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Adams

Fibonacci

Konheim Weiss

U
n f : U → N+

#{ f(u) ! k | u ∈ U } " k , i ! k ! n .



U = ∅ {1} {1, 2} {1, 2, 3}

ϵ, 1, 11, 12, 21, 111, 112, 121, 211, 113, 131, 311, 122, 212, 221, 123, 132, 213, 231, 312, 321,

f f(1)f(2)f(3)

Shi
˘

Kung Yan

p(χ;n) =
n∑

s=1

(−1)s−1
(
n

s

)
χ(n− s− 1)sp(χ;n− s) .

n!

2mk

k

Liskovets

a(k;n) =
n∑

s=1

(−1)s−1
(
n

s

)
2s(n− s+ 1)ksa(k;n− s) ,

Almeida
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Bergeron

X = x1 + x2 + x3 + · · ·



Thibon

Liskovets
Kung Yan

χ : m !→ 2mk

P (χ) =
(

χ(1)
)
0
+
∑

n"1

(
χ(1)
)
n
· P (ψn)

ψn : m !→ χ(n +m) − χ(1) χ

q = 0

2mk

k

χ

m Novelli
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C =
⊔

n"0 Cn
Cn n |·| : C → N

s C n
s ∈ Cn

C

C(t) =
∑

n"0
αn

tn

n!
C̃(t) =

∑

n"0
αnt

n ,

αn := #Cn
Cn

|·|
3 3

, , , , ,

B̃
B̃(t)

B̃(t) = 1 + t B̃(t)2 .



B̃(t) =
1−
√
1− 4t

2t
= 1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + 132t6 + · · ·

f [tm]f(t)
m

f(t) =
∑

n"0
αnt

n [tm]f(t) = αm .

s ℓ(s)

ℓ : C → N |·|
λ := 4421 11
4 |λ| = 11 ℓ(λ) = 4

λ n
λ1,λ2, · · · ,λk

|λ| := λ1 + λ2 + · · ·+ λk = n .

λ ⊢ n λ n λ
ℓ(λ) k λ(k)

0, 1, 2, 3, 4 5

λ ⊢ 0 = { ϵ } , λ ⊢ 1 = { 1 } , λ ⊢ 2 = { 11, 2 } , λ ⊢ 3 = { 111, 21, 3 } ,
λ ⊢ 4 = { 1111, 211, 22, 31, 4 } , λ ⊢ 5 = { 11111, 2111, 221, 311, 32, 41, 5 } ,

ϵ λ = 532221 6 = ℓ(λ)
λ1λ2 · · · λ

λ1,λ2, . . .

˜ (t) =
∏

n"1

1

1− tn
= 1 + t+ 2t2 + 3t3 + 5t4 + 7t5 + 11t6 + 15t7 + 22t8 + · · ·

ZS



U S, T U
U

U U λ ⊢ U λ
U

∅, [1], [2], [3] [4]
[n] = {1, 2, · · · , n}

λ ⊢ ∅ = { ∅ } , λ ⊢ [1] =
{
{1}

}
, λ ⊢ [2] =

{
{1 | 2}, {12}

}
,

λ ⊢ [3] =
{
{1 | 2 | 3}, {12 | 3}, {23 | 1}, {13 | 2}, {123}

}
,

λ ⊢ [4] =

⎧
⎨

⎩

{1 | 2 | 3 | 4}, {12 | 3 | 4}, {13 | 2 | 4}, {14 | 2 | 3},
{23 | 1 | 4}, {24 | 1 | 3}, {34 | 1 | 2}, {123 | 4},

{124 | 3}, {134 | 2}, {234 | 1}, {1234}

⎫
⎬

⎭ .

{αβ · · · | γτ · · · | · · · }
{{α, β, . . .}, {γ, τ, . . .}, . . .} |

(t) = exp(et − 1) = 1 + t+ 2
t2

2!
+ 5

t3

3!
+ 15

t4

4!
+ 52

t5

5!
+ 203

t6

6!
+ · · ·

bn

bn =
n∑

k=0

{
n

k

}
,

{
n
k

}

{
n

k

}
=

1

n!

k∑

j=1

(−1)k−j
(
k

j

)
jn .

k
n

n k

exp(x(et − 1)) =
∑

n,k

{
n

k

}
xk t

n

n!
.



π n
π1, π2, · · · , πk

|π| = π1 + π2 + · · ·+ πk = n .

π |= n π n π
ℓ(π) λ(π)

π
πi

0, 1, 2, 3, 4 5

π |= 0 = {ϵ} , π |= 1 = {1} , π |= 2 = {11, 2} , π |= 3 = {111, 21, 12, 3} ,
π |= 4 = {1111, 211, 121, 112, 22, 31, 13, 4} ,
π |= 5 = {11111, 2111, 1211, 1121, 1112, 221, 212, 122, 311, 131, 113, 32, 23, 41 , 14, 5} .

π(k) π1 + π2 + · · · + πk k π
π(0) = 0 π(−1) = −1

π = π1π2 · · · π3 n
π π∼ y = x

4212

132111

n k k 0
n 101204 8 6

π(k) π

D(π) = {π(k) | 1 ! k < ℓ(π)} .

D(4234) = {4, 6, 9} , D(21214) = {2, 3, 5, 6} .



π |= n
n

n

τ π π ≺ τ
τ π

π ≺ τ ⇐⇒ D(π) ⊃ D(τ ) .

4242 ≺ 642 ≺ 66 ≺ (12)

{4, 6, 10} ⊃ {6, 10} ⊃ {6} ⊃ {} .

˜ (t) =
1− t

1− 2t
= 1 +

∑

n"1
2n−1tn = 1 + t+ 2t2 + 4t3 + 8t4 + 16t5 + · · ·

N>0(t) =
1

1− t
− 1 =

t

1− t
.

˜ (t) =
1

1−N>0(t)
=

1

1− t
1−t

=
1− t

1− 2t
.

˜ (t)
2n−1

n n + 1



U U
ℓ≪ U ℓ U

∅, [1], [2], [3]
[4] a1 · · · an a1 a2 a2 a3

an

ℓ≪ ∅ = { ϵ } , ℓ≪ [1] = { 1 } , ℓ≪ [2] = { 12, 21 } ,
ℓ≪ [3] = { 123, 132, 213, 231, 312, 321 } ,

ℓ≪ [4] =

⎧
⎨

⎩

1234, 1243, 1324, 1342, 1423, 1432, 2134, 2143,
2314, 2341, 2413, 2431, 3124, 3142, 3214, 3241,
3412, 3421, 4123, 4132, 4213, 4231, 4312, 4321

⎫
⎬

⎭

ℓ(ℓ) =
|ℓ| ℓ
ℓ

L(t) =
1

1− t
= 1 + t+ 2

t2

2!
+ 6

t3

3!
+ 24

t4

4!
+ 120

t5

5!
+ 720

t6

6!
+ · · ·

n
n! n n−1

U u
U\{u} U

(1− t)−1

σ U U
S[U ] U Sn := S[n] U = [n]

{α, β, γ}

α β γ , α β γ , α β γ ,

α β γ ,
α β

γ
,

α β

γ



U = [n] L[U ]
S[U ] σ σ(1)σ(2) · · ·σ(n)

α β γ

α β

γ

α β

γ

S[U ] U = {α, β, γ}

{1, . . . , n}

A a1a2 · · · an U A∗

A

A∗ =
∑

n"0
Un = {ϵ} - U - U2 - U3 - · · ·

ϵ An A n

An = A×An−1 A1 = U A0 = {ϵ}

A
w n n ℓ(w) = n

A(w) A
w

A = {a, b, c, d, e}

A(abdda) = {a, b, d} .

A A∗ =
⊔

n"0 A
n

A∗(t) =
1

1−A(t)
=
∑

n"0
A(t)n .



· A∗

u ∈ Am v ∈ An u · v uv
Am+n u

v A∗

u = u1 · · · uk w k + 1
x1, x2, · · · , xk+1 w = x1 · u1 · x2 · u2 · · · xk · uk · xk+1 x1 · x2 · · · xk+1

u w
x w u v w = u · x · v

w = w1w2 · · ·wm

w[i, j] := wiwi+1 · wj

w i j
x w x w u = ϵ x

w x w v = ϵ

u ∈ Am v ∈ An w ∈ Am+n u
v w w

u m + 1 := |v| + 1 x1, · · · , xm+1

w = x1 · v1 · x2 · · · xm · vm · xm+1

a · u b · v = a · (u b · v) + b · (a · u v)

a, b ∈A u, v ∈A∗ ·

Preuve :
a, b, c (a b) c =

a (b c) u, v, w

(a · u b · v) c · w = a ·
[
(u b · v) c · w

]
+ b ·

[
(a · u v) c · w

]
+

c ·
[
(a · u b · v) w

]

= a ·
[
u (b · v c · w)

]
+ b ·

[
a · u (v c · w)

]
+

c ·
[
a · u (b · v w)

]

= a · u (b · v c · w) ,

a, b, c u, v, w



σ : [n]→ [n] w n

w · σ = wσ(1) · wσ(2) · · ·wσ(n) .

Shm,n σ [m+n]
σ|[m] σ [m]

[m] {m+ 1, · · ·m+ n}

Shm,n u
v m n

u v =
∑

σ∈Shm,n

uv · σ .

U ∼ U
x ∼ x x ∼ y y ∼ x x ∼ y y ∼ z

x ∼ z

C :=
⊕

n"0 Cn

∼ C ∼
∼n Cn n

∼ ≈
∼ ≈ ≡:=∼ ∨ ≈

u ≡ v (u =: w1, w2, · · · , wm+1 := v)
wi ∼ wi+1 wi ≈ wi+1 i ∈ [m]

∼ ≈ ≡:=∼ ∧ ≈

u ≡ v u ∼ v u ≈ v



n f(x1, x2, · · · , xn)

f(x1, x2, · · · , xn) = f(xσ(1), xσ(2), · · · , xσ(n)) , σ ∈ Sn .

x1x
2
2x

3
3 + x1x

3
2x

2
3 + x2

1x2x
3
3 + x2

1x
3
2x3 + x3

1x2x
2
3 + x3

1x
2
2x3

Λ

X

X = x1 + x2 + x3 + x4 + · · ·

X

x2
1x2x3

3

x1, x2, x3 (mλ)

mλ(X) =
∑

i1<i2<···<ik
σ

xλ1iσ(1)x
λ2
iσ(2)

· · · xλkiσ(k) = xλ11 xλ22 · · · xλkk + xλ12 xλ21 · · · xλkk + · · ·

k := ℓ(λ) λ
σ λ

(pλ)

ψt(X) =
∑

n"1
pn(X)t

n−1 :=
∑

x∈X

x(1− xt)−1

pn(X) =
∑

x∈X

xn = xn
1 + xn

2 + xn
3 + · · ·



(eλ)

λt(X) =
∑

n"0
en(X)t

n :=
∏

x∈X

(1 + xt)

en(X) =
∑

i1<i2<···<in

xi1xi2 · · · xin = x1x2 · · · xn + x1x3 · · · xn+1 + . . .

(hλ)

σt(X) =
∑

n"0
hn(X)t

n :=
∏

x∈X

(1− xt)−1

hn(X) =
∑

i1!i2!···!in
xi1xi2 · · · xin = xn

1 + xn
2 + · · ·+ x2

1x3 · · · xn + x1x2 · · · xn + . . .

fλ := fλ1fλ2 · · · fλk , λ = λ1λ2 · · ·λk ,

(fλ) (pλ) (eλ) (hλ)

∑

n"0
hn = exp

(
∑

k"1

pk
k

)
,

∑

n"0
en = exp

(
∑

k"1
(−1)k−1pk

k

)

hn =
∑

λ⊢n

pλ
zλ

, en =
∑

λ⊢n

(−1)n−ℓ(λ)pλ
zλ

zλ := 1λ
(1)

2λ
(2) · · · kλ(k) · λ(1)!λ(2)! · · ·λ(k)! .

hn =
∑

λ⊢n

mλ .



n

n

n n

m321 3

mλ(k) x1, x2, . . . , xk

1 xi 0 i > k mλ(X)

k 1

mλ(k) =

(
ℓ(λ)

λ(1), . . . ,λ(n)

)(
k

ℓ(λ)

)
.

λ ⊢ n

m211(5) = 12 × 1× 1 + 1× 12 × 1 + 1× 1× 12︸ ︷︷ ︸
(ℓ(211)2,1 )

+12 × 1× 1 + · · ·

︸ ︷︷ ︸
( 5
ℓ(211))

= 30

q

mλ([k]q) q xi 1 ! i ! k
qi−1 0

mλ([k]q) =
∑

0!i1<i2<···<im<k
σ∈Sm

m∏

j=1

qλσ(j)ij ,

λ = λ1λ2 · · ·λm ij

m211([5]q) =
(
(q0)2q1q2 + q0(q1)2q2 + q0q1(q2)2

)
+
(
(q0)2q1q3 + q0(q1)2q3 + · · ·

)
+ · · ·

= q13 + 2q12 + 4q11 + 2q10 + 4q9 + 4q8 + 4q7 + 2q6 + 4q5 + 2q4 + q3



Gelfand
Retakh Gelfand Krob

Lascoux Leclerc Retakh Thibon

(Sπ)
(Rπ) (Λπ)

(Λπ)

λt(A) =
∑

n"0
Λn(A)tn .

(Sπ) λ−t

σt(A) =
∑

n"0
Sn(A)tn = λ−t(A)

−1 .

(Λπ) (Sπ)

Λπ = Λπ1Λπ2 · · ·Λπk Sπ = Sπ1Sπ2 · · ·Sπk ,

π := π1π2 · · · πk

∆(Λn) =
∑

i+j=n

Λi ⊗ Λj ∆(Sn) =
∑

i+j=n

Si ⊗ Sj ,

n

Λ312Λ54 = Λ31254 S98S271 = S98271

∆(Λ31) = 1⊗ Λ31 + Λ1 ⊗ Λ21 + Λ1 ⊗ Λ3 + Λ11 ⊗ Λ2 + Λ2 ⊗ Λ11+

Λ21 ⊗ Λ1 + Λ3 ⊗ Λ1 + Λ31 ⊗ 1 ,

∆(S111) = 1⊗ S111 + 3S1 ⊗ S11 + 3S11 ⊗ S1 + S111 ⊗ 1



Sπ =
∑

τ≺π
(−1)ℓ(τ )−|π|Λτ Λπ =

∑

τ≺π
(−1)ℓ(τ )−|π|Sτ ,

≺

S2121 = Λ2121 − Λ21111 − Λ11121 + Λ111111 ,

Λ31 = S1111 − S121 − S211 + S31 .

(Rπ)

Rπ =
∑

π≺τ
(−1)ℓ(π)+ℓ(τ )Sτ Sπ =

∑

π≺τ
Rτ

Rπ =
∑

π∼≺τ̄
(−1)ℓ(π∼)−ℓ(τ )Λτ Λπ =

∑

π̄≺τ∼

Rτ

τ̄ := τkτk−1 · τ1 τ = τ1 · · · τk−1τk

R322 = S322 − S34 − S52 + S7 ,

= R12211∼ = Λ11221 − Λ1123 − Λ1141 + Λ115 − Λ1321 + Λ133 + Λ151 − Λ16 − Λ2221+

Λ223 + Λ241 − Λ25 + Λ421 − Λ43 − Λ61 + Λ7

RπRτ = Rπ◃τ +Rπ·τ ,

π ◃ τ := π1 · · · πj−1(πj + τ1)τ2 · · · τk π · τ := π1 · · · πjτ1 · · · τk
π := π1 · · · πj τ := τ1 · · · τk

R24R1413 = R25413 +R241413 .



Solomon

π τ m n
M(π, τ ) (mi,j) (m,n)

m∑

i=1

mi,j = τj

n∑

j=1

mi,j = πi

i ∈ [n] j ∈ [m]

M(32, 122) =

{(
1 2 0
0 0 2

)
,

(
1 1 1
0 1 1

)
,

(
1 0 2
0 2 0

)
,

(
0 2 1
1 0 1

)
,

(
0 1 2
1 1 0

)}
.

(mi,j)
π(mi,j)

π

(
1 2 0
0 0 2

)
= 122 , π

(
1 1 1
0 1 1

)
= 11111 , π

(
1 0 2
0 2 0

)
= 122 ,

π

(
0 2 1
1 0 1

)
= 2111 , π

(
0 1 2
1 1 0

)
= 1211 .

Sπ ⋄ Sτ =
∑

(mi,j)∈M(π,τ )

Sπ(mi,j) .

S32 ⋄ S122 = 2S122 + S11111 + S2111 + S1211 .

σ1(A)

F ⋄ σ1(A) = F = σ1(A) ⋄ F .



Id∗k

Id∗k = µk ◦∆k ,

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∆k :=

{
∆ k = 1

(∆k−1 ⊗ Id) ◦∆

µj :=

{
µ k = 1

µk−1 ◦ (µ⊗ Idk−1)

µ

Id1⋆(S3) = µ(S3 ⊗ 1 + S2 ⊗ S1 + S1 ⊗ S2 + 1⊗ S3) ,

= 2S3 + S21 + S12 ;

Id2⋆(S2) = (µ2 ◦∆)(S2 ⊗ 1 + S1 ⊗ S1 + 1⊗ S2)

= µ2(S2 ⊗ 1⊗ 1 + S1 ⊗ S1 ⊗ 1 + 1⊗ S2 ⊗ 1 + S1 ⊗ 1⊗ S1+

1⊗ S1 ⊗ S1 + 1⊗ S2 ⊗ 1 + 1⊗ S1 ⊗ S1 + 1⊗ 1⊗ S2)

= 4S2 + 4S11

Id2⋆(S4) = S112 + S121 + 3S13 + S211 + 3S22 + 3S31 + 3S4

Idk⋆(Sn) =
∑

π|=n

(
k + 1

ℓ(π)

)
Sπ .

Preuve : Sn

π

Sj1 ⊗ Sj2 ⊗ · · ·⊗ Sjk+1

ji ̸= 0 π
ℓ(π) k + 1

Gessel

X

X



(Sπ)
(Mπ)

Mπ(X) :=
∑

i1<i2<···<ik

xπ1i1 x
π2
i2 · · · xπkik .

X := x1 < x2 < x3 < · · ·

M121(X) = x1
1x

2
2x

1
3 + x1

1x
2
2x

1
4 + x1

1x
2
2x

1
5 + · · ·+ x1

1x
2
3x

1
4 + x1

1x
2
3x

1
5 + · · ·

π1π # τ1τ := π1(π # τ1τ ) + τ1(π1π # τ ) + (π1 + τ1)(π # τ ) ,

M121M21 = 2M12121 + 4M12211 + 2M1222 + 2M1231 + 2M1411 +M142+

2M21121 + 2M21211 +M2122 +M2131 +M2221 +M3121+

2M3211 +M322 +M331

Mπ(k) xi 1 k
1 0

Mπ(k) =

(
k

ℓ(π)

)
.

Mπ([k]q) xi

qi−1 1 ! i ! k 0

Krob Leclerc Thibon

X A

σt(X · A) =
∑

n"0
Sn(X · A) tn :=

−→∏

x∈X

σxt(A) .



Sn(X · A) =
∑

π|=n
π=π1···πk

∑

j1<j2<···<jk

xπ1j1 x
π2
j2 · · · x

πk
jk
Sπ(A) ,

Sn(X · A) =
∑

π|=n

Mπ(X)S
π(A) .

Sn(k · A) = Id⋆k−1 Sn =
∑

π|=n

(
k

ℓ(π)

)
Sπ .

Sn(k · A) k − 1
Sn hn(k · X)

k − 1 hn

Sn(k · A)
q

Sn([k]q · A) =
∑

π|=n

Mπ([k]q)S
π(A) .

U
G

G
· : G×G→ G 1

U G U

G× U −→ U

(g, u) !−→ g · u ,

g, g′ ∈ G u ∈ U (g · g′) · u = g · (g′ · u)
u ∈ U 1 · u = u



G U G
U G

U G(U)

G U
R

uRu′ ∃g ∈ G , u = g · u′ .

u ∈ U ω(u) u R
u = Id · u u = g · u′ g−1 · u = g−1 · (g · u) = (g−1 · g) · u = u

u = g · v = g · (g′ · w) = (g · g′) · w

u ∈ U u Su G

Su = { g ∈ G | g · u = u } .

G

#G = #Su ×#ω(u) .

G H G
H G

U g ∈ G

Fix g = {u ∈ U | g · u = u } .

fix g := #Fix g Fix g

G U

U G

1

#G

∑

g∈G

fix g .

u v U
Su Sv

#Su = #Sv .



Preuve : h ∈ Su g ∈ G g · u = v g · h · g−1 ∈ Sv

g · (h · (g−1 · v)) = g · (h · u)
= (g · h · g−1) · v = g · u = v .

#Su " #Sv #Su = #Sv

Preuve (Lemme 1.4.6) : A

A := { (g, u) ∈ G× U | g · u = u } .

A =
⊔

u∈U

Su × {u} =
⊔

g∈G

{g}× Fix g ,

Su u

#A =
∑

u∈U

#Su =
∑

g∈G

fix g .

O U G

#A =
∑

ω(u)∈O

∑

u′∈ω(u)

#Su′ ,

=
∑

ω(u)∈O

#ω(u)#Su ,

=
∑

ω(u)∈O

#G ,

= #O ×#G .

#O =
1

#G

∑

g∈G

fix g .

Redfield
Pólya

Burnside U G



Joyal

Redfield–Pólya
Burside

G
U

ZU(a1, a2, . . .) =
∑

g∈G

fix g aj1(g)1 aj2(g)2 · · · ajn(g)n

a1, a2, . . . , an jk(g) k
g

1
Burnside U

an1
U

Joyal

Redfield-Pólya
Pólya



U [U ]

σ : U → V [σ] : [U ]→ [V ]

σ : U → V τ : V → W

[τ ◦ σ] = [τ ] ◦ [σ] ,

IdU : U → U

[IdU ] = Id [U ] .

[σ] σ

U s ∈ [U ]
[σ] σ σ · s

[σ](s)

[n] = { 1, · · · , n } [n]
[[n]] [{1, · · · , n}]

End
End[U ] := { f | f : U → U } U
End[σ] : f !−→ σ ◦ f ◦ σ−1 σ : U → V

{α, β, γ}

α β γ , α β γ , α β γ ,

α β γ ,
α β

γ
,

α β

γ
,

α β γ , α β γ , α β γ .

S End
S[U ] := {σ | σ : U → U σ } U
S[σ] = End[σ] σ : U → V

[n] = {1, . . . , n} Sn S[n]



s ∈ [U ] t ∈ [V ] σ : U → V
s t [σ](s) = σ · s = t s t

s s

U = V s t
∼

s ∼ t s t

[U ] s t
n

∼ U n T ( n)
[n]/ ∼

C C̃

C =
∑

n"0
[n] C̃ =

∑

n"0
T ( [n]) .

C̃

σ · {U, V, . . .} = {σ(U),σ(V ), . . .}

(t) =
∑

n"0
n
tn

n!
,

n n



˜(t) =
∑

n"0
ñt

n ,

ñ ∼ n

U σ U
σ (σ(1),σ(2), . . .) σ(k) k

σ

Fixσ = {u ∈ U | σ(u) = u } fixσ = #Fixσ .

Fixσ σ
fixσ = σ(1)

σ U fix [σ]
[U ]

σ

Fixσ Fix g

Z (p1, p2, p3, . . .) =
∑

n"0

(
1

n!

∑

σ∈Sn

fix [σ] pσ
(1)

1 pσ
(2)

2 pσ
(3)

3 · · ·
)

,

(pλ)λ⊢n

n " 0
n

Sn ch( ;n)

ch( ;n) =
1

n!

∑

σ∈Sn

fix [σ] pσ
(1)

1 pσ
(2)

2 pσ
(3)

3 · · ·



ch( ;n) =
∑

λ⊢n

fix [σ(λ)]
pλ
zλ

,

σ(λ) [n] λ
zλ

zλ

(t) = Z (t, 0, 0, · · · ) ˜(t) = Z (t, t2, t3, · · · ) .

fix [σ] σ
σ

ZS(p1, p2, p3, . . .) =
1

(1− p1)(1− p2)(1− p3) · · ·
,

ch(S;n) =
∑

λ⊢n

pλ .

Preuve :

ZS(p1, p2, p3, . . .) =
∏

i"1

1

1− pi
=
∏

i"1

(
∑

j"0
(pi)

j

)
=
∏

i"1

(
1 +

∑

j>0

(pi)
j

)
,

= 1 +
∑

i1j1+i2j2+···+imjm>0
0<i1<i2<···<im

jk>0 , 1!k!m

(pi1)
j1(pi2)

j2 · · · (pim)jm ,

=
∑

n"0

∑

λ⊢n

pλ .

S(t) =
1

1− t
S̃(t) =

1

(1− t)(1− t2)(1− t3) · · ·

p1 !→ t pn !→ 0 n > 1 pn !→ tn

(hλ)

hλ !−→
(

n

λ1, . . . ,λk

)
tn hλ !−→ tn ,

λ = λ1 · · ·λk n



U V
σ : U → V

[U ] = {U} [σ] = U !−→ σ(U) .

[U ]

Z (p1, p2, p3, . . .) =
∑

n"0

∑

λ⊢n

pλ
zλ

=
∑

n"0
hn = σ1(X) .

σt(X)

(t) = exp(t) ˜(t) = 1

1− t
.

0 1
t

[U ] = ∅ Z (p1, p2, p3, · · · ) = 0 .

[U ] =

{
{U} U = ∅
∅

Z (p1, p2, p3, · · · ) = 1 .

[U ] =

{
{U} #U = 1

∅
Z (p1, p2, p3, · · · ) = p1 .



+
( + ) U

( + )[U ] := [U ] - [U ] .

σ : U → V

( + )[σ] :

{
s ∈ [U ] !−→ [σ](s) ,
s ∈ [U ] !−→ [σ](s) .

+

( + )(t) = (t) + (t) , ( +̃ )(t) = ˜(t) + ˜(t) , Z + = Z + Z .

( i)i∈I
( i)i∈I U

i ∈ I i[U ] ̸= ∅

( n)n"0

n[U ] =

{
[U ] #U = n

∅
U ,

n

n

+

+[U ] =

{
∅ U = ∅
[U ]



·
( · ) U

U S T

( · )[U ] =
∑

S*T=U

[S]× [T ] .

σ : U → V

( · )[σ](s) = ( [σ|S](t), [σ|T ](u)) ,

( · ) s = (t, u) U σ|S σ|T σ S
T

( · )(t) = (t) (t) , ( ·̃ )(t) = ˜(t) · ˜(t) , Z · = Z Z .

[tn]( · )(t) =
∑

i+j=n

(
n

i

)
[ti] (t) [tj] (t) ,

[tn]( · )(t) =
∑

i+j=n

[ti] (t) [tj] (t) ,

ch( · ;n) =
∑

i+j=n

ch( ; i) ch( ; j) .

( i)1!i!k ( i)1!i!k

( 1 · 2 · · · k)[U ] =
∑

U1*U2*···*Uk=U

1[U1]× 2[U2]× · · ·× k[Uk] ,

σ : U → V

( 1 · 2 · · · k)[σ](s) = ( 1[σ|U1 ](s1), 2[σ|U2 ](s2), · · · , k[σ|Uk
](sk)) ,

( i)1!i!k s = (s1, s2, · · · , sk) σ|Ui σ Ui

1 ! i ! k



[∅] = ∅
( ) ◦ ( ◦ ) U

s = (π, t, u)

π U

t π

u = (up)p∈π up p

U

( ◦ )[U ] :=
∑

π⊢U

[π]×
∏

p∈π
[p] ,

(
≃
∑

π⊢U

{π}× [π]×
∏

p∈π
[p] ,

)

σ : U → V

( ◦ )[σ](s) :=
(

[σ](π), [ [σ]](t),
(

[σ|p](up)
)
p∈π

)
.

( ◦ )(t) = ( (t)) , ( ◦̃ )(t) = Z (˜(t), ˜(t2), ˜(t3), · · · ) ,

Z ◦ (p1, p2, p3, · · · ) = Z (Z (p1, p2, p3, · · · ), Z (p2, p4, p6, · · · ), Z (p3, p6, p9, · · · )) .

Z ◦ (p1, p2, p3, · · · ) = ch( , 0) +
∑

n"1

∑

λ⊢n

fix [σ(λ)]
pλ[Z (p1, p2, · · · )]

zλ
.

B = + B · · B ,

(g, x, d)
g d



x U
σ

+ ·

B[U ] = [U ] - (B · · B)[U ] ,

= [∅] , U = ∅
∑

R*S*T=U
#S=1

B[R]× [S]× B[T ]

B[σ](t) = t t ∈ B[∅] (B[σ|R](l), S,B[σ|T ](r))

L = + ·L ,

L

ZL =
1

1− h1
=
∑

n"0
h1n .

A = · (A) ,

(A)

F = (A) = ( · F ) .

AL = ·L(AL) .

= ( +) .

= L( +)





Adams

Konheim Weiss

U
U f : U → N>0

#{ f(u) ! k | u ∈ U } " k , 1 ! k ! #U .

U
f

U

˘
n!

Garcia Haiman



k k

Novelli
Thibon

0

Stanley Pitman
n

Kung Yan
˘
Virmaux

0



U
f : U → N>0 N

k k

Pollak

k

k

k = · k−1 1 = 0 = .

U = [n]
[k] (Qi) k[n]

w1 · · ·wn $ (Qi)1!i!k Qi := { j ∈ [n] | wj = i } .

({1, 3}, {}, {}, {2}, {4}) 1415
4 [5]

3 {a, b}

(ab | · | ·), (· | ab | ·), (· | · | ab), (a | b | ·),
(a | · | b), (· | a | b), (b | a | ·), (b | · | a), (· | b | a),

(αβ · · · | γ · · · | . . . ) ({α, β, · · · }, {γ, · · · }, . . . ) ·

(Qi) n



(Qi)

1 < i ! n Qi #Qi i
i − 1 Qi−1 1

Q1 1

Qi = ∅ 0

(57 | · | 248 | 1 | 36 | ·)

1

2

3

4

5

6
1 2 3 4 5 6 7 8 9

{5, 7}

{2, 4, 8}
{1}

{3, 6}

(1, 1)

k
n (1, 1) (n+ 1, k)

(Qi) k U
n (qi)
n qi := #Qi n k

(Q′i)
U (Qi)

(qi)

8 6 (2, 0, 3, 1, 2, 0)
2

0 3 1



1

2

3

4

5

6
1 2 3 4 5 6 7 8 9

(13 | · | 2 | · | · | 4) 6 [4]
(2, 0, 1, 0, 0, 1) 4 6

hn(k · X)
k n

k
n

ch( k;n) = hn(k · X)

Z k = (Z )k =

(∑

n"0
hn

)k

,

Z k =
∑

n"0

∑

λ⊢n

(
ℓ(λ)

λ(1), . . . ,λ(n)

)(
k

ℓ(λ)

)
hλ ,

(
k

ℓ(λ)

)
ℓ(λ)

k λ( ℓ(λ)

λ(1),...,λ(n)

)

λ

Z k =
∑

n"0

∑

λ⊢n

mλ(k)hλ ,

=
∑

n"0
hn (k · X) = σ1(k · X) .

k(t) = ( (t))k = ekt =
∑

n"0
kn t

n

n!
,



k̃(t) =
(
˜(t)

)k
=

1

(1− t)k
=
∑

n"0

(
n+ k − 1

k − 1

)
tn ,

∑

λ⊢n
λ=λ1···λm

(
ℓ(λ)

λ(1), · · · ,λ(n)

)(
k

ℓ(λ)

)(
n

λ1, · · · ,λm

)
= kn ,

∑

λ⊢n

(
ℓ(λ)

λ(1), · · · ,λ(n)

)(
k

ℓ(λ)

)
=

(
n+ k − 1

k − 1

)
.

ch( k;n) = Sn(k · A) =
∑

π|=n

Mπ(k)S
π =

∑

π|=n

(
k

ℓ(π)

)
Sπ ,

= Rn(k · A) =
∑

π|=n

Fπ(k)Rπ =
∑

π|=n

(
k − 1 + ℓ (π∼)

n

)
Rπ ,

=
∑

π|=n

(−1)n−ℓ(π)Λπ(k · A) =
∑

π|=n

(−1)n−ℓ(π)

(
k − 1 + ℓ(π)

ℓ(π)

)
Λπ .

k
q = 0

Sπ

απ Sπ

ch( k;n) π = π1π2 · · · πk
(Qi) (Qi)
π1 π2 k

πk (Sπ)
(hλ)



π

π1
π2 k πk

4

5 Hn(0)

ch( 5; 4) = 5S1111 + 10S112 + 10S121 + 10S13 + 10S211 + 10S22 + 10S31 + 5S4 ,

10 4

2

(1, 1, 2, 0, 0), (1, 1, 0, 2, 0), (1, 0, 1, 2, 0), (0, 1, 1, 2, 0), (1, 1, 0, 0, 2),

(1, 0, 1, 0, 2), (0, 1, 1, 0, 2), (1, 0, 0, 1, 2), (0, 1, 0, 1, 2), (0, 0, 1, 1, 2).

U n
s = (Qi) U π |= n

π := (#Qi | i ∈ [n] Qi ̸= ∅ ) ,

i 1 ℓ(s)

pEv(s) s k
π

Mπ

Mπ(k) = #{ s ∈ k[n] | pEv(s) = π } ,

k ∈ N>0 π |= n

Rπ

απ Rπ

ch( k;n) π = π1π2 · · · πm
n k

π(j) 1 ! j < m

5 4

ch( 5; 4) = 5R1111 + 15R112 + 15R121 + 35R13 + 15R211 + 35R22 + 35R31 + 70R4

15 4 5
R121



· · ·

Λπ

απ

Λπ ch( k;n) n
k τ π

π ≺ τ
(−1)|π|−ℓ(π)

ch( 5; 4) = 70Λ1111 − 35Λ112 − 35Λ121 + 15Λ13 − 35Λ211 + 15Λ22 + 15Λ31 − 5Λ4

15 Λ13

· · ·

q

s = (Qi)

q = 0

(s) =
∑

1!i!k
(i− 1)#Qi .

q

chq(
k;n) = hn([k]q · X) =

∑

λ⊢n

mλ([k]q)hλ ,

chq(
k;n) = Sn([k]q · A) =

∑

π|=n

Mπ([k]q)S
π .



Mπ q [k]q q[
k

ℓ(π)

]
q

k
(

k
ℓ(π)

)

π

q 5
4

chq(
5; 4) =

(
q10 + q9 + q8 + q7 + q6

)
h1111+(

q13 + 2q12 + 4q11 + 2q10 + 4q9 + 4q8 + 4q7 + 2q6 + 4q5 + 2q4 + q3
)
h211+(

q14 + q12 + 2q10 + 2q8 + 2q6 + q4 + q2
)
h22+(

q15 + q14 + 2q13 + q12 + q11 + 2q10 + 2q9 + 2q7 + 2q6 + q5 + q4 + 2q3 + q2 + q
)
h31+(

q16 + q12 + q8 + q4 + 1
)
h4

chq(
5; 4) = (q10 + q9 + q8 + q7 + q6)S1111+

(q13 + q12 + 2q11 + q10 + 2q9 + q8 + q7 + q5)S112+

(q12 + q11 + q10 + q9 + 2q8 + q7 + q6 + q5 + q4)S121+

(q15 + q14 + q13 + q12 + q11 + q10 + q9 + q7 + q6 + q3)S13+

(q11 + q9 + q8 + 2q7 + q6 + 2q5 + q4 + q3)S211+

(q14 + q12 + 2q10 + 2q8 + 2q6 + q4 + q2)S22+

(q13 + q10 + q9 + q7 + q6 + q5 + q4 + q3 + q2 + q)S31+

(q16 + q12 + q8 + q4 + 1)S4

4q8 h211

(· | αβ | γ | · | τ) % (q1)2 · q2 · q4 S211 ,

(· | α | βγ | τ | ·)
(α | · | βγ | · | τ)

}
%

(
q1 · (q2)2 · q3 + q0 · (q2)2 · q4

)
S121 ,

(α | · | β | γτ | ·) % q0 · q2 · (q3)2 S112 .



[n] a1a2 · · · an i !→ ai
aj ! k k

P

f ◦ σ−1
Haiman

f σ

P
P [U ] U U
P [σ] : f !−→ f ◦ σ−1 σ : U → V

Preuve : f
f U

f ◦σ−1 V σ : U → V

(f ◦ σ−1) ◦ τ−1 = f ◦ (σ−1 ◦ τ−1) ,

σ : U → V τ : V → W
f ◦ Id = f

f : U → N>0

(Qi) := (f−1({n}))n"1



k∑

i=1

#Qi " k , k ! #U .

f−1({k}) = ∅ k > n := #U
n

P

P [U ] (Qi) n
U n

P [σ]((Qi)) := (σ(Qi)) σ : U → V

P U n U
n := #U

σ

Preuve : f U (Qi)

Qi := f−1({i}) 1 ! i ! #U .

(f ◦σ−1)−1 = σ◦f−1 σ ·(f−1({i}))i = (σ ◦ f−1({i}))i

n " 0 Pn P
n n

n
( n)n n n

P

U = [n]



U = {α, β, γ}

α, β, γ !→ 1 ; β !→ 1, α, γ !→ 2 ;
α, β !→ 1, γ !→ 2 ; γ !→ 1, α, β !→ 2 ;
α, β !→ 1, γ !→ 3 ; α !→ 1, β !→ 2, γ !→ 3 ;
α, γ !→ 1, β !→ 2 ; α !→ 1, γ !→ 2, β !→ 3 ;
α, γ !→ 1, β !→ 3 ; β !→ 1, α !→ 2, γ !→ 3 ;
β, γ !→ 1, α !→ 2 ; β !→ 1, γ !→ 2, α !→ 3 ;
β, γ !→ 1, α !→ 3 ; γ !→ 1, α !→ 2, β !→ 3 ;
α !→ 1, β, γ !→ 2 ; γ !→ 1, β !→ 2, γ !→ 3 .

f $
(
f−1({k})

)
1!k!#U

U

P U = {α, β, γ} 3

(αβγ | · | ·) (β | αγ | ·) (αβ | γ | ·) (γ | αβ | ·)
(αβ | · | γ) (α | β | γ) (αγ | β | ·) (α | γ | β)
(αγ | · | β) (β | α | γ) (βγ | α | ·) (β | γ | α)
(βγ | · | α) (γ | α | β) (α | βγ | ·) (γ | β | γ)

U [n]
w = a1 · · · an

w↑ = a↑1 · · · a↑n

ak ! k 1 ! k ! n .

f $ f(1)f(2) · · · f(n) .



f ◦σ−1
w · σ σ : [n]→ [n] n

P ∅ [1] [2] [3]

P [∅] = { ϵ } , P [1] = { 1 } , P [2] = { 11, 12, 21 } ,

P [3] =
{

111, 112, 121, 211, 113, 131, 311, 122,
212, 221, 123, 132, 312, 213, 231, 321

}
.

n
(1, 1) (n+ 1, n) y = x

(n, n− 1)

8

1

2

3

4

5

6

7

8

9
1 2 3 4 5 6 7 8 9

y = x

D

D(t) =
1−
√
1− 4t

2t
=
∑

n"0
Cnt

n = 1 + t+ 2t2 + 5t3 + 14t4 + 42t5 + · · · .

U



[8]

y = x

{5, 7}

{2, 4, 8}
{1}

{3, 6}

y = x

Preuve :

Loehr
Hn(q, t)

Hn(q, t) =
∑

f∈P [n]

q (f)t (f) ,

P {α, β, γ}



{α, β, γ} {α, β}
{γ}

{α, γ}
{β}

{β, γ}
{α}

{α, β}

{γ}

{α, γ}

{β}

{β, γ}

{α}

{α}
{β, γ}

{β}
{α, γ}

{γ}
{α, β}

{α}
{β}

{γ}

{β}
{α}

{γ}

{β}
{γ}

{α}

{α}
{γ}

{β}

{γ}
{α}

{β}

{γ}
{β}

{α}

P (t) =
∑

n"0
(n+ 1)n−1

tn

n!
= 1 + t+ 3

t2

2
+ 16

t3

3!
+ 1296

t4

4!
+ 262144

t5

5!
+ · · · .

Pollak

Preuve : U n CU

f : U → {0, · · · , n}

#CU = (n+ 1)n .

u
n+1

0 n 0
n

f(u) f(u) + j j

f ∈ CU

f ∈ CU U f−1({0})

{ f(u) > n | u ∈ U } = ∅ .

∼ CU

f ∼ g ∃j " 0 , ∀u ∈ U , f(u) = g(u) + j , mod (n+ 1) .



n+1
[f ] g ∈ [f ]

U

#P [U ] =
#CU

n+ 1
= (n+ 1)n−1 .

F

Pollak

ch(P ;n) =
1

n+ 1
ch( n+1;n) ,

=
1

n+ 1
[tn]σt(X)

n+1 ,

=
1

n+ 1
hn((n+ 1) · X) ,

ch(P ;n) =
1

n+ 1
Sn(n+ 1 · A) .

hn((n+ 1) · X)
(n+1)n−1

D(t) = P̃ (t)

P̃ (t) =
∑

n"0

[tn] ñ+1(t)

n+ 1
tn =

∑

n"0

(
2n
n

)

n+ 1
tn .

q

Novelli Thibon q

0 q

Sn([n]q · A) =
n∑

k=0

chq(P ; k) q(k+1)(n−k) Sn−k([n− k − 1]q · A) .



(Qi) n+r r " 1
U n (Xj)

S U
(Yj) U\S

n+r[U ] =
∑

S*T=U
s:=#S

P [S] ·
(

0 · n+r−s−1) [T ] .

3+1

U := {a, b, c}

. . . , ()(· | · | b | ac), ()(· | · | ac | b), ()(· | · | ab | c), ()(· | · | bc | a), . . .

P 4

(a)(· | · | bc), (a)(· | c | b), (a)(· | b | c), (a)(· | bc | ·)

P {a} 3 {b, c}

. . . , (c | ab | ·)( · ), (b | a | c)( · ), (b | c | a)( · ), (b | ac | ·)( · ), . . .

{a, b, c}

q q
(k + 1)(n− k) q

(Xj) k
S k k

(Yj) n − k
k + 1

ch(P ; 4) = q6S1111 + q5S112 +
(
q5 + q4

)
S121 + q3S13 +

(
q5 + q4 + q3

)
S211+

(
q4 + q2

)
S22 +

(
q3 + q2 + q

)
S31 + S4

α qnSπ q
d

d = n pEv(d) = π

chq(P ;n) =
∑

d∈Dn

q (d)SpEv(d) ,

Dn d n



Stanley Pitman
χ : N>0 → N χ

(Qi) U n χ(n)
U

χ(k)∑

i=1

#Qi " k 1 ! k ! n .

Pχ P (χ) χ
σ · (Qi)i = (σ(Qi))i
χ m

χ
N χ(0) = 0

⌈
m
2

⌉
P (χ)

χ m ∈ N>0 m/2
[4]

(1234 | ·), (123 | 4), (124 | 3), (134 | 2), (234 | 1),
(12 | 34), (13 | 24), (14 | 23), (23 | 14), (24 | 13), (34 | 12).

χ P = P (m)

χ

p(χ;n) =
∑

f∈P [n]

n∏

i=1

(
χ
(
f(i)

)
− χ

(
f(i)− 1

))
,

p(χ;n) χ n

n
χ

p(a(m− 1) + b;n) = b(an+ b)n−1 ,



a, b

χ Yan
χ

(a, b, · · · , b, c, · · · , c)
b c 0

χ
˘ Kung

Sun

D(χ, t;n) = n!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 χ(1) χ(1)2

2!
χ(1)3

3! · · · χ(1)n−1

(n−1)!
χ(1)n

n!

0 1 χ(2) χ(1)2

2! · · · χ(1)n−2

(n−2)!
χ(1)n−1

(n−1)!

0 0 1 χ(3) · · · χ(1)n−3

(n−3)!
χ(1)n−2

(n−2)!

0 0 0 0 · · · 1 χ(n)
1 t t2

2!
t3

3! · · · tn−1

(n−1)!
tn

n!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p(χ;n) = (−1)nD(χ, 0;n) .

χ
(Qi)

χ(1)
ψ ψ χ

q = 0

χ

(Qi) χ U n

χ : m !→ m
χ



χ
χ

Preuve :

χ 1, 1, 2, 2, 3, 3, · · · χ
{α, β, γ}

(αβ γ | ·), (αβ | γ), (αγ | β), (βγ | α)

χ

1

2

{α, β, γ} {α, β}
{γ}

{α, γ}
{β}

{β, γ}
{α}

χ {α, β, γ, τ}
(αβγτ | ·), (αβγ | τ), (αβτ | γ), (αγτ | β), (βγτ | α), (αβ | γτ),

(αγ | βτ), (ατ | βγ), (βγ | ατ), (βτ | αγ), (γτ | αβ)

1

2

{α, β, γ, τ} {α, β, γ}
{τ}

{α, β, τ}
{γ}

{α, γ, τ}
{β}

{β, γ, τ}
{α}

{α, β}
{γ, τ}

{α, γ}
{β, τ}

{α, τ}
{β, γ}

{β, γ}
{α, τ}

{β, τ}
{α, γ}

{γ, τ}
{α, β}

χ

C χ χ
S χ(1) ψ F

χ(1) S S
χ(1) k

F χ(k + 1),χ(k +
2),χ(k + 3), . . . χ(1)

F
ψk χ k

k χ ψk

ψk : m !→ χ(m+ k)− χ(1) .

χ(0) = 0
ψk(0) = 0

χ χ(1) = χ(2) = 1 3
χ 2, 4, 7, 12, 20, 33, 54, 88, 143, · · ·



χ(1)

k

χ

ψk

C = S · F
S

F

Figure C χ
χ C

S k χ(1)
F F ψk

ψk : m !→ χ(m+ k)− χ(1)



χ : N>0 → N

(χ) :=
(

χ(1)
)
0
+
∑

n"1

(
χ(1)
)
n
· (ψn) .

U = ∅ (χ)[∅] = χ(1)[∅]((
χ(1)
)
n
· (ψn)

)
n"1 U

n n " 1 n 1, 2, · · · , n
n (χ)

(χ)
P (χ)

Preuve : U n s = (Qi) U

(Qi)
U χ(n+ 1)

i χ(n) + 1 χ(n+ 1)
Qi

U = ∅
χ(0) + 1 = 1 χ(1) U ̸= ∅ ψn

ψn1 : m !−→ χ(m+ n1)− χ(1) ,
ψn2 : m !−→ χ(m+ n1 + n2)− χ(1 + n1) ,

ψn3 : m !−→ χ(m+ n1 + n2 + n3)− χ(1 + n1 + n2) ,

ψnk
: m !−→ χ(m+ n)− χ(1 + n− nk) ,

nj " 1 1 ! j ! k
ψnk

(1) " χ(n + 1)− χ(n) Qi

i χ(n) + 1 χ(n+ 1)

U = ∅ (Qi)
(Qi) (Qi)
χ(1) U

n1 n1 " 1

χ(1)∑

i=1

#Qi = n1 " 1 .



S = (Si)1!i!ψn1 (n−n1+1) = (Qi)χ(1)+1!i!χ(n+1)

χ(n + 1) − χ(1) n1 = n

χ(1)∑

i=1

#Qi

︸ ︷︷ ︸
+

χ(k)∑

i=χ(1)+1

#Qi

︸ ︷︷ ︸
= n + 0 " k

1 ! k ! n .

ψn1

ψn1 (1)∑

i=1

#Si " 1 .

χ(1+n1)−χ(1)∑

i=1

#Si =
χ(1+n1)∑

i=χ(1)+1

#Qi " 1 .

χ(k)∑

i=1

#Qi " n1 1 ! k ! n1 ,

χ(n1+1)∑

i=1

#Qi " n1 + 1 .

(Qi)
χ χ(n)

(Qi) ∈ [U ]
χ(n+1)−χ(n)

Pχ[U ]

U = ∅ χ
χ(1)

χ (Qi) U ̸= ∅

(Q1, · · · , Qχ(1)) ,



χ(1)

(Qχ(1)+1, · · · , Qχ(n)) .

χ(1) R ⊂ U r = #R(
χ(1)
)
r

ψr ψr r
χ

χ
(χ)

χ U χ(n + 1) − χ(n)
(χ) U

P (χ)
(χ)

q

chq(Pχ;n) =
n∑

k=1

chq(
χ(1); k) · qχ(1)(n−k) · chq(Pψk

;n− k) ,

qχ(1)(n−k) k χ

chq(Pχ;n) =
n∑

k=1

Sk

(
[χ(1)]q · A

)
· qχ(1)(n−k) · chq(Pψk

;n− k) ,

n " 1 chq(Pχ; 0) = 1

chq(P (m+ 1); 3) =
(
q6 + q5 + q4 + q3

)
S111 +

(
q5 + q4 + q2

)
S12

+
(
q5 + q4 + q3 + q2 + q

)
S21 +

(
q3 + 1

)
S3

q5 + q4 + q3 + q2 + q S21

2
1



1

2

3

4

χ(1)(n−k) q

n−k χ(1)+1
k χ

Novelli Thibon

n

chq(Pχ;n) =
∑

π|=n
π=π1π2···πk

Sπ1

(
[χ(1)]q · A

)
qχ(1)π1 Sπ2

(
[χ(1 + π(1))− χ(1)]q · A

)
· · ·

qχ(1+π(k−1))πkSπk

(
[χ(1 + π(k − 1))− χ(1 + π(k − 2)]q · A

)

−1 π(−1) := −1
Υ

Υ(χ;π, i) := χ(1 + π(i− 1))− χ(1 + π(i− 2)) .

chq(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

qχ(1+π(i−1))πi · Sπi
(
[Υ(χ;π, i)]q · A

)
.

q = 1

ch(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

Sπi (Υ(χ;π, i) · A) .



χ(m) = b · ψ(m) m

ch(Pχ;n) = ch(Pψ;n) ⋄ σ1(b · A) .

Preuve :

ch(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

Sπi (Υ(χ;π, i) · A) ,

χ(m) = bψ(m)

ch(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

Sπi ((Υ(ψ;π, i) · b) · A) ,

ch(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

Sπi (Υ(ψ;π, i) · A) ⋄ σ1(b · A) ,

⋄

ch(Pχ;n) =

⎛

⎜⎝

ℓ(π)
−→∏

i=1

Sπi (Υ(ψ;π, i) · A)

⎞

⎟⎠ ⋄ σ1(b · A) .

Krob Leclerc Thibon
X Y

X := Υ(ψ;π, i) Y := b A

F

F ((X× Y) · A) = F (X · A) ⋄ σ1(Y · A) .

Sn (k · A) ch(Pχ;n) Sπ

α(π)

π



Υ(i)
π Υ(χ;π, i)

chq(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

qχ(1+π(i−1))πi · Sπi
([

Υ(i)
π

]
q
· A
)

π

chq(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

qχ(1+π(i−1))πi ·

⎛

⎝
∑

τ |=πi

Mτ

([
Υ(i)

π

]
q

)
Sτ

⎞

⎠

=
∑

π|=n
π=π1π2···πk

∑

τ1|=π1
τ2|=π2

τk|=πk

Mτ1

([
Υ(1)

π

]
q

)
· qχ(1)π2 · · · qχ(1+π(k−1))πi ·Mτk

([
Υ(k)

π

]
q

)
Sτ1τ2···τk

π |= n
τ |= ℓ(π)

chq(Pχ;n) =
∑

π|=n

∑

τ |=ℓ(π)
τ=τ1τ2···τk

Mπ1···πτ(1)

([
Υ(1)

γ

]
q

)
qχ(1)γ2 · · · qχ(1+γ(k−1))γkMπτ(k−1)+1···πτ(k)

([
Υ(k)

γ

]
q

)
Sπ

γ := π(τ(1)) (π(τ(2))−π(τ(1))) · · · (π(τ(k))−π(τ(k−1))) Ψ
Υ

Ψ(χ;π, τ , i) := χ(1 + π(τ (i− 1)))− χ(1 + π(τ (i− 2))) ,

φ
π |= n τ |=

ℓ(π) 1 ! i ! ℓ(τ )

φ(π, τ , i) := πτ (i−1)+1πτ (i−1)+2 · · · πτ (i) .

chq(Pχ;n) =
∑

π|=n

αq(π)S
π

αq(π) =
∑

τ |=ℓ(π)

ℓ(τ )∏

i=1

qχ(1+π(τ (i−1)))[π(τ (i))−π(τ (i−1))]Mφ(π,τ ,i)

(
[Ψ(χ;π, τ , i)]q

)
.



ch(P (2m+ 1); 3) =
(
q12 + 3q11 + 4q10 + 5q9 + 4q8 + 4q7 + 3q6 + 2q5 + q4 + q3

)
S111+

(
q10 + q9 + 2q8 + q7 + q6 + q5 + q4 + q2

)
S12 +

(
q6 + q3 + 1

)
S3+

(
q10 + q9 + 2q8 + 2q7 + 2q6 + 2q5 + 2q4 + q3 + q2 + q

)
S21

q12 + 3q11 + 4q10 + 5q9 + 4q8 + 4q7 + 3q6 + 2q5 + q4 + q3 S111

αq(111) = M1([3]q) q
3M1([2]q) q

5M1([2]q) +M1([3]q) q
6M11([2]q)+

M11([3]q) q
3M1([4]q) +M111([3]q)

= (q12 + 3q11 + 4q10 + 3q9 + q8) + (q9 + q8 + q7)+

(q9 + 2q8 + 3q7 + 3q6 + 2q5 + q4) + q3

q12 + 3q11 + 4q10 + 3q9 + q8 τ = 111
q9+q8+q7 12 q9+2q8+3q7+3q6+2q5+q4

21 q3 3

q = 1

ch(Pχ;n) =
∑

π|=n

α(π)Sπ α(π) =
∑

τ |=ℓ(π)

ℓ(τ )∏

i=1

(
Ψ(χ;π, τ , i)

τi

)
.

α(π)
χ α(π)

Θ
(
2ℓ(π)

)

χ

π = π1π2 · · · πm n n > 0

α(π) =
m∑

k=1

(−1)k−1α(π1π2 · · · πm−k)
(
χ (π(m− k) + 1)−m+ k

k

)
,

α(π) = 1 π 0

Preuve :

m∑

k=0

(−1)k−1α(π1π2 · · · πm−k)
(
χ (π(m− k) + 1)−m+ k

k

)
= 0 .

α(π)

k γ := π1π2 · · · πm−k



α(γ) γ
χ

Cm−k = (c1, c2, . . . , cm−k)(
χ(π(m−k)+1)−m+k

k

)
k 1

χ (π(m− k) + 1) m− k Pk

m − k Cm−k
(Cm−k, Pk)

π χ

ζ (Cm−k, Pk) 0 ! k ! m
max(Pk) =: p > cm−k

ζ : (Cm−k, Pk) !−→ (Cm−k+1, Pk−1) ,

Cm−k+1 := (c1, c2, . . . , cm−k, p) Pk−1 := Pk\{p}
Cm−k Pk m − k + 1

Cm−k+1 π1 · · · πm−kπm−k+1 χ
Cm−k+1 α(π1π2 · · · πm−kπm−k+1)

π1π2 · · · πm−k+1

Pk−1 p
χ

p ! χ(π(m− k) + 1) ! χ(π(m− k + 1) + 1) .

Pk−1 k− 1 1
χ(π(m− k + 1) + 1) p ci

ζ : (Cm−k, Pk) !−→ (Cm−k−1, Pk+1) ,

Cm−k−1 := (c1, c2, . . . , cm−k−1) Pk+1 := Pk ∪ {cm−k}
Cm−k−1

π1π2 · · · πm−k−1 χ Pk+1

k+ 1 1 χ(π(m− k) + 1) ci Cm−k−1
ζ

(−1)k−1 (Cm−k, Pk)
ζ

−



χ

(Rπ)
(Λπ)

Sn = Rn

chq(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

qχ(1+π(i−1))πi ·Rπi

(
[Υ(χ;π, i)]q · A

)
.

chq (P (2m− 1); 3) =
(
q6 + 2q5 + q4 + q3

)
R111 +

(
q6 + 2q5 + 2q4 + q3 + q2

)
R12+(

q6 + 2q5 + 2q4 + 2q3 + q2 + q
)
R21+(

q6 + 2q5 + 3q4 + 2q3 + 2q2 + q + 1
)
R3

Rn

χ

π n k απ Rπ

χ
π

π(j) < n
π

απ Rπ χ
π(1)

π(2) π(k − 1)



q6+2q5+2q4+2q3+ q2+ q R21

9
2

Sπ =
∑

π≺τ Rτ

chq(Pχ;n) =
∑

π|=n

βq(π)Rπ βq(π) =
∑

τ≺π
αq(τ ) .

q q 1

ch(Pχ;n) =
∑

π|=n

β(π)Rπ β(π) =
∑

τ≺π
α(τ ) .

G(n) := ch(P (m2 −m+ 1);n)

G(0) = 1 , G(1) = R1 , G(2) = 2R11 + 3R2 ,

G(3) = 9R111 + 11R12 + 15R21 + 18R3 ,

G(4) = 70R1111 + 79R112 + 91R121 + 102R13 + 121R211 + 136R22 + 154R31 + 172R4 .

R1n

Rn

q = 1

ch(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

ch( Υ(i)
π ; πi) ,

Υ(i)
π Υ(χ;π, i)

ch(Pχ;n) =
∑

π|=n

ℓ(π)
−→∏

i=1

⎛

⎝
∑

τ |=πi

(−1)πi−ℓ(τ)
(
Υ(i)

π − 1 + ℓ(τ )

ℓ(τ )

)
Λτ

⎞

⎠ ,



=
∑

π|=n

∑

τ1|=π1
τ2|=π2

(−1)n−
∑
ℓ(τ i)

(
Υ(1)

π − 1 + ℓ(τ 1)

ℓ(τ 1)

)(
Υ(2)

π − 1 + ℓ(τ 2)

ℓ(τ 2)

)
· · ·Λτ1τ2··· ,

π |= n

ch(Pχ;n) =
∑

π|=n

∑

τ |=ℓ(π)
τ=τ1···τk

(−1)n−ℓ(π)

(
χ(1)− 1 + τ1

τ1

)(
(χ(1 + π(τ (1)))− χ(1))− 1 + τ2

τ2

)

· · ·
(
[χ(1 + π(τ (k − 1)))− χ(1 + π(τ (k − 2)))]− 1 + τk

τk

)
Λπ

ch(Pχ;n) =
∑

π|=n

(−1)n−ℓ(π)ρ(π)Λπ ρ(π) =
∑

τ |=ℓ(π)

ℓ(τ )∏

i=1

(
Ψ(χ;π, τ , i)− 1 + τi

τi

)
.

Ψ

G(n) := ch(P (m2 −m+ 1);n)

G(0) = 1 , G(1) = Λ1 , G(2) = 3Λ11 − Λ2 ,

G(3) = 18Λ111 − 3Λ12 − 7Λ21 + Λ3 ,

G(4) = 172Λ1111 − 18Λ112 − 36Λ121 + 3Λ13 − 70Λ211 + 7Λ22 + 13Λ31 − Λ4 .

7 Λ21

χ
χ



χ

p(χ;n) =
n∑

k=1

(
n

k

)
χ(1)kp(ψk;n− k) ,

p(χ; 0) = 1 ψk k χ

p(χ;n) =
∑

π|=n

ℓ(π)∏

i=1

Υ(χ;π, i)πi ,

=
∑

π|=n
π=π1···πk

α(π)

(
n

π1, · · · , πk

)
,

=
∑

π|=n
π=π1···πk

(−1)n−ℓ(π)ρ(π)

(
n

π1, · · · , πk

)
.

χ(m) = bψ(m) b " 1 m

p(χ;n) = bnp(ψ;n) .

Preuve : p(χ; 0) = b0p(ψ; 0)

p(χ;n) =
n∑

k=1

(
n

k

)
bkψ(1)kbn−kp(ψ;n− k) ,

= bn
n∑

k=1

(
n

k

)
ψ(1)kp(ψ;n− k) ,

= bnp(ψ;n) .

χ p(χ;n) n = 0, 1, 2, 3, . . .
m 1, 1, 3, 16, 125, 1296, 16807, 262144, 4782969, 100000000, . . . (n+ 1)n−1

2m 1, 2, 12, 128, 2000, 41472, 1075648, 33554432, . . . 2n(n+ 1)n−1

3m 1, 3, 27, 432, 10125, 314928, 12252303, 573308928, . . . 3n(n+ 1)n−1

bm bn(n+ 1)n−1



Pχ(t) =
∑

n"0
p(ψ;n)bntn = Pψ(bt) .

χ

χ

χ

p̃(χ;n) =
n∑

k=1

(
k + χ(1)− 1

χ(1)− 1

)
p̃(ψk;n− k) ,

=
∑

π|=n

ℓ(π)∏

i=1

(
πi +Υ(χ;π, i)− 1

Υ(χ;π, i)− 1

)
,

=
∑

π|=n

α(π) ,

=
∑

π|=n

(−1)n−ℓ(π)ρ(π) .

χ

p̃(χ;n) =
n−1∑

k=0

(−1)n−k+1p̃(χ; k)
(
χ(k + 1)

n− k

)
,

p̃(χ; 0) = 1

Preuve :

n∑

k=0

(−1)n−k+1p̃(χ; k)
(
χ(k + 1)

n− k

)
= 0 .

(C, P ) C := (c1, . . . , cχ(k)) k
χ p̃(χ; k) P n − k 1 χ(k + 1)

C := (c1, . . . , cχ(k)) k χ(k) χ

m∑

i=1

ci " m, 1 ! m ! k .



χ k P n − k [χ(k + 1)]
(C, P ) k p̃(χ; k)

(
χ(k+1)
n−k

)

k > 0 j ∈ P
i ci > 0 m := max{i | ci > 0}

(C, P ) !−→
(
(c′1, . . . , c

′
χ(k−1)), P ∪ {m}

)
,

c′j = cj m ̸= j c′m = cm − 1

(C, P ) !−→
(
(c′1, . . . , c

′
χ(k+1)), P\{maxP}

)
,

c′j :=

⎧
⎪⎨

⎪⎩

cj + 1 j = maxP

cj j ! χ(k)

0

p̃(χ; k − 1)

(
χ(k + 2)

n− k + 1

)
p̃(χ; k + 1)

(
χ(k)

n− k − 1

)
.

(C, P )

χ

χ p̃(χ;n) n = 0, 1, 2, 3, . . .
m 1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, . . . (2nn )/n+1

2m 1, 2, 7, 30, 143, 728, 3876, 21318, 120175, . . . (3n+1
n )/n+1

3m 1, 3, 15, 91, 612, 4389, 32890, 254475, 2017356, . . . (4n+2
n )/n+1

4m 1, 4, 26, 204, 1771, 16380, 158224, 1577532, 16112057, . . . (5n+3
n )/n+1

2m+ 1 1, 3, 12, 55, 273, 1428, 7752, 43263, 246675, 1430715, . . . (3n+3)
n+1 )/2n+3

2m+ 2 1, 4, 18, 88, 455, 2448, 13566, 76912, 444015, 2601300, . . . 2(3n−3
n−2 )/n



χ
U n u ∈ U χ

χ(n+1)

χ
L

χ

χ

Yan

χ
χ Yan

χ



χ : N>0 → N

χ U n Pχ[U ]
χ(n+1)

χ(n) χ(n + 1) [∅]

χ ◃χ ( i)
χ(n+ 1) U n

◃χ[U ] :=
{
( i)i∈[χ(n+1)] i , i ∈ [Ui] (Ui) ∈ Pχ[U ]

}
,

σ : U → V

◃χ[σ] : ( i) !−→
(
[σ|Ui ]( i)

)
.

χ χ
P (χ) = ◃χ

m L [3]

(123 | · | · | ·), (132 | · | · | ·), (312 | · | · | ·), (213 | · | · | ·), (231 | · | · | ·), (321 | · | · | ·),
(12 | 3 | · | ·), (12 | · | 3 | ·), (21 | 3 | · | ·), (21 | · | 3 | ·), (13 | 2 | · | ·), (13 | · | 2 | ·),
(31 | 2 | · | ·), (31 | · | 2 | ·), (23 | 1 | · | ·), (23 | · | 1 | ·), (32 | 1 | · | ·), (32 | · | 1 | ·),
(1 | 23 | · | ·), (1 | 32 | · | ·), (3 | 21 | · | ·), (3 | 12 | · | ·), (2 | 13 | · | ·), (2 | 31 | · | ·),

(1 | 2 | 3 | ·), (1 | 3 | 2 | ·), (3 | 1 | 2 | ·), (2 | 1 | 3 | ·), (2 | 3 | 1 | ·), (3 | 2 | 1 | ·).

◃χ

◃χ =
(
χ(1)
)
0
+
∑

n"1

(
χ(1)
)
n
· ◃ψn

.

◃χ

Z◃χ = ch( χ(1); 0) +
∑

n"1
ch( χ(1);n)Z◃ψn

.



ch
(
◃χ;n

)
=

n∑

k=1

ch
(
χ(1); k

)
ch
(
◃ψk

;n− k
)
,

n " 1 ch
(
◃χ; 0

)
= ch ( ; 0)χ(1)

q = 1

ch
(
◃χ;n

)
=

⎛

⎝
∑

π|=n

ℓ(π)∏

i=1

ch
(

Υ(χ;π,i); πi
)
⎞

⎠ ch
(

Υ(χ;π,ℓ(π)+1); 0
)
.

ch( ; 0) ̸= 1

ch
(

Υ(χ;π,ℓ(π)+1); 0
)
= ch ( ; 0)Υ(χ;π,ℓ(π)+1) .

ch
(
◃Lχ ;n

)
=

n∑

k=1

ch
(
Lχ(1);n

)
ch
(
◃Lψn

;n− k
)

=
n∑

k=1

[n]
(
(1− h1)

−χ(1)
)
ch
(
◃Lψn

;n− k
)

=
n∑

k=1

(
k + χ(1)− 1

k

)
h1k ch

(
◃Lψn

;n− k
)

= h1n

∑

π|=n

ℓ(π)∏

i=1

(
πi +Υ(χ;π, i)− 1

πi

)
,

ch(Lχ(n+1)−χ(n); 0) = 1
Sπ → 1 q = 1 χ

n n

ch(◃LId;n) = h1nCn .

Id L



2 +

Z2 =
∑

n"0
2hn = 2σ1(X) .

χ Pollak

ch(◃2Id;n) = 2n+1ch(P ;n) = 2n+1 ch (
n+1;n)

n+ 1
.

n

2n(n+1)n−1 2n+1(n+
1)n−1

k " 1

ch(◃kχ ;n) = kχ(n+1) ch(P (χ);n) .

k " 1

ch(◃kχ ;n) = kχ(n+1)ch(◃χ;n) .

Preuve :

Z(k )n = (Zk )n , Z · = Z Z

= (kZ )n , Z + = Z + Z

= knZn = knZ n .

ch(◃kχ ; 0) = ch((k )χ(1) ; 0)

= kχ(1)ch( χ(1); 0) = kχ(1)ch(◃χ; 0) ,

ch(◃kχ ;n) =
n∑

j=1

ch((k )χ(1) ; j) ch(◃kψj
;n− j) ,

=
n∑

j=1

kχ(1) ch(( )χ(1) ; j) kψj(n−j+1)ch(◃ψj
;n− j) ,

= kχ(n+1)ch(◃χ;n) .



q(◃χ;n) =
n∑

j=1

(
n

j

)
[tj]
(
(t)χ(1)

)
q(◃ψj

;n− j) ,

q̃(◃χ;n) =
n∑

j=1

[tj]
(
˜(t)χ(1)

)
q̃(◃ψj

;n− j) ,

q(◃χ; 0) = [t0]
(
(t)χ(1)

)
q̃(◃χ; 0) = [t0]

(˜(t)χ(1)
)

n

q
(
◃χ;n

)
=

⎛

⎜⎝
∑

π|=n
π=π1···πk

(
n

π1, · · · , πk

) k∏

i=1

[tπi ]
(
(t)Υ(χ;π,i)

)
⎞

⎟⎠
([
t0
]

(t)
)Υ(χ;π,k+1)

,

q̃
(
◃χ;n

)
=

⎛

⎜⎝
∑

π|=n
π=π1···πk

k∏

i=1

[tπi ]
(
˜(t)Υ(χ;π,i)

)
⎞

⎟⎠
([

t0
]˜(t)

)Υ(χ;π,k+1)

.

q
(
◃kχ ;n

)
= kχ(n+1)p (χ;n) = kχ(n+1)−np (kχ;n) .

χ Pollak

n+1 n

q(◃Id;n) =
[tn] ( (t)n+1)

n+ 1
.

(t)n+1



F = ( · F ) .

{α, β, γ}

α β γ
α β

γ

α β

γ

α γ

β

α γ

β

β γ

α

β γ

α

α

β γ

β

α γ

γ

α β

α

β

γ

α

γ

β

γ

α

β

β

α

γ

β

γ

α

γ

β

α

α
α

3 4

2 6

1

7 12 13

5

9

8 11

10

$

3

2 6

1

4

7
12

13

8 11

10

5

9



Caley n

Tn = nn−2 .

q
[n]
q

[tn]F (t) = Tn+1 = (n+ 1)n−1 .

F = a′ ,

a ′

Krichhoff

G = (V,E)
L G

Li,j :=

⎧
⎪⎨

⎪⎩

(vi) i = j

−1 i ̸= j (vi, vj) ∈ E

0

t(G) G
L

G

Kn



n× n

L =

⎛

⎜⎜⎜⎜⎜⎝

n− 1 −1 −1 · · · −1
−1 n− 1 −1 · · · −1

−1 −1 · · · n− 1 −1
−1 −1 −1 · · · n− 1

⎞

⎟⎟⎟⎟⎟⎠
.

n− 1× n− 1

det(L∗) =

∣∣∣∣∣∣∣∣∣∣∣

n− 1 −1 −1 · · · −1
−1 n− 1 −1 · · · −1

−1 −1 · · · n− 1 −1
−1 −1 −1 · · · n− 1

∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣

1 0 · · · 0 0
−1 n · · · 0 0

−1 0 · · · n 0
−1 0 · · · 0 n

∣∣∣∣∣∣∣∣∣∣∣

.

Cj − C1 L1 + Lj j > 1
n−2 n t(Kn) =

Tn = nn−2

Aigner
Ziegler Pitman

Fn,k n k

k = 1
#Fn,1 #A[n] n

n n nTn n

F1, · · · , Fk k
Fi ∈ Fn,i Fi+1 Fi

F1 =

6

7
2

3

8 1

4

5

9

F2 =

6

7
2

3

8 1

4

5

9



F3 =

67

2 38 1

4

5

9 F4 =

67 2

3
8 1

4

5

9

Fk ∈ Fn,k k
U n U

Fk nk−1

Preuve : N(Fk) U Fk

F1 N∗(Fk)
(F1, F2, · · · , Fk)
(F1, · · · , Fk) F1 Fk

k − 1 Fk F1

k−1 F2 k−2 F3

Fk

N∗(Fk) = N(Fk) (k − 1)! .

Fk Fk−1
u ∈ U k r u r

Fk n(k − 1)
u k − 1 r

u k " j " 2 Fj−1
Fj n(j − 1)

Fk

N∗(Fk) = nk−1(k − 1)! .

N(Fk) = nk−1 .

N(Fn) = #Fn,1 = nn−1

Tn = nn−2

Prüfer
n−2 n

nn−2

Pollak

Riordan

Foata Riordan



n
n− 2 [n]

A [n] A

q
p q

A [n]
S = (pi) n− 2

S ← ()
|A| > 2

m← min{q q A}
p← m
S ← S · p

m {m, p} A

S

13
F = a′

3

14

2 6

1

4

7
12

13

8 11

10

5

9

14

(2, 3, 3, 14, 7, 5, 13, 11, 7, 4, 4, 4)

[n] n− 2



S = (pi) n− 2 [n]
A [n]

A← [n]
D ← (di) di := i S 1 ! i ! n− 2

1 ! i ! n− 1
j ← min{j | dj = 0}

{pi, j} A
dpi dj D

j dj = 0
A

(1, 7, 5, 7, 7, 1)

A
1 2 3 4 5 6 7 8

[8]
D := (2, 0, 0, 0, 1, 0, 3, 0)
i = 1 d1 = 1

j = 2
A

1 2 3 4 5 6 7 8

D := (1,−1, 0, 0, 1, 0, 3, 0)
i = 2 d2 = 7

j = 3
A

1 2 3 7 4 5 6 8

D := (1,−1,−1, 0, 1, 0, 2, 0)
i = 3 d3 = 5

j = 4
A

1 2 3 7 4 5 6 8

D := (1,−1,−1,−1, 0, 0, 2, 0)
i = 4 d4 = 7

j = 5
A

1 2 3 7 5 4 6 8

D := (1,−1,−1,−1,−1, 0, 1, 0)
i = 5 d5 = 7

j = 6
A



1 2 3 7 5

6

4 8

D := (1,−1,−1,−1,−1,−1, 0, 0)
i = 6 d6 = 1

j = 7
A

3

1

2

7 5

6

4 8

D := (0,−1,−1,−1,−1,−1,−1, 0)
A

3

1

2

7 5

6

4

8

1 8

1

2 7

356

4

f : [n] → N>0 [n]
Pollack



n− 1 [n+ 1]

S = (pi) pi = f(i+ 1)− f(i) mod (n+ 1) .

P (t) = exp (t P (t)) .

Foata-Riordan-Yan

U Yan
(a(m − 1) + b)

a, b

F a,b := ( · F a,a)b ,

a, b " 0
(a(m−1)+b)

a, b

F a,b := ( · F a,a)b .

F a,b

U

u7
u6

u5u4u3
u2

u1
.

U ui



F a,b

F a,b U ( i)

1 2 · · · b

i

ui4
ui3ui2

ui1

i

u1,1 u1,2 ··· u1,a

u2,1 u2,2 ··· u2,a u3,1 u3,2 ··· u3,a

u4,1 u4,2 ··· u4,a

uj

F a,a (uj, ( uj ,1, · · · , uj ,a))

(λ, s, t) λ U s
λ t ( · F a,a)

λ
p λ s · F a,a p

j

(uj, ( j1 , · · · , ja)) F a,b

uj F a,a
ji

p(uj) p( ji)

ji 1 ! i ! a uj e( ji)

u ∈ U h(u) h(u) = 0 p(u)
h(e(p(u)) + 1

F 2,4 = F 2,4 [8]

3

2

7

6

5 1 8

4



F 2,2 {2, 3, 5, 6, 7}
3 5

F 2,2 {1}
F 2,2 {4, 8} 8

2 6 3 1 8
4

F 1,1

[9]

1 2

7 9

4

3 5

8

6

( i) F a,b U n
b ( i) an+ b F a,a

Preuve : n = 0 ( i) b
a F a,a U

n F a,b ( i) b + an
F a,a



Foata–Riordan–Yan
(a(m− 1) + b) F a,b

ℓ ≪ U U n

<q

( i) F a,b U

<q U

u <q v ⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u <ℓ v p(u) = p(v)

i < j p(u) = i p(v) = j

e(p(u)) <q e(p(v)) h(u) = h(v)

h(u) < h(v)

<q [8]

3 <q 5 <q 1 <q 8 <q 2 <q 6 <q 4 <q 7 .

1 <q 2 <q 4 <q 6 <q 7 <q 9 <q 3 <q 5 <q 8 .

F a,b

( i) <q

1 ! i ! b ( i)
j a ui i
<q a(i− 1) + j + b

ui4
ui3ui2

ui1

i

a(i1−1)+1+b ··· ai1+b

a(i2−1)+1+b ··· ai2+b a(i3−1)+1+b ··· ai3+b

a(i4−1)+1+b ··· ai4+b .



3

2

7

6

5

, 1 , ,
8

4 , ,
2

7

6

, , , , , 4 , . . .

1 2

7 9

4

3 5

8

6

, , 7 9 ,

3 5

8 , , , , , 8 , .

(a(m−1)+ b)

F a,a
i i

i a F a,a

u ∈ U

ui4
ui3ui2

ui1

i

a(i1−1)+1+b ··· ai1+b

a(i2−1)+1+b ··· ai2+b a(i3−1)+1+b ··· ai3+b

a(i4−1)+1+b ··· ai4+b !−→
ui4

ui3ui2

ui1

i

.

(λ, s, t)
λ s

t



F 5,2

3

2

7

6

5

!−→ {3, 5} ,

1 !−→ {1} ,
!−→ ∅ ,

8

4 !−→ {8} ,

F 1,1

1 2

7 9

4

3 5

8

6

!−→ {12 | 4 | 6} ,

!−→ ∅ ,
7 9 !−→ {7 | 9} ,

3 5

8 !−→ {35} ,

an + b
( i) (a(m− 1) + b)



F a,b[U ] ◃a(m−1)+b[U ]

Preuve :

( i)
an + b F a,b

i i i

uk 0

i a(k−1)+j+b

uk a(k−1)+j+b

<q

n = 0
( i) b

n− 1 U n
( i) an + b

n− 1 U <q

a(k−1)+b∑

i=1

#Qi " k , k < n ,

Qi i i ∈ [Ui]
F a,b U

U <q

j a(n − 1) + b < j < an + b ( i)

a(k−1)+b∑

i=1

#Qi " k , k ! n .

( i) (a(m−1)+ b)
U

(2m+ 2) [8] 2m+ 2 = 2(m− 1) + 4

( 35 | 1 | · | 8 | · | 26 | · | · | · | · | 4 | · | 7 | · | · | · | · | · | · | · ) .

Id

({12 | 4 | 6} , ∅, {7 | 9} , {35} , ∅, ∅, ∅, ∅, {8} , ∅) .



(a(m−1)+b)
F a,b

(a(m − 1) + b)

( i) (a(m− 1) + b) U

(a(m− 1) + b)

( i)

( i) =
u4

u3u2

u1

1 2

u7
u6

u5

︸ ︷︷ ︸
b

·
uk+4

uk+3uk+2

uk+1

1+b 2+b

uk+7uk+6

︸ ︷︷ ︸
a

· · · ·

︸ ︷︷ ︸
n a

,

a

i Ui U
<q U

u1 <q u2 <q · · · <q un ,

u <q v ⇐⇒
{
u <ℓ v u, v ∈ Ui

u ∈ Ui, v ∈ Uj i < j

u, v ∈ Ui u v i i

i ∈ [Ui]

( · | 23 | · | · | · | · | · | · | · | 1 | · | · | · | · ) (3m + 2)
[3]

<q

ℓ

2 <q 3 <q 1 .

C (123) = (231) = (312)
2m (C + ) ()
[8]

((), (264), (), (), (18), (), (), (), (), (), (), (7), (35), (), (), (), (), ())



2 <q 4 <q 6 <q 1 <q 8 <q 7 <q 3 <q 5 .

2 <q 6 <q 4 <q · · ·

F a,b ( i)i∈[b] U ( i)
1 ! i ! an + b i uj(

uj, ( a(j−1)+1+b, · · · , aj+b)
)

k

ui4
ui3ui2

ui1

i

!−→ ui4
ui3ui2

ui1

i

a(i1−1)+1+b ··· ai1+b

a(i2−1)+1+b ··· ai2+b a(i3−1)+1+b ··· ai3+b

a(i4−1)+1+b ··· ai4+b .

(3m+2)
3m+2 = 3(m−1)+5 5 3 (F1, F2, F3, F4, F5)

F2 =
{(

2, T (1)
1 , T (1)

2 T (1)
3

)
,
(
3, T (2)

1 , T (2)
2 T (2)

3

)}
,

F1, F3, F4, F5 T (1)
j a

2 ∅

T (2)
1 = ∅ , T (2)

2 = {(1, ∅, ∅, ∅)} , T (2)
3 = ∅ .

F 3,2 [3]

2 3

1



F 2,2
C [8]

2
6

1 8

7

3 5

4

◃a(m−1)+b[U ] F a,b[U ]

Preuve :

U n = 0 ( i) ≃ ( i)
b[∅] ≃ F a,b[∅]

· F a,a

n − 1 U n
F a,b (a(m − 1) + b)

U n−1 U <q

u i



i ! a(n− 1) + b a(n− 1) + b < j ! an+ b j

u
a F a,a

(a(m − 1) + b)
F a,b U

( i) ( ′i) (a(m − 1) + b) U
d d ̸= ′

d

j F a,b

(a(m− 1)+ b)
F a,b

Preuve :

<q

(a(m − 1) + b)

◃a(m−1)+b(t) = (t ◃am (t))b .

F a,b

F a,b(t) = (tF a,a(t))b .

χ : m !→ 2m + 2(= 2(m − 1) + 4)
χ

O(22n)

Sage Intel
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Adams

Liskovets
Kung Yan



Turing

Chomsky

Σ
L Σ Σ∗



u v Σ∗ L

u ∼ v (x · u · y ∈ L ⇐⇒ x · v · y ∈ L) , x, y ∈ Σ∗ .

∼
L Σ∗/ ∼ Σ∗

∼

L Σ

3 7

a b

∼

u ∼ v (u · y ∈ L ⇐⇒ v · y ∈ L) , y ∈ Σ∗ .

Ω U
Σ (i, A, δ)
i ∈ U
A ⊂ U
δ : U × Σ→ U

δ∗ : U × Σ∗ → U Ω

δ∗(q, w · a) = δ(δ∗(q, w), a) δ∗(q, ϵ) = q ,

w ∈ Σ∗ a ∈ Σ δq
q

δq :

{
Σ −→ U ,
a !−→ δ(q, a) .



p q

(p ∈ A) = (q ∈ A) ,

p q

(A, δ)

1 4

5

3 2

a

b

a

b a

b

a

ba,b

(1, {2, 3, 5}, δ) [5] {a, b} δ
a b δ(1, a) = δ(4, a) = δ(2, a) = 5 δ(1, b) =

δ(5, a) = 4

Ω = (i, A, δ) L(Ω)
i

L(Ω) = {w ∈ Σ∗ | δ∗(i, w) ∈ A } .

a, aaa, aaaaa, . . . , aaaab, . . . , aab, ab, ba, baaa, . . . , baab, . . . , bb, bba, . . . .

q Ω
q

Lq(Ω) = {w ∈ Σ∗ | δ∗(q, w) } .

L(Ω) = Li(Ω)



p q Lp(Ω) ̸=
Lq(Ω) p q

(p ∈ A) ̸= (q ∈ A)
δp ̸= δq

Ω

Kleene

1

2 3

a b

a,b a,b

1 2
a,b

a,b

{a, b}

Brzozowski Moore
Hopcroft

O(kn log n) k Σ n



q w ∈ Σ∗ δ∗(i, w) = q

1

2 3

4

a b

a,b a,b
a

b

.

4 1

Preuve : Ω

Ω



Ω q Ω(q) q
q

Ω(q) (q, A′, δ′) U ′

U ′ = { p ∈ U w ∈ Σ∗ , δ∗(q, w) = p } ,

A′ = A ∩ U ′ ,

δ′ :

{
U ′ × Σ −→ U ′ ,
(p, a) !−→ δ(p, a) .

Ω

1 3 4 5 6

2

a

b

b aa

b

a

b

a

b

ba

.

Ω(5) (5, {2, 5}, δ′)

2 3 4 5

b

a

a

b

a

b

a

b

.

(i, A, δ)
θ ∈ U δ(θ, a) = θ a ∈ Σ θ /∈ A

q ∈ U\{θ} w ∈ Σ+ δ∗(q, w) ̸= q

θ



U

Ω U Σ
(i, A, δ)

i
A
δ : U × Σ→ U ∪ {θ}

δ∗(q, w) ̸= q ,

q ∈ U w ∈ Σ+

δ∗(θ, w) = θ
w

q w δ∗(q, w) ∈ A

1 3 4

2 θ

a

b

a

b

b

a

a,b

{ϵ, a, ba} 4



Preuve : Ω q
Lq(Ω) = Lθ(Ω) = ∅ Ω

h : U → N q
q

h(q) :=

{
−1 q = θ

1 + max {h (δ(q, a)) a ∈ Σ }

p q h(p) =
h(q) = 0 p, q ∈ A

Lp(Ω) = Lq(Ω) = {ϵ}

p q (p ∈ A) = (q ∈ A) δp = δq
p

Lp(Ω) = Ap ∪
⋃

a∈Σ

{a} · Lδ(p,a)(Ω) , h(δ(p, a)) = h(p)− 1

Ap = {ϵ} q ∈ A ∅ (p ∈ A) = (q ∈ A) δp = δq
Lp(Ω) = Lq(Ω)

5

1 3 4

2

θ

a
c

b

c

b

a

c

b

a

a,b,c

a,b,c



1 4

4

1 3 2 θ
c

a,b

c

b
a

a,b,c a,b,c



Dk U
U k Σ

Dk[U ]

Dk

Dk[σ]((i, A, δ)) := (σ(i), σ(A), δ′) ,

δ′(q, a) := σ(δ(σ−1(q), a)) ,

σ : U → V

k
(i, A, δ) i U A

U δ k U
n k

#Dk[n] = n 2n nkn .

Harary
Palmer

Korshunov

Bassino David
Sportiello

Liskovets Robinson



δ : U×Σ→ U U
Σ q U

q δ(q)

δ q
q

1 δ

δ :=

1

2 7 3

6 4 5

a,c

b

a

b
c

c

a,ba
b

c

a,c

b

a

b

c

a

b

c

δ δ(1)

δ 1
δ̄(1) : {2, 6}× {a, b, c}→ [7]

δ(1) =
3 5

1 7 4

a,c

b

c
a,b

a

b
c

a,c

b

a

b

c

δ̄(1) =

2 7 3 1

6 4 5

a

b
c

a

b

c

u ∈ U U

u S ⊂ U u ∈ S
U\S → U

End×k[U ] ≃
∑

S*T=U
u∈S

I(u)[S]× F [T, U ] ,

End×k[U ] δ : U × Σ → U
k U I(u)[S]

δ(u) : S×Σ→ S u F [T, U ]
f : T × Σ→ U u ∈ U



k I(u)
n /(n−1)!, n = 1, 2, 3, · · ·

2 1, 12, 216, 5248, 160675, 5931540, 256182290, 12665445248, . . .
3 1, 56, 7965, 2128064, 914929500, 576689214816, 500750172337212, . . .
4 1, 240, 243000, 642959360, 3508208993750, 34253071111894176, . . .
5 1, 992, 6903873, 175483321344, 11826519415721875, . . .

Table n k
n− 1

n k
nkn f nk(n−j)

u

nkn =
n∑

j=1

(
n− 1

j − 1

)
I(u)
j nk(n−j) ,

I(u)
j = #I(u)[j] 2j

u

−1 u

(n − 1)!

Ω
Λ U

Ω = Λ Lq(Ω) = Lq(Λ) , q ∈ U ,

Ω 132

Ω = Λ δq = δ′q q ∈ U δ δ′

Ω Λ

h1n



k Qn/n!, n = 0, 1, 2, · · ·
1 1, 2, 6, 20, 70, 252, 924, 3432, 12870, 48620, 184756, 705432, . . .
2 1, 2, 28, 816, 35960, 2118760, 156238908, 13834413152, . . .
3 1, 2, 120, 24804, 10668000, 7817031300, 8718181624152, 13756291035998280, . . .
4 1, 2, 496, 695520, 2829877120, 25228433594000, 418757336658971856, . . .

Table n
k n

(p, q) p q (p ∈ A) ̸= (q ∈ A)
δp ̸= δq Q[U ]
U

δ : U × Σ→ U q
δq : Σ→ U nk

q
n n (bq, δq)

bq (q ∈ A) 2nk

n

Qn = n!

(
2nk

n

)
.

n
n

n (bq, δq)
n 2nk

(Qi) 2nk #Qi ! 1
i

U := [3] Σ = {a, b} Qi
2·32 Σ→ U

Q1 Q2 Q3 Q4 Q5 Q6 Q7 · · · Q17 Q18

1 2 3

a,b

1 2 3

a,b

1 2 3

a,b

1 2 3

a,b

1 2 3

a,b

1 2 3

a,b

1 2 3

a b
· · ·

1 2 3

ab

1 2 3

ab

.



k nQn/n!, n = 1, 2, 3, · · ·
1 2, 12, 60, 280, 1260, 5544, 24024, 102960, 437580, 1847560, 7759752, . . .
2 2, 56, 2448, 143840, 10593800, 937433448, 96840892064, . . .
3 2, 240, 74412, 42672000, 39085156500, 52309089744912, . . .
4 2, 992, 2086560, 11319508480, 126142167970000, 2512544019953831136, . . .

Table n k
n

(· | · | 2 | · | · | · | · | 3 | · | · | · | · | · | · | · | · | 1 | ·)

1 3

2

a

b

a,b

a

b .

Q

ch(Q, 0) = 1 ,

ch(Q, 1) = 2p1 = 2h1 = 2e1 = 2s1 ,

ch(Q, 2) = 28p11 + 12p2 = 16h11 + 24h2 = 40e11 − 24e2 = 16s11 + 40s2
ch(Q, 3) = 816p111 + 648p21 + 336p3 = 504h111 + 288h21 + 1008h3 ,

= 1800e111 − 2304e21 + 1008e3 = 504s111 + 1296s21 + 1800s3 ,

ch(Q, 4) = 35960p1111 + 36304p211 + 11496p22 + 34624p31 + 21840p4 ,

= 23936h1111 + 10112h211 + 2304h22 + 16512h31 + 87360h4 ,



= 140224e1111 − 309824e211 + 89664e22 + 191232e31 − 87360e4 ,

= 23936s1111 + 81920s211 + 60288s22 + 110848s31 + 140224s4 .

1, 2, 16, 504, 23936, · · ·

Ω = (A, δ)
U

JΩ := { (bu, δu) | bu = (u ∈ A) u ∈ U } .

JΩ
Ω u Ω(u)

J (u)
Ω := { (bp, δp) ∈ JΩ w ∈ Σ∗ δ∗(u, w) = p } .

Ω(u)

Ω(u) (A′, δ̄(u))

J
(u)
Ω = JΩ\J (u)

Ω .

u JΩ
J (u)
Ω J

(u)
Ω

Qn =
n∑

j=1

(
n− 1

j − 1

)
Q(u)

j (n− j)!

(
2nk − j

n− j

)
,

Q(u)
j

(n − j)!
(
2nk−j
n−j

)
J
(u)
Ω

J (u)
Ω



k Q(u)
n /(n−1)!, n = 1, 2, 3, · · ·

1 2, 6, 16, 40, 96, 224, 512, 1152, 2560, 5632, 12288, . . .
2 2, 42, 1504, 72964, 4461448, 328954456, 28379014048, . . .
3 2, 210, 60736, 32759500, 28341003672, 35883182538392, . . .
4 2, 930, 1912000, 10181374300, 111468391930168, 2180890303500256504, . . .

Table
u n k n−1

(
2nk−j
n−j

)
n− j (b, ν)

2nk− j j J (u)
Ω

J (u)
Ω J

(u)
Ω (n− j)!

n − j J
(u)
Ω

Domaratzki Kisman
Shallit



Domaratzki Kisman
Shallit

Câmpeanu Ho Almeida
Moreira Reis

Callan

Liskovets

Liskovets

a(k;n) =
n∑

s=1

(−1)s−1
(
n

s

)
2s(n− s+ 1)ksa(k;n− s) ,

a(k, 0) = 1

Kung Yan

p(χ;n) =
n∑

s=1

(−1)s−1
(
n

s

)
χ(n− s− 1)sp(χ;n− s) ,

p(χ; 0) = 1 χ

χ : m !−→ 2mk ,



U k 2mk

U

k 2mk

U k 2mk

U

Foata
Riordan

k = 1



F (2,2) =
(

· F (2,2)
)2

.

F (2,2)(t) = exp
(
tF (2,2)(t)

)2
,

h
h− 1 k " 2

h k 0 h − 1

(Qi) 2mk U n
ℓ ≪ U

Σ

a1 <Σ a2 <Σ · · · <Σ ak .

<q

u1 <q u2 <q · · · <q un ,

u <q v ⇐⇒
{
u <ℓ v u, v ∈ Ui

u ∈ Ui, v ∈ Uj i < j

δ∗(q, w) ̸= q w ∈ Σ+ q ̸= θ
q ∈ U θ(/∈ U)

θ =: u0 <q u1 <q u2 <q · · · <q un .



(Qi) 2mk [6]

(
· · 4 · · · · · · · · · · 2 · · · · · · · · · · · · · · · · · · · · · ·
5 · · 3 · · · · · · · 6 · · · · · · · · · · · · · · · · · · · · · · · 1

)

Qi i
Q2 = {5} Q5 = {4} Q8 = {3} <q

θ <q 5 <q 4 <q 3 <q 6 <q 2 <q 1 .

n Fj

Fj := (Qi) 2jk < i ! 2(j + 1)k , 0 ! j < n .

χ (Qi) U n
n (Fj)

Fj := (Qi) χ(j) < i ! χ(j + 1) , 0 ! j < n .

(Qi)

F0 =

(
·
5

)
, F1 =

(
· 4 ·
· · 3

)
, F2 =

(
· · · · ·
· · · · ·

)
,

F3 =

(
· · · · 2 · ·
· · 6 · · · ·

)
, F4 =

(
· · · · · · · · ·
· · · · · · · · ·

)
,

F5 =

(
· · · · · · · · · · ·
· · · · · · · · · · 1

)
.

(b, ν)
Fj Σ

ν : Σ→ U ν(a1)ν(a2) · · · ν(ak)
ν

Fj

Wj :=
{
p1p2 · · · pk ∈ {u0, u1, · · · , uj}k i pi = uj

}
.

Wj

Fj 2mk



θ 0 ! j < n
{u0, u1, . . . , uj} Wj Q

Fi i < j

Preuve : <q Qi i = 1 2nk

2ik∑

j=1

#Qj " i , 1 ! i ! n ,

Fj

{u0, u1, . . . , uj} ⊂ {θ} ∪
⋃

1!i!2(j+1)k

Qi .

Fi 2((i + 1)k − ik)
Wi Fi

W+
i := {(b, w) | b w ∈ Wi} .

(bq, δq) bq q δq

#Wi = (i+ 1)k − ik #W+
i = 2#Wi .

Preuve : k A i + 1
(i+1)k(= #Ak) Wi i

u
Ak u (A\{u})k

#Wi = #Ak\(A\{u})k = #Ak −#(A\{u})k = (i+ 1)k − ik .

W+
i Wi Wi

0 ! i < n (b, w) ∈ W+
i

Fi

w Qj

<q

<q Wi W+
i

(b, w) <+ (b′, w′) (w = w′ b = ) (w ̸= w′ w <q w′) ,

(b, w) (b′, w′)

Fi

W+
i



<+ W+
i

( , ν) ν : a !→ θ

Qi Fj

(b, w) W+
j b

b = b = <+ w

F0 =
(

·
)

5
{

θ
}

θ
W+

0 =

,

F1 =
(

· 4 ·
)

· · 3
{

θ 5 5
}

5 θ 5
W+

1 =

,

F2 =
(

· · · · ·
)

· · · · ·
{

θ 5 4 4 4
}

4 4 θ 5 4
W+

2 =

,

F3 =
(

· · · · 2 · ·
)

· · 6 · · · ·
{

θ 5 4 3 3 3 3
}

3 3 3 θ 5 4 3
W+

3 =

,

F4 =
(

· · · · · · · · ·
)

· · · · · · · · ·
{

θ 5 4 3 6 6 6 6 6
}

6 6 6 6 θ 5 4 3 6
W+

4 =

,

F5 =
(

· · · · · · · · · · ·
)

· · · · · · · · · · 1
{

θ 5 4 3 6 2 2 2 2 2 2
}

2 2 2 2 2 θ 5 4 3 6 2
W+

5 =

.

<Σ Σ
ν : Σ → U

ν ≃ ν(a1)ν(a2) · · · ν(ak) .

ν : Σ → {u0, u1, . . . , ui} ui ∈ ν(Σ)
Wi

<q

<Σ (b, ν)
Qi

k Σ 2mk



ζ(Qi) i Qi

(b, ν)

(Qi)

ζ(Qi)(2) = ( , ν) , ν ≃ θ θ ,

ζ(Qi)(5) = ( , ν) , ν ≃ 5 θ ,

ζ(Qi)(8) = ( , ν) , ν ≃ 5 5 .

(Q′i) := (1 | · | · | 23 | · | · | · | · | · | · | · | · | · | · | · | · | · | ·) ,

ζ(Q′
i)
(1) = ( , θ θ) ,

ζ(Q′
i)
(4) = ( , θ 1) .

(Qi) 2mk U n
(A, δ)

A =
{
q ∈ U

∣∣ q ∈ Qj ζ(Qi)(j) = ( , ν)
}
,

δq = ν , (b, ν) = ζ(Qi)(j) q ∈ Qj .

<+

A =
⋃

1!i!2nk

j

Qj ,

δq = ν2(jk+i) := p1p2 · · · pk ,
{
p1p2 · · · pk i Wj

q ∈ Q2(jk+i) ∪Q2(jk+i)+1

2mk

(Qi)



2mk U n
Σ k

(A, δ) U
Σ

A ←− ∅
<q (Qi)

0 ! j < n
W+

j

1 ! i ! 2(j + 1)k − 2jk

(b, ν) ←− i W+
j

q ∈ Q2jk+i

b q A
δq ←− ν

δ ←−
⋃

p∈U δp
(A, δ)

2mk

2mk − 1
χ

1 ! i ! χ(j +1)−χ(j) q ∈ Qχ(j)+i Wj

<q

Θ(2nk)

<q wm

m
2jk+ i i

W+
j

2mk

k

Preuve : (A, δ)
δ



{a, b} [5]
2m2

2 3 5

1

6 4 θ

a,b

a

b

b

a

a

b

a,b

b

a

<q j
Qi j



︷︷ F0

•1

22
} θ θ θ

F1

•3

44
} θ θ 2

•5
•6 } θ 2 θ

•7
•8 } θ 2 2

•9
•10 } 2 θ θ

•11
•12 } 2 θ 2

•13
•14 } 2 2 θ

•15
•16 } 2 2 2

F2

•17
•18 } θ θ 4

•19
•20 } θ 2 4

•21
•22 } θ 4 θ

•23
•24 } θ 4 2

•25
•26 } θ 4 4

•27
•28 } 2 θ 4

•29
•30 } 2 2 4

3531
•32

} 2 4 θ

•33
•34 } 2 4 2

•35
•36 } 2 4 4

•53
•54 } 4 4 4

F3

•55
•56 } θ θ 3

F4

•129
•130 } θ θ 5

1151
•152

} 2 4 5

6171
•172

} 4 3 5

F5

F6

•547

7548
} 5 1 6

8609
•610

} 6 2 3

︷︷

2m3 (Qi) [8]

{a, b, c}

Qi

[8] a <Σ b <Σ c
<q (Qi)

θ <q 2 <q 4 <q 3 <q 5 <q 1 <q 6 <q 7 <q 8 .

F0 ν : Σ→ {θ}
( , ν) ( , ν)

F1 ν : Σ→ {θ, 2} 2 ∈ ν(Σ)
<q W1 {θ, 2}

θθ2 , θ2θ , θ22 , 2θθ , 2θ2 , 222 ,

<Σ p1p2p3 Wi

ν

ν : ai !−→ pi , 1 ! i ! 3 .

(b, ν) 4
Q4 ( , θθ2) F7

8

3

2 θ 4

5

7

1

6

b

c

b

a

a, b, c

c

a, b

c

a

bc

a

b

c

a

b

c

a

c

a b



χ

(b, ν)

q ∈ U w ∈ Σ∗ δ∗(q, w) ∈ A

θ
θ

q δq(Σ) ∩ U ̸= ∅
q δq(Σ) = {θ} q /∈ A
q δq(Σ) = {θ} q ∈ A

Fj j > 0

Q1 Q2



(Qi) 2mk

(Qi) Q1 = ∅

Preuve :
h > 0 h − 1

h > 0
0

h > 0 Fj j > 0 p 0

Q1 = ∅
Q1 ̸= ∅ δq(Σ) = {θ}

q /∈ A

2mk

(Qi) Q1 = ∅
F0

(2mk − 1)

Preuve : (2mk−1)

W+
0 = {( , ν)} ν : a !→ θ a ∈ Σ .

(2mk − 1)

(2mk − 1)
2mk (Qi) Q1 = ∅

Q1

Yan
n

k

ac(k;n) =
n∑

s=1

(−1)s−1
(
n

s

)(
2(n− s+ 1)k − 1

)s ac(k;n− s) ,

ac(k; 0) = 1

(2m2 − 1) [2]

(12|| · | · | · | · | · | · ) ←→
θ 1 2

a,b

a,b

,



k ac(k;n), n = 1, 2, 3, · · ·
1 1, 2, 12, 128, 2000, 41472, 1075648, 33554432, 1224440064, . . .
2 1, 2, 28, 1136, 95056, 13723392, 3064697536, 983685177344, . . .
3 1, 2, 60, 8192, 3177296, 2723265792, 4415947148992, . . .
4 1, 2, 124, 54128, 91590736, 435810204672, 4775080503918784, . . .

Table n
k

(1||2| · | · | · | · | · ) ←→
θ 1 2

a,b

a

b

,

(2||1| · | · | · | · | · ) ←→
θ 2 1

a,b

a

b

,

(1|| · |2| · | · | · | · ) ←→ ∅ 1 2
a,b

a

b

,

(2|| · |1| · | · | · | · ) ←→
θ 2 1

a,b

a

b

,

(1|| · | · |2| · | · | · ) ←→
θ 1 2

a,b

b

a

,

(2|| · | · |1| · | · | · ) ←→
θ 2 1

a,b

b

a

,

(1|| · | · | · |2| · | · ) ←→
θ 1 2

a,b

b

a

,

(2|| · | · | · |1| · | · ) ←→
θ 2 1

a,b

b

a

,

(1|| · | · | · | · |2| · ) ←→ θ 1 2
a,b a,b

,

(2|| · | · | · | · |1| · ) ←→ θ 2 1
a,b a,b

,



(1|| · | · | · | · | · |2) ←→ θ 1 2
a,b a,b

,

(2|| · | · | · | · | · |1) ←→ θ 2 1
a,b a,b

.

(2m3 − 1) (Qi)

Q1 = {2} Q4 = {1, 3} Q8 = {4} Q110 = {5}

θ

3 4

5 2

1

a,b,c

a,b

c

a,c

b

a,c

a,c

b

b

1 3 Q4

(Qi) 2mk (2mk − 1)
n Ω

Ω #Qi ! 1
1 ! i ! 2nk i ! 2nk − 1

(b, ν) W+
i



2mk (2mk − 1)
1

χ U n
n

ch(Pχ;n) =
∑

π|=n

α(π)Sπ ,

α(π)

α(π) =
j∑

i=1

(−1)i−1α(π1π2 · · · πj−i)
(
χ (π(j − i) + 1)− j + i

i

)
,

π := π1π2 · · · πj n " 1 1 π
0

α(π) χ
U

π χ Qi ! 1 i
α(1n)

2mk

aq(k;n) =
n∑

i=1

(−1)i−1
(
n

i

)
aq(k;n− i) i!

(
2 (n− i+ 1)k − n+ i

i

)
,

aq(k, 0) = 1

Preuve : Sπ
(

n
π1,··· ,πj

)

aq(k;n) = α(1n)

(
n

1, · · · , 1

)
= α(1n)n! ,

α

aq(k;n) = n!
n∑

i=1

(−1)i−1 α(1n−i)
(
2 (n− i+ 1)k − n+ i

i

)
,



k aq(k;n)/n!, n = 1, 2, 3, · · ·
1 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, 208012, . . .
2 1, 2, 13, 166, 3324, 92718, 3354712, 150206430, 8050991676, . . .
3 1, 2, 29, 1298, 124706, 21256346, 5723038913, 2251528402754, . . .
4 1, 2, 61, 8830, 3727540, 3543721650, 6467723423732, . . .

Table n
k n!

k ad(k;n)/n!, n = 1, 2, 3, · · ·
1 1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, 208012, . . .
2 1, 1, 6, 75, 1490, 41415, 1495806, 66908663, 3584202810, . . .
3 1, 1, 14, 623, 59766, 10182221, 2740931060, 1078233863119, . . .
4 1, 1, 30, 4335, 1829410, 1739056185, 3173912127246, 9981391304293375, . . .

Table n
k n!

=
n∑

i=1

(−1)i−1 n! aq(k;n− i)

(n− i)!

(
2 (n− i+ 1)k − n+ i

i

)
,

=
n∑

i=1

(−1)i−1
(
n

i

)
i! aq(k;n− i)

(
2 (n− i+ 1)k − n+ i

i

)
.

(2mk − 1)

ad(k;n) =
n∑

i=1

(−1)i−1
(
n

i

)
ad(k;n− i) i!

(
2 (n− i+ 1)k − 1− n+ i

i

)
,

ad(k, 0) = 1



Ω(i)

Ω
Ω̄(i)

Liskovets

U
T Σ (A, δ)

A ⊂ U
δ : U × Σ→ U ∪ {θ} ∪ T

δ∗(q, w) ̸= q , q ∈ U w ∈ Σ+ .

δ∗

δ∗(t, w) = t w
t ∈ {θ} ∪ T

T = ∅

Ω :=

3

1 2 4 6

5 θ

b

a a

b

b
a

a b

a,b

a

b



3

Ω̄(3) =

3

1 2 4 6

5 θ

b

a a

b

, Ω(3) =

3

4 6

5 θ

b
a

a b

a,b

a

b .

{1, 2}
T := {3, 4, 5, 6}

T

t

e(k, t;n) =
n∑

s=1

(−1)s−1
(
n

s

)
2s(n− s+ t+ 1)kse(k, t;n− s) ,

χ : m !−→ 2(m+ t)k

(2(m+t)k)
t

k

ℓ(F0) = 2(t+ 1)k ,

ℓ(F1) = 2
(
(t+ 2)k − (t+ 1)k

)
,

ℓ(F3) = 2
(
(t+ 3)k − (t+ 2)k

)
,

ℓ(Fn−1) = 2
(
(t+ n)k − (t+ n− 1)k

)
,

n t

(t + 1)k Σ → {θ} ∪ T



(t+1+j)k−(t+j)k

Σ→ U ∪{θ}∪T
#U = j

T

θ1 < θ2 < · · · < θt .

<q U

θ <q θ1 <q · · · <q θt <q u1 <q u2 <q · · · <q un ,

Wj Fj

W0 = { θ1, . . . , θt, θ }k ,

i " 1

Wi =
{
p1p2 · · · pk ∈ {θ1, . . . , θt, θ, u1, . . . , ui}k i pi = uj

}
.

<q

θ ui

(Qi) 2(m+ 1)k [3]
(

· · · · · · · · · · · 1 · · · ·
· · 23 · · · · · · · · · · · · ·

)

θ1 (Qi)
[3]

{θ1} {a, b}

θ

2 1 3

θ1

a b

a

b

a

b



Ω
Ω

(A, δ) q

q /∈ A δq(Σ) = {θ}

2(m+t)k

(
2(m+ t)k − 1

)

t k

t eq

ec,q

eq(k, t;n) =
n∑

i=1

(−1)i−1
(
n

i

)
eq(k, t;n− i) i!

(
2 (n− i+ t+ 1)k − n+ i

i

)
,

ec,q(k, t;n) =
n∑

i=1

(−1)i−1
(
n

i

)
ec,q(k, t;n− i) i!

(
2 (n− i+ t+ 1)k − 1− n+ i

i

)
,

eq(k, t; 0) = ec,q(k, t; 0) = 1



Ω = (A, δ) T
bt := (t ∈ A) t ∈ T

Λ = (A′, δ′)
T U

Ω

bs ̸= bu δs ̸= δ′u

(s, u) Ω Λ

Ω T
T Ω

t (b, ν)

{θ} ∪ T t t(
2(m+ t)k − 1

)

t
Λ Ω

Ω

(
2(m+ t)k − t− 1

)

Ω

(2mk − 1)

Ω t

c(k, t;n) =
n∑

i=1

(−1)i−1
(
n

i

)
c(k, t;n− i) i!

(
2 (n− i+ t+ 1)k − t− 1− n+ i

i

)
.

ac(k, 0;n) = ad(k;n) .



i
U Ω U

Ω(i)

Ω̄(i)

Ω(i)

Ad[U ] ≃
∑

S*T=U
i∈T

∑

Ω∈M [T ]

{Ω}× C (Ω)[S, T ] ,

Ad[U ]
U M [T ] T ⊂
U C (Ω)[S, T ] Ω

S T

m(k;n) n k

ad(k;n) = ac(k, 0;n) =
n∑

t=1

(
n− 1

t− 1

)
m(k, t) c(k, t;n− t) .



n\k 1 2 3 4
1 1 1 1 1
2 2 6 14 30
3 4 60 532 3900
4 8 900 42644 1460700
5 16 18480 6011320 1220162880
6 32 487560 1330452032 1943245777800
7 64 15824880 428484011200 5307146859111120
8 128 612504240 190167920278448 23025057433925970000
9 256 27619664640 111649548558856000 149780070423407303443200
10 512 1425084870240 84001095774695390816 1396395902225576206029949920
11 1024 82937356685760 78954926089415009686528 17993790111404399137868446737600

Table n
k (n− 1)!





Adams

(t) =
1

2− exp(t)
= 1 + t+ 3

t2

2!
+ 13

t3

3!
+ 75

t4

4!
+ 541

t5

5!
+ 4683

t6

6!
+ · · ·

Z =
1

2− Z
=

1

2− σ1(X)
=
∑

n"0

∑

λ⊢n

(
ℓ(λ)

λ(1), · · · ,λ(n)

)
hλ ,

= 1 + h1 + h11 + h2 + h111 + 2h21 + h3 + h1111 + 3h211 + h22 + 2h31 + h4 + · · ·

0

Z =
1

2− σ1(A)
=
∑

n"0

∑

π|=n

Sπ ,

= 1 + S1 + S11 + S2 + S111 + S21 + S12 + S3 + S1111 + S31 + S13 + S22 + · · ·

σt(X) σt(A)

exp(A) :=
∑

n"0
G12···n ,

(Gσ)
σ1(A) Gσ



Gσ k⟨A⟩
A

Gσ(A) =
∑

w∈A∗
(w)=σ

w ,

12 · · ·n
n

A

G12···n(A) =
∑

a1!a2!···!an
a1a2 · · · an .

exp(A) =
∑

n"0
G12···n(A) =

−→∏

a∈A

1

1− a
.

exp(A)−1 =
←−∏

a∈A

(1− a) ,

exp(A)−1 =
∑

n"0
(−1)n

∑

a1>a2>···>an

a1a2 · · · an ,

exp(A)−1 =
∑

n"0
(−1)nGn(n−1)···1(A) .



φA C

Hφ(A) k⟨A⟩
φA

#

χ

χ(m) = 1 + a(m− 1) a ∈ N>0

Hivert



A

A k⟨A⟩ := (kA∗,µ·, ι·)
kA∗ k
µ· : kA∗ ⊗ kA∗ → kA∗

µ·(u⊗ v) := u · v , u, v ∈A∗ .

ι· : k→ kA∗

ι· : α !−→ αϵ ,

α ∈ k ϵ

µ·(4abc⊗ (2b+ 7cc)) = 8µ·(abc⊗ b) + 28µ·(abc⊗ cc) = 8(abc · b) + 28(abc · cc) ,
ι(14) = 14ϵ .

k

kA∗ :=
⊕

n"0
kAn , kAn := Vectk(A

n) n " 0 ;

µ· :=
⊕

m,n"0
µm,n µm,n = kAm ⊗ kAn → kAm+n .

µm,n

m n
ϵ 0



k⟨A⟩ := (kA∗,µ·, ι·) A
k⟨A⟩ k[A] A

kA∗ ab ≡ ba

A := {a, b, c} k[A]

(abc+ 2bcc+ ccb) · (a− 2ab) = (cab+ 3cbc) · (a− 2ba) .

θA k⟨A⟩ k[A]

k̂⟨A⟩ := (k̂A∗,µ·, ι)

k̂A∗ :=
⊕

n"0
k̂An ,

k̂An k
∑

|w|=n cww
n

k⟨A⟩ k̂⟨A⟩

k̂⟨A⟩ ⊗̂ k̂⟨B⟩ n

∑

u∈A∗, v∈B∗

|u|+|v|=n

cu,vu⊗ v .

• := (µ· ⊗̂µ·)◦(Id ⊗̂ β ⊗̂ Id)
β



(V,µ, ι,∆, ε,S)
V k

µ : V ⊗ V → V

µ(µ(x⊗ y)⊗ z) = µ(x⊗ µ(y ⊗ z)) ,

x, y, z ∈ V
ι : k→ V

µ(ι(α)⊗ x) = αx = µ(x⊗ ι(α)) ,

x ∈ V α ∈ k
∆ : V → V ⊗ V

(Id⊗∆) ◦∆(x) = (∆⊗ Id) ◦∆(x) ,

x ∈ V
ε : V → k

(Id⊗ε) ◦∆(x) = x = (ε⊗ Id) ◦∆(x) ,

x ∈ V
S : V → V

(S ∗ Id)(x) = ι(ε(x)) = (Id ∗S)(x) ,

x ∈ V ∗

f ∗ g := µ ◦ (f ⊗ g) ◦∆ .

µ(∆(x)⊗∆(y)) = ∆(µ(x⊗ y)) ,

x, y ∈ V

V ⊗ V ⊗ V V ⊗ V k⊗ V V ⊗ V V ⊗ k

V ⊗ V V Vµ

Id⊗µ

µ

ι⊗Id Id⊗ι

≃
µ⊗Id

≃
µ



V ⊗ V ⊗ V V ⊗ V k⊗ V V ⊗ V V ⊗ k

V ⊗ V V V
∆

Id⊗∆

∆

ε⊗Id Id⊗ε

≃
∆⊗Id ≃

∆

V ⊗ V V ⊗ V V ⊗ V V ⊗ V

V k V V k Vε

∆

Id⊗S

ιε

S⊗Id

ι

µµ ∆

V ⊗ V ⊗ V ⊗ V V ⊗ V ⊗ V ⊗ V

V ⊗ V V V ⊗ V
∆µ

∆⊗∆

Id⊗β⊗Id

µ⊗µ

β

β : a⊗ b !−→ b⊗ a .

(V,µ, ι) (V,∆, ε)
(V,µ, ι,∆, ε)

A {a, b, c} R

A∗ RA∗

πabc+ abb+ 4cbbbc+ 5 ∈ RA∗

(ab+ 3c) · (cab+ aab− 4a) = abcab+ abaab− 4aba+ 3ccab+ 3caab− 12ca ,

ι

ι :

{
k → kA∗
α !→ αϵ

.

ι(−3) = −3ϵ .



k⟨A⟩
A

∆(a) := ϵ⊗ a+ a⊗ ϵ , a ∈A ,

∆(abc) = ∆(a) •∆(b) •∆(c) ,

= (ϵ⊗ a+ a⊗ ϵ) • (ϵ⊗ b+ b⊗ ϵ) • (ϵ⊗ c+ c⊗ ϵ) ,
= ϵ⊗ abc+ b⊗ ac+ c⊗ ab+ bc⊗ a+ a⊗ bc+ ab⊗ c+ ac⊗ b+ abc⊗ ϵ

• := (µ⊗ µ) ◦ (Id⊗β ⊗ Id)

∆(w) =
∑

u,v

⟨w | u v⟩u⊗ v ,

⟨x | y⟩ := δx,y δx,y

S(w) := (−1)|w|w˜.

(S ∗ Id)(ϵ) = S(ϵ) · ϵ = S(ϵ) = ϵ

(S ∗ Id)(a) = S(a) · ϵ+ S(ϵ) · a = 0

⇒ S(a) = −a
(S ∗ Id)(ab) = S(ϵ) · ab+ S(a) · b+ S(b) · a+ S(ab) · ϵ = 0

= ab− ab− ba+ S(ab)

⇒ S(ab) = ba

(S ∗ Id)(abc) = ι(ε(abc)) = 0

= S(ϵ) · abc+ S(a) · bc+ S(b) · ac+ S(c) · ab+
S(ab) · c+ S(bc) · a+ S(ac) · b+ S(abc) · ϵ = 0

= abc− abc− bac− cab+ bac+ cba+ cab+ S(abc)

⇒ S(abc) = −cba

∆(x) =
∑

xL ⊗ xR .



V C

V = Vectk(C) :=
⊕

n"0
Vectk(Cn) .

C

(V,µ, ι,∆, ε)

S(x) =

⎧
⎪⎨

⎪⎩

x deg(x) = 0
∑

xL ̸=x

µ
(
S
(
xL
)
⊗ xR

)

Takeuchi



Eilenberg Mac Lane
Grothendieck

Russell

C

Ob(C)
f : A → B A,B ∈ Ob(C)

C Hom(C)
◦ A,B,C ∈ Ob(C)

f : A → B g : B → C g ◦ f : A → C

h ◦ (g ◦ f) = (h ◦ g) ◦ f

f : A→ B g : B → C h : C → D

IdB ◦ f = f = f ◦ IdA

f : A→ B IdA IdB A
B

HomC(A,B) f A B
A ∈ C A C A ∈ Ob(C)



F : C → D C D

A C F(A) D

f : A → B C F(f) : F(A) → F(B)

A ∈ Ob(C)

F(IdA) = IdF(A) ,

f : A→ B g : B → C C

F(g ◦ f) = F(g) ◦ F(f) .

A

A∗ = {ϵ} ∪ A ∪ (A× A) ∪ (A× A× A) ∪ · · ·

f : A→ B

f ∗ :

{
A∗ → B∗ ,

(a1, · · · , ak) !→ (i(a1), · · · , i(ak)) .

( )∗

k M
kM

F G C D

η F G ηA : F(A)→ G(A)
A C f : A→ B B C

G(f) ◦ ηA = ηB ◦ F(f) .



F(A) F(B)

G(A) G(B)

ηA

F(f)

G(f)

ηB

C

• : C× C→ C

α A,B,C ∈ C

αA,B,C (A •B) • C A • (B • C)

(A • (B • C)) •D

((A •B) • C) •D A • ((B • C) •D)

(A •B) • (C •D) A • (B • (C •D))

IdA•αB,C,D

αA,B,C•D

αA,B,C•IdD

αA•B,C,D

αA,B•C,D

C

I ∈ C

η, υ A
ηA : I • A→ A υA : A • I → A

(A • I) •B A • (I •B)

A •B
υA•IdB IdA•ηB

αA,I,B

A • B A B I
C α η υ

k ⊗
k



(C, •) β A,B ∈ C

βA,B : A • B
∼−→ B • A

B • A • C A • C •B

A •B • C B • C • A A •B • C C • A •B

βA,C•IdB

βA,B•C

βA,B•IdC IdB•βA,C IdA•βB,C

βA•B,C

β β2 =
Id β



exp(x+ y) = exp(x) exp(y) .

A
B⊕C

B C

∆(f(B⊕ C)) =
∑

w|B ⊗ w|C =
∑

fL(B)⊗ fR(C) .

Alph
(C,⊕) A ⊕ B

gA,B :

{
A −→ A⊕ B
a !−→ a

dA,B :

{
B −→ A⊕ B
b !−→ b

.

A⊕ B A - B



Alph
A R

(A, R) (B, S) (A ⊕ B, T )
A B T R

S T A B
g, d A B

gA,B :

{
A −→ A⊕ B
a !−→ a

, dA,B :

{
B −→ A⊕ B
b !−→ b

.

⊕
×

A⊕ B := A - B A,B ∈ ,

f ⊕ h :

⎧
⎨

⎩

A⊕ B −→ C⊕D
a ∈A !−→ gC,D ◦ f(x) ,
b ∈ B !−→ dC,D ◦ h(x) ,

f : A → C h : B → D g d

( ,⊕)

∞



∞
<

⊕

(A, <A)⊕ (B, <B) := (A - B, <A⊕B)

<A⊕B

x <A⊕B y ⇐⇒

⎧
⎪⎨

⎪⎩

x <A y x, y ∈A

x ∈A y ∈ B

x <B y x, y ∈ B

A B

∞
< (A, <A)

DA : A×A→ Z̄ Z̄ := Z ∪ {−∞,+∞}
DA(x, y) = 0 x = y
DA(x, y) > 0 y <A x x ̸= y
DA(x, y) = −DA(y, x)
DA(x, z) = DA(x, y) +DA(y, z)

A ⊕ B
DA⊕B

DA⊕B(x, y) :=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

DA(x, y) x, y ∈A

−∞ x ∈A y ∈ B

+∞ x ∈ B y ∈A

DB(x, y) x, y ∈ B

∞
D



l

K

K Alph
Alph = (C,⊕) K AlphK := (D,⊕K)

(D,⊕K)
A × K A C K

(f, IdK) f C IdK
K

(A×K)⊕K (A×K) := (A⊕ B)×K .

Alph := (C,⊕) Alph′ := (C′,⊕′)
Alph×Alph′

⊕×

(A×A′)⊕× (B× B′) := (A⊕ B)× (A′ ⊕′ B′) .

A×A′ B× B′ Alph×Alph′

(f, f ′)⊕× (h, h′) := ((f ⊕ h), (f ′ ⊕′ h′)) .

(f, f ′) (h, h′) Alph×Alph′



φ

dA,B gA,B

dA,B : a1a2 · · · am !−→ dA,B(a1)dA,B(a2) · · · dA,B(am)

gA,B

Alph C
Alph φ A

Alph φA : A∗ → C
φA

φA |φA(w)| = |w|
φ

φA(w) = φA⊕B(gA,B(w)) φA(w) = φB⊕A(dB,A(w)) ,

B

φA

φA(uv) = φA(u
′v′)

{
φA(u) = φA(u

′)

φA(v) = φA(v
′)

,

u, u′ ∈Am v, v′ ∈An

φ
{
φA(u) = φA(u′)
φB(v) = φB(v′)

}
φA⊕B ((uv) · σ) = φA⊕B ((u

′v′) · σ) ,

u, u′ ∈Am v, v′ ∈ Bn σ ∈ Shm,n

φ Alph C

φA⊕B ((uv) · σ)

φA⊕B ((uv) · σ) := φA⊕B
(
(gA,B(u)dA,B(v)) · σ

)
.



C
∞ occ

A

occA :

{
A∗ −→ C

w := w1w2 · · ·wk !−→ ({p ∈ [k] | ap = l})l∈A(w)

∞ A(w)
A w

occA( ) = {257 | 16 | 3 | 4} .

A occA
A

occ n
[n] occA

occ

occA(u) occA(v) occA(uv) u ∈Am

occA(u) = {{i | i ∈ S i ! m} | S ∈ occA(uv)} \{∅} ,
occA(v) = {{i−m | i ∈ S i > m} | S ∈ occA(uv)} \{∅} .

u ∈Am v ∈ Bn

occA⊕B(uv) = occA(u) ∪ {{i+m | m ∈ S} | S ∈ occB(v)}

occ

occA(u · σ) = σ · occA(u) := [σ](occA(u)) ,

σ

C :=
⊔

n"0 Cn

C0 := ∅ Cn := {I | I ⊂ [n− 1]} ,

n " 1 ∞
>

des A

desA :

{
A∗ −→ C

w := a1a2 · · · ak !−→ {i ∈ [k − 1] | ai > ai+1}
∞
>

desA( ) = {2, 3, 5} .



val A

valA :

⎧
⎨

⎩

A∗ −→ C

w := a1a2 · · · ak !−→
{
{2 a1 > a2} k = 2
{i ∈ {2, · · · , k − 1} | ai−1 > ai ! ai+1}

C ∞
>

valA( ) = {3} .

val
2

valN(12) = valN(21) = ∅ valN⊕N(112) = {2} ≠ ∅ = valN⊕N(121) .

2

Alph φ Alph
C

∼φA φA

u ∼φA v φA(u) = φA(v) .

∼φ ∼φA
A∗/ ∼φ C

Preuve : φA

∼ A∗

φ∼ : A∗ → A∗/ ∼



φ ψ Alph
φ ∨ ψ A

(φ ∨ ψ)A : A∗ −→ A∗/(∼φ ∨ ∼ψ)

(∼φ ∨ ∼ψ)
φA ψA

(φ ∨ ψ) Alph

Preuve : ∼φ ∼ψ
∼φ ∨ ∼ψ

A∗/(∼φ ∨ ∼ψ)
A (φ∨ψ)A

val∨ pic pic ∞
<

∞
<

n

φ ∧ ψ A

(φ ∧ ψ)A : A∗ −→ A∗/(∼φ ∧ ∼ψ)

(∼φ ∧ ∼ψ)
φA ψA

(φ ∧ ψ) Alph

Preuve :

val∧ pic A

(val∧ pic)A : w !−→ (valA(w), picA(w)) .

1, 1, 3, 7, 15, 31, 63, 127, . . . 2n−1
n " 1 1 n = 0



K Alph AlphK

Alph K Alph φ
φK A AlphK

φK,A :

{
A∗ −→ C×̄K∗

(a1, c1)(a2, c2) · · · (am, cm) !−→ (φA(a1a2 · · · am), c1c2 · · · cm)
,

C×̄K∗

C×̄K∗ :=
⊕

n"0
Cn ×Kn .

φK AlphK

Preuve : φ

K



φ ψ Alph Alph′

C C ′
φ × ψ A := B × C

Alph×Alph′

(φ× ψ)A :

{
A∗ −→ C×̄C ′

(b1, c1)(b2, c2) · · · (bm, cm) !−→ (φB(b1b2 · · · bm),ψC(c1c2 · · · cm))
,

×̄

φ× ψ (Alph×Alph′)

Preuve : C×̄C ′
(τ ,ν) |(τ ,ν)| := |τ | = |ν|

w An n (b, c) ∈ B × C
(φ× ψ)A

φB ψC

(φ× ψ)A

(φ× ψ)A
(
(b1, c1) · · · (bm, cm)

)
=
(
φB(b1 · · · bm),ψC(c1 · · · cm)

)
,

= (φB⊕B′(gB,B′(b1 · · · bm)),ψC⊕C′(gC,C′(c1 · · · cm))) ,
= (φ× ψ)A⊕A′(gA,A′((b1, c1) · · · (bm, cm))) ,

gA,A′ = (gB,B′ , gC,C′) A′ := B′ ⊕ C′

φ× ψ

Hφ

Hφ

φ C (mτ )
τ C

k Hφ(A) k⟨A⟩
Hφ(A)



φ Alph C A
Alph

Hφ(A)
φA

Hφ(A) := ⟨mτ (A) | τ ∈ C⟩ , mτ (A) =
∑

w∈A∗
φA(w)=τ

w .

φ C

Preuve : ϵ 0
#C0 = 1

Hφ(A)
k⟨A⟩ (mτ (A))τ∈C

Preuve : Hφ(A)
φA φA mτ (A)

φ−1A (τ ) mτ (A) φA

mτ (A) d := |τ |
Cn (mτ (A))|τ |=d

d Hφ(A)
Hφ(A) 0 1 Hφ(A)

Hocc(N>0) k⟨N>0⟩ (mλ)λ

m{13|25|4}(N>0) =
∑

a ̸=b; a ̸=c; b ̸=c

abacb = 12132 + 21231 + 23213 + 32312 + · · ·+ 14134 + · · · .

k⟨A⟩ := (kA∗,µ·, ι·)
µ· ι· Hφ(A)

(Hφ(A),µ·, ι·) k⟨A⟩

Preuve : Hφ(A)
k⟨A⟩



τ ν C i j
mτ (A) mν(A)

i j

µ· (mτ (A)⊗mτ (A)) = mτ (A) ·mτ (A) =
∑

u∈φ−1
A (τ )

v∈φ−1
A (ν)

u · v

i + j
Hφ(A)

mγ(A) γ ∈ Ci+j

τ ,ν γ C i, j
k

[τ ,ν : γ]A :=
{
w ∈ φ−1A (γ)

∣∣ φA(w[1, i]) = τ φA(w[i+ 1, k]) = ν
}
,

w[i, j] wiwi+1 · · ·wj

w ∈ [τ ,ν : γ]A φ−1(γ) = [τ ,ν : γ]A
[τ ,ν : γ]A ⊂ φ−1A (γ)

φA(w[1, i]) = φA(w
′[1, i]) = τ φA(w[i+ 1, k]) = φA(w

′[i+ 1, k]) = ν

w′ φA(w′) = γ = φA(w) φ−1A (γ) ⊂ [τ ,ν : γ]A
w

[τ ,ν : γ]A

φ−1A (γ) ⊂ {w ∈A∗ | φA(w[1, i]) = τ φA(w[i+ 1, k]) = ν} .

µ· Hφ(A)
C τ

|τ | = 0 mτ (A) = ϵ
ι· (Hφ(A),µ·, ι·)

k⟨A⟩

τ = {13 | 2 | 4} ν = {23 | 1}

mτ (N>0)mν(N>0) = (1213 + 2123 + 2321 + 3132 + · · · ) · (122 + 211 + 133 + 311 + · · · )
= 1213122︸ ︷︷ ︸

{135|267|4}

+ 1213211︸ ︷︷ ︸
{1367|25|4}

+ 1213133︸ ︷︷ ︸
{135|467|2}

+ 1213311︸ ︷︷ ︸
{1367|45|2}

+ · · ·+ 2123122︸ ︷︷ ︸
{1367|25|4}

+

2123211︸ ︷︷ ︸
{135|267|4}

+ 2123133︸ ︷︷ ︸
{467|13|25}

+ 2123311︸ ︷︷ ︸
{267|13|45}

+ · · ·+ 1213544︸ ︷︷ ︸
{13|67|2|4|5}

+ · · ·

= m{13|67|2|4|5}(N>0) +m{13|45|67|2}(N>0) +m{467|13|2|5}(N>0)+

m{13|25|67|4}(N>0) +m{467|13|25}(N>0) +m{267|13|4|5}(N>0)+

m{267|13|45}(N>0) +m{135|67|2|4}(N>0) +m{135|467|2}(N>0)+

m{135|267|4}(N>0) +m{1367|2|4|5}(N>0) +m{1367|45|2}(N>0)+

m{1367|25|4}(N>0)



Hφ(A) (mτ (A))τ∈C
τ ∈ Ci ν ∈ Cj

mτ (A)mν(A) =
∑

γ∈Ci+j

[τ ,ν:γ]A ̸=∅

mγ(A) .

m{13|2}(N>0)m{12}(N>0) = m{13|45|2}(N>0) +m{245|13}(N>0) +m{1345|2}(N>0)

[{13 | 2}, {12} : {12345}] = ∅
[{13 | 2}, {12} : {2345 | 1}] = ∅
[{13 | 2}, {12} : {1345 | 2}, ] = {12111, 13111, . . . , 21222, 23222, . . .}
[{13 | 2}, {12} : {1245 | 3}] = ∅

[{13 | 2}, {12} : {345 | 12}] = ∅ ,
[{13 | 2}, {12} : {245 | 13}] = {12122, 13133, . . . , 21211, 23233, . . .} ,
[{13 | 2}, {12} : {235 | 14}] = ∅ ,

[{13 | 2}, {12} : {13 | 45 | 2}, ] = {12133, 12144, . . . , 21233, 21244, . . .} ,

A B Alph Hφ(A)
Hφ(B)

Preuve : fB
A

fB
A : mτ (A) !−→ mτ (B) .

fB
A fB

A

fB
A(mτ (A)mν(A)) = fB

A(mτ (A))fB
A(mν(A)) = mτ (B)mν(B) .

C := A ⊕ B fC
A

τ ,ν γ C



i, j k = i + j
A

[τ ,ν : γ]A = ∅ [τ ,ν : γ]C = ∅ ,

B

[τ ,ν : γ]B = ∅ [τ ,ν : γ]C = ∅ .

w ∈ [τ ,ν : γ]A
gA,B

φA(w[1, i]) = φC(gA,B(w[1, i])) = τ ,

φA(w[i+ 1, k]) = φC(gA,B(w[i+ 1, k])) = ν

φA(w) = φC(gA,B(w)) = γ .

gA,B(w) ∈ [τ ,ν : γ]C

[τ ,ν : γ]A ̸= ∅ [τ ,ν : γ]C ̸= ∅

w′ ∈ [τ ,ν : γ]C
w ∈A∗ φA(w) = γ

φA(w) = φC(gA,B(w)) = γ = φC(w
′) ,

φA(w[1, i]) = φC(w
′[1, i]) = τ φA(w[i+ 1, k]) = φC(w

′[i+ 1, k]) = ν .

[τ ,ν : γ]C ̸= ∅ [τ ,ν : γ]A ̸= ∅

dA,B fC
A fC

B

fB
A = fC

A ◦ fC
B

−1
.

fB
A Hφ(A)

Hφ(B) Hφ(A⊕ B) = Hφ(C)



Hφ := (kC,µ, ι) kC k
C

kC := ⟨mτ | τ ∈ C⟩k .

A Alph

fA : mτ !−→ mτ (A) .

k

µ : kC ⊗ kC fA⊗fA

−−−−−→ Hφ(A)⊗ Hφ(A)
µ·−−→ Hφ(A)

fA−1

−−−−→ kC ,

ι : k ι·−→ Hφ(A)
fA−1

−−−−→ kC .

(kC,µ, ι)

occ

Hφ

C

(kC,µ, ι)
φ k

kC
Gelfand Krob Las-

coux Leclerc Retakh Thibon
Duchamp Hivert Thibon
φ δ&
A⊕ B

δA&B : Hφ(A⊕ B) −→ Hφ(A)⊗ Hφ(B) .

δ& (A,B)
w

δA&B :

{
k⟨A⊕ B⟩ −→ k⟨A⟩ ⊗ k⟨B⟩

w !−→ w|A ⊗ w|B
,

w|C w w C
C = A B



N⊕N

δN&N(63622151992933) = 62259293⊗ 361193 .

k⟨A⊕ B⊕ C⟩ k⟨A⟩ ⊗ k⟨B⊕ C⟩

k⟨A⊕ B⟩ ⊗ k⟨C⟩ k⟨A⟩ ⊗ k⟨B⟩ ⊗ k⟨C⟩

δ(A⊕B)!C Id⊗δB!C

δA!B⊗Id

δA!(B⊕C)

.

Preuve :

A ⊕ B A B Alph φ
Alph

δA&B Hφ(A ⊕ B)
Hφ(A)⊗ Hφ(B)

Preuve : γ C k

δA&B (mγ(A⊕ B)) =
∑

w∈(A⊕B)∗
φA⊕B(w)=γ

w|A ⊗ w|B .

w|A w|B

=
∑

i+j=k

∑

φA⊕B(w)=γ

|w|A|=i, |w|B|=j

w|A ⊗ w|B .

w σ ∈ Shi,j

(w|Aw|B) · σ = w

=
∑

i+j=k

∑

σ∈Shi,j

∑

u∈Ai

v∈Bj

φA⊕B((uv)·σ)=γ

u⊗ v .

∑

u∈Ai, v∈Bj

φA⊕B((uv)·σ)=γ

u⊗ v



u ⊗ v
mτ (A)⊗mν(B) τ := φA(u) ν := φA(v)

[γ : (τ ,ν),σ](A,B) :=
{
(u, v) ∈ φ−1A (τ )× φ−1B (ν)

∣∣ φA⊕B ((uv) · σ) = γ
}

(u, v) mγ(A ⊕ B)
(u, v)

[γ : (τ ,ν),σ](A,B) = φ−1A (τ )× φ−1A (ν) .

∑

u∈Ai, v∈Bj

φA⊕B((uv)·σ)=γ

u⊗ v =
∑

τ∈Ci, ν∈Cj
[γ:(τ ,ν),σ](A,B) ̸=∅

mτ (A)⊗mν(B) .

δA&B

δA&B : Hφ(A⊕ B) −→ Hφ(A)⊗ Hφ(B) .

δN&N
(
m{13|2}(N⊗N)

)
= δN&N(121 + 131 + 232 + · · ·+ 111 + 212 + 121 + · · ·

+ 111 + 212 + 121 + · · ·+ 121 + 131 + 232 + · · · )
= 121⊗ ϵ+ 131⊗ ϵ+ 232⊗ ϵ+ · · ·+ 11⊗ 1 + 22⊗ 1 + 11⊗ 2 + · · ·

+ 1⊗ 11 + 1⊗ 22 + 2⊗ 11 + · · ·+ ϵ⊗ 121 + ϵ⊗ 131 + ϵ⊗ 232 + · · ·
= m{13|2}(N)⊗m∅(N) +m{12}(N)⊗m{1}(N) +m{1}(N)⊗m{12}(N)+

m∅(N)⊗m{13|2}(N)

δA&B (mγ(A⊕ B)) =
∑

i+j=k

∑

τ∈Ci, ν∈Cj

Cγ
τ ,ν mτ (A)⊗mν(B) ,

Cγ
τ ,ν σ [γ : (τ ,ν),σ](A⊕B) ̸= ∅

γ Ck

δN&N
(
m{12|3|4}(N⊕N)

)
= m∅(N)⊗m{13|2|4}(N) + 2m{1}(N)⊗m{12|3}(N)+

m{1|2}(N)⊗m{12}(N) +m{12}(N)⊗m{1|2}(N)+

2m{12|3}(N)⊗m{1}(N) +m{13|2|4}(N)⊗m∅(N)

C{12|3|4}
{12|3},{1} = 2 1234

1243 (u, v) u = aab v = c

[{12 | 3 | 4} : ({12 | 3}, {1}), 1234](N,N) = [{12 | 3 | 4} : ({12 | 3}, {1}), 1243](N,N) .



fB
A : mτ (A) !→ mτ (B)

γ, τ ν C σ
A⊕ B C⊕D Alph

[γ : (τ ,ν),σ](A,B) = ∅ [γ : (τ ,ν),σ](C,D) = ∅

Preuve :

[γ : (τ ,ν),σ](A,B) = ∅ [γ : (τ ,ν),σ](A⊕C,B⊕D) = ∅

[γ : (τ ,ν),σ](C,D) = ∅ [γ : (τ ,ν),σ](A⊕C,B⊕D) = ∅ .

E := A⊕ C F := B⊕D

φA(u) = τ = φE(gA,C(u)) , φB(v) = ν = φF (gB,D(v))

φA⊕B ((gA,B(u)dA,B(v)) · σ) = γ = φE⊕F ((gE,F (gA,C(u))dE,F (gB,D(v))) · σ)

[γ : (τ ,ν),σ](C,D) ̸= ∅ [γ : (τ ,ν),σ](E,F ) ̸= ∅
(u′, v′) ∈ [γ : (τ ,ν),σ](E,F )

(u, v) ∈ A∗ × B∗ φA(u) = τ φB(v) = ν

φA(u) = φE(gA,C(u)) = τ = φE(u
′) φB(v) = φF (gB,D(v)) = ν = φF (v

′) .

φE⊕F ((gE,F (gA,C(u))dE,F (gB,D(v))) · σ) = γ = φE⊕F ((gE,F (u
′)dE,F (v

′)) · σ) .

[γ : (τ ,ν),σ](E,F ) ̸= ∅ [γ : (τ ,ν),σ](A,B) ̸= ∅

δ&
k kC

∆ : kC fA⊕B

−−−−→ Hφ(A⊕ B)
δA!B−−−−→ Hφ(A)⊗ Hφ(B)

fA−1⊗fB−1

−−−−−−−→ kC ⊗ kC .



k⟨A′ ⊕ B′ ⊕ C′⟩ k⟨A′⟩ ⊗ k⟨B′ ⊕ C′⟩

kC kC ⊗ kC

k⟨A⊕ B⊕ C⟩ k⟨A⟩ ⊗ k⟨B⊕ C⟩

k⟨A⊕ B⟩ ⊗ k⟨C⟩ k⟨A⟩ ⊗ k⟨B⟩ ⊗ k⟨C⟩

kC ⊗ kC kC ⊗ kC ⊗ kC

k⟨A′ ⊕ B′⟩ ⊗ k⟨C′⟩ k⟨A′⟩ ⊗ k⟨B′⟩ ⊗ k⟨C′⟩

δ(A⊕B)!C Id⊗δB!C

δA!B⊗Id

δA!(B⊕C)

fA⊕B⊕C

≃

fA′⊕B′⊕C′

≃

fA⊗fB⊕C

≃

fA′⊗fB′⊕C′

≃

fA⊕B⊗fC

≃

fA′⊕B′⊗fC′

≃

fA⊗fB⊗fC

≃

fA′⊗fB′⊗fC′

≃

Id⊗δB′!C′

δA′!B′⊕C′

δA′⊕B′!C′

δA′!B′⊗Id

∆

εA :

⎧
⎨

⎩

Hφ(A) −→ k

mτ (A) !−→
{
1 τ ∈ C0
0

fB
A Hφ(A) Hφ(B)

Hφ(A⊕ B)

Hφ(B) Hφ(A)

k⊗ Hφ(B) Hφ(A)⊗ Hφ(B) Hφ(A)⊗ k

fB
A⊕B

fA
A⊕B

δA!B

≃ ≃

εA⊗Id Id⊗εB

γ ∈ Ck

(εA ⊗ Id) ◦ δA&B(mγ(A⊕ B)) =

(
∑

i+j=k
i>0

∑

σ∈Shi,j
τ∈Ci, ν∈Cj

[γ:(τ ,ν),σ] ̸=∅

εA(mτ (A))︸ ︷︷ ︸
0

⊗mν(B)

)

+ εA(mτ0(A))︸ ︷︷ ︸
1

⊗mγ(B) ,

= 1⊗mγ(B) ,

≃ mγ(B) = fB
A⊕B(mγ(A⊕ B)) .

τ 0 C0

ε : kC fA

−−→ Hφ(A)
εA−−→ k

∆



(kC,∆, ε)

occ

k
Hφ

δ&
Hφ

k(A⊕ B)∗ ⊗ k(A⊕ B)∗ k(A⊕ B)∗ kA∗ ⊗ kB∗

kA∗ ⊗ kB∗ ⊗ kA∗ ⊗ kB∗ kA∗ ⊗ kA∗ ⊗ kB∗ ⊗ kB∗

µ·

δA!B⊗δA!B

Id⊗β⊗Id

µ·⊗µ·

δA!B

A Hφ(A) k⟨A⟩

Hφ(A⊕ B)⊗ Hφ(A⊕ B) Hφ(A⊕ B) Hφ(A)⊗ Hφ(B)

Hφ(A)⊗ Hφ(B)⊗ Hφ(A)⊗ Hφ(B) Hφ(A)⊗ Hφ(A)⊗ Hφ(B)⊗ Hφ(B)

µ·

δA!B⊗δA!B

Id⊗β⊗Id

µ·⊗µ·

δA!B

µ ∆
Hφ

Hφ ⊗ Hφ Hφ Hφ ⊗ Hφ

Hφ ⊗ Hφ ⊗ Hφ ⊗ Hφ Hφ ⊗ Hφ ⊗ Hφ ⊗ Hφ

µ

∆

Id⊗β⊗Id

µ⊗µ

∆

(kC,µ, ι,∆, ε)



Preuve : (kC,µ, ι)
(kC,∆, ε)

(kC,µ, ι,∆, ε)

occ

H ∨φ

φ
H ∨φ φ

Hφ

φ Alph C
H ∨φ (A) kA∗ φA

H ∨φ (A) := kA∗/φA .

H ∨φ (A) kA∗
kC

Preuve : kC k

kA∗/φA :=
⊕

n"0
kAn/φA .

φA(A∗) ≃ C kA∗/φA = H ∨φ (A)
kC

(sτ (A))τ∈C H ∨φ (A) φA

sτ (A) := φ−1A (τ ) , τ ∈ C .

w φA(w) = τ sτ (A)
w [w]

τ φ−1A (τ ) = [w] sτ (A) s[w](A)



(sτ )τ∈C kC

hA : sτ !−→ sτ (A) .

k H ∨φ (A) H ∨φ (B)

Preuve :

hB
A : sτ (A) !−→ sτ (B) .

hB
A = hB ◦ hA−1

occ
H ∨occ(N) Hocc(N)

s{14|26|3|5}(N) = s[123142](N) = φ−1
N
({14 | 26 | 3 | 5}) = {123142, 123152, 123162, . . .}

A,B

A,B :

{
kA∗ ⊗ kB∗ −→ k(A⊕ B)∗

u⊗ v !−→ gA,B(u) dA,B(v)
,

u ∈A∗ v ∈ B∗

A,B kA∗ ⊗ kB∗ φ

Preuve : u, u′ ∈ Am φA(u) = φA(u′) v, v′ ∈ Bn

φB(v) = φB(v′) φA⊕B

φA⊕B(u A,B v) = φA⊕B (gA,B(u) dA,B(v)) ,

=
∑

σ∈Shm,n

φA⊕B ((uv) · σ) ,

=
∑

σ∈Shm,n

φA⊕B ((u
′v′) · σ) ,

= φA⊕B(u
′

A,B v′) .

A,B φ



τ ∈ Cm ν ∈ Cn
sτ (A) A,B sν(B) = s[u](A) A,B s[v](B)

=
∑

σ∈Shm,n

s[(uv)·σ](A⊕ B) ,

=
∑

σ∈Shm,n

s
φA⊕B

(
(uv)·σ

)(A⊕ B) ,

u ∈ φ−1A (τ ) v ∈ φ−1B (ν)

s{13|2}(N) N,N s{1|2}(N) = s[121](N) A,B s[12](N)

=
∑

σ∈Sh3,2

s[(12112)·σ](N⊕N)

= s[(12112)](N⊕N) + s[(12112)](N⊕N) + s[(12112)](N⊕N)+
s[(11212)](N⊕N) + s[(12121)](N⊕N) + · · ·

= s{35|1|2|4}(N⊕N) + s{24|1|3|5}(N⊕N) + 2s{25|1|3|4}(N⊕N)+
s{13|2|4|5}(N⊕N) + 2s{14|2|3|5}(N⊕N) + 3s{15|2|3|4}(N⊕N)

hB
A

hA′⊕B′

A⊕B (sτ (A) A,B sν(B)) = hA′

A (sτ (A)) A′,B′ hB′

B (sν(B)) .

Preuve : A,A′,B B′ u ∈A∗ u′ ∈A′∗

φA(u) = φA′(u′) = τ ,

v ∈ B∗ v′ ∈ B′∗

φB(v) = φB′(v′) = ν ,

τ ν Cm Cn

φA(u) = φA⊕A′(gA,A′(u)) = τ = φA⊕A′(dA,A′(u′)) = φA′(u′) ,

φB(v) = φB⊕B′(gB,B′(v)) = ν = φB⊕B′(dB,B′(v′)) = φB′(v′) .

φA⊕B ((uv) · σ) = φ(A⊕A′)⊕(B⊕B′) ((uv) · σ) ,
= φ(A⊕A′)⊕(B⊕B′) ((u

′v′) · σ) = φA′⊕B′ ((u′v′) · σ) ,

σ ∈ Shm,n



A,B

φ
kC

µ : kC ⊗ kC hA⊗hB

−−−−→ H ∨φ (A)⊗ H ∨φ (B)
A,B−−−→ H ∨φ (A⊕ B)

(hA⊕B)
−1

−−−−−−→ kC

µ (s{12} ⊗ s{1|2}) = s{12|3|4} + s{13|2|4} + s{14|2|3} + s{23|1|4}s{24|1|3} + s{34|1|2}

A,B

A,B⊕C ◦ (Id⊗ B,C) = A⊕B,C ◦ ( A,B ⊗ Id) ,

A,B C µ
ϵ

fB
A⊕B(s[ϵ](A) A,B sτ (B)) = sτ (B) = fB

B⊕A(sτ (B)) A,B s[ϵ](A) .

C

ι :

{
k −→ kC
α !−→ αs[ϵ]

,

µ

(kC,µ , ι)

◃A : kA∗ → kA∗ ⊗ kA∗

◃A(w) :=
n∑

i=0

w[1, i]⊗ w[i+ 1, n] ,

w ∈ An n " 0 A

φA

◃A : H ∨φ (A) −→ H ∨φ (A)⊗ H ∨φ (A) .



◃B ◦ hB
A = (hB

A ⊗ hB
A) ◦ ◃A .

∆· : kC hA

−−→ H ∨φ (A)
◃A−−−→ H ∨φ (A)⊗ H ∨φ (A)

hA−1⊗hA−1

−−−−−−−−→ kC ⊗ kC ,

A

∆·(s{13|25|4}) = s{13|25|4} ⊗ s∅ + s{13|2|4} ⊗ s{1} + s{13|2} ⊗ s{1|2}+

s{1|2} ⊗ s{1|2|3} + s{1} ⊗ s{14|2|3} + s∅ ⊗ s{13|25|4}

ε :

⎧
⎨

⎩

kC −→ k

sτ !−→
{
1 τ ∈ C0
0

(kC,∆·, ε)

(kC,µ , ι,∆·, ε)

Preuve : (kC,µ , ι)
(kC,∆·, ε)

◃A⊕B ◦ A,B = ( A,B ⊗ A,B) ◦ (Id⊗β ⊗ Id) ◦ (◃A ⊗ ◃B) .

u ∈Am v ∈ Bn

◃A⊕B ◦ A,B(u⊗ v) =
∑

σ∈Shm,n

m+n∑

i=0

wσ[1, i]⊗ wσ[i+ 1,m+ n] ,



wσ := (uv) · σ

( A,B ⊗ A,B) ◦ β ◦ (◃A ⊗ ◃B)(u⊗ v) =
∑

0!j!m
0!k!n

∑

σ1∈Shj,k
σ2∈Shm−j,n−k

(uj]vk]) · σ1 ⊗ (u]jv]k) · σ2 .

ui] := u[1, i] u]i := u[i+ 1, |w|] v
β Id⊗β ⊗ Id
u v

Eu,v = Shm,n×{0, . . . ,m+ n}

Fu,v = {(σ1,σ2, j, k) | σ1 ∈ Shj,k σ2 ∈ Shm−j,n−k 0 ! j ! m 0 ! k ! n} .

Eu,v Fu,v

(σ, i) ←→ (σ1,σ2, j, k) ,

⇕
(wσ[1, i], wσ[i+ 1,m+ n]) ←→ ((uj]vk]) · σ1, (u]jv]k) · σ2) .

ζ :

{
Eu,v −→ Fu,v

(σ, i) !−→ (σ1,σ2, j, k)

σ1 := (σ[1, i]), [i] σ1 ∈ Si

σ(1) · · ·σ(i)
σ2 := (σ[i+1,m+n]) [m+n− i]
σ(i+ 1) · · ·σ(m+ n)
j := ℓ(wσ[1, i]|A) wσ[1, i] A
k := ℓ(wσ[1, i]|A) wσ[1, i] B

σ1 σ2

Shj,k Shm−j,n−k σ1 σ2 j k
σ i wσ[1, i] ⊗ wσ[i + 1,m + n]

ζ

wσ[1, i] = (uj]vk]) · σ1 wσ[i+ 1,m+ n] = (u]jv]k) · σ2 .

ζ

ζ ′ :

{
Fu,v −→ Eu,v

(σ1,σ2, j, k) !−→ (σ, i)



i := j + k
σ := σ(1)σ(2) · · · σ(m+ n)

σ(h) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

σ1(h) σ1(h) ! j h ! i

σ1(h) +m− j σ1(h) > j h ! i

σ2(h− i) + j σ2(h− i) ! k h > i

σ2(h− i) + i σ2(h− i) > k h > i

σ Shm,n

σ1 σ2 j k ζ ′

ζ ζ ′

(kC,µ , ι,∆·, ε)

occ

Hφ H ∨φ

φ

Hφ H ∨φ (mτ )
(sτ )

Preuve : (m∨τ ) (mτ )

∆∨(m∨γ) =
∑

τ ,ν

⟨mτmν | m∨γ⟩m∨τ ⊗m∨ν ,

⟨mτ | m∨ν⟩ := δτ ,ν
(mτ ) mγ

mτ mν [τ ,ν : γ]A ̸= ∅ A

∆⋆(m∨γ) =
k:=|γ|∑

i=0

∑

τ∈Ci
ν∈Ck−i

[τ ,ν:γ]A ̸=∅

m∨τ ⊗m∨ν .

i, j i+j = k
(τ ,ν) Ci × Cj [τ ,ν : γ]A ̸= ∅

(sτ )



[τ ,ν : γ]A (m∨τ ) (sτ )

(s∨τ ) (sτ )

∆∨(s∨γ) =
∑

τ ,ν

⟨sτsν | s∨γ⟩ s∨τ ⊗ s∨ν

(sτ ) sγ
σ [γ : (τ ,ν),σ] ̸= ∅

(s∨τ ) (mτ )

(mτ ) (sτ ) Hφ H ∨φ



k⟨A⟩
k[A]

Hφ

#

Hφ

φ #

φ Alph
C

C C̃

C :=
∑

n"0
[n] C̃ :=

∑

n"0
T ( [n]) .

φA(w · σ) = [σ](φA(w)) , w ∈A∗ σ .



occ

occN(42315132 · 67125384) = occN(13425321) = {18 | 23 | 47 | 5 | 6}
= [67125384]({28 | 37 | 46 | 1 | 5}) .

π

π : kC −' kC̃ ,

k
kC

φ Hφ

π

Preuve : θA

θA : k⟨A⟩ −' k[A]

k⟨A⟩ k[A] A
Hφ(A) k⟨A⟩

θA
A := B ⊕ C δB&C

Hφ(B ⊕ C) Hφ(B) ⊗ Hφ(C)
δB&C

µ ∆
π

Hφ

C̃

#

#
Aval Viennot

Aval



Novelli Thibon
Chapoton

A #

ua# bv :=

{
uav

0

u, v ∈A∗ a, b ∈A
·

(u · v) # w = u · (v # w) (u# v) · w = u# (v · w) .

φ Alph C
Hφ(A)

Preuve : τ ,ν γ C

[τ # ν : γ] =
{
w ∈ φ−1(γ)

∣∣ w = uav φA(ua) = τ φA(av) = ν
}

u, v ∈ A∗ a ∈ A [τ # ν : γ] ⊂ φ−1A (γ)
φ−1A (γ) ⊂ [τ # ν : γ]

φ−1A (γ) = [τ # ν : γ] [τ # ν : γ] ̸= ∅ #
Hφ(A)

fB
A #

Hφ

µ# : kC ⊗ kC fA⊗fA

−−−−−→ Hφ(A)⊗ Hφ(A)
#−→ Hφ(A)

fA−1

−−−−→ kC .

µ# :=
⊕

m,n"1
µ#;m,n µ#;m,n : kCm ⊗ kCn −→ kCm+n−1 ,

C1 {τ} mτ #

# τ ∈ C ,i ν ∈ C ,j

µ#(mτ ⊗mν) =
∑

π∈τ#ν

mν ,

τ # ν π = {Sh}h [i+ j − 1]

τ = {S ′h}h\{∅} , S ′h := {k | k ∈ Sh k ! i} ,
ν = {S ′′h}h\{∅} , S ′′h := {k − i+ 1 | k ∈ Sh k " i} .



Loday Foissy

E k
E

≺ : E ⊗ E −→ E ,

≻ : E ⊗ E −→ E ,

(a ≺ b) ≺ c = a ≺ (b ≺ c) + a ≺ (b ≻ c) ,

(a ≻ b) ≺ c = a ≻ (b ≺ c) ,

(a ≺ b) ≻ c+ (a ≻ b) ≻ c = a ≻ (b ≻ c) ,

a, b c E

≺ ≻

E ⋆

x ⋆ y = x ≺ y + x ≻ y ,

E ⊗ E ⊗ E E ⊗ E

E ⊗ E E

≺⊗ Id

Id⊗⋆ ≺

≺

,

E ⊗ E ⊗ E E ⊗ E

E ⊗ E E

≻⊗ Id

Id⊗≺ ≺

≻

,

E ⊗ E ⊗ E E ⊗ E

E ⊗ E E

⋆⊗Id

Id⊗≻ ≻

≻

.



Foissy

E k
E

∆≺ : E −→ E ⊗ E ,

∆≻ : E −→ E ⊗ E ,

(∆≺ ⊗ Id) ◦∆≺(x) = (Id⊗∆≺ + Id⊗∆≻) ◦∆≺(x) ,
(∆≻ ⊗ Id) ◦∆≺(x) = (Id⊗∆≺) ◦∆≻(x) ,

(∆≺ ⊗ Id+∆≻ ⊗ Id) ◦∆≻(x) = (Id⊗∆≻) ◦∆≻(x) ,

x ∈ E

∆≺ ∆≻

∆≺(x) = xL
≺ ⊗ xR

≺ ∆≻(x) = xL
≻ ⊗ xR

≻ .

E k

µ
∆≺ ∆≻

∆≻(ab) = aLbL≻ ⊗ aRbR≻ + aL ⊗ aRb+ abL≻ ⊗ bR≻ + bL≻ ⊗ abR≻ + a⊗ b ,

∆≺(ab) = aLbL≺ ⊗ aRbR≺ + aLb⊗ aR + abL≺ ⊗ bR≺ + bL≺ ⊗ abR≺ + b⊗ a ,

a, b ∈ E

E k

≺ ≻
∆≺ ∆≻

∆≻(a ≻ b) = aLbL≻ ⊗ aR ≻ bR≻ + aL ⊗ aR ≻ b+ abL≻ ⊗ bR≻ + bL≻ ⊗ a ≻ bR≻ + a⊗ b ,

∆≻(a ≺ b) = aLbL≻ ⊗ aR ≺ bR≻ + aL ⊗ aR ≺ b+ bL≻ ⊗ a ≺ bR≻ ,

∆≺(a ≻ b) = aLbL≺ ⊗ aR ≻ bR≺ + abL≺ ⊗ bR≺ + bL≺ ⊗ a ≻ bR≺ ,

∆≺(a ≺ b) = aLbL≺ ⊗ aR ≺ bR≺ + aLb⊗ aR + bL≺ ⊗ a ≺ bR≺ + b⊗ a ,

a, b ∈ E



δA&B

δA&B

δPA&B : w !−→

⎧
⎪⎨

⎪⎩

w ⊗ ϵ w ∈A∗

ϵ⊗ w w ∈ B∗

0

δ≺A&B : w !−→
{
w|A ⊗ w|B w A w|B ̸= ϵ

0

δ≻A&B : w !−→
{
w|A ⊗ w|B w B w|A ̸= ϵ

0

A B w ∈ (A⊕ B)∗

δA&B = δPA&B + δ≺A&B + δ≻A&B

δPN&N δ≺
N&N δ≻

N&N
121 121⊗ ϵ 0 0

122189 ϵ⊗ 122189 0 0
8412221 0 8421⊗ 122 0
2189122 0 0 289⊗ 1122

ϵ⊗w w⊗ ϵ

kA+ δ≺A&B

δ≻A&B

w|A w|B
σ ∈ Shm,n m :=

∣∣w|A
∣∣ n :=

∣∣w|B
∣∣ (w|Aw|B) ·σ = w σw

w
Shm,n

δ≺A&B(w) =

{
w|A ⊗ w|B σw(n) =

∣∣w|A
∣∣

0

δ≻A&B(w) =

{
w|A ⊗ w|B σw(n) = |w|
0



Sh≺m,n := {σ ∈ Shm,n | σ(m+ n) = m+ n} Sh≻m,n := {σ ∈ Shm,n | σ(m+ n) = m} .
φ Alph Hφ(A)+

Hφ(A) kA+

Hφ(A ⊕ B)+ Hφ(A)+ ⊗ Hφ(B)+

δ≺≻A&B (mγ(A⊕ B)) =
∑

i+j=k
i,j>0

∑

σ∈Sh≺≻i,j

∑

τ∈Ci , ν∈Cj
[γ:(τ ,ν),σ](A⊕B) ̸=∅

mτ (A)⊗mν(B) ,

≺≻ =≺ ≻ γ ∈ Ck k > 0

(δ≺A&B ⊗ Id) ◦ δ≺(A⊕B)&C(w) = (Id⊗ δ≺B&C + Id⊗ δ≻B&C) ◦ δ≺A&(B⊕C)(w) ,

(δ≻A&B ⊗ Id) ◦ δ≺(A⊕B)&C(w) = (Id⊗ δ≺B&C) ◦ δ≻A&(B⊕C)(w) ,

(δ≺A&B ⊗ Id+ δ≻A&B ⊗ Id) ◦ δ≻(A⊕B)&C(w) = (Id⊗ δ≻B&C) ◦ δ≻A&(B⊕C)(w) .

w|A⊗w|B⊗w|C w A 0
B

C

H +
φ Hφ H +

φ

∆≺ : kC fA⊕B

−−−−→ Hφ(A⊕ B)
δ≺A!B−−−−→ Hφ(A)⊗ Hφ(B)

fA−1⊗fB−1

−−−−−−−→ kC ⊗ kC ,

∆≻ : kC fA⊕B

−−−−→ Hφ(A⊕ B)
δ≻A!B−−−−→ Hφ(A)⊗ Hφ(B)

fA−1⊗fB−1

−−−−−−−→ kC ⊗ kC .

∆ = ∆≺ +∆≻

H +
φ

Shm,n σ(1) = 1 σ(1) = n + 1
Shm,n

H +
φ



H +
φ

δ≺A&B δ≻A&B

Preuve : u v A⊕B

u v
A B A⊕ B

δ≻A&B(uv)

u\v A B A⊕ B

A 0 u⊗ v uv|A ⊗ v|B
B 0 0 v|A ⊗ uv|B

A⊕ B 0 u|A ⊗ u|Bv u|Av|A ⊗ u|Bv|B

.

v u

δ≻A&B(uv) = uLvL≻ ⊗ uRvR≻ + uL ⊗ uRv + uvL≻ ⊗ vR≻ + vL≻ ⊗ uvR≻ + u⊗ v ,

δ≺A&B(uv)

u\v A B A⊕ B

A 0 0 uv|A ⊗ v|B
B v ⊗ u 0 v|A ⊗ uv|B

A⊕ B u|Av ⊗ uB 0 u|Av|A ⊗ u|Bv|B

.

δ≺A&B(uv) = uLvL≺ ⊗ uRvR≺ + uLv ⊗ uR + uvL≺ ⊗ vR≺ + vL≺ ⊗ uvR≺ + v ⊗ u ,

Hφ(A⊕ B)
Hφ

H +
φ

Preuve :

H +
φ Hφ(A)+



A

Novelli Thibon

k⟨A⟩+ A

u v
A

u≪ v :=

{
uv max(u) > max(v)

0

u ◦ v :=

{
uv max(u) = max(v)

0

u≫ v :=

{
uv max(u) < max(v)

0

≺:=≪ ≻:= ◦+≫ .

(kA+,≺,≻)

Preuve : (u ≺ v) ≺ w = uvw max(u) > max(v)
max(uv) > max(w) max(u) > max(vw) v ≺ w +
v ≻ w = vw u ≺ vw = uvw max(u) > max(vw)

(kA+,≺,≻)

A
Hφ(A)

γ n " 1 1 ! i < n

1
γ
≺(i) := {w ∈ φ−1A (γ) | w = w[1, i] ≺ w[i+ 1, n]} ,
1
γ
≺(i) := {w ∈ φ−1A (γ) | w = w[1, i] ≻ w[i+ 1, n]} .



Hφ(A)+

n " 1 γ ∈ Cn 1 ! i < n

1
γ
≺(i) = φ−1A (γ) 1

γ
≺(i) = φ−1A (γ) .

Preuve :

φ

H +
φ

µ≺ : kC ⊗ kC fA⊗fA

−−−−−→ Hφ(A)⊗ Hφ(A)
≺−→ Hφ(A)

fA−1

−−−−→ kC ,

µ≻ : kC ⊗ kC fA⊗fA

−−−−−→ Hφ(A)⊗ Hφ(A)
≻−→ Hφ(A)

fA−1

−−−−→ kC .

H +
φ

H +
φ

H +
φ

Preuve : H +
φ

H +
φ

u v A⊕B

u v
A B A ⊕ B −

max(u) ! max(v) u ≻ v = uv
δ≻A&B(u ≻ v)

u\v A B A⊕ B

A 0 u⊗ v uv|A ⊗ v|B
B − 0 v|A ⊗ uv|B

A⊕ B − u|A ⊗ u|Bv u|Av|A ⊗ u|Bv|B

u|Bv = u|B ≻ v , uv|B = u ≻ v|B u|Bv|B = u|B ≻ v|B .



δ≻A&B(u ≻ v) = uLvL≻ ⊗ uRvR≻ + uL ⊗ uRv + uvL≻ ⊗ vR≻ + vL≻ ⊗ uvR≻ + u⊗ v ,

max(u) > max(v) δ≻A&B(u ≻ v) = δ≻A&B(0) = 0

0
max(u) > max(v) u ≻ v = uv

δ≻A&B(u ≺ v)

u\v A B A⊕ B

A 0 − −
B 0 0 v|A ⊗ uv|B

A⊕ B 0 u|A ⊗ u|Bv u|Av|A ⊗ u|Bv|B

u|Bv = u|B ≺ v , uv|B = u ≺ v|B u|Bv|B = u|B ≺ v|B .

δ≻A&B(u ≺ v) = uLvL≻ ⊗ uR ≺ vR≻ + uL ⊗ uR ≺ v + vL≻ ⊗ u ≺ vR≻ ,

max(u) ! max(v)
δ≺A&B(u ≻ v)

u\v A B A⊕ B

A 0 0 uv|A ⊗ v|B
B − 0 v|A ⊗ uv|B

A⊕ B − 0 u|Av|A ⊗ u|Bv|B

uv|B = u ≻ v|B u|Bv|B = u|B ≻ v|B .

δ≺A&B(u ≻ v) = uLvL≺ ⊗ uR ≻ vR≺ + uvL≺ ⊗ vR≺ + vL≺ ⊗ u ≻ vR≺ ,

max(u) > max(v)
δ≺A&B(u ≺ v)

u\v A B A⊕ B

A 0 − −
B v ⊗ u 0 vA ⊗ uv|B

A⊕ B uAv ⊗ u|B 0 uAv|A ⊗ u|Bv|B



uv|B = u ≺ v|B u|Bv|B = u|B ≺ v|B .

δ≺A&B(u ≺ v) = uLvL≺ ⊗ uR ≺ vR≺ + uLv ⊗ uR + vL≺ ⊗ u ≺ vR≺ + v ⊗ u ,

k kA+

A
Hφ(A)+

H +
φ



Novelli Thibon

χ

χ χ : n !→ 1 +m(n− 1) m " 0

Malvenuto Reutenauer
Duchamp Hivert Thibon

A := (a1, a2, . . . , am)
ai <a

A

Inv(A) := {(i, j) | i < j aj <a ai aj ̸= ai} .

Inv(14232155) = {(2, 3), (2, 4), (2, 5), (2, 6), (4, 5), (4, 6)}

∞
< (A, <A)

S



A

A :

{
A∗ −→ S

w := a1a2 · · · an !−→ σ := σ1σ2 · · · σn

σ
Sn Inv(w) = Inv(σ)

142322123 10

N(142322123) = .

∞
<

Preuve :

A
σ ∈

Sn

N(σ) = σ N

[n] A

A

w w′ n
1 ! i < j ! n w[i, j]

w′[i, j]

u ∈ Am v ∈ Bn 1 ! i < j ! m + n
A ⊕ B A

B
σ ∈ Shm,n

Inv((uv) · σ) = Inv(σ)∪
{(σ(i),σ(j)) | (i, j) ∈ Inv(u)}∪
{(σ(i−m),σ(j −m)) | (i, j) ∈ Inv(v)} .



H
∞
<

H
H ∨

H
(Gσ)

Gσ σ

σ :=

Gσ(N) =
∑

w∈N∗
φN(w)=σ

w = 121212 + 121213 + 121214 + · · ·+ 121313 + · · ·+ 142535 + · · ·

τ γ[m]
τ γ m

τ γ[m] : i !−→
{
τ (i) i ! m

γ(i−m) +m i > m

(Gσ) τ ∈ Sm ν ∈ Sn

GτGν =
∑

σ∈Shm,n

G((τ−1 ν−1[m])·σ)−1 .

A(u) = τ u↑ = u ·τ−1
u v m n

σ Shm,n u v

(u↑v↑) · σ = (uv)↑

u↑ v↑

τ := A(u) ν := A(v)
(τ−1 · ν−1[m]) · σ = A(uv)−1



σ Shm,n (u, v) (u↑v↑) ·σ = (uv)↑

Gτ (A)Gν(A) =
∑

[τ ,ν:γ]A ̸=∅

Gγ(A) ,

=
∑

σ∈Shm,n

G((τ−1 ν−1[m])·σ)−1(A) .

G G = G +G +G +G +G +G +

G +G +G +G

∆(Gγ) =
n∑

i=0

Gγ|[i] ⊗G (γ|{i+1,...,n})

γ |F γ F

γ ∈ Sn

δA&B (Gγ(A⊕ B)) =
∑

i+j=n

∑

τ∈Si
ν∈Sj

Cγ
τ ,ν Gτ (A)⊗Gν(B) .

w w′ A⊕B(w) = A⊕B(w′)
i := ℓ(w|A) = ℓ(w′|A) w|A w|B

w′|A w′|B i
(τ ,ν) γ

[i] {i + 1, . . . , n} τ := γ |[n] ν := (γ |{i+1,...n}
i w A⊕B(w) = γ w

i A

∆(G ) = 1⊗G +G ⊗G +G ⊗G +G ⊗G +G ⊗ 1

H ∨

H ∨
(Fσ)

τ ∈ Sm ν ∈ Sn

FτFν =
∑

σ∈Shm,n

F(τ ν[m])·σ .

A⊕ B A,B



F F = F + F + F + F + F + F +

F + F + F + F

σ ∈ Sn

∆(Fσ) =
n∑

i=0

F (σ[1,i]) ⊗ F (σ[i+1,i]) .

∆(F ) = 1⊗ F + F ⊗ F + F ⊗ F + F ⊗ F + F ⊗ 1

uv

max(u) > max(v) max(u) ! max(v) .

max(u) > max(v) i u
j v uv (i, j) ∈ Inv(uv)

max(u) ! max(v) j v uv
(i, j) uv i u

Foissy
H +

Novelli Thibon



χ χ(n) := 1 +m(n− 1)
m " 1

χ
χ(n) := 1 +m(n− 1)

w ∈A∗ A <A

w ev(w) (aj11 , a
j2
2 , . . . , a

jk
k ) ai

<A w ji
ai

ev(98723138814) = (12, 21, 32, 41, 71, 83, 91) .

χ : N→ N χ(0) = 0 w
(aj11 , . . . , a

jk
k )

Dχ(w, ai, aj) := χ(1 + |w|<ai
)− χ(1 + |w|<aj

) ,

|w|<ak
w ak

w := 4292481 (11, 22, 42, 81, 91) χ :
m !→ m2

Dχ(w, 9, 4) = χ(1 + |w|<9)− χ(1 + |w|<4) ,

= χ(7)− χ(4) = 49− 16 = 33 .

Dχ

χ
χ χ

ai χ w

ai = min(w) DA(ai, aj) " Dχ(w, ai, aj) aj <A ai

PRχ(w) χ w P (a) χ
a w P (a)

w a



Id w := 8312391

PRId(w) = {1, 3, 8, 9} .

1 2

sw :

⎧
⎨

⎩

A −→ N

ai !−→
{
χ
(
1 + |w|<ai

)
ai

sw(P (ai)) +DA(ai, P (ai))

(A, DA) parkA

parkA(w) := (Qi) , Qi := {j | sw(aj) = i} .

w A∗

parkA w := a1a2 · · · am

parkA(w) = sw(a1)sw(a2) · · · sw(am) .

parkA(w) χ w ∈A∗

Preuve : w ∈A∗ (aj11 , a
j2
2 , . . . , a

jk
k )

w parkA(w) = (Qi)

sw ah
ah

|w|<ah
=

h−1∑

i=1

ji .

jh ah Qc c :=
χ(1 + |w|<ah

) |w|<ah
ah

c

c∑

i=1

#Qi " 1 + |w|<ah
.

ah w Qd

d p := P (ah)

d := sw(ah) = sw(p) +DA (ah, p)) ,



p ah

d < χ
(
1 + |w|<p)

)
+Dχ(w, ah, p) ,

Dχ

χ
(
1 + |w|<p)

)
+Dχ(w, ah, p) = χ

(
1 + |w|<p

)
+ χ

(
1 + |w|<ah

)
− χ

(
1 + |w|<p

)
,

= χ
(
1 + |w|<ah

)
.

χ
(
1 + |w|<ah

)
> d

ah
d

χ(1+|w|<ah
)∑

i=1

#Qi "
d∑

i=1

#Qi = |w|!ah := |w|<ah
+ jh ,

" 1 + |w|<ah
.

a1 w
Qχ(1)

χ(1)∑

i=1

#Qi " 1 ,

χ(h)∑

i=1

#Qi " h , h ! |w| .

parkA χ

parkA n
[n] parkA

w
χ parkA(w) χ(1)

χ(1) > 1 parkA



χ(1) = 1 χ

w1 · · ·wn $ (Qi)i∈[χ(n)] Qi = {j ∈ [n] | wj = i} .

w χ (aj11 , . . . , a
jk
k )

Dχ(w, ac, ad) = DN(ac, ad)
c, d ∈ [k] sw(ai) = ai i ∈ [k] parkN(w) = w

χ(1) = 1 parkN
n (A, DA) I

[χ(n)] A i − j = DA(I(i), I(j))
i, j ∈ [χ(n)] sI(w)(I(i)) = sw(i) parkA

parkA χ(1) = 1

parkA
gA,B dB,A B

χ
χ(1) = 1

χ

χ

f N

f(i)− f(i− 1) ! f(i+ 1)− f(i) , i ,

f(i)− f(i− 1) " f(i+ 1)− f(i) , i .

f := f1f2 · · · fn

w := a1a2 · · · an A∗ f := f1f2 · · · fn = parkA(w)



sw ai = aj fi = fj
i j [n]

i
χ(i) = χ(i+ 1)

χ
(1, 1, 0, 2, 1, 0, . . .) χ(2) = χ(3) χ(5) = χ(6) w = 783157
452124 sw(3) = sw(5) = 2

1

2

3

4

5

6

{4}
{3, 5}

{1, 6}
{2}

$ 452124

w
f χ(i) < χ(i+1)

i > 0

Preuve : sw

χ(i) < χ(i + 1) i > 0
sw

ℓ(ev(w)) = ℓ(ev(f))

χ
parkN(f) = f
χ f := f1f2 · · · fn

PRχ(f) =
{
fj
∣∣∣ j ∈ [n] χ

(
1 + |f |<fj

)
= fj

}
.

sw a sw(a) = χ(j) j = 1+|w|<a

sw(a) < χ(j)



χ
χ(1) = 1

park
χ(1) > 1

χ

χ χ
(1, 0, 2, 1, 0, 2, . . .)

1

2

3

4

5

6

{1, 3}
{5}

{4}
{6}

{2}

$ 161324

1 4 6
{1, 3} {6} {2}

P (fk) fk

fk

w = a1a2 · · · an A∗ f = f1f2 · · · fn

ak ∈ PRχ(w) fk ∈ PRχ(f)
ak /∈ PRχ(w) DA(ak, P (ak)) = fk − P (fk)

k ∈ [n]

Preuve :
ak ∈ PRχ(w) fk = sw(ak) = χ(1 + |w|<ak

) fk
ak /∈ PRχ(w)

sw(ak) = sw(P (ak)) +DA(ak, P (ak)) ,

sw

< χ
(
1 + |w|<P (ak)

)
+ χ

(
1 + |w|<ak

)
− χ

(
1 + |w|<P (ak)

)
,

= χ
(
1 + |w|<ak

)

ak sw(ak)



parkA(uv) = parkA(u
′v′)

{
parkA(u) = parkA(u

′) ,

parkA(v) = parkA(v
′) ,

u, u′ ∈Am v, v′ ∈An

w ∈A∗ u w χ
i > 1 PRχ(w) ∩A(u) ⊂ PRχ(u)

Preuve : χ w A∗ u w
a w u a

PRχ(w)∩A(u) a ∈ PRχ(w)
b b <A a

DA(a, b) " Dχ(w, a, b) = χ
(
1 + |w|<a

)
− χ

(
1 + |w|<b

)

u w

|w|<a − |w|<b = α + |u|<a − |u|<b ,

α w a b
u w α " 0

|w|<a − |w|<b " |u|<a − |u|<b .

χ

χ
(
1 + |w|<a

)
− χ

(
1 + |w|<b

)
" χ

(
1 + |u|<a

)
− χ

(
1 + |u|<b

)
.

DA(a, b) " Dχ(w, a, b) " Dχ(u, a, b) .

a u

χ i > 1

Preuve : w w′ An parkA(w) = parkA(w
′)

a sw(a)
sw(P (a)) +DA(a, P (a))

a u
sw(a)

sw parkA(w) = parkA(w
′) a w b w′



sw(a) = sw′(b) DA(a, P (a)) = DB(b, P (b))

χ i > 1
parkA(w[j, k]) = parkA(w

′[j, k]) 1 ! j ! k ! |w|
χ

(x1, x2, . . .) x1 = χ(1) xi = χ(i)−χ(i−1) i > 1
χ i xi−1 > xi i

xi−1 > xi

DN(a, b) := a − b w w′

i

w = χ(1)χ(2) · · ·χ(i) w′ = χ(1)χ(2) · · · (χ(i) + 1) .

w w′

DN(χ(i),χ(i− 1)) = DN(χ(i) + 1,χ(i− 1))−1 ,

= Dχ(w,χ(i),χ(i− 1)) = Dχ(w
′,χ(i) + 1,χ(i− 1)) ,

= χ
(
1 + |w|<χ(i)

)
− χ

(
1 + |w|<χ(i−1)

)
= χ

(
1 + |w′|<χ(i)+1

)
− χ

(
1 + |w′|<χ(i−1)

)
,

= χ(i)− χ(i− 1) = xi .

parkN(w) = parkN(w
′) = w .

u := w[2, i] u′ = w′[2, i]

Dχ(u,χ(i),χ(i− 1)) = χ
(
1 + |u|<χ(i)

)
− χ

(
1 + |u|<χ(i−1)

)
,

= χ (i− 1)− χ (i− 2) = xi−1 .

xi < xi−1

DN(χ(i),χ(i− 1)) < Dχ(u,χ(i),χ(i− 1)) .

χ(i) u i
χ

u

parkN(u) = χ(1)χ(2) · · ·χ(i− 2)(χ(i− 2) + xi) .

u′

DN(χ(i) + 1,χ(i− 1)) = xi + 1 ! xi−1 = Dχ(u
′,χ(i) + 1,χ(i− 1)) .



u′

parkN(u
′) = χ(1)χ(2) · · ·χ(i− 2)(χ(i− 2) + xi + 1) .

χ(i) u′ xi + 1 = xi−1

sw(χ(i)) = χ(i− 2) + xi−1 = χ(i− 1)

u u′

A
χ

χ
(1, 0, 2, 1, 0, 2, . . .) 1134 1135 χ

1

2

3

4

{1, 2}

{3}
{4}

$ 1134

134 135

1

2

3

{1, 2}
{3} $ 112

1

2

3

{1, 2}

{3}
$ 113

{
parkA(u) = parkA(u

′)
parkB(v) = parkB(v

′)

}
parkA⊕B ((uv) · σ) = parkA⊕B ((u

′v′) · σ) ,

u, u′ ∈Am v, v′ ∈ Bn σ ∈ Shm,n

sw
w



parkA(w · σ) = parkA(w) · σ ,

w σ

{
parkA(u) = parkA(u

′)
parkB(v) = parkB(v

′)

}
parkA⊕B (uv) = parkA⊕B (u

′v′) .

u ∈ A∗ v ∈ B∗ uv ∈ (A ⊕ B)∗ gA,B(u)
dA,B(v)

χ i > 1 PRχ(u)∪PRχ(v) ⊂ PRχ(uv)

Preuve : DA⊕B(b, a) = +∞
a ∈ A b ∈ B

u
uv χ b

v

DA⊕B(b, a) =∞ > χ(1 + |u|)− χ(1 + |u|<a) ,

a u b
b v

DA⊕B(b, a) " χ(1 + |uv|<b)− χ(1 + |uv|<a) .

a u a
v

χ(1 + |uv|<b)− χ(1 + |uv|<a) = χ(1 + |u|+ |v|<b)− χ(1 + |u|+ |v|<a) .

χ

χ(1 + |v|<b)− χ(1 + |v|<a) " χ(1 + |u|+ |v|<b)− χ(1 + |u|+ |v|<a) .

b ∈ PRχ(u)

DA⊕B(b, a) " χ(1 + |u|+ |v|<b)− χ(1 + |u|+ |v|<a) .

χ b ∈ PRχ(v) b ∈ PRχ(uv) χ

PRχ(u) ∪ PRχ(v) ⊂ PRχ(uv) .



χ i > 1

Preuve : u, u′ ∈A∗ v, v′ ∈ B∗

parkA(u) = parkA(u
′) parkB(v) = parkB(v

′) .

χ i > 1
w a u sw(a)

sw
a u v b u′ v′

su(a) = su′(b) DA(a, P (a)) = DA(b, P (b))

sv(a) = sv′(b) DB(a, P (a)) = DB(b, P (b))
χ i > 1

parkA⊕B(uv) = parkA⊕B(u
′v′)

χ
v b

uv

(x1, x2, . . .) x1 = χ(1) xi = χ(i) − χ(i − 1)
i > 1 χ i xi < xi+1 i

N N′

′ N′ 1′, 2′, 3′, . . . u ∈ N∗ v, v′ ∈ N′∗

u = χ(1)

{
v = χ(1)′ · · ·χ(i− 1)′χ(i)′ ,

v′ = χ(1)′ · · ·χ(i− 1)′(χ(i) + 1)′ .

DN′((χ(i) + 1)′,χ(i− 1)′)− 1 = Dχ(v
′,χ(i) + 1)′,χ(i− 1)′) ,

= DN′(χ(i)′,χ(i− 1)′) ,

= xi .

v v′

parkN′(v) = parkN′(v′) = χ(1) · · ·χ(i− 1)χ(i) .



xi < xi+1 uv uv′

parkN⊕N′(uv) = χ(1) · · ·χ(i)(χ(i) + xi) ,

parkN⊕N′(uv′) = χ(1) · · ·χ(i)(χ(i) + xi + 1) .

χ

χ (1, 1, 2, 1, . . .)
u := 1 N∗ v := 12 v′ := 13 N∗ u v

v′ χ

parkN∗(u) = 1 $ 1 {1} , parkN∗(v) = parkN∗(v′) = 12 $ 1

2

{1}
{2}

uv uv′ N⊕N

parkN⊕N(uv) = 123 $
1

2

3

4

{1}
{2}

{3} parkN⊕N(uv
′) = 124 $

1

2

3

4

{1}
{2}

{3}

χ
χ(1) = 1

χ
χ

χ : n !→ 1 +m(n− 1) m " 0



Q

νi : Q× Σ −→ λi

νi λi

∅ ̸= νi(q, a) ⊂ νi−1(q, a) , q a ∈ Σ

λi :=
⋃

p∈λi−1

p/νi−1

i > 1 i = 1 ν1 λ := {A,Q\A}
λi = λi−1

(λi)



Loday-Ronco
Poirier-Reutenaeur

Knuth

u · acb · v ∼p u · cab · v a ≤ b < c ,

u · bac · v ∼p u · bca · v a < b ≤ c ,

φ
≡A A∗ φ

≡A

u, v ∈A∗

u ≡A v

{
φ(u) ≡A φ(v)

ev(u) = ev(v) ,

ev(u) u
u, v ∈ (A⊕ B)∗

u ≡(A⊕B) v =⇒
{
u|A ≡A v|A
u|B ≡B v|B .

Hφ(A)
≡ φ A∗

Hφ(A)/ ≡ C/≡

u · bc · v ∼ u · cb · v ℓi ≤ b, c < ℓj

ℓi ℓj w



u · bvc · w ∼ u · cvb · w b ∩ c = ∅ ,

Robinson-Schensted-
Knuth

Robinson-Schensted

Fomin

Adams
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[U ] U

π ≺ τ τ π

Σ

A,B, C

B̃

Ω,Λ

C

C

C̃

Cn C n

π∼ π

π

π |= n n

D(π) π

S, T, U

X

Pχ P(χ) χ

◃χ χ

B

FL

A

a

C

End

P

F

L

S

k k

,

F a,b a, b

F a,b a, b

L

A∗ A

ϵ

An A n

Shm,n m n

ℓ

ℓ ≪ U U

λ

λ ⊢ U U

λ ⊢ n n

σ

Sn [n]

n n

+

s, t, u

,

(Qi) Qi

[σ] σ

V k

Λ

∞
<

∞

S

ε

ι

∆

k



Rπ

Sπ

hλ

mλ

Mπ

pλ

Λπ

eλ

µ

f([k]q) f q k

f(k) f [k]

f(X) f X

Alph

P̃(χ;n) χ n

p(χ;n) χ n

[k]q q k

zλ

(s) s

α(π) π χ

π(k) π

bn

σ(k) k σ

λ(k) k λ

{
n
k

}
2

δx,y

· ∗

ch( ;n) Sn

ch( ;n)
Hn(0)

σt(X)

λt(X)

A∗(t) A

C(t) (t) C/

C̃(t) (̃t) C/

ψt(X)

Z

ψk k χ

k⟨A⟩ A

#U U

∼ ∨ ≈ ∼ ≈

Inv(w) w

Fix g Fixσ g σ

δ∗

δ

χ

∼ ∧ ≈ ∼ ≈

Lq(Ω) q Ω

L(Ω) Ω

|s| s

ℓ(s) s

fix g fixσ g σ

Ω(q) Ω q

A(w) A w

ev(w) w

pEv(s) s



k χ

k

k

χ

χ
a, b
a, b



Pitman

χ

χ

k
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χ χ : m !→
a+ b(m− 1) χ

Yan χ a
b

Domaratzki
2mk

k

#
χ

χ : n !→ 1 +m(n− 1)
m

Novelli Thibon

Joyal
Bergeron Labelle Leroux

χ
χ : m !→ a+b(m−1)

χ
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a b
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k

#
χ
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