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Chapter 1

Introduction

1.1 Cadre général
Le sujet de cette thèse est la dérivation de la limite de champ moyen par une méthode des caractéris-
tiques en dimension infinie. L’approximation de champ moyen est un concept bien connu en physique,
effectif dans de nombreux modèles. Considérons pour commencer un nombre N de particules quan-
tiques identiques, dans l’espace de configuration Rd, interagissant deux-à-deux à travers un potentiel
scalaire W . La mécanique quantique est le cadre adéquat pour décrire un tel système par le biais des
fonctions d’onde ΨpNq P L2pRdNq de norme un, ou plus généralement des états à trace, et des ob-
servables. Dans la suite on adoptera la notation ’bra-ket’, utilisée par les physiciens (i.e. |ΨpNqy ou
xΨpNq|). Ainsi la mesure d’une grandeur physique correspond à l’évaluation d’un observable A dans
l’état %N “ |ΨpNqyxΨpNq| (projecteur orthogonal engendré par ΨpNq), i.e.,

xAyΨpNq “ xΨ
pNq, AΨpNq

yL2pRdN q “ Tr rA%N s. (1.1.1)

Le système de N particules est décrit par le Hamiltonien adimensionné suivant:

HN “

N
ÿ

i“1

Ai `
1

N

ÿ

1ďiăjďN

Wi,j. (1.1.2)

Ainsi, l’Hamiltonien HN se décompose en une partie énergie cinétique H0
N :

H0
N “

N
ÿ

i“1

Ai “
N
ÿ

i“1

Id b ¨ ¨ ¨ b A
loomoon

ième position

b ¨ ¨ ¨ b Id , (1.1.3)

et un potentiel WN donné par la somme des interactions entre les particules i et j :

WN “
1

N

ÿ

1ďiăjďN

Wi,j. (1.1.4)

La constante de couplage 1
N

correspond à l’échelle propre au champ moyen. En effet, dans ce cas,
l’interaction est proportionnelle à la partie énergie cinétique quand le nombre de particules N grandit.

4



1.1. CADRE GÉNÉRAL 5

L’opérateur autoadjoint A agit sur un domaine D Ă L2pRdq, alors que le potentiel Wi,j agit sur un
espace D2 Ă L2pRdq b L2pRdq » L2pR2dq. En pratique, dans le cadre des particules non relativistes,
l’opérateur A est de la forme A “ ´∆ ` U avec U une fonction mesurable. Les particules libres,
confinées dans un piège ou sous influence d’un champ magnétique couplé avec un champ électrique
feront également l’objet d’une étude dans cette thèse. D’un autre coté, le potentiel Wi,j est de la forme
W pxi´xjq où xi, xj P R3 jouent le rôle des positions des particules i et j avecW un potentiel singulier
remplissant les conditions suffisantes d’existence et d’unicité globale pour une équation classique de
type (Hartree).

1.1.1 Dynamique de champ moyen
Le système est décrit à l’instant t par une fonction d’onde ΨpNqptq P L2pRdNq selon l’équation de
Schrödinger

#

iBtΨ
pNq
ptq “ HNΨpNq

ptq

ΨpNq
p0q “ ΨpNq.

(Schrödinger à N corps)

Ainsi cette équation linéaire admettra une solution sous la condition d’une réalisation autoadjointe
de l’opérateur HN (1.1.2). Un des premiers résultats dans ce sens se trouve dans le travail de Kato
dans les années 1950 où il considera une perturbation de type multiplication Wi,j “ W pxi ´ xjq
avec W satisfaisant les hypothèses du théorème de Kato-Reillich [100, Théorème X.12] et l’opérateur
A “ ´∆. L’interaction WN étant une perturbation d’un hamiltonien libre, l’approche par le [100,
Théorème X.17] a permis d’étendre l’existence de solutions à l’équation (Schrödinger à N corps) pour
des formes quadratiques relativement bornées par rapport à l’hamiltonien libre H0

N (1.1.3). Ainsi la
réalisation autoadjointe de HN permet de définir la solution ΨpNqptq “ e´itHNΨpNq. En poursuivant
l’analogie avec les opérateurs à trace, l’évolution d’états quantiques %Nptq est donnée par l’équation de
Von Neumann

#

iBt%Nptq “ rHN , %N s “ HN%N ´ %NHN

%Np0q “ |Ψ
pNq
yxΨpNq

|.
(Von Neumann)

Dans cette thèse nous nous intéresserons aux particules de spin entier qui obéissent à la statistique de
Bose-Einstein: les bosons. L’étude des particules bosoniques est motivée par de nombreux phénomènes
quantiques tels les transitions de phase dans le cadre de la superfluidité, les condensats de Bose-Einstein
pour des atomes ultra-froids ou encore l’étude de vortex en supraconductivité. Dans la nature, le photon,
les gluons ou encore les particules responsables de l’interaction faible (Z0, W´, W`) sont des bosons.
Mathématiquement, la statistique de Bose-Einstein se traduit pour les bosons par une symétrie dans
leur fonction d’onde. En effet pour x1, ..., xN P Rd la fonction d’onde ΨpNqpx1, ..., xNq est inchangée
après permutation des variables, i.e:

ΨpNq
px1, ..., xNq “ ΨpNq

pxσ1 , ..., xσN q, @σ P ΣN , (1.1.5)

où ΣN désigne le groupe symétrique à N éléments. Par la suite on s’intéressera au sous espace des
fonctions symétriques L2

spRdNq :“ SNpL2pRdNqq où SN désigne la projection orthogonale

SNΨpNq
px1, ¨ ¨ ¨ , xNq “

1

N !

ÿ

σPΣN

ΨpNq
pxσ1 , ¨ ¨ ¨ , xσN q.
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Revenons à présent à notre système de N bosons. L’approximation de champ moyen consiste à consid-
érer qu’une particule évolue dans un champ moyen généré par l’ensemble des autres particules. Pour un
système de bosons dont l’évolution est gouvernée par l’équation (Schrödinger à N corps), l’essentiel
des corrélations entre les particules se trouve dans l’état initial. En effet, en considérant des états quan-
tiques décorellés (états factorisés) de la forme ΨpNq “ ΨbN avec Ψ P L2pRdq l’approximation de
champ moyen se traduit par

e´itHNΨpNq
« ΨbN

t , N grand, (1.1.6)

avec Ψt P L
2pRdq une fonction qui satisfait l’équation de champ moyen classique, aussi appelée équa-

tion de Hartree,
#

iBtzt “ Bz̄hpzt, z̄tq

z|t“0 “ Ψ ,
(Hartree Générale)

avec
hpz, z̄q “ xz, AzyL2pRdq `

1

2
xzb2,W1,2 z

b2
yL2pRdq, (Energie de Hartree)

qui est appelée énergie de champ moyen (ou énergie de Hartree). Dans le cadre du Hamiltonien libre à
une particuleA “ ´∆ et d’une interactionWi,j “ W pxi´xjq, l’équation de Hartree s’écrit simplement

#

iBtzt “ Azt `W ˚ |zt|
2zt

z|t“0 “ Ψ.
(Hartree)

La non-linéarité dans ces équations (Hartree Générale)-(Hartree) traduit l’idée d’interaction moyenne
quand le nombre de particules est grand. Expérimentalement, l’approximation de champ moyen devient
souvent effective dès que le nombre de particulesN dépasse quelques dizaines. L’approximation (1.1.6)
traduit l’idée que les corrélations entre les particules existent mais qu’elles sont négligeables quand le
nombre de particules est grand. Mais quel sens mathématique donné à l’expression (1.1.6)? En mé-
canique quantique les quantités introduites en (1.1.1) vont permettre de donner un sens à la dynamique
de champ moyen.

Historique des résultats sur la dynamique de champ moyen

Dans cette partie, on abordera les différents résultats obtenus depuis les années 1970. La validation
mathématique de cette approximation a commencé par l’étude d’états quantiques bien précis (états
décorellés, états cohérents). La plupart des résultats concerne le cas de l’opérateur à une particule
A “ ´∆ ` U et une interaction Wi,j “ W pxi ´ xjq où W est une fonction dont la régularité sera
discutée et U un potentiel soit confinant soit une perturbation du Laplacien. Le cadre de bosons non-
relativistes sous influence d’un champ magnétique couplé avec un champ électrique a fait l’objet d’une
étude plus récente que l’on commentera. La vraie question qui a motivé les travaux d’un point de vue
mathématique est la validation de la limite de champ moyen pour des potentiels coulombiens. Cela fut
effectuée plus récemment dans les années 2000.
La dynamique de champ moyen a commencé par une étude de Hepp dans [63], par la méthode sus-
nommée. Les états quantiques considérés sont dits cohérents (on donnera une définition précise de
cette notion par la suite) et l’approximation de champ moyen est effective pour des potentiels U et
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W très réguliers. Ensuite, le travail de Ginibre et Vélo [52] a permis d’étendre de façon significative
l’approximation pour des potentiels singuliers W ayant une singularité locale et une décroissance con-
trôlée à l’infini pour de grandes dimensions (n ě 5) et de type LppRdq X L2pRdq avec p ą d

2
. Une

condition supplémentaire est requise sur W´ “ maxt´W, 0u pour assurer la conservation de l’énergie
et le caractère globalement bien posé de l’équation (Hartree). Cependant cette extension proposée par
Ginibre et Vélo pour des potentiels de ce type ne couvre que des états dits cohérents et utilise fortement
la structure de l’espace de Fock et la seconde quantification. Ainsi, cela n’inclut pas les états initiaux
avec un nombre fixé de particules ΨbN .
En 1980, une autre approche introduite par Spohn dans [110] a permis de prouver un théorème de
convergence pour des états quantiques décorellés sous la condition que A et Wi,j soient des opéra-
teurs bornés autoadjoints. Introduisons la notation Tr rn,Ns qui définit les traces partielles indexées par
n, n` 1, ..., N et Tr n qui désigne la trace sur le n-ième espace de Hilbert L2pRdnq.

Theorem 1.1.1. Soit %N “ %bN un état quantique normalisé avec % P LpL2pRdqq et Tr r%s “ 1. Alors

lim
NÑ`8

Tr rn`1,Nsre
´itHN%Ne

itHN s “ %ptqbn,

en norme trace sur les applications bornées de L2pRdNq. L’opérateur %ptq satisfait l’équation de
Hartree au sens de Von Neumann, i.e

iBt%ptq “ rA, %ptqs ` Tr 2rW1,2 `W2,1, %ptq b %ptqs. (1.1.7)

La méthode utilisée par Spohn consiste à écrire une série perturbative pour la quantité

Tr rn`1,Nspe
´itHN%Ne

itHN q,

car celle-ci vérifie une équation différentielle. Ainsi, de fortes conditions du théorème 1.1.1 sur le
potentiel W sont requises pour faire converger la série.
Bardos, Golse et Mauser dans [18] ont ensuite prolongé l’idée de Spohn en utilisant les matrices à
densité réduite et les hiérarchies (BBGKY) (Bogoliubov, Born, Green, Kirkwood, Yvon). Introduisons
brièvement ce vocabulaire. Considérons un opérateur A borné n’agissant que sur un nombre fixé k de
variables, i.e A P LpL2pRdkqq, où LpL2pRdkqq désigne les opérateurs bornés de L2pRdkq dans L2pRdkq.
En considérant un état quantique normalisé %N “ |ΨpNqyxΨpNq|, on définit les matrices à densité réduite
grâce à leurs noyaux

γk,Npx1, ..., xk; y1, ..., ykq “

ż

RdpN´kq
ΨpNq

px1, ..., xk; zqΨpNqpy1, ..., yk; zq dz. (1.1.8)

Ainsi défini le noyau est symétrique par rapport aux permutations des variables px1, ..., xkq ou py1, ..., ykq.
Cela induit ainsi un opérateur sur le sous espace des fonctions symétriques L2

spRdkq de trace égale à
un, positif que l’on note γk,N . Ainsi, l’évolution d’états quantiques du type |e´itHNΨbNyxe´itHNΨbN |

permet de définir une famille de matrices à densité réduite pγtk,NqtPR. Dans [19, 50] l’approximation de
champ moyen est présentée sous la forme du théorème suivant.

Theorem 1.1.2. Soit Ψ P H2pR3q et Ψptq P CpR, H2pR3qq, une solution globale continue de l’équation
de (Hartree) de régularité H2pR3q avec pour donnée initiale Ψ. Soit ΨpNq une solution de l’équation
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(Schrödinger à N corps) vérifiant au temps initial ΨpNqp0q “ ΨbN . Alors pour tout k ě 1, pour tout
réel t P R et pour tout opérateur compact B P LpL2pR3kqq,

lim
NÑ`8

Tr rB γtk,N s “ xΨptq
bk, BΨptqbkyL2pR3q . (1.1.9)

La convergence (1.1.9) correspond à la convergence faible étoile dans l’espace des opérateurs à
trace. La démonstration de ce théorème s’effectue en plusieurs étapes. La première consiste à établir
une équation différentielle sur les noyaux γtk,NpX, Y q avec X P Rk, Y P Rk en utilisant l’équation de
(Von Neumann) et on obtient

iBtγ
t
k,NpX, Y q “ ´p∆X ´∆Y qγ

t
k,NpX, Y q `

1
N

ř

1ďjălďkrW pxj ´ xlq ´W pyj ´ ylqsγ
t
k,NpX, Y q

` N´k
N

ř

1ďjďk

ş

R3rW pxj ´ zq ´W pyk ´ zqsγ
t
k`1,NpX, z, Y, zq dz, 1 ď k ď N ´ 1.

(BBGKY)
La seconde étape est le passage à la limite dans (BBGKY). Pour se faire, la compacité est nécessaire
pour obtenir au moins l’existence d’une hiérarchie limite. Dans [19] l’existence d’une hiérarchie limite
est obtenue par un potentiel W P L2pR3q ` L8pR3q borné inférieurement. Ainsi, une limite possible
pγtkqkě1 satisfait l’équation différentielle pour k ě 1

iBtγ
t
kpX, Y q “ ´p∆X ´∆Y qγ

t
kpX, Y q `

ÿ

1ďjďk

ż

R3

rW pxj ´ zq ´W pyk ´ zqsγ
t
k`1pX, z, Y, zq dz.

(Limite BBGKY)
Cependant, l’existence est prouvée dans [19] mais l’unicité nécessite une hypothèse plus forte sur le
potentiel W (W borné). Cela généralise néanmoins le travail de Spohn puisque cela inclut le poten-
tiel de Coulomb répulsif pour la convergence mais pas pour l’unicité. En 2001, Erdös et Yau ont
démontré l’unicité pour cette hiérarchie limite (Limite BBGKY) pour un potentiel coulombien en
supposant plus de régularité sur les états initiaux (typiquement un état initial Ψ dans un espace de
Sobolev adapté). Ainsi, la méthode basée sur les hiérarchies (BBGKY) permet d’obtenir des poten-
tiels singuliers (Coulombiens) mais ne donne pas d’information sur un éventuel taux de convergence.
Cependant, en utilisant la formulation de Duhamel dans l’expression (BBGKY) et en écrivant une
série perturbative dans l’intégrande, on peut comparer la limite γtk avec les projecteurs orthogonaux
|ΨptqyxΨptq|bk et obtenir localement en temps, l’existence de constantes C ą 0 et t0 ą 0 telle que

Tr
“
ˇ

ˇγtk,N ´ |ΨptqyxΨptq|
bk
ˇ

ˇ

‰

ď
Ck

N
, @|t| ď t0.

Rodnianski et Schlein ont amélioré ce résultat dans [103] en utilisant la méthode de Hepp et les outils
de la seconde quantification pour des potentiels W satisfaisant W p1´∆q´

1
2 P LpL2pRdqq. Le taux de

convergence étant donné par l’inégalité pour tout k ě 1

DCpkq, Kpkq ą 0, Tr
“
ˇ

ˇγtk,N ´ |ΨptqyxΨptq|
bk
ˇ

ˇ

‰

ď
Cpkq
?
N
eKpkqt, @t P R.

Les mêmes auteurs ont également obtenu un taux de convergence pour les états cohérents dans [103].
Une autre méthode a été développée par Fröhlich, Graffi et Knowles dans [47] (voir aussi [48]). Elle
est basée sur un théorème d’Egorov. Ce théorème en dimension finie permet de suivre l’évolution
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d’observables et l’utilisation de la quantification comme le caractère "réciproque" de la limite semi-
classique ~ Ñ 0. L’idée ainsi est de voir la "réciproque" de la limite de champ moyen comme étant la
seconde quantification introduite par Dirac. Le paramètre semiclassique n’est plus ~ mais l’inverse du
nombre des particules 1

N
. Ainsi obtenir un théorème similaire à celui d’Egorov pour la limite de champ

moyen nécessite la prise en compte d’états particuliers, les états factorisés, et d’ exploiter les symétries
des fonctions d’onde. Le théorème suivant résume cette approche et ne nécessite aucune régularité pour
les états initiaux.

Theorem 1.1.3. Considérons le problème à N corps pour un opérateur A “ ´∆ et une interaction
Wi,j “ W pxi ´ xjq avec W P L8pRdq. Notons ApN l’opérateur donné par la formule suivante pour
ΨpNqpx1, ¨ ¨ ¨ , xNq P L

2
spRdNq et ap un opérateur borné de L2pRdpq dans L2pRdpq

pApNΨpNq
qpx1, ¨ ¨ ¨ , xNq “

NpN ´ 1q ¨ ¨ ¨ pN ´ p` 1q

Np

`

Spap b Id bpN´pqSpΨpNq
˘

px1, ¨ ¨ ¨ , xNq.

On note Ψt la solution de l’équation de (Hartree). Soit ΨpNqp0q “ ΨbN “ Ψpx1q ¨ ¨ ¨ΨpxNq un état
quantique normalisé alors on a l’égalité suivante pour tout t P R,

lim
NÑ8

xΨpNq
p0q, eitHNApNe

´itHNΨpNq
p0qy “ xΨp,t , a

p Ψp,ty “: appΨtq, (1.1.10)

avec Ψp,tpx1, ¨ ¨ ¨ , xNq :“ Ψtpx1q ¨ ¨ ¨Ψtpxpq.

Pour obtenir cette convergence (1.1.10), l’idée est d’étudier l’évolution des observables dans l’espace
de Fock (espace permettant de traiter un nombre arbitraire de particules (voir Section 2) et d’obtenir
une égalité au sens faible

e´itHNApNe
itHN “ appΨtqq `RNptq, @p ě 1, @N P N˚. (1.1.11)

Le reste RNptq se contrôle avec les extensions de Schwinger-Dyson et un contrôle uniforme en N
(comptage de boucles des graphes de Feynman où chaque boucle contient une contribution d’ordre 1

N
).

La régularité se situe essentiellement dans le caractère borné de l’opérateur ap. Dans [48] les auteurs
étendent la convergence (1.1.10) au cas de potentiels W P L3

wpR3q ` L8pRdq.
En 2009, dans [95], Pickl propose une nouvelle méthode permettant de traiter la limite de champ moyen
sans utiliser les hiérarchies (BBGKY) mais plutôt des estimations de type Gronwall sur les quantités
1 ´ |ΨptqyxΨptq| avec Ψ solution de l’équation (5.2.10). Cette idée a permis en 2012 d’obtenir un
résultat d’approximation de champ moyen dans le cadre non relativiste A “ ´∆ pour des potentiels
critiques en dimension 3 (W “ 1

|x|2
) et sous-critique (W “ 1

|x|α
, α ă 2). Cela a également fourni un

taux de convergence pour les matrices à densité réduite dans [69]. La méthode adaptée à l’étude des
états factorisés permet aussi de traiter le cadre semi-relativiste A “

?
´∆`m2 avec une interaction

critique W “ 1
|x|
. Ce dernier cadre a fait l’objet d’un travail d’Elgart et Schlein [39] utilisant les équa-

tions (BBGKY) et de la régularité pour les états quantiques initiaux. La combinaison des méthodes
introduites par Pickl, Knowles, et des hiérarchies (BBGKY) utilisées par Spohn a permis à Luhrmann
dans [88] d’obtenir un résultat d’approximation de champ moyen et un taux de convergence dans le
sens développé par le théorème 1.1.2 pour des bosons non-relativistes sous influence d’un champ mag-
nétique A : Rd Ñ Rd couplé avec un champ électrique V . Le Hamiltonien à N corps dans ce cadre est
donné par

HN “

N
ÿ

j“1

“

p∇xj ´ iApxjqq2 ` V pxjq
‰

`
1

N

ÿ

1ďiăjďN

W pxi ´ xjq.
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Les hypothèses permettant cette convergence sont faibles au niveau de l’interaction W pxi ´ xjq où W
est une fonction paire mesurable de type W “ λ

|x|
ou W P L8pR3q. Cependant le champ magnétique

A et le champ électrique V ont la régularité suffisante afin d’utiliser des estimations de Strichartz mag-
nétiques.
L’évolution des états cohérents a également été étudiée dans le cadre d’interactions plus singulières
dans [6]. Ammari et Breteaux ont prouvé l’approximation de champ moyen, appelée dans ce cadre
"propagation du chaos", en utilisant les travaux de Ginibre, Vélo [52] et Schlein et Rodnianski dans
[103] pour un potentiel W “ δ, en dimension un. Approfondissons à présent le cadre de travail de la
seconde quantification pour traiter le problème de la limite de champ moyen. La stratégie développée
dans les travaux récents d’Ammari et Nier [9, 10, 11, 12] puis Ammari et Falconi dans [13] est de con-
server l’esprit d’un problème semiclassique, c’est-à-dire de ne plus regarder l’évolution d’observables
(voir la discussion sur le théorème d’Egorov), mais plutôt de considérer la dynamique des états quan-
tiques. Cette remarque se résume par l’égalité suivante. Soit %N “ |ΨpNqyxΨpNq| un état quantique
normalisé et A un observable quantique. Alors

Tr r%NptqAs “ Tr re´itHN%Ne
itHN

looooooomooooooon

Evolution des états

As “ xΨpNq, eitHNAe´itHN
loooooomoooooon

Evolution des observables

ΨpNq
y. (1.1.12)

Ainsi, la régularité nécessaire dans le passage à la limite va reposer sur des hypothèses sur les états
quantiques initiaux (états avec masse et énergie finies). La représentation de Fock va permettre de
traiter le problème dynamique et aussi variationnel. Soient a et a˚, respectivement les opérateurs
d’annihilation et de création (voir définition précise dans la Section 2), l’énergie du système est décrite
par le Hamiltonien Hε

Hε “ ε

ż

Rd
∇a˚pxq∇apxq dx` ε2

2

ż

R2d

a˚pxqa˚pyqW px´ yqapxqapyq dxdy (1.1.13)

“

ż

Rd
∇a˚ε pxq∇aεpxq dx

loooooooooooomoooooooooooon

H0
ε :partie énergie cinétique

`
1

2

ż

R2d

a˚ε pxqa
˚
ε pyqW px´ yqaεpxqaεpyq dx

looooooooooooooooooooooooomooooooooooooooooooooooooon

Wε:interaction

dy,

où ε va jouer le rôle du paramètre semiclassique tendant vers 0 quand le nombre de particules est grand.
Ainsi a˚ε et aε seront d’ordre

?
ε et vérifient les relations de commutation canonique

raεpxq, a
˚
ε pyqs “ ε δpx´ yq, ra˚ε pxq, a

˚
ε pyqs “ raεpxq, aεpyqs “ 0. (CCR)

Le changement d’échelle (qui conserve le nombre de particules) se traduit par

rε´1Hεs|L2
spRdN q “ HN , avec ε “

1

N
,

où HN est le Hamiltonien à N corps introduit précédemment dans le cadre Wi,j “ W pxi ´ xjq. Ainsi
sous la forme (1.1.13) on peut "quantifier" au moins formellement cette énergie grâce à ce que l’on
appellera la quantification de Wick ou ordre de Wick que l’on définira dans la Section 2.

hpz, z̄qWick
“ Hε,
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avec hpz, z̄q l’énergie classique introduite en (Energie de Hartree). En dimension infinie la difficulté
réside dans le bon choix des classes de symboles associées à des observables opérant dans l’espace
de Fock. Deux types de résultats vont ainsi émerger du travail [9, 10, 11, 12]. La perte de compacité
due à la dimension infinie sera compensée par la régularité des symboles de Wick (symboles à noyaux
compacts) ou par des symboles ne dépendant que d’un nombre fini de variables dans le cas de la
quantification de Weyl. Une hypothèse de régularité quantique sur les états, appellée condition (PI) et
rappelée dans la Section 2.2.3 permet également de contourner la perte de compacité. Dans ce contexte,
la méthode développée dans [12] repose sur un outil d’analyse semiclassique, les mesures de Wigner.
Elles joueront un rôle dans la dérivation de la limite de champ moyen en permettant d’établir un lien
direct entre les quantités classiques et quantiques (estimations a priori, localisation des états). Nous
aborderons en détails la stratégie développée par Ammari et Nier et cette thèse permettra de compléter
les résultats obtenus dans [11, 12]. La prochaine définition introduit les mesures de Wigner associées à
des états quantiques normalisés.

Definition 1.1.4. Soit une famille d’états normaux t%N :“ |ΨpNqyxΨpNq|uNPN. L’espaceMp%N , N P

N˚q des mesures de Wigner associées à la famille p%NqNPN est l’espace des mesures de probabilité
borélienne µ sur L2pRdq tel qu’il existe une sous-suite pNkqkPN vérifiant:

@ξ P L2
pRd
q, lim

kÑ8
xΨpNkq,Wp

?
2πξqΨpNkqy “

ż

L2pRdq
e2iπRe xξ,zy dµpzq,

oùWp
?

2πξq désigne le groupe unitaire de Weyl généré par l’opérateur de champ

Φpξq “
1
?

2
paεpξq ` a

˚
ε pξqq avec ε “

1

Nk

.

Cette définition s’étend à des états quantiques normalisés p%εqεPp0,ε̄q dans l’espace de Fock, i.e pour
toute suite pεnqně0 vérifiant limnÑ`8 εn “ 0, il existe une sous-suite pεnkqkě0 telle que limkÑ`8 εnk “
0 et

@ξ P L2
pRd
q, lim

kÑ`8
Tr rWp

?
2πξq%εnk s “

ż

L2pRdq
e2iπRe xξ,zy dµpzq.

Un résultat montré dans [9] affirme que l’ensembleMp%N , N P N˚q est toujours non-vide (voir plus
de détails dans la Section 2.2). Donc, quitte à extraire une sous-suite, on peut toujours supposer que la
famille d’états p|ΨpNqyxΨpNq|qNPN admet une unique mesure de Wigner µ. Les états quantiques évolués
par la dynamique

p%Nptq “ |e
´itHNΨpNq

yxe´itHNΨpNq
|qNPN

admettent une famille de mesures de WignerMp%Nptq, N P N˚q pour chaque instant t P R.

L’approximation de champ moyen est effective siMp%Nptq, N P N˚q “ tµtu où µt est
la mesure image de µ par le flot de l’équation (Hartree Générale) classique.

Ainsi, la mesure de Wigner est transportée dans l’espace des phases par un flot non-linéaire. De plus,
des estimations a priori au niveau quantique donne des informations sur la localisation de la mesure
dans l’espace de phase. La méthode proposée dans [12] consiste à résoudre une équation de transport
satisfaite par la famille pµtqtPR, dans un sens faible (précisée dans (1.1.15))

Btµt `∇T
pvtpzqµtq “ 0, (Transport de mesures)
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avec vtpzq un champ de vitesse correspondant à l’équation (Hartree) dans sa représentation d’interaction:
#

Btz “ vtpzq “ ´ie
itA

“

W ˚ |e´itAz|2pe´itAzq
‰

zt“0 “ z0.
(1.1.14)

Détaillons à présent la méthode permettant d’obtenir l’équation (Transport de mesures). Commençons
par la dérivation par rapport au temps t de la quantité

INptq “ xe´itH
0
N eitHNΨpNq,Wp

?
2πξqe´itH

0
N eitHNΨpNq

y.

Remarquons que l’on ne s’intéresse pas directement à la solution de l’équation (Schrödinger à N corps)
mais plutôt à celle dans sa représentation d’interaction, i.e.

Ψ̃
pNq
t :“ e´itH

0
N eitHNΨpNq ,

avec p|ΨpNqyxΨpNq|qNPN la famille d’états normaux initiaux. La régularité de la fonction t ÞÑ INptq
s’obtient pour ξ P D où D désigne un domaine dense dans L2pRdq. Ainsi on peut établir une équation
intégrale sous la forme suivante pour tout s, t P R

INptq “ INpsq ` i
ż t

s

xΨ̃pNq
u ,Wp

?
2πξq

“

4
ÿ

j“1

1

N j´1
Ojpξ, uqWick

‰

Ψ̃pNq
u y du, (Equation Intégrale)

où Ojpξ, uq désigne des polynômes de Wick. Sous une hypothèse de compacité (concernant les états
normalisés ΨpNq dans [11] sous la condition (PI) ou en considérant une perturbation W relativement
compacte du Laplacien au sens des formes dans [12]), le passage à la limite aboutit à l’équation de
Liouville suivante

µ̃tpe
2iπRe xξ,zy

q “ µ̃spe
2iπRe xξ,zy

q ` i

ż t

s

µ̃uptqupzq, e
2iπRe xξ,zy

uq du, s ă t, (Liouville)

avec qupzq “ 1
2
xe´iuAzb2,W1,2 e

´iuAzb2y qui désigne la partie interaction de (Energie de Hartree).
La convergence de (Equation Intégrale) n’est valable qu’après l’extraction d’une sous-suite pour as-
surer l’existence de la famille de mesures de Wigner pµ̃tqtPR associées à la famille p|Ψ̃pNq

t yxΨ̃
pNq
t |q.

Notons p une projection orthogonale de rang fini et LppL2pRdqq la mesure de Lebesgue associée
au sous espace de dimension finie pL2pRdq. On conclut par intégrer l’expression (Liouville) par
FrgspξqLppL2pRdqq où Frgspξq désigne la transformée de Fourier d’une fonction g régulière éval-
uée en ξ P D. On obtient par densité l’expression suivante qui est l’équation de transport au sens faible,
i.e

ż

RˆD
Btfpt, zq ` itqtpzq, fpt, zqu dµ̃t dt “ 0, (1.1.15)

avec f une fonction lisse à support compact sur RˆD qui ne dépend que d’un nombre fini de variables.
On peut à présent énoncer le résultat principal de [12] sous les hypothèses:

1. A “ ´∆, Wi,j “ W pxi ´ xjq, W est une fonction paire mesurable,
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2. W p1´∆q´
1
2 est un opérateur borné de L2pRdq dans L2pRdq,

3. p1´∆q´
1
2W p1´∆q´

1
2 est un opérateur compact.

Theorem 1.1.5. Soit p%εqεPp0,ε̄q une famille d’états quantiques normalisés dans l’espace de Fock, ad-
mettant une unique mesure de Wigner µ0 telle que

Tr rpN`H0
ε q
δ%εs ď Cδ ă 8, (1.1.16)

uniformément par rapport à ε P p0, ε̄q et pour un δ ą 0. Alors, pour tout temps t P R, la famille
pe´i

t
ε
Hε%εe

i t
ε
HεqεPp0,ε̄q admet une unique mesure de Wigner µt. C’est également une mesure de proba-

bilité sur l’espace d’énergie H1pRdq et on a l’égalité µt “ ϕpt, 0q ˚µ0. Ainsi la mesure µt est la mesure
image de µ0 par le flot de l’équation (Hartree), globalement bien définie sur H1pRdq.

En notant l’espace LppRdq `L80 pRdq des fonctions f mesurables telles qu’il existe une suite pfnqnPN P
LppRdq avec p ą 2 vérifiant limnÑ`8 }f ´ fn}L8pRdq “ 0. Ainsi, l’approximation de champ moyen est
effective pour des potentiels de type L2pRq `L80 pRq, LppR2q `L8pR2q pour p ą 2 et W “ λ

|x|
, λ P R

en dimension 3 ou plus généralement en dimension d ě 3, les potentiels W P LdwpRdq ` L8pRdq dans
un cadre non confinant A “ ´∆. Cette approche permet ainsi d’obtenir une grande diversité d’états
quantiques sous la seule hypothèse (1.1.16). Cette hypothèse est naturelle dans le sens où elle prévient
la perte de masse et d’énergie à l’infini. Cette méthode implique également la convergence des matrices
à densité réduite (1.1.9). On retrouve aussi la convergence des états cohérents

%εpϕq “ |Wp
?

2

iε
ϕqΩyxWp

?
2

iε
ϕqΩ|, ϕ P L2

pRd
q,Ω “ p1, 0, ...q P ΓspL

2
pRd
qq, (1.1.17)

via l’équation suivante pour des observables de Wick (définis dans la Section 2)

lim
εÑ0

xe´itε
´1HεWp

?
2

iε
ϕqΩ, bWicke´itε

´1HεWp
?

2

iε
ϕqΩy “ bpϕtq, (1.1.18)

ϕt étant solution d’ (Hartree) avec pour donnée initiale f .

Je terminerai cet historique par un phénomène qui a connu un grand intérêt depuis une vingtaine
d’années, l’apparition de "condensats", dits de Bose-Einstein. Ces derniers apparaissent expérimentale-
ment pour des atomes ultra-froids en 1995 et ont été prévus par Einstein dans les années 20. Ces con-
densats sont formés par des particules bosoniques qui occupent dans une proportion "macroscopique"
le même état quantique. Mathématiquement, Gross dans [60, 59] et Pitaevskii dans [96] ont décrit
l’évolution d’un condensat de Bose-Einstein par l’équation susnommée

iBtzt “ ´∆zt ` 8πa|zt|
2zt, (Gross-Pitaevskii)

avec a désignant la longueur de diffusion (voir par exemple [115] pour une définition précise). Le
modèle de gaz de bosons dilués approche quand le nombre de particules N est grand l’équation non
linéaire (Gross-Pitaevskii). Le hamiltonien microscopique décrivant ce système de bosons est donné
par

HN “

N
ÿ

i“1

Ai `
1

N

ÿ

1ďiăjďN

WNpxi ´ xjq, (1.1.19)
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avec WNpxq “ NβdW pNβxq, β P r0, 1s et W est une fonction mesurable régulière, à symétrie
sphérique, décroissant assez vite à l’infini. Ce changement d’échelle dans l’interaction fut introduit par
Lieb, Yngvason et Seiringer dans [84]. Ainsi, différents régimes apparaissent dans la limite N Ñ `8.
Le cas β “ 0 correspond à la limite champ moyen alors que β “ 1 donne la convergence suivante

lim
NÑ`8

Tr r
ˇ

ˇγtN,k ´ |ΨGPptqyxΨGPptq|
bk
ˇ

ˇs “ 0, (1.1.20)

avec ΨGP satisfaisant l’équation (Gross-Pitaevskii) et γtN,k désignant l’évolution des matrices à densité
réduite à k particules. Donc, dans le cas β “ 1, l’équation limite est celle de (Gross-Pitaevskii) et cela
a été prouvé dans des nombreux travaux (voir par exemple [42, 43, 20]). Dans le cas 0 ă β ă 1,
la constante de couplage dans l’équation limite n’est plus 8πa mais plutôt b0 “

ş

RdW pxqdx, et une
convergence analogue à (1.1.20) est prouvée dans plusieurs travaux ([1] en dimension un, [40] en
dimension 3). Les méthodes utilisées pour traiter cette convergence avec une interaction "moins forte"
sont souvent basées sur les hiérarchies BBGKY pour traiter des états initiaux factorisés ou cohérents.
Dans la plupart des cas étudiés dans la littérature citée, l’opérateur A est de la forme ´∆ ` U pour
décrire des particules non-relativistes en l’absence de champ magnétique. Le modèle de gaz de bosons
dilués a également fait l’objet de travaux d’un point de vue variationnel, et en particulier dans le cadre
"champ moyen": β “ 0, comme on le verra dans la suite.

1.1.2 Approximation de champ moyen vers l’état fondamental
Dans cette sous-section, on considère que l’Hamiltonien HN est semi-borné inférieurement. L’état
fondamental du système de N particules bosoniques EN est donné par l’infimum de la fonctionnelle

EQpΨpNq
q “ xΨpNq, HNΨpNq

yL2pRdN q

sous la condition de masse }ΨpNq}L2pRdN q “ 1, i.e

EN “ inf
ΨpNqPQpHN q, }ΨpNq}“1

EQpΨpNq
q, (1.1.21)

où QpHNq désigne le domaine forme de l’opérateur HN . Ainsi l’état fondamental correspond au min-
imum du spectre de l’opérateur HN . Notons Ψ un minimiseur (approché) de l’énergie classique de
l’équation (Hartree Générale) sous la contrainte ||Ψ|| “ 1. Dans ce cadre variationnel, l’approximation
de champ moyen se traduit quand le nombre de particules N est grand par

EN
N
« hpΨ,Ψq . (1.1.22)

Quel sens mathématique donné à cette approximation? Comme on l’a vu précédemment, l’énergie
EQpΨpNqq est de l’ordre de N . Ainsi le champ moyen nécessite un changement d’échelle en 1

N
et en

supposant que l’énergie classique de (Energie de Hartree) est bornée inférieurement, on obtient la
formulation mathématique équivalente à (1.1.22):

Theorem 1.1.6.

lim
NÑ`8

EpNq

N
“ lim

NÑ`8

1

N
inf

}ΨpNq}“1, ΨpNqPQpHN q
EQpΨpNq

q “ inf
zPQphpz,z̄qq,}z}Z0

“1
hpz, z̄q ą ´8. (1.1.23)
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Historique des résultats sur l’approche variationnelle de la limite de champ moyen.

Le théorème 1.1.6 a donné lieu a de nombreux travaux pour de nombreux modèles différents: des
bosons avec ou sans influence de champ magnétique, ou encore des considérations plus générales pour
des modèles de gaz de bosons dilués (voir discussion dans le précédent historique), en prenant en
compte soit des particules non-relativistes, soit des particules semi-relativistes. Les premiers résultats
établissaient une borne supérieure pour la quantité EpNq

N
, ce qui fut effectué par Dyson pour un potentiel

d’interaction de type "sphère dure" en 1957 dans [37]. La borne inférieure a été obtenue par Lieb et
Yngvason dans [85, 84] pour un potentiel d’interaction plus général (décroissant relativement vite à
l’infini) avec A “ ´∆ et un gaz de bosons dans une boite de taille L. La convergence (1.1.6) a été
prouvée dans le cadre d’atomes satisfaisant la statistique de Bose-Einstein dans les travaux [21, 108,
15, 56, 77, 67]. Le Hamiltonien considéré dans ce cadre est le suivant

HN “

N
ÿ

i

“

´∆xi ´
1

t|xi|

‰

`
1

N

ÿ

1ďiăjďN

1

|xi ´ xj|
, (1.1.24)

avec t une donnée inhérente au système. Le modèle de Lieb-Liniger a également fait l’objet d’une
étude dans les travaux [83, 80, 105]. Il correspond à l’étude de gaz de bosons en dimension un par
l’intermédiaire du Hamiltonien HN

HN “ ´

N
ÿ

j“1

B2

Bx2
j

`
ÿ

1ďiăjďN

δpxi ´ xjq, (1.1.25)

où δ est la distribution de Dirac. La plupart des résultats concernant l’approximation du Théorème
(1.1.6) sont liés à la théorie perturbative de Bogoliubov introduite en 1947 dans [24].

Limite thermodynamique:

Dans l’étude de gaz de bosons dilués dans une boite Λ de taille L en dimension 3, l’Hamiltonien
est donné par l’expression (1.1.19) avec β “ 0 et un potentiel W très régulier, positif décroissant plus
vite que 1

r3 à l’infini. L’état fondamental EpN,Lq dans ce cadre dans la limite, dite thermodynamique
quand N et L tendent vers l’infini avec une densité de particules fixée donnée par % “ N

|Λ|
. L’énergie

par particules est dénotée

e0p%q :“ lim
LÑ`8

Ep%L3, Lq

%L3
.

La limite pour une densité faible est donnée par l’égalité

lim
%a3Ñ0

e0p%q

4π%a
“ 1,

avec a la longueur de diffusion associée au potentiel W (voir [115] pour une définition détaillée). Pour
des gaz de bosons dilués, l’idée est de considérer l’énergie associée à chaque paire de particules comme
étant "asymptotiquement" indépendante dans l’esprit de l’approximation suivante

EpN,Lq «
1

2
NpN ´ 1qEp2, Lq «

1

2
N28πa

1

L3
“ N4πa%.
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La convergence dans ce cadre a été étudiée, en dimension 3, par Lieb, Seiringer, Solovej et Yngvason
dans [87, 85, 82] et dans [84] pour des bosons piégés en dimension 2 (voir aussi [86]). Les ordres
supérieurs pour cette convergence ont fait l’objet des travaux [81, 71, 55, 41] ou [57] pour des bosons
confinés, et sont toujours basés sur la méthode développée par Bogoliubov. Dans [76] les auteurs
ont étendus les résultats de [57] pour des gaz de bosons dilués confinés en dimension 2, 3 dans un
cadre très général incluant également le cadre d’atomes bosoniques (voir l’hamiltonien (1.1.24)) par
l’intermédiaire d’arguments de localisation dans l’espace de Fock et l’existence du Hamiltonien de
BogoliubovH via l’approximation suivante quand N Ñ `8

HN « N inf
zPQphq,}z}Z0

“1
hpz, z̄q `H ` op1q.

L’approximation de champ moyen (de Hartree) donne le premier ordre et la théorie perturbative de
Bogoliubov prévoit le premier et les termes suivants en étudiantH.

Limite de Gross-Pitaevskii:

L’approximation vers l’état fondamental a également été motivée par l’étude des condensats de Bose-
Einstein, et en particulier par un autre type de limite précédemment évoqué, la limite de Gross-Pitaevskii.
Le modèle de N bosons correspondant a été introduit dans (1.1.19). Par simplicité, exposons le cadre
de la dimension 3, où le Hamiltonien est

HN “

N
ÿ

i“1

´∆xi ` V pxiq `
1

N

ÿ

1ďiăjďN

N3W pNpxi ´ xjqq,

avec W un potentiel régulier. La limite de Gross-Pitaevskii est un cas particulier du cadre des gaz de
bosons dilués. En effet, cela revient à considérer la limite N Ñ `8 avec les rapport constants Na

L
et

g :“ 4πNa
L

« e0
eV

avec a désignant la longueur de diffusion et L la taille de la boite L “ |Λ|
1
3 et eV

désignant le trou spectral de l’opérateur ´∆ ` V . Nous renvoyons à [115] ou [82] pour des présenta-
tions détaillées sur les différents résultats de convergence des différentes limites évoquées. Le théorème
1.1.6 est ainsi vrai avec hpz, z̄q désignant l’énergie classique associée l’équation de (Gross-Pitaevskii)
et fut démontré en particulier par Lieb, Yngvason, Solovej et Seiringer dans [87].

Approche géométrique:

L’approche récente de Lewin, Phan et Rougerie est basée sur une méthode géométrique introduite
dans [74] pour démontrer la convergence du Théorème (1.1.6). l’Hamiltonien à N corps est donné par
l’expression

HV
N “

N
ÿ

i“1

p´∆xi ` V pxiqq `
1

N

ÿ

1ďiăjďN

W pxi ´ xjq (1.1.26)

Ainsi, l’idée est d’utiliser le théorème (HVZ) pour décrire le lien entre le spectre essentiel de l’Hamiltonien
HV
N pour N particules et l’état fondamental du Hamiltonien à N ´ k particules EV pN ´ kq et celui à k

particules E0pkq. Moralement, on peut atteindre le bas du spectre essentiel en envoyant k particules du
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système à l’infini. Ainsi, l’énergie totale du système est la somme de l’énergie EV pN ´ kq et l’énergie
des particules placées à l’infini E0pkq :

inf σesspH
V
pNqq “ inftEV

pN ´ kq ` E0
pkq, k “ 1, ¨ ¨ ¨ , Nu. (HVZ)

La convergence du Théorème (1.1.6) peut-être traitée dans le cadre abstrait donné par l’Hamiltonien
HN (1.1.2) en utilisant un argument de localisation dans l’espace de Fock combiné avec les théorèmes
de de Finetti quantiques. Pour des bosons confinés, l’approximation de champ moyen peut être traitée
sans utiliser le théorème (HVZ). Décrivons brièvement cette approche.
Rappelons la définition (1.1.8) des matrices à densité réduite γk,N :

γk,N :“ Tr rk`1,Ns|Ψ
pNq
yxΨpNq

|, 0 ď k ď N. (1.1.27)

L’énergie par particules peut ainsi s’écrire en termes des matrices à densité réduite à un et deux corps,

xΨpNq, HNΨpNqy

N
“ Tr rAγ1,N s `

1

2
Tr b2Z0

rW1,2γ2,N s “:
1

2
Tr b2Z0

rH2γ2,N s. (1.1.28)

Ainsi, on peut reformuler l’approximation vers l’état fondamental du système par

EpNq

N
“

1

2
inftTr b2Z0

rH2γ2,N s, γ2,N P Pp2qN u (1.1.29)

où Pp2qN :“ tγ2 P L1pb2Z0q, DΨ
pNq P bNZ0, }Ψ

pNq} “ 1, γ2 “ γ2,Nu. Ainsi, il suffit de décrire
l’espace PpkqN dans la limite N Ñ `8 et en particulier l’espace Pp2q défini par l’égalité suivante
Pp2q :“

Ş

Ně1P
p2q
N . Le théorème de de Finetti quantique permet de répondre à cette question, i.e.

Theorem 1.1.7. Soit Z0 un espace de Hilbert séparable et pγkqkPN :
Žk Z0 Ñ

Žk Z0 une suite
d’opérateurs autoadjoints positifs. On suppose que pour tout k, n P N

Tr rk`1,k`nsrγk`ns “ γk.

On suppose de plus que γ0 “ 1. Alors il existe une unique mesure de probabilité µ sur la sphère unité
SZ0 , telle que

γk “

ż

SZ0

|zbkyxzbk| dµpzq, @k ě 0. (1.1.30)

De plus si Tr rAγ1s ă `8 pour un opérateur autoadjoint A ě 0 sur Z0, alors µ vérifie l’égalité

µpSZ0zQpAqq “ 0. (1.1.31)

Ce théorème est en lien avec un résultat de Stormer et Hudson-Moody dans [38, 65] qui généralise
un théorème classique de de Finetti (aussi appelé Hewitt-Sauvage). Il existe une version faible de ce
résultat présentée dans [77]. Ce dernier est un cas particulier des convergences pour les mesures de
Wigner introduit par Ammari et Nier dans [11, 12] et qui feront l’objet d’un rappel dans la Section 2.2.
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L’égalité (1.1.30) permet d’écrire les éléments γk de Ppkq au moyen d’une mesure de probabilité µ sur
la sphère SZ0 . Ainsi la convergence (1.1.6) se prouve en remarquant (formellement) que

1

2
Tr b2Z0

rH2γ2,N s Ñ
1

2

ż

SZ0

xzb2, H2z
b2
y dµpzq “

ż

SZ0

hpz, z̄q dµpzq ě inf
zPQphq, }z}Z0

“1
hpz, z̄q,

(1.1.32)
car µ est une mesure de probabilité sur la sphère SZ0 . Dans un cadre très abstrait, avec ou sans champ
magnétique, sous l’hypothèse que l’Hamiltonien libre à une particule ait une résolvante compacte,
l’approximation (1.1.6) est vérifiée pour des potentiels satisfaisant des conditions de décroissance "na-
turelles" (potentiel à deux corps relativement borné par rapport au Hamiltonien libre à une particule).
Pour un système non confiné, la version faible du théorème de de Finetti ne suffit pas. Ainsi, dans le cas
invariant par translation (A “ ´∆ et Wi,j “ W pxi ´ xjq), le manque de compacité se gère au moyen
d’inégalité de liaison "binding inequalities" (conséquence du théorème (HVZ)), i.e. EV pNq une valeur
propre isolée si et seulement si

EV
pNq ă EV

pN ´ kq ` E0
pkq, @k “ 1, ¨ ¨ ¨ , N.

Au lieu de considérer une inégalité de liaison au niveau quantique, Lewin, Nam et Rougerie supposent
uniquement cette inégalité vraie pour l’état fondamental de l’énergie classique (Energie de Hartree)
et ainsi le résultat [77, Théorème 4.5] valide l’approximation de champ moyen sous des hypothèses
de décroissance des potentiels V,W . Nous terminerons cette section par mentionner que les mêmes
auteurs ont adapté cette méthode également pour un système de bosons confinés dans le cadre de la
limite de Gross-Pitaevskii (voir [75]).

1.2 Problématique et résultats
Nous souhaitons établir une méthode générale qui inclut les résultats précédents et qui les complète.
L’idée est de rendre effectif l’approximation dynamique de champ moyen via l’approche des mesures de
Wigner pour un HamiltonienHN abstrait introduit dans (1.1.2). Le résultat d’Ammari et Nier 1.1.5 peut
également être complété dans un cadre d’interaction avec un nombre fini de corps sous une condition
de compacité pour une famille générale d’états normaux dans l’espace de Fock. Dans le cadre d’une
interaction à deux corps, en travaillant ’localement’ dans l’espace de Fock, l’approximation de champ
moyen sera validée pour des états quantiques d’énergies finies, i.e

DC ą 0, xΨpNq, H0
NΨpNq

y ď CN, (1.2.1)

pour des potentiels plus singuliers. L’idée est de valider le théorème 1.1.5 pour des potentiels W sin-
guliers, sous critiques, i.e pour lesquels l’équation d’(Hartree) est globalement bien posée. L’existence
et l’unicité de l’équation de Hartree a été traitée dans le cas non relativiste sans champ magnétique par
Ginibre et Vélo dans [54] pour des potentiels très singuliers (décroissance à l’infini et singularité en
0), ou dans un cadre avec champ magnétique par [91], ou encore abstrait pour un hamiltonien libre
A borné inférieurement par [28]. Cependant certains potentiels ne garantissent pas l’existence d’une
dynamique quantique, ni même le caractère autoadjoint de HN . Il apparait ainsi que l’on souhaiterait
valider l’approximation de champ moyen dans le cadre d’un espace de Hilbert séparable Z0 pour des
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interactions relativement bornées par rapport à l’hamiltonien libreA (en utilisant les théorèmes de Kato-
Reillich ou KLMN [100]). Nous verrons par la suite que le caractère infinitesimal fournit une condition
suffisante (au moins dans le cadre de particules confinées) de validation du champ moyen. Atteindre
des potentiels peu réguliers ou coulombiens de type W “ 1

|.|α
, 1 ă α ă 2 pour des états quantiques

normaux très généraux satisfaisant (1.2.1) n’a pas été traité dans la littérature. La compréhension de
la méthode basée sur l’étude d’une équation de transport sur les mesures de Wigner permet de valider
l’approximation de champ moyen dans un cadre abstrait, pour des bosons piégés (cadre confinant), i.e

pA` iq´1
P L8pZ0q, (1.2.2)

avec ou sans influence de champ magnétique.
Cependant les hypothèses des théorèmes de l’appendice C dans [12] ne permettent pas d’atteindre des
potentiels singuliers, et cela s’explique en particulier par le contrôle fort imposé sur le champ de vitesse

vtpzq “ ´ie
itA

“

pW ˚ |e´itAz|2qe´itAz
‰

,

donné par

@T ą 0,

ż T

0

}vtpzq}L2pQpAq, dµtpzqq dt ă 8.

Ainsi la résolution du (Transport de mesures) en dimension infinie pour des potentiels plus singuliers
nécessite l’affaiblissement des hypothèses de contrôle du champ de vitesse vtpzq en utilisant les travaux
[5, 89, 12]. L’hypothèse la plus naturelle dans ce sens que l’on retrouve également dans le travail de
[69] est l’estimation suivante

DC ą 0, @z P QpAq, }vtpzq}Z0 ď C}z}2QpAq}z}Z0 . (1.2.3)

Combinée cette estimation avec les informations a priori obtenues via la définition des mesures de
Wigner permet le contrôle du champ de vitesse suivant

@T ą 0,

ż T

0

}vtpzq}L1pZ0, dµtpzqq dt ă 8. (1.2.4)

Cette dernière équation constituera la condition suffisante d’existence de solutions ’faibles’ à l’équation
(Transport de mesures), en ajoutant une hypothèse de continuité faible sur les mesures de Wigner. Ce
type de résolution d’une équation de transport sur des mesures a été étudié dans un cadre plus général
en dimension finie pour le contrôle (1.2.4) dans [89] mais n’a jamais été traité en dimension infinie.
Comme dans le cadre des hiérarchies BBGKY, le problème de la perte de compacité liée à la dimension
infinie constitue l’obstacle majeur pour l’obtention de la limite de champ moyen. Dans le cadre de la
stratégie basée sur les mesures de Wigner, la difficulté vient lors de l’établissement de
(Transport de mesures). La perte de compacité peut être compensée d’au moins deux façons dif-
férentes.
La première consiste à considérer des états quantiques normaux dans l’espace de Fock satisfaisant la
condition (PI), introduite dans [11] donnée par l’égalité suivante

lim
εÑ0

Tr r%εN
k
s “

ż

Z0

}z}2kZ0
dµpzq, @k P N , (1.2.5)
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où µ désigne la mesure de Wigner associée à la famille d’états normaux p%εqεPp0,1q. Pour des états
normaux ’localisés’ dans l’espace de Fock, i.e }ΨpNq}ŽN Z0

“ 1 l’égalité se traduit par

ż

Z0

}z}2Z0
dµpzq “ 1.

Cette condition (PI) est vérifiée dans un cadre abstrait pour un hamiltonien libre généré par un opérateur
autoadjoint positifA à résolvante compacte et pour des états satisfaisant (1.2.1). Ainsi, nous montrerons
que la limite de champ moyen est validée dans le cadre abstrait du hamiltonien (1.1.2) pour un opérateur
A à résolvante compacte en supposant le caractère infinitesimallement borné du potentiel W1,2 à deux
corps par rapport à l’opérateur A1 `A2 :“ Ab Id ` Id bA. Il est possible de relaxer cette dernière
hypothèse en supposant que le noyau de l’interaction qpzb2, zb2q :“ 1

2
xzb2,W1,2z

b2y soit relativement
borné par rapport à A1 ` A2 mais il faut néanmoins supposer le caractère infinitésimal du noyau de la
dérivée de qpzb2, zb2q (voir (D1) Section 5 pour une présentation détaillée).
La deuxième consiste à considérer l’approximation de champ moyen dans le cadre non relativiste A “
´∆, Z0 “ L2pRdq et pour des potentiels à deux corps générés par un potentiel W qui lui-même sera
une perturbation relativement compacte par rapport à ´∆ au sens des formes, i.e

p1´∆q´
1
2W p1´∆q´

1
2 P L8pZ0q. (1.2.6)

Cette dernière condition est vérifiée pour des potentiels singuliers (elle est vraie également pour W “
1
|.|α
, 0 ă α ă 2, d “ 3) et nous montrerons que l’approximation de champ moyen devient effective

sous cette condition (qui induit l’existence de la dynamique quantique par le théorème KLMN) et sous
la condition (1.2.1). Cela complétera le théorème 1.1.5 mais on perdra le caractère abstrait du cadre
confinant. Une condition plus forte sera également présentée dans la Section 5, hypothèse (D2) (le
noyau de la dérivée de l’interaction q est une perturbation relativement compacte).

1.3 Plan de la thèse
Ce manuscrit s’organise de la façon suivante. Nous commençerons dans le Chapitre 2 par introduire le
vocabulaire de la seconde quantification et les principaux outils et définitions (espace de Fock, opéra-
teurs de création-annihilation, nombre, opérateur de champ, opérateur de Weyl). La quantification de
Wick ou ordre de Wick pour des symboles polynomiaux bornés (classe Pp,q) fera l’objet d’une in-
troduction approfondie en dimension finie et infinie. Les principales caractéristiques associées à des
observables de Wick (formules de commutations, produit, conjugaison) seront également étudiées dans
la Section 2.1.3. On rappellera également les quantifications de Weyl et Anti-Wick dans la sous-section
2.1.1 ainsi que les correspondances entre les opérateurs principaux de l’espace de Fock et les opéra-
teurs de Toeplitz. La quantification de l’énergie du champ moyen (Energie de Hartree) nécessite la
construction d’une classe de symboles plus large, notée Qp,qpAq dépendant de l’opérateur positif A.
Dans la sous-section 2.1.4, on abordera les propriétés inhérentes à cette classe de symboles polynomi-
aux à noyau non borné. Dans la Section 2.2, on rappellera la définition des mesures semiclassiques en
dimension finie puis en dimension infinie. Le défaut de compacité sera également l’objet d’une discus-
sion au niveau des états quantiques et des observables, via la condition (PI). On finira la Section 2 par
l’étude des relations entre les classes de symboles de Wick Pp,q etQp,qpAq et les mesures de Wigner au
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travers de plusieurs estimations a priori.
Dans le Chapitre 3, on commencera par une brève introduction sur les équations de Liouville en dimen-
sion finie. Ensuite, on abordera la question des équations de transport satisfaites par des mesures de
probabilité. Dans la Section 3.1, nous proposerons un résultat d’unicité sur les mesures de probabilité
boréliennes d’une équation de Liouville (ou continuité ou transport) via la méthode des caractéristiques
en combinant les arguments présents dans les travaux [5, 12, 89]. Dans la section 3.2, on donnera
plusieurs exemples d’EDP non-linéaires pour lesquelles on peut appliquer notre résultat d’unicité.
Le Chapitre 4 apporte le premier résultat de champ moyen prouvé dans ce manuscrit. Ce résultat a été
obtenu en collaboration avec Boris Pawilowski. Il concerne un système de N bosons identiques décrit
par l’Hamiltonien suivant

Hpnq
ε “ H0,pnq

ε `

r
ÿ

`“2

ε`
n!

pn´ `q!
SnpQ̃` b IdŽn´` ZqSn , n ě 2r , (1.3.1)

avec εÑ 0 , nεÑ 1. Ici les Q̃`’s sont des opérateurs symétriques bornés sur
Ž`Z et

H0,pnq
ε “ ε

n
ÿ

i“1

Idb ¨ ¨ ¨ b Idb A
loomoon

i

bIdb ¨ ¨ ¨ b Id , (1.3.2)

avec A un opérateur autoadjoint. Le modèle proposé ici fut étudié par Ammari et Nier dans [12]. Le
cas d’une interaction bornée à plusieurs corps a aussi été traité dans [10] sous la condition (PI) vérifiée
par les états normaux initiaux. Notre travail dans ce modèle permet la considération d’une classe plus
grande d’états quantiques dans l’espace de Fock ne satisfaisant pas nécessairement cette condition (PI).
Cependant, la méthode développée dans [12] nécessite une condition de compacité dans l’interaction,
donnée ci-dessous. Ainsi, l’approximation de champ moyen est effective dans l’espace de Fock sous
les conditions de non perte de masse à l’infini

Dδ ą 0 , DCδ ą 0 , @ε P E , Tr r%εN
δ
s ď Cδ ă 8 ,

et pour ` P t2, . . . , ru , l’opérateur Q̃` est compact et autoadjoint dans
Ž`Z .

On finira par le Chapitre 5 où l’on présentera en détails la preuve du principal résultat concernant
la limite de champ dans un cadre abstrait d’un espace séparable d’Hilbert Z0 dans le cas de particules
pigées sous les hypothèses (A1)-(A2)-(C1)-(C2)-(D1). Dans le cas non confiné, l’approximation de
champ moyen sera validée sous les hypothèses (A1)-(A2)-(C1)-(C2)-(D2).
Les conditions (A1)-(A2) et (C1) correspondent respectivement à des conditions suffisantes d’existence
de la dynamique quantique et au caractère globalement bien posé de l’équation (Hartree). Les hy-
pothèses (D1)-(D2) ont été évoquées précédemment. Elles portent sur le noyau de la dérivée de
l’interaction q et assurent la convergence vers l’équation (Transport de mesures). L’estimation (C2)
correspond au contrôle de vtpzq permettant de résoudre l’équation (Transport de mesures) et d’établir
l’unicité. On abordera dans la fin de ce Chapitre un résultat de convergence variationnel pour des
particules confinées.



Chapter 2

Second Quantization and Wigner measures

The aim of this chapter is to introduce the second quantization formalism used throughout this the-
sis. So Fock spaces, creation, annihilation and Weyl operators will be recalled in finite and infinite
dimensional Hilbert spaces. Many of this tools have been introduced by Berezin in [22] and a modern
presentation of this subject can be found for instance in [26, 34, 16, 109, 114]. However, we will fol-
low the point of view in [9, 10, 11, 12, 13, 6] which is suitable for the study of the mean-field problem
since it provides a quantization map and an efficient symbolic calculus. In the first subsection 2.1.1,
we introduce the Weyl, Wick and Anti-Wick quantization in finite dimension with some pros and cons
of each quantization. The Bargmann transformation and Toeplitz correspondence are also discussed
(see [11, 2, 102, 46] for example). The comparison of these quantizations uses the pseudo-differential
calculus, see [64, 90, 25]. In subsection 2.1.2, the general definitions of Fock spaces and ε´dependant
creation and annihilation operators are introduced while Wick quantization is discussed in subsection
2.1.3 with the class of symbol Pp,q. In the last subsection 2.1.4; we define a wider class of symbols,
denoted Qp,qpAq, and gather some of its main properties. The Wick quantization and the two classes
Pp,q, Qp,qpAq are essential ingredients in proving the effectiveness of the mean-field approximation.

2.1 Creation, annihilation operators

2.1.1 Finite dimensional calculus

In this subsection we work in finite dimensional spaces. The creation and annihilation operators will be
defined below. At first we introduce them in the space Cd and we will explain the construction of the
Harmonic oscillator and the Number operator in this framework. In quantum mechanics, quantization
of symbols is a fundamental question. We will define three quantizations (Weyl, Wick, Anti-Wick) in
finite dimension and later in infinite dimensional Hilbert spaces. All of these quantizations have pros
and cons and are equivalent in finite dimensional spaces.
We also consider coherent states in R2d and emphasise their properties. After they will be generalized,
in a Hilbert space in Section 2.1.3. At the end we briefly recall the so-called Bargmann representation
and its correspondence with some quantized observables. We shall use the bracket notation of physi-
cist: |vy will be the vector v while xu| is the form v Ñ xu, vy. For a normalized vector u, |uyxu| is the
orthogonal projection on Cu. We shall work with a small parameter h ą 0 or ε ą 0. The rule of the

22



2.1. CREATION, ANNIHILATION OPERATORS 23

semi-classical scaling will be summarized as follows

i) multiply any derivation by h, for any α P Nd, phBxqα “ h|α|Bαx is a 0p1q operator;
ii) put a 1

h
factor in any phase, ei

ϕpxq
h or e

ϕ
h .

iii) For integrations use the unit Lebesgue volume dx in the position variable and use dξ
p2πhqd

in the mo-
mentum variable.

Denote also the normalized Fourier transform on Rd

rFhuspξq “
ż

Rd
e´i

ξ.x
h upxqdx , rF´1

h vspxq “

ż

Rd
ei
x.ξ
h vpξq

dξ

p2πhqd
.

The Schwartz space will be denoted SpRdq and its dual, the space of tempered distributions by S 1pRdq.
In the phase space, variables are denoted by capital letters: X, Y will be used for the variables X “

px, ξq, Y “ py, ηq in R2d. The symplectic form on R2d will be denoted

σpX, Y q “ ξ.y ´ x.η “
d
ÿ

j“1

ξjyj ´ xjηj.

Definition 2.1.1. For X0 “ px0, ξ0q P R2d, τhX0
u :“ ei

ξ0.p.´
x0
2 q

h up. ´ x0q is called the phase translation

of vector X0. The function ϕX0 :“ 1

pπhq
d
4
τhX0

ϕ0, with ϕ0pxq :“ 1

pπhq
d
4
e´

x2

2h , is the coherent state centered

at X0.

Proposition 2.1.2. 1. For any X0 P R2d, τhX0
is a unitary operator on L2pRdq.

2. For X1, X2 P R2d, the Weyl relation holds

τhX1
˝ τhX2

“ ei
σpX1,X2q

2h τhX1`X2
.

3. For any X0 P R2d, X0 “ px0, ξ0q

τhX0
“ ei

ξ0.x´x0.phDxq
h “ ei

σpX0,px,hDxqq
h , with Dx “

1

i
Bx.

Remarks 2.1.3. The Schwartz kernel of τhX0
is given by

τhX0
px, yq “

ż

Rd
ei
ξ.px´yq

h ei
ξ0.p

x`y
2 q´x0.ξ

h
dξ

p2hπqd
.

Weyl quantization

We recall now the Weyl quantization for symbols in S 1pR2dq.We collect some basic properties for these
operators and we shall prove similar properties in infinite dimensional symplectic spaces.
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Definition 2.1.4. For any b P S 1pR2d
x,yq, the Weyl quantized operator bWeylpx, hDxq : SpRdq Ñ S 1pRdq

is given by its kernel

rbWeyl
px, hDxqspx, yq “

ż

Rd
ei
ξ.px´yq

h bp
x` y

2
, ξq

dξ

p2hπqd
.

Proposition 2.1.5. 1. Any B P LpSpRdq,S 1pRdqq has a Weyl symbol

BWeylpr, ξq “

ż

Rd
ei
ξ.px´yq

h Bpr `
s

2
, r ´

s

2
q ds.

2. The formal adjoint of bWeylpx, hDxq is b̄Weylpx, hDxq.

3. If b1, b2 P L
2pR2dq, the operators bWeyl

1 px, hDxq, b
Weyl
2 px, hDxq are Hilbert-Schmidt operators

and

Tr rbWeyl
1 px, hDxq

˚bWeyl
2 px, hDxqs “

ż

R2d

b1px, ξqb2px, ξq dx
dξ

p2πhqd
.

4. The conjugation with respect to phase translation centered in X0 P R2d yields

τhX0
bWeyl

px, hDxqτ
h
´X0

“ rbp.´X0q
Weyl

px, hDxqs,

for any b P S 1pR2dq.

Anti-Wick quantization

Take X0 P R2d, and set the operator Πh
X0
“ |ϕX0yxϕX0 |, where ϕX0 is the coherent state centered at

X0. The following Proposition defines the Anti-Wick quantization for symbols in S 1pR2dq. One of the
pros of this quantization is its positivity. The link with the Weyl quantization is specified in Proposition
2.1.8 below.

Proposition 2.1.6. For any b P S 1pR2dq the operator

bA´Wick
px, hDxq “

ż

R2d

bpX0qΠ
h
X0

dX0

p2πhqd
, (2.1.1)

is well-defined and continuous from SpRdq to S 1pRdq. Moreover the following equivalence holds

bA´Wick
px, hDxq “ cWeyl

px, hDxq ô c “ b ˚ p
e´|x|

2

phπqd
q. (2.1.2)

Remarks 2.1.7. The Anti-Wick quantization is positive, i.e.,

b ě 0 ùñ bA´Wick
px, hDxq ě 0.
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Proposition 2.1.8. For any continuous operator B : SpRdq Ñ S 1pRdq the symbol

σWick
pBqpX0q “ xϕX0 , B ϕX0y,

is well-defined. For B “ bWeylpx, hDxq, one has

σWick
pbWeyl

px, hDxqq “ b ˚ p
e´|.|

2

phπqd
q,

and the following positivity property holds

pB ě 0q ùñ pσWick
pBqq ě 0.

We use the notation Lphq for the space of bounded operators on h and Lpphq, 1 ď p ď `8, for the
Schatten classes, L8phq being the space of compact operators for p “ `8.

Remarks 2.1.9. i) If B P L1pL2pRdqq, then σWickpBq P L1pR2dq and

Tr rBs “

ż

R2d

σWick
pBqpXq

dX

p2πhqd
.

ii) We cannot define the Wick quantization for any symbol in S 1pR2dq but it works for polynomials, and
it is the subject of the next paragraph. When it makes sense, the correspondence between the Wick and
Anti-Wick symbol is given by

Tr rbA´WickCs “

ż

bpXqσWick
pCqpXq

dX

p2πhqd
.

Creation, Annihilation operators and Wick quantization

Let introduce the creation, annihilation operators in the finite dimensional space Cd. Denote pe1, ..., edq
its canonical orthonormal basis and set

apejq “ aj “ phBxj ` xjq ; a˚pejq “ a˚j “ p´hBxj ` xjq (2.1.3)

@g “ pg1, ..., gdq P Cd, apgq “
d
ÿ

j“1

ḡjaj , a
˚
pgq “

d
ÿ

j“1

gja
˚
j . (2.1.4)

The operators apgq, a˚pgq satisfy the canonical commutation relations (CCR). For any f, g P Cd

rapgq, apfqs “ apgqapfq ´ apfqapgq “ ra˚pgq, a˚pfqs “ 0, (CCR)

rapgq, a˚pfqs “ εxg, fy Id , ε “ 2h.

The vector ϕ0 introduced earlier is also denoted Ω and called the vacuum. The harmonic oscillator is
denoted Nd and given by the formula

Nd :“ p´h2∆` x2
´ hdq “

d
ÿ

j“1

a˚j aj. (Number operator)
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We can construct an orthonormal basis of eigenfunctions called normalized αth Hermite functions Ψα

for any multi-index α P Nd given by

Ψα “
1

?
ε|α|α!

pa˚qα|Ωy. (Hermite functions)

The notation pa˚qα :“
śd

j“1pa
˚pejqq

αj for a multi-index α “ pα1, α2, ..., αdq P Nd is correct since
a˚j “ apejq

˚ commute.

Introduce now the field operator on Cd given for any g P Cd, by φpgq “ 1?
2
pa˚pgq ` apgqq. Then

the unitary group generated by the field operator φpgq defines the so-called Weyl operator

Wpfq “ eiφpfq. (Weyl operators)

Moreover the Weyl operatorWpfq is equal to τh
h
?

2X0
with X0 “ px0, ξ0q and f “ 1

i
px0 ` iξ0q. So, the

Weyl relations follow

@f1, f2 P Cd, Wpf1q ˝Wpf2q “ e´iε
Im xf1,f2y

2 Wpf1 ` f2q,

W˚
pfqapgqWpfq “ apgq `

iε
?

2
xg, fy.

The function Epzq :“Wp
?

2
iε
zq|Ωy satisfies the equality for any z P Cd

Wp
?

2

iε
zq|Ωy “ e

a˚pzq´apzq
ε |Ωy “ τhz ϕ0, z “ pzR, zIq.

Now we introduce the Wick quantization for polynomials on R2d
x,ξ identified with Cd.

Definition 2.1.10. For any polynomial P pz, z̄q “
ř

|α|`|β|ďn cα,β z̄
αzβ on R2d

x,ξ identified with Cd via
z “ x` iξ, its Wick quantization is given by

PWick
pz, z̄q “

ÿ

|α|`|β|ďn

cα,βpa
˚
q
αaβ. (2.1.5)

Remarks 2.1.11. The Wick rule consists by replacing z (resp z̄) by a (resp a˚) and keeping all the
annihilation operators on the right-hand side.

Bargmann representation and Toeplitz correspondance

The aim of this paragraph is to introduce the Bargmann transformation. Actually this transformation is
useful to deal with the so-called Lowest Landau Level (LLL) model used in Chapter 5, Example 5.2.11.
We will give correspondence between some Wick symbols and Toeplitz operators.

Definition 2.1.12. For a function u P S 1pRdq, the Bargmann transform is given by

rBhuspzq “
1

pπhq
3d
4

e
z2

2h

ż

Rd
e´

p
?

2z´yq2

2h upyqdy, z “
x´ iξ
?

2
P Cd, (2.1.6)

where h ą 0 is a small parameter.
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There are a lot of similar definitions for the Bargmann-Fock-Segal transformation. For example in
[46] the Bargmann B transformation is given by the formula

rBuspzq “ 2
d
4

ż

Rd
upxqe2πxz´πx2´π

2
z2

dx.

The Bargmann space Fh is given by

Fh “ tf P L2
pCd, e´

|z|2

2h
Lpdzq

p2πhqd
q, Bz̄f “ 0u,

and is equipped with the norm,

||f ||2Fh “

ż

Cd
|fpzq|2 e´

|z|2

2h
Lpdzq

p2πhqd
,

and it is a closed subspace of L2pCd, e´
|z|2

2h
Lpdzq
p2πhqd

q with a related orthogonal projection Πh given explic-
itly by

Πh :L2
pCd, e´

|.|2

2h
Lpdξq

p2πhqd
q Ñ Fh

g ÞÑ Πhpgqpzq :“

ż

Cd
e
z.τ̄´|τ |2

2h gpτq
Lpdτq

p2πhqd
.

(2.1.7)

Proposition 2.1.13. The Bargmann transform Bh is a unitary map from L2pRd, dxq into Fh satisfying
B˚hBh “ Id and BhB

˚
h “ Πh.

Remarks 2.1.14. Instead of considering holomorphic functions ( replace z by z̄ in the definition ofBh),
one could consider anti-holomorphic functions. The Anti-Wick quantization of a polynomial P pz, z̄q “
ř

|α|`|β|ďn cα,β z̄
αzβ is obtained by replacing z(resp z̄) by a (resp by a˚) while keeping a in the left-hand

side.

Examples 2.1.15. We enumerate some examples in relation with the creation and annihilation opera-
tors where ε “ 2h.

1. The image of Hermite functions Ψα by the Bargmann transformation is given by polynomials
1?
εαα!
|z|α.

2. The image of coherent functions ϕz0 by the Bargmann transformation is given by e´
|z0|

2

2ε e
xz0,zy
ε .

3. The annihilation operator aj “ phBxj ` xjq satisfies
“

BhpajqB
˚
h

‰

|FhÑFh
“ εBzj “ Πhpz̄jˆqΠh.

4. The creation operator a˚j “ p´hBzj ` xjq satisfies
“

Bhpa
˚
j qB

˚
h

‰

|FhÑFh
“ zj ˆ .

5. When P pz, z̄q “
ř

|α|`|β|ďn cα,βz
αz̄β is a polynomial on Rd identified on Cd via z “ x ` iξ, the

Anti-Wick quantization is given by PA´Wickpx, hDxq “ B˚hpPˆqBh. Thus

BhP
A´WickB˚h “ ΠhpPˆqΠh

is a Toeplitz operator.
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2.1.2 The Fock space

First definitions

Let Z be a separable Hilbert space with the inner product x. , .y antilinear on the left-hand side asso-
ciated with a norm |z| “

a

xz , zy. The purpose of this section is to generalize some tools introduced
above to a more general framework. The semi-classical parameter will be denoted ε. If not specified
tensor products and orthogonal direct sums are considered in their Hilbert completed version.

Definition 2.1.16. The bosonic Fock space on Z is given by:

ΓspZq “
8
à

n“0

n
ł

Z, (Fock space)

where
ŽnZ denotes the n-fold symmetric tensor product. For all n P N the orthogonal projection

of
ÂnZ on the subspace

ŽnZ is denoted by Sn. Moreover Sn have the explicit writing, for all
ξ1, ..., ξn P Z:

ξ1 _ ξ2 _ ..._ ξn “ Snpξ1 b ξ2 b ...b ξnq “
1

n!

ÿ

σPΣn

ξσp1q b ξσp2q b ...b ξσpnq,

where Σn is the n-th fold symmetric group.

A useful dense subspace of ΓspZq is the algebraic direct sum Γfins pZq :“
Àalg

n“0

ŽnZ .

Proposition 2.1.17. The family pξ1 _ ξ2 _ ... _ ξnqξiPZ,i“1,...,n spans
Žn,alg Z and is a total family of

ŽnZ . The same property holds for pzbnqzPZ,nPN.

Proof. Sn is an orthogonal projection since
ŽnZ is a closed subspace, then the family pξ1 _ ξ2 _

... _ ξnqξiPZ spans
Žn,alg Z and is a total family of

ŽnZ . The last result is straightforward from the
polarization identity

ξ1 _ ξ2 _ ..._ ξn “
1

2nn!

ÿ

εi“˘1

ε1...εn
`

n
ÿ

j“1

εjξj
˘bn

.

For k “ 1, 2 and any operators Ak :
Žik Z Ñ

Žjk Z we can define the symmetric tensor product
of operators A1 _ A2 by

A1 _ A2 “ Sj1`j2 ˝ pA1 b A2q ˝ Si1`i2 P Lp
i1`i2
ł

Z,
j1`j2
ł

Zq.

For all z P Z , recall that |zy is the operator: λ P C ÞÑ λz P Z and xz| is the linear functional:
ξ ÞÑ xz, ξy P C. Now let introduce the annihilation and creation operators in a infinite dimensional
Hilbert space and generalize the Definition 2.1.3.
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Definition 2.1.18. For z P Z , n P N and ε ą 0 a parameter. The ε-dependent annihilation and creation
operators are defined by the following equalities

apzq|
Žn`1 Z “

a

εpn` 1qxz| b Id |
Žn Z ,

a˚pzq|
Žn Z “

a

εpn` 1qSn`1 ˝ p|zy b Id |
Žn Zq “

a

εpn` 1q |zy _ Id |
Žn Z .

The families papzqqzPZ and pa˚pzqqzPZ satisfy the canonical commutation relations for all z1, z2 P

Z:
rapz1q, a

˚
pz2qs “ εxz1, z2y Id , rapz1q, apz2qs “ 0, ra˚pz1q, a

˚
pz2qs “ 0.

We also consider another important operator, namely the field operator

φpzq “
1
?

2
pa˚pzq ` apzqq, (Field operators)

generator of the unitary group Wpzq “ eiφpzq which satisfies the Weyl commutation relations for all
z1, z2 P Z ,

Wpz1qWpz2q “ e´
iε
2

Im xz1,z2yWpz1 ` z2q .

When Z “ Cd the definition coincides with the one introduced earlier in (Weyl operators). The
generating functional associated with this representation is given by

xΩ,WpzqΩy “ e´
ε
4
|z|2 ,

where Ω is the vacuum vector p1, 0, ...q P ΓspZq. The total family of coherent vectors Epzq “
Wp

?
2z
iε
qΩ, has the explicit form

Epzq “ e´
|z|2

2ε

8
ÿ

n“0

1

εn
a˚pzqn

n!
Ω “ e´

|z|2

2ε

8
ÿ

n“0

ε´
n
2
zbn
?
n!
. (Coherent states)

The number operator N, parametrized by ε ą 0, is defined according to

N|_nZ “ εn Id _nZ . (Number operator)

The second quantized operator can be defined by the formula

dΓpAq|_n,algDpAq “ ε
n
ÿ

k“1

Id bpk´1q
b Ab Id bpn´kq. (Second quantized operator)

In particular, N “ dΓp Id q. We can also define the operator Γ. Let Zi, i “ 1, 2 be two Hilbert spaces.
Denote q : Z1 ÞÑ Z2 a bounded linear operator. Then the Gamma operator is given by

Γpqq : ΓpZ1q ÞÑ ΓpZ2q

Γpqq|Žn Z1
“ q b ...b q.

One of the first properties of this functor Γ is its link with the second quantized operator dΓ given by
the formula for A P LpZq,

edΓpAq
“ ΓpeAq. (free Hamiltonian)
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Tensor product of Fock spaces

Consider Zi, i “ 1, 2 two Hilbert spaces. Let i1, i2 the injections of Z1,Z2 into Z1 ‘ Z2. We define
U : ΓpZ1q b ΓpZ2q Ñ ΓpZ1 ‘ Z2q as follows

Uub v :“

d

pp` q!q

p!q!
Γpi1qu

ł

Γpi2qv, u P
p
ł

Z1, v P
q
ł

Z2. (2.1.8)

The operator U is unitary. The following Proposition will be very useful in bosonic QFT.

Proposition 2.1.19. Assume that the Hilbert space Z can be decomposed into a direct sum of Hilbert

spaces Zi, i “ 1, 2 such that Z “ Z1

K

‘ Z2. Then we have, though U , the canonical identification

ΓspZq – ΓspZ1q b ΓspZ2q.

Remarks 2.1.20. With this decomposition we have

1. |Ωy “ |Ω1y b |Ω2y.

2. For z1 P Z1, z2 P Z2,

apz1q “ a1pz1q b Id ΓspZ2q , a˚pz1q b Id ΓspZ2q

N “ N1 b Id ΓspZ2q ` Id ΓspZ1q bN2.

3. Take Ψ1 P Z1 and Ψ2 P Z2 with |Ψl|Zl “ 1, N1, N2 P N, and set %l “ |Ψ
bNl
l yxΨbNl

l | for l “ 1, 2.
The tensor states %1 b %2 is the twin states

|ΨbN1
1 bΨbN2

2 yxΨbN1
1 bΨbN2

2 | (Twin states)

in ΓspZ1q b ΓspZ2q. Within the tensor decomposition we can identify the vector Ψ_pN1,N2q P

ΓspZq associated with ΨbN1
1 bΨbN2

2 . More precisely the following writing holds

ΨbNl
l “

1
?
εNlNl!

a˚pΨlq...a
˚
pΨlq|Ωly, l “ 1, 2

Ψ_pN1,N2q “

d

pN1 `N2q!

εN1`N2N1!N2!
SN1`N2pΨ

bN1
1 bΨbN2

2 q

“
1

?
εN1`N2N1!N2!

a˚pΨ1q...a
˚
pΨ1q

loooooooomoooooooon

N1 times

a˚pΨ2q...a
˚
pΨ2q

loooooooomoooooooon

N2 times

|Ωy in ΓspZq

Example 2.1.21. 1. Cd1`d2 “ Cd1
K

‘ Cd2 , then L2pRd1`d2 , dxq “ L2pRd1 , dxq b L2pRd2 , dxq.

2. Denote p a finite rank orthogonal projection on a Hilbert space Z , then

ΓspZq “ ΓsppZq b Γspp1´ pqZq.

3. When Z “ Z1

K

‘ Z2, then for any z “ z1 ` z2,Wpzq “WZ1pzq bWZ2pz2q.
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2.1.3 Wick quantization
In this subsection, we introduce the Wick symbolic calculus for polynomials with bounded kernels. It
is related to the normal ordering of products of creation-annihilation operators which is a well treated
subject in standard textbooks (see for instance [22, 35]). Here we follow the presentation in [9] which
stresses the symbol-operator correspondence and which is more convenient for our purpose, especially
in Section 4. We will extend the Wick quantization to some classes of polynomials with unbounded ker-
nels in Subsection 2.1.4. For all p,q P N, we denote Pp,qpZq the space of complex-valued polynomials
on Z , defined by the following continuity condition

b P Pp,qpZq ô Db̃ P Lp
p
ł

Z,
q
ł

Zq, bpzq “ xzbq, b̃zbpy. (2.1.9)

These spaces are equipped with norms |.|Pp,q :

|b|Pp,q “ }b̃}Lp
Žp Z

Žq Zq.

The subspace of Pp,qpZq polynomials b such that b̃ is a compact operator is denoted by P8p,qpZq. Later
we will see that this subspace plays a important role in the convergence towards Wigner measures.

Definition 2.1.22. For each symbol bpzq P Pp,qpZq, is associated an operator: Γfins pZq ÝÑ Γfins pZq,
given by

bWick
|
Žn Z “ 1rp,`8qpnq

a

n!pn` q ´ pq!

pn´ pq!
ε
p`q

2 Sn´p`qpb̃b Id bpn´pq
q .

The Wick quantization map depends in the parameter ε ą 0, however for simplicity we omit this
dependence in the notation of bWick. By linearity one can extend this quantization to any finite sum
in PalgpZq :“ ‘algp,qě0Pp,qpZq. Many examples of Wick observables have been introduced in previous
subsection. In fact we have the following correspondance on Γfins pZq for ξ P Z and A P LpZq :

xz, ξyWick
“ a˚pξq , xξ, zyWick

“ apξq

p|z|2qWick
“ N , xz, AzyWick

“ dΓpAq.

Remarks 2.1.23. Sometimes we consider the Wick quantization of a symbol b, or equivalently the
Wick quantization of its kernel b̃. Moreover owing to the condition b̃ P Lp

ŽpZ,
Žq Zq for a symbol

b P Pp,qpZq, the definition implies that any Gateaux-differential Bjz̄Bkz bpzq at z P Z equals

B
j
z̄B
k
z bpzq “

p!

pp´ kq!

q!

pq ´ jq!
pxzbq´j|_ Id |

Žj Zq b̃ p|z
bp´k

y_ Id
|
Žk Zq P Lp

k
ł

Z,
j
ł

Zq. (2.1.10)

Additionally the vector space spanned by all these Wick polynomials will be denote P .

Proposition 2.1.24. The following identities hold true on Γfins pZq for every b P Pp,qpZq

1. pbWickq˚ “ bpzq
Wick

,

2. pCpzqbpzqApzqqWick “ CWickbWickAWick, if A P Pα,0pZq, C P P0,βpZq.
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Proposition 2.1.25. 1. The Wick operator associated with bpzq “
śp

i“1xz, ηiy
śq

j“1xξj, zy, ηi, ξj P
Z equals

bWick
“ a˚pη1q...a

˚
pηpqapξ1q...apξpq.

2. For b P Pp,qpZq and z P Z the following equality holds true

xzbj, bWickzbky “ δ`k´p,j´q

d

k!j!

pk ´ pq!pj ´ qq!
ε
p`q

2 |z|k´p`j´q bpzq,

holds for any k, j P N. The symbol δ`α,β denotes δα,β1r0,`8qpαq where δα,β is the standard Kro-
necker symbol.

A consequence of 1. is that when b P Pp,ppZq and b̃ ě 0, then bWick ě 0 on Γfins pZq. However, it
is not true in general. When the Hilbert space Z equals L2pRd, dxq, the general formula for bWick with
b P Pp,qpZq is

bWick
“

ż

Rdpp`qq
b̃py1, ..., yq, x1, ..., xpqa

˚
py1q...a

˚
pyqqapx1q...apxpq dx1...dxpdy1...dyq,

where b̃py, xq is the Schwartz kernel of b̃ and where apxkq “ apδxkq. The following Proposition is
the so-called Number estimates. It plays a fundamental role to control the unboundeness of some
Wick observables in the Fock space with the help of the Number operator N introduced in Definition
(Number operator).

Proposition 2.1.26. 1. For b P Pp,qpZq, and for any k, j P N

|bWick
|Lp

Žk Z,
Žj Zq ď δ`k´p,j´qpjεq

q
2 pkεq

p
2 |b̃|LpŽp Z,

Žq Zq.

This implies the Number estimate

2. For b P Pp,qpZq, the estimate

}xNy´
q
2 bWick

xNy´
p
2 }LpΓspZqq ď |b|Pp,q , (Number estimate)

holds with xNy “ p1 `N2q
1
2 . Moreover, if b P Pp,qpZq, then xNy´

p`q
2 bWick and bWickxNy´

p`q
2

can be extended to bounded operators on ΓspZq with norms smaller than Cp,q|b|Pp,q , for some
constants Cp,q.

An important operation with the Wick symbols is the composition: bWick
1 ˝ bWick

2 with b1,b2 P

PalgpZq turns to be a Wick symbol in PalgpZq. Now we introduce the useful notations for the formula
about the composition.
Let b P Pp,qpZq, the k-th differential of b is well defined and

B
k
z bpzq P p

k
ł

Zq˚, and B
k
z̄ bpzq P

k
ł

Z.

We use the following notations about the Poisson brackets:

tb1, b2u
pkq
pzq “ Bkz b1pzq.B

k
z̄ b2pzq ´ B

k
z b2pzq.B

k
z̄ b1pzq.

with the C´bilinear duality product Bkz b1pzq.B
k
z̄ b2pzq “ xB

k
z b1pzq, B

k
z̄ b2pzqypp

Žk Zq˚,
Žk Zq,

which defines a function of z P Z simply denoted by Bkz b1.B
k
z̄ b2.
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Proposition 2.1.27. Let b1 P Pp1,q1pZq et b2 P Pp2,q2pZq. For all k P t0, ...,min pp1, q2qu, Bkz b1.B
k
z̄ b2

belongs to Pp1`p2´k,q1`q2´kpZq, we have the estimate

|B
k
z b1.B

k
z̄ b2|Pp1`p2,q1`q2 ď

p1!

pp1 ´ kq!

q2!

pq2 ´ kq!
|b1|Pp1,q1 |b2|Pp2,q2 ,

and the following formulas hold true on Γfins pZq:

1.

bWick
1 ˝ bWick

2 “

”

minpp1,q2q
ÿ

k“0

εk

k!
B
k
z b1.B

k
z̄ b2

ıWick

.

2.

rbWick
1 , bWick

2 s “

maxpminpp1,q2q,min pp2,q1qq
ÿ

k“1

εk

k!

”

tb1, b2u
pkq
ıWick

.

Let us finish this subsection by some regularity properties on Wick observables with respect to
(Number operator), (Weyl operators), or the (free Hamiltonian) on the Fock space.

Proposition 2.1.28. a) The subspace Dc :“ SpantWpξqΩ ; ξ P Zu is dense in the Fock space ΓspZq.
b) For any b P PalgpZq the operator bWick is closable and the domain of his closure contains

H0 “ SpantWpφqψ, ψ P Γfins pZq, φ P Zu.

c) For any b P P the subspace Dc is a core for bWick.
d) For any bpzq P

Àr
j“0Pj,jpZq satisfies the following properties:

bpz ` iπεξq “
r
ÿ

j“0

piεπqj

j!
Dj
rbpzqsrξs, ξ P Z,

where Djrbpzqsrξs the j-th differential of b with respect to pz, z̄q evaluated at ξ, i.e:

Dj
rbpzqsrξs “

ÿ

|α|`|β|“j

j!

α!β!
xξbβ , Bαz B

β
z̄ bpzqξ

bα
y.

Moreover there exists a ε-independent constant Cr ą 0 such that

}xNy´
r
2

r
ÿ

j“0

piεπqj

j!
pDj
rbpzqsrξsqWick

xNy´
r
2 }LpΓspZqq ď Crxξy

r.

e) For all ξ P Z , the equality

Wp
?

2πξq˚bWickWp
?

2πξq “ tbpz ` iπεξquWick. (2.1.11)

holds onH0.
f) Let A be a self-adjoint operator on Z then for all t P R,

ei
t
ε
dΓpAqbWicke´i

t
ε
dΓpAq

“ pbpe´itAzqqWick. (2.1.12)
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2.1.4 Extension to Wick sesquilinear forms
The Wick quantization as we introduced in the previous section is a map that corresponds to a monomial
z P Z ÞÑ bpzq an operator on the Fock space (the function bpzq is called a symbol in connection with
the pseudo-differential calculus). We extend below the class of symbols Pp,qpZq to a wider one denoted
Qp,qpAq, where A is a given non-negative self-adjoint operator on Z. Consider for instance the mean
field Hartree energy (see Section 5, Definition (5.2.7)),

hpzq “ xz, Azy `
1

2
qpzb2, zb2

q .

Then one observes that the symbol h is not in PalgpZq unless A and q are bounded. So, in order to
extend the above quantization procedure to more interesting symbols, we introduce below the class
Qp,qpAq.
Let A be a given non-negative self-adjoint operator on Z . Let H0

n denotes, for each n P N, the operator
on

ŽnZ

H0
n|

Žn Z
“

n
ÿ

i“1

Ai .

For simplicity we denote

Qn :“ QpH0
nq Ă

n
ł

Z and Qn :“ Qp
n
ÿ

i“1

Aiq Ă b
nZ ,

with Qn is a subspace possessing non symmetric vectors satisfying Qn Ă Qn, SnQn “ Qn and Qn,Qn

are respectively dense in bnZ,
ŽnZ . Remember that Qn and Qn are Hilbert spaces when they are

equipped with the graph norm

}u}Qn “ }u}Qn “

d

xu,
n
ÿ

i“1

Ai ` 1uy , @u P Qn. (2.1.13)

We denote by Q1n and Q1
n respectively the dual spaces of Qn and Qn with respect to the scalar product

of bnZ0.
For all p, q P N, we define the class of symbols Qp,qpAq as the space of complex-valued monomials on
QpAq verifying

b P Qp,qpAq ô D! b̃ P LpQp,Q
1
qq, @z P QpAq, bpzq “ xz

bq, b̃zbpybqZ . (2.1.14)

Let b P Qp,qpAq and b̃ as in (2.1.14), then the map defined for any ϕ1, ¨ ¨ ¨ , ϕn P QpAq by

b̃b 1pn´pq Sp b 1pn´pq ϕ1 b ¨ ¨ ¨ b ϕn “
´

b̃Sp pϕ1 b ¨ ¨ ¨ϕpq
¯

b ϕp`1 ¨ ¨ ¨ b ϕn , (2.1.15)

extends by linearity and continuity to a bounded operator from Qn into Q1n´p`q since for any Φpnq P
balg,nQpAq,

}b̃b 1pn´pq Sp b 1pn´pq Φpnq}Q1n´p`q “ }p

n´p`q
ÿ

i“1

Ai ` 1q´
1
2Sq b̃Spp

p
ÿ

i“1

Ai ` 1q´
1
2 p

p
ÿ

i“1

Ai ` 1q
1
2 Φpnq}bn´p`qZ

ď }b̃}LpQp,Q1qq}Φ
pnq
}Qn ,
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and the subspace balg,nQpAq is a form core for
řn
i“1 Ai. As a consequence, we see that

Sn´p`q b̃b 1pn´pq Sn “ Sn´p`q b̃b 1pn´pq Sp b 1pn´pq Sn P LpQn,Q
1
n´p`qq .

Definition 2.1.29. For each symbol b P Qp,qpAq, with b̃ as in (2.1.14), we associate an operator bWick:
Àalg

ně0 Qn ÝÑ
Àalg

ně0 Q
1
n, given by

bWick
|Qn “ 1rp,`8qpnq

a

n!pn` q ´ pq!

pn´ pq!
ε
p`q

2 Sn´p`qpb̃b 1bpn´pqq P LpQn,Q
1
n´p`qq . (2.1.16)

Actually bWick
|Qn

can also be understood as a bounded sesquilinear form on Qn ˆ Qn´p`q. Remark
that we have always the inclusion Pp,qpZq Ă Qp,qpAq. Furthermore, the class Qp,qpAq depends on the
operator A and if A is bounded on Z then Qp,qpAq coincides with Pp,qpZq.

Examples: Let q be a quadratic form onQ2 that is a relatively form bounded with respect toA1`A2 with
relative bound α ă 2 (see Section 5, Assumption (A2)). As a consequence of the above assumption, q
can be identified with a bounded operator q̃ satisfying the relation:

qpu, vq “ xu, q̃ vyb2Z , @u, v P QpA1 ` A2q , (2.1.17)

and q̃ acts from the Hilbert space QpA1 `A2q equipped with the graph norm into its dual Q1pA1 `A2q

with respect to the inner product of b2Z. The main examples of interest here are

b0pzq “ xz, Azy P Q1,1pAq with b̃0 “ A ,

bpzq “ qpzb2, zb2
q P Q2,2pAq with b̃ “ S2q̃S2 ,

and
hpzq “ xz, Azy `

1

2
qpzb2, zb2

q P Q1,1pAq `Q2,2pAq . (2.1.18)

So using the Wick quantization given in Definition 2.1.29, one obtains the following equality in the
sense of quadratic forms for any ΨpNq,ΦpNq P QN ,

xΨpNq, HNΦpNqy “ xΨpNq, ε´1hWickΦpNqy , when ε “
1

N
,

where HN is the N-body Hamiltonian defined in (1.1.2). This identity shows the relationship between
the Hamiltonian of many-boson systems in the mean-field scaling and the Wick quantization of symbols
inQp,qpAqwith the semiclassical parameter ε. In fact most of the information we need in the analysis of
the mean field approximation comes from general properties of the classesQp,qpAq stated in Proposition
2.1.30 below.
The linear spaceQp,qpAq is a subset of the space of continuous functions on QpAq and can be equipped
with a convenient convergence topology. We say that a sequence pcmqmPN in Qp,qpAq is b-convergent
to a function cpzq iff :

cm
b
Ñ cô @z P QpAq, cmpzq Ñ cpzq and p||c̃m||LpQp,Q1qqqmPN is bounded .

The following Proposition extends the previous Proposition 2.1.28 for symbols in Qp,qpAq.
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Proposition 2.1.30. For any b P Qp,qpAq and pcmqmPN a sequence in Qp,qpAq, we have:
a) b̄ P Qq,ppAq and

`

bWick
|Qn

˘˚
“ b̄Wick

|Qn´p`q
.

b) For any t P R, btpzq :“ bpe´itAzq P Qp,qpAq with

ei
t
ε
dΓpAqbWicke´i

t
ε
dΓpAq

“ bWick
t .

c) There exists a constant Cp,q ą 0 such that for any Ψpnq P Qn, Φpmq P Qm with m “ n ´ p ` q and
ε “ 1

n
,

ˇ

ˇxΦpmq, bWick Ψpnq
y
ˇ

ˇ ď Cp,q

›

›

›
b̃
›

›

›

LpQn,Q1mq

›

›

›
pA1 ` 1q

1
2 Φpmq

›

›

›

›

›

›
pA1 ` 1q

1
2 Ψpnq

›

›

›
.

d) If cm
b
Ñ c then c P Qp,qpAq and cWick

m converges weakly to cWick in LpQn,Q
1
n´p`qq.

e) For any ξ P QpAq the symbol bp¨ ` ξq belongs to ‘algp,qPNQp,qpAq and the identity

bWickWp
?

2

iε
ξq “Wp

?
2

iε
ξqbpz ` ξqWick , (2.1.19)

holds in the sense of sesquilinear forms on Qn1 ˆQn2 for any n1, n2 P N.

Proof. a) According to (2.1.14), we have

b̄pzq “ bpzq “ xb̃ zbq, zbpy “ xzbq, b̃˚ zbpy ,

where b̃˚ P LpQq,Q
1
pq is the adjoint of b̃ P LpQp,Q

1
qq. Let Φpnq P _alg,nQpAq, Ψpmq P _alg,mQpAq

with m “ n´ p` q, n ě p, then we have

xbWickΦpnq,Ψpmq
y “

?
n!m!

pn´ pq!
ε
p`q

2 xb̃b 1bpn´pq Φpnq,Ψpmq
y

“

?
n!m!

pn´ pq!
ε
p`q

2 xΦpnq, b̃˚ b 1bpn´pqΨpmq
y

“ xΦpnq, b̄WickΨpmq
y .

Since_alg,nQpAq is dense in the Hilbert space pQn, ||.||Qnq, the above identity extends to any Φpnq P Qn

and Ψpmq P Qm.
b) For any t P R and n P N the operator pe´itAqbn : Qn Ñ Qn is bounded and extends by duality to a
bounded operator on Q1

n. Hence for any z P QpAq,

btpzq :“ xpe´itAzqbq, b̃ pe´itAzqbpy “ xzbq, pe´itAqbq b̃ pe´itAqbp zbpy ,

and b̃t “ pe´itAqbq b̃ pe´itAqbp belongs to LpQp,Q
1
qq. Let Φpnq P Qn, Ψpmq P Qm with m “ n ´ p `

q, n ě p, then we have

xΨpmq, ei
t
ε
dΓpAqbWicke´i

t
ε
dΓpAqΦpnqy “

?
n!m!

pn´ pq!
ε
p`q

2 xΨpmq, pe´itAqbm b̃b pe´itAqbnΦpnqy

“

?
n!m!

pn´ pq!
ε
p`q

2 xΨpmq, b̃t b 1bpn´pqΦpnqy

“ xΨpmq, bWick
t Φpnqy .
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c) A simple estimate gives

ˇ

ˇxΦpmq, bWick Ψpnq
y
ˇ

ˇ ď

a

n!pn` q ´ pq!

pn´ pq!
ε
p`q

2

ˇ

ˇ

ˇ

ˇ

B

pH0
q ` 1q

1
2 b 1bpm´qqΦpmq;

ˆ

pH0
q ` 1q´

1
2 b̃pH0

p ` 1q´
1
2

˙

b 1bpn´pq pH0
p ` 1q

1
2 b 1bpn´pqΨpnq

F
ˇ

ˇ

ˇ

ˇ

ď

›

›

›
b̃
›

›

›

LpQn,Q1mq

›

›

›
pH0

q ` 1q
1
2 b 1bpm´qqΦpmq

›

›

›

›

›

›
pH0

p ` 1q
1
2 b 1bpn´pqΨpnq

›

›

›
.

Using the symmetry of the vectors Φpmq (resp. Ψpnq), we remark
›

›

›
pH0

q ` 1q
1
2 b 1bpm´qqΦpmq

›

›

›

2

“ xΦpmq, p
q
ÿ

i“1

Ai ` 1qΦpmqy “ xΦpmq, pqA1 ` 1qΦpmqy .

d) Thanks to a polarization formula the monomial cm determines uniquely the operator c̃m P LpQp,Q
1
qq.

In fact for any Φpqq P _alg,qQpAq and Ψppq P _alg,qQpAq the quantity xΦpqq, c̃m Ψppqy can be written as
a linear combination of pcmpziqqiPI where I is a finite set and zi are given points in QpAq. Therefore,
for any Φpqq P _alg,qQpAq and Ψppq P _alg,pQpAq the sequence pxΦpqq, c̃m ΨppqyqmPN is convergent.
Since p||c̃m||LpQp,Q1qqqmPN is bounded, one can prove by an η{3-argument that c̃m converges weakly to
an operator c̃ P LpQp,Q

1
qq, i.e.:

xΦpqq, c̃m Ψppq
y Ñ
mÑ8

xΦpqq, c̃Ψppq
y , @Φpqq P Qq, @Ψppq

P Qp . (2.1.20)

Hence, cpzq “ xzbq, c̃zbpy and belongs to Qp,qpAq. As a consequence of (2.1.20), the operator c̃m b
1pn´pq converges also weakly to c̃ b 1pn´pq in LpQn,Q

1
n´p`qq and the convergence of cWick

m towards
cWick follows.
e) The relation (2.1.19) is already proved in [9, Proposition 2.10] for symbols b P Pp,qpZ0q. In order
to extend it to the class Qp,qpAq it is enough to use the approximation argument provided by (iv). Let
χ P C80 pRq such that χpxq “ 1 if }x} ď 1, χpxq “ 0 if }x} ě 2 and 0 ď χ ď 1. We denote for m P N,
χmpxq “ χp x

m
q. Let b P Qp,qpAq and consider the sequence of symbols

cmpzq “ xz
bq, χmpH

0
q q b̃ χmpH

0
p q z

bp
y P Pp,qpZ0q Ă Qp,qpAq .

The use of [9, Proposition 2.10] yields for any Φpn1q P Qn1 and Ψpn2q P Qn2 ,

xΦpn1q, cWick
m Wp

?
2

iε
ξqΨpn2qy “ xΦpn1q,Wp

?
2

iε
ξq cmpz ` ξq

Wick Ψpn2qy . (2.1.21)

Now, it is easy to check that
cm

b
Ñ b , in Qp,qpAq.

Moreover cmp¨ ` ξq P ‘
alg
k,lě0Pk,lpZ0q,

cmpz ` ξq “ xpz ` ξqbq, c̃m pz ` ξq
bp
y

“
ÿ

0ďiďq
0ďjďp

Ci
qC

j
p xz

bpq´iq
b ξbi,Sq c̃m Sp zbpp´jq b ξbjy

“:
ÿ

0ďiďq
0ďjďp

Ci
qC

j
p c
pi,jq
m pzq .
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So, it is clear that each monomial cpi,jqm in the above sum b-converges to

bpi,jq “ xzbpq´iq b ξbi,Sq b̃Sp zbpp´jq b ξbjy,

since c̃m converges weakly to b̃ in LpQp,Q
1
qq. Remark also that Proposition 2.1.31 shows for any r P N

that the rth components of the following coherent vectors satisfy

“

Wp
?

2

iε
ξqΨpn2q

‰prq
P Qr and

“

Wp
?

2

iε
ξq˚Φpn1q

‰prq
P Qr .

Therefore using (iv) and taking the limit mÑ 8 in (2.1.21) proves the claimed identity.

A regularity property of Weyl operators: It is convenient to recall the following regularity property for
the Weyl operators. Remember that the operator dΓpAq ` N is non-negative and self-adjoint on the
symmetric Fock space satisfying

dΓpAq `N|_NZ0
“
H0
N

N
` 1 , when ε “

1

N
.

Moreover, dΓpAq ` N has an invariant form domain with respect to the Weyl operator Wpξq when
ξ P QpAq. This propriety can be proved using the Faris-Lavine argument [45] and it is proved for
instance in [6].

Proposition 2.1.31. For any ξ P QpAq the form domain QpdΓpAq `Nq is invariant with respect to the
Weyl operatorWpξq. Moreover, there exists uniformly in ε P p0, ε̄q a constant C :“ Cpξq ą 0 such that

}pdΓpAq `Nq
1
2WpξqpdΓpAq `N` 1q´

1
2 }LpΓspZ0qq ď C , (2.1.22)

and in particular for any ΨpNq P QpH0
Nq, ε “

1
N

,
›

›

›

›

p
H0
N´1

N ´ 1
` 1q1{2rWpξqΨpNq

s
pN´1q

›

›

›

›

ď C

›

›

›

›

p
H0
N

N
` 1q1{2ΨpNq

›

›

›

›

,

where rWpξqΨpNqspN´1q denotes the pN ´ 1qth component ofWpξqΨpNq P ΓspZ0q.

2.2 Wigner measures
Semi-classical (or Wigner) measures are well-known tools in non-linear analysis in finite dimension.
We refer the reader to the work [9, 27, 52, 51, 62, 113] for examples. The Wigner measures provide
a powerful tool to get the leading term in the semiclassical limit. Its strong link with the phase-space
analysis allows the derivation of some a priori estimates that are useful in the study of the mean field
limit as we will see later. In particular, these measures make the link between the pseudodifferential
calculus and the phase-space geometry. In the first subsection we will also introduce the well-known
notion of normal states in the Fock space. In the second 2.2.2, we will extend the notion of Wigner
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measures in a infinite dimensional Hilbert space by a projective approach according to the work [9].
The tensor decomposition is a useful property of Fock spaces and several information on Wigner mea-
sures can be deduced from this fact. Several equivalent definitions for the Wigner measures under some
uniform trace conditions exist, but we should be very careful with the choice of the quantized observ-
ables. Indeed there is a lack of compactness owing to the infinite dimensional Hilbert space considered
and then the Wigner convergence is harder to get in this framework. Subsequently, we shall consider
Wick observables with compact kernels to prevent this problem. This is explained in subsection 2.2.3
where we will introduce the reduced density matrices which are also useful to understand the mean
field limit (see [42, 43, 11, 18, 110, 47, 49]). We mentioned earlier that Wigner measures can be used
to derive some a priori estimates. In [12, 78, 7] these estimates have been used to make a link between
the quantum dynamics and the mean field dynamics. In the last subsection 2.2.4 we will emphasize the
link between Wick symbols and the Wigner measures throughout some a priori estimates.

2.2.1 Semi-classical measures in finite dimension
Consider a finite dimensional space H. In the following E denotes an infinite subset of p0,`8q such
that 0 P E . Recall that the space L1pHq denotes the space of trace-class operators onH.

Definition 2.2.1. The family p%hqhPE P L1pHq is a family of normal states if and only if

iq %h ě 0

iiqTr r%hs “ 1.

Consider p%hqhPE a family of normal states on R2d. Let MbpR2dq be the set of bounded Radon
measures on R2d. Notice thatMbpR2dq is the dual of the separable space of continuous functions with
limit 0 at infinity, namely C0pR2dq. Hence for R ą 0, the ball

BR “ tµ PMbpR2d
q, }µ}MbpR2dq ď Ru,

with

}µ}MbpR2dq “ sup
fPC0pR2dq

|
ş

R2d fpxqdµpxq|

}f}C0pR2dq

,

is metrizable. Therefore bounded subsets are relatively sequentially compact for the weak-* topology.

Definition 2.2.2. For the family of normal states p%hqhPE , the semi-classical measure (or Wigner mea-
sure) are the weak-* limit points of 1

p2πhqd
σWickp%hq inMbpRdq.

The set of semi-classical measures associated with p%hqhPE is denoted byMp%h, h P Eq. Moreover the
family p%hqhPE is said pure ifMp%h, h P Eq is reduced to a single element.

Remarks 2.2.3. The same definitions can be used for general bounded family p%hqhPE in LpL2pRdqq.
The extension of this definition to a separable Hilbert space will be discuss later in Section 2.2.2.

Proposition 2.2.4. i) When p%hqhPE is a family of normal states, any µ PMp%h, h P Eq satisfies

0 ď µ ,

ż

Rd
dµ ď 1.
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(ii) The Wigner measure µ PMp%h, h P Eq is characterized by the assertion:
There exists a sequence phnqnPN such that limnÑ`8 hn “ 0 such that for any b P C80 pR2dq

lim
nÑ`8

Tr rb#
px, hnDxq%hns “

ż

R2d

bpXqdµpXq,

where # stands for Weyl or Anti-Wick quantization.
iii) If there is no loss of mass at infinity, i.e: Tr r%hN

νs ď Cν ă 8 uniformly w.r.t h P E , and for some
ν ą 0 with N the harmonic oscillator introduced in (Number operator), then any µ PMp%h, h P Eq
is a probability measure. With this assumption, the Wigner measure µ is also characterized by the
equality

lim
nÑ8

Tr rWp 1

i
?

2
X0q%hs “

ż

R2d

eiσpX0,Xq dµpXq,

with σ denotes the symplectic form on R2d.

Examples 2.2.5. 1. Consider the family p%h “ |ϕX0yxϕX0 |qhPp0,h0q, with h0 ą 0. Then the Wigner
measure associated with %h is the Dirac measure centered in X0, i.e:

Mp%h, h P p0, h0qq “ tδX0u.

2. Any probability measure on R2d is a semi-classical measure of a given family of normal states.

3. When d “ 1, and %h “ |ΨαyxΨα| with α “ r 1
h
s, then

Mp%h, h P p0, h0qq “ t
1

2π

ż 2π

0

δeiθ dθu “ tδ
S1

1 u.

2.2.2 Wigner measures in a infinite dimensional Hilbert space
First definitions

The extension proposed here follows the one in [12] and purposes a projective approach. In order to
use the Bochner’s Theorem 2.2.8, we consider real Hilbert spaces. In practice the real structure of a
complex Hilbert spaces is considered. We begin by introducing the space P of all orthogonal projections
of finite ranks on Z . Define the usual Schwarz space in a finite dimensional space E by SpEq.

Definition 2.2.6. A function f : Z Ñ C is said Schwartz cylindrical if there exists p P P, and a
function g P SppZq, such that for any z P Z, fpzq “ gppzq. In this case we said that f is based on
pZ. We denote ScylpZq the cylindrical Schwarz space

f P ScylpZq ô Dp P P, Dg P SppZq, fpzq “ gppzq.

Definition 2.2.7. The algebra of cylindrical sets BcylpZq “ tXpp, Eq “ p´1pEq, p P E,E P BppZqu
where BppZq denotes for any p P P the set of Borel subsets of pZ. A cylindrical measure µ is a mapping
defined on BcylpZq such that

iq µpZq “ 1.

iiq @p P P, µppAq :“ µpp´1
pAqq for A P BcylpZq defines a probability measure µp on BppZq.
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In this context, the family of measures pµpqpPP is called weak distribution. The space Z equipped
with its real scalar product is a real Hilbert space and the function z ÞÑ e2iπRe xz,ξyZ , with ξ P Z is a
cylindrical measurable function. Hence we can define the Fourier transform of a cylindrical mesure µ

Frµspξq “
ż

Z
e2iπRe xz,ξyZ dµpzq.

Below we recall the Bochner’s theorem

Theorem 2.2.8. A function G is a Fourier transform of a weak distribution if and only if

iq Gp0q “ 1.

iiq G is of positive type, i.e.,
N
ÿ

i,j

λiλ̄jGpξi ´ ξjq ě 0, for anyN P N, pλiqi“1,..,N P C,

pξiqi“1,..,N P Z.
iiiq For any p P P, G|pZ is continuous.

(2.2.1)

Before introducing the notion of Wigner measures, we recall a tightness property which can be
found for instance in [107].

Lemma 2.2.9. A cylindrical measure µ on Z extends to a probability measure on Z if and only if for
any η ą 0, there exists Rη ą 0 such that

@p P P, µptz P Z, }pz} ď Rηuq ě 1´ η.

Definition 2.2.10. Let E be an infinite subset of p0,`8q such that 0 P E . Let p%εqεPE be a family of
normal states on ΓspZq (%ε ě 0 and Tr r%εs “ 1) such that:

Dδ ą 0 , DCδ ą 0 , @ε P E , Tr r%εN
δ
s ď Cδ ă 8 .

The setMp%ε, ε P Eq of Wigner measures associated with p%εqεPE is the set of Borel probability mea-
sures on Z , µ , such that there exists an infinite subset E 1 Ă E with 0 P E 1 and

@ξ P Z , lim
E 1QεÑ0

Tr
”

%εWp
?

2πξq
ı

“

ż

Z
e2iπRe xξ,zydµpzq .

Moreover the measure is satisfying
ż

Z
}z}2δZ dµpzq ă Cδ ă 8.

Remarks 2.2.11. The expression Mp%ε, ε P Eq “ tµu means that the family p%εqεPE is pure in the
sense:

lim
εÑ0

Tr r%ε b
Weyl

s “

ż

Z
bpzq dµpzq,

for all cylindrical symbols b P ScylpZq without extracting a subsequence.
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By some diagonal extraction of subsequences, it was proved in [9] that Mp%ε, ε P Eq is never
empty. Additionnally we can assume without loss of generality thatMp%ε, ε P Eq “ tµu. In practice
the Wigner measures are identified though their characteristic functions with the relation:

Mp%ε, ε P Eq “ tµu ô lim
εÑ0

Tr r%εWp
?

2πξqs “ F´1
rµspξq.

Remarks 2.2.12. The definition of Wigner measures extends to every family p%εqεPE such that

Tr rp1`Nqδ%εp1`Nqδs ď Cδ,

for a fixed δ ą 0 and according to the decomposition

%ε “ λR,`ε %R,`ε ´ λR,´ε %R,´ε ` iλI,`ε %I,`ε ´ iλI,´ε %I,´ε ,

where p%R{I,˘ε qεPE are normal states.

Examples 2.2.13. 1. Consider the state %ε “ |ΩyxΩ| for all ε P p0, ε̄q, then

Mp%ε, ε P p0, ε̄q “ tδ0u.

2. When %ε “ %ε,1 b %ε,2 in the tensor decomposition ΓspZ1q ‘ ΓspZ2q with the uniform estimates

Tr r%ε,jN
δ
js ď Cδ,

Mp%ε,j, ε P p0, ε̄qq “ tµju, for j “ 1, 2.

ThenMp%ε, ε P p0, ε̄q “ tµ1 b µ2u.

3. For the family of coherent states %ε :“ |EpzqyxEpzq|, the Wigner measure associated is δz.

4. As in finite dimension, any Borel probability measure on Z is a Wigner measure.

Weyl and Anti-Wick Observables

Weyl operators: Denote Lppdzq the Lebesgue measure on the finite space pZ , where p P P. We can
define for a function f P ScylpZq its Fourier transform

Frf spξq “
ż

pZ
fpξqe´2iπRe xz,ξy Lppdξq.

Take any symbol b P ScylpZq, a Weyl observable can be associated according to

bWeyl
“

ż

pZ
FrbspzqWp

?
2πzqLppdzq. (2.2.2)
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By using the tensor decomposition ΓspZq “ ΓsppZq b Γspp1´ pqZq owing to

Z “ pZ
K

‘ p1´ pqZ, @z P pZ,

Wp
?

2πzq “WpZp
?

2πzq b Id |Γspp1´pqZq,

where WpZp
?

2πzq denotes the reduced representation in ΓsppZq. Then this projective aspect allows
more general classes of symbols. Hence for p P P, the symbol classes defined for 0 ď ν ď 1 on pZ,

SνpZ “
alg
à

nPZ
SpxzynpZ ,

dz2

xzy2νpZ
q,

where xzy2pZ “ 1 ` }z}2pZ is the japonese bracket. Polynomial functions on pZ are included in SνpZ .
The associated class of Weyl quantized operators after tenzorisation with Id Γspp1´pqZq is denoted by
Op SνpZ . Take a cylindrical symbol b P PalgpZq based on pZ, the equivalence of the Weyl and Wick
quantization in finite dimension gives the following equality in Op SνpZ for any ν P r0, 1s

bWick
“ bWeyl

`Obpεq.

However, these polynomials have finite range and make a dense set inP8algpZq but not inPalgpZq owing
to a phenomen called infinite dimensional compactness defect. We talk about this issue in Section 2.2.3.

Anti-Wick operators:

We can define Anti-Wick operators by a separation of variables. Given p P P. Set pK “ 1 ´ p,

and use the tensor decomposition (2.1.8). Then for ξ1

K

‘ ξ2, Wpξ1

K

‘ ξ2q “ Wppξ1q bWpKpξ2q. In
finite dimension the coherent states Eppξq “ Wpp

?
2ξ
iε
qΩpZ . Introduce the projector Pξ on ΓspZq after

tenzorisation with Id ΓsppKZq :

pZ Q ξ ÞÑ P ε
ξ “ p|EppξqyxEppξq|q b Id |ΓsppKZq.

For a symbol b P ScylpZq based on pZ, the Anti-Wick operator is defined by

bA´Wick
“

ż

pZ
bpξqP ε

ξ

Lppdξq

pπξqdimpZ .

The coherent states |EppξqyxEppξq| can be see as Weyl observables in finite dimension. The next
table explains the correspondence

pZ „ Cd z “ x` iy , T ˚Rd

ΓsppZq „ ΓsppZq ε “ 2h , L2pRdq

EpZpz0q
z0
i
“ ξ0 ´ ix0 , τp x0?

h
,
ξ0?
h
q
p 1

π
d
4
e´

x2

2 q

|ΩpZyxΩpZ | “ γWeyl, γpzq “ 2de
´
|z|2pZ
ε
2

1

π
d
4
e´

px2`y2q
2 “ gWeylp

?
hx,

?
hDxq, gpx, ξq “ 2de´

x2`ξ2

h .

Hence by using the conjugation formula for aWeylp
?
hx,

?
hDxqw.r.t τ

p
x0?
h
, ξ?
h
q
we get the correspon-

dence

|EppξqyxEppξq| “ γWeyl
ξ , γξpzq “ 2de

´
|z´ξ|2pZ

ε
2 .
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Proposition 2.2.14. 1. As in finite dimension, the positivity property of A ´Wick operators holds
for symbols in SpZp1, |dz|

2q, for p P P.

2. Let p P P, and b P SpZp1, |dz|
2q, then

|bA´Wick
|LpΓspZqq ď }b}L8ppZq.

3. The comparaison with the Weyl quantization for symbols in SpZp1, |dz|
2q, for p P P gives the

estimate
}bA´Wick

´ bWeyl
}LpΓspZqq ď Cdpkdpbqε,

where the constant Cd ą 0 and the semi norm pkd depend on the dimension d “ dimpZ.

2.2.3 Lack of compactness
Recall that E denotes an infinite subset of p0,`8q such that 0 P E . In the subsection we always consider
a family of states p%εqεPE such that

@k P N, DCk ą 0, @ε P E , Tr rNk%εs ď Ck,

and
Mp%ε, ε P Eq “ tµu.

Within these assumptions, the convergence

lim
εÑ0

Tr r%εb
Weyl

s “

ż

Z
bpzq dµpzq, (2.2.3)

holds for any cylindrical bpzq “ gppzq, with g P SpxzynpZ ,
dz2

xzy2pZ
q. In particular the convergence (2.2.3)

holds for a polynomial g on pZ , p P P. In finite dimension, the Wick quantization and the Weyl
quantization are equivalent, therefore bWeyl can be replaced by bWick. Moreover, a symbol bpzq “
xzbq, b̃zbpy is cylindrical when b̃ P Lp

ŽpZ;
Žq Zq has a finite rank. The convergence (2.2.3) holds

for any b̃ P L8p
ŽpZ,

Žq Zq, see for example [10, Corollary 6.14].

Lemma 2.2.15. Let p%εqεPE be a family of normal states on ΓspZq depending on ε such that

@α P N, DCα ą 0, @ε P E , Tr r%εN
α
s ď Cα, andMp%ε, ε P Eq “ tµu.

Then, there exists a infinite subset E 1 Ă E with 0 P Ē 1 such that

lim
E 1QεÑ0

Tr r%εb
Wick

s “

ż

Z
bpzq dµpzq, (2.2.4)

for any b P P8algpZq “ ‘
alg
p,qPNP8p,qpZq.

It is not possible to extend the convergence (2.2.4) for bounded polynomials b P P . The phenomena
corresponds to the infinite dimensional defect of compactness (see [9, 78] for more details). There are
several examples where the convergence (2.2.4) does not hold:
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Examples 2.2.16. 1. Consider Coherent states Epfεq where the vector f is ε dependant. Assume
that the family pfεqεą0 is weakly convergent to f0 but not strongly, with }fε}Z “ 1. Then the
family %ε “ |EpfεqyxEpfεq| admit a single Wigner measure δf0 . However, take bpzq “ }z}2Z and
compute

Tr r%εNs “ }fε}Z “ 1 ‰

ż

Z
}z}2Z dδf0pzq.

2. Consider Hermite states %ε “ |f
r 1
ε
s

ε yxf
r 1
ε
s

ε |, where the family of normal states pfεqε is weakly
convergent to f0 but not strongly. A simple computation yields

lim
εÑ0

Tr r%εN
k
s “ 1 ‰

ż

Z
}z}2kZ dδf0 .

BBGKY Hierarchy:

In this subsection we assume that Z “ L2pRdq. States will be considered in
ŽnZ “ L2pRdnq. Thus

take %ε P Lp
ŽnZq, with n “ r1

ε
s. For any p P N, p ď n, γ

ppq
ε P L1p

ŽpZq is defined as the partially
traced operator with the kernel

γppqε px1, ..., xp; y1, ..., ypq :“

ż

Rdpn´pq
%εpx1, ..., xp, X, y1, ..., yp, Xq LRdpn´pqpdXq.

Proposition 2.2.17. Assume that %ε P LpΓspZqq satisfies %ε ě 0 and Tr rN
k
2 %εN

k
2 s ă 8 for all k P N.

Then for any p P N the writing

Tr rγppqε b̃ s “ Tr r%εs
Tr r%εb

Wicks

Tr r%εp|z|2pqWicks

for any b P Pp,ppZq, defines a unique element γppqε ě 0 in Lp
ŽpZq.

Proof. Owing to the assumptions the application b̃ ÞÑ Tr r%εb
Wicks defines a continuous linear form

on Lp
ŽpZq.

Hence the definition of reduced density matrix follows by this duality argument.

Definition 2.2.18. Assume that the family p%εqεPE satisfy %ε ě 0 and Tr rN
k
2 %εN

k
2 s ă Ck ă 8, for

all k P N. Then the reduced density matrix γppqε , p P N, associated with %ε is the element of L1p
ŽpZq

defined by

Tr rγppqε b̃s “ Tr r%εs
Tr r%εb

Wicks

Tr r%εp|z|2pqWicks
, (2.2.5)

with γppqε “ 0 if Tr r%εp|z|q
Wicks “ 0.

As we mentioned before, there is a ’dimensional defect of compactness’, then we cannot expect
the convergence of Wigner measures for symbols in PpZq. However, we want to understand when this
convergence holds for these polynomials. The answer uses the convergence of the reduced density
matrices and it is specified in the next Proposition.
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Proposition 2.2.19. Assume that the family of normal states p%εqεPE satisfy

piq Mp%ε, ε P Eq “ tµu,

piiq lim
E 1Qε

Tr r%εb
Wick

s “

ż

Z
bpzq dµpzq.

Define for p P N,

γ
ppq
0 :“

1
ş

Z |z|
2p dµpzq

ż

Z
|zbpyxzbp| dµpzq.

Then for all p P N, the reduced density matrix γpε converges to γppq0 in the L1´norm.

Hence, there is a strong link between the convergence of reduced density matrices and Wigner
measures. Actually the Assumption

lim
εÑ0

Tr r%εb
Wick

s “

ż

Z
bpzq dµpzq, @b P PalgpZq,

can be replaced by a condition easier to handle, called condition (PI)

@α P N, lim
εÑ0

Tr r%εN
α
s “

ż

Z
}z}2αZ dµpzq ă `8. (PI)

This is specified in the following Proposition proved in [11].

Proposition 2.2.20. For a family of normal states p%εqεPE 1 such thatMp%ε, ε P Eq “ tµu, the following
equivalence holds true

@α P N, lim
εÑ0

Tr r%εN
α
s “

ż

Z
}z}2αZ dµpzq ðñ lim

εÑ0
Tr r%εb

Wick
s “

ż

Z
bpzq dµpzq, @b P PalgpZq.

(2.2.6)

Notice that for a family of normal states p|ΨpNqyxΨpNq|qNPN˚ on
ŽN Z , the condition (PI) is equiv-

alent to the equality
ż

Z
}z}2αZ dµpzq “ 1.

Since the Wigner measure µ is automatically carried on the unit ball ofZ (since the family p|ΨpNqyxΨpNq|qNPN˚

is normal), the previous equality gives a more precise information: the Wigner measure is carried on
the unit sphere SZ , i.e µpSZq “ 1.

2.2.4 Relationship between Wick observables and Wigner measures
Wigner measures are defined through Weyl operators nevertheless it is important for the mean-field
problem to draw the link with Wick quantization. Their relationship is clarified by the following Propo-
sition proved in [9, Theorem 6.13] and [9, Corollary 6.14].
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Proposition 2.2.21. Let t|ΨpNqyxΨpNq|uNPN be a sequence of normal states on
ŽN Z satisfying:

DC ą 0, @N P N, xΨpNq, H0
NΨpNq

y ď CN ,

and
Mp|ΨpNq

yxΨpNq
|, N P Nq “ tµu.

Then, for any b P ‘algp,qě0P8p,qpZq,

lim
NÑ`8
εN“1

xΨpNq, bWickΨpNq
y “

ż

Z
bpzq dµpzq ,

lim
NÑ`8
εN“1

xΨpNq,Wp
?

2πξq bWickΨpNq
y “

ż

Z
e2iπRe xz,ξy bpzq dµpzq.

The following a priori estimate is a consequence of [12, Proposition 3.11], [12, Lemma 3.13], [11,
Lemma 2.14] and [12, Lemma 3.12].

Proposition 2.2.22. Let t|ΨpNqyxΨpNq|uNPN a sequence of normal states on
ŽN Z satisfying:

DC ą 0, @N P N, xΨpNq, H0
NΨpNq

y ď CN ,

and
Mp|ΨpNq

yxΨpNq
|, N P Nq “ tµu.

Then the Wigner measure µ is carried by QpAq (i.e.: µpQpAqq “ 1) and its restriction to QpAq is a
Borel probability measure on pQpAq, } ¨ }QpAqq fulfilling

ż

Z
}z}2QpAq dµpzq ď C ,

and µpBpZqq “ 1 ,

where BpZq is the unit ball of Z .

Some kind of a Fatou’s lemma for Wigner measures holds true.

Proposition 2.2.23. Let t|ΨpNqyxΨpNq|uNPN be a sequence of normal states on
ŽN Z satisfying:

DC ą 0, @N P N, xΨpNq, H0
NΨpNq

y ď CN ,

and
Mp|ΨpNq

yxΨpNq
|, N P Nq “ tµu.

Then for any b P Qp,ppAq such that b̃ ě 0,

lim inf
NÑ`8
εN“1

xΨpNq, bWickΨpNq
y ě

ż

Z
bpzq dµpzq .
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Proof. Since b P Qp,ppAq, bpzq “ xzbp, b̃ zbpy with b̃ P LpQp,Q
1
pq, b̃ ě 0, then the quadratic form

pΨ,Φq P QpH0
p q ˆQpH

0
p q Ñ xΨ, b̃Φy ,

is closed and non-negative. Hence by [99, Theorem VIII] there exists a unique self-adjoint operator on
_pZ , denoted byB, such that xΨ, b̃Φy “ xΨ, B Φy for any Ψ,Φ P DpBq andDpBq is dense inQpH0

p q.
Moreover, the inequality 0 ď B ď cH0

p holds in the sense of quadratic forms on QpH0
p q Ă QpBq. So,

when ε “ 1
N

,

xΨpNq, bWickΨpNq
y “

N !

NppN ´ pq!
xΨpNq, Bb1pN´pqΨpNq

y ě
N !

NppN ´ pq!
xΨpNq, χmpBqBb1pN´pqΨpNq

y ,

where χm is a suitable cutoff function such that 0 ď χm ď 1 and χm Ñ 1 when m Ñ 8. For any
compact operator C on _pZ satisfying 0 ď C ď χmpBqB, one get

xΨpNq, bWickΨpNq
y ě

N !

NppN ´ pq!
xΨpNq, C b 1pN´pqΨpNq

y .

So using Proposition 2.2.21 one obtains

lim inf
NÑ8
εN“1

xΨpNq, bWickΨpNq
y ě

ż

Z
xzbp, C zbpy dµ,

for any non-negative compact operator C such that C ď χmpBqB. Remark that there exists a sequence
of such operators Ck which converges strongly to χmpBqB. Therefore using Proposition 2.2.22 and
dominated convergence one obtains

lim inf
NÑ8
εN“1

xΨpNq, bWickΨpNq
y ě

ż

Z
xzbp, B zbpy dµ “

ż

QpAq

bpzq dµ .



Chapter 3

Measure valued solutions to Liouville’s
equation

Liouville’s equation is a fundamental equation of statistical mechanics which describes the time evo-
lution of phase-space distribution functions. Consider for instance a Hamiltonian system Hpp, qq “
Hpp1, ¨ ¨ ¨ , pn, q1, ¨ ¨ ¨ , qnq of finite degrees of freedom where pq1, ¨ ¨ ¨ , qn, p1 ¨ ¨ ¨ , pnq are the position-
momentum canonical coordinates. Then the time evolution of a probability density function %pp, q, tq
describing the system at time t is governed by the Liouville equation,

B%

Bt
` t%,Hu “ 0 ,

with the Poisson bracket defined as follows,

t%,Hu “
n
ÿ

i“1

„

BH

Bpi

B%

Bqi
´
BH

Bqi
B%

Bpi



.

By formally differentiating %ppt, qt, tq with respect to time, where ppt, qtq are solutions of the Hamil-
tonian equations, we recover the Liouville’s theorem as stated by Gibbs "The distribution function is
constant along any trajectory in phase space", i.e.,

d

dt
%ppt, qt, tq “ 0 .

In fact the characteristics method says that if the Hamiltonian is sufficiently smooth and generates a
unique Hamiltonian flow Φt on the phase-space, then the density function %pp, q, tq is uniquely deter-
mined by its initial value %pp, q, 0q and it is given as the propagation along the characteristics, i.e.,

%pp, q, tq “ %pΦ´1
t pp, qq, 0q .

It is known that Liouville’s theorem holds in more general framework than the Hamiltonian systems.
Consider a differential equation,

d

dt
X “ F pXq, Xpt “ 0q “ X0 , (3.0.1)

49
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with X “ pX1, ¨ ¨ ¨ , Xnq P Rn and F “ pF1, ¨ ¨ ¨ , Fnq : Rn Ñ Rn is a given smooth vector field such
that a unique flow map Φt : Rn ÞÑ Rn exists and solves the ODE (3.0.1). If the system (3.0.1) is at an
initial statistical state described by a probability density function %pX, 0q at t “ 0, then under the flow
map Φt, the evolution of this state is described by a density %pX, tq, which is the pull-back of the initial
one,

%pX, tq “ %pΦ´1
t pXq, 0q . (3.0.2)

If the vector field F satisfies the Liouville’s property, which is the following divergence-free condition,

divpF q “
n
ÿ

j“1

BFj
BXj

“ 0 ,

then the flow map Φt is volume preserving (or measure preserving) on the phase space and for all times
the density %pX, tq verifies the Liouville equation,

B%

Bt
` F ¨∇X% “ 0 . (3.0.3)

Again when the vector field is smooth the characteristics theory says that (3.0.2) is the unique solution
of the Liouville equation (3.0.3) with the initial value %pX, 0q. This enlightens the relationship between
individual solutions of the ODE (3.0.1) and statistical (probability measure) solutions of the Liouville
equation (3.0.3) and suggests that this is a general principle that could extend to non-smooth vector
fields or to dynamical systems with infinite degrees of freedom. Actually the non-smooth framework
has been carefully studied and uniqueness of probability measure solutions of Liouville’s equation is
established via a general superposition principle, see [5, 3, 23, 33, 89, 97] and also [17, 32]. The
extension to dynamical systems with infinite degrees of freedom is less studied and the investigations
are not oriented toward the study of classical PDEs, see [4, 70, 111], at the exception of the work [12,
Appendix C] where the ideas of [5] was adapted to a rigged Hilbert space and applied to the nonlinear
Hartree equation with singular potential.

Our aim in this article is to consider the above uniqueness property for Hamiltonian systems with
infinite degrees of freedom related to some interesting nonlinear PDEs like the wave or Schrödinger
equations. Beyond the fact that Liouville’s equation is a natural ground for a statistical theory of Hamil-
tonian PDEs, we do have another motivation when addressing the previous uniqueness problem. In fact,
when we study the relationship between quantum field theories and classical PDEs we encounter the
above uniqueness problem, see [7, 12, 13]. Roughly speaking, the quantum counterpart of Liouville’s
equation is the Von Neumann equation which describes the time evolution of quantum states of Hamil-
tonian (linear) systems. If we attempt to carry on the classical limit, i.e. ~ Ñ 0 where ~ is an effective
Planck constant which depends on the scaling of the system at hand, then quantum states transform in
the limit into probability measures satisfying a Liouville equation related to a nonlinear Hamiltonian
PDE, see [9, 10, 11]. Therefore the uniqueness property for probability measure solutions of Liouville’s
equation will be a crucial step towards a rigourous justification of the classical limit or the so-called
Bohr’s correspondence principle.

It is not so obvious how to generalize the above considerations to Hamiltonian systems with infi-
nite degrees of freedom [111]. One of the difficulties for instance is the lack of translation-invariant
measures on infinite dimensional normed spaces. Nevertheless, the approach elaborated in [5] is well
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suited to a generalization for systems with infinite degrees of freedom. This was accomplished in [12]
with the following Liouville’s equation considered in a weak sense,

Btµt `∇T
pF.µtq “ 0 , (3.0.4)

where t ÞÑ µt are probability measure solutions and F is a non-autonomous vector field defined on
a rigged Hilbert space Z1 Ă Z0 Ă Z 11. The result on uniqueness of probability measure solutions of
Liouville’s (3.0.4) proved in [12, Appendix C] uses a slightly strong assumption on the vector field F ,

@T ą 0, DC ą 0,

ż T

´T

“

ż

Z1

||F pt, zq||2Z1
dµtpzq

‰
1
2dt ď C . (3.0.5)

This result was applied in [7, 8, 12, 78] to the mean-field theory and to the classical limit of quantum
field theories. In this article we relax the above condition so that we require only the uniform estimate,

@T ą 0, DC ą 0,

ż T

´T

ż

Z1

||F pt, zq||Z0dµtpzqdt ď C , (3.0.6)

which fits better the energy method communally used to solve PDEs. To illustrate the difference be-
tween (3.0.5) and (3.0.6), we consider the following example. Let Z0 “ L2pRq, Z1 “ H1pRq and
consider the nonlinear Schrödinger (NLS) equation,

#

iBtzt “ ´∆zt ` |zt|
2zt

z|t“0 “ z0.
(3.0.7)

In the interaction representation the NLS equation is equivalent to the PDE,
#

Btz̃t “ F pt, z̃tq :“ ´ie´it∆|eit∆z̃t|
2
peit∆z̃tq

z|t“0 “ z0.
(3.0.8)

So, F : H1pRq Ñ L2pRq is interpreted as non-autonomous vector field defined on the energy space
H1pRq. Sobolev’s embedding gives the existence of a constant C ą 0 such that

||F pt, zq||L2pRq ď C||z||2H1pRq||z||L2pRq .

So, suppose that we have the following a priori information on the measures pµtqtPR,
ż

H1pRq
||z||2H1pRq ||z||L2pRq dµt ď C (3.0.9)

for some time-independent constant C, then the assumption (3.0.6) is satisfied. The requirement (3.0.9)
says in some sense that µt has a finite energy and actually this can proved a priori, see [12]. However,
if we examine (3.0.5) in this case, we see that ||F pt, zq||H1pRq is bounded by

||F pt, zq||H1pRq ď C||z||3H1pRq ,

and hence we need a stronger a priori estimate
ż

H1pRq
||z||6H1pRq dµt ď C ,

which in contrast is difficult to prove a priori. In conclusion, the improvement provided in this article
allows to show general and stronger results in the mean-field theory of quantum many-body dynamics,
see [8]. The proof of our main Theorem 3.1.1 is based on the work of S. Magnilia [89], Z. Ammari and
F. Nier [12] and L. Ambrosio, N. Gigli and G. Savaré [5].
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3.1 Result
In this section we define the Liouville equation in a separable infinite dimensional Hilbert space Z . We
denote PpZq the set of Borel probability measures on Z . Actually, we consider the equation (3.0.4) in
a weak sense that we explain below. The extension of the characteristics theory to systems with infinite
degrees of freedom is based on the integration of the equation (3.0.4) after testing by cylindrical test
functions. Recall that a function f : Z Ñ C is said cylindrical if there exists a orthogonal projection
p with finite rank and a function g on pZ such that fpzq “ gppzq for all z P Z . The set of C80 -
cylindrical functions on Z is denoted C80,cylpZq. So, we can define properly a weak Liouville equation
by integrating against test functions on the space C80,cylpR ˆ Zq. In this context, the velocity fields are
singular and the characteristics theory cannot be applied directly. Moreover, the lack of compactness
on balls of Z induces the choice of a topology on Z which is weaker than the strong one. Introduce
penqnPN˚ a Hilbert basis on Z and define the topology pZ, dw,Zq induced by the following distance

dw,Zpz1 ´ z2q “

d

ÿ

nPN˚

|xz1 ´ z2, enyZ |2

1` n2
, z1, z2 P Z.

We will consider Borel probability measures, solution of the PDE (3.1.1), that are narrowly continu-
ous for this weak topology. In the sequel, we talk about ’weak narrowly continuous’ solution on Z of
(3.1.1) (refering to the narrow convergence for continuous bounded test functions on pZ, dw,Zq).
We also denote for T ą 0, ΓT pZq the space of continuous maps from r0, T s into Z equipped with
the ’sup’ norm. Denote also ACpr0, T s,Zq the space of absolutely continuous curves on Z with
L1pr0, T s;Zq derivative.

Theorem 3.1.1. Let Z0 be a separable Hilbert space. Denote Z1 a dense subset such that we have a
rigged Hilbert space Z1 Ă Z0 Ă Z 11. Let µt : R ÞÑ PpZ0q be a weakly narrowly continuous on Z0,
solution of the equation:

Btµt `∇T
pvtµtq “ 0,

in the weak sense
ż

R

ż

Z0

Btφpt, zq ` Re xvtpzq,∇zφpt, zqyZ0 dµtpzqdt “ 0, @φ P C80,cylpRˆ Z0q, (3.1.1)

for a suitable Borel velocity field vpt, zq “ vtpzq such that
ż T

0

ż

Z0

}vtpzq}Z0 dµtpzq ă 8, @T ą 0, (3.1.2)

and such that the time-dependant measure µt is carried on Z1, and is a Borel probability measure on
Z1. Assume additionally that the Cauchy problem

Btγptq “ vtpγptqq, γp0q “ x, (3.1.3)

admits a global continuous solution t ÞÑ γt :“ Φpt, 0qx P C0pR,Z1qXC1pR,Z 11q where Φpt, 0q : Z1 Ñ

Z1 is a Borel flow. Then the measure µt is the push-forward of the initial measure µ0 by the flow Φpt, 0q,
i.e for all t P R

µt “ Φpt, 0q˚µ0. (3.1.4)
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For the sake of simplicity, we introduce the vocabulary of triple solutions of the equation (3.0.4) in
a general infinite dimensional separable Hilbert space Z.

Definition 3.1.2. We say that a triple pµt, vt,Zq is a solution of the weak Liouville equation if the
equation (3.1.1) holds true, where vtpzq : Z Ñ Z is a velocity vector field associated to (3.1.3) and
satisfying the estimate (3.1.2).

Remarks 3.1.3. Let pµt, vt,Z0q be a triple solution of the weak liouville equation. Assume that the
measure µt is carried on the dense subset Z1 Ă Z0. Without a loss of generality we can always assume
that vt : Z0 Ñ Z0. In fact for a Borel velocity field vt : Z1 Ñ Z we set v̂t :“ vt on Z1 and v̂t :“ 0
on Z0zZ1. Therefore since @t P R, µtpZ1q “ 1, the triple pµt, v̂t,Z0q is also solution of the weak
Liouville equation.

Definition 3.1.4. We introduce a new condition, called (CP) if a triple pη, vt,Z ˆ ΓT pZqq satisfies
(CP): the measure η P PpZ ˆ ΓT pZqq is concentrated on the set of px, γq with γ P ACpr0, T s;Zq that
are solutions of

Btγptq “ vtpγptqq, γp0q “ x, (3.1.5)

with a Borel velocity vector field vt : Z Ñ Z.

Additionally denote the time dependent Borel probability measure µηt P PpZq defined by
ż

Z
ϕ dµηt “

ż

ZˆΓT pZq
ϕpγptqq dηpx, γq, @ϕ P C0

b,cylpZq, t P r0, T s, (3.1.6)

where C0
b,cylpZq is the space of cylindrical bounded continuous functions on Z . The measure µηt is the

push-forward of η by the evaluation map

et : px, γq P Z ˆ ΓT pZq ÞÑ γptq P Z, for t P r0, T s.

Recall we set a rigged Hilbert space Z1 Ă Z0 Ă Z 11 where Z1 is a dense subset of Z0.

Proof. The plan is to project the equation (3.1.1) on a finite dimensional space to get the existence of a
measure, which we denote in the sequel by µdt belonging to PpRdq, and a velocity field vdt : Rd Ñ Rd

such that for t P r0, T s the triple pµdt , v
d
t ,Rdq is a solution of the weak Liouville equation.

• Projection to the finite dimension:
Consider the Hilbert basis penqnPN˚ of Z0 and the following diagram

Z0
πd //

π̂d   

Rd

πd,T

��
Z0

with πdpxq “ pxe1, xy, ..., xed, xyq, π
d,T py1, y2, ..., ydq “

řd
j“1 yjej and π̂d “ πd,T ˝ πd. Hence

we define the measure µdt as the push-forward of the measure µt by the projection πd, i.e

µdt :“ πd˚µt. (3.1.7)
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Therefore by the disintegration theorem (see Appendix 3.3.1 or for a more general presentation
Chapter V in [5]) there exists a family of measures tµt,y, y P Rdu such that we can define two
velocity fields vdt and v̂td :

vdt pyq “

ż

pπdq´1pyq

πdvtpxqdµt,ypxq, y P Rd (3.1.8)

v̂dt pyq “

ż

pπ̂dq´1pπ̂dyq

π̂dvtpxqdµt,πdypxq, y P Z0. (3.1.9)

Similarly we also define the measure
µ̂dt :“ π̂d˚µt. (3.1.10)

Since πd, π̂d are projections with finite rank, the two maps

t P r0, T s ÞÑ µdt P PpRd
q ; t P r0, T s ÞÑ µ̂dt P PpZ0q

are weakly narrowly continuous. By using Lemma 3.3.2 the triples pµdt , v
d
t ,Rdq and pµ̂dt , v̂

d
t ,Z0q

are solutions of the weak Liouville equations .

• Result in finite dimension:
By using [89, Theorem 4.1] to the triple pµdt , v

d
t ,RdqtPr0,T s there exists a triple pηd, vdt ,Rd ˆ

ΓT pRdqq satisfying the condition (CP) where the measure ηd belongs to PpRdˆΓT pRdqq. More-
over we can define a measure η̂d P PpZ0 ˆ ΓT pZ0qq by the following equality η̂d :“ pπd,T ˆ
πdq˚η

d, i.e
ż

Z0ˆΓT pZ0q

ϕpx, γq dη̂dpx, γq “

ż

RdˆΓT pRdq
fpπd,Tx, πdγq dηdpx, γq, (3.1.11)

for every function ϕ P C0
b,cylpZ0ˆΓT pZ0qq. As a consequence of [89, Theorem 4.1], we have the

equality for any ϕ P C0
b pRdq, t P r0, T s,

ż

Z0

ϕpπdq dµ̂dt “

ż

Rd
ϕdµdt “

ż

RdˆΓT pRdq
ϕpγptqq dηd “

ż

Z0ˆΓT pZ0q

ϕ ˝ πdpγptqq dη̂d. (3.1.12)

• Weak tightness:

Let us show the weak tightness of the family pη̂dqdPN will use two criterions recalled in Appendix
3.3.2. Choose the maps r1 and r2 defined on Z0 ˆ ΓT pZ0q as

r1 : px, γq ÞÑ x P Z0

and
r2 : px, γq ÞÑ γ ´ x P ΓT pZ0q,

hence notice that the map r “ r1 ˆ r2 : Z0 ˆ ΓT pZ0q is proper. The family pr1
˚η̂

dqdPN is given
by the first marginal pµ̂d0qdPN. Besides the measure µ̂d0 is weakly tight since µ̂d0 Ñ µ̂0 weakly
narrowly. For the family pr2

˚η̂
dqdPN, since the functional

g ÞÑ

ż T

0

| 9gptq|dt,



3.1. RESULT 55

defined on tg P ΓT pZ0q, gp0q “ 0u and set to `8 if g ‰ ACpr0, T s,Z0q, has compact sublevel
sets in ΓT pZ0q but is not coercive in ΓT pZ0q, the proof of the weak tightness differs from [12,
Proposition C.2].
Assume that there exists a convex superlinear function Ψ : R` Ñ R` such that the functional

γ ÞÑ

ż T

0

Ψp| 9γptq|qdt

is coercive in tg P ΓT pZ0q, gp0q “ 0u. Then by using Lemma [89, 3.10] we get the existence of
a regularized triple pµdt,ε, v

d
t,ε,Rdqεě0 that is a solution of the weak Liouville equation such that

for t P r0, T s

1. there exists a unique maximal solution Xεpt, s, π
dxq of d

dt
Xεpt, s, .q “ vdt,εpXεpt, s, .qq with

Xεps, s, π
dxq “ πdx,

2. µdt,ε “ Xpt, 0, .q˚µ
d
0,ε,

3. there exist two families of measures pηdε qεě0, pη̂
d
ε qεě0 given by the following equalities

ηdε “ p Id pxq ˆXεpt, 0, xqq˚µ
d
0,ε

η̂dε :“ pπd,T ˆ πdq˚η
d
ε ; (3.1.13)

4. for any T ą 0

ż T

0

ż

Rd
Ψp|vdt,εpxq|q dµ

d
t,εpxq dt ď

ż T

0

ż

Rd
Ψp|vdt pxq|q dµ

d
t pxq dt. (3.1.14)

5. For d P N the family pη̂dε qεě0 is weakly tight.

Therefore we compute the quantity

ż

ΓT pZ0q

ż T

0

Ψp| 9γptq|qdt dppr2q˚η̂
d
ε qpγq “

ż

Rd

ż T

0

Ψp| 9Xεpt, 0, xq|q dt dµ
d
0,εpxq

ď

ż T

0

ż

Rd
Ψp|vdt,εpxq|q dµ

d
t,εpxq dt

ď

ż T

0

ż

Rd
Ψp|vdt pxq|q dµ

d
t pxq dt

ď

ż T

0

ż

Z0

Ψp}vtpxq}Z0q dµtpxq dt ă 8,

the last step coming from the estimate (3.3.5) in Lemma 3.3.2. Since the family pη̂dε qεě0 is weakly
tight, take the limit in the l.h.s when εÑ 0 to get

ż

ΓT pZ0q

ż T

0

Ψp| 9γptq|qdt dppr2q˚η̂
d
qpγq ă `8. (3.1.15)
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Now, it remains to prove the existence of the function Ψ. By using the Dunford-Pettis theorem,
the uniform control (3.1.2) leads to the existence of superlinear convex function Ψ : R` Ñ R`
such that

ż T

0

ż

Z0

Ψp}vtpxq}Z0q dµtpxqdt ă `8.

Indeed set

µ :“

ż T

0

µt dt, hence
ż T

0

ż

Z0

}vt}Z0 dµtpxqdt “

ż

Z0

}v}Z0 dµ,

since the family tvu is a compact set. Then the family ppr2q˚η̂
dqdPN is weakly tight.

Let us sketch the rest of the proof by using diagrams for triples introduced in the previous steps.
By Lemma 3.3.2 we deduce the following diagram

pµt, vt,Z0q //

''

pµdt , v
d
t ,Rdq

��

pµ̂dt , v̂t
d,Z0q

where each triple is a solution of the weak Liouville equation. By using the weak tightness step
to the sequence pη̂dqdPN, it gives rise to a probability measure η P PpZ0 ˆ ΓT pZ0qq. Similarly as
in the two previous diagrams we shall complete the following diagram for triples satisfying the
(CP) condition:

pη, vt,Z0 ˆ ΓT pZ0qq oojj
pηd, vdt ,Rd ˆ ΓT pRdqq

��

pη̂d, v̂t
d,Z0 ˆ ΓT pZ0qq

Therefore in the following step we shall prove the existence of the triple pη, vt,Z0 ˆ ΓT pZ0qq

satisfying the (CP) condition.

• Existence the measure concentrated on the solutions of the ODE:
We have constructed two triples of probability measures pηd, vdt ,RdˆΓT pRdqq and pη̂d, v̂td,Z0ˆ

ΓT pZ0qq such that the sequence pη̂dqdPN defined in (3.1.11) is weakly tight. Therefore set η
as a narrow limit point of η̂d. Assume that the test function ϕ in (3.1.12) depends only on d1

coordinates with d1 ď d. Hence taking the limit when dÑ `8 gives
ż

Z0

ϕ ˝ πd
1

dµt “

ż

Z0ˆΓT pZ0q

pϕ ˝ πd
1

qpγptqq dηpx, γq,

for all ϕ P C0
b pRd1q and t P r0, T s, where ϕ ˝ πd1 can be replaced by any cylindrical function or

Borel bounded function on Z0.

• The concentration condition, (CP):
We shall prove the following equality for t P r0, T s

ż

Z0ˆΓT pZ0q

}γptq ´ x´

ż t

0

vspγpsqq ds}Z0 dηpx, γq “ 0. (3.1.16)
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In the finite dimensional case, by a regularization process like in Step 5 of Theorem [89, 4.1],
there exists a sequence pvdt,nqnPN of uniformly continuous fonction in C0

b pr0, T s ˆ Z0;Z0q such
that }vdt ´ v

d
t,n}L1pRd,dµdt q Ñ 0 and

ż

RdˆΓT pRdq
|γptq ´ x´

ż t

0

vds,npγpsqq ds| dη
d
px, γq ď

ż T

0

ż

Rd
|vds ´ v

d
s,n| dµ

d
s ds. (3.1.17)

The equality (3.1.16) can be deduced from the finite dimensional case. Indeed set the function
wt belonging to C0

b pr0, T s ˆ Rd1 ;Rd1q with d1 ď d fixed and, by setting ŵt “ πd
1,T ˝ wt ˝ π

d1 P

C0
b pr0, T s ˆ Z0;Z0q, we get

ż

Z0ˆΓT pZ0q

}γptq ´ x´

ż t

0

vspγpsqq ds}Z0 dηpx, γq ď

ż

Z0ˆΓT pZ0q

}γptq ´ x´

ż t

0

ŵspγpsqq ds}Z0 dηpx, γq
looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

Apŵq

`

ż

Z0ˆΓT pZ0q

ż t

0

}ŵspγpsqq ´ vspγpsqq}Z0 ds dηpx, γq
looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

Bpŵq

.

The first term on the r.h.s, Apŵq can be estimated owing to finite dimensional estimate (3.1.17).
Indeed it follows by the same regularization process presented in (3), the next estimate holds true

Apŵq ď lim sup
dÑ`8

ż T

0

ż

Z0

}v̂ds ´ ŵs}Z0 dµ̂
d
s ds ď

ż T

0

}vs ´ ŵs}L1pZ0,dµsq ds,

by using the estimate (3.3.4) in Lemma 3.3.2 to the function v̂ds ´ ŵs. We conclude the proof by
noticing that there exists a sequence of cylindrical, uniformly bounded continuous bounded func-
tion pŵns qnPN such that for any t P r0, T s }vt´ ŵnt }L1pZ0,dµtq ÝÑ 0. ThereforeApŵnq,Bpŵnq ÝÑ
0 and the equality (3.1.16) is proved.

• End of the proof: The relation µt “ µηt defined according to (3.1.12) extends to any bounded
Borel function ϕ on Z0

ż

Z0

ϕ dµt “

ż

Z1

ϕ dµt “

ż

Z1ˆΓT pZ1q

ϕpγptqq dηpx, γq,

since the measure µt is carried onZ1. In particular this relation is true when t “ 0, with a function
ϕ P C8c pZ0q such that supppϕq Ă Z0zZ1

ż

Z1

ϕ dµ0 “ 0 “

ż

Z1ˆΓT pZ1q

ϕpγp0qq dηpx, γq.

Hence
ηptpx, γq { t P R, Btγptq “ vtpγptqq, γp0q “ x, x R Z1uq “ 0,



58 CHAPTER 3. MEASURE VALUED SOLUTIONS TO LIOUVILLE’S EQUATION

and by using the Cauchy problem uniqueness

ηptpx, γq { t P R, x P Z1, γptqpxq “ Φpt, 0qxuq “ 1,

where Φpt, 0q : Z1 Ñ Z1 is a Borel flow associated to the ODE (3.1.3), we deduce for any t P R
ż

Z0

ϕ dµt “

ż

Z1ˆΓT pZ1q

rϕ ˝ Φpt, 0qspγp0qq dηpx, γq “

ż

Z1

rϕ ˝ Φpt, 0qs dµ0,

which ends the proof.

3.2 Examples
We illustrate our main Theorem 3.1.1 with few examples. Consider a semi-linear Hamiltonian PDEs
with a (real-valued) energy functional having the form,

hpz, z̄q “ xz, AzyZ0 ` hIpz, z̄q ,

where Z0 is a complex Hilbert space, A is a non-negative self-adjoint operator, hIpz, z̄q is a nonlinear
functional and pz, z̄q are the complex classical fields of the Hamiltonian theory. So that the related PDE
(or equation of motion) is,

iBtu “ Au` Bz̄hIpu, ūq . (3.2.1)

By differentiating ũ :“ eitAu with respect to time, we equivalently express the above equation in the
interaction representation, i.e.,

Btũ “ ´ie
itA
Bz̄hIpe

´itAũ, e´itAũq .

Hence the original PDE (3.2.1) can be reformulated as an ODE,

d

dt
u “ vpt, uq ,

with a non-autonomous vector field vpt, ¨q given by

vpt, zq :“ ´ieitABz̄hIpe
´itAz, e´itAzq .

The natural energy space is QpAq :“ DpA
1
2 q, the form domain of A equipped with the graph norm,

||z||2QpAq “ xz, pA` 1q zyZ0 .

In all the examples considered below we have that vp¨, ¨q : R ˆ QpAq Ñ Z0 is a continuous map
satisfying the following estimate (or a similar one),

||vpt, zq||Z0 ď C||z||2QpAq ||z||Z0 ,

for some time-independent constant C ą 0. Moreover, we have that the energy hpz, z̄q makes sense
on the space QpAq and the Cauchy-problem (3.2.1) is globally well-posed on QpAq in the sense of
existence and uniqueness of a global strong solution t ÞÑ zptq P C0pR, QpAqq X C1pR, Q1pAqq for each
z0 P QpAq and continuous dependence on initial data.
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Example 3.2.1 (The nonlinear Schrödinger equation). The energy functional of the NLS equation in
dimension d “ 1 is,

hpz, z̄q “ xz,´∆x ` V pxq zyL2pRdq `
λ

2

ż

R
|zpxq|4 dx , (3.2.2)

where V is a real-valued potential which splits into a positive and negative part V “ V` ` V´ such
that V` P L1

locpRq and V´ is ´∆-form bounded with a relative bound less than one. So the quadratic
form A “ ´∆ ` V defines a self-adjoint operator semi-bounded from below and its natural domain
QpAq is a Hilbert space when equipped with the graph norm,

||u||2QpAq “ xu, pA` V` ` 1quy .

The vector field in this case is vpt, zq “ 2λ|e´itAz|2 e´itAz : QpAq Ñ L2pRq and satisfies the following
inequalities for all z P QpAq,

}vpt, zq}L2pRq ď C}z}2H1pRq}z}L2pRq ď C}z}2QpAq}z}L2pRq , (3.2.3)

since the inclusion QpAq Ă H1pRq Ă L8pRq holds by Sobolev’s embedding and the fact that QpAq “

tu P L2pRq, u1 P L2pRq, V
1
2
` u P L

2pRqu. Moreover, it is known that the NLS equation
#

iBtz “ ´∆z ` V z ` λ|z|2z

z|t“0 “ z0,
(NLS)

is globally well-posed on QpAq with energy and charge conservation. The derivation of such equation
from quantum many-body dynamics is established for instance in [1, 6].

Example 3.2.2 (Non-relativistic Hartree equation). The energy functional of the Hartree equation is

hpz, z̄q “ xz,´∆x ` V pxq zyL2pRdq `

ĳ

RdˆRd

|zpxqzpyq|2W px´ yq dxdy , (3.2.4)

where W : Rd Ñ R is an even measurable function and V is a real-valued potential both satisfying
the following assumptions for some p and q,

V P LppRd
q ` L8pRd

q, p ě 1, p ą
d

2
,

W P LqpRd
q ` L8pRd

q, q ě 1, q ě
d

2
pand q ą 1 if d “ 2q .

The vector field vpt, zq :“ W ˚ |z|2z : QpAq Ñ L2pRdq verifies the estimate,

}W ˚ |z|2z}L2pRdq ď }p´∆` 1q´
1
2W p´∆` 1q´

1
2 } }z}2H1pRdq }z}L2pRdq . (3.2.5)

The global well-posedness on QpAq, conservation of energy and charge of the Hartree equation
#

iBtz “ ´∆z ` V z `W ˚ |z|2z

zt“0 “ z0,
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are proved in [28] Corollary 4.3.3 and Corollary 6.1.2.
We remark that the assumption on W are satisfied by the Coulomb type potentials λ

|x|α
when α ă 2,

λ P R and d “ 3. The derivation of such equation from quantum many-body dynamics is extensively
investigated, see for instance [12, 19, 44, 47, 52, 53, 63, 69, 110].

Example 3.2.3 (Semi-relativistic Hartree equation). The semi-relativistic Hartree equation has the
energy functional

hpz, z̄q “ xz,
a

´∆x `m2 ` V pxq zyL2pR3q ` λ

ĳ

R3ˆR3

|zpxqzpyq|2

|x´ y|
dxdy ,

with 0 ď λ, m ě 0 and V is real-valued measurable function which splits into a positive and negative
part V “ V` ` V´ satisfying,

V` P L
1
locpR3

q ,

V´ is
?
´∆´ form bounded with a relative bound less than 1 .

The quadratic form

Aru, us “ xu,
?
´∆`m2 uy ` xu, V uy ,

QpAq “ tu P L2
pR3
q, p´∆`m2

q
1
4u P L2

pR3
q, V

1
2
` u P L

2
pR3
qu ,

is semi-bounded from below and closed. So it defines a unique self-adjoint operator denoted by A.
Thanks to a Hardy type inequality (see for instance [12, Proposition D.3]), we have the bound,

||
1

|x|
˚ |z|2 z||L2pR3q ď C||z||2H1{2pR3q

||z||L2pR3q .

The global well-posedness in QpAq, conservation of energy and charge of the semi-relativistic Hartree
equation

$

&

%

iBtz “
?
´∆`m2 z ` V pxqz `

λ

|x|
˚ |z|2z

z|t“0 “ z0.

are proved in [73, Theorem 4] for all λ ě 0.

Example 3.2.4 (The Klein-Gordon equation). The classical energy functional formally associated with
the quantum field theory P pϕq2 is given by

hpz, z̄q :“ xz, AzyL2pRq `Gpzq ,

whereA is a multiplication operator by the function ωpkq “
a

m2
0 ` k

2,m0 ą 0, andG is a polynomial
interaction defined as follows, see [104, 106]. Consider a bounded from below real polynomial

P pxq “
2n
ÿ

j“0

αjx
j, pα2n ą 0q.
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Let ϕpxq be the scalar-field of mass m0 ą 0, i.e.:

ϕpxq :“

ż

R
e´ikx rz̄pkq ` zp´kqs

dk
a

ωpkq
,

where pz, z̄q are scalar complex fields. Let g a non-negative function in L1pRq X L2pRq such that
gpxq “ gp´xq. The nonlinear term G is defined as the following real-valued polynomial

Gpzq :“

ż

R
gpxqP

ˆ

2 Re xz,
e´ikx
a

ωpkq
yL2pRq

˙

dx.

So that we have at hand the nonlinear Klein-Gordon equation with a non-local nonlinearity,

iBtϕ “ ωϕ` Bz̄Gpϕq . (3.2.6)

The local Cauchy problem is studied for instance in [98, Theorem 1] and [100, Theorem X.72]. Actu-
ally, one can prove the energy conservation and hence global well-posedness holds true in this specific
case. Moreover, the vector field vpt, zq “ ´ieitABz̄Gpe

´itAzq : L2pRq Ñ L2pRq is continuous and
satisfies,

||vpt, zq||L2pRq ď Cp1` ||z||2n´1
L2pRqq .

The derivation of such PDE from P pϕq2 quantum field theory is established in [13, 36, 63].

Example 3.2.5 (The Schrödinger-Klein-Gordon system). The Schrödinger-Klein-Gordon system with
Yukawa interaction is defined by:

$

&

%

iBtu “ ´
∆

2M
u` Au

pl`m2
qA “ ´|u|2

; (S-KG)

where pu,Aq are the unknowns and M,m ą 0 are real parameters. If we introduce the complex field
α, defined by

Apxq “
1

p2πq
3
2

ż

R3

1
a

2ωpkq

`

ᾱpkqe´ik¨x ` αpkqeik¨x
˘

dk , ωpkq “
?
k2 `m2 , (3.2.7)

we can rewrite (S-KG) as the equivalent system:
$

’

&

’

%

iBtu “ ´
∆

2M
u` Au

iBtα “ ωα `
1
?

2ω
F
`

|u|2
˘

, (S-KGα)

where F denotes the Fourier transform. It is known that the Cauchy problem for the Schrödinger-
Klein-Gordon system (S-KG) is globally well posed on the energy space, see for instance [31, 94] and
references therein. In particular, there is a unique Hamiltonian flow Φt for (S-KGα) on the energy
space H1pR3q ‘ FH 1

2 pR3q where FHspRdq denotes the Fourier Sobolev space,

FHs
pRd
q “

!

f , F´1f P Hs
pRd
q

)

.
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Moreover, the vector field vpt, .q : H1pR3q ‘ FH 1
2 pR3q Ñ L2pR3q ‘ L2pR3q satisfies by Gagliardo-

Nirenberg’s inequality,

||vpt, u‘ αq||L2pR3q‘L2pR3q ď Cp||u||2H1pR3q ` ||α||
2

FH
1
2 pR3q

q.

The derivation of such equation from quantum field theory is studied in [7].

3.3 Appendix
Let us begin this section by recalling the disintegration theorem.

3.3.1 The disintegration theorem
Let E,F be separable metric spaces and let x P E ÞÑ ηx P PpF q be a measure-valued map. We say
that η is a Borel map if x P E ÞÑ ηxpBq is a Borel map for any Borel set B Ă F . Then we get by the
monotone class theorem

x ÞÑ

ż

F

fpx, yqdηxpyq, (3.3.1)

is Borel for every bounded function f : E ˆ F Ñ R. Hence by using (3.3.1) the formula

ηpfq “

ż

E

ż

F

fpx, yqdηxpyqdν,

defines for any ν P PpEq a unique measure η P PpE ˆ F q, that will be denoted
ş

E
ηxdνpxq. Actually

the disintegration theorem below implies for any η P PpE ˆ F q whose first marginal is ν can be
represented in this way.

Proposition 3.3.1. Let E,F be complete separable metric spaces, η P PpE ˆ F q, let π : E ˆ F Ñ E
be a borel map and let µηπ “ π˚η P PpEq. Then there exists a µηπ ´ a.e. uniquely determined Borel
family of probability measures tηπxuxPE Ă PpF q such that

η “

ż

E

ηπxdµ
η
πpxq, (3.3.2)

i.e
ż

EˆF

fpx, yqdηpx, yq “

ż

E

p

ż

F

fpx, yqdηπxpyqqdµ
η
πpxq, (3.3.3)

for every Borel map f : E ˆ F Ñ r0,`8s.

3.3.2 Tightness
DenoteZ0 a infinite dimensional separable Hilbert space. Recall that we introduce the space pZ0, dw,Z0q

induced by the following distance

dw,Z0pz1 ´ z2q “

d

ÿ

nPN˚

|xz1 ´ z2, enyZ0 |
2

1` n2
, z1, z2 P Z0.
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One of the main arguments in the proof of Theorem 3.1.1 is the weak tightness of a family of measures
(see the weak tightness step in the proof). Therefore we recall below the definition and the criterions
used in this proof. We say that a set K Ă PpZ0q is tight if,

@λ ą 0, DKλ compact in pZ0, }.}Z0q such that |µpZ0zKλq| ď λ, (Tightness)

and weakly tight if,

@λ ą 0, DKλ compact in pZ0, dw,Z0q such that |µpZ0zKλq| ď λ (Weak tightness)

A useful characterisation is given here (for more details see Chapter V in [5]). The tightness (resp.
weak tightness) condition for a subspace K is equivalent to an integral condition, i.e there exists a
function ϕ : Z0 Ñ r0,`8s, whose sublevels tx P Z0 { ϕpxq ď cu are compact in pZ0, }.}Z0q (resp.
pZ0, dw,Z0q), such that

sup
µPK

ż

Z0

ϕpxqd|µ|pxq ă `8.

We also use the following tightness criterion:
Let X,X1, X2 be separable metric spaces and let ri : X Ñ Xi be continuous maps such that the
product map

r :“ r1
ˆ r2 : X Ñ X1 ˆX2

is proper. Let K Ă PpXq be such that Ki :“ ri˚pKq is tight in PpXq for i “ 1, 2. Then also K is tight
in PpXq.

3.3.3 Projection in finite dimension

Theorem 3.1.1 is obtained in a infinite dimensional separable Hilbert space Z0. The proof is based on
the projection πd, π̂d, πd,T introduced in the diagram (3.1) and definitions (3.1.8)-(3.1.9) of the projected
velocity vector fields vdt and v̂td. Then the following Lemma is fundamental in our approach.

Lemma 3.3.2. Let t ÞÑ µt : r0, T s ÞÑ PpZ0q be a weakly narrowly continuous map on Z0 such that the
triple pµt, vt,Z0q is solution of the weak Liouville equation . Then the following assertions hold true.
i) The triples pµdt , v

d
t ,Z0q and pµ̂dt , v̂

d
t ,Z0q are solutions of the weak Liouville equations.

ii) The velocity field vdt and v̂dt satisfy the following inequality

}vdt }L1pRd,dµdt q “ }v̂t
d
}L1pZ0,dµ̂dt q

ď }vt}L1pZ0,dµtq ă `8. (3.3.4)

iii) For every non-decreasing convex function Ψ : R` Ñ R` the following estimate holds true

ż T

0

ż

Rd
Ψp|vdt pxq|q dµ

d
t pxq dt ď

ż T

0

ż

Z0

Ψp}vtpzq}Z0q dµtpzq. (3.3.5)
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Proof. In order to prove the estimates (3.3.4) we introduce a new norm on Rd given by }u}Rd “
}πd,Tu}Z0 and we compute

}vdt }L1pRd,dµdt q “

ż

Rd
}πd,T

ż

pπdq´1pyq

πdvtpxqdµt,ypxq}Rd dµ
d
t pyq

“

ż

Rd
}π̂d

ż

pπdq´1pyq

vtpxq dµt,ypxq}Rd dµ
d
t pyq “ }v̂t

d
}L1pZ0,dµ̂dt q

ď

ż

Rd

ż

pπdq´1pyq

}π̂dvtpxq}Rd dµt,ypxq dµ
d
t pyq

ď

ż

Z0

}π̂dvtpxq}Z0 dµtpxq ď }vt}L1pZ0,dµtq ă `8.

The estimate (3.3.5) is a generalization of [89, Lemma 3.9] in the infinite dimensional case by using
the disintegration theorem and the Jensen inequality. Consider a regular test function ϕ “ ψ ˝ πd in
(3.1.1), with ∇ϕ “ pπdq˚ ˝∇ψ ˝ πd gives

d

dt

ż

Z0

ϕ dµtpxq “

ż

Z0

xπdpvtq,∇ψ ˝ πdy dµtpxq

“

ż

Rd

ż

pπdq´1pyq

xπdpvtq,∇ψ ˝ πdy dµt,ypxq dµdt pyq

ùñ
d

dt

ż

Rd
ψ dµdt pxq “

ż

Rd
xvdt pyq,∇ψpyqy dµdt pyq.

Therefore for t P r0, T s, the triple pµdt , v
d
t ,Rdq is a solution of the weak Liouville equation. It follows

similarly that the triple pµ̂t, v̂td,Z0q is also a solution of the weak Liouville equation.



Chapter 4

Mean field theory: The multiparticle
interaction

4.1 Introduction

In the present Chapter, we consider the mean field problem for a system of many quantum particles
described by a N -body Schrödinger Hamiltonian which is typically a sum of a kinetic energy and a
multi-particle interaction. As we mentionned in the introduction, there are several approaches to the
derivation of the mean field limit. However, most of these approaches are concerned by the propagation
of some particular states, namely coherent or factorized states. Moreover, a superposition of coherent
(or factorized) vectors can not be handled as a consequence of the previous mentioned results. This
limitation motivated the extension of the mean field approximation to a fairly general class of quantum
states. The mean field approximation relies on the Wigner measures. One result in [11] deals with
a bounded multi-particle interaction and assumes a certain compactness property on quantum states,
called the condition (PI). This assumption guaranties that all reduced density matrices converge in
the trace-norm towards the expected limit (see Subsection 2.2.3). In some sense, the condition (PI)
avoids any possible defect of compactness in the prepared states. It is therefore significant to extend
the mean field approximation to a general class of prepared states which may present this defect of
compactness phenomena (i.e. the condition (PI) is not required). The second result [12] has been
discussed in the introduction (see Theorem 1.1.5). Although the strategy of the latter work is different
and seems more powerful than the one employed in [11], the result of [12] does not completely surpass
the one obtained in [11] because of the type of assumption on the potential. For example, the main
result [12, Theorem 1.1] or Theorem 1.1.5 apply only for bounded potentials which have some decay
at infinity. Moreover, the assumption (A3) in [12] (W is a form compact perturbation of the Laplacian)
is not even stable by constant perturbation which is otherwise a harmless translation with no effect on
the evolution of states. Furthermore, the proof of the main result in [12] relies heavily in the particular
structure of the many-body Schrödinger operator. In the present article, we complement the picture
in the case of many-body bounded interaction and extend the mean field propagation result in [11]
to a more general class of quantum states which may present a defect of compactness phenomena.
However, we know from the work [12] that this is not possible unless we strength the assumption on
the interaction. Therefore we assume that the many-particle interaction is given by compact operators

65
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(see (4.1.1) and (2)) then a general propagation result holds true (see Theorem 4.1.2). Besides the
fact that our assumption (2) is mathematically rather natural, it is also motivated by the numerical
simulations developed by the Pawilowski B. in [93] where he used discrete models of many-body
Hamiltonians with an interaction which is in fact compact. To prove our main result, namely Theorem
4.1.2, we follow the same strategy as [12]. While following the same strategy as [12], we emphasize the
key points, simplify the presentation and improve the technical arguments by working with an abstract
many-body operator (4.1.1) and no more relying on the particular structure of the Schrödinger operator.
In our case the free Hamiltonian is generated by a non negative operator A and the interaction by some
compact multi-particle Q̃` operators (4.1.1). And actually, our main result does not overlap with the
one in [12] since in the latter work the two-body interaction is a multiplication operator and hence can
not be compact even when it is bounded.

We work in the bosonic Fock space

ΓspZq “
8
à

n“0

n
ł

Z “
8
à

n“0

SnZbn ,

modelled on a one particle separable complex Hilbert space Z , where Sn is the symmetrization pro-
jection defined on Zbn by

Snpϕ1 b ¨ ¨ ¨ b ϕnq “
1

n!

ÿ

σPΣn

ϕσp1q b ¨ ¨ ¨ b ϕσpnq ,

with the sum running over all permutations of n elements. If not specified tensor products and orthog-
onal direct sums are considered in their Hilbert completed version. We are interested in the mean field
dynamics of the many-body Hamiltonian with multi-particle interaction

Hpnq
ε “ H0,pnq

ε `

r
ÿ

`“2

ε`
n!

pn´ `q!
SnpQ̃` b IdŽn´` ZqSn , n ě 2r , (4.1.1)

in the asymptotic regime ε Ñ 0 , nε Ñ 1. Here the Q̃`’s are bounded symmetric operators on
Ž`Z

and

H0,pnq
ε “ ε

n
ÿ

i“1

Idb ¨ ¨ ¨ b Idb A
loomoon

i

bIdb ¨ ¨ ¨ b Id , (4.1.2)

whereA is a given self-adjoint operator. Within the second quantization (see Section 2.1.3), the operator
H
pnq
ε (resp. H0,pnq

ε ) can be written as a restriction to the subspace
ŽnZ of the operator Hε (resp. H0

ε )
defined on the Fock space and given by:

Hε “ H0
ε `Q

Wick , Qpzq “
r
ÿ

`“2

xzb` , Q̃`z
b`
y, (4.1.3)

H0
ε “ dΓpAq “ xz , AzyWick . (4.1.4)

The mean field energy functional is

hpz, z̄q “ xz, Azy ` Qpzq , (4.1.5)
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so that the mean field dynamics are given by the non linear equation

iBtzt “ Bz̄hpzt, z̄tq “ Azt ` Bz̄Qpztq. (4.1.6)

In our framework, the annihilation and creation operators, apz1q and a˚pz2q , with z1, z2 in Z , satisfy
the ε-dependent Canonical Commutation Relations (CCR):

rapz1q, a
˚
pz2qs “ εxz1 , z2y Id .

Recall that the Weyl operator, for ξ P Z , is defined by

Wpξq “ e
iapξq`a

˚pξq
?

2 ,

and the number operator N is
N “ dΓp Id q .

We refer the reader to Section 2.1.2 for a brief review of the second quantization and these related
operators.

Our approach in the derivation of the mean field dynamics uses Wigner measures. For reader
convenience, we recall the definition below.

Definition 4.1.1. Let E be an infinite subset of p0,`8q such that 0 P E . Let p%εqεPE be a family of
normal states on ΓspZq (%ε ě 0 and Tr r%εs “ 1) such that:

Dδ ą 0 , DCδ ą 0 , @ε P E , Tr r%εN
δ
s ď Cδ ă 8 .

The setMp%ε, ε P Eq of Wigner measures associated with p%εqεPE is the set of Borel probability mea-
sures on Z , µ , such that there exists an infinite subset E 1 Ă E with 0 P E 1 and

@ξ P Z , lim
E 1QεÑ0

Tr
”

%εWp
?

2πξq
ı

“

ż

Z
e2iπRe xξ,zydµpzq .

Our main result will be proved under the following assumptions:

A1. The operator A with the domain DpAq is self-adjoint in Z .

A2. For all ` P t2, . . . , ru , the operator Q̃` is compact and self-adjoint in
Ž`Z .

The notations A1-A2 introduced above are the only assumptions used in this Chapter. We will prove
the following result.

Theorem 4.1.2. Let p%εqεPp0,ε̄q be a family of normal states on ΓspZq such that

Dδ ą 0 , DCδ ą 0 , @ε P p0, ε̄q , Tr r%εN
δ
s ď Cδ ă 8 , (4.1.7)

and which admits a unique Wigner measure µ0 . Under the Assumptions (A1)-(A2), the family
pe´i

t
ε
Hε%εe

i t
ε
HεqεPp0,ε̄q admits for every t P R a unique Wigner measure µt , which is the push-forward

Φpt, 0q˚µ0 of the initial measure µ0 by the flow associated with
#

iBtzt “ Azt ` Bz̄Qpztq,

zt“0 “ z0.
(4.1.8)
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As we have mentioned previously, many authors used the BBGKY hierarchy method to justify the
mean field limit for particular states which are coherent or factorized (see e.g. [47, 110]). Actually,
the coherent and factorized states verify the condition (PI). Thus, our result on propagation of Wigner
measures is more general and indeed when the initial state verifies the condition (PI), even without
being particular, the convergence of reduced density matrices holds true. This was already proved in
[12, Theorem 4.1] and we avoid the repetition of this result since our main contribution concerns the
propagation of states with a defect of compactness (i.e. The condition (PI) is not satisfied).

The proof of Theorem 4.1.2 requires few steps. The operatorHε with a suitable domain is proved to
be self-adjoint in Proposition 4.2.1. Proposition 4.2.3 ensures that the Cauchy problem (4.1.8) defines
a global flow on Z .
Beside this, the proof consists in several steps that we briefly sketch here. For the first four points of
this proof below we consider more regular states %ε.

1. By setting

%εptq “ e´i
t
ε
Hε%εe

i t
ε
Hε , (4.1.9)

and %̃εptq “ ei
t
ε
H0
ε%εptqe

´i t
ε
H0
ε , (4.1.10)

we write

Tr r%̃εptqWp
?

2πξqs “ Tr r%εWp
?

2πξqs

` i

ż t

0

Tr r%̃εpsqWp
?

2πξq
r
ÿ

j“1

εj´1Ojps, ξqsds , (4.1.11)

where the Ojps, ξq’s are Wick quantized observables which satisfy some uniform estimates.

2. The number estimates given in Proposition (Number estimate) provide equicontinuity proper-
ties of the quantity Tr

“

%̃εptqWp
?

2πξq
‰

w.r.t pξ, tq P R ˆ Z . So that a subsequence pεkqkPN
converging to 0 can be extracted such that for all times t P R ,

Mp%̃εptq, ε P Eq “ tµ̃tu

with E “ tεk , k P Nu .

3. With the number estimates, we get rid of the terms for j ě 2 as ε Ñ 0 in (4.1.11) . The com-
pactness Assumption (A2) is used in Proposition 4.3.1 when we take the limit in all the remaining
terms of (4.1.11) for general initial data %̃ε . Subsequently, the measure µ̃t is a weak solution of
the Liouville equation

iBtµ̃t ` tQtpzq, µ̃tu “ 0 , (4.1.12)

with Qtpzq “ Qpe´itAzq .

4. Finally, we follow the same lines as in [12] and refer to measure transportation tools developed in
[5] in order to prove pe´itAq˚µ̃t “ Φpt, 0q˚µ0 , and hence we get

Mp%εptq, ε P p0, ε̄qq “ tµtu.

5. The last point of this proof is a truncation scheme used in [12] for more general states.
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4.2 Quantum and mean-field dynamics
In this section we show that the quantum and the classical dynamics are both well defined for all times.

4.2.1 Self-adjoint realization
Proposition 4.2.1.
(i) For any n P N, the operator Hpnq

ε given by (4.1.1) with domain DpdΓpAqq X
ŽnZ is a self-adjoint

operator in
ŽnZ .

(ii) The operator Hε, given by (4.1.3), is self-adjoint in ΓspZq with the domain defined by

pΨ P DpHεqq ô

¨

˝

Ψ P ΓspZq,
@n P N , Ψpnq P DpH

pnq
ε q ,

ř8

n“0 }H
pnq
ε Ψpnq}2 ă `8

˛

‚ .

Proof. (i) For n P N and according to (4.1.3)-(4.1.4) the operator Hpnq
ε equals

Hpnq
ε “ H0,pnq

ε ` V pnqε , (4.2.1)

with V pnqε “
řr
`“2tQ`pzqu

Wick
|_nZ with Q`pzq “ xz

b`, Q̃`z
b`y.

For φpnq P DpdΓpAqq X
ŽnZ , a simple computation gives

}V pnqε φpnq} ď
r
ÿ

`“2

ε`
n!

pn´ `q!
}SnpQ̃` b Id Žn´` Zqφ

pnq
},

ď

r
ÿ

`“2

ε`
n!

pn´ `q!
}Q̃`} }φ

pnq
}Žn Z ,

ď Cr,ε,n}φ
pnq
}Žn Z .

So V pnqε is a bounded self-adjoint perturbation ofH0,pnq
ε and thereforeHpnq

ε is self-adjoint onDpH0,pnq
ε q.

(ii) Proposition [12, A1] is applied here, with An “ H
0,pnq
ε ` V

pnq
ε yields the self-adjointness of Hε .

Once we have defined the quantum dynamics, we can then write an integral formula giving the propa-
gation of normal states. However, instead of considering

%εptq “ e´i
t
ε
Hε%εe

i t
ε
Hε ,

we will rather work with
%̃εptq “ ei

t
ε
H0
ε%εptqe

´i t
ε
H0
ε .

With the convention of Section 2.1.3, Djb denotes the j-th differential of b with respect to pz, z̄q:

Dj
rbpzqsrξs “

ÿ

|α|`|β|“j

j!

α!β!
xξbβ , Bαz B

β
z̄ bpzqξ

bα
y.
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Proposition 4.2.2. Let p%εqεPp0,ε̄q be a family of normal states on ΓspZq. Assume that

@k P N, DCk ą 0 , @ε P p0, ε̄q, Tr r%εN
k
s ď Ck. (4.2.2)

Then for all ξ P Z , the function t ÞÑ Tr r%̃εptqWp
?

2πξqs belongs toC1pRq and the following formula
holds:

Tr r%̃εptqWp
?

2πξqs “ Tr r%εWp
?

2πξqs ` (4.2.3)

i

ż t

0

Tr r%̃εpsqWp
?

2πξqt
r
ÿ

j“1

εj´1 piπq
j

j!
Dj
rQpe´isAzqsrξsuWick

sds.

Proof. We denote xNy “ p1`N2q
1
2 .

The quantity Tr rp%̃εptq ´ %̃εpsqqWp
?

2πξqs is actually equal to

Tr r%εxNy
r
pei

t
ε
Hεe´i

t
ε
H0
ε ´ ei

s
ε
Hεe´i

s
ε
H0
ε qxNy´rWp

?
2πξqei

t
ε
H0
ε e´i

t
ε
Hεs (4.2.4)

` Tr r%εxNy
rei

s
ε
Hεe´i

s
ε
H0
ε xNy´rWp

?
2πξqxNyrpei

t
ε
H0
ε e´i

t
ε
Hε ´ ei

s
ε
H0
ε e´i

s
ε
HεqxNy´rs. (4.2.5)

By differentiating first for u P DpH0
ε q X

ŽnZ and then extending the result by continuity, we get for
u P

ŽnZ:

ei
s
ε
Hεe´i

s
ε
H0
εu “ ei

t
ε
Hεe´i

t
ε
H0
εu`

i

ε

ż s

t

ei
σ
ε
HεQWicke´i

σ
ε
H0
εu dσ .

The number estimate in Proposition (Number estimate) combined with

ei
s
ε
Hεe´i

s
ε
H0
ε “

8
à

n“0

ei
s
ε
H
pnq
ε e´i

s
ε
H

0,pnq
ε ,

implies for all u P ΓspZq:

xNy´rei
s
ε
Hεe´i

s
ε
H0
εu “ xNy´rei

t
ε
Hεe´i

t
ε
H0
εu`

i

ε

ż s

t

ei
σ
ε
HεxNy´rQWicke´i

σ
ε
H0
εu dσ .

The integrand is continuous in ΓspZq w.r.t σ for any u P ΓspZq. Taking the limit as sÑ t leads to

s´ lim
sÑt

1

t´ s
xNy´rpei

t
ε
Hεe´i

t
ε
H0
ε ´ ei

s
ε
Hεe´i

s
ε
H0
ε q “

i

ε
xNy´rei

t
ε
HεQWicke´i

t
ε
H0
ε . (4.2.6)

Similarly (by exchanging H0
ε and Hε) we get:

s´ lim
sÑt

1

t´ s
xNy´rpei

t
ε
H0
ε e´i

t
ε
Hε ´ ei

s
ε
H0
ε e´i

s
ε
Hεq “ ´

i

ε
xNy´rei

t
ε
H0
εQWicke´i

t
ε
Hε . (4.2.7)

Notice that
xNy´rei

t
ε
HεQWicke´i

t
ε
H0
ε P LpΓspZqq, Tr r%εxNy

r
s ă Cr ă `8,

and
Wp
?

2πξqei
t
ε
H0
ε e´i

t
ε
Hε P LpΓspZqq.
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Thus the trace (4.2.4) divided by t ´ s is well defined and converges as s Ñ t thanks to (4.2.6). In
equation (4.2.7), remark that

xNy´rei
t
ε
H0
εQWicke´i

t
ε
Hε P LpΓspZqq,

and
@ξ P Z, xNy´rWp

?
2πξqxNyr P LpΓspZqq,

owing to the Lemma 6.2 in [6]. Since for all u P ΓspZq

s ÞÑ ei
s
ε
Hεe´i

s
ε
H0
εu P CpR,ΓspZqq,

the trace (4.2.5) divided by t ´ s is well defined and converges as s Ñ t thanks to (4.2.7). Therefore
the following integral formula holds true, with the help of (2.1.12),

Tr r%̃εptqWp
?

2πξqs “ Tr r%εWp
?

2πξqs`

i

ε

ż t

0

Tr r%̃εpsqrQ
Wick
s Wp

?
2πξq ´Wp

?
2πξqQWick

s ssds, (4.2.8)

with Qspzq “ Qpe´isAzq. We conclude by using Lemma 2.1.28.

4.2.2 The nonlinear (Hartree) equation
In this section we shall prove the global well posedness of the mean field dynamics. So we consider
the Cauchy problem in Z:

#

iBtzt “ Azt ` Bz̄Qpztq,

zt“0 “ z0.
(4.2.9)

Proposition 4.2.3. Under the assumptions (A1) and (A2), for all z0 P Z , the previous Cauchy problem
admits a unique mild solution zt in C0pR,Zq X C1pR, DpAq1q.
Furthermore the Cauchy problem:

#

Btz̃t “ vpt, z̃tq “ ´ie
itA
rBz̄Qspe

´itAz̃tq,

z̃t“0 “ z0.
(4.2.10)

is equivalent with the initial problem and admits a unique solution z̃t P C1pR,Zq.
Furthermore this equation implies:

• @t P R, }zt}Z “ }z0}Z “ }z̃t}Z ,

• The velocity field vpt, zq “ ´ieitArBz̄Qspe´itAzq, satisfies

@t P R, }vpt, zq}Z ď r Mp
r
ÿ

j“2

}z}2j´1
Z q, (4.2.11)

with M “ maxj“2,...,r }Q̃j}.
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Proof. It is enough to consider only positive times t ą 0. We will prove that z Ñ vpt, zq “
´ieitArBz̄Qspe

´itAzq is locally Lipschitz in Z which will give the local existence and uniqueness on a
time interval r0, T ˚r for the equation (4.2.10). Then we can recover solutions of the original equation
(4.2.9) by setting zt “ e´itAz̃t.
Let z, y be in Z ,

}vpt, zq ´ vpt, yq}Z ď }rBz̄Qspe
´itAzq ´ rBz̄Qspe

´itAyq},

ď

r
ÿ

j“2

j| pxzbj´1
t | _ Id ZqQ̃jpz

bj
t q ´ xy

bj´1
t | _ Id ZqQ̃jpy

bj
t q | .

Thus, by setting M “ maxj“2,...,r }Q̃j}, for all z, y P Bp0, Rq, there exists a non negative constant
CR ą 0 such that:

}vpt, zq ´ vpt, yq}Z ď r CR M}z ´ y}Z .

Thus the Cauchy-Lipschitz theorem gives a unique solution z̃t in C1pr0, T ˚r,Zq. The previous calculus
with y “ 0 gives, for t P r0, T ˚r, the estimate:

}vpt, zq}Z ďM r
r
ÿ

j“2

}z}2j´1
Z .

It remains to prove }zt} “ }z0} for all t P r0, T ˚r which ensures that T ˚ “ `8. In fact

Bt}z̃t}
2
“ 2 Re xz̃t, Btz̃ty “ ´2 Re xz̃t, ie

itA
rBz̄Qspe

´itAz̃tqy

“ ´2 Re ixe´itAz̃t, rBz̄Qspe
´itAz̃tqy

“ ´2
r
ÿ

`“2

Re ixe´itAz̃t, rBz̄Q`spe
´itAz̃tqy

“ ´2
r
ÿ

`“2

Re ri`Q`pe
´itAz̃tq

looooomooooon

PR

s “ 0.

So this shows that }z̃t}Z “ }zt}Z “ }z0}Z and the mass conservation is proved. By setting zt “ e´itAz̃t
and using the fact that the solution z̃t satisfies

z̃t “ z0 ´ i

ż t

0

eisArBz̄Qspe
´isAz̃sqds,

we obtain

zt “ e´itAz0 ´ i

ż t

0

eips´tqArBz̄Qspzsqds.

Hence the function t ÞÑ zt belongs to C0pR,Zq X C1pR, DpAq1q and it is a mild solution of (4.2.9).
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4.3 Propagation of Wigner measures

4.3.1 The main convergence arguments
The following proposition will be useful in the derivation of the transport equation. It is mainly due to
the compactness of the Q̃j’s.

Proposition 4.3.1. Let p%εqεPp0,ε̄q be a family of normal states on ΓspZq. Assume the Assumptions (A1)
and (A2) are satisfied and

@k P N, DCk ą 0, @ε P p0, ε̄q, Tr r%εN
k
s ď Ck.

Assume furthermore that:
Mp%ε, ε P p0, ε̄qq “ tµu.

Then for all ξ P Z and all t P R:

lim
εÝÑ0

Tr r%εWp
?

2πξqtDrQpe´itAzqsrξsuWick
s “

ż

Z
e2iπRe xξ,zyDrQpe´itAzqsrξsdµpzq, (4.3.1)

where DrQpe´itAzqsrξs “ xrBz̄Qspe
´itAzq, e´itAξy ` xe´itAξ, rBz̄Qspe

´itAzqy.

Proof. For j P t2, . . . ru and ξ P Z , let Bjpξq denote the operator

Bjpξq “ Q̃jp Id Žj´1 Z b |ξyq, (4.3.2)

and
B˚j pξq “ p Id Žj´1 Z b xξ|qQ̃j.

Both operators are compact respectively from
Žj´1Z to

Žj Z and from
Žj Z to

Žj´1Z owing to
the assumption (A2). Now, let us check that DrQpe´itAzqsrξs is the sum of symbols with compact
kernels. Actually, Qpe´itAzq “

řr
j“2xz

bj, peitAqbjQ̃jpe
´itAqbjzbjy with Q̃˚j “ Q̃j. In particular with

Qpzq “ Qpzq, we obtain

DrQpe´itAzqsrξs “ xrBz̄Qspe
´itAzq, e´itAξy ` xe´itAξ, rBz̄Qspe

´itAzqy,

“

r
ÿ

j“2

jrxzbj, Q̃jpe
´itAξ _ zbj´1

qy ` xQ̃jpe
´itAξ _ zbj´1

q, zbjys,

“

r
ÿ

j“2

jrxzbj, Bjpe
´itAξqzbj´1

y ` xzbj´1, B˚j pe
´itAξqzbjys,

and all the terms involve compact operators. We refer to Lemma 2.2.15 in order to compute the limit
of Tr r%εWp

?
2πξqtDrQpe´itAzqsrξsuWicks and obtain (4.3.1).

In order to understand the asymptotic behaviour of Tr r%εptqWp
?

2πξqs, when ε goes to 0, we shall
prove the following proposition.
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Proposition 4.3.2. Let p%εqεPp0,ε̄q be a family of normal states on ΓspZq. Assume the assumptions (A1)
and (A2) are satisfied and

@k P N, DCk ą 0, @ε P p0, ε̄q, Tr r%εN
k
s ď Ck.

Assume furthermore that
Mp%ε, ε P p0, ε̄qq “ tµu.

Then for all ξ P Z and all t P R,

lim
εÑ0

ż t

0

Tr r%εWp
?

2πξqt
r
ÿ

j“2

εj´1 piπq
j

j!
Dj
rQpe´isAzqsrξsuWick

sds “ 0.

Proof. By using Proposition (Number estimate), a simple estimate of the integrand yields for all s P
r0, ts

|Tr r%εWp
?

2πξqt
r
ÿ

j“2

εj´1 piπq
j

j!
Dj
rQpe´isAzqsrξsuWick

s|

ď Cr

r
ÿ

j“2

εj´1π
j

j!
}xNy´rtDj

rQpe´isAzqsrξsuWick
}LpΓspZqq

ď

r
ÿ

j“2

εj´1π
j

j!
C̃rxξy

j,

with xuy “ p1` |u|2q
1
2 . We conclude therefore by the dominated convergence theorem.

4.3.2 Existence of Wigner measures for all times
Remember the definition of

%εptq “ e´i
t
ε
Hε%εe

i t
ε
Hε ,

and
%̃εptq “ ei

t
ε
H0
ε%εptqe

´i t
ε
H0
ε .

Proposition 4.3.3. Let p%εqεPp0,ε̄q be a family of normal states on ΓspZq. Assume the assumptions
(A1)-(A2) are satisfied and

@k P N, DCk ą 0, @ε P p0, ε̄q, Tr r%εN
k
s ď Ck . (4.3.3)

For all sequences pεnqnPN in p0, ε̄q such that limnÑ`8 εn “ 0, there exists a subsequence pεnkqkPN with
limkÑ`8 εnk “ 0 and a family of Borel probability measures tµ̃t, t P Ru such that:

@t P R, Mp%̃εkptq, k P Nq “ tµ̃tu. (4.3.4)

Furthermore,
ż

Z
}z}2kZ dµ̃tpzq ď Ck, @k P N, (4.3.5)
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and µ̃t solves the integral equation, for all ξ P Z ,

µ̃tpe
2iπRe xξ,.y

q “ µ̃0pe
2iπRe xξ,.y

q ´ π

ż t

0

µ̃spe
2iπRe xξ,.yDrQpe´isA.qsrξsqds,

“ µ̃0pe
2iπRe xξ,.y

q ` i

ż t

0

µ̃sptQ̃s , e
2iπRe xξ,.y

pzquqds, (4.3.6)

by setting for b1,b2 P Pp,qpZq

tb1, b2upzq “ Bzb1pzq.Bz̄b2pzq ´ Bzb2pzq.Bz̄b1pzq.

Proof. The extraction of such subsequence pεnkqkPN and the existence of a family of Borel probability
measures µ̃t have been proved in [12] by a diagonal extraction process relying on some Ascoli type
argument. We skip the proof of this step since the result in [12] applies to our case without modification.
Let pn be the projection on Ce1 ‘ . . .‘ Cen with peiqiPN an ONB of Z . Since dΓppnq ď N , it follows
that

ż

Z
}z}2kZ dµ̃tpzq “ sup

nPN

ż

Z
}pnz}

2k
Z dµ̃tpzq “ sup

nPN
tlim inf

εÑ0
Tr r%̃εptqpdΓppnqq

k
su

ď lim inf
εÑ0

Tr r%εN
k
s ď Ck .

This proves (4.3.5). For the derivation of the integral equation (4.3.6), we have according to (4.2.3),

Tr r%̃εptqWp
?

2πξqs “ Tr r%εWp
?

2πξqs`

i

ż t

0

Tr r%̃εpsqWp
?

2πξqt
r
ÿ

j“1

εj´1 piπq
j

j!
Dj
rQpe´isAzqsrξsuWick

sds.

The estimate of Proposition 4.3.2 implies that all the terms j “ 2, ..., r of the sum in the right side go
to 0 as εÑ 0. For the last term, we use Proposition 4.3.1 for %̃εpsq thanks to the fact that

Tr r%̃εptqN
k
s “ Tr r%εN

k
s ď Ck .

Thus taking the limit as εÑ 0 yields

µ̃tpe
2iπRe xξ,.y

q “ µ̃0pe
2iπRe xξ,.y

q ´ π

ż t

0

µ̃spe
2iπRe xξ,.yDrQpe´isA.qsrξsqds.

We conclude with

itQ̃s , e
2iπRe xξ,.y

upzq “ ipxrBz̄Qspe
´isAzq , Bz̄e

2iπRe xξ,zy
y ´ xBz̄e

2iπRe xξ,zy , rBz̄Qspe
´isAzqyq,

“ iπpxrBz̄Qspe
´isAzq , iξy ´ xiξ, rBz̄Qspe

´isAzqyq e2iπRe xξ,zy ,

“ ´πDrQpe´isAzqsrξs e2iπRe xξ,zy .
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4.3.3 The Liouville equation fulfilled by the Wigner measures.
The previous integral equation (4.3.6) can be interpreted as a continuity equation, in the infinite dimen-
sional Hilbert space Z , fulfilled by the Wigner measures pµ̃tqtPR.
We introduce some classes of cylindrical functions on Z . Denote P the space of the finite rank or-
thogonal projections on Z . A function is in the cylindrical Schwarz space ScylpZq (resp. C80,cylpZq)
if

Dp P P, Dg P SppZqpresp. C80,cylppZqq, @z P Z, fpzq “ gppzq.

The space C80,cylpR ˆ Zq which enforces the compact support in the first variable, will be useful too.
Denote Lppdzq the Lebesgue measure associated with the finite dimensional subspace pZ . The Fourier
transform is given on ScylpZq by :

Frf spξq “
ż

pZ
fpzqe´2iπRe xz,ξyZLppdzq,

fpzq “

ż

pZ
Frf spξqe2iπRe xz,ξyZLppdξq.

Then call Prob2pZq the set of Borel probability measures µ finite second moment, i.e.
ş

Z }z}
2
Z dµpzq ă

8. On this space the Wasserstein distance is given by the formula:

W2pµ1, µ2q “

d

inf
µPΓpµ1,µ2q

ż

Z
}z1 ´ z2}

2
Zdµpz1, z2q, (4.3.7)

with Γpµ1, µ2q the set of probability measures µ on Z ˆ Z such that the marginals pΠ1q˚µ “ µ1 and
pΠ2q˚µ “ µ2. Let βpZq be the family of all Borel probability measures on a Hilbert space Z . Here
Πj, j “ 1, 2, are the canonical projections on the first and the second component respectively.
From now, after introducing a Hilbert basis penqnPN˚ , the space Z can be equipped with the distance

dwpx1 ´ x2q “

d

ÿ

nPN

|xx1 ´ x2, eny|2

1` n2
.

It induces a topology globally weaker than the weak topology. However these topology coincide on
bounded sets of Z.
The norm and dw topology give rise two distinct notions of narrow convergence of probability measures.
On the one hand, a sequence pµnqnPN is narrowly convergent to µ P βpZq if

lim
nÑ`8

ż

Z
fpzqdµnpzq “

ż

Z
fpzqdµpzq, (4.3.8)

for every function f P C0
b pZ, }.}Zq, the space of continuous and bounded real functions defined on Z

with the norm topology. On the other hand, a sequence pµnqnPN is weakly narrowly convergent if the
limit (5.6.1) holds for all f P C0

b pZ, dwq. Our sequences of probability measures are assumed to have a
uniformly bounded moment

ş

Z }z}
2k
Z dµnpzq ď Ck for some k ě 1. Within this framework, the narrow

convergence is equivalent to the convergence with respect to the Wasserstein distance W2 in Prob2pZq
according to Proposition 7.1.5 in [5]. With the same moment condition, the weak narrow convergence
is equivalent to the convergence (4.3.8) for all f P ScylpZq or for all f P C80,cylpZq, acccording to
Lemma 5.1.12 f) in [5].
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Proposition 4.3.4. Assume that the family p%εqεPp0,ε̄q satisfies:

@α P N, D Cα ą 0 , @ε P p0, ε̄q, Tr r%εN
α
s ď Cα. (4.3.9)

Consider a subsequence pεkqkPN such that limkÑ`8 εk “ 0,

Mp%̃εkptq, k P Nq “ tµ̃tu. (4.3.10)

Then the probability measure µ̃t defined on Z satisfies

1. When penqnPN˚ a Hilbert basis of Z and Z is endowed with the distance

dwpz1, z2q “

b

ř

nPN˚
|ăz1´z2,eną|

n2 , the measure µ̃t is weakly narrowly continuous with respect to
t.

2. This is a weak solution to the (continuity) Liouville equation

Btµ̃t ` itQt, µ̃tu “ 0, (4.3.11)

in the sense that for all f P C80,cylpRˆ Zq
ż

R

ż

Z
pBtf ` itQt, fuq dµ̃tpzqdt “ 0, (4.3.12)

with Qtpzq “ Qpe´itAzq.

Proof. a) The characteristic function G of the measure µ̃t is given by

Gpη, tq “ µ̃tpe
´2iπRe xη,zy

q .

The following inequality holds:

|Gpη, tq ´Gpη1, tq| ď 2π}η ´ η1}Z

ż

Z
}z}Zdµ̃tpzq. (4.3.13)

Since the uniform estimate
ş

Z 1 ` }z}2Zdµ̃tpzq ď C2 is true for all times, we get for all η, η1 in Z and
for t P R,

|Gpη, tq ´Gpη1, tq| ď π}η ´ η1}C2. (4.3.14)

b) According to Proposition 4.3.3 and (4.3.6),

µ̃t1pe
2iπRe xξ,.y

q ´ µ̃tpe
2iπRe xξ,.y

q “ ´π

ż t1

t

µ̃spe
2iπRe xξ,.yDrQpe´isA.qsrξsqds.

We use the estimate (4.2.11) and get

|DrQpe´isAzqsrξs| ď 2}e´isAξ}Z |rBz̄Qspe
´isAzq| ď 2}ξ}Mr

r
ÿ

j“2

}z}2j´1
Z .
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Thus for ξ P Z

|Gpξ, t1q ´Gpξ, tq| ď
ˇ

ˇ

ˇ
π

ż t1

t

Gpξ, sqDrQpe´isAzqsrξsds
ˇ

ˇ

ˇ
,

ď 2π|t´ t1|}ξ}ZMr sup
sPrt,t1s

r
ÿ

j“2

ż

Z
}z}2j´1

Z dµ̃spzq,

ď C|t´ t1|}ξ}Z ,

since }z}2j´1
Z ď 1

2
p1` }z}

2p2j´1q
Z q P L1pZ, µ̃tq and

r
ÿ

j“2

ż

Z
}z}2j´1

Z dµ̃spzq ď Cr,

with a time independent constant Cr. Hence for all ξ in Z and for all t, t1 in R:

|Gpξ, t1q ´Gpξ, tq| ď 2πCrMr|t´ t1|}ξ}Z . (4.3.15)

1. Take now g P ScylpZq based on pZ and the equality holds:

Igptq “

ż

Z
gpzqdµ̃tpzq “

ż

pZ
FrgspηqGpη, tqdLppηq. (4.3.16)

We shall establish the continuity of Ig on R. Indeed

• t ÝÑ FrgspηqGpη, tq is continue owing to (4.3.15)
• η ÝÑ FrgspηqGpη, tq is bounded by a Lppdηq-integrable function thanks to (4.3.13) and
Frgs P SppZq.

Thus we have the continuity of Ig for all g P ScylpZq. Furthermore the uniform estimate condition

@α P N,
ż

Z
}z}2αZ dµ̃tpzq ď Cα,

with Cα time independent allow us to apply lemma 5.1.12-f) in [5] and to assert that the map
tÑ µ̃t is weakly narrowly continuous.

2. We integrate the expression (4.3.6) with respect to FrgspηqLppdzq:

@t P R, @g P ScylpZq,
ż

Z
gpzqdµ̃tpzq “

ż

Z
gpzqdµ̃0pzq ` i

ż t

0

ż

Z
tQs, gudµ̃spzqds.

Hence Ig belongs to C1pRq and satisfies:

BtIgptq “ i

ż

Z
tQt, gupzqdµ̃tpzq.
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Multiplying this expression by a function φ P C80 pRq and integrating by parts lead to
ż

R
BtIgptqφptqdt “ i

ż

RˆZ
tQt, gupzqdµ̃tpzqφptqdt.

Integrating by parts gives
ż

RˆZ
gpzqdµ̃tpzqφ

1
ptqdt` i

ż

RˆZ
tQt, guφptq dµ̃tpzqdt “ 0,

or
ż

RˆZ
pBtfpt, zq ` itQt, fuq dµ̃tpzqdt “ 0,

with fpt, zq “ gpzqφptq.

We conclude by using the density of C80 pRq balg C80,cylpZq in C80,cylpRˆ Zq.

4.3.4 Convergence toward the mean field dynamics
Proposition 4.3.5. Assume that the family of normal states p%εqεPp0,ε̄q on ΓspZq fulfills the assumptions
(A1)-(A2), with the uniform control

@α P N, DCα ą 0 , @ε P p0, ε̄q, Tr r%εN
α
s ď Cα,

and
Mp%ε, ε P p0, ε̄qq “ tµ0u.

Then for any time t P R the family p%εptq “ e´i
t
ε
Hε%εe

i t
ε
HεqεPp0,ε̄q admits a unique Wigner measure µt

equal to Φpt, 0q˚µ0, where Φ is the flow associated with the well defined Hartree equation owing to
Proposition 4.2.3. Moreover, the map t ÞÑ µt P Prob2pZq is continuous with respect to the Wasserstein
distance W2.

Proof. Take %̃εptq as in (4.1.10) and consider the Hartree equation (4.1.6) with the flow Φpt, sq corre-
sponding to:

iBtzt “ Bz̄hpz, z̄q “ Azt ` Bz̄Qpztq, (4.3.17)

on Z and the flow Φ̃pt, sq associated with

Btz̃t “ vpt, z̃tq with vpt, zq “ ´ieitArBz̄Qspe
´itAzq .

Proposition 4.2.3 provides the following estimate

}vpt, zq}Z ďMr
r
ÿ

j“2

}z}2j´1
Z ,
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with M “ maxj“2,...,r }Q̃j}. Recall that pµ̃tq are the Wigner measures defined for all times and associ-
ated with a subsequence p%̃εnk qkPN, hence we obtain

}vpt, zq}L2pZ,µ̃tq “

d

ż

Z
}vpt, zq}2Z dµ̃tpzq

ďMr

g

f

f

e

r
ÿ

j“2

ż

Z
}z}

2p2j´1q
Z dµ̃tpzq P L

1
pr´T, T sq.

This holds since

@j P N,
ż

Z
}z}2jZ dµ̃tpzq ď Cj ,

with Cj time independent.
Now, using Proposition 5.6.2 the measure µ̃t satisfies

Btµ̃t ` itQt, µ̃tu “ Btµ̃t `∇T
pvpt, zqµ̃tq “ 0,

in the weak sense and the map t ÞÑ µ̃t P Prob2pZq is weakly narrowly continuous. Moreover, the
velocity field vpt, .q satisfies the condition }vpt, zq}L2pZ,µtq belongs to L1pr´T, T sq.
Thus, µ̃t verifies the conditions of [12, Proposition C1] with I “ r´T, T s and then µ̃t is continuous
with respect to the Wasserstein distance W2. So now the measures µ̃t satisfy all the hypotheses of [12,
Proposition C4], i.e.:

• t ÞÑ µ̃t P Prob2pZq is W2-continuous.

• For all T ą 0, |vpt, zq|L2pZ,µtq belongs to L1pr´T, T sq.

• µ̃t is the weak solution to:
Btµ̃t `∇T

pvpt, zqµ̃tq “ 0,

subsequently µ̃t “ φ̃pt, 0q˚µ0 and

Mp%̃εptq, ε P p0, ε̄qq “ tµ̃tu,

for any time t P R. By noticing that

%εptq “ e´it
t
ε
H0
ε%εe

it t
ε
H0
ε ,

we get
Mp%εptq, ε P p0, ε̄qq “ tµtu,

which finish the proof of Theorem 4.1.2 for regular data.
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4.3.5 Evolution of the Wigner measure for general data
In this subsection, we shall prove Theorem 4.1.2 for general data. We used the same truncation scheme
used in [12]. Hence consider a family p%εqεPp0,ε̄q satisfying the assumption of Theorem 4.1.2, i.e.:

Dδ ą 0 , DCδ ą 0 , @ε P E , Tr r%εN
δ
s ď Cδ ă 8 .

There exists another family p%pmqε qmPN such that Tr r%
pmq
ε s “ 1,

@k P N , DCk ą 0 , @ε P p0, εq , Tr r%pmqε Nk
s ď Ck ă 8

and
lim

mÑ`8
sup
εPp0,ε̄q

}%ε ´ %
pmq
ε }L1 “ 0. (4.3.18)

Indeed by setting

%pmqε “
1

Tr rχmpNq%εχmpNqs
χmpNq%εχmpNq,

with χmpnq “ χp n
m
q and 0 ď χ ď 1, χ P C80 pRq and χ ” 1 in a neighborhood of 0, the result (4.3.18)

holds.
The family p%pmqε qmPN is satisfying the assumption of Proposition 4.3.5 and then by extracting a

subsequence pεnkqkPN such that for all t P R

Mp%pmqεnk
ptq, k P Nq “ tφpt, 0q˚µpmq0 u,

with φpt, 0q the flow of the Hartree equation (4.1.6), and µpmq0 the Wigner measure associated with %pmqε .
Hence by setting µt PMp%εptq, ε P p0, ε̄qq, there exists a subsequence pεlqlPN such that

Mp%εlptq, l P Nq “ tµtu.

Then a computation of the total variation by the triangle inequality gives
ż

Z
|µt ´ φpt, 0q˚µ0| ď

ż

Z
|µt ´ φpt, 0q˚µ

pmq
0 | `

ż

Z
|φpt, 0q˚µ

pmq
0 ´ φpt, 0q˚µ0|

ď

ż

Z
|µt ´ φpt, 0q˚µ

pmq
0 | `

ż

Z
|µ
pmq
0 ´ µ0|.

By taking the limit when mÑ `8 we get
ş

Z |µt ´ φpt, 0q˚µ0| “ 0, hence

Mp%εptq, ε P p0, ε̄qq “ tφpt, 0q˚µ0u.

4.4 Examples
In this Section we will give some examples of states which do not satisfy the condition (PI). So that
the results in [10, 11] can not be applied on these examples however they satisfy the assumptions of our
Theorem 4.1.2. We recall the assertion (PI) below.
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Definition 4.4.1. Let p%εqεPp0,ε̄q be a family of normal states such that

@α P N, DCα ą 0 , @ε P p0, ε̄q, Tr r%εN
α
s ď Cα, (4.4.1)

and
Mp%ε, ε P p0, ε̄qq “ tµu.

Then we say that p%εqεPp0,ε̄q satisfies the condition (PI) if:

lim
εÑ0

Tr r%εN
k
s “

ż

Z
}z}2kZ dµpzq, @k P N . (4.4.2)

Let us consider two kinds of normal states on the Fock space ΓspZq, namely the coherent and
Hermite states.

• The coherent states are given by

%εpfq “ |EpfqyxEpfq| “ |Wp
?

2

iε
fqΩy xWp

?
2

iε
fqΩ| , (4.4.3)

where f P Z and Ω is the vacuum vector of the Fock space.

• The Hermite states are given by

%εpfq “ |f
bk
yxfbk| , k “ r

1

ε
s, f P Z. (4.4.4)

For some coherent states or Hermite states the property (PI) was proved in r10s by a simple computation

lim
εÑ0

Tr r%εN
k
s “ }f}2kZ “ δf p}z}

2k
Z q. (4.4.5)

Thus there is no loss of compactness for those states when f does not depend on ε. However, for our
examples we will consider coherent and Hermite states where the vector f is ε-dependent. More pre-
cisely, let pfεqεPp0,ε̄q be a family of vectors in Z such that :

A3. }fε}Z “ 1 and fε weakly convergent to f0 but not strongly, (i.e. }f0}Z ă 1).

Then we shall prove that the family of normal states %εpfεq given by (4.4.3) or (4.4.4) provides a
good example of states which does not satisfy the property (PI) but only the uniform condition (4.4.1).
The assumption (3) is motivated by the situation where each particle of the system is not in a pure state
but in a superposition, for example fε “ eN`e1?

2
where N “ r1

ε
s and tenunPN is an O.N.B with e1 and eN

representing the ground and the excited states respectively of a single quantum particle.
We recall two useful Propositions from [9]. Consider two families of vectors puεqεPp0,ε̄q and pvεqεPp0,ε̄q

in ΓspZq. With the family of trace class operators,

%puε,vεqε “ |uεyxvε|,

complex-valued Wigner measures can be defined by a simple linear decomposition, specified in [9]-
Proposition 6.4. Recall that for a family of Hermite states uε “ ubr

1
ε
s,

Mp%puε,uεqε q “ tδS
1

u u “ t
1

2π

ż 2π

0

δeiθudθu.
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Proposition 4.4.2. Assume that the family puεqεPp0,ε̄q and pvεqεPp0,ε̄q of vectors in the Fock space satisfy
the uniform estimates

}p1`Nq
δ
2uε} ` }p1`Nq

δ
2vε} ď C, }uε} “ }vε} “ 1 ,

for some δ ą 0 and C ą 0. If additionally any µ PMp%puε,uεqε q and any ν PMp%pvε,vεqε q are mutually
orthogonal, then

Mp%puε,vεqε , ε P p0, ε̄qq “ t0u.

This is equivalent to
lim
εÑ0
xuε, b

Weylvεy “ 0,

for any b P ScylpZq.

Proposition 4.4.3. Assume the same assumptions as in the Proposition above with the additional
condition Mp%puε,uεqε q “ tµu and Mp%pvε,vεqε q “ tνu. Then the family of trace class operators
p%
puε`vε,uε`vεq
ε qεPp0,ε̄q satisfies

Mp%puε`vε,uε`vεqε q “ tµ` νu.

Corollary 4.4.4. Let %εpfεq be either the family of coherent states (4.4.3) or Hermite states (4.4.4)
with fε satisfying (A3). Then the condition (PI) fails for %εpfεq. However, we get for all t ą 0,
Mp%εpfεqptq, ε P p0, ε̄qq “ tµtu with µt “ δΦpt,0qf0 in the case of coherent states and µt “ δS

1

Φpt,0qf0
in

the case of Hermite states, where Φpt, 0q is the flow associated with

iBtzt “ Azt ` Bz̄Qpztq.

Furthermore, set uε “ ubr
1
ε
s, u P Z , then for all t P R

Mp%puε`Epfεq,uε`Epfεqqε , ε P p0, ε̄qq “ tδS
1

ut ` δftu ,

with ut “ Φpt, 0qu and ft “ Φpt, 0qf0.

Proof. The proof splits on several steps.

• Identification of the Wigner measure:
For coherent states:
In order to identify the Wigner measure associated with %εpfεq, at time t “ 0, use the well known
formula

Tr p%εpfεqWp
?

2πξqq “ e2iπRe xξ,fεye´ε
}
?

2πξ}2

4 ,

here the right hand side converges to e2iπRe xξ,f0y “ F´1pδf0q when ε goes to 0. Therefore
Mp%εpfεq, ε P p0, ε̄qq “ tδf0u.

For Hermite states:
A simple computation yields for any b P P8p,qpZq,

lim
εÑ0

Tr r%εb
Wick

s “ lim
εÑ0
xfbnε , bWickfbnε y “ xfbq0 , b̃fbp0 y “

ż

Z
bpzqdδS

1

f0
pzq.
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Then by applying Proposition 6.15 in [9], one proves thatMp%εpfεq, ε P p0, ε̄qq “ tδS
1

f0
u.

For the superposition of orthogonal states:

Recall that %pu`Epfεq,u`Epfεqqε “ |u ` Epfεqyxu ` Epfεq| and according to Proposition 4.4.3 and
4.4.2

Mp%puε`Epfεq,uε`Epfεqqε , ε P p0, ε̄qq “Mp%puε,uεqε q `Mp%pEpfεq,Epfεqqε q ` t0u

“ tδS
1

u ` δf0u.

• Uniform estimates:
Let k P N, the following uniform estimate holds
For the coherent states:

Tr p%εpfεqN
k
q “ xΩ,W˚

p

?
2

iε
fεqN

kWp
?

2

iε
fεqΩy ď Ck}pN` 1qk{2Ω}2 ď Ck.

For Hermite states:
In this case %εpfεq “ |fbNε yxfbNε | with N “ r1

ε
s is the number of particles.

Notice that for all k P N
Tr r%εN

k
s “ pεnqk}fε}

2
Z “ pεnq

k. (4.4.6)

For the superposition of orthogonal states:

In this case %puε`Epfεq,uε`Epfεqqε “ |uε ` Epfεqyxuε ` Epfεq|,

@k P N, Tr rp|uε ` Epfεqyxuε ` Epfεq|qN
k
s ď Ck.

• The condition fails (PI):
For coherent states:
A simple computation of Tr p%εpfεqN

kq when k “ 1 gives the following equality

Tr p%εpfεqNq “ xEpfεq, p}z}
2
Zq

WickEpfεqy “ }fε}
2
Z “ 1,

and
ż

Z
}z}2Zdδf0pzq “ }f0}

2
Z .

But }fε}2Z does not converge to }f0}
2
Z because fε does not converge strongly to f0. Hence the

quantity Tr p%εpfεqNq does not converge to
ş

Z }z}
2
Z dδf0pzq. Then the condition (PI) is not satis-

fied.
For the Hermite states:
It is easy to see that the condition (PI) fails. Indeed on the one hand limεÑ0 Tr r%εN

ks “ 1 but
on the other hand

ş

Z }z}
2k
Z dδf0 “ }f0}

2k
Z ă 1.

For the superposition of orthogonal states:

Assume that the family p%puε`Epfεq,uε`Epfεqqε qεPp0,ε̄q satisfies the condition (PI). Fix k “ 1 and
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compute

Tr r%puε`Epfεq,uε`Epfεqqε Nk
s “ xuε,Nuεy ` xEpfεq,NEpfεqy ` xuε,NEpfεqy

`xEpfεq,Nuεy

The two last terms converge to 0 when εÑ 0 since

lim
εÑ0, εnÑ1

|xEpfεq,Nuεy| “ lim
εÑ0, εnÑ1

|xuε,NEpfεqy|

“ lim
εÑ0, εnÑ1

εn|xuε,
ε´

n
2 e´

1
2ε

?
n!

fεy| “ 0,

according to formula

Epfεq “
8
ÿ

n“0

ε´
n
2 e´

}fε}
2

2ε

?
n!

fbnε .

Besides, the family of Hermite states p%puε,uεqε qεPp0,ε̄q satisfies the condition (PI) for k “ 1, hence
the family p%pEpfεq,Epfεqqε qεPp0,ε̄q satisfies the condition (PI) for k “ 1 which is wrong.

• Propagation:
All the examples (coherent, Hermite and orthogonal states) satisfy the assumptions of Theorem
4.1.2. Hence, for all t ą 0

Mp%εpfεqptq, ε P p0, ε̄qq “ tµtu,

with µt “ Φpt, 0q˚µ0 and where µ0 is the initial Wigner measure of coherent, Hermite and or-
thogonal states previously computed.



Chapter 5

The general case with a two-body singular
potential

5.1 Introduction

The mean field theory for many-body quantum systems is an extensively studied mathematical subject
(see for instance [1, 18, 19, 29, 39, 42, 43, 47, 58, 68, 69] and [52, 63, 110] for more old results).
The main addressed question in this field is the accuracy of the mean field approximation. While
this problem is now well-understood for the most significant examples of quantum mechanics, it has
no satisfactory general answer. The raison is that all the known results are concerned either with a
specific model or a specific choice of quantum states. Our aim here is to show that the mean field
approximation for bosonic systems is rather a general principle that depends very little on these above-
mentioned specifications.
The Hamiltonian of many-boson systems have formally the following form

HN “

N
ÿ

i“1

Ai `
1

N

ÿ

1ďiăjďN

q
pNq
i,j “ H0

N ` qN ,

where A is a one particle kinetic energy and qpNqi,j is a pair interaction potential between the ith and jth

particles. It could be significant to include multi-particles interactions but to keep the presentation as
simple as possible we don’t do so (see [11, 78, 112]). Assume that HN is a self-adjoint operator on
some symmetric tensor product space

ŽN Z0. Then according to the Heisenberg equation the quantum
dynamics yield the time-evolved states,

%Nptq :“ |e´itHNΨpNq
yxe´itHNΨpNq

| .

The mean-field approximation provides the first asymptotics of physical measurements in the state
%Nptq when the number of particles N is large. Precisely the approximation deals with the following
quantities,

lim
NÑ8

Tr r%NptqB b 1bpN´kqs ,

86
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where B is a given observable on the k first particles. Actually one can prove that, up to extracting a
subsequence, there exists a Borel probability measure µ0 on Z0 such that

lim
NÑ8

Tr r%Np0qB b 1bpN´kqs “

ż

Z0

xzbk, Bzbky_kZ0
dµ0pzq , (5.1.1)

for any compact operator B P Lp
Žk Z0q, 1 ď k ď N (k is kept fixed while N Ñ 8). Such a result

is proved in [11] and in some sense it is related to a De Finetti quantum theorem [30, 77]. So this
allows to understand the structure of the above limit (5.1.1) at time t “ 0 and there is indeed no loss
of generality if we suppose that (5.1.1) holds true for the sequence of states p%Np0qqNPN. Once this is
observed then the mean-field approximation precisely says that for all times t P R,

lim
NÑ8

Tr r%NptqB b 1bpN´kqs “

ż

Z0

xzbk, Bzbky_kZ0
dµtpzq , (5.1.2)

where µt “ Φpt, 0q˚µ0 is a push-forward measure, µ0 is given by (5.1.1) and Φpt, 0q is the nonlinear
flow which solves the mean-field classical equation on Z0,

iBtz “ Az ` F pzq . (5.1.3)

Here the nonlinear term F pzq is related to the interaction qN and the equation (5.1.3) provides the mean-
field dynamics (for instance Hartree or NLS type equations). In this article we prove the statement
(5.1.2) within an abstract framework and under general assumptions. It is common to express the
mean-field limit with the language of reduced density matrices. So, we remark that (5.1.2) implies the
convergence of reduced density matrices in the trace-class norm (see [11] for a proof of this fact). There
are essentially two requirements for the accuracy of the mean field approximation. The first concerns
the regularity of the states %Np0q and the second deals with the criticality of the interaction qN . So, we
assume that the quantum states have asymptotically finite kinetic energy at time t “ 0, i.e.:

Tr r%Np0qAb 1bpN´1q
s ď C , (5.1.4)

uniformly in N (A is the one particle Kinetic energy). This is a reasonable requirement and in some
sense a minimal one if we use energy type methods to deal with the quantum and classical dynamics.
We give here only some informal insight on the assumption on qN . Our main result is presented in
detail in the next section and it is based on the abstract conditions (D1)-(D2). Suppose that A is the
fractional Laplacian p´∆qs, s ą 0, in L2pRdq and the interaction qN is given by

qN :“
1

N

ÿ

1ďiăjďN

W pxi ´ xjq , xi, xj P Rd ,

where W : Rd Ñ R is a measurable function. Roughly speaking, our result says that the mean-field
approximation holds true in general for states satisfying (5.1.4) if:

• The system is confined and the interaction W is subcritical.

• The interaction W is subcritical with some decay at infinity.

• The system is confined and the interaction W is critical.
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If the system is not confined and the interaction W is critical then we do not expect the mean-field
approximation to be true for any states with the regularity (5.1.4). However, if we are able to prove
higher regularity on the quantum states %Nptq for all times then it is possible to justify the mean-field
limit as in the other cases. Here subcritical/critical means that the interaction W belongs to LppRdq `

L8pRdq with subcritical/critical exponent with respect to the kinetic energy A “ p´∆qs according to
the Sobolev embedding H

s
2 pRdq Ñ LppRdq. This emphasizes in particular the fact that the accuracy of

the mean-field approximation depends very much on the criticality of the interaction and the regularity
of initial states rather than the structure of the initial states or the exact model considered.

The method we use follows the one introduced in [12] which is based on general properties of
Wick quantization in infinite dimensional spaces, Wigner measures and measure transportation tech-
niques. We improve and simplify this method at several steps. For instance we consider only states
%Np0q in the symmetric tensor product

ŽN Z0 and avoid to work with states in the symmetric Fock
space. This simplifies and strengthes the intermediate results. Moreover, a key argument related to
convergence is clarified (see Section 5.5). The adaptation of measure transportation techniques in [5]
to non-homogenous PDE was done in [12] with a somewhat strong condition on a related velocity field
(see the assumption (C2) compared to the one used in [12]). This restricted the type of nonlinearity
F pzq that can be handled with this method. An improvement to a wider setting, briefly presented in
Appendix B, is achieved in detail in [79].
As an illustration of the Wigenr measures techniques used in this article, we also recover a result proved
in [77] concerning the limit of the ground state energy of HN when the system of bosons is trapped.

Overview: In the following section our main result is presented in detail and illustrated with several
examples. Self-adjointness and existence of the quantum dynamics is discussed in Section 5.3. The
proof of our main Theorem 5.2.2 goes through three steps: A Duhamel’s formula in Section 5.4, a
convergence argument in Section 5.5 and a uniqueness result for a Liouville equation in Section 5.6.
The technical tools used along the article are explained in Sections 2.1.4, 2.2.4 and 3.1 and concern
respectively the Wick quantization, Wigner measures and transport along characteristic curves.

5.2 Preliminaries and results
In this section we introduce a general abstract setting suitable for the study of Hamiltonians of many-
boson systems. Then we briefly recall the notion of Wigner measures and state the main results of the
present article. We will often use conventional notations. In particular, the Banach space of bounded
(resp. compact) operators from one Hilbert space h1 into another one h2 is denoted by Lph1, h2q

(resp. L8ph1, h2qq. If C (resp. q) is an operator (resp. a quadratic form) on a Hilbert space then DpCq
(resp. Qpqq) denotes its domain. In particular, if C is a self-adjoint operator then QpCq denotes its form
domain (i.e. the subspace Dp|C|

1
2 q).

General framework: LetZ0 be a separable Hilbert space. The n-fold tensor product ofZ0 is denoted by
bnZ0. There is a canonical action σ P Σn Ñ Πσ of the n´th symmetric group Σn on bnZ0 verifying

Πσf1 b ...b fn “ fσ1 b ¨ ¨ ¨ b fσn . (5.2.1)

Hence each Πσ extends to an unitary operator on bnZ0 with the relation ΠσΠσ1 “ Πσ˝σ1 satisfied for
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any σ, σ1 P Σn. Furthermore, the average of all these operators pΠσqσPΣn , i.e.

Sn “
1

n!

ÿ

σPΣn

Πσ , (5.2.2)

defines an orthogonal projection on bnZ0. By definition the symmetric n-fold tensor product of Z0 is
the Hilbert subspace

n
ł

Z0 “ SnpZbn0 q .

Consider now an operator A on Z0 and assume that:
Assumption (A1):

A is a non-negative and self-adjoint operator on Z0. (A1)

For i “ 1, ¨ ¨ ¨ , n, let
Ai “ 1bpi´1q

b Ab 1bpn´iq,

where the operator A in the right hand side acts on the ith component. The free Hamiltonian of a
many-boson system is

H0
N “

N
ÿ

i“1

Ai , (5.2.3)

which is a self-adjoint non-negative operator on
ŽN Z0. In order to introduce a two particles interaction

in an abstract setting we consider a symmetric quadratic form q on QpA1`A2q Ă b
2Z0. Here A1`A2

is considered as an operator on b2Z0 and the subspace QpA1 ` A2q contains non-symmetric vectors.
Throughout this paper we assume:
Assumption (A2):

q is a symmetric sesquilinear form on QpA1 ` A2q satisfying :
D 0 ă a ă 1, b ą 0, @u P QpA1 ` A2q, |qpu, uq| ď axu, pA1 ` A2quy ` b}u}

2
b2Z0

.
(A2)

As a consequence of the above assumption, q can be identified with a bounded operator q̃ satisfying the
relation:

qpu, vq “ xu, q̃ vyb2Z0
, @u, v P QpA1 ` A2q , (5.2.4)

and q̃ acts from the Hilbert space QpA1 `A2q equipped with the graph norm into its dual Q1pA1 `A2q

with respect to the inner product of b2Z0.
Now, we define a collection of quadratic forms pqpnqi,j q1ďiăjďn by

q
pnq
i,j pϕ1 b ϕ2 b ¨ ¨ ¨ b ϕn, ψ1 b ψ2 b ¨ ¨ ¨ b ψnq “ qpϕi b ϕj, ψi b ψjq

ź

k‰i,j

xϕk, ψky , (5.2.5)

for any ϕ1, ¨ ¨ ¨ , ϕn, ψ1, ¨ ¨ ¨ , ψn in QpAq. By linearity all the qpnqi,j extend to well defined quadratic
forms on the algebraic tensor product balg,nQpAq. Using the assumptions (A1)-(A2), we prove in
Lemma 5.3.1 that each q

pnq
i,j , 1 ď i ă j ď n, extends uniquely to a symmetric quadratic form on
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QpH0
nq Ă

ŽnZ0.
We now consider the many-boson Hamiltonian to be the quadratic form on QpH0

Nq given by

HN “

N
ÿ

i“1

Ai `
1

N

ÿ

1ďiăjďN

q
pNq
i,j “ H0

N ` qN . (5.2.6)

Actually the assumptions (A1)-(A2) imply the existence of the many-boson dynamics, since there ex-
ists a unique self-adjoint operator, denote again by HN , associated to the quadratic form (5.2.6) (see
Proposition 5.3.4).

The classical dynamics: Let pQpAq, } ¨ }QpAqq be the domain form of the non-negative self-adjoint
operator A equipped with the graph norm,

}u}2QpAq “ xu, pA` 1quy, u P QpAq ,

and Q1pAq its dual with respect to the inner product of Z0. The quadratic form q defines a quartic
monomial,

z P QpAq ÞÑ q0pzq :“
1

2
qpzb2, zb2

q ,

which is Gâteaux differentiable on QpAq. Hence one can define the Gâteaux derivative of q0 with
respect to z̄ according to the formula:

Bz̄q0pzqrus “
1

2
Bλ̄qppz ` λuq

b2, pz ` λuqb2
q|λ̄“0,

where Bλ̄ is the Wirtinger derivative in the complex field C. For each z P QpAq, the map u ÞÑ Bz̄q0pzqrus
is a anti-linear continuous form on QpAq and hence Bz̄qpzq can be identified with a vector Bz̄q0pzq P
Q1pAq by the Riesz representation theorem. We shall assume the following assumptions on the classical
mean field equation.
Assumption (C1): The classical field equation

#

iBtz “ Az ` Bz̄q0pzq

z|t“0 “ z0 P QpAq,
(C1)

is globally well-posed on the form domain QpAq. Moreover, the energy and the charge conservation
hold true for initial data in QpAq.
Global well-posedness here means existence and uniqueness of a global strong solution t ÞÑ zptq P
C0pR, QpAqq X C1pR, Q1pAqq for each z0 P QpAq and continuous dependence on initial data (i.e.: The
map z0 ÞÑ zp¨q P C0pI,QpAqq is continuous for any compact interval I containing 0). We have two
formally conserved quantities, namely the charge ||z||Z0 and the classical energy:

hpzq “ xz, Azy ` q0pzq “ xz, Azy `
1

2
qpz b z, z b zq . (5.2.7)

Remark that the main examples of the above field equation are the nonlinear Schrödinger and Hartree
equations. We need also a second assumption.
Assumption (C2): The vector field Bz̄q0 : QpAq Ñ Q1pAq satisfies:

DC ą 0, @z P QpAq, }Bz̄q0pzq}Z0 ď C}z}2QpAq}z}Z0 . (C2)
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The Wigner measures: The mean-field problem is tackled here through the Wigner measures method
elaborated in [9, 12]. The idea of these measures has its roots in the finite dimensional semi-classical
analysis. It allows to generalize the notion of mean-field convergence to states that are not coherent
nor factorized. For ease of reading, we briefly recall their definition here while their main features are
discussed in Section 2.1.4.

Definition 5.2.1. Let t%N :“ |ΨpNqyxΨpNq|uNPN be a sequence of normal states on_NZ0 , i.e }ΨpNq}_NZ0
“

1. The setMp%N , N P Nq of Wigner measures of p%NqNPN is the set of Borel probability measures on
Z0 , µ , such that there exists a subsequence pNkqkPN satisfying:

@ξ P Z0 , lim
kÑ`8

xΨpNkq,Wp
?

2πξqΨpNkqy “

ż

Z0

e2iπRe xξ,zy dµpzq , (5.2.8)

where Wp
?

2πξq is the Weyl operator in the symmetric Fock space defined in (Weyl operators) with
ε “ 1

Nk
.

The right hand side of (5.2.8) is the inverse Fourier transform of the measure µ. So Wigner measures
are identified through their characteristic functions. Moreover, it was proved in [9, Theorem 6.2] that
the setMp%N , N P Nq is nonempty and according to [10, 11, 12] it is a convenient tool for the study
the mean-field limit. In particular, it allows to understood the convergence of reduced density matrices
(5.1.2), which are the main analyzed quantities in other approaches ([110]).

5.2.1 Results
Dynamical result: Our first result concerns the effectiveness of the mean field approximation for general
N -particle states and under general assumptions (D1)-(D2). We prove that the time-dependant Wigner
measures of evolved states %Nptq :“ |e´itHNΨpNqyxe´itHNΨpNq| are the push-forward of the initial
measures (associated with the initial states %Np0q) by the global flow of the field equation in (C1).
Eventually, if %Np0q has only one Wigner measure then %Nptqwill have also one single Wigner measure
described as above. The result is applicable to either trapped or untrapped systems of bosons.
Assumption (D1): A has a compact resolvent and there exists a subspace D dense in QpAq such that
for any ξ P D,

lim
λÑ`8

||xξ| b pA` 1q´
1
2 S2 q̃pA1 ` A2 ` λq

´ 1
2 ||Lp

Ž2 Z0,Z0q
“ 0 ,

lim
λÑ`8

||xξ| b pA` λq´
1
2 S2 q̃pA1 ` A2 ` 1q´

1
2 ||Lp

Ž2 Z0,Z0q
“ 0 .

(D1)

Our second main assumption is given below and it implies the two limits in (D1).
Assumption (D2): There exists a subspace D dense in QpAq such that for any ξ P D,

xξ| b pA` 1q´
1
2 S2 q̃pA1 ` A2 ` 1q´

1
2 P L8p

2
ł

Z0,Z0q . (D2)

Consider the abstract setting explained above with a separable Hilbert space Z0, a one-particle self-
adjoint operator A and a two-body interaction q. Then our main result on the dynamical mean-field
problem is stated below.
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Theorem 5.2.2. Assume (A1)-(A2) and (C1)-(C2) and suppose that either (D1) or (D2) holds true.
Let t%N “ |ΨpNqyxΨpNq|uNPN a sequence of normal states on

ŽN Z0 with a unique Wigner measure µ0

and satisfying:
DC ą 0, @N P N, xΨpNq, H0

NΨpNq
y ď CN . (5.2.9)

Then for any time t P R the family t%Nptq “ |e´itHNΨpNqyxe´itHNΨpNq|uNPN has a unique Wigner
measure µt which is a Borel probability measure on QpAq. In addition µt “ Φpt, 0q˚µ0, the push-
forward of the initial measure µ0 by the globally well-defined flow Φpt, 0q on QpAq associated to the
field equation:

#

iBtz “ Az ` Bz̄q0pzq

z|t“0 “ z0.
(5.2.10)

Remarks 5.2.3. 1) The above theorem remains true if we assume that A is semi-bounded from below.
2) It is not necessary to assume that %N admits a unique Wigner measure µ0. In general the result says:

Mp%Nptq, N P Nq “ tΦpt, 0q˚µ0, µ0 PMp%N , N P Nqu .

3) Without essential changes in the proof of Theorem 5.2.2, we can suppose that %N is an arbitrary
sequence of normal states in

ŽN Z0 satisfying:

DC ą 0, @N P N, Tr r%NH
0
N s ď CN .

Variational result: Our second result concerns the ground state energy of trapped many-boson systems
in the mean-field limit. Consider the Hamiltonian HN given by (5.2.6) and suppose that (A1)-(A2)
are satisfied. The confinement of the system is equivalent to the requirement that the operator A has a
compact resolvent. By definition the quantum ground state energy is

EpNq :“ inf
ΨpNqPQpH0

N q

}ΨpNq}ŽN Z0
“1

xΨpNq, HNΨpNq
y .

On the other hand the classical energy functional is

hpzq “ xz, Azy `
1

2
qpzb2, zb2

q , @z P QpAq .

Using (A2), one observes that inf
zPQpAq,}z}Z0

“1
hpzq is finite. In fact for any z P QpAq such that }z}Z0 “ 1,

hpzq ě p1´ aqxzb2, pA1 ` A2qz
b2
y ´ C1 ě ´C1.

Theorem 5.2.4. Assume (A1)-(A2) and suppose that A has a compact resolvent. Then

lim
NÑ`8

EpNq

N
“ lim

NÑ`8

1

N
inf

ΨpNqPQpH0
N q

}ΨpNq}“1

xΨpNq, HNΨpNq
y “ inf

zPQpAq
}z}Z0

“1

hpzq ą ´8.
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5.2.2 Examples
In this section we provide several examples to which the general result of Theorem 5.2.2 is applicable.
But first we observe that the two limits in (D1) are satisfied whenever q is infinitesimally A1 ` A2-
form bounded. This indeed allows to handle the situation when the interaction is subcritical. But when
the interaction is comparable to the kinetic energy we rely directly on (D1) which seems to be the
appropriate assumption in this case.

Lemma 5.2.5. Assume (A1)-(A2) and suppose that the quadratic form q is infinitesimallyA1`A2-form
bounded. Then for any ξ P QpAq,

lim
λÑ`8

||xξ| b pA` 1q´
1
2 S2 q̃pA1 ` A2 ` λq

´ 1
2 ||Lp

Ž2 Z0,Z0q
“ 0 ,

lim
λÑ`8

||xξ| b pA` λq´
1
2 S2 q̃pA1 ` A2 ` 1q´

1
2 ||Lp

Ž2 Z0,Z0q
“ 0 .

Proof. Let Φ P Z0 and Ψ P
Ž2Z0 then by Cauchy-Schwarz inequality,

|xΦ, xξ| b pA` 1q´
1
2 S2 q̃pA1 ` A2 ` λq

´ 1
2 Ψy| “ |qpS2ξ b pA` 1q´

1
2 Φ, pA1 ` A2 ` λq

´ 1
2 Ψq|

ď |qpS2ξ b pA` 1q´
1
2 Φq|

1
2 |qppA1 ` A2 ` λq

´ 1
2 Ψq|

1
2 ,

with qpuq “ qpu, uq. Remark that |qpS2ξ b pA ` 1q´
1
2 Φq| is bounded thanks to (A2) and the fact that

ξ P QpAq. Since q is infinitesimally A1 ` A2-form bounded, then for any α ą 0 there exists Cpαq ą 0
such that

|qppA1 ` A2 ` λq
´ 1

2 Ψq| ď αxΨ, pA1 ` A2 ` λq
´1
pA1 ` A2 `

Cpαq

α
qΨy

ď maxpα,
Cpαq

λ
q }Ψ} .

This proves the first limit in (D1) when λÑ 8. The second one follows by a similar argument.

All the examples listed below are covered by Theorem 5.2.2.

Example 5.2.6 (The two-body delta interaction). Non-relativistic systems of trapped bosons with a
two-body point interaction,

HN “

N
ÿ

i“1

´∆xi ` V pxiq `
κ

N

ÿ

1ďiăjďN

δpxi ´ xjq, xi, xj P R, κ P R, (5.2.11)

where δ is the Dirac distribution and V is a real-valued potential which splits into two parts V “ V1`V2

such that

V1 P L
1
locpRq, V1 ě 0 , lim

|x|Ñ`8
V1pxq “ `8 ,

V2 is ´∆-form bounded with a relative bound less than one.
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This model has been studied for instance in [1, 6]. The operator A “ ´∆ ` V is self-adjoint semi-
bounded from below and A has a compact resolvent according to [100, Theorem X19]. The two-
body interaction q is given by qpzb2, zb2q “ κxzb2, δpx1 ´ x2qz

b2y “ κ}z}4L4pRq and satisfies for any
u P QpA1 ` A2q,

@α ą 0, |qpu, uq| ď
ακ

2
?

2
xu,A1 ` A2 uy `

κ

4α
?

2
}u}2L2pR2q.

For a detailed proof of the latter inequality see [6, Lemma A.1]. Hence (A1)-(A2) are verified and by
Lemma 5.2.5 the assumption (D1) holds true. The vector field is given by Bz̄q0pzq “ κ|z|2z : QpAq Ñ
QpAq and satisfies the inequalities,

@x, y P QpAq, DC :“ Cp}x}QpAq, }y}QpAqq ą 0; }|x|2x´ |y|2y}QpAq ď C}x´ y}QpAq ,

and
@z P QpAq, }|z|2z}L2pRq ď C}z}2H1pRq}z}L2pRq ď C}z}2QpAq}z}L2pRq , (5.2.12)

since the inclusion QpAq Ă H1pRq Ă L8pRq holds by Sobolev embedding and the fact that QpAq “

tu P L2pRq, u1 P L2pRq, V
1
2

1 u P L
2pRqu. Therefore the vector field Bz̄q0pzq is locally Lipschitz on QpAq

and the NLS equation
#

iBtz “ ´∆z ` V z ` κ|z|2z

z|t“0 “ z0,
(NLS)

is locally well-posed on QpAq. Furthermore, using the energy and charge conservation one shows the
global well-posedness of the NLS equation.

Example 5.2.7 (Trapped bosons). Non relativistic trapped many-boson systems with singular two-body
potential:

HN “

N
ÿ

i“1

´∆xi ` V pxiq `
1

N

ÿ

1ďiăjďN

W pxi ´ xjq, xi, xj P Rd. (5.2.13)

where V is a real-valued potential which splits into two parts V “ V1 ` V2 such that:

V1 P C
8
pRd,Rq, V1 ě 0, DαV1 P L

8
pRd
q, @α P Nd, |α| ě 2 ,

V1pxq Ñ 8, when |x| Ñ 8 ,

V2 P L
p
pRd
q ` L8pRd

q, p ě 1, p ą
d

2
,

and W : Rd Ñ R is an even measurable function verifying:

W P LqpRd
q ` L8pRd

q, q ě 1, q ě
d

2
, pand q ą 1 if d “ 2q. (5.2.14)

By Gagliardo-Nirenberg inequality we know that (5.2.14) implies that W is infinitesimally ´∆-form
bounded. So, the assumptions (A1)-(A2) and (D1) are satisfied. Moreover, the vector field rBz̄q0spzq “
W ˚ |z|2z : QpAq Ñ Q1pAq satisfies for any z P QpAq,

}W ˚ |z|2z}L2pRdq ď }p´∆` 1q´
1
2W p´∆` 1q´

1
2 } }z}2H1pRdq }z}L2pRdq . (5.2.15)
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The global well-posedness on QpAq, conservation of energy and charge of the Hartree equation
#

iBtz “ ´∆z ` V z `W ˚ |z|2z

zt“0 “ z0,
(Hartree)

are proved in [28] Theorem 9.2.6 and Remark 9.2.8. Observe that the assumption on W are satisfied
by the Coulomb type potentials λ

|x|α
when α ă 2, λ P R and d “ 3.

Example 5.2.8 (Untrapped bosons). Non-relativistic untrapped many-boson systems,

HN “

N
ÿ

i“1

´∆xi ` V pxiq `
1

N

ÿ

1ďiăjďN

W pxi ´ xjq, xi, xj P Rd.

where the potentials V and W satisfy the following assumptions for some p and q,

V P LppRd
q ` L8pRd

q, p ě 1, p ą
d

2
,

W P LqpRd
q ` L80 pRd

q, q ě 1, q ě
d

2
, pand q ą 1 if d “ 2q

(5.2.16)

Here L80 pRdq denotes the space of bounded measurable functions going to 0 at infinity. For instance
Coulomb potentials λ

|x|α
for α ă 2, λ P R and d “ 3 satisfy (5.2.16). As in the previous example

(A1)-(A2) are satisfied and (D2) is verified if we check that p1 ´∆xq
´ 1

2W pxqp1 ´∆xq
´ 1

2 is compact
(see the proof of [12, Lemma 3.10]). In fact W decomposes as W “ W1 `W2 with W1 P L

qpRdq and
W2 P L

8
0 pRdq. We know that W2p1 ´ ∆q´

1
2 P L8pL2pRdqq (see for instance [66, Proposition 3.21]).

Therefore we only need to check that p1 ´∆xq
´ 1

2W1pxqp1 ´∆xq
´ 1

2 is compact. Let χ P C80 pRdq such
that 0 ď χ ď 1 and χ “ 1 in a neighborhood of 0. We denote χmpxq :“ χp x

m
q, for x P Rd and m P N˚.

For a given measurable function g let pgδqδą0 denotes

gδ “

$

’

&

’

%

g, if |g| ă δ

δ, if g ě δ

´ δ, if g ď ´δ .
(5.2.17)

Writing the decomposition
W1 “ pχmW1q

δ
looomooon

L80 pRdq

`W1 ´ pχmW1q
δ

loooooooomoooooooon

LqpRdq

,

we observe that
p1´∆q´

1
2 pχmW1q

δ
p1´∆q´

1
2 P L8pL2

pRd
qq,

and for δ Ñ `8 and mÑ `8,

p1´∆q´
1
2 pχmW1q

δ
p1´∆q´

1
2 ÝÑ p1´∆q´

1
2W1p1´∆q´

1
2 , (5.2.18)

in the norm topology. Hence (D2) holds true. The convergence (5.2.18) is justified by the Gagliardo-
Nirenberg’s inequality,

|xu,
“

pχmW1q
δ
´W1

‰

uy| ď C}pχmW1q
δ
´W1}LqpRdq }∇u}2αL2pRdq }u}

2p1´αq

L2pRdq , α “
d

2q
.
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As in Example 5.2.7 the vector field Bz̄q0pzq satisfies the inequality (5.2.15) and the global well-
posedness on H1pRdq, conservation of energy and charge of the Hartree equation,

#

iBtz “ ´∆z ` V z `W ˚ |z|2z

z|t“0 “ z0,

holds according to [28] Corollary 4.3.3 and Corollary 6.1.2.

Example 5.2.9 (Non-relativistic Bosons with magnetic field). Non-relativistic many-boson systems
with an external magnetic field A : Rd Ñ Rd and an external electric field V : Rd Ñ R are described
by the Hamiltonian,

HN “

N
ÿ

j“1

“

p´i∇xj `Apxjqq2 ` V pxjq
‰

`
1

N

ÿ

1ďiăjďN

W pxi ´ xjq, (5.2.19)

where W pxq is an even measurable function satisfying with A and V the assumptions:

d ě 3,

A P L2
locpRd,Rd

q,

V P L1
locpRd,Rq, V`pxq Ñ 8, when |x| Ñ 8 ,

V´ is ´∆-form bounded with relative bound less than 1,

W P LqpRd,Rq ` L8pRd,Rq, ∇W P LppRd
q ` L8pRd

q for some q ą
d

2
, p ě

d

3
.

Here V˘ denotes the positive and negative part of the potential V . Let∇A :“ ∇`iA then the quadratic
form

HV pAqrf, gs :“

ż

Rd
∇Afpxq∇Agpxq dx`

ż

Rd
V pxqfpxqgpxq dx ,

defined on the form domain

H1
A,V pRd

q :“ tϕ P L2
pRd
q, ∇A ϕ, V

1
2
` ϕ P L

2
pRd
qu,

is closed and bounded from below and hence it defines a unique semi-bounded from below self-adjoint
operator denoted HV pAq (see [14],[72]). Moreover, C80 pRdq is a form core for HV pAq. Hence (A1)
is true and since W satisfies the condition (5.2.14) of Example 5.2.7 we know that W px1 ´ x2q is
infinitesimally´∆x1´∆x2-form bounded. Applying [14, Theorem 2.5] one concludes thatW px1´x2q

is infinitesimally H0pAqb1`1bH0pAq-form bounded and subsequently it is infinitesimally HV pAqb
1 ` 1 b HV pAq-form bounded. Hence (A2) is also true. Moreover, according to [14, Theorem 2.7]
HV pAq has a compact resolvent and so assumption (D1) is satisfied.
The global well-posedness inH1

A,V pRdq of the Hartree equation with magnetic field

#

iBtz “ p´i∇`Aq2z ` V z `W ˚ |z|2z

z|t“0 “ z0,
(5.2.20)
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is proved in [91] together with energy and charge conservation. Furthermore, the assumption (C2)
holds since

}
“

W1 ˚ z̄z
‰

z}L2pRdq ď }W1}LqpRdq} |z|
2
}
L

q
q´1 pRdq

}z}L2pRdq ď }W1}LqpRdq}z}
2
H1

A,V pRdq
}z}L2pRdq. (5.2.21)

Here W “ W1 `W2 with W1 P L
qpRdq and W2 P L

8pRdq. The mean field problem for this type of
model was studied in [88].

Example 5.2.10 (Semi-relativistic bosons with critical interaction). Semi-relativistic systems of bosons
have the many-body Hamiltonian

HN “

N
ÿ

j“1

b

´∆xj `m
2 ` V pxjq `

λ

N

ÿ

1ďiăjďN

1

|xi ´ xj|
, xi, xj P R3 ,

with 0 ď λ ă λcr, λ´1
cr :“ 2 lim

αÑ8
||

1

|x|
p´∆` αq´

1
2 ||, m ě 0 and V is real-valued measurable function

V “ V1 ` V2 satisfying

V1 P L
1
locpR3

q, V1 ě 0, V1pxq Ñ 8 when |x| Ñ 8 ,

V2 is
?
´∆´ form bounded with a relative bound less than 1 .

The quadratic form

Aru, us “ xu,
?
´∆`m2 uy ` xu, V uy ,

QpAq “ tu P L2
pR3
q, p´∆`m2

q
1
4u P L2

pR3
q, V

1
2

1 u P L
2
pR3
qu ,

is semi-bounded from below and closed. So it defines a unique self-adjoint operator denoted by A. In
particular assumption (A1) is verified and (A2) is satisfied thanks to a Hardy type inequality (see for
instance [12, Proposition D.3]). Hence the critical value λcr is finite and we have the inequality,

||
1

|x|
˚ |z|2 z||L2pR3q ď C||z||2H1{2pR3q

||z||L2pR3q .

Furthermore, Rellich’s criterion shows that A has a compact resolvent. To prove the two limits in (D1),
we use the following argument. For any ξ,Φ P C80 pR3q and Ψ P C80 pR3q,

|xΦ, xξ| b 1S2
1

|x´ y|
Ψy| ď ||Φ||L3pR3q ||TΨ||L3{2pR3q ď ||Φ||H1{2pR3q ||TΨ||L3{2pR3q , (5.2.22)

where T is the operator given by

TΨpyq :“

ż

R3

ξpxq
1

|x´ y|
Ψpx, yq dx .

Using Hölder’s inequality twice with the pairs pp, qq, 2 ă q ă 3, 3
2
ă p ă 2 and p4, 4

3
q,

||TΨpyq||
3{2

L3{2pR3q
ď

ż

R3

ˇ

ˇ

ˇ

ˇ

|ξ|p ˚
1

| ¨ |p

ˇ

ˇ

ˇ

ˇ

3
2p

ˆ

ˆ
ż

R3

|Ψpx, yq|q dx

˙
3
2q

dy

ď

›

›

›

›

|ξ|p ˚
1

| ¨ |p

›

›

›

›

3{2p

L6{ppR3q

ˆ
ż

R3

||Ψp¨, yq||2LqpR3q dy

˙
3
4

.
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By the fractional Gagliardo-Nirenberg’s inequality in [61, Corollary 2.4], we see for 0 ă α ă 1 and
q “ 6

3´α
,

||TΨpyq||
3{2

L3{2pR3q
ď

›

›

›

›

|ξ|p ˚
1

| ¨ |p

›

›

›

›

3{2p

L6{ppR3q

||Ψp., yq||
2p1´αq

L2pR3q
||p´∆q

1
4 Ψp., yq||2αL2pR3q .

Therefore, using the inequality aαbp1´αq ď εa` ε´
α

1´α b for any ε, a, b ą 0, we get

||TΨpyq||
3{2

L3{2pR3q
ď

›

›

›

›

|ξ|p ˚
1

| ¨ |p

›

›

›

›

3{2p

L6{ppR3q

ˆ

ε xΨ,
a

´∆xΨyL2pR6q ` ε
´ α

1´α ||Ψ||2L2pR6q

˙

.(5.2.23)

Remark that Hardy-Littlewood-Sobolev’s inequality yields

›

›

›

›

|ξ|p ˚
1

| ¨ |p

›

›

›

›

L6{ppR3q

ď C ||ξ||p

L
6p

6´p

ă 8. (5.2.24)

So the inequalities (5.2.22),(5.2.23),(5.2.24), provide

|xΦ, xξ| b pA` 1q´
1
2S2

1

|x´ y|
pA` λq´

1
2 b 1Ψy| ď C

“

ε`
ε´

α
1´α

λ

‰

||ξ||p

L
6p

6´p

||Φ||L2pR3q ||Ψ||L2pR6q .

This proves the first limit when λÑ 8, the second one is similar and it is left for the reader.
The global well-posedness in QpAq, conservation of energy and charge of the semi-relativistic Hartree
equation

$

&

%

iBtz “
?
´∆`m2 z ` V pxqz `

λ

|x|
˚ |z|2z

z|t“0 “ z0.

are proved in [73, Theorem 4] for all λ ě 0. The arguments used here extend also to non-relativistic
systems of bosons with a critical interaction W px ´ yq “ λ

|x´y|2
. The condition λ ă λcr can also be

removed with few modifications on the method employed in this article.

Example 5.2.11 (The LLL-model). The LLL-model is related to the modeling of rapidly rotating Bose-
Einstein condensates in the Lowest Landau Level (LLL). We briefly recall it here and refer the reader
to [2] for more details. Here the scaling is different from the one developped in Subsection 2.1.1. The
one particle state is the Bargmann space given by

Z0 “ tf P L
2
pCξ, e

´
|ξ|2

h Lpdξqq, Bξ̄f “ 0u,

where h ą 0 is a small parameter and Lpdξq is the Lebesgue measure on C. The space Z0 is equipped
with the norm,

||f ||2Z0
“

ż

C
|fpξq|2 e´

|ξ|2

h
Lpdξq

πh
,
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and it is a closed subspace of L2pC, e´
|ξ|2

h Lpdξqq with a related orthogonal projection given explicitly
by

Πh :L2
pC, e´

|ξ|2

h Lpdξqq Ñ Z0

g ÞÑ Πhpgqpξq “

ż

C
e
ξ.τ̄´|τ |2

h gpτq
Lpdτq

πh
.

The many-body Hamiltonian describing the LLL-model in the mean field regime is

HN “

N
ÿ

i“1

2ph ξiBξi ` hq `
1

N

ÿ

1ďi,jďN

q
pNq
i,j

where q is the quadratic form defined on b2Z0 by

qpu, uq “ 2α

ż

C2

upξ1, ξ2qup
ξ1 ` ξ2

2
,
ξ1 ` ξ2

2
q e´

|ξ1|
2`|ξ2|

2

h
Lpdξ1dξ2q

pπhq2
.

Using hypercontractivity inequalities (see [2, 92]), one can prove that q is a bounded quadratic form
on

Ž2Z0. Hence the assumption (A2) is satisfied and since the operator ξ Bξ is unitary equivalent to
the harmonic oscillator the assumptions (A1) and (D1) are also true.
The classical field equation is determined by the following energy functional

hMFpfq “ xf, 2
“

hξBξ ` h
‰

fy ` α

ż

C
|fpξq|4e´

2|ξ|2

h Lpdξq, (5.2.25)

and the mean field dynamics associated with the LLL-model is given by
#

iBtf “ 2phξBξ ` hqf ` 2αΠhpe
´
|ξ|2

h |f |2qf

f|t“0 “ f0.
(5.2.26)

Denote F sh the space of entire functions such that
ż

C
p1` |z|2qs|fpzq|2e´

|z|2

h Lpdzq ă `8.

The global well-posedness of (5.2.26) on the space F sh has been obtained in [92] for s “ 2 together
with energy and charge conservation (see [11] for s “ 0). Actually, the quantity xf, h ξBξfy is also
preserved for initial data in f0 P F2

h hence one can show that (5.2.26) is well-posed in F1
h with energy

and charge conservation.

5.3 Properties of the Quantum Dynamics
In this section we show that under the assumptions (A1)-(A2) the quadratic form (5.2.6) defines a
unique self-adjoint operator HN . Thereafter, a useful regularity property of the related quantum dy-
namics is stated in Proposition 5.3.5.
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5.3.1 Selfadjointness

Remember that the quadratic form q satisfies (A2) and qpnqi,j , qN are defined respectively by (5.2.5) and
(5.2.6).

Lemma 5.3.1. Assume (A1)-(A2). Then, for any 1 ď i ă j ď n, qpnqi,j extends to a symmetric quadratic
form on QpAi ` Ajq Ă bnZ0. Moreover, for any Φ P QpAi ` Ajq,

|q
pnq
i,j pΦ

pnq,Φpnqq| ď a xΦpnq, Ai ` Aj Φpnqy ` b }Φpnq}2bnZ0
. (5.3.1)

Proof. Once the estimate (5.3.1) is proved for any Φpnq P balg,nQpAq, the extension of qpnqi,j to the do-
mainQpAi`Ajq is straightforward sincebalg,nQpAq is a form core forAi`Aj . A simple computation
yields for any Φpnq,Ψpnq P balg,nQpAq,

q
pnq
i,j pΦ

pnq,Ψpnq
q “ q

pnq
1,2 pΠpi,jqΦ

pnq,Πpi,jqΨ
pnq
q , (5.3.2)

where Πpi,jq is the interchange operator defined in (5.2.1) with σ “ pi, jq is the particular permutation

pi, jq “

ˆ

1 2 ¨ ¨ ¨ i ¨ ¨ ¨ j ¨ ¨ ¨ n
i j ¨ ¨ ¨ 1 ¨ ¨ ¨ 2 ¨ ¨ ¨ n

˙

.

Moreover, one remarks that

xΠpi,jqΦ
pnq, A1 ` A2 Πpi,jqΨ

pnq
y “ xΦpnq, Ai ` Aj Ψpnq

y .

Hence, it is enough to prove (5.3.1) for i “ 1 and j “ 2 and Φpnq P balg,nQpAq. Let tekukPN be an
O.N.B of Z0 such that ek P QpAq for all k P N. For r P Nn, r “ pr1, ¨ ¨ ¨ , rnq, we denote

eprq :“ er1 b ¨ ¨ ¨ b ern P b
nZ0 .

Remark that teprqurPNn is an O.N.B of bnZ0 and for any Φpnq P balg,nQpAq one can write Φpnq “
ř

rPNn λprqeprq (we may assume without loss of generality that the sum is finite). Hence

|q
pnq
1,2 pΦ

pnq,Φpnqq| “ |
ÿ

r,sPNn
λprqλpsq q

pnq
1,2

`

eprq, epsq
˘

|

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

r3,¨¨¨ ,rn

q

˜

ÿ

r1,r2

λpr1, r2, r3, ¨ ¨ ¨ , rnqer1 b er2 ;
ÿ

s1,s2

λps1, s2, r3, ¨ ¨ ¨ , rnqes1 b es2

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ď a
ÿ

r3,¨¨¨ ,rn

@

ÿ

r1,r2

λpr1, r2, r3, ¨ ¨ ¨ , rnqer1 b er2 ;A1 ` A2

ÿ

s1,s2

λps1, s2, r3, ¨ ¨ ¨ , rnqes1 b es2
D

` b
ÿ

r1,r2

|λpr1, r2, r3, ¨ ¨ ¨ , rnq|
2

ď a xΦpnq, A1 ` A2 Φpnqy ` b }Φpnq}2bnZ0
.

The second inequality follows using (A2).
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Remark 5.3.2. A consequence of the last proof is that for any ΨpNq,ΦpNq P _alg,NQpAq “ SN balg,N
QpAq,

q
pNq
i,j pΨ

pNq,ΦpNqq “ q
pNq
1,2 pΨ

pNq,ΦpNqq .

Lemma 5.3.3. Assume (A1)-(A2). Then qN extends to a symmetric quadratic form onQpH0
Nq Ă _

NZ .
Moreover, for any ΨpNq P QpH0

Nq,

|qNpΨ
pNq,ΨpNq

q| ď a xΨpNq, H0
NΨpNq

y ` bN}ΨpNq
}

2
_NZ0

. (5.3.3)

Proof. As in the previous lemma, it is enough to prove the inequality (5.3.3) for any Ψ P _alg,NQpAq.
Lemma 5.3.1 with Remark 5.3.2 yield the estimate:

|qNpΨ
pNq,ΨpNq

q| “
NpN ´ 1q

2N
|q
pNq
1,2 pΨ

pNq,ΨpNq
q|

ď
N

2

“

axΨpNq, A1 ` A2ΨpNq
y ` b}ΨpNq

}
2
_NZ0

‰

.

Using the fact that xΨpNq, A1 ` A2ΨpNqy “ 2
N
xΨpNq, H0

NΨpNqy, we obtain the claimed inequality.

The lemma above allows to use the KLMN Theorem [101, Theorem X.17] since qN is a small
perturbation in the sense of quadratic forms of H0

N and therefore one obtains the selfadjointness of HN .

Proposition 5.3.4 (Self-adjoint realization of HN ). Assume (A1)-(A2), then there exists a unique self-
adjoint operator HN with QpHNq “ QpH0

Nq satisfying for any ΨpNq,ΦpNq P QpH0
Nq

xΨpNq, HNΦpNqy “ xΨpNq, H0
NΦpNqy ` qNpΨ

pNq,ΦpNqq.

5.3.2 Invariance property

A straightforward consequence of Proposition 5.3.4 is that the form domain QpH0
Nq is invariant with

respect to the dynamics of HN . However, we would like to have a quantitative uniform bound on
xΨ

pNq
t , H0

NΨ
pNq
t y for every t P R. Here

Ψ
pNq
t :“ e´itHNΨpNq .

Proposition 5.3.5 (Propagation of states on QpH0
Nq). Let ΨpNq P QpH0

Nq such that }ΨpNq}_NZ0
“ 1

and satisfying:
DC ą 0, @N P N, xΨpNq, H0

NΨpNq
y ď CN.

Then there exists a constant Ca,b ą 0 independent of N such that for any t P R and N P N,

xΨ
pNq
t , H0

NΨ
pNq
t y ď Ca,bN.
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Proof. Since 0 ă a ă 1 the inequality ˘qN ď aH0
N ` bN implies that H0

N ď
1

1´a
HN `

b
1´a

N in the
form sense. Let ΨpNq P QpH0

Nq then for any t P R,

xΨ
pNq
t , H0

NΨ
pNq
t y ď

1

1´ a
xΨ

pNq
t , HNΨ

pNq
t y `

b

1´ a
N

ď
1` a

1´ a
xΨpNq, H0

NΨpNq
y `

2b

1´ a
N

ď
p1` aqC ` 2b

1´ a
N .

The second inequality follows using the fact that xΨpNq
t , HNΨ

pNq
t y “ xΨpNq, HNΨpNqy and Lemma

5.3.3.

5.4 Duhamel’s formula

The main result provided by Theorem 5.2.2 is the identification of the Wigner measures of time-evolved
states %Nptq. According to the Definition 5.2.1 of Wigner measures one needs simply to compute the
limit when N Ñ 8 of

INptq :“ Tr r%NptqWp
?

2πξqs “ xΨ
pNq
t ,Wp

?
2πξqΨ

pNq
t y .

This task may seems quite simple but since the quantum dynamics are non trivial it is unlikely that
one can compute explicitly the above limits. Therefore it seems reasonable to rely on the dynamical
properties of INptq as for non-homogenous PDE and write a Duhamel’s formula satisfied by INptq.
The point here is that all the possible limits of INptq have to satisfy a limiting integral equation. And
if one can solve the latter equation then it is possible to identify the Wigner measures of %Nptq. This
strategy was introduced in [12] for Schrödinger dynamics with singular potential. Here we improve it
and extend it to a more general setting.

5.4.1 Commutator computation

In order to derive the aforementioned Duhamel’s formula, we differentiate the quantity INptq with
respect to time. This roughly leads to the analysis of the commutator rWp

?
2πξq, HN ´ H0

N s. Since
the Weyl operator do not conserve the number of particles the latter quantity has to be expanded in the
symmetric Fock space. To handle this computation efficiently we use the Wick quantization procedure
explained in Section 2.1.3 and rely particularly in the properties of the class of symbols Qp,qpAq. We
suggest the reading of Section 2.1.4 before going through this subsection.
Recall that Qn “ QpH0

nq is a Hilbert space equipped with the inner product (2.1.13). The class of
monomials Qp,qpAq is defined by (2.1.14) and the energy functional satisfies:

hpzq “ xz, Azy `
1

2
qpzb2, zb2

q P Q1,1pAq `Q2,2pAq ,
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with the following relation holding for all ΨpNq,ΦpNq P QpH0
Nq,

xΨpNq, HNΦpNqy “ xΨpNq, ε´1hWickΦpNqy , when ε “
1

N
.

The above identity stresses the relationship between the many-body Hamiltonian HN and the Wick
quantization of the energy functional hpzq. It allows to exploit the general properties of Wick calculus
while we deal with the dynamics of HN .
We define the following monomial qs for any z P QpAq, s P R,

qspzq :“
1

2
q
`

pe´isAzqb2, pe´isAzqb2
˘

“
1

2
xpe´isAzqb2, q̃ pe´isAzqb2

y , (5.4.1)

and check that under the assumption (A2),

qs P Q2,2pAq with q̃s “
1

2
eisA b eisAS2 q̃S2 e

´isA
b e´isA P LpQ2,Q

1
2q .

A simple computation yields for any z P QpAq and ξ P QpAq,

qspz ` iεπξq ´ qspzq “
4
ÿ

j“1

εj´1qjpξ, sq ,

with the monomials pqjpξ, sqrzsqj“1,2,3,4 defined by:

q1pξ, sqrzs “ ´π Im qpzb2
s ,S2 ξs b zsq , q2pξ, sqrzs “ ´

π2

2
Re qpzb2

s , ξb2
s q ` 2π2qpS2ξs b zs,S2ξs b zsq ,

q3pξ, sqrzs “ π3 Im qpξb2
s ,S2 ξs b zsq , q4pξ, sqrzs “

π4

4
qpξb2

s , ξb2
s q,

(5.4.2)
and the notation:

ξs :“ e´isAξ , zs :“ e´isAz .

Lemma 5.4.1. Assume (A1)-(A2), then one checks that

q1pξ, sqrzs P Q2,1pAq `Q1,2pAq , q2pξ, sqrzs PQ2,0pAq `Q0,2pAq `Q1,1pAq ,

q3pξ, sqrzs P Q1,0pAq `Q0,1pAq , q4pξ, sqrzs PQ0,0pAq.

Proof. This result is a straightforward consequence of Proposition 2.1.30 (iv). However for reader
convenience we provide a direct proof. Remark that q1pξ, sqrzs is a linear combination of two conjugate
monomials. So it is enough to check that qpzb2, ξ b zq P Q1,2pAq. In fact, we have

bpzq “ qpzb2, ξ b zq “ xzb2,S2 q̃ ξ b zy

“ xzb2,S2 q̃ p|ξy b 1q zy .

This implies that there exists a unique operator b̃ “ S2 q̃ |ξy b 1 such that for any z P QpAq,

bpzq “ xzb2, b̃ zy .
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Moreover b̃ P LpQ1,Q
1
2q (here Qn “ QpH0

nq) since ξ P QpAq and
ˆ

pA1 ` A2 ` 1q´
1
2 q̃ pA` 1q´

1
2 b pA` 1q´

1
2

˙

|pA` 1q
1
2 ξy b 1 P LpZ0,b

2Z0q .

Hence b P Q1,2pAq and b̄ P Q2,1pAq according to Proposition (2.1.30) (i).

Proposition 5.4.2. For ξ P QpAq and ε “ 1
N

, we have the following equality in the sense of quadratic
forms on QpH0

Nq,

1

ε

„

qWick
s ,Wp

?
2πξq



“Wp
?

2πξq
“

4
ÿ

j“1

εj´1qjpξ, sq
Wick

‰

, (5.4.3)

where qjpξ, sq, j “ 1, 2, 3, 4, are the monomials defined in (5.4.2) and qs is given by (5.4.1).

Proof. This follows by applying Proposition 2.1.30 (v).

5.4.2 Integral equation

Let pΨpNqqNPN be a sequence of normalized vectors in QpH0
Nq Ă

ŽN Z0 satisfying the hypothesis of
Theorem 5.2.2. The time evolved state is

%Nptq :“ |Ψ
pNq
t yxΨ

pNq
t | where Ψ

pNq
t :“ e´itHNΨpNq .

Actually, it is convenient to work within the interaction representation

r%Nptq :“ |rΨ
pNq
t yxrΨ

pNq
t | where rΨ

pNq
t :“ eitH

0
N e´itHNΨpNq . (5.4.4)

Our aim in this subsection is to write an integral equation (or Duhamel’s formula) satisfied by the map

t ÞÑ JNptq :“ Tr rr%NptqWp
?

2πξqs “ xrΨ
pNq
t ,Wp

?
2πξq rΨ

pNq
t y , (5.4.5)

and to put it in a convenient form in order to carry on the limit N Ñ 8.

Proposition 5.4.3. Assume (A1)-(A2) and consider a sequence pΨpNqqNPN of normalized vectors in
QpH0

Nq. Then for any ξ P DpAq the map t P R ÞÑ JNptq defined in (5.4.5) is C1 and satisfies for
ε “ 1

N
and all t P R,

JNptq “ JNp0q ` i
ż t

0

@

rΨpNq
s ,Wp

?
2πξq

„ 4
ÿ

j“1

εj´1

ˆ

qjpξ, sq

˙Wick

rΨpNq
s

D

ds, (5.4.6)

where qjpξ, sq, j “ 1, ¨ ¨ ¨ , 4, are the monomials given in (5.4.2).
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Proof. By Stone’s theorem one can see thatJNptq is continuously differentiable since ΨpNq P QpHNq “

QpH0
Nq. So one obtains

i
d

dt
JNptq “ xrΨpNq

t ,Wp
?

2πξqeitH
0
N pHN´H

0
Nqe

´itHNΨpNq
y´xeitH

0
N pHN´H

0
Nqe

´itHNΨpNq,Wp
?

2πξqrΨ
pNq
t y .

Using the fact that ε´1qWick
|_NZ0

“ HN ´ H0
N “ qN in the sense of quadratic forms on QpH0

Nq and
Proposition 2.1.30, we see that

d

dt
JNptq “ x´

i

ε
eitH

0
N qWicke´itHNΨpNq,Wp

?
2πξqΨ̃

pNq
t y ` xΨ̃

pNq
t ,Wp

?
2πξq ´

i

ε
eitH

0
N qWicke´itHNΨpNq

y

“
i

ε
xrΨ

pNq
t ,

„

qWick
t ,Wp

?
2πξq



rΨ
pNq
t y ,

where qtpzq “ 1
2
qpzb

2

t , zb
2

t q P Q2,2pAq. The commutator and the duality bracket in the last equations
make sense since Wp

?
2πξqrΨ

pNq
t P QpdΓpAq ` Nq by Proposition 2.1.31. So, the N th component

“

Wp
?

2πξqrΨ
pNq
t

‰pNq belongs to QpH0
Nq. Now, we conclude by applying Proposition 5.4.2.

5.5 Convergence arguments
We have established in the previous section an integral equation (5.4.6) satisfied by the quantity JNptq.
Here we consider its limit when N Ñ 8. The main steps are the analysis of BtJNptq and the extraction
of subsequences pNkqkPN that would lead to a convergent integral equation for all times. This is achieved
under the assumptions (D1) and (D2).

5.5.1 Convergence of BtJNptq
The following property is crucial for the proof of convergence.

Proposition 5.5.1. Let t%N “ |ΨpNqyxΨpNq|uNPN˚ be a sequence of normal states on _NZ0 such that
Mp%N , N P Nq “ tµu and

DC ą 0, @N P N, xΨpNq, H0
NΨpNq

y ď CN . (5.5.1)

Assume (A1)-(A2) and suppose that either (D1) or (D2) is true, then for any ξ P QpAq and for every
s P R,

lim
NÑ`8
Nε“1

xΨpNq,Wp
?

2πξq rq1pξ, sqs
Wick ΨpNq

y “

ż

Z0

e2iπRe xξ,zyq1pξ, sqrzs dµpzq , (5.5.2)

where zs “ e´isAz, ξs “ e´isAz and q1pξ, sqrzs “ ´π Im qpzb2
s ,S2 ξs b zsq.

Proof. For simplicity we assume s “ 0 since the proof goes exactly the same when s ‰ 0. The
following writing holds for any ξ, z P QpAq,

2q1pξ, 0qrzs “ ´2π Im qpzb2,S2 ξ b zq “ iπB1pzq ´ iπB2pzq,
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with
B1pzq “ xξ b z,S2 q̃z

b2
y, B2pzq “ xz

b2, q̃ S2 pξ b zqy.

By the assumption (A2), the two symbols B1 and B2 belong to Q2,1pAq and Q1,2pAq respectively with

B̃1 “ xξ| b 1 S2 q̃ S2 P LpQ2,Q
1
1q , B̃2 “ S2 q̃ S2 |ξy b 1 P LpQ1,Q

1
2q ,

and for any z P QpAq, B1pzq “ xz, B̃1z
b2y and B2pzq “ xz

b2, B̃2zy with the property B1pzq “ B2pzq.
We will use an approximation argument. Let χ P C80 pRq such that χpxq “ 1 if |x| ď 1, χpxq “ 0 if
|x| ě 2 and 0 ď χ ď 1. We denote for m P N˚, χmpxq “ χp x

m
q and H0

1 “ A, H0
2 “ A1 ` A2 and set

B̃1,m :“ χmpH
0
1 q B̃1 χmpH

0
2 q P Lp_2Z0,Z0q , B̃2,m :“ χmpH

0
2 q B̃2 χmpH

0
1 q P LpZ0,_

2Z0q ,

and
B1,mpzq “ xz, B̃1,mz

b2
y , B2,mpzq “ xz

b2, B̃2,mzy .

Since (D1) says that A has a compact resolvent and both operators pH0
1 ` 1q´

1
2 B̃1pH

0
2 ` 1q´

1
2 and

pH0
2 `1q´

1
2 B̃2pH

0
1 `1q´

1
2 are either compact or bounded, we see that Bj,m are compact operators once

we assume (D1) or (D2). We now write the following inequalities for j “ 1, 2,

|xΨpNq,Wp
?

2πξqBWick
j ΨpNq

y ´ µpe2iπRe xξ,zyBjpzqq| ď Apmqj ` Bpmqj ` Cpmqj , (5.5.3)

where
Apmqj “ |xΨpNq,Wp

?
2πξqrBj ´Bj,ms

WickΨpNq
y|,

Bpmqj “ |xΨpNq,Wp
?

2πξqBWick
j,m ΨpNq

y ´ µpe2iπRe xξ,zyBj,mpzqq|,

and
Cpmqj “ |µpe2iπRe xξ,zyBj,mpzqq ´ µpe

2iπRe xξ,zyBjpzqq|.

To prove the limit (5.5.2), we show that all the terms Apmqj ,Bpmqj , Cpmqj can be made arbitrary small for
all N larger enough by choosing a convenient m P N.

The term Cpmqj : By dominated convergence theorem the quantity Cpmqj tends to 0 when m Ñ 8 for
j “ 1, 2. In fact Bj,mpzq converges to Bjpzq for all z P QpAq since s´ limχmpH

0
j q “ Id . Moreover,

we have for some C 1 ą 0 and any z P QpAq,

|Bj,mpzq| ď C 1}ξ}QpAq }z}
2
QpAq }z}Z0 , (5.5.4)

since Bj,m are in Q1,2pAq or Q2,1pAq and by Proposition 2.2.22 we get the a priori estimate:
ż

Z0

}z}2QpAq}z}Z0 dµpzq ď C . (5.5.5)

The term Bpmqj : Since B̃j,m are compact operators for j “ 1, 2 and any m P N˚, the quantity Bpmqj Ñ 0
when N Ñ 8 owing to result proved in [9, Theorem 6.13] and [9, Corollary 6.14].
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The term Apmqj : We consider only j “ 1 since the case j “ 2 is quite similar. We write for any
z P QpAq,

B1pzq ´B1,mpzq “ xz, p1´ χmpH
0
1 qqB̃1 z

b2
y ` xz, χmpH

0
1 qB̃1p1´ χmpH

0
2 qq z

b2
y “: U1pzq ` U2pzq ,

and check that U1,U2 P Q2,1pAq. Let ΦpN´1q “ rWp
?

2πξqΨpNqspN´1q be the pN ´ 1qth component
of the vectorWp

?
2πξqΨpNq in the symmetric Fock space ΓspZ0q. By Proposition 2.1.31 we see that

ΦpN´1q P QpH0
N´1q. So, one obtains

Apmq1 “ xΦpN´1q,UWick
1 ΨpNq

y
loooooooooooomoooooooooooon

p1q

` xΦpN´1q,UWick
2 ΨpNq

y
loooooooooooomoooooooooooon

p2q

.

Now estimate each term. Let denote χm “ 1´ χm then for λ ą 0 and ε “ 1
N

,
ˇ

ˇ

ˇ

ˇ

p1q

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

xΦpN´1q, ε3{2
a

NpN ´ 1q2 SN´1 χmpH
0
1 qB̃1 b 1pN´2q ΨpNq

y

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

xχmpH
0
1 q b 1pN´2qΦpN´1q, B̃1 b 1pN´2q ΨpNq

y

ˇ

ˇ

ˇ

ˇ

ď αpλq

›

›

›

›

pH0
1 ` λq

1{2χmpH
0
1 q b 1pN´2qΦpN´1q

›

›

›

›

›

›

›

›

pH0
2 ` 1q1{2 b 1pN´2qΨpNq

›

›

›

›

,

where

αpλq “

›

›

›

›

pH0
1 ` λq

´1{2B̃1pH
0
2 ` 1q´1{2

›

›

›

›

Lp
Ž2 Z0,Z0q

Ñ 0, when λÑ 8 .

Remark that the spectral theorem yields,

@m P N˚, }χmpAq pA` 1q´
1
2 }

2
LpZ0q

ď
1

m
.

So using the assumption (5.5.1), the symmetry of ΦpN´1q and Proposition 2.1.31, one obtains

›

›

›

›

pH0
1 ` λq

1{2χmpH
0
1 q b 1pN´2qΦpN´1q

›

›

›

›

ď C1

c

1`
λ

m
,

form some C1 ą 0 independent of N . Hence |p1q| À αpλq
b

1` λ
m

and if we choose λ “ m we see
that |p1q| Ñ 0 when mÑ 8.
Similar computation yields for λ large enough

ˇ

ˇ

ˇ

ˇ

p2q

ˇ

ˇ

ˇ

ˇ

ď βpλq

›

›

›

›

pH0
1 ` λq

1{2
b 1pN´2qΦpN´1q

›

›

›

›

›

›

›

›

χmpH
0
2 qpH

0
2 ` λq

1{2
b 1pN´2qΨpNq

›

›

›

›

,

where

βpλq “

›

›

›

›

pH0
1 ` 1q´1{2B̃1pH

0
2 ` λq

´1{2

›

›

›

›

Lp_2Z0,Z0q

Ñ 0, when λÑ 8 .
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So by the same argument above we conclude that |p2q| À βpλq
b

1` λ
m

and if we choose again λ “ m

we get |p2q| Ñ 0 when mÑ 8.
This proves the claimed limit (5.5.2) for any ξ P D Ă Z0. So we extend this result to any ξ P QpAq
by an approximation argument. In fact take for any ξ P QpAq a sequence pξmqmPN such that ξm Ñ ξ in
QpAq. Write
ˇ

ˇ

ˇ

ˇ

xΨpNq,Wp
?

2πξq rq1pξ, 0qs
Wick ΨpNq

y ´

ż

Z0

e2iπRe xξ,zyq1pξ, 0qrzs dµpzq

ˇ

ˇ

ˇ

ˇ

ď Apmq ` Bpmq ` Cpmq,

with

Apmq “
ˇ

ˇ

ˇ

ˇ

xΨpNq,

ˆ

Wp
?

2πξq ´W p
?

2πξmq

˙

q1pξ, 0q
WickΨpNq

y

ˇ

ˇ

ˇ

ˇ

,

Bpmq “
ˇ

ˇ

ˇ
xΨpNq,Wp

?
2πξmq q1pξ, 0q

WickΨpNq
y ´ µpe2iπRe xξm,zyq1pξ, 0qrzsq

ˇ

ˇ

ˇ
,

and
Cpmq “

ˇ

ˇµpe2iπRe xξm,zyq1pξ, 0qrzsq ´ µpe
2iπRe xξ,zyq1pξ, 0qrzsq

ˇ

ˇ .

So using Number-Weyl estimates in [9, Lemma 3.1], one shows that Apmq À ||ξ ´ ξm||Z0 and hence
Apmq Ñ 0. Now, Bpmq Ñ 0 by the result proved above and Cpmq Ñ 0 by (5.5.4)-(5.5.5) and the domi-
nated convergence theorem.

5.5.2 Existence of Wigner measures for all times
Wigner measures and their properties were studied in infinite dimensional spaces in [9]. A result
proved in [9, Theorem 6.2] says that for any sequence of normal states tr%NptquNPN as in (5.4.4) we
can extract a subsequence pNkqkPN such that r%Nkptq has a unique Wigner measure µ̃t according to
Definition 5.2.1. However, the subsequence may depend in the time t P R. So, in order to carry on the
limit on the integral equation (5.4.6) we need to extract a subsequence pNkqkPN for all t P R that gives
Mpr%Nkptq, k P Nq “ tµ̃tu.

Proposition 5.5.2. Let t%N “ |ΨpNqyxΨpNq|uNPN be a sequence of normal states on _NZ0 such that

DC ą 0, @N P N, xΨpNq, H0
NΨpNq

y ď CN ,

andMp%N , N P Nq “ tµ0u. Then for any ξ P QpAq and for any subsequence pNkqkPN there exist a
family of probability measures pµtqtPR on Z0 and a subsequence pNklqlPN such that for all t P R,

M
ˆ

ˇ

ˇe
´itH0

Nkl e
itHNklΨpNkl q

D@

e
´itH0

Nkl e
itHNklΨpNkl q

ˇ

ˇ, l P N
˙

“ tµ̃tu,

and the following Liouville equation is satisfied for any ξ P QpAq,

µ̃tpe
2iπRe xξ,zy

q “µ̃0pe
2iπRe xξ,zy

q ` i

ż t

0

µ̃spe
2iπRe xξ,zyq1pξ, sqrzsq ds

“µ̃0pe
2iπRe xξ,zy

q ` i

ż t

0

µ̃s
` 

qspzq; e
2iπRe xξ,zy

(˘

ds,

(5.5.6)



5.5. CONVERGENCE ARGUMENTS 109

with zs “ e´isAz, ξs “ e´isAξ, q1pξ, sq “ ´π Im qpzb2
s ,S2 ξs b zsq, qspzq “ 1

2
qpzb2

s , zb2
s q and the

bracket tb1pzq; b2pzqu equals to Bz̄b1pzq ¨ Bzb2pzq ´ Bz̄b2pzq ¨ Bzb1pzq.

Proof. The extraction of such subsequence pNklqlPN for all times follows by an Ascoli type argument
proved in [11, Proposition 3.3]. Here we briefly check the main points. Wigner measures are identified
through (5.2.8). Hence we consider the quantities:

GNpt, ξq “ xrΨ
pNq
t ,Wp

?
2πξq rΨ

pNq
t y.

We wish to prove the existence of a subsequence pNklqlPN such that GNkl
pt, ξq converges for all t P R

and ξ P Z0. For this, we exploit the regularity of the functions GNpt, ξq with respect to t and ξ. In
some sense we have to prove that the family pGNqNPN is equi-continuous on bounded sets of R ˆ Z0.
By using Lemma 3.1 in [9] we get for ξ, η P QpAq,

}
“

Wp
?

2πξq ´Wp
?

2πηq
‰

pN` 1q´
1
2 }LpΓspZ0qq À }ξ ´ η}Z0

b

}ξ}2Z0
` }η}2Z0

` 1 .

Therefore, the following estimate holds

|GNpt, ξq ´GNpt, ηq| À }ξ ´ η}Z0

b

}ξ}2Z0
` }η}2Z0

` 1 . (5.5.7)

On the other hand by using Proposition 5.4.3, Proposition 2.1.30 (iii) and Proposition 2.1.31, we get
for any s, t P R, ξ P QpAq and ε “ 1

N
,

|GNps, ξq ´GNpt, ξq| ď

ˇ

ˇ

ˇ

ˇ

ż t

s

xrΨpNq
r ,Wp

?
2πξq

4
ÿ

j“1

εj´1 qjpξ, rq
Wick

rΨpNq
r y dr

ˇ

ˇ

ˇ

ˇ

Àp1` }ξ}4QpAqq |s´ t| sup
sďrďt

}pA1 ` 1q
1
2 rΨpNq

r }
2
ŽN Z0

À p1` }ξ}4QpAqq |s´ t| .

Hence combining (5.5.7) with the latter inequality one gets for any η, ξ P QpAq and s, t P R,

|GNpt, ξq ´GNps, ηq| À |s´ t|p1` }ξ}
4
QpAqq ` }ξ ´ η}Z0

b

}ξ}2Z0
` }η}2Z0

` 1 .

Furthermore the uniform estimate |GNpt, ξq| ď 1 holds true. By an Ascoli type argument as in [11,
Proposition 3.3] and [12, Proposition 3.9], we see that for any sequence pNkqkPN, there exists a subse-
quence pNklqlPN and a family of Borel probability measures pµ̃tqtPR on Z0 satisfying for any t P R,

M
´

ˇ

ˇrΨ
pNkl q

t

D@

rΨ
pNkl q

t

ˇ

ˇ, l P N
¯

“ tµ̃tu .

Now to prove the integral equation (5.5.6), we use Proposition 5.4.3 with ε “ 1
Nkl

,

JNkl ptq “ JNkl p0q ` i
ż t

0

xrΨ
pNkl q
s ,W p

?
2πξq

“

4
ÿ

j“1

pεj´1qjpξ, sq
Wick

‰

rΨ
pNkl q
s y ds, (5.5.8)
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with the monomials pqjpξ, sqqj“1,2,3,4 given by (5.4.2). The estimates provided by Proposition 2.1.30
(iii) and Proposition 2.1.31 give the convergence towards 0 of the terms involving qjpξ, sqWick, j “
2, 3, 4 when l Ñ 8. Applying the Proposition 5.5.1 to the subsequence

ˇ

ˇrΨ
pNkl q
s

D@

rΨ
pNkl q
s

ˇ

ˇ, we obtain the
claimed equation (5.5.6). Remark that in order to check the hypothesis (5.5.1) of Proposition 5.5.1 we
have used Proposition 5.3.5.

5.6 The Liouville equation
Once Proposition 5.5.1 is proved we are led to the problem of solving a Liouville (continuity or trans-
port) equation in infinite dimension which already admits measure-valued solutions. So the point is
to prove uniqueness. The method we use for uniqueness here is introduced in [12] and uses some
techniques from optimal transport theory initiated in the book [5].

5.6.1 Properties of measure-valued solutions to Liouville equation
We need some preliminaries. The sets of all Borel probability measures on Z0 and QpAq are denoted
by PpZ0q and PpQpAqq respectively. We introduce some classes of cylindrical functions on QpAq.
Denote P the space of finite rank orthogonal projections on QpAq. We say that a function f is in the
cylindrical Schwartz space ScylpQpAqq (resp. C80,cylpQpAqq) if:

Dp P P, Dg P SppQpAqq
`

resp. C80,cylppQpAqq
˘

, @z P QpAq, fpzq “ gppzq.

The space C80,cylpR ˆ QpAqq of smooth cylindrical functions with compact support on R ˆ QpAq will
be useful too and it is defined in the same way. Denote Lppdzq the Lebesgue measure on the finite
dimensional subspace pQpAq. The Fourier transform of functions in ScylpQpAqq are given by

Frf spξq “
ż

pQpAq

fpzqe´2iπRe xz,ξyQpAqLppdzq,

After fixing a Hilbert basis penqnPN˚ , the space QpAq can be equipped with a distance,

dwpx1 ´ x2q “

d

ÿ

nPN˚

|xx1 ´ x2, enyQpAq|2

n2
.

It induces a topology globally weaker than the weak topology. However these two topologies coincide
on bounded sets of QpAq.
The norm and dw topology lead to two distinct notions of narrow convergence of probability measures.
On the one hand, a sequence pµnqnPN is narrowly convergent to µ P PpQpAqq if

lim
nÑ`8

ż

QpAq

fpzqdµnpzq “

ż

QpAq

fpzqdµpzq, (5.6.1)

for every function f P C0
b pQpAq, }.}QpAqq, the space of continuous and bounded real functions defined

onQpAqwith the norm topology. On the other hand, a sequence pµnqnPN is weakly narrowly convergent
if the limit (5.6.1) holds for all f P C0

b pQpAq, dwq.
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The family of probability measures pµ̃tqtPR provided by Proposition 5.5.2 have uniformly bounded
moments

ş

QpAq
}z}2kZ0

dµ̃tpzq ď 1 for all k P N thanks to Proposition 2.2.22. With this property, the
weak narrow continuity of the map tÑ µ̃t can be checked according to the convergence (5.6.1) for all
f P ScylpQpAqq or for all f P C80,cylpQpAqq (this is proved in [5, Lemma 5.1.12 f)]).

Remarks 5.6.1. The notion of weakly narrowly convergence on PpZ0q can be defined similarly by
replacing QpAq by Z0 in the previous preliminary and replacing the distance dw by dw,Z0 defined as
follows:

dw,Z0px1 ´ x2q “

d

ÿ

nPN˚

|xx1 ´ x2, fnyZ0 |
2

n2
,

where pfnqnPN˚ is a Hilbert basis of Z0.

Proposition 5.6.2. Let t|ΨpNqyxΨpNq|uNPN a sequence of normal states in
ŽN Z0 satisfying the uniform

estimate:
DC ą 0 , @N P N, xΨpNq, H0

NΨpNq
y ď CN .

Consider an extracted subsequence pNkqkPN according to Proposition 5.5.2 such that for any t P R,

Mp|rΨpNkq
t yxrΨ

pNkq
t |, k P Nq “ tµ̃tu ,

where rΨ
pNkq
t is given by (5.4.4). Then the Borel probability measures µ̃t on Z0 satisfy:

(i) µ̃t are Borel probability measures on QpAq.

(ii) The map t ÞÑ µ̃t is weakly narrowly continuous on QpAq and Z0.

(iii) The measure µ̃t is a weak solution to the Liouville equation

Btµ̃t ` itqtpzq; µ̃tu “ 0,

i.e: for all f P C80,cylpRˆQpAqq
ż

R

ż

QpAq

pBtfpt, zq ` itqtpzq, fpt, zquq dµ̃tpzq dt “ 0 ,

where zt “ eitAz and qtpzq “ 1
2
qpzb2

t , zb2
t q.

Proof. The statement (i) is proved in [12, Proposition 3.11] whenA “ ´∆ but the proof works without
any change for a general operator A satisfying (A1). The proof of the statements (ii)-(iii) are also
essentially the same as in [12, Proposition 3.14]. We briefly sketch here the main arguments.
(ii) Weakly narrowly continuity:
The characteristic function of µ̃t as a probability measure on QpAq is given by

Gpt, ξq “ µ̃tpe
2iπRe xξ,pA`1qzyZ0 q.

The following inequality holds as in [12, Proposition 3.11] for any ξ, ξ1 P QpAq,

|Gpt, ξq ´Gpt, ξ1q| ď π}ξ ´ ξ1}QpAq

ż

Z0

}z}2QpAq dµ̃tpzq. (5.6.2)
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Since by Lemma 5.3.5 there exists a time independent constant C 1 ą 0 such that xΨpNq
t , H0

NΨ
pNq
t y ď

C 1N , one obtains using Proposition 2.2.22 the uniform estimate,

ż

Z0

}z}2QpAq dµ̃tpzq ď C 1 . (5.6.3)

Subsequently for any ξ, ξ1 P QpAq,

|Gpt, ξq ´Gpt, ξ1q| À }ξ ´ ξ1}QpAq. (5.6.4)

On the other hand for any ξ P QpAq and t, t1 P R, the following estimate holds true

|Gpt1, ξq ´Gpt, ξq| ď
ˇ

ˇ

ż t

t1
µ̃spe

2iπRe xξ,pA`1q zyq1pξ, sqrzsq ds
ˇ

ˇ ď pC 1 ` 1q |t´ t1| }ξ}QpAq, (5.6.5)

owing to Assumption (C2) and Proposition 2.2.22. Now let g P ScylpQpAqq based on pQpAq and

Igptq :“

ż

pQpAq

gpzq dµ̃tpzq “

ż

pQpAq

Frgspξq Gpξ, tqLppdξq.

Then we easily check:

• t ÝÑ Frgspξq Gpt, ξq is continuous owing to (5.6.5).

• ξ ÝÑ Frgspξq Gpt, ξq is bounded by a Lppdξq-integrable function.

Thus Igp¨q is continuous for all g P ScylpQpAqq and the bound (5.6.3) holds true. Hence we can apply
Lemma 5.12-f) in [5] and then conclude that the map t Ñ µ̃t is weakly narrowly continuous in QpAq.
The weakly narrowly continuity on Z0 follows by a similar argument.

The Liouville equation:
Integrate the expression (5.5.6) with FrgspξqL℘pdzq, hence @t P R, @g P ScylpQpAqq,

BtIgptq “ i

ż

QpAq

tqt; gupzqdµ̃tpzq,

with qtpzq “ 1
2
qpzb2

t , zb2
t q. Multiplying this expression by φ P C80 pRq and integrating by parts yields

ż

R

ż

QpAq

pBtfpt, zq ` itqtpzq, fpt, zquq dµ̃tpzqdt “ 0 ,

with fpt, zq “ gpzqφptq. To conclude, we use the density of C80 pRq balg C80,cylpQpAqq in C80,cylpR ˆ
QpAqq.
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5.6.2 End of the Proof of Theorem 5.2.2
Proof. Assume the hypotheses of Theorem 5.2.2 and consider for a given time t P R the family of
normal states,

%̃Nptq “ |rΨ
pNq
t yxrΨ

pNq
t | “ |eitH

0
N e´itHNΨpNq

yxeitH
0
N e´itHNΨpNq

| .

Suppose that ν is any Wigner measure of %̃Nptq then there exists a subsequence pNkqkPN such that
tνu “Mp%Nkptq, k P Nq according to Definition 5.2.1. By Proposition 5.5.2 and 5.6.2, we can extract
a subsequence pNklqlPN such that for all s P R,

Mp%̃Nkl psq, l P Nq “ tµ̃su with in particular µ̃t “ ν .

We know by Proposition 5.6.2 that s P RÑ µ̃s solves the Liouville (transport) equation

Bsµ̃s ` itqspzq, µ̃su “ Bsµ̃s `∇T
pvspzqµ̃sq “ 0,

in a weak sense, i.e.: For all f P C80,cylpRˆ Z0q,

0 “

ż

R

ż

QpAq

pBsfps, zq ` itqspzq, fps, zquq dµ̃spzqds

“

ż

R

ż

QpAq

Bsfps, zq ` Re xvspzq,∇fps, zqyZ0 dµ̃spzqds ,

where vspzq “ ´ieisArBz̄q0spe
´isAzq, qspzq “ 1

2
qpzb2

s , zb2
s q, zs “ e´isAz. Here vs have the interpreta-

tion of a velocity vector field and ∇ is the real derivative in Z0. By Proposition 5.3.5, we see that for
any s P R,

xrΨpNq
s , H0

N
rΨpNq
s y ď C 1N ,

for some time independent constant C 1 ą 0. Thus Proposition 2.2.22 gives for any s P R,
ż

QpAq

}z}2QpAq }z}
2
Z0
dµ̃spzq ď C 1 .

So using assumption (C2), for every T ą 0,
ż T

0

ż

Z0

}vspzq}Z0 dµ̃spzq ds ă `8. (5.6.6)

Now the abstract field equation
iBtz “ Az ` rBz̄q0spzq,

can be written in the interaction representation as follows:
#

Btz “ vtpzq “ ´ie
itA
rBz̄q0spe

´itAzq,

z|t“0 “ z0.
(5.6.7)

So the above equation (5.6.7) is globally well-posed on QpAq thanks to the assumption (C1). Remem-
ber that Proposition 5.6.2 says that the map sÑ µ̃s is weakly narrowly continuous onZ0. Subsequently
the measures pµ̃sqsPR is satisfying all the assumptions of Theorem 3.1.1. Then we get

@s P R, µ̃s “ Φ̃ps, 0q ˚ µ0,
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where Φ̃ps, 0q denotes the well defined flow of the equation (5.6.7). In particular one gets the equality
ν “ Φ̃pt, 0q ˚ µ0. Since ν is any Wigner measure of p%̃NptqqNPN, one obtains

Mp%̃Nptq, N P Nq “ tΦ̃pt, 0q ˚ µ0u .

Back to the family of normal states,

%Nptq “ e´itH
0
N %̃Nptq e

itH0
N .

We notice that eitH0
NWpξqe´itH0

N “WpeitAξq hence a simple computation yields for any t P R,

Mpe´itH0
N %̃Nptq e

itH0
N , N P Nq “ tpe´itAq˚ν, ν PMp%̃Nptq, N P Nqu “ tpe´itAq˚pΦ̃pt, 0q˚µ0qu.

Finally, remark that Φpt, 0q “ e´itA ˝ Φ̃pt, 0q. So the main Theorem 5.2.2 is now proved.

5.7 Ground State Energy
In this section we give a proof of the mean field approximation of the ground state energy of trapped
many-boson systems (Theorem 5.2.4). Such a result is already proved in a general framework in [77]
using a quantum De Finetti theorem. Here the proof comes as a byproduct of general properties of
Wigner measures and we presented here as an illustration to our phase-space approach [9, 10, 11, 12].
The proof is based on the key Lemma 5.7.1 below.

Lemma 5.7.1. Assume (A1)-(A2) and suppose thatA has a compact resolvent. Let t|ΨpNqyxΨpNq|uNPN
a sequence of normal states on _NZ0 satisfying:

DC ą 0, @N P N, xΨpNq, H0
NΨpNq

y ď CN. (5.7.1)

Then any Wigner measure µ of t|ΨpNqyxΨpNq|uNPN satisfies the equality

µpS1
Z0
q “ 1,

where S1
Z0

is the unit sphere of the Hilbert space Z0.

Proof. Without loss of generality we can assume thatMp|ΨpNqyxΨpNq|, N P Nq “ tµu. Remark that
the Wigner measure µ is supported on the unit ball BpZ0q owing to Proposition 2.2.22. We shall prove

ż

Z0

}z}2Z0
dµpzq ě 1. (5.7.2)

Indeed if (5.7.2) holds then
ż

Z0

1´ }z}2Z0
dµpzq “ 0 “

ż

BpZ0q

1´ }z}2Z0
loooomoooon

ě0

dµpzq, and µpS1
Z0
q “ 1.
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Since A has a compact resolvent then A “
ř8

i“0 λi|eiyxei|, with peiqiě0 is a O.N.B of Z0, λi ě 0 and
lim
iÑ`8

λi “ `8. Hence if CpRq :“ inf
iěR

λi then

lim
RÑ`8

CpRq “ `8.

Therefore the following estimate holds true

xΨpNq,
R
ÿ

i“1

|eiyxei|Ψ
pNq
y “ 1´ xΨpNq,

8
ÿ

i“R`1

|eiyxei|Ψ
pNq
y “ 1´ xΨpNq,

8
ÿ

i“R`1

λi
CpRq

|eiyxei|Ψ
pNq
y

“ 1´
1

CpRq
xΨpNq, A1ΨpNq

y ě 1´
C

CpRq
,

since xΨpNq, A1ΨpNqy ď C by (5.7.1). Taking the limit N Ñ 8, we get by Proposition 2.2.21

lim
NÑ8

xΨpNq, bWick ΨpNq
y “

ż

Z0

xz,
R
ÿ

i“1

|eiyxei| zy dµpzq ě 1´
C1

CpRq
, (5.7.3)

where bpzq “ xz,
řR
i“1 |eiyxei| zy P P1,1pZ0q and b̃ “

řR
i“1 |eiyxei| P L8pZ0q. So, we finish the proof

by the dominated convergence theorem.

5.7.1 Upper bound
For any ϕ P QpAq, }ϕ}Z0 “ 1, take ΨpNq “ ϕbN P QpH0

Nq. Compute

xΨpNq, HN ΨpNq
y “ xϕbN , H0

Nϕ
bN
y `

NpN ´ 1q

2N
q1,2pϕ

bN , ϕbNq

“ Nxϕ,Aϕy `
NpN ´ 1q

2N
qpϕb2, ϕb2

q.

Hence

EpNq

N
ď xϕ,Aϕy `

1

2
qpϕb2, ϕb2

q “ hpϕq .

Then

lim inf
NÑ8

EpNq

N
ď inf

ϕPQpAq,}ϕ}Z0
“1
hpϕq.

5.7.2 Lower bound
Let tΨpNquNPN be a minimizing sequence such that ΨpNq P QpH0

Nq, }Ψ
pNq}_NZ0

“ 1 and

1

N
xΨpNq, HN ΨpNq

y ď
EpNq

N
`

1

N
.
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Owing to Assumption (A2), there exists C1 ą 0 such that

1

N
xΨpNq, HN ΨpNq

y ` C1 ě 0,

and equivalently

1

N
xΨpNq, HN ΨpNq

y ` C1 ě xΨ
pNq, bpzqWick

|ε“ 1
N

ΨpNq
y ě 0 ,

where b is a non-negative monomial on QpAq given by

bpzq “
1

2
xzb2, Ab 1` 1b Azb2

y `
1

2
qpzb2, zb2

q ` C1xz
b2, zb2

y P Q2,2pAq .

Wick quantization and the classes of symbolsQp,qpAq are introduced in Section 2.1.4. Now Proposition
2.2.23 yields

lim inf
NÑ8

EpNq

N
` C1 ě

ż

QpAq

bpzq dµpzq ` C1 “

ż

QpAq

hpzq dµpzq ` C1,

where µ is any Wigner measure of t|Ψ̃pNqyxΨ̃pNq|uNPN. So using Lemma 5.7.1 we obtain the desired
lower bound.
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