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Modéles de mélange pour la régression en grande dimension,
application aux données fonctionnelles.

Les modéles de mélange pour la régression sont utilisés pour modéliser la relation entre la réponse
et les prédicteurs, pour des données issues de différentes sous-populations. Dans cette thése, on
étudie des prédicteurs de grande dimension et une réponse de grande dimension.

Tout d’abord, on obtient une inégalité oracle ¢; satisfaite par l'estimateur du Lasso. On
s'intéresse & cet estimateur pour ses propriétés de régularisation £;.

On propose aussi deux procédures pour pallier ce probléme de classification en grande dimension.
La premiére procédure utilise I’estimateur du maximum de vraisemblance pour estimer la densité
conditionnelle inconnue, en se restreignant aux variables actives sélectionnées par un estimateur
de type Lasso.

La seconde procédure considére la sélection de variables et la réduction de rang pour diminuer
la dimension.

Pour chaque procédure, on obtient une inégalité oracle, qui explicite la pénalité nécessaire pour
sélectionner un modéle proche de 'oracle.

On étend ces procédures au cas des données fonctionnelles, ot les prédicteurs et la réponse
peuvent étre des fonctions. Dans ce but, on utilise une approche par ondelettes. Pour chaque
procédure, on fournit des algorithmes, et on applique et évalue nos méthodes sur des simulations
et des données réelles. En particulier, on illustre la premiére méthode par des données de
consommation électrique.

Mots-clés : modéles de mélange en régression, classification non supervisée, grande dimension,
sélection de variables, sélection de modéles, inégalité oracle, données fonctionnelles, consomma-
tion électrique, ondelettes.






High-dimensional mixture regression models, application to functional data.

Finite mixture regression models are useful for modeling the relationship between a response and
predictors, arising from different subpopulations. In this thesis, we focus on high-dimensional
predictors and a high-dimensional response.

First of all, we provide an #;-oracle inequality satisfied by the Lasso estimator. We focus on this
estimator for its /1-regularization properties rather than for the variable selection procedure.
We also propose two procedures to deal with this issue. The first procedure leads to estimate
the unknown conditional mixture density by a maximum likelihood estimator, restricted to the
relevant variables selected by an ¢;-penalized maximum likelihood estimator.

The second procedure considers jointly predictor selection and rank reduction for obtaining
lower-dimensional approximations of parameters matrices.

For each procedure, we get an oracle inequality, which derives the penalty shape of the criterion,
depending on the complexity of the random model collection. We extend these procedures to
the functional case, where predictors and responses are functions. For this purpose, we use
a wavelet-based approach. For each situation, we provide algorithms, apply and evaluate our
methods both on simulations and real datasets. In particular, we illustrate the first procedure
on an electricity load consumption dataset.

Keywords: mixture regression models, clustering, high dimension, variable selection, model
selection, oracle inequality, functional data, electricity consumption, wavelets.
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Introduction

Faire des classes pour mieux modéliser un échantillon est une méthode classique en statistiques.
L’exemple pratique développé dans cette thése est la classification de consommateurs électriques
en Irlande. Habituellement, on classe des individus dans un probléme d’estimation, mais ici, pour
souligner ’aspect prédictif, on classe les observations qui ont le méme type de comportement d’un
jour sur 'autre. C’est une classification plus fine, qui agit sur des régresseurs homoscédastiques.
Dans notre exemple, on classifie les consommateurs sur un modéle de régression d’un jour par
rapport a leur consommation de la veille. Dans cette thése, on a développé ce contexte d’un
point de vue méthodologique, en proposant deux procédures de classification en régression par
modéles de mélange qui pallient le probléme de grande dimension, mais aussi d’un point de vue
théorique en justifiant la partie sélection de modeéles de nos procédures, et d’un point de vue
pratique en travaillant sur le jeu de données réelles de consommation électrique en Irlande. Dans
cette introduction, nous présentons les notions développées dans cette thése.

Régression linéaire

Les méthodes de régression consistent & chercher le lien qui existe entre deux variables aléatoires
X et Y. La variable X représente les régresseurs, les variables explicatives, alors que Y décrit
la réponse. Le modéle linéaire Gaussien, le modéle le plus simple en régression, suppose que Y
dépend de X de facon linéaire, & un bruit Gaussien prés. Plus formellement, si X et Y sont deux
vecteurs aléatoires, X € RP et Y € R, étudier un modéle linéaire Gaussien sur (X,Y") consiste
a trouver 8 € RP tel que

Y =pX+e¢ (1)

ott € ~ N(0,0%), 02 étant connue ou & estimer suivant les cas. L’étude de ce modéle est, a ce jour,
assez compléte. Soit (x,y) = ((x1,91), ..., (Tn,yn)) un échantillon. Si I’échantillon est de taille
suffisante, on connait un estimateur consistant (c’est-a-dire qui converge vers la vraie valeur),
Uestimateur des moindres carrés (qui coincide dans ce cas avec l'estimateur du maximum de
vraisemblance). On notera (3,62) cet estimateur, ou

B = (x'x)"'xy;
3112
—x
2 Ly =B
n—p
On connait la loi de cet estimateur : 3 ~ N (8, 02(x'x)™1) et (n — p)62/o? ~ Xp_p» C€ qui nous
permet de déduire des intervalles de confiance pour chaque paramétre.

On peut généraliser ce modéle & une variable Y € RY multivariée. Dans ce cas, on observe
un échantillon (x,y) = ((z1,y1),.--, (Tn,yYn)) € (RP x R?)", et on construit un estimateur

15
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(3,5) e RE x5+, o0
B = (xtx)'xty; (2)
i]: (<(y_xﬁ)l1a(y_xﬁ)l2>> .

n—p
1<15<¢

et S;]H est I’ensemble des matrices symétriques définies positives de taille q.
Ce modeéle de régression est utilisé, par exemple, pour prédire de nouvelles valeurs. Si on connait
le modéle sous-jacent a nos données, c’est-a-dire que 'on a déterminé BetSa partir d’un
échantillon ((z1,41),.-.,(Zn,yn)), et que 'on observe un nouvel z,,41, on peut calculer g, +; =
B$n+1. Dans ce cas 9,41 est la valeur dite prédite.
Si on s’intéresse au couple des variables aléatoires (X,Y), on peut estimer la densité du couple,
mais on peut aussi étudier la densité conditionnelle. C’est cette derniére quantité que l'on a
décrite par un modéle linéaire dans . Les covariables peuvent aussi avoir différents statuts : soit
elles sont fixées, déterministes, soit elles sont aléatoires, et on travaille alors conditionnellement
a la loi sous-jacente. Dans cette thése, on s’intéresse a la loi conditionnelle, pour des régresseurs
fixes ou aléatoires.
Cependant, cette hypothése de modéle linéaire est trés contraignante : si on observe un échan-
tillon (x,y) = ((x1,¥1),---,(Tn,yn)), on suppose que chaque y; dépend de la méme facon de
Z;, & un bruit prés, pour i € {1,...,n}. Si le modéle est adapté aux données, le bruit sera petit,
ce qui signifie que les coefficients de la matrice de covariance X seront petits. Cependant, de
nombreux jeux de données ne peuvent pas étre bien résumés par un modéle linéaire.

Modéles de mélange en régression

Pour affiner ce modéle, on peut choisir de construire plusieurs classes, et de faire dépendre nos
estimateurs B et 3 de la classe. Plus formellement, on étudie un modele de mélange en régression
de K Gaussiennes : si on observe un échantillon (x,y) = ((z1,1),--., (Zn,yn)) € (RP x R:)™,
et si on suppose que 'observation i appartient a la classe k, alors il existe 8 et Xy tels que

Yi = Brx; + €

ou € ~ N (0,%;). Dans cette theése, on considére un meélange avec un nombre de classes K fini.
Les modéles de mélange sont traditionnellement étudiés dans des problémes d’estimation (ci-
tons par exemple McLachlan et Basford, [MB88], McLachlan et Peel, [MP04], qui sont deux
livres fondateurs pour les modéles de mélange, Fraley et Raftery, [FR00|, pour un état de lart,
ou encore Celeux et Govaert, [CG93|, pour 1’étude d’une densité de mélange dans un but de
classification).

L’idée principale est d’estimer la densité inconnue s* par un mélange de densités classiques
(S0, )1<k<k : on peut alors écrire

Dans cette thése, on s’intéresse & un mélange de modéles linéaires Gaussiens & poids constants,
les densités s, sont donc des densités Gaussiennes conditionnelles.
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Plusieurs idées émergent avec les modéles de mélange, en régression ou non. Si on connait les
paramétres de notre modeéle, on peut calculer pour chaque observation la probabilité a posteriori
d’appartenir a une classe. D’apreés le principe du mazimum a posteriori (noté MAP), on peut
alors affecter une classe a chaque observation. Pour ce faire, on calcule la probabilité a posteriori
de chaque observation d’appartenir & une classe, et on affecte les observations aux classes les
plus probables. On peut ainsi caractériser chaque observation par les parameétres de la densité
conditionnelle associée a la classe.

Dans le cadre de la classification supervisée, on connait l'affectation de chaque observation, et
on cherche & comprendre la formation des classes pour classer une nouvelle observation ; quand
on fait de la classification semi-supervisée, on connait certaines affectations, et on cherche a
comprendre le modele (souvent, c’est trés coiiteux de connaitre les affectations des observations) ;
dans le cadre de la classification non supervisée, on ne connait pas du tout les affectations.
Nous nous placgons dans cette thése dans le contexte de classification non supervisée, avec une ap-
proche en régression. Cela a déja été envisagé, citons par exemple Stadler et coauteurs ([SBG10])
ou Meynet ([Mey13]), qui travaillent avec ce modeéle pour des réponses Y univariées.

On observe des couples (x,y) = ((x1,y1), - -, (Tn,yn)) € (RP xR?)™, et on veut faire des classes,
pour regrouper les observations (x;,y;) pour i € {1,...,n} qui ont la méme relation entre y; et
x;. Sur certains jeux de données, cette approche semble naturelle, et on connait le nombre de
classes.

4 2 . *%
oL
o o%@@@@@wﬁ% @ <&<> °
ok % %
*
4
5 3 ) o 0 | B 3 s 5

FIGURE 1 — Exemple de données simulées ot les classes en régression se comprennent par la
réalisation graphique. On a ici envie de construire 3 classes, représentées par les différents sym-
boles : * pour la classe 1, { pour la classe 2, [ pour la classe 3. Les données sont en dimension

(X,Y) € R x R. Les observations x sont issues d’une loi Gaussienne centrée réduite, et
y est simulée suivant un mélange de Gaussiennes de moyennes [rpx et de variance 0.25, ou
B =[-1,0.1,3].

Néanmoins, sur un jeu de données quelconque, on va surtout chercher & mieux comprendre la
relation entre les variables aléatoires Y et X en regroupant les observations qui ont la méme
dépendance entre Y et X. La structure de groupes n’est pas forcément clairement induite par
les données, et on ne sait pas forcément combien de classes on a intérét a former : dans certains
cas, il va falloir estimer K.

Si on considére le modéle de mélange de Gaussiennes multivariées en régression a K classes, on



Introduction 18

peut décrire ce modéle a I'aide des outils statistiques classiques.
Si on suppose que les vecteurs aléatoires Y sont indépendants conditionnellement & X, on consi-
dére la densité conditionnelle s? , oll

sf iR R
a 1
ty—1
— ) —(y - Sy — :
Yy S{ y|33 k:1 27T q/2 det Ek-)l/2 ( 2(y Bk’x) k (y /Bk'x)> )
ot les parameétres & estimer sont £ = (71, ...,7K, B1,..., Bk, 21, .., 2K) € Zx, avec

Ex = g x RV x (5745,

HK:{(TFl,...,ﬂ'K)E[O 1] = }

A partir de cette densité conditionnelle, on peut définir I'estimateur du mazximum de vraisem-

blance par

. 1
MV = argmin {—l(& X, y)} ; (3)
£eEK n

ou la log-vraisemblance est définie par

1(&x,) j{:log st (vil1))

Comme dans la plupart des modéles de mélange classiques, dans le cadre de la régression, ’esti-
mateur du maximum de vraisemblance n’est pas explicite. Cela complique I’analyse théorique :
on n’a pas accés a la loi des estimateurs, ni des affectations. D’un point de vue pratique, on a re-
cours & I'algorithme EM pour approcher cet estimateur. Cet algorithme, introduit par Dempster
et coauteurs dans [DLR77], permet d’estimer les paramétres d’un modeéle de mélange. Il consiste
& alterner deux étapes, jusqu’a convergence des paramétres ou d’une fonction des paramétres.
Décrivons ce résultat.

On note Z = (Z1, ..., Zy,) le vecteur aléatoire des affectations des observations, et Z 1’ensemble
de toutes les partitions possibles : Z; = 1 si 'observation 7 est issue de la classe &, 0 sinon.
On notera aussi, pour ¢ € {1,...,n}, f(zl|xi,yi, &) la probabilité que Z; = z; sachant (z;,y;) et
connaissant le paramétre £. On définit la log-vraisemblance complétée par

n

lc(é, (X)Y7 Z)) = Z (log (f(zl‘xhyl)g)) + log (S?(yl’l‘l)))

=1

Alors, on peut décomposer la log-vraisemblance comme suit :

1(6,%,y) = Q(£IE) — H(£E)

ot Q(¢ ]é ) est lespérance sur les variables latentes Z de la vraisemblance complétée,

5"5 ZZZ ‘gaxlaylazl) (zl"r”myl’g)

z€Z i=1
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et
H(¢[E) = ZZlogfzrx“yz, &) (zilwi, i, €)
z€Z i=1

I’espérance étant prise sur les variables latentes Z. Dans 'algorithme EM, on itére le calcul
jusqu’a la convergence et la maximisation de Q(& ]f (ite) ) ot £(€) est Pestimation des paramétres
a Ditération (ite) € N* de I’algorithme EM. En effet, si on fait croitre & — Q(&]€(), on fait
aussi croitre la vraisemblance. Dempster, dans [DLR77|, a donc proposé 1’algorithme suivant.
Algorithme 1 : Algorithme EM

Data : x,y,K

Result : EILEM v

1. Initialisation de 5(0)

2. Itération jusqu’a atteindre un critére d’arrét
— Etape E : calcul, pour tout ¢ de

Q&€
— Etape M : calcul de £(tetD) tel que

01t € argmax Q(£[61")

Dans la premiére étape, on affecte les observations & des classes, et dans la seconde étape on
met & jour 'estimation des paramétres. Pour ’étude générale de cet algorithme, on peut citer le
livre de McLachlan et Krishnan dans [MK97|. Un des points problématiques est I'initialisation
de cet algorithme : méme si on peut, dans de nombreux cas (le noétre par exemple), montrer que
l’algorithme converge vers la valeur voulue, il faut 'initialiser correctement. On peut citer Bier-
nacki, Celeux et Govaert, [BCGO03|, qui décrivent diverses stratégies d’initialisation, ou encore
Yang, Lai et Lin dans [YLLI2| qui proposent un algorithme EM robuste pour initialisation.
Tous ces problémes, classiques dans I’étude des modéles de mélange, se retrouvent dans notre
cadre. D’un point de vue théorique, un résultat important pour les modéles de mélange est
Iidentifiabilité. Rappelons qu'un modéle paramétrique est dit identifiable si différentes valeurs
des paramétres générent différentes distributions de probabilité. Ici, les modéles de mélange ne
sont pas identifiables, car il est possible d’intervertir les étiquettes des classes sans changer la
densité (ce que l'on appelle le label switching). Pour un point de vue détaillé sur ces questions,
citons par exemple Titterington, dans [TSMS85].

A partir d’un échantillon (x,y) = ((z1,41),- -, (@n,yn)) € (R? x R?)", on peut construire un
modéle de mélange de régression, a K classes, en estimant les paramétres par exemple avec
Iestimateur (3[). Avec ce modéle, on peut obtenir une classification des données en calculant les
probablhtes a posterlorl Chaque observation (x;, yl) est alors affectée & une classe k:l, et on a accés
au lien B qui existe entre x; et y;, et au bruit E associé a cette classe grace a l'estimateur
. Tant qu on a de bonnes propriétés sur lestlmateur du maximum de vraisemblance (par
exemple quand la taille de I’échantillon n est grande), si on régle les soucis d’initialisation et de
convergence de ’algorithme EM, on peut bien estimer les paramétres de notre modéle.

Cet algorithme a été généralisé par Stadler et coauteurs dans [SBG10| pour 'estimation des
paramétres d’un modéle de mélange de Gaussiennes en régression univariée. On ’a généralisé,
dans cette thése, pour les données multivariées.



Introduction 20

Sélection de variables et estimateur du Lasso

Nous nous sommes intéressés & un probléme de classification en régression non supervisée de
données en grande dimension, ¢’est-ad-dire que les vecteurs aléatoires X € RP et Y € RY peuvent
étre des vecteurs de grande taille, éventuellement plus grande que le nombre d’observations n.
Ce probléme est trés étudié actuellement. En effet, avec 'amélioration de 'informatique, on a
de plus en plus de données de grande dimension, et on a accés & de plus en plus de variables
explicatives pour décrire un méme objet.

Dans le cadre du modéle linéaire, si p > n, on ne peut plus calculer B avec la formule (2) : la
matrice x'x n’est plus inversible. En fait, on cherche & estimer, dans le cas du modéle linéaire,
pq + ¢* paramétres, ce qui peut étre plus grand que le nombre d’observations n si p et ¢ sont
grands.

Dans un premier temps, restreignons-nous au modéle linéaire. L’estimateur du Lasso, introduit
par Tibshirani dans [Tib96|, et parallélement par Chen et coauteurs en théorie du signal dans
[CDS98|, est un estimateur classique pour pallier le probléme de la grande dimension. On peut
aussi citer 'estimateur de Dantzig, introduit par Candés et Tao dans [CT07] ; 'estimateur Ridge,
qui utilise une pénalité £o plutdt que la pénalité £1 exploitée par 'estimateur du Lasso, introduit
par Hoerl et Kennard dans [HK70] ; I’Elastic net, introduit par Zou et Hastie dans [ZHO05|, et qui
est défini avec une double pénalisation 1 et fo, qui fait donc un compromis entre l’estimateur
Ridge et l'estimateur Lasso; le Fused Lasso, introduit par Tibshirani dans [TSRT05|; le Lasso
adaptatif, introduit par Zou dans [Zou06|, 'estimateur du Group-Lasso, introduit par Yuan et
Lin dans [YLLO6|, pour avoir de la parcimonie par groupes, ...

Dans cette thése, nous nous concentrerons sur 'estimateur du Lasso (ou du Group-Lasso), méme
si certains résultats théoriques restent valables pour n’importe quelle méthode de sélection de
variables.

L’idée introduite par [Tib96] est de supposer que la matrice 5 dans le modéle linéaire est creuse,
ce qui réduit le nombre de paramétres a estimer. En effet, s’il y a peu de coefficients non nuls,
en notant J C P ({1,...,q} x{1,...,p}) Pensemble des indices des coefficients de la matrice
de régression non nuls et |J| son cardinal, la taille de I’échantillon pourra étre plus grande que
le nombre de paramétres & estimer, qui est alors |J| + ¢?. Dans le cas du modéle linéaire ,
Uestimateur du Lasso est défini par

flasso( ) :%r%min{]|Y—ﬂX||g+)‘||BH1}; (4)
cRaxp

avec A > 0 un paramétre de régularisation & préciser. On peut aussi le définir, de maniére
équivalente, par

BLaSSO(A) = argmin {HY - 5X||%} .
BERIXP
1Bl <A
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FIGURE 2 — Illustration de 'estimateur du Lasso (& gauche) et de 'estimateur Ridge (& droite).
3 représente l'estimateur des moindres carrés, les lignes correspondant & l'erreur des moindres
carrés, la boule ¢; correspond au probléme de 'estimateur du Lasso et la boule £5 correspond
au probléme de Pestimateur Ridge. Cette figure est issue de [Tib96].

Cet estimateur a été beaucoup étudié ces derniéres années. Citons Friedman, Hastie et Tibshi-
rani, [HTF01] qui ont étudié le chemin de régularisation du Lasso; Bickel, Ritov et Tsybakov,
IBRT09], qui ont étudié cet estimateur en comparaison avec le sélecteur Dantzig. On peut aussi
citer Osborne, [OPT99], qui étudie I'estimateur du Lasso et sa forme duale.

Notons que la norme ¢; apparait ici comme une relaxation convexe de la pénalité ¢y (ou ||8|]o =
Card(j|p; # 0)), qui vise & estimer les coefficients par 0.

Grace a la géométrie de la boule /41, le Lasso a tendance & annuler des coefficients, comme on
peut le voir sur la figure [2| Plus A est grand, plus on pénalise, et plus on a de coefficients de
ﬁLaSSO(A) qui sont nuls. Si A = 0, on retrouve I'estimateur du maximum de vraisemblance.
Résumons les résultats principaux obtenus ces derniéres années pour ’estimateur du Lasso. Cet
estimateur peut facilement étre approximé par 'algorithme LARS, introduit dans [EHJT04].
La relaxation convexe de la pénalité £y par la pénalité ¢; permet d’approcher numériquement
plus facilement cet estimateur. On sait qu’il est linéaire par morceaux, et on peut expliciter ses
valeurs grace aux conditions de Karush-Kuhn-Tucker. Citons par exemple [EHJT04] ou [ZHT07].
D’un point de vue théorique, sous des hypothéses plus ou moins fortes, il existe des inégalités
oracle pour l'erreur de prédiction ou l'erreur ¢, des coefficients estimés, avec un parametre de
régularisation de l'ordre de y/log(p)/n. On peut citer par exemple Bickel, Ritov et Tsybakov,
[BRT09], qui obtiennent une inégalité oracle pour le risque en prédiction dans un modéle général
non paramétrique en régression, et une inégalité oracle pour la perte £, en estimation (1 < p < 2)
pour le modéle linéaire. Les hypothéses nécessaires et les résultats obtenus dans ce sens sont
résumés par van de Geer et Bithlmann dans [vdGB09].

Il est aussi & noter que 'estimateur du Lasso a de bonnes propriétés de sélection de variables.
Citons par exemple Meinshausen et Bithlmann [MBO06|, Zhang et Huang, dans [ZH0S8]|, Zhao et
Yu, dans [ZY06], ou Meinshausen et Yu, [MY09], qui montrent que le Lasso est consistant en
sélection de variables sous diverses hypothéses plus ou moins contraignantes.

Il parait donc cohérent d’utiliser ’estimateur du Lasso pour sélectionner les variables impor-
tantes.

Dans les modéles de mélange de modéles linéaires Gaussiens, on peut étendre la définition de
I’estimateur du Lasso par

=) = arguin { - s 6x9) | )

£€EK
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K
X y) = 1E%,y) =AY mil [ PrBil 1
k=1
Zr = g x (R x (574)%

ol P est la racine de Cholesky de I'inverse de la matrice de covariance, i.e. P,ﬁPk = E,;l, pour
tout k € {1,...,K}.

Cette définition a été introduite par Stédler et coauteurs dans [SBG10]. La pénalité est différente
de celle de I'estimateur . Premiérement, on ne pénalise non pas par la moyenne conditionnelle
dans chaque classe, mais par une version reparamétrisée par la variance. En effet, dans les
modéles de mélange, il est important d’avoir un bon estimateur de la variance, et de I’estimer
en méme temps que la moyenne, pour ne pas favoriser les classes a variance trop élevée. De
plus, pour avoir un estimateur invariant par changement d’échelle, il faut prendre en compte la
variance dans la pénalité /1. Ensuite, I’étude de la racine de Cholesky de l'inverse de la matrice
de covariance plutét que de la matrice de covariance permet d’obtenir une optimisation convexe,
ce qui facilitera la partie algorithmique. Enfin, on pénalise la vraisemblance par la somme de
I'estimateur de la moyenne reparamétrisé par la variance, pondérée sur chaque classe, pour
prendre en compte la différence de taille entre les différentes classes.

Notons que la sélection de variables dans les modéles de mélange a déja été envisagée dans des
problémes d’estimation. Citons par exemple Raftery et Dean, [RD06], ou Maugis et Michel dans
[MMI1h].

L’estimateur peut s’approcher algorithmiquement & l’aide d’une généralisation de 1'algo-
rithme EM, introduite pas Stéadler et coauteurs dans le cas univarié, et étendue dans cette thése.
Dans le cadre des modéles de mélange, en régression, on connait principalement deux résultats
théoriques pour l'estimateur du Lasso, valables pour Y réel et a nombre de classes K fixé et
connu. Pour Y € R, et X € RP, Stadler et coauteurs, dans [SBGI10|, ont montré que, sous
la condition de valeurs propres restreintes (notée citée ci-dessous), 'estimateur du Lasso
vérifie une inégalité oracle pour des covariables fixes. Rappelons le contexte de mélange de Gaus-
siennes en régression univariées. Si Y, conditionnellement & X, appartient & la classe k, on note
Y = B X + ¢, avec € ~ N(0, a,%). On note de plus ¢ = O'k_l,Bk, et J l'ensemble des indices des
coefficients non nuls de la matrice de régression.

Hypothése REC. Il existe k > 1 tel que, pour tout ¢ € (RP)K wérifiant ||¢e|| < 6]|¢s]|1, on a
K
6115 < K 615
k=1

N S | n t
0l Xy = Y il Til.

Dans le méme cadre, mais sans I’hypotheése Meynet, dans [Mey13], a montré une inégalité
oracle £1 pour l'estimateur du Lasso.

Dans cette thése, nous nous sommes intéressés aux propriétés de régularisation ¢ de l'estima-
teur du Lasso, dans notre cadre de modéles de mélange en régression multivariée. On fixe les
variables explicatives x = (z1,...,xy). Sans restriction, on peut supposer que x; € [0, 1]” pour
tout ¢ € {1,...,n}. On suppose qu'il existe (Ag,ax, Ayx;, ar) des réels positifs, qui définissent
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I’ensemble des paramétres
=k = {f € Bk

o m(A) et M(A) désignent respectivement la valeur absolue de la plus petite et de la plus
grande valeur propre de la matrice A. Soit, pour £ = (w,3,X¥) € E,

pour tout k € {1,..., K}, max sup |[[Brz].| < Ag,
Ze{lz 7Q}$€[O 1]p

as <m(Eh) < M(Z;Y) < As,ax < m} ; (6)

p q

K
NEGEY =18 = Y3 S 11841, (7)
1

la pénalité envisagée, et KL,, la divergence de Kullback-Leibler & design fixé :

KLn(s,t):—ZKL (i), t(-|zi))
=22 (e (G35

Inégalité oracle ¢; pour le Lasso. Soit (x,y) = (xz,yz)1<z<n les observations, issues d’une
densité conditionnelle inconnue s* = s¢;, ot § € Sk, cet ensemble étant défini par Iéquation
@, et le nombre de classes K étant fizé. On notera a Vb = max(a,b). Soit Nl[Q](s?) définie par
. Pour A >0, on définit Uestimateur du Lasso, noté §-%5°()\), par

Voici le théoréme que nous obtenons.

§Lasso(\) = argmin (— Zlog S¢ Syilz)) + )\N[ ]( )> ; (8)

KES i=1

avec

S = {3?,{6@;{}.

A>k <Az v alﬂ) (1 +4(q+ 1)As (AB + loi(z )>) \/f (1 + qlog(n)y/K log(2p + 1))

avec k une constante positive, alors l’estimateur vérifie l'inégalité suivante :

Si

BIKLn (5", 82°(0))) <1+ 57 inf (KL (s, 55) + ANPI(5) ) + 0

sges
/Ke 271"1/2a7r ﬁ
+_H n 14Q/2

+n’lj%2 (sz17r> (1+4(q+ 1)As; <A5+10g(2 >))

2
X (]4—145 +-q>
ay;

ot k' est une constante positive.
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Ce théoréme peut étre vu comme une inégalité oracle ¢1, mais ce n’est pas 'approche que 'on
souhaite développer ici. En effet, la démonstration de ce théoréme passe par un théoréme de
sélection de modéles, mais ce théme sera abordé dans la partie correspondante. Ici, on voit
plutét ce théoréme comme une assurance que l’estimateur du Lasso fonctionne bien pour la
régularisation ¢1. La particularité de ce résultat est qu’il ne requiert que peu d’hypothéses : on
travaille avec des prédicteurs fixés, qui sont supposés (sans restriction) étre inclus dans [0, 17, et
les parameétres de nos densités conditionnelles sont supposés bornés, au sens ot ils appartiennent
a Ex. Cette hypothése est nécessaire, pour assurer en particulier que la vraisemblance est finie.
On la retrouvera dans les autres théorémes démontrés dans cette thése. On remarque aussi que
la borne sur le paramétre de régularisation A n’est pas celle, optimale, classique, obtenue dans
d’autres cas plus généraux, mais cela est dii au fait que nous ne faisons pas d’hypotheéses sur les
régresseurs. L’article de van de Geer, [vdG13|, permet d’obtenir cette borne optimale sous des
hypotheéses plus fortes sur le design. Il est a noter que le design est supposé fixe ici.

Comme l'estimateur du Lasso surestime les paramétres (citons par exemple Fan et Peng, [FP04],
ou Zhang [Zhal(Q]), nous proposons de l'utiliser pour la sélection de variables, et non pour
Iestimation des parameétres. Ainsi, pour un paramétre de régularisation A > 0 & définir, on
sélectionnera les variables importantes pour expliquer Y en fonction de X. Plus formellement,
définissons la notion de variable active pour la classification.

Définition. Une variable est active pour la classification si elle est non nulle dans au moins une
classe : la variable d’indice (z,j) € {1,...,q} x {1,...,p} est active s’il existe k € {1,..., K}

tel que [By].; # 0.

Ainsi, pour un certain A > 0, on peut estimer éLaSSO()\) et en déduire I’ensemble Jy des variables
actives pour la classification.

Ré-estimations

En se restreignant aux variables sélectionnées indicées par Jy par 'estimateur du Lasso de
paramétre de régularisation A > 0, on travaille avec un modéle de dimension plus petite. En
effet, plutot que (pg + ¢* + 1)K — 1 paramétres a estimer, on en a (|Jy| + ¢> + 1)K — 1. Si on
suppose de plus que la matrice de covariance est diagonale (ce qui implique que les variables
sont non corrélées), on obtient un modéle de dimension (|Jx| + ¢ + 1)K — 1, et la dimension
du modéle peut devenir plus petite que le nombre d’observations, ou au moins étre raisonnable.
On peut alors utiliser un autre estimateur, restreint aux variables sélectionnées, qui aura de
bonnes propriétés d’estimation en dimension raisonnable (meilleures que celles de l'estimateur
du Lasso).

Ré-estimer les paramétres sur les variables sélectionnées n’est pas une idée nouvelle. On veut
tirer parti des avantages de la sélection de variables par lestimateur du Lasso (ou par une
autre technique), mais on veut aussi diminuer le biais induit par cet estimateur. Citons par
exemple Belloni et Chernozhukov, [BC11], qui obtiennent une inégalité oracle pour montrer que
I’estimateur du maximum de vraisemblance calculé sur les variables sélectionnées par le Lasso
fonctionne mieux que 'estimateur du Lasso, pour un modéle linéaire en grande dimension. On
peut aussi citer Zhang et Sun, [SZ12|, qui estiment le bruit et la matrice de régression dans
un modéle linéaire en grande dimension par ’estimateur des moindres carrés aprés sélection de
modéles.

On propose dans une premiére procédure, appelée procédure Lasso-EMYV, d’estimer les para-
meétres, en se restreignant aux variables actives, par I'estimateur du maximum de vraisemblance,
qui a de bonnes propriétés pour un échantillon suffisamment grand.
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On propose aussi, dans une seconde procédure que l'on appellera procédure Lasso-Rang, d’uti-
liser le maximum de vraisemblance avec une contrainte de faible rang. En effet, jusqu’ici, nous
n’avons pas tenu compte de la structure matricielle de 8. Comme les matrices de covariance
(3k)1<k<k sont supposées diagonales, on aurait pu travailler avec chaque coordonnée de Y
comme ¢ problémes distincts et indépendants. En cherchant une structure de faible rang, on
suppose que peu de combinaisons linéaires de prédicteurs suffisent a expliquer la réponse. C’est
aussi une seconde méthode pour diminuer la dimension, au cas ou la sélection de variables par
pénalisation ¢ ne soit pas suffisante. Certains jeux de données sont particuliérement propices a
cette réduction dimensionnelle par faible rang. On peut citer par exemple I’analyse d’image fMRI
(Harrison, Penny, Frishen, [FHP03]), 'analyse de décodage de données EEG (Anderson, Stolz,
Shamsunder, [ASS9§|), la modélisation de réponse de neurones (Brown, Kass, Mitra, [BKMO04]),
ou encore l'analyse de données génomiques (Bunea, She, Wegkamp, [BSW11]). D’un point de
vue plus théorique, on peut citer Izenman ([Ize75]) qui a introduit cette méthode dans le cas du
modele linéaire, Giraud ([Girl1]) ou Bunea et coauteurs (J[Bun08|) qui ont complété 1'étude théo-
rique et pratique de sélection de rang. Dans cette thése, nous employons ces méthodes dans un
cadre de mélange en régression. Il est & noter qu’on aura sélectionné, par ’estimateur du Lasso,
des colonnes, ou des lignes, ou les deux, mais que les lignes ou les colonnes ou seuls certains
coefficients sont inactifs ne seront pas sélectionnées, la structure matricielle étant requise pour
estimer un paramétre par faible rang. On n’impose pas que toutes les moyennes conditionnelles
aient le méme rang.

Notons 7MY et f?ang les estimateurs associés a chaque procédure, avec J comme ensemble des
variables actives :

. 1

7MY = argmin {l(&“l,x, y)} : 9)
EEE (K, ) n

. 1

79 = argmin {Z(E[‘”,x,y)}; (10)
£€E K, 1 R) n

ol E(KJ’R) = {5 = (m,8,%) € E(x,5)| rang(Bk) = Ry pour tout k € {1,.. .,K}}, ot £/ signi-
fie que I'on a sélectionné les variables d’indice J, et o E g y) est défini par

Ek,s) = Uk X (RTP)K (Sq++)K

o]

Ik = {(71'1,...,71’[() € (07 1)K
k=1

A noter que l'on ré-estime tous les paramétres de notre modeéle : les moyennes conditionnelles,
les variances et les poids.

D’un point de vue pratique, la généralisation de I’algorithme EM (Algorithme [1| page permet
de calculer 'estimateur du maximum de vraisemblance, sous contrainte de faible rang ou non,
dans le cas de mélange de Gaussiennes en régression.

Sélection de modéles

Pour un paramétre de régularisation A > 0 fixé, aprés avoir ré-estimé nos parameétres, nous
obtenons un modéle associé a nos observations (x,y) = ((z1,91),- ., (Tn,yn)) € (RP x RY)™ qui
est de dimension raisonnable et qui est bien estimé, si A a été bien choisi. Cependant, on a da
faire de nombreux choix pour construire ce modéle. Pour le modéle de mélange, il est possible
qu’on ne connaisse pas au préalable le nombre de classes K, il faut donc le choisir; pour la
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sélection de variables, construire Jy correspond a sélectionner un parameétre de régularisation
A > 0; dans les cas de ré-estimation par faible rang, on doit sélectionner le vecteur des rangs
dans chaque composante.

Dans chacun de ces trois cas, différentes méthodes existent dans la littérature. Pour le paramétre
A de régularisation du Lasso, on peut citer par exemple le livre de van de Geer et Biihlmann,
[BvdG11], ot une valeur A proportionnelle a y/log(p)/n est considérée comme optimale.

Pour le choix du nombre de classes K et du vecteur de rangs R, de nombreux auteurs se raménent
4 un probléme de sélection de modéles.

Dans cette thése, nous allons voir le probléme de sélection de paramétres comme un probléme de
sélection de modéles, en construisant une collection de modéles, avec plus ou moins de classes,
et plus ou moins de coefficients actifs. Il restera a choisir un modéle parmi cette collection.

En toute généralité, notons S = (S, )mem la collection de modéles que 'on considére, indicée
par M. Il est & noter que, contrairement & 1'idée que I'on pourrait s’en faire, avoir une collection
de modéles trop grande peut porter préjudice, par exemple en sélectionnant des estimateurs non
consistants (voir Bahadur, [Bah58]) ou sous-optimaux (voir Birgé et Massart, [BM93]). C’est ce
qu’on appelle le paradigme du choix de modéle.

On considére une fonction de contraste, notée =, telle que s* = argmin E(~(¢)). La fonction de

perte associée, notée [, est définie par e
pour tout t € S, [(s*,t) = E(v(t)) — E(y(s")).
On définit aussi le contraste empirique y, par
&
pour tout t € S, T (t) = - Zv(t,mi,yi)

=1

pour un échantillon (x,y) = (=i, ¥i)1<i<n. Pour le modéle m, on considére $,, la densité qui
minimise le contraste empirique ~,. C’est cette densité que I'on va utiliser pour représenter ce
modéle. Par exemple, on peut prendre la log-vraisemblance comme contraste, et la divergence
de Kullback-Leibler comme fonction de perte.

Le but de la sélection de modéles est de sélectionner le meilleur estimateur parmi la collection
(8m)mem. Le meilleur estimateur peut étre défini comme l'estimateur qui minimise le risque
avec la vraie densité notée s*. Cet estimateur, et le modéle correspondant, seront appelés dans
cette theése oracle (voir Donoho et Johnstone par exemple, [DJ94]). On note

mo = argmin[l(s*, §,,)]. (11)
meM

Malheureusement, on ne peut pas évaluer cette quantité, puisque 'on n’a pas accés a s*. On
va utiliser 'oracle en théorie pour évaluer notre sélection de modéles : on veut que le risque
associé a 'estimateur du modéle sélectionné soit le plus prés possible de celui de l'oracle. Une
partie des résultats théoriques en sélection de modéles sont des inégalités oracle, qui permettent
d’assurer la cohérence de la sélection de modéles. Ces inégalités sont de la forme, pour /m l'indice
du modéle sélectionné,

E(l(s*, 8m)) < C1E(I(s",50)) + % (12)

ou (C1,Cy) sont des constantes absolues, avec C la plus proche possible de 1. L’inégalité oracle
est dite exacte si C; = 1.
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Désormais, décrivons comment sélectionner un modéle. On va minimiser un critére pénalisé,
pour parvenir & un compromis biais/variance. En effet, on peut décomposer le risque de la fagon
suivante :

1(s*, 8m) =U(s", 8m) + E (v(sm) — v(8m));

biaisy, variancey,

ol sy, € argmin [E(vy(t))] (c’est une des meilleures approximations de s* dans S,,). Or, pour
tESm
minimiser le biais, il faut un modéle complexe, qui colle de trés prés aux données ; et pour mini-

miser la variance, il ne faut pas considérer des modéles trop complexes, pour ne pas surapprendre
des données.

Une méthode pour rendre compte de cette remarque est de considérer le contraste empirique Ly,
pénalisé par la dimension : on va pénaliser les modéles trop complexes, qui suraprennent de nos
données. Soit pen : M — R une pénalité & construire; on va sélectionner

m = argmin { —v,(5,) + pen(m)}.
meM
Akaike et Schwarz ont introduit cette méthode pour l'estimation avec la vraisemblance, voir
respectivement [Aka74] et [Sch78]. Ils proposaient les critéres désormais classiques AIC et BIC,
ol la pénalité vaut respectivement

penyrc(m) = Dip;

log(n) Dy,
penpgrc(m) = #;

ou D,, est la dimension du modéle m, et n est la taille de I’échantillon considéré. Ces critéres
sont fortement utilisés aujourd’hui. Il est a noter qu’ils sont basés sur des approximations asymp-
totiques (AIC sur le théoréme de Wilks, et BIC sur une approche bayésienne), et on peut se
méfier de leur comportement en non asymptotique. Ils supposent de plus, en toute rigueur, une
collection de modeles fixée.

Mallows, au méme moment, dans [Mal73|, a étudié cette méthode dans le cadre de la régression
linéaire. Il a obtenu

2D,, 02
PeN hraiiows (m) =

n

oll 02 est la variance des erreurs, supposée connue.

Birgé et Massart, dans [BMO1], ont introduit 1'heuristique des pentes, qui est une méthodologie
non asymptotique pour sélectionner un modéle parmi une collection de modéles.

Décrivons les idées de cette heuristique. On cherche une pénalité proche de m € M — (s, §,,) —
Yn(8m). Comme on ne connait pas s*, on va essayer d’approcher cette quantité :

1(3*7 §m) - ’Yn(gm) = E(’V(gm» - E(’Y(Sm)) + E(7(3m>) - E(’Y(S*))

vm )
— (1 (8m) = Y (sm)) — (W (s8m) — 1n(s")) —1n(s")
om @)

ol vy, peut étre vue comme un terme de variance, et 7, comme une version empirique. On
deéfinit A, (sm,) = (1) + (2), qui correspond a la différence entre le terme de biais et sa version
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empirique. Si on choisit pen(m) = ¥,,, on va choisir un modéle qui limite le biais mais pas la
variance : on va sélectionner un modéle trop complexe. Cette pénalité est minimale : si on pose
pen(m) = KUy, si kK < 1 on va choisir un modéle trop complexe, et si £ > 1, la dimension du
modeéle sera plus raisonnable.

En fait, la pénalité optimale est le double de la pénalité minimale. Comme 7, est la version em-
pirique de vy, Uy, = Up,. Comme Ay, (s,,) est d’espérance nulle, on peut controler ses fluctuations.
On a donc envie de choisir pen(m) = 2vy,.

Ainsi, on peut trouver, sur un jeu de données, si on utilise I’heuristique des pentes, la pénalité
qui nous permettra de sélectionner un modéle : soit on cherche le plus grand saut de dimension,
soit on regarde la pente asymptotique de 7y, (sm), ce qui nous donne la pénalité minimale, et il
suffit de la multiplier par deux pour obtenir la pénalité optimale.

Les figures [3] et [ illustrent ces idées.

100r
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Dimension du modele
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F1GURE 3 — Illustration de I'heuristique des pentes : on estime x par A le plus grand saut de
dimension. On sélectionne alors le modéle qui minimise la log-vraisemblance pénalisée par 25.
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FIGURE 4 — Illustration de I’heuristique des pentes : on estime k par & la pente asymptotique
de la log-vraisemblance.

D’un point de vue pratique, on utilise le package Capushe, développé par Baudry et coauteurs
dans [BMM12] sur le logiciel Matlab.

D’un point de vue théorique, on a obtenu des inégalités oracle, qui justifient la sélection de
modéles dans chacune de nos procédures.

Citons le théoréme général issu de [Mas(07] qui est a la base de nos résultats théoriques.

On travaille avec la log-vraisemblance comme contraste empirique. On note KL la divergence de
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Kullback-Leibler, définie par

E; <1og (f)) sis <<t
KL(s,t) = t

+ 0o sinon.

D’abord, nous avons besoin d’une hypothése structurelle. C’est une condition sur le crochet
d’entropie du modéle S, par rapport a la distance de Hellinger, définie par

(du(s,t)* =5 [ (s ="

Un crochet [l,u] est une paire de fonctions telles que pour tout y,l(y) < s(y) < u(y). Pour
€ > 0, on définit ’entropie a crochet H[_](e, S,dpr) d'un ensemble S par le logarithme du nombre
minimal de crochets [, u] de largeur dg(l,u) inférieure & € telle que toutes les densités de S
appartiennent & I'un de ces crochets.

Soit m € M.

Hypothése H,,. Il existe une fonction croissante ¢, telle que w — %qﬁm(w) est décroissante
sur (0,+00) et telle que pour tout @ € R et tout s, € Sy,

/ow \/H[-](G, S (8m, @), dp)de < ¢ (@);

0t Sy (Sm, @) = {t € Sm,du(t,sm) < w}. La complexité du modéle Dy, est alors définie par
nw?, avec @y, l'unique solution de

~ (@) = Vi, (13)

Notons que la complexité du modéle ne dépend pas du crochet d’entropie des modéles globaux
Sm, mais des ensembles plus petits, localisés. C’est une hypothése plus faible.
Pour des raisons techniques, une hypothése de séparabilité est aussi nécessaire.

Hypothése Sep,,. Il existe un ensemble dénombrable S,, de S,, et un ensemble Y., avec
A(RYT \ y;n) = 0, pour A la mesure de Lebesque, tel que pour tout t € Sy, il existe une
suite (t);>1 d’éléments de S,, telle que pour tout y € Y, log(t;(y)) tend vers log(t(y)) quand I
tend vers linfini.

On a aussi besoin d’une hypothése de théorie de 'information sur notre collection de modéles.

Hypothése K. La famille de nombres positifs (W )mem vérifie

Z e m < Q< 4oo.
meM

Alors, on peut écrire le théoréme général de sélection de modéles.

Inégalité oracle pour une famille ’EMV. Soient (X1,...,X,,) des variables aléatoires de
densité inconnue s*. On en observe une réalisation (x1,...,Ty). Soit {Sm}mem une collection
de modéles au plus dénombrable, ot, pour tout m € M, les éléments de Sy, sont des densités de
probabilité, et Sy, vérifie Uhypothése [Sepyl On considére de plus la collection d’estimateurs de
maxima de vraisemblance & p prés notés (Sm)mem : on a, pour tout m € M,

n

1
- 1 Am 1 < f —— 1 1
- Z n (8, (x;)) té% Z n(t(x;)

=1
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Soient {wp, }mem une famille de nombres positifs vérifiant l’hypothése@ et, pour tout m € M,
on considére ¢, qui vérifie la condition[H,), avec wy, unique solution positive de I’équation

Pm(w) = \/ﬁwz-

On suppose de plus que, pour tout m € M, 'hypothese est vérifiée.
Soit pen : M — R et soit le critére de log-vraisemblance pénalisé

Alors, il existe des constantes k et C telles que, lorsque
w
pen(m) > K (w,zn + 7m>
n

pour tout m € M, alors il existe m qui minimise le critére crit sur M, et de plus,

E(d%(s,87)) < C ( inf < inf KL(s,?) + pen(m )) +p+ Z)

meM \teSm
ou dg est la distance de Hellinger, et KL la divergence de Kullback-Leibler.

Ce théoréme nous indique que, si notre collection de modéles est bien construite (c’est-a-dire
satisfait les hypotheéses et [Sep,,.)), on peut trouver une pénalité telle que le modéle mini-
misant le critére pénalisé satisfasse une inégalité oracle.

Cette approche a déja été envisagée pour sélectionner le nombre de classes d’'un modeéle de
mélange. On peut citer par exemple Maugis et Michel, [MM11b], ou Maugis et Meynet, [MMR12].
Ces auteurs voient le probléme de sélection du nombre de composantes et de sélection de variables
comme un probléme de sélection de modéles.

Pour le rang, Giraud, dans [Girll], et Bunea, dans [Bun08|, proposent une pénalité pour choisir
de fagon optimale le rang. Ils obtiennent, & variance connue et inconnue, des inégalités oracle qui
permettent de sélectionner le rang, ou la pénalité est proportionnelle au rang. Ma et Sun, dans
IMS14], obtiennent pour ces modéles une borne minimax, ce qui revient a dire que la pénalité
construite est optimale pour la sélection du rang.

Les procédures d’estimation que ’on a décrites dans la partie précédente sont sujettes a des choix
de paramétres (le nombre de classes, le paramétre de régularisation du Lasso, et le rang dans
la deuxiéme procédure). On peut réécrire la sélection de ces parameétres comme un probléme de
sélection de modeéles : en faisant varier ces paramétres, on obtient une collection de modéles.
Commengons par définir les collections de modéles associés & chacune de nos procédures.

Pour la procédure Lasso-EMV, pour (K, J) € K x 7,

Siwe.) = {y e R~ s{"(ylx)} (14)
1 _
i) = Z o o s (=50 805 - 6l
52(71'1,...,71'[(, gJ]v"'wB[J] Elv"'azK)GE'(K,J)

=,y =k X (RPPYK (S(‘;*)
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Pour la procédure Lasso-Rang, pour (K,J,R) € K x J X R,

St = {y e R s (yla) | (15)
S(K JR LR Ly — (BRI,
Z e ( (v — (BF)Wla)is i (y — (87) >)

[1]

g:(m,.. i, (B (BRI s SK) €
k.ar) =K < U gp) % (SFHE
Uik, R = {(( Fl)[‘]], e ( I}EK)[J]) € (RqXp)K pour tout k € {1,..., K}, Rang(8x) = Rk}.

(K,J,R)

[1]«

ol K est 'ensemble des valeurs possibles pour le nombre de composantes, J est I’ensemble des
ensembles d’indices de variables actives possibles, et R est I’ensemble des valeurs possibles pour
les vecteurs de rang.

Pour obtenir des résultats théoriques, on a besoin de borner nos paramétres. On considére

S(BK,J) = {SEK’J) € S(k.J) ’5 € é(K,J)} (16)
Sir,y) =g x ([~Ag, Ag] ") x ([ag, Ag])" (17)
et
Slk.gr) = {SEKJR) € S(k.J,R) }f € é(K,J,R)} (18)
S =k x Vg sp) % (lag, As])® (19)
\‘I}(KJ,R) = {( Fl,..., ) evw KJR)‘ pour tout k € {1,..., K}, BRk %alulvl,al < As }
=1

Comme on travaille en régression, on définit une version tensorisée de la divergence de Kullback-
Leibler

KL®" (s, 1) [ ZKL (-|i),t Ixz))] ;

une version tensorisée de la distance d’Hellinger,

ZdQ (|x;), t |:c2))] .

On a aussi besoin de la divergence de Jensen-Kullback-Leibler, définie par, pour p € (0, 1), par

(i)

1
JKL,(s,t) = ;KL(s, (1 —p)s+ pt);

et de sa version tensorisée
JKLE" (s,t) [ ZJKL (\xz))] .

Le nombre de classes est supposé inconnu, on va ’estimer ici, contrairement a 'inégalité oracle
[(1 pour Ie Lassol On suppose que les covariables, bien qu’aléatoires, sont bornées. Pour simplifier
la lecture, on suppose que X € [0, 1]P.

Dans cette thése, on obtient alors les deux théorémes suivants.
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Inégalité oracle Lasso-EMV. Soit (i, Yi)icq1,....n} les observations, issues d’une densité condi-
tionnelle inconnue s*. Soit S(KJ) définie par . On considere JL © T la sous-collection
d’ensembles d’indices construite en suivant le chemin de régularisation de ’estimateur du Lasso.
Pour (K,J) € K x JF, notons Sg{’J) le modéle défini par .

On considére estimateur du mazimum de vraisemblance

1 n
S(K.T) i AN 1oe(sED (i b
8 argmin { ”;:1 og(sg " (yilzi))

(K,J) - cB
s ES(k )

Notons Dk yy la dimension du modéle S(%( 5 Py = K(IJ[+q+1) — 1. Soit EéK’J) € S(BK 7
telle que

5
KL (s*, 557y < inf  KL®7(s*, 1) + k.
mn

13
teS{‘K’J)

et soit T > 0 tel que §§K’J) > e Ts*. Soit pen : K x J — Ry, et supposons qu’il existe une
constante absolue k > 0 telle que, pour tout (K,J) € K x J,

Dk )

n
4depq ]
HLvT)log <<D(K,J) —q?) qu)] ’

ol les constantes Ag, As, ax, sont définies par . Si on sélectionne le modéle indicé par (K, j),
o

D
pen(K,J) > /ﬁ:? [BQ(AB,Az,az) — log ( B*(Ag, As,ax) A 1)

(K, J)y=argmin {—> log(8%“)(yi|x;)) + pen(K,J) ¢ ,
(K,J)E’CXJL i=1

alors Pestimateur §(Kf) vérifie, pour tout p € (0,1),

4
E [JKL®"(s*, 55)] <CE inf inf KL% (s*t K,J Sy
e (st sa)] <CB (it nf KL pent) ) ) +

pour une constante C absolue.

Ce théoréme nous donne une pénalité théorique pour laquelle le modéle minimisant le critére
pénalisé a de bonnes propriétés d’estimation. Les constantes, bien que non optimales, sont expli-
cites, en fonction des bornes de I'espace des paramétres. La pénalité est presque proportionnelle
(& un terme logarithmique prés) a la dimension du modéle. Le terme logarithmique a été étudié
dans la thése de Meynet, [Meyl12]. Ici, en pratique, on prend la pénalité proportionnelle a la
dimension.

Inégalité oracle Lasso-Rang. Soit (z;, yi)ie{lw,’n} les observations, issues d’une densité condi-
tionnelle inconnue s*. Pour (K,J,R) € K x J xR, soit S(x,J,r) définie par , et S(K}’J’R)

définie par . Soit JL © T une sous-collection construite en suivant le chemin de régulari-
sation de l’estimateur du Lasso.
Soit IS ¢ S(BK’(LR) telle que, pour okr, > 0,

5
KL (s*, 557 0) < inf  KL®n(s*, 1) + &

B
teS(k, 1, m) n
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et telle qu’il existe T > 0 tel que
sEAR) > =T gx, (20)

On considere la collection d’estimateurs {307/ 1)}

1 n
2K JR) _ . L (K, JR) | ..
§ argmin { - ;_1 log (SE (yz\arz)) } .

(K,J,R) _ oB
se GS(K,J,R)

(K,J,R)EKXT xR de S@J’R), vérifiant

Notons Dk, j gy la dimension du modele S(BKJ’R). Soit pen : K x J x R — Ry définie par, pour

tout (K, J,R) e Kx J X R,

D D
pen(K, J, R) >r—oh) {232(A5, As,ax, Ay) — log <MBQ(A5,AE,QE, Ag) A 1)
n n
4epq K
+ log + Ry ,
<(D(K,J,R) —q*) N pg ,; ) }
avec k > 0 une constante absolue.
Alors, Uestimateur §(i{,j,R)7 avec
N 1«
(K7 Ja R) = argmin - Z log(g(K“}’R) (yz’%)) + pen(Ka Ja R) )
(K,J,R)EKXTLXR n 4
vérifie, pour tout p € (0,1),
On A(K,J.R
E (JKLP (s , 8 >)) (21)
<CE ( inf < inf  KL®"(s* t) + pen(K, J, R)>> + é,
(K,J,R)EKXJLXR tES(K’J’R) n

pour une constante C > 0.

Ce théoréme nous donne une pénalité théorique pour laquelle le modéle minimisant le critére
pénalisé a de bonnes propriétés d’estimation.

Ces deux théorémes ne sont pas des inégalités oracle exactes, & cause de la constante C', mais on
controle cette constante. Ces résultats sont non-asymptotiques, ce qui nous permet de les utiliser
dans notre cadre de grande dimension. Ils justifient 'utilisation de I’heuristique des pentes.

Données fonctionnelles

Ce travail de classification de données en régression a été développé en toute généralité, mais aussi
plus particuliérement dans le cas des données fonctionnelles. L’analyse des données fonctionnelles
s’est beaucoup développée, grace notamment aux progrés techniques récents qui permettent
d’enregistrer des données sur des grilles de plus en plus fines. Pour une analyse générale de ce
type de données, on peut citer par exemple le livre de Ramsay et Silverman, [RS05] ou celui de
Ferraty et Vieu, [FV06].

Dans cette thése, on prend le parti de projeter les fonctions observées sur une base orthonormale.
Cette approche a ’avantage de considérer I’aspect fonctionnel, par rapport a ’analyse multivariée
de la discrétisation du signal, et de résumer le signal en peu de coefficients, si la base est bien
choisie.
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Plus précisément, on choisit de projeter les fonctions étudiées sur des bases d’ondelettes. On
décompose de fagon hiérarchique les signaux dans le domaine temps-échelle. On peut alors
décrire une fonction & valeurs réelles par une approximation de cette fonction, et un ensemble de
détails. Pour une étude générale des ondelettes, on peut citer Daubechies, [Dau92|, ou Mallat,
[Mal99].

Il est & noter que, par données fonctionnelles, dans notre cadre de modéles de mélange en ré-
gression, on entend soit des régresseurs fonctionnels et une réponse vectorielle (typiquement,
I’analyse spectrophotométrique de données, comme le jeu de données classiques Tecator ou la
proportion de gras d’un morceau de viande est exprimée en fonction de la courbe de spectro-
photométrie), soit des régresseurs vectoriels et une réponse fonctionnelle, soit des régresseurs et
une réponse fonctionnels (comme la régression de la consommation électrique d’un jour sur la
veille).

On considére un échantillon de signaux (f;)i1<i<py observés sur une grille de temps {t1,...,t7r}.
On peut considérer 'échantillon (f;(t;)) 15ign POUT faire notre analyse (ces observations sont soit

les régresseurs, soit la réponse, soit les deux suivant la nature des données), mais on peut aussi
considérer les projections de I’échantillon sur une base orthonormée B = {¢;}jen+. Dans ce cas,
il existe (bj);jen+ tels que, pour tout f, pour tout ¢,

F(8) =" bjay(t).
j=1

On peut choisir une base d’ondelettes B = {¢, ¢} 10 , ol

0<h<2l—1
— 1) est une ondelette réelle, vérifiant 1 € L' N L2, ty € L, et Jg (t)dt = 0.
— pour tout ¢, Yy p(t) = 2l/24p(2t — h) pour (I, h) € Z2.
— ¢ une fonction d’échelle associée & 1.
— pour tout ¢, ¢y 5 (t) = 2//2¢(2' — h) pour (I, h) € Z2.
On peut alors écrire, pour tout f, pour tout ¢,

FO =D BralHorn®) + D> din(Hbia(t)

heZ ReZ I<L

Bin(f) =< f,éin > pour tout (I,h) € Z2,
din(f) =< f,¢un > pour tout (I,h) € Z>.

Alors, plutét que de considérer I'échantillon (f;)1<i<n, on peut travailler avec ’échantillon
(i)1<i<n = (Brw(fi), (din(fi))i>Lhez)1<i<n. Comme la base est orthonormale, supposer que
les (fi)i<i<n suivent une loi Gaussienne revient a supposer que les (z;)1<i<n suivent une loi
Gaussienne.

D’un point de vue pratique, la décomposition d’'un signal sur une base d’ondelettes est treés
efficace. Citons Mallat, [Mal99|, pour une description détaillée des ondelettes et de leur utilisa-
tion. L’intérét majeur est la décomposition temps-échelle du signal, qui permet d’analyser les
coefficients. De plus, si on choisit bien la base, on peut résumer un signal en peu de coefficients,
ce qui permet de réduire la dimension du probléme. D’un point de vue plus pratique, on peut
citer Misiti et coauteurs, [MMOPO7| pour la mise en pratique de la décomposition d’un signal
sur une base d’ondelettes.

L’application principale de cette thése est la classification des consommateurs électriques dans
un but de prédiction de la consommation agrégée. Si on prévoit la consommation de chaque
consommateur, et qu’on somme ces prédictions, on va sommer les erreurs de prédiction, donc
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on peut faire beaucoup d’erreurs. Si on prévoit la consommation totale, on risque de faire des
erreurs en n’étudiant pas assez les variations de chaque consommation individuelle. Cela explique
le besoin de faire de la classification, et la classification en régression est faite dans un but
de prédiction. Cependant, on sait que la prédiction de la consommation électrique peut étre
améliorée avec des modéles beaucoup plus adaptés. L’objectif de cette procédure est de classer
ensemble, dans une étape préliminaire, les consommateurs qui ont le méme comportement d’un
jour & l'autre, ces groupes seront alors construits dans un but de prédiction.

Plan de la thése

Cette thése est principalement centrée sur les modéles de mélange en régression, et les problémes
de classification avec des données de régression en grande dimension. Elle est découpée en 5
chapitres, qui peuvent tous étre lus de maniére indépendante.

Le premier chapitre est consacré a 1’étude du modéle principal. On décrit le modéle de mélange
de Gaussiennes en régression, ot la réponse et les régresseurs sont multivariés. On propose plu-
sieurs approches pour estimer les paramétres de ce modéle, entre autres en grande dimension
(pour la réponse et pour les régresseurs). On définit, dans ce cadre, plusieurs estimateurs pour
les paramétres inconnus : une extension de ’estimateur du Lasso, I’estimateur du maximum de
vraisemblance et I’estimateur du maximum de vraisemblance sous contrainte de faible rang. Dans
chaque cas, on a cherché & optimiser les définitions des estimateurs dans un but algorithmique.
On décrit, de maniére précise, les deux procédures proposées dans cette thése pour classifier des
variables dans un cadre de régression en grande dimension, et estimer le modéle sous-jacent.
C’est une partie méthodologique, qui décrit précisément le fonctionnement de nos procédures,
et qui explique comment les mettre en ceuvre numériquement. Des illustrations numériques sont
proposées, pour confirmer en pratique I'utilisation de nos procédures. On utilise pour cela des
données simulées, ot I'aspect de grande dimension, I'aspect fonctionnel, et ’aspect de classifi-
cation sont surlignés, et on utilise aussi des données de référence, ou la vraie densité (inconnue
donc) n’appartient plus a la collection de modéles considérée.

Dans un deuxiéme chapitre, on obtient un résultat théorique pour l'estimateur du Lasso dans
les modéles de mélange de Gaussiennes en régression, en tant que régularisateur £;. Remarquons
qu’ici, la pénalité est différente de celle du chapitre 1, cet estimateur étant une extension directe
de l'estimateur du Lasso introduit par Tibshirani pour le modéle linéaire. Nous établissons
une inégalité oracle ¢1 qui compare le risque de prédiction de l'estimateur Lasso a l'oracle £;.
Le point important de cette inégalité oracle est que, contrairement aux résultats habituels sur
Iestimateur du Lasso, nous n’avons pas besoin d’hypothéses sur la non colinéarité entre les
variables. En contrepartie, la borne sur le paramétre de régularisation n’est pas optimale, dans
le sens ou des résultats d’optimalité ont été démontrés pour une borne inférieure a celle que ’'on
obtient, mais sous des hypothéses plus contraignantes. Notons que les constantes sont toutes
explicites, méme si I'optimalité de ces quantités n’est pas garantie.

Dans les chapitres 3 et 4, on propose une étude théorique de nos procédures de classification. On
justifie théoriquement 1’étape de sélection de modéles en établissant une inégalité oracle dans
chaque cas (correspondant respectivement a 'inégalité oracle pour la procédure et
I'inégalité oracle pour la procédure . Dans un premier temps, on a obtenu un théo-
réme général de sélection de modéles, qui permet de choisir un modéle parmi une sous-collection
aléatoire, dans un cadre de régression. Ce résultat, démontré a ’aide d’inégalités de concentra-
tion et de contrdles par calcul d’entropie métrique, est une généralisation & une sous-collection
aléatoire de modeéles d’un résultat déja existant. Cette amélioration nous permet d’obtenir une
inégalité oracle pour chacune de nos procédures : en effet, nous considérons une sous-collection
aléatoire de modéles, décrite par le chemin de régularisation de I'estimateur du Lasso, et cet effet
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aléatoire nécessite de prendre des précautions dans les inégalités de concentration. Ce résultat
fournit une forme de pénalité minimale garantissant que ’estimateur du maximum de vraisem-
blance pénalisé est proche de 'oracle £y. En appliquant une telle pénalité lors de nos procédures,
nous sommes siirs d’obtenir un estimateur avec un faible risque de prédiction. L’hypothése ma-
jeure que 'on fait pour obtenir ce résultat est de borner les paramétres du modéle de mélange.
Remarquons que la pénalité n’est pas proportionnelle & la dimension, il y a un terme logarith-
mique en plus. On peut alors s’interroger quant & la nécessité de ce terme. On illustre aussi cette
étape dans chacun des chapitres sur des jeux de données simulées et des jeux de données de réfé-
rence. Il est important de souligner que ces résultats, théoriques et pratiques, sont envisageables
car nous avons réestimé les paramétres par I'estimateur du maximum de vraisemblance, en se
restreignant aux variables actives pour ne plus avoir de probléme de grande dimension.

Dans le chapitre 5, on s’intéresse & un jeu de données réelles. On met en pratique la procédure
Lasso-EMV de classification des données en régression en grande dimension pour comprendre
comment classer les consommateurs électriques, dans le but d’améliorer la prédiction. Ce tra-
vail a été effectué en collaboration avec Yannig Goude et Jean-Michel Poggi. Le jeu de données
utilisé est un jeu de données irlandaises, publiques. Il s’agit de consommations électriques indi-
viduelles, relevées sur une année. Nous avons aussi accés & des données explicatives, telles que
la température, et des données personnelles pour chaque consommateur. Nous avons utilisé la
procédure Lasso-EMV de trois maniéres différentes. Un probléme simple, qui nous a permis de
calibrer la méthode, est de considérer la consommation agrégée sur les individus, et de classifier
les transitions de jour. Les données sont alors assez stables, et les résultats interprétables (on
veut classer les transitions de jours de semaine ensemble par exemple). Le deuxiéme schéma en-
visagé est de classifier les consommateurs, sur leur consommation moyenne. Pour ne pas perdre
I’aspect temporel, on a considéré les jours moyens. Finalement, pour compléter ’analyse, on a
classifié les consommateurs sur leur comportement sur deux jours fixés. Le probléme majeur
de ce schéma est 'instabilité des données. Cependant, ’analyse des résultats, par des critéres
classiques en consommation électrique, ou grace aux variables explicatives disponibles avec ce
jeu de données, permet de justifier 'intérét de notre méthode pour ce jeu de données.

A travers ce manuscrit, nous illustrons donc 'utilisation des modéles de mélange de Gaussiennes
en régression, d’un point de vue méthodologique, mis en oeuvre d’un point de vue pratique, et
justifié d’un point de vue théorique.

Perspectives

Pour poursuivre 'exploration des résultats de nos méthodes sur des données réelles, on pourrait
utiliser un modéle de prédiction dans chaque classe. L’idée serait alors de comparer la prédiction
obtenue plus classiquement avec la prédiction agrégée obtenue & 'aide de notre classification.

D’un point de vue méthodologique, on pourrait développer des variantes de nos procédures.
Par exemple, on pourrait envisager de relaxer I’hypothése d’indépendance des variables induite
par la matrice de covariance diagonale. Il faudrait la supposer parcimonieuse, pour réduire la
dimension sous-jacente, et ainsi considérer des variables possiblement corrélées.

On pourrait aussi améliorer le critére de sélection de modeéles, en 'orientant plus pour la clas-
sification. Par exemple, le critére ICL, introduit dans [BCGO0| et développé dans la thése de
Baudry, [Bau09], tient compte de cet objectif de classification en considérant l’entropie.

D’un point de vue théorique, d’autres résultats pourraient étre envisagés.
Les inégalités oracles obtenues donnent une pénalité minimale conduisant & de bons résultats,
mais on pourrait vouloir démontrer que 'ordre de grandeur est le bon, a l'aide d’une borne
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minimax.

On pourrait aussi s’intéresser a des intervalles de confiance. Le théoréme de van de Geer et
al., dans [vdGBRD14], valable pour des pertes convexes, peut étre généralisé a notre cas, et on
obtient ainsi assez facilement un intervalle de confiance pour la matrice de régression. Cependant,
dans un but de prédiction, il pourrait étre plus intéressant d’obtenir un intervalle de confiance
pour la réponse, mais c’est un probléme bien plus difficile.

Dans un but de classification, on pourrait aussi vouloir obtenir des résultats similaires aux
inégalités oracles pour un autre critére que la divergence de Kullback-Leibler, plus orienté clas-
sification.
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Notations

In this thesis, we denote (unless otherwise stated) by capital letter random variables, by lower
case observations, and in bold letters the observation vector. For a matrix A, we denote by [A]; .
its ith row, [A] ; its jth column, and [A]; ; its coefficient indexed by (i, 7). For a vector B, we
denote by [B]; its jth component.

Usual notations

aVb
alb

=g

<a,b>

P{1,..
S+t

Acronym

AIC
ARI
BIC
EM
EMV
FR
LMLE
LR
MAPE
MLE
REC
SNR
TR

DY)

complement of A

transpose of A

trace of a square matrix A

esperance of the random variable X
variance of the random variable X
Gaussian distribution

Gaussian multivariate distribution of size ¢
chi-squared distribution

orthonormal basis

indicator function on a set A

floor function of a

notation for the maximum between a and b
notation for the minimum between a and b
f is asymptotically equivalent to g
discriminant for a quadratic polynomial function
identity matrix of size ¢

scalar product between a and b

set of parts of {1,...,p}

set of positive-definite matrix of size ¢

Akaike Information Criterion

Adjusted Rand Index

Bayesian Information Criterion
Expectation-Maximization (algorithm)
Estimateur du Maximum de Vraisemblance
False Relevant (variables)

Lasso-Maximum Likelihood Estimator procedure
Lasso-Rank procedure

Mean Absolute Percentage Error
Maximum Likelihood Estimator

Restricted Eigenvalue Condition
Signal-to-Noise Ratio

True Relevant (variables)
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Variables and observations
X regressors: random variable of size p

x; it" observation of the variable X
x  vector of the observations
Y response: random variable of size ¢
y; i observation of the variable Y
y  vector of the observations
Z random variable for the affectation: vector of size K,
Z = 1 if the variable Y, conditionally to X, belongs to the cluster k, 0 otherwise
z; observation of the variable Z for the observation y; conditionally to X; = x;
F functional regressor: random functional variable
fi " observation of the variable F
G functional response: random functional response
gi " observation of the variable G
reparametrization of observation y, matrix of size n x K X ¢
reparametrization of observation z, matrix of size n x K X p
Gaussian variable
e; " observation of the variable e
y;  prediction of the value of y; from observation z;

a1

Parameters
conditional mean, of size ¢ X p x K

B
o variance, in univariate models, of size K
3 covariance matrix, in multivariate models, of size ¢ x ¢ x K
d reparametrized conditional mean, of size ¢ x p X K
P reparametrized covariance matrix, of size ¢ X ¢ X K
7y proportions coefficients, of size K
T A Posteriori Probability, matrix of size n x K
£ vector of all parameters before reparametrization: (7,3, 3)
0 vector of all parameters after reparametrization: (1, ¢, P)
A regularization parameter for the Lasso estimator
Akj=  Lasso regularization parameter to cancel coefficient [¢4]. ; in mixture models
parameter for the assumption
Wiy weights for the assumption
7, x(0) probability for the observation i to belong to the cluster k, according to the parameter ¢

K parameter for the slope heuristic
R vector of ranks for conditional mean, of size K
Ry, rank value of the conditional mean ¢ in the component k

0 true parameter (Chapter 2)
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Estimators
15} estimator of the conditional mean in linear model
&2 estimator of the variance in linear model
by estimator of the covariance matrix in multivariate linear model
éL“SSO(A) estimator of @ by the Lasso estimator, with regularization parameter A
BL‘”SO(A) estimator of 5 by the Lasso estimator, with regularization parameter A
BLaSSO(A) estimator of 8 by the Lasso estimator, with regularization parameter A
according to the dual formulae
éf(asso()\) estimator of £x by the Lasso estimator, with regularization parameter A
éf;M v estimator of £x by the maximum likelihood estimator
ngM v estimator of £x by the maximum likelihood estimator,
restricted to J for the relevant variables
éﬁa”k estimator of i by the low rank estimator,
restricted to J for the relevant variables
)3 Gram matrix, according to the sample x
éGTO“p_LGSSO(A) estimator of 8 by the Group-Lasso estimator with regularization parameter A
BLR(A) estimator of 8 by the low-rank estimator,
restricted to variables detected by 3Lo550())
PLE()) estimator of P by the low-rank estimator,

restricted to variables detected by 3L0550())

Sets of densities
Mk,  set of conditional densities, with parameters 0,

with K clusters, and J for relevant variable set
3':[( k,7)  set of conditional densities, with parameters 0,

with K clusters, and J for relevant variable set, and with vector of ranks R
S(x,7) set of conditional densities, with parameters &,

with K clusters, and J for relevant variable set
S(k,7,r) set of conditional densities, with parameters &,

with K clusters, and J for relevant variable set, and with vector of ranks R
SBK’ ) subset of S(g, 7y with bounded parameters

S( K.J.R) subset of S ; gy with bounded parameters

Dimensions
D number of regressors
q response size
K number of components
n sample size
D,, dimension of the model S,

Dg,7y  dimension of the model Sk
Dk, 5,r) dimension of the model Sk j r)
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Sets of parameters
O set of # with K components
O (k.1 set of # with K components and J for relevant variables set
O(k,7r) set of § with K components and J for relevant variables set,
and R for vector of ranks for the conditional mean
set of & with K components
K,J) set of ¢ with K components and J for relevant variables set
K,7,r) set of & with K components and J for relevant variables set,
and R for vector of ranks for the conditional mean

(11 [11 [1]
=

—_ =

[1]x

(K,7,r) subset of = ;) with bounded parameters

set of possible number of components

set of set of relevant variables

set of set of relevant variables, determined by the Lasso estimator

~

set of set of relevant variables, determined by the Group-Lasso estimator

set of possible rank vectors

set of densities

model collection indices for the model collection constructed by our procedure
random model collection indices for the model collection

constructed by our procedure, according to the Lasso estimator

random model collection indices

L OANRS A
h

model collection indices for the Group-Lasso-MLE model collection

random model collection indices for the Group-Lasso-MLE model collection

simplex of proportion coefficients

Ty upper triangular matrices, of size ¢

J set of relevant variables

I set of relevant variables dected by the Lasso estimator with regularization parameter A

Sxxk

J set of relevant variables detected by the Group-Lasso estimator
V(g 7,r) set of conditional means, with J for relevant columns
\i/( K,2,R) Subset of ¥ g ;py with bounded parameters

and R for vector of ranks, in a mixture with K components

Fi set of conditional Gaussian density, with bounded conditional means
and bounded covariance coefficients, and relevant variables set defined by J
F(IR) set of conditional Gaussian density, with relevant variables set defined by .J

and vector of ranks defined by R,
and bounded covariance coefficients and bounded singular values
G grid of regularization parameters, for model with K clusters
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Functions
KL

KL,
KI.®n
dy
4
JKL,
JKLE"

¢
K

S
iz

(K7 J$R)
¢

Hij(e, S, )

Indices

Kullback-Leibler divergence

Kullback-Leibler divergence for fixed covariates

tensorized Kullback-Leibler divergence

Hellinger distance

tensorized Hellinger distance

Jensen-Kullback-Leibler divergence, with parameter p € (0,1)
tensorized Jensen-Kullback-Leibler divergence, with parameter p € (0, 1)
conditional density, with parameter &

conditional density, with parameter £ and with K components

conditional density, with parameter &

and with K components and J for relevant variables set
conditional density, with parameter &

and with K components and J for relevant variables set and R for vector of ranks
true density

oracle conditional density

density for the model m

log-likelihood function

penalized log-likelihood function for the Lasso estimator
penalized log-likelihood function for the Group-Lasso estimator
complete log-likelihood function

constrast function

loss function

empirical contrast function

penalty

lower function in a bracket

upper function in a bracket

Gaussian density

wavelet function

scaling function in wavelet decomposition

parameters in mixture regressions, defining from regressors x
smallest eigenvalue of the matrix A

biggest eigenvalue of the matrix A

bracketing entropy of a set S, with brackets of width ||.|| smaller than e

J varying from 1 to p
varying from 1 to g

varying from 1 to n

z
k varying from 1 to K
i

m

varying in M
mo index of the oracle
m selected index
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In this chapter, we describe two procedures to cluster data in a
regression context. Following Maugis and Meynet [MMRI12], we
propose two global model selection procedures to simultaneously se-
lect the number of clusters and the set of relevant variables for the
clustering. It is especially suited to deal with high-dimension and
low sample size settings.

We take advantage of regression datasets to underline reliance be-
tween the regressors and the responses, and cluster data from this
approach. This idea could be interesting for prediction, because ob-
servations sharing the same reliance will be considered in the same
cluster.

In addition, we focus on functional dataset, for which the projec-
tion onto a wavelet basis leads to sparse representation. We also
illustrate those procedures on simulated and benchmark dataset.

1.1 Introduction

Owing to the increasing of high-dimensional datasets, regression models for multivariate response
and high-dimensional predictors have become important tools.

The goal of this chapter is to describe two procedures which cluster regression datasets. We
focus on the model-based clustering. Each cluster is represented by a parametric conditional
distribution, the entire dataset being modeled by a mixture of these distributions. It provides a
rigorous statistical framework, and allows to understand the role of each variable in the clustering
process. The model considered is then, for i € {1,...,n}, if (y;,z;) € R? x RP belongs to the
component k, there exists an unknown ¢ x p matrix of coefficients 8y and an unknown covariance
matrix ¥ such that

Yi = Brri + € (1.1)

where €; ~ Ny(0,%X;). We will work with high-dimensional datasets, that is to say ¢ x p could
be larger than the sample size n, then we have to reduce the dimension. Two ways will be
considered here, coefficients sparsity and ranks sparsity.

We could work with a sparse model if the matrix 8 could be estimated by a matrix with few
nonzero coefficients. The well-known Lasso estimator, introduced by Tibshirani in 1996 in
[Tib96] for linear models, is the solution chosen here. Indeed, the Lasso estimator is used for
variable selection, cite for example Meinshausen and Biithlmann in [MB10] for stability selection
results. We could also cite the book of Bithlmann and van de Geer [BvdG11] for an overview of
the Lasso estimator.

If we look for rank sparsity for 8, we have to assume that a lot of regressors are linearly dependent.
This approach date’s back to the 1950’s, and was initiated by Anderson in [And51] for the linear
model. Izenman, in [Ize75|, introduced the term of reduced-rank regression for this class of
models. A number of important works followed, cite for example Giraud in |GirlI] and Bunea
et al. in [BSWI2| for recent results. Nevertheless, the linear regression model used in those
methods is appropriate for modeling the relationship between response and predictors when the
reliance is the same for all observations, and it is inadequate for settings in which the regression
coeflicients differ across subgroups of the observations, then we will consider here mixture models.
An important example of high-dimensional datasets is functional datasets (functional predictors
and /or functional response). They have been studied for example in the book of Ramsay and
Silverman, [RS05]. A lot of recent works have been done on regression models for functional
datasets: for example, cite the article of Ciarleglio (J[CO14]) which deals with scalar response
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and functional regressors. One way to consider functional datasets is to project it onto a basis
well-suited. We can cite for example Fourier basis, splines, or, the one we consider here, wavelet
basis. Indeed, wavelets are particularly well suited to handle many types of functional data,
because they represent global and local attributes of functions, and can deal with discontinuities.
Moreover, to deal with the sparsity previously mentioned, a large class of functions can be well
represented with few non-zero coeflicients, for any suitable wavelet.

We propose here two procedures which cluster high-dimensional data or data described by a
functional variable, explained by high-dimensional predictors or by predictor variables arising
from sampling continuous curves. Note that we estimate the number of components, parameters
of each model, and the proportions. We assume we do not have any knowledge about the model,
except that it could be well approximated by sparse mixture Gaussian regression model. The
high-dimensional problem is solved by using variable selection to detect relevant variables. Since
the structure of interest may often be contained into a subset of available variables and many
attributes may be useless or even harmful to detect a reasonable clustering structure, it is
important to select the relevant clustering variables. Moreover, removing irrelevant variables
enables to get simpler modeling and can largely enhance comprehension.

Our two procedures are mainly based on three recent works. Firstly, we could cite the article
of Stadler et al. [SBGI10|, which studies finite mixture regression model. Even if we work on
a multivariate version of it, the model considered in the article [SBG10| is adopted here. The
second, Meynet and Maugis article [MMR12], deals with model-based clustering in density esti-
mation. They propose a procedure, called Lasso-MLE procedure, which determines the number
of clusters, the set of relevant variables for the clustering, and a clustering of the observations,
with high-dimensional data. We extend this procedure with conditional densities. Finally, we
could cite the article [Girll] of Giraud. It suggests a low-rank estimator for the linear model.
To take into account the matrix structure, we will consider this approach in our mixture models.
We consider finite mixture of Gaussian regression model. We propose two different procedures,
considering more or less the matrix structure. Both of them have the same frame. Firstly, an
£1-penalized likelihood approach is considered to determine potential sets of relevant variables.
Introduced by Tibshirani in [Tib96], the Lasso is used to select variables. This allows one to
efficiently construct a data-driven model subcollection with reasonable complexity, even for high-
dimensional situations, with different sparsities, varying the regularization parameter in the £;-
penalized likelihood function. The second step of the procedures consists to estimate parameters
in a better way than by the Lasso estimator. Then, we select a model among the collection using
the slope heuristic, which is developed by Birgé and Massart in [BMQ7]. Differences between the
both procedures are the estimation of parameters in each model. The first one, later called Lasso-
MLE procedure, uses the maximum likelihood estimator rather than the £;-penalized maximum
likelihood estimator. It avoids estimation problems due to the ¢1-penalization shrinkage. The
second one, called Lasso-Rank procedure, deals with low rank estimation. For each model in the
collection, we construct a subcollection of models with conditional means estimated by various
low ranks matrices. It leads to sparsity and for the coefficients, and for the rank, and consider
the conditional mean with its matrix structure.

The chapter is organized as follows. Section deals with Gaussian mixture regression mod-
els. It describes the model collection that we will consider. In Section [I.3] we describe both
procedures that we propose to solve the problem of clustering high-dimensional regression data.
Section presents an illustrative example, to highlight each choice involved by both proce-
dures. Section states the functional data case, with a description of the projection proposed
to convert these functions into coefficients data. We end this section by study of simulated and
benchmark data. Finally, a conclusion section ends this chapter.
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1.2 Gaussian mixture regression models

We have to construct a statistical framework on the observations. Because we estimate the con-
ditional densities by multivariate Gaussian in each cluster, the model used is a finite Gaussian
mixture regression model. Stédler et al in [SBGI10| describe this model, when X is multidi-
mensional, and Y is scalar. We generalize it in the multivariate response case in this section.
Moreover, we will describe a model collection of Gaussian mixture regression models, with several
sparsities.

1.2.1 Gaussian mixture regression

We observe n independent couples (x;, yi)1<i<n, realizations of random variables (X, Y;)1<i<n,
with Y; € R? and X; € RP for all i € {1,...,n}, coming from a probability distribution with
unknown conditional density denoted by s*. We want to perform model-based clustering, then
we assume that data could be well approximated by a mixture conditional density s(y|z) =
Zszl TeSk(y|z), with K unknown. To get a Gaussian mixture regression model, we suppose
that, if Y conditionally to X belongs to the cluster k,

Y =B X + ¢

where € ~ N;(0, ;). We then assume that sy is a multivariate Gaussian conditional density.
Thus, the random response variable Y € R? depends on a set of explanatory variables, written
X € RP through a regression-type model. By considering multivariate response, we could work
with more general datasets. Indeed, we could for example explain a functional response by a
functional regressor, as done with the electricity dataset in Section[I1.5.3] Some assumptions are
in order, for a mixture of K Gaussian regression models.

— the variables Y; conditionally to X; are independent, for all i € {1,...,n} ;

— we let V| X; = x; ~ s?(y|xi)dy, with

K -1
B (y — Br)' S (y — Brr)
y\a: B Z (2m) q/2det (Xg)1/2 P <_ 2

k:l
52 (7T17“‘77TK7/817"'76K)217""2K) €EEk = (HK X (qup)K X (S;—+)K)

K
Mg = {(ﬂl,...,ﬂk);wk>Ofork€{1,...,K} and Zﬂ'k:1}

k=1

S;r+ is the set of symmetric positive definite matrices on RY.

Then, we want to estimate the conditional density function s? from the observations. For all
ke{l,...,K}, B is the matrix of regression coefficients, and X, is the covariance matrix in the
mixture component k. The mis are the mixture proportions. Actually, for all k € {1,..., K},
for all z € {1,...,q}, [Brx]: = Z?:ﬂﬁk]z,jxj is the zth component of the conditional mean of
the mixture component & for the conditional density s? (.|z).
In order to have a scale-invariant maximum likelihood estimator, and to have a convex optimiza-
tion problem, we reparametrize the model described above by generalizing the reparametrization
described in [SBGI0].
For all k € {1,...,K}, we then define ®, = Pyf, in which 'P, P, = E;l (it is the Cholesky
decomposition of the positive definite matrix E,;l). Our hypotheses could now be rewritten:
— the variables Y; conditionally to X; are independent, for all i € {1,...,n} ;
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— we let Y;|X; = x; ~ hif (y|z;)dy, for i € {1,...,n} , with

K
K 7, det Pk B (Pky — @kx)t(Pky — (I)k$)
k) = 3 T e 2

9:(7‘&'1,...,WK,(I)l,...,(I)K,Pl,...,PK) €0Ox = (HKX (]Rpxq)Kx (Tq)K)

K
Mg = {(Wl,...,WK);Wk >0 for ke {1,...,K} and Zwk—l}
k=1

T; is the set of lower triangular matrix with non-negative diagonal entries.

The log-likelihood of this model is equal to, according to the sample (x;, y;)1<i<n,

10,x,y) Zlog (Z W exp (— (P — (I)kxi);(Pkyi - %%))) ;

and the maximum log-likelihood estimator (later denoted by MLE) is

1
GMLE .— argmin {—l(@,x,y)} .
0eOK n

This estimator is scale-invariant, and the optimization is convex in each cluster.
Since we deal with the p x ¢ >> n case, this estimator has to be regularized to obtain accurate
estimates. As a result, we propose the ¢1-norm penalized MLE

A 1
L2550 ()\) := argmin {—l)\(97an)} ; (1.2)
0eOK n
where
1 1 =
iy - :
S(0.x,y) = = U0, %, y) + A Y ]|l
k=1
where [|®g]l1 = >25_; 30, [[®k]:5], and with A > 0 to specify. This estimator is not the usual

{1-estimator, called the Lasso estimator, introduced by Tibshirani in [Tib96|. It penalizes the
£1-norm of the coefficients and small variances simultaneously, which has some close relations to
the Bayesian Lasso (see Park and Casella [PCO8|). Moreover, the reparametrization allows us
to consider non-standardized data.

Notice that we restrict ourselves in this chapter to diagonal covariance matrices which are de-

pendent of the clusters, that is to say for all k € {1,..., K}, ¥ = Diag ([Ex]1,1,---, [Zklgq)-
Then, with the renormalization described above, the restriction becomes, for all k € {1,..., K},
P, = Diag ([Pgl1,1,-- -, [Prlq,q)- In that case, we assume that variables are not correlated, which

is a strong assumption, but it allows to reduce easily the dimension.

1.2.2 Clustering with Gaussian mixture regression

Suppose we know how many clusters there are, denoted by K, and assume that we get, from the
observations, an estimator 0 such that hX well approximate the unknown conditional density
s*. Then, we want to group the data into clusters between observations which seem similar.
From a different point of view, we can look at this problem as a missing data problem. Indeed,
the complete data are ((x1,y1,21),---,(Tn,Yn,2n)) in which the latent random variables are

Z=(Z1,...,2Zn), Zi = ([Zi]1, ..., | Zi]k) for i € {1,...,n} being defined by
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1 if ¥; arises from the k" subpopulation ;
[Zilk = -
0 otherwise.

Thanks to the estimation é, we could use the Maximum A Posteriori principle (later denoted
MAP principle) to cluster data. Specifically, for all i € {1,...,n}, for all k € {1,..., K},
consider

7y, det(Py) exp (— 3 (Peys — ®rai)' (Pryi — Prai))
S K det(Py) exp (— 3 (Prys — ®pai) (Pryi — Pras))

the posterior probability of y; coming from the component number k, where 6 = (7, ¢, P).
Then, the data are partitioned by the following rule:

Ti,k(e) =

Zg = ! if 7;4(0) > 74(9) for all | # k ;
¥ 71 0 otherwise.

1.2.3 EM algorithm

From an algorithmic point of view, we will use a generalization of the EM algorithm to compute
the MLE and the ¢1-norm penalized MLE. The EM algorithm was introduced by Dempster et
al. in [DLRT77] to approximate the maximum likelihood estimator of parameters of mixture
model. It is an iterative process based on the minimization of the expectation of the empirical
contrast for the complete data conditionally to the observations and the current estimation of
the parameter (%) at each iteration (ite) € N*. Thanks to the Karush-Kuhn-Tucker conditions,
we could extend the second step to compute the maximum likelihood estimators, penalized or
not, under rank constraint or not, as it was done in the scalar case in [SBG10]. All those calculus
are available in Appendix We therefore obtain the next updating formulae for the Lasso
estimator defined by . Remark that it includes maximum likelihood estimator, and the rank
constraint could be easily computed according to a singular value decomposition.

7rl(€it6+1) _ (lte) + ¢(ite) ( - 71_}9‘56)) : (1.3)
pyeery B RUEIRE) + VA (1)
’ 2ng [y ] o) Hz

—[S } 1te)+ Aﬂ'(lte)

mr“ if [S4) % > nar*);

13
(ite+1) (ite)” (ite) . .
[(I)k]z,j - _[}H[]+))|‘|2 if [Sk]gtie) < _nAW](glte); (1.5)

0 else ;
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with, for j € {1,...,p},ke{1,....K},z€ {1,...,q},

wﬁE—ZMWPW)“+Z I [z (@) 0, (1.6)
=1 yoe
n =37l
=1
(50 1@00)) = 78 (il i)

A = (mdFE @) - 4103
l(;te) (d tP(m)) exp <_1/2 ( 1te) _ (I)(lte) )t (P]gite)yi _ (I)Ste):fz'))

Zf( - (1te) (det P(m)) exp (_1/2 (P,gite)yi _ (I);(;te)xi)t <P]§ite)yi _ Cbl(cite)xi)> ;

and t(*¢) € (0,1], the largest value in the grid {6*,1 € N}, 0 < § < 1, such that the function is
not increasing.

In our case, the EM algorithm corresponds to switch between the E-step which corresponds to
the calculus of , and , and the M-step, which corresponds to the calculus of .
To avoid convergence to local maximum rather than global maximum, we need to precise the
initialization and the stopping rules. We initialize the clustering with the k-means algorithm
on the couples (x;,¥y;)1<i<n. According to this clustering, we compute the linear regression
estimators in each class. Then, we run a small number of times the EM-algorithm, repeat
this initialization many times, and keep the one which maximizes the log-likelihood function:
how the computation will start is important. Finally, to stop the algorithm, we could wait for
any convergence, but the EM algorithm is known to check the convergence hypothesis, without
converging, because of local maximum. Consequently, we choose to fix a minimum number of
iterations to ensure non-local maximum, and to specify a maximum number of iterations to
ensure stopping. Between these two bounds, we stop if there is convergence of the log-likelihood
and of the parameters (with a relative criteria), adapted from [SBG10].

(1.7)

1.2.4 The model collection

We want to deal with high-dimensional data, that is why we have to determine which variables
are relevant for the Gaussian regression mixture clustering. Indeed, we observe a small sample
and we have to estimate many coefficients: we have a problem of identifiability. The sample
size n is smaller than K(pg + ¢ + 1) — 1, the size of parameters to estimate. A way to solve
this problem is to select few variables to describe the problem. We then assume that we could
estimate s* by a sparse model.

To reduce the dimension, we want to determine which variables are useful for the clustering,
and which are not. It leads to the definition of an irrelevant variable.

Definition 1.2.1. A wariable indexed by (z,7) € {1,...,q} x {1,...,p} is irrelevant for the
clustering if [®1],; = ... = [®k].; = 0. A relevant variable is a variable which is not irrelevant:
at least in one cluster, this variable is not equal to zero. We denote by J the relevant variables
set.

We denote by @LJ] the matrix with 0 on the set J, for all k € {1,..., K}, and H ;) the model
with K components and with J for relevant variables set:
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Hicn = {y € Rz € B o 1§D (yla) |4 (1.8)
where « ] ]
(K. iy, det(Py) (Pry — @ @) (Pry — ;')
hy y[w Z:l P exp | — 5 ,
and

0= (m,...,mx, @O P Pr) € Oy = Tk x (RPP)S x (RE)F

where the notation A/ means that .J is the relevant set variable for the matrix A.
We will construct a model collection, by varying the number of components K and the relevant
variables subset J.

1.3 Two procedures

The goal of our procedures is, given a sample (x,y) = ((x1,91),..., (Tn,yn)) € (RP x R?)™, to
discover the structure of the variable Y according to X. Thus, we have to estimate, according
to the representation of H g ), the number of clusters K, the relevant variables set .J, and the
parameters 6. To overcome this difficulty, we want to take advantage of the sparsity property of
the ¢1-penalization to perform automatic variable selection in clustering high-dimensional data.
Then, we could compute another estimator restricted on relevant variables, which will work
better because it is no longer an high-dimensional issue. Thus, we avoid shrinkage problems
due to the Lasso estimator. The first procedure takes advantage of the maximum likelihood
estimator, whereas the second one takes into account the matrix structure of ® with a low rank
estimation.

1.3.1 Lasso-MLE procedure

This procedure is decomposed into three main steps: we construct a model collection, then in
each we compute the maximum likelihood estimator, and we choose the best one among the
model collection.

The first step consists of constructing a model collection {H (g j)}(x,5yem in which H g ) is
defined by equation , and the model collection is indexed by M = K x J. We denote by
K C N* the possible number of components. We assume we could bound K without loss of
estimation. We also note J C P({1,...,q} x {1,...,p}).

To detect the relevant variables, and construct the set J € 7, we penalize the empirical contrast
by an ¢1-penalty on the mean parameters proportional to [|®x|[1 = >25_; 327, |[®x]5;]. In the
{1-procedures, the choice of the regularization parameters is often difficult: fixing the number of
components K € K, we propose to construct a data-driven grid G of regularization parameters
by using the updating formulae of the mixture parameters in the EM algorithm. We can give a
formula for A, the regularization parameter, depending on which coefficient we want to cancel,
forall ke {1,...,K},je{l,...,p},ze{1,...,q}:

|[Sklj.c]
[@1]:5 =0 & Apj-= m:z ;

with [Sk]; . defined by (1.6). Then, we define the data-driven grid by

Gk ={ A ked{l,...,K},je{l,....,p},ze{1,...,q}}.
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We could compute it from maximum likelihood estimations.
Then, for each A € Gk, we could compute the Lasso estimator defined by

n K
625°()\) = argmin {1 > log(hS™ 7 (il 1)) + A > |2 |1} .
00k, (M iz k=1
For a fixed number of mixture components K € I and a regularization parameter \ € G, we
could use an EM algorithm, recalled in Appendix [I.7.1] to approximate this estimator. Then,
for each K € K, and for each A € Gk, we could construct the relevant variables set Jy. We
denote by J the collection of all these sets.

The second step consists of approximating the MLE

n
hUT) = argmin {1 Zlog(h(yi|$i))} ;
heruen i
using the EM algorithm for each model (K, J) € M.
The third step is devoted to model selection. Rather than select the regularization parameter, we
select the refitted model. We use the slope heuristic described in [BM07|. Explain briefly how it
works. Firstly, models are grouping according to their dimension D, to obtain a model collection
{Hp}pep. The dimension of a model is the number of parameters estimated in the model. For
each dimension D, let hp be the estimator maximizing the likelihood among the estimators
associated to a model of dimension D. Also, the function D/n — 1/n Y% log(hp(yi|z;)) has a
linear behavior for large dimensions. We estimate the slope, denoted by &, which will be used to
calibrate the penalty. The minimizer D of the penalized criterion —1/n 3" log(hp(y|z:)) +
2i&D /n is determined, and the model selected is (K, Jp). Remark that D = K(|J|+¢+1)—1.
Note that the model is selected after parameters refitting, which avoids issue of regularization
parameter selection. For an oracle inequality to justify the slope heuristic used here, see [Dev14b].

1.3.2 Lasso-Rank procedure

Whereas the previous procedure does not take into account the multivariate structure, we pro-
pose a second procedure to perform this point. For each model belonging to the collection
H (K1), a subcollection is constructed, varying the rank of ®. Let us describe this procedure.
As in the Lasso-MLE procedure, we first construct a collection of models, thanks to the £;-
approach. For A > 0, we obtain an estimator for #, denoted by éLaSSO(A), for each model
belonging to the collection. We could deduce the set of relevant columns, denoted by Jy, and
this for all K € K: we deduce J the collection of relevant variables set.

The second step consists to construct a subcollection of models with rank sparsity, denoted by

{H(x0.m) Y (k0 R)e N1

The model 7:[( k,7,r) has K components, the set J for active variables, and R is the vector of the
ranks of the matrix of regression coefficients in each group:

Hicam = {y € Rz € R o i (g | (1.9)

where

RSB (1) = i medet(Py) - (Pey — (2 a)! (Pry — (2)V)
’ = (2m)? 2 ’
0= (m1,...,TK, (CI)llQl)[J]7 e ((I)ﬁK))[J],Pl, ..., Pg) € Ow.sr) =K X Uk 1Ry X (Ri)K;

W m = { (@), (@))€ (qup)K‘ Rank(®y) = Ry for all k € {1,..., K} };
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and MP = K x 7 x R. We denote by K C N* the possible number of components, 7 a collection
of subsets of {1,...,p}, and R the set of vectors of size K € K with ranks values for each mean
matrix. We could compute the MLE under the rank constraint thanks to an EM algorithm.
Indeed, we could constrain the estimation of ®;, for the cluster k, to have a rank equal to Ry,
in keeping only the Ry largest singular values. More details are given in Section [I.7.1] It leads
to an estimator of the mean with row sparsity and low rank for each model. As described in the
above section, a model is selected using the slope heuristic. This step is justified theoretically
in [Dev15].

1.4 Illustrative example

We illustrate our procedures on four different simulated datasets, adapted from [SBGIO0|, be-
longing to the model collection. They have been both implemented in Matlab, with the help of
Benjamin Auder, and the Matlab code is available. Firstly, we will present models used in these
simulations. Then, we validate numerically each step, and we finally compare results of our
procedures with others. Remark that we propose here some examples to illustrate our methods,
but not a complete analysis. We highlight some issues which seems important. Moreover, we
do not illustrate the one-component case, focusing on the clustering. If, on some dataset, we
are not convinced by the clustering, we could add to the model collection models with one com-
ponent, more or less sparse, using the same pattern (computing the Lasso estimator to get the
relevant variables for various regularization parameters, and refit parameters with the maximum
likelihood estimator, under rank constraint or not), and select a model among this collection of
linear and mixture models.

1.4.1 The model

Let x be a sample of size n distributed according to multivariate standard Gaussian. We consider
a mixture of two components. Besides, we fix the number of active variables to 4 in each cluster.
More precisely, the first four variables of Y are explained respectively by the four first variables

of X. Fix 7 = (3, 3) and P, = I, for all k € {1,2}.
The difficulty of the clustering is partially controlled by the signal-to-noise ratio. In this context,
we could extend the natural idea of the SNR with the following definition, where Tr(A) denotes

the trace of the matrix A.

Tr(Var(Y))

NR = .
SNR Tr(Var(Y|Br =0 for all k € {1,...,K}))

Remark that it only controls the distance between the signal with or without the noise, and not
the distance between the both signals.
We compute four different models, varying n, the SNR, and the distance between the clusters.
Details are available in the Table [l
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| Model 1 | Model 2 | Model 3 [ Model 4 | Model 5 |

n 2000 100 100 100 50
k 2 2 2 2 2
p 10 10 10 10 30
q 10 10 10 10 5
By 3 3 3 5 3
Bals 2 2 2 3 2
o 1 1 3 1 1
SNR| 3.6 3.6 1.88 7.8 3.6

Table 1.1: Description of the different models

Take a sample of Y according to a Gaussian mixture, meaning in ;X and with covariance
matrix X = (P,ﬁPk)_l = o0l,, for the cluster k. We run our procedures with the number of
components varying in K = {2,...,5}.

The model 1 illustrates our procedures in low dimension models. Moreover, it is chosen in the
next section to illustrate well each step of the procedure (variable selection, models construction
and model selection). Model 5 is considered high-dimensional, because p x K > n. The model 2
is easier than the others, because clusters are not so close to each other according to the noise.
Model 3 is constructed as the models 1 and 2, but n is small and the noise is more important.
We will see that it gives difficulty for the clustering. Model 4 has a larger SNR, nevertheless,
the problem of clustering is difficult, because each Sy is closer to the others.

Our procedures are run 20 times, and we compute statistics on our results over those 20 sim-
ulations: it is a small number, but the whole procedure is time-consuming, and results are
convincing enough.

For the initialization, we repeat 50 times the initialization, and keep the one which maximizes
the log-likelihood function after 10 iterations. Those choices are size-dependent, a numerical
study not reported here concludes that it is enough in that case.

1.4.2 Sparsity and model selection

To illustrate the both procedures, all the analyses made in this section are done from the model
1, since the choice of each step is clear.

Firstly, we compute the grid of regularization parameters. More precisely, each regularization
parameter is computed from maximum likelihood estimations (using EM algorithm), and give
an associated sparsity (computed by the Lasso estimator, using again the EM algorithm). In
Figure and Figure , the collection of relevant variables selected by this grid are plotted.
Firstly, we could notice that the number of relevant variables selected by the Lasso decreases with
the regularization parameter. We could analyze more precisely which variables are selected, that
is to say if we select true relevant or false relevant variables. If the regularization parameter is not
too large, the true relevant variables are selected. Even more, if the regularization parameter
is well-chosen, we select only the true relevant variables. In our example, we remark that if
A = 0.09, we have selected exactly the true relevant variables. This grid construction seems to
be well-chosen according to these simulations.

From this variable selection, each procedure (Lasso-MLE or Lasso-Rank) leads to a model col-
lection, varying the sparsity thanks to the regularization parameters grid, and the number of
components.

Among this collection, we select a model with the slope heuristic.

We want to select the best model by improving a penalized criterion. This penalty is computed
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Figure 1.2: For one simulation, zoom in on
number of false relevant (in red color) and
true relevant (in blue color) variables gener-
ated by the Lasso, by varying the regular-
ization parameter A around the interesting
values

Figure 1.1: For one simulation, number of
false relevant (in red color) and true rele-
vant (in blue color) variables generated by
the Lasso, by varying the regularization pa-
rameter A in the grid Go

by performing a linear regression on the couples of points {(D/n; —1/n 3" log(hp (yi|z:)))},
D varying. The slope & allows to have access to the best model, the one with dimension D
minimizing —1/n 3% log(hp(yi|z:)) + 24D /n. In practice, we have to look if couples of points
have a linear comportment . For each procedure, we construct the different model collection,
and we have to justify this behavior. The Figures and represent the log-likelihood in
function of the dimension of the models, for model collections constructed respectively by the
Lasso-MLE procedure and by the Lasso-Rank procedure. The couples are plotted by points,
whereas the estimated slope is specified by a dotted line. We could observe more than a line (4
for the Lasso-MLE procedure, more for the Lasso-Rank procedure). This phenomenon could be
explained by a linear behavior for each mixture, fixing the number of classes, and for each rank.
Nevertheless, slopes are almost the same, and select the same model. In practice, we estimate
the slope with the Capushe package [BMM12].

1.4.3 Assessment

We compare our procedures to three other procedures on simulated models 1, 2, 3 and 4.
Firstly, let us give some remarks about the model 1. For each procedure, we get a good clustering
and a very low Kullback-Leibler divergence. Indeed, the sample size is large, and the estimations
are good. That is the reason why we focus in this section on models 2, 3 and 4.

To compare our procedures with others, the Kullback-Leibler divergence with the true density
and the ARI (the Adjusted Rand Index, measuring the similarity between two data clusterings,
knowing that the closer to 1 the ARI, the more similar the two partitions) are computed, and
we note which variables are selected, and how many clusters are selected. For more details on
the ARI, see [Ran7l].

From the Lasso-MLE model collection, we construct two models, to compare our procedures
with. We compute the oracle (the model which minimizes the Kullback-Leibler divergence with
the true density), and the model which is selected by the BIC criterion instead of the slope
heuristic. Thanks to the oracle, we know how good we could get from this model collection for
the Kullback-Leibler divergence, and how this model, as good it is possible for the log-likelihood,
performs the clustering.
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The third procedure we compare with is the maximum likelihood estimator, assuming that we
know how many clusters there are, fixed to 2. We use this procedure to show that variable
selection is needed.

In each case, we apply the MAP principle, to compare clusterings.

We do not plot the Kullback-Leibler divergence for the MLE procedure, because values are too
high, and make the boxplots unreadable.

For the model 2, according to the Figure for the Kullback-Leibler divergence, and Figure
for the ARI, the Kullback-Leibler divergence is small and the ARI is close to 1, except
for the MLE procedure. Boxplots are still readable with those values, but it is important to
highlight that variable selection is needed, even in a model with reasonable dimension. The model
collections are then well constructed. The model 3 is more difficult, because the noise is higher.
That is why results, summarized in Figures and , are not as good as for the model
2. Nevertheless, our procedures lead to the best ARI, and the Kullback-Leibler divergences are
close to the one of the oracle. We could make the same remarks for the model 4. In this study,
means are closer, according to the noise. Results are summarized in Figures and .
The model 5 is in high-dimension. Models selected by the BIC criterion are bad, in comparison
with models selected by our procedures, or oracles. They are bad for estimation, according to
the Kullback-Leibler divergence boxplots in Figure , but also for clustering, according to
Figure . Our models are not as well as constructed as previously, but it is explained by the
high-dimensional context. It is explained by the high Kullback-Leibler divergence. Nevertheless,
our performances in clustering are really good.

Note that the Kullback-Leibler divergence is smaller for the Lasso-MLE procedure, thanks to
the maximum likelihood refitting. Moreover, the true model has not any matrix structure. If
we look after the MLE, where we do not use the sparsity hypothesis, we could conclude that
estimations are not satisfactory, which could be explained by an high-dimensional issue. The
Lasso-MLE procedure, the Lasso-Rank procedure and the BIC model work almost as well as the
oracle, which mind that the models are well selected.
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Figure 1.5: Boxplots of the Kullback-Leibler
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simulations, for the Lasso-MLE procedure
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one selected by the procedure over the 20
simulations, for the Lasso-MLE procedure
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Figure 1.6: Boxplots of the ARI over the 20
simulations, for the Lasso-MLE procedure
(LMLE), the Lasso-Rank procedure (LR),
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Figure 1.8: Boxplots of the ARI over the 20
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Figure 1.11: Boxplots of the Kullback-
Leibler divergence between the true model
and the one selected by the procedure over
the 20 simulations, for the Lasso-MLE pro-
cedure (LMLE), the Lasso-Rank procedure
(LR), the oracle (Oracle), the BIC estimator
(BIC) for the model 5
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Figure 1.10: Boxplots of the ARI over the 20
simulations, for the Lasso-MLE procedure
(LMLE), the Lasso-Rank procedure (LR),
the oracle (Oracle), the BIC estimator (BIC)
and the MLE (MLE) for the model 4
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Figure 1.12: Boxplots of the ARI over the 20
simulations, for the Lasso-MLE procedure
(LMLE), the Lasso-Rank procedure (LR),
the oracle (Oracle), the BIC estimator (BIC)
and the MLE (MLE) for the model 5
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| | Model2 | Model 3 | Model4 |
Procedure TR FR TR FR TR FR
Lasso-MLE 8(0) | 2.2(6.9) 8(0) 4.3(28.8) || 8(0) | 2(13,5)
Lasso-Rank | 8(0) | 24(0) 8(0) 24(0) 8(0) | 24(0)
Oracle 8(0) | 1.5(3.3) || 7.8(0.2) | 2.2(11.7) || 8(0) | 0.8(2.6)
BIC estimator || 8(0) | 2.6(15.8) || 7.8(0.2) | 5.7(64.8) || 8(0) | 2.6(11.8)

Table 1.2: Mean number {TR, FR} of true relevant and false relevant variables over the 20
simulations for each procedure, for models 2, 3 and 4. The standard deviations are put into
parenthesis

In Table , we summarize results about variable selection. For each model, for each proce-
dure, we compute how many true relevant and false relevant variables are selected.

The true model has 8 relevant variables, which are always recognized. The Lasso-MLE has less
false relevant variables than the others, which means that the true structure was found. The
Lasso-Rank has 24 false relevant variables, because of the matrix structure: the true rank in
each component was 4, then the estimator restricted on relevant variables is a 4 x 4 matrix,
and we get 12 false relevant variables in each component. Nevertheless, we do not have more
variables, that is to say the model constructed is the best possible. The BIC estimator and the
oracle have a large variability for the false relevant variables.

For the number of components, we find that all the procedures have selected the true number 2.
Thanks to the MLE, the first procedure has good estimations (better than the second one).
Nevertheless, depending on the data, the second procedure could be more attractive. If there is
a matrix structure, for example if most of the variation of the response Y is caught by a small
number of linear combinations of the predictors, the second procedure will work better.

We could conclude that the model collection is well constructed, and that the clustering is
well-done.

1.5 Functional datasets

One of the main interest of our methods is to be applied to functional datasets. Indeed, in
different fields of applications, considered data are functions. The functional data analysis has
been popularized first by Ramsay and Silverman in their book [RS05]. It gives a description of the
main tools to analyze functional datasets. Another book is the Ferraty and Vieu one’s [EV06].
However, the main part of the existing literature about functional regression is concentrated
on the case Y scalar and X functional. For example, we can cite Zhao et al., in [ZOR12| for
using wavelet basis in linear model, Yao et al. ([YFL11]) for functional mixture regression, or
Ciarleglio et al. (JCO14]) for using wavelet basis in functional mixture regression. In this section,
we concentrate on Y and X both functional. In this regression context, we could be interested
in clustering: it leads to identify the individuals involved in the same reliance between Y and
X. Denote that, with functional datasets, we have to denoise and smooth signals to remove the
noise and capture only the important patterns in the data. Here, we explain how our procedures
can be applied in this context. Note that we could apply our procedures with scalar response
and functional regressor, or, on the contrary, with functional response for scalar regressor. We
explain how our procedures are generalized in the more difficult case, the other cases resulting
of that. Remark that we focus here on the wavelet basis, to take advantage of the time-scale
decomposition, but the same analysis is available on Fourier basis or splines.
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1.5.1 Functional regression model

Suppose we observe a centered sample of functions (fi, ¢i)1<i<n, associated with the random
variables (F,G), coming from a probability distribution with unknown conditional density s*.
We want to estimate this model by a functional mixture model: if the variables (F,G) come
from the component k, there exists a function £ such that

Gt) = / F ()i (u, ) du + (1), (1.10)

Iy

where € is a residual function. This linear model is introduced in Ramsay and Silverman’s book
[RS05]. They propose to project onto basis and the response, and the regressors. We extend
their model in mixture model, to consider several subgroups for a sample.

If we assume that, for all ¢, for all i € {1,...,n}, €(t) ~ N(0,Xg), the model is an
integrated version of the model . Depending on the cluster k, the linear reliance of G with
respect to F' is described by the function 5.

1.5.2 Two procedures to deal with functional datasets
Projection onto a wavelet basis

To deal with functional data, we project them onto some basis, to obtain data as described in
the Gaussian mixture regression models . In this chapter, we choose to deal with wavelet
basis, given that they represent localized features of functions in a sparse way. If the coefficients
matrix x and y are sparse, the regression matrix 8 has more chance to be sparse. Moreover, we
could represent a signal with a few coefficients dataset, then it is a way to reduce the dimension.
For details about the wavelet theory, see the Mallat’s book [Mal99)].

Begin by an overview of some important aspects of wavelet basis.

Let v a real wavelet function, satisfying

Y e L'nL?typ e L', and / Y(t)dt = 0.
R
We denote by v 5, the function defined from v by dyadic dilation and translation:
Yip(t) = 212 (2% — h) for (I, h) € Z2.

We could define wavelet coefficients of a signal f by

din(f) = /R FE)vun()dt for (I h) € Z2.

Let ¢ be a scaling function related to 1, and ¢; , the dilatation and translation of ¢ for (I,h) €
Z*. We also define, for (I,h) € Z2, Bin(f) = [p f()orn(t)dt.
Note that scaling functions serve to construct approximations of the function of interest, while
the wavelet functions serve to provide the details not captured by successive approximations.
We denote by V] the space generated by {¢; n}nez, and by W, the space egenrated by {1y, }hez
for all [ € Z. Remark that

Viei=VieaW, foralll € Z

L? = @iz,

Let L € N*. For a signal f, we could define the approximation at the level L by

AL =) dipti;

I>L heZ
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and f could be decomposed by the approximation at the level L and the details (dj )<
The decomposition of the basis between scaling function and wavelet function emphasizes on
the local nature of the wavelets, and that is an important aspect in our procedures, because we
want to know which details allow us to cluster two observations together.
Consider the sample (fi, gi)1<i<n, and introduce the wavelet expansion of f; in the basis B: for
all t € [0, 1],

[i®) = Ba(f)ern® + YD din(fi) ().

heZ I<L heZ

Ar

The collection {81, 1(fi), din(fi) }i<rnez is the Discrete Wavelet Transform (DWT) of f in the
basis B.

Because we project onto an orthonormal basis, this leads to a n-sample (z1,...,x,) of wavelet
coeflicient decomposition vectors, with

fi = Waxy;

in which z; is the vector of the discretized values of the signal, x; the matrix of coefficients in the
basis B, and W a p x p matrix defined by ¢ and 1. The DWT can be performed by a compu-
tationally fast pyramid algorithm (see Mallat, [Mal89]). In the same way, there exists W' such
that g; = W/yl-, with y = (y1,...,yn) a n sample of wavelet coefficient decomposition vectors.
Because the matrices W and W' are orthogonal, we keep the mixture structure, and the noise is
also Gaussian. We could consider the wavelet coefficient dataset (x,y) = ((x1,91),- -, (Tn,Yn)),
which defines of n observations whose probability distribution could be modeled by the finite
Gaussian mixture regression model .

Our procedures

We could apply our both procedures to this dataset, and obtain a clustering of the data. Indeed,
rather than considering (f,g), we run our procedures on the sample (x,y), varying the number
of clusters in /.

The notion of relevant variable is natural: the function ¢;j or vy is irrelevant if it appears in
none of the wavelet coefficient decomposition of the functions in each cluster.

1.5.3 Numerical experiments

We will illustrate our procedures on functional datasets by using the Matlab wavelet toolbox
(see Misiti et al. in [MMOPO4| for details). Firstly, we simulate functional datasets, where
the true model belongs to the model collection. Then, we run our procedure on an electricity
dataset, to cluster successive days. We have access to time series, measured every half-hour, of
a load consumption, on 70 days. We extract the signal of each day, and construct couples by
each day and its eve, and we aim at clustering these couples. To finish, we test our procedures
on the well-known Tecator dataset. This benchmark dataset corresponds to the spectrometric
curves and fat contents of meat. These experiments illustrate different aspects of our procedures.
Indeed, the simulated example proves that our procedures work in a functional context. The
second example is a toy example used to validate the classification, on real data already studied,
and in which we clearly understand the clusters. The last example illustrates the use of the
classification to perform prediction, and the description given by our procedures to the model
constructed.
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Simulated functional data

Firstly, we simulate a mixture regression model. Let f be a sample of the noised cosine function,
discretized on a 15 points grid. Let g be, depending on the cluster, either f, or the function —f,
computed by a white-noise.

We use the Daubechies-2 basis at level 2 to decompose the signal.

Our procedures are run 20 times, and the number of clusters are fixed to K = 2. Then our
procedures run on the projection are compared with the oracle among the collection constructed
by the Lasso-MLE procedure, and with the model selected by the BIC criterion among this
collection. The MLE is also computed.

0.7

0.6

LMLE LR Oracle Bic MLE

Figure 1.13: Boxplots of the ARI over the 20 simulations, for the Lasso-MLE procedure (LMLE),
the Lasso-Rank procedure (LR), the oracle (Oracle), the BIC estimator (Bic) and the MLE
(MLE)

This simulated dataset proves that our procedures also perform clustering functional data, con-
sidering the projection dataset.

Electricity dataset

We also study the clustering on electricity dataset. This example is studied in [MMOPO7]. We
work on a sample of size 70 of couples of days, which is plotted in Figure 5.1l For each couple,
we have access to the half-hour load consumption.

Load consumption

40 o ) ) C) ) 00
0 10 20 30 40 80 e

Time in hour

Figure 1.14: Plot of the 70-sample of half- Figure 1.15: Plot of a week of load consump-

hour load consumption, on the two days tion

As we said previously, we want to cluster the relationship between two successive days. In Figure
[I.15 we plot a week of consumption.
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The regression model taken is F' for the first day, and G for the second day of each couple.
Besides, discretization of each day on 48 points, every half-hour, is made available. In our
opinion, a linear model is not appropriate, as the behavior from the eve to the day depends on
which day we consider: there is a difference between working days and weekend days, as involved
in Figure [[.15]

To apply our procedures, we project f and g onto wavelet basis. The symmlet-4 basis, at level
5, is used.

We run our procedures with the number of clusters varying from 2 to 6. Our both procedures
select a model with 4 components. The first one considers couples of weekdays, the second
Friday-Saturday, the third component is Saturday-Sunday and the fourth considers Sunday-
Monday. This result is faithful with the knowledge we have about these data. Indeed, working
days have the same behavior, depending on the eve, whereas days off have not the same behavior,
depending on working days, and conversely. Moreover, in the article [MMOPOQ7|, which also
studied this example, they get the same classification.

Tecator dataset

This example deals with spectrometric data. More precisely, a food sample has been considered,
which contained finely chopped pure meat with different fat contents. The data consist of a 100-
channel spectrum of absorbances in the wavelength range 850 — 1050 nm, and of the percentage
of fat. We observe a sample of size 215. Those data have been studied in a lot of articles, cite
for example Ferraty and Vieu’s book [EV06]. They work on different approaches. They test
prediction, and classification, supervised (where the fat content become a class, larger or smaller
than 20%), or not (ignoring the response variable). In this work, we focus on clustering data
according to the reliance between the fat content and the absorbance spectrum. We could not
predict the response variable, because we do not know the class of a new observation. Estimate
it is a difficult problem, in which we are not involved in this chapter.

We will take advantage of our procedures to know which coefficients, in the wavelet basis de-
composition of the spectrum, are useful to describe the fat content.

The sample will be split into two subsamples, 165 observations for the learning set, and 50
observations for the test set. We split it to have the same marginal distribution for the response
in each sample.

The spectrum is a function, which we decompose into the Haar basis, at level 6. Nevertheless, our
model did not take into account a constant coefficient to describe the response. Thereby, before
run our procedure, we center and the y according to the learning sample, and each function x;
for all observations in the whole sample. Then, we could estimate the mean of the response by
the mean [ over the learning sample.

We construct models on the training set by our procedure Lasso-MLE. Thanks to the esti-
mations, we have access to relevant variables, and we could reconstruct signals keeping only
relevant variables. We have also access to the a posteriori probability, which leads to know
which observation is with high probability in which cluster. However, for some observations,
the a posteriori probability do not ensure the clustering, being almost the same for different
clusters. The procedure selects two models, which we describe here. In Figures and
we represent clusters done on the training set for the different models. The graph on the left
is a candidate for representing each cluster, constructed by the mean of spectrum over an a
posteriori probability greater than 0.6. We plot the curve reconstruction, keeping only relevant
variables in the wavelet decomposition. On the right side, we present the boxplot of the fat
values in each class, for observations with an a posteriori probability greater than 0.6.

The first model has two classes, which could be distinguish in the absorbance spectrum by the
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bump on wavelength around 940 nm. The first cluster is dominating, with 74 = 0.95. The
fat content is smaller in the first cluster than in the second cluster. According to the signal
reconstruction, we could see that almost all variables have been selected. This model seems
consistent according to the classification goal.

The second model has 3 classes, and we could remark different important wavelength. Around
940 nm, there is some difference between classes, corresponding to the bump underline in the
model 1, but also around 970 nm, with higher or smaller values. The first class is dominating,
with 71 = 0.89. Just a few of variables have been selected, which give to this model the
understanding property of which coefficients are discriminating.

We could discuss about those models. The first one selects only two classes, but almost all
variables, whereas the second model has more classes, and less variables: there is a trade-off
between clusters and variable selection for the dimension reduction.
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Figure 1.16: Summarized results for the model 1. The graph on the left is a candidate for
representing each cluster, constructed by the mean of reconstructed spectrum over an a posteriori
probability greater than 0.6 On the right side, we present the boxplot of the fat values in each
class, for observations with an a posteriori probability greater than 0.6.
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Fat content

Mean of the near infrared
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Figure 1.17: Summarized results for the model 2. The graph on the left is a candidate for
representing each cluster, constructed by the mean of reconstructed spectrum over an a posteriori
probability greater than 0.6 On the right side, we present the boxplot of the fat values in each
class, for observations with an a posteriori probability greater than 0.6.

According to those classifications, we could compute the response according to the linear model.
We use two ways to compute : either consider the linear model in the cluster selected by the
MAP principle, or mix estimations in each cluster thanks to these a posteriori probabilities.
We compute the Mean Absolute Percentage Error, MAPE = 1 3™ [(9; — v;)/yi|. Results are
summarized in Table [[.3l

Linear model in the class | Mixing estimation

with higher probability
Model 1 0.200 0.198
Model 2 0.055 0.056

Table 1.3: Mean absolute percentage of error of the predicted value, for each model, for the
learning sample

Thus, we work on the test sample. We use the response and the regressors to know the a
posteriori of each observation. Then, using our models, we could compute the predicted fat
values from the spectrometric curve, as before according to two ways, mixing or choosing the
classes.

Linear model in the class | Mixing estimation

with higher probability
Model 1 0.22196 0.21926
Model 2 0.20492 0.20662

Table 1.4: Mean absolute percentage of error of the predicted value, for each model, for the
test sample

Because the models are constructed on the learning sample, MAPE are lower than for the test
sample. Nevertheless, results are similar, saying that models are well constructed. This is
particularly the case for the model 1, which is more consistent over a new sample.
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To conclude this study, we could highlight the advantages of our procedure on these data. It
provides a clustering of data, similar to the one done with supervised clustering in [EV06], but
we could explain how this clustering is done.

This work has been done with the Lasso-MLE procedure. Nevertheless, the same kind of results
have been get with the Lasso-Rank procedure.

1.6 Conclusion

In this chapter, two procedures are proposed to cluster regression data. Detecting the relevant
clustering variables, they are especially designed for high-dimensional datasets. We use an
f1-regularization procedure to select variables, and then deduce a reasonable random model
collection. Thus, we recast estimations of parameters of these models into a general model
selection problem. These procedures are compared with usual criteria on simulated data: the
BIC criterion used to select a model, the maximum-likelihood estimator, and to the oracle when
we know it. In addition, we compare our procedures to others on benchmark data.

One main asset of those procedures is that it can be applied to functional datasets. We also
develop this point of view.

1.7 Appendices

In those appendices, we develop calculus for EM algorithm updating formulae in Section [I.7.1]
for Lasso and maximum likelihood estimators, and for low ranks estimators. In Section [1.7.2
we extend our procedures with the Group-Lasso estimator to select relevant variables, rather
than use the Lasso estimator.

1.7.1 EM algorithms

EM algorithm for the Lasso estimator

Introduced by Dempster et al. in [DLR77|, the EM (Expectation-Maximization) algorithm is
used to compute maximum likelihood estimators, penalized or not.
The expected complete negative log-likelihood is denoted by

Q010') = —%Eg,(zc(e,x,y, Z)[X,Y)

in which

n K
lc(aa XY, Z) = Z Z[ZZ]k log

=1 k=1
+ [Zi]i log(mk);

<det(Pk)

1
(2m)az P <—2(P/~ch = Xi®p)' (PeY; — X@,g)))

with [Z;] are independent and identically distributed unobserved multinomial variables, showing
the component-membership of the i observation in the finite mixture regression model.
The expected complete penalized negative log-likelihood is

K
Qpen(016) = Q(O16") + A Y mi |1

k=1
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Calculus for updating formula
— E-step: compute Q(A]01t), or, equivalently, compute for k € {1,...,K},i € {1,...,n},

70 = Eyoeo ((ZI]Y)

t s .
(1te) det P(lte) exp (% (P]glte)y X, Q(lte)) (Plglte)y;' . Xiq)](;te)>>

S/ det B exp ( L (PI9; - x@l )" (P - Xié,iite)))

This formula updates the clustering, thanks to the MAP principle.
— M-step: improve Qpen(#]01*)).
For this, rewrite the Karush-Kuhn-Tucker conditions. We have

Qoen(919™*)
n K
1 det(P, 1
== 2.2 Eowo <[Zi]’“ fo ( (271'();2) exp (‘2(]3’“% X (R - Xiq)k))) |Y>
i=1 k=1
K
—*ZZEQWJ ik log | Y) + A || @kl
i=1 k=1 k=1

e 1
=== 5 (BYi = Xi®)' (PeY; — Xi®k) By ([Zile]Y)

=1 k=1

IS s () By 12
i=1 k=1 2=1

- *ZZEGW ile[Y) 10g77/€+)‘z77k||q)k:||1 (1.11)
i=1 k=1 k=1

Firstly, we optimize this formula with respect to 7: it is equivalent to optimize

n

_%ZZTZklog (7% +)\Z7Tk||q>k”1

i=1 k=1

We obtain .
ﬂl(citeﬂ) _ (lte) 1 4(ite) (Zi:l Tik Fliite)) ,
n
with ¢(*) € (0, 1], the largest value in the grid {6',1 € N}, with 0 < § < 1, such that the
function is not increasing.

To optimize ([1.11)) with respect to (®,P), we could rewrite the expression: it is similar
to the optimization of

—*Z (Tzkzlog [Pk]z,2) — *(PkY; — Xi®)" (PY; — X, q’k)) + A || @1

for all k € {1,..., K}, which is equivalent to the optimization of

~ 2
_*nkzzlog szz +7ZZ(PI<: 2,2 z _[(I)k]z,‘[Xi]k,) +)\7rk||¢)k”17

i=1 z=1
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where ny = > | i x. The minimum in [Py], . is the function which cancel its partial
derivative with respect to [Py, .:

n

St S oW (1P il — 94, [, ) =0

n[ i=1

forall k € {1,..., K}, for all z € {1,...,q}, which is equivalent to

n n

1y nl,f[Pk]z,z ST = P Y (Filkal®el=, [k = 0

i—1 U i—1
2 15 2 1< <
& -1+ [Pk]z,z;||[Y]k,Z‘|2 — [Pe)ze—[Y]k,2, [®k)2, [X]k,.) = 0.
k Nk

The discriminant is

2
A= (—1<mk,z, [@k]z,.pﬁ]k,») LTSS P

ng
Then, for all k € {1,...,K}, forall z € {1,...,q},

(Y e, (@), Ki) + VA

[Prlz, = =
. 20 |[[Y k2|13

We could also look at the equation ((1.11]) as a function of the variable ®: according
to the partial derivative with respect to [®4]. ;, we obtain for all z € {1,...,q}, for all
kEe{l,...,K} forall j€{1,...,p},

n p

Z[Xi]k:,j [Pk:]z,z[f/i]k Z [X] k,j2 [(I)k] z,J2 | — n)‘ﬂ-kSgn([q)k]z,j) =0.
i=1 j2=1

Then, for all k € {1,...,K},j€{1,...,p},z € {1,...,q},

S il g [Pl [Yilk e = 0,1 (Xl [ Xl [®h]z o — nATRsgn([@4]z)
[q)k]z,j — Jo#i _ :
X512

To reduce notations, let, for all k € {1,...,K},j € {1,...,p},z€{1,...,q},

[Skljz = Z[X] J[Pk]z z[ff Jke + Z X ’J X] s Bl
- i
Then
D], — ISz~ MAmsen((®i)=,)
| X113
—[Skl; z nAT .
%ﬁ”%k if [Sk]j,z > Tl)\ﬂ'k
= Sk v27 AT )
- _[lkl][JX]# if [Sklj» < —nAmy,

0 elsewhere.
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From these equalities, we could write the updating formulae. For j € {1,...,p},k € {1,..., K},
z € {l,...,q},

15655 = = STl [Pl 0O [¥ilk, . + Z Xk [00)0);
1= =1

ne= Y Tiki
=1
(Yilk,., [Xilk,) = vTig(Yi, Xa).

and (™€) € (0,1], the largest value in the grid {0*,1 € N}, 0 < § < 1, such that the function is
not increasing.

EM algorithm for the rank procedure

To take into account the matrix structure, we want to make a dimension reduction on the rank
of the mean matrix. If we know to which cluster each sample belongs, we could compute the
low rank estimator for linear model in each component.
Indeed, an estimator of fixed rank r is known in the linear regression case: denoting AT the
Moore-Penrose pseudo-inverse of A, and [A], = UD, V! in which D, is obtained from D by
setting (D;);; = 0 for i > r + 1, with UDV" the singular decomposition of A, if Y = X + %,
an estimator of 8 with rank r is 3, = [(x'x)Tx"y],.
We do not know the clustering of the sample, but the E-step in the EM algorithm computes it.
We suppose in this case that ¥ and 7 are known, for all k£ € {1,..., K'}. We use this algorithm
to determine @y, for all k € {1,..., K}, with ranks fixed to R = (Ry, ..., Rg).

— E-step: compute for k € {1,..., K}, 1€ {1,...,n},

Tik — E@(ite>([Zi]k’Y)
ite ite ite ite t ite ite
ﬂ,gt ) det P,gt )exp (—% (P,Et )yi - xi@,gt )) (Pk(;t )yi - ﬂUi‘I)l(qt )>>

. . t
SE i) gop plite) exp< (p,glt@yz_ Z@me)) (Plglte) (D(na))

— M-step: assign each observation in its estimated cluster, by the MAP principle applied

thanks to the E-step. We say that Y; comes from component number argmax T(llze)

ked{l,...,.K}

5 (it . .
Then, we can define Bk(l ® = (x kavg)_l l\tkylk’ in which x|, and y); are a restriction of

the sample to the cluster k, which we decompose in singular value with 6klte USVvt.
Using the singular value decomposition described before, we obtain the estimator.

1.7.2 Group-Lasso MLE and Group-Lasso Rank procedures

One way to perform those procedures is to consider the Group-Lasso estimator rather than the
Lasso estimator to select relevant variables. Indeed, this estimator is more natural, according to
the relevant variable definition. Nevertheless, results are very similar, because we select grouped
variables in both case, selected by the Lasso or by the Group-Lasso estimator. In this section,
we describe our procedures with the Group-Lasso estimator, which could be understood as an
improvement of our procedures.
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Context - definitions

Our both procedures take advantage of the Lasso estimator to select relevant variables, to reduce
the dimension in case of high-dimensional datasets. First, recall what is a relevant variable.

Definition 1.7.1. A wariable indexed by (z,j) € {1,...,q} x {1,...,p} is irrelevant for the
clustering if [®1].; = ... = [Pk|.; = 0. A relevant variable is a variable which is not irrelevant.
We denote by J the relevant variables set.

According to this definition, we could introduce the Group-Lasso estimator.

Definition 1.7.2. The Lasso estimator for mizture regression models with regularization pa-
rameter A > 0 is defined by

éLasso()\) = argmin {—11,\(0)} )

0cO K n

where

1 1 K
- - = &l
nlA(H) nl(9)+)\k§:17fk\! kll1;

where ||P|[1 = ?:1 ST |[®k)z 1, and with X to specify.
It is the estimator used in the both procedures described in previous parts.

Definition 1.7.3. The Group-Lasso estimator for mizture regression models with reqularization
parameter X > 0 is defined by

~ 1 7
fGrour-Lasso(\) .= argmin {—ZA(Q)} ;
0€OK "

where

|2;
n

—L0) = 1(6) + A D S VE[B.
7j=1z2=1

where ||[®]. ;1|3 = Zszl [[®k]2,;1%, and with X to specify.

This Group-Lasso estimator has the advantage to cancel grouped variables rather than variables
one by one. It is consistent with the relevant variable definition.

Nevertheless, depending on datasets, it could be interesting to look after which variables are can-
celed first. One way could be to extend this work with Lasso-Group-Lasso estimator, described
for the example for the linear model in [SFHT13].

Let describe two additional procedures, which will use the Group-Lasso estimator rather than
the Lasso estimator to detect relevant variables.

Group-Lasso-MLE procedure

This procedure is decomposed into three main steps: we construct a model collection, then in
each model we compute the maximum likelihood estimator, and we select the best one among
all the models.
The first step consists of constructing a collection of models {7—[( K, j)}( K,J)eMm in which 7-[( K.J)
is defined by

H(KJ) ={y e Rz € R? — hy(y|x)}; (1.12)
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where

K Trk det(Py) (Pry — @Lj}x)t(Pky — @Lﬂx)
ho(ylz) = Z ez P~ 5 ,

=1

and
0= (71, i, @1, g, 1, pic) € T x (RPN (RT)F

The model collection is indexed by M = K x J. Denote K C N* the possible number of
components. We could bound K without loss of estimation. Denote also J a collection of
subsets of {1,...,q} x {1,...,p}, constructed by the Group-Lasso estimator.

To detect the relevant varlables and construct the set J € j we will use the Group-Lasso
estimator defined by (|1.7.3] . In the ¢1-procedures, the choice of the regularization parameters is
often difficult: fixing the number of components K € K, we propose to construct a data-driven
grid G of regularization parameters by using the updating formulae of the mixture parameters
in the EM algorithm.

Then, for each A € G, we could compute the Group-Lasso estimator defined by

p q

e e N ) AN VRl
=1

96@}( i=1 j=1

For a fixed number of mixture components K € K and a regularization parameter A, we could
use a generalized EM algorithm to approximate this estimator. Then, for each K € K, and for
each A € Gk, we have constructed the relevant variables set J - We denote by J the collection
of all these sets.

The second step consists of approximating the MLE

il(K7J) — argmln {— Zlog yl|$l))} )

tE€H (1,7 =1

using the EM algorithm for each model (K, .J) € M.
The third step is devoted to model selection. We use the slope heuristic described in [BMO07].

Group-Lasso-Rank procedure

As when the relevant variables were selected by the Lasso estimator, whereas the previous
procedure does not take into account the multivariate structure, we propose a second procedure
to perform this point. For each model belonging to the collection H( K.y @ subcollection is
constructed, varying the rank of ®. Let us describe this procedure.

As in the Group-Lasso-MLE procedure, we first construct a collection of models, thanks to the
f1-approach. We obtain an estimator for #, denoted by éGrO“p'LaSS°7 for each model belonging
to the collection. We could deduce the set of relevant variables, denoted by J, and this for all
K € K: we deduce J the collection of set of relevant variables.

The second step consists to construct a subcollection of models with rank sparsity, denoted by

{ﬁ(K,iR)}(K,iR)e/\;l'

The model {7—2( KJ R)} has K components, the set J for active variables, and R is the vector of
the ranks of the matrix of regression coefficients in each group:

Hik,jr) = {y € Rz € R s AN (y!w)} (1.13)
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where
R B) (1) = i mpdet(P) ( (Poy — (@) ) (Py — (@) )\
0 1 (27‘(‘)’]/2 2 )
9:(771,...,7TK,<I>{%17,..,@?;K’Pl,...,PK) e Ilx x \Ilf} % (Rf]s—)K§

vk = {(@fl, o) € (RPP) X |Rank(®,) = Ry, ..., Rank(®g) = RK} :

and Mf = K x J x R. Denote K C N* the possible number of components, J a collection
of subsets of {1,...,q} x {1,...,p}, and R the set of vectors of size K € K with ranks values
for each mean matrix. We could compute the MLE under the rank constraint thanks to an EM
algorithm. Indeed, we could constrain the estimation of ®;, for all k, to have a rank equal to
Ry, in keeping only the Ry largest singular values. More details are given in Section [I.7.1] It
leads to an estimator of the mean with row sparsity and low rank for each model.
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Chapter 2

An /i-oracle inequality for the Lasso in
finite mixture of multivariate Gaussian
regression models
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2.1. INTRODUCTION 76

This chapter focuses on the Lasso estimator for its reqularization
properties. We consider a finite mizture of Gaussian regressions
for high-dimensional heterogeneous data, where the number of co-
variates and the dimension of the response may be much larger
than the sample size. We estimate the unknown conditional den-
sity by an €1-penalized maximum likelihood estimator. We provide
an L1-oracle inequality satisfied by this Lasso estimator according
to the Kullback-Leibler loss. This result is an extension of the
ly-oracle inequality established by Meynet in [Mey13] in the mul-
tivariate case. It is deduced from a model selection theorem, the
Lasso being viewed as the solution of a penalized maximum likeli-
hood model selection procedure over a collection of £1-ball models.

2.1 Introduction

Finite mixture regression models are useful for modeling the relationship between response and
predictors, arising from different subpopulations. Due to recent improvements, we are faced
with high-dimensional data where the number of variables can be much larger than the sample
size. We have to reduce the dimension to avoid identifiability problems. Considering a mixture
of linear models, an assumption widely used is to say that only a few covariates explain the
response. Among various methods, we focus on the fi-penalized least squares estimator of
parameters to lead to sparse regression matrix. Indeed, it is a convex surrogate for the non-
convex {p-penalization, and produces sparse solutions. First introduced by Tibshirani in [Tib96]
in a linear model Y = X3 + ¢, where X € R?, Y € R, and € ~ N(0,X), the Lasso estimator is
defined in the linear model by

BLaSSO(A)=aggrélin{\lY—Xﬂllg+AIIBH1}, A>0.
cRP

Many results have been proved to study the performance of this estimator. For example, cite
[BRT09] and [EHJT04], for studying this estimator as a variable selection procedure in this linear
model case. Note that those results need strong assumptions on the Gram matrix X*X, as the
restrictive eigenvalue condition, that can be not fulfilled in practice. A summary of assumptions
and results is given by Biihlmann and van de Geer in [vdGB09|. One can also cite van de Geer
in [vdGBZ11] and discussions, who precises a chaining argument to perform rate, even in a non
linear case.

If we assume that (x;,y;)1<i<n arise from different subpopulations, we could work with finite
mixture regression models. Indeed, the homogeneity assumption of the linear model is often
inadequate and restrictive. This model was introduced by Stddler et al., in [SBG10]. They
assume that, for ¢ € {1,...,n}, the observation y;, conditionally to X; = z;, comes from a
conditional density seo(.|z;) which is a finite mixture of K Gaussian conditional densities with

o ()

proportion vector 7r, where
0
Tk

0

Vi 27rak

for some parameters £ = (7, 89, 09)1<k<x. They extend the Lasso estimator by

K
Yi| X = @i ~ seo(yslws) = Z
k=1

n K p
sliasso : 1 —
§i0()) = argmin ¢ —— 3 log(s¢ (wilw) + A Y _mi > loi (Bl ¢ A>0  (21)
Se i=1 k=1 j=1
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For this estimator, they provide an fg-oracle inequality satisfied by §7¢%5°(\), according to the
restricted eigenvalue condition also, and margin conditions, which lead to link the Kullback-
Leibler loss function to the #5-norm of the parameters.

Another way to study this estimator is to look after the Lasso for its ¢;-regularization properties.
For example, cite [MMI1al], [Mey13|, and [RT1I]. Contrary to the fy-results, some ¢;-results
are valid with no assumptions, neither on the Gram matrix, nor on the margin. This can be
achieved due to the fact that they are looking for rate of convergence of order 1/y/n rather than
1/n. For finite mixture Gaussian regression models, we could cite Meynet in [Mey13] who give
an {1-oracle inequality for the Lasso estimator (2.1]).

In this chapter, we extend this result to finite mixture of multivariate Gaussian regression mod-
els. We will work with random multivariate variables (X,Y) € RP x R?. As in [Mey13]|, we shall
restrict to the fixed design case, that is to say non-random regressors. We observe (x;)i<i<n.
Without any restriction, we could assume that the regressors z; € [0,1]P for all ¢ € {1,...,n}.
Under only bounded parameters assumption, we provide a lower bound on the Lasso regulariza-
tion parameter A which guarantees such an oracle inequality.

This result is non-asymptotic: the number of observations is fixed, and the number p of covariates
can grow. Remark that the number K of clusters in the mixture is supposed to be known.
Our result is deduced from a finite mixture multivariate Gaussian regression model selection
theorem for ¢;-penalized maximum likelihood conditional density estimation. We establish the
general theorem following the one of Meynet in [Mey13], which combines Vapnik’s structural risk
minimization method (see Vapnik in [Vap82]) and theory around model selection (see Le Pennec
and Cohen in [CLP1I] and Massart in [Mas07]). As in Massart and Meynet in [MMI1al, our
oracle inequality is deduced from this general theorem, the Lasso being viewed as the solution of
a penalized maximum likelihood model selection procedure over a countable collection of £1-ball
models.

The chapter is organized as follows. The model and the framework are introduced in Section [2.2]
In Section [2.3] we state the main result of the chapter, which is an ¢;-oracle inequality satisfied
by the Lasso in finite mixture of multivariate Gaussian regression models. Section is devoted
to the proof of this result and of the general theorem, deriving from two easier propositions.
Those propositions are proved in Section whereas details of lemma states in Section

2.2 Notations and framework

2.2.1 Finite mixture regression model

We observe n independent couples (x,y) = (xi, ¥i)1<i<n € ([0, 1] xR?)"™, with y; € R? a random
observation, realization of variable Y;, and z; € [0, 1]P fixed for all i € {1,...,n}. We assume
that, conditionally to the z;s, the Y;s are independent identically distributed with conditional
density seo(.|x;) which is a finite mixture of K Gaussian regressions with unknown parameters
€0, In this chapter, K is fixed, then we do not precise it with unknown parameters. We will
estimate the unknown conditional density by a finite mixture of K Gaussian regressions. Each
subpopulation is then estimated by a multivariate linear model. Detail the conditional density.
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For all y € RY, for all z € [0, 1]?,

= T exn [ — (y — Bre)'Sy ' (y — By)
2o 2m)adet(Se) 2 2

E=(m,...., 7k, B, BK, 51, ., Bk) € B = (Mg x (RO x (SF)K)

se(ylz) =

K
Mg = {(m,...,wK);Wk >0for ke{l,...,K} and Zwkzl}
k=1

SJ* is the set of symmetric positive definite matrices on RY.

We want to estimate £ from the observations. For all k € {1,..., K}, B¢ is the matrix of
regression coeflicients, and ¥, is the covariance matrix in the mixture component k, whereas the
TS are the mixture proportions. For = € [0, 1]P, we define the parameter (z) of the conditional
density s¢(.|x) by

{(a) = (m,..., 7k, Bz, ..., B, 51, .., Xk) € RF x (ROF x (SFH)K

For all k € {1,..., K}, for all x € [0,1]?, for all 2 € {1,...,q}, [Brz]: = D 2%_[B]z,j[];, and
then Sz € R? is the mean vector of the mixture component k for the conditional density s¢(.|z).

2.2.2 Boundedness assumption on the mixture and component parameters

Denote, for a matrix A, m(A) the modulus of the smallest eigenvalue of A, and M(A) the
modulus of the largest eigenvalue of A. We shall restrict our study to bounded parameters
vector £ = (m,3,X), where w = (71,...,7x), 8= (B1,...,8K), 2 = (X1,...,XK). Specifically,
we assume that there exists deterministic positive constants Ag, as, Ay, ar such that £ belongs
to =, with

[1]:

=<¢eZ: forallke{l,...,K}, max sup |[[Brz]:| < Ag,
ZG{I, )q} :EG[O 1}
ay <m(Zph) < M(EY) < As,ar < TI‘k} . (2.3)

Let S the set of conditional densities s,

S:{s&feé}.

2.2.3 Maximum likelihood estimator and penalization

In a maximum likelihood approach, we consider the Kullback-Leibler information as the loss
function, which is defined for two densities s and t by

s(y) : :
KL(s.1) = /Rq log <t(y)) s(y)dy if sdy << tdy; (2.4)

+ oo otherwise.

In a regression framework, we have to adapt this definition to take into account the structure of
conditional densities. For the fixed covariates (x1,...,x,), we consider the average loss function

ZKL (o), £(]2i)) = Z/Rq (y“)s(ym)dy.

l
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Using the maximum likelihood approach, we want to estimate s¢o by the conditional density s¢
which maximizes the likelihood conditionally to (x;)1<i<n. Nevertheless, because we work with
high-dimensional data, we have to regularize the maximum likelihood estimator. We consider the
f1-regularization, and a generalization of the estimator associated, the Lasso estimator, which
we define by

K gq p
§Lasso()\) = argmin ——Zlog (s¢(yilwi)) + AZZZ‘ Brlzil ¢ ;
s¢€S i=1 k=1 2=1 j=1

where A > 0 is a regularization parameter, for £ = (7,3, X).
We define also, for s¢ defined as in (2.2), and with parameters { = (m, 3, %),

K p ¢
NP s =181 =33 184

k=1 j=1 z=1

(2.5)

2.3 Oracle inequality

In this section, we provide an fi-oracle inequality satisfied by the Lasso estimator in finite
mixture multivariate Gaussian regression models, which is the main result of this chapter.

Theorem 2.3.1. We observe n couples (x y) ((x1,91)s -y (Tnyyn)) € ([0,1]P x RY)™ coming
from the conditional density s¢o, where €0 € =, where

E={¢€E: forallke{l,...,K}, max sup |[Bpz].| < Ag,
26{17 7q}$6[0 1}

ay <m(Z ) < M(EY < As,ar < Wk} :

Denote by a V b = max(a,b).
We define the Lasso estimator, denoted by 5°%5°(X), for A >0, by

§Lasso(}\) = argmin <_ Z]Og S¢ yl‘xl)) + )\ND](Sg)) . (26>

SSGS i=1

S = {Sf,fEé}

with
and where, for & = (m,3,%),

K »p
NP(se) =18l =3

q

H/Bk]z,j :
1

Then, if

A> K <Ag v ;ﬂ) (1 +4(q+ 1) Az <Ag + 105(;))) \/f (1 + qlog(n)/K log(2p + 1))

with K an absolute positive constant, the estimator (2.6|) satisfies the following {1 -oracle inequal-
1ty.
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B[KLy (se0, 255°(\))] < (14471 inf (KL (5¢0, 5¢) + ANP ](55)> +A

856
C K e ~374/2q,
+ K n AQ/2 v/ 2q
/ 1 1
+ K % (Az\/a> <1+4(q+1)Ag <A5+ Oi( ))>
T >

2
XK( +Aﬁ+>
ay;

where k' is a positive constant.

This theorem provides information about the performance of the Lasso as an /;-regularization
algorithm. If the regularization parameter X\ is properly chosen, the Lasso estimator, which
is the solution of the /i-penalized empirical risk minimization problem, behaves as well as the
deterministic Lasso, which is the solution of the ¢;-penalized true risk minimization problem,
up to an error term of order A.

Our result is non-asymptotic: the number n of observations is fixed while the number p of
covariates and the size ¢ of he response can grow with respect to n and can be much larger than
n. The number K of clusters in the mixture is fixed.

There is no assumption neither on the Gram matrix, nor on the margin, which are classical
assumptions for oracle inequality for the Lasso estimator. Moreover, this kind of assumptions
involve unknown constants, whereas here, every constants are explicit. We could compare this
result with the /p-oracle inequality established in [SBG10|, which need those assumptions, and
is therefore difficult to interpret. Nevertheless, they get faster rate, the error term in the oracle
inequality being of order 1/n rather than 1/y/n.

The main assumption we make to establish the Theorem is the boundedness of the parame-
ters, which is also assumed in [SBGI0]. It is needed, to tackle the problem of the unboundedness
of the parameter space (see [MP04] for example).

Moreover, we let regressors to belong to [0, 1]P. Because we work with fixed covariates, they are
finite. To simplify the reading, we choose to rescale x to get ||x||cc < 1. Nevertheless, if we
not rescale the covariates, and the regularization parameter A bound and the error term of the
oracle inequality depend linearly of ||x||cc-

The regularization parameter A bound is of order (¢ + q)/v/nlog(n)?y/log(2p + 1). For ¢ = 1,
we recognize the same order, as regards to the sample size n and the number of covarlates p, to
the ¢;-oracle inequality in [Mey13].

Van de Geer, in [vdGBZ11], gives some tools to improve the bound of the regularization pa-

log(p)

rameter to . Nevertheless, we have to control eigenvalues of the Gram matrix of some

functions (v;(z;))1<j<p, D being the number of parameters to estimate, where 1;(z;) satisfies
1<i<n

| log(se (yili)) — log(sg(yilzi))] = &l (x2)-

an

In our case of mixture of regression models, control eigenvalues of the Gram matrix of functions
(1j(x;))1<j<p corresponds to make some assumptions, as REC, to avoid dimension reliance on
1<i<n

n, K and p. Without this kind of assumptions, we could not guarantee that our bound is of order

%, because we could not guarantee that eigenvalues does not depend on dimensions. In
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order to get a result with smaller assumptions, we do not use the chaining argument developed
in [vdGBZI11]. Nevertheless, one can easily compute that, under restricted eigenvalue condition,

ot ~  /log(p)
we could perform the order of the regularization parameter to A < /== log(n).

2.4 Proof of the oracle inequality

2.4.1 Main propositions used in this proof

The first result we will prove is the next theorem, which is an ¢;-ball mixture multivariate
regression model selection theorem for /i-penalized maximum likelihood conditional density
estimation in the Gaussian framework.

Theorem 2.4.1. We observe (x;,y;)1<i<n with unknown conditional Gaussian mizture density
350.
For all m € N*, we consider the {1-ball Sy, = {s¢ € S, NI[Q}(Sg) < m} for S = {s¢,€ € Z}, and
= defined by
E=S¢€E: forallke{l,...,K}, max sup |[Brzl.| < Az,
26{17 ’q} (EG[O 1}

az <m([S ) < M(SY) < As,aq < Wk} :

For & = (m,3,%), let

q
Z|5k Z,J

z=1

NP(se) =118l =

k=1 j=

K p
1

Let 8., an npy-log-likelihood minimizer in Sy, for n, > 0:

1 — X _ 1"
- z;log(sm(yi\mi)) < srirelgm <_n Z;log(sm(yﬂxi))) + N
1= 1=

Assume that for all m € N*, the penalty function satisfies pen(m) = Am with

Azm<AyQ;>Qﬁ4@+nAg@%+bi?>>¢§(1+¢%m)za%@p+u)

for a constant k. Then, if m is such that

_= Elog Sm(yilzs)) + pen(m) < inf <—:L Zlog(ém(yimi)) +pen(m)> +n

N*
i=1 me i—1

form >0, the estimator §z, satisfies

E(KLy (g0, ) <(1+ k") inf ( inf  KL;(s¢0, 8m) + pen(m) + nm> +n

meN* \ 8, ESm

' Ke 277‘1/2
+ K — /2

H[K@Zv)(
G+Ay+i>;

1222
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- oy .
where Kk 1s a positive constant.

It is an #;-ball mixture regression model selection theorem for ¢1-penalized maximum likelihood
conditional density estimation in the Gaussian framework. Its proof could be deduced from the
two following propositions, which split the result if the variable Y is large enough or not.

Proposition 2.4.2. We observe (x;, yi)1<i<n, with unknown conditional density denoted by S¢0.
Let M,, > 0, and consider the event

T::{ max  max |[Yj]] SMR}.

i€{l,...,n} z€{1,....,q}
For all m € N*, we consider the £1-ball
Sm = {s¢ € S, N (s¢) < m}
where S = {s¢, € € =} and

p q
N (s¢) = 18I = Zzzwﬂk 2l

k=1 j=1 2=1

for €= (m,3,%).

Let 8, an ny-log-likelihood minimizer in Sy, for n, > 0:

1< L&
——» log(8m(yilzi)) < inf | —= > log(sm(yi|x; m-
n; 0g(8m(yilzi)) sfelsm< n; 0g(sm (yi|@ ))>+77

Let Cyp, = rnax(  As + $(IMy,| + Ag)? A2, w) Assume that for all m € N*, the
penalty function satisfies pen(m) = Am with

AC)y,
Jn

for some absolute constant k. Then, any estimate Sz, with m such that

Pt LRV (1 +9¢log(n) /K log(2p + 1))

—leog S (yils)) + pen(i) < in (—}zZlog(ém@m))wen(m)) +n

EN
i—1 m i—1

form >0, satisfies

E(KLy, (g0, $)17) <(1+£7") inf < inf KLy, (s8¢0, 8m) + pen(m) + nm>

meN* \ 5,,ESm

n A ;

. g e
where k15 an absolute positive constant.

Proposition 2.4.3. Let s¢o,T and 5y, defined as in the previous proposition. Then,

\/me—1/4(M3L—21\/1n,4,3)aE

o—1/2,0/2

E(KLn(Séo, §m)]l7'c) < 7
P
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2.4.2 Notations

To prove those two propositions, and the theorem, begin with some notations.
For any measurable function ¢ : R? — R ;| we consider the empirical norm

1 n
gn = | = D> 07 (wila);
i=1
its conditional expectation

Bla(1X)) = | gtula)sesole)ds:
q
its empirical process

P(g) = % > g(uili);
=1

and its normalized process

a(9) = Palg) ~ Bx (P ig[%m - [ atolese ol

For all m € N*, for all model S,,, we define F;,, by

F, = {fm:—log <Sm) ,smGSm}.
850

Let 0kxr, > 0. For all m € N*, let n,, > 0. There exist two functions, denoted by §5 and §,,
belonging to S,,, such that

P, (—log(8s)) < 1nf P, (—log(sm)) + nm;

SmESm

KL (8¢0,5m) < inf KLy, (80, 8m) + 0KL- (2.7)

SmGSm

Denote by fm = —log (Sm> and f, := —log (%) Let n > 0 and fix m € N*. We define the
set M(m) by

M(m) = {m’ € N*| P, (—log(3,)) + pen(m/) < Py(—log(8m)) + pen(m) + 77} . (2.8)

2.4.3 Proof of the Theorem thanks to the Propositions [2.4.2| and (2.4.3|

Let M, > 0 and & > 36. Let Oy, = max (7 As + LI M| + Ag)2AZ, g(|M,| +Aﬁ)AE/2).
Assume that, for all m € N*, pen(m) = Am, with

K
A > kCh, A/ -~ (1 + qlog(n)/ K log(2p + 1)) :

We derive from the two propositions that there exists ' such that, if M satisfies

= Zlog (85 (yi|zi)) + pen(m) < inf <—71L Zlog(ém(yﬂxi)) + pen(m)) +n;

meN*
=1 =1
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then $;, satisfies
E(KLn(Sgo, §m)) = E(KLn(Séo, §m)]l7‘) + E(KLn(SEO, .§m)]l7'c)

<(14++x71 mlg{]* (s 11612 KLy, (s¢0, 5m) + pen(m) + 77m>

Cy q
/771 3/2 1 A 72
+m\/ﬁK gl 1+ ( 5+a2) +n

e M2l 1/4(M2—2M, A
’T\/2anaﬂ6_ [AM5=2Mn Ag)as
AE

+ K

In order to optimize this equation with respect to M, we consider M, the positive solution of
the polynomial
1
log(n) — Z(X2 —2X Ag)ay, = 0;

we obtain M,, = Ag + \/A% + 74125;(") and /ne V/AME—2Mn Aglax — ﬁ

On the other hand,

1 1
Cum, < <A2 \ ) [1 + 9+ As (M, + A,B)2:|

r 2
< <Ag vV ;ﬂ) [1 +4(q¢+1)Ax <A§ - loi(zn)ﬂ .

We get

B(KLy(5¢0,47)) =  B(KLy  (s¢0,8m)17) + E(KLy (s¢0, 85) 1)

A
=
+
?:|

inf < inf KLy (s8¢0, 8m) + pen(m) + 77m> +1n

meN* \ s, ESm

+f€/\/% (Az v ;ﬂ) (1 +4(g+1)Ax <A% + loi;n)»
x K (1 + (Aﬁ + aqz>2> '

2.4.4 Proof of the Theorem [2.3.1]

We will show that there exists 7, > 0, and 1 > 0 such that §“%55°()) satisfies the hypothesis of

the Theorem [2:4.1 which will lead to Theorem [2:3.1]
First, let show that there exists m € N* and 7, > 0 such that the Lasso estimator is an

Nm-log-likelihood minimizer in S,,.
For all A > 0, if my = [N (5(\)],

ses
N{Q] (s)<my

1 n

sLasso :

A) = min - 1 i | T .
S ( ) argini ( n ;1 Og(s(y| )))

We could take 1, = 0.
Secondly, let show that there exists n > 0 such that
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_= Zlog (813550 \)(yi]x;)) + pen(my) < inf (—; Zlog(ém(yﬂxi)) + pen(m)> +n.

meN*
=1

Taking pen(m)) = Am,

**Zlog ALasso yl|$l)) +pen m/\ ——Zlog ALasso yz|xz)) + Amy,

IA

_7210g ALasso yz‘fcz)) +>\N[2](ALasso()\))+A

IN

inf {—n > log(se (yilz) + ANP(sé)} +A
=1

S¢ es

IN

. . RS . (2]
inf inf { nZlog(s£(yz|xl))+)\Nl (55)}+)\

meN* s¢€S
e=om i=1

: : 1<
= e (sgggm {_n ;log(sf(?/ﬂxi))} + /\m) +A

1 n
inf [ == S log(Gm(yilz:) + A A
ﬁ?w*( =D 1og(Em (yilz)) + m>+

=1

A

IN

which is exactly the goal, with 7 = A. Then, according to the Theorem [2.4.1, with m = m,,
and §;, = §45°(\), for

A> kK (Ag Vv ;ﬂ) (1 +4(q + 1)Asx <A% - bi?)) \/f (1 + qlog(n)\/ K log(2p + 1)) :

we get the oracle inequality.

2.5 Proof of the theorem according to 7 or T°¢

2.5.1 Proof of the Proposition

This proposition corresponds to the main theorem according to the event 7. To prove it, we
need some preliminary results.
From our notations, reminded in Section we have, for all m € N* for all m' € M(m),

Po(fur) + pen(m’) < Po(fm) + pen(m) +n < Pu(fim) + pen(m) + nm + n;
E(Pn(fm’)) + pen(m/) < E(P (fm)) + pen(m) + M+ 0+ Vn(fm) - Vn(fm’)§
KLn(Sgo, §m’) + pen(m/) < < Helf KLy (550 Sm) + 0k + pen( ) +Mm+n+ Vn(fm) - Vn(fm’);
(2.9)
thanks to the inequality .

The goal is to bound —vy,(f) = Vn(—fm/).
To control this term, we use the following lemma.
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Lemme 2.5.1. Let M, > 0. Let

’T:{ max ( max \[Yz]z|>§Mn}
i€{1,...,n} \z€{1,....¢}

Let Cyy,, —max( A + 5 (|Mn\+A5)2A%,w> and

Ay =m'log(n)/ K log(2p + 1) +6( +K<A5+q>).
ays

Then, on the event T, for all m' € N*, for all t > 0, with probability greater than 1 — e,

sup a(— for)] < M (W?quf +V2Vi (1 +K (Aﬁ + q)))
ft €F ot \/ﬁ as

Proof. Page[00] A

From (2.9)), on the event T, for all m € N*| for all m’ € M(m), for all ¢ > 0, with probability

greater than 1 — e™?,

KLy (s¢0, 8py) + pen(m’) < inf KLy (s¢0, $m) + 0kt + pen(m) + v (fm)

Smesm
4
Mo <9qu ,+\f\f< +K<Ag+q>>> + m 41
T a
< 1n£ KL, (350, Sm) + pen(m) + l/n(fm)
Sm€E

?}”:l(gqu +2;F<1+K<Aﬁ+aqz)>2+\/?t>

+77m+77+6KL7

the last inequality being true because 2ab < \ﬁa ++VKb?. Let z > 0 such that t = z4+m-+m'.
On the event T, for all m € N, for all m’ € M (m), with probability greater than 1 — e~ (z+m+m’)

KLp(s¢0, 8py) + pen(m’) < inf KLy (s¢0, 5m) + pen(m) + vy (fin)

SmESm

\F <9qu /-F\}?(l—i-K(Ag—FaqE))Q)

\/Mﬁ" (\/E(z+m+m,)>

+ N + 1 + OKL-

- C
KLy (80, 8m7) — vn(fm) < STjIelgm KLy (s8¢0, 5m) + pen(m) + 4 \ﬁ/[ﬁ" VKm

+ [4%" VE(m' +9gA, ) - pen(m/)}
_|_4C};" (2\} <1+K<A5+ 2)>2+\/Ez> + M + N + OKL-

Let k > 1, and assume that pen(m) = Am with

40,
N VK (1 +9¢log(n) /K log(2p + 1))
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Then, as
Ay =m'log(n)/ K log(2p + 1) +6<+K<A5+q>),
ays

with AC 1 1
kL= Mn K—<

vn A T 14 9qlog(n)\/K log(2p + 1)’

we get that

KLn(5¢0, 8m) = vn(fm) < mf KLy, (g0, $m) + (1 + £71) pen(m)

SmESm

e oo )
+4\an <54\/Eq( +K<A5+q>> +xﬁz>
+ 1+ OKL + Nhm

< inf KL;(s¢0,8m) + (1 + x~1) pen(m)
SmESm

2
1 A0, (orparz | 2TH L2 <1+K <A,8+q>> +VKz
vn as,

n VK
+ N + 1 + OKL-

Let m such that

i Zlog (8 (yi|zi)) + pen(m) < inf (—i Zlog(ém(yﬂxi)) + pen(m)) +n;

meN*
=1 =1

and M(m) = {m’ € N*|P,(—log(3,,)) + pen(m’) < P,(—1log(5m)) + pen(m) + n}. By defini-
tion, m € M (m). Because for all m € N*, for all m’ € M(m),

1 Z ef(ererm’) >1_¢ " Z efmfm’ >1— 672,

EN* / *)2
l e (m) (m,m’)€(N*)

we could sum up over all models.
On the event T, for all z > 0, with probability greater than 1 — e™?,

KLy (s8¢0, 8m) — vn(fm) < inf ( inf KLy (sgo, 5m) + (1 + k1) pen(m) + nm>

meN* SmESm
4 2
+ C};" (27K3/2+ 55‘1 <1+K<A5+>> —i—\/Kz)
ay
+ 1+ oKL

By integrating over z > 0, and noticing that E(v,,(f)) = 0 and that ék, can be chosen arbitrary
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small, we get

E(KL, (SEO $m)17) < inf < inf KLn<S£0, Sm) + (1 + n—l) pen(m) + 77m>
meN* SmeSm

A (g 455 (e (a0 D)) 4 VR +7)
VK 2 Py

< inf ( inf KL, (s¢0,8m) + (1 + k1) pen(m) + nm)

meN* \ s, €ESm

332K3/2¢C), q\?
T * ( o az) K

2.5.2 Proof of the Proposition [2.4.3]
We want an upper bound of E (KLn(Sgo, ,§m)]l7—c). Thanks to the Cauchy-Schwarz inequality,

E (KLn(sgo, ) 17) < /B(KL2 (s¢0, ))v/P(T).

However, for all s¢ € S,

: S¢0 yll‘z)
=1

Tll; (/ log(s¢o (y21)) s¢0 (y]:)dy — /q10g(8§(y’$z‘))850(y’Q?i)dy)

/ log(s¢(y|xi))seo (y|wi)dy

Because parameters are assumed to be bounded, according to the set (2.3)), we get, with
(89,29, w%) the parameters of seo and (B3, X, ) the parameters of s¢,

a u (y — Brexi) 'Sy, (y — Bri)
log(se(ylzi))seo (y|x;) =log (; (27r)q/2 ST exp | — Qk
K
oxo [ — (y — BR=:)' (Z0) My — BRai)
" ; 27r)a/? det(EO) g < 2 )

>1 aryfdet(3y ) ty—1 tpty—1
> log KWGXP (—(y Y1y +xifid 51901'))

det((X9)~1)

exp (—(y'S1 'y + 2887 Bray))

(2m)a/2
Or %/2 t 2
> log K(2 Ja72 P (—(y'y + A3) Ax)
aﬂaq/Q
K o (- A
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Indeed, for u € RY, if we use the eigenvalue decomposition of ¥ = P!DP,

|u'Sul = |u' P'DPu| < ||Pull|[DPU||z < M(D)||Pull3
< M(D)|[ull} < As]lulf3.

To recognize the expectation of a Gaussian standardized variables, we put u = /2Axy:

t
Kaﬂef‘é%’élzaq/2 Kaq/2a,r utu| e
KL (seo(-|rs). se(-|:)) < — i [ s | o2 ) - s - | o

(24y,)772 (2m)e2 2 | 2mer™
aqmeawe_A%‘AE Kaﬂaqz/2 9 U?
< — El|log | -5 | —454s — —
(2A4y;)1/? (2m)a/? 2
2 —AZA 2
< _Ka%/ ape “BTE log Ka,raqz/ —A2A2—1
= (245)1/2 (27)a/2 A 2
2 —AZAs-1/2 —A%2A5—1/2 q/2
S_Ka%/ are P /61/27Tq/2log Kage 5421 2qY
(27r)q/2A%/2 (2m)a/2
o—1/214/2
YT
AY

where U ~ N,(0,1). We have used that for all ¢ € R, tlog(t) > —e~!. Then, we get, for all
SEGAS,
1 @& e~ 1/274/2
KLn(SEO’Sf) < nZ;KL(Sﬁo(’xz)asf(|xz)) < W
1=

As it is true for all s¢ € S, it is true for 84, then

e—1/2,4/2

2 i
VL2 (500, 35) e

IN

For the last step, we need to bound P(T°).

P(T%) = E(L1e) = E(Ex(L7¢)) = E(Px(T°)) <E <Z Px([|Yilloo > Mn)> :

=1

Nevertheless, let Y, ~ Zszl TNy (Brx, ), then,

=B o (—Bge)

K
! o)
P(||Yz||co > My :/ 1 T ¢ !
(I1Yz] ) - {|Yz||oo2Mn}; " (2m)e/2/det (D) ’

=B w=Be) )
2 dy

K
1
kz_:l R {IYz| ZM}(Qﬂ_)q/Q /det(Zk)
K g

=

= mePx (Voo > M) <D mePx(|[VF]:] > M,)
k=1 k=1 z2=1

with Yxk ~ N (Brx, Xk) and [Yxk]z ~ N([Br]z, [Bk]z.2)-
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We need to control Py (|[YF].| > M,), for all z € {1,...,q}.

PX(|[Ya:k]2| > Mn) = PX([sz]z > Mn) + PX([Yz k]z < _Mn)

M, — —M, —
—Py|U>T" [Brx]. vpe (U< ' — [Brx].
[Ek]z,z [Ek]z,z
M, — M,
[Ek]z,z [Ek]z,z
_1<M7 25712 ’ ;(w)
<e *\ VBl ) 4o 2\ Vs
_l(”fn \[ﬁk$]z|)2
<2 *\ VEil:=
_ 1 M2—2Mn|[Bgalz|+l[Bgalz|?
SQ@ 2 [Ek]z,z

where U ~ N(0,1). Then,
P(||Yalloo > My) < 2K ge—2(Ma—2MnAg)as
and we get P(7T°) < E (Z?:1 2anﬂe*%(M5*2MnA5)a2> < 2Knaﬂqe*%(MZ*2MnA6)az' We have

obtained the wanted bound for E(KLy,(s¢0, 855,)17¢).

2.6 Some details

2.6.1 Proof of the Lemma [2.5.1]

First, give some tools to prove the Lemma [2.5.1]

We define ||g||, = \/% Yy g%(yi|z;) for any measurable function g.
Let m € N*. We have

sup |vp(—fm)| = sup
fm€Fm fmeFm

i:l

To control the deviation of such a quantity, we shall combine concentration with symmetrization
arguments. We first use the following concentration inequality which can be found in [BLM13].

Lemme 2.6.1. Let (Zy,...,2Z,) be independent random variables with values in some space Z
and let I' be a class of real-valued functions on Z. Assume that there exists R, a non-random

constant such that sup.cr ||V|ln < Rn. Then, for all t > 0,
¢ —t
+2V2R [ — | e
n

1
P | sup |~ sup [— » v(Z (Zi))
(76F n [wef‘ Z

Proof. See [BLM13]. A

n

> (Z) - E((2))| >

i=1

Then, we propose to bound E [supvep | LS (Zi) — E(V(Zl))H thanks to the following sym-
metrization argument. The proof of this result can be found in [vdVW96].
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Lemme 2.6.2. Let (Z1,...,7Z,) be independent random variables with values in some space Z
and let T' be a class of real-valued functions on Z. Let (e1,...,€,) be a Rademacher sequence

independent of (Z1,...,Zy). Then,

n n
1
E [sup|— Z;) — E(v(Z < 2E |sup|— eiv(Z)|| -
ap |3 002 - B @) | <28 gl Yo

Proof. See [vdVW96]. A
Then, we have to control E(sup.ep |% S ev(Z)|).

Lemme 2.6.3. Let (Z1,...,Zy,) be independent random variables with values in some space Z
and let T' be a class of real-valued functions on Z. Let (e1,...,€,) be a Rademacher sequence
independent of (Z1,...,Zy). Define R,, a non-random constant such that

sup H'7||n < Rj.
yel

Then, for all S € N*,

iZéﬂ(Zi)

=1

E |sup
yerl’

6 5 —s —s -
<R, (\/ﬁgz (\/Iog(l—i-N(Q Ry, T [ []n)) + 2 S))

where N (8,1, ||.||n) stands for the §-packing number of the set of functions I' equipped with the
metric induced by the norm ||.||,.
Proof. See [Mas07]. A

In our case, we get the following lemma.

Lemme 2.6.4. Let m € N*. Consider (e1,...,€,) a Rademacher sequence independent of
(Y1,...,Y,). Then, on the event T,

E| sup
fmGFm =1

where Ay, := mlog(n)y/K log(2p + 1) + 6(1 + K (Ag + L))

Proof. Let m € N*. According to Lemma [2.6.5] we get that on the event T,

n

NG

) < 18\/ECM"qu;

Sup || fmlln < By 1= 2Chy, (1 + K(Ag + L)),
fm€Fm ay,



2.6. SOME DETAILS 92

Besides, on the event 7T, for all § € N*,

S S
Z 273\/10g[1 + N(275 Ry, Fin, || ][n)] < Z 275\/10g<2N(2_8Rn7 o, [|1n))
— s=1

25+1CanKm>

S
< Z_; 27° <\/log(2) + \/log(2p +1) R,

S
2s+3(C) K 2s+3(
+ g 27°% | K log (1 + ij@]) (1 + RnM") according to Lemma [4.15

Mm

9s+1 K
(\/log )+ /log(2p + 1)%’1)
1 n

S
—s +3C
+Z Klog(1+2s 7
s=1

@
Il

" max(1, qK/ag)>2

n

S

2510y, qK
Z [\/log +\/log(2p+1)%+\/2 (s +3)K log(2 )q/ag]
s=1 "
Cu,,

SQTKW]S\/log(Qp—F 1) + v/log(2) (1—1—\[ <\/7+ZZ2 sf))
n s=1

S%S\ﬂog@p +1) + /log(2) (1 + ;/j\/@Jr ﬁx/f?j%%)

because 27°/s < (%)S for all s € N*. Then, thanks to the Lemma [2.6.3

n

1
(f:lelgm n =1 Elfm( Z|xl)

A

6 <., _ B
)_ R, <\/ﬁ;2 Vi9og[l + N (275 Ry, Fon, ||| |n)] + 2 5)

6 (2Cy, Kmg
< O A MR ST
< R, L/ﬁ( R, S+/log(2p + 1)
q q 2e _g
+v/log(2) (1 + —V6K + —VK +277.
ay, ay, 2—\/6

Taking S = (( )) to obtain the same order in the both terms depending on S, we could deduce
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that
B 1 Z Fn Vil
sup  |— € Jm\¥i|Ts
meFm ni 1
12C, Kmg og(n)
<— 2p +1
o

o) o ).

sm@fmq VIog(@p + 1) log(n)
+2E0Mn (1+K(A5+;;>) [ log(2) <1+\/6+ ; Ve ) +1

v —V2e
K
§18\/\/;CM,L [mq\/Klog(Qp +1)log(n) +6 (1 +K <A5 + 632))} .
It completes the proof. A

We are now able to prove the Lemma [2.5.1]

sup |vp(—fm)| = sup

1=1

<E| sup
meFm i=1

with probability greater than 1 — e~ " and where R,

is a constant computed from the Lemma

) + 2f2Rn\/Z

with ¢; a Rademacher sequence,

n

<2E ( sup
i=1

fm€EFm

independent of Z;

<o (18yEEMmIN +2\/§Rn\/?
NLD n

<4Cy, (9\/\/?Am+\/§\/z (1+K (A5+ E))) .

2.6.2 Lemma [2.6.5] and Lemma [4.15|
Lemme 2.6.5. On the event

T = { max max |[Y;].] < Mn}a
1€{1,...,n} z€{1,...,q}

for all m € N*,
sup || fin|ln < 2C, <1+K (AB +- >) = R,.
2

f’!?LEFTYL
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Proof. Let m € N*. Because f,, € F, = {fm = —log <L‘:‘§—mo) , Sm € Sm}, there exists s,, €
Sm such that f,, = —log <§—”;) For all z € [0,1]P, denote &(x) = (m, fix,...,Bkz, X) the
¢
parameters of s,,(.|z). For alli € {1,...,n},
| fm (yilai) [ L7 = |log(sm (yilz:)) — log(seo (yilxi)) L7

o1
< sup sup W‘Hg — )|l

z€[0,1]P £€E

thanks to the Taylor formula. Then, we need an upper bound of the partial derivate.
For all z € [0,1]?, for all y € R?, we could write

log(s¢(y|r)) = log (Z hi(z,y) )

where, for all k € {1,..., K},

™
(27)9/2 det Xy,

1 q q p p
X exp | =5 DD v =D wilBilag | B2k, 2 = D Br)eaym
j=1 j=1

zo=1 \z1=1

hk(x)y) =

Then, for all I € {1,..., K}, for all z; € {1,...,q}, for all z5 € {1,...,¢}, for all y € RY, for all
x € [0,1]P,

‘alog@g(yrx)) ’ _ ' u(z,y)
o([Bra]-,) Srey hi(,y)

‘alogwg(yra:)) ‘ 1
8([2”21,22) Zle hi(x,y)

—mCofsy .y (51) (@, ) (Y — [Bi)20) (Y — [Bi]2) [ 22,

N |

q
(— ;[Ez]zmﬁm]@ —y22)> < q(!yl+2Aa>Az;

det(Zl) B 2
—Cof,, 2, (%) (Yzy — [Biz] 2 ) (Y2, — [/le]n)[zl];%zz
det(Zl) 2

<Ay + - (Iy! + Ap) A%,

where Cof,, ,,(3) is the (z1, z2)-cofactor of ¥j. We also have, for all I € {1,..., K}, for all
x € 1]0,1]7, for all y € RY,

hl(ajvy)
SR ez, y)

‘alog(Ss(y,m))‘ _

1
<7
omy ~ an

Thus, for all y € RY,

dlog(s¢(y|z))

(lyl+Ap)As\ _
: )-o

sup sup ‘ < max ( JAs + - (|y! + Ap)? A%, 7 5

z€[0,1]P gex

We have C, < (Ag A é) [1 + q;—lAg(Ly] + AB)Q], For all m € N*,
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| fon (ilzo) [ L7 < Cy, 1€ (i) — €%() 117
K

< Cu, > (IBkwi = Blailly + 11 — Sk + |me — wp)).-
k=1

Since f,,, and f% belong to é, we obtain
| frn (yi| i) |17 < 2C, (K Ag + K% 1)

and then q
sup || fnlln 17 < 2C, (K Ap + K+)

mELMm

For the next results, we need the following lemma, proved in [Mey13].

Lemme 2.6.6. Let 0 > 0 and (Ajj)icqr...ny € [0,1]"*P. There exists a family B of (2p+ 1)1/6%

,,,,,

j€{1,....p}

vectors of RP such that for all u € RP in the £1-ball, there exists ' € B such that
2

p
IS - A | <
e

i=1
Proof. See [Meyl13|. A

With this lemma, we can prove the following one:

Lemme 2.6.7. Let § > 0 and m € N*. On the event T, we have the upper bound of the
d-packing number of the set of functions F, equipped with the metric induced by the norm ||.||n:

K K K
NG, Fa (1) < (pr+ 1R /8 (4 BCUEN (44 800 )
ay

Proof. Let m € N* and f,,, € F};,. There exists s, € Sy, such that f,, = —log(s;,/s¢0). Intro-
duce s}, in S and put f;, = —log(s},/s¢0). Denote by (Bk, X, mk)1<k<x and (B, X, ) 1<k<k
the parameters of the densities s,,, and s}, respectively. First, applying Taylor’s inequality, on
the event

7'_{ max  max HYEMSMn}a
ie{l,...,n} ze{1,...,q}

we get, for all i € {1,...,n},

| frn (yili) = fon (il [ L7 = [log(sm(yilwi)) — log(sy, (yil:)) 17

Olog(se (yilr)) 1€ (i) — € (@)1 17

< sup sup o€

2€[0,1)P ez
K

q
<Cum, Y (Z |[Brwil: — (Bl | + Sk — Sillx + mx — W;QI) :
k z=1

=1
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Thanks to the Cauchy-Schwarz inequality, we get that

K q 2
(fm(yilzi) — (y,]a:z))Q]lT < 26%4,1 (ZZ ‘51635@ - ﬁ;c%‘) + (|2 - 2'H1 + || — W,H)Q

k=1 2=1
K P 4 2
<20%, |Ka) ) }:ﬁ% silely =Y Bilaslzily |+ (1S =S+ llw = 1) |
k=1z=1 \j=1 j=1
and
K q 1 n D 2
[ fm — frlanz]lT §2C%/[n KQZZ n Z Z Brlzjlzil; — Z[Bl/c]zyj[xzb
k=1z=1 =1 \j=1 Jj=1
+ (|2 = 21 + || — a']])?
Denote by

=

P
[Bk]z.lxils Z Brlzjlail;
1 7j=1

k=1z=1 i=1 \j

Then, for all § > 0, if

a<46?/(4C3;)
|12 — X[y <6/(4Cwm,)
||w —='|] < 6/(4Cn,,)

then || fm — f2.]12 < 6%. To bound a, we write

2

K q P ) p AN
=Ko 33 (S Pt -3

=1 2=1  i=1 \j=1 j=1

and we apply Lemma-to [Bklz,./m for all k € {1,..., K}, and for all z € {1,...,¢}. Since
S$m € Sy, we have 321 370 ‘ [”8’;”2 - ’ < 1, thus there exists a family B of (2p+ 1)4012%’12K2mz/52
vectors of RP such that for all k € {1,..., K}, for all z € {1,...,q}, for all [Bk],,., there exists
[8,]... € B such that a < 52/(4012\/[n). Moreover, since ||X|]; < % and ||m||1 < 1, we get that,
on the event T,

0 0
NG Fos ) < card BN (g0 B0 ) <an,Bf(<1>,||.||1)
K
< (Qp v 1)4C]2an2K2m2/52 1+ 8CanK 14+ SCMH
agé )
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In this chapter, we focus on a theoretical result for the Lasso-
MLE procedure. We will get a penalty which depends on the model
complexity for which the model selected by the penalized crite-
rion among the collection constructed satisfies an oracle inequality.
This result is non-asymptotic. We derive it from a general model
selection theorem, also detailed here, which is a generalization of
Cohen and Le Pennec Theorem, [CLP11], for a model collection
constructed randomly.

3.1 Introduction

The goal of clustering methods is to discover a structure among individuals described by several
variables. Specifically, in regression case, given n observations (x,y) = ((z1,¥1),---, (Tn,Yn))
which are realizations of random variables (X,Y) with X € R? and Y € RY, one aims at grouping
the data into clusters such that the observations Y conditionally to X in the same cluster are
more similar to each other than those from the other clusters. Different methods could be
considered, more geometric or more statistical. We are dealing with model-based clustering, in
order to have a rigorous statistical framework to assess the number of clusters and the role of each
variable. This method is known to have good empirical performance relative to its competitors,
see in [TMZT06].

Datasets are described by a lot of explicative variables, sometimes much more than the sample
size. All the information should not be relevant for the clustering. To solve this problem,
we propose a procedure which provide a data clustering from variable selection. In a density
estimation way, we could also cite Pan and Shen, in [PS07|, who focus on mean variable selection,
Zhou and Pan, in [ZPS09|, who use the Lasso estimator to regularize Gaussian mixture model
with general covariance matrices, Sun and Wand, in [SWE12|], who propose to regularize the
k-means algorithm to deal with high-dimensional data, Guo et al. in [GLMZ10] who propose a
pairwise variable selection method. All of them deal with penalized model-based clustering.

In a regression framework, the Lasso estimator, introduced by Tibshirani in [Tib96], is a classical
tool in this context. Working well in practice, many efforts have been made recently on this
estimator to get some theoretical results. Under a variety of different assumptions on the design
matrix, we could have oracle inequalities for the Lasso estimator. For example, we can state the
restricted eigenvalue condition, introduced by Bickel, Ritov and Tsybakov in [BRT09], who get
an oracle inequality with this assumption. For an overview of existing results, cite for example
[vdGBO09|.

Whereas focus on the estimation, the Lasso estimator could be used to select variables, and,
for this goal, many results without strong assumptions are proved. The first result in this way
is from Meinshausen and Biihlmann, in [MB10], who show that, for neighborhood selection in
Gaussian graphical models, under a neighborhood stability condition, the Lasso estimator is
consistent. Under different assumptions, as the irrepresentable condition, described in [ZY06],
one get the same kind of result: true variables are selected consistently.

Thanks to those results, one could refit the estimation, after the variable selection, with an
estimator with better properties. In this chapter, we focus on the maximum likelihood estimator
on the estimated active set. In a linear regression framework, we could cite Massart and Meynet,
[MMI11a], or Belloni and Chernozhukov, [BC13], or also Sun and Zhang, [SZ12] for using this
idea.

In our case of finite mixture regression, we propose a procedure which is based on a modeling
that recasts variable selection and clustering problems into a model selection problem. This
procedure is developed in [DevI4c], with methodology, computational issues, simulations and
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data analysis. First, for some data-driven regularization parameters, we construct a relevant
variables set. Then, restricted on those sets, we compute the maximum likelihood estimator.
Considering the model collection with various number of components and various sparsities, we
select a model thanks to the slope heuristic. Then, we get a clustering of the data thanks to the
Maximum A Posteriori principle. This procedure could be used to cluster heterogeneous multi-
variate regression data and understand which variables explain the clustering, in high-dimension.
Considering a regression clustering could refine a clustering, and it could be more adapted for
instance for prediction. In this chapter, we focus on the theoretical point of view. We define a
penalized criterion which allows to select a model (defined by the number of clusters and the
set of relevant variables) from a non-asymptotic point of view. Penalizing the empirical contrast
is an idea emerging from the seventies. Akaike, in [Aka74], proposed the Akaike’s Information
Criterion (AIC) in 1973, and Schwarz in 1978 in [Sch78| suggested the Bayesian Information Cri-
terion (BIC). Those criteria are based on asymptotic heuristics. To deal with non-asymptotic
observations, Birgé and Massart in [BM07| and Barron et al. in [YB99|, define a penalized
data-driven criterion, which leads to oracle inequalities for model selection. The aim of our
approach is to define penalized data-driven criterion which leads to an oracle inequality for our
procedure. In our context of regression, Cohen and Le Pennec, in [CLP11], proposed a general
model selection theorem for maximum likelihood estimation, adapted from Massart’s Theorem
in [Mas07]. Nevertheless, we can not apply it directly, because it is stated for a deterministic
model collection, whereas our data-driven model collection is random, constructed by the Lasso
estimator. As Maugis and Meynet have done in [MMRI2] to generalize Massart’s Theorem,
we extend the theorem to cope with the randomness of our model collection. By applying this
general theorem to the finite mixture regression random model collection constructed by our
procedure, we derive a convenient theoretical penalty as well as an associated non-asymptotic
penalized criteria and an oracle inequality fulfilled by our Lasso-MLE estimator. The advantage
of this procedure is that it does not need any restrictive assumption.

To obtain the oracle inequality, we use a general theorem proposed by Massart in [Mas(07|, which
gives the form of the penalty and associated oracle inequality in term of the Kullback-Leibler
and Hellinger loss. In our case of regression, Cohen and Le Pennec, in [CLPII], generalize
this theorem in term of Kullback-Leibler and Jensen-Kullback-Leibler loss. Those theorems are
based on the centred process control with the bracketing entropy, allowing to evaluate the size
of the models. Our setting is more general, because we work with a random family denoted by
M. We have to control the centred process thanks to Bernstein’s inequality.

The rest of this chapter is organized as follows. In the Section [3.2] we define the multivariate
Gaussian mixture regression model, and we describe the main steps of the procedure we propose.
We also illustrate the requirement of refitting by some simulations. We present our oracle
inequality in the Section In Section [3.4] we illustrate the procedure on simulated dataset
and benchmark dataset. Finally, in Section [3.5] we give some tools to understand the proof
of the oracle inequality, with a global theorem of model selection with a random collection in
Section [3:5.1] and sketch of proofs after. All the details are given in Appendix.

3.2 The Lasso-MLE procedure

In order to cluster high-dimensional regression data, we will work with the multivariate Gaussian
mixture regression model. This model is developed in [SBG10] in the scalar response case.
We generalize it in Section Moreover, we want to construct a model collection. We
propose, in Section [3.2.2] a procedure called Lasso-MLE which constructs a model collection,
with various sparsity and various number of components, of Gaussian mixture regression models.
The different sparsities solve the high-dimensional problem. We conclude this section with
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simulations, which illustrate the advantage of refitting.

3.2.1 Gaussian mixture regression model

We observe n independent couples (z;,yi)1<i<n realizing random variables (X,Y"), where X €
RP and Y € R? comes from a probability distribution with unknown conditional density denoted
by s*. To solve a clustering problem, we use a finite mixture model in regression. In particular,
we will approximate the density of Y conditionally to X with a mixture of K multivariate
Gaussian regression models. If the observation ¢ belongs to the cluster k, we are looking for
Br € R?7*P such that y; = Brx; + €, where € ~ N (0, X;). Remark that we also have to estimate
the number of clusters K.
Thus, the random response variable Y € R? depends on a set of random explanatory variables,
written X € RP, through a regression-type model. Give more precisions on the assumptions on
the model we use.

— The variables Y;, conditionally to X;, are independent, for all i € {1,...,n} ;

— Y| Xi=x; ~ sg{(y\mi)dy, with

(3.1)

st (ylz) = 3 L. exp <_ (y — Bra) =y (y — ka)>

£ (2m)9/2det(3y) 1/ 2

fz(’7['1,...,WK,ﬁh...,ﬁK,Zl,...,EK) EZKg = (HK X (qup)KX (S;+)K)

K
Mg = {(771,...,#}();7% >0 for ke {l,...,K} and Zﬂ'k: 1}
k=1

S;r+ is the set of symmetric positive definite matrices on RY.

We want to estimate the conditional density function 5? from the observations. For all & €
{1,..., K}, Bk is the matrix of regression coefficients, and ¥ is the covariance matrix in the
mixture component k. The mgs are the mixture proportions. In fact, for a regressor x, for all
ke{l,...,K}, forall z € {1,...,q}, [Brx], = Z?:ﬂﬂk]z,jﬁ?j is the zth component of the mean
of the mixture component k. To deal with high-dimensional data, we select variables.

Definition 3.2.1. A wvariable (z,5) € {1,...,q} x {1,...,p} is said to be irrelevant if, for all
kEe{l,...,K}, [Bil.; = 0. A variable is relevant if it is not irrelevant.
A model is said to be sparse if there are a few of relevant variables.

We denote by @Y1 the matrix with 0 on the set J, and S(k,s) the model with K components
and with J for relevant variables set:

Stk = {y €Rz e R? s 57 (y|$)} (3.2)
where p ] ]
-1
(K,J) . Tk _ (y — Bk x)tzk (y— Bk )
e 00 = 2 (i P ( 2 |

This is the main model used in this chapter. To construct the set of relevant variables J, we use
the Lasso estimator. Rather than select a regularization parameter, we consider a collection,
which leads to a model collection. Detail the procedure.



CHAPTER 3. AN ORACLE INEQUALITY FOR THE LASSO-MLE
103 PROCEDURE

3.2.2 The Lasso-MLE procedure

The procedure we propose, which is particularly interesting in high-dimension, could be decom-
posed into three main steps. First, we construct a model collection, with models more or less
sparse and with more or less components. Then, we refit estimations with the maximum likeli-
hood estimator. Finally, we select a model thanks to the slope heuristic. It leads to a clustering
according to the MAP principle on the selected model.

Model collection construction The first step consists of constructing a collection of models
{8k} (K,7)em in which the model S 5y is defined by equation , and the model collection
is indexed by M = K x J. Denote by K C N* the possible number of components, and denote
by J a collection of subsets of {1,...,q¢} x {1,...,p}.

To detect the relevant variables, and construct the set J in each model, we generalize the Lasso
estimator. Indeed, we penalize the empirical contrast by an £1-penalty on the mean parameters
proportional to ||Pfxll1 = 25— D% [(PkBr)=,jl, where P{P;, = . forall ke {1,...,K}.
Then, we will consider

n K
N 1
Lasso : K
A) = ——%"1 A7) + A P .
k=(\) = argmin { @ D ou(s ) + A Yl kﬁkul}

52(7"7ﬁ72)EEK k=1

This leads to penalize simultaneously the /1-norm of the mean coefficients and small variances.
Computing those estimators lead to construct the relevant variables set. For a fixed number
of mixture components K € K, denote by G a candidate of regularization parameters. Fix a
parameter A € G, we could then use an EM algorithm to compute the Lasso estimator, and
construct the set of relevant variables Jy g, saying the non-zero coefficients. We denote by J
the random collection of all these sets, J = Ux e Unea, J00K) -

Refitting The second step consists of approximating the maximum likelihood estimator

1 n
2(KJ) _ : _ = 1 s
8 argmln{ nE Og(t(yz!wz))}

teS(k, 1) i=1

using an EM algorithm for each model (K, J) € K x J. Remark that we estimate all parameters,
to reduce bias induced by the Lasso estimator.

Model selection The third step is devoted to model selection. We get a model collection,
and we need to select the best one. Because we do not have access to s*, we can not take the one
which minimizes the risk. The Theorem solves this problem: we get a penalty achieving to
an oracle inequality. Then, even if we do not have access to s*, we know that we can do almost
like the oracle.

3.2.3 Why refit the Lasso estimator?

In order to illustrate the refitting, we compute multivariate data, the restricted eigenvalue con-
dition being not satisfied, and run our procedure. We consider an extension of the model studied
in Giraud et al. article [BGH09]| in the Section 6.3. Indeed, this model is a linear regression with
a scalar response which does not satisfy the restricted eigenvalues condition. Then, we define
different classes, to get a finite mixture regression model, which does not satisfied the restricted
eigenvalues condition, and extend the dimension for multivariate response. We could compare
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the result of our procedure with the Lasso estimator, to illustrate the oracle inequality we have
get. Let precise the model.
Let [x]1, [x]2, [x]3 be three vectors of R™ defined by

xl1 = (1,-1,0,...,0)!/v/2
[x]2 = (~1,1.001,0,...,0)/v/1+ 0.0012
xls = (1/V2,1/v2,1/n,...,1/n)' /\/1+ (n —2)/n?

and for 4 < j < n, let [x]; be the 4t vector of the canonical basis of R”. We take a sample
of size n = 20, and vector of size p = ¢ = 10. We consider two classes, each of them defined
by [£1]:; = 10 and [B2].; = —10 for j € {1,...,2}, z € {1,...,10}. Moreover, we define the
covariance matrix of the noise by a diagonal matrix with 0.01 for diagonal coefficient in each
class.

We run our procedure on this model, and compare it with the Lasso estimator, without refitting.
We compute the model selected by the slope heuristic over the model collection constructed by
the Lasso estimator. In Figure are the boxplots of each procedure, running 20 times. The
Kullback-Leibler divergence is computed over a sample of size 5000.

3

~

o

&

Kullback-Leibler divergence
S

Lasso-MLE Lasso

Figure 3.1: Boxplot of the Kullback-Leibler divergence between the true model and the one
constructed by each procedure, the Lasso-MLE procedure and the Lasso estimator

We could see that a refitting after variable selection by the Lasso estimator leads to a better
estimation, according to the Kullback-Leibler loss.

3.3 An oracle inequality for the Lasso-MLE model

Before state the main theorem of this chapter, we need to precise some definitions and notations.

3.3.1 Notations and framework

We assume that the observations (x;, y;)1<i<n are realizations of random variables (X,Y") where
X eRPand Y € RY.
For (K, J) € K x J, for a model Sk, ), we denote by §5J) the maximum likelihood estimator

) = argmin (‘ZlogséK’J)(yﬂxi))‘
=1

8<K’J) ES(K,J) 1=

To avoid existence issue, we could work with almost minimizer of this quantity and define an
n-log-likelihood minimizer:

> —log(3 ) (yila;)) < inf <Z —log séK"]) (y1|:1:z)> + 1.

(K.J)
=1 s ESK.) \i=1
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The best model in this collection is the one with the smallest risk. However, because we do not
have access to the true density s*, we can not select the best model, which we call the oracle.
Thereby, there is a trade-off between a bias term measuring the closeness of s* to the set Six 7
and a variance term depending on the complexity of the set S(f, 7) and on the sample size. A
good set S(x sy will be one for which this trade-off leads to a small risk bound. Because we
are working with a maximum likelihood approach, the most natural quality measure is thus the
Kullback-Leibler divergence denoted by KL.

s(y) . _
KL(s.t) /Rlog (t(y)) s(y)dy if sdy << tdy; (3.3)

+ oo otherwise;

for s and ¢ two densities.
As we deal with conditional densities and not classical densities, the previous divergence should
be adapted. We define the tensorized Kullback-Leibler divergence by

KL®" (s,t) [ ZKL (), t |xl))].

This divergence, defined in [CLPII]| appears as the natural one in this regression setting.
Namely, we use the Jensen-Kullback-Leibler divergence JKL, with p € (0, 1), which is defined
by

1
JKL,(s,t) = p KL(s, (1 = p)s + pt);

and the tensorized one
JKLS" (s,t) [ ZJKL (i), t(|2:))

This divergence is studied in [CLP11]. We use this divergence rather than the Kullback-Leibler
one because we need a boundedness assumption on the controlled functions that is not satisfied by

the log-likelihood differences — log ( (K. ) /s ) When considering the Jensen-Kullback-Leibler

divergence, those ratios are replaced by ratios

* (K,J)
(1 - p)s* + s

5*

1
——log
p

that are close to the log-likelihood differences when s,, are close to s* and always upper bounded
by —log(1—p)/p. Indeed, this bound is needed to use deviation inequalities for sums of random
variables and their suprema, which is the key of the proof of oracle type inequality.

3.3.2 Oracle inequality

We denote by (S, J))( K,J)ekcx gt the model collection constructed by the Lasso-MLE procedure,
with 7% a random subcollection of P({1,...,q} x{1,...,p}) constructed by the Lasso estimator.
The grid of regularization parameter considered is data-driven, then random. Because we work
in high-dimension, we could not look at all subsets of P({1,...,q}x{1,...,p}). Considering the
Lasso estimator through its regularization path is the solution chosen here, but it needs more
control because of the random family. To get theoretical results, we need to work with restricted
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parameters. Assume Y diagonal, with X = diag([¥x]i,1,...,[Xkleq), for all k € {1,..., K}.
We define

S(BKJ) :{ SéKJ) S S(KJ) for all k € {1, . ,K}, [,Bk]w] S [—Aﬂ,Aﬁ]qXp,
ay, < [Xi].. <Ay forall z € {1,...,q}, foral k e {1,...,K}}. (3.4)

Moreover, we assume that the covariates X belong to an hypercube. Without any restriction,
we could assume that X € [0, 1]P.

Remark 3.3.1. We have to denote that in this chapter, the relevant variables set is designed
by the Lasso estimator. Nevertheless, any tool could be used to construct this set, and we obtain
analog results. We could work with any random subcollection of P({1,...,q} x {1,...,p}), the
controlled size being required in high-dimensional case.

Theorem 3.3.2. Let (xi,y;i)1<i<n the observations, with unknown conditional density s*. Let
Sk, 1) defined by (3.2). For (K,J) € Kx TE, TF being a random subcollection of P({1,...,q} x
{1,...,p}) constructed by the Lasso estimator, denote S&J) the model defined by (3.4]).
Consider the maximum likelihood estimator

UIST) — argmin {—Zlogs 7 ?M%)}-

s Vest
Denote by Dk, ) the dimension of the model S(BK 7 Dy = K(|J|4+q+1)—1. Let 557) ¢
S(BK ) such that

5
KL (s*, 55y < inf  KL®(s*,1) + k.

teS(K 7 n

and let 7 > 0 such that 357 > e=7s* Let pen : K x J — Ry, and suppose that there

exists an absolute constant k > 0 and an absolute constant B(Ag, Ax, ax) such that, for all
(K,J) € KxJ,

D D
pen(K,J) > r— L) [BQ(AB,AZ,aZ) —log (f"])BQ(Aﬁ,AZ,aE) A 1)

n
depq )]
+(1vVv71)lo < .
( )los (D) — 4%) Apg

Then, the estimator 5K, J), with

(K,J)eKxJE

(K,J)= argmin {—Zlog D (yilzi)) + pen(K, J)}

satisfies

(K. J)ekx Tt \test.

[JKL®"( * (K‘]))} <C1E ( inf ( inf KL®"(s*,t) + pen(K, J)))
Lo (1 \T/L 7')7

for some absolute positive constants C1 and Cs.
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This oracle inequality compares performances of our estimator with the best model in the col-
lection. Nevertheless, as we consider mixture of Gaussian, if we take enough clusters, we could
approximate well a lot of densities. This result could be compared with the oracle inequality
get in [SBG10|, Theorem 4. Indeed, under restricted eigenvalues condition and fixed design,
they get an oracle inequality for the Lasso estimator in finite mixture regression model, with
scalar response and high-dimension regressors. Note that they control the divergence with the
true parameters. We get a similar result for the Lasso-MLE estimator. Moreover, our procedure
work in a more general framework, the only assumption needed is to be bounded.

3.4 Numerical experiments

To illustrate this procedure, we study some simulations and real data. The main algorithm is a
generalized version of the EM algorithm, which is used many times for the procedure. We first
use it to compute maximum likelihood estimator, to construct the regularization parameter grid.
Then, we use it to compute the Lasso estimator for each regularization parameter belonging to
the grid, and we are able to construct the relevant variables set. Finally, we could compute the
maximum likelihood estimator, restricted to those relevant variables in each model. Among this
model collection, we select one using the Capushe package. More details, as initialization rule,
stopping rule, and more numerical experiments, are available in [Devl4c].

3.4.1 Simulation illustration

We illustrate the procedure on a simulated dataset, adapted from [SBG10].
Let x be a sample of size n = 100 distributed according to multivariate standard Gaussian. We
consider a mixture of two components, and we fix the dimension of the regressor and of the
response variables to p = ¢ = 10. Besides, we fix the number of relevant variables to 4 in each
cluster. More precisely, the first four variables of Y are explained respectively by the four first
variables of X. Fix 7 = (3, 3), [61]71 =3, [82)/] = =2 and Py, = 31, for all k € {1,2}.
The difficulty of the clustering is partially controlled by the signal-to-noise ratio. In this context,
we could extend the natural idea of the SNR with the following definition, where Tr(A) denotes
the trace of the matrix A.

Tr(Var(Y))
Tr(Var(Y|8, =0 for all k € {1,...,K}))

We take a sample of Y knowing X = x according to a Gaussian mixture, meaning in Sz and
with covariance matrix Xy, = (PLP;) ! = oy, for the cluster k € {1,2}. We run our procedures
with the number of components varying in £ = {2,...,5}.

To compare our procedure with others, we compute the Kullback-Leibler divergence with the
true density, the ARI (the Adjusted Rand Index measures the similarity between two data
clusterings, knowing that the closer to 1 the ARI, the more similar the two partitions), and how
many clusters are selected.

From the Lasso-MLE model collection, we construct two models, to compare our procedures
with. We compute the oracle (the model which minimizes the Kullback-Leibler divergence with
the true density), and the model which is selected by the BIC criterion instead of the slope
heuristic. Thanks to the oracle, we know how good we could be from this model collection for
the Kullback-Leibler divergence, and how this model, as good it is possible for the contrast,
performs the clustering.

The third procedure we compare with is the maximum likelihood estimator, assuming that we
know how many clusters there are, fixed to 2. We use this procedure to show that variable
selection is necessary.

SNR = = 1.88.
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Figure 3.2: Boxplots of the Kullback-Leibler

divergence between the true model and the Figure 3.3: Boxplots of the ARI over the 20
one selected by the procedure over the 20 simulations, for the Lasso-MLE procedure
simulations, for the Lasso-MLE procedure (LMLE), the oracle (Oracle), the BIC esti-
(LMLE), the oracle (Oracle), the BIC esti- mator (BIC) and the MLE (MLE)

mator (BIC)

Results are summarized in Figure 3.2 and in Figure [3.3] The Kullback-Leibler divergence is
smaller for models selected in our model collection (else by BIC, or by slope heuristic, or the
oracle) than for the model constructed by the MLE. The ARI is closer to 1 in those case, and,
moreover, is better for the model selected by the slope heuristic. We could conclude that the
model collection is well constructed, selecting relevant variables, and also that the model is well
selected among this collection, near the oracle.

3.4.2 Real data

We also illustrate the procedure on the Tecator dataset, which deal with spectrometric data. We
summarize here results which are described in [DevI4c]. Those data have been studied in a lot
of articles, cite for example Ferraty and Vieu’s book [FV06]. The data consist of a 100-channel
spectrum of absorbances in the wavelength range 850 — 1050 nm, and of the percentage of fat.
We observe a sample of size 215. In this work, we focus on clustering data according to the
reliance between the fat content and the absorbance spectrum. The sample will be split into
two subsamples, 165 observations for the learning set, and 50 observations for the test set. We
split it to have the same marginal distribution of the response in each sample.

The spectrum is a function, which we decompose into the Haar basis, at level 6.

The procedure selects two models, which we describe here. In Figures and , we
represent clusters done on the training set for the different models.

The graph on the left is a candidate for representing each cluster, constructed by the mean of
spectrum over an a posteriori probability greater than 0.6. We plot the curve reconstruction,
keeping only active variables in the wavelet decomposition. On the right side, we present the
boxplot of the fat values in each class, for observations with an a posteriori probability greater
than 0.6.

The first model has two clusters, which could be distinguish in the absorbance spectrum by the
bump on wavelength around 940 nm. The first class is dominating, with 73 = 0.95. The fat
content is smaller in the first class than in the second class. According to the signal reconstruc-
tion, we could see that almost all variables have been selected. This model seems consistent
according to the classification goal.

The second model has 3 clusters, and we could remark different important wavelength. Around
940 nm, there is some differences between clusters, corresponding to the bump underline in the
model 1, but also around 970 nm, with higher or smaller values. The first class is dominating,
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with 71 = 0.89. Just a few of variables have been selected, which give to this model the
understanding property of which coefficient are discriminating.

B\
e
e
L

ok

4 1 1 1
850 son 950 1000 1050 Class
Wavslength

Figure 3.4: Summarized results for the model 1. The graph on the left is a candidate for
representing each cluster, constructed by the mean of reconstructed spectrum over an a posteriori
probability greater than 0.6 On the right side, we present the boxplot of the fat values in each
class, for observations with an a posteriori probability greater than 0.6.

Fat content

Mean of the near infrared
absorbance spectrum
H

4 1 1 1
850 son 950 1000 1050 Class
Wavslength

Figure 3.5: Summarized results for the model 2. The graph on the left is a candidate for
representing each cluster, constructed by the mean of reconstructed spectrum over an a posteriori
probability greater than 0.6 On the right side, we present the boxplot of the fat values in each
class, for observations with an a posteriori probability greater than 0.6.

We could discuss about those models. The first select only two clusters, but almost all variables,
whereas the second model has more clusters, and less variables: there is a trade-off between
clusters and variable selection for the dimension reduction.
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3.5 Tools for proof

In this section, we present the tools needed to understand the proof. First, we present a general
theorem for model selection in regression among a random collection. Then, in subsection [3.5.2]
we present the proof of this theorem, and in the next subsection we explain how we could use
the main theorem to get the oracle inequality. All details are available in Appendix.

3.5.1 General theory of model selection with the maximum likelihood esti-
mator.

To get an oracle inequality for our clustering procedure, we have to use a general model selection
theorem. Because the model collection constructed by our procedure is random, because of the
Lasso estimator which select variables randomly, we have to generalize Cohen and Le Pennec
Theorem. Begin by some general model selection theory.

Before state the general theorem, begin by talking about the assumptions. We work here in a
more general context, (X,Y) € X x Y, and (Sy,)menm defining a model collection indexed by M.
First, we impose a structural assumption on each model indexed by m € M. It is a bracketing
entropy condition on the model S,, with respect to the Hellinger divergence, defined by

(@525, 0) =B | Sy (s( Je) 10 J)
=1

A bracket [I,u] is a pair of functions such that for all (z,y) € X x Y,l(y,z) < s(y|z) < u(y,x).
The bracketing entropy Hi(e, S, d%”) of a set S is defined as the logarithm of the minimum
number of brackets [I,u] of width d%"(I,u) smaller than € such that every functions of S belong
to one of these brackets. It leads to the Assumption

Assumption H,,. There is a non-decreasing function ¢, such that ©w — %gbm(w) s non-
increasing on (0,+00) and for every w € R™ and every s, € Sm,

| V(e Sl m).di e < o)

where Sy (S, @) = {t € Spm,d5" (t,sm) < w}. The model complexity Dy, is then defined as

2 with wy, the unique root of

nw;,

%(ﬁm(w) — . (3.5)

Remark that the model complexity depends on the bracketing entropies not of the global models
Sm but of the ones of smaller localized sets. This is a weaker assumption.
For technical reason, a separability assumption is also required.

Assumption Sep,,. There exists a countable subset S, of Sy and a set Y, with A\(Y\V,,) = 0
such that for every t € Sp,, there exists a sequence (t;);>1 of elements of S;n such that for every
z and every y € V., log(ti(ylz)) goes to log(t(y|x)) as | goes to infinity.

This assumption leads to work with a countable family, which allows to cope with the randomness
of 5. We also need an information theory type assumption on our collection. We assume the
existence of a Kraft-type inequality for the collection.

Assumption K. There is a family (W )mem of non-negative numbers such that

Z e v < Q< +oo.
meM
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The difference with Cohen and Le Pennec’s Theorem is that we consider a random collection of
models M, included in the whole collection M. In our procedure, we deal with high-dimensional
models, and we cannot look after all the models: we have to restrict ourselves to a smaller
subcollection of models, which is then random. In the proof of the theorem, we have to be careful
with the recentred process of —log(s,,/s*). Because we conclude by taking the expectation, if
M is fixed, this term is non-interesting, but if we consider a random family, we have to use the
Bernstein inequality to control this quantity, and then we have to make the assumption .
Let state our main global theorem.

Theorem 3.5.1. Assume we observe (i, y;)i<i<n with unknown conditional density s*. Let
the model collection S = (Sm)mem be at most countable collection of conditional density sets.
Assume Assumption [K| holds, while assumptions and hold for every m € M. Let
okL, > 0, and s, € S,, such that

. OKL
KL®"(s*,5,,) < inf KL®"(s* t) + —=;
(S’Sm)—térém (8% 8) + ==
and let 7 > 0 such that
Sm > e Ts" (3.6)

Introduce (Sm),exq some random subcollection of (Sm)men. Consider the collection (3m),,c x4
of n-log-likelihood minimizer in Sy,, satisfying, for all m € M,

S —log(sm(yilei)) < inf (Z—log@m(yirxi))) +n.

s
i—1 sm&om \ 725

Then, for any p € (0,1) and any Cy > 1, there are two constants ko and Co depending only on
p and C1 such that, as soon as for every index m € M,

pen(m) > k(Dy + (1 V 7)wyy,) (3.7)

with k > kKo, and where the model complezity Dy, is defined in (3.5)), the penalized likelihood
estimate S;, with m € M such that

memM

_Zlog(§m(yi]xi)) + pen(m) < inf < Zlog (8m (yilzi)) + pen(m)) +7
i=1

satisfies

o s, g 100) -2
n + 77

0?2
—1—02(1\/7’)74— n

(3.8)
Obviously, one of the models minimizes the right hand side. Unfortunately, there is no way
to know which one without knowing s*. Hence, this oracle model can not be used to estimate
s*. We nevertheless propose a data-driven strategy to select an estimate among the collection
of estimates {3,,},,c v according to a selection rule that performs almost as well as if we had
known this oracle, according to the absolute constant C7. Using simply the log-likelihood of the
estimate in each model as a criterion is not sufficient. It is an underestimation of the true risk
of the estimate and this leads to select models that are too complex. By adding an adapted
penalty pen(m), one hopes to compensate for both the variance term and the bias term between
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—1/n > log (84 (vilwi)/s* (yi|xi)) and infs, eg,, KL®"(s*, s,). For a given choice of pen(m),
the best model Sy, is chosen as the one whose index is an almost minimizer of the penalized
n-log-likelihood.

Talk about the assumption . If s is bounded, with a compact support, this assumption is
satisfied. It is also satisfied in other cases, more particular. Then it is not a strong assumption,
but it is needed to control the random family.

This theorem is available for whatever model collection constructed, whereas assumptions
[K|and [Sep,,| are satisfied. In the following, we will use this theorem for the procedure we propose
to cluster high-dimensional data. Nevertheless, this theorem is not specific for our context, and
could be used whatever the problem.

Remark that the constant associated to the Assumption [K] appears squared in the bound. It is
due to the random subcollection M of M, if the model collection is fixed, we get a linear bound.
Moreover, the weights w,, appears linearly in the penalty bound.

3.5.2 Proof of the general theorem

For any model S,,,, we have denoted by §,, a function such that

: OKL
KL (s*,5,) < inf KL®"(s* —.
(5%, 8m) < Yo, KL (L om) 42,
Fix m € M such that KL®"(s*,5,,) < +00. Introduce
pen(m’)

P,(—logs .
(—logs, /) + p

M(m) :{m/ e M

n
where P,(g9) = 1/nY 1", g(yi|z;). We define the functions kl(5y,), kl(5,,) and jkl,($m,) by

Kl(sm) = —log ()5 Hil8n) = —1log <Sm> ;

For every m’ € M(m), by definition,

pen(m

) <Py (ki (5)) + R 0

n
pen(m) +n +17
. .

Py (kl(5, 1)) +

<P (kl(5m)) +
Let v27(g) denote the recentred process P,(g) — P®"(g). By concavity of the logarithm,
kl(8,,) = jkis(5,,),

and then

PP (jkly (8, 1)) — v (kl(5m))

<P () + P e (3,,0) + L - et

9
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which is equivalent to

TKLE™ (5%, 8,,0) — v (k1(8m)) <KLE (s, ‘m)*‘peiyn)_'”?nukhxémq)

! + !
L ntn pen(m) (3.9)
n n

Mimic the proof as done in Cohen and Le Pennec [CLP11], we could obtain that except on a

set of probability less than e~ “m' ™", for all w, for all 3’ > 0, there exist absolute constants

! / /
K, K1, Ky such that

_I/S?n(jklp@m/)) < I<c/10'm/ rojw +w 18 w,.r + w 310
2 L A®RN2 ok & - + Ko 2 T 2 : ( : )
3m’ + KO(dH ) (S ’Sm/) I/ njm’ p nﬁm,

To obtain this inequality we use the hypothesis and This control is derived from
maximal inequalities, described in [Mas07].

Our purpose is now to control v@(kl(S,,)). This is the difference with the Theorem of Cohen
and Le Pennec: we work with a random subcollection M* of M.

By definition of kl and v@n,
_ 1 5m (Yilzi) 1 ¢ Sm (Y3]X5)

On(kl(3,)) = —— 1 —_— E|- 1 —— .
i (kl(sm)) = = 3 los ( sl ) T8 w2\ )

We want to apply Bernstein’s inequality, which is recalled in Appendix.

If we denote by Z; the random variable Z; = —% log (%), we get

n

Ve (Kl(5m)) = 3 (Z: — B(Z:).

i=1
We need to control the moments of Z; to apply Bernstein’s inequality.

Lemme 3.5.2. Let s* and s, two conditional densities with respect to the Lebesque measure.
Assume that there exists T > 0 such that log ( = ) < 7. Then,
o0

D (jl §:j [ (e (m(é‘f))» s*(ym)dy) )

We prove thls lemma in Appendix

Because ? ~ T, there exmts A such that _77 < 27 for all 7 > A. For 7 € (0, A],
=1 1500 +7

because this function is continuous and equivalent to 2 in 0, there exists B > 0 such that
;7177<iB We obtain that Y7 | B(Z?) < 16(1 v 1) KL (s*, 5,,), where § =2V B.
Moreover, for all integers K > 3,

é;E« <<§:nK/"( <§”&3J>szm%my
2

+
n bg<3“ym)>K_
nf Jrq Sm(ylz)

SET
iTK_25(1 V1) KL®" (5%, 5,).

IN

2
J [ * d
§m(y\m)> s >5m(yln)S (Y]T)dy
nK

IN
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Assumptions of Bernstein’s inequality are then satisfied, with

S(1V 1) KL®"(s*, 5,,) T
v = c=—
n ’ n’

thus, for all u > 0, except on a set with probability less than e™“,

vOm (kl(5,)) < V2vu + cu.

u

Thus, for all z > 0, for all u > 0, except on a set with probability less than e™“,

vEn (kl(8m)) < V2vu + cu < Vou L
22+ KL (s, 5) — 22+ KL®"(s*,5m) = 2\/2KL®"(s*,5,,) 2

We apply this bound to u = w + wy, + w,,. We get that, except on a set with probability less
than e~ (WHwm+wn) ysing that a? 4+ b% > a2, from the inequality (3.10)),

/ / 1
VB (Gl (3mr)) < (320 + K(AEM)2 (5", o)) (/@1;/@2 n 0;;)

(3.11)

and, from the inequality (3.11]),

vy (kl(5m)) < (B+ B%) (2 + KLO" (5, 5m))

Wy + W
dm/ :0\/0_72n/+7nn,

where we have chosen

with 6 > 1 to fix later, and

Zmmt = B S E— (W + Wy, + Wiy1)
e 2KLO" (5%, 5,,) e

with 8 > 0 to fix later.
Coming back to the inequality (3.9),

pen(m)

. K]+ Ky 18
(52wl ) (2 gp)

JKL;‘?n(s*, Sp) <KL®"(5*,5,,) +

n +n  pen(m )

— o KLE™ (5%,5,,)).
TR P (54 B2) (22, e+ KL (57, 5)
Recall that 5, is chosen such that
_ . 5KL
KL®" (s* < inf KL®» —
(8 78m) - snilelsm ( ) + n

Put k(3) =1+ (B + ?), and let €1 > 0, we define 6; by &, ('{ﬁ'{? + 9128 ) = Cye1 where C,, is
defined by C,(d5")2(s*, 8p) < JKLS" (5%, 8,), and put sy = Pq . We get that

pen(m)  pen(m’)

(1—¢) JKL;?n(s*, Sp) <k(B)KL®" (8%, 5) +

5 +
+ (8 e+ T il 4 2ma+ (B4 B2
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Since 7 < 1V 7, if we choose B such that (8 + 82)(6/2 + 1) = oz91_2ﬂ_2, and if we put
k1 = ay 2(72+1), since 1 <1V 7, using the expressions of 3, and Zm,m!, we get that

pen(m)  pen(m’)

(1 —e1) JKLE™ (5%, 8,) <k(B8) KL®" (5%, 5n) +

ok 0+
FRBTE
W ~+ Wyt
n

w—}—wm—i—wm/

=+ /4329% (0'72,1/ + n

) +ri(1VT)

<k(8) KLE™(5*, 51m) + (per;(’m) FRi(1V T)“’m>

n
en(m’ Wy Wy
- (—p() + Ko (a?n, + —m) + K1(1 \/T)m>
n n n
J f+ w
+£+u+(/€29%+/€1(1\/7))—.
n n n

Now, assume that k1 > k in inequality , we get

6 /
(1 — 1) JKLE" (5%, ) <k(B) KLE" (5", 51) + QPGZ(m) + % + %

+ (k207 + k1 (1 V T))%

It only remains to sum up the tail bounds over all the possible values of m € M and m’ € M(m)
by taking the union of the different sets of probability less than e~ (Wtwmtwys),

Z e—(w—i—wm—i-wm/) <e W Z e—(wm—i—wm/)

m’welje\/tj\?m) (m,m")eMxM
2
=e ¥ ( Z e‘“”") = 0%V
meM

from the Assumption [K]
We then have simultaneously for all m € M, for all m’ € M(m), except on a set with probability
less than Q%e™,

(1~ 1) IKLE" (5", &) <r(B) KLE (57, ) + 2220 (SKTL

+ 1/ w
+ % + (K203 + K1 (1V 7)) -

It is in particular satisfied for all m € M and m’ € M(m), and, since 11 € M(m) for all m € M,
we deduce that except on a set with probability less than Q2e~%,

x ( inf {H(ﬁ) KL®" (5%, $m) +2pen(m)}

mem n

1
JKLE" (s*, 85) <
14 (S7sm)—(1_61)
) +17 w
+KL+M+(H29%+H1(1\/7))).
n n n
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By integrating over all w > 0, because for any non negative random variable Z and any a > 0,

E(Z) =a [,., P(Z > az)dz, we obtain that

K 5 1 : pen(m) okr, +n+1
Bn * N - Xn * 2
. (J Lo (5% 8n) (1—e) (ni?/fvt (n(ﬁ) KL= (5", 5m) + 2 n ) + n reof

Q2
< (kabf +m1(1V 7)) o

As 01, can be chosen arbitrary small, this implies that

E(JKL®" (5", 44)) < inf () KL (5", sm) + penm))

g
1—€ meM n

+ 1’ 2
+¥+(/€2¢9%+1€1(1\/7’))?

<G E( inf (inf KL®"(s*,t)) +pen(m)>
meM \tESm n
QQ /+

n

with Cq = % and Cy = RQQ% + K1.

3.5.3 Sketch of the proof of the oracle inequality [3.3.2]

To prove the Theorem [3.3.2] we have to apply the Theorem [3.5.1. Then, our model collection
has to satisfy all the assumptions. Here, m = (K,J). The Assumption is true when we
consider Gaussian densities. If s* is bounded, with compact support, the assumption is
satisfied. It is also true in other particular cases. We have to look after assumption and
Assumption [K] Here we present only the main step to prove these assumptions. All the details
are in Appendix.

Assumption

We could take ¢ (w) = [;7 \//H[.](E, S, d5y)de for all @ > 0. It could be better to consider
more local version of the integrated square root entropy, but the global one is enough in this
case to define the penalty. As done in Cohen and Le Pennec [CLP1I], we could decompose the
entropy by

Hiy (e, Sy A7) < Hpy(e, Tk, dr) + KHyy(e, Fr, di)

where
y € Rilw € R? > s (ylo) = S, meep(ul B2, )
S(B}(’J) = = {7T1,...,7TK, gJ],...,ﬁ%],Zl,...,EK} € E(K,J)

[1]r

(&,0) = I X ([=Ag, Ag)PP) K x ([ag, Ax])K

K
Il = {(71’1,...,7[']{) S (0,1)K;Zﬂ'k:1}
k=1

Fy {¢(.|,3MX, %) 8 € [~Ag, Ag)7P, % = diag([Z]11, .- . [Zleq) € [as, Az]q}

where ¢ denote the Gaussian density, and Ag, ax, Ay, are absolute constants.
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Calculus for the proportions We could apply a result proved by Wasserman and Genovese
in [GW00] to bound the entropy for the proportions. We get that

K-1
Hiy(e, g, djy") <log (K(%e)K/2 <3> ) :

€

Calculus for the Gaussian The family

Uy, ) = (1+0) P13/ 4y, (1 4 6) /4 BI)
uly, o) = (1+ )03 4y vy, (1+ 6) BE)

Bl = diag(b;(1), . . -, bi(g)), Wwith i a permutation, for a € {1,2}
B.(Fj) = i(1)» »Y%i(q) /> b ) IESE 3.12
(£7) bl:(l—i-(s)l*l/ZAz,lE{Z...,N} ( )
and  V(z,7) € J% ;=0

\ V(z,)) € J,vz; = V6 Asus, )
is an e-bracket covering for F;, where u. ; is a net for the mean, N is the number of parameters
. _ 1 _ 5(1=2"%
needed to recover all the variance set, § = ViR ra/Ag © and ¢ = 3 .
We obtain that T
245 Ay 1
B.(Fjy)| <2 e 5—1—|J|;
B2 () (52+5)

and then we get

245\l 74s 1
Gy < B As L\ oy
Hyle, Frydyg") < log (2 (ﬁAz) (az +2>6 :

Proposition 3.5.3. Put D(x jy = K(1+|J]). For all ¢ € (0,1),
1
Hi, (E,Sg(’J), d%") <log(C) + Dk, jylog <€> :
with K171 K«
2A A 1
C = 2K (2me)K/? [ 225 ST (SR B
(2me) <\/EAE as + 2

Determination of a function ¢ We could take

B(Ag, As,,as) + [ log <w1A1>] .

b,y (@)
W

bk, 1) (@) = 1/ Dk, y@

This function is non-decreasing, and w — is non-increasing.

The root @x, sy is the solution of ¢k j)(@(k 7)) = \/ﬁw?K )" With the expression of ¢k 1),

we get
Dix s 1
W%K,J) = %w B(AB,AZ,CLZ) + \/log <W>‘ .
Nevertheless, we know that w* = @B(Ag, As, ax) minimizes @k, j): we get
D 1
2 (K,J) 2
w < 2B*(Ag, As, ax) + log .
(HT) @BQ(AIQ, As, az) A1l
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Assumption [K]
We want to group models by their dimension.
Lemme 3.5.4. The quantity card{(K,J) € N* x P({1,...,q} x {1,...,p}),D(K,J) = D} is

upper bounded by
24 if pg < D — ¢?

epg \ P70 ;
(D_q2> otherwise.

Proposition 3.5.5. Consider the weight family {wk i}k, rexxg defined by

w =D lo depg
(K.0) = (K.) 08 (D) —¢*) Apg)

Then we have Z(K J)ekxT e WK < 2.

3.6 Appendix: technical results

In this appendix, we give more details for the proofs.

3.6.1 Bernstein’s Lemma

Lemme 3.6.1 (Bernstein’s inequality). Let (Xi,...,X,) be independent real valued random
variables. Assume that there exists some positive numbers v and ¢ such that Y E(X?) < v,

and, for all integers K >3, I | E(X;)%) < BloeK=2. Let S =37 |(X; — E(X;)). Then, for
every positive T,

P(S > V2vz 4 cx) < exp(—zx).
3.6.2 Proof of Lemma [3.5.2]

This proof is adapted from Maugis and Meynet, [MMR12|. First, let give some bounds.

Lemme 3.6.2. Let 7 > 0. For all x > 0, consider
f(z) = zlog(z)?, h(z) = zlog(x) — x + 1, p(z)=e€"—x— 1

Then, for all 0 < x < €7, we get

7_2

(=7)

is non-decreasing. We omit the proof here.

)ST,
o0

f(z) <

h(z).

o)
y2
We want to apply this inequality, in order to derive the Lemma|3.5.2, As log (

To prove this, we have to show that y +—

il
Sm

s*

<e:

— )
o0

Sm

and we could apply the previous inequality to s*/5,,. Indeed, for all z, for all y,

/ <§;(<Z|\Z)>> : cb(i)h (5;(5;'@))) '
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Integrating with respect to the density s,,, we get that

s*(y].) s (yl)\° -
Lo 10g< <y|>> Sm(y]-)dy
“

7 Y1) o STl 57l
S/Rq eT—17—-1 ( m(y| ) Sm(y| ) gm(y|)

1 Z / e 10g<5*<y|x,>> N

m(yl@s)
<— _T_MZ/ (ylz:) log = (( || ))d

It concludes the proof.

+ 1> Sm(yl.)dy

3.6.3 Determination of a net for the mean and the variance

In this subsection, we work with a Gaussian density, then 8 € R7*P and ¥ € Sj{*.
— Step 1: construction of a net for the variance

_1 .
Let € € (0,1], and 6 = me. Let b; = (1 +6)! 72 Ayx. For 2 < j < N, we have
lax, Ax] = [bn,bnv—1] U .. U[b3, b2], where N is chosen to recover everything. We want
that

2log( V14 5)
N log( +46)

2log(22 /146
We want N to be an integer, then N = %
We could let B = diag(b1),-- -, b)), close to ¥ (and deterministic, independent of
the values of X), where i is a permutation such that ;)11 < [X].. < by, for all

+1 _ 1
z€{l,...,q}. Remember that J = A5
— Step 2: construction of a net for the mean vectors

We select only the relevant variables detected by the Lasso estimator. For A > 0,

. We get a net for the variance.

In={(z20) € ovesad x (Lo pHBET () # 0.
Let f = ¢(.|8z,X) € Fy.

— Definition of the brackets
Define the bracket by the functions [ and u:

Uy, ) = (1+8) P73/ <y|wx, (1+ 5)_1/43[”) ;
u(y, @) = (1+ )79/ (ylyyw, (1 + ) B2

We have chosen i such that [B[l]]zyz <¥,.< [B[z]]zvz for all z € {1,...,q}.
We need to define v such that [I,u] is an e-bracket for f.
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— Proof that [[,u] is a bracket for f
We are looking for a condition on v; to have % <1 and % <1.
We will use the following lemma to compute these ratios.
Lemme 3.6.3. Let o(.|u1,%1) and o(.|u2, X2) be two Gaussian densities. If their
variance matrices are assumed to be diagonal, with ¥, = diag([Xa]1.1, - -, [Zalq,q) for
a € {1,2}, such that [¥a], ., > [£1],. > 0 for all z € {1,...,q}, then, for all y € RY,

oyl 1) ﬁ 22,2 %(“1—“2)tdiag([%h,li[zﬂm "“7[221q,q1[211q,q>(“1‘“2)
(y|/'627 22 1
For the ratio % we get
flyle) 1 o(ylBz, ¥)

u(y,z) (14 6)ria+sa/d (yIVJx (1+4)BP)

(14 6)9/2 x eh(Br—vyr) (140 BE-2) (Br—v2)

IA

1
(1+6)P q+3q/4H ]

Z,z

(1 + 5)1’ CI*Q/4(1 + 5)Q/4e§(6$*VJx)t(5B[2])’1(,83371/‘]:1:)

IN

<(1+ 5)102!16%(ﬁx—Vﬂ»‘)t[Bm]*l (Bz—viz) (3.13)

For the ratio % we get:

Uy ) _ 1 p(ylvsz, (1+6)~/4BM)
flylz) (1 + §)p*at3a/4 ©(y|Bx, %)
1 Ty,

(14 0)9/3 x e3(Ba=vsa) (E=BU) " (Bz-vya)

IN

(1+ (5)p2q+3q/4 il b,
(14 8)"P1-34/8(1 4 §)7/4 x 3 (Be—vsa) (1-(148) "/ BU) "} (Ba—vya)

IN

(Bz—v )t [BU] =1 (Bz—v )

[ S
<(1 4 6)P*a-34/82a=(1r5) 7% . (3.14)

1/4
We want to bound the ratios and (| - 3.14)) by 1. Put ¢ = 51=2777) 2 ) , and develop
these calculus. A necessary condltlon to obtain this bound is

|8z — vyz||3 < pgd*(1 — 2_1/4)A22.
Indeed, we want

(1 i 5)7p2q73q/8672(1_(1+16)_1/4)(ﬁm—ujm)t[B[2]}—1(ﬁszz) <1

(1+ 5)—p2qeﬁ(ﬁx—vw)t[B[”}’l(ﬁﬂﬁ—wfc) <1

which is equivalent to
2 2 8 o
18z —vially < p a7 Ass
82— vssll < (o 30) 20— 274,

As ||Bz — vyz||3 < pl|B — vill3]|7]|so, and x € [0,1]P, we need to get
18 — vs]13 < pgd?(1 — 27 1/%) A2 to have the wanted bound. Put

o] )
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For all (z,j) € J, choose
u,; = argmin ‘Bz,j - \/EéAngJ‘ ) (3.15)
U

Vz,j

Define v by
for all (z,j) € J v, ; =0;
for all (z,5) € J ,vs; = VcdAxu, ;.

Then, we get a net for the mean vectors.
— Proof that dy(l,u) <e
We will work with the Hellinger distance.

it =5 [ (i vy
1
/qu+u—2\/m

[(1+6)‘p2q‘3‘1/4+(1+5)P2q+3q/ﬂ - / Verpu
Ra

|:(1 + 6)*PQQ*3Q/4 + (1 + 6)p2q+3q/4}

\
N N~ N~ N
(S
Il )
_

1/2
Doyt (1+ )21+ 8) 52\ Y 1
* 1.
(14 0)bzy41 + (1 +6) 714,

We have used the following lemma:

Lemme 3.6.4. The Hellinger distance of two Gaussian densities with diagonal vari-
ance matrices is given by the following expression:

A% (o (1, £1), o 2, $2))

q 1/2
=2-9 (H 2 [El]z,z[zﬂz,z)

o Blee + (Bl

1 . 1
X exp {—4(H1 — p2)" diag <<[21E,z n [22]§’Z>z€{17...,q}> (1 — ,uz)}

As by = (1+ 5)_1/252'(@7 we get that

5 (1+8)by) _ (1+49)>*
bioyr1 [(L+06)" Y4+ (1+6)V2(1+6)]  “(1+06)"V4+(1+06)32
2
(148 (1+0)T8
Then
1 2 2 2 a/2
A2 (1w) == |(1 2 §)~@°a+3a/4) | (1 o 5\PPat3a/4| _
n(lw) 2 (1+9) +1+9) ] (1+0)~7/8 4 (1+6)7/8

= cosh((p?q + 3¢/4) log(1 + 6)) — 2 cosh(7/8log(1 + §)) ™4/
= cosh((p>q + 3¢/4)log(1 + 6)) — 1+ 1 — 2792 cosh(7/81log(1 + 6))~%/2.
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We want to apply the Taylor formula to f(z) = cosh(z)—1 to obtain an upper bound,
and to g(z) = 1 — 2-%2 cosh(x)~%/2. Indeed, there exists ¢ such that, on the good
interval, f(x) < cosh(c)%2 and g(z) < q“;. Then, and because log(1 + J) <4,

d%{(l,u) < COSh((P2q + 3q/4)log(1 + 0)) — 2 cosh(7/8log(1 + 5))_‘7/2
< (p*q + 3q/4)35? (cosh(a) + 14298)
< 2(p’q + 3q/4)%6° < €%

where € > v/2(p?q + %q)é.
— Step 3: Upper bound of the number of e-brackets for F;.
From Step 1 and Step 2, the family

(U(y,z) = (14 0)~ 039/ Do (y|vyz, (1 + 6)~V/4BM)
u(y,x) = (1+ 8P 1539/ oy, (1 + 5) BE)
Bl = diag(b[(g]l), ol bE‘(l]q)) where i, is a permutation, for a € {1, 2},
bg((l]z) (14 6)' ()24 for all z € {1,...,q}
with ¢ V(z,5) € J% v, ;=0
V(z,4) € Jvs; = coAsu, ;

BE(FJ) -

(3.16)
is an e-bracket for F, for u, ; defined by (3.15|). Therefore, an upper bound of the number
of e-brackets necessary to cover F; is deduced from an upper bound of the cardinal of

B(Fy).

=3 T () = (i) 5= () ov o

=2

ASNSM,Weget

245 \l rAs 1\
B, <2 =4 1,
s () (22a)

3.6.4 Calculus for the function ¢

From the Proposition [3.5.3] we obtain, for all @ > 0,

wAl 1
B Qn < .
/ \/% (eS8 - )de_w\/log(cw,/p(m)/o 1/log<€>de (3.17)

We need to control [;” /log (1)de, which is done in Maugis-Rabusseau and Meynet ([MMRI12]).

)

Lemme 3.6.5. For all @ > 0,

/j@degw
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Then, according to (3.17)),
/0 \/H[-](67S(K,J)vdH )de <ww+\/log(C) + \/ Dk py(w A1)

N log(a;;l)]

log(C) 1
< [
<@,/ Dx.1) meﬂ+¢w+1%<wAJ]
Nevertheless,
K
log(C) <log(2) + log(K) + ) log(2me)
244 Ay 1
+ K|J|log <\ﬁAz> + Klog <a2 + 2> + (K —1)log(3)
<Dk, [log(2) + log(v2me) + 1 + log(3)
. (A +1>+1 (2‘4 )]
o
& ay, fAZ
A AZ 1 5 e
<Dk.p |1+1 = log ( 2523,/ — ]| .
<D 1ot (7 (52 3) ) s (22097
Then
/O VHL( S ), iy )de
<w /D) [\/ —i—log( ( >> + log (25/23 W;)
+ T+ A llog e ]
<w\/ D7 |1 \/log< < >+a+”log ]
<w,/Dk.y |B(Ap, As,ax) + {/log (w/\l)] ;
with

Ag [(Ax 1
B(AﬁvAz,az)—1+\/10g<A2<a +2>>+a7
and a = /7 4 1/log(25/23,/Z€).

3.6.5 Proof of the Proposition [3.5.5|

We are interested in 3~ jexxz e 07, Considering

4epq
W) = D log (Di.y —4®) Npg)’
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we could group models by their dimensions to compute this sum. Denote by Cp the cardinal of
models of dimension D.

—-D log| ———5— depg
Z e (K,J) g((D(KJ) QQ)qu> ZCD Dlog - q2)qu>

KeN* D>1
JeP({1,..., g x{1,..., p})

D — ¢
D=pq+q>+1

Pg+q? —¢? 400
_ Z 4—D< €pq > + Z e—D(log(4)+1)+pqlog(2)

D=pq+q*+1

“+o0
S SERTI SR
D=1 D=pg+q¢*+1
3.6.6 Proof of the Lemma [3.5.4]
We know that Dk ;) = K —1+ |J|K + Kq*. Then,

Cp = card{(K,J) € N* x P({1,...,q} x {1,...,p}), D(K,J) = D}

<> > (’J|>]IK || +q2+1)—

KeN* 1<z<q
1<5<p

<y < >1JSPqA(D—q2>-

|J|eN*

prq<D—q2,

bq
Z <’J|>1JSPqA(Dq2) = 2"

|J|>0

Otherwise, according to the Proposition 2.5 in Massart, [Mas07],

pq
Z (J|>]I|J|<pq/\(D_q2) < f(D _ q2)

|J|>0

where f(z) = (epq/z)” is an increasing function on {1,...,pg}. As pq is an integer, we get the
result.
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An oracle inequality for the
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In this chapter, we focus on a theoretical result for the Lasso-Rank
procedure. Indeed, we get the same kind of results as in the pre-
vious chapter, with rank constraint on the estimator. We get a
theoretical penalty for which the model selected by a penalized cri-
terion, among the collection, satisfies an oracle inequality. We also
illustrate in more details benefits of this procedure with simulated
and benchmark dataset including rank structure.

4.1 Introduction
The multivariate response regression model
Y =06X+e¢

postulates a linear relationship between Y, the ¢ x n matrix containing ¢ responses for n subjects,
and X, the p x n matrix on p predictor variables. The term € is an ¢ X n matrix with independent
columns, ¢; ~ Ny (0,%) for all i € {1,...,n}. The unknown ¢ x p coefficient matrix 8 needs to
be estimate.

In a more general way, we could use finite mixture of linear model, which models the relation-
ship between response and predictors, arising from different subpopulations: if the variable Y,
conditionally to X, belongs to the cluster k, there exists £ € RY*P and 3 € S(‘JH' such that
Y = ,BkX + €, with € ~ Nq(O, Ek)

If we use this model to deal with high-dimensional data, the number of variables could be
quickly much larger than the sample size, because and predictors and response variables could
be high-dimensional. To solve this problem, we have to reduce the parameter set dimension.
One way to cope the dimension problem is to select relevant variables, in order to reduce the
number of unknowns. Indeed, all the information should not be interesting for the clustering,
and could even be harmful. In a density estimation way, we could cite Pan and Shen, in
[PS07], who focus on mean variable selection, Meynet and Maugis in [MMR12] who extend their
procedure in high-dimension, Zhou et al., in [ZPS09], who use the Lasso estimator to regularize
Gaussian mixture model with general covariance matrices, Sun et al., in [SWF12|, who propose
to regularize the k-means algorithm to deal with high-dimensional data, Guo et al, in [GLMZ10],
who propose a pairwise variable selection method, among others.

In a regression framework, we could use the Lasso estimator, introduced by Tibshirani in [Tib96],
which is a sparse estimator. It penalizes the maximum likelihood estimator by the ¢1-norm,
which achieves the sparsity, as the fp-penalty, but leads also to a convex optimization. Because
we work with the multivariate linear model, to deal with the matrix structure, we could prefer
the group-Lasso estimator, variables grouped by columns, which selects columns rather than
coefficients. This estimator was introduced by Zhou and Zhu in [ZZ10] in the general case. If
we select |J| columns among the p possible, we have to estimate |J|q coefficients rather than pg
for A, which could be smaller than ng if |J| is smaller enough.

Another estimator which reduces the dimension, is the low rank estimator. Introduced by
Izenman in [Ize75] in the linear model, and more used the last decades, with among others
Bunea et al. in [BSW12| and Giraud in [Girl]], the regression matrix is estimated by a matrix
of rank R, R < p A q. Then, we have to estimate R(p + ¢ — R) coefficients, which could be
smaller than ngq.

In this chapter, we have chosen to mix these two estimators to provide a sparse and low rank
estimator in mixture models. This method was introduced by Bunea et al. in [BSW12], in the
case of linear model and known noise covariance matrix. They present different ways, more or



CHAPTER 4. AN ORACLE INEQUALITY FOR THE LASSO-RANK
129 PROCEDURE

less computational, with more or less good results in theory. They get an oracle inequality, which
say that, among a model collection, they are able to choose an estimator with true rank and true
relevant variables. For this model, Ma and Sun in [MS14] get a minimax lower bound, which
precise that they attain nearly optimal rates of convergence adaptively for square Schatten norm
losses.

In this chapter, we consider finite mixture of K linear models in high-dimension. This model
is studied in details by Stédler et al. for real response variable in [SBG10], and by Devijver
for multivariate response variable in [Devl4c]. We will estimate i for all & € {1,...,K}
by a column sparse and low rank estimator. The Lasso estimator is used to select variables,
whereas we refit the estimation by a low rank estimator, restricted on relevant variables. The
procedure we propose is based on a modeling that recasts variable selection, rank selection, and
clustering problems into a model selection problem. This procedure is developed in [Devldc],
with methodology, computational issues, simulations and data analysis. In this chapter, we
focus on theoretical point of view, and developed simulations and data analysis for the low rank
issue. We construct a model collection, with models more or less sparse, and with vector of
ranks varying with values more or less small. Among this collection, we have to select a model.
We use the slope heuristic, which is a non-asymptotic criterion. In a theoretical way, in this
chapter, we get an oracle inequality for the collection constructed by our procedure, which makes
a performance comparison between our selected model and the oracle for a specified penalty.
This result is an extension of the work of Bunea et al. in [BSWI2|, to mixture models and
with unknown covariance matrices (Xi)i1<kp<k. They ensure that mixing sparse estimator and
low rank matrix could be interesting. Indeed, whereas we have to estimate ¢ x p coefficients
in each cluster for the regression matrix, we get only R(|J| 4+ ¢ — R) unknown variables, which
could be smaller than the number of observations ng if |.J| and R are small. Even if the oracle
inequality we get in this chapter is an extension of Bunea et al. result, we use a really different
way to prove it. Considering the model collection constructed, we want to select a model as
good as possible. For that, we use the slope heuristic, which leads to construct a penalty,
proportional to the dimension, and we select the model minimizing the penalized log-likelihood.
Theoretically, we construct also a penalty, proportional to the dimension (up to a logarithm
term). We provide an oracle inequality which compares, up to a constant, the Jensen-Kullback-
Leibler divergence between our model and the true model to the Kullback-Leibler divergence
between the oracle and the true model. Then, in estimation term, we do as well as possible.
This oracle inequality is deduced from a general model selection theorem for maximum likelihood
estimator of Massart developed in [Mas07]. Controlling the bracketing entropy of models, we
could prove the result. Remark that we work in a regression framework, then we rather use
an extension of this theorem proved in Cohen and Le Pennec article [CLP1I]. As our model
collection is random, constructed by the Lasso estimator, we rather use an extension of this
theorem proved in [DevI4b]. To illustrate this procedure, in a computational way, we validate it
on simulated dataset, and benchmark dataset. If the data have a low rank structure, we could
easily find it with our methodology.

This chapter is organized as follows. In the Section we describe the finite mixture regression
model used in this procedure, and the main step of the procedure. In the Section [4.3] we present
the main result of this chapter, which is an oracle inequality for the procedure proposed. Finally,
in Section [4.4], we illustrate the procedure on simulated and benchmark dataset. Proof details
of the oracle inequality are given in Appendix.
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4.2 The model and the model collection

We introduce our procedure of estimation by sparse and low rank matrix in the linear model,
in Section .2.T] and extend it in Section [.2.2] for mixture models. We also present the main
algorithm used in this context, and we describe the procedure we propose in Section

4.2.1 Linear model

We consider the observations (z;,¥;)1<i<n Which realized random variables (X,Y’), satisfying
the linear model

Y =8X +¢

where Y € RY are the responses, X € RP are the regressors, § € R7*P is an unknown matrix,
and € € R? are random errors, € ~ Ny(0,X), with ¥ € S/ a symmetric positive definite matrix.
We will work in high-dimension, then ¢ X p could be larger than the number of observations nq.
We will construct an estimator which is sparse and low rank for 5 to cope with the high-dimension
issue. Moreover, to reduce the covariance matrix dimension, we compute a diagonal estimator of
Y. The procedure we propose could be explained into two steps. First, we estimate the relevant
columns of 8 thanks to the Lasso estimator, for A > 0, using the estimator

Br5%0(X) = argmin {||Y = BX|[3 + |5l } (4.1)
BERIXP
where ||8[|1 = 228 377, 8. j|. We assume that the covariance matrix is unknown.

For A > 0, computing the Lasso estimator of BLaSSO()\), we could deduce the relevant columns.
Restricted to these relevant columns, in the second step of the procedure, we compute a low
rank estimator of (3, saying of rank at most R. Indeed, as explained in Giraud in [Girll], we
restrict the maximum likelihood estimator to have a rank at most R, keeping only the R biggest
singular values in the corresponding decomposition. We get an explicit formula.

This two steps procedure leads to an estimator of § which is sparse and has a low rank. We
have also reduced the dimension into two ways. We refit the covariance matrix estimator by the
maximum likelihood estimator.

This estimator is studied in Bunea et al. in [BSW12|, in method 3. Let extend it in mixture
models.

4.2.2 Mixture model

We observe n independent couples (x,y) = (i, ¥;i)1<i<n of random variables (X,Y), with Y € R?
and X € RP. We will estimate the unknown conditional density s* by a multivariate Gaussian
mixture regression model. In our model, if the observation ¢ belongs to the cluster k, we assume
that there exists f; € R9P, and Xj € Sf+ such that y; = Bz 4 € where ¢; ~ Ng(0, Xg).
Thus, the random response variable Y € R? will be explained by a set of explanatory variables,
written X € RP, through a mixture of linear regression-type model. Give more precisions on the
assumptions.
— The variables Y; are independent conditionally to X;, for all i € {1,...,n} ;
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— we let V| X; = x; ~ s?(ykvi)dy7 with

K -1
(y — Brx)' S (y — Bre)
y\a: = Z )i 73 X | — 2’“ (4.2)
k::l 7'(' det Ek)
5 = (7T17"'77rk5617"')ﬂk721)' 7EK) S EK — (HK X (qup)K X (SZI"_+)K)
K
Il = {(m,...,ﬁK);ﬂk >0 for ke {1,...,K} and Zﬂ'k = 1}
k=1
Sfr is the set of symmetric positive definite matrices on RY.
For all k € {1,..., K}, Bk is the matrix of regression coefficients, and X, is the covariance matrix
in the mixture component k. The s are the mixture proportions. For all k € {1,..., K}, for
all z € {1,...,q}, [Bix], = Zp [Bk]zj:rj is the zth component of the mean of the mixture

component k for the conditional density s; E(|x).
To detect the relevant variables, we generalize the Lasso estimator defined by . ) for mixture
models. Indeed, we penalize the empirical contrast by an ¢;-penalty on the mean parameters

proportional to
q
|| PeBrllr = ZZ (PiBr) il

where the Cholesky decomposition P{P;, = E; defines Py for all k € {1,..., K}. Then, we will
consider

n K

‘Lass ) 1

ghasso(\y = argmin {_n Zlog(s?(yﬂxi)) +A Z 7Tk||Pk5k||1} . (4.3)
£=(m,B,X)€EK i=1 k=1

Remark that the penalty take into account the mixture weight. To reduce the dimension and
simplify computations, we will estimate ¥ by a diagonal matrix, thus P will be also estimated
by a diagonal matrix, for all k € {1,..., K}.

As in Section[4.2.T] we refit the estimator, restricted on releant columns, with low rank estimator.
In Section we will extend the EM algorithm to compute those two estimators.

4.2.3 Generalized EM algorithm

In a computational way, we will use two generalized EM algorithms, in order to deal with
high-dimensional data and get a sparse and low rank estimator. Give some details about those
algorithms.

Initially, the EM algorithm was introduced by Dempster et al. in [DLR77]. It alternates two
steps until convergence, an expectation step to cluster data, and a maximization step to update
estimation.

In our procedure, we want to know which columns are relevant, then we have to compute
, and we want to refit the estimators by a maximum likelihood under low rank constraint
estimator.

From the Lasso estimator , we could use a generalization of the EM algorithm described in
[Devi4c]. From the estimate of 3, we could deduce which columns are relevant.

The second algorithm we use leads to determine §j restricted on relevant columns, for all k£ €
{1,..., K}, with rank Rj. We alternate two steps, E-step and M-step, until relative convergence
of the parameters and of the likelihood. We restrict the dataset to relevant columns, and
construct an estimator of size ¢ x |J| rather than ¢ x p, where f; has for rank Ry, for all
ke {1,...,K}. Explain the both steps at iteration (ite) € N*.
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— E-step: compute for &k € {1,...,K}, i € {1,...,n}, the expected value of the log-
likelihood function,

Vk
K
21:1 Vi

Tik = Egiee) ([Zi]1]Y) =

where .
v = ﬂ —%(yi—ﬂf“e)xi)t(zl—l)ote) (yi—ﬁfite)zi)
det £
forl € {1,..., K}, and Z; is the component-membership variable for an observation 1.
— M-step:

— To get estimation in linear model, we assign each observation in its estimated cluster,
by the MAP principle. We could compute this thanks to the E-step. Indeed,y; is
assigned to the component number argmax 7; .

ke{l,...,.K}
— Then, we could define Bk(lte) = (xka‘k)_leky‘k, in which x; and y);, are the sample

restriction to the cluster k. We decompose B,Ste) in singular values such that B,(;te) =

USV?! with S = diag(s1,...,8q) and s1 > s2 > ... > s, the singular values. Then, the
estimator B,Ste) is defined by BA,(;te) = USg, V" with Sk, = diag(s1,...,SRr,,0,...,0).
We do it for all k € {1,..., K}.

4.2.4 The Lasso-Rank procedure

The procedure we propose, which is particularly interesting in high-dimension, could be de-
composed into three main steps. First, we construct a model collection, with models more or
less sparse and with more or less components. Then, we refit estimations with the maximum
likelihood estimator, under rank constraint. Finally, we select a model with the slope heuristic.

Model collection construction Fix K € K. To get various relevant columns, we construct
a data-driven grid of regularization parameters G, coming from EM algorithm formula. See
[Devidc] for more details. For each A € Gk, we could compute the Lasso estimator ,
and deduce relevant variables set, denoted by Jx ). Then, varying A € Gk, and K € K, we
construct J = Ugex Ureay J( K\ the set of relevant variables sets.

K,J.R) restricted to relevant variables

Refitting We could also define a low rank estimator §(
detected by the Lasso estimator, indewed by J.
From this procedure, we construct a model with K clusters, |J| relevant columns and matrix of

regression coefficients of ranks R € NX as described by the next model S(K,J,R)-

Skar) = {y € Rz € R? s s (g 12)) (4.4)
where
K
7 det( P 1 B
S gl = 30 P exp (50— () 5 - (5 V1) )
k=1
6 - (77'1,... 77TK7ﬁf17‘ . '76}1§K)217” 7EK) 6 E(K,J,R);

Ear) =M x U x (SFHF

e = { (B (BEO) € RPP)K] for all k € {1, K}, Rank(B) = Ry}
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Varying K € K ¢ N*.J € J € P({1,...,p}), and R € R C {1,...,|J| A ¢}, we get a
model collection with various number of components, relevant columns and matrix of regression
coefficients.

Model selection Among this model collection, during the last step, a model has to be selected.
As in Maugis and Michel in [MM11b], and in Maugis and Meynet in [MMR12|, among others,
a non asymptotic penalized criterion is used. The slope heuristic was introduced by Birgé
and Massart in [BMO7], and developed in practice by Baudry et al. in [BMMI12] with the
Capushe package. To use it in our context, we have to extend theoretical result to determine the
penalty shape in the high-dimensional context, with a random model collection, in a regression
framework. The main result is described in the next section, whereas proof details are given in
Appendix.

4.3 Oracle inequality

In a theoretical point of view, we want to ensure that the slope heuristic which penalizes the log-
likelihood with the model dimension will select a good model. We follow the approach developed
by Massart in [Mas07| which consists of defining a non-asymptotic penalized criterion, leading to
an oracle inequality. In the context of regression, Cohen and Le Pennec, in [CLP11], and Devijver
in [Dev14b], propose a general model selection theorem for maximum likelihood estimation. The
result we get is a theoretical penalty, for which the model selected is as good as the best one,
according to the Kullback-Leibler loss.

4.3.1 Framework and model collection

Among the model collection constructed by the procedure developed in Section [£.2.2] with
various rank and various sparsity, we want to select an estimator which is close to the best one.
The oracle is by definition the model belonging to the collection which minimizes the contrast
with the true model. In practice, we do not have access to the true model, then we could not
know the oracle. Nevertheless, the goal of the model selection step of our procedure is to be
nearest to the oracle. In this section, we present an oracle inequality, which means that if we
have penalized the log-likelihood in a good way, we will select a model which is as good as the
oracle, according to the Kullback-Leibler loss.

We consider the model collection defined by .

Because we work in high-dimension, p could be big, and it will be time-consuming to test all
the parts of {1,...,p}. We construct a sub-collection denoted by J%, which is constructed by
the Lasso estimator, which is also random. This step is explained in more details in [DevI14d].
Moreover, to get the oracle inequality, we assume that the parameters are bounded:

SBesr) = {ng’“” € Sikum)| &= (7,8, %), forall k € {1,..., K}, (4.5)

Y = diag([Er]i,1, - -5 [Zk)gq)
for all z € {1,...,q},ax < [Zgl:. < As,
Ry
for all k € {1,... ,K},Bf’“ = Z[Uk]r[u};].,r[vk]r,.a

r=1

for all r € {1,..., Ry}, [ok]r < Ag}.
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Remark that it is the singular value decomposition of f§j is the singular value decomposition,
with ([ok]r)1<r<g, the singular values, and wuy and vy unit vectors, for k € {1,..., K}.

We also assume that covariates belong to an hypercube: without restrictions, we could assume
that X € [0, 1]P.

Fixing C the possible number of components, J% the relevant columns set constructed by the
Lasso estimator, and R the possible vector of ranks, we get a model collection

U U U‘g@,mr (4.6)

KeKk jegL RER

4.3.2 Notations

Before state the main theorem which leads to the oracle inequality for the model collection
(4.6), we need to define some metrics used to compare the conditional densities. First, the
Kullback-Leibler divergence is defined by

/ log (s(y)> s(y)dy if sdy << tdy;
R

KL(s, t) = t(y) (4.7)
+ 0o otherwise;
for s and ¢ two densities. To deal with regression data, for observed covariates (z1,...,%,), we

define
KL% (s,t) = ( ZKL (|zi), t |x,))> (4.8)

for s and t two densities.
We also define the Jensen-Kullback-Leibler divergence, first introduced in Cohen and Le Pennec
in [CLP11], by

1
JKL,(s,t) = ;KL(S, (1—=p)s+pt)

for p € (0,1), s and ¢ two densities. The tensorized one is defined by

JKLE" (s,t) = ( ZJKL (z), (.\a:i))).

Note that those divergences are not metrics, they do not satisfy the triangular inequality and
they are not symmetric, but they are also wildly used in statistics to compare two densities.

4.3.3 Oracle inequality

Let state the main theorem.

Theorem 4.3.1. Assume that we observe (z;,y;)1<i<n € ([0, 1]PXRY)™ with unknown conditional
density s*. Let M =K x J X R and ME =K x T x R, where JL is constructed by the Lasso
estimator. For (K,J,R) € M, let sUIGIR) ¢ S(%(,J,R) where Sg(JR is defined by (4.5), such
that, for ki, > 0,

5
KLE(s*, 7Ry < inf  KL®»(s*,t) + —=

- B
t€S(k,1p) n

and there exists T > 0 such that
sESR) > o7 g, (4.9)
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For (K,J,R) € M, consider the rank constraint log-likelihood minimizer §USTR) iy S(K,J,R);
satisfying

1 n
(K, JR) _ . L (K, JR)/ |,
§ argmin { - ;1 log <s5 (yz|xz)) } .

(K,J,R) - oB
S¢ €Sk,

Denote by Dk, jr) the dimension of the model S(L}JR). Let pen : M — R, defined by, for all
(K,J,R) e M,

D D
pen(K, J, R) > Ii(K’J’R){QBQ(AU,AE,aE) ~log <(K’J’R)BZ(AU,AE,ag) A 1>
n n

K

depq
1v7)l R
ke <D(K,J7R>—q2 P> k) }

k=1

where k > 0 is an absolute constant, and B(A,, Ay, ay) is an absolute constant, depending on
parameter bounds. o
Then, the estimator 71 with

N 1 «
(K,J,R)= argmin < == log(3""™)(y;|2;)) + pen(K, J,R) ¢ ,
(K JR)emL | T

satisfies

B (JKLG" (s, 3578 )

<CE < inf ( inf  KL®"(s* t) + pen(K, J, R)) + (1v T)) (4.10)
(KvJvR)EML tES(K,J,R) n

some absolute positive constant C.

The proof of the Theorem is given in Section Note that condition leads to
control the random model collection. The mixture parameters are bounded in order to construct
brackets over Sk s r), and thus to upper bound the entropy. The inequality not exactly
an oracle inequality, since the Jensen-Kullback-Leibler risk is upper bounded by the Kullback-
Leibler divergence. Note that we use the Jensen-Kullback-Leibler divergence rather than the
Kullback-Leibler divergence, because it is bounded. This boundedness turns out to be crucial
to control the loss of the penalized maximum likelihood estimator under mild assumptions on
the complexity of the model and on parameters.

Because we are looking at a random sub-collection of models which is small enough, our estimator
§USLR) ig attainable in practice. Moreover, it is a non-asymptotic result, which allows us to
study cases for which p increases with n.

We could compare our inequality with the bound of Bunea et al, in [BSW12|, who computed
a procedure similar to ours, for a linear model. According to consistent group selection for
the group-Lasso estimator, they get adaptivity of the estimator to an optimal rate, and their
estimators perform the bias variance trade-off among all reduced rank estimators. Nevertheless,
their results are obtained according to some assumptions, for instance the mutual coherence on
X'X, which postulates that the off-diagonal elements have to be small. Some assumptions on
the design are required, whereas our result just needs to deal with bounded parameters and
bounded covariates.
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4.4 Numerical studies

We will illustrate our procedure with simulated and benchmark datasets, to highlight the advan-
tages of our method. We adapt the simulations part of Bunea et al. article, [BSW12|. Indeed,
we work in the same way, to get a sparse and low rank estimator. Nevertheless, we add a mixture
framework to be consistent with our clustering method, and to have more flexibility.

4.4.1 Simulations

To illustrate our procedure, we use simulations adapted from the article of Bunea [BSW12|,
extended to mixture models.

The design matrix X has independent and identically distributed rows X;, distributed from a
multivariate Gaussian N, (0,%) with ¥ = pI, p > 0. We consider a mixture of 2 components.
According to the cluster, the coefficient matrix 85 has the form

B, = b, B b, B!
=l oo 0

for k € {1,2}, with B a J x R matrix and B! a Rj x ¢ matrix. All entries in B® and
B! are independent and identically distributed according to A(0,1). The noise matrix e has
independent N(0,1) entries. Let ¢; denotes its ith row.
The proportion vector 7 is defined by 7w = (%, %), i.e. all clusters have the same probability.
Each row Y; in Y is then generated as, if the observation i belongs to the cluster k, Y; = 6p X;+¢;,
for all ¢ € {1,...,n}. This setup contains many noise features, but the relevant ones lie in a
low-dimensional subspace. We report two settings:

— p>n:n=>50,|J] =6,p=100,¢ =10,R = (3,3),p = 0.1,b = (3, -3).

— p<mn:n=200,|J| =6,p=10,¢ =10,R = (3,3),p = 0.01,b = (3,—3).
The current setups show that variable selection, without taking the rank information into con-
sideration, may be suboptimal, even if the correlations between predictors are low. Each model
are simulated 20 times, and Table [4.I] summarizes our findings. We evaluate the prediction
accuracy of each estimator 3 by the Kullback-Leibler divergence (KL) using a test sample at
each run. We also report the median rank estimate (denoted by R) over all runs, rates of non
included true variables (denoted by M for misses) and the rates of incorrectly included variables
(F A for false actives). Ideally, we are looking for a model with low KL, low M and low FA.

| | KL | R [M|FA[ARI]
[p>n]19.03[[2.83] ] 0 [ 20 ] 0.95 |
lp<n]| 328 [ [33] [ 0]06]0.99|

Table 4.1: Performances of our procedure. Mean number {KL, R, M,FA, ARI} of the Kullback-
Leibler divergence between the model selected and the true model, the estimated rank of the
model selected in each cluster, the missed variables, the false relevant variables, and the ARI,
over 20 simulations

We could draw the following conclusions from Table .1l When we work in low-dimensional
framework, we get very good results. Even if we could use any estimator, because we do not
have dimension problem, with our procedure we get the matrix structure involved by the model.
Over 20 simulations, we get almost exact clustering, and the Kullback-Leibler divergence between
the model we construct and the true model is really low. In case of high-dimensional data, when
p is larger than n, we get also good results. We find the good structure, selecting the relevant
variables (our model will have false relevant variables, but no missed variables), and selecting
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the true ranks. We could remark that false relevant variables have low values. Comparing to
another procedure which will not reduce the rank, we will perform the dimension reduction.

4.4.2 Illustration on a real dataset

In this section, we apply our procedure to real data set. The Norwegian paper quality data were
obtained from a controlled experiment that was carried out at a paper factory in Norway to
uncover the effect of three control variables X7, Xo, X3 on the quality of the paper which was
measured by 13 response variables. Each of the control variables X; takes values in {—1,0, 1}.
To account for possible interactions and nonlinear effects, second order terms were added to the
set of predictors, yielding Xl,Xg,X3,X12,X22,X32,X1X2,X1X3,X2X3, and the intercept term.
There were 29 observations with no missing values made on all response and predictor variables.
The Box Behnken design of the experiment and the resulting data are described in Aldrin [AId96]
and Izenman [[ze75]. Moreover, Bunea et al. in [BSWI12| also study this dataset. We always
center the responses and the predictors. The dataset clearly indicates that dimension reduction
is possible, making it a typical application for reduced rank regression methods. Moreover, our
method will exhibit different clusters among this sample.

We construct a model collection varying the number of clusters in £ = {2,...,5}. We select a
model with 2 clusters. We select all variables except X1 X9 and X2 X3, which is consistent with
comments of Bunea et al. In the two clusters, we get two mean matrices, with ranks equal to 2
and 4. One cluster describes the mean comportment (with rank equals to 2), whereas the other
cluster contains values more different.

4.5 Appendices

In those appendices, we present the details of the proof of the Theorem It derives from
a general model selection theorem, stated in Section and proved in the Chapter 3 Then,
the proof of the Theorem [.3.1] could be summarized by satisfying assumptions and
[Kl described in Section 5.1l

4.5.1 A general oracle inequality for model selection

Model selection appears with the AIC criterion and BIC criterion. A non-asymptotic theory
was developed by Birgé and Massart in [BM07]. With some assumptions detailed here, we get
an oracle inequality for the maximum likelihood estimator among a model collection. Cohen
and Le Pennec, in [CLP11], generalize this theorem in regression framework. We have to use a
generalization of this theorem detailed in [DevI4b| because we consider a random collection of
models. Let state the main theorem. We consider a model collection (S, )men, indexed by M.
Let (X,Y)e X x ).

Begin by describe the assumptions. First, we impose a structural assumption. It is a bracketing
entropy condition on the model with respect to the tensorized Hellinger divergence

(di)*(s Zd2 SEDRIGEANE

for two densities s and ¢. A bracket [[,u] is a pair of functions such that for all (z,y) € X x Y,

Wy, z) < s(ylz) < u(y, ).
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For € > 0, the bracketing entropy H(;(e, S, d%”) of a set S is defined as the logarithm of the
minimum number of brackets (I, u] of width d5 (I, u) smaller than € such that every densities of

S belong to one of these brackets.
Let m € M.

Assumption H,,. There is a non-decreasing function ¢, such that w — 1/wdy,(w) is non-
increasing on (0,+00) and for every w € RT and every s, € Sm,

/Ow \//H[,](e, S (8m, @), diy)de < G (w);

where Sy (Sm, @) = {t € Spm,d5" (t,sm) < w}. The model complexity D, is then defined as

nw?2, with @, the unique solution of

%gbm(w) = \/737D (4.11)

Remark that the model complexity depends on the bracketing entropies not of the global models
Sm but of the ones of smaller localized sets. It is a weaker assumption.
For technical reasons, a separability assumption is also required.

Assumption Sep,,. There exists a countable subset S., of Sy, and a set Y, with A\(Y\V.,) =0,
for X the Lebesgue measure, such that for everyt € Sy, there exists a sequence (1;);>1 of elements
of S, such that for every x and everyy € V., log(t;(y|z)) goes tolog(t(y|z)) asl goes to infinity.

According to this assumption, we could work with a countable subset.
We also need an information theory type assumption on our model collection. We assume the
existence of a Kraft-type inequality for the collection.

Assumption K. There is a family (wy,)mem of non-negative numbers such that

Z e Um < Q) < 4o0.
meM

Then, we could write our main global theorem to get an oracle inequality in regression framework,
with a random collection of models.

Theorem 4.5.1. Assume we observe (z;,yi)1<i<n € ([0,1]P x R?)"™ with unknown conditional
density s*. Let & = (Sm)mem be at most countable collection of conditional density sets. Let
assumption[K] holds while assumptions[H,y,| and[Sep,| hold for every models Sy, € S. Let dk1, > 0,
and S, € S, such that

. OKL
KL®"(s*,5,,) < inf KL®"(s* t) + —=:
(S’Sm)—té%m (s%,t) + o
and let 7 > 0 such that
5m > e s . (4.12)

Introduce (Sm),,e xq S0me random sub-collection of (Sm)mem. Consider the collection (3m,),,c x4
of n-log-likelihood minimizer in Sy, satisfying

S —log(sm(yile)) < inf (Z—log@m(yim))) +n.

€S
i—1 Sm&om \ 725
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Then, for any p € (0,1) and any Cy > 1, there are two constants ko and Co depending only on
p and C1 such that, as soon as for every index m € M,

pen(m) > K(Dy, + (1 V T)wp,) (4.13)

with k > Ko, and where the model complexity Dy, is defined in (4.11)), the penalized likelihood
estimate Sz, with m € M such that

Z —log(8p (yilwi)) + pen(m) < inf <Z —log(8m (yilzi)) + pen(m)) +n

i=1 mEM i=1

satisfies

E(JKLE" (s*, 3)) < C1 E ( inf inf KL (5", 1) + 21’9’2(7”)) (4.14)
2

/
_l’_
+ Cs(1 \/7‘)? SRy

n
Remark 4.5.2. We get that, among a random model collection, we are able to choose a model

which is as good as the oracle, up to a constant Cy, and some additive terms being around 1/n.
This result is non-asymptotic, and gives a theoretical penalty to select this model.

Remark 4.5.3. The proof of this theorem is detailed in [Devi4b]. Nevertheless, we could give
the main ideas to understand the assumptions. From assumptions and [Sep,|, we could use
maximal inequalities which lead to, except on a set of probability less than e~ “m' =", for all w,
a control of the ratio of the centered empirical process of 10og(S,) over the Hellinger distance
between s* and S, this control being around 1/n. Thanks to Bernstein inequality, satisfied

according to the inequality (4.12), and thanks to the assumption@ we get the oracle inequality.

Now, to prove Theorem [£.3.1], we have to satisfy assumptions and [K], assumption [Sep,,| being

true for our conditional densities.

4.5.2 Assumption

Decomposition
As done in Cohen and Le Pennec [CLP11], we could decompose the entropy by

K

'H[,}(G,S(BK’J’R), d%”) < 'HH(G, Ilg, d%") + ZH[~](E’ F(‘LRIC)’ d?}") (4.15)
k=1
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where

y ERIz eRP — SéK’J’R)(ylﬂf) =Y Ty (yl(ﬁ;f’“)[‘”x, Ek)
B
S(K7J7R) - 5 = (7[-17 - TR, ( lRl)[J]v s 7( II?K)[JLED ey ZK) € E(K,J,R)

Ek,sr) =g X Vg g gy X ((ag, Ag])*
Cicam = { (BT (B € (RODYN|Rank(By) = Ri |

\i/(K,J,R) = { (B (B e ‘IJ(K,J,R)‘ forall k € {1,..., K},

Ry,
= Zarufnvr, with o, < A, for all r € {1, .. .,Rk}}
r=1

K
Hy = {(m,...,m() € (0,1)K;Z7rk - 1};
k=1

R
FR) = {go(.|(ﬁR)mX, »); gt = Zarufmr, with o, < A,

r=1
Y= diag(ZLl, RN Zq,q) S [(12, Ag]q

© the Gaussian density.

For the proportions, it is known that (see Wasserman and Genovese in [GW00])

K—1
H[,](e,HK,d?}n) < log (K(27re)K/2 <3> ) _
€

Look after the Gaussian entropy.

For the Gaussian

We want to bound the integrated entropy. For that, first we have to construct some brackets to
recover Sy,,. Fix f € S,,. We are looking for functions [ and u such that [ < f < u. Because
f is a Gaussian, [ and u are dilatations of Gaussian. We then have to determine the mean,
the variance and the dilatation coefficient of [ and u. We need the both following lemmas to
construct these brackets.

Lemme 4.5.4. Let o(.|u1,X1) and o(.|pu2,X2) be two Gaussian densities. If their variance
matrices are assumed to be diagonal, with ¥, = diag([2Za]1,1,...,[Zalgq) for a € {1,2}, such
that [Yo);. > [E1].. > 0 for all z € {1,...,q}, then, for all z € RY,

q
($|u1721 H \/ zz Q(Nl NQ) dlag( 22]11 =10, ~7[22]q7qi[21]q,q)(l‘1*#2)

o(z|p2, X2) ~

Lemme 4.5.5. The Hellinger distance of two Gaussian densities with diagonal variance matrices
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1s given by the following expression:

d (e( 1, 21), (| p2, £2))

q 1/2
_o5 2 [El]z,z[ZQ]z,z
=2 2 (H [El]z,z + [ZQ]Z,Z )

z=1

1 o 1
X exp {_4(M1 - M?) dlag (([El]z,z + [22];;7,7;)7;6{1’.”7(1}) (/'[/1 - ,U/Q)}

To get an e-bracket for the densities, we have to construct a d-net for the variance and the mean,
d to be specify later.
— Step 1: construction of a net for the variance
Let e € (0,1], and § = _&. Let b; = (1 + §)'"2Ay. For 2 < j < N, we have
lax, Ax] = [bn,bn-1]U- .. U[b3, b2], where N is chosen to recover everything. We want
that

ax, = (14 6)7NV2 45

ay N
& logA—E = <1 5 ) log(1 +9)
2log(42+/T+9)
< T log(110)

2log( 2—; V1+93)

We want N to be an integer, then N = { . We get a regular net for the

log(1+9)
variance. We could let B = diag(b;(1), - - -, bi(g)), close to ¥ (and deterministic, indepen-
dent of the values of ), where i is a permutation such that b;;);1 < ¥, . < by, for all

ze{l,...,q}.

— Step 2: construction of a net for the mean vectors
We use the singular decomposition of 3, f = Ele orulvy, with (0,)1<,<p the singular
values, and (u,)i1<,<r and (v;)1<,<p unit vectors. Those vectors are also bounded.
We are looking for [ and w such that di(l,u) <€, and [ < f < u. We will use a dilatation
of a Gaussian to construct such an e-bracket of ¢. We let

l(z,y) = (14 8)" P39 oyl g, (1+ 6) /B
u(z,y) = (14 8P RT3y |y pa, (1 + ) B?)

where B! and B? are constructed such that, for all z € {1,...,q}, [BY].. < ¥., < [B%..
(see step 1).
The means v; g € R7*P will be specified later. Just remark that J is the set of the relevant
columns, and R the rank of v;r: we will decompose v;r = 25:1 Grulty, U € RIIXE,
and ¥ € RI*E,
We get

Wz,y) < flylz) < u(z,y)

if we have )

1) _
1Bz — vy rz|l; < PZgRga%(l — 271/,
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Remark that ||8z — vy r||3 < p||8 — vir|l3]|z]| We need then

we get the wanted bound.
Now, explain how to construct v; g to get (4.16]).

NE

18— virll3

I
—_
N
Il

.

M=

52 _
Hﬁ-wﬂ@ﬁngéﬂ—Qlﬁ (4.16)
According to [Dev14b], dy(l,u) < 2(p*qR + 3q/4)?62, then, with
B €
V2(paR + 3/4q)

R 2
Z OyUp jUpr 2 — 5'rﬂr,j77r,z
r=1

B 2

I
g
i
N
I

<.

IN
HME

N
Il

.

IN
)

pqR

[]= il

N

or — Or||U jrUzr| — or ar,' — Upr,j ﬁz,r - &rur, i\ Ur.z — 'Dr,z
> wjrvamw| = Grlte; — ur;l|0z,r] j |
r=1

R
Z |or = &r| + Aoty j — urj| + Aslvr,z — Ur ]

r=1

2

max |o, — 6r|2 + Ay max |ty j — Um’|2 + Ay max |V, — Ur,z|2>
r 7,5 rz

2 _
We need ||8 — v r|3 < qu%a%(l —271/4,
If we choose o, 1, ; and v, such that

then it works.

B
o7 — 7| < —=ag V1 - 2714,
V12
5
[trj — fipj| < —=—axV/1— 274,
BT = 124,

asV1—2"1/4

"Ur,z - f)r,z’ S

5
V124,
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To get this, we let, for |.] the floor function,

As

sasV 12714

é
y— ——axV/1—271/4
g 12&2 S

Ao

TrgasV/1— 271/
v1— 2_1/4M

S=7n |0,

oy = argmin
ceS

9

U=7Zn|0,

Uy j = argmin
nelu

)

0
UT,] — maz
As

V=2Zn |0,
\/gAaag\/l —9-1/4
)
¥, , = argmin |v, , — ——ax V1 — 2= /4y
zZ,r Vgev zZ,r \/EAU Y

forall r € {1,...,R},j€{l,...,p},z€{1,...,q}.
Remark that we just need to determine the vectors (@, j)1<j<j—r)i<r<r and

((D2r)1<2<q—r)1<r<r because those vectors are unit.
Then, we let

for all j € J¢, for all z € {1,...,p}, (¥sRr)s; =0
R
for all j € J, for all z € {1,...,p}, (ViR)zj = D Gplirjias

r=1

— Step 3: Upper bound of the number of e-brackets for }"(J’R)

We have defined our bracket. Let ¢ = 1_21;1/4. We want to control the entropy.

2J—R—1_, 2¢g—R—1
2 + 2 )

1Be(F(u,m)l <l§: (5;;/5)]% (5(;;13\/6)3(

A2 R(J+q—R)
<(N -1 g

= ) <5a2ﬁ)

SC((IZ, sz A0'7 J7 R)(siD(J’R)il

A*R

R(J+q—R)

g

R.

with C(ax, Ay, Ay, J, R) = 2 (%z ¥ %> (aiﬁ

For the mixture

Begin by computing the bracketing entropy: according to (4.15]),

B 1\ Pucm
H[~](675(K,J,R)adH) <log | C <6>
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where
K Y D, 1.r) «
C = 2K K (2me) K/23K 1 (AZ + 1) A1z Ay B (4.17)
ay, 2 a%1/1—2_1/4

and D j,r) = Yj—y Bi(l7] +q — Ry).
We have to determine ¢ sy such that

/ \/H[ KJR (sUSIR) o), difr)de < P, s r) (@) (4.18)

Let compute the integral.

/ \/'H e,S(li(JR (s(EAR) o), d5m)de

o 1
< w/log(C) + 4 /D(K’J’R)/o \/log <€>de

log(C) 1
vt \/ Dk, 1,r) * m]

log(C) =K log(2) + %log(%re) + (K —1)log(3) + K log <AE + ;)
as

AZV12 =
+ Dk ypylog | —FF=—— | +log(K)+ » Rylog(——)

A2\/12
<D(k,JR) <log(2) + log(2me) +log3 + 1 + log (I))

axy/1—2-1/4
A 1
+ Dk, 1,R) (1022 ( > 4 >)

12v/12me As, A2
=bucrn (l"g (W> viog (32 +3) <2)>>

D(k.5ry™

with, according to (4.17)),

Then,

/ \/H KJR (K’J’R)7W),d%n)d€
A A2 1
o) () )

Consequently, by putting
A A2
B:2+\/10g< 2 >< ),
as, 2 ax

we get that the function ¢k ;) defined on R% by

1
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satisfies (4.18)). Besides, ¢, s r) is nondecreasing and @ — ¢k jr)(@)/@ is non-increasing,
then ¢k s ) is convenient.
Finally, we need to find an upper bound of w, satisfying

d(x,,r) (@+) = Vnw?.

Consider @, such that ¢k jr)(ws) = /@2
This is equivalent to solve

KJR (
Wy = log

and then we could choose

D
w2 < ZEIR) (92 tlog| —p5—— .
n 1A (K LR B2

4.5.3 Assumption [K]

Let (1) = Dx,s)log <(D(Kj)e]mf])/\pq> + Y keqr.x) Br, where Dy jy = K(1+|J]). Then,

we could compute the sum

K

-D lo (#)
Z e WK LR) < Z Z e (K,7) 108 Dk, 5)—92) e Ze—R

(K,J,R) K>1 1<|J)<pq R>1

—Dk. log(i- depg )
SZ Z e (K,J) (B(rc,7)—a2) AP 1K
K>1 1<|J|<pgq
<2

The last inequality is computed in Proposition 4.5 in [DevIi4b| by 2. Then,

Z e WK LR) < 9,

(K,J,R)
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Chapter 5

Clustering electricity consumers using
high-dimensional regression mixture
models.

Contents

GBI TInfroductionl . . . . ... v v vttt e 136
5.2 Methodl . . . . . . @ i i i e e e e e e e e e e e e e e e e 137
[6.3 Typical workflow using the example of the aggregated consumption| 138
B3I General frameworkl . . . . . . . ... o 138
5.3.2  Cluster days on the residential synchronous curve|. . . . . . . .. .. .. 139
Modelselection] - .+« « « v v v v e 139

Model visualization|. . . . . . . . . . ... 140
IModel-based clustering|. . . . . . . ... ... oo 141
................................... 141

DISCUSSION] -« « « « v v e e e e e e 142

-4 Clustering consumers| . . . . . v . v v v v v v vttt e e e e e 142
b.4.1  Cluster consumers on mean days| . . . . . . . . . .. ... ... ... 143
0.4.2 Cluster consumers on individual curvesl . . . . .. ... ... ... ... 144
Belected mixture modeld . . . . . . . ... ... 144

|Analyzing clusters using classical profiling features| . . . . . . . . .. .. 144

|Cross analysis using survey data] . . . . ... .. ... ... ... 147

|Using model on one-day shitted datal . . . . . .. .. ... ... ..... 148

|Remarks on similar analyses|. . . . . ... ... ... 000000 149
[B.5__Discussion and conclusion] . . . « « v v v v v e bt e e e e e e e e 149

147



5.1. INTRODUCTION 148

5.1 Introduction

New metering infrastructures as smart meters provide new and potentially massive informations
about individual (household, small and medium enterprise) consumption. As an example, in
France, ERDF (Electricite Reseau Distribution de France the French manager of the public
electricity distribution network) deployed 250 000 smart meters, covering a rural and an urban
territory and providing half-hourly household energy used each day. ERDF plans to install 35
millions of them over the French territory by the end of 2020 and exploiting such an amount of
data is an exciting but challenging task (see http://www.erdf.fr/Linky).

Many applications coming from individual data analysis can be found in the literature. The
first and most popular one is load profiling. Understanding consumers time of use, seasonal
patterns and the different features that drive their consumption is a fundamental task for elec-
tricity providers to design their offer and more generally for marketing studies (see e.g. [Irw80]).
Energy agencies and states can also benefit from profiling for efficiency programs and improve
recommendation policies. Customer segmentation based on load classification is a natural ap-
proach for that and [ZYS13| proposes a nice review of the most popular methods, concluding
that classification for smart grids is a hard task due to the complexity, massiveness, high di-
mension and heterogeneity of the data. Another problem pointed out is the dynamic structure
of smart meters data and particularly the issue of portfolio variations (losses and gains of cus-
tomers), the update of a previous classification when new customers arrive or the clustering
of a new customer with very few observations on its load. In [KFR14], the authors propose a
segmentation algorithm based on K-means to uncover shape dictionaries that help to summarize
information and cluster a large population of 250000 households in California. However, the
proposed solution exploits a quite long historic of data of at least 1 year.

Recently, other important questions were raised by smart meters and the new possibility to
send potentially complex signal to consumers (incentive payments, time varying prices...) and
demand response program tailoring attracts a lot of attention (see [US06], [H13|). Local opti-
mization of electricity production and real time management of individual demand thus play an
important role in the smart grid landscape. It induces a need for local electricity load forecasting
at different levels of the grid and favorites bottom-up approaches based on a two stage process.
First, it consists in building classes in a population such that each class could be sufficiently
well forecast but corresponds to different load shapes or reacts differently to exogenous variables
like temperature or prices (see e.g. [LSD15] in the context of demand response). The second
stage consists in aggregating forecasts to forecast the total or any subtotal of the population
consumption. For example, identify and forecast the consumption of a sub-population reactive
to an incentive is an important need to optimize a demand response program. Surprisingly, few
papers consider the problem of clustering individual consumption for forecasting and specially
for forecasting at a disaggregated level (e. g. in each class). In [AS13], clustering procedures are
compared according to the forecasting performances of their corresponding bottom-up forecasts
of the total consumption of 6 000 residential customers and small-to-medium enterprises in Ire-
land. Even if they achieve nice performances at the end, the proposed clustering methods are
quite independent to the VAR model used for forecasting. In [MMOP10], a clustering algorithm
is proposed that couples hierarchical clustering and multi-linear regression models to improve
the forecast of the total consumption of a French industrial subset. They obtain a real forecast-
ing gain but need a sufficiently long dataset (2-3 years) and the algorithm is computationally
intensive.

We propose here a new methodology based on high dimensional regression models. Our main
contribution is that we focus on uncovering classes corresponding to different regression models.
As a consequence, these classes could then be exploited for profiling as well as forecasting in
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each classes or for bottom-up forecasts in an unified view. More precisely, we consider regression
models where Y; = X468 + ¢4 is typically an individual -high dimension- load curve for day d
and Xy could be alternatively Y;_1 or any other exogenous covariates.

We consider a real dataset of Irish individual consumers of 4225 meters, each with 48 half-
hourly meter reads per day over 1 year: from 1st January 2010 up to 31st December 2010.
These data have already been studied in [ASI3| and [Chal4] and we refer to those papers for
a presentation of the data. For computational and time reasons, we draw a random sample
of around 500 residential consumers among the 90% closest to the mean, to demonstrate the
feasibility of our methods. We show that, considering only 2 days of consumption, we obtain
physically interpretable clusters of consumers.

According to the Fig. deal with individual consumption curves is an hard task, because of
the high variability.

Consumption (kW)
» @ &£ o

gﬁ

Figure 5.1: Load consumption of a sample of 5 consumers over a week in winter

5.2 Method

We propose to use model-based clustering and adopt the model selection paradigm. Indeed, we
consider the model collection of conditional mixture densities,

S = {ng’J),K ek, Je j},

where K denotes the number of clusters, J the set of relevant variables for clustering, and K
and J being respectively the set of possible values of K and J.

The basic model we propose to use is a finite mixture regression of K multivariate Gaussian
densities (see [SBvdGR10] for a recent and fruitful reference), the conditional density being, for
x € RP y € RY, ¢ denoting the Gaussian density,

K.J
Sé (y|z) ZWW 81z, 54

k=1

Such a model can be interpreted and used from two different viewpoints.

First, from a clustering perspective, given the estimation é of the parameters £ = (7,3, %), we
could deduce data clustering from the Maximum A Posteriori principle: for each observation
i, we compute the posterior probability Ti7k(f) of each cluster k£ from the estimation f , and we

assign the observation ¢ to the cluster ki = argmax Tzk(é) Proportions of each cluster are
ke{l,...,.K}
estimated by 7.
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Second, in each cluster, the corresponding model is meaningful and its interpretation allows to
understand the relationship between variables Y and X since it is of the form

Y =Xk +e

the noise intensity being measured by >.

Parameters are estimated from the Lasso-MLE procedure, which is described in details in
[Devidc], and theoretically approved in [Devi4b|. To overcome the high-dimension issue, we
use the Lasso estimator on the regression parameters and we restrict the covariance matrix to
be diagonal. To avoid shrinkage, we estimate parameters by Maximum Likelihood Estimator on
relevant variables selected by the Lasso estimator. Rather than selecting a regularization pa-
rameter, we present this issue at a model selection problem, considering a grid of regularization
parameters. Indices of relevant variables for this grid of regularization parameters are denoted
by J. Since we also have to estimate the number of components, we compute those models for
different number of components, belonging to K. In this paper, £ = {1,...,8}.

Among this collection, we could focus on a few models which seem interesting for clustering,
depending on which characteristics we want to highlight. We propose to use the slope heuris-
tics to extract potentially interesting models. The selected model minimizes the log-likelihood
penalized by 2&D g j/n, where Dy, denotes the dimension of the model m, and where & is
constructed from a completely data-driven procedure. In practice, we use the Capushe package,
see [BMM12].

In addition to this family of models, we need to have powerful tools to translate curves into
variables. Rather than dealing with the discretization of the load consumption, we project it
onto a functional basis to take into account the functional structure. Since we are interested
in not only representing the curves into a functional basis, but also to benefit from a time-
scale interpretation of coefficients, we propose to use wavelet basis, see [Mal99] for a theoretical
approach, and [MMOPO07| for a practical purpose. To simplify our presentation, we will focus
on the Haar basis.

5.3 Typical workflow using the example of the aggregated con-
sumption

5.3.1 General framework

The goal is to cluster electricity consumers using a regression mixture model. We will consider
the consumption of the eve for the regressors, to explain the consumption of the day. Consider
the daily consumption, where we observe 48 points. We project the signal onto the Haar basis
at level 4. The signal could be decomposed in approximation, denoted by A4, and several
details, denoted by Dy, D3, Dy, and D;. We illustrate it in Fig. [5.2] where in addition the
decomposition in sum of orthogonal signals on the left, one can find a colored representation of
the corresponding wavelet coefficients in the time scale plane. For an automatic denoising, we
remove details of level 1 and 2, which correspond to high-frequency components. Two centerings
will be considered:

— preprocessing 1: before projecting, we center each signal individually.

— preprocessing 2: we consider details coefficients of level 4 and 3. Here, we remove also a

low-frequency approximation.

Depending on the preprocessing, we will get different clusterings
We observe the load consumption of n residentials over a year, denoted by (2;+)i<i<nter. We
consider

— Zy =)', zi+ the aggregated signal,
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Figure 5.2: Projection of a load consumption for one day into Haar basis, level 4. By con-
struction, we get s = A4 + D4y + D3 + Do 4+ D1. On the left side, the signal is considered with
reconstruction of dataset, the dotted being preprocessing 1 and the dotted-dashed being the
preprocessing 2

— 3a = (Zt)as(a—1)<t<asa the aggregated signal for the day d,

— 3i,d = (%it)as(d—1)<t<asq the signal for the residential i for the day d.
We consider three different ways to analyze this dataset.
The first one consider (34, 34+1)1<d<33s over time, and the results are easy to interpret. We
take this opportunity to develop in details the steps of the method we propose from the model
to the clusters via model visualization and interpretation. In the second one, we want to cluster
consumers on mean days. Working with mean days leads to some stability. The last one is
the most difficult, since we consider individuals curves (3i d,, 3i.do+1)1<i<n and we classify these
individuals for the days (do,do + 1).

5.3.2 Cluster days on the residential synchronous curve

In this Section, we focus on the residential synchronous (Z;)cr. We will illustrate our procedure
step by step, and highlight some features of data. The whole analysis will be done for the
preprocessing 2.

Model selection

Our procedure leads to a model collection, with various number of components and various
sparsities. Let us explain how to select some interesting models, thanks to the slope heuristic.
We define

(K(k),J(k)) = argmin (—fyn(§(K’J)) + 2K/D(K7J)/n) )
(K,J)
where 7, is the log-likelihood function and /) is the log-likelihood minimizer among the
collection S+ We consider the step function & — Dy (x),7(r), & being the abscissa which
leads to the biggest dimension jump. We select the model (K, J) = (K (2&),J(2&)). To improve
that, we could consider the points (D ), — (s 4 2&D g, 7)/M)(K,7), and select some
models minimizing this criterion. According to Figs. and we could consider some &

which seem to create big jumps, and several models which seem to minimize the penalized
log-likelihood.
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Figure 5.4: Minimization of the penalized log-likelihood. In-
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by green diamond
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Model visualization

Thanks to the model-based clustering, we have constructed a model in each cluster. Then,
we could understand differences between clusters from B and 3 estimations. We represent it
with an image, each coefficient being represented by a pixel. As we consider the linear model
Y = Xf, for each cluster, rows correspond to regressors coefficients and columns to response
coeflicients. Diagonal coefficients will explain the main part. The Figs. and explain the
image construction, whereas we compute it for the model selected by the previous step in Fig.

o]
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D
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\J A4 D4 D3 \‘ D 4 D 3

Figure 5.6: Representation of the regression
matrix Sy for the preprocessing 2.

Figure 5.5: Representation of the regression
matrix Sy for the preprocessing 1.
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Figure 5.7: For the selected model, we represent B in each cluster. Absolute values of coefficients
are represented by different colormaps, white for 0. Each color represents a cluster

To highlight differences between clusters, we also plot 31 - Bg. First, we remark that Bl and BQ
are sparse, thanks to the Lasso estimator. Moreover, the main difference between Bl and /3’2 is
row 4, columns 1,2 and 6. We could say that the procedure uses, depending on cluster, more or
less the first coefficient of D3 of X to describe coefficients 1 and 2 of D3 and coefficient 3 of Dy
of Y. The Fig. enlightens those differences between clusters.
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We represent the covariance matrix in Fig. 5.8 Because we estimate it by a diagonal matrix
in each cluster, we just display the diagonal coefficients. We keep the same scale for all the
clusters, to highlight which clusters are noisier.

21 x 10
Bl B BN
3
z 2

Figure 5.8: For the model selected, we represent ¥ in each cluster

Model-based clustering

We could compute the posterior probability for each observation. In Fig. [5.9] we represent it by
boxplots. Closer there are to 1, more different are the clusters.
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Figure 5.9: Assignment boxplots per cluster

In the present case, the two clusters are well defined and the clustering problem is quite easy, but
see for example Fig. [5.13] in a different clustering issue, which presents a model with affectations
less well separated.

Clustering

Now, we are able to try to interpret each cluster. In Fig. [5.10] we represent the mean curves
for each cluster. We can also use functional descriptive statistics (see [Shalll). Because clusters
are done on the reliance between a day and its eve, we represent the both days.
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Figure 5.10: Clustering representation. Fach curve is the mean in each cluster
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Discussion

According to the preprocessing 2, we cluster weekdays and weekend days. The same procedure
done with the preprocessing 1 shows the temperature influence. We construct four clusters, two
of them being weekend days, and the two others are weekdays, differences made according to
the temperature. In Fig. [5.11] we summarize clusters by the mean curves for this second model.
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Figure 5.11: Clustering representation. Each curve is the mean in each cluster

In Table [5.1] we summarize the both models considered according to the day type.

Interpretation Mon. | Tue. | Wed. | Thur. | Fri. | Sat. | Sun.
week 0.88 1096 | 094 | 098 | 096 | O 0
weekend 0.12 | 0.04 | 0.06 | 0.02 |0.04| 1 1
week, low T. 0.26 | 046 | 046 | 0.47 | 051 | O 0

weekend, low T. 0.1 | 0.02 | 0.03 0 0 0.2 | 0.65
week, high T. 0.64 | 0.52 | 0.5 053 | 045 O 0

weekend, high T. 0 0 0 0 0.04 | 0.79 | 0.35

Table 5.1: For each model selected, we summarize the proportion of day type in each cluster,
and interpret it, T corresponding to the temperature.

According to Table[5.I] difference between both preprocessing is the temperature influence: when
we center curves before projecting, we translate the whole curves, but when we remove the low
frequency approximation, we skip the main features. Depending on the goal, each preprocessing
could be interesting.

5.4 Clustering consumers

Another important approach considered in this paper is to cluster consumers. Before dealing with
their daily consumption, in Section [5.4.2] which is an hard problem because of the irregularity
of signals, we cluster consumers on mean days in Section [5.4.1
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5.4.1 Cluster consumers on mean days

Define 3; 4 the mean signal over all days d for the residential ¢, over all days d € {1,...,7}. Then
we consider couples (3i.d, 3i,d+1)1<i<n-

If we look on the model collection constructed by our procedure for K = {1,...,8}, we always
select models with only one component, for every days d. Nevertheless, if we force the model to
have several clusters, restricting C to K = {2,...,8}, we get some interesting informations. All
results get here are done for preprocessing 2.

For weekdays couples, Monday/Tuesday, Tuesdays/Wednesday, Wednesday /Thursday, Thurs-
day/Friday, we select models with two clusters, with same means and same covariance matrices:
the model with one component is needed. The only difference on load consumption is on the
mean comportment. It is relevant with clusterings obtained in Section [5.3.2}

We focus here on Saturday/Sunday, for which there are different interesting clusters, see Fig.
(.12} Remark that we cannot summarize a cluster to its mean because of the high variability.
The main differences between those two clusters are on differences between lunch time and
afternoon, and on the Sunday morning. Notice that the big variability over the two days is not
explained by our model, for which the variability is small, explaining the noise for the reliance
between a day and its eve.

3.5
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e

Load consumption in each cluster

40 50
Instant of the day

Load consumption in each cluster

Figure 5.12: Saturday and Sunday load consumption in each cluster.

On Sunday/Monday, we get also three different clusters. Even if we identify differences on
the shape, the main difference is still on the mean consumption. On Friday/Saturday, we see
differences between people who have the same consumptions, and people who have a really
different comportment.

However, because the selected model is again with one component, we think that consider the
mean over days of each consumer cancel interesting effects, as the temperature and seasonal
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influence.

5.4.2 Cluster consumers on individual curves

One major objective of this work is individual curves clustering. As already pointed in the intro-
duction, this is a very challenging task that has various applications for smart grid management,
going from demand response programs to energy reduction recommendations or household seg-
mentation. We consider the complex situation where an electricity provider as access to very
few recent measurements -2 days here- of each individual customers but need to classify them
anyway. That could happen in a competitive electricity market where customers can change
their electricity provider at any time without providing their past consumption curves.

First, we focus on two successive days of electricity consumption measurements - Tuesday and
Wednesday in winter: January 5th and 6th 2010- for our 487 residential customers. Note that
we choose week days in winter following our experience on electricity data, as those days often
bring important information about residential electricity usage (electrical heating, intra-day
cycle, tariff effect...).

Selected mixture models

We apply the model-based clustering approach presented in Section for preprocessing 1 and
obtain two models minimizing the penalized log-likelihood corresponding to 2 and 5 clusters.
Although these two classifications are based on auto-regression mixture model, we are able to
analyze and interpret clusters in terms of consumption profiles and provide bellow a physical
interpretation for the classes. In Fig. [5.13] we plot the proportions in each cluster for both
models constructed by our procedure. The first remark is that this issue is harder than the one
in Section [5.3.2] Nevertheless, even if there are a lot of outliers, for the model M1, a lot of
affectations are well-separated. It is obviously less clear with the model M2, with 5 components.
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Figure 5.13: Proportions in each cluster for models constructed by our procedure

In Fig. [5.14] we plot the regression matrix to highlight differences between clusters. Indeed,
those two matrices are different, for example more variables are needed to describe the cluster
2.

Analyzing clusters using classical profiling features

We first represent the main features of the cluster centres (the mean of all individual curves
in a cluster). Fig. represents daily mean consumptions of these centres along the year.
We clearly see that the two classifications separate customers that have different mean level of
consumption (small, -middle- and big residential consumers) and different ratio winter/summer
consumption probably due to the amount of electrical heating among house usage. Let recall that
the model based clustering is done on centered data and that the mean level discrimination is
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Figure 5.14: Regression matrix in each cluster for the model with 2 clusters

not straightforward. Schematically, the 2 clusters classification seems to separate big customers
with electrical heating from small customers with few electrical heating. Whereas the 5 clusters
classification separates the small customers with few electrical heating but peaks in consumption
(flat curve with peaks, probably due to auxiliary heating when temperature is very low) and
middle customers with electrical heating. The two clusters in the middle customers population
don’t present any visible differences on this figure. The two big customers clusters have a
different ratio winter/summer probably due to a difference in terms of electrical heating usage.
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Figure 5.15: Daily mean consumptions of the cluster centres along the year for 2 (top) and 5
clusters (bottom)

This analysis is confirmed in Fig. [5.16] where we represent the daily mean consumptions of the
cluster centres in function of the daily mean temperature for the two classifications. Points
correspond to the mean consumption of one day and smooth curves are obtained with P-spline
regression. We observe that for all classes, the temperature effect due to electrical heating starts
at around 12°C and that the different clusters have various heating profiles. The 2 clusters
classification profiles confirm the observation of Fig. that the population is divided into
small and big customers with electrical heating. Concerning the 5 clusters classification, we
clearly see on the small customer profile (purple points/curves) an inflexion at around 0°C
-this inflexion is also observed in the small customer cluster of the 2 clusters classification-
corresponding to e.g. an auxiliary heating device effect or at least an increase of consumption
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of the house for very low temperature. This is also what distinguishes the 2 middle customers
classes (blue and green points/curves). The two big customers’ clusters have similar heating

profile,
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except that the green cluster correspond to higher electrical heating usage.
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Figure 5.16: Daily mean consumptions of the cluster centres in function of the daily mean
temperature for 2 (on the left) and 5 clusters (on the right)

Another interesting observation concern the weekly and daily profiles of the centres. We rep-
resent on Fig. an average (over time) week of consumption for each centre of the two
classifications. For the 2 clusters classification, we see again the difference in average consump-
tion between the big customer cluster profile and the small customer one. They have similar
shapes but the difference day/night and peak loads (at around 8h, 13h and 18h for weekdays),
are more marked. For the 5 clusters curves, even if the weekly profiles are quite similar (no
major difference in the week days/week ends profiles in each clusters), the daily shapes exhibit
more differences. The day/night ratio could be very different as well as small variation along the
day, probably related to different tariff options (see [Comllal for a description of the tariffs).
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Figure 5.17: Average (over time) week of consumption for each centre of the two classifications
(2 clusters on the top and 5 on the bottom)
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Cross analysis using survey data

To enrich this analysis, we also consider extra information providing in a survey realized by the
Irish Commission for Energy Regulation. We summarize this large amount of information into 10
variables: ResidentialTariffallocation corresponds to the tariff option (see [Comllal, [Com1Ib]),
Socialclass: AB, C1, C2, F in UK demographic classifications, Ownership whether or not a
customer owns his/her house, ResidentialStimulusallocation the stimulus sends to the customer
(see [Comllal, [Coml11b]), Built. Year the year of construction of the building, Heat. Home and
Heat. Water electrical or not, Windows.Doubleglazed the proportion of double gazed window
in the house (none, quarter, half, 3 quarters, all), Home.Appliance. White.goods the number of
white goods/major appliances of the household. To relate our clusters to those variables we
consider the classification problem consisting in recovering model based classes with a random
forest classifier. Random forest introduced in [BreQ1] is a well known and tested non-parametric
classification method that has the advantage to be quite automatic and easy to calibrate. In
addition, it provides a nice summary of the previous covariate in terms of their importance for
classification. On the Fig. [5.18 we represent the out of bag error of the random forest classifiers
in function of the number of trees (one major parameter of the random forest classifier) for the
two clusterings. That corresponds to a good estimate of what could be the classification error
on a independent dataset. We have observed that, choosing a sufficiently large number of trees
for the forest (300), the classification error rate attains 40% in the 2 clusters case and 75% in the
5 classes case which has to be compared to a random classifier who has respectively a 50% and
80% error rate. That means that the 10 previous covariates provide few but some information
about the clusters.
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Figure 5.18: Out of bag error of the random forest classifiers in function of the number of trees

Quantifying the importance of each survey covariate in the classifications we observe that in both
cases, Home.Appliance. White.goods and Socialclass play a major role. That could be explained
as those covariates could discriminate small and big customers. Another interesting point is
that in the 5 clusters classification, the variable Built. Year plays an important role which is
probably related to different heating profiles explained by different isolation standards. That
could explain the two big customers clusters. Then come the tariffs options which, in the 5
clusters case, could explain the different daily shapes of the Fig.

It is noteworthy that these two classifications provide clusters that exhibit those very nice
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physical interpretation, considering that we only use two days of consumption in winter for each
customer.

Using model on one-day shifted data

To highlight advantages of our procedure, we compare prediction for the consumption of Thurs-
day, 7th January, 2010. Indeed, even if the method is not designed for forecasting purposes,
we want to show that model-based clustering is an interesting tool also for prediction. We will
compare linear models, estimated on couples Tuesday, 5th January and Wednesday, 6th Jan-
uary, and we will predict Thursday from Wednesday. This is suggested by the clustering get
in Section showing that transitions between weekdays are similar. We then compare the
following models. First, the most common is the linear model, without clustering. The second
model is the first constructed by our procedure, described before, with 2 components. More-
over, we could use the clustering get by the models constructed by our procedure, but estimate
parameters without variable selection, using full linear model in each component. We restrict
here our study to one model to narrow the analysis, but everything is also computable with the
models with 5 clusters.

For each consumer i, for each prediction procedure, we compute two prediction errors: the
RMSE on Thursday prediction, and the RMSE of Wednesday prediction. Remind that RMSE,
for a consumer ¢, is defined by
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Figure 5.19: RMSE on Thursday prediction for each procedure over all consumers

We remark that if RMSE are almost the same for the three different models, the one estimated
by our procedure leads to smaller median and interquartile range. For the three considered
models, the median of the RMSE on Wednesday prediction (learning sample) and the RMSE
on Thursday prediction (test sample) are close to each other, which means that the clustering
remains good, even for one-day shifted data, of course as long as we remain in the class of working
days, according to Section To highlight this remark, we also compute our procedure on
couple Wednesday /Thursday. Then, we select three different models, and involved clusterings
are quite similar to clusterings given by models in Section
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Remarks on similar analyses

Alternatively, we make the same analysis on two successive weekdays of electricity consumption
measurement in summer. We obtain three models, corresponding to 2, 3 and 5 clusters respec-
tively. We compute, as in the Subsection [5.4.2] daily mean consumptions of the cluster center
along the year, and in function of the daily mean temperature. The main difference is about
the inflexion at around 0°C. Because clustering is done for summer days, we do not distinguish
cold effects. Moreover there are no cooling effects. We could remark again that clusterings are
hierarchical, but different from those get in the winter study, as we expected.
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Figure 5.20: Daily mean consumptions of the cluster centres in function of the daily mean
temperature for 5 clusters, clustering done by observing Thursday and Wednesday in summer

We also study two successive weekend days of electricity consumption, in winter and in sum-
mer. We recognize different clusters, depending on behavior of consumers. We work with Fri-
day/Saturday couples. The main thing we observe in summer is a cluster with no-consumption,
consumers who leave their home. It could be useful to predict the Sunday consumption, but no
more general for other weekend.
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Figure 5.21: Daily mean consumptions of the cluster centres along the year for 3 clusters,
clusering done on weekend observation

5.5 Discussion and conclusion

Massive information about individual (household, small and medium enterprise) consumption
are now provided with new metering technologies and smart grids. Two major exploitations
of individual data are load profiling and forecasting at different scales on the grid. Customer
segmentation based on load classification is a natural approach for that and is a prolific way
of research. We propose here a new methodology based on high-dimensional regression models.



5.5. DISCUSSION AND CONCLUSION 162

The novelty of our approach is that we focus on uncovering clusters corresponding to different
regression models that could then be exploited for profiling as well as forecasting. We focus
on profiling and show how, exploiting few temporal measurements of 500 residential customers
consumption, we can derive informative clusters. We provide some encouraging elements about
how to exploit these models and clusters for bottom up forecasting.
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