last drawback of texture optimization algorithms is that they do not
meet with the requirements of computer graphics. For this kind of applications,
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the algorithm is often asked to be procedural (meaning that the output texture
can be evaluated at any spatial position (in a continuous setting)), parallel (mean-
ing that the output pixel values can be computed separately), and must have low
memory storage (because of constraints involved in GPU execution). Nowadays,
many algorithms allow for real-time texture synthesis, but they are often limited
to a certain class of textures. Since the seminal paper [Perlin 1985], several pro-
cedural noises have been proposed [Cook & DeRose 2005], [Goldberg et al. 2008]
(see [Lagae et al. 2010a] for a detailed review), with recent progress in procedu-
ral noise by example [Lagae et al. 2009], [Lagae et al. 2010b], [Galerne et al. 2012],
[Gilet et al. 2014]; but all these methods essentially concentrate on random phase
textures. Closer to the aforementioned texture optimization models, lies the syn-
thesis algorithm of [Lefebvre & Hoppe 2005] which is parallel but not procedural,
and was followed by several variants like [Dong et al. 2008] or [Han et al. 2008]. In
this article, Lefebvre and Hoppe propose to generate, in a multiscale framework,
more and more detailed versions of the texture, by performing, at each scale, a
jittering step (that introduces some randomness) and a correction step (inspired
by [Ashikhmin 2001]). A main strength of this method is that it has been designed
to allow for parallel evaluation and thus benefits from fast GPU execution Besides,
since it combines many advantages of previous methods, it is able to handle a very
large class of textures. If we could here express some personal point of view, we
would say that this method is, up to date, the most impressive synthesis algorithm
with regards to its execution speed and the diversity of well-reproduced textures.

Towards texture models that combine the flexibility of the spot noise model and

the richness of patch-based models

Despite all these efforts directed towards texture synthesis, we believe that there is
still room for improvement in the research of texture models having certain math-
ematical guarantees. In particular, such guarantees could solve the stability prob-
lems encountered with methods inspired by the “copy-paste” principle. For exam-
ple, Efros-Leung algorithm is not stable for two reasons. On the one hand, two
output textures computed on the same exemplar may look different. And on the
other hand, on certain textures, the result is corrupted by the famous “growing-
garbage” effect (which is already mentioned by [Efros & Leung 1999] and illustrated
in Fig. 1.8). These stability problems can certainly be explained by the weakness
of mathematical guarantees provided by Efros-Leung algorithm. In fact, the au-
thors of [Levina & Bickel 2006] showed that Efros-Leung algorithm is a consistent
resampling method provided that the size of the exemplar tends to infinity. Such a
result is of course very welcomed but unfortunately not sufficient to ensure practical
stability of the synthesis algorithm4. In contrast, these stability problems do not
happen anymore with truly stationary schemes. For example, with natural texture
samples, several results of RPN or ADSN synthesis have similar appearance; also,

4It would certainly be interesting to pursue the work of [Levina & Bickel 2006] by proving an

(approximate) consistency result based only on a finite observation, even if it requires very strong

assumptions of the random field.
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Figure 1.8: Growing-garbage effect. The synthesized texture on the
right has been obtained with Efros-Leung algorithm (using the online
demo [Aguerrebere et al. 2013]) applied to the original texture shown on the left.
In the output image, one can clearly distinguish a spatial boundary beyond which
the synthesis fails (we say that the algorithm is “growing garbage”).

to the best of our knowledge, no stability problems have been encountered in the
stationary method of [Kwatra et al. 2005].

Hence the need of clear random texture models that are simple enough to allow
for mathematical analysis (and thus for theoretical guarantees and/or fast sam-
pling), and whose richness comes close to the one of recent patch-based models.
Such a model would certainly rely on the analysis of patch distributions. Con-
sidering the patch distribution of a texture is, to some extent, a way to reconcile
the approaches based on filter banks, and the approaches based on Markov ran-
dom fields (thereby avoiding the difficulties attached to conditional distributions).
This point of view is justified by the findings of [Varma & Zisserman 2003] whose
authors showed that better results could be obtained in texture classification by di-
rect analysis of the patch distribution, compared to the results obtained via a filter
bank (even if the filters support is larger than the patch domain). Therefore, this
suggests that textons could be directly defined through the analysis of the patch
distribution.

One successful way to analyze a patch distribution is to make use of vi-
sual dictionaries. Since the concept of dictionary originated in the need of
adaptive sparse representations of images, such approaches in texture synthe-
sis could be considered as the natural continuation of filter-based models and
in particular [Zhu et al. 2005]. The author of [Peyré 2009] successfully com-
bines texture optimization [Kwatra et al. 2005] and a dictionary learning tech-
nique [Mairal et al. 2008]; the corresponding synthesis algorithm is able to syn-
thesize structured textures in a slightly over-regularized manner. Later, this work
about sparse texture synthesis was pursued in [Tartavel et al. 2014]. The authors
of this article suggest to minimize a functional made of different terms. One
term constrains the dictionary atoms to be used with the same frequencies than
in the exemplar texture (which makes the output textures seem less regular than
in [Peyré 2009]). The other terms constrain the color distribution, and also the
global Fourier modulus (which, again, is the only extracted information in RPN
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and ADSN synthesis). The output randomness is obtained through stochastic ini-
tialization of the minimization process. Unfortunately the synthesized texture ob-
tained by the algorithm of [Tartavel et al. 2014] is still quite difficult to describe as
a stationary random field. Indeed, further research would be required to understand
more thoroughly the distribution of images obtained by applying a a global opti-
mization procedure to a random field. If the functional is considered to be a Gibbs
potential, this method seems more as a way to extract local maxima a posteriori
than a method to sample according to the Gibbs distribution.

In Chapter 5 of this thesis, we have followed a different path: we tried to find
simple random fields (inspired by the aforementioned synthesis algorithms) whose
simulation is straightforward and that are still able to reproduce a wide class of
textures. Inspired by the aforementioned works in texture synthesis, we tried to
design new texture models that combine the benefits of both spot noise models and
patch-based models.

In Section 5.2 we define localized variants of the ADSN model which allow to
resynthesize on the same domain non-stationary microtextures. The corresponding
simulation scheme is still very efficient because such a local ADSN can be approx-
imated by a low-intensity discrete spot noise (as for the ADSN associated to the
synthesis-oriented texton in Section 3.3). Besides, we can fully describe the dis-
tribution of the random field since it is Gaussian with easily computed first-order
and second-order moments. This algorithm is able to resynthesize non-stationary
microtextures (like the ones encountered in radiographic images) because it locally
respects the texture autocorrelation. Besides, experimental results show that this
synthesis commutes with the addition of a sufficiently smooth component; this
method can thus be understood as approximate resynthesis of a Gaussian texture
conditioned on a low-frequency component. The corresponding synthesis results
illustrate the potential of Gaussian models with relaxed stationarity constraint.

Finally, in Section 5.3 we propose to define bi-level texture models which consist
of a coarse-scale random phase field on which fine scale details are added through a
local function. Such a model agrees with the paradigm [Galerne et al. 2011b] that a
texture can be considered as random phase if it is seen from sufficiently far away. We
present one instance of bi-level models by using a patch-based local function whose
construction is inspired by [Kwatra et al. 2005]. It leads to a by-example synthesis
algorithm whose results are comparable to the ones of [Kwatra et al. 2005] but with
a simpler synthesis algorithm and with additional mathematical guarantees. One
main conceptual asset of this model is that it can be seen as a local function of a
stationary Gaussian random field. In particular, the stationarity and the long-range
independence obtained with this texture model are good guarantees for stability,
which is illustrated by the fact that it can be used to synthesize structured textures
on very large domains.
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1.5 Detailed Outline of the Thesis

We here give a detailed overview of the following chapters, with the main contribu-
tions written in bold characters.

Chapter 2

In Chapter 2, we propose a unified framework for stationary texture mod-

elling in which we define, study, and compare several well-known texture

models, like the spot noise model, the random phase noise, moving averages, au-
toregressions, and Gaussian Markov random fields (GMRF). For the sake of read-
ability, we distinguish between texture models that are defined over a periodic finite
domain Θ “ Z{MZ ˆ Z{NZ called circular models, and texture models that are
defined over the whole plane Z2. In the first case, the spectral representation is
given by the DFT, whereas it is obtained with Herglotz theorem in the second case.

After recalling the construction and well-known properties of the spot noise
model, we discuss several questions related to ADSN random fields. In particular,
in the circular gray-level case, we recall that any stationary Gaussian random field
can be obtained as an ADSN, and in the circular color case, we propose a canonical

decomposition of a Rd-valued Gaussian stationary random field into a sum
of d independent ADSN fields. The notion of texton is recalled for circular Gaussian
models [Desolneux et al. 2012] and also introduced for Gaussian models on Z2 (but
mainly used for simulation purpose)

Finally, we recall the definition of the optimal transport distance between circu-
lar random fields and recall (with a simplified proof) the result of [Xia et al. 2014]
that expresses the distance between two circular ADSN fields. We also extend this
definition and this result to the infinite lattice by defining an optimal transport

distance between stationary random fields on Z2.

Chapter 3

In Chapter 3, we explain how the random phase models introduced in Chapter 2
can be used to perform fast by-example synthesis of microtextures.

In Section 3.1, we show how to estimate a Gaussian model from an exemplar
texture u : Ω ÝÑ Rd. In particular, we compare periodic and non-periodic

estimators of the covariance function. Next, in Section 3.2 we present several
examples of random phase texture synthesis, with the underlying desire to precisely
highlight the limits of RPN and ADSN synthesis.

In Section 3.3 we present the main contribution of this chapter: we explain how
to derive from an exemplar texture a so-called synthesis-oriented texton (SOT).
This texton is designed to hold in a prescribed compact support, and to realize a
good approximation of the ADSN model associated to the exemplar. Besides, the
SOT spreads over all the available support, and thus the corresponding DSN real-
izes a good approximation of the Gaussian limit even for a reasonably low intensity.
We will thus show that many microtextures can be convincingly synthe-

sized with a DSN model associated to a very small SOT (31 ˆ 31) and
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with less than 50 operations per pixel. We can thus take profit of the nu-
merous advantages of direct spot noise synthesis, in particular fast parallel local
evaluations. Motivated by a peculiar example of SOT, we also show that the raw

optimal transport distance is not sufficient to measure precisely the per-

ceptual proximity between two textures because of the equal contribution of
all frequencies of the Fourier domain. We thus propose an optimal transport dis-

tance including frequency weights which reflects more accurately our texture
perception and which is used to get a more robust SOT.

Finally, in Section 3.4, we apply random phase texture models to the prob-
lem of textural inpainting. Since textural inpainting can be clearly formulated as
conditional simulation, we obtain a satisfying textural inpainting algorithm

for microtextures by adapting the Gaussian conditional simulation scheme
based on kriging estimation [Lantuéjoul 2002].

Chapter 4

Chapter 4 is devoted to a thorough presentation of the global phase coherence
indices GPC, SI and S. In Section 4.3, we give basic properties of these indices
and also analyze the regularity of SI and S. We also show that the phase

coherence indices of random phase fields are expected to be low (we
actually compute the exact distribution of the GPC of a RPN). A related question
is to study the TV of a random phase field. In Appendix 4.A, we provide an
explicit approximation of the expected TV in the RPN model (which can
be plugged in the numerical computation of GPC). Also, in Appendix 4.B, in a
well-chosen asymptotic framework, we justify the Gaussian approximation of

the TV distribution of certain ADSN models (which underlies the operative
definition of SI).

In Section 4.4, we provide a practical study which relates these indices to the im-
age sharpness. We provide many experiments that illustrate their behavior on natu-
ral images, and in particular, with the same methodology than [Blanchet et al. 2008]
and [Blanchet & Moisan 2012] we confirm that these indices are sensitive to

blur, noise and ringing artifacts. However, we illustrate in the end of this
section that these indices have no reason to reflect perfectly the perceptual notion
of sharpness (in particular when facing phase-coherent artifacts). Nevertheless, the
index S can still be considered as a good prior for deblurring an image u. In
Section 4.5, we propose to find a restoration kernel k that maximizes the sharp-
ness Spk ˚ uq of the restored image. Restricting to the class of kernels having
radial and unimodal DFT, then we can use a simple stochastic scheme to optimize
this functional. This method can thus treat isotropic blur by applying a

well-chosen deconvolution filter and compares well to other purely non-linear
methods while keeping the benefits of linear filtering.
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Chapter 5

In Section 5.1, we illustrate the difficulty of direct phase analysis/synthesis. We
first show that the stationary assumption imposes to consider the phase

modulo the linear functions (called ramp functions). We will see that the
bispectrum phase provides such a representation but does not seem appropriate
for by-example texture synthesis. To end this section, we illustrate that the phase
coherence indices of Chapter 4 are not sufficient to assess precisely the plausibility
of an exemplar texture in the random phase model.

The rest of this chapter is devoted to texture models which combine the benefits
of Gaussian models and patch-based sampling. In Section 5.2 we define a local
spot noise model which allows to resynthesize non-stationary microtextures. The
corresponding Gaussian limit can still be approximated by a low-intensity local spot
noise, which allows for fast simulation. Several examples of local spot noise show
that the Gaussian model gets much richer with a relaxed stationarity

constraint.
Finally, in Section 5.3 we propose to define bi-level models as local functions

of coarse-scale stationary Gaussian random fields. We formulate simple math-

ematical properties of such bi-level models, like stationarity or long-range
independence, which can be understood as strong guarantees of stability and

innovation. Using a patch-based local function inspired by [Kwatra et al. 2005],
we show that such a bi-level model can synthesize many macrotextures on

very large domains.

1.6 Publications

The content of Chapter 4 has been recently published as is in the journal article

No-reference image quality assessment and blind deblurring

with sharpness metrics exploiting Fourier phase information

(Arthur Leclaire, Lionel Moisan), Journal of Mathematical Imaging and
Vision, 2015.

A preliminar version of this work was presented in the conference paper

Blind Deblurring Using a Simplified Sharpness Index (Arthur
Leclaire, Lionel Moisan), proceedings of the fourth International Con-
ference on Scale Space and Variational Methods in Computer Vision,
Lecture Notes in Computer Science, vol. 7893, pp. 86-97, 2013.

The technical issue of border effects in the computation of SI was discussed in

Une Variante non Périodique du Sharpness Index (Arthur
Leclaire, Lionel Moisan), Actes du GRETSI, 2013.

Finally, the synthesis-oriented texton was presented in the conference paper

A Texton for Fast and Flexible Gaussian Texture Synthesis

(Bruno Galerne, Arthur Leclaire, Lionel Moisan), proceedings of the Eu-
ropean Signal Processing Conference, 2014.
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The objective of this chapter is to introduce the random phase fields that will
be used as texture models in Chapter 3 and for phase coherence evaluation in
Chapter 4. In particular, a wide part of this chapter is devoted to the study of
discrete Gaussian random fields.

The Gaussian random fields that were first proposed for texture modelling
consist of 2-D generalizations of the autoregressive and moving average fields
obtained with a Gaussian excitation function. Such models were used for tex-
ture synthesis in [Chellappa & Kashyap 1985] and [Cadzow et al. 1993], for texture
classification in [Chellappa & Chatterjee 1985], and also for texture segmentation
in [Chellappa 1985]. Notice that the term “autoregressive” is not adapted to the
two-dimensional case for which there is no natural definition of the past and future
of the process; this is why the corresponding texture model is called “noncausal
autoregressive”. The spectral density of these Gaussian processes is a trigonometric
polynomial (often with low degree) in the moving average case, and a trigonometric
rationale function in the autoregressive case.

The moving average fields are a particular case of filtered white noises. In the
computer graphics community, such models were proposed for texture synthesis



40 Chapter 2. Random Phase Fields

in [Lewis 1984], [Lewis 1989] and [Van Wijk 1991]. In particular, the spot noise
model of [Van Wijk 1991] consists of the superposition of randomly-shifted copies of
a kernel h positioned according to a Poisson point process. In other words, the spot
noise is the convolution of a kernel h with a Poisson white noise. In [Van Wijk 1991],
the author notices that the Fourier transform of the spot noise is obtained by
multiplying the Fourier coefficients of h by a scale factor and a phase shift. He
clearly states the randomness of the phase shifts, but not the one of the scale factor,
leading to a confusion between the spot noise model and any other filtered white
noise model. However the experiments shown in his article clearly demonstrates the
richness of the spot noise model. In contrast to the moving average and noncausal
autoregressive models, the spectral density of the spot noise model is not restricted
to a parametric class.

The mathematical analysis of the spot noise model was presented
in [Galerne et al. 2011b]. In this article, is is shown that when the intensity of
the Poisson point process tends to infinity, the discrete spot noise converges to the
so-called asymptotic discrete spot noise (ADSN) which is the convolution of the
kernel with a Gaussian white noise. The authors also make a clear distinction be-
tween the ADSN and the random-phase noise (RPN) which is a process with fixed
Fourier modulus and with uniform random Fourier phase. However, they show that
both ADSN and RPN can model a wide class of microtextures composed of texture
images for which the phase does not convey any useful information.

The stationary Gaussian model (and in particular ADSN), besides from its
interest in texture synthesis demonstrated in [Galerne et al. 2011b], leads to fruitful
mathematical developments. For example it was used in [Grosjean & Moisan 2009]
to study the detectability of spots on textured background using the a-contrario
methodology. Also, an expression of the optimal transport distance between two
ADSN random fields was given in in [Xia et al. 2014] and [Desolneux et al. 2015]
(with an application to texture mixing in the former article).

The Gaussian random fields are characterized by their moments of order 1 and 2.
Even if this property is very convenient on a theoretical point of view (for example
when doing conditional simulation as in Section 3.4), it is also their main lim-
itation as texture models. Indeed, as shown in [Julesz 1981], the pre-attentive
perception of texture by the human visual system is not reduced to the statistics
of order 1 and 2 but also depends on local conspicuous features. More precisely,
since their Fourier phase is uniform, the ADSN and RPN fields cannot model tex-
tures with geometrical salient elements (like sharp edges), according to the obser-
vations of [Oppenheim & Lim 1981]. This property restricts their performance in
by-example texture synthesis, as will be seen in Chapter 3.

In this chapter, we present in a unified framework several random phase fields
that will be later used as texture models. In particular we study the RPN, ADSN,
and general Gaussian models, with particular attention on the spectral represen-
tation of the random fields. We explain the available simulation scheme for such
Gaussian models, and we take this opportunity to define the textons associated
to a Gaussian model. We also define and compute the optimal transport distance
between ADSN fields. For the sake of clarity, we prefer to distinguish between the
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models defined on a circular finite domain, and those defined on the infinite lat-
tice Z2. Indeed, the analysis and simulation of circular random fields is easy since
the discrete Fourier basis is an eigenvector basis of the corresponding covariance op-
erators. In contrast, the spectral representation of stationary random fields on Z2

may not be sampled on a discrete grid in Fourier domain. Since we are interested in
color texture models, we consider random phase fields with values in Rd where d de-
notes the number of channels (3 for an RGB image). The main contributions of this
chapter are the decomposition of a multi-channel Gaussian field as a sum of ADSN
fields (Subsection 2.1.4), a simpler proof of the expression giving the optimal trans-
port distance between circular ADSN fields (Subsection 2.1.6), and its extension to
the case of ADSN fields defined over the whole plane Z2 (Subsection 2.2.7).

2.1 Circular Stationary Random Fields

Let Θ “ Z{MZ ˆ Z{NZ be a periodic rectangular discrete domain of size M ˆN .

2.1.1 General Definitions

In this subsection, we recall general definitions and properties of circular stationary
random fields and their spectral representation. Even if these general results are
well-known (see for example [Doob 1990], [Galerne et al. 2011b], [Xia et al. 2014]),
they are recalled with their proofs, for the sake of completeness.

Random Fields and Covariance Functions

Definition 2.1.1. A random field on Θ is a random process F on Θ with values
in Rd, meaning that for all x P Θ, F pxq is a random variable in Rd. Omitting
to write the probability sample ω, we will often denote F as a random function
F : Θ ÝÑ Rd. It is said to be of order p if for all x P Θ, Ep‖F pxq‖pq ă 8. If F is of
order one, its expectation (or mean field) is the function m : Θ ÝÑ Rd defined by

@x P Θ, mpxq “ EpF pxqq .

If F is of order two, its spatial covariance is the function ΓF : Θ ˆ Θ ÝÑ Rdˆd

defined by

@x,y P Θ, ΓF px,yq “ CovpF pxq, F pyqq “ EppF pxq ´mpxqqpF pyq ´mpyqqT q .

The random field F is said to be Gaussian if any linear combination of its values
is Gaussian. The distribution of a Gaussian random field F with mean m and
covariance Γ will be denoted by N pm,Γq.

Notice that a covariance Γ can also be seen as the covariance matrix of a random
vector in RΘˆd, and thus inherits the property of such covariance matrices. But
since we are particularly interested in the spectral analysis, it is worth writing these
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properties with a clear distinction between the spatial index x P Θ and the channel
index j P {1, . . . , d}. The covariance satisfies the symmetry constraint

ΓF py,xq “ ΓF px,yqT

and the non-negativity constraint

@f P pCdqΘ,
∑

x,yPΘ

fpxqTΓF px,yqfpyq ě 0 ,

where fpyq refers to the complex conjugate of fpxq. The covariance is associated
to the non-negative Hermitian form on pCdqΩ

pCdqΘ ˆ pCdqΘ ÝÑ C

pf, gq ÞÝÑ
∑

xPΘ,yPΘ

fpxqTΓF px,yqgpyq .

Conversely, given any function Γ which satisfies these two properties, one can build
a random field on Θ with expectation 0 and covariance Γ.

Definition 2.1.2. A random field F on Θ is said to be circular stationary (or
simply circular) if for every n ě 1, x1, . . . ,xn P Θ, v P Θ, pF px1q, . . . , F pxnqq has
the same distribution as pF px1 ` vq, . . . , F pxn ` vqq.

If F is a second-order stationary random field on Θ, its expected value

m “ EpF pxqq P Rd

does not depend on the location x, and the covariance between two samples

CovpF pxq, F pyqq “ EppF pxq ´mqpF pyq ´mqT q P Rdˆd

only depends on the shift y ´ x.

Definition 2.1.3. The covariance function of a second-order circular random
field F on Θ is the function CF : Θ ÝÑ Rdˆd such that

@x,y P Θ, CovpF pxq, F pyqq “ CF px ´ yq .

By abuse of notation, we still denote by N pm,Cq the distribution of a Gaussian
circular stationary random field with mean m and covariance function C.

If F is a second-order circular random field on Θ, we thus have

@x,y P Θ,@v P Θ, ΓF px ` v,y ` vq “ ΓF px,yq .

This property is sometimes referred to as “ΓF is circulant”.
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Spectral Representation

Let us recall that the discrete Fourier transform (DFT) of a (matrix-valued) function
f : Θ ÝÑ Rpˆq is the function f̂ : Θ ÝÑ Cpˆq defined by

@ξ P Θ, f̂pξq “
∑

xPΘ

fpxqe´i〈ξ,x〉 , (2.1)

where 〈ξ,x〉 “ 2π
(x1ξ1

M
` x2ξ2

N

)
for ξ “ pξ1, ξ2q P Θ and x “ px1, x2q P Θ. Since

f is real valued, we have f̂p´ξq “ f̂pξq. Notice that, if f, g are two matrix-valued
functions on Θ such that the product fg is well defined, then we can define their
(circular) convolution by

@x P Θ, f ˚ gpxq “
∑

yPΘ

fpyqgpx ´ yq .

The DFT of the convolution is given by f̂ ˚ g “ f̂ ĝ. Indeed, for all ξ P Θ, we have

f̂ ˚ gpξq “
∑

xPΘ

f ˚ gpxqe´i〈ξ,x〉

“
∑

x,yPΘ

fpyqgpx ´ yqe´i〈ξ,x〉

“
∑

x,yPΘ

fpyqe´i〈ξ,y〉gpx ´ yqe´i〈ξ,x´y〉

“
∑

x,zPΘ

fpyqe´i〈ξ,y〉gpzqe´i〈ξ,z〉 “ f̂pξqĝpξq .

In particular, if we set f̃pxq “ fp´xq, then the (non-centered) autocorrelation
of a function f : Θ ÝÑ Rp defined by

@v P Θ, f ˚ f̃T pvq “
∑

xPΘ

fpxqf̃pv ´ xqT “
∑

xPΘ

fpxqfpx ´ vqT

satisfies
f̂ ˚ f̃T “ f̂

̂̃
fT “ f̂ f̂˚ ,

where f̂pξq˚ “ f̂pξqT is the transposed conjugate of f̂pξq.
Let F be a second-order circular random field on Θ with mean m and covariance

function C. One has for all v P Θ,

EpF ˚ F̃ T pvqq “
∑

xPΘ

EpF pxqF px ´ vqT q “ |Θ|pCpvq `mmT q .

Taking the DFT of both sides, we get

@ξ P Θz{0}, Ĉpξq “
1

|Θ|
E
(
F̂ ˚ F̃ T pξq

)
“

1
|Θ|

EpF̂ pξqF̂ pξq˚q ,

Ĉp0q “
1

|Θ|
EpF̂ p0qF̂ p0q˚q ´ |Θ|mmT ,
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or equivalently,
1

|Θ|
EppF ´mq ˚ pF̃ ´mqT pvqq “ Cpvq . (2.2)

Besides, since EpF pxqq “ m for all x, we have

@ξ P Θz{0}, EpF̂ pξqq “ 0 ,

EpF̂ p0qq “ |Θ|m ,

so that we get the following proposition.

Proposition 2.1.1. If F is a circular random field on Θ with values in Rd and
with covariance function C, then

@ξ P Θ, Ĉpξq “
1

|Θ|
CovpF̂ pξqq “

1
|Θ|

EppF̂ pξq ´ EF̂ pξqqpF̂ pξq ´ EF̂ pξqq˚q

In particular, Ĉpξq belongs to the set Hě0
d of Hermitian non-negative matrices of

size d ˆ d, and we have Ĉp´ξq “ Ĉpξq. The function Ĉ : Θ ÝÑ Hě0
d is called the

power spectrum of F .

Notice that for all f, g P pCdqΘ,

∑

x,y

fpxqTCpx ´ yqgpyq “
1

|Θ|

∑

x,y

∑

ξ

fpxqT Ĉpξqei〈ξ,x´y〉gpyq

“
1

|Θ|

∑

ξ

(∑

x

fpxqei〈ξ,x〉
)T

Ĉpξq
∑

y

gpyqei〈ξ,y〉

“
1

|Θ|

∑

ξ

˜̂
fpξqT Ĉpξq˜̂gpξq . (2.3)

This property means that the operator associated to the Hermitian form defined
by the covariance is block-diagonal in the discrete Fourier basis.

Based on the spectral representation of the covariance function, we can give a
convenient definition of the terms “white noise” and “colored noise”.

Definition 2.1.4. A circular random field F : Θ ÝÑ Rd with covariance func-
tion C is said to be a white noise if its power spectrum is constant (or equivalently
if C “ Cp0qδ0). A circular colored noise is a random field F : Θ ÝÑ Rd that can
be written F “ m` h ˚ W where m P Rd, where h : Θ ÝÑ Rdˆd is a matrix-valued
function and where W is a Rd-valued white noise on Θ. A circular rank-one colored
noise is a random field F : Θ ÝÑ Rd that can be written F “ m ` h ˚ W where
m P Rd, where h : Θ ÝÑ Rd and where W is a scalar white noise on Θ.

Notice that if F “ m ` h ˚ W with m P Rd, h : Θ ÝÑ Rd and with W a scalar
white noise, then for each ξ P Θz{0}, we have

Ĉpξq “ VarpW p0qq ĥpξqĥpξq˚

which is a matrix with rank ď 1, which justifies the terminology.
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The reader must be warned that this definition only concerns the moments of
order 2, and is thus quite weak. In particular, this definition does not concern the
phase information (argument of the DFT), which has a particular importance in
image perception. The next paragraph will introduce some more terminology to re-
fer to random fields that have the least possible structure in the phase information.
Let us emphasize on the fact that a white noise has only uncorrelated samples. Fol-
lowing a remark on [Grenander & Rosenblatt 1953, p.2], we will use the expression
“pure white noise” (due to Tukey) to refer to a random field whose samples are
independent. Notice that in the Gaussian case, a white noise is always a pure white
noise.

Random Fields with Uniform Phase

Let us introduce two subsets Θ`,Θ0 of Θ such that

Θ “ Θ` \ p´Θ`q \ Θ0

is a partition of Θ. Setting

ηx “ p´M{2, 0q ηy “ p0,´N{2q ηxy “ p´M{2,´N{2q ,

the elements of Θ0 “ ΘX{0,ηx,ηy,ηxy} are the frequencies ξ P Θ such that ´ξ “ ξ,
i.e. ´pξ1, ξ2q “ pξ1, ξ2q mod pM,Nq ).

Let us also write T “ R{2πZ. If u : Θ ÝÑ R is a gray-level image, then a phase
function for u is any function ϕ : Θ ÝÑ T such that û “ |û|eiϕ. If ûpξq ‰ 0, the
phase coefficient ϕpξq P T is uniquely defined as an argument of ûpξq P C˚ (denoted
by argpûpξqq), while any arbitrary value can be chosen if ûpξq “ 0.

Definition 2.1.5 ([Galerne et al. 2011b]). A uniform random phase function is a
random function ψ : Θ ÝÑ T such that

¨ @ξ P Θ, ψp´ξq “ ´ψpξq,

¨ ψpξq „ UpTq if ξ P ΘzΘ0 and ψpξq „ Up{0, π}q if ξ P Θ0,

¨ pψpξqqξPΘ`YΘ0
are independent.

A random phase field on Θ is a random field F : Θ ÝÑ Rd whose DFT can be
written F̂ “ Ĝeiψ where ψ is a uniform random phase function, where G is a
random field on Θ and where ψ and G are independent.

Actually, there is an abuse of terminology in Definition 2.1.5 because a random
phase function may not be uniform; in this case we would speak of a structured phase
function. In order to avoid ambiguity, one should use the more precise expression
“random field with uniform phase” instead of “random phase field”.

Proposition 2.1.2. A random field with uniform phase is circular stationary.
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Proof. Let F such that F̂ “ Ĝeiψ , where ψ is a uniform random phase function
and G a random field G. Let v P Θ and let us consider

τvF pxq “ F px ´ vq .

The DFT of τvF is given by

@ξ P Θ, τ̂vF pξq “ e´i〈ξ,v〉F̂ pξq “ e´i〈ξ,v〉`iψpξqĜpξq .

Since ψ is a uniform random phase function, so is ξ ÞÝÑ ψpξq ´ 〈ξ,v〉. Thus τ̂vF

has the same distribution as F̂ , and therefore, τvF has the same distribution as F ,
which proves that F is circular stationary.

Notice that the converse of Proposition 2.1.2 is clearly not true because a random
uniform translation of a fixed image is a circular stationary random field. Actually,
the phase constraints that are imposed by the stationarity assumption will be later
discussed in Subsection 5.1.1.

We will see in the sequel that interesting texture models are obtained as random
fields with uniform phase. However, since the geometry of an image is mostly
encoded in the phase of its Fourier transform [Oppenheim & Lim 1981], one cannot
expect to find any sharp geometrical detail in a random field with uniform phase.
This agrees with the next proposition which shows that a Gaussian white noise is
a random field with uniform phase.

Proposition 2.1.3 (DFT of a Gaussian white noise). If W is a Gaussian white
noise on Θ, then Ŵ is a Gaussian vector of CΩ „ pR2qΩ which satisfies

@ξ P Θ, Ŵ p´ξq “ Ŵ pξq ,

and such that the random variables pŴ pξqqΘ`YΘ0
are independent. Besides, for each

ξ P ΘzΘ0, Ŵ pξq is a Gaussian vector of C „ R2 of covariance MN

(
1{2 0
0 1{2

)

and for ξ P Θ0, Ŵ pξq is a real Gaussian random variable of variance MN . In
particular, we have

@ξ P Θ, E
(

|Ŵ pξq|2
)

“ MN .

In particular argpŴ q is a uniform random phase function.

Proof. Ŵ is a Gaussian vector of pR2qΩ because it is a linear transform of W , and

the relation Ŵ p´ξq “ Ŵ pξq is a well-known property of the DFT. Since W is a
Gaussian white noise, its characteristic function is given by

@ϕ P RΘ, E

[
exp

(
i
∑

xPΘ

ϕpxqW pxq
)]

“ exp

(
´

1
2

∑

xPΘ

ϕpxq2

)
.

Thanks to Parseval’s formula, we thus have for any ϕ P RΘ,

E


exp


i 1
MN

∑

ξPΘ

ϕ̂pξqŴ pξq




 “ exp


´

1
2MN

∑

ξPΘ

|ϕ̂pξq|2


 .
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Then, one has

∑

ξPΘ

ϕ̂pξqŴ pξq “
∑

ξPΘ`

ϕ̂pξqŴ pξq ` ϕ̂pξqŴ pξq `
∑

ξPΘ0

ϕ̂pξqŴ pξq

“
∑

ξPΘ`

2 Re
(
ϕ̂pξqŴ pξq

)
`
∑

ξPΘ0

ϕ̂pξqŴ pξq ,

and
∑

ξPΘ

|ϕ̂pξq|2 “
∑

ξPΘ`

2|ϕ̂pξq|2 `
∑

ξPΘ0

|ϕ̂pξq|2 .

Therefore

E


exp


i 1
MN


 ∑

ξPΘ`

2 Re
(
ϕ̂pξqŴ pξq

)
`
∑

ξPΘ0

ϕ̂pξqŴ pξq








“ exp


´

1
2MN


 ∑

ξPΘ`

2|ϕ̂pξq|2 `
∑

ξPΘ0

|ϕ̂pξq|2




 .

Since the mapping ϕ ÞÝÑ ϕ̂ defines a map of RΘ onto CΘ` ˆ RΘ0 , we get that for
all ψ P CΘ` ˆ RΘ0 ,

E


exp


i

∑

ξPΘ`

Re
(
ψpξqŴ pξq

)
` i

∑

ξPΘ0

ψpξqŴ pξq






“ exp


´

1
2


 ∑

ξPΘ`

MN

2
|ψpξq|2 `MN

∑

ξPΘ0

ψpξq2




 .

The left-hand side is exactly the characteristic function of the Gaussian vector
pŴ pξqqξPΘ`YΘ0

of pCqΘ
` ˆ RΘ0 , so that the last formula gives the desired indepen-

dence property and the marginal distributions.

Remark 2.1.1. The last proof is based on the characteristic function of Ŵ .
Let us mention that a more common proof of this result (which is given
in [Desolneux et al. 2015]) amounts to compute the correlations between all the
components of the random vector

(
Re
(
Ŵ pξq

)
, Im

(
Ŵ pξq

)
, ξ P Θ

)
.

2.1.2 Circular Discrete Spot Noise

Here again, the definitions and results that are gathered in this subsection are
quite standard [Papoulis 1971], [Van Wijk 1991], [Galerne et al. 2011b]. However,
since we focus on discrete random fields, several properties can be simplified (and
in particular, we provide an adapted proof for the Gaussian convergence of high-
intensity discrete spot noise).



48 Chapter 2. Random Phase Fields

Definition, covariance

Let h : Θ ÝÑ Rd (which will be often referred to as the kernel function) and let us
denote

∑
h “

∑
xPΘ hpxq. Let λ ą 0 and let Πλ denote a Poisson point process on Θ

with intensity λ. In this case where Θ is finite, the Poisson point process Πλ can be
represented by a finite sequence pXiq1ďiďNλ of random points which are independent
and uniformly distributed over Θ, and where the total number of points Nλ follows
the Poisson distribution Ppλ|Θ|q. For x P Θ, let us introduce

Pλpxq “ |
{
i P {1, . . . , Nλ} such that Xi “ x

}
|

which follows the Poisson distribution Ppλq.

Definition 2.1.6. The circular discrete spot noise (DSN) (or circular discrete Pois-
son spot noise) of intensity λ associated to h is the random field FΘ

h,λ : Θ ÝÑ Rd

defined by

@x P Θ, FΘ
h,λpxq “

Nλ∑

i“1

hpx ´ Xiq . (2.4)

Grouping the Xi’s by their location, this rewrites

@x P Θ, FΘ
h,λpxq “

∑

yPΘ

hpx ´ yqPλpyq ,

so that FΘ
h,λ “ h ˚ Pλ. Notice that Pλ is a Poisson white noise, because the Pλpxq

are independent and follow the distribution Ppλq. In particular, FΘ
h,λ is a rank-one

colored noise in the sense of Definition 2.1.4.
The random field FΘ

h,λ is of second-order and circular stationary. Its expectation
is given by

m “ EpFΘ
h,λpxqq “ λ

∑

xPΘ

hpxq .

Also, one has
FΘ
h,λ ´m “ h ˚ pPλ ´ λq .

Since Pλ is a white noise, we get that the covariance function of FΘ
h,λ is

CFΘ

h,λ
“ λh ˚ h̃T

which is the autocorrelation of h multiplied by the intensity λ.

Gaussian convergence at high intensity

Definition 2.1.7. The renormalized circular discrete spot noise of intensity λ as-
sociated to h is the random field GΘ

h,λ : Θ ÝÑ R defined by

GΘ
h,λ “

FΘ
h,λ ´ EpFΘ

h,λq√
λ

“
1√
λ

(
h ˚ Pλ ´ λ

∑
h
)
.

It is a circular stationary random field with mean 0 and covariance function h ˚ h̃T .
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Theorem 2.1.1 ([Papoulis 1971]). When λ Ñ 8, GΘ
h,λ converges in distribution

to a Gaussian random field of mean 0 and covariance function h ˚ h̃T .

Proof. If Nλ follows the Poisson distribution Ppλq with parameter λ, then we first
show with Lévy’s theorem that

Nλ ´ λ√
λ

pdq
ÝÝÝÑ
λÑ8

N p0, 1q ,

meaning that Nλ´λ√
λ

converges in distribution to N p0, 1q. Indeed, computing the
characteristic functions gives for all s P R,

E

[
exp

(
Nλ ´ λ√

λ
s

)]
“ exp

(
´ is

√
λ
)
E

[
exp

(
iNλ

s√
λ

)]

“ exp
(

´ is
√
λ
)

exp
(
λpe

i s
√

λ ´ 1q
)

“ exp
(
λ
(
e
i s

√

λ ´ 1 ´ i
s√
λ

))

“ exp

(
´
s2

2
` op1q

)
,

which converges to the characteristic function e´s2{2 of N p0, 1q when λ Ñ 8.
Subsequently, since the Pλpxq are independent with distribution Ppλq, we get

Pλ ´ λ√
λ

pdq
ÝÝÝÑ
λÑ8

W

where W is a Gaussian white noise on Θ with mean 0 variance 1. Since the convo-
lution by h is a continuous function from RΘ to pRdqΘ, we get

GΘ
h,λ “ h ˚

Pλ ´ λ√
λ

pdq
ÝÝÝÑ
λÑ8

h ˚W .

Definition 2.1.8. The circular asymptotic discrete spot noise (circular ADSN)
on Θ associated to the kernel function h is N p0, h ˚ h̃T q. Notice that this random
field can be obtained as

GΘ
h “ h ˚W

where W is a scalar Gaussian white noise on Θ with variance 1.

Notice that GΘ
h is another example of rank-one colored noise. More precisely,

the circular ADSN fields are exactly the Gaussian rank-one colored noises with zero
mean.
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Simulation and first examples

The simulation of circular DSN and ADSN fields is straightforward. Indeed, it
amounts to convolve, respectively, a Poisson white noise or a Gaussian white noise
with the kernel function h. Such white noise processes can be drawn thanks
to standard sampling techniques and the convolution can be performed in the
Fourier domain with complexity OpMN logpMNqq. Therefore, this scheme, called
spectral simulation, allows to draw circular DSN or ADSN fields with complex-
ity OpMN logpMNqq.

When the intensity λ is low, the circular DSN can be obtained by a direct
summation method. It amounts to draw the number P „ Ppλ|Θ|q of points of
the Poisson process, to draw uniformly and independently P points in Θ and to
perform the convolution in the spatial domain using (2.4). This method, which has
a mean complexity of λ|Suppphq||Θ|, is faster than the spectral method for a very
low intensity. We will discuss it more thoroughly in Section 3.3.

One can see in Fig. 2.1 some examples of DSN associated to two different kernel
functions, and with different intensities. The visual convergence of the DSN GΘ

h,λ

to its Gaussian limit GΘ
h agrees with the result of Theorem 2.1.1. The aspect of

the limiting random field depends on the kernel function h since the covariance
function of the ADSN is h ˚ h̃T . When h is a disc kernel, the ADSN is isotropic;
when h is an elongated blob, one can observe some linear correlations in the ADSN.
As shown in [Van Wijk 1991], one can imagine several shapes of kernels leading to
ADSN fields with very different aspects. This experiment gives a first insight in
the richness of the ADSN model. However, as one can see on Fig 2.1, the textures
obtained by ADSN synthesis do not have any salient features; in particular the
ADSN model is not able to synthesize textures with sharp edges. The study of the
Fourier transform of the ADSN field that is proposed below will help to understand
this limitation.

But before, let us add some comments about the visualization of DSN processes.
In this thesis, the renormalized DSN and ADSN have zero mean whereas the set
of RGB values which are traditionally used in the visualization process is included
in r0, 255s3. Therefore, when we show examples of DSN and ADSN, a mean value
m will always be added (for example, in the first example of Fig. 2.1, the mean
value is gray, and in the second example, the mean value is purple). In other words,
we always show m ` GΘ

h,λ or m ` GΘ
h . In general, next to the DSN or ADSN, we

show the underlying kernel h. Again the true image that is shown is hvisu “ m`sh

where s ą 0, so that the mean color m can be seen outside the support of the kernel
function. The choice of s is less obvious. If a synthesis domain Θ of size M ˆN is
fixed, we choose to set s “

√
MN so that

1
MN

∑

xPΘ

phvisupxq ´mqphvisupxq ´mqT

equals the marginal covariance h ˚ h̃T p0q of the DSN and ADSN associated to h.
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Figure 2.1: Examples of circular discrete spot noise. For each row, and from
left to right, one can see a compactly-supported kernel function h, realizations of the
renormalized circular DSN GΘ

h,λ associated to h with intensities λ “ 10´4, 10´2, 1,
and a realization of the corresponding ADSN GΘ

h . At low intensity λ, the translated
copies of the kernel function are clearly visible. When the intensity λ increases, the
DSN GΘ

h,λ begins to look like the uniform random phase field GΘ
h which does not

present any salient feature.

Spectral representation

The discrete Fourier transform of the circular ADSN is

ĜΘ
h “ ĥ ˚W “ ĥŴ . (2.5)

In particular, for each ξ P Θ, ĜΘ
h pξq belongs to the plane Cĥpξq.

Equation (2.5) together with Proposition 2.1.3 give the distribution of ĜΘ
h . In

particular, the DFT coefficients of the circular ADSN GΘ
h are independent modulo

the Hermitian symmetry, and

@ξ P Θ, E
(
ĜΘ
h pξq

)
“ 0 and E

(
ĜΘ
h pξqĜΘ

h pξq˚
)

“ MNĥpξqĥpξq˚ .

Besides, GΘ
h is a random field with uniform phase according to Definition 2.1.5.

This confirms that one cannot expect to perceive any salient element in a circular
ADSN field, as can be observed in Fig. 2.1.

Notice however that the phase of a Poisson white noise argpP̂λq is not a uniform
random phase field. A fortiori, the circular DSN, whose DFT is given by

F̂Θ
h,λpξq “ P̂λpξqĥpξq

is not a random field with uniform phase. Indeed, for a DSN with low intensity,
the geometrical features of the kernel function are still clearly visible; this agrees
with the fact that a DSN is not a random field with uniform phase.
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Binomial spot noise model

We have chosen here to study the Poisson spot noise because it allows for a
straightforward generalization to Z2 as will be seen in Section 2.2. But, as
in [Galerne et al. 2011b], one can also define a binomial spot noise model with
a non-random total number of spots. Indeed, for p ě 1, one can consider

@x P Θ, Fppxq “
p∑

iě1

hpx ´ Xiq ,

where X1, . . . ,Xp are p random independent points which follow the uniform dis-
tribution on Θ. We call it binomial spot noise because we still have Fp “ Bp ˚ h

where
Bppxq “ |{i such that Xi “ x}|

follows the binomial distribution of parameters p and 1
MN

. Again it is clear that
Fp is a circular stationary random field. Denoting h̄ “ 1

MN

∑
h, we have,

Ephpx ´ Xiqq “
1

MN

∑
h “ h̄ ,

Covphpx ´ Xiqq “
1

MN

∑

zPΘ

phpz ` tq ´ h̄qphpzq ´ h̄qT “
1

MN
ph´ h̄q ˚ ph̃´ h̄qT ptq ,

and since the x ÞÝÑ hpx ´ Xiq are i.i.d. random vectors of pRdqΘ, we get

EpFppxqq “
p

MN

∑
h ,

CFp “
p

MN
ph´ h̄q ˚ ph̃´ h̄q .

Notice that taking h “ δ0 in the last equality shows that Bp is not a white noise.
Therefore, the classical central limit theorem shows that when p Ñ 8,

Fp ´ p
MN

∑
h√

p
MN

pdq
ÝÝÑ N

(
0, ph´ h̄q ˚ ph̃´ h̄qT

)
,

which means that the binomial spot noise model converges to the circular ADSN
associated to h´ h̄.

Notice that the covariance of an (asymptotic) binomial spot noise always has
zero sum, which is not a natural constraint. This is another reason to prefer a priori
the Poisson spot noise.

Assuming that h̄ “ 0, one could think that Fp is the conditional version of the
Poisson spot noise given that the total number of spots is exactly p. Actually, there
is a slight difference in the normalization which makes this fact true only if the
intensity is properly set. Indeed, one can observe that the binomial spot noise Fp
with p spots is the Poisson spot noise of intensity p

MN
conditioned by the fact that

the total number of spots is exactly p. However, if we draw P „ PpλMNq and if
for each n ě 1 we draw independently a binomial spot noise Fn with n spots, then
it is not true that the composition FP is a Poisson spot noise of intensity λ. Indeed,
the binomial and Poisson spot noises are not equally normalized: in the case of the
Poisson spot noise, the total number of spots does not appear in the normalization.
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2.1.3 Random Phase Noise

In the last paragraph we have seen that the spectral representation of the circular
ADSN writes

ĜΘ
h “ ĥŴ

where EpŴ pξqq “ 0 and Ep|Ŵ pξq|2q “ MN . One can obtain a similar random field
by convolving h by a white noise whose DFT modulus is not random leading to the
following definition.

Definition 2.1.9 ([Galerne et al. 2011b]). If h : Θ ÝÑ Rd is a kernel function, the
random phase noise (RPN) Rh : Θ ÝÑ Rd associated to h is defined in Fourier
domain by

R̂h “
√
MN ĥ eiψ ,

where ψ is a random phase function in the sense of Definition 2.1.5. Equivalently,
thanks to the inversion formula, we have

@x P Θ, Rhpxq “
1√
MN

∑

ξPΘ

ĥpξq ei〈ξ,x〉`iψpξq . (2.6)

Notice that for each ξ P Θ, R̂hpξq belongs to the circle

{
√
MNĥpξqeiϕ ; ϕ P T} .

The random phase noise is another example of rank-one colored noise. Indeed,
by definition, one can write

Rh “ h ˚Rδ0
,

with R̂δ0
“

√
MNeiψ. Since R̂δ0

has a constant modulus, Rδ0
is a white noise.

More precisely, Rh is by definition a random field with uniform phase. In particular,
Proposition 2.1.2 ensures that Rh is circular stationary.

The Definition 2.1.9 that was adopted here differs from the one given
in [Galerne et al. 2011b] because of the factor

√
MN . In contrast, the factor

√
MN

appears in Theorem 2 of [Galerne et al. 2011b] about the simulation of the ADSN.
With Definition 2.1.9, we will see that, as for the ADSN field, the first-order mo-
ments of the RPN are equal to the (non-normalized) autocorrelation of h. Besides,
with the previous notation, the RPN field associated to an image u : Θ ÝÑ Rd

according to [Galerne et al. 2011b] is Rtu where

tu “
1√
MN

pu´ ūq and ū “
1

MN

∑

x

upxq .

This choice will also be justified again in Chapter 3.
Let us also mention that the RPN model also appears in the physics commu-

nity under the name “surrogate” [Theiler et al. 1992], [Schreiber & Schmitz 2000],
[Borgnat et al. 2010].

Since Epeiψpξqq “ 0, the random field Rh has zero mean. Besides, we have

R̂hR̂h
˚

“ MN ĥpξqĥpξq˚ ,
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h Rh GΘ
h

Figure 2.2: Comparison between circular ADSN and RPN. From left to
right, one can see a kernel function h, the corresponding RPN Rh and ADSN GΘ

h .
The RPN and ADSN which are two uniform random phase fields in the sense of 2.1.5
have perceptually similar realizations.

so that, by inverse DFT, we get

Rh ˚ pR̃hqT “ MN h ˚ h̃T ,

which shows that Rh has a deterministic autocorrelation function. Recalling that

CRhpvq “
1

MN
E
(
Rh ˚ pR̃hqT pvq

)
,

we get the following result.

Proposition 2.1.4 ([Galerne et al. 2011b]). The random phase noise Rh is a cir-
cular stationary random field with zero mean and covariance function h ˚ h̃.

Let us notice that for a circular stationary random field F : Θ ÝÑ Rd, it is
equivalent to impose that the autocorrelation F ˚F̃ T is deterministic, and that F̂ F̂ ˚

is deterministic. In particular, for d “ 1, the autocorrelation is deterministic if
and only if the DFT modulus is deterministic. Notice however that a circular
stationary random field F with a deterministic autocorrelation is not necessarily
a RPN. Indeed, for example with d “ 1, this only imposes that F̂ “ Meiψ where M
is deterministic and ψ is a random phase function which is not necessarily uniform.
For example, if f : Θ ÝÑ R and if X is a uniform point of Θ, then the translation
τXf of vector X has the same autocorrelation as f , but is not a RPN in general.

The last proposition shows that the RPN and ADSN fields associated to a
kernel h have the same moments of order 1 and 2. Generally speaking, one can see
that the textures that are synthesized with these models are perceptually similar
(see Fig. 2.2 or the several comparisons of [Galerne et al. 2011b]). This empirical
observation is confirmed by the fact that both RPN and ADSN fields are uniform
random phase fields in the sense of Definition 2.1.5.

One can wonder if it is more interesting to work with RPN or ADSN fields. The
RPN field has a simpler DFT, but its major drawback is that its spatial distribu-
tion is not explicit. In particular, we will see in Chapter 4 that the study of the
total variation of uniform random phase fields is easier in the case of ADSN fields.
However, thanks to Equation (2.6), one can show that the marginal distribution of
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a RPN is approximately Gaussian, using central-limit theorems for non identically
distributed random variables. But the approximate Gaussianity of the whole RPN
process is a more difficult question.

Another strong reason to prefer ADSN fields is that they can also be defined
on the discrete plane Z2, as we will see in Subsection 2.2.2. In contrast, as will be
discussed in Subsection 2.2.3, it is not straighforward to extend the RPN model as
a random field on Z2.

2.1.4 Circular stationary Gaussian Models and ADSN

We have seen that a circular ADSN is a circular stationary Gaussian random field.
Conversely, one can wonder if every circular stationary Gaussian random field with
zero mean is a circular ADSN. It is well-known to be true in the gray-level case
d “ 1 [Xia et al. 2014] and we provide here a short proof. However, this property is
also known to be false in the color case d ą 1. To cope with that, in this subsection
we propose to decompose any Rd-valued stationary Gaussian random field into a
sum of d independent ADSN.

Proposition 2.1.5. Let G : Θ ÝÑ R be a real-valued circular stationary random
field. We suppose that G follows a Gaussian distribution with mean m. Then, there
exists h : Θ ÝÑ R such that F has the same distribution as m`GΘ

h .

Proof. Let us denote by C the covariance function of G. Since G and m ` GΘ
h are

Gaussian random fields with mean m, we only have to prove that there exists h
such that C “ h ˚ h̃. But, thanks to Proposition 2.1.1, we know that Ĉ ě 0 so that
we can define a kernel function h : Θ ÝÑ R by its DFT

@ξ P Θ, ĥpξq “
√
Ĉpξq .

We thus have Ĉ “ |ĥ|2 which is equivalent to C “ h ˚ h̃.

Remark 2.1.2. The kernel built in the last proof is actually the canonical texton
associated to the Gaussian model N pm,Cq, see Subsection 2.1.5.

For d ą 1, we have seen that the circular ADSN GΘ
h satisfies

@ξ P Θ, ĜΘ
h pξq P Cĥpξq

almost surely. Also,
@ξ P Θ, Ĉpξq “ ĥpξqĥpξq˚ , (2.7)

and thus Ĉpξq is a matrix of rank 1 if ĥpξq ‰ 0 and 0 otherwise.
Therefore, it is not difficult to construct non-ADSN circular stationary Gaussian

fields. For example, let us consider a multi-channel white noise W : Θ ÝÑ Rd, which
means that the Wpxq are independent Gaussian vectors of Rd with covariance Id.
Equivalently, the components W1, . . . ,Wd of W are d independent scalar Gaussian
white noises. Thus, Ŵ1, . . . , Ŵd are d independent complex Gaussian white noises
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in the sense of Proposition 2.1.3. Consequently, for all ξ P Θ, the distribution of
Ŵpξq is not supported by a subspace of C-dimension 1, and also

ĈWpξq “ EpŴpξqŴpξq˚q “




Ep|Ŵ1pξq|2q 0
. . .

0 Ep|Ŵdpξq|2q


 “ MNId (2.8)

is not of rank one. This shows that W is not an ADSN.
However, the next proposition shows that a Rd-valued circular stationary Gaus-

sian random field can be written as a sum of d ADSN fields.

Theorem 2.1.2. Let G : Θ ÝÑ Rd be a circular stationary Gaussian random field
with mean m. Then there exists d kernel functions h1, . . . , hd such that

G „ m`G1 ` . . .`Gd

where G1, . . . , Gd are independent circular ADSN associated to h1, . . . , hd.

Proof. Since G and m`G1 ` . . .`Gd are Gaussian with mean m, we only have to
show that the covariance function C of G can be written as

C “ h1 ˚ h̃T1 ` . . .` hd ˚ h̃Td . (2.9)

Let ξ P Θ. Proposition 2.1.1 shows that Ĉpξq is a Hermitian non-negative matrix.
Therefore its non-negative eigenvalues can be written a2

1pξq, . . . , a2
dpξq, and there

exists a unitary matrix Upξq such that

Ĉpξq “ Upξq




a2
1pξq 0

. . .
0 a2

dpξq


Upξq˚ .

If qjpξq denotes the j-th column of Upξq multiplied by ajpξq, the last equality can
be written

Ĉpξq “ q1pξqq˚
1 pξq ` . . .` qdpξqq˚

d pξq .

Since we have Ĉp´ξq “ Ĉpξq, we can make a global choice for pqjpξq, ξ P Θq

such that qjp´ξq “ q̄jpξq. Setting ĥj “ qj we obtain real-valued functions hj such
that

Ĉ “ ĥ1ĥ
˚
1 ` . . .` ĥdĥ

˚
d .

Then, taking the inverse DFT, we get (2.9) as expected.

Corollary 2.1.3. A circular Gaussian model N pm,Cq is an ADSN if and only if
the rank of Ĉpξq is ď 1 for all ξ P Θ.

Proof. The direct statement has already been proved before (cf. Equation (2.7)).
For the converse, one can begin as in the proof of Theorem 2.1.2, but in this case
it is possible to write

Ĉpξq “ qpξqqpξq˚ .

Following the end of the proof, it is thus possible to write C “ h˚h̃ for h : Θ ÝÑ Rd.
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Let us remark that the decomposition of Theorem 2.1.2 is not unique. But,
observing the proof, in the case where each matrix Ĉpξq has d distinct eigenvalues,
one can give a canonical decomposition by requiring the eigenvalues a2

1, . . . , a
2
d to

be sorted in decreasing order

a2
1 ą . . . ą a2

d ě 0

(of course, the ĥjpξq are uniquely defined up to a complex factor of modulus 1).
We will see another way to interpret this canonical decomposition at the end of
Subsection 2.1.6.

Let us give a last remark about this decomposition. In the proof of Theo-
rem 2.1.2, we introduced a unitary matrix Upξq whose columns are the eigenvectors
of Ĉpξq. In general, the eigenvectors of Ĉpξq for different frequencies ξ will not
be related (except in the case of two opposite frequencies). But, if there exists a
common eigenvector basis corresponding to a unitary matrix U , then U gives also
an eigenvector basis for

1
MN

∑

ξPΘ

Ĉpξq “ Cp0q

which is the marginal covariance of the random field. Thus, if U is the orthogonal
matrix whose columns are the eigenvectors of Cp0q, then U is a natural candidate
for the diagonalization of the matrices Ĉpξq. The practical interest of the diagonal-
ization of the matrices Ĉpξq will be questioned in Subsection 3.2.3.

2.1.5 Texton of a circular Gaussian Model

A general Gaussian random vector of mean m and covariance Γ can be sampled as
m` Γ1{2V where V is a Gaussian white noise and where Γ1{2 is the matrix square
root of Γ (seen as a symmetrical non-negative matrix). Therefore, the simulation
of a Gaussian random vector is simple as soon as the computation of the covariance
square root is tractable. In the case of Rd-valued random fields on Θ, the covariance
can be seen as a matrix of size d|Θ| ˆ d|Θ|, which is prohibitive if only because of
the storage limitation (for a gray-level image of size 1000 ˆ 1000, the covariance
matrix would be of size 106 ˆ 106).

Hopefully, it is well-known [Wood & Chan 1994] that for circular stationary
Gaussian random fields, covariance square roots can be naturally replaced by con-
volution operators.

Proposition 2.1.6 ([Xia et al. 2014]). Let us consider a circular stationary Gaus-
sian random field with mean m and covariance function C. There exists a function
t : Θ ÝÑ Rdˆd such that C “ t ˚ t̃T . Besides, if W : Θ ÝÑ Rd is a multi-channel
Gaussian white noise (meaning that the Wpxq are independent Gaussian vectors of
Rd with covariance Id), then

m` t ˚ W „ N pm,Cq .

Such a function t is called a matrix texton of the model N pm,Cq.
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Proof. Let us recall the decomposition (2.9) given in Theorem 2.1.2:

C “ h1 ˚ h̃T1 ` . . .` hd ˚ h̃Td ,

where h1, . . . , hd : Θ ÝÑ Rd. For each x P Θ, let us write tpxq “ ph1pxq; . . . ;hdpxqq

the matrix whose columns are h1pxq, . . . , hdpxq. Then

t ˚ t̃T “
(
h1 . . . hd

)
˚




h̃T1
...
h̃Td


 “ h1 ˚ h̃T1 ` . . .` hd ˚ h̃Td “ C .

For the last assertion, since t̂ ˚ W “ t̂Ŵ and recalling Equation (2.8), we get

Ĉt˚Wpξq “
1

MN
E
(
t̂ ˚ Wpξqt̂ ˚ Wpξq˚

)

“
1

MN
t̂pξqEpŴpξqŴpξq˚qt̂pξq˚

“
1

MN
t̂pξqpMNIdqt̂pξq˚ “ t̂pξqt̂pξq˚ ,

and thus, by inverse DFT, Ct˚W “ t ˚ t̃T “ C so that m` t ˚ W „ N pm,Cq.

Notice that in the case of a circular ADSN field with kernel function h, by
definition the covariance function is given by h ˚ h̃T where the values hpxq are not
matrices but column vectors, leading to the following definition.

Definition 2.1.10 ([Desolneux et al. 2012], [Xia et al. 2014]). A texton associated
to a circular ADSN field with kernel function h is any function t : Θ ÝÑ Rd

generating the same circular ADSN field, which means t˚t̃T “ h˚h̃T , or equivalently,
in Fourier domain, t̂t̂˚ “ ĥĥ˚.

Notice that if t is any texton associated to a circular ADSN field and if α P Rd is
a constant line vector with Euclidean norm 1, then tα is a matrix texton associated
to the same ADSN.

Among all the textons associated to a circular ADSN field, it is possible to
isolate some representatives satisfying an additional constraint.

Definition 2.1.11 ([Desolneux et al. 2012]). Let us consider a circular ADSN with
kernel function h : Θ ÝÑ Rd.

• If d “ 1, then the canonical texton of the ADSN field N pm,h ˚ h̃q is the
function tcan : Θ ÝÑ R defined in Fourier domain by

t̂can “ |ĥ| .

• If d “ 3, then the luminance texton of the ADSN field N pm,h ˚ h̃T q is the
function tlum : Θ ÝÑ R3 defined in Fourier domain by

t̂lum “ e´iϕĥ ,
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with ϕ “ Argpĥlumq and where the luminance channel of h is defined by

hlum “ 0.299h1 ` 0.587h2 ` 0.114h3 .

This choice of coefficients for the definition of the luminance channel fol-
lows [ITU 2011] but other choices are possible.

As shown in [Desolneux et al. 2012], the canonical and luminance textons are in-
teresting because in general they provide a very concentrated summary of the covari-
ance function (and thus of a Gaussian texture). As shown in [Desolneux et al. 2012]
and [Desolneux et al. 2015], the canonical texton is, among all the textons associ-
ated to a model, the solution of different optimization problems linked to the con-
centration at the spatial point 0. We refer to these two articles for the description
and properties of the canonical and luminance textons, for several examples of tex-
tons associated to Gaussian textures, and also for a discussion about the definition
of textons in the multi-channel case.

However, we will see in Section 3.3 (dedicated to the so-called synthesis-oriented
texton) that if we seek a texton with a limited compact support, then cropping the
luminance texton is not the optimal solution in terms of model error. In order to
define such a model error, we need to explain how to measure the distance between
two ADSN fields, which is the object of the next subsection.

2.1.6 Optimal Transport Distance

In this subsection, we first recall the definition of the L2 optimal transport dis-
tance [Villani 2003]. This distance has been used in [Xia et al. 2014] in order to
define barycenters of Gaussian texture models (with application to texture mix-
ing). In particular, [Xia et al. 2014] give an expression for the distance between
two ADSN models. In Theorem 2.1.4, we generalize this expression to the case of
two rank-one colored noises driven by the same white noise process; in this case, we
provide a simplified proof based only on the spectral representation of the random
field.

Let us denote by µ0, µ1 the probability distributions of two random fields on Θ.
Let us recall that a coupling of pµ0, µ1q is a couple pF,Gq of random fields defined
on the same probability space and such that F „ µ0 and G „ µ1.

We shall denote by ‖ ¨ ‖Θ the normalized ℓ2-norm of a function f : Θ ÝÑ Cd,

‖f‖2
Θ “

1
|Θ|

∑

xPΘ

‖fpxq‖2 .

Definition 2.1.12. The L2-optimal transport distance (OTD) between µ0 and µ1

is defined by
dOTpµ0, µ1q2 “ inf E

(
‖F ´G‖2

Θ

)
. (2.10)

where the infimum is taken over couplings pF,Gq of pµ0, µ1q.

We begin by a simple proposition showing that the computation of such dis-
tances can be reduced to the case of random fields with zero mean.
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Proposition 2.1.7. If F,G are random fields of distributions µ0, µ1 with mean
fields m0,m1 : Θ ÝÑ Rd and if ν0, ν1 refer to the distributions of F ´m0, G´m1,
then

dOTpµ0, µ1q2 “ dOTpν0, ν1q2 `
∑

xPΘ

‖m0pxq ´m1pxq‖2 .

Proof. A simple calculation gives

E

(∑

x

‖F pxq ´Gpxq‖2

)

“
∑

x

E
(
‖pF pxq ´m0pxqq ´ pGpxq ´m1pxqq ` pm0pxq ´m1pxqq‖2

)

“
∑

x

E
(
‖pF pxq ´m0pxqq ´ pGpxq ´m1pxqq‖2

)
` ‖m0pxq ´m1pxq‖2

` 2pm0pxq ´m1pxqqTE
(

pF pxq ´m0pxqq ´ pGpxq ´m1pxqq
)

“
∑

x

E
(
‖pF pxq ´m0pxqq ´ pGpxq ´m1pxqq‖2

)
` ‖m0pxq ´m1pxq‖2 ,

and taking the infimum on pF,Gq leads to the desired result.

The next proposition is another simple result which allows to better understand
the optimal transport distance in the case of stationary random fields. The result
will not be used in the rest of the paragraph, but it will be helpful to generalize the
optimal transport distance to stationary random fields over Z2.

Proposition 2.1.8. Let µ0, µ1 be two circular stationary random fields on Θ, then

dOTpµ0, µ1q2 “ inf E
(
‖F p0q ´Gp0q‖2

)
,

where the infimum is taken over all the stationary couplings pF,Gq of µ0, µ1.

Proof. Let us first show that, since µ0, µ1 are stationary, the infimum in (2.10) can
be restricted to stationary couplings pF,Gq (F and G are stationary but pF,Gq may
not be). Indeed, let F „ µ0 and G „ µ1. Let us introduce a uniform translation τ of
the domain Θ which is independent of pF,Gq and let us consider pF 1, G1q “ pF,Gq˝τ .
Since µ0 is stationary, F 1 “ F ˝ τ „ µ0, and also G1 „ µ1. Besides, we have
‖F 1 ´ G1‖2 “ ‖F ´ G‖2. This shows that we can indeed restrict to stationary
couplings.

Furthermore, if pF,Gq is a stationary coupling of pµ0, µ1q then

Er‖F ´G‖2
Θs “

1
|Θ|

∑

xPΘ

E
(
‖F pxq ´Gpxq‖2

)
“ E

(
‖F p0q ´Gp0q‖2

)
.

The authors of [Xia et al. 2014] give an explicit formula for the optimal trans-
port distance between circular ADSN fields. Their proof is based upon the main
theorem of [Dowson & Landau 1982] which expresses the distance between two cen-
tered Gaussian random vectors in terms of their covariance functions. We show in
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the next theorem that this result can be obtained directly using the spectral repre-
sentation of the circular ADSN fields, and thus can be generalized to a wider class
of random fields.

Theorem 2.1.4. Let h0, h1 : Θ ÝÑ Rd be two kernel functions and let µ0, µ1 be
the distributions of h0 ˚W and h1 ˚W where W is a white noise on Θ with mean 0,
variance 1. We assume that W has uniform phase. Then the L2-optimal transport
distance between µ0 and µ1 is given by

dOTpµ0, µ1q2 “
1

|Θ|

∑

ξPΘ

‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ0pξq˚ĥ1pξq| . (2.11)

Proof. Let us first prove that the right-hand side is a lower bound of the squared
distance. For that, let pF,Gq be a coupling of pµ0, µ1q. Thanks to Parseval’s
formula, one gets

E

(∑

xPΘ

‖F pxq ´Gpxq‖2

)
“

1
MN

E


∑

ξPΘ

‖F̂ pξq ´ Ĝpξq‖2




“
1

MN

∑

ξPΘ

E
(
‖F̂ pξq ´ Ĝpξq‖2

)

“
1

MN

∑

ξPΘ

E
(
‖F̂ pξq‖2 ` ‖Ĝpξq‖2 ´ 2 RepF̂ pξq˚Ĝpξqq

)

“
1

MN

∑

ξPΘ

E
(
‖F̂ pξq‖2

)
` E

(
‖Ĝpξq‖2

)
´ 2 Re

(
EpF̂ pξq˚Ĝpξqq

)

Since F „ h0 ˚W ,

E
(
‖F̂ pξq‖2

)
“ E

(
‖ĥ0 ˚W pξq‖2

)
“ E

(
|Ŵ pξq|2‖ĥ0pξq‖2

)
,

and since W is a normalized white noise, we get

E
(
‖F̂ pξq‖2

)
“ MN‖ĥ0pξq‖2 .

Similarly,
E
(
‖Ĝpξq‖2

)
“ MN‖ĥ1pξq‖2 .

Moreover, we have almost surely F̂ pξq P Cĥ0pξq. If ĥ0pξq “ 0, if follows that

E
(
F̂ pξq˚Ĝpξq

)
“ 0. Otherwise, we have

F̂ pξq “
ĥ0pξqĥ0pξq˚

‖ĥ0pξq‖2
F̂ pξq

because the right-hand side is the orthogonal projection of F̂ pξq on Cĥ0pξq. Thus

F̂ pξq˚Ĝpξq “ F̂ pξq˚ ĥ0pξqĥ0pξq˚

‖ĥ0pξq‖2
Ĝpξq
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Therefore, using Cauchy-Schwarz inequality, we get

∣∣∣Re
(
E
(
F̂ pξq˚Ĝpξq

) )∣∣∣ ď

∣∣∣∣∣E
(
F̂ pξq˚ ĥ0pξqĥ0pξq˚

‖ĥ0pξq‖2
Ĝpξq

)∣∣∣∣∣

ď E

(∣∣∣∣∣
F̂ pξq˚ĥ0pξq

‖ĥ0pξq‖

∣∣∣∣∣

∣∣∣∣∣
ĥ0pξq˚Ĝpξq

‖ĥ0pξq‖

∣∣∣∣∣

)

ď


E



∣∣∣∣∣
F̂ pξq˚ĥ0pξq

‖ĥ0pξq‖

∣∣∣∣∣

2

E



∣∣∣∣∣
ĥ0pξq˚Ĝpξq

‖ĥ0pξq‖

∣∣∣∣∣

2





1{2

.

Now, since G „ h1 ˚W , we have

E



∣∣∣∣∣
Ĝpξq˚ĥ0pξq

‖ĥ0pξq‖

∣∣∣∣∣

2

 “ E



∣∣∣∣∣
Ŵ pξq˚ĥ1pξq˚ĥ0pξq

‖ĥ0pξq‖

∣∣∣∣∣

2



“ E
(

|Ŵ pξq|2
) |ĥ1pξq˚ĥ0pξq|2

‖ĥ0pξq‖2
“ MN

|ĥ1pξq˚ĥ0pξq|2

‖ĥ0pξq‖2

and by a similar calculation

E



∣∣∣∣∣
F̂ pξq˚ĥ0pξq

‖ĥ0pξq‖

∣∣∣∣∣

2

 “ MN‖ĥ0pξq‖2 .

Therefore, ∣∣∣Re
(
ErF̂ pξq˚Ĝpξqs

)∣∣∣ ď MN |ĥ1pξq˚ĥ0pξq| .

It thus follows that

E
(
‖F ´G‖2

)
ě

1
|Θ|

∑

ξPΘ

‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ0pξq˚ĥ1pξq| ,

which entails

dOTpµ0, µ1q2 ě
1

|Θ|

∑

ξPΘ

‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ0pξq˚ĥ1pξq| .

To end the proof, we will exhibit one coupling that achieves the lower bound.
For that, we first define a texton g1 : Θ ÝÑ Rd associated to the model µ1 by

ĝ1 “
ĥ1ĥ

˚
1 ĥ0

|ĥ˚
1 ĥ0|

1
ĥ˚

1
ĥ0‰0

` ĥ11
ĥ˚

1
ĥ0“0

.

Notice that ĝ1pξq is a projection of ĥ0pξq on the circle {eiθĥ1pξq ; θ P T} for
the ℓ2 distance, which is uniquely defined by

ĥ1pξq˚ĥ0pξq

|ĥ1pξq˚ĥ0pξq|
ĥ1pξq

as soon as ĥ1pξq˚ĥ0pξq ‰ 0, that is, ĥ1pξq not orthogonal to ĥ0pξq (see the Re-
mark 2.1.3 below about this projection).
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Let us consider the coupling ph0 ˚W, g1 ˚W q of pµ0, µ1q. By construction,

E

(∑

xPΘ

‖F pxq ´Gpxq‖2

)
“

1
MN

∑

ξPΘ

E
(
‖F̂ pξq ´ Ĝpξq‖2

)

“
1

MN

∑

ξPΘ

E
(

|Ŵ pξq|2
)
‖ĥ0pξq ´ ĝ1pξq‖2

“
∑

ξPΘ

‖ĥ0pξq ´ ĝ1pξq‖2 .

And finally, in either case ĥ˚
1pξqĥ0pξq “ 0 or ĥ˚

1pξqĥ0pξq ‰ 0, one has

‖ĥ0pξq ´ ĝ1pξq‖2 “ ‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ1pξq˚ĥ0pξq| ,

which completes the proof.

We would like to emphasize that the last proof is truly a problem of geometry.
Its main ingredient is indeed the Cauchy-Schwarz inequality. Besides, the right-
hand side of Equation (2.11) admits a geometric interpretation given by the next
Remark.

Remark 2.1.3. For a P Cd, let us denote Ca “ {eiθa ; θ P T}. If a, b P Cd, then

‖a‖2 ` ‖b‖2 ´ 2|a˚b| “ dpCa, Cbq2 :“ inf
zPCa
wPCb

‖z ´ w‖2 .

Indeed, if a˚b “ 0 then the circles Ca and Cb are contained in two orthogonal
subspaces of Cd, so that for all z P Ca and w P Cb,

‖z ´ w‖2 “ ‖z‖2 ` ‖w‖2 “ ‖a‖2 ` ‖b‖2 .

Let us now assume that a˚b ‰ 0. Let z P Ca and w P Cb. Let us denote by p the
orthogonal projection of w on Ca “ Cz, which is given by

p “
z˚w

‖z‖2
z . (2.12)

We thus have
‖z ´ w‖2 “ ‖z ´ p‖2 ` ‖p´ w‖2 .

Next, as one can see in Fig. 2.3, in Cz (which can be seen as a plane), the projection
q of p on Ca “ Cz is given by

q “
‖z‖
‖p‖ p (2.13)

(because it is the only point of R`p which has norm ‖z‖). Since z P Ca and since q
is the projection of p on Ca, we have

‖z ´ p‖ ě ‖q ´ p‖ .

Besides, grouping (2.12) and (2.13), we get

q “
z˚w

|z˚w|
z . (2.14)
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Figure 2.3: Projection on a circle. After the projection on Cz, it only amounts
to correct the norm, leading to Equation (2.14).

Hence, recalling that w ´ p is orthogonal to q ´ p P Ca, we get

‖z ´ w‖2 ě ‖q ´ p‖2 ` ‖p´ w‖2 “ ‖q ´ w‖2 .

Furthermore,

‖q´w‖2 “ ‖q‖2 `‖w‖2 ´2 Repq˚wq “ ‖q‖2 `‖w‖2 ´2|z˚w| “ ‖a‖2 `‖b‖2 ´2|a˚b| .

where the last equality holds because z P Ca, w P Cb, and q P Ca. Therefore,

dpCa, Cbq2 “ ‖a‖2 ` ‖b‖2 ´ 2|a˚b| .

More precisely, we have shown that for each w P Cb, there exists a point q P Ca such
that

‖q ´ w‖2 “ dpCa, wq2 “ dpCa, Cbq2 “ ‖a‖2 ` ‖b‖2 ´ 2|a˚b|

and that this point q can be obtained as z˚w
|z˚w| z where z is any point in Ca.

Let us mention that the expression (2.14) of the projection of w on the circle Cz
was proved in [Tartavel et al. 2014, Appendix A.1] with a method based on calculus.

Corollary 2.1.5 ([Xia et al. 2014]). For i “ 0, 1, let µi “ N pmi, hi ˚ h̃Ti q where
mi P Rd and where hi : Θ ÝÑ Rd is a kernel function. Then

dOTpµ0, µ1q2 “ ‖m0 ´m1‖2 `
1

|Θ|

∑

ξPΘ

‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ0pξq˚ĥ1pξq| .

Proof. The proof follows from the last theorem, and from Proposition 2.1.7, noticing
that in this case, the mean fields of µ0, µ1 are constant.

Corollary 2.1.6. Let us assume that d “ 1 and let us consider two circular ADSN
fields µ0, µ1 with kernel functions h0, h1. If t0, t1 denote the canonical textons of
the Gaussian models µ0, µ1, then

dOTpµ0, µ1q2 “
∑

xPΘ

pt0pxq ´ t1pxqq2 ,

which means that the distance is exactly the non-normalized ℓ2 distance between the
corresponding canonical textons.
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Proof. Since d “ 1, the result of Theorem 2.1.4 simply writes

dOTpµ0, µ1q2 “
1

|Θ|

∑

ξPΘ

|ĥ0pξq|2 ` |ĥ1pξq|2 ´ 2|ĥ0pξq‖ĥ1pξq|

“
1

|Θ|

∑

ξPΘ

(
|ĥ0pξq| ´ |ĥ1pξq|

)2

.

Besides, since ti is the canonical texton associated to hi, we have t̂i “ |ĥi| which
entails

dOTpµ0, µ1q2 “
1

|Θ|

∑

ξPΘ

(
t̂0pξq ´ t̂1pξq

)2

,

and the desired result follows from Parseval’s formula.

Let us emphasize that Theorem 2.1.4 gives the optimal transport distance be-
tween rank-one colored noises generated with the same white noise process with uni-
form phase. It includes the circular ADSN case (already studied in [Xia et al. 2014])
and the RPN case (mentioned in [Desolneux et al. 2015]). Let us mention that an
analog result will be presented in Subsection 2.2.7 in the case of stationary random
fields over Z2.

Further generalizations of this theorem could be useful. For example, it would
be interesting to express the optimal transport distance between rank-one colored
noises generated with different white noise processes. This would give a way to
measure the global convergence speed of the DSN to its Gaussian limit. But in
contrast with the extension to Z2 presented in Subsection 2.2.7, this new general-
ization would certainly be much more difficult (see [Huesmann & Sturm 2013] for
the case of a Poisson process and a uniform process).

To end this paragraph, let us mention the following generalization of Theo-
rem 2.1.4 with one ADSN and one general Gaussian random field.

Theorem 2.1.7. Let F : Θ ÝÑ Rd be a circular stationary Gaussian field of mean 0
and covariance C, and let us denote by µ the distribution of F . Let h : Θ ÝÑ Rd

be a kernel function and let ν be the distribution of the circular ADSN with spot h.
The L2-optimal transport distance between µ and ν is given by

dOTpµ, νq2 “
1

|Θ|

∑

ξPΘ

TrpĈpξqq ` ‖ĥpξq‖2 ´ 2
√
ĥpξq˚Ĉpξqĥpξq . (2.15)

Besides, if C is fixed, the optimal transport distance between µ and ν is minimized
as soon as

@ξ P Θ, ĥpξq “ eiθpξqapξqppξq

where θpξq P R and where ppξq is a normalized eigenvector associated to the largest
eigenvalue apξq of Ĉpξq.

Proof. The formula (2.15) is a special case of [Dowson & Landau 1982] because

Tr



(
ĥpξqĥpξq˚

‖ĥpξq‖
Ĉpξq

ĥpξqĥpξq˚

‖ĥpξq‖

)1{2

 “

√
ĥpξq˚Ĉpξqĥpξq .
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Let us remark that we have found no simpler path than using the very general result
by Dowson and Landau. Indeed, the inequality ě can still be shown by adapting
the proof of Theorem 2.1.4. However, exhibiting one optimal coupling seems more
difficult in this case.

For the second part of the theorem, the problem boils down to the minimization
of the function

ĥpξq P C3 ÞÝÑ
1
2

‖ĥpξq‖2 ´
√
ĥpξq˚Ĉpξqĥpξq .

Using an eigenvector basis of Ĉpξq and standard calculus, one can show that the
minimum of this function is ´apξq (where apξq is the largest eigenvalue of Ĉpξq)
and that it is reached at any eigenvector of Ĉpξq associated to apξq.

This last result allows to interpret in terms of optimal transport distance the
canonical decomposition of a Gaussian model that was presented in Subsection 2.1.4.
Indeed, the decomposition amounts to progressively extract from the Gaussian
model the ADSN components that best approximate the residual Gaussian field
in terms of optimal transport distance.

Of course, in general the realizations of a Gaussian field and the realizations
of its principal ADSN component will not look alike. Indeed, since we extract
the principal component on each frequency, there will be in general a severe loss
of variance (it can be seen for example on the case of a Gaussian field obtained
by concatenation of three independent ADSN fields). However, a more interesting
question is to ask whether the realizations of a general color Gaussian field are
always visually similar to the realizations of well-chosen color ADSN field. We will
see in Section 3.1 how such an ADSN model can be estimated. So far we have found
no counter-example to that assertion.

2.2 Random Fields on Z2

In many applications (in particular texture modelling), the circular framework is not
natural. Here, we extend the tools presented in the last section to the case of random
fields defined on the whole discrete plane Z2. In this setting the Fourier transform
of a random field is not necessarily sampled on a discrete grid. It is one reason
that makes this setting more convenient for the comparison of the different texture
models (moving average, autoregressive, discrete spot noise, Gaussian, Markovian).

2.2.1 General Definitions

Random Fields and Covariance Functions

Definition 2.2.1. A random field on Z2 is a random process F on Z2 with values
in Rd. Again, omitting the random sample ω, we will often denote F as a random
function

F : Z2 ÝÑ Rd .

The random field F is said to be of order p if for all x P Z2, Ep‖F pxq‖pq ă 8.
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The basic definitions that we introduced in the circular case can be easily
adapted to the infinite-lattice case, by considering now the addition of Z2 instead
of the addition on Θ “ Z{MZ ˆ Z{NZ. For that reason, we will not repeat all the
definitions.

Definition 2.2.2. A random field F : Z2 ÝÑ Rd is said to be stationary if for
every n ě 1, x1, . . . ,xn P Z2, v P Z2, pF px1q, . . . , F pxnqq has the same distribution
as pF px1 ` vq, . . . , F pxn ` vqq. A second-order stationary random field on Z2 has a
constant expected value

m “ EpF pxqq P Rd .

Besides, there exists a function CF : Z2 ÝÑ Rdˆd called covariance function of F ,
such that

@x,y P Z2, CF px ´ yq “ CovpF pxq, F pyqq “ E
(
pF pxq ´mqpF pyq ´mqT

)
.

We will write F „ N pm,Cq if F is a stationary Gaussian random field with mean m
and covariance function C.

Spectral Representation

The spectral representation is now more difficult to obtain because the Fourier series
associated to a function f : Z2 ÝÑ Rd may not converge. Nevertheless, the Her-
glotz theorem ensures that the covariance function of a stationary process on Z2 is
the inverse Fourier transform of a non-negative finite measure on T2. Based on this
theorem, one can build a spectral representation of the process: F can be written as
the inverse Fourier transform of a random measure, understood as a stochastic inte-
gral. But in this thesis, we will not need the Fourier transform of F , so that we only
include here the Herglotz theorem that gives the Fourier transform of the covariance
function. A wider discussion about spectral representations can be found in the fol-
lowing references. The existence of the spectral representation is proved in a very
general framework in [Rozanov 1967] (see also the seminal paper [Cramer 1940]).
The case of one discrete variable is more simply discussed in [Brémaud 1993] and
[Cabral 2010]. Let us also mention that the spectral representation of continuous
generalized random fields is thoroughly studied in [Gelfand & Vilenkin 1967].

Theorem 2.2.1 (Herglotz). Let F : Z2 ÝÑ Rd be a second-order stationary random
field. Then there exists a unique finite measure µF on T2 with values in the set Hě0

d

of non-negative Hermitian matrices, such that

@x P Z2, CF pxq “
1

p2πq2

∫

T2

eiξ.xdµF pξq .

This measure µF is called spectral measure of F .

Since µF is matrix-valued, its components are real-valued finite Borelian mea-
sures on T2. We say that F admits a spectral density if µF admits a density ϕF
with respect to the Lebesgue measure on T2. This spectral density ϕF is a function
on T2 such that for almost all x P T2, ϕpxq P Hě0

d .
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If F,G are two stationary random fields on Z2, one can consider the spectral
measure µpF ;Gq associated to pF ;Gq. If F and G have zero mean (for the sake of
simplicity), it satisfies

@x,y P Z2, E

[(
F pxq

Gpxq

)
pF pyqTGpyqT q

]
“

1
p2πq2

∫

T2

eiξ.px´yqdµpF ;Gqpξq .

One can see that

µpF ;Gq “

(
µF νF,G
νG,F µG

)

where µF and µG are the spectral measures of F and G. The measure νF,G is called
the cross-spectral measure of F and G.

Let us now assume that F and G are real-valued, and that they admit spectral
densities ϕF and ϕG. Then µF , µG are finite non-negative measures. Besides, if A
is a Borelian set of T2, since µpF ;GqpAq is a Hermitian matrix, we have

|νF,GpAq|2 ď µF pAqµGpAq . (2.16)

Therefore, if λpAq “ 0, then νF,GpAq “ 0 which shows that νF,G is absolutely
continuous with respect to the Lebesgue measure. Thus νF,G admits a density
ψF,G P L1pTq with respect to Lebesgue measure on T2. This function is called the
cross-spectral density of F,G. From Equation (2.16), it follows that we have for
almost all ξ P T2,

|ψF,Gpξq|2 ď ϕF pξqϕGpξq . (2.17)

More generally, if F and G are Rd-valued and admit spectral densities ϕF , ϕG,
then νF,G still admit a matrix-valued density called the cross spectral density
of F,G. Indeed, it is enough to show that each component of νF,G admits a spectral
density, which follows from the real-valued case: indeed, for k, l “ 1, . . . , d, we still
have

|νFk,GlpAq|2 ď µFkpAqµGlpAq .

Remark 2.2.1. A circular stationary random field F on Θ “ Z{MZˆZ{NZ can be
identified to a pM,Nq-periodic stationary random field on Z2, and its covariance
function C : Θ ÝÑ Rdˆd to a periodic covariance function on Z2. Besides, we have

@x P Z2, Cpxq “
1

MN

∑

ξPΘ

Ĉpξq exp
(

2iπ
(ξ1x1

M
`
ξ2x2

N

))
,

where the DFT of C satisfies Ĉpξq P Hě0
d . Therefore, the spectral measure of the

stationary process F : Z2 ÝÑ Rd is

µF “
p2πq2

MN

∑

ξPΘ

Ĉpξqδ
2π
(
ξ1

M
,
ξ2

N

) .

As expected, the periodicity of F entails that its spectral measure is sampled on
the discrete subgroup

{
2π
( ξ1

M
,
ξ2

N

)
mod 2πZ2 ; ξ P Z2

}
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of T2. Such a measure is not absolutely continuous with respect to Lebesgue mea-
sure.

Definition 2.2.3. A stationary random field F : Z2 ÝÑ Rd with covariance func-
tion C is said to be a white noise if it has a constant spectral density (or equivalently
if C “ Cp0qδ0). We say that F is a pure white noise if pF pxqqxPZ2 are independent.

Since the convolution of two functions f, g on Z2 is not always defined, the
definition of colored noise processes is not as simple as in the case of circular ran-
dom fields on a finite domain. We end this paragraph by giving two classical re-
sults [Doob 1990] which ensure that the convolution h˚W defines a second-order sta-
tionary process, modulo certain assumptions on the kernel function h : Z2 ÝÑ Rd.
In the following, we denote by L2pPq the Banach space of Rd-valued random vari-
ables V (defined on the probability space associated to P) such that E

(‖V ‖2
)

ă 8 .

Thus, by definition, Vn converges to V in L2pPq if

E
(‖Vn ´ V ‖2

)
ÝÝÝÑ
nÑ8

0 .

Proposition 2.2.1. If W is a scalar white noise on Z2 with mean m and vari-
ance σ2 and if h P ℓ1pZ2,Rdq, then, for all x P Z2, the series

∑

yPZ2

hpyqW px ´ yq (2.18)

converges absolutely almost surely and in L2pPq and defines a second-order station-
ary process h˚W whose mean is m

∑
h and whose covariance function is σ2 h˚ h̃T .

Proof. Since W is stationary, a “ Ep|W pxq|q does not depend on x, and thus

E


∑

yPZ2

‖hpyqW px ´ yq‖

 “

∑

yPZ2

‖hpyq‖Ep|W px ´ yq|q “ a
∑

|h| ă 8

In particular, we almost surely have

∑

yPZ2

‖hpyqW px ´ yq‖ ă 8

so that the series (2.18) is almost surely absolutely convergent.
Also, since b “ ‖W pxq‖L2pPq is constant, we have similarly

∑

yPZ2

‖hpyqW px ´ yq‖L2pPq “ b
∑

|h| ă 8 ,

and the series (2.18) is absolutely convergent in L2pPq. Thus we can define a second-
order random field h ˚W by setting

h ˚W pxq “
∑

yPZ2

hpyqW px ´ yq .
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The stationarity of h ˚ W derives from the one of W . Besides, thanks to Fubini
theorem, we get

Eph ˚W pxqq “ m
∑

h .

Also, we can thus write

h ˚W pxq ´ Eph ˚W pxqq “
∑

zPZ2

hpzqpW px ´ zq ´mq ,

and therefore,

E
((
h ˚W pxq ´m

∑
h
)(
h ˚W pyq ´m

∑
h
)T)

“
∑

z1,z2PZ2

hpz1qhpz2qTCovpW px ´ z1q,W py ´ z2qq

“
∑

z1,z2PZ2

hpz1qhpz2qTσ2δx´z1“y´z2

“ σ2
∑

zPZ2

hpzqhpy ´ x ` zqT

“ σ2h ˚ h̃T px ´ yq .

The next proposition ensures the existence of h˚W pxq in L2pPq under the weaker
assumption that h P ℓ2 but requiring the noise W to have zero mean.

Proposition 2.2.2. Let W be a scalar white noise with mean 0 and variance σ2,
and let h P ℓ2pZ2,Rdq. Then the series

∑

yPZ2

hpyqW px ´ yq (2.19)

converges in L2pPq (in the sense of summable families) and thus defines a second-
order stationary process h ˚W with mean zero and covariance function σ2 h ˚ h̃T .

Proof. Let x P Z2. Since L2pPq is a Banach space, to prove the convergence of
the series (2.19), we only have to show that it satisfies the Cauchy criterion for
summable families. But if A is a finite subset of Z2, using the orthogonality of the
random variables W pxq, we have

E

∥∥∥∥∥
∑

yPA

hpyqW px ´ yq

∥∥∥∥∥

2

“
∑

yPA

‖hpyq‖2EpW px ´ yq2q “ σ2
∑

yPA

‖hpyq‖2 .

Thus it suffices to check the Cauchy criterion for
∑

y ‖hpyq‖2 which follows from
the fact that h P ℓ2. The covariance function can be obtained as in the proof of
Proposition 2.2.1.

Remark 2.2.2. In Proposition 2.2.2, we required W to be of mean zero. In the case
where W has a mean value m ‰ 0, then the convergence of the series (2.19) in L2pPq
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(in the sense of summable families) implies that h P ℓ1. Indeed, for a fixed x P Z2,
Proposition 2.2.2 shows that

hpyqpW px ´ yq ´mq

is a summable family. Therefore, the summability in L2pPq of y ÞÑ hpyqW px ´ yq

is equivalent to the one of y ÞÑ mhpyq, which is also equivalent to h P ℓ1 since
y ÞÑ mhpyq is deterministic. To sum up, in the case where W has a non-zero mean
value, the convergence in L2pPq cannot happen if ℓ2zℓ1 and in the case where h P ℓ1

there is a stronger convergence given by Proposition 2.2.1.

Remark 2.2.3. Studying the almost sure convergence of (2.19) in the case where
h P ℓ2zℓ1 is a more difficult problem. Several results exist for the almost sure con-
vergence of a series

∑
Xn of independent random variables Xn in L2pPq, and Kol-

mogorov’s three-series theorem gives a famous necessary and sufficient condition for
convergence (see [Billingsley 2012, Chap. 22]). We would like to mention in partic-
ular the following result based on a maximal inequality: if pXnq is an independent
sequence of random variables with zero mean, and such that

∑
VarpXnq ă 8, then∑

Xn converges almost surely. But it is not clear that this result extends to the
case of random series with indices x P Z2 because the convergence and the sum of
the series may now depend on the method of summation. See [Ronsin et al. 2013]
for the example of random Fourier series.

In view of the results of Proposition 2.2.1 and Proposition 2.2.2, we adopt the
following definition.

Definition 2.2.4. A stationary random field F : Z2 ÝÑ Rd is called colored noise
on Z2 if it can be written F “ m ` h ˚ W where m P Rd, where h : Z2 ÝÑ Rdˆd,
where W is a Rd-valued white noise on Z2, and where

h ˚ Wpxq “
∑

yPZ2

hpyqWpx ´ yq

is defined as a convergent series in L2pPq (in the sense of summable families). A
stationary random field F : Z2 ÝÑ Rd is called rank-one colored noise on Z2 if it
can be written F “ m ` h ˚ W where m P Rd, where h : Z2 ÝÑ Rd, where W is a
scalar white noise on Z2, and where

h ˚W pxq “
∑

yPZ2

hpyqW px ´ yq

is defined as a convergent series in L2pPq (in the sense of summable families).

In order to obtain the spectral measure of the above-mentioned colored noises,
we need to recall a convolution lemma. In this lemma which focuses on a conver-
gence issue, we do not need to precise a specific norm ‖ ¨ ‖ on Rpˆq (because they
are all equivalent).
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Lemma 2.2.2. Let h : Z2 ÝÑ Rpˆq and k : Z2 ÝÑ Rqˆr be two kernel functions
such that

‖h‖2
ℓ2 “

∑

xPZ2

‖hpxq‖2 ă 8 and ‖k‖2
ℓ2 “

∑

xPZ2

‖kpxq‖2 ă 8 .

Then the series
h ˚ kpxq “

∑

yPZ2

hpyqkpx ´ yq (2.20)

is absolutely convergent for all x P Z2 and defines a bounded function
h ˚ k : Z2 ÝÑ Rpˆr. Besides, h ˚ k is the inverse Fourier transform of ĥk̂ in the
sense that

@x P Z2, h ˚ kpxq “
1

p2πq2

∫

T2

ĥpξqk̂pξqeiξ.xdξ . (2.21)

Proof. The first assertion is a direct application of the Cauchy-Schwarz inequality:
∑

yPZ2

‖hpyq‖‖kpx ´ yq‖ ď ‖h‖ℓ2‖k‖ℓ2 .

It remains to prove (2.21). Let us fix x P Z2. The beginning of the proof shows that
ph, kq ÞÝÑ h˚kpxq is a continuous bilinear application from ℓ2ˆℓ2 to Rpˆr. Thanks to

the Cauchy-Schwarz inequality in L2
(
T2, dξ

p2πq2

)
, and thanks to Plancherel’s formula,

we also have
∥∥∥∥

1
p2πq2

∫

T2

ĥpξqk̂pξqeiξ.xdξ

∥∥∥∥
2

ď
1

p2πq2

∫

T2

‖ĥpξq‖2dξ ˆ
1

p2πq2

∫

T2

‖k̂pξq‖2dξ

“ ‖h‖2
ℓ2‖k‖2

ℓ2 ,

so that
ph, kq ÞÝÑ

1
p2πq2

∫

T2

ĥpξqk̂pξqeiξ.xdξ

is also a continuous bilinear application. Since the compactly-supported sequences
are dense in ℓ2pZ2q, we only have to prove that (2.21) holds if h and k have compact
support. In this case, thanks to the orthogonality of the functions ξ ÞÝÑ eiξ.x one
can write

1
p2πq2

∫

T2

ĥpξqk̂pξqeiξ.xdξ “
∑

y,zPZ2

hpyqkpzq
1

p2πq2

∫

T2

eiξ.px´y´zqdξ

“
∑

y,zPZ2

hpyqkpzqδx“y`z

“
∑

yPZ2

hpyqkpx ´ yq “ h ˚ kpxq ,

where the sums on y and z contains only a finite number of terms.

Therefore, under hypotheses of Proposition 2.2.1 or Proposition 2.2.2, h ˚W is
a rank-one colored noise with covariance function VarpW p0qqh ˚ h̃T . Since we have
h P ℓ2 in both cases, Lemma 2.2.2 gives that the spectral measure of h ˚ W is the
integrable function ĥĥ˚. In the case of Proposition 2.2.1, notice that h P ℓ1 entails
that ĥ is continuous on T2 so that ĥ P ℓp for every p P r1,8s, and that ĥĥ˚ is also
a continuous function.



2.2. Random Fields on Z2 73

2.2.2 Discrete Spot Noise on Z2

In this subsection, we recall the definition and properties of discrete spot noise
processes [Papoulis 1971], [Rice 1977], [Van Wijk 1991].

Let h P ℓ1pZ2,Rdq denote a kernel function and let us denote
∑
h “

∑
xPZ2 hpxq.

Let λ ą 0 and let Πλ denote a Poisson point process on Z2 with intensity λ. The
Poisson point process Πλ can be represented by an infinite sequence pXiqiě1 of
random points of Z2. For x P Θ, let us introduce

Pλpxq “ |{i ě 1 such that Xi “ x}|

which follows the Poisson distribution Ppλq. Notice that, in this case, the Xi’s
cannot be supposed to be independent and identically distributed because there is
no uniform probability distribution on Z2.

Since h P ℓ1 and since Pλ is a Poisson white noise, Proposition 2.2.2 shows that

∑

y

hpx ´ yqPλpyq

is almost surely absolutely convergent. Thus we can give the following definition.

Definition 2.2.5. The discrete spot noise (DSN) (or discrete Poisson spot noise)
of intensity λ associated to h is the random field Fh,λ : Z2 ÝÑ Rd defined by

@x P Z2, Fh,λpxq “
∑

iě1

hpx ´ Xiq . (2.22)

or equivalently by

@x P Z2, Fh,λpxq “
∑

y

hpx ´ yqPλpyq “ h ˚ Pλpxq .

Notice that Fh,λ is a rank-one colored noise in the sense of Definition 2.2.4.
Thanks to Proposition 2.2.1, it has mean λ

∑
h and covariance function λh ˚ h̃T

which is the autocorrelation of h multiplied by λ.

Gaussian convergence at high intensity

Definition 2.2.6. The renormalized discrete spot noise of intensity λ associated
to h is the random field Gh,λ : Z2 ÝÑ R defined by

Gh,λ “
Fh,λ ´ EpFh,λq√

λ
“

1√
λ

(
h ˚ Pλ ´ λ

∑
h
)

“
1√
λ
h ˚ pPλ ´ λq .

It is a stationary random field with mean 0 and covariance function h ˚ h̃T .

Theorem 2.2.3 ([Papoulis 1971]). When λ Ñ 8, Gh,λ converges in distribution
(in the sense of finite-dimensional marginal distributions) to the Gaussian random
field of mean 0 and covariance function h ˚ h̃T .
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Proof. The proof follows the same sketch as the one given in [Rice 1977]. It amounts
to show that the marginal distribution of Gh,λ converges to the one of N p0, h ˚ h̃T q

using Lévy’s theorem about characteristic functions, and then the convergence of all
the finite-dimensional marginal distributions follows from the linearity of the spot
noise process. But here, since we only deal with discrete spot noises, computing
the characteristic function of Gh,λp0q does not require Campbell’s theorem.

So, first, let us show that

Gh,λp0q
pdq

ÝÝÝÝÑ
λÑ`8

N p0, h ˚ h̃T p0qq .

Thanks to Lévy’s theorem, we only have to show that for a fixed u P Rd,

E

[
exp

(
iuTGh,λp0q

)]
pdq

ÝÝÝÝÑ
λÑ`8

exp

(
´

1
2
uTh ˚ h̃T p0qu

)
.

Let us compute the characteristic function of Gh,λp0q. By definition,

Gh,λp0q “
∑

xPZ2

hpxq

(
Pλp´xq ´ λ√

λ

)

where the series converges almost surely absolutely. Let A be a finite subset of Z2.
Since the pPλpxqqxPA are independent, we have

E

[
exp

(
iuT

∑

xPA

hpxq
Pλp´xq ´ λ√

λ

)]
“
∏

xPA

E

[
exp

(
iuThpxq

Pλp´xq ´ λ√
λ

)]

Moreover, since the characteristic function of a real random variable Q „ Ppλq is
given by t ÞÑ eλpeit´1q, we have for all s P R,

E

[
exp

(
is
Q´ λ√

λ

)]
“ e´is

√
λ E

[
exp

(
i
s√
λ
Q

)]

“ exp
(

´ is
√
λ
)

exp

(
λ
(
e
i s

√

λ ´ 1
))

“ exp

[
λ

(
e
i s

√

λ ´ 1 ´ i
s√
λ

)]
.

Applying this equality for each s “ uThpxq, and taking the product on x, we get

E

[
exp

(
iuT

∑

xPA

hpxq
Pλp´xq ´ λ√

λ

)]

“ exp

(
λ
∑

xPA

exp

(
i
uThpxq√

λ

)
´ 1 ´ i

uThpxq√
λ

)
. (2.23)

We will let A Ñ Z2 in this equality. Since
∑

xPZ2 hpxq Pλp´xq´λ√
λ

is almost surely
absolutely convergent, the dominated convergence theorem ensures that the left-
hand side tends to

E


exp

(
iuT

∑

xPZ2

hpxq
Pλp´xq ´ λ√

λ

)
 .



2.2. Random Fields on Z2 75

Moreover, using

@t P R, |eit ´ 1 ´ it| ď
t2

2
,

we get that

∑

xPZ2

∣∣∣∣∣exp

(
i
uThpxq√

λ

)
´ 1 ´ i

uThpxq√
λ

∣∣∣∣∣ ď
1

2λ

∑

xPZ2

puThpxqq2 (2.24)

ď
1

2λ
‖u‖2

∑

xPZ2

‖hpxq‖2 ă 8 , (2.25)

so that
∑

xPZ2

exp

(
i
uThpxq√

λ

)
´ 1 ´ i

uThpxq√
λ

is absolutely convergent. Letting A Ñ Z2 in (2.23), we obtain the characteristic
function of Gh,λp0q as

E

[
exp

(
iuTGh,λp0q

)]
“ exp


λ

∑

xPZ2

(
exp

(
i
uThpxq√

λ

)
´ 1 ´ i

uThpxq√
λ

)
 (2.26)

A Taylor-Young expansion ensures that for each x P Z2,

λ

(
exp

(
i
uThpxq√

λ

)
´ 1 ´ i

uThpxq√
λ

)
ÝÝÝÝÑ
λÑ`8

´
1
2

puThpxqq2 .

and with the domination given by (2.24), the dominated convergence theorem gives

E

[
exp

(
iuTGh,λp0q

)]
ÝÝÝÝÑ
λÑ`8

exp

(
´

1
2

∑

xPZ2

puThpxqq2

)
“ exp

(
´

1
2
uTh˚h̃T p0qu

)
,

and the right-hand side is exactly the characteristic function of N p0, h ˚ h̃p0qq.
To show that all finite-dimensional marginal distributions converge, we only

need to show that for any compactly-supported kernel k : Z2 ÝÑ Rd, the random
variable kT ˚ Gh,λp0q converges in distribution to a Gaussian. But, thanks to the
linearity of the spot noise construction, we have

kT ˚Gh,λ
pdq
“ GkT ˚h,λ

and therefore, the first part of the proof shows that kT ˚ Gh,λp0q converges in
distribution to N p0, kT ˚h˚h̃T ˚k̃p0qq. In conclusion, when λ Ñ `8, Gh,λ converges
in finite-dimensional marginal distributions to N p0, h ˚ h̃T q.

Definition 2.2.7. The asymptotic discrete spot noise (ADSN) on Z2 associated to
the kernel function h P ℓ1 is the random field

Gh “ h ˚W „ N p0, h ˚ h̃T q ,

where W is a scalar Gaussian white noise on Z2 with mean 0 and variance 1.
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Notice that Gh is another example of rank-one colored noise. Notice also that,
thanks to Proposition 2.2.2, the random fields h ˚ W is defined as soon as h P ℓ2.
But if h P ℓ2zℓ1 the discrete spot noise associated to h is not defined so that h ˚W

cannot be considered as an ADSN. That is why, in the case h P ℓ2zℓ1, h ˚ W will
not be called ADSN, but only Gaussian random field with mean 0 and covariance
function h ˚ h̃T .

2.2.3 Can we define a Random Phase Noise on Z2 ?

As we have seen, the construction of an ADSN field on Z2 is nearly as easy as the
one of the circular ADSN on a finite domain Θ. In contrast, the existence of a RPN
field on Z2 is a more difficult question.

Let us observe that, in the simple case of a function h : Z2 ÝÑ Rd which is
pM,Nq-periodic, h identifies to a function hΘ defined on Θ “ Z{MZ ˆ Z{NZ and
the RPN associated to hΘ on Θ gives a natural definition of a pM,Nq-periodic RPN
on Z2. According to Remark 2.2.1, its spectral measure is

p2πq2

MN

∑

ξPΘ

ĥΘpξqĥΘpξq˚δ
2π
(
ξ1

M
,
ξ2

N

) , (2.27)

where ĥΘ is the DFT of hΘ.
More generally, let us assume that ĥ is a Borelian measure ν “

∑
ξPΞ νpξqδξ

supported on a finite subset Ξ of T2, which means that h is a sum of pure waves:

@x P Z2, hpxq “
1

p2πq2

∫

T2

eiξ.xdνpξq “
1

p2πq2

∑

ξPΞ

νpξqeiξ.x .

Then one can still define a RPN associated to h over Z2. Indeed, using a family
pψpξqqξPΞ of uniform random variables on T which satisfies

¨ @ξ P Ξ, ψp´ξq “ ´ψpξq,

¨ ψpξq „ UpTq if ξ ‰ ´ξ and ψpξq „ Up{0, π}q if ξ “ ´ξ,

¨ pψpξqqξPA are independent as soon as AX p´Aq “ ∅,

we can define Rh : Z2 ÝÑ Rd by

@x P Z2, Rhpxq “
1

2π

∑

ξPΞ

νpξqeiξ.x`iψpξq . (2.28)

One can show with a proof similar to the one of Proposition 2.1.2 that Rh is a
stationary random field on Z2. Since Epeiψpξqq “ 0, we get that EpRhq “ 0. Fur-
thermore, using that Epeiψpξqe´iψpζqq “ 0 as soon as ξ ‰ ζ, we get

E
(
RhpxqRhpyqT

)
“

1
p2πq2

∑

ξ,ζPΞ

νpξqνpζq˚eiξ.xe´iζ.yE
(
eiψpξqe´iψpζq

)
.

“
1

p2πq2

∑

ξPΞ

νpξqνpξq˚eiξ.px´yq ,
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and thus, the covariance function of Rh is

CRhpvq “
1

p2πq2

∑

ξPΞ

νpξqνpξq˚eiξ.v

(which actually defines the autocorrelation h ˚ h̃T of h), and its spectral measure is
∑

ξPΞ

νpξqνpξq˚δξ . (2.29)

Notice that, again in this case, the random field Rh was obtained by multiplying
the Fourier transform of h not only by eiψpξq but by 2πeiψpξq where 2π is the square
root of the volume of T2. One must also be aware of the difference in normalization
of the spectral measures given by (2.27) and (2.29). They come from the different
normalizations adopted for the continuous and discrete Fourier transforms.

But is it possible to give a RPN definition for a wider class of kernel functions?
For now, we have not a clear answer to this question but the following of this
subsection shows, based on a result of [Desolneux et al. 2015], that a frequency-
sampling approach would result only in a globally Gaussian process.

Notice that if ĥ is a continuous function on T2, it can be sampled on any discrete
subset of T2. Thus, if Ξ “ ΞM,N is the finite subgroup of T2 of size M ˆN spanned
by p2π

M
, 0q and p0, 2π

N
q, we can define a function gΞ : Z2 ÝÑ Rd by

@x P Z2, gΞpxq “
1

2π
1√
|Ξ|

∑

ξPΞ

ĥpξqeiξ.x . (2.30)

Let us recall that gΞ can be seen as a pM,Nq-periodic version of h. The above
discussion ensures that RgΞ

is a stationary random field on Z2 with zero mean and
covariance function

CRgΞ
pvq “

1
p2πq2

1
|Ξ|

∑

ξPΞ

ĥpξqĥpξq˚eiξ.v .

Notice that the right-hand side is a Riemann sum, and thus, when M and N tends
to infinity, this covariance function tends to

Cpvq “
1

p2πq2

∫

T2

ĥpξqĥpξq˚eiξ.vdξ “ h ˚ h̃T pvq .

Therefore, when the frequency sampling gets finer and finer, the second order mo-
ments of the corresponding RPN converge. The next theorem, whose proof can
be found in [Desolneux et al. 2015], shows that these RPN converge in a stronger
sense.

Theorem 2.2.4 ([Desolneux et al. 2015]). Let h : Z2 ÝÑ Rd such that ĥ is a
continuous function. Let us consider the finite subgroup ΞM,N of T2 spanned
by p2π

M
, 2π
N

q. Recall that gΞM,N : Z2 ÝÑ Rd is defined by (2.30) and that the cor-
responding RPN is defined by (2.28). If M,N Ñ 8, then the RPN associated to
gΞM,N converges in finite-dimensional marginal distributions to N p0, h ˚ h̃T q.
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This theorem shows that a process over Z2 obtained as a limit in distribution
of densely frequency-sampled RPN would necessarily be Gaussian. Indeed, let us
assume that for a certain class R of random fields, we can build, for each finite
subset Ξ of T2, an operator LΞ : R ÝÑ R that would perform frequency-sampling
on the grid Ξ in such a manner that for each F P R, the random field LΞF converges
in distribution to F when the sampling becomes denser and denser. Then, a natural
condition that could be required for a RPN process R associated to h over Z2 would
be that its frequency-sampled version RM,N “ LΞM,NR over Ξn coincides with the
RPN associated with the frequency-sampled kernel function gΞM,N . The last result
shows that in these conditions, we would necessarily have R „ N p0, h ˚ h̃T q.

2.2.4 Gaussian Models on Z2

In this subsection, we present and discuss different stationary Gaussian models
that appear in the texture modelling literature. Since Gaussian random fields are
characterized by their covariance, the comparison only concerns the second-order
moments and the spectral measures.

Gaussian Moving Average Fields

The term “moving average” originally appeared in time series analysis [Yule 1921],
[Wold 1938, p.51]. It then referred to random sequences F : Z ÝÑ R of the form

F ptq “ hp0qW ptq ` hp1qW pt´ 1q ` . . .` hpqqW pt´ qq ,

where W : Z ÝÑ R is such that the W ptq are independent and where hp0q, . . . , hpqq

are deterministic real coefficients. Such processes are thus particular cases of rank-
one colored noises h ˚ W where h : Z ÝÑ R is a causal compactly-supported filter
(meaning that Suppphq is a finite subset of N).

But unfortunately, authors of later articles on this topic did not agree on
a universal definition of moving average processes. For example, the author
of [Doob 1949] and [Doob 1990] calls moving average process any random sequence
F : Z ÝÑ R which can be written h˚W where h P ℓ2, and where W is a white noise.
This corresponds to the univariate case of the processes given by Proposition 2.2.2.
For the multivariate case, one can find in [Helson & Lowdenslager 1961, p.201] a
definition of vectorial moving average processes as h ˚ W where h P ℓ2pZ2,Rdˆdq

and where W is a multi-channel white noise. The author of [Eom 2000] also uses a
moving average model but only in a circular framework.

In the univariate case, the causality of the filter h has a simple chronolog-
ical interpretation. In the two-variable case, since there is no canonical order
on Z2, the causality assumption has no temporal interpretation and in particu-
lar is a priori not relevant in an image processing context. However, the arti-
cle [Francos & Friedlander 1998] still gives a definition of moving average fields
on Z2 with a filter h that is causal for a particular order on Z2; these causal moving
average fields plays a crucial role in the prediction theory, in relation with the Wold
decomposition [Francos et al. 1993].
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In this thesis (and particularly in Section 3.3), we will frequently encounter
Gaussian random fields of the form h ˚ W where h : Z2 ÝÑ Rd has a compact
support and where W is a Gaussian white noise of variance 1. Since it is a very
simple case of colored noise, such a moving average random field has mean zero,
covariance function h˚h̃T , and spectral density ĥĥ˚. Notice that ĥ is a trigonometric
polynomial function whose degree depends on the size of the support of h. It would
be very convenient for this thesis to call these random fields Gaussian moving
average fields but since the term is already quite ambiguous and overloaded, we
prefer not to use it.

The following proposition (which is the Gaussian multivariate case of a result
given in [Doob 1949, p.327] and [Doob 1990, p.498]) characterizes the stationary
Gaussian random fields with spectral density.

Proposition 2.2.3 (Doob). A Gaussian random process F : Z2 ÝÑ R with mean
zero and covariance function C admits a spectral density if and only if it has the
same distribution as h ˚W where h P ℓ2 and W is a Gaussian white noise.

Proof. The reciprocal implication was already shown in the end of Subsection 2.2.1.
For the direct one, let us assume that F admits a spectral density ϕ (which is
necessarily a non-negative integrable function over T2), that is

@v P Z2, Cpvq “
1

p2πq2

∫

T2

ϕpξqeiξ.xdξ .

Let us remark that
√
ϕ P L2pT2q so that

hpxq “
1

p2πq2

∫

T2

√
ϕpξq eiξ.xdξ

defines h P ℓ2 such that ĥ ě 0, ĥ2 “ Ĉ. Thus, h̃ “ h and h ˚ h “ C. Since F is
Gaussian, we get that F has the same distribution as h ˚W where W is a Gaussian
white noise on Z2 with variance 1.

Gaussian Autoregressive Fields

Several authors suggest to model random fields with spatial interactions as autore-
gressive fields [Mead 1971], [Ord 1975]. These random fields have been studied for
example in [Doob 1944], [Whittle 1954] and [Besag & Kooperberg 1995]. These
models have been applied to texture synthesis in [Chellappa & Kashyap 1985].
Since these articles concentrate on real-valued random fields, in this paragraph
we will assume d “ 1. We will see that the stationary autoregressive fields with
spectral density can be written in the form h ˚ W where h P ℓ2 has a Fourier
transform given by an inverse trigonometric polynomial.

As for the moving average model, the literature seems a bit confuse about the
definition of autoregressive model. Let us only mention here that the authors
of [Chellappa & Kashyap 1985] define a (non-causal) autoregressive random field
to be a stationary random field F : Z2 ÝÑ R, which satisfies

@x P Z2, F pxq “
∑

yPZ2

θpyqF px ´ yq ` W pxq , (2.31)
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where θ : Z2 ÝÑ R has a finite support with θp0q “ 0, and where W is a (non-
necessarily Gaussian) pure white noise with mean zero and β “ EpW p0q2q ą 0. In
other words,

F “ θ ˚ F `W .

In particular, when W is a white Gaussian noise, we get a Gaussian autoregressive
field on Z2. Notice that in this case, F is not directly given by a convolution h˚W 1

of h with a Gaussian white noise W 1.
Taking the covariance functions, we get

pδ0 ´ θq ˚ pδ0 ´ θ̃q ˚ CF “ βδ0 .

This implies that the spectral measure µF satisfies

|1 ´ θ̂pξq|2µF pdξq “ βdξ .

If F has a spectral density ϕ, we thus have for almost all ξ P T2,

ϕpξq “
β

|1 ´ θ̂pξq|2
, (2.32)

so that ϕ is the inverse of the squared modulus of a trigonometric polynomial (in
two variables).

Let us remark that the existence of such an autoregressive process with spectral
density imposes some constraints on θ so that (2.32) actually defines an integrable
function. For example, if θ “ 1

2
pδp´1,0q ` δp1,0qq, then θ̂pξq “ cospξ1q so that when

ξ Ñ 0,

|1 ´ θ̂pξq|2 “ p1 ´ cospξ1qq2 „
ξ4

1

4
,

and thus 1

|1´θ̂|2
R L1pT2q.

As mentioned in [Woods 1972] a sufficient condition for the existence of a Gaus-
sian autoregressive process F satisfying (2.31) and which has a spectral density ϕ

is that
@ξ P T2, 1 ´ θ̂pξq ‰ 0 . (2.33)

Indeed, in that case, 1

1´θ̂
is a continuous function on T2 and in particular square-

integrable, so that we can define a kernel function h P ℓ2 by its Fourier transform

ĥ “
1

1 ´ θ̂
P ℓ2 .

Then, thanks to Proposition 2.2.2, if W is a Gaussian white noise with variance
√
β,

h ˚W is a well-defined Gaussian process with mean zero and its spectral density is
exactly the right-hand side of (2.32). Using Lemma 2.2.2, we get p1 ´ θq ˚ h “ δ0,
and thus

p1 ´ θq ˚ F “ p1 ´ θq ˚ h ˚W “ δ0 ˚W “ W

so that F satisfies (2.31).
In conclusion, we see that a Gaussian autoregressive model (2.31) such that

θ̂pξq ‰ 1 for all ξ P T2 is a particular case of Gaussian rank-one colored noise h ˚W

where h P ℓ2.
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Gaussian Markov Random Fields

In this paragraph, we investigate, in the case of zero mean real-valued stationary
Gaussian random fields, the difference between autoregressive fields and Markov
random fields. The following argument was already suggested in [Chellappa 1985]
but was not used for comparison with the autoregressive model.

Let F : Z2 ÝÑ R be a stationary Gaussian random field with zero mean
and covariance function C. Assume that F satisfies the Markov property which
means that there exists a finite N Ă Z2 such that 0 R N and such that the dis-
tribution of F pxq conditionally to pF pyqqyRx only depends on pF pyqqyPx´N . Since
pF pyq,y P {x} Y px ´Nqq is a Gaussian vector, there exist coefficients pηxpyqqyPN

such that
E
(
F pxq | F pyq,y P x ´N

)
“
∑

yPN

ηxpyqF px ´ yq .

Besides, since F is stationary, the coefficients ηx do not depend on x. Therefore,
there exists a function η : Z2 ÝÑ R with support in N such that for all x P Z2,

E
(
F pxq | F pyq,y ‰ x

)
“ E

(
F pxq | F pyq,y P x ´N

)
“
∑

yPZ2

ηpyqF px ´ yq .

In particular, for all x P Z2 and v ‰ 0,

EpF pxqF px ` vqq “ E
[
E
(
F pxq | F pyq,y ‰ x

)
F px ` vq

]

“ E



( ∑

yPZ2

ηpyqF px ´ yq

)
F px ` vq




“
∑

yPZ2

ηpyqEpF px ´ yqF px ` vqq ,

so that
@v ‰ 0, Cpvq “

∑

yPZ2

ηpyqCpv ` yq “ η̃ ˚ Cpvq .

In other words, pδ0 ´ η̃q ˚C “ C´ η̃ ˚C “ λδ0 where λ “ Cp0q ´ η̃ ˚Cp0q. As in the
case of the autoregressive fields, this implies that the spectral measure µF satisfies

p1 ´ η̂pξq˚qµF pdξq “ λdξ .

And therefore, if F has a spectral density ϕ, it is given by

ϕpξq “
λ

1 ´ η̂pξq˚
,

which is the inverse of a trigonometric polynomial. Again in this case, the integra-
bility of 1

1´η̂˚ is a necessary condition for the existence of such a Markov random
field with spectral density.

The last calculation showed that if λ ‰ 0, the covariance function C admits a
convolution inverse given by 1

λ
pδ0 ´ η̃q which has compact support. By analogy with

the term “precision matrix” that is sometimes used in the literature, the inverse
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(for the convolution) of the covariance function can be called precision function.
Therefore, we have seen that, except in the case λ “ 0 (which can be thought of as
a degenerate case), a stationary Gaussian random field on Z2 which has the Markov
property admits a compactly-supported precision function which does not vanish
at 0.

To end this paragraph, we study the links between autoregressive models and
Markov models. With the same notations as above, let us now consider the sta-
tionary Gaussian random field

Upxq “ F pxq ´
∑

yPZ2

ηpyqF px ´ yq “ pδ0 ´ ηq ˚ F pxq .

Therefore, we have

@x P Z2, F pxq “
∑

yPZ2

ηpyqF px ´ yq ` Upxq , (2.34)

where U is a stationary Gaussian random field with covariance function

CU “ pδ0 ´ η̃q ˚ pδ0 ´ ηq ˚ C “ λpδ0 ´ ηq .

Besides, thanks to the definition of the conditional expectation, we know that for
every x P Z2, Upxq is orthogonal to

Span
(
F pyq , y ‰ x

)
Ă L2pPq .

Since pF,Upxqq is jointly Gaussian, we get that for all x, Upxq is independent
of pF pyqqyRx.

Let us notice that Equation (2.34) looks like Equation (2.31) but is actually
very different. Indeed, as can be seen on the expression of its covariance, U is
never a white noise except in the trivial case η “ 0 for which F “ U is also a
Gaussian white noise. Actually, if F satisfies the autoregression equations (2.31),
then

∑
yPZ2 θpyqF px´yq is not the expectation of F pxq conditionally on pF pyqqy‰x,

because we cannot say that W pxq is independent of pF pyqqy‰x. Therefore, there is
no reason to have θ and η equal. If it was the case, U “ F ´ η ˚F “ F ´ θ ˚F “ W

would be a white noise, and so would F as we have just said. For the same reason,
it is unclear that an autoregressive field defined by (2.31) has the Markov property.

According to [Besag & Kooperberg 1995, Section 2], defining a Gaussian ran-
dom vector pX1, . . . , Xnq by conditional autoregression (or auto-normal formula-
tion) amounts to suppose that for every i, the conditional distribution of Xi given
all the other values pXjqj‰i is

Xi | pXjqj‰i „ N
(
µi `

∑

j

βijXj , κi

)
,

with κi ą 0. Setting Qii “ 1
κi

ą 0 and for i ‰ j, Qij “ ´
βij
κi

, one can show that this
Gaussian random vector has covariance matrix Q. Actually, as mentioned at the
end of [Li 2009, Section 2.2], we can obtain with this construction any multivariate
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Gaussian random vector so that the conditional autoregression point of view is just
another way to describe the class of Gaussian random vectors. However, it may
not be the case for random fields defined on the infinite lattice Z2, and as we have
seen above, the Gaussian autoregressive model and Gaussian Markov random field
model must not be confused.

Additional remarks

In general, moving averages are adapted to the case of a smooth spectral density
(given by a trigonometric polynomial), whereas autoregressive or Markov random
fields have irregular spectral measures ((squared) inverse of a trigonometric poly-
nomial). For the case of real-valued Gaussian fields with spectral density, those
models can be represented as N p0, h ˚ h̃q for a well-chosen h P ℓ2.

Notice that the terms “moving average” and “autoregressive” are not limited to
the case of Gaussian random fields. But for a general moving average or autore-
gressive random field, the final distribution not only depends on the corresponding
filters but also on the excitation function. So one cannot analyze clearly the model
limits until a proper form of excitation function is specified. Thus, for the sake of
simplicity, we chose to restrict here to Gaussian excitation functions which already
leads to a quite wide texture model. Notice that in [Chellappa & Kashyap 1985],
even if non-Gaussian excitation functions are mentioned in Subsection II.A, the
simulation in Subsection II.B is restricted to the Gaussian case.

Let us also remark that the articles [Chellappa & Kashyap 1985],
[Cadzow et al. 1993], and [Eom 2000] restrict to the case of circular random
fields when it comes to practical aspects (simulation or estimation of the parame-
ters). We have seen that in this circular setting, every Gaussian random fields is a
sum of at most d circular ADSN, which are nothing more than a circular moving
average field. This remark has two consequences: first, it is not worth distinguish-
ing in the circular setting subclasses of Gaussian random fields (as autoregressive
or moving average fields) unless one specifies a small compact support for the
autoregressive or moving average filter (as will be done in Section 3.3); and second,
this proves that for circular gray-level random fields, the circular ADSN model
presented in [Galerne et al. 2011b] generalizes autoregressive and moving average
random fields with a much clearer (and non-parametric) analysis scheme.

Let us finally mention that autoregressive models are especially useful when
the recursion is based on the time variable. In particular, a wide class of dynamic
textures can be successfully synthesized by using a Gaussian chronologically causal
autoregressive model [Xia et al. 2014].

2.2.5 Compactly-Supported Textons

We have presented in Subsection 2.1.5 the definition of the textons associated to
a circular Gaussian model [Desolneux et al. 2012]. Here we propose to extend this
definition to the case of a stationary Gaussian random field on Z2.

Definition 2.2.8. A matrix texton associated to a stationary Gaussian random
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field N pm,Cq on Z2 is any function t P ℓ2pZ2,Rdˆdq such that

t ˚ t̃T “ C .

Notice that, thanks to Lemma 2.2.2, the convolution t ˚ t̃ is well defined and
its Fourier transform is t̂ t̂˚. Thus, a Gaussian random field that admits a texton
necessarily has a spectral density.

Definition 2.2.9. Let us consider a stationary Gaussian random
field µ “ N pm,h ˚ h̃T q with h P ℓ2pZ2,Rdq. A texton associated to µ is any
function t P ℓ2pZ2,Rdq such that t ˚ t̃T “ h ˚ h̃T . Equivalently, in Fourier domain,
a texton satisfies

ĥĥ˚ “ t̂t̂˚ a.e. .

Besides,

• if d “ 1, the canonical texton of µ is the texton t P ℓ2 defined in Fourier
domain by

t̂ “ |ĥ| .

• if d “ 3, the luminance texton of µ is the texton t P ℓ2 defined in Fourier
domain by

t̂ “ e´iϕlum ĥ ,

where ϕ “ Argpĥlumq and where the luminance channel of h is defined by

hlum “ 0.299h1 ` 0.587h2 ` 0.114h3 .

Again, the choice of coefficients is motivated by [ITU 2011].

As in the circular case, if t is a texton of µ “ N pm,h ˚ h̃T q and if W is a scalar
Gaussian white noise with variance 1, then m`t˚W follows the distribution µ. This
remark is particularly interesting in the case where t has a compact support because,
as we will see in Subsection 2.2.6, we thus have at our disposal a simple simulation
scheme. Therefore, the question is raised to find necessary and sufficient conditions
of existence of a compactly-supported texton. In the rest of this subsection, we will
discuss this question in the simple case d “ 1.

Let us first remark that in general, the canonical texton associated to a Gaussian
model has not a compact support. Indeed, in the real-valued case, if one can write
|ĥ| “ t̂ for a compactly-supported t, this implies that |ĥ| is a C 8 function, which is
not always the case. For example, consider the real-valued filter h “ δp0,0q ´ δp1,0q

whose Fourier transform is given by

ĥpξq “ 1 ´ eiξ1 .

When ξ Ñ 0, we have |ĥpξq| „ |ξ1| so that |ĥpξq| is not differentiable at 0. However,
there may well be a non-canonical texton with compact support.

It is clear that a necessary condition for the existence of a compactly-supported
texton h : Z2 ÝÑ Rd is that the covariance C “ h ˚ h̃T has compact support. One
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can wonder if this condition is also sufficient. In Fourier domain, the problem is
to know if the non-negative trigonometric polynomial Ĉ admits a factorization |ĥ|2

where ĥ is a trigonometric polynomial. If we were dealing with functions with
only one variable x P Z, the answer would be true: indeed, the Fejér-Riesz theo-
rem [Daubechies 1988] for the real-valued case (which admits a matrix extension
due to Rosenblum, see [Rosenblum & Rovnyak 1997] and [Dritschel 2004]) ensures
that any trigonometric polynomial

ϕpξq “
∑

|k|ďn

cpkqeikξ pξ P Tq

such that for all ξ P T, ϕpξq ě 0, can be written ϕ “ |p|2 where p is a trigonometric
polynomial

ppξq “
n∑

k“0

hpkqeikξ

of same degree n. The proof relies on the fundamental theorem of algebra.
Unfortunately, the condition is not sufficient when we have more than one vari-

able. Hilbert indeed showed that there exist non-negative trigonometric polynomials
in several variables that cannot be written as sums of squared moduli of trigonomet-
ric polynomials. Nevertheless, if we consider only trigonometric polynomials that
are positive (instead of non-negative), then there always exist a decomposition in a
sum of |pi|

2. One can refer to [Dritschel & Woerdeman 2005] or [Dumitrescu 2006]
for a large discussion on this issue. Notice also that [Dritschel 2004, Theorem 5.1]
indicates that there always exists a small perturbation of the non-negative trigono-
metric polynomial that can be factorized as a squared modulus of one trigono-
metric polynomial. In other words, for a compactly-supported covariance function
C : Z2 ÝÑ Rd, there always exist an approximate compactly-supported texton t

such that t ˚ t̃T « C.

2.2.6 Simulation

In this subsection, we explain how to sample on a rectangle a Gaussian random
field that admits a compactly-supported texton.

Let h : Z2 ÝÑ Rd be a kernel function with compact support Sh. We will sample
the ADSN Gh “ h ˚ W associated to h (where W is a white Gaussian noise with
zero mean and variance 1) on a finite rectangle Ω Ă Z2. For the sake of clarity, we
can assume that 0 P Sh.

Let us remark that

@x P Ω, Ghpxq “
∑

yPSh

hpyqW px ´ yq .

Thus, when h has a very small support, one only has to sample W on Ω ´ Sh and
the convolution can be performed by direct summation. But when Sh gets bigger,
it is well-known that the direct summation method becomes inefficient to compute
the convolution, and that it may be computed more quickly using the DFT.
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0

Figure 2.4: Use of Circular Convolution. If Ω is augmented by ´Sh, then the
restriction on Ω of the convolution by h of a function on Ω is the restriction on Ω
of the circular convolution performed on a rectangle R containing Ω ´ Sh.

This method amounts to augment Ω by the size of the kernel function, so that
the restriction on Ω of the convolution by h is the same as the restriction of the
circular convolution by h on the augmented domain (see Fig. 2.4). For that, let us
introduce a rectangle R Ă Z2 of size M ˆ N such that Ω ´ Sh Ă R , and also the
circular domain Θ “ Z{MZ ˆ Z{NZ. Then Ω and Sh naturally identify to subsets
Ω1 and S1

h of Θ. One can thus remark that the restriction of the ADSN Gh to Ω
has the same distribution as the restriction of the circular ADSN GΘ

h1 to Ω1. As we
said in Subsection 2.1.2, the simulation of GΘ

h1 can be done in Op|Θ| log |Θ|q using
a DFT, and therefore, we obtain a way to simulate the restriction of Gh on Ω in
Opk log kq where k “ |Ω ´ Sh|. Let us also notice that this remark extends to DSN
with finite intensities (the only difference is that the white noise is Poisson and not
Gaussian).

To sum up, a restriction of the (asymptotic) DSN associated to a compactly-
supported h can be obtained by cropping a circular (asymptotic) DSN. Of course, as
one can see in Fig. 2.5 this implies that the resulting restrictions are not tileable, but
the advantage is that they can naturally be extended afterwards to a wider domain.
When Sh is relatively small and the intensity λ relatively low, the DSN can be
simulated by direct summation. We will take profit of this remark in Section 3.3
where we will design compactly-supported textons associated to a Gaussian model
such that the ADSN can be approximated by a low intensity DSN. But let us
mention immediately that the direct summation method allows for very efficient
on-demand synthesis: indeed, it can be parallelized using a grid-based simulation
scheme for the Poisson point process explained in [Lagae et al. 2009] and illustrated
in Fig. 2.6

2.2.7 Optimal Transport Distance

In Subsection 2.1.6, we have recalled the expression for the optimal transport dis-
tance between two circular ADSN fields given in [Xia et al. 2014]. Here, we show
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Figure 2.5: ADSN versus circular ADSN. From left to right, one can see a
p2, 2q-tiling of a circular ADSN of size 256 ˆ 256, a p2, 2q-tiling of a non-circular
ADSN of size 256 ˆ 256, and a non-circular ADSN of size 512 ˆ 512. The ADSN
are computed with the same kernel (indicator function of a disc of radius 30). As
expected, the circular ADSN is naturally tileable. But the advantage of the non-
circular ADSN model is that it can be extended to any domain without repetition
(right image).

Kernel Support:

Random Seeds:

Poisson Process:

Evaluation point:

Figure 2.6: Parallel local evaluation of a low-intensity DSN. We consider
here a DSN associated to a kernel h (with square support Sh shown in pink) and
with underlying Poisson process pXiq. The synthesis domain is divided into square
cells having the same size as Sh. If one wants to sample the DSN on a point of
the dark green cell, then one must compute the Poisson process in the nine green
cells. In each cell, the Poisson process can be sampled by using a random seed given
as a function of the up-left coordinate of the cell. With this precaution, multiple
evaluations of the Poisson process will be coherent. This method thus allows for
parallel local evaluation of the DSN.
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that it is possible to define the optimal transport distance between two stationary

random fields on Z2, and we get an analog formula for the distance between two
ADSN fields defined over Z2.

Let µ0 and µ1 be the probability distributions of two stationary random fields
on Z2. Inspired by [Gray et al. 1975] and by the result of Proposition 2.1.8, we
adopt the following definition.

Definition 2.2.10. The L2-optimal transport distance between the stationary ran-
dom fields µ0 and µ1 on Z2 is defined by

dOTpµ0, µ1q2 “ inf E
(
‖F p0q ´Gp0q‖2

)
,

where the infimum is taken over all the stationary couplings pF,Gq such that F „ µ0

and G „ µ1

With this definition, we shall give an analog of Theorem 2.1.4 in the case of
random fields on Z2. This result was already given in [Gray et al. 1975] for the case
of real-valued Gaussian stationary random fields. For d ą 1, we need the following
lemma.

Lemma 2.2.5. Let M P Cdˆd and let a, b P Cd. We assume that

H “

(
aa˚ M

M˚ bb˚

)
P Hě0

2d .

Then we have |TrpMq| ď |a˚b|.

Proof. The proof of this lemma relies on the following observation: if K is a non-
negative Hermitian matrix, then

@i, j, |Ki,j |
2 ď Ki,iKj,j . (2.35)

In the simple case a “ 0, we have aa˚ “ 0, and since H is non-negative, we get
from (2.35) that M “ 0 so that |TrpMq| ď |a˚b|.

We can thus assume a ‰ 0. In this case, there exists a unitary matrix P of
size dˆ d whose first column is a

‖a‖ . We thus have

P ˚a “




‖a‖
0
...
0




and P ˚b “




α

˚
...
˚




with α “
( a

‖a‖
)˚
b .

Let us consider

Q “

(
P 0
0 P

)

which is a unitary matrix of size 2dˆ 2d. Since H P Hě0
2d , we also have

K :“ Q˚HQ “

(
P ˚aa˚P P ˚MP

P ˚M˚P P ˚bb˚P

)
P Hě0

2d .
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Let us remark that

P ˚aa˚P “




‖a‖2 0 ¨ ¨ ¨ 0
0
... 0
0




and P ˚bb˚P “




|α|2 ˚ ¨ ¨ ¨ ˚

˚
... *
˚



.

Thanks to (2.35), we get

@i P {1, . . . d}, |Ki,i`d|2 ď Ki,iKi`d,i`d ,

which rewrites

@i P {1, . . . d}, |pP ˚MP qi,i|
2 ď pP ˚aa˚P qi,ipP

˚bb˚P qi,i ,

Besides, for 2 ď i ď d, we have pP ˚aaP qi,i “ 0 so that pP ˚MP qi,i “ 0. And
for i “ 1, we get

|pP ˚MP q1,1|2 ď ‖a‖2|α|2 “ ‖a‖2

∣∣∣∣
(
a

‖a‖

)˚

b

∣∣∣∣
2

“ |a˚b|2 .

Finally,

TrpMq “ TrpP ˚MP q “
d∑

i“1

pP ˚MP qi,i “ pP ˚MP q1,1

and thus
|TrpMq| ď |a˚b| .

Theorem 2.2.6. Let h0, h1 P ℓ2pZ2,Rdq be two kernel functions and let µ0, µ1 be the
distributions of h0 ˚W and h1 ˚W where W is a white noise on Z2 with variance 1.
We suppose that for i “ 0, 1, µi has uniform random phase in the following sense:

@gi P ℓ2, ĝiĝ
˚
i “ ĥiĥ

˚
i ùñ gi ˚W

pdq
“ hi ˚W . (2.36)

Then the L2-optimal transport distance between µ0 and µ1 is given by

dOTpµ0, µ1q2 “
1

p2πq2

∫

T2

(
‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ0pξq˚ĥ1pξq|

)
dξ . (2.37)

Proof. The proof follows the same scheme as in the circular case. Let pF,Gq be any
stationary coupling of pµ0, µ1q. Let us recall that F has spectral density ϕF “ ĥ0ĥ

˚
0

and G has spectral density ϕG “ ĥ1ĥ
˚
1 . Therefore, as we have said in Subsec-

tion 2.2.1, F,G admit a cross-spectral density ψF,G. The spectral density of pF ;Gq

(
ϕF ψF,G
ψ˚
F,G ϕG

)
“

(
ĥ0ĥ

˚
0 ψF,G

ψ˚
F,G ĥ1ĥ

˚
1

)

is Hě0
2d -valued so that, with Lemma 2.2.5 we get

TrpψF,Gq ď |ĥ˚
0 ĥ1| .
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By definition of the spectral densities, we thus have

E
[
‖F p0q ´Gp0q‖2

]
“ E

[
‖F p0q‖2

]
` E

[
‖Gp0q‖2

]
´ 2E

[
Gp0qTF p0q

]

“ Tr
(
E
[
F p0qF p0qT

])
` Tr

(
E
[
Gp0qGp0qT

])
´ 2Tr

(
E
[
F p0qGp0qT

])

“
1

p2πq2

∫

T2

(
TrpϕF pξqq ` TrpϕGpξqq ´ 2TrpψF,Gpξqq

)
dξ

ě
1

p2πq2

∫

T2

(
Trpĥ0pξqĥ0pξq˚q ` Trpĥ1pξqĥ1pξq˚q ´ 2|ĥ˚

0pξqĥ1pξq|
)
dξ

“
1

p2πq2

∫

T2

(
‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ0pξq˚ĥ1pξq|

)
dξ

Therefore,

dOTpµ0, µ1q2 ě
1

p2πq2

∫

T2

(
|ĥ0pξq|2 ` |ĥ1pξq|2 ´ 2|ĥ0pξq˚ĥ1pξq|

)
dξ .

Now let us exhibit a coupling that achieves the lower bound. For that, we de-
fine g1 P ℓ2 by its Fourier transform

ĝ1 “
ĥ1ĥ

˚
1 ĥ0

|ĥ˚
1 ĥ0|

1
ĥ˚

1
ĥ0‰0

` ĥ11
ĥ˚

1
ĥ0“0

.

The function ĝ1 is measurable (because ĥ0 and ĥ1 are measurable), and we have
‖ĝ1‖ “ ‖ĥ1‖ so that g1 P ℓ2. We then define the coupling

F “ h0 ˚W and G “ g1 ˚W .

of µ0, µ1. We see that F ´G “ ph0 ´g1q˚W has spectral density pĥ0 ´ ĝ1qpĥ0 ´ ĝ1q˚

and

Tr
(

pĥ0 ´ ĝ1qpĥ0 ´ ĝ1q˚
)

“ pĥ0 ´ ĝ1q˚pĥ0 ´ ĝ1q “ ‖ĥ0‖2 ` ‖ĥ1‖2 ´ 2|ĥ˚
0 ĥ1| .

We thus have

E
(
‖F p0q ´Gp0q‖2

)
“

1
p2πq2

∫

T2

Tr
(

pĥ0 ´ ĝ1qpĥ0 ´ ĝ1q˚
)

pξqdξ

“
1

p2πq2

∫

T2

(‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ0pξq˚ĥ1pξq|
)
dξ .

which concludes the proof.

Remark 2.2.4. It was conjectured in [Gray et al. 1975, Remark after Corollary 3]
that the equality given by the last theorem is true only in the case of Gaussian
processes. Actually, the result of Theorem 2.2.6 shows that this conjecture is
false because the uniform random phase hypothesis (2.36) does not imply that W
(or h ˚W ) follows a Gaussian distribution. Indeed, let us consider two indepen-
dent white Gaussian noises W0,W1 on Z2 of variances α ‰ β and an independent
Bernoulli variable B of parameter 1

2
. Then let us consider

W “ p1 ´BqW0 `BW1 .
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Then W is a stationary process which is non-Gaussian because the probability
density function of W p0q is the average of the Gaussian densities with mean 0 and
variances α and β. Besides, W is a white noise on Z2 because for all x,y P Z2,

EpW pxqW pyqq “ EpW0pxqW0pyqqPpB “ 0q ` EpW1pxqW1pyqqPpB “ 1q

“
(α ` β

2

)
δ0px ´ yq .

Besides, if ĥĥ˚ “ ĝĝ˚, then we have h ˚W0 „ g ˚W0 and h ˚W1 „ g ˚W1 (because
these processes are Gaussian with the same spectral density), and therefore

h ˚W “ p1 ´Bqh ˚W0 `Bh ˚W1
pdq
“ p1 ´Bqg ˚W0 `Bg ˚W1 “ g ˚W .

Remark 2.2.5. If ĥ0, ĥ1 are continuous, the integral (2.37) can be seen as the limit of
the Riemann sums (2.11). In particular, if h0 and h1 are two compactly-supported
functions on Z2, they define circular models µΘ

0 µΘ
1 on a domain Θ Ă Z2 containing

their support, and we thus see that when Θ Ñ Z2,

dOTpµΘ
0 , µ

Θ
1 q ÝÝÝÝÑ

ΘÑZ2

dOTpµ0, µ1q .

Even if ĥ0 and ĥ1 may have large oscillations, we observe in practice that the
approximation by the Riemann sums is in general quite good (with a relative error of
order 1% as soon as Θ is 4 times larger than the support of the h0 and h1 as one can
see in Fig. 2.7). This remark a posteriori justifies the use of the optimal transport
distance on the circular models as a good approximation of the distance between
models defined on Z2. Let us also mention that the author of [Gray et al. 1975]
mentions another convergence result: the optimal transport distance between the
stationary models µ0, µ1 on Z2 is also the limit of the optimal transport distance of
the restrictions of µ0, µ1 to a domain Ω, when the dimensions of Ω tend to infinity.
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Figure 2.7: Limit of optimal transport distances of large circular models.

To obtain this graph, we fixed two compactly-supported textons t0, t1 (with a sup-
port of size 128ˆ128) associated to two natural textures (see Subsection 3.1.1) and
we plotted the OTD between the circular models defined by t0, t1 on pZ{NZq2 as
a function of N (which is represented on the x-axis). One can see that the conver-
gence of the OTD values to the OTD of the models on Z2 is quite fast: the relative
error is about 1% when the dimensions of Θ are 4 times larger than the ones of the
support of h0, h1.
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In this chapter, we explain how the random phase models presented in Chapter 2
can be used to perform fast and flexible by-example texture synthesis.

As we have already said, the articles [Lewis 1984], [Lewis 1989]
and [Van Wijk 1991] proposed to use random phase fields in texture synthe-
sis. One main contribution of these articles is to demonstrate the richness and
practical flexibility of random phase models; in particular, the wide possibilites
offered by the interactive design of the kernel function has largely and undoubtedly
contributed to the success of the spot noise model. But they did not propose a
clear framework for by-example synthesis. Let us recall the following sentence
of [Van Wijk 1991, §6.3 Further Work].

“An approach to gain more insight in the relation between the shape
of the spot and the resulting texture is to attempt to derive spots from
sampled real-world textures. This step is the inverse from spot to texture.
A spot hpxq has to be constructed such that its energy spectrum is the
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same as the power spectrum of the texture, and such that it corresponds
to the notion of the spot used here, i.e. satisfies some criterion such as
minimal size or minimal variance.”

By-example textures synthesis has been sucessfully addressed in many later ar-
ticles; we refer the reader to [Wei et al. 2009] for a detailed survey on this topic.
Since the steerable pyramid (and more generally a wavelet frame) is a way to extract
the spectral content, the method of [Heeger & Bergen 1995] can be understood as
spectrum approximation, but the distribution of the synthesized random field is
not clearly formulated. As regards models that are closer to random phase fields,
let us mention the articles [Ghazanfarpour & Dischler 1995], [Lagae et al. 2010b],
and [Galerne et al. 2012] whose authors explain the use of noise functions for by-
example texture synthesis. The methods proposed in these three articles rely on the
extraction of the more significant parts of the texture power spectrum. They are
limited to parametric estimation of the texture spectrum because their main objec-
tive is to perform procedural synthesis (which imposes a non-periodic, continuous,
and randomly-accessible model).

If one is not particularly interested in a procedural synthesis method, then
one can lead a non-parametric estimation of the texture spectrum based on one
single exemplar, as was done in [Galerne et al. 2011b]. In the Gaussian case, this
leads to a clear analysis-synthesis pipeline, and the synthesized random field has a
simple distribution because it is an asymptotic discrete spot noise. This method
outperforms those mentioned in the last paragraph because it preserves the whole
power spectrum of the input texture. Besides, the textures that are well-reproduced
by an ADSN are exactly the textures whose aspect is characterized by the power
spectrum, i.e. the ones for which the Fourier phase does not convey any relevant
information.

The estimation method of [Galerne et al. 2011b] allows to derive from an
exemplar texture a spot that can be used for synthesis of this texture.
But let us remark that the spot suggested in [Galerne et al. 2011b] does not
fit the “minimal size” constraint mentioned by van Wijk. The authors
of [Desolneux et al. 2012], [Xia et al. 2014] and [Desolneux et al. 2015] brought an
elegant solution to this problem, with the notion of texton associated to a Gaussian
texture model (which we already introduced in Chapter 2).

The word texton was actually introduced by Julesz in his seminal pa-
per [Julesz 1981] to refer to the features (statistical features or geometrical features)
that are involved in the perception of textures (and in particular which allow preat-
tentive texture discrimination). In the class of stationary Gaussian textures, the
second-order moments (or equivalently the Fourier spectrum) suffice to characterize
a texture, hence the idea to define a texton for a Gaussian texture as a particular
representative of the class of images having the same Fourier spectrum. There-
fore, the authors of [Desolneux et al. 2012] suggest to define the canonical texton
associated to a gray-level Gaussian texture by the only image with same Fourier
spectrum and zero phase. Beyond the characterization of a Gaussian texture, this
canonical texton has several interesting properties. For example, it is spatially con-
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centrated around zero in the sense that, among the images having the same Fourier
modulus, it is the unique solution of a class of optimization problems that translate
the concentration at zero by a spatially-weighted ℓ2-norm [Desolneux et al. 2015].
Besides, in contrast with covariance functions, it becomes natural to approximate
a Gaussian model by cropping the texton1. This texton is thus closer to the idea
of a spot associated to a texture, with “minimal size”.

However, as we will see, given a prescribed compact support, it is not true that
the cropped canonical texton is the kernel function that realizes the best approxima-
tion of the corresponding Gaussian models (measured by the L2 optimal transport
distance). Besides, the canonical texton is not adapted to spot noise synthesis with
finite intensity: indeed, the Gaussian convergence of the corresponding spot noise is
slow because the canonical texton is very spiky. The main contribution of this chap-
ter is the introduction of the so-called Synthesis-Oriented Texton which solves both
these issues. It is obtained by an algorithm of alternating projections on support
and spectral constraints, and can be used for very fast Gaussian texture synthesis.

As an application of Gaussian texture synthesis, we will see at the end of this
chapter that the Gaussian model can be used to address textural inpainting. In-
deed, the texture inpainting problem has a clear formulation in terms of conditional
simulation, and in the Gaussian case, the conditional simulation can be simply ad-
dressed with a method based on kriging estimation. We will see that this method
brings an elegant and efficient solution for microtexture inpainting.

The random phase and Gaussian models used in this chapter have already been
presented in Chapter 2. In Section 3.1, we present and discuss the estimation of the
Gaussian model suggested in [Galerne et al. 2011b], and in particular we question
the relevance of the periodic covariance estimator. In Section 3.2 we give examples of
Gaussian texture synthesis by example, and discuss the limitations of the Gaussian
model. Section 3.3 is devoted to the presentation of the Synthesis-Oriented Texton.
Finally, in Section 3.4 we will present the conditional simulation for stationary
Gaussian random fields and its application to the inpainting of Gaussian textures.

3.1 Model estimation

Some recent articles about Gaussian texture analysis and synthe-
sis [Galerne et al. 2011b], [Desolneux et al. 2012], [Xia et al. 2014] suggest to
estimate the covariance of a Gaussian model by the periodic autocorrelation of the
exemplar texture. If we observe a texture u : Ω ÝÑ Rd on a discrete domain

Ω “ {0, . . .M ´ 1} ˆ {0, . . . , N ´ 1} ,

this amounts to set

@v P Z2, cupvq “
1

|Ω|

∑

xPΩ

pupxq ´ ūqpu̇px ` vq ´ ūqT , (3.1)

1even if a crop of a zero-phase texton may not be a zero-phase texton.
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where u̇ refers to the pM,Nq-periodic extension of u defined by

@px, yq P Ω, @pk, lq P Z2, u̇px` kM, y ` lNq “ upx, yq ,

and where

ū “
1

|Ω|

∑

xPΩ

upxq (3.2)

refers to the empirical mean.
Because we have ĉupξq “ 1

|Ω| ûpξqû˚pξq for ξ ‰ 0, this is equivalent (for d “ 1)
to estimate the power spectrum by the squared modulus of the DFT. In the signal
processing community, it is well-known that the squared modulus of the DFT is
a very noisy information and that it may not be the best estimator of the power
spectrum.

When estimating the covariance of circular stationary random fields, the use of
the periodic autocorrelation is natural: amongst other reasons, the relation (2.2)
indicates that the estimator is asymptotically unbiased. Another reason, that was
mentioned in [Xia et al. 2014] and that we will prove in Subsection 3.1.1, is that
this estimator is indeed the one that maximizes the likelihood function.

But in practical cases of texture synthesis by example, there is no reason for
the exemplar texture to be periodic, so that the periodic autocorrelation is not
legitimate a priori. Actually, this is not natural to model a non-periodic texture by
a circular stationary random field. The author of [Moisan 2011] proposed an elegant
solution to extract from any image a “periodic component” whose geometry is very
similar in the domain interior and which has a very attenuated border-to-border
discontinuity. As we will see in Subsection 3.1.2, this periodic component makes
the circular modelling more legitimate but does not entirely solve the covariance
estimation.

Another approach is to use a purely non-periodic estimator of the covariance
given by

@v P Z2, γupvq “
1

|Ω X pΩ ´ vq|

∑

xPΩXpΩ´vq

pupxq ´ ūqpupx ` vq ´ ūqT , (3.3)

with the convention that γupvq “ 0 as soon as Ω X pΩ ´ vq “ ∅, and where ū still
refers to the empirical mean. A variant is given by

@v P Z2, γ1
upvq “

1
|Ω|

∑

xPΩXpΩ´vq

pupxq ´ ūqpupx ` vq ´ ūqT . (3.4)

Such non-periodic estimators will be studied in Subsection 3.1.3. On synthetic
cases, we will see that, contrary to what we hoped, they do not perform better than
the periodic autocorrelation. In turn, our discussion also explains a posteriori the
success of the traditionnaly used periodic estimator.

For the sake of simplicity, the discussion of this section will be re-

stricted to the gray-level case, that is, d “ 1.
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3.1.1 Maximum Likelihood Estimation in the Circular case

We show in this subsection that, in the gray-level case, the traditional periodic
estimator cu defined by (3.1) can be seen as a maximum likelihood estimator.

Let us consider a stationary Gaussian random field U : Θ ÝÑ R defined on a
circular domain

Θ “ Z{MZ ˆ Z{NZ

with mean m P Rd and covariance function C : Θ ÝÑ R.
As we have said in Subsection 2.1.1, the covariance

Γ : Θ ˆ Θ ÝÑ R

px,yq ÞÝÑ Cpx ´ yq

induces a bilinear non-negative form on RΘ and thus a non-negative linear operator
from RΘ to RΘ, that we will still denote by Γ. It is well known that the Gaussian
vector U has a probability density function if and only if the operator Γ is invertible,
and in that case, the probability density function writes

u P RΘ ÞÝÑ
1√

detp2πΓq
exp


´

1
2

∑

x,yPΘ

Γ´1px,yqpupxq ´mqpupyq ´mq


 .

As we have seen on Equation (2.3), we have for all f : Θ ÝÑ R,

∑

x,y

fpxqfpyqΓpx,yq “
1

|Θ|

∑

ξ

|f̂p´ξq|2Ĉpξq “
1

|Θ|

∑

ξ

|f̂pξq|2Ĉpξq ,

where f̂ and Ĉ are the DFTs of f and C. This shows that the operator Γ has an
eigenvector basis given by the (unitary) discrete Fourier basis and the corresponding
eigenvalues are Ĉpξq, ξ P Θ. Thus, the operator Γ is invertible if and only if
Ĉpξq ‰ 0 for all ξ, and

∑

x,y

fpxqfpyqΓ´1px,yq “
1

|Θ|

∑

ξ

|f̂pξq|2

Ĉpξq
.

Therefore, the Gaussian random field U has a probability density function if and
only if Ĉpξq ‰ 0, and in this case, the density function writes

u P RΘ ÞÝÑ
1√

2π|Θ|Ĉp0q
exp

(
´

pûp0q ´m|Θ|q2

2|Θ|Ĉp0q

)∏

ξ‰0

1√
2π|Θ|Ĉpξq

exp

(
´

|ûpξq|2

2|Θ|Ĉpξq

)
.

More generally, if Ĉ takes the value 0, then U admits a probability density function
on the subspace

{ u P Rθ | ûpξq “ 0 as soon as Ĉpξq “ 0 } ,

and the density function on that subset is the same than before except that the
product does not contain the frequencies ξ for which Ĉpξq “ 0.
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Suppose that we oberve a texture u : Θ ÝÑ R that we want to model by a
Gaussian random field U „ N pm,Cq. Then the likelihood function is

Lpm,Cq “
1√

2π|Θ|Ĉp0q
exp

(
´

pûp0q ´m|Θ|q2

2|Θ|Ĉp0q

) ∏

ξPΘz{0}

1√
2π|Θ|Ĉpξq

exp

(
´

|ûpξq|2

2|Θ|Ĉpξq

)
.

Thus, we have

´ logLpm,Cq “ cst`
1
2


logpĈp0qq `

pûp0q ´m|Θ|q2

|Θ|Ĉp0q
`
∑

ξ‰0

logpĈpξqq `
|ûpξq|2

|Θ|Ĉpξq


 .

We want now to compute the maximum likelihood (ML) estimator of pm,Cq,
which means that we want to maximize Lpm,Cq (or equivalently minimize
´ logLpm,Cq) on the set of couples pm,Cq where m P R and where C is a cir-
cular covariance function on Θ. In the first place, we would like to restrict Lpm,Cq

to non-degenerate covariance functions C (i.e. such that Ĉpξq ą 0 for every ξ), but
then, as soon as there exists ξ0 such that ûpξ0q “ 0, Lpm,Cq does not have a finite
minimum because

lim
Ĉpξ0qÑ0

logpĈpξ0qq “ ´8 .

It is thus natural to restrict to covariance functions which satisfy Ĉpξq “ 0 as soon
as ûpξq “ 0.

We have a similar problem for Ĉp0q. Indeed, for a fixed C, m ÞÑ ´ logLpm,Cq

always has a unique minimum at

ū “
1

|Θ|
ûp0q “

1
|Θ|

∑

xPΘ

upxq ,

and then, the function C ÞÑ ´ logpū, Cq does not have a finite minimum (for the
same reason as above).

All in all, we will always estimate the mean m by the empirical mean ū, and
then we will minimize the function

C ÞÝÑ LpCq “
∑

ξ‰0
ûpξq‰0

logpĈpξqq `
|ûpξq|2

|Θ|Ĉpξq

on the set

Cu “
{
C : Θ ÝÑ R

∣∣∣ @ξ, Ĉpξq ě 0 , Ĉp0q “ 0 , and Ĉpξq “ 0 as soon as ûpξq “ 0
}
.

For that, we noticed that the different terms of the sum can be minimized indepen-
dently, modulo the fact that the summand is an even function of ξ. Besides, one
can notice that for a fixed k ą 0, the function

s0,`8r ÝÑ R

c ÞÝÑ logpcq ` k
c
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has a minimum value which is reached at the point c “ k. Therefore, L admits a
unique minimum on Cu reached on the covariance function C which satisfies

@ξ ‰ 0, Ĉpξq “
1

|Θ|
|ûpξq|2 .

Finally, we get the following

Proposition 3.1.1. If we observe a gray-level texture u : Θ ÝÑ R, then the max-
imum likelihood estimator (in the sense explained above) for the circular Gaussian
model N pm,Cq is given by

mML “ ū “
1

|Θ|

∑

xPΘ

upxq , and CML “ cu “
1

|Θ|
pu´ ūq ˚ pũ´ ūq ,

where ˚ refers to the circular convolution on Θ.

Remark 3.1.1. Let us make three more comments about the ML estimator.

- If U „ N pm,Cq then Ûpξq ‰ 0 almost surely as soon as Ĉpξq ‰ 0. For that
reason, it is natural to enforce Ĉpξq “ 0 for the estimation of C as soon as we
observe ûpξq “ 0.

- It is quite uncommon to estimate a random model from one single realization.
However, we have been able to derive a ML estimator thanks to the station-
arity assumption, modulo some constraints on m and C. Notice in particular
that the choice Ĉp0q “ 0 is quite arbitrary: it means that the realizations of
N pm,Cq have a mean value which is almost surely equal to m. If we had more
than one observation, we could compute a ML estimator without imposing
Ĉp0q “ 0.

- Let us remark that there exists a generic ML estimation method for a Gaussian
random vector. But it is different from the one presented here: indeed, the
above ML is restricted to a circular covariance function (i.e. the covariance
function of a circular stationary random field). In particular, the stationarity
assumption modifies the degeneracy condition (because the space of circular
covariance functions is much smaller than the space of all covariance matrices).

- The case of vector-valued random fields (i.e. d ą 1) is a bit more difficult
because for each ξ P Θ, the matrix ûpξqûpξq˚ has rank one and is thus always
degenerate.

3.1.2 Coping with the periodicity assumption

In this subsection, we discuss the practical legitimacy of the periodic covariance
estimator cu defined by (3.1).

The ML estimation that we presented in Subsection 3.1.1 allows to learn a
circular stationary Gaussian model from one single realization. But in general, the
natural textures that we can observe have no reason to be plausible in a circular



100 Chapter 3. Random Phase Texture Synthesis by Example

stationary Gaussian model (because they have no reason to be tileable). Therefore,
if we observe a natural texture u : Ω ÝÑ R defined on a discrete rectangle Ω Ă Z2

(which can be identified to a circular domain Θ “ Z{MZ ˆ Z{NZ), and if we
consider the covariance ML estimator cu, then the terms in (3.1) corresponding to
positions x such that x P Ω and x`v R Ω cannot be considered as valid samples for
the covariance estimation. One can thus wonder if these samples induce a strong
bias of the periodic covariance estimator cu. In Subsection 3.1.3, we will analyze
the precision of this estimator and compare it to the precision of another purely
non-periodic estimator.

But before that, let us mention a technique introduced in [Moisan 2011] that
allows to reduce the border-to-border discontinuity of a natural image without
affecting its inner geometry. If u : Ω ÝÑ R is an image defined on

Ω “ {0, . . .M ´ 1} ˆ {0, . . . , N ´ 1} ,

then the periodic plus smooth decomposition of u is by definition the unique cou-
ple pp, sq of images defined on Ω which minimizes

∑

x P Ω,y PZ2zΩ

|x´y|“1

pppxq ´ ṗpyqq2 `
∑

x,y P Ω
|x´y|“1

pspxq ´ spyqq2

(where |x| is the l2-norm on Z2) under the constraints

u “ p` s and
∑

xPΩ

spxq “ 0 .

The image p is called the periodic component of u, and is also written perpuq.
Equivalently, one can express p as a solution of a Poisson equation. Indeed, let us
define the (periodic) Laplacian operator ∆ : RΩ ÝÑ RΩ by

@x P Ω, ∆puqpxq “ ´4upxq `
∑

yPZ2

|x´y|“1

u̇pyq ,

and let us capture the border-to-border discontinuities of u in the image v “ v1 `v2

where for all px, yq P Ω we set

v1px, yq “
(
upM ´ 1 ´ x, yq ´ upx, yq

)
1x“0 or x“M´1 ,

v2px, yq “
(
upx,N ´ 1 ´ yq ´ upx, yq

)
1y“0 or y“N´1 .

Then, one can show that the periodic component p satisfies

∆p “ ∆u´ v .

Since the Laplacian operator is circulant with respect to the periodic translations
of Ω and invertible on the sets of images with zero sum, this equation can be solved in
Fourier domain, and thus the periodic component can be obtained in Op|Ω| log |Ω|q

using the fast Fourier transform.
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u “ p ` s

Figure 3.1: Example of periodic plus smooth decomposition. Notice that the
in the interior of the image domain, the perceived geometrical features are almost
the same in u and in p. This experience confirms that s is a smooth image (and
actually, s is smoother in the domain interior than near the border).

Figure 3.2: Texture tiling using the periodic component. On the left, one
can see the 2 ˆ 2 tiling of the texture shown in Fig. 3.1, and on the right, the tiling
of its periodic component. On the tiling of the raw texture, the image borders are
clearly visible between the tiles, whereas they are more difficult to perceive on the
tiling of the periodic component.

As one can see in Fig. 3.1 and Fig. 3.2, taking the periodic component reduces
the intensity gaps between two opposite image borders. In several cases (as in
Fig. 3.2), this suffices to make the texture tileable. However, let us remark that,
even if per can reduce the border to border intensity gaps, nothing ensures that the
correlations between values taken on both sides of the border of a tile are compatible
with the initial texture autocorrelation (in the interior of the domain). Therefore,
as concerns the covariance estimation, one can imagine that the periodic component
will reduce the bias induced by the border to border discontinuity, but it does not
make the periodic covariance estimator completely legitimate for a non-periodic
exemplar texture, as illustrated by the degenerate case given in Fig. 3.3. From
these observations, we can draw a simple rule: one can consider that taking the
periodic component overcomes the non-periodicity of the exemplar texture as soon
as there is no easily-perceptible discontinuity in the textural content in the 2 ˆ 2
tiling of the exemplar.

Remark 3.1.2. The operator per can be extended to color images by computing the
periodic component seperately on each channel.
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Figure 3.3: Failure case of texture tiling using the periodic component.

On the left, one can see the 2 ˆ 2 tiling of a pure wave texture, and on the right,
the tiling of its periodic component. In this case, the operator per indeed reduces
the intensity gaps, but the borders of the tiles are still clearly visible in the tiling.

3.1.3 Asymptotic performance

Suppose now that we observe u : Ω ÝÑ R and that we want to model u by the
restriction to Ω of a stationary Gaussian field U : Z2 ÝÑ R with mean m and covari-
ance function C. Since we cannot write the density of the random field U (because
it has infinitely many components), we cannot follow the maximum likelihood pro-
cedure to derive a covariance estimator. Nevertheless, we can still consider the
natural (non-periodic) estimator defined by (3.3) and the periodic estimator given
by (3.1).

In this setting, we are allowed to study the convergence of the covariance estima-
tors when the size of the observation domain Ω grows to infinity. We will see that,
when we restrict to Gaussian models with compactly-supported covariance func-
tions, both the periodic and non-periodic estimators are asymptotically pointwise
consistent. After that, we will illustrate on a simple example that the performance
of these estimators are comparable.

A first step is to prove the consistency of the mean estimator.

Lemma 3.1.1. Let U : Z2 ÝÑ R be a stationary Gaussian field with mean m and
covariance function C. Let us assume that C has compact support K. Then the
empirical mean (3.2) is a consistent estimator of m, i.e. when the dimensions M
and N of the rectangle Ω tend to 8, we have almost surely

UΩ ÝÑ m , (3.5)

where UΩ refers to the Ω-restriction of U .

Proof. We will use an ergodicity argument that follows from the compactness of the
covariance support. For that, we introduce a rectangle R of size rˆs containing K.
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We then consider the partition of Ω defined by the sets

Ωi “ Ω X (i ` rZ ˆ sZ) , pi P Rq .

Then,

UΩ “
1

|Ω|

∑

iPR

∑

xPΩi

Upxq “
∑

iPR

|Ωi|

|Ω|
¨

1
|Ωi|

∑

xPΩi

Upxq .

Observe that for each i P R, the random variables pUpxqqxPΩi are independent since
they are Gaussian with covariance 0, and also identically distributed because U is
stationary. Therefore the law of large numbers ensures that when |Ω| ÝÑ 8, we
have almost surely

@i P R,
1

|Ωi|

∑

xPΩi

Upxq ÝÑ m ,

which entails UΩ ÝÑ m, because

∑

iPR

|Ωi|

|Ω|
“ 1 .

Based on this result, we can show the consistency of the non-periodic and peri-
odic covariance estimators.

Theorem 3.1.2. Let U : Z2 ÝÑ R be a stationary Gaussian field with mean m

and covariance function C. Let us assume that C has compact support K. Then
the covariance estimators defined by (3.1), (3.3) and (3.4) are pointwise consistent,
i.e. when the dimensions M and N of the rectangle Ω tend to 8, we have almost
surely for all v P Z2,

γUΩ
pvq ÝÑ Cpvq ,

γ1
UΩ

pvq ÝÑ Cpvq ,

cUΩ
pvq ÝÑ Cpvq ,

where UΩ refers to the Ω-restriction of U .

Proof. We will first prove the convergence for the non-periodic estimators, by em-
ploying the same method than in the proof of Lemma 3.1.1. Let v P K. Expand-
ing (3.3), one gets

γUΩ
pvq “

1
|Ω X pΩ ´ vq|

∑

xPΩXpΩ´vq

UpxqUpx ` vq ´ UΩ


 1

|Ω X pΩ ´ vq|

∑

xPΩXpΩ´vq

Upxq




´ UΩ


 1

|Ω X pΩ ´ vq|

∑

xPΩXpΩ´vq

Upx ` vq


` UΩ

2
.

Splitting the sum into sums of independent terms as in the proof of Lemma 3.1.1,
we obtain that the sum of the three last terms converges almost surely to

´m2 ´m2 `m2 “ ´m2 .
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The first term is the empirical mean on Ω X pΩ ´ vq of the process

x ÞÝÑ UpxqUpx ` vq .

Notice that this process also has a compactly-supported covariance function. More
precisely, the samples at pixels separated at least by the size of K ´K ` {´v, 0,v}
are independent. Therefore, imitating again the proof of Lemma 3.1.1, one can
show that when M and N tend to 8, we have almost surely

1
|Ω X pΩ ´ vq|

∑

xPΩXpΩ´vq

UpxqUpx ` vq ÝÑ ErUpxqUpx ` vqs ,

so that γUΩ
pvq ÝÑ Cpvq almost surely.

The convergence also holds for the renormalized γ1
UΩ

. Indeed, we have for each v,

|Ω X pΩ ´ vq|

|Ω|
ÝÑ 1

when M and N tend to 8, because of the relation

|ΩzpΩ ´ vq|

MN
“

|v1|

M
`

|v2|

N
´

|v1v2|

MN
. (3.6)

Now, let us prove the consistency of the periodic estimator. With the first part
of the proof, it is enough to show that the difference between γ1

UΩ
and cUΩ

tends to
zero almost surely. Notice that

cUΩ
pvq “ γ1

UΩ
pvq `

1
|Ω|

∑

xPΩzpΩ´vq

pUpxq ´ UΩqpU̇px ` vq ´ UΩq . (3.7)

The last sum can be rewritten

∑

xPΩzpΩ´vq

UpxqU̇px ` vq ´ UΩ


 ∑

xPΩzpΩ´vq

Upxq


´ UΩ


 ∑

xPΩzpΩ´vq

U̇px ` vq




`|ΩzpΩ ´ vq|UΩ
2
. (3.8)

Notice that
|ΩzpΩ ´ vq| “ |v1|N ` |v2|M ´ |v1||v2|

so that |ΩzpΩ´vq| Ñ 8 when |Ω| Ñ 8. Thanks to the consistency of the empirical
mean, we get that

´UΩ

∑
xPΩzpΩ´vq Upxq

|ΩzpΩ ´ vq|
´ UΩ

∑
xPΩzpΩ´vq U̇px ` vq

|ΩzpΩ ´ vq|
` UΩ

2

converges almost surely to ´m2. And for the first sum of (3.8), we will proceed
as in the proof of Lemma 3.1.1. Notice that as soon as Ω is large enough, Upxq

and U̇px ` vq are independent. Indeed, suppose for example that x1 ` v1 R Ω1 and
x2 ` v2 P Ω2, then

U̇px ` vq “ Upx1 ` v1 ´M,x2 ` v2q ,
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so that the covariance between Upxq and U̇px ` vq is Cpv1 ´M,v2q which vanishes
as soon as M is large enough. Therefore, the sum

∑
xPΩzpΩ´vq UpxqU̇px ` vq can

be split into several sums of i.i.d. terms, and thus the law of large numbers ensures
that when M and N tend to 8, we have almost surely

1
|ΩzpΩ ´ vq|


 ∑

xPΩzpΩ´vq

UpxqU̇px ` vq


 ÝÑ m2 .

Grouping the two parts, we have shown that when M and N tend to 8,

1
|ΩzpΩ ´ vq|

∑

xPΩzpΩ´vq

pUpxq ´ UΩqpU̇px ` vq ´ UΩq
a.s.
ÝÝÑ 0 .

Using (3.7) and (3.6), it follows that

cUΩ
pvq ´ γ1

UΩ
pvq “ o

(
|ΩzpΩ ´ vq|

MN

)
“ o

(
1
M

`
1
N

)
. (3.9)

Using the consistency result for the non-periodic estimator we get the consistency
of the periodic estimator. Notice that we also showed

cUΩ
pvq ´ γUΩ

pvq “ ´
|ΩzpΩ ´ vq|

MN
γUΩ

pvq ` o

(
|ΩzpΩ ´ vq|

MN

)
,

so that when M and N tend to 8, we have almost surely

cUΩ
pvq ´ γUΩ

pvq “ O
(

1
M

`
1
N

)
. (3.10)

Let us add a comment about the last result. Not only have we shown the
consistency of the estimators, but we have given the upper bounds (3.9), (3.10)
on the difference between the periodic and non-periodic estimators. Unfortunately,
this upper bound is not small enough to conclude that both estimators perform
equally. Indeed, even if a central limit theorem cannot be applied immediately
(because of the dependencies between the terms of the sums defining cu or γu), it
could be expected that the estimation errors

γUΩ
pvq ´ Cpvq , γ1

UΩ
pvq ´ Cpvq , cUΩ

pvq ´ Cpvq

are of order 1√
MN

. Therefore, thanks to the last theorem, we see that for example,
if M and N tend to infinity with the constraint M “ N , then the upper bound
1
M

` 1
N

has the same magnitude than the estimation error.
Let us now analyze in a practical asymptotic framework the performance of

these estimators. We performed numerical simulations with a Gaussian random
field U “ k ˚W where k is a discrete disc of radius r and W a normalized Gaussian
white noise on Z2. We draw a realization u of U on a square of size NˆN , estimated
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Figure 3.4: Comparison of the different covariance estimators. We plotted
the estimation errors with the periodic (cu, ˆ), non-periodic (γu, +), and non-
periodic non-normalized (γ1

u, ˝) estimators of the covariance. More precisely, for
each size N of the observation, the expectations of εpcuq, εpγuq, and εpγ1

uq (which
are defined by (3.11)) were estimated by averaging 100 realizations of these random
variables. The true covariance is the autocorrelation of a discrete disc of radius r,
with r “ 5 for the left diagram, and r “ 10 for the right diagram. One can see that
the three estimators have approximately equal precision. It is surprising to see that
the (natural) non-periodic normalized estimator γu does not perform better.

the mean by ū and the covariance by cu, γu and γ1
u. The estimation error of the

estimator c is measured by

εpcq2 “
∑

vPK

pcpvq ´ Cpvqq2 . (3.11)

In Fig. 3.4, we plotted an estimation of the expectation of εpcuq and εpγuq and εpγ1
uq

for several values of N (the observation size). This diagram shows that, surpris-
ingly, the non-periodic estimator γu (which seemed a priori more natural) does not
perform better than the periodic one.

Let us remark that the choice of the ℓ2 norm over K for the comparison of
the estimators is quite arbitrary. In the statistical community (see for exam-
ple [Bickel & Levina 2008]), several articles use the ℓ2 ´ ℓ2 operator norm to study
the convergence of an empirical covariance matrix estimate to the true covariance
matrix of the model. In our context, the computation of this operator norm is
practically difficult because we deal with random models defined over Z2. However,
as in [Xiao & Wu 2012], one could consider the operator norm of the difference be-
tween the covariance matrix estimate and the true covariance matrix of the model
restricted on the observation domain. But in our case, this operator norm would be
difficult to compute (because the covariance matrices cannot be stored, and because
the covariance matrix of a restriction is not circulant but only Toeplitz).

Since the non-periodic and periodic estimators perform as well, we may use
either one, depending on the applicative context. For synthesis purpose, we will
prefer covariance estimators that are true covariance functions associated to a ran-



3.2. Synthesis examples 107

dom model, because we want to sample the estimated model. Let us mention that
cu is a periodic autocorrelation and thus has a very simple DFT which is a non-
negative function; in other words, cu is a true covariance function of a periodic
Gaussian random model, which can directly serve for synthesis. In contrast, the
Fourier transform of γu is not non-negative so that γu is not a true covariance
function. Therefore, one additionnal step would be needed in order to estimate a
Gaussian model from γu. Actually, the fact that γu is not a true covariance function
only comes from the normalization. On the other hand, the variant

γ1
upvq “

1
MN

∑

xPΩXpΩ´vq

pupxq ´ ūqpupx ` vq ´ ūq , (3.12)

is the non-periodic autocorrelation of the normalized spot

@x P Z2, tupxq “
1√
MN

pupxq ´ ūq1xPΩ .

Therefore, γ1
u has a non-negative Fourier transform and is the covariance function

of the Z2 ADSN field tu ˚W which will be used for synthesis in the next section.

3.2 Synthesis examples

In this section, we summarize the method of [Galerne et al. 2011b] for by-example
synthesis of a microtexture on an arbitrarily large domain, using the ADSN model.
We give several synthesis examples that allow us to exhibit the limitations of the
ADSN (and RPN) models. Understanding these limitations is an important prereq-
uisite in the design of richer texture models. Finally, we discuss the color handling
and in particular compare the different possibilities that were exposed in the liter-
ature to synthesize color images with an ADSN or RPN model.

3.2.1 Synthesis Algorithm

Let us assume that we observe an exemplar texture u : Ω ÝÑ Rd on a discrete
rectangle Ω Ă Z2 of size M ˆN . For the sake of simplicity, we assume that 0 P Ω.
As discussed in Section 3.1, we estimate the mean value by the empirical mean

ū “
1

|Ω|

∑

xPΩ

upxq ,

and the covariance function by tu ˚ t̃Tu where

@x P Z2, tupxq “
1√
MN

pupxq ´ ūq1xPΩ . (3.13)

Then, if W is a Gaussian white noise with variance 1 on Z2 the Gaussian model

ū` tu ˚W

can be used for synthesis of the texture u. In order to perform synthesis on a
domain Ωs, one only has to sample the restriction of this Gaussian random field
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to Ωs. For that, as explained in Subsection 2.2.6, one can consider a rectangle R
containing Ωs ´ Ω, embed tu at any position in R, perform on R the circular
convolution of tu with a normalized Gaussian white noise (by using a DFT), add ū,
and then crop the result to Ωs.

As explained in [Galerne et al. 2011b, Subsection V.C], high-frequency artifacts
can occur when using the normalized spot tu because of the border discontinuity
induced by zero-padding. As suggested in [Galerne et al. 2011b], such artifacts can
be avoided by multiplying tu by a smooth window which attenuates this border
discontinuity.

If, for any reason, one wishes to synthesize a texture that is periodic on a
domain Ωs with dimensions larger than Ω, then one only has to embed tu in Ωs,
and perform the circular convolution of tu with a white noise on Ωs by using a DFT
(the cropping step is not needed anymore). This corresponds to using a circular
ADSN model instead of a non-circular ADSN model. For such a circular synthesis,
one can also use the RPN model, which amounts to replace the convolution with
a white noise by the multiplication of the DFT with a uniform random phase field
(see Subsection 2.1.3). In the case Ωs “ Ω, then, as discussed in Subsection 3.1.2,
one can take the periodic component [Moisan 2011] in order to make the circular
model more legitimate.

3.2.2 Examples and Limitations of Uniform Random Phase Syn-

thesis

Let us now give some synthesis examples. In Fig. 3.5, one can observe eight satis-
fying examples of ADSN and RPN synthesis. These examples can be referred to as
microtextures because their perception is governed by non-salient details which are
concentrated in the fine scales. As suggested by [Galerne et al. 2011b], one can de-
fine a class of microtextures as the textures that are characterized by their discrete
Fourier spectrum. Such microtextures are exactly the ones for which the Fourier
phase does not bear any relevant information, and thus can be changed without
affecting the textural aspect. This is equivalent to say that such a microtexture is
characterized by its autocorrelation. Since the synthesis with ADSN or RPN mod-
els (averagely) preserve the autocorrelation, this explains why such microtextures
can be well reproduced through ADSN or RPN synthesis. One can also notice in
Fig. 3.5 that in terms of visual perception of the synthesized textures, the RPN and
ADSN models are very similar. More experiments would show that it is always the
case except for an original texture with a very sparse spectrum (composed of one
or two pure sine waves).

Let us now present other synthesis examples which highlight the limitations of
uniform random phase synthesis. First, as can be seen in Fig. 3.6, the RPN and
ADSN models fail to reproduce textures with large scale geometrical structures.
Indeed, as we have seen in Section 2.1 for the circular ADSN and for the RPN, the
Fourier coefficients of these random fields are independent modulo the Hermitian
symmetry. Therefore, the RPN and ADSN models cannot capture the correlations
between the phase coefficients that are needed to produce sharp edges (for example).
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u ADSNpuq RPNpuq

Figure 3.5: ADSN and RPN synthesis of microtextures. For each line and
from left to right, one can observe an original texture image u (of size 128ˆ128) and
the results of ADSN and RPN synthesis (of size 256ˆ128). On these microtextures,
the synthesis results are satisfactory.
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u ADSNpuq RPNpuq

Figure 3.6: ADSN and RPN synthesis of non-random phase textures.

These uniform random phase models fail to reproduce the large-scale geometrical
features which are mainly encoded in the phase information of the original texture.

Measuring the coherence of the phase coefficients in an original image is a difficult
question for which we will bring a partial answer in Chapter 4. Let us also remark
that the first example of Fig 3.6 is not really homogeneous: the real problem of this
texture is the wood knots. A basic requirement for RPN or ADSN synthesis is the
spatial homogeneity of the exemplar.

The uniform phase constraint also leads to surprising results on nearly periodic
textures. Since the Fourier representation is compatible with periodic structures,
one could expect the RPN or ADSN models to be very well suited to periodic
textures. But in general, the natural textures that are called periodic are generally
not pure sine waves because the periodic patterns are often produced with several
harmonic frequencies. Therefore, as can be seen in Fig. 3.7, interference patterns
can appear on the random phase synthesis of a quasi-periodic texture. Let us also
mention a surprising example found by B. Coulange which is shown in Fig. 3.8. This
example highlights the fact that the RPN synthesis is very sensitive to the frequency
sampling induced by the DFT: a pure sine wave that is not pM,Nq-periodic does
not have a sparse DFT on a domain of size M ˆ N , and thus the RPN synthesis
may fail on such an example.

Another contraint of the RPN or ADSN model is the symmetry of the color
distribution. Indeed, if W is a Gaussian white noise, the random field h ˚ W has
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u ADSNpuq RPNpuq

Figure 3.7: ADSN and RPN synthesis examples with interference arti-

facts. A “periodic” natural texture in general does not have a sparse spectrum,
but is composed of several coherent harmonic frequencies. The uniform random
phase synthesis cannot keep this coherence and thus may lead to undesirable inter-
ference patterns.

u RPNpuq

v RPNpvq

Figure 3.8: A surprising RPN example. The image u has a DFT supported by
{0, ξ0,´ξ0} and the image v was obtained by cropping 7 rows and 7 columns of u.
Therefore, the DFT of v is not sparse anymore, which explains why the RPN of v
does not look like a pure sine wave.
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u v “ 2ū´ u ADSNpuq RPNpuq

Figure 3.9: ADSN and RPN synthesis of exemplars having a non-

symmetrical color distribution. From each row, and from left to right, the
exemplar texture u, its symmetric v with respect to the empirical mean, and the
results of ADSN and RPN synthesis. Notice that the assymetry of the exemplar
color distribution is not preserved after uniform random phase synthesis; this can
be explained by the fact that in these two examples, the textures u and v can be
(preattentively) discriminated.

same distribution than p´hq ˚W . Therefore, if we replace the original texture u by

ū´ pu´ ūq “ 2ū´ u ,

then we get exactly the same result of ADSN synthesis. A similar remark can
be expressed for the RPN model. As can be seen in Fig. 3.9, this implies that
an exemplar with a color distribution that is not symmetrical with respect to the
empirical mean may not be well reproduced by uniform random phase synthesis.
More generally, if T is an image transformation such that h ˚W and T phq ˚W have
the same distribution (for example the spatial symmetry h ÞÑ h̃), and if one can
find an exemplar u such that T puq does not look like u, then it is likely that the
ADSN fails to synthesize u.

We would like to remark that the random phase hypothesis depends on the
observation scale of the texture. About that, let us comment and illustrate the
following sentence of [Galerne et al. 2011b]:

“Nonetheless, each textured object has a critical distance at which it
becomes a micro-texture.”

Starting from a high-resolution image of a texture, one can simulate the observation
at different distances by cropping (with the same number of pixels) subsampled
versions of the texture with different sampling rates. Next, one can perform uniform
random phase synthesis of the different versions. On the example shown in Fig. 3.10,
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Figure 3.10: ADSN synthesis through scale. In the first row, one can see
three exemplar textures of size 200 ˆ 150; they have been extracted from three
subsampled versions of an image of size 800 ˆ 600 at different sampling rates. In
the second row, one can see the corresponding results of ADSN synthesis. Notice
that the ADSN synthesis is satisfactory for the right image, nearly satisfactory for
the middle image, and not satisfactory at all for the left image. This illustrates that
a structured texture may be considered as a random phase texture if it is observed
from sufficiently far away.

we see that the ADSN synthesis is more suited to the texture seen from far away
because the geometrical details are not salient anymore; this example thus confirms
the quoted sentence. However, it is worth questioning this assertion because its
validity relies on the (non-clear) definition of “textured object”. Actually, one could
define an interesting class of textures by considering the homogeneous images that
can be considered as random phase as soon as they are seen from sufficiently far
away. Such a definition can be precised by using a mathematical operator that
emulates the loss of resolution due to the observation distance (a blurring operator
for example). The synthesis of such textures will be addressed in Section 5.3.

3.2.3 Handling the Color Distribution

In Subsection 3.2.1, it appeared natural to consider the normalized spot

tu “
1√
MN

pu´ ūq

and to synthesize the texture u with F “ ū`tu˚W . This way, the expectation of F
is exactly the empirical mean of u, and the color covariance CF p0q of F is exactly
the empirical color covariance

cup0q “ γup0q “
1

MN

∑

xPΩ

pupxq ´ ūqpupxq ´ ūqT .
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However, in the texture synthesis literature, several other propositions have been
made in order to perform the synthesis of a RGB image

u “



uR
uG
uB


 : Ω ÝÑ R3 ,

and we shall discuss them in this subsection.
First, let us remark that performing independent ADSN synthesis of the three

color channels in general leads to incorrect results. Indeed, if WR,WG,WB are three
independent normalized Gaussian white noises, the random field



hR ˚WR

hG ˚WG

hB ˚WB




has a marginal color covariance equal to



‖hR‖2 0
0 ‖hG‖2 0
0 0 ‖hB‖2


 ,

which may not lead to a good approximation of the color distribution of the exem-
plar. This explains why unnatural colors appear when doing independent synthesis
of the color channels.

Another method consists in finding a linear transformation of the RGB space
which “decorrelate” the channels in a certain sense. For example, the authors
of [Heeger & Bergen 1995] suggest to use a transformation matrix P P O3pRq asso-
ciated to an eigenvector basis of the empirical color covariance cup0q. After applying
this transformation to the exemplar texture, one can perform independent synthe-
sis on each channel, and apply the inverse P T of P to get the synthesized texture
in the original RGB space. Writing p1, p2, p3 the columns of P , this amounts to
synthesize u with the Gaussian random field

F “ m`
3∑

j“1

pjpp
T
j tuq ˚Wj

where W1,W2,W3 are three independent normalized Gaussian white noises. One
can see that the color covariance CF p0q of F is equal to the empirical color covariance
of u so that the marginal color distribution is preserved; thus this method in general
does not lead to dramatic color artifacts. Notice that in Fourier domain, for ξ ‰ 0,
the covariance of F̂ pξq P C3 is given by

3∑

j“1

pjp
T
j t̂upξqt̂˚upξqpjp

T
j .

The last method allows to decorrelate the color channels in a marginal sense,
but one can also apply other color transformation matrices that decorrelate the
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color channels in a stronger sense. For example, the authors of [Galerne et al. 2012]
suggested to find a matrix P which leads to approximate joint diagonalization of all
the matrices cuphq. One could also look for a matrix P which allows approximate
joint diagonalization of all the matrices ĉupξq. Both these methods based on joint
diagonalization seem relevant.

In definitive, since the ADSN synthesis is defined naturally on color images
by using the normalized spot tu, there is no reason to look for a transformation
matrix P that authorizes independent synthesis on each channel. In fact since
convolution operators are diagonal in the Fourier basis, given an estimator of the
texture covariance c, it is relevant to extract, for each frequency ξ, the principal
components of ĉpξq and to work independently on these principal components, or
even to keep only the first principal component as suggested by the decomposition
of Theorem 2.1.2. But, with the periodic estimator cu of the covariance, for ξ ‰ 0,
the matrix

ĉupξq “ t̂upξqt̂upξq˚

has only one non-zero principal component, so that proceeding this way only
amounts to perform the convolution tu ˚W as was initially proposed.

In conclusion, we confirm that synthesizing u by the random Gaussian field
m ` tu ˚ W is very natural, very simple, and so far, we have found no better
way to perform the synthesis in the Gaussian framework. Finally, as was done
in [Galerne et al. 2011b], let us emphasize one more time that for ADSN synthesis,
it is important to convolve the three channels of tu with the same white noise; and
for RPN synthesis, it is important to multiply the DFTs of the three channels of tu
by eiψ where ψ is the same uniform random phase.

3.3 A Texton for Fast and Flexible Synthesis

We have seen in Subsection 2.1.2 and Subsection 2.2.2 that a Gaussian texture can
be approximated by a high-intensity DSN. The direct simulation of the DSN is sim-
ple and allows parallel local evaluation using standard computer graphics techniques
for the Poisson process simulation [Lagae et al. 2009]. Still, the DSN approximation
of a Gaussian texture is satisfactory only for sufficiently high intensity λ, so that
the DSN simulation is generally not faster than the spectral simulation. In particu-
lar, using the canonical texton introduced in [Desolneux et al. 2012] as a kernel for
DSN synthesis generally results in a very poor approximation for small values of λ.

In this section we show that, given an exemplar texture image u, it is possible to
compute an approximate compactly-supported texton of N p0, cuq (Gaussian model
estimated from u) having a prescribed small support and for which the realizations
of the associated DSN are visually similar to the ones of N p0, cuq, even for a low in-
tensity λ (see Fig. 3.11). This so-called synthesis-oriented texton (SOT), which can
be considered as an inverse texture synthesis solution [Wei et al. 2008] for the Gaus-
sian model, is computed using the classical error reduction algorithm, introduced
in [Fienup 1982] for phase retrieval, with a uniform random phase initialization, see
Subsection 3.3.1. As will be shown in Subsection 3.3.2, for an average number of 30
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˚ “

Figure 3.11: Spot noise synthesis at low intensity. The synthesized texture on the
right was obtained by the convolution of a synthesis-oriented texton with a sparse Poisson
process. The exemplar texture is shown on the left.

impacts per pixels, the DSN associated with the SOT produces visually satisfying
results, and is thus more competitive than the spectral simulation algorithm. In
Subsection 3.3.3, we present a failure case of SOT computation which allows us to
discuss one drawback of the optimal transport distance between Gaussian models:
its definition does not take into account our more important sensitivity to high
frequencies. Finally, in Subsection 3.3.4, we propose a modified algorithm which
computes a SOT whose associated ADSN restitutes the high-frequency components
of the exemplar texture in a more faithful way.

A part of our work on the synthesis-oriented texton has been published in the
conference paper [Galerne et al. 2014].

Let us mention that for technical convenience, the SOT computation will be
explained in the framework of circular Gaussian models.

3.3.1 Alternating Projections

Let us assume that we observe an exemplar texture u : Ω ÝÑ Rd on a domain Ω of
size M ˆ N . We will assume that the convolution operations are performed with
periodic boundary conditions. Let us introduce a small subset S Ă Ω (which can
be understood as a memory budget). For the sake of clarity, we will assume that
S is symmetrical with respect to zero: S “ ´S. The goal of this subsection is to
compute a kernel t : Ω ÝÑ Rd with support St Ă S, whose associated DSN realizes
a visually satisfying synthesis of u even for a low intensity λ.

In order to measure the distance between two circular random fields on Ω, we
use the optimal transport distance defined in Subsection 2.1.6. Thus we would like
that, in terms of this optimal transport distance, the DSN associated to t realizes a
good approximation of the Gaussian model N p0, cuq, which is the ADSN associated
to the normalized spot

tupxq “
1√
Ω

pupxq ´ ūq .

Unfortunately, as we have said in that subsection, we do not know how to com-
pute the optimal transport distance between a finite intensity DSN and an ADSN.
Therefore, we will rather require that the circular ADSN associated to t realizes a
good approximation of N p0, cuq and that the circular DSN associated to t quickly
converges to its Gaussian limit.
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The approximation of the Gaussian models with a prescribed small support is
already not a trivial problem. A perfect solution would be a kernel t with support
St Ă S and such that cu “ t˚ t̃. Taking the Fourier transform, this equality rewrites

ĉu “ t̂t̂˚

so that this problem is an analog of the phase retrieval problem [Hayes 1982],
[Fienup 1982], [Levi & Stark 1984], [Bauschke et al. 2002]. It may lead to multi-
ple solutions (if t is a solution, so are ´t, t̃ or ´t̃, and in particular cases there may
be other solutions, see [Hayes 1982]). Here, because of the constraint on St, there is
no exact solution in general, but we can look for an approximate solution by trying
to solve

Argmin
t : Ω ÝÑRd

StĂS

dOT pµt, µtuq (3.14)

where µt is the circular ADSN on Ω associated to the kernel t. Let us recall that
tu “ 1√

|Ω|
pu´ ūq where ū is the empirical mean of u, and that the optimal transport

distance in the last formula is given by

dOTpµt, µtuq2 “
1

|Ω|

∑

ξPΩ

‖t̂pξq‖2 ` ‖t̂upξq‖2 ´ 2| t̂pξq˚t̂upξq| .

Since it is not a convex function of t, the problem (3.14) is not a convex optimiza-
tion problem. However, one can tackle this problem by alternating between the
projection on the support constraint

qSptq “ t1S (3.15)

(which is actually the orthogonal projection on a convex set), and the projection
on the model constraint which has been shown in Subsection 2.1.6 to be given in
Fourier domain by

p̂tuphq “
t̂ut̂

˚
ut̂

|t̂˚ut̂|
1t̂˚u t̂‰0 ` t̂u1t̂˚u t̂“0 . (3.16)

This alternating projection algorithm was introduced and called “error reduction
algorithm” by the author of [Fienup 1982].

Now, a difficult task is to incorporate in this optimization problem the constraint
that the DSN associated to t realizes a good approximation of the corresponding
ADSN even for low intensity λ. Actually, we do not even dispose of a perceptually-
compliant criterion to assess the convergence speed of the DSN towards the ADSN.
In the first place, one can think that this convergence speed can be analyzed through
the marginal distributions. As was done in [Galerne 2010, Theorem 3.4], one can
show (using a Berry-Esseen theorem on Poisson random sums) that the Kolmogorov
distance between the marginal distributions of the DSN with intensity λ and the
ADSN (i.e. the uniform distance between the cumulative distribution functions) is
less than

Γ√
λ
σptq3 ,
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where Γ is a universal constant and where

σptq “
‖t‖3

‖t‖2

“

(∑

xPS

|tpxq|3
)1{3(∑

xPS

tpxq2

)´1{2

can be thought of a sparsity measure of t. Even if the exact convergence speed is
not known, this indicates that the convergence tends to be faster if the kernel t
exploits all the available support S.

However, the analysis of the marginal distributions is clearly not sufficient be-
cause the human visual system is more sensitive to local gradients than marginal
distributions. More intuitively, an observer will not be able to distinguish between
realizations of the DSN and the ADSN if the geometrical details of the kernel t
(in particular, the limitation of its support) are not easily perceptible in the DSN
with low intensity. This is why we will seek for a kernel t which has as less salient
features as possible; in other words, the kernel t must have a minimally structured
phase information.

Therefore, one possible way to incorporate the requirement of fast Gaussian
convergence in the algorithm is to use a uniform random phase initialization. This
choice is less satisfactory than the incorporation of a term that would soundly reflect
the visual convergence speed of the DSN in the objective function (3.14). But we
will see that it already leads to interesting textons (and in particular more efficient
for synthesis than the ones that we obtained by minimizing dOT pµt, µtuq ` λσptq

for a certain constant λ). We can now summarize the computation of the synthesis-
oriented texton associated to the texture u.

Algorithm: SOT computation

- Initialization: t̂ Ð t̂ue
iψ where ψ is a uniform random phase

function, and tu “ 1√
|Ω|

pu´ ūq.

- Repeat (n times) t Ð qSpptuptqq .

Let us remark that the alternating projection algorithm with zero-phase initial-
ization was already proposed in [Cadzow et al. 1993] to compute a kernel associated
to a moving-average model. But the zero-phase initialization does not lead to ker-
nels that can be used for fast DSN synthesis.

The questions of the convergence and the influence of the random initialization
were raised by [Hayes 1982]. We will see that both these issues are negligible in
terms of the resulting Gaussian texture. Even if we can show that the value of the
objective function decreases along the iterations (which explains the name “error
reduction”), the convergence of the iterates is not ensured (recall that the objective
function is not convex). Indeed, we analyzed the behavior of the algorithm by
considering the (squared) relative model error

RMEpt, tuq2 “

∑
ξ ‖t̂upξq‖2 ` ‖t̂pξq‖2 ´ |t̂upξq˚t̂pξq|

∑
ξ ‖t̂upξq‖2

. (3.17)
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Figure 3.12: Iterates of the alternating projections algorithm. Evolution of the
empirical mean (left) and standard deviation (right) of the RME computed after n iterations
of the alternating projection algorithm (estimated over 1000 samples). Observe that the
mean RME quickly decreases, which shows that most of the Gaussian model approximation
is done in the first iterations. Notice also that the standard deviation does not tend to zero;
this reflects that the algorithm does not have a unique convergence point.

The numerator is (up to the constant 1
|Ω|) the optimal transport distance between

the circular ADSN tu ˚ W and t ˚ W , and the denominator is (up to the same
constant) the marginal variance of tu ˚W .

A direct observation of the iterates shows that for each random initialization,
they seem to stabilize after a small number of iterations, as already mentioned in
[Hayes 1982]. To be more precise, we computed the empirical mean d̄n and vari-
ance σ̄2

n of the random variable Dn “ RMEptu, Tnq, where Tn is the SOT obtained
after n iterations of the algorithm with random initialization. As one can see in
Fig. 3.12, d̄n and σ̄n do not change much for n ě 50, reflecting again the quick
stabilization of the iterates.

We also investigated the idea of running the algorithm several times with dif-
ferent random initializations and selecting the output with the smallest RME, but
numerical simulations showed that the improvement in RME (for a fixed computa-
tion time) was not significant (below 1%).

The SOTs presented in the next subsection were obtained by applying the alter-
nating projections algorithm with only one random initialization and 100 iterations.

3.3.2 Results

In each example of DSN synthesis, we precise the number of impacts per pixel

Nimp “ λ|S| ,

which represents the expected number of points of the Poisson process that will
be involved in the computation of one value of the spot noise. It is the relevant
constant for computational comparison of DSN synthesis with different kernels.

Let us first show in Fig. 3.13 some examples of SOTs associated to synthetic
Gaussian textures. We can see that the DSN synthesis with the SOT is generally
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satisfactory in terms of frequency content, even for a low number of impacts per
pixel. Using the SOT, the direct summation method thus becomes a competitive
way of synthesizing Gaussian textures, with an expected number of operations per
pixel below 100.

A comparative diagram is shown in Fig. 3.14. They first confirm that the dis-
tinction between the DSN and the ADSN associated to the SOT is difficult, even for
a very low mean number of impacts per pixel (thirty). Next, it indicates that the
synthesis results are as good as Gabor noise by example [Galerne et al. 2012] which
requires at least ten times more operations per pixel. Remember though that the
Gabor noise was designed to perform procedural synthesis, which justifies its heav-
ier computational cost. Another remark that can be drawn from Fig. 3.14 is that
the SOT outperforms the canonical/luminance texton of [Desolneux et al. 2012] in
terms of Gaussian model approximation. This confirms that the cropped canon-
ical/luminance texton does not realize the minimal model error for a prescribed
compact support, even if it solves a similar optimization problem with another con-
centration criterion [Desolneux et al. 2015]. In terms of DSN synthesis, one can see
that the luminance texton is clearly not appropriate: since it presents a strong spike
located at zero, the Gaussian convergence of the DSN is very slow; this defect can
be observed through the simplistic analysis of marginal distributions as we will see
later.

Let us comment the number of operations per pixel. Again, the expected number
of operations per pixel for DSN synthesis equals the expected number of impacts
per pixel, that is Nimp “ λ|S|. Considering the Poisson process to be previously
drawn, the mean complexity of the DSN synthesis on a domain Ω is thus λ|S||Ω|. As
we have just seen, the SOT allows to obtain satisfying DSN synthesis results with
a mean number of impacts per pixel equal to 30; with this parameter, the mean
complexity of DSN synthesis on Ω is thus 30|Ω|. In comparison, the complexity
of the circular ADSN synthesis using the spectral method is the same than the
complexity of the FFT on Ω, which is at most 4|Ω| logp|Ω|q operations (and even
2|Ω| logp|Ω|q when |Ω| is a power of two). Therefore, the DSN synthesis with the
SOT will be more efficient for very big images with a domain |Ω| satisfying

log2p|Ω|q ą 30{4 “ 7.5

or even ą 30{2 “ 15 when |Ω| is a power of two. But the real interest of the
DSN synthesis over spectral simulation is its flexibility. Indeed, using a coherent
evaluation procedure for the Poisson point process (explained in [Lagae et al. 2009]
or in Fig. 2.6), the DSN synthesis can be parallelized; in contrast, the parallelization
of the spectral simulation scheme is more difficult and certainly not adapted to the
requirements of GPU programming (in particular, very low memory storage).

As can be observed in Fig 3.13, one drawback of the raw SOT is that it does not
preserve the marginal color distribution of the exemplar. A similar observation was
drawn in [Desolneux et al. 2015] for the cropped luminance texton and we suggest
to apply the same color correction that is explained in the rest of the paragraph.
Let us only analyze what happens in the Gaussian case where the distribution is
characterized by first and second order moments. There is no problem on the mean
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Figure 3.13: Examples of DSN Synthesis with the SOT. One can see on the
left some synthetic Gaussian textures (of size 384ˆ256), and on the right the results
of DSN synthesis (with 50 impacts per pixel) using the SOTs shown in the middle.
The SOT has square support of size 31ˆ31 in the two first examples and 51ˆ51 in
the two last examples. Notice that the texture grain is well preserved which means
that the SOT realizes a good approximation of the Gaussian model. However, one
can notice also a slight loss in color diversity.
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Original u ADSNptuq Gabor noise

SOT t

RME = 0.48

DSNptq, 10 imp./px DSNptq, 30 imp./px DSNptq, 50 imp./px ADSNptq

Cropped

Luminance

Texton tclum

RME = 0.51

DSNptclumq, 30 imp./px

Cropped

RPN trpn

RME = 0.68

DSNptrpnq, 30 imp./px

Figure 3.14: DSN synthesis of a natural color texture, comparison. First row:
original texture (u), ADSN synthesis with the kernel tu, and result of Gabor noise synthe-
sis [Galerne et al. 2012]. Second row: DSN and ADSN synthesis results obtained with a
31 ˆ 31 SOT t. The DSN intensities were set in order to match a given average number
of impacts per pixel. Bottom row: DSN obtained with the cropped luminance texton tc

lum

[Desolneux et al. 2012], DSN obtained with a texton trpn that was cropped from a RPN
realization of u. Each DSN model is displayed with its corresponding kernel. Contrary to
other DSN models, the proposed SOT achieves a good visual proximity with the reference
model ADSNptuq as the number of impacts per pixel attains 30. It also defines the most
accurate asymptotic model (smallest RME).
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value because our synthesis scheme imposes the expectation to be exactly equal to
the empirical mean of the exemplar texture. But for the second-order moments,
after the alternating projections algorithm, nothing ensures that

Ct˚W p0q “ t ˚ tT p0q “
∑

xPS

tpxqtpxqT

is equal to the marginal color covariance cup0q of the exemplar texture.
However, one can apply a color transformation to the SOT in order to correct the

marginal color distribution of the resulting DSN. Indeed, the matrices A “ t˚ tT p0q

and B “ cup0q are symmetrical and non-negative and thus admits a unique non-
negative square root (which can be easily computed with an eigenvector basis);
then, as soon as A is invertible (which is always the case in practice), one can see
that for any P P O3pRq, the kernel with color correction

tP “ B1{2PA´1{2t (3.18)

satisfies

tP ˚ tTP p0q “ B1{2PA´1{2t ˚ tT p0qpA´1{2qTP T pB1{2qT “ B “ cup0q

so that the DSN associated to tP has the correct marginal color distribu-
tion. The choice of P will not be thoroughly questioned here (as opposed
to [Desolneux et al. 2015]); the SOTs with color correction that we present in the
following experiments are obtained with P “ Id; we thus use the notation tcc “ tId.
Of course, correcting the marginal color covariance may increase the relative model
error measured by the optimal transport distance: we may have

RMEptu, tccq ą RMEptu, tq .

In the experiments presented in the following figures, we always applied the color
correction of (3.18) with P “ I3. As one can see in Fig. 3.15, the color correction in
general increases the perceived quality of DSN synthesis, even if it slightly increases
the relative model error. This indicates that the optimal transport distance (on
which relies the model error) may not reflect faithfully our texture perception; this
fact will be confirmed by other practical observations in Subsection 3.3.3.

Let us also mention that in a fews cases, we observed that this color correction
does not suffice to restitute the perceived colors of the original texture. On the
counter-example of Fig. 3.16, we see that the color correction leads to a synthesized
texture with perceived colors that are actually farer from the colors of the original
texture. The fact that such a counter-example can be found in the very specific
Gaussian case may be quite surprising at first sight; but it is easily explained by the
fact that our color perception does not depend only on the first order distribution
of the pixel values, but also on the spatial mixing of the pixel colors. As was kindly
suggested by J. Delon, a very elegant and simple way to confirm that is to shuffle
the pixel values in the images that we have to compare: the results can also be
observed in Fig. 3.16. Notice that for such a counter-example, the RME is greatly
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increased by the color correction. Notice also that this problem does not appear
anymore with a larger support for the SOT. This means that, with a too small
support, the SOT computation leads to an error (in terms of texture perception)
that cannot be rectified through the adjustment of the color distribution.

One can find in Fig. 3.17 several examples of DSN synthesis results with the
color corrected SOT associated to natural microtextures. These results confirm that
many microtextures can be synthesized using a DSN associated to a small kernel
(31 ˆ 31) and with a very low number of impacts per pixel (30).

Let us now discuss the random phase initialization of the alternating projection
algorithm. We have said that this initialization is important to have a fast con-
vergence of the DSN associated to the SOT towards its Gaussian limit. Here we
will compare to the case where the alternating projections algorithm is initialized
with a zero-phase image. A detailed comparison would require a precise percep-
tual study of the visual convergence; here we only analyze the visual convergence
through the visual evaluation of the results and an analysis of the marginal distri-
butions. In Fig. 3.18, one can compare the results obtained with the zero-phase
and the random phase initialization. Let us denote the corresponding textons tzp
and trp. As we have said, the Gaussian convergence of the DSN is much slower
with tzp than with trp. Indeed, one can see in the upper part of Fig. 3.18 that
the convergence of the marginal distributions (in terms of the Kolmogorov-Smirnov
distance, that is, the L8 distance between the cumulative distribution functions)
is much slower with tzp: it only needs around 20 impacts per pixel with trp for the
error on marginal distributions to be of order 0.01, whereas for a similar intensity,
the error is ten times higher with tzp. This is confirmed by the visual inspection
of the DSN with low intensity: at 30 impacts per pixel, the central spike of tzp is
still clearly visible in the DSN; this “white dots” effect also explains the error made
on marginal distributions. Notice that, in terms of the model error, the zero-phase
initialization leads to a slightly better value (which is not reflected by a percep-
tible difference in the corresponding ADSN). This confirms that the quality of a
synthesis-oriented texton must not be measured only through the model error.

Let us end this subsection by discussing the texton support. In the previous
experiments, we have only shown SOTs computed with a square support. We used
this simple choice because it complies well with the DSN computation based on
the parallel sampling of the Poisson point process illustrated in Fig. 2.6. However,
any shape is a priori possible; in particular, in terms of image, it would be more
natural to use a circular support because it does not favor any direction. In the
next subsection, we will see that horizontal and vertical artifacts may be sometimes
encountered on the synthesis results with a square SOT.

Once the shape has been chosen, one can also question the support size. The
size of the support constrains the dependency range in the corresponding ADSN
because the covariance of the ADSN associated to the SOT is supported by S ´ S.
Therefore, in a sense, replacing a Gaussian texture by the ADSN associated to the
SOT amounts to approximate the covariance function by a compactly-supported
one. Another way to perform such a compact approximation of the covariance
function is to replace the Gaussian texture by the ADSN associated to the cropped
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t (31 ˆ 31)
RME = 0.51

tcc (31 ˆ 31)
RME = 0.54

t (51 ˆ 51)
RME = 0.51

tcc (51 ˆ 51)
RME = 0.54

Figure 3.15: Color correction of the SOT. The upper and lower part of the
figure is composed as follows. Left : Original texture. Middle : SOT t, and SOT tcc
with color correction. Right : DSN synthesis results with t (top) and tcc (bottom)
with 50 impacts per pixel. Even if the RME increases after color correction, the
texture grain is still well preserved, with a more faithful color distribution.



126 Chapter 3. Random Phase Texture Synthesis by Example

t (51 ˆ 51) tcc (51 ˆ 51)
RME = 0.48 RME = 0.75

u ADSNptq ADSNptccq

t1 (81 ˆ 81) t1cc (81 ˆ 81)
RME = 0.36 RME = 0.38

ADSNpt1q ADSNpt1ccq

Figure 3.16: Counter-example of color correction. In the second row, one can
see an original texture u and two ADSN synthesis results ADSNptq and ADSNptccq

obtained with the SOT t and the color corrected SOT tcc shown in the first row. The
images of the third row are shuffled versions of the ones of the second row (meaning
that we applied on these three image the same random permutation of the pixels).
In the fourth row, we also show a larger-support SOT with the color corrected
version, and in the last row, we show the corresponding ADSN realizations. On this
example, the color correction (explained in Equation (3.18)) applied to the SOT
does not suffice to get back the perceived colors of the original texture. Even in the
Gaussian case, the equality of the marginal color distributions of u and ADSNptccq

is not sufficient to ensure that a human will perceive the same colors. One can also
observe that this problem of the color correction does not appear anymore with a
larger SOT support.



3.3. A Texton for Fast and Flexible Synthesis 127

u t DSN, 10 imp./px DSN, 30 imp./px ADSN

Figure 3.17: Examples of DSN texture synthesis with the SOT. For each
row and from left to right : natural texture u, SOT with square support of size
31 ˆ 31, results of DSN synthesis using t with respectively 10 and 30 impacts per
pixel, and ADSN synthesis with t. The SOTs presented here were computed with
the color correction. As one can see, many natural microtextures can be efficiently
and faithfully reproduced with a DSN synthesis associated to a small SOT and with
a very low number of impacts per pixel.
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Random Phase Initialization

Zero Phase Initialization
Estimation Error

trp (51 ˆ 51) tzp (51 ˆ 51)
RME = 0.467 RME = 0.456

u (384 ˆ 256) ADSNptrpq ADSNptzpq

DSNptrpq, 30 imp./px DSNptzpq, 30 imp./px

Figure 3.18: Importance of the random-phase initialization. This figure allows
to compare the random-phase and zero-phase initializations of the alternating projections
algorithm; the corresponding output textons are denoted by trp and tzp. The upper part of
the figure contains a diagram plotting the Kolmogorov-Smirnov (KS) distance between the
marginal distribution of the DSN with intensity λ and the ADSN associated to trp and tzp

(the x-axis refers to the number of impacts per pixel, which is proportional to the intensity).
Precisely, since this KS distance is not explicitely computable, we estimated it by the KS
distance between the empirical cumulative disribution function of 105 marginal samples of
the DSN and its Gaussian limit. The minimal estimation error (that is, the KS distance
between a normal distribution and its empirical counterpart computed with 105 samples)
is plotted as a green line on the diagram. On the second part of the figure, one can see the
original texture u and DSN and ADSN synthesis results obtained with trp and tzp. See the
text for additional comments.
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canonical/luminance texton. In Fig. 3.19 one can see the resulting ADSN obtained
with several sizes of SOTs; this figure also shows that in terms of the resulting
textures, the ADSN obtained with the SOT of support S or the canonical/luminance
texton cropped on S are comparable. In order to find the support size that is suited
to an exemplar texture, we suggest to compute the SOT with different sizes and
to chose the smallest one that allows to retrieve in the synthesis the perceptucal
characteristics of the original texture. It may be possible to set the support size
automatically using a threshold on the RME, or using a more precise analysis of
the dependency range in the exemplar texture (see [Costantini et al. 2004] for such
a measure of spatial dependency).

3.3.3 Comments on the optimal transport distance

In the last subsection, we have seen that after the color correction of the SOT, the
relative model error (measured by the optimal transport distance) increases while
the visual approximation of the original texture by the ADSN gets better. This
illustrates that the optimal transport distance does not suffice to measure precisely
the visual proximity between two texture models. In this subsection, we show that
this fact is supported by another argument: the equal contribution of all Fourier
frequencies in the raw optimal transport distance does not comply well with our
texture perception.

For that, let us comment the peculiar example of SOT presented in Fig. 3.20.
The exemplar texture is a synthetic “sky” texture with an isotropic aspect. We
computed the SOTs associated to this texture for rectangular and circular supports
of different sizes. In order to assess the quality of the Gaussian model approximation
realized by each SOT, one has to compare the corresponding ADSN synthesis result
with the initial texture.

Since the original texture of Fig. 3.20 has a slowly-decreasing spatial covariance,
the SOT must be relatively large in order to get a satisfying synthesis. However,
for a square SOT of size 61 ˆ 61 (that is, for r “ 30), the synthesis seems satis-
factory, but on closer inspection, one can observe horizontal and vertical artifacts.
These artifacts are due to the discontinuity of the SOT along the boundary of its
support. Indeed, since the original texture has more long-range variations than
small scale details (grain), the alternating projection algorithm fills the available
support with a cloudy pattern which has a priori no reason to go to zero at the
support boundary. These horizontal and vertical artifacts are in fact comparable to
the patterns encountered in the ADSN associated to the indicator function of the
square support, which confirms the previous analysis. Notice that these artifacts
are less visible when r is further increased.

An interesting comment can be drawn from the observation of the corresponding
relative model errors. Notice that in Fig. 3.20, the RME obtained with t�30 is less
than the one obtained with t˝30. This can be easily explained in terms of optimization
problem: these two textons minimize the same objective function, but t�30 is less
constrained than t˝30 because the circular support of radius r is included in the
square support of size p2r ` 1q ˆ p2r ` 1q. But this becomes counter-intuitive
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u

t10 RME = 0.68 RME = 0.71 tlum
10

t30 RME = 0.56 RME = 0.59 tlum
30

t50 RME = 0.54 RME = 0.57 tlum
50

t70 RME = 0.52 RME = 0.55 tlum
70

Figure 3.19: Influence of the support size. A Gaussian texture u of size 768 ˆ 512 is
displayed in the first row. The following rows correspond to the values r “ 10, 30, 50, 70
and are organized as follows: the left column contains the SOT tr computed with a circular
support of radius r, the right column contains the luminance texton tlum

r cropped with the
same support, and the two middle columns contain samples of the ADSN models associated
to the adjacent textons. As expected, increasing r allows larger range dependencies in the
resulting ADSN field. Notice that the resulting textures associated to the SOT or the
cropped luminance texton with same support are comparable.
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u

t˝10 RME = 0.771 RME = 0.754 t�10

t˝30 RME = 0.557 RME = 0.546 t�30

t˝50 RME = 0.57 RME = 0.54 t�50

Figure 3.20: Possible high-frequency artifacts with the raw SOT. A Gaussian
texture u of size 512 ˆ 512 is displayed in the first row. The following rows correspond
respectively to the values r “ 10, 30, 50 and are organized as follows: the left column
contains the SOT t˝r computed with a circular support of radius r, the right column contains
the SOT t�r computed with a square support of size p2r` 1q ˆ p2r` 1q, and the two middle
columns contain samples of the ADSN models associated to the adjacent textons. Notice
that in the case of the square SOT t�30, horizontal and vertical artifacts appear in the
resulting ADSN which make the synthesis not satisfactory. In contrast, these artifacts do
not appear in the circular SOT with same radius, even if the corresponding RME is lower.
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when observing the corresponding ADSN realizations: the ADSN associated to t˝30

indeed realizes a better approximation of the original texture (because the ADSN
associated to t�30 suffers from the uppermentioned horizontal and vertical artifacts).

This example shows that the model error (and thus the optimal transport dis-
tance on which it is based) does not suffice to faithfully measure the visual proximity
between two Gaussian textures. A major drawback of this optimal transport dis-
tance is that its computation does not take into account the fact that the human
textural perception is more sensitive to high frequencies than low frequencies. In-
deed, in the expression (2.11) of the optimal transport distance between circular
ADSN fields, all the frequencies appear with the same weight. This explains why
the optimal transport distance is not able to discriminate the directional artifacts
that can be encountered with the SOT of square support. In Subsection 3.3.4, we
propose a variant of the optimal transport distance that includes frequency weights.

To confirm that the optimal transport distance is not a perfect reflection of the
perceptual similarity between two textures, we suggest to study the variation of
the relative model error between a fixed Gaussian texture u, and a realization of
the ADSN associated to u. More precisely, let us fix a gray-level Gaussian texture
u : Ω ÝÑ R of size MˆN and recall the notation tu “ 1√

MN
pu´ūq. Let us consider

the circular Gaussian random field U “ ū`tu˚W associated to u (W is a normalized
Gaussian white noise on Ω) and its normalized version T “ 1√

MN
pU ´ ūq (notice

that Ū “ ū because tu has zero mean). Then, we propose to study the random
variable

RMEpT, tuq2 “

∑

ξ

(
|t̂upξq| ´ |T̂ pξq|

)2

∑

ξ

|t̂upξq|2
. (3.19)

It can be rewritten

RMEpT, tuq2 “

∑

ξ‰0

|t̂upξq|2
(

1 ´
|Ŵ pξq|√
MN

)2

∑

ξ‰0

|t̂upξq|2
.

Since the |Ŵ pξq|2

MN
follow the exponential distribution of parameter 1, one has

E
(
RMEpT, tuq2

)
“ 2 ´

√
π « 0.23 .

Therefore, in some sense, this value corresponds to the best we can hope when
approximating the Gaussian model associated to tu. It has to be compared with
the RME2 values obtained when approximating a Gaussian texture by the ADSN
associated to the SOT. For example, in Fig. 3.20, the approximation of the sky
texture by the ADSN associated to t�30 leads to a RME2 value of « 0.3; and in
Fig. 3.16 the approximation leads to a RME2 value of « 0.26. These values are just
slightly over 2 ´

√
π even if the approximated textures are not perfectly similar to

the original in both these cases.
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In conclusion, the relative model error (3.17) (which is based on the optimal
transport distance (2.11)) does not suffice to precisely assess the perceptual simi-
larity between two texture samples.

3.3.4 Optimal transport distance with frequency weights

In this subsection, we propose to incorporate in the optimal transport distance given
by (2.11) a frequency weight that will give more importance to high frequencies, thus
reflecting the human textural sensitivity in a more faithful manner. We validate
this approach by showing that, at the cost of extra parameters, this variant leads to
a more precise SOT, and in particular avoids the horizontal and vertical synthesis
artifacts presented in Subsection 3.3.3.

Definition 3.3.1. Let h0, h1 : Θ ÝÑ Rd be two kernel functions defined on a
circular domain Θ and let µ0, µ1 be the distributions of the circular ADSN h0 ˚W

and h1 ˚ W where W is a Gaussian white noise on Θ of variance 1. Let also
w : Θ ÝÑ s0,`8r be a weighting function defined in the frequency domain. The
weighted L2-optimal transport distance between µ0 and µ1 is defined by

dwOTpµ0, µ1q2 “
1

|Θ|

∑

ξPΘ

wpξq2
(
‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ 2|ĥ0pξq˚ĥ1pξq|

)
. (3.20)

The corresponding weighted relative model error is then defined by

RMEwpµ1, µ0q2 “

∑
ξ wpξq2

(
‖ĥ0pξq‖2 ` ‖ĥ1pξq‖2 ´ |ĥ0pξq˚ĥ1pξq|

)

∑
ξ wpξq2‖ĥ0pξq‖2

. (3.21)

If k is the inverse DFT of w, computing dwOT amounts to compute the usual
optimal transport distance between the ADSN associated to k ˚ h0 and k ˚ h1; thus
the weighted optimal transport distance can be understood as an optimal transport
distance on a filtered version of the random fields.

Of course, one has to make a choice for the function w that is compliant with
the human texture perception. We suggest to take a weight that is proportional to
the power of the normalized frequency

wpξ1, ξ2q “ β

(
2
( ξ1

M

)2

` 2
(ξ2

N

)2
)α{2

,

where α, β ą 0. The parameter β has no importance for now, and it is only
useful to normalize the values of w between 0 and 1. The parameter α must be
set in order to reflect the human sensitivity to high-frequency; thus, a very precise
setting of α would require a thorough perceptual study of our frequency-dependent
perception of textures. Here, to keep things simple, we suggest to take α “ 0.9
in order to counterbalance the power-law encountered in the spectrum of natural
images [Ruderman 1994].

Now that this frequency-weighted optimal transport distance is defined, the
question is: “how can it be embedded” in the SOT computation to make it more
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precise. This question is not trivial because the integration of the frequency weight
does not change the model projection. Indeed, whatever be the weighting func-
tion w, one solution of

Argmin
t : Ω ÝÑRd

dwOT pµt, µtuq (3.22)

(where µt is the circular ADSN on Ω associated to the kernel t) is still given in
Fourier domain by

p̂tuphq “
t̂ut̂

˚
ut̂

|t̂˚ut̂|
1t̂˚u t̂‰0 ` t̂u1t̂˚u t̂“0 . (3.23)

The integration of the frequency weights thus does not change the alternating pro-
jections algorithm.

One possibility to take account of the weights in the algorithm is to replace the
alternating projections by a gradient descent on the functional

F ptq “ F1ptq ` F2ptq “
1
2
dwOT pµt, µtuq2 `

1
2

∑

xRS

‖tpxq‖2 .

Notice that we do not include a Lagrange multiplier because a multiplicative con-
stant β is already included in the function w. One can see that F is differentiable
almost everywhere. For almost every t (precisely, for each t such that (3.22) admits
a unique solution), the gradient of the first part is given in Fourier domain by

∇̂F1ptq “ w
(
t̂´ p̂tuptq

)
. (3.24)

The gradient of the second part is simply given by

∇F2ptq “ t´ t1S . (3.25)

Notice that for the ℓ2-norm, ∇F2 is always 1-Lipschitz, and that ∇F1 is 1-Lipschitz
as soon as β is chosen to have ‖w‖8 ď 1.

The gradient descent on F leads to the computation of a texton depending on
the frequency weight w, and denoted by SOTw. The corresponding algorithm is
summarized below. In practice, we oberve the convergence of the algorithm as soon
as the gradient step ν is less than 1. In constrast with the alternating projection
algorithm, the weighting function w appears in this new algorithm through the
gradient of F1.

Algorithm: SOTw computation

- Initialization: t̂ Ð t̂ue
iψ where ψ is a uniform random phase

function, and tu “ 1√
|Ω|

pu´ ūq.

- Repeat (n times) t Ð t´ νp∇F1ptq ` ∇F2ptqq

(where ∇F1 and ∇F2 are given by (3.24) and (3.25)) .
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In Fig. 3.21, we give an example of frequency-weighted SOT for the sky texture
presented in Subsection 3.3.3. In this figure, one can see that the SOTw is more
precise than the raw SOT because the corresponding ADSN does not suffer from
the directional artifacts encountered in Fig. 3.20. However, the approximation of
the marginal distribution becomes worse with SOTw, and thus it is very recom-
mended to apply to SOTw the color correction step explained in Subsection 3.3.2.
Notice in particular that, in contrast to the original RME, the frequency-weighted
RME penalizes the bad approximation of the high frequencies, even after the color
correction step. In Fig. 3.22 we show several other examples of frequency-weighted
SOT. These results confirm that the frequency-weighted SOT is in general better,
even for more complex microtextures.

An interesting perspective to pursue this work would be to integrate in the
objective function a distance between the color distribution of the DSN and the
estimated color distribution of the exemplar. The setting of Lagrange parameters
in this new optimization problem may be interesting because they would reflect the
balance realized by human texture perception between sensitivity to the frequency
content and sensitivity to the color distributions.

3.4 Conditional Simulation and Inpainting

In this section, we address the inpainting problem for images composed of one
homogeneous microtexture using conditional sampling of an ADSN model.

The inpainting problem consists in filling unknown areas of an image based
on the surrounding content. The general problem is very difficult and obviously
ill-posed. Still, it has been addressed in the literature by a wide variety of meth-
ods. Here, we will not give an exhaustive overview on this subject, but let us still
mention [Masnou & Morel 1998], [Bertalmio et al. 2000] (which both perform in-
painting by level line completion), [Criminisi et al. 2004] (whose algorithm is based
on a fastened version of the texture synthesis scheme of [Efros & Leung 1999]) and
[Mairal et al. 2008] (which exploits patch sparsity in a learned dictionary). How-
ever, as observed in [Criminisi et al. 2004] and [Newson 2014, §6.6.2], many existing
inpainting techniques are not able to restore the textural content in a faithful way
because the filled content is already regularized in some way.

The inpainting problem becomes less difficult if one has prior knowledge
on the type of content that has to be filled. For example, the authors
of [Bertalmio et al. 2003] propose to separate the structural content and the tex-
tural content and to inpaint them with two different techniques. One can further
simplify this problem by trying to inpaint an image that is composed only of a sin-
gle homogeneous texture. This is still a chalenging problem which can be elegantly
formulated in terms of conditional simulation. Indeed, since we are dealing with
a texture image, it is natural to assume that the image is modelled by a station-
ary random field U on Ω with probability distribution P . Then, if one wants to
inpaint U on the domain Ωm (of missing values) from the known values u|Ωk on
Ωk “ ΩzΩm, then one can draw U|Ωm by sampling from the probability distribution
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u

RME = 0.55
t RMEw = 0.69

RME = 0.57
tw RMEw = 0.57

RME = 0.57
tcc RMEw = 0.96

RME = 0.59
twcc RMEw = 0.90

Figure 3.21: SOTw computed with frequency weight w. An original texture
u is shown in the upper part of the figure. The rest is divided in four parts showing
a texton and a realization of the corresponding ADSN model together with the
values of RME and RMEw. We first show the results with t (original SOT), tw

(SOT computed with frequency weights) and below, we show the results with the
textons tcc, twcc obtained after the color correction explained in Subsection 3.3.2. See
the text for further comments.
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u twcc ADSNptwccq tcc ADSNptccq

Figure 3.22: Examples of weighted SOT. In each row from left to right: orig-
inal texture u, SOT obtained with frequency weights and color correction twcc, the
corresponding ADSN, SOT with color correction tcc and the corresponding ADSN.
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of U conditionally to U|Ωk “ u|Ωk . Therefore, the global simulation scheme is con-
sistent because, if U|Ωk is already drawn from the marginal distribution, then the
inpainted image U will indeed follow the distribution P , and thus be a valid sample
of the texture model.

So we are led to the problem of finding interesting texture models for which
the conditional simulation can be performed in practice. Let us first notice that
the random fields that are a priori more adapted to the conditional simulation are
Markov random fields. Indeed, the distribution of a stationary Markov random
field is constrained by the “local specification”, which is the distribution of a pixel
conditionned by the neighbooring values. For such a Markov random field, the
distribution of U|Ωm conditionally to the rest only depends on the values U|BΩm on
the pixels that are neighboors of pixels of Ω. However, the conditional distribution

LpU|Ωm | U|BΩmq ,

may not be easy to explicit or sample. Still, one major contribution of the authors
of [Efros & Leung 1999] was to show that the conditional simulation for one pixel
could be performed with a patch-based sampling method (that is, sampling one
pixel in the set of the exemplar values that have a similar neighborhood). Using
this method, they obtained a textural inpainting result presented under the name
“constrained texture synthesis” [Efros & Leung 1999, Fig.4]. In their example, one
can notice that the inpainted region is quite small; indeed, the patch-based approx-
imation of the conditional simulation is less precise on a wider domain (because
the progressive filling algorithm will struggle to comply with the long-range con-
straints). To sum up, we mention that, even with a Markov random field model, it
is not clear that the conditional simulation of a whole region can be done exactly
and efficiently.

In this section, we present a conditional simulation scheme for Gaussian ran-
dom fields, which can be used to address inpainting of Gaussian textures. As
in [Lantuéjoul 2002], we present the Gaussian conditional simulation by relying on
kriging estimates of the unknown values (which are the conditional expectations of
the unknown values based on the unmasked pixels). This sampling algorithm is a
perfect conditional simulation scheme and we demonstrate here that it is able to fill
large holes in a Gaussian texture. When the set of conditioning points or the set of
masked pixels becomes too large, the computational cost becomes prohibitive. How-
ever, a further assumption on the Gaussian field (respectively a Markov property
or covariance compactness) allows to cope with this problem.

Let us also mention that the article [Jassim 2013] also proposes a texture inpaint-
ing technique based on kriging interpolation but there is no conditional sampling
in their algorithm because the inpainted values are exactly given by the kriging
estimates (which are deterministic functions of the unmasked values). This is why
their algorithm only works for very thin masked regions of the exemplar, in contrast
of ours that is able to inpaint very holes.
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3.4.1 Kriging Estimates and Conditional Simulation

For the sake of simplicity, let us explain the conditional simulation for the case of
gray-level images as in [Lantuéjoul 2002].

Let U : Z2 ÝÑ R be a stationary Gaussian random field with mean m. We
can assume that m “ 0. We introduce a finite domain Ω Ă Z2 and also the subset
C Ă Ω of conditioning points (i.e. the pixels whose values are initially available).
We will denote by Γ the restriction to Ω ˆ Ω of the covariance:

@x,y P Ω, Γpx, yq “ EpUpxqUpyqq .

We will derive the distribution of U conditionally to U|C . Since U is globally
Gaussian, the conditional expectation

U˚pxq “ Ep Upxq | Upcq , c P C q

is the L2-orthogonal projection of Upxq on the subspace spanned by the random
variables Upcq, c P C. So, for each x P Ω, there exists pλcpxqqcPC P RC such that

U˚pxq “
∑

cPC
λcpxqUpcq . (3.26)

This value U˚pxq is sometimes called the kriging estimate of Upxq, and the values
pλcpxqqcPC are called the kriging coefficients.

Let us fix x P Ω. The coefficients pλcpxqqcPC can be computed by solving a linear
system. Indeed, by definition of the conditional expectation, we have

@d P C, EpU˚pxqUpdqq “ EpUpxqUpdqq ,

and thus
@d P C,

∑

cPC
λcpxqΓpc,dq “ Γpx,dq . (3.27)

Notice that this is a linear system of |C| equations and with |C| unknown variables
whose matrix is exactly pΓpc,dqqpc,dqPCˆC . We have just shown that this system has
indeed a solution given by pλcpxqqcPC . Let us remark that its matrix is symmetrical
and nonnegative (because Γ is a covariance). In particular cases (for example, if
there exists c1, c2 P C such that Upc1q “ Upc2q, which may be the case for perfectly
periodic patterns), this matrix may be noninvertible, and in that case, there may
be more than one solution.

The next proposition explains why the conditional simulation is very simple
with Gaussian random fields.

Proposition 3.4.1 ([Lantuéjoul 2002]). The random vectors U˚ and U ´ U˚ are
independent.

Proof. Since the random vector pU,U´U˚q is Gaussian, it is enough to show that U
and U ´ U˚ are uncorrelated, that is for every x,y P Ω,

E
(
U˚pxqpUpyq ´ U˚pyqq

)
“ 0 .
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But this derives from the definition of the conditional expectation: U˚pxq belongs
to the subspace

Spanp{ Upcq , c P C }q

and Upyq ´ U˚pyq is orthogonal to that same subspace.

Let us emphasize that U˚ only depends on the values Upcq, c P C, and that
U ´ U˚ vanishes on every point of C. Therefore, if V follows the same distribution
as U and is independent of U , then

U˚ ` V ´ V ˚

follows the same distribution as U and takes the same values than U on C. Another
way to put this is to say that if we have prescribed values u|C on C, then conditionally
to U|C “ u|C , U follows the same distribution as

u˚ ` V ´ V ˚

where
u˚pxq “

∑

cPC
λcpxqupcq , (3.28)

and where V follows the same distribution as U . This gives a straightforward sim-
ulation scheme for U with conditioning points in C, once the coefficients pλcpxqqxPC
have been computed.

Let us give a brief comment about the computation of the kriging coefficients.
Notice that the matrix M “ pΓpc,dqqpc,dqPCˆC associated to the linear system (3.27)
does not depend on x. Therefore, it is interesting to invert the matrix M once and
for all. The inversion of the matrix M of size |C| ˆ |C| can be done with standard
numerical techniques in Op|C|3q. Then, in order to obtain the kriging coefficients
for all x in a subset ω Ă Ω, one must compute |ω| products of M with a column
vector, so the complexity of this step is Op|ω||C|2q. For that reason, the number of
conditioning points must stay low for the conditional simulation to be feasible.

Notice also that when the covariance function of U has compact support K,
then we will have Γpx,dq “ 0 as soon as x ´ d R K. Therefore, for x R K ` C,
the right-hand side of the linear system (3.27) is zero and thus we can choose
λcpxq “ 0 for all c P C. In other words, for such a point x, the kriging component
is zero and the pixel value can be drawn independently (which agrees with the
fact that Upxq and Updq are independent). This case happens in particular when
the Gaussian model derives from a compactly-supported texton (like the synthesis-
oriented texton presented in Section 3.3). Therefore, if the Gaussian model has a
covariance function with compact support K, then the kriging coefficients pλcpxqq

must only be computed for the neighborhood K ` C of the conditioning points C.

3.4.2 Inpainting Results

In this subsection, we provide some experimental results which confirm that Gaus-
sian conditional sampling can be used to perform microtexture inpainting.
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As a proof of concept, we first suggest to inpaint a Gaussian texture with a
previously learnt Gaussian model. Let us recall the notation Ωm (resp. Ωk “ ΩzΩm)
which refers to the masked pixels (resp. to the initially known pixels). For a
Gaussian model µ on the domain Ω learnt on an exemplar texture, we propose to
draw a realization u of µ on the domain Ω, to lose the values of the pixels of Ωm,
and to complete the lost values by conditional simulation leading to a new image v
which coincides with u on Ωk (actually, the process is equivalent to resynthesize the
texture on Ωm). In order to get a perfect global simulation scheme, we would have to
perform the simulation on Ωm with all the conditional points in Ωk. But as we have
said, the method becomes computationnally infeasible when there are too many
conditioning points. Therefore, we suppose that Ωm is a rectangular subdomain of
Ω, and that the set C of conditioning points consists only of the bordering pixels
of Ωm (in the experiments, the thickness of the border was set to 5 pixels). Notice
that if the random field has the Markov property, then the simulation is still perfect
even if we restrict the conditioning points to be on the border of Ωm.

The results of this validation experiment are shown in Fig. 3.23 and Fig. 3.24.
One can see on both these examples that the inpainted version is a texture that is
as plausible as the original one and that the border of the masked region is difficult
to distinguish after the inpainting process.

The previous experiments show that the conditional simulation can be used to
inpaint Gaussian textures. But we still have to explain how to learn a Gaussian
model on a masked texture. The estimation of the mean value is easily restricted to
the unmasked values. However, it is less trivial to adapt the covariance estimator.
One possible way to do it is to modify the covariance estimator (3.1) so that it only
takes account of the values of u on Ωk. At first, one can thus think of the estimator

v ÞÑ
1

|Ωk X pΩk ´ vq|

∑

xPΩkXpΩk´vq

pupx ` vq ´ ūqpupxq ´ ūq ,

but it has the same drawback than the renormalized nonperiodic estimator of the
covariance: its DFT is not nonnegative and thus it is not the true covariance func-
tion of a Gaussian model (see the discussion at the end of Subsection 3.1.3). Instead,
we propose to consider the very simple

cu,Ωk “
1

|Ωk|2

∑

xPΩkXpΩk´vq

pupx ` vq ´ ūqpupxq ´ ūq . (3.29)

The normalizing factor is adjusted so that cu,Ωkp0q is the natural estimator of the
marginal variance. This adaptation appears quite brutal at first, but we oberved
in practice that for simple masks Ωm, it defines a Gaussian model that will not
be too far from the Gaussian model associated to the whole texture. It would be
interesting to seek some conditions on the domain Ωk that would entail a statistical
validation in some sense.

We can now illustrate the Gaussian texture inpainting by using a covariance
estimation based only on u|Ωk . The results are shown in Fig. 3.25 and Fig. 3.26.
On both these results we have inpainted a texture image of size 256 ˆ 256 with
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Original Inpainted Copy-paste result

Masked version Kriging component

Figure 3.23: Conditional simulation. First column: original texture u (of size
128 ˆ 128) and the masked version with the conditioning points colored in red (the
mask has size 41ˆ41). Second column: inpainted texture v with conditional simula-
tion (obtained in 0.2 second), and kriging component u˚. Third column: inpainted
texture obtained with a copy-paste method inspired by [Wei & Levoy 2000] (with
a nearest-neighbor search in an ADSN realization of u). Notice that the algorithm
is able to restore the linear structures that must be continued through the masked
region. Actually, these structures are already visible in the kriging component;
the conditional sampling adds the texture grain in a way that respects the texture
covariance (which is not the case with the copy-paste method).
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Original Masked version

Inpainted Kriging component

Figure 3.24: Conditional simulation. First row: original texture u (of size 512 ˆ

512) and the masked version with the conditioning points colored in red (the mask
has size 151 ˆ 151). Second row: inpainted texture v (obtained in 18 seconds), and
kriging component u˚.
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a square hole of size 201 ˆ 201. Notice that in Fig. 3.25, the inpainting result is
satisfactory: one can see on the ADSN samples (associated to the usual covariance
estimator, and to the one obtained on the masked version of u) that the estimation
procedure produces a satisfying result, even if the mask is very large compared to
the whole domain. However, in Fig. 3.26, the estimation procedure fails because the
available pixels are located on a border of the domain that is too thin to represent
the relevant features of this texture.

In Fig. 3.23 and Fig. 3.25, we propose to compare the conditional simulation with
a copy-paste method inspired by [Efros & Leung 1999] and [Wei & Levoy 2000].
Precisely, in a raster scan order, we sample each unknown value with a nearest-
neighbor search in an ADSN realization of the non-masked original texture u. We
copy the value of the pixel that has the best patch similarity based on the available
neighboring pixels. One can see that the copy-paste result is not satisfactory for
the example of Fig. 3.23 since one can clearly distinguish the inpainted zone. For
the example of Fig. 3.25, the result is quite convincing but on closer inspection, one
can see that the texture grain is not well preserved (because it is noisier). Since the
copy-paste method is very dependent on the pixel scan order, it may not be able
to reconstruct linear strutures crossing the masked zone, unless it is applied in a
multi-pass manner (as suggested by [Wei & Levoy 2000, Fig.12]). Actually, these
copy-paste methods are certainly more adapted to texture extrapolation than to
texture inpainting.

Of course, the success of the patch-based methods for texture synthesis cannot
be denied, and in particular they are more relevant than random phase models
for a wide variety of structured textures. Still, the inpainting algorithm obtained
by Gaussian conditional simulation illustrates once again that the mathematical
flexibility of the Gaussian model has undeniable practical applications.

In conclusion, we have seen in this section that Gaussian conditional simulation
can be used to inpaint large holes in image regions which are composed of one
single microtexture. Since this algorithm inherently respects the textural content,
the inpainted area does not suffer from over-regularization. Beyond the limitations
of the stationary Gaussian model, the main limitation of this algorithm is that
the computation time grows quickly with the number of conditioning points. One
possible way to cope with this problem would be to restrict the texture model to
Gaussian Markov random fields, for which the kriging estimation can be done more
efficiently, as shown in [Hartman & Hössjer 2008].
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Original Masked version

Inpainted Copy-paste result

ADSN of u ADSN of the masked version

Figure 3.25: Textural Inpainting. First row: original texture u (of size 256ˆ256)
and the masked version with the conditioning points colored in red (the mask has
size 201ˆ201). Second row: inpainted texture v (obtained in 55 seconds), and result
of the copy-paste method inspired by [Wei & Levoy 2000] (with a nearest-neighbor
search in an ADSN realization of u). Third row: ADSN samples obtained with the
usual covariance estimator (left), and with the covariance estimator (3.29) adapted
for the masked version of u (right). Notice that in this example, the Gaussian
model estimated on the masked version of u is still a convincing approximation of
the texture u even if only less than 40% of the pixels are available.
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Original Masked version

Inpainted Kriging component

ADSN of u ADSN of the masked version

Figure 3.26: Textural Inpainting. First row: original texture u (of size 512 ˆ

512) and the masked version with the conditioning points colored in red (the mask
has size 151 ˆ 151). Second row: inpainted texture v (obtained in 20 seconds),
and kriging component u˚. Third row : ADSN samples with the usual covariance
estimator (left), and with the covariance estimator (3.29) adapted for the masked
version of u (right). In this example, the set of available pixels is to thin to allow
for a correct estimation of the Gaussian model, thus making the inpainting result
not satisfactory.
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4.1 Introduction

In the two previous chapters, we studied random fields with uniform phase and
saw how they could be used to perform by-example texture synthesis. Across some
examples of texture synthesis, we were able to highlight the limits of the Gaussian
model and in particular we saw that the uniform random phase models are not
adapted to the case of images with sharp edges or salient features. Let us recall
again that the authors of [Oppenheim & Lim 1981] already showed that the loss of
the phase information of an image entails the destruction of the image geometry.
This suggests that the precision of the image geometry (and thus, in some sense,
the image quality) could be assessed through the coherence of the Fourier phase
information.

Quality indices divide into three categories : full-reference, reduced-reference,
and no-reference, depending on whether a supposedly ideal version of the image is
assumed to be fully or partially known. As concerns the no-reference case (which is
the one we are interested in), the introduction of Chapter 4 of [Wang & Bovik 2006]
points out the difficulty to design generic image quality measures, concluding
(in 2006) that “the design of application-specific no-reference quality assessment
systems appears to be much more approachable than the general, assumption-free
no-reference image quality assessment problem.” Nevertheless, several interesting
no-reference quality measures have been proposed in the literature (see the recent
review [Chandler 2013]). Some of them try to assess the quality through the direct
analysis of edges [Marziliano et al. 2004] or through the gradient singular values
[Zhu & Milanfar 2010]. Others use a perceptual analysis of certain image features,
like in [Ferzli & Karam 2009]. The concept of local phase coherence, originally in-
troduced and developed in [Morrone & Burr 1988, Kovesi 2000, Kovesi 1999] for
edge detection purposes, was later linked to the perception of blur by Wang and
Simoncelli [Wang & Simoncelli 2004], which ultimately led to the definition of a no-
reference image quality index [Hassen et al. 2010]. Closer to our work lies the index
[Vu & Chandler 2009] which combines some spectral and spatial characteristics.

In 2008, a notion of global phase coherence was proposed [Blanchet et al. 2008],
and related to image sharpness. The idea was to use a kind of a contrario
framework1 [Desolneux et al. 2008] to quantize how much the regularity of the
image (more precisely, its total variation) was affected by the destruction of the
phase information. This led to the definition of three phase coherence measures,

1The principle of a contrario methods is to detect structures as the cause of measurements that

could not be observed in random data.
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namely the Global Phase Coherence [Blanchet et al. 2008], the Sharpness Index
[Blanchet & Moisan 2012], and the index S [Leclaire & Moisan 2013a]. It has been
shown that these measures could be interpreted as quality indices because of the re-
lation existing between the image geometry and the phase information (for example,
degradation by blur or noise tends to reduce the coherence of the Fourier phase).
The present chapter gives a more detailed and merged discussion about these global
phase coherence indices. Starting from their construction in Section 4.2, we estab-
lish some of their mathematical properties in Section 4.3. Section 4.4 discusses
several practical aspects of these indices, including their validation as no-reference
quality measures, and finally Section 4.5 describes a way to use these indices to
address the blind deblurring problem.

The content of this chapter is to appear in the Journal of Mathematical Imaging
and Vision.

4.2 Three Phase Coherence Indices

This section presents the detailed construction of the phase coherence indices intro-
duced in [Blanchet et al. 2008, Blanchet & Moisan 2012, Leclaire & Moisan 2013a].

4.2.1 Main notations

Let

Ω “ Z2 X

([
´
M

2
,
M

2

)
ˆ

[
´
N

2
,
N

2

))

be a rectangular discrete domain of size M ˆN . Let u : Ω Ñ R be a discrete image,
the real number upxq referring to the gray level at pixel x. The Ω-periodization of
u is the image u̇ : Z2 Ñ R defined by

@pk, lq P Z2, @px, yq P Ω, u̇px` kM, y ` lNq “ upx, yq .

In the following, we will use a gradient scheme computed with periodic boundary
conditions,

∇upx, yq “

(
Bxu̇px, yq

Byu̇px, yq

)
“

(
u̇px` 1, yq ´ u̇px, yq

u̇px, y ` 1q ´ u̇px, yq

)
,

and the corresponding (periodic) Total Variation (TV) of u

TVpuq “
∑

xPΩ

|Bxu̇pxq| ` |Byu̇pxq| ,

which measures in some sense how much the function u̇ oscillates. Precisely, the
TV puq is the l1-norm of the gradient of u, and thus it assigns small values (relatively
to the l2-norm) to images whose gradient is sparse (in particular cartoon images).
Algorithms based on TV minimization have been used for a long time to address
image processing tasks, for example, denoising [Rudin et al. 1992, Chambolle 2004].

Let us recall that the DFT is defined by (2.1), that the function |û| will be called
modulus of u and that a phase function for u is any function ϕ : Z2 Ñ R such that
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(a) House (b) Lena phase of (a) with modulus of (b)

Figure 4.1: Phase and perceived geometric content. When an image is built
(in Fourier domain) with the phase of an image (a) and the modulus of an image (b),
the perceived geometry is that of (a). This famous experiment of Oppenheim and
Lim [Oppenheim & Lim 1981] shows that the geometry of an image is mostly en-
coded in the phase component.

for all ξ P Z2, ûpξq “ |ûpξq|eiϕpξq. If ûpξq ‰ 0, the phase coefficient ϕpξq is uniquely
defined modulo 2π while any arbitrary value can be chosen if ûpξq “ 0. The term
"random phase function" was defined in Definition 2.1.5.

We shall also need the (non-necessarily integer) Nyquist frequencies denoted by
ηx “ p´M

2
, 0q , ηy “ p0,´N

2
q, ηxy “ p´M

2
,´N

2
q . When integer, these are (with

zero) the only points ξ P Ω which are equal to ´ξ modulo pM,Nq.
Finally, we will also use the Gaussian tail distribution defined by

@t P R, Φptq “
1√
2π

∫ `8

t
e´s2{2ds . (4.1)

4.2.2 Global Phase Coherence

As noticed in [Oppenheim & Lim 1981], most of the geometry of an image is en-
coded in its phase coefficients. In Fig. 4.1, we reproduce the experiment which
consists in exchanging the moduli of two images: as can be seen, the geometry of
the image whose phase was kept persists. From there, in an a contrario framework,
the authors of [Blanchet et al. 2008] define the global phase coherence (GPC) by
measuring how much the geometry is affected when the phase information is lost.

More precisely, given u and a random phase function ψ (in the sense of Defini-
tion 2.1.5), one can define a random real-valued image uψ by

@ξ P Ω, ûψpξq “ |ûpξq|eiψpξq .

or equivalently, using the reconstruction formula, by

@x P Ω, uψpxq “
1

MN

∑

ξPΩ

|ûpξq|ei〈x,ξ〉`iψpξq . (4.2)
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Step function: TV = 2 After phase randomization: TV = 17.4

Figure 4.2: Phase randomization of a step function. Notice the large increase
of TV caused by phase randomization.

Up to the mean value, the random image uψ is the random-phase noise (RPN)
associated with u [Van Wijk 1991, Galerne et al. 2011b], and using the notation of
Definition 2.1.9, we have uψ “ R 1

√

MN
u. Notice that 1√

MN
u and the normalized spot

1√
MN

pu´ūq only differs from a constant image but this has no importance regarding
the following phase coherence indices because they only involve the derivatives of uψ.
Equation (4.2) can also be written with cosine functions only. For example, if M
and N are odd integers (to get rid of Nyquist frequencies), one has

@x P Ω, uψpxq “ |ûp0q|p´1qε0 `
1

MN

∑

ξPΩ`

2|ûpξq| cospψpξq ` 〈x, ξ〉q ,

where ε0 “ 1ψp0q“π, and Ω` is a subset of Ωz{0} that contains one point from each
pair of symmetrical points of Ω, so that Ω “ {0} Y Ω` Y p´Ω`q is a partition of Ω.
This formula shows that the phase randomization shifts the placement of the cosine
components of the signal so that some oscillations will appear in the regions where
the original image was flat. Thus, it becomes natural to expect the TV to increase
greatly after phase randomization. This effect is striking on the one-dimensional
example given in Fig. 4.2. The authors of [Blanchet et al. 2008] derive from this
observation the following

Definition 4.2.1 (Global Phase Coherence [Blanchet et al. 2008]).
The global phase coherence of an image u is the number

GPCpuq “ ´ log10 PpTVpuψq ď TVpuqq . (4.3)

In other words, the higher the GPC, the smaller the probability for TV to
decrease by phase randomization. Notice that this probability can be very small
(10´1000 and even less), and thus out of reach of most computer representations
of floating point numbers (arithmetic underflow). This is why the log10 function
is introduced in the definition (another reason is the nice interpretation of (minus)
the logarithm of a probability in Information Theory).

Experimentally, it has been observed that corrupting an image with blur or
noise tend to decrease its GPC. Intuitively, when an image u is blurred, its high-
frequency components are attenuated, so that the oscillations of the RPN realiza-
tions are smoother; therefore, the TV increase entailed by the phase randomization
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is expected to be less dramatic than in the sharp case. Now, in a noisy image, the
flat regions are corrupted (by the noise) with high frequency variations leading to
a TV value which is already high, so that the TV increase produced by the phase
randomization is smaller than in a clean image. For now, we have no theoretical
justification that goes beyond these heuristic remarks, but they will be confirmed
by a practical study in Subsection 4.4.4.

The major drawback of Definition 4.2.1 is that no closed-form formula is avail-
able to compute GPCpuq as an explicit function of u, so that one has to use a compu-
tationally heavy Monte-Carlo procedure to estimate it. Assuming the distribution
of TVpuψq to be approximately Gaussian, the authors of [Blanchet et al. 2008] sug-
gested to approximate GPCpuq by (“ga” stands for Gaussian approximation)

GPCgapuq “ ´ log10 Φ
(
µ0 ´ TVpuq

σ0

)
, (4.4)

where µ0 “ EpTVpuψqq , σ2
0 “ VarpTVpuψqq , (4.5)

and Φptq “
1√
2π

∫ `8

t
e´s2{2ds (4.6)

is the Gaussian tail function (“ga” stands for Gaussian approximation). The values
of µ0 and σ0 can be estimated through N Monte-Carlo samples

TV
(
u

p1q
ψ

)
,TV

(
u

p2q
ψ

)
, . . . ,TV

(
u

pNq
ψ

)

of the r.v. TVpuψq, which leads to a numerical approximation GPCN puq of GPCpuq.
Unfortunately, due to the fact that each Monte Carlo sample requires the computa-
tion of a Fourier transform, the resulting algorithm is quite slow (even with a good
C implementation, it takes about one minute to obtain a merely decent estimate of
the GPC of a 512 ˆ 512 image on a standard 3Ghz laptop). Let us mention that
the Gaussian approximation of TVpuψq is analyzed theoretically in Appendix 4.A
and Appendix 4.B. From a numerical point of view, the quality of the Gaussian
approximation can be evaluated by a Monte-Carlo approach. Using N samples of
uψ, one can compute FN , the empirical estimate of the tail distribution of TVpuψq,
and compare it to its Gaussian counterpart Φ. We checked for N “ 10, 000 and
several different images that ‖FN ´ Φ‖8 ă 0.01 .

4.2.3 Sharpness Index

In a later work [Blanchet & Moisan 2012], a new measure of phase coherence was
introduced. It was noticed that when replacing the random model uψ by u ˚ W ,
that is, the convolution of u with a Gaussian white noise W , the expectation and
variance of TVpu ˚W q could be computed explicitly as a function of u. Thus, with
the same framework as above, one can define

SIpuq “ ´ log10 PpTVpu ˚W q ď TVpuqq (4.7)

and, assuming as in [Blanchet & Moisan 2012] that the r.v. TVpu ˚W q is approxi-
mately Gaussian,
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Definition 4.2.2 (Sharpness Index [Blanchet & Moisan 2012]).
The Sharpness Index (SI) of an image u is

SIpuq “ ´ log10 Φ
(
µ´ TVpuq

σ

)
(4.8)

where Φ is defined by (4.6),

µ “ EpTVpu ˚W qq , σ2 “ VarpTVpu ˚W qq , (4.9)

and W is a Gaussian white noise with standard deviation |Ω|´1{2 (i.e. the r.v.
W pxq,x P Ω are independent with distribution N p0, |Ω|´1q).

There are several reasons to expect GPC and SI to behave in the same way.
First, the corresponding random image models (RPN for GPC, Gaussian for SI)
are known to be close, both mathematically (they only differ by a Rayleigh noise
on the Fourier modulus) and perceptually (see [Galerne et al. 2011b]). Second, it
has been noticed experimentally in [Blanchet & Moisan 2012] that the values of µ0

(Equation (4.5)) and µ (Equation (4.9)) were very close in general (a relative error
below 1%). In Appendix 4.A, we confirm this experimental observation by a precise
asymptotic result (Theorem 4.A.2) based on Berry-Esseen theorem.

The fact that TVpu ˚ W q is nearly Gaussian (which is used without formal
justification in [Blanchet & Moisan 2012]) can again be confirmed by a Monte-Carlo
estimation of the distribution of TVpu ˚ W q. We also give an asymptotic proof in
Appendix 4.B using a particular central limit theorem devoted to sums of non-
independent random variables controlled by a dependency graph.

The great interest of SI over GPC is that it can be computed with explicit
formulae instead of a costly Monte-Carlo simulation, as shown in

Theorem 4.2.1 ([Blanchet & Moisan 2012]). Let u : Ω Ñ R be an image, and let
W : Ω Ñ R be a Gaussian white noise with mean 0 and standard deviation |Ω|´1{2.
Then

µ “ EpTVpu ˚W qq “ pαx ` αyq

√
2
π

√
|Ω| , (4.10)

σ2 “ VarpTVpu ˚W qq “
2
π

∑

zPΩ

α2
x ¨ ω

(
Γxxpzq

α2
x

)

` 2αxαy ¨ ω

(
Γxypzq

αxαy

)
` α2

y ¨ ω

(
Γyypzq

α2
y

)
, (4.11)

where
α2
x “ ‖Bxu̇‖2

2 “
∑

px,yqPΩ

|u̇px` 1, yq ´ u̇px, yq|2 ,

α2
y “ ‖Byu̇‖2

2 “
∑

px,yqPΩ

|u̇px, y ` 1q ´ u̇px, yq|2 ,

@t P r´1, 1s, ωptq “ t arcsinptq `
√

1 ´ t2 ´ 1 , (4.12)

Γpzq “

(
Γxxpzq Γxypzq

Γyxpzq Γyypzq

)
“
∑

yPΩ

∇u̇pyq ¨ ∇u̇py ` zqT .
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Proof. A short proof was given in [Blanchet & Moisan 2012]. In order not to break
the discussion about the different definitions of phase coherence, we postpone the
complete proof to Appendix 4.C.

Remark: What happens if we replace the TV (l1-norm of gradient) by the H1-
norm (l2-norm of gradient) in the definition of SI? With Parseval’s formula, one
can see that the H1-norm only depends on the Fourier modulus, so that it is not
affected by the phase randomization. Hence, the corresponding indices obtained
with the H1-norm are trivial. Considering another W 1,p-norm (that is, the lp-norm
of gradient) could be interesting, but it is likely that the easiest calculations are
obtained with TV (p “ 1).

4.2.4 A Simplified Version of SI

In [Leclaire & Moisan 2013a], we suggested to approximate the denominator of the
fraction appearing in (4.8), which led us to a new index (written S) that is analyti-
cally close to SI but can be computed much faster. We will see empirically later in
Section 4.3 and Section 4.4 that S also behaves like SI with respect to basic image
transformations.

4.2.4.1 Definition of S

Lemme 4.2.1. The function ω defined by (4.12) satisfies

@t P r´1, 1s,
1
2
t2 ď ωptq ď

1
2
t2 ` ct4 , (4.13)

where c “ π´3
2

« 0.0708 is the optimal (that is, minimal) constant in (4.13).

Proof. One has for all t P r´1, 1s,

ω1ptq “ arcsinptq “
∑

ně0

p2nq!
22npn!q2

(
1

2n` 1

)
t2n`1 ,

(notice that the series is absolutely convergent for |t| “ 1 thanks to Stirling’s for-
mula). After term-by-term integration, one can write

ωptq “
∑

ně0

p2nq!
22npn!q2

(
1

2n` 1

)(
1

2n` 2

)
t2n`2 .

Noticing that t ÞÑ 1
t4

pωptq ´ 1
2
t2q is an even function which is increasing on r0, 1s,

the result follows by taking

c “
∑

ně1

p2nq!
22npn!q2

(
1

2n` 1

)(
1

2n` 2

)

“ lim
tÑ1

ωptq ´ 1
2
t2

t4
“ ωp1q ´

1
2

“
π ´ 3

2
.
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The term (4.11) can thus be approximated by replacing ωptq by t2

2
. This leads to

σ2
a “

1
π

(
‖Γxx‖2

2

α2
x

` 2 ¨
‖Γxy‖2

2

αxαy
`

‖Γyy‖2
2

α2
y

)
, (4.14)

and to

Definition 4.2.3 (S index [Leclaire & Moisan 2013a]). The simplified sharpness
index associated to an image u is

Spuq “ ´ log10 Φ
(
µ´ TVpuq

σa

)
,

where σa is given by (4.14), Φ by (4.6), and µ by (4.10).

4.2.4.2 Fast calculation

Since the last formula is now free of ω, the index S is, compared to SI, simpler
to understand (it only depends on the autocorrelation gradient matrix through
its energy) and faster to compute. In Algorithm 1, we can notice that the most
costly step is the FFT computation (2.a): once û is computed, the FFTs of the two
derivatives follow immediately (step 2.b), and the FFTs of the cross-correlation of
the derivatives (step 2.c) follow from, e.g.,

Γxx “ Bxu̇ ˚ B̃xu̇ ñ |Γ̂xx| “ |B̂xu̇|2 , (4.15)

with the convention that w̃pxq “ wp´xq. In the end, the computation of Spuq

requires only 1 FFT, whereas 3 more FFTs are required for SIpuq. In both cases,
however, the complexity is the same, OpMN logMNq .

4.2.4.3 Theoretical comparison with SI

We here investigate the quality of the approximation of SI by S, showing that the
fraction

vapuq “
µ´ TVpuq

σa

is a good approximation of

vpuq “
µ´ TVpuq

σ
.

Proposition 4.2.2. We have

0 ď
vapuq ´ vpuq

vapuq
ď 1 ´

1√
π ´ 2

« 0.064 . (4.16)

Proof. We first show that

0 ď
σ2 ´ σ2

a

σ2
a

ď 2c “ π ´ 3 « 0.142 . (4.17)
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Algorithm 1 : Computation of Spuq

1. Compute the derivatives Bxu̇, Byu̇ and deduce their l1 and l2 norms

TVpuq , αx “ ‖Bxu̇‖2 , αy “ ‖Byu̇‖2 .

2. Compute (in Fourier domain) the components of the autocorrelation gra-
dient matrix Γ:

2.a Compute the FFT û of u.

2.b Deduce the FFTs of the derivatives using

∣∣∣B̂xu̇pξq
∣∣∣
2

“ 4 sin2

(
πξ1

M

)
|ûpξq|2 ,

∣∣∣B̂yu̇pξq
∣∣∣
2

“ 4 sin2

(
πξ2

N

)
|ûpξq|2 .

2.c Compute the moduli of the FFTs of Γxx, Γxy and Γyy using

|Γ̂xx| “ |B̂xu̇|2, |Γ̂xy| “ |B̂xu̇||B̂yu̇|, |Γ̂yy| “ |B̂yu̇|2.

3. Compute µ and σa with

µ “ pαx ` αyq

√
2
π

√
MN and

σ2
a “

1
πMN

(
‖Γ̂xx‖2

2

α2
x

` 2 ¨
‖Γ̂xy‖2

2

αxαy
`

‖Γ̂yy‖2
2

α2
y

)
.

4. Finally compute

Spuq “ ´ log10 Φ
(
µ´ TVpuq

σa

)

using, if required, the logerf function detailed in [Louchet & Moisan 2014,
Algorithm 1].
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With the expressions of σ and σa, one can write

σ2 ´ σ2
a “

2
π

∑

xPΩ

α2
x

[
ω

(
Γxxpxq

α2
x

)
´

1
2

(
Γxxpxq

α2
x

)2
]

`2αxαy


ω
(

Γxypxq

αxαy

)
´

1
2

(
Γxypxq

αxαy

)2



`α2
y


ω
(

Γyypxq

α2
y

)
´

1
2

(
Γyypxq

α2
y

)2

 .

Using Lemma 4.2.1, we thus obtain

@t P r´1, 1s , 0 ď ωptq ´
1
2
t2 ď ct4 ď ct2 ,

which implies

0 ď σ2 ´ σ2
a

ď
2c
π

∑

xPΩ

α2
x ¨

(
Γxxpxq

α2
x

)2

` 2αxαy ¨

(
Γxypxq

αxαy

)2

` α2
y ¨

(
Γyypxq

α2
y

)2

,

and the right-hand term equals 2cσ2
a, which proves (4.17). Now, since

vpuq

vapuq
“

(
1 `

σ2 ´ σ2
a

σ2
a

)´1{2

,

we get (4.16) as expected.

Notice that (4.16) provides a simple universal bound on the relative error
vapuq´vpuq

vapuq . Using the same technique, it could be possible to derive a sharper bound
depending on u.

To end this section, let us recall the definitions of SI, SI, and S.

SIpuq “ ´ log10 PpTVpu ˚W q ď TVpuqq

SIpuq “ ´ log10 Φ
(
µ´ TVpuq

σ

)

Spuq “ ´ log10 Φ
(
µ´ TVpuq

σa

)

where Φ is given by (4.6), µ by (4.10), σ by (4.11), and σa by (4.14).

4.3 Mathematical Properties

4.3.1 First properties

Proposition 4.3.1. The functions GPC, SI, SI, S are non-negative and invariant
with respect to affine contrast changes, that is, for f P {GPC,SI,SI, S}, one has

@a, b P R, a ‰ 0, fpa ¨ u` bq “ fpuq .
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Proof. These properties directly result from the definitions.

Let us now explore the Fourier representation of the random field u ˚ W . Its
DFT is ûŴ . Since W is a Gaussian white noise, Ŵ is a complex Gaussian white
noise. In particular, one can write

Ŵ pξq “ |Ŵ pξq|eiψpξq

where ψ is a random phase function in the sense of Definition 2.1.5. Denoting by
T the random image such that T̂ “ |Ŵ |, one has

u ˚W “ uϕ`ψ ˚ T

where ϕ`ψ is also a random phase. Therefore, in comparison to the phase random-
ization model, the operation u ÞÑ u ˚W also includes a convolution by an image T
whose Fourier transform is |Ŵ |. Following [Desolneux et al. 2012], we can say that
T is the white noise texton. Proposition 1 of [Desolneux et al. 2012] shows that,
statistically, T looks like a Dirac mass in zero (up to a factor

√
π{2). Hence, one can

expect that this convolution will not drastically modify the statistical properties of
the model, and, subsequently, that SIpuq behaves like GPCpuq. Incidentally, the
discussion above brings an interesting remark, formulated by the following

Proposition 4.3.2. GPCpuq, SIpuq, SIpuq, and Spuq only depend on the modulus
and the TV of u.

Proof. For GPCpuq and SIpuq, this is because the distributions of uψ and u ˚ W

only depend on |û|. For SIpuq and Spuq this is because the gradient autocorrelation
and energy only depend on |û|.

Thus, all these indices measure the global phase coherence of an image u only
by its impact on the TV, in a way (a “scale”) that is determined by the modulus of
u. As we shall see later in Section 4.4, when an image is filtered by a symmetrical
kernel that has a positive Fourier Transform (e.g., a Gaussian kernel), its phase is
not changed but the indices above tend to decrease (with the exception of the Dirac
image that will be discussed in Subsection 4.4.5).

Notice also that since we are using a periodic scheme for TV, these indices take
the same values on u and on the periodic translation τpa,bqu defined by

@px, yq P Z2, τpa,bqupx, yq “ u̇px´ a, y ´ bq .

4.3.2 Regularity, Analytical Difficulties

The expression for SIpuq in Theorem 4.2.1 is not defined when u is a constant image.
In that case, Equation (4.7) implies that SIpuq is zero. It is not a big issue because
natural images are never really constant. Apart from these singular points, one can
state the following
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Figure 4.3: A one-dimensional profile of SI. This graph of the function
λ ÞÑ SIpλu1 ` p1 ´ λqu2q (where u1 and u2 refer to the images Lena and Barbara
respectively) shows that SI is neither convex nor concave.

Proposition 4.3.3. Let us introduce

D “ {u P RΩ, ‖Bxu̇‖2 ‰ 0 and ‖Byu̇‖2 ‰ 0} and

D1 “ {u P RΩ, @x P Ω, Bxu̇pxq ‰ 0 and Byu̇pxq ‰ 0} .

The functions SI and S are defined and continuous on D and infinitely differentiable
on D1.

Proof. Let us consider an image u P D. Thanks to (4.15) we have ‖Γxx‖2 ‰ 0,
and similarly ‖Γxy‖2 ‰ 0 and ‖Γyy‖2 ‰ 0. Consequently, σ and σa are non-zero,
and SIpuq and Spuq are well-defined. Moreover, the continuity of SI and S follows
from the one of αx, αy, Γ and TV. For the second part, we simply notice that the
functions αx, αy, σ and σa are smooth on D, so the singular points of SI and S are
those of TV, that is, the images that do not belong to D1.

The fact that SI have some singular points would not be very embarrassing in
an optimization perspective. Indeed, several techniques are available to optimize
non-smooth quantities, in particular for convex functions [Ekeland & Témam 1999].
Unfortunately, the function SI is neither convex nor concave, as shown in Fig. 4.3.
For those reasons, applying classical optimization techniques (like gradient or sub-
gradient descent schemes) on SI may not be efficient. We will overcome this diffi-
culty in Section 4.5 by considering simple generic algorithms relying on stochastic
optimization.

4.3.3 Distribution of GPC on a random phase field

We continue with an explicit statement that generalizes a property mentioned (with-
out proof) in [Blanchet et al. 2008].
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Proposition 4.3.4. If U is a random image such that its phase is uniform (in the
sense of Definition 2.1.5) and independent of its modulus, then

@t ą 0, PpGPCpUq ě tq ď 10´t . (4.18)

Furthermore, if conditionally on |Û |, the r.v. TVpUq admits a probability density
function, then

@t ą 0, PpGPCpUq ě tq “ 10´t , (4.19)

that is, 10´GPCpUq is uniform on r0, 1s.

A consequence of (4.18) is that a texture obtained as the realization of a RPN
model or a stationary Gaussian model is expected to have a small GPC value (that
is, below 3 or 4 in general), which is in accordance with the fact that such texture
models do not carry any phase information. As concerns the hypothesis required
for the second part of Proposition 4.3.4, it may be satisfied as soon as U is not
constant almost surely, but we did not find the proof of such a statement yet.

Proposition 4.3.4 can be obtained from the following two Lemmas by consid-
ering conditional distributions given |Û |. Lemma 4.3.5 is a general result about
cumulative distribution functions that is the key of the proof of Lemma 4.3.6.

Lemme 4.3.5. If Y is a r.v. and F pvq “ PpY ď vq, then

@s P r0, 1s, PpF pY q ď sq ď s ,

and the equality holds for all s as soon as Y admits a probability density function.

Proof. This is a reformulation of Lemma 1 of [Grosjean & Moisan 2009].

Lemme 4.3.6. If u is an image and if ψ is a random phase function (in the sense
of Definition 2.1.5), then

@t ą 0, PpGPCpuψq ě tq ď 10´t .

Furthermore, if the r.v. TVpuψq admits a probability density function, then

@t ą 0, PpGPCpuψq ě tq “ 10´t .

Proof. Let us denote by Fu the cumulative distribution function of the r.v. TVpuψq,
defined by

@t P R, Fuptq “ PpTVpuψq ď tq .

The definition of GPC implies that for any image u,

GPCpuq “ ´ log10 FupTVpuqq .

Since the distribution of TVpuψq only depends on the modulus of u, we have Fu “

Fuχ for any phase function χ. In particular, if ψ is a random phase function, one
can write

GPCpuψq “ ´ log10 FuψpTVpuψqq “ ´ log10 FupTVpuψqq



4.3. Mathematical Properties 161

so that for all t ą 0,

PpGPCpuψq ě tq “ P
(
FupTVpuψqq ď 10´t

)
.

Because Fu is the cumulative distribution function of TVpuψq, Lemma 4.3.5 allows
us to conclude that this probability is smaller than 10´t. The equality case is
obtained similarly from the equality case of Lemma 4.3.5.

Now we provide a similar result for the approximation of GPC defined in (4.4).

Proposition 4.3.7. Let u be an image and ψ a random phase function (in the
sense of Definition 2.1.5). Write µ0 “ EpTVpuψqq, σ2

0 “ VarpTVpuψqq, and denote
by F̃u the tail distribution of the normalized r.v.

T “
µ0 ´ TVpuψq

σ0

,

and by Gu the cumulative distribution function of the r.v. 10´GPCgapuψq. If
TVpuψq admits a probability density function then

sup
sPr0,1s

|Gupsq ´ s| ď sup
tPR

|F̃uptq ´ Φptq| (4.20)

Proposition 4.3.7 shows that, in terms of the L8 distance between the cumu-
lative distribution functions, the approximation of 10´GPCgapuψq by the uniform
distribution on r0, 1s is at least as good as the Gaussian approximation of TVpuψq.

Proof. One can remark that

10´GPCpuq “ P

(
µ0 ´ TVpuψq

σ0

ě
µ0 ´ TVpuq

σ0

)

“ F̃u

(
µ0 ´ TVpuq

σ0

)
.

Moreover, we have by definition

10´GPCgapuq “ Φ
(
µ0 ´ TVpuq

σ0

)
.

Since F̃u, µ0 and σ0 depend on u only through its modulus, we also have

10´GPCpuψq “ F̃u

(
µ0 ´ TVpuψq

σ0

)

and 10´GPCgapuψq “ Φ
(
µ0 ´ TVpuψq

σ0

)
.

In particular, ∣∣∣10´GPCpuψq ´ 10´GPCgapuψq
∣∣∣ ď ε ,

where ε “ suptPR |F̃uptq´Φptq|. Since we assumed that TVpuψq admits a probability
density function, Lemma 4.3.6 ensures that the r.v. X “ 10´GPCpuψq follows the
uniform distribution on p0, 1q. So we have almost surely

∣∣∣X ´ 10´GPCgapuψq
∣∣∣ ď ε ,
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Figure 4.4: Phase coherence indices of random phase fields. Each graph
represents the estimated distributions (using the same 10,000 samples) of the r.v.
GPCpUq, SIpUq and SpUq. The size of the random image U is, respectively, 32 ˆ 32
for the left column, 128 ˆ 128 for the middle column and 512 ˆ 512 for the right
column. For the first line, U is the random phase noise (RPN) associated to the
image Lena. For the second line, U is the asymptotic discrete spot noise (ADSN)
u ˚W where u is again the image Lena. And for the third line, U is simply a white
Gaussian noise (WGN). First, we observe as predicted by Proposition 4.3.4 that
the distribution of GPCpUq has density t ÞÑ logp10q10´t1tą0. Furthermore, we can
also observe that the distributions of SIpUq and SpUq appear similar but that they
do not coincide with the one of GPCpUq. Last, we can see that on the RPN and
ADSN models, the distributions of SI and S depend on the size of the random field,
whereas they apparently do not for the WGN model. However, the mean values of
SIpUq and SpUq remain close to 0.3.
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where X is uniform on p0, 1q, which implies the inequality (4.20) for the cumulative
distribution functions.

Notice that the result of Proposition 4.3.4 does not extend to SI. Actually, one
can see empirically in Fig. 4.4 that it neither extends to SI or S. Let us try to
understand this by considering the distribution of

SIpuψq “ ´ log10 Φ
(
µ´ TVpuψq

σ

)

where µ “ EpTVpu ˚ W qq and σ “ VarpTVpu ˚ W qq. Once more, one can assume
that TVpuψq is nearly Gaussian. Concerning the first moment, it has been ob-
served numerically in [Blanchet & Moisan 2012] that EpTVpuψqq « EpTVpu ˚ W qq

(this approximation is mathematically investigated in Appendix A). Concerning the
variance of TVpuψq, however, numerical simulations indicate that it significantly dif-
fers (by a factor 7-8 in general [Blanchet & Moisan 2012]) from that of TVpu ˚W q.
A consequence is that the r.v. G “

µ´TVpuψq
σ

has a distribution close to N p0, s2q

for some s that is not close to 1. Therefore, one cannot expect the distribution of
ΦpGq “ 10´SIpuψq to be close to the uniform distribution on p0, 1q. However, one
can see in Fig. 4.4 that the sharpness values of random phase fields is in general
concentrated around 0.3.

To end this subsection, we mention (without proof) another result concerning
the RPN model.

Proposition 4.3.8. If u is an image and ψ a discrete random phase field (in the
sense of Definition 2.1.5), then

PpSIpuψq ě SIpuqq “ PpSIpuψq ě SIpuqq

“ PpTVpuψq ď TVpuqq “ 10´GPCpuq . (4.21)

4.4 Phase Coherence Indices and No-Reference Quality

Assessment

This section is devoted to the practical study of the phase coherence indices. Since
the computation of S is the fastest of all, we led the experiments on it, but the
major part of what follows extends to GPC and SI.

4.4.1 Periodization

The index S deals more with the periodized image u̇ than with u itself. Actually,
since a periodic translation of u has no effect on Spuq, a discontinuity of u on the
boundary has the same effect as if it were positioned in the middle of the image.
So the index S is affected, and actually biased, by the discontinuities that gener-
ally occur between two opposite boundaries of an image. In [Blanchet et al. 2008],
the authors suggest to compute the phase coherence index not on u, but on its
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periodic component [Moisan 2011]. This operation subtracts from the original im-
age a smooth component that cancels border-to-border discontinuities, see Subsec-
tion 3.1.2 for more details.

Let us also mention that it is possible to replace in Equation (4.2.1) the gradient,
the TV, and the autocorrelation by their non-periodic counterparts. It leads to
a “Local Sharpness Index” [Leclaire & Moisan 2013b] which is a little slower to
compute but naturally insensitive to border effects.

4.4.2 Quantization

Another classical operation that can bias the phase coherence is quantization. The
gray levels of 8-bits natural images are generally quantized on {0, 1, . . . , 255}, and
this quantization process creates artificially flat regions.

The contribution of those regions to the TV is exactly zero, whereas it should be
a small (but non-zero) number. To avoid that undesirable effect of quantization, as
suggested in [Blanchet et al. 2008], before computing these indices, one can apply
a sub-pixel translation of vector p1{2, 1{2q, with the following definition for the
sub-pixel translation of vector pα, βq,

@ξ P Ω, τ̂pα,βqupξq “ e
´2iπ

(
αξ1

M
`
βξ2

N

)
ûpξq . (4.22)

More generally, one could consider the sub-pixel-translation-invariant sharpness in-
dex

inf
pα,βqPR2

Spτpα,βquq . (4.23)

Since τpa,bqu and u have the same modulus, the vector pα, βq corresponding to the
minimum value of Spτpα,βquq is actually the one that realizes the maximum value of
TVpτpα,βquq. In practice, one can observe that, for most natural images, this vector
is usually near p1{2, 1{2q, which justifies the use of τ “ τp1{2,1{2q alone.

Another way to avoid the quantization bias on the sharpness indices would be
to consider

min
‖v´u‖8ďq{2

Spvq , (4.24)

where q is the quantization step (q “ 1 for integer-valued images). Unfortunately,
S may have a lot of local minima in the neighborhood {‖v ´ u‖8 ď q{2} of u, and
it seems difficult to solve (4.24) by standard optimization techniques.

To end this subsection, we would like to mention that it makes sense to penalize
the quantization through the aliasing it produces in the image. The ideal solution
to that would be to replace in our construction the simple discrete TV by another
TV operator which is invariant by sub-pixel translation. Integrating such an oper-
ator (for example, the one suggested in [Moisan 2007]) in our model would be an
interesting development. Considering (4.23) gives an alternative solution which, if
u is a natural image, can be approximated by Spτpuqq. Ultimately, the p1{2, 1{2q-
sub-pixel translation is a precise and efficient solution to avoid the quantization
bias.
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In the experiments that are presented in the following sections, before

computing the indices SI and S, we extracted the periodic component

[Moisan 2011] of the image and applied to it a sub-pixel translation of

vector p1{2,1{2q. Since the DFT of the periodic component of u can be computed
with one FFT (see [Moisan 2011]), including these two preprocessing steps yields
an overall computation cost of 5 FFTs for SI and 2 FFTs for S.

4.4.3 Variations of S on natural images

Before we explore the links between the S index and the perceived sharpness of an
image, we give in Fig. 4.5 some examples of the values obtained for typical natural
images. Several observations can be made from these examples, which are confirmed
on larger image sets:

• the S index attains higher values for images that present sharp edges and
smooth regions at the same time; conversely, out-of-focus images tend to
produce relatively low values of S;

• spectrally concentrated textures (in particular, periodic patterns like stripes)
lead to surprisingly low values of S, even if the texture patterns are made of
sharp edges;

• in general, S rapidly increases with the size of images, but since it is very
content-dependent, counterexamples (image parts whose S-value is greater
than the S-value of the whole image) can be found.

4.4.4 Influence of blur and noise

In [Blanchet et al. 2008] and [Blanchet & Moisan 2012], experiments show that
even if the values assigned to an image by GPC and SI can be quite different,
both indices decrease when an image is degraded with noise and/or blur. We here
check that the same property holds for the S index. Given an initial image u, we
computed Spκρ ˚ u` σnq for several values of ρ (the level of blur) and σ (the level
of noise), where the Gaussian blur kernel κρ is defined in Fourier domain by

@ξ P Ω, κ̂ρpξq “ exp

(
´2π2ρ2

( ξ2
1

M2
`

ξ2
2

N2

))
, (4.25)

and n is a realization of a white Gaussian noise with unit variance. The obtained
values were then averaged over 10 noise realizations, yielding an estimate of the
expectation map

pσ, ρq ÞÑ E

(
Spκρ ˚ u` σnq

)
.

The resulting blur-noise diagrams are displayed in Fig. 4.6 for the images Barbara
and Lighthouse using a representation by level curves (isovalues of S). We can
observe that the S index, like GPC and SI, smoothly decreases with blur and
noise, These diagrams are also interesting because they show that S induces an
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(a) SI “ 943, S “ 955 (b) SI “ 679, S “ 689 (c) SI “ 115, S “ 116

(d) SI “ 155, S “ 156 (e) SI “ 31.0, S “ 31.3 (f) SI “ 709, S “ 722

(g) SI “ 4.80, S “ 4.85 (h) SI “ 333, S “ 340

Figure 4.5: Examples of values of SI and S for some natural images. One
can observe that the values of SI and S are very close, and tend to be small for
out-of-focus images like (e) and in the case of a strong high-frequency spectral
component (g). Also, the order of magnitude of SI and S grows with the image
size (compare the values for the 512 ˆ 512 images of the first row to those of the
256ˆ256 images of the second row), but it may happen that a sub-part of an image
has a larger value of S (or SI) than the whole image, as in (c) and (h).
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Figure 4.6: Blur-noise diagrams. Each diagram displays the isolevel curves of
S obtained when a given image (Barbara on the left, Lighthouse on the right) is
degraded with a certain amount of blur (vertical coordinate) and noise (horizontal
coordinate). As expected, the largest value of S is obtained in each case at the
origin (no blur, no noise), and decreases smoothly (in a rather similar way) as the
levels of blur and noise increase.

(image-dependent) equivalence between blur and noise. In the case of Barbara for
example, we can see that a Gaussian blur of 1.5 pixel is, according to S, equivalent
to a Gaussian noise with standard deviation 12.6.

4.4.5 The Dirac paradox

Although it seems that for all natural images the value of S decreases when the
image is blurred, we found an exceptional case where the opposite phenomenon
happens for a very small level of blur. Indeed, if we consider a Dirac image (a single
bright pixel on a constant background) and examine the evolution of S when it is
blurred by a Gaussian kernel with parameter ρ (as defined in Equation (4.25)), it
happens that S first increases as ρ departs from 0, then decreases when ρ increases
further (Fig. 4.7). So far, we have not found a theoretical explanation of this
phenomenon. We can remark, however, that it is not really incompatible with the
idea that S is linked to image quality and our perception of sharpness: since a
Dirac image is aliased, one could consider that a slightly smoother (and hence less
aliased) version is sharper (in the sense: more geometrically accurate).

This kind of paradox raises interesting questions linked to the aliasing-
ringing-blur trade-off that must face any image reduction (zoom out) algorithm
[Blanchet et al. 2005]. What is, among the images that represent a single light
source (in a sense to be defined), the one that maximizes the value of S? (the
experiment reported in Fig. 4.7 proves that this is not a Dirac image). What is the
unimodal (increasing, then decreasing) one-dimensional signal that maximizes the
value of S? Notice that these questions may be addressed numerically by using the
stochastic optimization framework that we describe in Section 4.5.
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Figure 4.7: The Dirac paradox. Evolution of S and SI (vertical axis) for a
discrete Dirac image convolved with a Gaussian kernel of width ρ (horizontal axis).
Surprisingly, S and SI only decrease after a certain critical value of ρ, which shows
that the Gaussian kernel that reaches the maximum value of S is not the Dirac,
but a slightly blurrier kernel (ρ « 0.4 pixels).

4.4.6 Sensitivity to ringing, parametric deconvolution

Suppose that we observe a blurry image v that is the result of the convolution of a
clean (unobserved) image u0 with a Gaussian kernel (4.25), plus some (unknown)
noise. We can try to invert this blurring process by using the special case of the
Wiener filter obtained with H1 regularization in a variational setting. Indeed, there
is a unique image uλ,ρ that minimizes the convex energy

‖κρ ˚ u´ v‖2
2 ` λ‖u‖2

H1 , (4.26)

and it is explicitly given (thanks to Parseval’s formula) in Fourier domain by

@ξ P Ω, ûλ,ρpξq “ v̂pξq ¨
κ̂ρ

˚pξq

|κ̂ρ|2pξq ` λ4π2p
ξ2

1

M2 `
ξ2

2

N2 q
. (4.27)

This deconvolution method has two parameters λ and ρ. The first one λ, sets the
importance of the regularization term ‖u‖2

H1 of (4.26) in comparison to the fidelity
term ‖κρ˚u´v‖2

2, so that if λ increases, the image is more regularized. The balance
between fidelity and regularization is an interesting problem which is encountered
in several image processing tasks, but we will not discuss it here. We decided to set
λ “ 0.01 which, in our simulations, always gave satisfying results.

The second parameter ρ, however, is critical. If ρ is underestimated, some blur
remains; if it is overestimated, spurious oscillations (called ringing) appear. As
we can see in Fig. 4.8, SI and S can be used in a very simple way to design an
automatic procedure that selects an optimal value of ρ (in the sense of the quality
of the deconvolved image), because SIpuλ,ρq and Spuλ,ρq are maximal for a value of ρ
that corresponds very well to the transition between blur and ringing (see Fig. 4.9).
This is quite a remarkable property, for classical image quality indices (including
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Figure 4.8: Blur-ringing trade-offs. These diagrams plot the values of SI (in
green) and S (in red) of the H1 regularization uλ,ρ defined by (4.27) with λ “ 0.01,
as functions of the parameter ρ (in pixels) for images Yale (left) and Barbara (right).
SI and S attain their maximum value for a very similar value of ρ, which corresponds
in each case to a good trade-off between blur and ringing for these images (see
Fig. 4.9).

the metric Q presented below) are not sensitive to ringing artifacts in general (see
[Moreno & Calderero 2013]).

4.4.7 Comparison with Zhu and Milanfar’s Q metric

In [Zhu & Milanfar 2010], Zhu and Milanfar proposed a sharpness metric Q based
on the singular values of the local gradient field of the image. Given a patch
p of the image, they consider the two eigenvalues s1 ě s2 ě 0 of the gradient
covariance matrix2 of p, and define from it the coherence Rppq “ s1´s2

s1`s2
(linked

to the anisotropy of the patch p) and the image content metric Qppq “ s1Rppq

(which represents the energy in the local dominant orientation). Then, from a
set of nonoverlapping patches, a subset P of anisotropic patches is extracted by
thresholding the coherence R, and the metric Q of the whole image is defined as
the mean value of Qppq for p P P. Notice that when comparing the values of Q
on different (possibly noisy, blurred or restored) versions of a particular image, the
same set of anisotropic patches must be used. Since P is extracted from a set of
nonoverlapping patches, the computation time for Q is OpMNq.

In particular, Zhu and Milanfar used Q to select an optimal number of itera-
tions in the steering kernel regression (SKR) denoising algorithm of Takeda et al.
[Takeda et al. 2007]. We reproduced the same experiment and compared the effects
of the Q and the S indices in Fig. 4.10. Interestingly enough, the global behavior of
both indices is the same: as the level of denoising (that is, the number of iterations
in [Takeda et al. 2007]) increases, both indices grow, attain a maximal value, then
decrease. However, it can be observed that the S index attains its maximum value

2The gradient covariance matrix of an image u is the value at z “ 0 of the gradient autocorre-

lation matrix Γ defined in Theorem 4.2.1.
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Original Wiener deconvolution (ρ “ 0.7) Wiener deconvolution (ρ “ 1)

Figure 4.9: Parametric blind deconvolution using sharpness indices. On the
first row, we can see the original Yale image (left), and two Wiener-H1 deconvolution
results obtained with a kernel width of ρ “ 0.7 (middle) and ρ “ 1 (right). Close-up
views of these three images are shown on the second row. The value ρ “ 0.7, which
maximizes the sharpness indices SI and S (see Fig. 4.8), corresponds surprisingly
well to the desired critical value that rules the transition between blur and ringing.

for a smaller number of iterations (8, versus 14 for Q). This effect is confirmed
on other experiments (not displayed here): the S index seems to consider that at
some point, the denoising structures left by the SKR algorithm are sharp details
and leads to a lower denoising level. This general behavior will be discussed further
in Subsection 4.4.8: an image process that creates phase-coherent artifacts may
increase the S index.

As the sharpness metrics SI and S, the Q metric is sensitive to blur and noise.
However, it is not sensitive to ringing, so that the parametric deconvolution process
described in Subsection 4.4.6 cannot be achieved with the Q index, as shown in
Fig. 4.11. This is a crucial difference between these two indices.

4.4.8 Perceptual sharpness and Visual Summation

Even if GPC, SI and S are sensitive to noise, blur and ringing, we should not forget
that they were initially designed to measure phase coherence, and that it only ap-
pears that they can be interpreted as image quality indices. Thus, contrary to image
quality metrics designed on purpose, there is no reason a priori that these indices
reflect accurately our visual perception of sharpness. An interesting illustration of
this is brought by image compression. For example, JPEG compression is known
to produce artificial edges (in particular along the boundaries of the 8 ˆ 8 blocks
used for DCT), and as these edges require global phase coherence, one can logically
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Figure 4.10: Parameter selection in SKR denoising: Q versus S. The plots
on the left report the evolution of Q and S as functions of the number of iterations in
the SKR denoising. The input is the image Cheetah corrupted by a white Gaussian
noise with standard deviation 18. Both indices are able to select an optimal number
of iterations, and the resulting images are shown in the middle column (with some
close-up views on the right). Note that the residual phase-coherent artifacts left
by the SKR algorithm are considered as sharp by the S index, which thus selects
a number of iterations that is significantly smaller. In that particular application,
the Q metric is best suited to denoise uniform zones, while the S index leads to
better texture preservation.
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Figure 4.11: S versus Q. These diagrams represent the values of S (left) and the
values of the metric Q of Zhu and Milanfar (right) computed on the H1 regular-
ization uλ,ρ defined by (4.27) with fixed λ “ 0.01 and varying ρ (horizontal axis),
for Lena image. One can see that S admits an optimal value whereas Q does not.
Therefore, contrary to S, the metric Q cannot be used for parametric blind de-
blurring, as it does not consider that ringing artifacts decrease image quality. This
limitation of Q is studied more deeply in [Liu et al. 2013].

expect them to produce high values of GPC, SI and S. Fig. 4.12 confirms this
analysis. Note, however, that one could probably adapt the sharpness indices we
defined to reflect more accurately the quality of compressed images. One possible
solution would be to define the sharpness SCpaq of a compressed image a “ Cpuq

(here C denotes the compression operator) by the minimum sharpness found among
all possible uncompressed versions of a, that is

SCpaq “ min
v,Cpvq“a

Spvq.

Such a definition could reflect more accurately our perception of image quality,
and would in particular satisfy the desirable property SCpCpuqq ď Spuq (that is,
compression cannot increase image quality).

If we follow the idea of relating the sharpness indices GPC, SI and S to per-
ceptual sharpness, the issue of normalization with respect to image size must be
addressed. As we saw in Subsection 4.4.3, these indices tend to grow rapidly with
the size of an image, which does not really correspond to our visual perception.
One possibility to deal with this problem could be to use a “visual summation”
principle [Vu & Chandler 2009], and define the overall sharpness of an image as
the maximal sharpness of all its fixed-size (say, 32 ˆ 32) sub-parts. A less extreme
variant could be to weight the sharpness of each sub-part by some sort of saliency
measure. These solutions would solve the size-dependence issue, and thus proba-
bly increase the similarity between the proposed indices and our visual perception
of sharpness. However, the obtained indices would be analytically more compli-
cated and probably less stable when addressing restoration problems like the blind
deblurring application we consider in the next section.
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Figure 4.12: Sharpness indices and JPEG compression. These diagrams
show the evolution of SI (in green) and S (in red) when an image (respectively,
Barbara on the left, and House on the right) is compressed using the JPEG standard.
The horizontal scale refers to the JPEG quality parameter. One can see that S
and SI do not reflect our perception of image quality in this case: they increase
as the image compression rate increases. This phenomenon, due to the artificial
phase coherence brought by the image uncompression scheme, could be avoided by
considering instead, for a given compressed image, the minimum sharpness of all
possible original images.

4.5 An Application to Blind Deblurring

In Subsection 4.4.6, we saw that the S index could be used to select a parameter
in a deconvolution process. In this section, we will show that it can drive much
more general blind deblurring algorithms. Blind deblurring consists in sharpening
an image without knowing precisely the blurring process involved in the image
acquisition. We here focus on linear and spatially-invariant blur, which can be
modeled by a convolution operator. There is an abundant literature on that subject,
and regular advances. We will compare the results we obtain with the method
recently proposed by Levin et al. [Levin et al. 2011], which can produce impressive
results.

To design blind deblurring algorithms based on the S index, we will follow the
general scheme proposed in [Blanchet & Moisan 2012]. Let us denote by u0 the
image to recover, by ϕ an unknown convolution kernel and by n an additive noise.
Instead of trying to recover the kernel ϕ and then invert the image formation process
u “ ϕ ˚ u0 ` n, we will select a restoration kernel k that maximizes Spk ˚ uq, the
sharpness of the restored image k ˚ u. In this framework, k can be interpreted as
a regularized inverse of ϕ that is supposed to mitigate the effects of the noise. Of
course, the linearity of the deblurring process is a limitation of this approach, but
as we shall see, a well-chosen linear filter may perform surprisingly well compared
to more sophisticated non-linear image transforms. Moreover, linearity has several
advantages like stability, computational efficiency, and the fact that deconvolution
artifacts (and in particular the effect on noise) are much better understood in the
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linear case.

4.5.1 Remarks on k ÞÑ Spk ˚ uq

As mentioned above, the idea underlying the algorithms that will follow is the
maximization of the function

Fu : k ÞÑ Spk ˚ uq (4.28)

on a given set K of deconvolution kernels. Since the function S is quite singular, it
is worth discussing the existence of maxima. First, Proposition 4.3.3 ensures that,
as soon as the set {k ˚ u , k P K} does not contain any image which is constant in
the x or y direction, Fu is continuous on K. Moreover, since Spλk ˚ uq “ Spk ˚ uq

for any λ ‰ 0, the maximization of Fu can be equivalently realized on the bounded
set

K1 “ {k{‖k‖2, k P K}.

Thus, if K1 is closed (which is an easily achievable condition), Fu has to be maxi-
mized on a compact set and we can thus guarantee the existence of a solution. It
seems difficult to obtain any guarantee of uniqueness in general (recall that the func-
tion S is not concave), but we can at least hope to design algorithms that converge
to an interesting local maximum of Fu. Among them, Algorithm 2 below (a direct
adaptation of the algorithm proposed in [Blanchet & Moisan 2012]) is very flexible
since it can handle various types of kernels, as we will see in the next subsections.

Algorithm 2

• Begin with k “ δ0

• Repeat n times

⊲ Define k1 from a random perturbation of k

⊲ If Spk1 ˚ uq ą Spk ˚ uq then k Ð k1

• Return k and k ˚ u

4.5.2 Kernels with compact support

A first interesting case is the set of symmetric kernels with a fixed support, e.g.
a 11 ˆ 11 square. One possible perturbation strategy at each iteration consists
in adding a random number uniformly distributed in r´α, αs (say, α “ 0.05) to a
randomly chosen coefficient of the kernel (see [Blanchet & Moisan 2012]). As shown
in Fig. 4.13, this simple stochastic algorithm already gives interesting sharpening
results. However, it may also lead to failure cases, in particular when the image
contains some high-frequency structured textures [Leclaire & Moisan 2013a]. We
believe that these failure cases are mostly due to the fact that this set of kernels
contains candidates which are not plausible as deconvolution kernels.
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Figure 4.13: Blind deblurring results obtained by running Algorithm 2 on the
set of 11 ˆ 11 kernels. The original (unprocessed) images are shown on the left
column (from top to bottom: Yale, Caps (cropped), Room), and the sharpened
images are displayed on the right column. In the first two cases, the output image
is sharper than the original one and presents a limited quantity of ringing artifacts.
However, the result is not satisfactory for the Room image.
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4.5.3 Kernel with a radial-unimodal Fourier transform

To cope with the failure cases of fixed support kernels, we suggested in
[Leclaire & Moisan 2013a] to consider another class of kernels, whose shape is built
in Fourier domain by rotating a radial profile defined by d values

rp0q “ 1, rp1q, rp2q, . . . , rpd´ 2q, rpd´ 1q “ 0.

More precisely, we consider the deconvolution kernel kr defined in Fourier domain
by

k̂rpξ1, ξ2q “ Lr

(
pd´ 1q

√
2
(( ξ1

M

)2

`
(ξ2

N

)2
) )

,

where Lr : r0, d ´ 1s ÝÑ R denotes the piecewise affine interpolation of r. We also
suggested to constrain the discrete profile r to be unimodal, which means that there
exists a value m such that

@i ă m, rpi` 1q ě rpiq , and @i ě m, rpi` 1q ď rpiq .

The set U of unimodal profiles is rich enough to provide interesting deblurring
kernels, and constrained enough to limit distortions in Fourier domain (as large
differences in the amplification factor applied to neighboring frequencies tend to
produce ringing artifacts). In practice, enforcing the unimodality constraint (by
performing a projection on U for example) appeared to be rather inefficient in
terms of convergence, and we chose to relax the constraint by incorporating the
Euclidean distance3 dpr, Uq between r and the set U in the objective function. We
also decided to constrain the profile r to be smooth with the additional term

‖r‖2
H1 “

d´2∑

i“0

(
rpi` 1q ´ rpiq

)2
.

Finally, the function to optimize is

Fuprq “ Spkr ˚ uq ´ λum dpr, Uq ´ λreg ‖r‖2
H1 , (4.29)

where λum and λreg are two weighting parameters. The maximization of Fu is
realized with Algorithm 3.

3See Appendix 4.D for the numerical computation of dpr, Uq.
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Algorithm 3

• Initialize r with the piecewise affine profile defined by

rp0q “ 1 , rpminitq “ 2 , and rpd´ 1q “ 0 .

• Repeat n times

⊲ Pick a random index i P {1, 2, . . . d´ 2}
⊲ Draw a uniform random value ε P r´a{2, a{2s

⊲ Set r1 Ð r, and then r1piq Ð rpiq ` ε

⊲ If Fupr1q ą Fuprq then r Ð r1

• Return r, kr and kr ˚ u

We observed in practice that Algorithm 3 reached a stable state in less than
10000 iterations (which, on a 512ˆ 512 image takes about 4 minutes with a parallel
C implementation using a dual-core processor). Although Fu may have several local
maxima, several realizations of the algorithm would always return approximately
the same profile r, which demonstrates its stability.

Algorithm 3 involves several constants (λum, λreg, d, minit, n, a), but in practice
only λreg is a real parameter. The value d can be set to 20, which achieves a goof
trade-off between the dimension of the parameter space and the accuracy of the
radial profile. The setup a “ 0.1 led to an efficient proposition strategy in all cases.
As mentioned before, the value n “ 10000 seems to be sufficient for convergence,
in the sense that the average rate of convergence

∥∥∥ rnew´rold
rold

∥∥∥
8

was in general less

than 10´3 after 10000 iterations. To force r to be as close to unimodal as possible,
we affected to λum a high value (10000 in our experiments); we could have made
it grow to `8 in the last iterations. As concerns minit (the initial mode index),
we observed that the different possibilities of initialization (any integer between 1
and d ´ 2) could lead to two (or three in a few cases) different radial profiles. A
systematic strategy would be to try all these indices and select the one leading to
the maximum value of Fu. In practice, we observed that this maximum value was
obtained for an index minit P rd{4, 3d{4s. Besides, in the case where 2 or 3 different
radial profiles were obtained (depending on the initialization), we observed that they
lead to similar deblurring results. For the sake of simplicity, all the experiments
shown in this paper were run with minit “ d{4 (that is, 5).

In Fig. 4.14, we show some results obtained with Algorithm 3 (for λreg “ 0)
on the original images Yale and Barbara (no blur or noise added). In both cases,
the resulting image is clearly sharper than the original one and the edges are nicely
enhanced, even on the image Barbara which is a difficult case for it contains high-
frequency textures.

To assess more precisely the performances of Algorithm 3, we also ran it on
artificially degraded images. We transformed each original image u0 into a blurry
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Figure 4.14: Blind deblurring of unprocessed images. Algorithm 3 is applied
(with λreg “ 0, and n “ 10000 iterations) to the images Yale (top 2 rows) and
Barbara (bottom rows). In each case, the obtained radial profile r is displayed, as
well as the Fourier transform of the corresponding deconvolution kernel kr. It is
interesting to observe the stability of the proposed algorithm: the deblurred images
are much sharper than the original ones, but do not present ringing artifacts or
excessive noise amplification. Notice also how the deconvolution kernel adapts itself
to each image, leading, in the case of Barbara, to a quite irregular profile.
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and noisy image

u “ κ1 ˚ u0 ` n , (4.30)

where κ1 is the Gaussian kernel (4.25) obtained for ρ “ 1 and n is a realization of a
Gaussian white noise with standard deviation σ “ 1. This setup allowed us to build
two oracle deblurring filters: the Wiener filter (4.27) associated to the (supposedly
unknown) kernel κ1, and the oracle radial filter minimizing the expected l2 risk,
defined by

k0 “ arg min
kr

E
(
‖u0 ´ kr ˚ pκ1 ˚ u0 `W q‖2

)
, (4.31)

where W is a white Gaussian noise with variance σ2 “ 1 and the arg min is taken
over all kernels kr obtained from an arbitrary radial profile r with d points4.

A comparison of the effect of these filters (including Algorithm 3 with several
values of the λreg parameter) is shown on Parrots image in Fig. 4.15. We can see that
Algorithm 3 manages to find a kernel that is close to the Wiener filter associated
to the true level of blur (ρ “ 1). The oracle output reveals slightly more details,
but also leaves on the image some undesirable structured noise (which is not costly
for the l2 risk function that it optimizes). The comparison with [Levin et al. 2011]
is also interesting: compared to Algorithm 3, it manages to clean uniform zones
better, but tends to reveal less details in more complex areas (geometric structures
or textures). In terms of PSNR (which use is questionable since the original image
itself could be noisy and blurry), Algorithm 3 performs better (for λreg “ 10)
that [Levin et al. 2011] and the Wiener oracle, but does not attain the ultimate
performance given by the oracle radial filter.

To end this section, we now discuss the influence of the regularity parameter
λreg. As expected, increasing λreg tends to smooth the radial profile r (see Fig. 4.15
and 4.16). One can also see that this regularity prior constrains the overall energy
of the kernel, so that when λreg increases, the kernel values tend to decrease. The
Room image (see Fig. 4.16) is difficult to process because it contains different high-
frequency textures that are likely to produce ringing artifacts. In this particular
case, the regularity constraint is mandatory: the disappointing result obtained for
λreg “ 0 is greatly improved for λreg “ 100. For the other images we considered
(and that are not displayed here), we noticed that the choice λreg “ 100 always led
to visually satisfying results, and λreg P r0, 25s gave even better results with images
that were not too prone to ringing artifacts.

4.6 Perspectives

In this chapter, we discussed and compared the phase coherence indices GPC, SI
and S, and provided some mathematical results as well as several experiments de-
monstrating their usefulness for no-reference image quality assessment and blind
deblurring. The more explicit and simple variants SI and S are clearly an improve-
ment over the original GPC, but many questions remain. The decrease of these

4The computation of this oracle kernel is detailed in Appendix 4.E.



180 Chapter 4. Phase Coherence Indices

Blurred and noisy input Close-up Levin et al. (close-up) Levin et al.

PSNR = 30.5, S = 140 PSNR = 27.9, S = 605

 0

 2

 4

 6

 8

 10

 0  20  40  60  80  100  120  140

Deblurred (λreg “ 0) Close-up Radial profile Final k̂r

PSNR = 24.5, S = 440

 0

 2

 4

 6

 8

 10

 0  20  40  60  80  100  120  140

Deblurred (λreg “ 10) Close-up Radial profile Final k̂r

PSNR = 34.2, S = 394

 0

 2

 4

 6

 8

 10

 0  20  40  60  80  100  120  140

Deblurred (λreg “ 100) Close-up Radial profile Final k̂r

PSNR = 33.8, S = 300

 0

 2

 4

 6

 8

 10

 0  20  40  60  80  100  120  140

Wiener oracle Close-up Wiener radial profile Wiener oracle filter

PSNR = 33.7, S = 316

 0

 2

 4

 6

 8

 10

 0  20  40  60  80  100  120  140

Radial oracle Close-up Oracle radial profile Oracle radial filter

PSNR = 35.6, S = 370

Figure 4.15: Blind deblurring of a blurry and noisy version of Parrots. The first row

displays the degraded image (used as input), and the deblurred image obtained with Levin et al.

algorithm [Levin et al. 2011]. Each other row is devoted to a different linear algorithm based on a

radial kernel (in each case, the radial profile and the Fourier transform of the kernel are displayed).

The PSNR values are computed with respect to the original Parrots image. The result obtained

with Levin et al. algorithm is cleaner in uniform regions, but slightly less detailed than the one

obtained with Algorithm 3 when λreg “ 10. Notice also the similarity between the filter obtained

with λreg “ 10 and the Wiener oracle filter. Algorithm 3 was used with 10000 iterations.
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Figure 4.16: Blind deblurring of the original Room image for three different
levels of regularization of the Fourier profile. On the top row, we display a close-up of
the result of the blind deblurring Algorithm 3, which selects (and applies) an optimal
radial convolution filter (the corresponding radial profile is shown on the bottom
row in each case). The strong ringing artifacts that appear for λreg “ 0 (left column)
are greatly attenuated for λreg “ 25 (middle) and disappear almost completely for
λreg “ 100. On this kind of images presenting a strong high-frequency content
(here, the stripes of the piece of clothing in particular), the parameter λreg plays a
crucial role. Algorithm 3 was used with 10000 iterations.
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indices with respect to noise and blur is easy to check numerically, but a mathe-
matical proof is still to be established. Also, it would be interesting to understand,
from an analytical (non-probabilistic) point of view, why the formulae obtained for
SI and S are efficient for image quality assessment and blind deblurring. This could
be a way to design non-probabilistic variants, very different from classical analytical
regularizers like TV or more generally sparsity-promoting priors. The optimization
of S also brings interesting issues, and it seems very likely that the simple itera-
tive stochastic optimization we proposed could be greatly improved, which should
increase even further the attractiveness of these indices.

Software resources

Source codes to compute the GPC, SI and S metrics and images files used in the
experiments are freely available on the web page
http://www.mi.parisdescartes.fr/„moisan/sharpness/

Appendices

4.A Estimation of the mean TV of a RPN

We saw in Theorem 4.2.1 (Equation (4.10)) that

EpTVpu ˚W qq “ pαx ` αyq

√
2
π

√
MN . (4.32)

The right-hand term of (4.32) appears to be a good approximation of EpTVpuψqq,
that is, the mean TV in the RPN model. As noticed in [Blanchet & Moisan 2012],
for most images the relative error is around 1% or below. In this Appendix, we will
exhibit an upper bound of the absolute difference.

With the definition of TV, one can write

EpTVpuψqq “
∑

xPΩ

E|Bxu̇ψpxq| ` E|Byu̇ψpxq|

so that it is sufficient to show that E|Bxu̇ψpxq| « αx

√
2

πMN
for each x P Ω. This

will follow from a Gaussian approximation of Bxu̇ψpxq which implies

Ep|Bxu̇ψpxq|q «

√
2
π

√
EppBxu̇ψpxqq2q (4.33)

(notice that the equality holds for a zero-mean Gaussian r.v., as shown by
Lemma 4.C.1 of Appendix 4.C).

With the Fourier reconstruction formula, one can write that for all x P Ω,

Bxu̇ψpxq “
1

MN

∑

ξPΩ

|ûpξq|eiψpξqei〈x,ξ〉pe
2iπx1

M ´ 1q . (4.34)
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For any x P Ω, the set peiψpξqei〈x,ξ〉qξPΩ is a random phase field. It follows that
the r.v. |Bxu̇ψpxq| are identically distributed, but they are not independent a pri-
ori. This is why we cannot use the central limit theorem directly on the sum∑

xPΩ |Bxu̇ψpxq| . Instead we will use a Gaussian approximation of each Bxu̇ψpxq in
order to derive a bound for the Gaussian approximation of

∑
xPΩ |Bxu̇ψpxq|.

The Gaussian approximation of Bxu̇ψpxq will be precised with a Berry-Esseen
theorem. First, to cope with the Hermitian dependence, we have to introduce a
subset Ω` of Ω that contains exactly one point in each pair of symmetrical points,
that is, such that

Ωz{0,ηx,ηy,ηxy} “ Ω` Y p´Ω`q

and the union is disjoint. To make the following proof lighter, we will assume that
if they exist, the Nyquist coefficients ûpηxq, ûpηxyq, and ûpηyq are equal to zero (in
general, in natural images these coefficients are very small). Then we can write

uψpxq “ |ûp0q|p´1qε0 `
1

MN

∑

ξPΩ`

2|ûpξq| cospψpξq ` 〈x, ξ〉q ,

and therefore
uψpx1 ` 1, x2q ´ uψpx1, x2q “

1
MN

∑

ξPΩ`

Xξ ,

where we set for all ξ P Ω`,

Xξ “ 2|ûpξq|

(
cos

(
ψpξq ` 〈x, ξ〉 `

2πξ1

M

)
´ cos

(
ψpξq ` 〈x, ξ〉)

)

“ ´4|ûpξq| sin
(
ψpξq ` 〈x, ξ〉 `

πξ1

M

)
sin
(πξ1

M

)
.

Since the Xξ are independent and centered r.v., we can apply the following gener-
alization of Berry-Esseen Theorem (for non identically distributed r.v.):

Theorem 4.A.1 (Berry-Esseen, 1942). Let X1, . . . , Xn be independent and centered
r.v. in L3. Let us denote σ2

i “ EpX2
i q and ρi “ Ep|Xi|

3q. Let Fn be the cumulative
distribution function of

X1 ` . . .`Xn

pσ2
1 ` . . .` σ2

nq1{2
.

Then there exists a positive universal constant C0 such that

@t P R, |Fnptq ´ PpY ď tq| ď C0ψ0

where Y „ N p0, 1q and ψ0 “

(
n∑

i“1

σ2
i

)´3{2( n∑

i“1

ρi

)
.

Concerning the value of C0, some recent papers (e.g. [Shevtsova 2010]) have
shown that the best constant C0 is below 0.56.

Let us apply this theorem to the r.v. Xξ, ξ P Ω`. Remark that if the r.v. U
is uniformly distributed on r0, 2πs, then Epsin2pUqq “ 1

2
and Ep| sinpUq|3q “ 4

3π
.

Thus, we have for all ξ P Ω`,

σ2
ξ :“ EpX2

ξ q “ 8|ûpξq|2 sin2

(
πξ1

M

)
,



184 Chapter 4. Phase Coherence Indices

ρξ :“ Ep|Xξ|3q “
44

3π
|ûpξq|3

∣∣∣∣ sin
(
πξ1

M

)∣∣∣∣
3

.

Consequently,

∑

ξPΩ`

σ2
ξ “

∑

ξPΩ`

8|ûpξq|2 sin2

(
πξ1

M

)

“
∑

ξPΩ

4|ûpξq|2 sin2

(
πξ1

M

)

“
∑

ξPΩ

|ûpξq|2
∣∣∣∣e

2iπξ1

M ´ 1
∣∣∣∣
2

“
∥∥B̂xu̇

∥∥2

2
“ MN‖Bxu̇‖2

2 ,

and

∑

ξPΩ`

ρξ “
44

3π

∑

ξPΩ`

|ûpξq|3
∣∣∣∣ sin

(
πξ1

M

)∣∣∣∣
3

“
128
3π

∥∥B̂xu̇
∥∥3

3
.

Hence, noticing that

1√
MN‖Bxu̇‖2

∑

ξPΩ`

Xξ “

√
MN

‖Bxu̇‖2

Bxu̇ψpxq ,

and setting

ψ0 “
Kpuq

pMNq3{2
with Kpuq “

128
3π

∥∥B̂xu̇
∥∥3

3

‖Bxu̇‖3
2

,

Theorem 4.A.1 ensures that for all t P R,
∣∣∣∣∣P
(√

MN

‖Bxu̇‖2

Bxu̇ψpxq ě t

)
´ PpY ě tq

∣∣∣∣∣ ď
C0Kpuq

pMNq3{2
. (4.35)

Now, we write

E

(√
MN

‖Bxu̇‖2

|Bxu̇ψpxq|

)
“

∫ `8

0
P

(√
MN

‖Bxu̇‖2

|Bxu̇ψpxq| ě t

)
dt ,

and EpY q “

∫ `8

0
PpY ě tq dt ,

and we split the integral into two parts:
∫`8

0 “
∫ A

0 `
∫`8
A . Inequality (4.35) can

be integrated between 0 and A to give an upper bound of
∫ A

0 , whereas the tail
∫`8
A

can be treated using Bienaymé-Tchebitchev inequality:

P

(√
MN

‖Bxu̇‖2

|Bxu̇ψpxq| ě t

)
ď

1
t2MN‖Bxu̇‖2

2

E


∑

ξPΩ`

Xξ




2

“
1

t2MN‖Bxu̇‖2
2

∑

ξPΩ`

σ2
ξ “

1
t2
.
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Putting the two terms together, we have for all A ą 0,
∣∣∣∣∣E
(√

MN

‖Bxu̇‖2

|Bxu̇ψpxq|

)
´ Ep|Y |q

∣∣∣∣∣ ď
2C0Kpuq

pMNq3{2
A`

2
A
,

and then, choosing the best A,
∣∣∣∣∣E
(√

MN

‖Bxu̇‖2

|Bxu̇ψpxq|

)
´

√
2
π

∣∣∣∣∣ ď 4

√
C0Kpuq

pMNq3{4
.

Therefore, for all x,
∣∣∣∣∣E
(√

MN |Bxu̇ψpxq|
)

´ αx

√
2
π

∣∣∣∣∣ ď
Cxpuq

pMNq3{4
,

where Cxpuq “ 4
√
C0

√√√√ 128
3π

∥∥B̂xu̇
∥∥3

3

‖Bxu̇‖2

.

Recalling that αx “ ‖Bxu̇‖2, one has
∣∣∣∣∣E
(‖Bxu̇ψ‖1

)
´ αx

√
MN

√
2
π

∣∣∣∣∣

ď
1√
MN

∑

xPΩ

∣∣∣∣∣E
(√

MN |Bxu̇ψpxq|
)

´ αx

√
2
π

∣∣∣∣∣

ď
1√
MN

∑

xPΩ

Cxpuq

pMNq3{4
,

and thus, ∣∣∣∣∣E
(‖Bxu̇ψ‖1

)
´ αx

√
MN

√
2
π

∣∣∣∣∣ ď
Cxpuq

pMNq1{4
. (4.36)

Finally, we obtain the following

Theorem 4.A.2. If ψ is a discrete random phase field, then
∣∣∣∣∣E
(
TVpuψq

)
´ pαx ` αyq

√
MN

√
2
π

∣∣∣∣∣ ď
Cxpuq ` Cypuq

pMNq1{4
,

where @a P {x, y}, Capuq “ 32

√
2C0

3π

√√√√
∥∥B̂au̇

∥∥3

3

‖Bau̇‖2

.

Theorem 4.A.2 provides an explicit bound on the absolute error between the
mean TV of a RPN and the exact formula (4.32) obtained for the associated Gaus-
sian field, but this error bound depends on the considered image and all terms tend
to increase with the image size. We can write a normalized inequality by dividing
(4.36) by αx

√
2MN{π, so that

∣∣∣∣∣
E
(‖Bxu̇ψ‖1

)

αx
√
MN

√
π

2
´ 1

∣∣∣∣∣ ď cxpuq , (4.37)
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where the relative error bound is now

cxpuq :“
32

pMNq3{4

√
C0

3

√√√√
∥∥B̂xu̇

∥∥3

3

‖Bxu̇‖3
2

“ 32

√
C0

3

√√√√√
∥∥B̂xu̇

∥∥3

3∥∥B̂xu̇
∥∥3

2

(of course, one would obtain a similar inequality for the y component).
Taking C0 “ 0.56, one can compute values of cx for different natural images.

For example, cxpuq « 1.025 for the 512 ˆ 512 Lena image, while cxpuq « 0.337 for
the 13 Mpixels Lotriver image5. The bound is quite useless for Lena, and still far
from sharp for Lotriver (numerical computations seem to indicate that the true
values of the left-hand term of (4.37) are below 10´4 for these two images).

Even if it does not provide an accurate error bound, Theorem 4.A.2 remains in-
teresting because it indicates that (4.32) provides the correct asymptotical estimate
of the mean TV of a RPN when the image size tends to infinity. Indeed, it has been
known for a long time that natural images statistically exhibit a power-law Fourier
spectrum (see [Deriugin 1956] and other references in [Ruderman 1994]), that is,

|ûpξq|9|ξ|´α (4.38)

in average, where α is a bit larger than 1 in general. Using (4.38) in the expression
of cx above, one easily obtains that for a R ˆ R image, cx9R´1{2 as R ÝÑ 8,
provided that α ă 5{3. This suggests that the bound cx tends to decrease to 0
when the size of the considered image increases.

4.B Gaussian approximation of TVpW q

We would like to prove that TVpuψq and TVpu ˚ W q approximately (or asymp-
totically) follow Gaussian distributions. Unfortunately, as we already said in the
previous Appendix, we cannot apply a classical central limit theorem because the
r.v. appearing in the TV formula are not independent. These dependencies in-
troduce a lot of difficulties and this is why we shall here focus on a much simpler
problem, that is, the asymptotical distribution of TVpW q (which is the TV of the
Gaussian model in the particular case u “ δ0).

Proposition 4.B.1. Let pΩnqně0 be a sequence of rectangular domains of Z2 such
that |Ωn| Ñ 8 when n tends to 8, and let pWnpxqqxPΩn be a set of i.i.d. r.v. with
distribution N

(
0, |Ωn|´1{2

)
. Then one has

TVpWnq ´ EpTVpWnqq
d

ÝÑ N p0, σ2q , where

EpTVpWnqq “
4|Ωn|1{2

√
π

and σ2 “
8
π

(
ωp1q ` 6 ¨ ω

(1
2

))
.

To prove this result, we will use the central limit theorem given in [Janson 1988],
which applies to a set of r.v. whose dependencies are controlled through their
dependency graph.

5This image is available on the web site http://www.mi.parisdescartes.fr/„moisan/sharpness/
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Definition 4.B.1 ([Janson 1988]). A graph Γ is a dependency graph for a set of
r.v. if the following two conditions are satisfied:

1. There exists a one-to-one correspondence between the r.v. and the vertices of
the graph.

2. If V1 and V2 are two disjoint sets of vertices of Γ such that no edge of Γ has
one endpoint in V1 and the other in V2, then the corresponding sets of r.v.
are independent.

Now we can recall the

Theorem 4.B.1 (Janson [Janson 1988]). Suppose, for each integer n, that
pXn,iqi“1,...,Nn is a set of r.v. satisfying |Xn,i| ď An a.s. for all i. Suppose further
that Γn is a dependency graph for this set and let Mn be the maximal degree6 of Γn
(unless Γn has no edges at all, in which case we set Mn “ 1). Let Sn “

∑Nn
i“1Xn,i

and σ2
n “ VarpSnq. If there exists an integer m such that

(
Nn

Mn

)1{m MnAn

σn
Ñ 0 as n Ñ 8 , (4.39)

then
Sn ´ EpSnq

σn
Ñ N p0, 1q in distribution as n Ñ 8.

First, we will clarify the remark following this theorem in [Janson 1988]. It
states that we can replace the boundedness hypothesis

@n, @i, |Xn,i| ď An a.s.

by
Mn

σ2
n

Nn∑

i“1

EpX2
n,i1|Xn,i|ąAnq Ñ 0 as n Ñ 8 . (4.40)

Indeed, assume that (4.40) is true. We use the truncation argument suggested in
[Janson 1988] and set

XT
n,i “ Xn,i 1|Xn,i|ďAn ,

STn “
Nn∑

i“1

XT
n,i , and pσTn q2 “ VarpSTn q .

It is clear that the variables XT
n,i have the same dependency degree than the Xn,i.

We will see that (4.39) is still true for σTn so that Janson’s Theorem will give

STn ´ EpSTn q

σTn

d
ÝÑ N p0, 1q .

But first let us explain how we control the residual sum. One can write

Sn ´ EpSnq

σn
´
STn ´ EpSTn q

σn
“

1
σn

Nn∑

i“1

(
Xn,i 1|Xn,i|ąAn ´ EpXn,i 1|Xn,i|ąAnq

)
.

6We recall that the maximal degree of a graph is the maximal number of edges incident to a

single vertex.
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For a fixed n, setting

Ti “ Xn,i 1|Xn,i|ąAn ´ EpXn,i 1|Xn,i|ąAnq

(which again have a dependency degree smaller than Mn) and writing i „ j if Ti
and Tj are not independent, one can write

E

((∑

i

Ti

)2
)

“
∑

i,j

EpTiTjq

“
∑

i

∑

j„i

EpTiTjq

ď
1
2

∑

i

∑

j„i

EpT 2
i q ` EpT 2

j q

“
1
2

∑

i

∑

j„i

EpT 2
i q `

1
2

∑

j

∑

i„j

EpT 2
j q

ď pMn ` 1q
∑

i

EpT 2
i q

ď 2Mn

∑

i

EpT 2
i q ,

which gives

E


 1
σ2
n

(
Nn∑

i“1

Xn,i 1|Xn,i|ąAn ´ EpXn,i 1|Xn,i|ąAnq

)2



ď2
Mn

σ2
n

Nn∑

i“1

VarpXn,i 1|Xn,i|ąAnq

ď2
Mn

σ2
n

Nn∑

i“1

EpX2
n,i 1|Xn,i|ąAnq .

Therefore, (4.40) gives that

Sn ´ EpSnq

σn
´
STn ´ EpSTn q

σn

L2

ÝÝÑ 0 . (4.41)

To conclude, it remains to show that σTn
σn

Ñ 1 as n tends to 8. Indeed, it is
thus equivalent to check condition (4.39) for σn or σTn so that we are able to apply
Janson’s theorem to obtain

STn ´ EpSTn q

σTn

d
ÝÑ N p0, 1q . (4.42)

Moreover it implies that the distributional convergence of
STn ´ EpSTn q

σTn
is equivalent

to the one of
STn ´ EpSTn q

σn
. To show that σn and σTn are equivalent, notice that (4.41)

and the reverse Minkowski inequality (in L2) give
∥∥∥∥
Sn ´ EpSnq

σn

∥∥∥∥
L2

´

∥∥∥∥∥
STn ´ EpSTn q

σn

∥∥∥∥∥
L2

Ñ 0 ,
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which is exactly

1 ´
σTn
σn

Ñ 0 . (4.43)

Finally, putting together (4.41), (4.42), (4.43), we obtain that

Sn ´ EpSnq

σn

d
ÝÑ 0 . �

Let us now get into the details of the application to the TV of a white Gaussian
noise. For x P Ωn, we will set

Zn,x “ |Ẇnpx` 1, yq ´ Ẇnpx, yq| ` |Ẇnpx, y ` 1q ´ Ẇnpx, yq| ,

so that TVpWnq “
∑

xPΩn
Zn,x . With these notations, we will be able to apply

Janson’s theorem on this sum with Mn “ 6. Indeed, for a fixed x “ px, yq P Ωn,
the variables Ẇnpx ` 1, yq, Ẇnpx, y ` 1q and Ẇnpx, yq appear in Zn,x. These two
variables also appear in Zn,px´1,yq, Zn,px´1,y`1q, Zn,px,y´1q, Zn,px`1,y´1q, Zn,px`1,yq,
Zn,px,y`1q, and do not appear in any other Zn,x, x P Ωn. That is why we can set
Mn “ 6.

Next, to apply the theorem, we also need to know the variance of the sum. It
is actually independent of n and given by Theorem 4.2.1:

σ2 “ σ2
n “ VarpTVpWnqq “

8
π

pωp1q ` 6 ¨ ωp1{2qq .

Notice that the theorem also gives

EpTVpWnqq “
4√
π

|Ωn|1{2 .

Now, it remains to find a sequence An which satisfies both (4.39) and (4.40).
Since in our case Mn and σn are constant, we must find An and an m such that

|Ωn|1{mAn Ñ 0 and
∑

xPΩn

EpZ2
n,x1|Zn,x|ąAnq Ñ 0

as n Ñ 8. Since all the Zn,x follow the Gaussian distribution with standard
deviation 2|Ωn|´1{2, the second condition is equivalent to

E
(
Z21|Z|ąAn|Ωn|

)
Ñ 0 .

Hence, it suffices to find An and an m such that

|Ωn|1{mAn Ñ 0 and An|Ωn| Ñ 8 .

We can take m “ 3 and An “ |Ωn|´1{2. The two conditions are satisfied, and with
Janson’s theorem we obtain the result of Proposition 4.B.1.

Remark: One can point out that we applied a powerful central limit theorem
in order to prove a very specific case. In fact, one can adapt the preceding proof to
show that, as soon as u has compact support in Ωn with |Ωn| Ñ 8, we have normal
convergence of EpTVpu ˚W qq after centralization and normalization.
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4.C Proof of Theorem 4.2.1

Before proving Theorem 4.2.1, let us give two lemmas about Gaussian random
vectors.

Lemme 4.C.1. Let X be a Gaussian r.v. with zero mean and variance σ2. Then

Ep|X|q “ σ

√
2
π
.

Proof. Since X „ N p0, σ2q, one can write

Ep|X|q “
1

σ
√

2π

∫ `8

´8
|x|e´ x2

2σ2 dx “
2

σ
√

2π

∫ `8

0
xe

´ x2

2σ2 dx

“
2

σ
√

2π

[
´σ2e

´ x2

2σ2

]`8

0

“ σ

√
2
π
.

Lemme 4.C.2. Let Z “ pX,Y qT be a Gaussian random vector with zero mean and
covariance matrix

EpZZT q “

(
a2 ab sin θ

ab sin θ b2

)
,

with θ P r´π
2
, π

2
s. Then, one has

Ep|XY |q “
2|ab|

π
pcos θ ` θ sin θq .

Proof. If a “ 0 or b “ 0, then EpXY q “ 0 so there is nothing more to prove. Hence
we can assume that ab ‰ 0 and set X 1 “ X{a, Y 1 “ Y {b, so that

E|XY | “ |ab| ¨ E|X 1Y 1| , (4.44)

where the covariance of Z 1 “ pX 1, Y 1qT is

C “ EpZ 1Z 1T q “

(
1 sin θ

sin θ 1

)
.

If | sin θ| “ 1, then Y 1 “ X 1 sin θ almost surely, so that E|X 1Y 1| “ EX 12 “ 1 and
E|XY | “ |ab| by (4.44). Hence, we assume in the following that |θ| ă π

2
. Now we

have

C´1 “
1

cos2 θ

(
1 ´ sin θ

´ sin θ 1

)
,

so that E|X 1Y 1| equals

1
2π cos θ

∫

R2

|xy| exp

(
´
x2 ` y2 ´ 2xy sin θ

2 cos2 θ

)
dxdy .

Using symmetry considerations, this formula can be rewritten under the form

E|X 1Y 1| “
Ipθq ` Ip´θq

π cos θ
(4.45)
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with Ipθq “

∫ `8

0

∫ `8

0
xy exp

(
´
x2 ` y2 ´ 2xy sin θ

2 cos2 θ

)
dxdy.

Using polar coordinates, we then get

Ipθq “

∫ `8

0

∫ π
2

0
r2 cosϕ sinϕ

exp

(
´

r2

2 cos2 θ
p1 ´ 2 cosϕ sinϕ sin θq

)
r drdϕ

“

∫ π
2

0

(
cosϕ sinϕ

∫ `8

0
r3e´αpϕqr2

dr

)
dϕ ,

with αpϕq “
1 ´ 2 cosϕ sinϕ sin θ

2 cos2 θ
ě 0 .

Integrating by part the inside integral yields

∫ `8

0
r3e´αpϕqr2

dr

“

[
r2 ¨

1
´2αpϕq

e´αpϕqr2

]`8

0

´
1

´2αpϕq

∫ `8

0
2re´αpϕqr2

dr

“
1

2αpϕq2
.

Thus we have

Ipθq “

∫ π
2

0
cosϕ sinϕ ¨

p2 cos2 θq2

2p1 ´ 2 cosϕ sinϕ sin θq2
dϕ

“ 2 cos4 θ ¨

∫ π
2

0

tanϕ
pcos´2 ϕ´ 2 tanϕ sin θq2

dϕ

cos2 ϕ

“ 2 cos4 θ ¨

∫ `8

0

t

p1 ` t2 ´ 2t sin θq2
dt pt “ tanϕq

“ 2 cos4 θ ¨

∫ `8

0

t

ppt´ sin θq2 ` cos2 θq2
dt

“ 2 cos4 θ ¨

∫ `8

´ sin θ

u` sin θ
pu2 ` cos2 θq2

du pu “ t´ sin θq .

Now usual integration formulae give (for a ą 0),

∫
u

pu2 ` a2q2
du “

´1
2pu2 ` a2q

and
∫

1
pu2 ` a2q2

du “
1

2a3
arctan

u

a
`

u

2a2pu2 ` a2q
,
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so that Ipθq equals

Ipθq “ 2 cos4 θ

([
´1

2pu2 ` cos2 θq2

]`8

´ sin θ

` sin θ
[

1
2 cos3 θ

arctan
u

cos θ
`

u

2 cos2 θpu2 ` cos2 θq

]`8

´ sin θ

)

“ 2 cos4 θ

(
1
2

` sin θ
(

π

2 cos3 θ
`

θ

2 cos3 θ
`

sin θ
2 cos2 θ

))

“ cos4 θ ` π sin θ cos θ ` θ sin θ cos θ ` sin2 θ cos2 θ

“ cos2 θ ` π sin θ cos θ ` θ sin θ cos θ .

Then, Ipθq ` Ip´θq “ 2 cos θpcos θ ` θ sin θq and we conclude by (4.44) and (4.45)
that

E|XY | “
2|ab|

π
pcos θ ` θ sin θq .

Proof of Theorem 4.2.1

Writing U “ u ˚W , we have by linearity

BxU̇ “ pBxu̇q ˚W ,

so that the discrete random field BxU̇ is a stationary Gaussian field whose marginal
distributions have zero mean and variance

EppBxU̇pxqq2q “
1

MN

∑

yPΩ

pBxu̇px ´ yqq2 “
α2
x

MN
.

From Lemma 4.C.1, we hence get that for any x P Ω,

Ep|BxU̇pxq|q “
αx√
MN

√
2
π
,

and by using a similar reasoning on ByU̇ , we obtain (4.10).

We now consider the variance of TVpUq. We have

EpTVpUq2q “
∑

x,yPΩ

E|BxU̇pxqBxU̇pyq| ` E|BxU̇pxqByU̇pyq|

` E|ByU̇pxqBxU̇pyq| ` E|ByU̇pxqByU̇pyq| .

Writing z “ y ´ x and using the stationarity of ∇U̇ , the quantity EpTVpUq2q can
be rewritten

MN
∑

xPΩ,yPΩ

E|BxU̇p0qBxU̇pzq| ` E|BxU̇p0qByU̇pzq|

` E|ByU̇p0qBxU̇pzq| ` E|ByU̇p0qByU̇pzq| . (4.46)
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Each term of this sum can be written under the form E|XY | where pX,Y q is a
zero-mean 2-dimensional Gaussian vector with covariance matrix

(
EpX2q EpXY q

EpXY q EpY 2q

)
.

For the second term of (4.46) for example, we have X “ BxU̇p0q and Y “ ByU̇pzq,
thus

EpXY q “ E


 ∑

xPΩ,yPΩ

Bxu̇p´xqByu̇pz ´ yqW pxqW pyq




“
1

MN

∑

xPΩ

Bxu̇pxqByu̇pz ` xq “
1

MN
Γxypzq

and the covariance matrix of pX,Y q is

1
MN

(
α2
x Γxypzq

Γxypzq α2
y

)
,

so that thanks to Lemma 4.C.2 we obtain

E|XY | “
2αxαy
πMN

¨ ω̃

(
Γxypzq

αxαy

)
,

with ω̃ptq “ t arcsin t`
√

1 ´ t2 “ ωptq`1. Combining all terms arising from (4.46),
we finally obtain that

EpTVpUq2q “
2
π

∑

zPΩ

α2
xω̃

(
Γxxpzq

α2
x

)
(4.47)

` 2αxαyω̃

(
Γxypzq

αxαy

)
` α2

yω̃

(
Γyypzq

α2
y

)

and the announced result follows from

VarpTVpUqq “ EpTVpUq2q ´ pEpTVpUqqq2 ,

which simply amounts to change ω̃ into ω in (4.47).

4.D Unimodal regression

In this appendix, we detail an algorithm to compute the distance from a signal
s “ psp1q, sp2q, . . . , spnqq P Rn to the set U of unimodal signals of size n, defined by

U “
⋃

1ďiďn

Ci XDi ,

where Ci “ {p P Rn, pp1q ď pp2q ď . . . ď ppiq}
and Di “ {p P Rn, ppiq ě ppi` 1q ě . . . ě ppnq}
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(with the natural convention C1 “ Dn “ Rn). The algorithm we use is due to
Frisen [Frisen 1986]. It is based on the fact that U can also be written

U “
⋃

1ďiďn´1

Ci XDi`1 ,

which entails dps, Uq “ min1ďiďn´1 di with

d2
i “ min

pPCiXDi`1

‖p´ s‖2
2

“ min
pPCi

i∑

k“1

pppkq ´ spkqq2 ` min
qPDi`1

n∑

k“i`1

pqpkq ´ spkqq2 .

These two monotone regression problems are independent, and can be solved
in time Opnq using the simple Pool Adjacent Violators algorithm described in
[Ayer et al. 1955] (see Algorithm 4). Thus, the computation of dps, Uq can be real-
ized in time Opn2q (Algorithm 5). Note that in fact the unimodal regression problem
can be solved in time Opnq with a more sophisticated algorithm (see [Stout 2008]),
but considering the small value of n we use in Subsection 4.5.3 (n “ 20), the gain
obtained with this algorithm would be negligible compared to other steps (e.g.,
Fourier transforms) of the deblurring process.

4.E Oracle deconvolution filter

Consider a blurry and noisy image v “ κ ˚ u0 ` n, obtained from an image u0

after a convolution by a kernel κ and the addition of a Gaussian white noise n with
standard deviation σ2. In this appendix, we show how to compute the oracle kernel
k0 which provides, in average with respect to n, the best linear estimate of u0 that
can be computed from v. This oracle kernel is defined by

k0 “ arg min
k

E
(
‖u0 ´ k ˚ pκ ˚ u0 `W q‖2

2

)
, (4.48)

where W is a Gaussian white noise with variance σ2. The arg min can be taken
over various kernel spaces, here we consider the set of kernels obtained by rotating
a radial linearly interpolated profile, that is

@ξ P Ω, k̂pξq “ rp⌊|ξ|⌋qp⌈|ξ|⌉ ´ |ξ|q ` rp⌈|ξ|⌉qp|ξ| ´ ⌊|ξ|⌋q ,

where prp0q, . . . , rpd´ 1qq P Rd,

|ξ|2 “ 2pd´ 1q2

(( ξ1

M

)2

`
(ξ2

N

)2
)
,

and ⌊t⌋ and ⌈t⌉ denote respectively the lower and upper integer part of t P R (we
also set k̂pξq “ 0 when |ξ| ą d ´ 1). This interpolation formula naturally involves
the disjoint subsets

Ω̂l “ {ξ P Ω, l ď |ξ| ă l ` 1} . (4.49)



4.E. Oracle deconvolution filter 195

Algorithm 4: Monotone regression [Ayer et al. 1955]

• Inputs: s P Rn, ε P {´1, 1}

• Output : non-decreasing (case ε “ 1) or non-increasing (case
ε “ ´1) regression p of s.

• k Ð 1

• For each i “ 1, . . . , n

⊲ σk Ð spiq

⊲ nk Ð 1

⊲ While k ą 1 and
(
σk´1

nk´1
´ σk

nk

)
ε ą 0

¨ σk´1 Ð σk´1 ` σk

¨ nk´1 Ð nk´1 ` nk

¨ k Ð k ´ 1

⊲ k Ð k ` 1

• i Ð 1

• For l “ 1, . . . , k, repeat nl times the steps

⊲ ppiq Ð σl

⊲ i Ð i` 1

Algorithm 5: Unimodal regression distance [Frisen 1986]

• Input: s P Rn

• Output: dps, Uq

• For each i “ 1, . . . , n

⊲ p Ð non-decreasing regression of pspkqq1ďkďi

⊲ q Ð non-increasing regression of pspkqqi`1ďkďn

⊲ d2
i Ð

i∑

k“1

pspkq ´ ppkqq2 `
n´k´1∑

k“1

pspi` 1 ` kq ´ qpkqq2

• return min
i
di.
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Since W is a white Gaussian noise, the cost function of (4.48) can be written

‖u0 ´ k ˚ κ ˚ u0‖2
2 ` σ2MN‖k‖2

2

“
1

MN

∑

ξPΩ

|û0pξq|2|1 ´ k̂pξqκ̂pξq|2 ` σ2MN |k̂pξq|2 , (4.50)

which, when k̂ is radial and when κ is supposed to be symmetrical, transforms into

1
MN

d´1∑

l“0

∑

ξPΩ̂l

|û0pξq|2
(

1 ´ κpξqrplqpl ` 1 ´ |ξ|q ´ κpξqrpl ` 1qp|ξ| ´ lq

)2

` σ2MN

(
rplqpl ` 1 ´ |ξ|q ` rpl ` 1qp|ξ| ´ lq

)2

.

This is a quadratic function in r, and its unique minimum is characterized by
the vanishing-gradient condition, which can be written Ar “ b, where A “
ppak,lqq0ďk,lďd´1 and b “ pblq0ďlďd´1 are defined by

al,l “
∑

ξPΩ̂l

pl ` 1 ´ |ξ|q2p|κpξq|2|û0pξq|2 ` σ2MNq `
∑

ξPΩ̂l´1

p|ξ| ´ l ` 1q2p|κpξq|2|û0pξq|2 ` σ2MNq

al,l`1 “
∑

ξPΩ̂l

pl ` 1 ´ |ξ|qp|ξ| ´ lqp|κpξq|2|û0pξq|2 ` σ2MNq

al,l´1 “
∑

ξPΩ̂l´1

p|ξ| ´ l ` 1qpl ´ |ξ|qp|κpξq|2|û0pξq|2 ` σ2MNq

al,m “ 0 for |l ´m| ą 1

bl “
∑

ξPΩ̂l

pt` 1 ´ |ξ|q2p|κpξq||û0pξq|2q `
∑

ξPΩ̂l´1

p|ξ| ´ l ` 1q2p|κpξq||û0pξq|2q .

This linear system associated to the tridiagonal matrix A can be solved with
standard numerical techniques. The solution is the oracle radial profile r0, from
which the DFT of the oracle kernel k0 can be defined by

@l,@ξ P Ω̂l, k̂0pξq “ r0plqpl ` 1 ´ |ξ|q ` r0pl ` 1qp|ξ| ´ lq .

Remark: One can also consider the minimization problem (4.48) on the set of
all kernels k. It is easy to deduce from (4.50) that the corresponding oracle kernel
is given in Fourier domain by

@ξ P Ω, k̂pξq “
κ̂pξq˚ |û0pξq|2

|κpξq|2|û0pξq|2 ` σ2MN
.

One can notice that, making the assumption |ûpξq|2 “ c
(
4π2

(
ξ2

1

M2 `
ξ2

2

N2

))´1

(see

the discussion at the end of Appendix A), and setting λ “ σ2MN{c, the corre-
sponding filter is exactly the one that optimizes the criterion (4.26).
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The objective of this chapter is to discuss the possibility of direct phase analysis
or synthesis. After illustrating that direct phase synthesis is not an appropriate way
to tackle macrotexture synthesis, we propose two extensions of the random phase
texture models of Chapter 2 which can deal with more structured textures.

One important goal of this thesis was to design new models of random fields
which can be easily simulated and which are richer than the uniform random phase
models RPN and ADSN (which are unable to reproduce sharp edges). Of course,
several texture synthesis algorithms are able to deal with structured textures,
for example [Efros & Leung 1999], [Efros & Freeman 2001], [Kwatra et al. 2005], or
[Lefebvre & Hoppe 2005]. Even if these algorithms are very efficient and allow to
reproduce a large variety of textures, one common drawback is that the output
distribution of these algorithms is difficult to describe. More precisely, these algo-
rithms are motivated by a Markov model, but the properties of the output ran-
dom field are hardly examined: for example, the output of [Efros & Leung 1999]
is clearly not stationary, and even if it is sampled by a scheme that respects the
Markov assumption, the local specification cannot be made explicit (due to the ap-
proximation of the Gibbs sampling). Notice however that the authors of the later
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article [Levina & Bickel 2006] proved the consistency of this algorithm in a resam-
pling framework (based on some assumptions on the input texture and provided
that the size of the observation grows to infinity).

It is actually a difficult (and still open) problem to design a texture synthe-
sis algorithm that truly respects a random model, and still allows for macrotex-
ture synthesis. In this chapter, we will tackle this problem by pursuing the works
of [Van Wijk 1991], [Kwatra et al. 2005] and [Galerne et al. 2011b]. Let us recall
that the RPN model is based on a very transparent analysis/synthesis pipeline: the
Fourier modulus is extracted, and the phase component is replaced by a uniform
random phase. In other words, we sample according to the maximum entropy dis-
tribution for a fixed Fourier modulus. Therefore, one can hope to improve the RPN
model by preserving more than the Fourier modulus. But the questions are then:
which additional relevant features can be extracted? and is it possible to sample a
texture which preserves these new features?

A naive approach is to search for these features directly in the phase information.
But, because of its link to spatial translations, the direct analysis of the phase
information is difficult. In particular, in the circular framework, we will show in
Subsection 5.1.1 that no relevant phase constraint can be drawn only from the
stationarity assumption. A way to represent the phase up to the spatial translations
is to consider the phase of the bispectrum, as mentioned in Subsection 5.1.2, but
we will see that the bispectrum data are too large (which makes it very difficult
to handle in practice), and that the preservation of the whole bispectrum does
not leave any room for innovation in the textural content. Finally, we also show
in Subsection 5.1.3 that the phase coherence indices introduced in Chapter 4 do
not suffice to measure precisely the plausibility of a texture image in the uniform
random phase model.

Therefore, in the lack of a simple richer extension of the RPN algorithm, we
explored variants of the ADSN model. The advantage of this approach is that it can
rely on several results given for Poisson spot noises in [Galerne 2010], and that it
allows for easy experiments. In Section 5.2 we derive a local spot noise model which
allows to resynthesize a given exemplar texture by preserving its local aspect. This
model is not stationary, but is able to reproduce non random phase features, thus
demonstrating the benefit of relaxing the stationarity constraint in the Gaussian
model.

In Section 5.3, we also propose a general methodology for macrotexture synthe-
sis, by defining bi-level models which consist in a stationary low-resolution compo-
nent on which textural details are added. According to the observation that any
texture, seen from sufficiently far away, can be considered as a microtexture, the
low-resolution component can be synthesized with an ADSN field. Then, based
on this coarse synthesis, fine-scale details may be added using a kind of texture
refinement [Lefebvre & Hoppe 2005], [Chainais et al. 2011]. Here, this refinement
step is emulated with a local patch-based operator inspired by [Kwatra et al. 2005].
The resulting algorithm (which corresponds only to a single instance of the bi-
level model) is able to synthesize macrotextures and still has clear mathematical
guarantees.



5.1. Phase Sensitive Texture Analysis 199

5.1 Phase Sensitive Texture Analysis

The main objective of this section is to illustrate the difficulty of incorporating the
phase information in by-example texture synthesis. Our original idea was to seek
simple extensions of the RPN model that can preserve something more than the
modulus information. A first step, that is exposed in Subsection 5.1.1 was to un-
derstand more precisely the phase constraints that are imposed by the stationarity
assumption. We will show in particular that these phase constraints are actually
very weak and cannot inspire us to address direct synthesis of the phase informa-
tion. Seeking other phase analysis tools, we turned to the bispectrum phase, which
is exposed in Subsection 5.1.2. We will see that it is indeed more relevant in the
phase analysis of texture images (because it is invariant to spatial translations),
but also that it is much more redundant than the DFT phase so that its practical
use is made even more intricate. In Subsection 5.1.3, we illustrate that the phase
coherence indices of Chapter 4 do not suffice to measure the plausibility of a texture
image in the RPN model.

In this section,
Θ “ Z{MZ ˆ Z{NZ

will denote a periodic rectangular discrete domain of size M ˆN .

5.1.1 Phase Information and Stationarity

In this subsection, we justify the difficulty of direct phase analysis, and clarify the
impact of stationarity in the phase constraints of circular stationary random fields.

We recall again that the phase of an image u : Θ ÝÑ R is the argument ϕ of
its discrete Fourier transform û “ |û|eiϕ. It is thus an angular function ϕ : Θ ÝÑ T

(where T “ R{2πZ) which satisfies ϕp´ξq “ ´ϕpξq. If ûpξq ‰ 0, the corresponding
phase coefficient ϕpξq is uniquely defined modulo 2π whereas any value can be
chosen if ûpξq “ 0.

A first naive difficulty is that the visualization of the phase information suffers
from the fact that the angular values are wrapped onto R{2πZ. Indeed, in practice,
when visualizing the phase information of a natural image, one usually computes
the phase values ϕpξq P r´π, πr. Actually, algorithms exist for unwrapping the
phase information [Ghiglia & Pritt 1998] but they become inefficient when dealing
with too irregular phase functions.

But the main difficulty of the phase information is that it is indeed very ir-
regular because of its link with spatial translations: a translation of the image in
spatial domain corresponds in Fourier domain to the addition of a linear function
(sometimes called ramp function) ξ ÞÑ 〈v, ξ〉 to the phase function (where v is the
translation vector). If the vector v is large, the addition of the ramp function com-
pletely changes the behavior of the phase function, even in the case of a very simple
image (for example an elementary shape like a disc or an elongated blob). If one
considers images obtained as addition of several elementary shapes, the situation is
even worse because the computation of the phase information does not respect the
addition.
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This link between phase and translations has some consequences on the structure
of the phase component of circular stationary random fields. For example, the
following result was proved in [Matsubara 2007]: if the random field F : Θ ÝÑ R

with phase ψ has a distribution that is invariant to the subpixel translations of Θ
(defined by (4.22)), and if ξ, ζ are two linearly independent frequencies such that
F̂ pξq and F̂ pζq are almost surely non zero, then the corresponding phase coefficients
ψpξq, ψpζq are necessarily independent and uniform on T.

With the underlying desire to synthesize plausible texture phase functions, it
may seem interesting to precise this result by looking for necessary and sufficient
phase constraints that ensure the stationarity of the random field. Actually, the
following theorem brings a disappointing answer to that question.

Theorem 5.1.1. Let F : Θ ÝÑ Rd be a random field. Then F is circular stationary
if and only if F has the same distribution as F pV ` ¨q where V follows the uniform
distribution on Θ and is independent of F .

Proof. Let us assume that F and F pV ` ¨q have the same distribution, where V

is independent of F and follows the uniform distribution on Θ. The random field
F pV ` ¨q is circular stationary because for each v P Θ, pV, F q has the same distri-
bution as pV ` v, F q and thus F pV ` ¨q has the same distribution as F pV ` v ` ¨q.
Therefore, F is also circular stationary.

Conversely, assume that F is circular stationary and that V is a random vector
which is independent of F and has uniform distribution on Θ. Since F and V are
independent, the distribution of pF,Vq is the tensor product between the distribu-
tion of F and the distribution 1

|Θ|

∑
vPΘ δv of V. Thus Fubini’s theorem gives that

for each measurable function h : RΘ ÝÑ R`,

E
[
h
(
F pV ` ¨q

)]
“

1
|Θ|

∑

vPΘ

E
[
h
(
F pv ` ¨q

)]
“

1
|Θ|

∑

vPΘ

E [hpF q] “ ErhpF qs ,

so that F pV ` ¨q has the same distribution as F .

The last theorem states that any random field can be made circular stationary
by applying a random translation of this domain, and also that, in distribution,
any circular stationary random field can be obtained in this way. In other words,
the phase of a circular stationary random field F can always be understood as
the addition of itself and an independent ramp function whose gradient is chosen
uniformly in Θ. This shows that the phase constraints induced by the stationarity
assumption are somehow independent with the phase constraints that are needed
to produce salient features in the spatial domain.

5.1.2 Bispectrum

One possibility to extend texture analysis to higher-order statistics is to
consider higher-order spectra, and in particular the bispectrum. We re-
fer to [Picinbono 1998], [Nikias & Mendel 1993], [Hall & Giannakis 1995] or
[Collis et al. 1998] for a detailed presentation of the higher-order spectra. Here,
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we only present basic properties of the bispectrum, and explain why it has not
proven to be useful in designing non random phase texture models.

Definition 5.1.1. Given a gray-level image u : Θ ÝÑ R, one can define the bicor-
relation C2 : Θ ˆ Θ ÝÑ R of u by

C2pv,wq “
∑

xPΘ

upxqupx ` vqupx ` wq . (5.1)

Then, the bispectrum B : Θ ˆ Θ ÝÑ C of u is defined as the discrete Fourier
transform of C2 with respect to both variables v,w, that is

Bpξ, ζq “
∑

v,wPΘ

C2pv,wqe´i〈ξ,v〉´i〈ζ,w〉 . (5.2)

A simple calculation gives the useful formula

Bpξ, ζq “ ûpξqûpζqûpξ ` ζq , (5.3)

which establishes a link between the bispectrum and the usual DFT of u.
One can first draw several remarks on this definition. First, we see that the

bispectrum indeed encodes a third-order information and in particular, in con-
trast with the Fourier modulus (or autocorrelation), it is sensitive to the symmetry
u ÞÑ ´u. Furthermore, the bispectrum of a real image satisfies several constraints,
for example

Bpξ, ζq “ Bpζ, ξq ,

Bp´ξ ´ ζ, ζq “ Bpξ, ζq ,

Bpξ,´ξ ´ ζq “ Bpξ, ζq ,

Bp´ξ,´ζq “ Bpξ, ζq .

Subsequently, the bispectrum is a very redundant information (much more than
the DFT which is only constrained by ûp´ξq “ ûpξq for real images u). Notice
that it is possible to derive subdomains of Θ ˆ Θ on which the bispectrum is not
redundant [Chandran & Elgar 1994], but these so-called principal domains still oc-
cupies a considerable volume of Θ ˆ Θ, making the bispectrum not easy to store or
interpret.

Notice also that the modulus of the bispectrum |B̂| depends only on |û| so that
the real benefit of the bispectrum lies in its phase. More precisely, if ϕ is a phase
function for u, a phase function for the bispectrum is obtained as

argpBpξ, ζqq “ ϕpξq ` ϕpζq ´ ϕpξ ` ζq . (5.4)

One can observe that if one adds a linear function to ϕ, the bispectrum phase is
unchanged, which is equivalent to assert that the bispectrum is not affected by a
translation of the spatial domain. Therefore, the bispectrum phase (5.4) allows to
represent the phase in a way that is insensitive to the addition of the ramp function,
as suggested in Subsection 5.1.1, at the cost of one additional frequency variable.
The following theorem (which is a discrete version of [Jaming & Kolountzakis 2003,
Lemma 2.3]) actually shows that, up to the translation invariance, there is no loss
of information between the phase and the phase of the bispectrum.
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Theorem 5.1.2. Let u1, u2 : Θ ÝÑ R be two images having the same mean and
same Fourier modulus and such that for each frequency ξ, |ûipξq| ‰ 0. We assume
that u1 and u2 have the same bispectrum. Then u1 and u2 only differ by a subpixel
translation (defined in Fourier domain by (4.22)).

Proof. Since u1, u2 have the same Fourier modulus, by definition (4.22) of the sub-
pixel translations, it is enough to show that the phase functions ϕ1, ϕ2 of u1, u2

differ from a linear function on the domain

Ω “ Z2 X

([
´
M

2
,
M

2

)
ˆ

[
´
N

2
,
N

2

))
.

From the equality of the bispectra, setting θ “ ϕ1 ´ϕ2, and from (5.4) we get that

@ξ, ζ P Θ, θpξ ` ζq “ θpξq ` θpζq mod 2π .

From this, we get that for each couple of integers ξ P Ω,

θpξq “ ξ1θp1, 0q ` ξ2θp0, 1q “ 2π
(
v1ξ1

M
`
v2ξ2

N

)
“ 〈v, ξ〉 ,

where we chose

v1 “
M

2π
θp1, 0q , v2 “

N

2π
θp0, 1q .

From the result of this theorem, we see that the bispectrum does not seem to
be adapted to texture synthesis by example. Indeed, it shows that if a synthesis
algorithm preserves all the bispectrum, then it can only apply a subpixel translation
to the texture. In other words, preserving the whole bispectrum information does
not leave any room for innovation in the textural content. However, one may
still want to explore the possibilities of preserving only a part of the bispectrum.
But extracting a relevant part of the bispectrum seems at least as complicated as
extracting a relevant part of the DFT.

5.1.3 Phase Coherence of Textures

We have seen in Chapter 3 how we could perform texture synthesis using random
phase models. In this paragraph, we address the following question: is it possible
to measure a priori the performance of these synthesis algorithms on a particular
exemplar? It amounts to measure the plausibility of the exemplar in a random
phase model, or in other words, to give some justification (other than visual) of
the statement “the texture I am observing is a random phase texture”. About
the expression “random phase texture”, let us mention that one should make a
clear distinction between random phase models (which are random images whose
Fourier transform has uniform random phase) and random phase textures (which
are natural texture images that appear plausible in a uniform random phase model).

One naive approach (which will be quickly proved wrong) is to measure the
plausibility of a particular element in a fixed random model by computing the cor-
responding likelihood value. One may wonder if the plausibility of a texture in
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the ADSN model can be measured by the likelihood value obtained after the maxi-
mization of the likelihood function with respect to the model parameters (explained
in Subsection 3.1.1). Actually, one can see from the calculation given in Subsec-
tion 3.1.1 that for an observation u whose DFT does not vanish at any frequency,
the maximum value of the likelihood function in the ADSN model is equal to

∏

ξPΘz{0}

1
|ûpξq|

up to some multiplicative constant that does not depend on u. It is clear that
this value does not reflect the plausibility in the random phase model, should it be
only for the reason of homogeneity (if u is multiplied by λ, this value is multiplied
by λ1´|Θ|), and especially because it does not depend on the phase of u. In fact, the
maximum likelihood procedure, which was designed for estimation purpose, does
not allow to measure the adequation of the fitted model to the observation. This is
confirmed by another simple remark: one would not say that 0 is a plausible sample
of N p0, 1q even if it realizes the maximum likelihood of the corresponding model.

Actually, the intuitive notion of plausibility cannot be assessed only through the
random model but must rely on geometric measures that are somehow linked to
our texture perception. If one relies on the total variation to measure the texture
regularity, then one can question the plausibility of a texture in the random phase
model by using the phase coherence indices introduced in Chapter 4. Indeed, we
analyzed in Subsection 4.3.3 the values obtained with the phase coherence indices
GPC, SI and S computed over random phase fields. Precisely, we observe numeri-
cally that the distribution of the S value of a random phase field was concentrated
around the value 0.3. Therefore, an image that is plausible in the random phase
model is expected to have a low value of S. This is confirmed by the examples
of Fig 5.1 in which we gave some examples of RPN results, each time with the
corresponding value for S and TV. Notice that in contrast, the TV value does not
indicate anything about the plausibility of the texture in the random phase model.

But is the converse true?: if an image has a small value of S, can it be considered
to be a random phase texture? Unfortunately, this is not so simple, as illustrated in
Fig. 5.2. In this figure, we propose the same experiment as in Fig. 5.1, but with non
random phase textures. Of course, textures with large scale geometry and sharp
edges (like in the first and fourth row of Fig. 5.2) will have a large value of S. But
not all the non random phase textures have such cartoon elements.

For example, the second row of Fig 5.2 exhibits a fabric texture on which the
random phase synthesis fails (because of the complicated mixtures of directions and
because this texture has a quasi-periodic salient pattern), and yet, this image has a
small value of S. This small value of S is explained by the severe oscillations of this
texture which are reflected by the high value of TV. So there exist oscillating non
random phase textures having a small value of S. One could wonder why we cannot
apply this argument on the vegetation texture of the third row of Fig 5.2. In this
case, one can observe that the phase randomization makes the TV increase more
than in the second row, so that the TV of the vegetation image is still low amongst
the TV of its phase randomizations. We can give the following explanation: in the
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Spuq “ 0.173 SpRPNpuqq “ 0.321
TVpuq “ 5.17 ¨ 106 TVpRPNpuqq “ 5.04 ¨ 106

Spuq “ 8.30 SpRPNpuqq “ 0.315
TVpuq “ 2.52 ¨ 106 TVpRPNpuqq “ 2.57 ¨ 106

Spuq “ 16.4 SpRPNpuqq “ 0.209
TVpuq “ 2.77 ¨ 106 TVpRPNpuqq “ 2.88 ¨ 106

Spuq “ 1.13 SpRPNpuqq “ 0.313
TVpuq “ 1.24 ¨ 106 TVpRPNpuqq “ 1.28 ¨ 106

Figure 5.1: Some examples of random phase textures. For each row, the
original texture is shown on the left, together with a realization of the associated
random phase noise. One can see that the corresponding values of phase coherence
are quite low. Let us add that in the second example, the lighter stains on the
bottom-right is unlikely to happen in a RPN realization; but except this detail, we
can say that it is a random phase texture.
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Spuq “ 111 SpRPNpuqq “ 0.312
TVpuq “ 1.99 ¨ 106 TVpRPNpuqq “ 2.17 ¨ 106

Spuq “ 1.05 SpRPNpuqq “ 0.320
TVpuq “ 3.18 ¨ 106 TVpRPNpuqq “ 3.30 ¨ 106

Spuq “ 104 SpRPNpuqq “ 0.303
TVpuq “ 3.22 ¨ 106 TVpRPNpuqq “ 3.60 ¨ 106

Spuq “ 311 SpRPNpuqq “ 0.390
TVpuq “ 0.86 ¨ 106 TVpRPNpuqq “ 1.15 ¨ 106

Figure 5.2: Some examples of non random phase textures. For each row,
the original texture is shown on the left, together with a realization of the associated
random phase noise. One can see that the corresponding values of S are high except
for the fabric case (second row).
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vegetation image, the TV is high because the image exhibits in several regions a
lot of small oscillations; but also, the gradient energy (in ℓ2-norm) is higher than in
the fabric image, because large gradients are observed at the boundary of the dark
regions at the top-middle and bottom-left of the image. All in all, one must keep
in mind that the index S is related to the TV, but also to the gradient energy.

To sum up, on these examples we see that these sharpness indices affect small
values to random phase textures. But they are not sufficient to discriminate random
phase textures from the others, because a non random phase texture can have a TV
that is already large (amongst its phase randomizations) and thus a small S value.
Hence, these phase coherence indices can be used as a non random phase test for
textures, but not as a precise plausibility measure in the random phase model.

5.2 Local Spot Noise Synthesis

In the last section, we illustrated the difficulty to design simple extensions of the
RPN model that deals directly with the phase information. In this section, we will
design and study an extension of the ADSN model, benefiting on the fact that ADSN
offers larger experimental possibilities (because of the convolutive expression of spot
noise models). Since we have seen in Subsection 2.1.4 that no phase coherence can
be expected in stationary Gaussian random fields, our extension will consist of a
non-stationary Gaussian random field. It will demonstrate that non random phase
features can be better reproduced by relaxing the stationarity constraint in the
Gaussian model.

More precisely, we propose to define a local spot noise model based on the ob-
servation of a texture u : Ω ÝÑ Rd. This model allows to resynthesize the texture u
on the same domain and respects local second-order properties of the texture. The
synthesized image is a non-stationary Gaussian random field U : Ω Ñ Rd built as
a limit when λ Ñ `8 of a localized discrete spot noise Uλ : Ω Ñ Rd. In this spot
noise, the patches thrown at the position X of the Poisson process are chosen in a
spatial neighborhood of X. This local spot noise synthesis can be understood as
resynthesis of the texture conditionally to a low-frequency component.

Notice that this local ADSN lies close to the “patch Gaussian model”
of [Raad et al. 2014] but here, the patches are chosen in a spatial neighborhood
of X and not according to a patch similarity criterion. The local ADSN can also
be compared to the non-stationary Gaussian model of [Boussidi et al. 2014]; apart
from the fact that we work in a discrete framework (for rather practical reasons),
the main difference is that the spot noise kernels are directly extracted from the
exemplar, and do not belong to a parametric family.

In this section, Ω Ă Z2 is a discrete domain of size M ˆ N and u : Ω ÝÑ Rd is
an exemplar texture image. Let us recall that if A,B Ă Z2, we denote by |A| the
cardinal of A, and we set

A`B “ {x ` y , x P A,y P B} ,

A´B “ {x ´ y , x P A,y P B} .
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5.2.1 Local Spot Noise Model

In this subsection, we define and study the local spot noise which is obtained by
summing renormalized patches of the exemplar image found around each point of
the synthesis.

Let ω Ă Z2 be the finite domain on which patches are defined. Let D Ă Z2 a
neighborhood of 0, which represent the research zone of the patches. This domain
ω and D can have a general form, but in the following experiments we consider ω to
be a disc with center 0 and radius r, and D to be a disc with center 0 and radius ρ.

First, let us consider the image ū : Ω Ñ Rd that represents the local mean value
of u, defined by

ūpyq “
1

|py ` ωq X Ω|

∑

zPpy`ωqXΩ

upzq . (5.5)

In other words, ūpyq is the average color value in the vicinity of pixel y. Next, for
each y P Z2, let us extract from u the normalized patch pup¨,yq centered on y which
is defined by

puph,yq “





1

|py ` ωq X Ω|
1

2

(
upy ` hq ´ ūpyq

)
if h P ω and y ` h P Ω

0 otherwise
. (5.6)

Let us introduce a marked Poisson process pXi,Tiq, pi ě 1q with intensity
λ| ¨ | ˆ UpDq where | ¨ | refers to the counting measure on Z2 and UpDq to the
uniform distribution on D. In other words, pXiq is a uniform Poisson process on Z2

with intensity λ, and with independent marks Ti which are uniformly distributed
on D. We can now introduce the Poisson sum defined for all x P Ω by

Sλpxq “
∑

iě1

pupx ´ Xi,Xi ` Tiq . (5.7)

It means that around each point Xi we add a patch pup ¨ ,Xi ` Tiq taken at the
position Xi ` Ti. Notice that the Poisson Process pXiq can be restricted to

Ω “ pΩ ´ ωq X pΩ ´Dq .

Definition 5.2.1. Given the exemplar image u : Ω ÝÑ Rd, the patch domain ω,
the research domain D, and the intensity λ, the local discrete spot noise (LDSN) is
defined for all x P Ω by

Uλpxq “ ūpxq `
1√
λ

(
Sλpxq ´mpxq

)
, (5.8)

where mpxq “ EpSλpxqq.

We will show later that when λ tends to `8, the random field Uλ converges
towards a Gaussian random field U : Ω Ñ Rd, that is called local asymptotic
discrete spot noise.
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First-order moments

Grouping the points of the marked Poisson process pXi,Tiq that fall on each point
of Ω ˆD, we can write

Sλpxq “
∑

pz,tqPΩˆD

Nλpz, tqpupx ´ z, z ` tq (5.9)

where pNλpz, tqq
zPΩˆD is a collection of independent random variables with distri-

bution Pp λ
|D| q. We can thus obtain the expectation m of Sλ, as

mpxq “ EpSλpxqq “
λ

|D|

∑

zPΩ

∑

tPD

pupx ´ z, z ` tq .

Using the notation

qpyq “





1

|py`ωqXΩ|
1
2

if y P Ω ´ ω

0 otherwise
, (5.10)

we can give a little more explicit formula:

mpxq “
λ

|D|

∑

zPx´ω

∑

tPDXpΩ´xq

qpz ` tqpupx ` tq ´ ūpz ` tqq

“
λ

|D|

∑

tPDXpΩ´xq

p1ω ˚ qpx ` tqq upx ` tq ´ 1ω ˚ pqūqpx ` tq .

In other words,

m “
λ

|D|
1D ˚

(
1Ω

(
p1ω ˚ qqu´ 1ω ˚ pqūq

))
, (5.11)

where the convolutions are computed on Ω with null boundary conditions (which
amounts to extend u, ū and q by zero-padding to Z2). This shows in particular
that the expectation m can be computed in Op|Ω| log |Ω|q thanks to the DFT.

From Equation (5.9), we also get the spatial covariance of Sλ, which leads to
the following result.

Proposition 5.2.1. The LDSN process defined by (5.8) has expectation ū and its
covariance is given for all x,y P Ω by

Γpx,yq “ CovpUλpxq, Uλpyqq “
1

|D|

∑

pz,tqPΩˆD

pupx ´ z, z ` tqpupy ´ z, z ` tqT

“
∑

zPpx´ωqXpy´ωq

1
|D|

∑

tPDXpΩ´xqXpΩ´yq

1
|pz ` t ` ωq X Ω|

pupx ` tq ´ ūpz ` tqqpupy ` tq ´ ūpz ` tqqT .

This result can be rephrased by saying that the covariance is obtained as a
local average of patches cross-correlations. It also justifies the adopted patch nor-
malization (which was inspired by Subsection 3.1) at least through the marginal
covariance. Indeed, let us assume that x “ y and that

px ` 2ω `Dq Y py ` 2ω `Dq Ă Ω .
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Then we obtain the marginal covariance of Uλpxq as

1
|D||ω|

∑

hPω

∑

tPD

pupx ` tq ´ ūpx ´ h ` tqqpupx ` tq ´ ūpx ´ h ` tqqT .

It is an unusual estimate of the color covariance of u on x ` ω. But still, it indi-
cates that the normalization that was adopted for Uλ is not absurd in terms of the
marginal distributions.

Gaussian limit

Theorem 5.2.1. When λ Ñ `8, Uλ converges in distribution to the non-
stationary Gaussian random field U „ N pū,Γq whose first-order moments are

ūpyq “
1

|py ` ωq X Ω|

∑

zPpy`ωqXΩ

upzq ,

Γpx,yq “
1

|D|

∑

pz,tqPΩˆD

pupx ´ z, z ` tqpupy ´ z, z ` tqT .

This Gaussian random field U is called the local asymptotic discrete spot noise

(LADSN) associated to u.

Proof. One can immediately adapt the proof of Theorem 2.1.1 to the non-stationary
case (because the Poisson point process can be restricted to a finite set).

Simulation

Now we will see that the LADSN can be directly sampled (without requiring the
heavy simulation of a high-intensity LDSN). For that, let us introduce a family
pWtqtPD of independent Gaussian white noise processes defined on Ω, with mean 0
and variance 1. For each t P D, let us consider

Vtpxq “
∑

zPΩ

Wtpzqpupx ´ z, z ` tq .

Notice that Vt is a Gaussian random field with mean 0 and covariance given by

CovpVtpxq, Vtpyqq “
∑

zPΩ

pupx ´ z, z ` tqpupy ´ z, z ` tqT .

Besides, the random fields x ÞÑ Vtpxq are independent. Therefore,

V pxq “ ūpxq `
1√
|D|

∑

tPD

Vtpxq (5.12)

is a Gaussian random field with mean ū and covariance function

CovpVtpxq, Vtpyqq “
1

|D|

∑

pz,tqPΩˆD

pupx ´ z, z ` tqpupy ´ z, z ` tqT “ Γpx,yq .
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Since the distribution of a Gaussian random field is characterized by its second-order
moments, it follows that V is the LADSN associated to u.

We will derive from that a simple algorithm for the simulation of the LADSN.
Using the definition of the patches pu, one has

Vtpxq “
∑

zPpx´ωqXpΩ´tq

qpz ` tqWtpzqpu1Ωpx ` tq ´ ū1Ωpz ` tqq

“ u1Ωpx ` tq
(
1ω ˚ pτ´tpq1Ωq ¨Wtqpxq

)
´ 1ω ˚ pτ´tpqū1Ωq ¨Wtqpxq1Ωpx ` tq ,

where we use the notation τhvpxq “ vpx ´ hq (and each time, we also precised v1Ω

when we need to consider the zero-padding extension of v outside Ω) . This allows
to compute Vt through two convolutions with null-boundary conditions. And after,
one can obtain the LADSN using Equation (5.12). Notice that this last operation
certainly is the most expansive one: it is not a convolution because the white noise
processes Wt are not related.

Circular analog

Notice that one can also define a circular local discrete spot noise model. When
referring to the circular model, we will use analog notations except that we add a
dot on the letters. In particular, u̇ will refer to the pM,Nq-periodic extension of u.
Besides, the notation d will refer to the circular convolution over the domain Ω.

In the circular case, the local mean can be computed by

¯̇u “
1

|ω|
1ω d u .

Then, one can consider the normalized patches

@y P Ω, ṗuph,yq “





1√
|ω|

(
u̇py ` hq ´ ¯̇upyq

)
if h P ω

0 otherwise
(5.13)

extracted from the pM,Nq-periodic extension u̇ of u. And we can define the circular
LDSN by

U̇λpxq “ ¯̇upxq `
1√
λ

∑

iě1

pṗupx ´ Xi,Xi ` Tiq ´ ṁpxqq , (5.14)

where pXiq is a Poisson process on Ω with intensity λ and independent marks pTiq

which are uniform on D, and where the expectation of the Poisson sum is given by

ṁ “
λ
√

|ω|

|D|
1D d

(
u´

1
|ω|

1ω d ¯̇u
)
.

The covariance of U̇λ is given for all x,y P Ω by

Γ̇px,yq “
1

|D|

∑

tPD

∑

zPΩ

ṗupx ´ z, z ` tqṗupy ´ z, z ` tq

“
1

|D|

∑

tPD

1
|ω|

∑

zPpx´ωqXpy´ωq

(
u̇px ` tq ´ ¯̇upz ` tq

)(
u̇py ` tq ´ ¯̇upz ` tq

)
.
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Again we can show that when λ Ñ `8, U̇λ converges to the Gaussian random field
U̇ „ N p¯̇u, Γ̇q called the circular LADSN associated to u.

With the same computation as above, we show that the circular LADSN can be
directly obtained by setting

V̇ pxq “
1√
|D|

∑

tPD

Vtpxq ,

V̇tpxq “
∑

zPΩ

Ẇtpzqṗupx´z, z`tq “
1√
|ω|

(
u̇px`tqp1ωdẆtpxqq´1ωdpẆtτ̇´t

¯̇uqpxq
)
,

(5.15)
where x ÞÑ Ẇtpxq, t P D are independent white Gaussian noise processes on Ω of
mean 0 and variance 1, and where τ̇h refers to the periodic translation of vector h.

5.2.2 Results and comments

In this subsection, we use the LADSN model to perform resynthesis of given ex-
emplar textures. We also investigate the influence of the synthesis parameters, and
discuss the invariance to the addition of a smooth component.

We only consider discrete disc domains

ω “ {x P Z2, x2
1 ` x2

2 ď pr ` 0.5q2}

D “ {x P Z2, x2
1 ` x2

2 ď pρ` 0.5q2}

where r and ρ are two parameters (adding 0.5 to r and ρ is a way to obtain discrete
discs with a more satisfying circular aspect).

Synthesis examples

Let us first consider in Fig. 5.3 and Fig. 5.4 the result of LADSN synthesis on
stationary Gaussian textures. One can notice in Fig. 5.3 that this method allows
to resynthesize a Gaussian texture in a faithful manner and also preserves a low-
frequency component. This is confirmed by the low values of the relative model
error (defined by (3.17)) obtained between the LADSN synthesis and the original
Gaussian texture. This shows that, in terms of resynthesis, the local spot noise
model is at least as rich as the stationary spot noise model that we studied in
Chapter 2. However, as for the spot noise associated to the synthesis-oriented
texton (see Section 3.3), the correlations length in the LADSN is constrained by
twice the size of the patch domain ω because the LADSN covariance Γpx,yq vanishes
as soon as x ´ y R 2ω. Thus, the patch domain must be tuned as the support size
of the SOT.

In Fig. 5.5, we show examples of local spot noise associated to four real non-
stationary textures. Surprisingly enough, even if the model is only based on second-
order statistics, it still allows to reproduce local features of the texture to a certain
extent. Indeed, this model is able to preserve local orientations, and also certain
fiber structures like the ones of the radiographic image in the third row of Fig. 5.5.
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Original u p800 ˆ 600q LADSN U̇ , RME = 0.20

Local mean ¯̇u Local mean ¯̇U

Figure 5.3: Resynthesis of a homogeneous random phase texture using a

local spot noise. In this figure, we synthesized a circular Gaussian texture using
a circular LADSN (with r “ ρ “ 30), and we also computed the local mean images
corresponding to u and the realization U̇ . Notice that U̇ and u have similar aspect
which is confirmed by a small relative model error (RME) between the Gaussian
models associated to u and U̇ . Besides, as one can see on the local mean images
¯̇u and ¯̇U , the LADSN preserved in a certain sense the low frequency component of
the texture.
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Original u p512 ˆ 384q LADSN U̇ , RME = 0.12

Original u p768 ˆ 512q LADSN U̇ , RME = 0.18

Original u p576 ˆ 576q LADSN U̇ , RME = 0.18

Figure 5.4: Resynthesis of random phase textures using a local spot noise.
In this figure, one can observe three other examples of Gaussian texture resynthesis
using a circular local spot noise model. This confirms that Gaussian textures can
be resynthesized using the LADSN. Notice however that on the first and second
line, one can observe slight interference patterns in the synthesis. These patterns
disappear with a fine tuning of the parameters r and ρ (see Fig. 5.6 and Fig. 5.7).
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However, strongly non-Gaussian features (like very sharp edges) cannot be resyn-
thesized properly (due to the spatial mixing of patches). Besides, one can observe
in this figure that the approximation of the LADSN by the LDSN is visually satis-
factory when, for a patch domain ω of radius r “ 20, the mean number of impacts
per pixel exceeds 100. Therefore, even if the asymptotic simulation is more difficult
in the non-stationary case, the finite-intensity spot noise can still be considered as
a very efficient way to perform approximate simulation (as it was the case with the
DSN associated to the SOT in Section 3.3).

Influence of the parameters

In Fig. 5.6, one can observe the result of ADSN synthesis for varying size ρ of the
research zone D. One can see that when D increases, the local covariances are more
and more mixed so that the local orientations are less and less preserved. On the
other hand, when D is too small, the synthesis result is troubled with interference
patterns. We have not yet come to a satisfying explanation for this artefact. Let us
mention that is is also visible in certain Gabor noise textures (see auxiliary material
of [Lagae et al. 2009]).

In Fig. 5.7, one can also see the influence of the size r of the patch domain ω.
Again, one can see on the covariance expression that we have Γpx,yq “ 0 as soon
as x ´ y R 2ω. Since the LADSN is a Gaussian field, this entails that the samples
Upxq and Upyq are independent. In other words, the long-range interactions are
only reproduced if they are included in the local mean image ū. This is confirmed
by visual inspection of the results shown in Fig. 5.7.

Concerning the parameter ω, we will see that one extreme case is quite easy to
interpret. In the circular case, if ω “ Ω, then in Equation (5.15) the local mean
image ¯̇u is constant and so are the noise images 1ω d Ẇt. Thus, we get in this case

V̇ pxq “
1√

|Ω||D|

∑

tPD

pu̇px` tq ´ ūqGt

where pGtqtPD is a Gaussian white noise with mean 0 and variance 1. Therefore,
we get that V̇ is a circular convolution of the normalized spot tu “ 1√

|Ω|
pu ´ ūq

with a spatially localized white noise, which makes this particular case very easy
to understand. In particular, if ω “ D “ Ω, then the circular LADSN matches the
classical circular ADSN.

Invariance to the addition of a smooth component

Since the patches are normalized by the local mean image ū, the local spot noise
model is robust to the addition of a very smooth component, which can be observed
in Fig. 5.8. This is true provided that the patch domain ω is sufficiently large so
that the smooth component will, in a certain sense be absorbed by the local mean
image ū. It means that the model is able to capture local variations of the textures,
independently of local illumination changes. If the smooth component is not regular
enough, then the local autocorrelations are not preserved, as one can see in Fig. 5.9.
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u (128 ˆ 128) U Uλ ū

u (128 ˆ 128) U Uλ ū

u (384 ˆ 384) U Uλ ū

u (512 ˆ 512) U Uλ ū

Figure 5.5: Resynthesis of non-homogeneous textures using a local spot

noise. This figure shows local spot noise synthesis results for natural texture im-
ages. From left to right, one can see the original texture u, the corresponding
LADSN U , LDSN Uλ, and the local mean image ū. The parameters were set to
r “ ρ “ 20, and λ was chosen in order to set the mean number of impacts per pixels
to 100. Notice that the synthesis of the three first examples is quite convincing. The
model is indeed able to preserve the local orientation of the fur in the first example
and of the fiber structures of the third example. However, strongly non-Gaussian
features (such as the asymmetry of the distribution in the second case or the fiber
structures of the fourth example (mammogram image)) are not preserved.
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Original p384 ˆ 384q ρ “ 5 ρ “ 10

ρ “ 20 ρ “ 30 ρ “ 60

Figure 5.6: Influence of the size ρ of the research zone. In this figure, one can
see different LADSN synthesis results with a fixed patch radius r “ 20 and varying
the research zone radius ρ. Notice that for low values of ρ, ringing-link patterns
appear. When ρ increases, the local characteristics of the texture are less and less
preserved.

Original p384 ˆ 384q r “ 5 r “ 10

r “ 15 r “ 20 r “ 25

Figure 5.7: Influence of the size of the patches. In this figure, one can see
different LADSN synthesis results with a fixed research zone radius ρ “ 10 and
varying patch radius r. Notice that r must be large enough in order to preserve the
fiber structures and local orientations of the texture.
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Since the local mean image is not extracted using an orthogonal decomposition, it
may be difficult to go further and write a formal statement about the invariance to a
smooth component. However, these experiments raise an interesting question about
the invariance of our texture perception up to the addition of a smooth component.
More precisely, it would be interesting to investigate the constraints on the smooth
component s that make the images u and u1 “ u ` s to be perceived as the same
texture (for example, in Fig. 5.9, it does not seem plausible to say that the images
u and u1 really represent the same texture).

Conclusion

We showed in this section that the local spot noise model could be used for resyn-
thesis of a certain class of non random phase textures. The main interest of that
preliminary work is that it allows us to better understand the limitations of non-
stationary discrete Gaussian models. The experiments of this section indeed showed
that the Gaussian model gets much richer when one relaxes the stationarity con-
straint, and in particular is able to respect non random phase features like certain
fiber structures. The main drawback of the local spot noise model is that it is not
defined as a texture model on Z2. However, in the future, extensions on Z2 could
be designed by adopting the methodology presented in the next section.

5.3 Bi-Level Synthesis

In this section, we propose a methodology for texture synthesis that consists in first
synthesizing a low-resolution version of the texture, and next add the details with a
local function. We will see that this methodology allows to combine the flexibility of
the Gaussian model (for coarse scale synthesis) and the richness of non-parametric
sampling (for the refinement step).

5.3.1 Related Works

Before reviewing earlier works about multiscale texture synthesis, let us mention
that there is some kind of ambiguity in the words “multilevel”, “multiscale” or
“multiresolution”. They can refer to the progressive synthesis of textures either on
finer and finer grids (with different sampling rates) or on finer and finer levels of a
wavelet transform (with possibly different sampling rates if the wavelet transform is
decimated). In the following, we will try to make a clear distinction between these
two possible meanings.

Early attempts of multiscale texture synthesis were inspired by the recursive sub-
division algorithm for the simulation of fractional Brownian motions, which amounts
to sample the process on finer and finer grids. The one-dimensional method of
stochastic interpolation presented in [Mandelbrot & Van Ness 1968] has been used
in [Fournier et al. 1982] for rendering of stochastic surfaces, and later generalized
in [Lewis 1987] to Gaussian processes with more general covariance functions. An
undeniable advantage of these stochastic interpolation methods relies in their speed.
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u u1 s “ u1 ´ u

U U 1 U 1 ´ U

U 1 ´ s ū ū1

Figure 5.8: Invariance to the addition of a smooth component. The image u1

was obtained by addition of a smooth component s to the original image u. Then,
using the exemplars u and u1, we carried LADSN synthesis with the same random
seed to obtain the images U and U 1 (with r “ ρ “ 15). Notice that in this case,
the images U and U 1 ´ s are very similar. The image s is smooth enough so that
the local autocorrelations are not affected by s.
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u u1 s “ u1 ´ u

U U 1 U 1 ´ U

U 1 ´ s ū ū1

Figure 5.9: Non-invariance to the addition of a less regular component.

The image u1 was obtained by addition of a smooth component s to the original
image u. Then, using the exemplars u and u1, we carried LADSN synthesis with
the same random seed to obtain the images U and U 1 (with r “ ρ “ 15). The
corresponding results U and U 1 are shown in the second row. Notice that this time,
the images U and U 1 ´s do not appear similar. In this case, the smooth component
is not regular enough and thus changes the local autocorrelations.
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However, these methods are only adapted to parametric covariance functions and
thus not adapted a priori to by-example synthesis.

The authors of [De Bonet 1997], [Popat & Picard 1993], and
[Paget & Longstaff 1998] proposed multiscale algorithms that allow for by-example
synthesis. The author of [De Bonet 1997] uses a coarse-to-fine sampling scheme of
the Laplacian pyramid associated to the output texture; each new level obtained by
sampling the values of the exemplar pyramid that agrees at the parent coarser level.
The algorithms [Popat & Picard 1993] and [Paget & Longstaff 1998] are closer
to the subdivision methods mentioned above, because they amount to sample the
output texture on finer and finer grids, each new pixel being sampled according to
an estimated local conditional probability density function; in other words, these
algorithms amount to perform multiresolution non-parametric Markov simulation.
Unfortunately, these algorithms are much slower than [Fournier et al. 1982]
and [Lewis 1987] because the estimation of the conditional distribution based on
the coarser level is costly.

This conditional simulation step was simplified by the celebrated discovery
made by [Efros & Leung 1999] who showed that, instead of estimating those dis-
tributions, one could directly perform approximate Markov sampling by drawing
values in the exemplar texture at locations that agree with the previously sam-
pled neighboring pixels. The single-resolution algorithm of [Efros & Leung 1999]
was followed by multiresolution variants, for example in [Wei & Levoy 2000]. Sev-
eral later articles presented multiresolution texture synthesis [Wei & Levoy 2002],
[Lefebvre & Hoppe 2005], [Kwatra et al. 2005], [Han et al. 2008] but despite their
impressive efficiency for reproducing structured textures, the complexity of these
algorithms makes them hardly suited to mathematical analysis. In particular, it
may be difficult to see if the output random field truly is a stationary random
field. Wavelet representations suffer either from dependence on a grid in the case
of decimated transforms (recall our stationarity constraint) or from non-trivial in-
verse calculation (for undecimated transforms). Let us mention however that the
“texture optimization” method proposed in [Kwatra et al. 2005] is non-stationary
only because of the grid-dependent interpolation procedure chosen by the authors.
The following paragraphs build on the method of [Kwatra et al. 2005] to produce a
truly stationary texture model.

5.3.2 Bi-level Models

Here, we propose to define bi-level models in a general framework, and we will study
an instance of such models in the next subsection.

Given a blurring operator B, the associated bi-level model consists of the tex-
tures e such that the low-resolution image eb “ Be is plausible in the Gaussian
model and such that the details of e can be retrieved from eb by a well-chosen local
correction operation.

It is clear that such bi-level models encompass the Gaussian model for which we
can take B “ Id. In order to illustrate that these bi-level models are richer than the
Gaussian model, recall that a texture, seen from sufficiently far away can be con-
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sidered to be a random phase texture [Galerne et al. 2011b]. This is corroborated
by the fact that the plausibility in the Gaussian model tends to increase after a
blurring operation, see Fig. 5.10. In this figure, one can see that several structured
textures can be well synthesized at low-resolution by an ADSN model. Considering
the work of Chapter 4, this can also be related to the fact that phase coherence
indices decrease with blur.

As we have seen in Chapter 3, modelling and synthesizing the low-resolution
component eb can be done in a clear and efficient way using an ADSN random
field. The main issue is thus to add the texture details in a way that respects
the low-resolution content and that allows for mathematical analysis. Certainly,
the better way to do this is to perform conditional sampling based on the low-
resolution, as mentioned in [Chainais et al. 2011] or [Boussidi et al. 2014]. The
difficulty of this approach in the example-based context is that it may be difficult
to estimate and sample this conditional distribution. Instead of that, inspired by
the work of [Efros & Leung 1999] and [Kwatra et al. 2005], we propose to emulate
texture refinement by applying a local correction operator.

Definition 5.3.1. We say that a random field V : Z2 ÝÑ Rd is a local function of
a random field U : Z2 ÝÑ Rd if there exists a finite neighborhood ω Ă Z2 of 0 and
a (deterministic) function f : pRdqω ÝÑ Rd such that

@x P Z2, V pxq “ fpU|x`ωq .

In the following, we will write V “ fpUq, with a slight abuse of notation.

In other words, f modifies the value at pixel x by taking into account the local
neighborhood of pixel x. To sum up, a bi-level model is a random field V obtained
as a local function f of a low-resolution stationary Gaussian random field U .

The minimal case ω “ {0} amounts to apply a univariate function f to U , which
can be used to prescribe the marginal distribution of the random field. But more
interesting local functions are obtained by taking ω to be a patch domain; in this
case f is able to apply geometric local corrections of U . We will see in the next
subsection how to derive from an exemplar a patch-based local function.

But before that, keeping with this general setting, let us give simple properties
of bi-level models. The most important one is a mathematical guarantee of textural
innovation. Let us assume that U is a stationary Gaussian random field on Z2 whose
covariance function C has a finite support SC (which is always the case in ADSN
synthesis as we have seen in 3). Assume also that V is obtained by applying a local
function f to U . If x,y P Z2 are sufficiently far away so that y ´ x does not belong
to the Minkowski sum SC ` pω ´ ωq, then the Gaussian vectors U|x`ω and U|y`ω

are independent, and thus, so are the values V pxq, V pyq. More generally if A,B
are two subdomains of Z2 such that

pB ´Aq X pSC ` pω ´ ωqq “ H ,

then V|A and V|B are independent. This long-range independence property is a
strong guarantee of innovation in the output random field V .
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e ADSNpeq eb ADSNpebq

Figure 5.10: Blur and random phase textures. For each row and from left
to right, we show an exemplar texture, a realization of the corresponding circular
ADSN model, a blurred version of the exemplar (using the Gaussian kernel κρ with
ρ “ 2) and a realization of the corresponding ADSN model. One can observe that
the plausibility in the ADSN model increases when blur is added on the texture.
In the three last cases, strongly non Gaussian features that are still visible in the
blurred exemplar could be absorbed by a larger blur kernel.
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Notice also that the distribution of V pxq is exactly the push-forward distribution
induced by the patch distribution U|x`ω and the local function f . Depending on
the local function f , this push-forward distribution can be quite complicated, but
it still connects the marginal distribution of V with the patch distribution of U .
For example, thanks to this property, a univariate function f based on histogram
modification can be used to prescribe the marginal distribution of V .

5.3.3 A Bi-level Synthesis Algorithm

In this subsection, we give an instance of bi-level model by precising the local
function. In particular, we propose to derive from the exemplar image a patch-
based function f that can be used for the refinement step.

Let us first mention that in the following bi-level model, B represent the con-
volution by a Gaussian kernel κσ of width σ pixels. In general, the parameter σ
should be adjusted to the exemplar texture, but, for the sake of simplicity, in the
following experiments, we always take σ “ 2.

As explained in the last subsection, starting from an exemplar texture
e : Ω ÝÑ Rd defined on a finite rectangular domain Ω, we first compute the low-
resolution image eb “ Bpeq. At low-resolution, the image eb can be synthesized
using a stationary Gaussian random field

Ub : Z2 ÝÑ Rd

as explained in Chapter 3. Next we will apply a local function to Ub in order to
retrieve the textural details of the exemplar.

The local function will be obtained by composition of a few elementary patch-
based operations inspired by [Kwatra et al. 2005]. So let ω Ă Z2 be a finite neigh-
borhood of zero (the patch domain), and let

Ω̊ “ { x P Ω | x ` ω Ă Ω }

be the set of pixels having a full neighborhood in the exemplar texture. Let us
denote by pxpuq “ u|x`ω the patch of the image u that is centered on pixel x. In
order to compare patches, we will need a reference image eref (which will be either
the exemplar e or the blurred exemplar eb).

Let us now explain the elementary local functions. If u : Z2 ÝÑ Rd is the
current synthesis, e is the exemplar texture, and eref is the reference image, then
we define the “correspondence map” m : Z2 ÝÑ Ω̊ by

@x P Z2, mpxq “ mpx|u, eref , ωq :“ Argmin
yPΩ̊

‖pxpuq ´ pyperef q‖ . (5.16)

In other words, mpxq is the location in Ω̊ whose neighborhood in eref has the best
patch similarity with the neighborhood of x in u. In the case where this minimum is
attained for several values y, one can choose one particular value in a deterministic
way, for example the first one in raster order. Notice that mpxq only depends on u
through the values of pxpuq.
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Based on this correspondence map, we can set

vpxq “ e
(
mpx|u, eref , ωq

)
. (5.17)

Since vpxq only depends of the values of u in the neighborhood of x, this defines a
local function

v “ fe,eref ,ωpuq

(we will write pv,mq “ fe,eref ,ωpuq if we want to recall also the underlying map m).
Let us emphasize (as in [Kwatra et al. 2005]) that this local function fe,eref ,ω pro-
cesses all the pixels independently which allows for parallel computation.

The overall local function will be obtained as a composition of a few elementary
local functions with decreasing patch size. These steps perform geometric correc-
tions of the texture in a more and more local manner, as illustrated in Fig. 5.11.
In the following, we will use the square patch domain of size p2s ` 1q ˆ p2s ` 1q,
denoted by

ω2s`1 “ {´s, . . . , s} ˆ {´s, . . . , s} .

We will use only five local correction steps with patch domains ω17, ω17, ω9, ω5,
and ω3. In order to apply the first local function to a low-resolution image, we need
to compare patches in the low-resolution exemplar eb; thus the first local function
will be fe,eb,ω. Let us mention that this choice of successive corrections may seem
arbitrary but this choice must be related to the level of blur. Indeed, for the exem-
plars that we propose in the following, by observing the low-resolution version eb,
it seems reasonable to reinforce the geometry by using patches of dimensions ď 17.

To summarize, after synthesizing Ub from eb with a Gaussian model, we first
compute

pV0,M0q “ fe,eb,ω17
pUbq ,

where the patch comparisons are performed at low-resolution. Then, we apply
successive local corrections at high-resolution with decreasing patch size.

pV17,M17q “ fe,e,ω17
pV0q ,

pV9,M9q “ fe,e,ω9
pV17q ,

pV5,M5q “ fe,e,ω5
pV9q ,

pV3,M3q “ fe,e,ω3
pV5q .

The output random field is then V “ V3. Eventually, all these local corrections can
be written as a composition

f “ fe,e,ω3
˝ fe,e,ω5

˝ fe,e,ω9
˝ fe,e,ω17

˝ fe,eb,ω17
.

One can see that f is still a local function for the larger patch domain ω47. This
bi-level synthesis algorithm is summarized below and illustrated in Fig. 5.11.
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Algorithm: Bi-Level Synthesis

• Input: Exemplar texture e.

• Get the low-resolution image: eb “ κσ ˚ e.

• Synthesis at low-resolution:

ub “ ADSNpebq .

• Texture refinement: apply the local function

v “ fpubq

given by

f “ fe,e,ω3
˝ fe,e,ω5

˝ fe,e,ω9
˝ fe,e,ω17

˝ fe,eb,ω17
.

• Output: Synthesized texture v.

5.3.4 Results

In Fig. 5.11, one can observe a success of bi-level synthesis on a texture that is not a
random phase texture (because of the asymmetric shady parts). At low-resolution,
the random phase synthesis is satisfactory but not perfect (because of the asym-
metry of the marginal distribution). But, as concerns the texture refinement, it is
remarkable that a few number of local functions are able to transfer the texture
details of the exemplar onto the low-resolution synthesis. Let us remark also that
the pixel maps can be more irregular than the corresponding textures, which refutes
that it is necessary to copy large portions of the exemplar to produce a convincing
texture. In Fig. 5.11, we also illustrate the importance to initialize the refinement
process with a low-resolution ADSN. Indeed, if it is initialized with a white noise
image (whose marginal distribution is the same than e), then the large-scale struc-
tures of the exemplar are lost. In other words, the geometric structures of the
synthesis are indeed prescribed by the low-frequency component.

One can observe in Fig. 5.12 and Fig. 5.13 several other results of bi-level synthe-
sis. These examples confirm that the simple patch-based operator f greatly extends
the random phase model, and is able to produce perceptually convincing results on
a wide class of non random phase textures. Unfortunately, the local function f that
we apply is still too complex to give the explicit distribution of the output random
field v1. However, some heuristics can be drawn (which corroborate the last remarks
of Subsection 5.3.2): for example, if the patches of eb are approximately uniformly
represented in the synthesis ub, then the marginal distribution of v0 will be close to
the empirical marginal distribution of e.

Nevertheless, as we have seen in Subsection 5.3.2, the bi-level model has two
important assets given by the stationarity of the random field and the long-
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e mref

eb
v0 m0

ub v17 m17

v9 m9

v5 m5

v1 v “ v3 m3

Figure 5.11: Bi-Level synthesis. In the upper left, one can see the exemplar tex-
ture e (of size 108ˆ99), the reference map mref , and the low-resolution exemplar eb
(obtained with a Gaussian kernel κρ with ρ “ 2). Just below, one can see the low
resolution synthesis ub. In the second column, one can see the progressive results of
texture refinement. In the bottom left, we also show the result v1 of the refinement
step applied on a white noise image. The correspondence maps are shown on the
third column. The output texture v is a convincing synthesis of the non random
phase texture e. Comments are given in the text.
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e eb ub v0 v

Figure 5.12: Successful examples of bi-level synthesis. Each row displays one
successful case of bi-level synthesis. For each row, from left to right, one can see the
exemplar texture e, its low-resolution version eb, the low-resolution synthesis ub,
the image v0 “ fe,eb,ω8

pubq, and the image v obtained after the successive local
corrections.
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e eb ub v0 v

Figure 5.13: Unsuccessful examples of bi-level synthesis. Each row displays
one failure case of bi-level synthesis. For each row, from left to right, one can see
the exemplar texture e, its low-resolution version eb, the low-resolution synthesis ub,
the image v0 “ fe,eb,ω8

pubq, and the image v obtained after the successive local
corrections. In the two first cases, the output texture is more regular than the
exemplar. In the third and fourth row, the patch distribution of the exemplar
is not respected. And in the two last rows, the exemplar textures have complex
geometrical structures that cannot be represented by this model (in the last case,
the random phase hypothesis is clearly not satisfied for eb).
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Original Bi-Level Synthesis Efros-Leung

Figure 5.14: Growing garbage. From left to right, the original texture, the result
of bi-level synthesis, and the result of Efros-Leung algorithm (produced with the
online demo of [Aguerrebere et al. 2013] with patches of size 7 ˆ 7 and a tolerance
value of 0.2). One can notice that in the result of Efros-Leung algorithm, there is a
clear spatial boundary between a subdomain where the synthesis is satisfactory and
another subdomain where the synthesis fails. Beyond this boundary, we say that
the algorithm is “growing garbage”. In contrast, the stationarity ensures that this
effect will not appear with the bi-level synthesis algorithm proposed in this section.

range independence, which are good guarantees of stability. Indeed, in contrast
to the method of [Efros & Leung 1999] (which can be tested with the online
demo [Aguerrebere et al. 2013]), bi-level synthesis is unlikely to produce a satis-
fying texture that degenerates beyond a spatial boundary. In some way, the result
with bi-level synthesis is more predictable: either the synthesis completely fails
(even on a small domain), either it works on a very large domain. We have shown
an example of this “growing garbage effect” in Fig. 5.14. As a result of this stability,
the bi-level algorithm can be used to synthesize textures on very large domains, as
one can see in Fig. 5.15. With this model, the synthesis on very large domains does
not face any theoretical obstacle but is only limited by the available computational
time.

Let us now highlight the limitations of this synthesis algorithm. Since the refine-
ment step was not built to solve a well-defined inverse problem, we are not ensured
that the patch distribution of the output texture precisely respects the one of the
exemplar. In particular, in some cases (for example in the third and fourth row
of Fig. 5.13), the algorithm will tend to over-regularize the texture. One reason is
that the comparison of noisy patches tends to favor smooth patches: for example,
as was discussed in [Newson et al. 2014], if P1 and P2 are two independent Gaussian
white noise processes on the same patch domain, then the expected square distance
‖P1 ´P2‖2

2 between P1 and P2 is twice the expected square distance ‖P1‖2
2 between

P1 and 0). Another source of failure concerns textures with a complex local geome-
try as the fifth example of Fig. 5.13. The flower shapes of the exemplar (each shape
occupying approximately 32 ˆ 32 pixel) are not retrieved by the local function f .
For such examples, it is likely that precise (multi-pass) Markov sampling would be
required to better reproduce this complex textural unit.
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Figure 5.15: Bi-level synthesis on very large domains. First and third row:
exemplar textures (of size 128 ˆ 128). Second and fourth row: bi-level synthesis (of
size 1024 ˆ 1024) on the right. These examples illustrate the stability of bi-level
synthesis (which comes from the model stationarity and the long-range indepen-
dence).
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e eb ub v0 v

Figure 5.16: Texturization. For each row, from left to right, one can see the
exemplar texture e, its low-resolution version eb, the image v0 “ fe,eb,ω17

pubq, and
the image v obtained after the successive local corrections.

Of course, this algorithm is expected to fail on textures that do not agree with
the bi-level model; for example, in the last example of Fig. 5.13, the low-resolution
exemplar is clearly not a random phase texture and thus the refinement step creates
unrealistic shapes (about that, let us mention that stochastic texture models are cer-
tainly not the best tool to deal with textures having strong physical constraints, like
images of stacked objects). Similarly, the algorithm will fail on non-homogeneous
textures like the examples presented in Fig. 5.16. In particular, one can question the
fact that the second exemplar image of Fig. 5.16 can be called texture; apart from
the completion of the circular shapes, what we expect of such an image synthesis is
not clear at all. However, the first example is more interesting because it modifies
the exemplar in such a way to obtain a homogeneous texture; this “texturization”
process raises interesting questions about the patch distribution of stationary pro-
cesses that will be discussed in the end of this thesis.

In conclusion, the purpose of this section was not to propose a universal texture
synthesis algorithm, but more to show that by simple extensions of random phase
models, one can design richer texture models that allow for a minimal mathematical
analysis. It demonstrated once again how texture modelling can benefit from the
combination of random phase models and patch-based operations. We used patch-
based local functions in the texture refinement. Future research may lead to other
ways to solve that step, which could improve the bi-level synthesis algorithm, and
also increase the mathematical understanding of such bi-level models.
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Conclusion

The following paragraphs give an overview of the main contributions of this thesis
accompanied with perspectives for future research.

6.1 Random Phase Models

In Chapter 2, we presented a unified framework for texture modelling with a par-
ticular attention given to spectral representations. In this setting, we were able to
compare several well-known stationary random models (discrete spot noise, moving-
average, autoregressive, and Markovian models). We emphasized that presenting
texture synthesis as sampling of stationary random fields defined on Z2 imposes
an interesting constraint whose practical impact is a guarantee of stability for the
synthesis algorithms (thus avoiding the famous growing garbage effect encountered
with the non-stationary method of [Efros & Leung 1999]).

In this framework, we recalled the main properties of DSN models, and pursued
the works of [Van Wijk 1991], [Galerne et al. 2011b], [Desolneux et al. 2012], and
[Xia et al. 2014]. Borrowing the last and informal conclusion of [Van Wijk 1991],
we would say that "Spot noise is a hot noise" and we hope that the multiple devel-
opments given in the two first chapters of this dissertation suffice to illustrate that
it has not cooled down yet.

With the synthesis-oriented texton, we realized one of the perspective suggested
in [Van Wijk 1991]. Indeed, the SOT realizes a compact summary of a Gaussian
texture, which holds in a prescribed spatial support, and can be used for direct
spot noise synthesis. In terms of Gaussian model approximation (measured by the
optimal transport distance), the SOT outperforms the canonical (or luminance)
texton of [Desolneux et al. 2012]. We showed that, using a SOT with small support
(31 ˆ 31), a large class of microtextures can be synthesized with a low complexity
(less than 50 operations per pixel) and with the usual benefits of spot noise synthesis
(for example the possibility of local parallel evaluations).

The main weakness of the SOT is certainly that we do not properly measure
the DSN visual convergence towards its Gaussian limit. Indeed, the efficiency of
the SOT in DSN synthesis is mainly due to the random phase initialization of the
alternating projections algorithm. If we were able to express the DSN convergence
speed as a function fphq of the kernel h, then we could compute a SOT by opti-
mizing a functional taking into account both fphq and the distance to the reference
Gaussian model. Some work has already be done in this direction by considering
the Kolmogorov distance between the marginal distributions. Even if it was more
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satisfactory on a mathematical point of view, it did not lead to significant improve-
ment in comparison with the original SOT, because marginal distributions do not
suffice to reflect visual convergence. The difficult question of visual convergence is
linked to the precise assessment of the plausibility in the RPN or ADSN models,
which will be discussed later.

This work on the SOT also triggered many questions about the optimal trans-
port distance between ADSN models [Xia et al. 2014], [Desolneux et al. 2015]. Our
theoretical advances were presented in Chapter 2 where, for example, we extended
this optimal transport distance to the case of stationary random fields on Z2. This
extension has not found its applicative context yet. One possible application would
be to realize a proper ADSN approximation of general Gaussian random fields de-
fined on Z2. In the gray-level case, this amounts to approximate a general covariance
function by a compactly-supported one, and thus can be seen as a generalization
of the SOT with a continuous frequency domain. Also, it could be interesting to
explore the dual approach, that is, to perform compact approximation of the con-
volution inverse of the covariance function; as shown in Subsection 2.2.4, this is
equivalent to realize a Markov approximation of the random field. The practical
impact of such a Markov approximation is not clear (because sampling a GMRF
is not easy); however, the comparison of these dual approaches may help to clarify
the concept of texture scale at least in the case of Gaussian textures.

On a more practical point of view, as explained in Subsection 3.3.3, the usual
optimal transport distance has no reason to precisely reflect our texture perception.
On the one hand, it does not reflect enough the importance of color distribution in
texture perception, as illustrated by the color correction needed in the SOT com-
putation and presented in Subsection 3.3.2. And more importantly, it does not take
into account that the human visual system is more sensitive to high frequencies,
as shown in Subsection 3.3.3. In Subsection 3.3.4, we proposed to integrate fre-
quency weights in the optimal transport distance to get a frequency balance that
complies better with our texture perception. This modified distance led to a more
robust version of the SOT. It is likely that the SOT methodology could be further
improved by minimizing functionals that could deal with the color distribution (us-
ing a Wasserstein term as in [Tartavel et al. 2014]), and even more complex terms
(related to the DSN visual convergence speed, as mentioned above).

Another promising perspective to pursue this work would be to define a con-
tinuous SOT in order to address procedural texture synthesis. This would require
adapting the SOT methodology to a continuous synthesis domain using interpola-
tion functions. This work would thus be a natural and non-parametric extension of
the methods presented in [Lagae et al. 2009] and [Galerne et al. 2012]. Considering
the very low number of impacts per pixel involved in the SOT-based spot noise
synthesis, a procedual synthesis algorithm based on a continuous SOT is expected
to perform at least 10 times faster than these two former procedural methods. One
challenge in this continuous framework is to realize a balance between the irregular
aspect of textures and the regularity of interpolation functions.

Finally, we would like to emphasize again that the mathematical benefits of the
Gaussian texture model have not been drained out yet. Beyond the availability of



6.2. Phase Coherence Indices 235

fast exact simulation scheme, the possibility of conditional simulation is certainly
under-used as regards image synthesis. In Section 3.4 we proposed a textural in-
painting algorithm based on Gaussian conditional simulation. We have seen that
this algorithm is able to fill very large holes in microtextures, with a reasonable
computation time. Adopting a texture model for the inpainted content is a good
way to prevent over-regularization of textures, which is a common drawback of
many inpainting algorithms as mentioned in [Newson 2014]. The work reported
in Section 3.4 about textural inpainting is still unachieved. Indeed, it remains to
adapt the kriging methodology to color textures, and besides, we have to explore
the algorithmic improvements that could be drawn from Markov approximations of
the model [Hartman & Hössjer 2008]. To end this paragraph, let us mention that,
considering the recent work [Raad et al. 2015], it seems that conditional Gaussian
simulation can also be used to address synthesis of more structured textures, as will
be discussed below.

6.2 Phase Coherence Indices

One main goal of this thesis was to design non random phase texture models that
would be adapted to macrotextures or at least textures presenting edge-like struc-
tures. In the beginning of this PhD, we were forced to observe that the direct
analysis or synthesis of the global Fourier phase information is a difficult problem,
as illustrated by the experiments reported in Section 5.1.

However, in Chapter 4, we have seen that the a contrario methodology al-
lows to tackle this difficult question, by comparing the TV of a given image
with the generic TV in an associated random phase model. Following the works
of [Blanchet et al. 2008] and [Blanchet & Moisan 2012], we provided a thorough
study of the phase coherence indices GPC, SI and S, with both theoretical and
practical aspects. In particular, we presented several experiments that clarify the
link between phase coherence and image quality, and confirmed that these indices
can be interpreted as sharpness indices because they are sensitive to blur, noise and
ringing artifacts. Also, in Section 4.5, we have shown that these indices could be
used to address blind deblurring based on a simple stochastic optimization scheme.
The resulting algorithm is able to deal with isotropic blur by choosing an interesting
deblurring kernel that enhances the image while keeping a limited amount of noise
and ringing.

This work on global phase coherence may be pursued in several ways. On the
probabilistic side lies the possibility to study more precisely the TV of random phase
fields. We have seen that the construction of the phase coherence indices GPC and
SI is based on the random variables TVpuψq and TVpu˚W q which represent the TV
of the RPN and ADSN models, respectively. In the appendices of Chapter 4, we
proposed some significant advances on these random variables, showing in particular
that the expectation of TVpuψq can be approximated by the one of TVpu˚W q. The
bound given in Appendix 4.A is too rough and does not reflect the quality of the
approximation that has been observed through Monte-Carlo simulations. Since it
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has been obtained by aggregating approximations given by a Berry-Esseen theorem,
this bound could certainly be improved using more evolved results from probabilistic
ergodic theory.

Not only a further study of TVpuψq and TVpu ˚ W q would allow to better
understand GPC and SI, but it would especially help to clarify the link between
the RPN and ADSN models. In particular, it is a major question to know if there
exists an infinite analog of RPN defined on the whole discrete plane Z2. As explained
in Subsection 2.2.3, we conjecture that the answer is no because of the Gaussian
asymptotic behavior of RPN fields [Desolneux et al. 2015] (in terms of the finite-
dimensional marginal distributions). However, since the asymptotic behavior of
TVpuψq cannot be inferred only from finite-dimensional marginal distributions, its
study could shed a new light on that question. In particular, as mentioned in
Subsection 4.3.3, the second-order moment of TVpuψq was observed in practice to
be much less than the one of TVpu ˚ W q; if we prove that this property persists
in an asymptotic framework, then we would claim a crucial asymptotic difference
between the RPN and ADSN fields.

Closer to imaging applications, the link between phase coherence and image
quality and the success obtained in blind deblurring seem to indicate that these
indices can certainly be used to address other image processing tasks. For example,
designing phase coherence measures that are localized in the frequency domain
would allow to identify the most relevant parts of the image DFT. Such localized
measures could be used to define a notion of effective resolution. Considering that
the cameras are now able to acquire images with many mega-pixels, it becomes
more and more useful to identify and extract the truly relevant content of an image.
Beyond data compression, a long-term objective on this topic is to devise innovative
adaptive reduction algorithms based on phase coherence measures. The need of
a robust and automatic algorithm to reduce an image to its significant content
is justified by the consumer need of an efficient storage and faithful printing of
pictures.

Another practical avenue of research is to design new variants of SI and S that
can be more easily interpreted and optimized. Indeed, SI and S can be computed
with closed-form formulae, and experiments show that they are somehow linked
to the image quality. But we do not fully understand why these formulae reflect
some kind of sharpness. On the contrary, when considering the TV operator, the
continuous analysis of the bounded variation functions (and in particular, the coaera
formula) helps to understand which images have a small total variation (leading to
the widely adopted denomination of “cartoon images”). It would be interesting
to derive from the indices SI or S a new simplified index which would still be
correlated to the image quality and which would have a more readable link to the
geometrical content of the image (as the one we have for TV). In this simplification,
one can also hope to gain some more analytical properties, which would allow to
integrate this new index as an efficient prior in optimization problems addressing
image restoration tasks. Notice by the way that we may not necessarily require
both convexity or smoothness since some important progress is currently made in
non-convex non-smooth optimization (as in [Bolte et al. 2013] for example).



6.3. Non Random Phase Texture Models 237

Finally, further research would be needed to extend the a contrario method-
ology adopted for GPC in order to measure more precisely the plausibility of a
texture image in the RPN/ADSN model. This would improve the analysis avail-
able through the GPC index because, as we have seen in Subsection 4.3.3 and
Subsection 5.1.3, a low GPC value only provides a necessary condition to be a
realization of a random phase field. To deal with this problem, we would have
to identify more precisely which geometrical details of a texture makes it non-
plausible in the Gaussian model. This question is thus related to texture percep-
tion, and stochastic geometry. Inspired by [Julesz 1981] and [Malik et al. 1999], it
seems relevant to adopt an a contrario framework based on several simultaneous
filter responses, which could profit from recent advances in extended a contrario ap-
proaches [Myaskouvskey et al. 2013]. Answering this question would define a kind
of distance to the ADSN model and thus allow for a priori evaluation of the per-
formance of ADSN synthesis. Besides, if the corresponding methodology could be
adapted to other texture models (possibly patch-based models), the corresponding
distances could be used to choose a synthesis algorithm for a particular texture sam-
ple, and could also be aggregated to compute a measure reflecting the complexity
of the texture sample.

6.3 Non Random Phase Texture Models

The phase coherence indices presented in Chapter 4 represent a significant step in
the analysis of the phase information. As concerns phase-sensitive texture synthesis,
the explorative work presented in Chapter 5 must be pursued. In other words,
it is still a widely open question to design clear texture models that allow for
efficient macrotexture synthesis while keeping strong mathematical guarantees. In
Section 5.1, we discussed the phase constraints due to stationarity, and concluded
that direct phase synthesis is not an appropriate way to tackle the problem.

Considering their success in texture synthesis, we thus tried to design texture
models that combine the benefits of spot noise models and patch-based models. In
Section 5.2, we proposed a local spot noise model that can be used for resynthesis of
non-stationary microtextures. We illustrated that this model is able to reproduce
certain non random phase features, thus showing that Gaussian models with relaxed
stationarity constraints can outperform the ADSN model. This corroborates the
findings of [Raad et al. 2014]. This work opens three perspectives.

The first perspective is to use this model in order to tackle texture analysis.
Indeed, the synthesis results show that this model is sensitive to certain local char-
acteristics of the texture that are accessible through the patches autocorrelation.
Finding a way to extract and represent these local characteristics would define local
textons that could be used for example in segmentation [Malik et al. 1999].

The second perspective is to derive from the local spot noise an extended station-
ary model on Z2 that enters the framework of Chapter 2. One possibility would be
to perform synthesis of the low-frequency component, and then to add a local spot
noise with a choice of spots driven by the low-frequency component. This would
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constitute another instance of bi-level model. Again, this bi-level model inherits
the stationarity from the one of its low-frequency component.

The third perspective is to design other variants of the spot noise process that
are able to produce strongly non-Gaussian features. Of course, since a general
central-limit theorem holds for high-intensity Poisson spot noise, one must modify
the way to throw the kernel functions. One possibility is to consider a Markovian
variant in which kernels are progressively thrown onto the texture with, at each
step, a choice of kernel that depends on the previous texture state. We already have
experimented simple examples of such models (for example throwing segments in
order to reinforce the gradient magnitude) and we observed that they are undeni-
ably able to produce non-Gaussian features. However, for now, the mathematical
analysis of such Markovian spot noise processes seems difficult (for example, the
model renormalization that is required to ensure convergence in distribution is not
clear).

In Section 5.3, we also proposed to address macrotexture synthesis with a
methodology that we called bi-level synthesis. This methodology amounts to first
synthesize a low-frequency component of the texture and then add the textural de-
tails with a local refinement. In Section 5.3 we proposed an instance of bi-level model
by adopting a Gaussian model for the low-frequency component, and by applying lo-
cal corrections with a simple patch-based operation inspired by [Kwatra et al. 2005].
This bi-level model is naturally defined as a stationary texture model on Z2, and
is able to synthesize structured textures on a very large domain with a guaranteed
stability.

One could imagine several improvements of the bi-level algorithm proposed in
Subsection 5.3.3. The main weakness of this algorithm is that the local functions
were not chosen to answer a clear mathematical problem. A way to alleviate this
problem would be to allow for non-deterministic local functions, for example by
relying again on conditional simulation. Here it would be required to perform
random sampling conditioned on the low-frequency component. Not only this would
help to get an even clearer model, but this would also increase the innovation
capacity of the algorithm. Indeed, for now, the randomness only comes from the
low-resolution synthesis, and the output values are restricted to the pixel values
of the exemplar, which drasticly constrains the possibility of innovation. Besides,
this conditional step could rely on non-stationary operations, which are a relevant
way to produce geometric features, even in the Gaussian case as demonstrated by
Subsection 5.2 and [Raad et al. 2015].

Returning to the algorithm of Subsection 5.3.3, it is important (and actually
quite surprising) to notice that so few applications of the patch-based local func-
tions suffice to reproduce complex local geometric structures in a very convincing
way (despite that all the pixels are processed independently by these local func-
tions!). It confirms that the patch distribution is certainly a crucial information in
texture modelling, certainly more important than the autocorrelation, and prob-
ably as important as the responses in a filter bank. Recall that the authors of
[Varma & Zisserman 2003] and [Varma & Zisserman 2005] were led to a similar con-
clusion in texture classification. Despite the impressive synthesis results obtained
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in [Portilla & Simoncelli 2000] (which is based on an overcomplete filter bank), we
think that filter banks responses are just another way to represent the textural in-
formation, perhaps in a quite compact manner, but not very adapted to fast texture
synthesis (because analyzing and synthesizing the subband correlations is a quite
expensive operation).

We think that a promising avenue of research lies in the design of mathematical
tools to handle patch distributions. Many questions can be addressed in this sense,
for example:

1. How to compare two patch distributions? Can we build a distance on patch
distributions that complies with texture perception?

2. Do we want to respect exactly the patch distribution of the exemplar?

3. Can the patch distribution be summarized only by a few representatives?

The tree-structured vector quantization of [Wei & Levoy 2000] is a first attempt
to structure the patch space in a way that is relevant with respect to a particular
exemplar texture. Structuring the patch space can also be addressed by using adap-
tive dictionary approaches [Elad & Aharon 2006]; such approaches have already
come up on a successful synthesis algorithm in [Tartavel et al. 2014] which lies in
the “texture optimization” framework. The algorithm of [Tartavel et al. 2014] is
of particular interest because it constrains (among other things) the frequency of
use of each atom of the dictionary. This dictionary constraint may certainly be
translated into a constraint on the patch distribution.

The recent advances in the theory of optimal transportation may bring several
clues to investigate the first question above. The second question is actually easier.
Indeed, the patch distribution of a stationary random field is submitted to some
simple constraints which have no reason to be satisfied by the empirical patch distri-
bution of an exemplar (except for artificial tileable exemplar textures). Therefore,
even if we want every part of the exemplar texture to be well represented in the
synthesis, it is unreasonable to ask for exact matching of the patch distributions.
An interesting question is thus: how can we modify the target patch distribution in
order to allow for stationary synthesis? As concerns circular models, this question
is equivalent to: how much are we prepared to modify the exemplar texture in order
to make it tileable? It is clear that these questions are not well posed and may need
additional information to be answered properly.

Once the target patch distribution is modified in order to agree for stationary
synthesis, it remains to investigate how to randomly sample in the patch space. The
ideal goal would be to design a random local function that is able to sample patches
according to a prescribed distribution and conditioned by a low-resolution compo-
nent. We would like such a local function to allow very fast computations, which
seems possible at least in the case of Gaussian conditional simulation. However a
non-trivial point would be to respect the compatibilities between adjacent patches
in the synthesized texture. But, considering the successful results of bi-level synthe-
sis obtained in Subsection 5.3.4 with quite simple local functions, one could hope
for compatibilities to be partially inherited from low-resolution to high-resolution.
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Résumé

Dans cette thèse, on étudie la structuration des phases de la transformée
de Fourier d’images naturelles, ce qui, du point de vue applicatif, débouche sur
plusieurs mesures de netteté ainsi que sur des algorithmes rapides pour la synthèse
de texture par l’exemple.

Le Chapitre 2 présente dans un cadre unifié plusieurs modèles de champs aléa-
toires, notamment les champs spot noise et champs gaussiens, en prêtant une at-
tention particulière aux représentations fréquentielles de ces champs aléatoires.

Le Chapitre 3 détaille l’utilisation des champs à phase aléatoire à la synthèse
de textures peu structurées (microtextures). On montre qu’une microtexture peut
être résumée en une image de petite taille s’intégrant à un algorithme de synthèse
très rapide et flexible via le modèle spot noise. Aussi on propose un algorithme
de désocclusion de zones texturales uniformes basé sur la simulation gaussienne
conditionnelle.

Le Chapitre 4 présente trois mesures de cohérence globale des phases de la
transformée de Fourier. Après une étude théorique et pratique établissant leur lien
avec la netteté d’image, on propose un algorithme de déflouage aveugle basé sur
l’optimisation stochastique de ces indices.

Enfin, dans le Chapitre 5, après une discussion sur l’analyse et la synthèse directe
de l’information de phase, on propose deux modèles de textures à phases cohérentes
qui permettent la synthèse de textures plus structurées tout en conservant quelques
garanties mathématiques simples.

Abstract

This thesis deals with the Fourier phase structure of natural images, and ad-
dresses no-reference sharpness assessment and fast texture synthesis by example.

In Chapter 2, we present several models of random fields in a unified framework,
like the spot noise model and the Gaussian model, with particular attention to the
spectral representation of these random fields.

In Chapter 3, random phase models are used to perform by-example synthesis
of microtextures (textures with no salient features). We show that a microtexture
can be summarized by a small image that can be used for fast and flexible synthesis
based on the spot noise model. Besides, we address microtexture inpainting through
the use of Gaussian conditional simulation.

In Chapter 4, we present three measures of the global Fourier phase coherence.
Their link with the image sharpness is established based on a theoretical and practi-
cal study. We then derive a stochastic optimization scheme for these indices, which
leads to a blind deblurring algorithm.

Finally, in Chapter 5, after discussing the possibility of direct phase analysis
or synthesis, we propose two non random phase texture models which allow for
synthesis of more structured textures and still have simple mathematical guarantees.
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