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recherche français ou étrangers, des laboratoires
publics ou privés.

https://hal.archives-ouvertes.fr
https://tel.archives-ouvertes.fr/tel-01370989


N° d’ordre 2015ISAL0106 

Année 2015 

 

 

 
Thèse 

 

Vibration-based condition monitoring of 

rotating machines in nonstationary 

regime 
 

 

Présentée devant 

L’institut national des sciences appliquées de Lyon 
 

Pour obtenir 

Le grade de docteur 
 

Formation doctorale 

Mécanique 

 

École doctorale  

Ecole Doctorale Mécanique Energétique Génie civil et Acoustique 

(MEGA) 

 

Par 

Dany Abboud 
 

Soutenue le 22 Octobre 2015 devant la Commission d’examen 

 

Jury MM. 

 M Thomas Professeur (École de Technologie Supérieure,  

  Montréal), Rapporteur 

 M. Elbadaoui Professeur (Université Jean Monnet), Rapporteur 

 R. Zimroz  Professeur (Université de technologie de Wroclaw) 

 C. Capdessus  Maître de conférences (IUT de Chartres) 

 P. Borghesani  Maître de conférences (Université de 

  technologie de Queensland), invité 

 S. Sieg-Zieba  Ingénieur-docteur (CETIM), encadrant CETIM 

 M. Eltabach  Ingénieur-docteur (CETIM) , Co-directeur de thèse 

 J. Antoni  Professeur (INSA de Lyon), Directeur de thèse 

 

Laboratoire de recherche : Laboratoire de Vibrations Acoustique (LVA) 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



 

Surveillance vibratoire des machines tournantes en régime non-stationnaires 

 

Résumé 

Dans les dernières décennies, la surveillance vibratoire des machines 

tournantes a acquis un intérêt particulier fournissant une aide efficace 

pour la maintenance dans l'industrie. Aujourd'hui, de nombreuses 

techniques efficaces sont bien établies, ancrées sur des outils puissants 

offerts notamment par la théorie des processus cyclostationnaires. 

Cependant, toutes ces techniques reposent sur l'hypothèse d’un  régime 

de fonctionnement (c.à.d. vitesse et/ou charge) constant ou 

éventuellement fluctuant d’une façon stationnaire. Malheureusement, la 

plupart des machines surveillées dans l'industrie opèrent sous des 

régimes non stationnaires afin de remplir les tâches pour lesquelles elles 

ont été conçues. Dans ce cas, ces techniques ne parviennent pas à 

analyser les signaux vibratoires produits. Ce problème a occupé la 

communauté scientifique dans la dernière décennie et des techniques 

sophistiquées de traitement du signal ont été conçues pour faire face à la 

variabilité du régime. Mais ces tentatives restent limitées, dispersées et 

généralement peu sountenues par un cadre théorique. Le principal 

objectif de cette thèse est de combler partiellement cette lacune sur la 

base d'une formalisation théorique du sujet et d’un développement 

systématique de nouveaux outils de traitement du signal. Dans ce 

travail, la non-stationnarité du régime est limitée à celle de la vitesse— 

c.à.d. vitesse variable et charge constante— supposée connue a priori. 

Afin d'atteindre cet objectif, la méthodologie adoptée consiste à étendre 

le cadre cyclostationnaire avec ses outils dédiés. Nous avons élaboré 

cette stratégie en distinguant deux types de signatures. Le premier type 

comprend des signaux déterministes connus comme cyclostationnaires 

au premier ordre. La solution proposée consiste à généraliser la classe 

cyclostationnaire au premier ordre à la classe cyclo-non-stationnaire au 

premier ordre qui comprend des signaux déterministes en vitesse 

variable. Le second type comprend des signaux aléatoires 

périodiquement corrélés connus comme cyclostationnaires au deuxième 

ordre. Trois visions différentes mais complémentaires ont été proposées 

pour traiter les variations induites par la non-stationnarité de la vitesse 

de fonctionnement. La première adopte une approche cyclostationnaire 

angle\temps, la seconde une solution basée sur l'enveloppe et la 

troisième une approche cyclo-non-stationnaire (au second ordre). De 

nombreux outils ont été conçus dont les performances ont été testées 

avec succès sur des signaux vibratoires réels et simulés. 
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Mots-Clés: cyclostationnaire – cyclo-non-stationnaire – 

cyclostationnaire en angle\temps – régime non-stationnaire – analyse 

vibratoire – surveillance d’état. 

 

 

Vibration-based condition monitoring of rotating machines in nonstationary 

regimes 

 

Abstract 

In the last decades, vibration-based condition monitoring of rotating 

machine has gained special interest providing an efficient aid for 

maintenance in the industry. Nowadays, many efficient techniques are 

well-established, rooted on powerful tools offered in particular by the 

theory of cyclostationary processes. However, all these techniques rely 

on the assump-tion of constant— or possibly fluctuating but 

stationary— operating regime (i.e. speed and/or load). Unfortunately, 

most monitored machines used in the industry operate under 

nonstationary regimes in order to fulfill the task for which they have 

been designed. In this case, these techniques fail in analyzing the 

produced vibration signals. This issue, therefore, has occupied the 

scientific committee in the last decade and some sophisticated signal 

processing techniques have been conceived to deal with regime 

variability. But these works remain limited, dispersed and generally not 

supported by theoretical frameworks. The principal goal of this thesis is 

to partially fill in this gap on the basis of a theoretical formalization of 

the subject and a systematic development of new dedicated signal 

processing tools. In this work, the nonstationarity of the regime is 

confined to that of the speed— i.e. variable speed and constant load, 

assumed to be known a priori. In order to reach this goal, the adopted 

methodology consists in extending the cyclostationary framework 

together with its dedicated tools. We have elaborated this strategy by 

distinguishing two types of signatures. The first type includes 

deterministic waveforms known as first-order cyclostationary. The 

proposed solution consists in generalizing the first-order cyclostationary 

class to the more general first-order cyclo-non-stationary class which 

enfolds speed-varying deterministic signals. The second type includes 

random periodically-correlated waveforms known as second-order 

cyclostationary. Three different but complementary visions have been 

proposed to deal with the changes induced by the nonstationarity of the 

operating speed. The first one adopts an angle\time cyclostationary 

approach, the second one adopts an envelope-based solution and the 

third one adopts a (second-order) cyclo-non-stationary approach. Many 
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tools have been conceived whose performances have been successfully 

tested on simulated and real vibration signals.  

 

Mots-Clés: cyclostationary – cyclo-non-stationary – angle\time 

cyclostationary – nonstationary regime – vibration analysis – condition 

monitoring. 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



I 
 

 

 

 

 

 

 
 

To my parents 
To all those who are dear to me 

 

  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



II 
 

Preface 
 

 

 

 

 

This PhD thesis contains the result of research undertaken at the laborato-

ry of vibration and acoustic (LVA) of the National institute of applied 

science (INSA) of Lyon – France, in collaboration with and financed by 

the technical center of mechanical industries (CETIM) of Senlis – France. 

Undoubtedly, most of the results in this dissertation were the fruit of a 

collaborative work which includes, aside from me, scientific and tech-

nical experts from both university and industry. 

 

I would like to express my special appreciation and thanks to my supervi-

sors: Prof. Jérôme Antoni, Dr. Mario Eltabach and Dr. Sophie Sieg-

Zieba, you have been great mentors for me. Your great scientific culture 

and human qualities are all elements that have strengthened me through-

out the progress of my work. Your advices on both researches as well as 

on my career have been priceless. Also, I appreciate the time you gave 

for me disregarding your busy schedules. 

 

I also want to express my gratitude to Prof. Didier Remond and Dr. So-

phie Baudin from LaMCoS - INSA of Lyon, as well as Mr. Olivier 

Sauvage from PSA Peugeot Citroen- Paris, with whom we have done an 

interesting job. Again, I want to thank Prof. Jérôme Antoni who initiated 

this collaboration. 

 

Also, thanks to my colleagues in LVA and CETIM for their scientific and 

technical advices. 

 

Special thanks to my family. Words cannot express how grateful I am to 

my mother, my father and my two brothers for all of the sacrifices that 

you have made on my behalf. 

 

Eventually, I wish to thank my girlfriend Marina for the patient and 

priceless support she has shown me, throughout this thesis. 

 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



III 
 

Contents 
 

Preface II 

Contents III 

Acronyms V 

List of Figures VI 

List of Tables VII 

1 General introduction 1 
1.1 General context 1 
1.2 Problematic and objective 3 
1.3 General strategy and guidelines 4 
1.4 Organization of the thesis 5 

2 State of the art on cyclostationarity 7 
2.1 Introduction 8 
2.2 Cyclostationary processes 9 

2.2.1 Basic definitions 9 
2.2.11 First-order cyclostationary signals 10 
2.2.12 Second-order cyclostationary signals 10 

2.2.2 Types of cyclostationarity 11 
2.2.3 Cycloergodicity 12 

2.3 First-order tools 13 
2.3.1 Fourier domain calculation 13 
2.3.2 Synchronous average 13 
2.3.3 Blind filters 14 

2.4 Second-order tools 15 
2.4.1 Instantaneous covariance function 15 

2.4.11 Instantaneous variance function 15 
2.4.2 Time-Frequency distributions 16 

2.4.21 Wigner-Ville spectrum 16 
2.4.22 Instantaneous power spectrum 16 

2.4.3 Frequency-Frequency distributions 18 
2.4.31 Spectral correlation 18 
2.4.32 Spectral coherence 19 
2.4.33 Cyclic modulation spectrum 20 

2.4.4 Squared envelope spectrum 21 
2.5 Cyclostationarity in gear and REB vibrations 21 

2.5.1 Gear case 21 
2.5.11 Preliminaries 21 
2.5.12 Vibration model 22 
2.5.13 Cyclostationary analysis of gear signals 23 

2.5.2 REB case 24 
2.5.21 Preliminaries 24 
2.5.22 Vibration model 26 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



IV 
 

2.5.23 Insufficiency of the first-order analysis 27 
2.5.24 Cyclostationary based solution 29 

2.5.241 Spectral correlation 29 
2.5.242 Spectral coherence 29 
2.5.243 Squared envelope spectrum 30 

2.6 Peculiarities of the cyclostationarity of rotating machine signals 30 
2.6.1 Temporal versus angular domain 30 
2.6.2 Order tracking 31 

2.7 Conclusion 34 

3 Research methodology 35 
3.1 Introduction 35 
3.2 First-order solutions 37 

3.2.1 Preliminaries 37 
3.2.2 Problem identification 37 
3.2.3 Some previous work 38 
3.2.4 Proposed solution 39 

3.3 Second-order solution: angle\time based approach 40 
3.3.1 Preliminaries 40 
3.3.2 Problem identification 41 
3.3.3 Some previous work 42 
3.3.4 Proposed solution 42 

3.4 Second-order solution: envelope based approach 44 
3.4.1 Preliminaries 44 
3.4.2 Some previous work 44 
3.4.3 Proposed solution 45 

3.5 Second-order solution: cyclo-non-stationary based approach 46 
3.5.1 Problem identification 46 
3.5.2 Proposed solution 46 

3.6 Conclusion 47 

4 General conclusion 48 
4.1 Introduction 48 
4.2 Principal contributions 48 
4.3 Future works 50 
4.4 Conclusion 52 

References 53 

List of publications 63 

Appendices 65 
Appendix A - ‘Pub1’: Deterministic-Random separation in nonstationary regime  
Appendix B - ‘Pub2’: The spectral analysis of cyclo-non-stationary signals  
Appendix C - ‘Pub3’: Angle\time cyclostationarity for the analysis of rolling element bearing 
vibrations  
Appendix D - ‘Pub4’: Envelope analysis of rotating machine vibrations in var iable speed 
conditions: a comprehensive treatment  
Appendix E - ‘Pub5’: The speed dependent spectral correlation   

 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



V 
 

Acronyms 
 

 

 

CM condition monitoring 

CS cyclostationary 

NS Nonstationary 

CETIM Technical center of mechanical in-

dustries 

REB Rolling element bearings 

CS1 First-order cyclostationary 

CS2 Second-order cyclostationary 

SNR Signal-to-noise ratio 

PDF Probability distribution function 

SC Spectral correlation 

SCoh Spectral coherence 

PSD Power spectral density 

CMS Cyclic modulation spectrum 

SES Squared envelope spectrum 

LTI Linear time-invariant  

CNS Cyclo-non-stationary 

ISA Improved synchronous average 

CNS1 First-order cyclo-non-stationary 

GSA Generalized synchronous average 

CPW Cepstrum prewhitening 

AT-CS Angle\time cyclostationary 

OFSC Order-frequency spectral correlation 

OFSCoh Order-frequency spectral coherence 

CNS2 Second-order cyclo-non-stationary 

SDSC Speed dependent spectral correlation 

 

 

 

 

 

 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



VI 
 

List of Figures 
 

 

 

 
FIGURE 1 PRINCIPLE OF THE SYNCHRONOUS AVERAGE. 14 
FIGURE 2 ACADEMIC ILLUSTRATION OF THE INSTANTANEOUS POWER 

SPECTRUM AS THE ENERGY FLOW MEASURED AT THE OUTPUT OF A 

FILTERBANK [ANTONI 2009]. 17 
FIGURE 3 ACADEMIC ILLUSTRATION OF THE RELATIONSHIP AMONG THE 

INSTANTANEOUS AUTOCOVARIANCE FUNCTION, THE WIGNER-WILE 

SPECTRUM AND THE SPECTRAL CORRELATION OF A STRICT-CS SIGNAL. 19 
FIGURE 4 ACADEMIC ILLUSTRATION OF THE CYCLIC MODULATION SPECTRUM 

[ANTONI 2009]. 20 
FIGURE 5 TYPICAL SIGNALS AND ENVELOPE SIGNALS FROM LOCAL FAULTS IN 

REBS [RANDALL 2011A]. 26 
FIGURE 6 SYNTHESIS OF THE VIBRATION SIGNAL PRODUCED BY A LOCALIZED 

FAULT AS SEEN IN THE TIME DOMAIN (LEFT) AND IN THE FREQUENCY 

DOMAIN (RIGHT): (A,B) A SERIES OF IMPACT FORCES WITH SLIGHT 

RANDOM FLUCTUATIONS IN THEIR INTER-ARRIVAL TIMES (MEAN VALUE =T) 

AND IN THEIR MAGNITUDES; (C,D) POSSIBLE MODULATION BY SHAFT OR 

CAGE ROTATION (PERIOD =T); (E,F) FILTERING BY A STRUCTURAL OR 

TRANSDUCER  RESONANCE; (G–H) ADDITIVE NOISE FROM OTHER 

VIBRATION SOURCES [ANTONI 2007B]. 28 
FIGURE 7 BLOCK DIAGRAM OF THE SYNCHRONOUS SAMPLING TECHNIQUE[FYFE 

1997]. 32 
FIGURE 8 BLOCK DIAGRAM OF THE COMPUTED ORDER TRACKING 

TECHNIQUE[FYFE 1997]. 33 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés

file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564234
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564235
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564235
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564235
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564236
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564236
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564236
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564237
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564237
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564238
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564238
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564239
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564239
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564239
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564239
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564239
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564239
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564239
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564239
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564240
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564240
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564241
file:///G:/Writing_TBP/mise_en_forme/mod_moderne/Phd_dany.docx%23_Toc427564241


VII 
 

List of Tables 
 

 

 

 

 
TABLE 2 TYPICAL FAULT FREQUENCIES, WHERE FR =SPEED OF THE SHAFT, 

D =REB ROLLER DIAMETER,D =PITCH CIRCLE DIAMETER, N =NUMBER OF 

ROLLING ELEMENTS, Φ =CONTACT ANGLE. 25 

 
 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



 Dany Abboud  1 

 PhD thesis in mechanic / 2015 

 National institute of applied science of Lyon - France 

1 General introduction 

1.1 General context  

1.2 Problematic and objective 

1.3 General strategy and guidelines 

1.4 Organization of the thesis 

 

1.1 General context  

 

Rotating machines exist in a wide variety of industrial applications such as 

power production, vehicle transportation, process manufacturing and cer-

tainly others. Often, they operate under various conditions for a long time 

in a continuous chain of production. Thus, they are prone to failure in one 

or more of their components, causing a decrease in the system efficiency 

and, ultimately, a complete breakdown. Such inconvenient will not only 

add significant charges to the operation cost of the system, but also could 

result in serious risks to workers and users in some critical applications 

(e.g. aeronautic applications). From here comes the need for a maintenance 

activity to ensure a continuous operation of the system. As defined by 

AFNOR, maintenance is the process of maintaining or restoring a good in a 

specified state so that it is able to provide a specific service. Historically, 

maintenance was seen either as corrective or preventive. The corrective 

maintenance is carried out after breakdown and, consequently, results in an 

unscheduled downtime [Morow 1952]. For this reason, it is the most expen-

sive approach since an additional cost related to the outage time of the sys-

tem is generally counted. The preventive maintenance came in this context 

aiming to prevent this disadvantage. In this case, the maintenance activity 

is carried out at predetermined intervals or according to prescribed criteria 

recommended by the supplier [Quinion 2015]. The main advantage of this 

approach is the significant reduction of the probability of failure of the sys-

tem. However, such an approach does not ensure a full exploitation of the 

component lifetimes: maintenance tasks are established more frequently 

than necessary and the full life of various components is not exhausted. A 

sophisticated version of the preventive maintenance, called the predictive 

maintenance, was developed lately to solve the mentioned inconvenient. It 

is designed to help in determining the condition of in-service equipment in 

order to allow convenient scheduling of the maintenance actions while pre-

venting unexpected failures [Jardine 2006]. Predictive maintenance is thus 

based on a condition monitoring (CM) system whose role is to produce ac-
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tionable information (i.e. commands for maintenance actions) according to 

a certain analysis of various types of inputs measured by sensors (tempera-

ture, pressure, vibrations, current, voltage, etc.). The efficiency of such an 

approach mainly relies on the precision and reliability of the CM system. 

When it comes to rotating machinery, vibration analysis is a widely accept-

ed technique for CM in a variety of industries. Indeed, rotating machine vi-

brations are likely to convey a lot of information about the internal forces 

in the system. These internal forces are often related to some fault mecha-

nisms and exhibit distinctive vibration symptoms widely referred as me-

chanical signatures [Braun 1986]. The measured vibrations can be divided 

into three general types according to the used sensor. First, displacement 

sensors measure the vibration displacement (its unit is meter) being the to-

tal distance travelled by the vibration body from one peak to peak. Second, 

velocity sensors measure the vibration velocity defined as the change of the 

displacement per unit time (its unit is m/s) of a surface as the machine vi-

brates. Third, the most common sensor in use nowadays is the piezo-

electric accelerometer which measures the acceleration (its unit is m/s 2). 

The latter sensor is applicable to a broad range of frequencies, being cheap, 

robust, and available in a wide range of sizes and configurations [McGowin 

2006]. In the present PhD thesis, analyses are exclusively performed on ac-

celeration signals. 

In the literature, there is a wide variety of signal processing tools used for 

the analysis of vibration signals, starting from the classic spectral [McFad-

den 1986] [Randall 1982] and envelope [Darlow 1974] [McFadden 1984b] 

[Ho 2000] analysis techniques, passing by parametric [Bardou 1994] 

[Sherman 1995] [VanZante 1996] and time-frequency [Staszewski 1997] 

[Adewusi 2001] [Belsak 2007] techniques, up to more sophisticated tech-

niques such as those based on the cyclostationary (CS) theory [Antoni 

2004a] [Antoni 2009]. Their common goal is to enable a better characteri-

zation of mechanical signatures, making them good candidates to be fed to 

an automatic decision system. Noteworthy is the fact that the effectiveness 

of these techniques is confined to the case of (quasi-) stationary operating 

regime. It should be clear from the beginning that, in the field of rotating 

machine vibration analysis, the terminology “stationary regime” generally 

refers to a stationary speed and load wherein the corresponding profiles 

remain merely constant during the operation of the system. The vibration 

signals, however, are typically nonstationary (NS) due to (i) the periodicity 

of the excitation mechanisms intrinsically related with the machine kine-

matics and (ii) the produced transient signatures (wide-band waveforms) 

generally related to the dynamical properties of the system. This explains 
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why the spectral analysis—which is based on the stationary assumption— 

is not generally enough to characterize all rotating machine faults.   

In practice, most monitored machines used in industry operate under NS 

regimes in order to fulfill the task for which they have been designed. A 

typical example is a wind turbine whose speed is mostly dependent on the 

random behavior of the wind [Urbanek 2013]. Another example is a mining 

machine wherein the nonstationarity of the load is induced by the nonsta-

tionarity of technological process of mining (variation of external load 

caused by an operating bucket wheel, a time-varying stream of materials 

transported by conveyors, etc.) [Zimroz 2008]. In these cases, most of the 

classical techniques, including those based on the CS theory, fail in analyz-

ing the produced vibration signals. The present thesis comes into this con-

text aiming to develop new signal processing tools for the vibration-based 

CM of rotating machines in NS conditions.  

 

1.2 Problematic and objective  

 

The technical center of mechanical industry (CETIM) is engaged in a large 

project with the intent of developing a CM system for rotating machines 

when operating under NS and severe conditions. This particularly includes 

the development of advanced signal processing tools dedicated to fault di-

agnosis, the fusion of data returned by different sensors (vibrations , tem-

perature, currents, torques, etc.), and the embedding of an intelligent sur-

veillance system. Being a part of this project, this PhD thesis is precisely 

centered on the development of new signal processing tools for the vibra-

tion-based CM of rotating machines when operating under NS conditions. 

The concerned vibrations are exclusively accelerations. In the industry, 

there are two existing CM approaches to deal with the issue of the nonsta-

tionarity of the regime. The first approach controls the acquisition system 

in order to acquire stationary regime records and data are then processed by 

means of classical diagnostic tools. However, in some applications, the 

permanent acquisition of (quasi-) constant speed records is not always fea-

sible. For example, the operating speed of a wind turbine is mostly unpre-

dictable as it depends on the random behavior of the wind. This restriction, 

for instance, prohibits this approach from being a versatile solution in the 

general setting. The second approach uses sophisticated signal processing 

techniques able to accommodate with the variations of the regime. Actual-

ly, the development of such tools has occupied the scientist committee in 

the last few years. Some efficient tools have been developed in the litera-

ture to deal with the regime variability within the record. But these works 

remain limited and generally not supported by theoretical frameworks. It is 
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the principal object of this thesis to partially fill in this gap. In this work, 

the nonstationarity of the regime will be confined to that of the speed— i.e. 

variable speed and constant load. Also, it will be assumed that an accurate 

measure of the speed profile exists. Though the applications are constrained 

to vibration signals produced by a gearbox (principally gear  and rolling el-

ement bearing (REB) vibrations), the applicability of the developed tools is 

intended to cover a wide variety of mechanical signals. Having defined the 

goals of this manuscript, the next subsection sets the accredited strategy to 

reach them.  

 

1.3 General strategy and guidelines 

 

Most of the vibrational processes generated by rotating machines are cy-

clostationary (CS), i.e. they exhibit periodic statistical properties. The rea-

son is that the related excitation forces are often connected with the cyclic 

motion of the rotating shaft and, consequently, produce statistically period-

ic vibrations when the machine operates under stationary conditions. De-

pending on the machine design and the excitation phenomena, the emitted 

signals may belong to two main CS subclasses, namely, first -order cy-

clostationary (CS1) and second-order cyclostationary (CS2) classes [Antoni 

2009] [Antoni 2004a] [Raad 2008]. CS1 signals are characterized by a pe-

riodic mean and they are related to deterministic and repetitive excitations 

such as those generated by imbalances, misalignments, flexible coupling, 

etc. CS2 signals are characterized by a zero mean and periodic  (co-) vari-

ance and they are related to random and repetitive excitations such as those 

generated by wear, friction forces, impacting forces, fluid motions, com-

bustion forces, etc. [Antoni 2004a]. 

Even if it slightly complicates the theoretical framework, the CS theory 

provides a rigorous framework from which many signal processing tools 

can be derived [Gardner 1990]. These tools provide more descriptive repre-

sentations of mechanical signatures, thus enabling better characterization of 

the faults [Antoni 2004a]. In fact, their practical robustness stems from the 

consideration of the information redundancy across the cycles, thus making 

them suitable to reveal weak fault signatures when embedded in strong sta-

tionary noise. From here was our motivation to take advantage of this theo-

ry whose applications in the mechanical field have reached an advanced 

state of maturity [Antoni 2009]. Therefore, our strategy to deal with the 

problematic of the speed variability is to systematically extend the CS class 

together with its dedicated tools. We believe that this way is more straight-

forward than separately generalizing existing diagnostic tools. For this pur-

pose, our work is principally oriented towards the extension of the first- 
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and second-order CS classes. Although these generalizations do not include 

higher-orders, it often happens that the first two orders are enough to cover 

most practical purposes in mechanical engineering applications. Neverthe-

less, there is no doubt that similar lines can be followed to generali ze high-

er-orders.  In order to reach our goal, the treatment of the thesis problemat-

ic must respect the following elements: 

i. Some reflections regarding the changes in the vibration signals 

induced by the nonstationarity of the speed and, accordingly, the extension 

of CS classes to enfold the associated vibration signals. 

ii. Extension of dedicated statistical tools and proposal of con-

sistent estimators. 

iii. Demonstrating their usefulness for rotating machine fault di-

agnosis in NS regime. This specifically requires their validation on simu-

lated and real vibration signals on one hand, and the comparison with clas-

sical CS tools on the other hand. 

iv. Comparison between the developed tools and some sophisticat-

ed tools previously proposed to deal with NS regime 

Having defined the general strategy of our research, the next subsection 

discusses the organization of the thesis.  

 

1.4 Organization of the thesis 

 

This thesis is divided into 4 chapters. 

In chapter 1, we start the thesis with a general introduction. We delineate 

the framework, the problematic and the objective of this work. We equally 

set a general strategy with some guidelines to solve the issues.  

In chapter 2, we recall the theoretical background of “cyclostationarity” 

which is a prerequisite for the development of advanced tools (see section 

1.3). It is an important property that characterizes the vibratory processes 

induced by rotating machines. We point out on distinguishing among two 

main sub-classes, namely the first- and the second-order CS classes. The 

related tools are then revised and investigated on a Fourier based signal 

modal. We then investigate the vibrations emitted by gears and REBs, 

while highlighting their CS property. Also, we discuss some practical pecu-

liarities of the CS nature of rotating machine signals. 

In chapter 3, we describe the research methodology followed to reach the 

thesis objective defined in section 1.2. The principal contributions of this 

thesis are presented in five independent articles, logically connected among 

each other and enclosed in the appendices. This chapter establishes the link 

between these publications and the research methodology according to the 

general strategy and guidelines provided in section 1.3. In particular, it 
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classifies the solution into 4 principal gates. The first one is concerned with 

the extension of the CS1 framework, whereas the three others are con-

cerned with the extension of the CS2 framework according to three differ-

ent, but complementary, visions. 

In chapter 4, we seal this thesis with a general conclusion and some per-

spectives. 
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2.1 Introduction 

 

The vibration analysis of rotating machine signals was historically estab-

lished under the assumption of stationarity benefiting from the many ‘‘on-

the-shelf’’ tools offered by that framework. By definition, the stationary 

hypothesis assumes a constant statistical behavior in time of the evaluated 

signals. This assumption is unrealistic when it comes to rotating machine 

signals as these are likely to witness varying statistics due to some sequen-

tial changes in the excitation mechanisms. Generally speaking, a succession 

of events mostly occurs within the machine cycle so as to release energy on 

a rhythmic basis. Some examples are the meshing of teeth in gears, impacts 

due to a local fault, combustion of gas in internal combustion engines, tur-

bulence around fan blades, etc. [Antoni 2004a] [Antoni 2009]. Such phe-

nomena are likely to produce transient signatures (i.e. wide-band wave-

forms) carrying critical information on the machine health. A typical 

example is a REB subjected to a local fault in one of its components where-

in cyclic impacts— generated when the defect strikes a mating surface— 

excite (wide-band) structural resonances. In fact, it is the presence of these 

transients that makes the signal NS and this nonstationarity is intimately re-

lated to the concept of information (e.g. the nature of the excitation, the 

properties of the transfer functions, etc.). Because of their short duration, 

transients are extremely difficult to track inside the machine cycle. Their 

investigation was historically made under the local stationarity assumption 

using time-frequency tools. These tools are well-established nowadays and 

widely used as analysis tools, but not as processing tools. This may return 

to the fact that these tools are ineffective when analyzing low signal-to-

noise (SNR) ratio signals. Thus, they are generally unable to propose a ver-

satile methodology that applies to all mechanical signals in all circum-

stances. Nevertheless, the use of these tools is more a matter of conven-

ience than of actuality. 

Cyclostationarity comes into this context by defining a certain type of non-

stationarity whose statistics evolve on a periodic basis. It also provides a 

rigorous framework to signal processing tools that extends the classical sta-

tionary tools. The practical robustness of cyclostationary tools follows from 

the consideration of the information redundancy across the cycles (as op-

posed to the approaches based on local stationarity), thus making it suitable 

to reveal weak cyclic signatures even when embedded in strong stationary 

noise. Therefore, this theory has proved its leading role for different types 

of rotating machine vibration analysis and in multiple fields of application 

such as machine diagnostics, identification of mechanical systems and sep-
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aration of mechanical sources. In particular, vibration-based diagnostic is 

perhaps the field which has most benefited from cyclostationarity during 

the last two decades.  

The principal object of this chapter is to review the CS theory, some of its 

tools and its applications on rotating machine diagnostic (precisely for 

gears and REBs). Section 2.2 provides a Fourier based definition of CS 

processes with the aim to unambiguously describe its properties. Also, dif-

ferent types of cyclostationarity are discussed while underlining their phys-

ical differences. Section 2.3 reviews some CS1 tools, namely Fourier do-

main calculation techniques, synchronous averaging and blind filters. 

Section 2.4 reviews some CS2 tools, namely the instantaneous autocovari-

ance function, the Wigner-Ville spectrum, the spectral correlation and oth-

ers. Section 2.5 reviews and investigates the nature of the vibrations emit-

ted by gears and REBs from a CS point of view. For this purpose, simple 

models are first reviewed before being analytically evaluated by means of 

CS tools. Section 2.6 discusses some practical peculiarities of the CS nature 

of rotating machine signals. Finally, this chapter is sealed with a conclusion 

in section 2.7. 

 

2.2 Cyclostationary processes 

 

2.2.1 Basic definitions 

CS processes are a special case of NS processes that carry hidden periodici-

ties in their structure. Formally speaking, a stochastic process 𝑋(𝑡) is said 

CS with period  𝑇 (also coined as cycle) if its joint probability density func-

tion (PDF) is periodic in 𝑡 with 𝑇, i.e. 

 

𝑝𝑋(𝑋1, … , 𝑋𝑛; 𝑡, 𝜏1, … 𝜏𝑛−1) = 𝑝𝑋(𝑋1, … , 𝑋𝑛; 𝑡 + 𝑇, 𝜏1, … 𝜏𝑛−1),    (1) 

 

where {𝑋𝑖}𝑖=1
𝑖=𝑛 are realizations of the process 𝑋(𝑡). Despite its valuable the-

oretical significance, this definition does not clearly reveal the structure of 

CS signals. Therefore, various generative models have been proposed in the 

literature, some with physical origins [George 1992] and other with 

grounds in telecommunication engineering [Gardner 1990]. Of particular 

interest is the Fourier series based model [Gardner 1975] which decompos-

es the signal into a set of random coefficients modulated by a set of period-

ic exponential basis: 

 

𝑋(𝑡) = ∑ 𝑐𝑋
𝑘(𝑡)𝑒𝑗2𝜋𝑘𝑡/𝑇𝑘∈ℤ                 (2) 
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where ℤ is the set of all integers, the Fourier coefficients 𝑐𝑋
𝑘(𝑡) are jointly 

stationary signals and the complex exponentials are parameterized by cyclic 

frequencies 𝑘/𝑇. This insightful representation makes explicit the existence 

of hidden periodicities in the form of periodic modulations of the random 

carriers 𝑐𝑋
𝑘(𝑡). The order of cyclostationarity is dictated by the order of the 

joint stationarity of the coefficients. In a general manner, the first two or-

ders are usually investigated in signal processing as they cover most practi-

cal purposes in engineering applications. The following subsections inves-

tigate their definitions and statistical properties. 

2.2.11 First-order cyclostationary signals 

The most basic CS signal is when the coefficients 𝑐𝑋
𝑘(𝑡) are first-order sta-

tionary. This implies that their mean is constant, i.e. 

 

𝔼{𝑐𝑋
𝑘(𝑡)} = 𝑐1̅𝑋

𝑘 .                 (3) 

 

where symbol 𝔼 denotes the ensemble averaging operator. In this case, 𝑋(𝑡) 

is said CS1 and enjoys a periodic mean of cycle 𝑇. Thus, the latter accepts a 

Fourier series with non-zero deterministic coefficients 

 

𝑀1𝑋(𝑡) ≝ 𝔼{𝑋(𝑡)} = ∑ 𝑀1𝑋
𝑘 𝑒𝑗2𝜋𝑘𝑡 𝑇⁄𝑘 ,               (4) 

 

where  

 

   𝑀1𝑋
𝑘 = 𝑐1̅𝑋

𝑘,
                (5) 

 

stand for the cyclic means of signal 𝑋. 

2.2.12 Second-order cyclostationary signals 

A more general CS signal is when the coefficients 𝑐𝑋
𝑘(𝑡) are mutually sec-

ond-order stationary. This implies that the autocovariance or the cross-

covariance of any two coefficients is strictly dependent on the time-lag , 

i.e. 

 

𝔼 {(𝑐𝑋
𝑘(𝑡 +  2⁄ ) − 𝑀1𝑋

𝑘 )(𝑐𝑋
𝑘′(𝑡 −  2⁄ ) − 𝑀1𝑋

𝑘′ )
∗
} = 𝑐2̅𝑋

𝑘,𝑘′()   𝑓𝑜𝑟 𝑎𝑙𝑙 𝑘, 𝑘′.  (6) 

 

In this case, 𝑋(𝑡) is said CS2 and enjoys a periodic autocovariance function 

of cycle 𝑇. Thus, the latter accepts a Fourier series with non-zero determin-

istic coefficients 

 

          𝐶2𝑋(𝑡, ) ≝ 𝔼{𝑋𝑐(𝑡 +  2⁄ )𝑋𝑐(𝑡 −  2⁄ )∗} = ∑ 𝐶2𝑋
𝑘 ()𝑒𝑗2𝜋𝑘𝑡 𝑇⁄𝑘          (7) 
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where 𝑋𝑐 = X(𝑡) −  𝑀1𝑋(𝑡) stands for the centered signal and  

 

𝐶2𝑋
𝑘 () = ∑ 𝑐2̅𝑋

𝑘+𝑘′,𝑘′()𝑘′                  (8) 

 

stand for the cyclic autocovariance functions of 𝑋. It is worth noting that 

Eq. (7) separates the autocovariance function into two sets of deterministic 

functions with different physical meanings: the “Fourier coefficients” and 

the “exponential kernels”. Whereas the latter is exclusively dependent on 

the temporal variable and reflects the periodic evolution of the waveform, 

the former is exclusively dependent on the time-lag and reflects the proper-

ty of a stationary carrier. 

 

2.2.2 Types of cyclostationarity 

The model provided in Eq. (2) defines a strict CS process at the cyclic fre-

quency 𝛼 = 1 𝑇⁄ . This cyclostationarity relies on the existence of a unique 

and finite cycle with respect to which the process is periodic. This defini-

tion can be extended to accept multiple CS contributions whose basic cy-

cles, say 𝑇𝑖, are not multiple of each other’s. Such signals are called poly-

CS and can still be modeled via a Fourier series of random coefficients as:  

 

               𝑋(𝑡) = ∑ ∑ 𝑐𝑋
𝑘𝑖(𝑡)𝑒𝑗2𝜋𝑘𝑖𝑡/𝑇𝑖𝑘𝑖∈ℤ𝑖 = ∑ 𝑐𝑋

𝜐(𝑡)𝑒𝑗2𝜋𝜐𝑡/𝑇𝜐∈𝒜 ,               (9) 

 

where stands for the index referring to the CS contribution number,  𝑐𝑋
𝑘𝑖(𝑡) 

stands for the kth coefficient associated with the i th CS contribution and 

𝒜 = {𝑘𝑖 . 𝑇/𝑇𝑖|𝑘 ∈ ℤ 𝑎𝑛𝑑 𝑖 = 1,2,… } denotes the cyclic order set with re-

spect to the reference period 𝑇. Another type of cyclostationarity is ob-

tained through a different kind of interactions between multiple CS contri-

butions whose cycles are not integer multiple of each other. Such signals 

are called quasi-CS and can still be modeled via a Fourier series as: 

 

𝑋(𝑡) = ∑ 𝑐𝑋
𝜐(𝑡)𝑒𝑗2𝜋𝜐𝑡/𝑇𝜐∈ℬ ,             (10) 

 

where ℬ ⊂ ℝ denotes the cyclic order set whose elements may take any real 

value (ℝ is the set of real values). 

It is worth noting that the difference between poly- and quasi-

cyclostationarity is physical rather than mathematical. In fact, they are 

mathematically equivalent: the cyclic order set 𝒜 of Eq. (9) can be equiva-

lent to ℬ in Eq. (10) if 𝑇𝑖 and 𝑘𝑖 are suitably chosen. In general, poly-CS 

signals are induced by additive combinations of different CS sources whose 

common cycle is extremely long (i.e. incommensurate) and virtually impos-

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



 Dany Abboud  12 

 PhD thesis in mechanic / 2015 

 National institute of applied science of Lyon - France 

sible to be observed. This is typically the case of complex gearbox vibra-

tions where the least common cycle is a multiple of the cycles of every gear 

in the system and thus can take many hours to be completed. On the other 

hand, quasi-CS signals are generally induced by multiplicative combina-

tions of different CS sources whose common cycle is infinite. This is, for 

instance, the case of REB vibrations which witness modulations between 

distinct and not phase-locked rotating components. At any rate, poly- and 

quasi-CS signals should not be considered as a no trouble because the set of 

their Fourier coefficients is simply the combination of all the basic CS sig-

nals that they are compounded of. Therefore, they can still be statistically 

treated— to some extent— similarly to CS signals. In the following, poly- 

and quasi-cyclostationarity will be referred to cyclostationarity in general 

without distinguishing between these different subtleties if not necessary. 

 

2.2.3 Cycloergodicity 

Previously, the expected value—either used for the mean value or the auto-

covariance function—always refers to an ensemble average. This means 

that the averaging operation is applied on realizations of the same process 

from repeated experiments. Contrary to the ergodic assumption of station-

ary signals, the ensemble averaging operator cannot be replaced by the time 

averaging operator when only one realization of the process exists. This can 

be checked by calculating the mean value of a pure sine which equals itself 

but not its time average (because the time average returns zero). Since the 

statistics of CS signal varies on a periodic basis, the concept of the ex-

pected value is intimately linked with a deterministic periodic waveform 

which can be extracted by the 𝒫-operator [Antoni 2004a]1. This equiva-

lence implicitly exploits the cyclic redundancy of the information in the 

signal, giving birth to the paradigm of cycloergodicity. Cycloergodicity of 

CS processes is equivalent to what ergodicity is to stationary processes: it 

is the condition under which the ensemble averaging 𝔼 equals the 𝒫-

operator. This assumption is of high practical importance as it allows to 

build useful operators and consistent estimators. Sections 2.3 and 2.4 pre-

sents some of these operators. 

 

 

 

 

 
1The  𝒫-operator is that which extracts all the periodic components of a signal. A detailed exposition 

of this operator is provided in Ref. [Antoni 2004], while a brief review of this operator is given in 

subsection 2.3.1. 
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2.3 First-order tools 

First order tools are those dedicated to the extraction of the first-order mo-

ment of a CS signal. The aim of this paragraph is to briefly review some 

dedicated signal processing tools while highlighting their capacity to deal 

with different types of cyclostationarity.  

 

2.3.1 Fourier domain calculation 

The most natural way to compute the mean value of a CS signal is to select 

the Fourier coefficients (i.e. cyclic means) associated with the cyclic fre-

quency set, before reconstructing the mean signal by combining them with 

the associated exponential kernels. This defines the 𝒫-operator of a CS sig-

nal: 

 

𝑚𝑋(𝑡) = 𝒫{𝑋(𝑡)} =

∑ { lim
𝑊→∞

1

𝑊
∫ 𝑋(𝑢)
+𝑊/2

−𝑊/2
𝑒−𝑗2𝜋𝜐𝑡/𝑇𝑑𝑢} 𝑒𝑗2𝜋𝜐𝑡/𝑇𝜐∈ℬ .             (11) 

 

Note that this operator does not put restrictions on the cyclic order set, thus 

it can deal with all types of cyclostationarity, the reason why the cyclic or-

der ℬ (see Eq. (10)) was used to ensure a generic definition. However, a 

priori knowledge of the corresponding cyclic order set is required. The 

practical implementation of this operator can be performed using a numeri-

cal filter after a discrete Fourier transform (using the fast Fourier transform 

algorithm) of the digitized signal. The filter can be designed as a comb fil-

ter of gain equal to unit at the cyclic frequencies, with minimum gain else-

where and with impulse responses not greater than the signal length [Anto-

ni 2004a]. However, the continuous nature of such transfer functions does 

not allow the signal to be perfectly periodic. For this purpose, it is prefera-

ble to replace the comb filter by Dirac deltas which have a discrete transfer 

function and, thus, returns a (quasi-) periodic signal. 

 

 

2.3.2 Synchronous average 

The synchronous average (SA)— widely termed as the time synchronous 

average [Braun 1975][Braun 2011]— is another efficient technique for the 

extraction of periodic waveforms from a noisy signal. Based on prior 

knowledge of the desired component, it consists of segmenting the tem-

poral signal into blocks of length equal to the signal period and averaging 

them together to extract the periodic waveform. By construction, the ap-

plicability of the SA is confined to the case when the signal is strictly CS, 
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having a finite and known period. The SA of a signal 𝑋(𝑡) with respect to 

the period 𝑇 is defined as: 

 

    𝑚𝑋(𝑡) = 𝒫𝑇{𝑋(𝑡)} = lim
𝑀→∞

1

2𝑀+1
∑ 𝑋(𝑡 + 𝑚𝑇)𝑚=+𝑀
𝑚=−𝑀 .        (12) 

 

Viewed differently, Eq. (12) is equivalent to a special case of Eq. (11) 

when the cyclic order set ℬ is replaced by the set of all integers  ℤ— i.e. in 

the case of strict CS signal [Antoni 2004a]. The estimator of the SA is 

simply the cyclic arithmetic mean computed over a limited number of cy-

cles. The principle of the synchronous average is illustrated in  Fig. 1. De-

spite their equivalence, the practical implementation of the SA (i.e. Eq.  

(12) is computationally cheaper than that based on the Fourier domain (i.e. 

Eq. (11). Note that the SA is also suitable for poly-CS signal as it may be 

successively applied with respect to each basic cycle, yet care should be 

taken to not extract a several time the same harmonic [Antoni 2004a]. 

 

2.3.3 Blind filters 

Blind filters are basically conceived to estimate the mean value of poly-CS 

signals when the basic cycles are unknown. In this realm, the “linear adap-

tive enhancer” [Zeidler 1978], the “adaptive noise canceller” [Widrow 

1985] and the “self-adaptive noise canceller” [Randall 1995] provide effi-

cient solutions for this issue. The frequency domain version of the latter is 

coined “discrete random separator” [Antoni 2003b]; it significantly reduces 

the computational cost of the algorithm [Antoni 2003a]. In general, the 

transfer function of such filters are similar to that of the comb filters but 

where the maxima are not necessarily harmonically related and can there-

Figure 1 Principle of the synchronous average. 
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fore blindly adjust to any set of harmonics in a signal. The main drawback 

of these techniques is the dependence of their performance on the SNR ra-

tio. Another drawback is the continuous nature of the transfer function 

which disrupts the exact (quasi-) periodicity of the filtered signal—just like 

the case of comb filters. 

 

2.4 Second-order tools 

 
Second-order tools are based on the use of the autocovariance function. The 

aim of this paragraph is to briefly review some dedicated signal processing 

tools. 

 

2.4.1 Instantaneous covariance function 

The instantaneous autocovariance function is the most basic tool that fol-

lows directly from the autocovariance function (see Eq. (7)) by replacing 

the ensemble average operator by the 𝒫-operator: 

 

𝐶2𝑋(𝑡, ) = 𝒫{𝑋𝑐(𝑡 +

2⁄ )𝑋𝑐(𝑡 −


2⁄ )

∗
}.             (13) 

 

It is worth noting that the 𝒫-operator is applied with respect to the time 

variable 𝑡 for each time lag . If 𝑋(𝑡) is a CS2 signal, the instantaneous au-

tocovariance function is (quasi-) periodic and accepts a Fourier series 

whose coefficients are non-zero and depend on the time-lag—see Eq. (7). 

In the case of strict cyclostationarity, the 𝒫-operator can be replaced by the 

SA, giving birth to the synchronous autocovariance function defined 

as 𝐶2𝑋(𝑡, ) = 𝒫𝑇{𝑋𝑐(𝑡 −  2⁄ )𝑋𝑐(𝑡 +  2⁄ )∗}.  

2.4.11 Instantaneous variance function 

The instantaneous variance function is a particular case of the instantane-

ous autocovariance function when the time-lag is nil, viz  

 

𝑆𝐸𝑋(𝑡) = 𝐶2𝑋(𝑡,  = 0) = 𝒫{|𝑋𝑐(𝑡)|
2}.             (14) 

 

It can be either viewed as a measure of the instantaneous energy or as the 

mean squared envelope of the (centered) signal. If 𝑋(𝑡) is a CS2 signal, the 

instantaneous variance is (quasi-) periodic and accepts a Fourier series with 

non-zero coefficients: 

 

𝑆𝐸𝑋(𝑡) = ∑ 𝑆𝐸𝑋
𝜐𝑒𝑗2𝜋𝜐𝑡/𝑇𝜐∈ℬ              (15) 
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where 𝑆𝐸𝑋
𝜐 stands for the cyclic variance. In the case of strict cyclostation-

arity, the 𝒫-operator can be replaced by the SA, giving birth to the syn-

chronous variance function defined as 𝑆𝐸𝑋(𝑡) = 𝒫𝑇{|𝑋𝑐(𝑡)|
2}.  

 

2.4.2 Time-Frequency distributions 

2.4.21 Wigner-Ville spectrum 

The Wigner-Ville spectrum is a joint time-frequency energy distribution for 

NS signals. It is defined as the expected value of the Wigner-Ville distribu-

tion that was originally introduced for the time-frequency analysis of finite 

energy deterministic signals [Martin 1982]. It is also equivalent to the Fou-

rier transform of the autocovariance function with respect to the time-lag 

variable, i.e. 

 

    𝑊𝑉2𝑋(𝑡, 𝑓) ≝ ℱ→𝑓{𝐶2𝑋(𝑡, )} = ℱ→𝑓 {𝒫 {𝑋𝑐 (𝑡 +


2
)𝑋𝑐 (𝑡 −



2
)
∗
}}    (16) 

 

where ℱ→𝑓{∗} is the Fourier transform. For CS2 signals, the Wigner-Ville 

spectrum is (quasi-) periodic with respect to 𝑡 and accepts a Fourier series 

with non-zero coefficients, 

 

    𝑊𝑉2𝑋(𝑡, 𝑓) = ∑ 𝑊𝑉2𝑋
𝜐 (𝑓)𝑒𝑗2𝜋𝜐𝑡/𝑇𝜐∈ℬ ,            (17) 

 

where 𝑆2𝑋
𝜐 (𝑓) = ℱ→𝑓{𝐶2𝑋

𝜐 (𝜏)} stands for the cyclic power spectrum. The 

principal advantage of this quantity over the Wigner-Ville distribution is its 

ability to minimize the presence of negative interference terms thanks to 

the averaging effect of the autocovariance function (ensured by the 𝒫-

operator). For instance, the Wigner-Ville spectrum 𝑊2(𝑋1+𝑋2) of a sum of 

two independent signals 𝑋1 and 𝑋2 is exactly the sum of the Wigner-Ville 

spectra 𝑊2𝑋1and 𝑊2𝑋2of 𝑋1 and 𝑋2. This follows from the fact that the inter-

ferences 𝑊𝑋1𝑋2 and 𝑊𝑋2𝑋1are zero as the cross-covariance of 𝑋1 and 𝑋2 is 

nil. This is in plain contrast with most of quadratic time-frequency repre-

sentations where interference terms always lead to misleading interpreta-

tions. The estimation of this quantity will  not be addressed herein; interest-

ed readers are invited to read Ref. [Antoni 2007a] [Antoni 2007b]. Another 

important feature is its similarity to a time-dependent version of the Wie-

ner–Khinchin theorem, thus supporting the interpretation of Wigner-Ville 

spectrum as an instantaneous spectrum at time 𝑡. 

2.4.22 Instantaneous power spectrum 

Another way to present a time-frequency distribution is by computing the 

instantaneous variance (or the mean power) at a narrow bandpass filtered 

signal while scrutinizing the whole spectral content by moving the carrier. 
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In this way, the periodic modulations are presented for each spectral carrier 

or, conversely, the power spectrum is presented at each instant. Formally 

speaking, let us consider 𝑋𝛥𝑓(𝑡; 𝑓) the filtered version of 𝑋𝑐(𝑡) through a 

frequency band of width 𝛥𝑓 centered on frequency 𝑓. Now using the 𝒫-

operator, the mean instantaneous power resided through that frequency 

band is 

 

𝑃𝑋(𝑡, 𝑓; 𝛥𝑓) = 𝒫 {|𝑋𝛥𝑓(𝑡; 𝑓)|
2
}.             (18) 

 

The principle of the mean instantaneous power is illustrated in Fig. (2). The 

principal disadvantage of such a representation is that it is faced with the 

uncertainty principle so that the time and frequency resolutions cannot be 

made arbitrarily and independently small. Precisely, the frequency resolu-

tion 𝛥𝑓and the time resolution, say 𝛥𝑡, are interrelated by the inequality 

 

          𝛥𝑓. 𝛥𝑡 ≥
1

4𝜋
.              (19) 

 

Stated differently, the filter bandwidth 𝛥𝑓 should be larger than1 4𝜋𝛥𝑡⁄  in 

order to be able to track small temporal variations of duration  𝛥𝑡. Note that 

the Wigner-Ville spectrum is free from this shortcoming. For CS2 signals, 

the instantaneous power spectrum is (quasi-) periodic with respect to 𝑡 and 

accepts a Fourier series with non-zero coefficients: 

 

𝑃𝑋(𝑡, 𝑓; 𝛥𝑓) = ∑ 𝑃𝑋
𝜐(𝑓; 𝛥𝑓)𝑒𝑗2𝜋𝜐𝑡/𝑇𝜐∈ℬ .             (20) 

 

Note that the Fourier coefficients 𝑃𝑋
𝜐(𝑓; 𝛥𝑓) are parametrized by the choice 

of the filter bandwidth predefined by the user. This is what prevents the in-

stantaneous power spectrum from being a density: it is directly linked to 

the energy of the filtered waveform. 

Figure 2 Academic illustration of the instantaneous power spectrum as the energy flow measured at 

the output of a filterbank [Antoni 2009]. 
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2.4.3 Frequency-Frequency distributions 

2.4.31 Spectral correlation 

The most prominent way to reveal the statistical information in the auto-

covariance function is to present them in the dual Fourier domain. Specifi-

cally, the double Fourier transforms relatively to the time 𝑡 and the time-lag 

𝜏 defines the spectral correlation function (SC), 

 

 𝑆2𝑋(𝛼, 𝑓) = ℱ𝑡→𝛼
𝜏→𝑓

{𝐶2𝑋(𝑡, 𝜏)} = ℱ𝑡→𝛼{𝑊2𝑋(𝑡, 𝑓)},             (21) 

 

which can be also seen as the Fourier transform of the Wigner-Ville spec-

trum with respect to the time variable. The SC in Eq. (21) is a frequency-

frequency distribution with respect to both the cyclic frequency 𝛼, linked to 

the cyclic evolution of the waveforms and the spectral frequency  𝑓, linked 

to the waveforms in the signal. While the former reflects the frequency of 

the modulations, the latter describes the frequency of the carriers. An alter-

native way of defining the SC is 

 

       𝑆2𝑋(𝛼, 𝑓) = lim
𝑊→∞

1

𝑊
𝔼 {𝑋𝑊

∗ (𝑓 −
𝛼

2
)𝑋𝑊 (𝑓 +

𝛼

2
)},           (22) 

 

where 𝑋𝑊(𝑓) = ℱ𝑊{𝑋(𝑡)} = ∫ 𝑋(𝑡)𝑒+𝑗2𝜋𝑡𝑓𝑑𝑡
+𝑊 2⁄

−𝑊 2⁄
 stands for the Fourier 

transform of signal 𝑋(𝑡) over a time interval of finite duration W. This ex-

pression provides another interpretation of the SC, which actually justifies 

its name: it is a measure of the correlation between the frequency compo-

nents of the signal at 𝑓 − 𝛼 2⁄  and 𝑓 + 𝛼 2⁄ . Note that this presentation is 

very helpful to build performant estimators such as the averaged cyclic per-

iodogram [Antoni 2007a]. In the special case of a CS2 signal, it takes the 

discrete form 

 

   𝑆2𝑥(𝛼, 𝑓) = ∑ 𝑆2𝑋
𝜐 (𝑓)𝛿(𝛼 − 𝜐 𝑇⁄ )𝜐∈ℬ              (23) 

 

with 𝑆2𝑋
𝜐 (𝑓) = 𝑊𝑉2𝑋

𝜐 (𝑓). Expression (23) evidences that the SC of a CS 

signal is discretely distributed along spectral lines parallel to the 𝑓-axis and 

positioned at the cyclic frequencies 𝛼 = 𝜐/𝑇. This unique signature makes 

the SC a powerful and robust tool for detecting the presence of and charac-

terizing cyclostationarity in engineering applications [Antoni 2007a]. An il-

lustration presenting the relationship among the instantaneous autocovari-

ance function, the Wigner-Wile spectrum and the SC of a (strict) CS signal 

is provided in Fig. 3. 
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2.4.32 Spectral coherence 

A related operator is the spectral coherence (SCoh) which has the property 

of measuring the degree of correlation between two spectral components 

independently of the signal power spectrum. The SCoh is defined as:  

 

𝛾2𝑋(𝛼, 𝑓) =
𝑆2𝑋(𝛼,𝑓)

[𝑆2𝑋(0,𝑓−
𝛼

2
)𝑆2𝑋(0,𝑓+

𝛼

2
)]
1/2 =

𝑆2𝑋(𝛼,𝑓)

[𝑆2𝑋(𝑓−
𝛼

2
)𝑆2𝑋(𝑓+

𝛼

2
)]
1/2 ,      (24) 

 

with 𝑆2𝑋(𝑓) the power spectral density (PSD) of signal 𝑋(𝑡). Just like the 

regular correlation coefficient, |𝛾2𝑋(𝛼, 𝑓)|
2 is normalized between 0 and 1: 

the closer it is to the unity, the stronger the CS component at cyclic fre-

quency 𝛼. Therefore, when a CS signal of cycle 1/𝛼 is embedded in sta-

tionary noise, the squared magnitude of its SCoh, |𝛾2𝑋(𝛼, 𝑓)|
2, can be seen 

as an indication of the SNR. In the special case of a CS2 signal, the SCoh 

also takes a discrete form 

 

      𝛾2𝑋(𝛼, 𝑓) = ∑ 𝛾2𝑋
𝜐 (𝑓)𝛿(𝛼 − 𝜐 𝑇⁄ )𝜐∈ℬ ,             (25) 

 

where 

 

      𝛾2𝑋
𝜐 (𝑓) =

𝑆2𝑋
𝜐 (𝑓)

[𝑆2𝑋(𝑓−
𝜐

2
)𝑆2𝑋(𝑓+

𝜐

2
)]
1/2             (26) 

 

stand for the cyclic coherence functions. 

 

t t
f

f

1/T

T

The spectral correlation

The instantaneous autocovariance function The Wigner-Vile spectrum

Figure 3 Academic illustration of the relationship among the instantaneous autocovari-

ance function, the Wigner-Wile spectrum and the spectral correlation of a strict-CS sig-

nal. 
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2.4.33 Cyclic modulation spectrum 

A similar distribution to the SC is the cyclic modulation spectrum (CMS) 

which can be obtained by applying the Fourier transform on the instantane-

ous power spectrum with respect to the time variable 𝑡, viz 

 

     𝑃𝑋(𝛼, 𝑓; 𝛥𝑓) = ℱ𝑡→𝛼{𝑃𝑋(𝑡, 𝑓; 𝛥𝑓)}.             (27) 

 

The principle of the mean instantaneous power is illustrated in Fig. (4). Al-

so, the CMS is faced with the uncertainty principle which, in this case, lim-

its the maximal cyclic frequency which can be scanned. Specifically, noting 

that the reciprocal of the time resolution 𝛥𝑡 is the largest cyclic frequency 

𝛼𝑚𝑎𝑥 that can be scanned in the filtered signal 𝑋𝛥𝑓(𝑡; 𝑓), the uncertainty 

principle reads 

 

       𝛼𝑚𝑎𝑥 ≤ 4𝜋𝛥𝑓.              (28) 

 

Conversely, the spectral frequency resolution 𝛥𝑓 should be chosen suffi-

ciently coarse so that 𝛼𝑚𝑎𝑥 becomes bigger than the higher cyclic frequen-

cy to be evaluated. Interestingly, the SC is free from this shortcoming. For 

CS2 signals, the CMS takes the discrete form 

 

𝑃𝑋(𝛼, 𝑓; 𝛥𝑓) = ∑ 𝑃𝑋
𝜐(𝑓; 𝛥𝑓)𝛿(𝛼 − 𝜐 𝑇⁄ )𝜐∈ℬ ,             (29) 

 

providing also a symptomatic distribution of parallel spectral lines 

𝑃𝑋
𝜐(𝑓; 𝛥𝑓) at the cyclic orders 𝜐. Last, it is worth noting that the magnitude 

of this distribution is not unique as it explicitly depends on the  𝛥𝑓 defined 

by the user. Similarly to the instantaneous power spectrum, this also pre-

vents the CMS from being a density. 

 

Figure 4 Academic illustration of the cyclic modulation spectrum [Antoni 2009].  
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2.4.4 Squared envelope spectrum 

The squared envelope spectrum (SES) is simply the Fourier transform of 

the instantaneous variance function. It is also equivalent to the integration 

of the SC over the spectral frequency axis: 

 

𝑆𝐸𝑆𝑋(𝛼) = ℱ𝑡→𝛼{𝑆𝐸𝑋(𝑡)} = ∫ 𝑆2x(𝛼, 𝑓)𝑑𝑓
+∞

−∞
.            (30) 

 

It represents an averaged view of cyclic content of the energy flow carried 

by all the frequencies. For CS2 signals, the SES takes the discrete form 

 

𝑆𝐸𝑆𝑋(𝛼) = ∑ 𝑆𝐸𝑋
𝜐𝛿(𝛼 −

𝜐

𝑇
)𝜐∈ℬ .             (31) 

 

 

2.5 Cyclostationarity in gear and REB vibrations 

The inherent periodicities in the kinematics of rotating machines are prone 

to make vibrations CS. In this context, many precursory works have been 

reported on modelling rotating machine signals as CS e.g. [Capdessus 

2000] [Bouillaut 2001] [McCormick 1998] [Randall 2001]. In particular, 

the vibration-based diagnostic of gears and REBs was undoubtedly the 

main beneficiary field. The aim of this section is to review and investigate 

the nature of the vibrations emitted by these components from a CS point of 

view. 

 

2.5.1 Gear case 

The aim of this subsection is to investigate the nature of the vibrations 

emitted by a pair of parallel axis gear and to show how it is possible to take 

advantage of CS tools— particularly the SA— for gear diagnosis. 

2.5.11 Preliminaries 

A gear is an element of rotating machines having cut teeth which mesh with 

another toothed part to transmit torque. This can produce a mechanical ad-

vantage through a gear ratio by increasing the speed or the torque. Of par-

ticular interest are the spur gears which are the simplest and the most wide-

ly used type of gears. They consist of a cylinder with the teeth projecting 

radially, and although they are not straight-sided in form, the edge of each 

tooth is straight and aligned parallel to the axis of rotation. Sometimes, 

multiple spur gears are used in sequence to create larger gear ratios [Nice 

2000]. The presence of a fault alters the normal functioning conditions 

causing higher vibration levels as well as a decrease in the transmission ef-
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ficiency. In general, these defects are divided into geometrical or teeth de-

fects. Whereas the former type includes manufacturing errors, mounting er-

rors, installation errors, etc., the latter includes errors that occur during the 

operation of the gear [Chaari 2011]. Another classification of these defects 

can be made through their distributions over contact surfaces, namely the 

distributed and the local defects. Distributed faults affect all the teeth (e.g. 

wear), while localized faults typically affect a particular tooth (e.g. tooth 

cracks, spalling, pitting, etc.). Often, local faults progressively develop and 

lead to the breakage of the tooth. Obviously, such defects are more danger-

ous and critical than the distributed defects. The next subsections review a 

simple vibration model of a faulty spur gear and demonstrate how it is pos-

sible to take advantage of CS1 tools for their diagnosis. 

2.5.12 Vibration model  

The principal source of vibratory excitation of a pair of spur gears is rela-

tive to the meshing forces resulting from the shock between the teeth of the 

two wheels. The meshing force is generally modulated by the rotation of 

the two wheels due to systematic variation of their stiffness. The variation 

of the stiffness results from the deviation of the teeth shape (due to a fault) 

from their ideal shape. Since these deviations are different from one tooth 

to another, it is expected that the modulation induced by each wheel is pe-

riodic with a period equal to its rotation. Neglecting frequency modula-

tions, the excitation of a pair of parallel and fixed axis gears operating un-

der constant speed and load can be modeled as: 

 

𝛴𝑔(𝑡) = 𝑚(𝑡)(1 + 𝑝1(𝑡) + 𝑝2(𝑡)) = 𝑚(𝑡) + 𝑝′1(𝑡) + 𝑝′2(𝑡),    (32) 

 

where 𝑝𝑖(𝑡) = 𝑝𝑖(𝑡 + 𝑇𝑖) stands for the modulation induced by the wheel 𝑖 
(with 𝑖 = 1,2 and 𝑇𝑖 the rotation period of wheel 𝑖), 𝑚(𝑡) = 𝑚(𝑡 + 𝑇𝑚) 
stands for the meshing signal (with 𝑇𝑚 = 𝑇𝑖/𝑍𝑖 is the meshing period and 𝑍𝑖 
is the number of teeth of wheel 𝑖) and 𝑝′𝑖(𝑡) = 𝑚(𝑡)𝑝𝑖(𝑡) = 𝑝′𝑖(𝑡 + 𝑇𝑖). The 

vibration response acquired by the accelerometer can be obtained by filter-

ing the excitation by a linear time-invariant (LTI) system, say ℎ𝑔(𝑡), that 

physically model the transfer function of the transmission path from the ex-

citation to the sensor 

 

       𝑥𝑔(𝑡) = 𝛴𝑔(𝑡) ⊗ ℎ𝑔(𝑡) + 𝑛(𝑡) = 𝑚′′(𝑡) + 𝑝′′1(𝑡) + 𝑝′′2(𝑡) + 𝑛(𝑡),   (33) 

 

where  stands for the convolution product and 𝑛(𝑡) is a purely random 

signal (including potential higher-order CS components). It is worth noting 

that the responses of the periodic components 𝑚(𝑡), 𝑝′1(𝑡) and 𝑝′2(𝑡) are al-

so periodic with their basic periods i.e. 𝑚′′(𝑡) = 𝑚(𝑡) ⊗ ℎ𝑔(𝑡) =

𝑚′′(𝑡 + 𝑇𝑚) and 𝑝′′𝑖(𝑡) = 𝑝′𝑖(𝑡) ⊗ ℎ𝑔(𝑡) = 𝑝′′𝑖(𝑡 + 𝑇𝑖). 
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2.5.13 Cyclostationary analysis of gear signals 

For healthy gears, the modulations 𝑝𝑖(𝑡) induced by the gear imperfection 

are typically weak. The strength of the modulation induced by the wheel 𝑖 

increases when a local defect occurs. Generally speaking, the strength of 

the modulation 𝑝𝑖(𝑡) increases with the advancement of the fault, leading to 

an increase in the associated vibration component 𝑝′′𝑖(𝑡). Therefore, the 

systematic separation of the vibrational components provides valuable di-

agnostic information which can feed an automatic decision system. Accord-

ingly, it is clear that gear vibrations are generally first -order poly-CS as 

their deterministic component is a combination of two components of dif-

ferent periods, namely, 𝑇1 and 𝑇2. In general, a common period does exist 

but, in most situations, it is too long to be fully observable in practice. For 

this reason, the CS analysis can be fairly accomplished by applying succes-

sively the SA relative to the existing periods. Specifically, the vibration 

component associated with the gear meshing can be extracted by applying 

the SA with respect to the period 𝑇𝑚: 

 

𝒫𝑇𝑚{𝑥𝑔(𝑡)} = 𝑚
′′(𝑡).              (34) 

 

On the other hand, the application of the SA with respect to a wheel period 

returns 

 

      𝒫𝑇𝑖{𝑥𝑔(𝑡)} = 𝑝′′𝑖(𝑡) + 𝑚
′′(𝑡).              (35) 

 

Therefore, the vibration component relative to the modulation of the wheel 

𝑖 is obtained as 

 

    𝑝′′𝑖(𝑡) = 𝒫𝑇𝑖{𝑥𝑔(𝑡)} − 𝒫𝑇𝑚{𝑥𝑔(𝑡)},             (36) 

 

which provides individual diagnostic information relative to the wheel 𝑖. In 

many applications, the elimination of the deterministic component is cru-

cial in order to properly investigate the random part. In the literature, this 

issue is coined as “discrete\random separation”. According to the intro-

duced model, the random component can be obtained as  

 

𝑛(𝑡) = 𝑥𝑔(𝑡) − (𝒫𝑇1{𝑥𝑔(𝑡)} + 𝒫𝑇2{𝑥𝑔(𝑡)} − 𝒫𝑇𝑚{𝑥𝑔(𝑡)}).         (37) 

 

Eventually, this simple analysis was reported on a pair of parallel shaft 

gears, yet it can be simply extended to the case of multiple-stage gearboxes 

following the same lines. A particular difficulty is encountered in planetary 

gearboxes where the transmission path varies periodically. In this case, a 
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kinematic study is mandatory in order to identify the mechanical signature 

of the fault. However, the SA would be insufficient in some cases where 

the basic periods of the meshing components and the modulations are not 

integer multiple. In this case, the signal turns quasi-CS—instead of being 

poly-CS— and the SA must be replaced by the 𝒫-operator. 

 

2.5.2 REB case 

This subsection is dedicated to study the vibrations emitted by a local fault 

in a REB. It starts with some preliminaries about the constitution and the 

operation of REBs, as well as their failure mode and their distinct vibra-

tional signature. A general model is then adopted to analytically study the 

statistical properties of such signals. At first, the failure of the classical 

spectral analysis is analytically explained, while the convenience of some 

CS2 tools is eventually underlined. 

2.5.21 Preliminaries 

A REB is a mechanical component devised to provide relative positioning 

and rotational freedom while transmitting a load between two structures. 

Typically, it is constituted of inner and outer races between which rolling 

elements (such as balls or rollers) are mounted in a cage spin. The cage is 

placed between the races and has the role of reducing friction by hindering 

the elements from scrubbing against each other. The load is carried by the 

rolling motion that significantly decreases the frictional resistance [Ham-

rock 1983]. For this reason, most of rotating machines are equipped with 

REBs to support the load and maintain the clearances between stationary 

and rotating machinery elements. During their operation, REBs are prone to 

fail for many reasons such as manufacturing errors, improper assembly, 

overloading, operation under harsh environment, fatigue, etc... The failure 

of these components may lead to a total shutdown in the system, thus its di-

agnostic is crucial to anticipate such costly downtimes. Among different 

techniques, the vibration analysis proved itself as a reliable and effective 

technique. 

In most cases, REB faults start with a local loss of material (pitting, spall-

ing, corrosion, rubbing, contamination) on a matting surface (inner/outer 

race, rolling elements) [McFadden 1984] [Antoni 2007b]. As a defect 

strikes a mating surface, an abrupt change in the contact stress occurs at the 

interface (also called shock), producing a sharp impulse that excites some 

structural resonance either related to the REB structure or to the vibration 

transducer itself. Because of the rotating motion of the REB, these impacts 

are regularly repeated resulting in a series of impulse responses whose 

temporal spacing depends on the fault type and the geometry of the REB. 
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This series of broadband impulse responses is possibly amplitude modulat-

ed owing to the passage of the fault into and out of the load zone. Some 

common fault and modulation frequencies (also called characteristic fre-

quencies) are given in Table 1 [Randall 2011a] [Su 1992]. Note that these 

relationships are established considering that the outer race  is stationary 

and that the inner race rotates at the shaft speed. Also, they assume a pure 

rolling motion of the rolling element, whereas in reality the rolling ele-

ments are subjected to some slips. In details, the contact angle Φ varies 

with the position of each rolling element in the REB since the ratio of local 

radial to axial load varies. As a consequence, each rolling element will 

have a different rolling diameter and try to roll at different speed, while the 

cage limits the deviation of the rolling elements from their mean position, 

thus causing some random slip [Randall 2011]. Thus, the actual characteris-

tic frequencies are likely to deviate from their theoretical values in practi-

cal applications. 

 
Table 1 Typical fault frequencies, where 𝑓𝑟 =speed of the shaft, 𝑑 =REB roller di-

ameter,𝐷 =pitch circle diameter, 𝑁 =number of rolling elements, 𝛷 =contact angle. 

Ballpass frequency, inner 

race (BPFI) 

𝑁

2
𝑓𝑟 (1 +

𝑑

𝐷
cos𝛷) 

Ballpass frequency, outer 

race (BPFO) 

𝑁

2
𝑓𝑟 (1 −

𝑑

𝐷
cos𝛷) 

Fundamental train frequen-

cy (FTF) 

𝑓𝑟
2
(1 −

𝑑

𝐷
cos𝛷) 

Ball spin frequency (BSF) 
𝑓𝑟
𝐷

𝑑
(1 − (

𝑑

𝐷
cos𝛷)

2

) 

 

Generally speaking, an outer race fault experiences a constant modulation, 

inner race a periodic amplitude modulation at the period of the  inner race 

rotation, and a rolling-element fault a periodic amplitude modulation at the 

period of the cage rotation. The vibration signals and the corresponding en-

velopes2 of these faults are illustrated in Fig. 5. Obviously, the amplitude 

modulations presented in the envelope results in distinct mechanical signa-

tures in the corresponding spectrum for each fault type. These mechanical 

 

 
2The reason why the envelope is used in the illustration instead of the signal itself is that the periodic-

ity of the modulations is more obvious in the former. This will be properly explained in the next sub-

sections. 
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signatures are valuable diagnostic information that helps not only in detect-

ing the fault, but also in identifying its nature. After this introductory para-

graph, the next subsections evaluate in-depth the nature of the vibrations 

emitted by a local fault in a REB and show how some CS2 tools are able to 

exhibit the corresponding mechanical signature. 

 

2.5.22 Vibration model 

The first model for vibration signal emitted by a localized fault in a REB 

dates back to McFadden & Smith [McFadden 1984] [McFadden 1985]. In 

these references, the excitation is modeled as a periodic train of Dirac del-

tas expressing the repetitive impacts generated by the defect. Also, this 

modeling includes possible amplitude modulations such as those generated 

by the radial load distribution and the moving location of impact forces, 

thus providing a straightforward understanding of the fault signature in the 

envelope spectrum. Later on, Ho &Randall adjusts the McFadden’s model 

by adding slight random fluctuations to the inter-arrival times of the impact 

so that the train of Dirac delta becomes random instead of being periodic. 

Figure 5 Typical signals and envelope signals from local 
faults in REBs [Randall 2011]. 
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These fluctuations can be justified by the presence of necessary random 

slips (as indicated in 2.5.21), possible speed fluctuations, and variations of 

the axial to radial load ratio [Antoni 2007b]. Also, they pointed out the 

presence of random fluctuations in the impulse magnitudes due to the non-

exactly reproducible microscopic conditions when the fault impacts a roll-

ing surface. Building on this, the vibration signal may be expressed as [An-

toni 2007b]  

 

       𝑥𝑏(𝑡) = ∑ 𝐴𝑖𝑞(𝑖𝑇). ℎ𝑏(𝑡 − 𝑇𝑖)
+∞
𝑖=−∞ + 𝑛(𝑡),   𝑤𝑖𝑡ℎ  𝑇𝑖 = 𝑖𝑇 − 𝜏𝑖        (38) 

 

where ℎ𝑏(𝑡) stands for the impulse response to a single impact as measured 

by the sensor, 𝑞(𝑡) = ∑ 𝑞𝑙𝑒
𝑗2𝜋𝑙𝑡/𝑃

𝑙  is the periodic modulation of period 𝑃 

due to the load distribution (this includes periodic changes in the impulse 

response as the distance and orientation of the impacts moves towards and 

backwards the sensor, as well as for possible bearing unbalance or misa-

lignment), 𝑇 is the fault characteristic frequency, Ai is the amplitude modu-

lation modelled as a delta-correlated random sequence with  𝔼{Ai} = 1 and 

Var{Ai} = σA
2 , 𝜏i are the inter-arrival time fluctuations modelled as a zero-

mean delta-correlated random variable3 with  𝔼{𝜏i} = 0 and Var{𝜏i} = σA
2  

having the PDF 𝛷(𝜏), and 𝑛(𝑡) accounts for an additive background noise 

that embodies all other vibration sources.  

2.5.23 Insufficiency of the first-order analysis 

This subsection analytically evaluates the PSD of the REB vibration model 

to make clear why the classical spectral analysis may fail to reveal the ex-

isting periodicity. According to Ref. [Antoni 2007b], the PSD writes as:  

 

𝑆𝑥𝑏(𝑓) =
1

𝑇
|𝐻𝑏(𝑓)|

2 [|𝛷(𝑓)|2∑ 𝑞𝑙𝛿 (𝑓 −
𝑘

𝑇
−

𝑙

𝑃
)+∞

𝑘,𝑙=−∞ + (1 + 𝜎𝐴
2 −

|𝛷(𝑓)|2)𝑞20] + 𝑆𝑛(𝑓),                             (39) 

 

where 𝐻𝑏(𝑓) stands for the Fourier transform of ℎ𝑏(𝑡),  𝛿(𝑓) is the Dirac 

delta pulse, 𝛷(𝑓) stands for the Fourier transform of the PDF 𝛷(𝜏) of the 

random variable 𝜏i, 𝑞20 stands for the mean square of the modulating func-

tion 𝑞(𝑡) and 𝑆𝑛(𝑓) is the PSD of the noise. Obviously, 𝑆𝑥𝑏(𝑓) decomposes 

as the spectrum of a forcing function—the terms into the brackets—

multiplied by the system transfer function |𝐻𝑏(𝑓)|
2. The (quasi-) periodic 

vibration part is due to the first term in the forcing function (i.e. 

|𝛷(𝑓)|2∑ 𝑞𝑙𝛿(𝑓 − 𝑘 𝑇⁄ − 𝑙 𝑃⁄ )+∞
𝑘,𝑙=−∞ ). Indeed, it carries the diagnostic in-

 

 
3 It was shown in Ref. [Antoni 2003c] that having uncorrelated inter-arrival time differences 𝑇𝑖+1 − 𝑇𝑖 
is physically more realistic than imposing uncorrelated (white) jitters on the arrival times. However, 

as stated in the same reference, this leads to extra complications while not fundamentally changing 

the resulting properties of the vibration signal. This explains the choice of this simplistic mo deling of 

the jitter. 
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formation and assigns uniquely a distinctive spectral signature to each REB 

fault. As a result, the (quasi-) periodic vibration part is simultaneously 

weighted by the function |𝐻𝑏(𝑓)|
2 and |𝛷(𝑓)|2. The latter function is the 

Fourier transform of a PDF and, thus, can be seen as a transfer function of a 

low-pass filter: the larger the random fluctuations the shorter the band-

width. The former function (i.e.|𝐻𝑏(𝑓)|
2) can be seen of a high-pass or 

high-frequency band-pass nature. As a consequence, the product 

|𝐻𝑏(𝑓)|
2|𝛷(𝑓)|2 will certainly attenuate the discrete structure in the spec-

trum and, eventually, the presence of a strong additive background noise 

𝑆𝑛(𝑓) will completely mask it. On the other hand, the second term in the 

bracket (i.e. (1 + 𝜎𝐴
2 − |𝛷(𝑓)|2)) is a continuous spectrum weighted by a 

high-pass function (1 + 𝜎𝐴
2 − |𝛷(𝑓)|2) and |𝐻𝑏(𝑓)|

2, thus amplifying the 

frequency range spanned by the transfer function. Building on this, one can 

approximate the PSD of a REB signal as, 

 

𝑆𝑥𝑏(𝑓) ≅
1

𝑇
|𝐻𝑏(𝑓)|

2(1 + 𝜎𝐴
2 − |𝛷(𝑓)|2)𝑞20 + 𝑆𝑛(𝑓),             (40) 

 

which a continuous function of frequency without characteristic peaks. This 

explains why, in practice, classical spectral analysis often fails to detect 

REB faults. This is illustrated in Fig. 6 [Antoni 2007b]. 

 

Figure 6 Synthesis of the vibration signal produced by a localized fault as seen in 
the time domain (left) and in the frequency domain (right): (a,b) a series of impact 
forces with slight random fluctuations in their inter-arrival times (mean value =T) 
and in their magnitudes; (c,d) possible modulation by shaft or cage rotation (peri-
od =T); (e,f) filtering by a structural or transducer resonance; (g–h) additive noise 
from other vibration sources [Antoni 2007b]. 
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2.5.24 Cyclostationary based solution 

As previously shown, the classical spectral analysis is unable to reveal the 

presence of diagnostic information in the presence of masking noise. The 

aim of this paragraph is to show how CS2 tools are able to reveal the hid-

den periodicities. In particular, the SC, the SCoh and the SES will be ana-

lytically investigated using the vibration model of Eq. (38). 

 

 

2.5.241 Spectral correlation  

Inserting Eq. (38) into Eq. (22), it can be shown that the SC of a REB sig-

nal takes the particular form [Antoni 2007b]: 

 

𝑆2𝑥𝑏(𝛼, 𝑓) ≅
1

𝑇
𝐻𝑏 (𝑓 +

𝛼

2
)𝐻𝑏 (𝑓 −

𝛼

2
)
∗
(𝛷(𝛼)(1 + 𝜎𝐴

2) − 𝛷 (𝑓 +

𝛼

2
)𝛷 (𝑓 −

𝛼

2
)
∗
) × ∑ 𝑞2𝑙𝛿 (𝛼 −

𝑘

𝑇
−

𝑙

𝑃
)+∞

𝑘,𝑙=−∞ + 𝛿(𝛼)𝑆𝑛(𝑓),             (41) 

 

where 𝑞2𝑙 stands for the lth Fourier coefficient of 𝑞2(𝑡)— i.e. 𝑞2(𝑡) =
∑ 𝑞2𝑙𝑒

𝑗2𝜋𝑙𝑡/𝑃
𝑙 . Note that the ≅  sign comes from the fact that the (quasi-) 

periodic contribution was neglected, thus by setting 𝛼 = 0, the SC 𝑆𝑥𝑏(0, 𝑓) 

boils down to the PSD of the random part (see Eq.(40)). Note that 

𝑆2𝑥𝑏(𝛼, 𝑓) enjoys a continuous spectrum in the 𝑓-variable at the cyclic fre-

quency set 𝛼 = 𝑘 𝑇⁄ + 𝑙 𝑃⁄ . More interestingly, the hidden periodicity that 

carries the diagnostic information is fully disclosed when looking at the SC 

as a function of 𝛼, returning a discrete spectrum ∑ 𝑞2𝑙𝛿(𝑓 − 𝑘 𝑇⁄ −+∞
𝑘,𝑙=−∞

𝑙 𝑃⁄ ) weighted by the Fourier coefficients of the square of the modulation 

function 𝑞2(𝑡). 

 
2.5.242 Spectral coherence  

Assuming the transfer function and the noise power density are smooth 

enough and 𝛼 ≪ 𝑓, one can accept the following approximations 

 

{
 
 

 
 𝐻𝑏 (𝑓 ±

𝛼

2
) ≅ 𝐻𝑏(𝑓)

𝑆𝑛 (𝑓 ±
𝛼

2
) ≅ 𝑆𝑛(𝑓)

𝛷 (𝑓 ±
𝛼

2
) ≅ 0.

              (42) 

 

Taking these approximations into account, the SCoh can be easily found as  

 

      𝛾2𝑥𝑏(𝛼, 𝑓) ≅ |
𝑆𝑁𝑅(𝑓)

1+𝑆𝑁𝑅(𝑓)
|
2
|𝛷(𝛼)|2 × ∑ |

𝑞2𝑙

𝑞20
|
2
𝛿 (𝛼 −

𝑘

𝑇
−

𝑙

𝑃
)+∞

𝑘,𝑙=−∞ ,       (43) 
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where 𝑆𝑁𝑅(𝑓) denotes the SNR ratio of the fault component, 

 

𝑆𝑁𝑅(𝑓) =
𝑆𝑥𝑅(𝑓)

𝑆𝑛(𝑓)
=

(1+𝜎𝐴
2)𝑞2𝑙

𝑇

|𝐻𝑏(𝑓)|
2

𝑆𝑛(𝑓)
,              (44) 

 

and 𝑆𝑥𝑅(𝑓) = 1 𝑇⁄ |𝐻𝑏(𝑓)|
2(1 + 𝜎𝐴

2 − |𝛷(𝑓)|2)𝑞20 stands for the PSD of the 

cyclic random contribution which carries the diagnostic information in the 

signal (see the left side term in Eq. (40)). Interestingly, when read as a 

function of the 𝑓-variable, the SCoh returns a measure of the SNR of the 

fault normalized between 0 and 1. As a consequence, the magnitude of the 

SCoh in the spectral frequency domain can serve as a relative measure of 

the fault severity. When read as a function of 𝛼, the SCoh displays the fault 

signature and, consequently, the diagnostic information that are now fully 

revealed in the cyclic frequency domain. 

 

2.5.243 Squared envelope spectrum  

The SES can be obtained by simply integrating Eq. (41) over the 𝑓-axis, 

 

𝑆𝐸𝑆𝑥𝑏(𝛼, 𝑓) ≅
1

𝑇
𝐻2𝑏(𝛼)𝛷(𝛼)(1 + 𝜎𝐴

2) × ∑ 𝑞2𝑙𝛿(𝛼 −
𝑘
𝑇⁄ −+∞

𝑘,𝑙=−∞

𝑙
𝑃⁄ ) + σ𝑛

2𝛿(𝛼),                 (45) 

 

where 𝐻2𝑏(𝛼) = ℱ𝑡→𝛼{|ℎ𝑏(𝑡)|
2} and σ𝑛

2(𝑓) = ∫ 𝑆𝑛(𝑓)𝑑𝑓
+∞

−∞
 stands for the 

mean square value of the noise 𝑛(𝑡). As expected, the SES presents a dis-

crete distribution with non-zero Fourier coefficients at the (non-zero) cyclic 

frequencies associated with the REB fault type. Indeed, this explains why 

the envelope analysis was historically recognized as a powerful technique 

for REB diagnosis. 

 

 

2.6 Peculiarities of the cyclostationarity of rotating machine signals 

 

2.6.1 Temporal versus angular domain 

The cyclostationarity in rotating machine signals is principally due to the 

cyclic mechanisms that produce them. These mechanisms are related to the 

machine kinematics, being intrinsically phase-locked with the rotational 

angle. Therefore, the true variable of interest is actually the angle of rota-

tion of the machine rather than time. With stationary signals, time or angle 

makes little difference since the signal statistics are constant by definition. 

However, with CS signals, the two descriptions are not equivalent in gen-

eral. Strictly speaking, the periodicities induced by the rotation of the ma-

chine should be described according to the angular variable, say 𝜃, and time 
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𝑡 substituted for the latter in all the above definitions. In particular, the 

Fourier series representation of a CS signal then becomes 

 

�̃�(𝜃) = 𝑋(𝑡(𝜃)) = ∑ 𝑐𝑋
𝑘(𝑡(𝜃))𝑒𝑗2𝜋𝑘𝜃/𝛩𝜐∈ℬ ,                (46) 

 

 

where it has been assumed that a full cycle corresponds to 𝛩 (in radians). 

Strictly speaking, this defines an angle-CS signal only if 𝑐𝑋
𝑘(𝑡(𝜃)) is sta-

tionary in angle. Such an approach has been pursued in several research 

works [Antoni 2004a] where the signals were either directly sampled in an-

gle or indirectly by numerically resampling afterwards from time to angle 

[André 2010]. This subject is properly addressed in the next subsection. At 

any rate, this was shown to be central for order spectrum analyses and order 

tracking methods [Fyfe 1997] [Bonnardot 2005], mainly concerned with 

analyzing first-order angle-CS signals. If angular sampling is not possible 

or even inappropriate in some particular applications, then it is necessary to 

investigate under which conditions an angle-CS signal remains CS in the 

time domain. The answer to this question was provided in Ref. [Antoni 

2004a] which came to the following conclusion: the CS property holds if 

the machine speed is periodic, stationary or CS. Another peculiarity in ana-

lyzing rotating machine signals is the effect of the transmission path from 

the source to the sensor. Indeed, although rotating machine signals are in-

trinsically generated by angle-CS forces, they may depart form this charac-

teristic once they arrive at the sensors after passing through structural fil-

ters or preprocessing analogic filters that are governed by time differential 

equations. Therefore, it was important to investigate under which condi-

tions an angle-CS signal remains angle-CS after passing through a LTI sys-

tem. In this context, it was also shown in Ref. [Antoni 2004a] that the an-

gle-cyclostationarity holds if the speed profile is periodic, stationary or CS.  

In summary, the CS assumption is valid for rotating machine signals either 

considered in the time or angle domain provided that the speed profile is 

periodic, stationary or CS. In all other cases, the resulting signal loses its 

CS property, which invalidates the application of traditional CS tools pre-

sented in sections 2.3 and 2.4.  

 

2.6.2 Order tracking 

The aim of this subsection is to investigate the nature of the vibrations 

emitted by a pair of parallel axis gears and to show how it is possible to 

take advantage of CS tools—particularly the SA—for gear diagnosis. 

As previously pointed out, the cyclostationarity in rotating machine  signals 

is intrinsically phase-locked to the rotation angle of the machine. The cy-
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clic frequencies are thus synchronized with the fundamental frequency of 

the machine which, in turn, would undergo some fluctuations. This issue 

was identified in the sixties of the last century in the field of communica-

tion and electronics [Millar 1968] [Weinberg 1974] [Ferrero 1992]. First 

solutions were based on the “synchronous sampling” technique. This tech-

nique consists in synchronizing the data acquisition system with the sam-

pling clock using a hardware structure in the acquisition system [Klapper 

1972] [Bin 2010]. This necessarily includes a ratio synthesizer and an anti -

aliasing tracking filter. The principle of synchronous sampling system is il-

lustrated through the block diagram in Fig. 7 [Fyfe 1997]. The rotating ma-

chine is tracked to obtain the so-called “keyphasor signal”, which is typi-

cally a once-per-shaft revolution event that is used to measure the shaft 

speed. The ratio synthesizer is used to adjust the number of pulse per revo-

lution and eventually control the cut-off frequency of the tracking filter. 

Note that the tracking filter is an analog low-pass filter whose cutoff fre-

quency is adjustable. The frequency counter block, however, is optional 

and generally used to monitor the shaft speed. 

 

Figure 7 Block diagram of the synchronous sampling tech-
nique [Fyfe 1997]. 
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Thanks to the revolutionizing advances in digital signal processing in the 

late eighties, considerable improvements in terms of cost and hardware 

complexity were achieved. The first attempts date back to Refs. [Potter 

1989] [Potter 1990], wherein the “computed order tracking” technique has 

been introduced. In this technique, signals are sampled with constant -time 

increments before being digitally post-processed (or “resampled”) in order 

to obtain the angular domain transformation. The principle of synchronous 

sampling system is illustrated through the block diagram in Fig. 8. Later 

on, this method was deeply examined by Fyfe & Munck in Ref. [Fyfe 1997] 

who investigate key processing issues. In particular, it was shown that the 

use of higher sampling rates on keyphasor and data signals improves the re-

sult accuracy as it significantly reduces the interpolation errors. Another 

important finding is the relationship between the interpolation order and the 

operation accuracy: the higher the interpolation order, the more accurate 

the operation. For instance, the use of a block cubic spline interpolation re-

duces background noise by almost two orders of magnitude as compared to 

the linear interpolation. 

 

A second order tracking family is that based on the Vold-Kalman filter, be-

ing based on non-casual narrow-band filtering operations used to track a 

specific waveform within multiple harmonic time signals [Leuridan 1995] 

[Feldbauer 2000][Pan 2007]. In this technique, the speed signal must be 

sampled at a sufficiently high rate and resampled (e.g. by cubic spline) to 

acquire the arrival time in order to relate the signal to the order domain 

Figure 8 Block diagram of the computed order tracking tech-
nique [Fyfe 1997]. 
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[Fair 1998]. The third order tracking family is based on the Fourier trans-

form with proper adjustments in the kernel [Blough 1997] [Blough 2003] 

[Capdessus 2013] [Borghesani 2013a]. The object of these transforms is the 

direct passage from the time to the order domain without the need of pass-

ing through the interpolation step. 

 

 

2.7 Conclusion 

This chapter provided a review of the CS theory and its application in the 

field of rotating machine vibration analysis. A Fourier based model was 

first adopted in subsection 2.2 to provide a general model for CS signals of 

gears and REBs, to describe their characteristics and to theoretically inves-

tigate their statistical properties. Also, some of their dedicated tools were 

presented in subsections 2.3 and 2.4. Afterwards, it was shown in subsec-

tion 2.5 how to take advantage of CS tools in the field of vibration-based 

diagnosis of gears and REBs. In particular, it was shown that CS1 tools 

(particularly the SA) are efficient to separate vibrational components (i.e. 

meshing and fault components). Also, it was shown that REB vibrations 

exhibit CS2 signal owing to some fluctuations in the inter-arrival time be-

tween impacts. In accordance, the suitability of the SC, the SCoh and the 

SES to detect the presence of a fault was analytically investigated. Last, 

two main peculiarities of the cyclostationarity for rotating machine signals 

were addressed in 2.6. The first one is the fluctuating nature of the speed, 

while the other is concerned with the transmission path effect. However, 

when the speed profile is strongly NS, vibration signals undergo significant 

variations in their properties, thus making the CS framework insufficient to 

describe and analyze such signals. This issue is properly addressed in the 

next chapter which proposes some original solutions. 

 

 

  

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



 Dany Abboud  35 

 PhD thesis in mechanic / 2015 

 National institute of applied science of Lyon - France 

3 Research methodology 

3.1 Introduction 

3.2 First-order solutions 

3.2.1 Preliminaries 

3.2.2 Problem identification 

3.2.3 Some previous work 

3.2.3 Proposed solution 

3.3 Second-order solution: angle\time based approach 

3.3.1 Preliminaries 

3.3.2 Problem identification 

3.3.3 Some previous work 

3.3.4 Proposed solution 

3.4 Second-order solution: envelope based approach 

3.4.1 Preliminaries 

3.4.2 Some previous work 

3.4.3 Proposed solution 

3.5 Second-order solution: cyclo-non-stationary based approach 

3.4.1 Preliminaries 

3.4.2 Some previous work 

3.4.3 Proposed solution 
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3.1 Introduction 

 

This PhD thesis is a part of a large project whose intent is to develop a CM 

system for rotating machines when operating under NS and severe condi-

tions.  

Having reviewed the CS theory, some of its tools and its applications for 

rotating machine diagnostic, this chapter describes the research methodolo-

gy followed to solve the thesis problematic and reach the objective defined 

in section 1.2. The principal contributions of this thesis are presented in 

five independent publications, logically connected among each other. These 

publications are as follow: 

 

1) Pub#1: a copy of this paper is enclosed in appendix A 

o Title: Deterministic-Random separation in nonstationary re-

gimes 

o Journal: Accepted in the Journal of Sound and Vibrations, Else-

vier 

o Authors: D. Abboud, J. Antoni, S. Sieg-Zieba, M. Eltabach  
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2) Pub#2: a copy of this paper is enclosed in appendix B 

o Title: The spectral analysis of cyclo-non-stationary signals 

o Journal: Accepted in the journal of Mechanical System and Sig-

nal Processing, Elsevier  

o Authors: D. Abboud; S. Baudin; J. Antoni; D. Rémond; M. Elt-

abach; O. Sauvage 

 

3) Pub#3: a copy of this paper is enclosed in appendix C 

o Title: Angle\Time cyclostationarity for the analysis of rolling 

element bearing vibrations 

o Journal: Accepted in the journal of Measurement, Elsevier 

o Authors: D. Abboud, J. Antoni, S. Sieg-Zieba, M. Eltabach 

 

4) Pub#4: a copy of this paper is enclosed in appendix D 

o Title: Envelope analysis of rotating machine vibrations in varia-

ble speed conditions: a comprehensive treatment 

o Journal: Submitted to the journal of Mechanical System and 

Signal Processing, Elsevier  

o Authors: D. Abboud, J. Antoni, S. Sieg-Zieba, M. Eltabach 

 

5) Pub#5: a copy of this paper is enclosed in appendix E 

o Title: The speed dependent spectral correlation 

o Conference: presented at the international conference on struc-

tural engineering dynamics 2015 (ICEDyn 2015) 

o Authors: D. Abboud, J. Antoni, S. Sieg-Zieba, M. Eltabach. 

 

This chapter establishes the link between these publications and the re-

search methodology according to the general strategy and guidelines pro-

vided in section 1.3. In particular, it classifies the solution into 4 principal 

gates. The first one is concerned with the extension of the CS1 framework, 

whereas the three others are concerned with the extension of the CS2 

framework according to three different, but complementary, visions. In de-

tails, the extension of the CS1 class is addressed in section 3.2. The exten-

sion of the CS2 class, however, is made according to three visions. Section 

3.3 addresses the first vision which adopts an angle\time approach. Section 

3.4 addresses the second view which adopts an envelope-based solution. 

Section 3.5 addresses the third view which adopts a “cyclo-non-stationary” 

(CNS) solution by considering the speed as a supplementary variable. This 

chapter is sealed with a conclusion in section 3.6. 
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3.2 First-order solutions 

 

This section describes the solution adopted to deal with the changes in the 

CS1 component induced by the nonstationarity of the operating speed.  

 

3.2.1 Preliminaries 

The deterministic\random separation of vibration signals carries substantial 

benefits in machine diagnostic and, particularly, for that based on “differ-

ential diagnosis” [Antoni 2004b] [Randall 2011]. It allows the separation of 

mechanical contributions issued from distinct phenomena.  For constant 

operating speed, the signal is time-CS and its deterministic part is periodic 

in the temporal domain. This explains why the SA is widely accepted as a 

powerful CS1 tool for extracting deterministic components in rotating ma-

chine vibrations [Braun 1975] [McFadden 2000] [Braun 2011]. In practice, 

the operating speed often undergoes some fluctuations which, despite being 

low, jeopardize the effectiveness of the SA. Since repetitive patterns in ro-

tating machines are intrinsically phase-locked to specific angular positions, 

the straightforward solution was to proceed in the angular domain (by syn-

chronizing the SA with respect to angle rather than to time). In practice, the 

transformation from the time-domain to the angle domain is performed by 

order tracking the signal as discussed in subsection 2.6.2. This implicitly 

assumes the signal to be angle-CS and, consequently, the deterministic 

component to be angle-periodic. Nevertheless, as discussed in subsection 

2.6.1, this requires the speed fluctuation to be periodic, stationary or CS 

[Antoni 2004a]. 

 

3.2.2 Problem identification 

The present PhD is particularly concerned by the general case of NS speed 

profiles. In this case, vibration signals are subjected to significant distor-

tions that alter their statistics [Wang 2002] [Heyns 2011] [Heyns 2012]. 

These distortions are basically introduced by (i) variations of the machine 

power intake and (ii) the effect of LTI transfers. Whereas the first effect es-

sentially results in amplitude modulation [Jardine 2006] [Heyns 2011], the 

second one also induces phase modulation [Stander 2006] [Borghesani 

2012]. The latter phenomenon was originally inspected in Ref. [Stander 

2006], before being revisited in Ref. [Borghesani 2012] through a compre-

hensive theoretical analysis. In the details, accelerometers are mostly re-

moted from the sources due to non-intrusion constraints, thus there is often 

a transmission path effect characterized by the transfer function of the 
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structure. Consequently, the measured signal is to be interpreted as the out-

put of an LTI system. This system is characterized by ordinary differential 

equations in time, independently of the excitation nature. When the excita-

tion is angle-CS (as commonly assumed in rotating machines [Antoni 

2004a]), the transmission path induces maximum amplification and phase 

shift when the frequency content of the excitation coincides with a reso-

nance of the transfer function. The corresponding response is instantane-

ously delayed and amplified/attenuated [Heyns 2006] according to the fluc-

tuating amplitude and frequency content of the input signal. From a 

temporal view, the system response is the convolution of a NS excitation 

with a LTI transfer function: it is therefore NS as well. Conversely, from an 

angular point of view the order content of the excitation remains constant, 

yet the transfer function becomes angle-varying; therefore, the response of 

the system to an angle-CS excitation is generally NS in the angular domain 

(i.e. neither stationary nor CS). This necessary invalidates the application 

of traditional CS tools such as the SA. The next subsection discusses some 

previously proposed solutions that deal with this issue. 

 

3.2.3 Some previous work 

After inspecting the problem of phase blur, Stander and Heyns were the 

first who proposed a solution for this issue in Ref. [Stander 2006]. They 

proposed an enhanced version of the SA— coined “phase domain averag-

ing”— comprising a phase correction of the cycles before the averaging 

operation. The phase information was returned by Hilbert demodulation of 

a high-energy harmonic (such as a meshing order) of the resampled accel-

eration signal. Later, a simpler variant was provided in Ref. [Coat 2009], 

coined the “improved synchronous average” (ISA), which consists in 

resampling the signal with a virtual tachometer signal synthesized via the 

demodulated phase. This work was inspired from Ref. [Bonnardot 2005] 

which introduced a technique to perform angular resampling using the ac-

celeration signal of a gearbox operating under limited speed fluctuation. 

Recently, the same technique was used in Ref. [Borghesani 2012] to identi-

fy the optimal demodulation band for deterministic/random separation in 

speed varying conditions. Moreover, the authors in Ref. [Daher 2010] pro-

vided a parametric approach in an attempt to generalize the SA to the CNS 

case. Using Hilbert space representation, they decomposed the determinis-

tic component on to a set of periodic functions multiplied by speed-

dependent functions apt to capture long-term evolution over consecutive 

cycles. Yet, their method carries the general disadvantages of parametric 

approaches, namely, the critical dependence on the basis order. Another at-

tempt was made in Ref. [Antoni 2013] where the aim was to remove the de-
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terministic part of the vibrations produced by an internal combustion en-

gine in runup regimes. Assuming a first-order Markov dependence of the 

CNS signal, the authors introduced an operator –coined the “cyclic differ-

ence”– based on subtracting each cycle from the previous one in the 

resampled signal. Despite the good compliance of this method for the par-

ticular addressed application, it suffers from high variability in the more 

general setting. 

 

3.2.4 Proposed solution 

A solution of the problems identified in subsection 3.2.2 was the subject of 

“Pub#1” enclosed in appendix A. The first step toward the solution starts 

by understanding the changes undergone by the vibration signal and its 

connection with the operating regime. Thus, the first object of the paper is 

to investigate the nature of the nonstationarity induced by the response of a 

LTI system subjected to speed varying excitation. In details, It is shown 

that the operating speed significantly influence the signal statistics, while 

preserving an angle-periodic behavior. For this purpose, the concept of 

first-order cyclo-non-stationarity is proposed by considering the speed as a 

supplementary variable, with the aim of extending the class of CS1 signals 

to NS speed conditions. In details, the first-order cyclo-non-stationary 

(CNS1) class is defined through a CNS1 field, being a collection of angle-

CS1 processes of common angular-period but with speed-dependent statis-

tics. This intuitive generalization has allowed us to develop a signal model 

for CNS1 signals, which happens to be a trajectory in this field exclusively 

dictated by the speed profile. This model consists of Fourier series whose 

complex exponentials are functions of the angle variable and whose coeffi-

cients are only dependent on the speed. 

Having derived a signal model for CNS1 signals, the second step is to use 

this model to conceive a first-order operator— namely the generalized syn-

chronous average” (GSA) — to replace the SA in variable speed condi-

tions. This operator is bi-variable of the angle and the speed: it returns the 

mean value of a CNS signal for each operating speed. Two non-parametric 

estimators of the GSA have been proposed, namely the raw estimator and 

the smooth estimator. The first one provides the synchronous average of the 

signal at predefined discrete operating speeds. Similarly to the histogram 

estimators in statistics, the raw estimator is based on a systematic discreti-

zation of the speed into a set of regimes, then averaging the cycles accord-

ing to their global pertinence to a regime (cycles whose mean speed values 

fall in a regime interval are averaged together). A brief statistical study is 

then performed on this estimator with the aim to provide the user with con-

fidence intervals that reflect the "quality" of the estimator according to the 
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SNR and the estimated speed. The second estimator returns a smoothed 

version of the latter by enforcing continuity over the speed axis. The conti-

nuity can be imposed by a classical interpolation method (e.g. kernel densi-

ty estimation method, polynomial interpolation, etc.). The smoothed esti-

mator was particularly conceived to reconstruct the deterministic 

components by tracking a specific trajectory dictated by the speed profile 

(assumed to be known a priori). The proposed approach as well as the theo-

retical findings is evaluated on numerical and real vibration signals. In par-

ticular, the application part reports a typical example in the field of rotating 

machine diagnostics where deterministic gear related components contrib-

ute to the (order-domain) SES and mask the REB fault signature— original-

ly random. The aim is to show how to take advantage of the GSA to en-

hance the envelope-based diagnosis of REB when operating under NS 

regime. The obtained results evidence the efficiency of the GSA and its su-

periority over the classical SA (when applied in the angle domain).  

It is worth noting that a comparison between the GSA, the ISA and the 

cepstrum prewhitening (CPW) is made in “Pub#4” enclosed in Append ix D. 

The comparison, however, has been evaluated according to their ability to 

eliminate the deterministic part of a CNS signal. It has been shown that the 

GSA can be an efficient alternative of the ISA, while the preference be-

tween the former and the CPW is dependent on the nature of the applica-

tion. 

 

 

3.3 Second-order solution: angle\time based approach 

 

This section describes the solution adopted to deal with the changes in the 

CS2 components induced by the nonstationarity of the operating speed ac-

cording to an angle\time vision. 

 

3.3.1 Preliminaries 

In rotating machines, a succession of events is likely to occur within the 

machine cycle so that the released energy varies on a rhythmic basis. These 

events are likely to produce transient signatures in vibration signals which, 

in turn, carry critical information on the machine health [Antoni 2009]. The 

periodicity of the events is generally related to the machine kinematics, 

while the transients are related to the system dynamics. Let us insist on the 

fact that the concept of diagnostic information is related to (i) the periodici-

ty of the events and (ii) the properties of the transients, thus their identifi-

cation is of high importance for machine diagnostics. A typical example is 

the vibration signal emitted by a local fault in a REB. Indeed, it can be 
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viewed as a series of cyclic impacts phase-locked to the shaft angle and ex-

citing structural resonances. Clearly, the positions of the impact excitations 

are dictated by the shaft angle while the resonance responses are governed 

by differential equations that impose time-invariant properties (e.g. natural 

frequencies and relaxation times). In the constant-speed case, the fault sig-

nature appears as periodically correlated components phase-locked to the 

rotational shaft speed via the fault characteristic frequency. This makes 

convenient the application of CS2 tools on these signals to reveal the diag-

nostic information. In particular, it was found that the SC—or equally its 

normalized form coined as the SCoh— provides an optimal description of 

such signals. Precisely, in the case of a faulty REB signal, the SC returns a 

symptomatic distribution of parallel spectral lines discretely located at the 

cyclic frequencies associated with the REB fault frequencies and whose 

distribution along the spectral frequency axis is often intensified around the 

system resonances (see subsection 2.5.24). 

 

3.3.2 Problem identification 

NS speed variations of rotating machines are typically seen as nonstation-

arities from the receiver point of view. Indeed, the corresponding signals 

are no longer CS, although they are still exhibiting rhythms produced by 

some cyclic phenomena. Let us come back to the REB signal example 

where, in the presence of speed variations, the periodicity of the impacts is 

no longer consistent in time due to varying spacing between each other. 

Nevertheless, the spacing of the impacts would be constant in angle, but the 

resulting signal would still not exhibit periodic behavior in angle: the re-

sponse to each impact has constant time characteristics which would be-

come varying in angle. Generally speaking, the angle-periodicity holds for 

mechanisms resulting from the rotation of mechanical elements whatever 

the rotational speed. Yet, physical phenomena governed by time-dependent 

dynamical characteristics should still be described in time. Consequently, 

the SC fails to describe such signals whether applied in the temporal or the 

angular domain. Indeed, if a temporal domain description was adopted, the 

cyclic frequency of the “temporal” SC would be unable to identify the an-

gle-dependent modulations even though the spectral frequency would iden-

tify the carrier characteristics. Conversely, if an angular domain descrip-

tion4 was adopted (see subsection 2.6.1), the spectral order of the “angular” 

SC would be unable to identify the time-invariant characteristics of the 

 

 
4 It is meant by an “angular domain description” that signals are processed in the angle domain before 

applying classical CS tools. This strictly implies an angle-CS modeling of the vibration signal. In 

practice, the change of variable is commonly applied through an angular (re)sampling operation.  
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transient waveform even though the cyclic order would identify existing 

modulations. In conclusion, neither a temporal nor an angular domain de-

scription is sufficient alone to explore the full signal content.  

 

3.3.3 Some previous work 

It was shown in the previous subsection that the CS framework is generally 

insufficient to describe and analyze rotating machine signals when operat-

ing under variable speed conditions. A similar issue has been encountered 

in the field of telecommunication [Gardner 1994]. For instance,  it has been 

shown that a signal subjected to a Doppler shift loses its CS properties due 

to the relative motion between transmitter and receiver. The novel class of 

“generalized almost-cyclostationary” processes has been introduced to em-

body this particular case [Izzo 1998] [Napolitano 2007] [Napolitano 2012]. 

Despite its relevance in the mentioned field, this generalization is not able 

to deal with the mechanical signals of interest.  

In the last few years, efforts have been directed toward the extension of ex-

isting CS tools in NS regimes. In particular, Urbanek et al. [Urbanek 2013] 

proposed an angle-frequency distribution— namely the averaged instanta-

neous power spectrum— based on a time filtering step followed by an an-

gle averaging operation of the squared output. A similar solution was pro-

posed by Jabłoński et al. [Jabłoński 2013] who introduced the angular-

temporal spectrum to jointly represent the angular and temporal properties 

of the signal. More interestingly, a prominent solution was proposed by De-

lia et al. [D’Elia 2010] who explored the order-frequency approach. Their 

idea was to replace the frequency-frequency distribution by a frequency-

order distribution that jointly describes the time-dynamics and the angle-

periodicities of the signal. They proposed intuitive algorithms to extent  the 

SC to the so-called “α-synchronized spectral correlation density”. Later on, 

a fast version of the latter estimator, called “speed correlation”, was pro-

posed in Ref. [Roussel 2013] wherein the speed transform was used in the 

algorithm. 

 

3.3.4 Proposed solution 

Notwithstanding the practical efficiency of these attempts, they still lack 

formalism with rigorous statistical definitions: all the proposed algorithms 

are fully intuitive and need to be supported by rigorous theoretical proofs. 

This has motivated us to extent the CS framework by adopting an an-

gle\time approach, giving birth to so-called “angle/time cyclostationary 

(AT-CS)” class. This was the subject of two journal papers which will be 

described hereafter. 
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The first paper, “Pub#2”, is enclosed in Appendix B. It starts by identifying 

the problematic of the speed variability and the shortcoming of the CS ap-

proach. After a brief review of stationary, CS and CNS signals, we proceed 

to the solution by inspecting the nature of the nonstationarity of the signal 

induced by the speed variability. This nonstationarity evidences a marked 

interaction between time and angle-dependent components. This interaction 

is materialized by the angle-periodicity of the correlation measure of two 

versions of the signals shifted by a constant time-lag. This gives birth to a 

novel class of processes, the AT-CS class, whose theoretical foundations 

are introduced. Precisely, a signal model is proposed to the signals that be-

long to this class, being based on a Fourier series decomposition of time-

stationary coefficients and the complex exponentials are explicitly ex-

pressed in angle (i.e. periodic in angle). Then, the related second-order cu-

mulant, namely “angle-time covariance function”, is defined by considering 

the correlation at two time instants phase-locked on a given angle position 

and spaced apart by a given time-lag. The double Fourier transform of the 

angle-time covariance function defines the “order-frequency spectral corre-

lation” (OFSC) that jointly localizes angle-periodicity of the modulation 

and the spectral property of the carrier in Hertz. Also, its normalized form, 

coined the “order-frequency spectral coherence” (OFSCoh), is proposed as 

an extension of the classical SCoh. Afterwards, a Welch-based estimator is 

proposed together with its related statistics. These statistics had led us to 

build a hypothesis test to indicate the presence/absence of an AT-CS com-

ponent. Finally, two very different applications have been considered to 

demonstrate the effectiveness of the proposed theory in the field of rotating 

machines operating under NS regimes. The first one is concerned with the 

diagnosis of REB whereas the second one is concerned with the detection 

of gear rattle noise. Interesting results have been obtained in both  cases, 

demonstrating the adequacy of the AT-CS approach for vibration analysis 

of speed-varying signals. 

The second paper, “Pub#3”, is enclosed in Appendix C. It is theoretically 

and experimentally oriented toward a REB application. The first object of 

this paper is to analytically characterize REB fault vibrations and explore 

its AT-CS property. To do so, a CS model of REB vibration is revised to 

account for speed variations. Then, an analytic study is performed on the 

model wherein the REB signal is shown to be AT-CS on average. The sec-

ond object is to experimentally validate these results on real -world vibra-

tion signals and demonstrate the optimality of the AT-CS approach over 

classical approaches dedicated to REB diagnosis. For this purpose, a com-

parison between the OFSC, the temporal SC and the angular SC has been 

made. The obtained results demonstrate the superiority of the OFSC over 
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the classical SC: the OFSC was able to clearly reveal the fault signature of 

the REB even when it is energetically weak. A brief comparison is then 

made with the order-domain SES widely used after some pre-processing 

steps for REB fault diagnosis in variable speed conditions. The obtained re-

sults equally demonstrate the superiority of the OFSC over the SES for 

REB fault detection. 

 

3.4 Second-order solution: envelope based approach 

 

This section describes the solution adopted to deal with the changes in the 

CS2 component induced by the nonstationarity of the operating speed ac-

cording to the envelope-based vision. 

 

3.4.1 Preliminaries 

The envelope analysis has been recognized for long as a powerful tech-

nique for REB diagnosis in constant speed [McFadden 1984]. Typically, it 

consists of a bandpass filtering step around a high-frequency band wherein 

the impulsive excitation is amplified, before demodulating the obtained 

signal to form the envelope. The spectrum of the latter— known as the en-

velope spectrum— contains the desired diagnostic information, including 

the repetition rate of the fault and potential modulations [Randall 2011]. At 

the time, the filtering and the demodulation operations were performed us-

ing analogue techniques (e.g. [Darlow 1974]) with inherent limitations re-

garding the filter characteristics and the analogue rectifier [Randall 2001]. 

Thanks to the advances in digital signal processing, considerable improve-

ment have been made taking advantages of the Hilbert transform. This lat-

ter returns the (complex) analytic signal whose modulus is the envelope. In 

this context, it was shown in Ref. [Ho 2000] that it is preferable to use the 

squared envelope (SE) instead of the envelope as the latter introduces ex-

traneous components that appears as misleading peaks in the envelope 

spectrum. Since that time, the envelope spectrum was replaced with the 

SES which has become the benchmark technique for REB diagnostics ex-

ploiting its low computational cost [Randall 2011]. The relationship be-

tween (second-order) cyclostationarity and envelope analysis was estab-

lished in Ref. [Randall 2001], which stated that the SES is equivalent to an 

integrated version of the SC over the spectral frequency variable.  

 

3.4.2 Some previous work 

In NS speed conditions, the SES is coupled with computed order tracking 

to obtain an order domain representation. In order to deal with the non-
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consistency of the dynamical response (i.e. time-invariant transients) and to 

eliminate potential interfering deterministic components, two general strat-

egies were adopted. The first strategy filters the temporal signal around a 

high-frequency resonance band (or simply high-pass filtering the signal) 

[Borghesani 2013c] [Zhao 2013] [Cocconcelli 2013], while the second one 

eliminates the gear contribution with sophisticated deterministic random 

separation tools and directly applies the SES on the residual signal [Randall 

2011] [Borghesani 2013c].  

 

3.4.3 Proposed solution 

When dealing with second-order signatures, the investigation of the SES is 

unescapable because of its simplicity, low computational cost and imple-

mentation easiness on one hand and the confidence gained through the dec-

ades in industries on the other hand. Undoubtedly, the previous works 

based on the envelope have proved to be efficient in multiple cases, yet 

most of them lack a formalism from which the efficiency of their applica-

bility can be evaluated. For this reason, we approach this issue by organiz-

ing these dispersed works into an academic structured framework. This was 

the subject of a journal paper “Pub#4” which provides a general guideline 

on how to exploit the SES in rotating machine diagnosis as well as the re-

quired functioning conditions. In details, this paper revises the application 

of the SES on rotating machine signals in variable speed conditions  and 

collects previously published materials into a unified academic framework. 

For this purpose, signal models have been proposed to describe the struc-

ture of vibration signals. This is the cornerstone towards the formalization 

of the subject for a comprehensive evaluation of existing strategies. Two 

potential challenges that may face the direct application of the SES have 

been identified. The first challenge is the spurious contribution of the de-

terministic component in the SES. The paper has addressed this issue by 

comparing three sophisticated methods, namely, the ISA, CPW and GSA, 

used for suppressing the deterministic part of vibration signals. The second 

challenge is the spurious contribution of other second-order components 

emitted by other sources. This issue was ignored in the literature where the 

SES is computed over the whole demodulation band after removing the de-

terministic part. For this purpose, a general envelope enhancement proce-

dure is revised and adjusted. All theoretical findings and comparisons are 

experimentally validated on simulated and real-world vibration signals. 
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3.5 Second-order solution: cyclo-non-stationary based approach 

 

This section describes the solution adopted to deal with the changes in the 

CS2 component induced by the nonstationarity of the operating speed ac-

cording to the CNS2 vision. 

 

3.5.1 Problem identification 

By construction, the AT-CS approach assumes that time-dependent compo-

nents are independent of the operating speed, which may be accurate for 

modest speed variations. In practice, these components undergo structural 

changes as the speed widely varies, causing substantial changes in the fre-

quency content of the carrier [Antoni 2013]. These changes may be induced 

by the passage of critical speeds, changes in the machine power intake, gy-

roscopic effects, non-linearity of the system and other phenomena. Indeed, 

they affect the statistical properties of the carrier (assumed to be time-

stationary) which turn out to become NS. As a consequence, the AT-CS as-

sumption is jeopardized and the signal turns out to become CNS [Antoni 

2013]. This necessarily invalidates the working assumption of its tools (e.g. 

the OFSC, the OFSCoh…) which returns the average behavior of the carri-

er; thus, the obtained quantity is likely to depend on the corresponding 

speed profile. 

 

3.5.2 Proposed solution 

A solution of the problems identified in subsection 3.2.2 was the subject of 

“Pub#5” enclosed in Appendix E. This paper proposes a CNS-based strate-

gy to deal with such signals. In particular, the angle-time covariance func-

tion of a second-order cyclo-non-stationary (CNS2) signal is modeled by 

means of a Fourier series whose Fourier coefficient explicitly depends on 

speed profile. This modeling has served to analytically understand the 

shortcoming of the OFSC: the distribution of the latter undergoes speed-

dependent leakage around the spectral lines located at the cyclic orders. 

This modeling is reminiscent to that proposed for the GSA (see subsection 

3.2.4 and appendix A for more details). Thus, we have proceeded by gener-

alizing the (angle-time) covariance function to the so-called “speed-

dependent covariance function” by adding the speed as a supplementary 

variable. The double Fourier transform of this quantity defines the “speed -

dependent spectral correlation” (SDSC) which happens to be a generaliza-

tion of the SC (or the OFSC) to the case of strong variable speed condi-

tions. Afterwards, an adjusted version of the Welch estimator is proposed 
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to estimate the SDSC. Eventually, the proposed approach is validated on 

real vibration signals wherein a comparison with the AT-CS is made.  

 
 

3.6 Conclusion 

 

This chapter has presented the research methodology adopted to conceive 

new signal processing tools for vibration-based diagnosis of rotating ma-

chines in NS regimes. We have addressed this issue by distinguishing two 

types of signatures.  

The first type includes deterministic waveforms known in the CS frame-

work as being CS1. The proposed solution consists in generalizing the CS1 

class to the more general CNS1 class which could enfold speed-varying de-

terministic signals. This has led to the proposal of the GSA to replace the 

SA in variable speed conditions. Two estimators of the GSA have been 

proposed and validated on numerical and real vibration signals. Results 

have shown good compliance of the GSA as compared with the SA and 

other advanced techniques (such as the ISA and the CPW).  

The second type includes random periodically correlated waveforms known 

in the CS framework as being CS2. Three visions have been proposed to 

deal with the changes in the CS2 component induced by the nonstationari ty 

of the operating speed. The first vision adopted an angle\time approach and 

extends the CS2 class to the more general AT-CS class. Also, the SC and 

SCoh have been generalized to the SC and SCoh, respectively. Also, a 

Welch based estimator has been proposed together with its related statis-

tics. This approach has been validated on simulated and real vibration and 

its superiority over classical approaches has been demonstrated in multiple 

applications and case studies. The second vision adopted an envelope-based 

solution. It proposes an envelope based strategy to express second-order 

signatures. The third view adopted a CNS solution which, similarly to the 

first-order solution, considers the speed as a supplementary variable, and 

extends the CS2 class to the more general CNS2 class. In this context, the 

“speed-dependent spectral correlation” has been proposed as a generaliza-

tion of the SC. This approach has been validated on real vibration signals 

wherein a comparison with the AT-CS is made. 
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4 General conclusion 

4.1 Introduction 

4.2 Principal contributions 

4.3 Future works 

4.4 Conclusion 

 

4.1 Introduction 

 

This PhD thesis is part of a large project whose intent is to develop a CM 

system for rotating machines when operating under NS and severe condi-

tions. The aim was to respond an actual requirement in industry wherein ro-

tating machines are likely to operate under NS speed. Even though CM of 

rotating machines is well-established nowadays, the NS of the operating 

speed raises several challenges as it completely alters the statistical proper-

ties of the vibrations. This topic, therefore, has gained particular interest in 

the last decade and some sophisticated signal processing techniques have 

been conceived to deal with the variability of the speed within the record. 

But these works remain limited, dispersed and generally not supported by 

theoretical frameworks. The principal object of this thesis was to partially 

fill in this gap on the basis of a theoretical formalization of the subject and 

a systematic development of new dedicated signal processing tools. 

 

4.2 Principal contributions 

 

The contributions of the thesis directly result from the research strategy 

(section 1.3) that has guided the direction of our work. In general, this 

strategy exploits the theory of CS processes by extending it to enfold 

speed-varying vibration signals. We proceeded to the solution through four 

principal gates. The first one was concerned with the extension of the CS1 

framework, whereas the three others were concerned with the extension of 

the CS2 framework according to three different, but complementary, vi-

sions. The principal contributions were presented in five independent pub-

lications, enclosed in the appendices. 

In the first gate, an extension of the CS1 class to the CNS1 class has been 

proposed in ‘Pub#1’. As a consequence, a GSA was derived to extend the 

application field of the SA to the case of NS regime. In particular, it has 

been shown that the GSA is able to systematically discriminate the deter-

ministic part from the random part. Regardless of the nature of the vibra-
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tional component of the fault, the use of the GSA is crucial to investigate it. 

In details, if this component is of deterministic nature, the GSA will in-

crease its SNR; otherwise (i.e. the vibrational component of  the fault is 

random), the GSA will attenuate the spurious contribution of the determin-

istic part and allows a more prominent evaluation of the random part. An 

example of the latter case was provided in the application part of ‘Pub#1’, 

wherein the deterministic gear component contributes in the envelope (or-

der-) spectrum and masks the REB component (originally random). Contra-

ry to the SA, the elimination of the gear component by the GSA has signifi-

cantly enhanced the REB signature. Also, the GSA was compared with the 

ISA and CPW in ‘Pub#4’, according to their ability to eliminate the deter-

ministic part of a CNS signal.  The principal advantage of the GSA over the 

others is its ability to systematically discriminate the deterministic part 

from the random part with minimal distortion of the latter. This technique 

also has some drawback such as its inability to remove modulation side-

bands whose angular period is incommensurate with the carrier period. This 

may limits its effectiveness, for instance, when analyzing vibration signals 

produced by planetary gearboxes. 

In the second gate, an extension of the CS2 class to the AT-CS class has 

been proposed in ‘Pub#2’ by adopting an angle\time approach. This ap-

proach was based on a joint description of the random signal in angle and 

time: the first describes modulations typically related to the system kine-

matics, whereas the second describes the carrier (e.g. transients) typically 

related to the system dynamics. Accordingly, the OFSC has been conceived 

to extend the SC. It provided a detailed order-frequency distribution of the 

energy which jointly localizes (i) the angle-periodicity of the modulation 

by the cyclic order variable and (ii) the spectral property of the carrier by 

the spectral frequency variable. Its normalized form, namely the OFSCoh, 

has been equally proposed as a generalization of the SCoh. Also, a Welch-

based estimator has been proposed together with its related statistics. These 

statistics had led us to build a hypothesis test to indicate the presence of an 

AT-CS component. The usefulness of this approach has been validated in 

two applications. The first one is concerned with the diagnosis of REB 

whereas the second one is concerned with the detection of gear rattle noise. 

Interesting results have been obtained in both cases, demonstrating the ade-

quacy of the AT-CS approach for vibration analysis of speed-varying sig-

nals. The application of angle-time approach on REB has been retaken in a 

more detailed way in ‘pub#3’. The AT-CS nature of REB vibrations has 

been analytically proved, and its superiority over classical CS approaches 

(being considered in the time or angle domain) has been experimentally 

demonstrated.  
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In the third gate, the extension of the envelope analysis to NS regime has 

been revisited through a comprehensive treatment in ‘Pub#4’. This work 

was intended to serve as a guideline on how to exploit the SES in rotating 

machine diagnosis and to optimize it under given operating conditions. A 

number of original results have been brought to provide a more comprehen-

sive view of some previously published material. In particular, a critical 

comparison between envelope enhancement techniques is provided. Also, a 

general envelope enhancement procedure is revised and adjusted. All the 

theoretical findings and the qualitative comparisons have been validated on 

simulated and real vibration signals including various case studies.  

In the fourth gate, an extension of the CS2 class to the CNS2 class has been 

proposed in ‘Pub#5’ by adopting a CNS approach. This extension is remi-

niscent to that of the first-order (see the first gate) as a supplementary vari-

able of the speed is added to describe the statistical properties of the signal. 

This has led to a more advanced extension of the SC to a tri -variable quan-

tity, namely the SDSC, which returns the SC (or the OFSC) for each speed. 

Also, an adjusted version of the Welch estimator is proposed to estimate 

the SDSC. This approach has been validated on real vibration signals 

wherein a comparison with the AT-CS is made.  

Regarding the investigation of second-order signatures (gates 2 to 4), the 

AT-CS approach (gate 2) is the most optimal for modest speed variations in 

terms of precision and robustness: it provides a perfect localization of the 

signal energy and a detailed representation of all second-order components. 

The envelope based approach (gate 3) is the most optimal in terms of sim-

plicity and computational cost. However, according to the provided meth-

odology, a prior knowledge of high-SNR band associated with the evaluat-

ed component is required. This is a strong requirement as it calls for more 

complex and sophisticated techniques to identify these bands. The CNS 

based approach (gate 4) is the most optimal for large speed variations. 

However, this approach is computationally very expensive and complex in-

asmuch as its related quantities are typically tri -variable. Building on this, 

the choice among these approaches relies on the application and requires 

the knowledge of (i) the benchmark components, (ii) the profile of the op-

erating speed and (iii) the practical requirement of the CM system (e.g. per-

formance of the microprocessor, online or offline monitoring). 

 

4.3 Future works 

 

This section is dedicated to the proposal of some perspectives with the aim 

to orient future works. The proposed perspectives are the following:  
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• Extension of the GSA to be able to remove modulation sidebands whose 

angular period is incommensurate with the carrier period (i.e. quasi-CNS1 

signals). This can be established, for instance, by estimating the (speed-

dependent) Fourier coefficients at a given speed after an appropriate pon-

deration in the signal. In other words, the vibration signal will be multi-

plied by a speed-dependent weighting function (e.g. Gaussian kernel) 

whose maximum value (typically equals 1) is reached at a given central 

speed and progressively decreases to reach zero for far speeds. Evidently, 

the notion of regime in this case will be equivalent to the standard devia-

tion of the weighing function. Then, a Fourier transform will be optimized 

for the estimation of the coefficients at the central speed. Once the coeffi-

cients are estimated, the deterministic component could then be constructed 

in a similar way to that of the GSA. 

 

• Extension of other CS2 tools (such as the instantaneous covariance, Wig-

ner-Ville spectrum) according to the AT-CS and the CNS approaches; these 

extensions follow similar lines as those of the OFSC and the SDSC, respec-

tively. For the AT-CS case, bivariable quantities will be obtained either be-

ing in angle\time-lag (the angle\time instantaneous covariance) or in an-

gle/frequency (the angle-frequency Wigner-Ville spectrum). For the CNS 

case, tri-variables quantities will be obtained such as the generalized in-

stantaneous covariance or the generalized Wigner-Ville spectrum. 

 

• Derivation of suboptimal (bi-variable) CNS2 indicators exploiting the op-

timality of the SDSC (since the SDSC is a tri-variable operator). This can 

be obtained for instance by integrating the SDSC over a spectral frequency 

band or to evaluate it at a given cyclic order. This will consequently lead to 

an order/speed and a frequency/speed distribution, respectively. Note that 

the integration over the speed variable is not useful as it brings us back to 

the AT-CS framework. 

 

• Extension of the “indicators of cyclostationarity” [Raad 2008] to the CNS 

case in order to measure the strength of the cyclo-non-stationarity in the 

signal. In the stationary regime case, the calculation of these indicators 

(particularly for spur gears) can be estimated by means of the SA. Now 

having generalizing the latter (the GSA), the extension of these indicators 

seems to be simple. 
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• Evaluation of first- and second-CNS approaches on load-varying signals 

by replacing the speed variable by the load variable. We expect a good 

compliance of the GSA and SDSC on such signals as the load equally alters 

the signal statistics 

 

• Application of the developed approaches on other mechanical applications 

(e.g. gear diagnostic, noise separation in IC engines, etc.) or even other 

types of signals such as (acoustic signals, current signals, pressure signals, 

etc.) 

 

 

4.4 Conclusion 

 

The work done during this thesis finalizes the first step in relation to the 

goal of designing a CM system for rotating machines when operating under 

NS regimes. We believe we have brought the basic elements for the defini-

tion of such a system, demonstrating how best to exploit the physical prop-

erties of the vibration signals for building robust indicators. We hope this 

contribution will lead this project to fruition. 
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Abstract. In speed-varying conditions, the assumption of cyclostationarity of 

rolling-element bearing vibrations is jeopardized. The emitted signal comprises 

an interaction between (i) time-dependent components related to the system dy-

namics (e.g. transfer function) and (ii) angle-dependent mechanisms related to 

the system kinematics (e.g. impact, load modulations…). This necessarily im-

plies the inadequacy of classical cyclostationary tools no matter a temporal or 

angular vision is adopted. This consequently calls for an angle\time approach 

which preserves— via the angle variable— the cyclic evolution of the signal 

while maintaining— via the time variable— a temporal description of the sys-

tem dynamics. The first object of this paper is to analytically characterize bear-

ing fault vibrations and explore its angle\time cyclostationary property. The 

second object is to experimentally validate these results on real-world vibration 

signals and demonstrate the optimality of the angle-time approach over classical 

approaches for rolling element bearing diagnosis. 

Keywords: cyclostationarity, Angle\Time cyclostationarity, spectral correla-

tion, order-frequency spectral correlation, bearing diagnosis, nonstationary con-

ditions.   

List of acronyms: REB – rolling element bearing  ; AT-CS – angle\time cy-

clostationary; CS – cyclostationary; SC – spectral correlation; ATCF angle-time 

autocorrelation function; OFSC – order-frequency spectral correlation, CCF – 
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cyclic correlation function, BPOO - ball-pass-order on the outer-race; SES 

squared envelope spectrum. 

1 Introduction  

At the beginning of the last decade, a new model of rolling element bearing (REB) 

vibrations has been introduced [1,2], opening the door to an insightful comprehension 

of REB fault signature within the cyclostationary (CS) framework. Precisely, it was 

shown that the produced mechanical signature is random in nature and has sympto-

matic properties that can be detected by means of second-order cyclostationary tools 

[3,4] [5]. In particular, the “spectral correlation (SC)” is a powerful second-order tool 

that completely describes the signal dynamics and the nature of its hidden periodici-

ties [4]. The SC is a bispectral distribution of the cyclic frequency and the spectral 

frequency variables. The cyclic frequency represents the spectral content of the modu-

lations—typically induced by the periodicity of impact, load modulations, etc.-- 

whereas the spectral frequency represents the spectral content of the carrier—

typically reflecting the transfer function of the system. This makes the SC a valuable 

tool for REB diagnostics: a faulty REB signal exhibits a symptomatic distribution of 

parallel spectral lines discretely located at the cyclic frequencies associated with the 

bearing fault frequencies and whose distribution along the spectral frequency axis is 

intensified around the system resonances.  However, the SC was conceived under the 

assumption of constant speed with possibly slight fluctuations. 

In nonstationary conditions, REB fault vibrations involve an interaction between time 

and angle-dependent components. In details, the emitted signal can be viewed as a 

series of cyclic impacts locked to the shaft angle and exciting structural resonances. 

Clearly, the positions of the impact excitations are described by the shaft angle while 

the resonance responses are governed by time differential equations that impose time-

invariant resonances and relaxation times [6]. Therefore, neither a temporal nor an 

angular domain description1 is sufficient alone to explore the full signal content. Pre-

cisely, if a temporal domain description is adopted, the cyclic frequency of the “tem-

poral” SC will be unable to identify the angle-dependent modulations even though the 

spectral frequency would identify the carrier characteristics. Conversely, if an angular 

domain description is adopted, the spectral order of the “angular” SC2 will be unable 

to identify the time-invariant characteristics of the carrier even though the cyclic order 

would identify existing modulations. Some previous attempts have been made to deal 

with this peculiarity. In particular, D’Elia et al. [6] proposed an order-frequency dis-

tribution aiming to jointly describe time dynamics (via the frequency variable) and 

angle periodicities (via the order variable) of the signal. For this purpose, some intui-

                                                           
1 It is meant by an “angular domain description” that signals are processed in the angle domain 

before applying classical CS tools. This strictly implies an angle-CS modeling of the vibra-

tion signal. In practice, the change of variable is commonly applied through an angular 

(re)sampling operation [7]. 
2 In this case, the “angular” SC is an order-order distribution of the cyclic order and the spec-

tral order variables. 
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tive estimators were introduced based either on the SC or on the cyclic modulation 

spectrum. Later on, Urbanek et al. [8,9] proposed an angle-frequency distribution— 

namely the averaged instantaneous power spectrum -- based on a time filtering step 

followed by an angle averaging operation of the squared output. A similar solution 

was provided by Jabłoński et al. [10] who proposed the angular-temporal spectrum 

that jointly represents the angular and temporal properties of the signal. Other solu-

tions based on the order spectrum of the squared envelope after some preprocessing 

steps were introduced in Refs. [11-15]. 

 

The analysis of non-stationary signals requires a formalism with rigorous statistical 

definitions enabling the use of estimators. Napolitano introduced the class of “spec-

trally correlated processes” in [16]. This formalism suffers from the restrictive condi-

tions on the non-stationarity for the estimation of the spectral correlation density func-

tion, making it unsuitable for the particular nature of mechanical signals. Recently, a 

novel class of signals coined “angle\time cyclostationary (AT-CS)” was introduced in 

Ref. [17]. The class is defined by the angle-periodicity of the “angle\time autocorrela-

tion function (ATCF)”, that is the correlation measure at a given angle of two versions 

of the signals shifted by a constant time-lag. Moreover, the double Fourier transform 

of this quantity, namely the “order-frequency spectral correlation” (OFSC), produces 

an order-frequency distribution of the energy that jointly localizes angle-periodicity of 

the modulation signal and the frequency property of the carrier. The principal aim of 

this paper is to explore the AT-CS property in faulty REB vibrations and demon-

strates its preference over classical approaches. 

The rest of the paper is organized as follows. Section 2 reviews the AT-CS class and 

the order-frequency spectral correlation and proposes a Welch estimator of this quan-

tity. Section 3 extends an existing model of REB vibrations to account for the speed 

variations and analytically demonstrates its AT-CS property. Section 4 aims to exper-

imentally evidence the usefulness of the AT-CS approach over those classical for 

REB diagnosis. Eventually, the paper is sealed with a general conclusion in section 5. 

2 Angle\Time cyclostationary signals  

In this section, a brief review of second-order statistics is provided with emphasis 

on the angle\time (AT) vision. Then, a basic operator— namely the OFSC— is ex-

pressed by means of the classical spectral density and estimated using the Welch 

estimator. 

2.1 Second-order statistics 

The notion of time, angle and angle\time cyclostationarity are central to this paper; 

this first subsection provides a brief summary of their definitions with emphasis on 

their conceptual distinction. For the sake of simplicity but also of practical interest, 

only second-order statistics will be considered here. For this reason, the precision of 

the order will be omitted hereafter. 
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Time-CS signals. These signals are defined by the time-periodicity of the temporal 

correlation measure. Formally speaking, a real signal 𝑥(𝑡) is said time-CS if its tem-

poral autocorrelation function is periodic and, consequently, accepts a Fourier series 

of non-zero Fourier coefficients at cyclic frequencies 𝑖 𝑇⁄ , i.e. 

 

 R2𝑥(𝑡, 𝜏) = 𝔼{𝑥(𝑡)𝑥(𝑡 − 𝜏)} = ∑ R2𝑥
𝑖 (𝜏)𝑒𝑗2𝜋𝑖

𝑡

𝑇𝑖          (1) 

 

where E{*} denotes the ensemble averaging operator, 𝑡 is the time variable and coef-

ficient R2𝑥
𝑖 (𝜏) is a continuous function of the time-lag 𝜏 known as the (time) “cyclic 

correlation function (CCF)”. This decomposition separates the autocorrelation into 

two sets of functions with different physical meanings: the “Fourier coefficients” and 

the “exponential kernels”. Whereas the latter is exclusively dependent on the temporal 

variable and reflects the periodic evolution of the waveform, the former is exclusively 

dependent on the time-lag and reflects the property of a time-stationary carrier. The 

bispectral counterpart of this quantity is a frequency-frequency distribution coined 

(“temporal”) SC. 

 

Angle-CS signals. These signals are defined by the angle-periodicity of the angular 

correlation measure. Formally speaking, a real signal 𝑥(𝑡) is said angle-CS if its 

angular autocorrelation function is periodic and, consequently, accepts a Fourier 

series of non-zero Fourier coefficients at cyclic orders 𝑖 𝛩⁄  , i.e.  

 

 R2𝑥(𝜃, 𝜑) = 𝔼{�̃�(𝜃)�̃�(𝜃 − 𝜑)} = ∑ R2�̃�
𝑖 (𝜑)𝑒𝑗2𝜋𝑖

𝜃

𝛩𝑖       (2) 

 

where 𝜃(𝑡) = ∫ ω(𝑡)𝑑𝑡
𝑡

0
 is the angular variable (ω denotes the angular frequency), 

�̃�(𝜃) = 𝑥(𝑡(𝜃)) and coefficient R2𝑥
𝑖 (𝜑) is a continuous function of the angle-lag 𝜑 

representing the (angle) CCF [18]. This decomposition has the same interpretation as 

in the previous case except that the periodicity is now expressed through the angular 

variable 𝜃, while the property of an angle-stationary carrier is expressed through the 

angle-lag 𝜑. The bispectral counterpart of this quantity is an order-order distribution 

coined (“angular”) SC. 

 

AT-CS signals. Recently introduced [17], this class is defined by the angle-

periodicity of the time-correlation measure of the signal. Formally speaking, a real 

signal 𝑥(𝑡) is said AT-CS if its angle-time autocorrelation function (ATCF) is period-

ic and, consequently, accepts a Fourier series of non-zero Fourier coefficients at cy-

clic orders 𝑖 𝛩⁄ , i.e.  

 

 ℜ2𝑥(𝜃, 𝜏) = 𝔼{𝑥(𝑡(𝜃))𝑥(𝑡(𝜃) − 𝜏)} = ∑ ℜ2𝑥
𝑖 (𝜏)𝑒𝑗2𝜋𝑖

𝜃

𝛩𝑖      (3) 

 

where ℜ2𝑥
𝑖 (𝜏) is  the (angle\time) CCF [17]. This function associates the cyclic evolu-

tion of the modulation signal to the angular variable (via the exponential kernels) and 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



the waveform characteristics of the carrier to the time-lag variable (via the Fourier 

coefficients). The bispectral counterpart of this quantity will be the subject of the next 

subsection. 

 

Discussion. In the case of constant, stationary or cyclostationary speed fluctuations, it 

can be shown that a time-CS signal is also angle-CS [1818]– this is the scenario often 

assumed in the presence of small speed fluctuations– otherwise, this equivalence does 

not hold in general. In particular, when speed fluctuation is of concern, temporal and 

angular descriptions are frequently contrasted owing to the existing interaction be-

tween angle- and time-dependent mechanisms. Actually, whereas angle-periodicity 

holds for mechanisms resulting from the rotation of mechanical elements whatever 

the rotational speed, physical phenomena governed by temporal differential equations 

must still be described in time. Therefore, neither a time nor an angle-domain descrip-

tion is sufficient alone to explore the full signal content. Hence, the optimal solution 

for describing such signals is to consider angle and time jointly instead of inde-

pendently. This was actually the motivation for introducing the AT-CS class in Ref. 

[17].  

2.2 Order-Frequency Spectral Correlation 

Similarly to the SC [3], the bispectral counterpart of the ATCF– coined “order-

frequency spectral correlation (OFSC)”– is defined as the double Fourier transform of 

the ATCF [17]: 

 

𝒮2x(α, f) = ℱθ→α
τ→f

{ℜ2x(θ, τ)}             (4) 

where α stands for “order”, a quantity without unit that counts the number of events 

occurring per rotation of the reference shaft. It is emphasized that the first Fourier 

transform maps angle (in radian) to order (adimensional) while the second one maps 

time (in seconds) to frequency (in Hertz). The above definition can be alternatively 

expressed with respect to temporal Fourier transforms as: 

 

𝒮2x(α, f) = lim
W→∞

1

Φ(W)
𝔼 {ℱW{x(t)}∗. ℱW{x(t)e−jαθ(t)ω(t)}}                    (5) 

 

where ω(t) = dθ dt⁄  is the instantaneous angular speed, Φ(W) = ∫ ω(t)dt
W

 is the 

angular sector spanned during the time interval W and  ℱW{∗} = ∫ (∗)e−j2πtfdt
+W/2

−W/2
. 

The proof of this equation follows similar lines as the proof provided in Ref. [17], yet 

replacing the time sector W by its corresponding angular sector Φ(W).  

Equation (5) suggests that the OFSC can be expressed by means of the (cross-) spec-

tral density 

 

𝒮2x(α, f) = Sxxα
(f),                     (6) 
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of signals x(t) and xα(t) = x(t)e−jαθ(t)ω(t) W Φ⁄  (where by convention, Sxy(f) de-

notes the cross spectral density of  signals x and y).  

For AT-CS signals, the OFSC takes the particular form 

 

𝒮2x(α, f) = ∑ 𝒮2𝑥
𝑖 (f)δ(α − i)i ,             (7) 

 

where 𝒮2𝑥
𝑖 (f) = ℱτ→f{ℜ2𝑥

𝑖 (𝜏)}, which clearly indicates the presence of symptomatic 

parallel spectral lines 𝒮2𝑥
𝑖 (𝑓) at the cyclic orders 𝑖; jointly carries the cyclic infor-

mation in the signal and the spectral content of the carrier. 

2.3 Estimation issue 

One difficulty with the spectral analysis of nonstationary signals is the non-

availability of generally consistent estimators [19]. Cyclostationarity is one exception 

and it happens that AT-cyclostationarity, as defined in this paper, is another one to 

some extent. In particular, the equivalence between the OFSC and the spectral densi-

ty— as indicated in Eq. (6) — also holds for their estimators, i.e. 

 

�̂�2x
(L)(α, f) = Ŝxxα

(L) (f) ,       (8) 

 

with xα(n) = x(n)e−jαθ(n)θ̇(n) W Φ⁄ , Ŝxy
(L)(f) the estimator of the cross power spec-

trum of x and y over L samples, and n the discrete variable of the time resampled 

signal with period Δ i.e. x(𝑡) = x(n. Δ). In particular, the Welch estimator— which 

consists of substituting the ensemble average operator by an average over weighted 

blocks— is probably the most practical because of its simple implementation and  low 

computational cost owing to the use of short-time Fourier transforms of fixed size. 

Precisely, let {w[n]}n=0
Nw−1

  be a short window of Nw points and ws[n] = w[n − sR] 

its shifted version by R samples. The increment R is set between 1 and Nw to provide 

the opportunity of possible overlap. The Welch estimator of the OFSC reads 

 

          �̂�2x
(L)(α, f) =

1

ΦS||w||2
∑ DTFT{ws(n)x(n)}∗ DTFT{ws(n)x(n)θ̇(n)e−jαθ(n)},S−1

s=0         (9) 

 

where S stands for the greatest integer smaller than or equal to L − Nw R⁄ +1, DTFT is 

the discrete time Fourier transform, and ||w||2 = ∑ |w[n]|2𝑛=Nw−1
𝑛=0  stands for the 

window energy. 

3 AT-CS modeling of rolling element bearing vibrations 

The aim of this section is to explore the nature of the vibrational component emitted 

by a local fault in a REB operating under speed varying conditions. To do so, a CS 

model of REB vibration is proposed that accounts for speed variations. Then, an ana-

lytic study is performed on the model to evaluate its statistical properties. 
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3.1 Bearing vibration model in variable operating speed   

According to Ref. [2] the excitation of a local fault in a rotating REB component is 

manifested by a train of short time impulses, angle-periodic on average, locked to the 

angular period of the fault characteristic. The inter-arrival angles of the impacts are 

subjected to slight random fluctuations due to existing slips (these are trivially speed-

dependent); whereas the corresponding magnitude is subject to fluctuations due to the 

non-exactly reproducible microscopic conditions when the fault impacts a rolling 

surface [3]. In general, the excitation is angle-periodic modulated by the load distribu-

tion, possible REB unbalance or misalignment, and periodic changes in the impulse 

response as the distance and orientation of the impacts moves towards and backwards 

the sensor. Moreover, as a defect strikes a mating surface, an abrupt change in the 

contact stress occurs at the interface (also called shock) which corresponds to a trans-

fer of kinetic energy into elastic potential energy. Obviously, the higher the operating 

speed is, the higher kinematic energy at the shock instants is and the greater the vibra-

tion response is. Thus, the dependence of the vibration magnitude on the operating 

speed can be fairly modeled through a speed-dependent increasing modulation func-

tion. Building on this, a faulty rolling element REB signal can be obtained by exciting 

the system as [11,20], 

 

X(t) = M(ω(t)). P(θ(t)). ∑ Aih(t − Ti)i    with  Ti = t(iΘd + δi)   (10) 

 

where M(ω(t)) is an increasing modulation function, P(θ) = P(θ + 𝛩𝑀) =

∑ 𝑐𝑃
𝑙 𝑒

𝑗2𝜋𝑙
𝜃

𝛩𝑀𝑙  (𝛩𝑀 is the angular period of the modulation induced by load distribution 

changes and 𝑐𝑃
𝑙  denotes the lth Fourier coefficient of P(θ)), h(t) is linear time invari-

ant filter expressing the impulse response of the system, Θd is the angular period of 

the defect characteristic, Ai is the amplitude modulation modelled as a delta-

correlated random sequence with  𝔼{Ai} = 1 and Var{Ai} = σA
i , δi are the inter-

arrival angle fluctuations modelled as a zero-mean delta-correlated random variable3 

with speed-dependent probability distribution 𝑓δ(𝜃, ω). An illustration of the signal 

model is provided in Fig. 1. 

3.2 Statistical evaluation of the model 

A faulty REB signal can be viewed as a series of cyclic impacts locked to the shaft 

angle and exciting structural resonances. The positions of the impact excitations are 

dictated by the shaft angle while the resonance responses are governed by differential 

equations that impose time-invariant resonance frequencies and relaxation times. The 

                                                           
3 It was shown in Ref. [21] that having uncorrelated inter-arrival time differences 

Ti+1 − Ti is physically more realistic than imposing uncorrelated (white) jitters on the 

arrival times. However, as stated in the same reference, this leads to extra complica-

tions while not fundamentally changing the resulting properties of the vibration sig-

nal. This explains the choice of this simplistic modeling of the jitter. 
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interaction between these components makes REB vibrations prone to evidence the 

AT-CS property. The aim of this section is to analytically investigate this property by 

exploiting the model developed in the previous subsection. Since the signal is mostly 

random in a high frequency range [3] [21], it thus makes sense to evaluate second-

order statistics in order to explore the signal properties. In particular, the temporal 

autocorrelation function applied to the model is 

 

  ℜ2x(t, τ) = (1 + σA
2 )M(ω(t))M(ω(t − τ)). P(θ(t))P(θ(t − τ)). ∑ 𝔼{g(t − Ti, τ)}i   ,       (11) 

 

 
  Fig. 1. REB vibration model in nonstationary speed conditions. 

where 𝑔(t, τ) = h(t)h(t − τ). Assuming that the relaxation time of the mechanical 

system is short compared to cycle durations and speed variations (i.e. τ ≪
Θd/ω𝑚𝑎𝑥 < Θ𝑀/ω𝑚𝑎𝑥 ;ω𝑚𝑎𝑥  is the maximal speed). By considering this fact and 

applying a variable change θ = θ(t), one can obtain the ATCF, 

 

    ℜ2x(θ, τ) ≈ (1 + σA
2 )M2(ω̃(θ)). P2(θ) ∑ 𝔼{g̃(θ − iΘd − δi, τ, ω̃(iΘd − δi))}i , (12) 
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with g̃(θ, τ, ω) = h(θ ω⁄ )h(θ ω⁄ − τ) and ω̃(θ) = ω(t(θ)). By working out the 

expectation operator, one obtains 

 

ℜ2x(θ, τ) = (1 + σA
2 )M2(ω̃(θ)). P2(θ) ∑ G(θ − iΘd, τ, ω̃(θ))i    (13) 

 

where G(θ, τ, ω) = ∫ g̃(θ − s, τ, ω)
s

fδ(s, ω)ds (fδ(s, ω) is the probability distribu-

tion function of the angular fluctuation at the speed ω). The sum in Eq. (13) can be 

replaced by a Fourier series whereof the coefficients depend on τ and ω̃(θ), i.e. 

∑ G(θ − iΘd, τ, ω̃(θ))i = ∑ cG
n(τ, ω̃(θ))e

j2πn
θ

Θdn  (where cG
n(τ, ω̃) denotes the nth 

Fourier coefficient of the periodic function ∑ G(θ − iΘd, τ, ω̃)i ). After rearranging Eq. 

(13) and expanding the periodic function P2(θ) = ∑ c2P
m e

j2πm
θ

ΘMm  (where c2P
m  denotes 

the mth Fourier coefficient of the periodic function  P2(θ)), 

 

ℜ2x(θ, τ) = ∑ γ2x
m,n(τ, ω̃(θ))e

j2πθ(
𝑛

Θd
+

m

ΘM
)

m,n       (14) 

 

where γ2x
m,n(τ, ω̃(θ)) = (1 + σA

2 )M(ω̃(θ))cG
n(τ, ω̃(θ))c2P

m . By performing a Taylor 

expansion of the coefficients around the mean value of the speed, say ω0, one obtains 

 

ℜ2x(θ, τ)

= ∑ γ2x
m,n(τ, ω0)e

j2πθ(
n

Θd
+

m
ΘM

)

m,n

+ ∑ (∑
∂p(γ2x

m,n(τ, ω))

ωp
|

ω0k

(ω̃(θ) − ω0)k

k!
) e

j2πθ(
n

Θd
+

m
ΘM

)

m,n

                                  (15) 

 

where  (∂p(γ2x
m,n(τ, ω)) ωp⁄ )|

ω0
denotes the pth derivatives of γ2x

m,n(τ, ω) with respect 

to ω evaluated at ω0. Obviously, the first term of Eq. (15) essentially reveals the AT-

CS nature of the signal, while the second term comprises an explicit dependence on 

the speed via the function ω̃(θ) making the Fourier coefficients angle-dependent and 

thus nonstationary. The latter dependence is principally induced by (i) the speed-

dependent modulation M(ω(t)), (ii) the speed-dependent statistics of the jitter 

fδ(δ, ω) and (iii) the convolution between angle-periodic and linear time invariant 

system. In practice, if AT-CS tools are considered, the average of the second term will 

be returned. In particular, this can be evaluated by considering ω̃(θ) as a random 

variable with a given probability distribution function, Φω(ω), leading to 

 

ℜ2x(θ, τ) = ∑ Γ2x
m,n(τ, ω0)e

j2πθ(
m

Θd
+

n

ΘM
)

m,n ,      (16) 

 

where 
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     Γ2x
m,n(τ, ω0) = γ2x

m,n(τ, ω0) + (∑
∫ (ω−ω0)k

ω Φω(ω)dω

k!

∂p(γ2x
m,n(τ,ω))

ωp |
ω0

k ).              

(17) 

 

Note that the second term in Eq. (17) results from working out the expectation opera-

tor on the Fourier coefficient of the second term of Eq. (15), thus resulting in the 

integral ∫ (ω − ω0)k
ω

Φω(ω)dω. 

As a result, the OFSC reads 

 

𝒮2x(α, f) = ∑ 𝒮2x
m,n(f, ω0)δ (α − m

2π

Θd
− n

2π

ΘM
)m,n ,    (18) 

 

with 𝒮2x
m,n(f, ω0) = ℱτ→f{Γ2x

m,n(τ, ω0)}, which comprises symptomatic spectral lines at 

the defect orders and associated sidebands. Note that 𝒮2x
m,n(f, ω0) is a continuous 

function which principally depends on the transfer function of the system. This ex-

plains why a time presentation of the coefficients is actually needed to correctly re-

veal its spectral content. On the contrary, the ‘angular’ SC is inadequate in this re-

spect albeit it can still return symptomatic spectral lines (i.e. angle-CS on average) as 

will be demonstrated in the experimental section. Conversely, the ‘temporal’ SC 

completely destroys the periodicities carried by the exponentials maintaining partial 

information about the transfer function property. 

In conclusion, the vibrations emitted by faulty REBs are nonstationary in general (see 

Eq. (15)) and AT-CS on average (see Eq. (16)). Therefore, they produce a periodic 

AT-autocorrelation function and discrete spectral lines in the OFSC which constitute 

a symptomatic property of the fault signature in the order-frequency plane (see Eq. 

(18)). This indicates the usefulness of the AT vision in general and the OFSC quantity 

in particular for REB diagnosis. However, it is worth noting that the OFSC is depend-

ent on the average speed ω0 of the realization (or the record in practice).  

4 Experimental validation 

It has been shown that the vibrations emitted by a faulty REB operating under varia-

ble speed conditions are AT-CS and, thus, can be appropriately treated by means of 

AT-CS tools rather than classical angular or temporal tools. The aim of this section is 

to experimentally evidence the optimality of the OFSC against the classical SC and 

squared envelope (order) spectrum.  

4.1 Benchmark 

The test rig used in this paper is located at Cetim4 and illustrated in Fig. 1. It essential-

ly comprises an asynchronous motor supplied by a variable-speed drive to control the 

motor speed, followed by a spur gear with 18 teeth and reduction ratio of 1. Two 

                                                           
4 Technical Center for Mechanical Industries – Senlis, France. 
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identical REBs are installed after the spur gear whereof one among them is faulty: the 

first REB (B1) is closer to the gears than the second one (B2) – comprising an outer-

race fault– that is branched to an alternator by means of a belt simulating a fixed load. 

An optical keyphasor of ‘Brawn’ type is fixed close to the motor output to measure 

the rotational shaft position. In addition, two accelerometers, Acc1 and Acc2, are 

mounted on REBs B1 and B2, respectively, in the vertical direction (-Z) to measure 

the vibrations. The characteristics of the REB are as follows: ball diameter = 6 mm, 

pitch diameter = 25 mm, number of elements = 8. This returns an expected ball-pass-

order on the outer-race (BPOO) at 3.04 orders; that is 3.04 times the rotation speed. 

The sampling rate is set to 25.6 kHz.  

 

 
Fig. 2. The benchmark located at Cetim. 

4.2 Case study 1: fault detection using nearby accelerometer 

This first case study compares the OFSC with the classical SC using the vibration 

signal measured by the accelerometer mounted on the faulty REB (Acc2). Two exper-

iments are implemented for this purpose.  

In the first experiment, a runup from 8 to 31 Hz (see Fig. 2 (a)) is imposed to the 

electric motor over 40s; the acquired Acc2 signal is illustrated in Fig. 2 (b) together 

with its corresponding spectrogram in Fig. 2 (c). Next, the Welch estimator of the 

temporal SC is applied to the raw signal and the obtained result is displayed in Fig. 2 

(d) (frequencies on the horizontal axis are divided by the averaged instantaneous 

frequency to get values close to orders). Alternatively, Fig. 2 (e) displays the angular 

SC of the same signal (orders on the vertical axis are multiplied by the averaged in-

stantaneous frequency to get values close to frequencies). The latter is obtained by 

simply applying the Welch estimator of the SC on the angular resampled signal. Next, 

the Welch estimator of the OFSC is considered and the result is displayed in Fig. 2 

(f). In all cases, the estimation parameters are as follows: a Hanning window with 

66% overlap is used with imposed spectral resolution of 10 Hz (or its order equivalent 

in the case of angular SC considering the average instantaneous frequency) and a 

cyclic order resolution of 0.01 (or its frequency equivalent in the case of the temporal 

SC considering the average instantaneous frequency). 
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Fig. 3. (a) Runup profile, (b) Acc2 signal and (c) its spectrogram (Hamming window of 512 

points, 80% overlap). Welch estimator of the (d) “temporal” SC, (e) “angular” SC and (f) 

OFSC applied on Acc2 signal. The same unit scale is used in (e), (f) and (g) to highlight the 

difference in energy among the distributions. 

 

In the second experiment, a random speed profile ranging between 11 to 42 Hz (see 

Fig. 3 (a)) is imposed to the electric motor over 40s. Similarly to the runup case, the 

previous quantities are also applied on Acc2 signal (see Fig. 3 (b)) with the same 

parameters and displayed in Fig. 3 (c), (d), (e) and (f). In both experiments, an inter-

esting energy increase is perceived in the spectrograms between 6 and 11 kHz, indi-

cating an excitation of structural resonances along this band. The repetition rate, how-

ever, is hardly detectable and needs more sophisticated tools to be identified. 
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Fig. 4 (a) Random speed profile, (b) acceleration signal and (c) its spectrogram (Hamming 

window of 512 points, 80% overlap). Welch estimator of the (d) “temporal” SC, (e) “angular” 

SC and (f) OFSC applied on Acc2 signal. The same unit scale is used in (e), (f) and (g) to high-

light the difference in energy among the distributions. 

The observation of the results obtained from the two experiments leads to the same 

interpretation. It is clear that no modulations are detected by the temporal SC, yet the 

spectral characteristics of the resonances are partially identified. In contrast, modula-

tions are reasonably identified by the angular SC at the BPOO (and its sidebands 

spaced by 1 order), but the spectral content is completely lost: the energy increase is 

shown below 6 kHz). Interestingly, the OFSC is able to identify both the cyclic modu-

lations in the signal and the spectral content of its carrier. In details, the cyclic content 

is accurately pictured by discrete vertical spectral lines parallel to the spectral-

frequency axis that correspond to the REB outer-race fault signature [2], while the 

frequency content is correctly identified by a continuous distribution of energy along 

the frequency axis with horizontal strips at the system resonances (between 6 and 8 

kHz). Add to this the appearance of cyclic components at the shaft order and its har-

monics in the spectral band [8 kHz; 11 kHz]. These components are random in nature 

and generated by gear wear [18] as opposed to the traditional deterministic nature of 

gear vibrations frequently generated by deterministic phenomena (e.g. meshing, a 

crack or spall fault…). At any rate, this highlights the power of the OFSC in identify-

ing the source of cyclic modulations— which are likely to be carried by different 

time-invariant carriers— whatever the speed profile. Despite its ability to detect cy-
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clic components, the angular SC returns different and erroneous frequency bands for 

the carriers (see Fig. 2 (e) and Fig. 3 (e)). 

Another interesting remark is that the OFSC reaches higher values than the temporal 

and angular SC. This can be explained by the fact that energy is well localized in the 

former or, conversely, that the energy is misdistributed in the latter. This implies that 

the OFSC is likely to reveal weak-energy signatures (such as those generated by in-

cipient faults or measured by distant sensors) much better than classical operators and, 

particularly, the angular SC which has actually proved its ability to detect the pres-

ence of angular modulations. An example of this instance is provided in 4.3. 

Note that, although they describe the same source, the OFSC of the signal from the 

first experiment (Fig. 2 (f)) is different from that of the second experiment (Fig. 3 (f)) 

due to different mean speeds ω0 in Eq. (18). 

In conclusion, performing the SC either in the time or the angle domain will not re-

turn complete information about the signal in the general scenario with large speed 

fluctuations: kinematic information related to angle-periodic rotations of the machine 

is lost in the temporal representation, whereas structural information related to time-

dependent phenomena is lost in the angular representation. Being based on a joint AT 

vision, the OFSC provides a powerful tool to remedy this discrepancy.  

4.3 Case study 2: fault detection using remoted accelerometer 

The first case study asserted the superiority of the OFSC over classical tools and, 

particularly, the temporal SC which totally fails to reveal fault symptoms. Neverthe-

less, a doubt remained whether the angular SC is practically sufficient for detecting 

random cyclic components. The aim of this second case study is to show the need— 

not only the preference— of the OFSC over the angular SC in general for REB fault 

detection. Therefore, a comparison is made this time between these two quantities 

only, yet applied on a vibration signal measured by a remoted accelerometer (Acc1). 

This presents a challenging case since Acc1 is also close to the gears; that is the weak 

fault signature energy is likely to be masked by high-energy cyclic component gener-

ated by the gears. Note that this case is worth being studied because of its frequent 

occurrence in practice where accelerometers are remoted from the sources due to non-

intrusion constraints (e.g. output REB of complex gearboxes). 

Respecting the same choice of parameters as in subsection 4.2, the Welch estimator of 

the angular SC and OFSC are applied to Acc1 signal of the first experiment (i.e. 

runup regime— see Fig. 2 (a)). The angular SC is displayed in Fig. 4 (a) and its close-

ups around BPOO and 2*BPOO in Figs. 4 (b) and (c) respectively. Obviously, the 

angular SC does not show any fault symptom; this is due to the fact that the SC 

stretches along the spectral order axis so that its energy falls down to the noise level. 

Next, The OFSC is displayed in Fig. 4 (d) and its close-ups around BPOO and 

2*BPOO in (e) and (f) respectively. The OFSC successfully detects spectral lines at 

the fault cyclic orders in the vicinity of the spectral frequency 2 kHz, ensuring its 

robustness in detecting the REB fault even under this critical situation. The random 

contribution of the gear is, however, indicated by both operators because of its signif-

icant energy.  
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Once again, only the OFSC is able to precisely identify cyclic sources of modulations. 

At the same time, the OFSC perfectly preserves structural information: it shows a 

structural mode between 8 and 11 kHz excited by gear wear, whereas the defect in the 

REB outer race excites a narrow-band structural mode around 2 kHz.  

In short, the good distribution of the energy in the order-frequency plane makes the 

OFSC optimal not only to detect weak-energy signature, but also to identify interfer-

ing sources. The advantage of the latter feature is commonly ignored against the sim-

plicity of the squared envelope spectrum (SES) that only returns cyclic components. 

The next subsection addresses the limitations of the SES and highlights the benefits 

brought by the OFSC in REB fault diagnosis. 

 

 
Fig. 5. Welch estimator of the (a) “angular” SC applied on Acc2 and its close-ups around (b) 

BPOO and (c) 2*BPOO. Welch estimator of the (d) OFSC applied on Acc2 signal and its close-

ups around (e) BPOO and (f) 2*BPOO. The same unit scale is used to highlight the difference 

in energy among the distributions. 

4.4 OFSC or SES? 

For the time being, the SES technique remains the leading tool used for REB diag-

nosis. It can be shown that the SES is equivalent to the integration of the SC over the 

spectral frequency axis [2] [3].  

In nonstationary conditions, the SES is combined with computed order tracking to 

obtain an order-domain representation [13,14]. This gives 
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SES𝑥(α) = ℱθ→α {𝔼 {|x(t(θ))|
2

}}.      (19) 

 

 Two main strategies are developed to cope with the non-consistency of the dy-

namical response in the angular domain; as well as possible interfering deterministic 

components. The first suggests a preprocessing step consisting of filtering the tem-

poral signal around a high-frequency resonance band (or simply high-filtering the 

signal) [11]; while the second strategy eliminates the gear contribution and directly 

applies the SES on the residual signal [11] [Randall 2011b]. The first strategy suffers 

from the general ignorance of the resonance bands which, to the authors’ knowledge; 

no existing method is currently available to determine it in variable speed conditions. 

Another conceptual problem of the SES technique is the possible existence of other 

mixed components induced by various cyclic sources of different carriers which may 

mask the fault signature. This latter follows from the fact that the “order tracked” SES 

is equivalent to the integration of the OFSC over the whole spectral frequency axis 

(see the proof in the appendix), i.e. 

 

∫ 𝒮2x(α, f)𝑑𝑓
+∞

−∞
= SES𝑥(α).      (20) 

 

 These problems make the SES an empirical technique: though being efficient for 

some applications, it cannot present a versatile solution in the general setting. The 

cases previously studied in 4.2 and 4.3 provide a practical illustration of this state-

ment. To see this, the first strategy is applied on Acc1 and Acc2 signals obtained in 

the first experiment. First, the signals are high-pass filtered at 1 kHz to get rid of the 

gear deterministic components. Then, the SES is applied on the signals after angular 

resampling. Results are reported in Fig. 5 (a) and (b) referring to Acc2 and Acc1 

respectively. The fault signature clearly appears in (a) since the random part of the 

signal is dominated by the REB vibrations due to the proximity of the fault with the 

accelerometer. The situation is reversed in (b) where the accelerometer is close to the 

gear system. In this case, the fault signature is masked by the random contribution of 

the gear; the SES is thus dominated by the shaft harmonics and fails to detect the 

symptoms of the REB fault. 

 In conclusion, the efficiency of the SES technique is confined to the case of one 

random cyclic source. This condition, however, is not generally guaranteed in rotating 

machine vibrations where random phenomena of different natures may simultaneous-

ly coexist. On the contrary, building on the results obtained in 4.2 and 4.3, the OFSC 

presents a general solution free of these shortcomings. 
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Fig. 6. The SES of (a) Acc2 and (b) Acc1 signals. 

5 Conclusion 

The analysis of rotating machines in nonstationary operating conditions is a current 

and challenging topic of research. In particular, the vibration of REB finds considera-

ble interest in diagnostics. This paper has shown that the vibrations emitted by a local 

REB fault are angle\time cyclostationary on the average. The interaction between 

time and angle is materialized by the angle-periodicity of the correlation measure of 

two versions of the signals shifted by a constant time-lag. Accordingly, the inadequa-

cy of classical cyclostationary approaches and the fruitfulness of the angle\time strat-

egy are analytically demonstrated and experimentally validated. One limitation of this 

approach is that it comprises an intrinsic averaging operation of the spectral content 

which, in turn, may undergo substantial changes (e.g. speed dependent energy modu-

lation, gyroscopic effects, non-linearity of the system…) as the speed severely 

evolves. Therefore, the authors believe that further work is to be oriented toward the 

consideration of this scenario. 
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Appendix: Proof of Eq. (20) 
 

By expanding Eq. (5) and integrating over the 𝑓 variable, one obtains 

∫ 𝒮2x(α, f)𝑑𝑓
+∞

−∞

= lim
W→∞

1

Φ(W)
𝔼 {∫ ∫ ∫ x(t)∗ej2πftx(𝑡′)ω(𝑡′)e−j2πf𝑡′

e−jαθ(𝑡′)𝑑𝑡𝑑𝑡′𝑑𝑓
+𝑊/2

−W/2

+W/2

−W/2

+∞

−∞

} 

         = lim
W→∞

1

Φ(W)
𝔼 {∫ ∫ x(t)∗x(𝑡′)ω(𝑡′)e−jαθ(𝑡′)𝛿(𝑡 − 𝑡′)𝑑𝑡𝑑𝑡′+𝑊/2

−W/2

+W/2

−W/2
} 

           = lim
W→∞

1

Φ(W)
𝔼 {∫ |x(t)|2ω(t)e−jαθ(t)𝑑𝑡

+𝑊/2

−W/2
}.      (A1) 

 

Since Φ is an increasing function of W, the limit of the latter equals that of the former. Exploit-

ing the linearity of the ensemble averaging operator and applying a variable change 𝑡 = 𝑡(θ), 

this leads to 

 

∫ 𝒮2x(α, f)𝑑𝑓
+∞

−∞
= lim

Φ→∞

1

Φ
∫ 𝔼 {|x(t(θ))|

2
} e−jαθ𝑑θ𝑑𝑡

θ1+Φ

θ1
 ,   (A2) 

 

where θ1 = θ(−W/2); which is the order tracked SES of x(t) as expressed in Eq. (19). 
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Abstract 

 

Nowadays, the vibration analysis of rotating machine signals is a well-established methodology, 

rooted on powerful tools offered in particular by the theory of cyclostationary (CS) processes. 

Among them, the squared envelope spectrum (SES) is probably the most popular to detect 

random CS components which are typical symptoms, for instance, of rolling element bearing 

faults. Recent researches are shifted towards the extension of existing CS tools—originally 

devised in constant speed conditions—to the case of variable speed conditions. Many of these 

works combine the SES with computed order tracking after some preprocessing steps. The 

principal object of this paper is to organize these dispersed researches into structured 

comprehensive framework. Three original features are furnished. First, a model of rotating 

machine signals is introduced which sheds light on the various components to be expected in the 

SES. Second, a critical comparison is made of three sophisticated methods, namely, the 

improved synchronous average, the cepstrum prewhitening, and the generalized synchronous 

average, used for suppressing the deterministic part. Also, a general envelope enhancement 

methodology which combines the latter two techniques with a time-domain filtering operation is 

revisited. All theoretical findings are experimentally validated on simulated and real-world 

vibration signals. 

 

Keywords: Squared envelope spectrum; envelope enhancement techniques; variable speed 

conditions; vibration analysis; bearing diagnostic. 

 

List of abbreviations: REB- rolling element bearings; SE- squared envelope; SES- squared 

envelope spectrum; CS- cyclostationary; SC- spectral correlation; VSC-variable speed 

conditions; ISA- improved synchronous average, CPW-cepstrum prewhitening; GSA- 

generalized synchronous average; SOI-source of interest; AT-CS – angle\time cyclostationary, 

BPOO- ball-pass-order on the outer-race  
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𝑡 Time variable 

𝜃 Angle variable 

𝛼 Cyclic order variable 

𝜔 Angular speed of the reference 

ℱ{∗} Fourier transform 

𝔼{∗} Ensemble average 

SES𝑦(𝛼) Squared envelope spectrum of 𝑦 

SE𝑦(𝑡) Squared envelope of 𝑦 

cov𝑥,𝑦(𝑡1, 𝑡2|𝜔) Covariance of 𝑥 and 𝑦 conditioned to 𝜔 

�̅� angular location in the cycle:  �̅�𝜖[0,2𝜋] 

𝑚𝑌(�̅�, 𝜔) GSA of 𝑌 

𝑚𝑌(𝜃) GSA trajectory tracked for a given speed profile 𝜔 = 𝜔(𝜃) 
𝛿𝜔 Speed resolution 

𝛷 The angular sector spanned during the time record 

ℝ  The set of real numbers 

ℤ The set of all integer numbers 

 

 

 

 

1 INTRODUCTION 

Envelope analysis has been recognized for long as a powerful technique for rolling element 

bearing (REB) diagnosis operating at constant speed. Typically, it consists of a bandpass filtering 

step around a frequency band wherein the impulsive excitation is amplified followed by a 

demodulation that extracts the signal envelope. The spectrum of the envelope— known as the 

envelope spectrum— is expected to contain the desired diagnostic information, including the 

repetition rate of the fault and potential modulations [Randall 2011a]. At the time, the filtering 

and the demodulation operations were performed using analog techniques (e.g. [Darlow 1974]) 

with inherent limitations regarding the filter characteristics and the analog rectifier [Randall 

2001]. Thanks to the advances of digital signal processing, considerable improvement has been 

made taking advantages of the Hilbert transform [Randall 1986]. This latter returns the 

(complex) analytic signal whose modulus uniquely defines the envelope. In this context, it has 

been shown in Ref. [Ho 2000] that it is preferable to use the squared envelope (SE) instead of the 

envelope inasmuch as the latter introduces extraneous components that appears as misleading 

peaks in the envelope spectrum. Since that time, the squared envelope spectrum (SES) has 

probably become the benchmark technique for bearing diagnostics, in particular due to its low 

computational cost [Randall 2011b]. 

During the last two decades, a wave of signal processing techniques rooted on the theory of 

cyclostationary (CS) processes [Gardner 1990] has appeared in multiple applications such as 

gears [Prieur 1995] [Lejeune 1997] [Rubini 1997] [Capdessus 2000]  [Bouillaut 2000], REBs 

[Antoniadis 2001] [Randall 2001] and internal combustion engines [Konig 1994] [Konig 1995] 

[Antoni 2002]. In particular, a new model of REB vibrations has been introduced in Refs. [Ho 
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2000] [Randall 2001], providing an insightful understanding of the REB fault signature within 

the CS framework [Antoni 2007a]. Accordingly, it has been shown that the mechanical signature 

generated by a faulty REB is random in nature and has symptomatic properties that can be 

detected by means of second-order CS tools such as the SES, the spectral correlation, the 

spectral coherence, the cyclic modulation spectrum and others [Randall 2001][Antoni 2007b] 

[Antoni 2009]. In this context, Ref. [Randall 2001] has established the relationship between the 

spectral correlation and the SES. Since then, the SES has become a (second-order) CS tool 

All the above techniques rely on the assumption of constant— or possibly fluctuating by 

stationary— operating speed. Unfortunately, in some applications, the permanent acquisition of 

(quasi-) constant speed records is not available. A typical example is a wind turbine whose speed 

is mostly dependent on the random behavior of the wind. Evidently, the CS tools— including the 

SES— fail in describing such signals. Specifically, it has been shown in Refs. [Antoni 2014] 

[Abboud 2015c] that the vibrations emitted by rotating machines are likely to witness an 

interaction between time- and angle-dependent components. For instance, the REB fault signal 

can be viewed as a series of cyclic impacts locked to the shaft angle and exciting structural 

resonances [Abboud 2015c] [D’Elia 2010] [Urbanek 2012]. Clearly, the positions of the impact 

excitations are dictated by the shaft angle while the resonance responses are governed by 

differential equations that impose time-invariant properties (e.g. natural frequencies and 

relaxation times). Therefore, efforts have been directed toward the extension of existing 

diagnostic tools in variable speed conditions (VSC). The recent advances in this framework can 

be classified into two directions.  

1) In the first one, works have been oriented toward the coupling between the SES and 

computed order tracking to obtain an order domain representation. In order to deal with 

the non-consistency of the dynamical response and to eliminate potential interfering 

deterministic components, two general strategies have been adopted. The first strategy 

filters the temporal signal around a high-frequency resonance band (or simply high-pass 

filtering the signal) [Borghesani 2013 a] [Zhao 2013] [Cocconcelli 2013], while the 

second one eliminates the gear contribution with sophisticated “deterministic/random 

separation” tools and directly applies the SES on the residual signal [Randall 2011b] 

[Borghesani 2013 c] [Abboud 2015b].  

2) In the second direction, efforts have been oriented toward the generalization of existing 

CS. In particular, Urbanek et al. [Urbanek 2013a] [Urbanek 2013b] proposed an angle-

frequency distribution— namely the averaged instantaneous power spectrum— based on 

a time filtering step followed by an angle averaging operation of the squared output. A 

similar solution was proposed by Jabłoński et al. [Jabłoński 2014] who introduced the 

angular-temporal spectrum to jointly represent the angular and temporal properties of the 

signal. More interestingly, a prominent solution was proposed by Delia et al. [D’Elia 

2010] who explore the order-frequency approach. Their idea was to replace the 

frequency-frequency distribution by a frequency-order distribution that jointly describes 

the time-dynamics and the angle-periodicities of the signal. They proposed intuitive 

estimators for the spectral correlation and cyclic modulation spectrum which were coined 

as the α-synchronized spectral correlation density and α-synchronized cyclic modulation 

spectrum, respectively. Later on, a fast version of the former estimator, called “speed 

correlation”, was proposed in Ref. [Roussel 2013] wherein the speed transform was used 
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in the algorithm. Recently, Refs. [Antoni 2014] [Abboud 2015a] set up the foundations of 

angle\time cyclostationarity which extend the CS framework to enfold speed-varying 

signals. These references equally provide (i) a rigorous definition of the order-frequency 

spectral correlation together with its normalized form (namely the order-frequency 

spectral coherence), as well as a consistent Welch-based estimator. 

This paper is particularly concerned with the first direction and tries to organize existing works 

into structured comprehensive framework. It is intended to serve as a guideline on how to exploit 

the SES in rotating machine diagnosis and to optimize it under given operating conditions. 

Overall, this paper also brings a number of original results that provide a more comprehensive 

view of some previously published material.  

This paper is organized as follows: section 2 introduces a phenomenological signal model that 

describes the different components to be expected in the SES. This model will serve to formalize 

and illustrate the basic problem in VSC. Section 3 examines existing envelope enhancement 

strategies. In particular, it evaluates and compares three sophisticated deterministic random 

separation techniques, namely, the improved synchronous average (ISA) [Coats 2009] 

[Borghesani 2013a], the cepstrum prewhitening (CPW) [Borghesani 2013b] [Sawalhi 2011] and 

the generalized synchronous average (GSA) [Abboud 2015b]. Also, it addresses a general 

strategy to enhance a random source of interest—e.g. a REB fault component— and to enhance 

its emergence in the SES. All the theoretical findings and the qualitative comparisons are 

validated on simulated signals in section 5 and on real vibration signals including various case 

studies in section 6. Eventually, the paper is sealed with a general conclusion in section 7. 

2 PROBLEM FORMULATION 
 

The object of this section is to investigate the sources of interference which are likely to enter the 

SES of a vibration signal. A phenomenological model of the different possible contributions is 

first provided in VSC. Based on this model, the SES of a vibration signal is analytically 

investigated and illustrated. 

2.1 Preliminaries 

According to Refs. [Braun 1980][Lejeune 1997][Antoni 2003], vibration signals generated by 

rotating machinery can be decomposed into three contributions of different statistical natures as 

 

𝑥(𝑡) = 𝑑(𝑡) + 𝑟(𝑡) + 𝑏(𝑡), (1) 

where 𝑡 stands for the time variable, 𝑑(𝑡) for the deterministic contribution, 𝑟(𝑡) for the 

(random) cyclostationary contribution and 𝑏(𝑡) for the stationary contribution that is neither 

periodic nor CS and that will be referred to subsequently as background noise. The deterministic 

part is typically related to deterministic excitations such as gear vibrations, misalignments, 

unbalances, blade rotations, reciprocating forces, etc. In (quasi-) constant speed conditions, the 

deterministic part is intrinsically periodic in the angular domain; thus it exhibits a discrete (order-

) spectrum [Fyfe 1997] [Antoni 2004]. The CS contribution is generated by random and 

repetitive excitations such as wear, friction forces, impacting forces, fluid motions, turbulence, 
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combustion forces, etc. [Antoni 2004]. In this context, CS components are characterized by a 

periodic mean instantaneous power, thus exhibiting a discrete SES [Ho 2000] [Randall 2001] 

[Antoni 2009]. Last, the background noise is typically generated by non-cyclostationary sources 

such as environmental noise, sensor measurement errors, etc. 

 

In VSC, rotating machine vibrations undergo significant changes in their properties. In 

particular, the deterministic contribution 𝑑(𝑡) loses its (angle-) periodicity, the CS contribution 

𝑟(𝑡) becomes cyclo-non-stationary (CNS) [Antoni 2013] [Abboud 2015a], and the background 

noise 𝑏(𝑡) becomes nonstationary (but also non-CNS). When analyzing rotating machine 

vibrations, the goal is typically to detect a particular vibratory component generated by a source 

of interest (SOI). The present paper is particularly concerned with the detection of a cyclo-non-

stationary SOI using the envelope analysis. In the case when the component produced by the SOI 

is of deterministic nature, other techniques must be implemented to detect it. Let 𝑠(𝑡) be the 

CNS component generated by the SOI and 𝑞𝑚(𝑡) be the mth contribution generated by other 

interfering sources, so that: 

 

𝑟(𝑡) = 𝑠(𝑡) + ∑ 𝑞𝑚(𝑡)

𝑀

𝑚=1

 

(2) 

where 𝑀 stands for the number of interfering CNS sources. Therefore, by separating the 

vibrational component into signal and noise, Eq. (1) becomes 

 

𝑥(𝑡) = 𝑠(𝑡) + 𝑛(𝑡), (3) 

where 

 

𝑛(𝑡) = 𝑑(𝑡) + ∑ 𝑞𝑚(𝑡)

𝑀

𝑚=1

+ 𝑏(𝑡) 
(4) 

stands for the noise which comprises the sum of the deterministic interferences 𝑑(𝑡), CNS 

interferences ∑ 𝑞𝑚(𝑡)
𝑀
𝑚=1  and background noise 𝑏(𝑡). 

The common practice in the literature consists of combining the SES with computed order 

tracking to obtain an order-domain representation [Randall 2011a] [Randall 2011b] [Zhao 2013] 

[Borghesani 2013c] [Cocconcelli 2013]. This follows from the fact that the periodicity of the 

statistics of the CNS component may be preserved to some extent in the angular domain since 

machine kinematics is inherently dependent on angle. In this regard, two practical difficulties are 

expected. The first one is related to the deterministic interference in the SES, while the second 

one is related to the CNS interferences. In both cases, the signature of the SOI is polluted in the 

SES. The present section aims to model and illustrate this issue. For this purpose, a 

phenomenological model of the deterministic, CNS and background noise contributions in VSCs 

are provided in subsections 2.2 in order to understand the structure of these components. This 

model will also serve to analytically investigate their contributions in the SES in subsection 2.3. 

2.2 Generative model for vibration signals in variable speed conditions 

This subsection models the deterministic contribution, the CNS contribution and the background 

noise. Note that the deterministic contribution model presented in subsection 2.2.1 is borrowed 
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from a previous paper [Abboud 2015b], yet the interpretations and illustrations are new. The 

material in subsections 2.2.2 and 2.2.3 is fully original.  

2.2.1 Modeling the deterministic part 

In nonstationary conditions, the deterministic component is subjected to significant amplitude 

modulation and phase blur. These are basically induced by the variation of the machine power 

intake [Bartelmus 2009] [Bartelmus 2010] [Villa 2012] [Heyns 2012][Abboud 2014a] [Abboud 

2015b] and the effect of time-invariant transfer functions from the excitation sources to the 

sensor [Stander 2006] [Borghesani 2013 a]. The first effect results in amplitude modulation, 

whereas the second one also induces phase blur. Provided that the speed profile is sufficiently 

smooth, a realistic modeling of the deterministic component is provided in Ref. [Abboud 2015b] 

through a Fourier decomposition whereof the coefficients have an explicit dependence on the 

speed, viz 

 

𝑑(𝑡) = ∑ 𝑑𝜆𝑖(𝜔(𝑡))𝑒𝑗𝜆𝑖𝜃(𝑡)

𝜆𝑖∈𝛬

, (5) 

where 𝜃 denotes the rotational angle (in [rad]) of the machine (typically the reference angular 

period equals 2𝜋 radians), 𝜔(𝑡) denotes the instantaneous speed (in [rad/s]) of the machine, 𝜆 is 

a dimensionless index that denotes the machine cyclic orders , 𝛬 = {𝜆𝑖 ∈ ℝ/ 𝑖 = 1,2… } is the 

set of the cyclic orders associated with deterministic cyclic sources (ℝ is the real set), and 

𝑑𝜆𝑖(𝜔) are deterministic, complex, speed-dependent Fourier coefficients. The order-domain 

counterpart is simply obtained by applying the variable change 𝑡 = 𝑡(𝜃) followed by a Fourier 

transform with respect to 𝜃, i.e. 

 

𝐷(𝛼) ≝ ℱ𝜃→𝛼{𝑑(𝑡(𝜃))} = ∑ 𝐷𝜆𝑖(𝛼 − 𝜆𝑖)

𝜆𝑖∈𝛬

, (6) 

where α stands for cyclic order variable, a quantity without unit that counts the number of events 

occurring per rotation of the reference shaft (the reference order is 1), ℱ𝜃→𝛼{∗} =

lim
𝛷→∞

1 𝛷⁄ ∫ {∗}
+𝛷/2

−𝛷/2
𝑒𝑗𝛼𝜃𝑑𝜃 stands for the Fourier transform (𝛷 is an angular sector) , 𝐷𝜆𝑖(𝛼) =

ℱ𝜃→𝛼{𝑑
𝜆𝑖(�̃�(𝜃))} is the Fourier transform of 𝑑𝜆𝑖(�̃�(𝜃)) having an order-domain bandwidth 𝐵𝑤

𝜆𝑖 

and �̃�(𝜃) = 𝜔(𝑡(𝜃)) is the speed profile in the angular domain. It is worth noting that 𝐵𝑤
𝜆𝑖 

depends on (i) the variability of the coefficient 𝑑𝜆𝑖(𝜔) with respect to the speed (i.e. higher 

partial derivatives of 𝑑𝜆𝑖(𝜔) with respect to 𝜔) and (ii) the variability of the speed profile itself 

(i.e. higher derivatives of ω̃(θ) with respect to 𝜃). The more important these variabilities are, the 

wider the induced bandwidths are.  

In a general way, these bandwidths are much narrower than the reference order (i.e. 𝐵𝑤
𝜆𝑖 ≪ 1) so 

that 𝐷𝜆𝑖(𝛼 − 𝜆𝑖) and 𝐷𝜆𝑖−1(𝛼 − 𝜆𝑖−1) do not overlap over the α-axis for all 𝑖 = 1,2… . As a 

consequence, the order spectrum also seems discrete along the α-axis, yet undergoing an energy 

leakage of width 𝐵𝑤
𝜆𝑖 rather than being perfectly localized at the synchronous orders (i.e. 𝜆𝑖 ∈ 𝛬). 

In the particular case of constant speed the order spectrum is perfectly discrete as the bandwidths 

𝐵𝑤
𝜆𝑖 tend to zero. The effect of the speed on the deterministic component is illustrated in Fig.1. 
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Fig.1. Academic example illustrating the effect of the speed on the deterministic component in rotating machine vibrations. 

2.2.2 Modeling the cyclo-non-stationary part 

In the last few years, the term “cyclo-non-stationary” has appeared in the field of rotating 

machine to describe the signals produced when the operating conditions are strongly NS. 

Similarly to CS signals, they can be produced by gears [Daher 2010] [Abboud 2014a] [Baudin 

2014a][Baudin 2014b], REBs [D’Elia 2010][Abboud 2014b] [Abboud 2014c], internal 

combustion engines [Antoni 2013] and certainly others. A tentative definition of CNS signals 

was provided in [Abboud 2015a] through a Fourier series model with mutually nonstationary 

stochastic coefficients, 𝑦𝛾𝑖(𝑡), 
 

𝑦(𝑡) = ∑ 𝑦𝛾𝑖(𝑡)𝑒𝑗𝛾𝑖𝜃(𝑡)

𝛾𝑖∈𝛤𝑦

 
(7) 

where 𝛤𝑦 = {𝛾𝑖 ∈ ℝ/ 𝑖 = 1,2… } is the associated set of the cyclic orders. As admitted by the 

authors, the time functions entering this definition are not unique: as a consequence it comprises 

all nonstationary signals since modulations can either be coded by the complex exponentials or 

by their nonstationary coefficients. It is clear that some constraint must govern the 

nonstationarity of these coefficients. Inspired from the deterministic model provided in Ref. 

[Abboud 2015b] and reviewed in subsection 2.2.1, the nonstationarity of the coefficients will be 

modeled through an explicit dependence on the nonstationary speed profile. Precisely, a general 

model of CNS signal can be expressed by the following decomposition: 

 

𝑦(𝑡) = ∑ 𝑦𝛾𝑖(𝑡, 𝜔(𝑡))𝑒j𝛾𝑖𝜃(𝑡)

𝛾𝑖∈𝛤𝑦

, (8) 

where c𝑌
𝛾(𝑡, 𝜔) are mutually stationary stochastic process whose joint probability density 

function is conditioned on 𝜔 i.e. cov𝑦𝛾1 ,𝑦𝛾2(𝑡1, 𝑡2|𝜔) = 𝜎𝑦𝛾1 ,𝑦𝛾2
2 (𝑡1 − 𝑡2, 𝜔). For a constant 

speed, the coefficients are stationary and Eq. (8) boils down to the well-known Fourier 

decomposition of CS processes [Antoni 2004]. Conversely, these coefficients become 

Constant speed

Order spectrum

Order spectrum

Large speed fluctuations

…

…

… α

α
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nonstationary when the speed varies. Loosely speaking, the long-term changes in the CNS signal 

are expressed by the explicit dependence of the Fourier coefficients on the speed, while hidden 

periodicities are still conserved in the form of periodic modulations carried by the complex 

exponentials. According to that, the CNS components emitted by the SOI and by the mth 

interfering source read:   

 

{
 
 

 
 𝑠(𝑡) = ∑ 𝑠𝛾𝑖

(𝑠)

(𝑡, 𝜔(𝑡))𝑒𝑗𝛾𝑖
(𝑠)
𝜃(𝑡)

𝛾
𝑖
(𝑠)
∈𝛤𝑠

𝑞𝑚(𝑡) = ∑ 𝑐𝑞𝑚
𝛾𝑖
(𝑚)

(𝑡, 𝜔(𝑡))𝑒𝑗𝛾𝑖
(𝑚)

𝜃(𝑡)

𝛾
𝑖
(𝑚)

∈𝛤𝑚

,
 

 

 

 

 

 

(9) 

where 𝛤𝑠 = {𝛾𝑖
(𝑠)
∈ ℝ/ 𝑖 = 1,2… } and 𝛤𝑚 = {𝛾𝑖

(𝑚)
∈ ℝ/ 𝑖 = 1,2… } stand for the set of the 

cyclic orders associated with the SOI and the mth source, respectively, and 𝑠𝛾𝑖(𝑡, 𝜔) and 

𝑐𝑞𝑚
𝛾𝑖 (𝑡, 𝜔) are similar to the Fourier coefficients c𝑌

𝛾(𝑡, 𝜔) encountered in Eq. (8). 

2.2.3 Modeling the background noise 

 

As previously pointed out, the background noise is a random contribution generated by other 

sources not accounted for in the model and assumed to be stationary for constant operating 

speed. Therefore, no periodic modulations associated with non-zero cyclic orders are expected in 

the model. Moreover, similarly to the CNS case, this contribution is likely to depend on the 

operating speed. Inspired by the CNS model introduced in subsection 2.2.1, a model of the 

background noise can be obtained by simply replacing the cyclic order set 𝛤 in Eq. (8) with the 

singleton {0}, giving 

 

𝑏(𝑡) = 𝑏0(𝑡, 𝜔(𝑡)), (10) 

  

where c𝐵
0(𝑡, 𝜔)) is a stationary stochastic process whose joint probability density function is 

conditioned on 𝜔. Having modelled the deterministic contribution, the CNS contribution and the 

background noise, it remains to analytically investigate their contributions in the SES. The next 

subsection addresses this issue. 

2.3 Interference of sources  
 

The aim of this section is to analytically investigate the limitations of the SES technique in 

analyzing the CNS component emitted by an arbitrary SOI. Based on the model proposed in 

subsection 2.2, the contributions of the signal components in the SES are calculated and 

illustrated. Detailed calculations are provided in Appendix A. The SES is defined in the order 

domain as: 

 

𝑆𝐸𝑆𝑥(𝛼) ≝ ℱ𝜃→𝛼{𝑆𝐸𝑥(t(θ))}, (11) 

 

where 𝑆𝐸𝑥(t) = 𝔼{|𝑥(𝑡)|
2} stands for the squared envelope of 𝑥(𝑡) and the Fourier transform is 

to be taken in the sense of distributions. Assuming that the signal components are uncorrelated 
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and according to Eq. (3), the SES of the vibration signal equals the sum of the SES of each 

component, i.e. 

 

𝑆𝐸𝑆𝑥(𝛼) = 𝑆𝐸𝑆𝑠(𝛼) + 𝑆𝐸𝑆𝑛(𝛼). (12) 

 

The SES of the SOI takes the particular form 

 

𝑆𝐸𝑆𝑠(𝛼) = ∑ 𝑆𝐸𝑆𝑠
𝛾𝑖
(𝑠)

(𝛼 − 𝛾𝑖
(𝑠)
)

𝛾
𝑖
(𝑠)
∈𝛤𝑠

, 
 

(13) 

where quantities 𝑆𝐸𝑆𝑠
𝛾𝑖
(𝑠)

 have the same interpretation as the functions 𝐷𝜆𝑖(𝛼) encountered in Eq. 

(6). In other words, they evidence a discrete distribution at the synchronous orders with possible 

energy leakage. Nevertheless, they still provide a symptomatic and informative distribution of 

the cyclic content.  Likewise, the SES of the noise equals the sum of the SES of its components, 

i.e. 

𝑆𝐸𝑆𝑛(𝛼) = 𝑆𝐸𝑆𝑑(𝛼) + ∑ 𝑆𝐸𝑆𝑞𝑚(𝛼)

𝑀

𝑚=1

+ 𝑆𝐸𝑆𝑏(𝛼), 
 

(14) 

with 

 

{
  
 

  
 𝑆𝐸𝑆𝑑(𝛼) = ∑ 𝑆𝐸𝑆𝑑

𝜆𝑖(𝛼 − 𝜆𝑖)

𝜆𝑖∈𝛬

𝑆𝐸𝑆𝑞𝑚(𝛼) = ∑ 𝑆𝐸𝑆𝑞𝑚
𝛾𝑖
(𝑚)

(𝛼 − 𝛾𝑖
(𝑚)
)

𝛾
𝑖
(𝑚)

∈𝛤𝑚

𝑆𝐸𝑆b(𝛼) = 𝑆𝐸𝑆𝑏
0(𝛼),

 

 

 

 

 

 

 

 

(15) 

 

where 𝑆𝐸𝑆𝑑
𝜆𝑖(𝛼 − 𝜆), 𝑆𝐸𝑆𝑞𝑚

𝛾𝑖
(𝑚)

(𝛼 − 𝛾) and 𝑆𝐸𝑆𝑏
0(𝛼) again have the same interpretation as the 

functions 𝐷𝜆𝑖(𝛼) encountered in Eq. (6). It is obvious that the SES of a vibration signal is 

composed of numerous interfering sources in general. The contribution of the background noise 

does not have a significant impact in the SES as its corresponding distribution is localized in the 

vicinity of zero (see the third row in Eq. (15)). However, the presence of other components in the 

SES—either of deterministic (first component in Eq. (14)) or CNS nature (third component in 

Eq. (14)) — will certainly complicate the analysis of the SES of the SOI. This will compromise 

the efficiency of the SES technique in the general setting. An illustration of this effect is 

provided in Fig.2. Despite its presence in the SES of the random part, the contribution of the SOI 

component is hardly noticeable (see Fig.2 (a)): it is drowned among other CNS components from 

other sources. The problem is aggravated in the SES of the total vibration signal where the 

deterministic component also contributes to the SES (see Fig.2 (b)). These issues require the 

preprocessing of the signal before the application of the SES. The next section addresses this 

issue. 
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Fig.2. Academic example illustrating the interference of different sources in the SES of a vibration signal: (a) interference among 

random sources (CNS components and background noise) and (b) interference between deterministic and random sources. 

3 ENVELOPE ENHANCEMENT STRATEGIES 

A current practice in VSC is to apply the (order-domain) SES over the whole demodulation band 

of either the whitened [Borghesani 2013b] or the residual [Abboud 2015b] [Stander 2006] signal. 

Undoubtedly, the complete elimination of the deterministic component cleans the SES from its 

…
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spurious contributions. For this purpose, subsection 3.1 addresses the elimination of the 

deterministic component in VSC through the comparison of three sophisticated techniques 

previously conceived for this purpose. 

Removing the deterministic part is a crucial but not sufficient step to exhibit the SOI signature in 

the SES: the SOI signature may still be masked by other CNS components (see Fig.2 (b)) 

[Abboud 2015c]. For this purpose, subsection 3.2 revisits a general procedure to enhance the SOI 

component in the signal and, consequently, enhances its emergence in the SES. 

3.1 Removing the deterministic part 

As indicated in subsection 2.2.1, the deterministic component undergoes significant speed 

dependent changes that can jeopardize its (angle-) periodicity. This necessarily invalidates the 

working assumption of conventional deterministic\random separation techniques despite being 

applied in the angular domain. Lately, some sophisticated preprocessing techniques have been 

proposed to deal with this issue. This section reviews and compares three of them, namely, the 

ISA, the CPW and the GSA. Specifically, the fundamentals of these techniques are summarized 

and qualitative evaluations of their performances are given. 

3.1.1 The improved synchronous average (ISA) 

After inspecting the phase blur resulting from the transmission path effect, Stander and Heyns 

[Stander 2006] proposed an enhanced version of the SA— coined “phase domain averaging”, 

being based on a phase domain representation. The basic idea is to order track the signal with 

respect to its own phase instead of that of the tachometer. The signal phase is obtained by Hilbert 

demodulation of a high-energy harmonic (such as a meshing order) of the angular signal. Cycles 

are then separately order tracked (for the second time) according to the estimated phase and then 

averaged together. 

 Later, a simpler variant was provided in Ref. [Coats 2009] — coined the “improved 

synchronous average” (ISA) — where the authors proposed to resample the signal with a virtual 

tachometer signal synthesized via the demodulated phase. Subsequently, the technique was used 

in Ref. [Borghesani 2013a] where the authors analytically tried to identify the optimal (order-

domain) demodulation band and proposed it as a discrete-random separation technique in VSC. 

The ISA technique consists of the following steps: 

1) Order track the temporal vibration signal using the tachometer signal. 

2) Band-pass filter the angular signal around a high-energy harmonic (the energy leakage 

must be included in the filter bandwidth). 

3) Compute the analytic signal.  

4) Construct a second virtual tachometer signal based on the phase of the analytic signal. 

5) Again, order track the angular signal using the virtual tachometer. The obtained signal is 

represented in the phase domain. 
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6) Apply the SA to obtain the ISA. 

The flowchart of the ISA is shown in Fig.3 (a). 

In the following, the ISA is investigated on the deterministic model provided in Eq. (5). Let us 

restate the model after expanding its Fourier coefficients: 

 

�̃�(𝜃) = 𝑑(𝑡(𝜃)) = ∑ 𝐴𝑑
𝜆𝑖 (�̃�(𝜃))e

j(𝜆𝑖𝜃+𝛹𝑑
𝜆𝑖 (�̃�(𝜃)))

𝜆𝑖 ∈𝛬

, 
(16) 

with 𝐴𝑑
𝜆𝑖(𝜔)𝑒

𝑗(𝛹𝑑
𝜆𝑖(𝜔))

= 𝑑𝜆𝑖(𝜔). Let 𝜆𝑚 be the order of a high-energy harmonic (used for the 

phase demodulation), according to the first 3 steps of the ISA technique, the analytic signal of 

the filtered signal writes  

�̃�𝑓(𝜃) = 𝑑
𝜆𝑚(�̃�(𝜃))𝑒𝑗𝜆𝑚𝜃 = 𝐴𝑑

𝜆𝑚 (�̃�(𝜃))𝑒
𝑗(𝜆𝑚𝜃+𝛹𝑑

𝜆𝑚 
(�̃�(𝜃)))

, 
(17) 

The reference signal phase is then obtaining by dividing the demodulated phase, 𝜆𝑚𝜃 +

𝛹𝑑
𝜆𝑚 (�̃�(𝜃)), by the harmonic order, i.e. 

𝜃′ = 𝜃 +
1

𝜆𝑚
𝛹𝑑
𝜆𝑚(�̃�(𝜃)). 

(18) 

The second order tracking operation (step 5) is equivalent to represent the signal with respect to 

𝜃′. It can be shown that the phase blur of the signal can be completely compensated, 

𝑑′̃(𝜃′) = ∑ 𝐴𝑑
𝜆𝑖 (�̃�′(𝜃′))ej𝜆𝑖𝜃

′

𝜆𝑖 ∈𝛬

, (19) 

where �̃�′(𝜃′) is the speed profile in the phase domain, only if 

𝜆𝑖𝛹𝑑
𝜆𝑚(𝜔) = 𝜆𝑚𝛹𝑑

𝜆𝑖 (𝜔). (20) 

But, this equality implicitly assumes that the phase blurs associated with all the harmonics are 

linear between each other’s. This assumption, however, is not always accurate; particularly when 

the spectral content of the harmonic coincides with a resonance. For instance, if one extracts the 

phase information from a meshing orders at a critical speed (i.e. in the vicinity of a structural 

mode); the latter is more subjected to phase blur than elsewhere [Borghesani 2013a] [Coats 

2014]. As a consequence, only neighboring orders will be corrected when the speed variation is 

high, rather than distant ones. Note that, regardless of its capacity of correcting the signal phase, 

this technique ignores the long-term energy modulations in the signal. Therefore, the ISA cannot 

accommodate to the amplitude variations and returns an averaged result. Despite its relevance in 

some applications, the ISA may suffer from serious issues in large speed variations; the reason it 

will not be considered further. This claim is experimentally evidenced in sections 4 and 5 on 

simulated and real vibration signals, respectively. 
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3.1.2 The cepstrum prewhitening (CPW) 

With the aim to enhance fault detection in REBs, the authors of Refs. [Sawalhi 2011] [Randall 

2011b] introduced a powerful prewhitening technique— called cepstrum prewhitening (CPW) — 

based on cepstral analysis. This technique enjoys a remarkable capability of blindly eliminating 

the deterministic content in the signal and of returning a pure random whitened signal. Recently, 

Borghesani et al. [Borghesani 2013b] have applied the technique in VSC after order tracking the 

signal. Precisely, the CPW technique consists of the following steps 1: 

1) Order track the temporal signal �̃�(𝜃) = 𝑦(𝑡(𝜃)). 

2) Compute the Fourier transform, 

𝑌(𝛼) = ℱ𝜃→𝛼{�̃�(𝜃)} = 𝐴𝑌(𝛼). e
j𝛹𝑌(𝛼) (21) 

 and save the phase 𝛹𝑌(𝛼).  

3) Compute the real cepstrum defined as: 

𝑦𝑟𝑐(𝜃) = ℱ𝛼→𝜃
−1 {log(|𝑌(𝛼)|)} (22) 

4) Set to zero the real cepstrum except for the zero quefrency. 

{
𝑦𝑤(𝜃) = 𝑦𝑟𝑐(𝜃)     𝑓𝑜𝑟 𝜃 = 0

𝑦𝑤(𝜃) = 0     𝑓𝑜𝑟 𝜃 ≠ 0  
 

 

 

 

(23) 

5)  Back to the order domain: 

𝑌𝑤(𝛼) = exp (ℱ𝜃→𝛼{�̃�(𝜃)}) (24) 

6) Combine 𝑌𝑤(𝛼) with the original phase and back to the angle domain 

𝑦𝐶𝑃𝑊(𝜃) = ℱ𝛼→𝜃
−1 {𝑌𝑤(𝛼). e

j𝛹𝑌(𝛼)} (25) 

The flowchart of the CPW is shown in Fig.3 (b).  

 

3.1.3 The generalized synchronous average (GSA) 

The GSA has been proposed as an extension of the synchronous average traditionally applied in 

stationary regime to the case of nonstationary regime [Abboud 2015b]. Recognizing that the 

signal statistics are dependent on the operating speed the idea is to perform the averaging 

operation on cycles that belong to the same speed. Formally speaking, the GSA of a signal 𝑦(𝜃) 
with angular period 𝛩 and operating under the speed profile 𝜔(𝜃) is defined as 

 

𝑚𝑦(�̅�, 𝜔) = 𝑙𝑖𝑚
𝛿𝜔→0

𝑙𝑖𝑚
𝑐𝑎𝑟𝑑{𝛫�̅�,𝜔}→∞

1

𝑐𝑎𝑟𝑑{𝛫�̅�,𝜔}
∑ 𝑦(�̅� + 𝑘𝛩)

𝑘∈𝛫�̅�,𝜔

 
 

(26) 
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where 𝛿𝜔 stands for the speed resolution and Κ�̅�,𝜔 =

{𝑘 ∈ ℕ| 𝜔 − 𝛿𝜔 2⁄  ≤ �̃�(�̅� + 𝑘𝛩) < 𝜔 + 𝛿𝜔 2⁄ }  stands for the set of samples located at �̅� and 

coinciding with speed values in the interval [𝜔 − 𝛿𝜔 2⁄ ;𝜔 + 𝛿𝜔 2⁄ ]. Note that the GSA is in 

general a bivariable function of the angle and speed. The (synchronous) deterministic component 

associated with the profile 𝜔(𝜃) is returned by 

𝑚𝑦(𝜃) = 𝑚𝑦 (�̅� = ⌊𝜃 𝛩⁄ ⌋, 𝜔 = �̃�(𝜃)), 

 

(27) 

which is a function of  only. The application of the GSA on the vibration model of subsection 

2.2.1 returns, 

 

𝑚𝑥(�̅�, 𝜔) = ∑ 𝑑𝜆𝑖(𝜔)𝑒𝑗𝜆𝑖�̅�

𝜆𝑖∈𝛬

, (28) 

provided that 𝛩 = 2𝜋 𝜆1⁄  and 𝜆𝑖 = 𝑖. 𝜆1 for all 𝑖 = 2,3… (see the proof in Appendix A). 

Interestingly, Eq. (27) perfectly returns the deterministic part: 

 

𝑚𝑋(𝜃) = ∑ 𝑑𝜆𝑖(�̃�(𝜃))𝑒𝑗𝜆𝑖𝜃

𝜆𝑖∈𝛬

= d(t(θ)). (29) 

The practical implementation of the GSA can be made via the raw estimator (see Appendix B 

and Fig.3 (c)).   

3.1.4 CPW or GSA? 

Despite its simplicity and its remarkable ability to blindly eliminate the deterministic component, 

the CPW technique returns a whitened signal which does not constitute, in itself, the real residue. 

On the one hand, the whitened signal loses its absolute magnitude which may be detrimental to 

diagnostics. On the other hand, the whitening operation distorts the random part in which the 

CNS component related to the SOI (e.g. a REB fault) is embedded. Moreover, the whitening 

operation is made in the order domain wherein the dynamic information is effectively lost. This 

may result in uncontrolled amplification of low signal-to-ratio (SNR) bands, thus increasing the 

background noise in the SES. Interestingly, the GSA is able to systematically extract the 

deterministic component without affecting the CNS component. But, this technique has also 

some disadvantages. First, it needs (relatively) lengthy signals as (i) the speed resolution 𝛿𝜔 

should be chosen small enough to decrease the estimator bias and (ii) the number of averages 

should be sufficiently high to decrease the estimator variance. Note that the variance is inversely 

proportional to the power of the random part [Abboud 2015b]. Second, it is more complex than 

the CPW as it requires more operations as well as the choice of adequate parameter settings. 

Third, separate operations of different angular sampling may be needed for multiple families of 

harmonics.  Fourth and last, each of these families should have a commensurate and known 

angular period. In other words, the GSA is unable to remove modulation sidebands if their 

angular period is incommensurate with the carrier period. Such configurations, for instance, are 

frequently met in planetary gearboxes [Inalpolat 2009]. To conclude, the preference between the 

CPW and the GSA is generally dependent on the nature of the application, recognizing that the 

former is likely to cover much more configurations than the latter. 
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Fig.3. Flowchart of (a) the ISA, (b) the CPW and (c) the GSA. 
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3.2 Enhancing the source of interest 

In this paragraph, a general envelope enhancement methodology which combines a time-domain 

filtering operation with either the GSA or the CPW techniques is revised and adjusted.  

3.2.1 Time-filtering operation 

According to Eq.(8), each CNS component is characterized by (i) its cyclic order set which 

reflects the kinematic of the excitation mechanism associated with the corresponding source and 

(ii) the spectral content of its carrier which jointly depends on the spectral content of the 

excitation and on the dynamical properties of the transfer function from the source to the 

accelerometer. Since the final goal is to detect the signature of the SOI in the envelope, the 

former can be enhanced by means of some temporal band-pass filter 𝑓(𝑡). Back to the 

signal\noise decomposition in Eq. (3), the filtered signal reads 

 

�̃�(𝑡) = (𝑠(𝑡) + n(𝑡))𝑓(𝑡) = �̃�(𝑡) + �̃�(𝑡), (30) 

where  denotes the convolution product, 𝑓(𝑡) denotes the band-pass filter, �̃�(𝑡) and �̃�(𝑡) 
provide respectively an image of the signal of interest and the noise. Ideally, the filter should be 

conceived to maximize the SNR, i.e. 

 

argmax
𝑓(𝑡)

{ lim
𝑇→∞

1

𝑇
∫ |�̃�(𝑡)|2𝑑𝑡
+𝑇/2

−𝑇/2

1

𝑇
∫ |�̃�(𝑡)|2𝑑𝑡
+𝑇/2

−𝑇/2

}. 

 

 

(31) 

Optimally, the energy of �̃�(𝑡) would become negligible as compared to that of �̃�(𝑡). In this case, 

the resulting SES  

 

SES�̃�(α) ≈ SES�̃�(α) = ∑ 𝑆𝐸𝑆
�̃�

𝛾𝑖
(𝑠)

(𝛼 − 𝛾𝑖
(𝑠)
)

𝛾
𝑖
(𝑠)
∈𝛤𝑠

, 
(32) 

has a symptomatic discrete distribution strictly at the cyclic orders associated with the SOI.  

3.2.2 Choice of the filter parameters 

As indicated in the last subsection, the filtering operation should be performed around a high-

SNR frequency band. In practice, it often happens that the SNR is high around resonance bands. 

Therefore, a traditional solution is to perform a modal analysis1 step to explore the dynamical 

properties of the system [Cocconcelli 2013]. In general, modal analysis is either based on 

structural testing (e.g. “hammer impact test” [Harris 2001]) or finite element analysis-based 

simulation [Neville 2008]. The former technique (structural testing) requires a disassembly of the 

machine to reach the potential excitation point, whereas the latter one (finite element analysis 

simulation) requires a complex modelling of the system. These practical difficulties have limited 

the application of such techniques.  

                                                 
1to estimate the transfer function properties of the transmission path from the SOI to the acceleration. 
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There are other blind approaches based on statistical signal processing which consist of finding 

the band that maximizes a criterion, e.g. impulsivity (e.g. kurtogram) [Antoni 2006] [Antoni 

2007c] [Barszcz 2011] or cyclostationarity (e.g. spectral coherence) [Antoni 2007b]. However, 

these approaches rely on the assumption of constant operating speed, thus their applicability is 

jeopardized in VSC. The recent advances in the CS theory [Antoni 2014] have made now 

possible to exploit more sophisticated techniques that can adapt with the operating speed 

variability. In particular, the angle\time cyclostationary (AT-CS) theory has allowed the 

extension of the spectral coherence, to the so-called “order frequency spectral coherence” 

[Abboud 2015a]. The squared magnitude of the latter, when evaluated at the cyclic orders of a 

CNS signal, can be seen as a measure (normalized between 0 and 1) of the signal-to-noise ratio 

along the spectral frequency band.  

3.2.3 An envelope enhancement methodology 

 

A trivial methodology to enhance a cyclo-non-stationary SOI in a raw signal is to remove first 

the deterministic component and then filter the obtained signal in the time domain around a high-

SNR band. This methodology consists of the following steps: 

1) Remove the deterministic component using the CPW or GSA in the angular domain. 

2) Order track the signal (go to the temporal domain). 

3) Band-pass filter the signal around a high-SNR frequency band. 

4) Order track the signal (go again to the angular domain). 

5) Compute the SES. 

Note that a similar procedure was proposed in [Borghesani 2013c], yet the synchronous average 

was used instead of the GSA.  

4 NUMERICAL EVALUATION 

This section validates the theoretical analysis, the different envelope enhancement approaches 

and the qualitative comparisons on simulated gear and bearing vibration signals. First, the 

corresponding models are given and their contributions in the SES are investigated. Second, a 

comparison between the ISA, the CPW and the GSA is provided. Third, the envelope 

enhancement methodology provided in 3.2.3 is applied to enhance and separate the CNS sources.  

4.1 Vibration signal model in variable speed conditions 
 

The aim of this subsection is to simulate a vibration signal of a typical powertrain constituted by 

a parallel gearbox and a faulty REB. The input wheel comprises 𝑍1 = 56 teeth and the output 

wheel 𝑍2 = 60 teeth. The former has a local defect in one of its teeth, whereas the latter is 

subjected to a distributed wear fault. The REB is located at the input shaft—the reference shaft— 

and contains an outer-race local fault with a characteristic ball-pass-order on the outer-race 

(BPOO) at 2.1 orders—i.e. 2.1 times the reference rotation speed. The deterministic component 
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in the signal is principally induced by the meshing force and the local fault in the input wheel. It 

appears in the order spectrum as (widened) peaks at the orders 𝑚.𝑍1 + 𝑛 with 𝑚 ∈ ℤ, 𝑛 ∈ ℤ∗. 
The CNS component is induced by the output gear and the input REB. The energy of the output 

gear contribution is principally concentrated in a resonance band centered at 4 kHz with 

bandwidth of 300Hz; it is expected to be discretely distributed in the SES at the output shaft 

order— which equals 56/60=0.933—and its harmonics. The energy of the input gear contribution 

is principally concentrated in a resonance band centered at 2 kHz with bandwidth of 400 Hz; it is 

expected to be discretely distributed in the SES at the BPOO and its harmonics. A white noise 

modulated by a speed-dependent increasing function is also added to the signal to model the 

background noise. The principal characteristics of the simulated signal are gathered in Table 1, 

while detailed equations of the model are provided in Appendix C. 

 
Table 1. Characteristics of the simulated signal (𝒇𝒓𝒆𝒔: resonance frequency; 𝒇𝒃: Bandwidth). 

 Deterministic 

gear  component 

Random gear 

component 

REB (local fault) Background 

noise 

Resonances 
{
𝑓𝑟𝑒𝑠 = 3𝑘𝐻𝑧
𝑓𝑏 = 2𝑘𝐻𝑧

 {
𝑓𝑟𝑒𝑠 = 4𝑘𝐻𝑧
𝑓𝑏 = 300𝐻𝑧

 {
𝑓𝑟𝑒𝑠 = 2𝑘𝐻𝑧
𝑓𝑏 = 400𝐻𝑧

 
X 

Fundamental order 1 56/60=0.933 2.1 X 

Energy (%) 40% 20% 15% 25% 

 

The reference speed varies according to a raised-cosine function between 5 Hz to 15 Hz over a 

record duration of 20s— equivalent to 198 cycles executed by the reference (which is the input 

shaft associated with order 1); the corresponding profile is displayed in Fig.4 (a). The 

spectrograms of the different contributions are displayed in Fig.4 (b) to (f). For the REB signal 

(Fig.4 (b)), an energy increase is perceived at 2 kHz which corresponds to the passage on the 

resonance frequency. For the deterministic gear signal (Fig.4 (c)), the meshing harmonics appear 

as multiple curves homothetic with the speed profile, while the amplitude of the modulation 

induced by the local fault remains relatively small. The random gear signal (Fig.4 (d)) shows a 

continuous increase around the resonance frequency located at 4 kHz. The energy of the 

background noise (Fig.4 (f)) is uniformly distributed along the frequency axis. Last, the 

spectrogram of the resulting vibration signal (Fig.4 (f)) is dominated by the deterministic gear 

component as it constitutes 40% of the signal energy. Note that the energy distribution is 

intensified in the middle of the record since the speed-dependent amplitude modulation is 

maximal at this point. 

Eventually, the SES is applied on different components of the signal and the obtained results are 

reported in Fig.5. The SES of the REB component shows some peaks at the BPOO and its 

harmonics (see Fig.5 (a)). The SES of the deterministic gear component shows peaks at the 

reference order and its harmonics (see Fig.5 (b)), while the random gear component shows peaks 

at the output wheel order (0.933) and its harmonics (see Fig.5 (c)). The SES of the noise does not 

show any non-zero peak (see Fig.5 (d)). The SES of the random part—constituted of the REB 

component, the random gear component and the background noise— is obviously equivalent to 
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the superposition of all individual SES since the signal components are assumed uncorrelated 

(see Fig.5 (e)). In this case, the bearing fault component interferes with the random gear 

contribution. The problem is aggravated in the SES of the vibration signal as the deterministic 

component also contributes to the SES (see Fig.5 (f)). These preliminary results confirm the 

theoretical analysis of section 2. 

 

 
Fig.4.  (a) Speed profile of the reference. Spectrograms of (b) the REB signal, (c) the deterministic gear signal, (d) the random 

gear signal, (e) the background noise and (f) the complete vibration signal. 

 
Fig.5. SES of (a) the REB signal, (b) the deterministic gear signal, (c) the random gear signal, (d) the background noise, (e) the 

random part and (f) the complete vibration signal. 
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4.2 Removing the deterministic part 

The goal of this subsection is to investigate the performance of the ISA, the GSA and the CPW 

in removing the deterministic component. In the following, the ISA is applied on the signals with 

a reference period equal to 2π (i.e. equivalent to the input gear order). The first meshing 

harmonic—located at the order 56— is used for demodulation and the filter bandwidth is 

visually estimated according to the existing energy leakage (the filter bandwidth is taken equal to 

0.2 order). The demodulated harmonic and the equivalent order fluctuations with which the 

phase corrections are performed are displayed in Fig.6 (a) and (b), respectively. Next, the GSA is 

performed on acceleration signals to eliminate the gear component. Evidently, the reference 

period used in the average is also chosen equal to the input gear rotation. The speed profile is 

discretized with concatenated intervals of speed resolution equal to 0.4 Hz with 50% overlap. 

The order spectra of the resampled signal, the ISA residue and the GSA residue are displayed in 

Fig.6 (c) and (d). The ISA suppresses a part of the deterministic gear component energy, whereas 

the GSA evidences almost total suppression. Afterwards, the CPW is applied on the original 

signal. The SES of the original signal, the ISA residue, the GSA residue and the CPW signal are 

computed for both profiles and reported in Fig.7. As expected, the SES of the raw signal 

evidences several misleading harmonics of deterministic origin at the integer orders (see Fig.7 

(a)), whereas slight enhancement is perceived after removing the ISA (see Fig.7 (b)): the 

amplitudes of these harmonics are attenuated but still exceeds those of the CNS components. 

Noticeably, the SES of the GSA residue (see Fig.7 (c)) and the CPW signal (see Fig.7 (d)) 

witness a complete absence of these components, yet the absolute value of the latter is totally 

lost. Moreover, by comparing the obtained SE spectra (see Fig.7 (c) and (d)) to the SES of the 

random part (see Fig.5 (e)), a significant distortion in the random part is seen in the CPW case 

caused by the whitening operation. In particular, the first REB fault harmonic (at the order 2.1) 

was the largest in the SES of the random part, while that of the output gear wear (at the order 

0.933) becomes the largest in the CPW case.  
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Fig.6. (a) The harmonic used for demodulation and (b) the equivalent order fluctuations used for phase correction. Comparison of 

the (amplitude) order spectra of the resampled signal, the ISA residue and the GSA residue: close-ups around (a) the fundamental 

and (b) the second meshing harmonics. 

 
Fig.7. SES of (a) the original signal, (b) the ISA residue, (c) the GSA residue and (d) the CPW signal. 

4.3 Separating CNS components 

Despite their ability to reduce deterministic interferences, the GSA and the CPW were not able to 

clearly reveal the fault signature of neither the REB nor the output gear. Assuming a prior 

knowledge of the excited resonances, the methodology proposed in subsection 3.2.3 is applied to 

the signal to separating these two contributions. For the REB case, the central frequency of the 

filter is chosen equal to the corresponding resonance frequency (i.e. 2 kHz), while the filter 

bandwidth is set to 600 Hz. The obtained SE spectra are displayed in Fig.8 (a) and (b), 
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respectively referring to GSA-based and CPW based strategies. Interestingly, the REB 

contribution is successfully enhanced and its signature becomes much clearer in the SES: the 

remaining peaks are strictly located at the BPOO and its harmonics. A bandpass filter was also 

applied to enhance the output gear contribution, with central frequency chosen equal to the 

corresponding resonance frequency (i.e. 4 kHz) and bandwidth set to 600 Hz. The obtained SE 

spectra are displayed in Fig.8 (c) and (d), respectively referring to a GSA-based and CPW-based 

strategies. The output gear contribution is successfully enhanced and its signature becomes much 

clearer in the SES: the remaining peaks are strictly located at the output gear order and its 

harmonics. It is worth noting that the filtering operation decreases the distortion of the cyclic 

components. This is due to the fact that the SNR is almost constant over the filtered band, so that 

the distortion affects the energy of the entire cyclic content. As a consequence, all the 

corresponding peaks in the SES will be attenuated uniformly. Evidently, the distortion in the 

signature is expected to be lower for narrow band filters. 

 
Fig.8. Envelope enhancement procedure applied on the simulated signal with filter parameter 𝐟𝐜 = 𝟐 𝐤𝐇𝐳 and 𝐁𝐰 = 𝟔𝟎𝟎 𝐇𝐳: (a) 

GSA-based strategy and (b) CPW-based strategy; filter parameters𝐟𝐜 = 𝟒 𝐤𝐇𝐳 and 𝐁𝐰 = 𝟔𝟎𝟎 𝐇𝐳 : (c) GSA-based strategy and 

(d) CPW-based strategy.. 

5 EXPERIMENTAL EVALUATION 

The principal object of this section is to experimentally validate the theoretical analysis and 

qualitative comparisons on real-world gear and REB vibration signals. It reports a typical 

situation in the field of rotating machine diagnostics, where deterministic and random gear 

related components contribute to the SES and mask the REB fault signature— originally random.  

5.1 Test rig and experiments 
 

The test rig under study is located at Cetim2 and depicted in Fig.9. It essentially comprises an 

asynchronous motor supplied by a variable-speed drive to control the motor speed, followed by a 

spur gear with 18 teeth and ratio of 1. Gears are subjected to excessive wear. This returns an 

                                                 
2 Technical Center for Mechanical Industries – Senlis, France. 
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expected meshing signature at 18 order— i.e. 18 times the rotation speed— with potential 

sidebands spaced by 1 order. Two identical REBs are installed behind the spur gear; the healthy 

one is closer to the gears than the faulty one which is coupled to an alternator by means of a belt 

to impose a constant load. The characteristics of the REBs are as follows: ball diameter = 6 mm, 

pitch diameter = 25 mm, number of elements = 8. This returns an expected ball-pass-order on the 

outer-race (BPOO) at 3.04 orders. An optical keyphasor of type “Brawn” is fixed close to the 

motor output to measure the rotational shaft position. In addition, two accelerometers, hereafter 

denoted as “Acc1” and “Acc2”, are located on the healthy and faulty REBs in the vertical 

direction to measure the produced vibrations. The sampling rate is set to 25.6 kHz. Two 

experimental tests are conducted. In the first one, a runup from 903 to 1428 rpm (see Fig.10 (a)) 

is imposed to the electric motor during 15s— equivalent to 285 cycles executed by the machine. 

The acquired signals are illustrated in Fig.10 (b) and (c) referring to Acc1 and Acc2, 

respectively. In the second experiment, a random speed profile ranging between 704 to 2514rpm 

(see Fig.10 (d)) is imposed to the electric motor during 15s— equivalent to 392 cycles executed 

by the machine. The acquired signals are illustrated in Fig.10 (e) and (f) referring to Acc1 and 

Acc2, respectively.  

The AT-CS analysis of this bench has been performed in a previous contribution [Abboud 

2015a] in the case of stationary and nonstationary operating condition. Valuable information 

regarding the high-SNR spectral band of the CNS components emitted by the faulty REB and the 

gear wear were returned by the order-frequency spectral coherence. These information are 

summarized in Table 2 and will be subsequently used to test the envelope enhancement 

methodology in subsections 5.2.2 and 5.3.2. 

 
Table 2. Principal high-SNR bands of the CNS vibration signals emitted by the faulty REB and the gear, and measured by Acc1 

and Acc2. These information are based on the AT-CS analysis performed in Ref. [Abboud 2015a]. 

 Acc1 Acc2 

High-SNR bands 

(faulty REB) 

[1.5 kHz; 2.5 kHz] [1.5 kHz; 2.5 kHz] and [6 kHz; 8 kHz] 

High-SNR bands 

(gear wear) 

[8 kHz; 11 kHz] [8 kHz; 11 kHz] 
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Fig.9. The test bench located at Cetim (Senlis, France). 

 
Fig.10. Experiment 1: (a) runup profile, (b) Acc1 signal and (c) Acc2 signal. Experiment 2: (d) random speed-varying profile, (e) 

Acc1 signal and (f) Acc2 signal. 

5.2 Case study 1: the REB component dominates the random part 

This paragraph treats the case where the accelerometer is mounted on the faulty REB (Acc2) and 

its component dominates the random part. At first, this case is exploited to compare the ISA, the 

CPW and the GSA for the two profiles according to their capability to improve the SES. Last, 

the REB component will be enhanced by the envelope enhancement methodology to return a 

clear presentation of its signature in the SES. 

5.2.1 Removing the deterministic gear contribution 
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This subsection compares the effectiveness of the ISA, the CPW and the GSA in removing the 

deterministic gear component and in enhancing the SES.  

 

First, the ISA is applied on Acc2 signals of both experiments. Since the gears have a unit ratio, 

the reference period to be used for the average in the ISA is chosen equal to the gear rotation, 

which makes possible to account for gear modulations. The order spectra were visually inspected 

to choose the higher meshing harmonic for demodulation and to estimate the filtering bandwidth 

according to the existing energy leakage. The demodulated harmonics and the equivalent order 

fluctuations (see in Eq. (18)) with which the phase corrections are performed are displayed in 

Fig.11. Contrary to the random speed-varying case, the second meshing order is more energetic 

than the first one in the runup case and thus was chosen for demodulation. Note that the filter 

bandwidth is chosen larger in the random speed-varying (0.1 order) case than that in the runup 

case (0.02 order). This is explained by the fact that the high variability of the speed in the latter 

increases the energy leakage at the synchronous order and, thus, a wider filter is needed to filter 

out the component. This confirms the theoretical analysis performed in subsection 2.2.1. 

Next, the GSA is performed on acceleration signals to eliminate the gear component. The 

reference period used for the average in the GSA is also chosen equal to the gear rotation. The 

speed profile is discretized with concatenated intervals of speed width equal to 30 rpm with 50% 

overlap. The order spectra of the resampled signal, the ISA residue and the GSA residue are 

displayed in Fig.12. The ISA eliminates a part of the gear contribution energy in the runup case, 

yet it completely fails in the random speed-varying case as the corresponding residues still 

contain high energy components around the synchronous orders. Note that, in the latter case, the 

enhancement was principally perceived at the demodulated peak (i.e. 1st meshing order—see 

Fig.12 (d)). This is believed to be due to the fact that, unlike the random speed-varying case, the 

runup profile varies in a low-speed operating margin that does not include structural resonances. 

The failure is principally induced by (i) the passage of the gear component in structural 

resonance bands and (ii) the ignorance of long-term energy modulations. Evidently, these effects 

are magnified in the random speed-varying case since the speed varying margin is higher and, 

consequently, the induced modulations are greater. On the contrary, the GSA successfully 

eliminates the gear component in both cases, ensuring an excellent performance even under large 

and random speed variations.  

Finally, the CPW is applied on the acceleration signals of both profiles. The SES of the 

resampled (raw) signal, the ISA residue, the GSA residue and the CPW signal are computed for 

both profiles and displayed in Fig.13. As expected, the SES of the raw signal evidences several 

misleading harmonics synchronous with the reference shaft order (see Fig.13 (a) and (e)), 

whereas slight enhancements are perceived after removing the ISA (see Fig.13 (b) and (f)). With 

the exception of the first two harmonics, the CPW significantly attenuates the gear related peaks 

(see Fig.13 (a) and (e)), yet presenting three disadvantages. The first one is related to the increase 

of the noise level owing to the amplification of low signal-to-ratio spectral bands. The second 

one is the distortion of the REB contribution. Precisely, an attenuation of the BPOO peak relative 

to the second gear harmonic (to be compared with that of the GSA) is noticeable in the runup 

case, while a complete disappearance of the second REB fault harmonic (note the disappearance 

of the order 6.08 in Fig.13 (h)) is observed in the random speed-varying case. Seemingly, the 

CPW technique loses its efficiency as the speed variability increases. The third disadvantage is 

the total loss of the absolute value of the fault peaks. Noticeably, the SES of the GSA residue 
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evidences much better the REB signature (see Fig.13 (c) and (g)), preserving the magnitude of 

the fault harmonics. 

Note that some peaks at the gear rotation order and harmonics remain in the SES. These 

components are random in nature and generated by gear wear [Abboud 2015a], as opposed to the 

traditional deterministic nature of gear vibrations (e.g. meshing, a crack or spall fault…) [Antoni 

2004].  

 
Fig.11. Runup case (Acc2 signal): (a) the harmonic used for demodulation and (b) the equivalent order fluctuations used for 

phase correction. Random speed-varying case: (c) the harmonic used for demodulation and (d) the equivalent order fluctuations 

used for phase correction.  
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Fig.12. Comparison of the (amplitude) order spectra of the resampled signal, the ISA residue and the GSA residue (see the legend 

in the upper right box) on Acc2 signal; (i) in runup1 case: close-ups around (a) the fundamental, (b) the second and (c) the third 

harmonic of meshing order; (ii) in runup2 case: close-ups around (d) the fundamental, (e) the second and (f) the third harmonic of 

meshing order.  
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Fig.13. SES of (a) the resampled signal, (b) the ISA residue, (c) the CPW signal, and (d) the GSA residue in runup case. SES of 

(e) the resampled signal, (f) the ISA residue, (g) the CPW signal, and (h) the GSA residue in random speed-varying case. Signals 

acquired by Acc2. 

5.2.2 Enhancing the REB component 

Benefiting from the information on the high-SNR bands of the REB fault (see Table 2), it is 

useful to enhance the corresponding component by means of the methodology provided in 3.2.3. 

The filter parameters are chosen to account for the largest spectral band— i.e. fc = 7 kHz 
and Bw = 2 kHz. Then, the SES is applied on the order tracked signal and the obtained results 

are displayed in Fig.14. Comparing the results to the SE spectra of the whole demodulation band 

(see Fig.13 (c), (g), (d) and (h)), one can remark improvement at two levels. The first one is the 

significant decrease in the contribution of the random gear component: the peaks synchronous 

with the gear rotation are weaker than those related to the REB fault. The second is the complete 

appearance of a clean outer-race fault signature mBPOO+n with m=1,2; n=±1 [Randall 2001]3. 

The sidebands were completely masked by noise when the SES was applied over the whole 

demodulation bands. Note also that the filtering operation has decreased the negative effect of 

the distortion in the CPW case (compare for instance Fig.13 (g) to Fig.14 (d)).  

                                                 
3The appearance of sidebands in the outer-race fault case may be due to shaft unbalance. 
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Fig.14. The envelope enhancement methodology applied on the Acc2 signals with filter parameters 𝐟𝐜 = 𝟕 𝐤𝐇𝐳 and 𝐁𝐰 =
𝟏 𝐤𝐇𝐳. Runup case: (a) GSA-based strategy and (b) CPW-based strategy. Random speed-varying case: (c) GSA-based strategy 

and (d) CPW-based strategy.  

5.3 Case study 2: the gear component dominates the random part 

This paragraph treats the case where the accelerometer is mounted on the healthy REB (Acc1). 

In practice, such cases are likely to be met in complex gearboxes where accelerometers are 

remoted from the sources due to non-intrusion constraints. This presents a challenging case since 

Acc1 is also close to the gears; that is the weak fault signature energy is likely to be masked by 

high-energy cyclic components generated by the gears. In fact, it will be shown that the SES is 

insufficient to reveal the REB fault signature even after removing the deterministic component 

by either the GSA or the CPW. This case demonstrates the robustness of the envelope 

enhancement procedure (provided in subsection 3.2.3) in highlighting a particular (very) weak 

signature surrounded by energetic noises and cyclic components from other sources. 

5.3.1 Failure of the SES 

Hereafter, the SES is applied on Acc1 signal of the two profiles after eliminating the gear 

component by the GSA and the CPW techniques. The GSA parameters are identical to those 

chosen in subsection 6.2.1. The obtained results are reported in Fig.15. For the runup profile (see 

in Fig.15 (a) and (c)), only a small peak at the BPOO appears in the GSA and CPW cases. 

However, this peak only appears in the GSA case for random-speed varying profile, while it 

disappears in the CPW cases. Note also that the peaks related to the random gear contribution are 

also distorted as most of the corresponding peaks disappear except the second harmonic (see 

Fig.15 (d)). Again, this is due to the high variability of the speed in the record (see subsection 

5.2.1). This is a case where the SES is insufficient to accurately detect the REB fault. The next 

subsection addresses this issue by considering the envelope enhancement methodology. 
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Fig.15. SES of (a) the GSA residue and (b) the CPW signal in runup case. SES of (c) the GSA residue and (d) the CPW signal in 

random speed-varying case. Signals acquired by Acc1. 

5.3.2 Enhancing the REB component 

In this subsection, the REB component is enhanced using the frequency band identified in Table 

2. After eliminating the deterministic component by the GSA or the CPW, the signal is bandpass 

filtered with the following parameters—i.e. fc = 2 kHz and Bw = 1 kHz. Then, the SES is 

applied on the order tracked signal and the results are displayed in Fig.16. Interestingly, a clean 

outer-race fault signature appears for both profiles and strategies. In details, whereas two peaks 

appear in the SES at the BPOO and its second harmonic in the random speed-varying case 

(Fig.16 (a) and (b)), sidebands spaced by one order also appear in the runup case (Fig.16 (c) and 

(d)). Last, it is worth noting that the extracted signature provides an image of the excitation very 

similar to that obtained for Acc2 (compare Fig.16 with Fig.14). 
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Fig.16. The envelope enhancement procedure applied on the Acc1 signal with filter parameters 𝐟𝐜 = 𝟐 𝐤𝐇𝐳 and 𝐁𝐰 = 𝟏 𝐤𝐇𝐳. 

Runup case: (a) GSA-based strategy and (b) CPW-based strategy. Random speed-varying case: (c) GSA-based strategy and (d) 

CPW-based strategy. 

6 CONCLUSION 

When dealing with random and repetitive signatures, the investigation of the squared envelope 

spectrum (SES) is unescapable because of its simplicity, low computational cost and 

implementation easiness on a hand; and the confidence gained through the decades in industries 

on the other hand. This paper has revised its application on rotating machine signals in variable 

speed conditions (VSC). It has collected previously published materials into a comprehensive 

framework. The aim was to provide guidelines to choose the best strategy for a given 

benchmark. At the onset, a phenomenological model has been proposed to describe the structure 

of vibration signals in VSC. This is the cornerstone towards the formalization of the subject for a 

comprehensive evaluation of existing strategies. Two potential challenges that may face the 

direct application of the SES have been identified. These are discussed hereafter together with 

solutions. 

The first challenge is the spurious contribution of the deterministic component in the SES. The 

paper has addressed this issue by comparing three sophisticated methods, namely, the improved 

synchronous average (ISA), the cepstrum prewhitening (CPW), and the generalized synchronous 

average (GSA), used for suppressing the deterministic part in a vibration signal. Regarding the 

ISA, it has been shown that this technique suffers from serious problems as it (i) ignores the 

long-term energy modulation in the signal and (ii) supposes a linear relationship between phases 

of the harmonics. Therefore, it returns poor results in the case of modest speed variations and 

generally fails in large speed variations. Conversely, the CPW technique returns better results for 

both modest and large speed variations. Often, it suppresses completely the deterministic part, 

yet suffering also from some disadvantages. The most serious one is the distortion in the random 
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part caused by the whitening operation. Such distortions also increase with the speed variability 

in the record. The latter case was met in a case-study with large randomly speed-varying profile 

where the REB fault signature almost disappeared from the envelope. On the other hand, the 

GSA proves an exceptional ability to systematically discriminate the deterministic part from the 

random part with minimal distortion of the latter. This technique also has some drawback such as 

its inability to remove modulation sidebands whose angular period is incommensurate with the 

carrier period. Note that the ISA shares the latter inconvenient. Building on this, the GSA can be 

an efficient alternative to the ISA. As for the preference between the GSA and the CPW, it seems 

strictly dependent on the nature of the application. 

The second challenge is the spurious contribution of CNS components emitted by other sources. 

This issue has been ignored in the literature where the SES is usually computed over the whole 

demodulation band after removing the deterministic part. The effectiveness of this approach 

relies on the prominence of the source of interest (SOI) in the random part. Therefore, it can be 

efficient for some applications but does not present a versatile solution in the general setting. In 

this context, it has been shown that the best way to exhibit the mechanical signature a cyclo-non-

stationary SOI in the SES is to filter (in the time domain) the signal— hypothetically purely 

random— around a high-SNR frequency band. In VSC, those bands may be identified, for 

instance, by an angle\time-cyclostationary (AT-CS) analysis of the emitted signal. 

Eventually, the SES itself is an optimal diagnostic indicator in terms of simplicity and 

computational cost. However, regardless of the adopted strategy, a prior knowledge of high-SNR 

band associated with the evaluated component is required. This is a strong requirement as it calls 

for more complex and sophisticated techniques to identify these bands. The straightforward 

solution to this issue is to scan the entire frequency band while systematically sweeping the 

whole frequency band. This will bring back to the AT-CS framework through an order-frequency 

representation. The authors believe that future works are to be oriented toward the exploitation of 

the SES features in the AT-CS framework. 
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9 APPENDICES 

9.1 Appendix A: Proof of equations 

A.1. SES of the deterministic component 

The squared envelope of the deterministic part reads 

 

𝑆𝐸𝑑(𝑡) = 𝔼{|d(t)|
2} = ∑ ∑ 𝑑𝜆𝑗(𝜔(𝑡))

𝜆𝑘∈𝛬

𝑑𝜆𝑘(𝜔(𝑡))
∗
𝑒𝑗(𝜆𝑗−𝜆𝑘)𝜃(𝑡)

𝜆𝑗∈𝛬

. (A1) 

Applying the change of variable 𝜆𝑖 = 𝜆𝑗 − 𝜆𝑘, one obtains  

 

𝑆𝐸𝑑(𝑡) = ∑ (∑ 𝑑𝜆𝑖+𝜆𝑘(𝜔(𝑡))

𝜆𝑘∈𝛬

𝑑𝜆𝑘(𝜔(𝑡))
∗
)𝑒𝑗𝜆𝑖𝜃(𝑡)

𝜆𝑖∈𝛬

= ∑ 𝑆𝐸𝑑
𝜆𝑖(𝜔(𝑡))𝑒𝑗𝜆𝑖𝜃(𝑡)

𝜆𝑖∈𝛬

 

 

(A2) 

The corresponding SES is obtained by following the same lines as in Eq. (6), i.e. 

 

𝑆𝐸𝑆𝑑(𝛼) = ℱ𝜃→𝛼{𝑆𝐸𝑑(𝑡(𝜃))} = ∑ 𝑆𝐸𝑆𝑑
𝜆𝑖(𝛼 − 𝜆𝑖)

𝜆𝑖∈𝛬

, (A3) 
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with 𝑆𝐸𝑆𝑑
𝜆𝑖(𝛼) = ℱ𝜃→𝛼 {𝑆𝐸𝑑

𝜆𝑖(�̃�(𝜃))} and �̃�(𝜃) = 𝜔(𝑡(𝜃)).  

A.2. SES of the CNS component 

Regarding the CNS contribution, the SES is evaluated on the general model provided in Eq. (8). 

Accordingly, the SE of a CNS signal reads: 

 

𝑆𝐸𝑦(𝑡) = 𝔼{|𝑦(𝑡)|
2} = ∑ ∑ 𝔼{𝑦𝛾𝑗(𝑡, 𝜔(𝑡))𝑦𝛾𝑘(𝑡, 𝜔(𝑡))∗}

𝛾𝑘∈𝛤𝑦

𝑒𝑗(𝛾𝑗−𝛾𝑘)𝜃(𝑡)

𝛾𝑗∈𝛤𝑦

. (A4) 

Applying the change of variable 𝛾𝑖 = 𝛾𝑗 − 𝛾𝑘, one obtains  

 

𝑆𝐸𝑦(𝑡) = ∑ ( ∑ 𝔼{𝑦𝛾𝑖+𝛾𝑘(𝑡, 𝜔(𝑡))𝑦𝛾𝑗(𝑡, 𝜔(𝑡))∗}

𝛾𝑘∈𝛤𝑦

)𝑒𝑗𝛾𝑖𝜃(𝑡)

𝛾𝑖∈𝛤𝑦

= ∑ 𝑆𝐸𝑦
𝛾𝑖(𝜔(𝑡))𝑒𝑗𝛾𝑖𝜃(𝑡)

𝛾𝑖∈𝛤𝑦

. 

 

(A5) 

The corresponding SES is obtained by following the same lines as in Eq. (6), i.e.  

 

𝑆𝐸𝑆𝑦(𝛼) = ℱ𝜃→𝛼{𝑆𝐸𝑦(𝑡(𝜃))} = ∑ 𝑆𝐸𝑆𝑦
𝛾𝑖(𝛼 − 𝛾𝑖)

𝛾𝑖∈𝛤𝑦

, (A6) 

with П𝑌
𝛾(𝛼) = ℱ𝜃→𝛼{𝑆𝐸𝑦

𝛾𝑖(�̃�(𝜃))}. According to this, the SES of the CNS components emitted 

by the SOI and by the mth interfering source reads 

{
 
 

 
 𝑆𝐸𝑆𝑠(𝛼) = ∑ 𝑆𝐸𝑆𝑠

𝛾𝑖
(𝑠)

(𝛼 − 𝛾𝑖
(𝑠)
)

𝛾
𝑖
(𝑠)
∈𝛤𝑠

𝑆𝐸𝑆𝑞𝑚(𝛼) = ∑ 𝑆𝐸𝑆𝑞𝑚
𝛾𝑖
(𝑚)

(𝛼 − 𝛾𝑖
(𝑚)
)

𝛾
𝑖
(𝑚)

∈𝛤𝑚

.

 

 

 

 

 

(A7) 

 

A.3. SES of the background noise 

Eventually, the SES of the background noise is obtained by simply replacing the cyclic order set 

𝛤𝑦 in Eq. (A6) by the singleton {0}, i.e.  

 

𝑆𝐸𝑆b(𝛼) = ℱ𝜃→𝛼{𝑆𝐸b(𝑡(𝜃))} = 𝑆𝐸𝑆𝑏
0(𝛼), (A8) 

with 𝑆𝐸𝑆𝑏
0(𝛼) = ℱ𝜃→𝛼{𝑆𝐸𝑏

0(�̃�(𝜃))} and 𝑆𝐸𝑏
0(𝜔) = 𝔼{|𝑏0(𝑡, 𝜔(𝑡))|2}. 
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Note that the properties of the functions 𝑆𝐸𝑆𝑑
𝜆𝑖(𝛼), 𝑆𝐸𝑆𝑦

𝛾𝑖(𝛼) and 𝑆𝐸𝑆𝑏
0(𝛼) are similar to those 

of function 𝐷𝜆𝑖(𝛼) encountered in Eq.(6). 

A.4. Proof of Eq. (28): 

Exploiting the linearity of the GSA: 

 

𝑚𝑥(�̅�, 𝜔) = 𝑚𝑑(�̅�, 𝜔) + 𝑚𝑟(�̅�, 𝜔). (A9) 

Evidently, the GSA of the random part tend to zero as the average number increases toward the 

infinity. It remains to calculate the GSA on the model of the deterministic part. Inserting Eq. (5) 

into Eq. (26), one obtains 

 

𝑚𝑥(�̅�, 𝜔) = 𝑙𝑖𝑚
𝛿𝜔→0

𝑙𝑖𝑚
𝑐𝑎𝑟𝑑{𝛫�̅�,𝜔}→∞

1

𝑐𝑎𝑟𝑑{𝛫�̅�,𝜔}
∑ ∑ 𝑑𝜆𝑖 (�̃�(�̅� + 𝑘𝛩)) 𝑒𝑗𝜆𝑖(�̅�+𝑘𝛩)

𝜆𝑖∈𝛬𝑘∈𝛫�̅�,𝜔

 
 

(A10) 

Similarly to the classical synchronous average, the GSA also needs the cyclic orders to be 

multiple, i.e. 𝜆𝑖 = 𝑖. 𝜆1 = 𝑖 ∗ 2𝜋 𝛩⁄  for all 𝑖 = 2,3…. By interchanging the sums, Eq. (A10) 

becomes 

𝑚𝑋(�̅�, 𝜔) = 𝑙𝑖𝑚
𝛿𝜔→0

𝑙𝑖𝑚
𝑐𝑎𝑟𝑑{𝛫�̅�,𝜔}→∞

∑ [
1

𝑐𝑎𝑟𝑑{𝛫�̅�,𝜔}
∑ 𝑑𝜆𝑖 (�̃�(�̅� + 𝑘𝛩))

𝑘∈𝛫�̅�,𝜔

]

𝜆𝑖∈𝛬

𝑒𝑗𝜆𝑖�̅� 

 

(A11) 

The rest of the proof follows once recognizing that 𝑑𝜆𝑖 (�̃�(�̅� + 𝑘𝛩)) = 𝑑𝜆𝑖(𝜔) for all 𝑘 ∈

𝛫�̅�,𝜔when 𝛿𝜔 → 0. 

A.5. Proof of Eq. (32): 

Exploiting Eq. (9), the filtration of signal, �̃�(𝑡), is expressed as: 

 

�̃�(𝑡) = 𝑠(𝑡)𝑓(𝑡) = ∑ �̃�𝛾𝑖
(𝑠)

(𝑡, 𝜔(𝑡))𝑒𝑗𝛾𝑖
(𝑠)
𝜃(𝑡)

𝛾
𝑖
(𝑠)
∈𝛤𝑠

 
 

(A12) 

where �̃�𝛾𝑖(𝑡, 𝜔) = 𝑠𝛾𝑖(𝑡, 𝜔)𝑓(𝑡) provided that the impulse response length 𝑓(𝑡) is smaller than 

the cycle duration. Its corresponding SES is 

 

SES�̃�(α) = ∑ 𝑆𝐸𝑆
�̃�

𝛾𝑖
(𝑠)

(𝛼 − 𝛾𝑖
(𝑠)
)

𝛾
𝑖
(𝑠)
∈𝛤𝑠

 

where 𝑆𝐸𝑆
�̃�

𝛾𝑖
(𝑠)

(𝛼) = ℱ𝜃→𝛼 {𝑆𝐸�̃�
𝛾𝑖
(𝑠)

(�̃�(𝜃))} and 𝑆𝐸�̃�
𝛾(𝜔) = ∑ 𝔼 {�̃�𝛾

′+𝛾(𝜔)�̃�𝛾
′
(𝜔(𝑡))

∗
}𝛾′ . 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



 Page 41 
 

9.2 Appendix B: Estimation of the GSA 

For estimation purposes, the speed profile is divided into a predefined set of speed intervals 

called regimes defined by their central frequency 𝜔𝑟 and the speed resolution 𝛿𝜔. Then, each 

cycle is associated to the regime that is closest to its mean speed value. Building on this, the raw 

estimator is then defined as,  

 

m̂y(θ̅, ωr) =
1

card{Κr}
∑ 𝑦(�̅� + 𝑘𝛩)

𝑘∈𝛫𝑟

, 
 

(B1) 

 

where 𝛫𝑟 = {𝑘 ∈ ℕ
∗|𝜔𝑟 − 𝛿𝜔 2⁄  ≤

1

𝛩
∫ �̃�(𝜃)𝑑𝜃
𝑘𝛩

(𝑘−1)𝛩
< 𝜔𝑟 + 𝛿𝜔 2⁄ }  stands for the set of 

cycles whose mean speed falls in the speed interval centered at𝜔𝑟.  Note that the raw estimate of 

the GSA provides only estimates at the central frequencies of the predefined speed intervals. 

Thus, the deterministic component could not be accurately restored by Eq. (27). For this reason, 

an interpolation is needed to enforce the continuity along the speed axis. By applying the kernel 

density estimation technique, an estimation of the (synchronous) deterministic part is provided 

by  

�̂�𝑦(�̅�, 𝜔) =
1

Kern (
�̃�(𝜃)−𝜔𝑟

σ
)
∑Kern (

�̃�(𝜃) − 𝜔𝑟
σ

) �̂�𝑦(�̅�, 𝜔𝑟)

𝑅

𝑟=1

 

 

(B2) 

 

where Kern(∗)  is the smoothing kernel (e.g. Gaussian, Hamming…), 𝜎 is a smoothing 

parameter called the bandwidth,�̂�𝑦(𝜃, 𝜔𝑟)  is the periodized version of  �̂�𝑦(�̅�, 𝜔𝑟) over the 

actual number of periods of  𝑦(𝜃).  
 

9.3 Appendix C: Simulation models for gears and bearings 
 

a) Deterministic contribution of gears 

The deterministic gear contribution is principally induced by the meshing force and the fault 

impacts. The former manifests itself as a smooth angle-periodic component of fundamental order 

equal to the number of teeth Z1 while the latter manifests itself as an impulsive angle-periodic 

component of fundamental order equal to the wheel rotation, i.e. 1. The interaction between these 

excitations is mostly manifested through an amplitude modulation. In turn, the resulting 

excitation undergoes speed-dependent energy modulation caused by the change of the machine 

power intake as the speed varies.  Building on this, one can model the excitation of the 

deterministic gear vibration part as 

 

𝛴𝑔
(𝑑)(𝑡) = 𝑀𝑔

(𝑑)
(𝜔𝑟𝑒𝑓(𝑡)) (1 + 𝐼 (𝜃𝑟𝑒𝑓(𝑡)))∑𝑎𝑙cos

𝑙

(𝑍1. 𝑙. 𝜃𝑟𝑒𝑓(𝑡) + 𝜑𝑙), 
 

(D1) 

where 𝜃𝑟𝑒𝑓(𝑡) = ∫ 𝜔𝑟𝑒𝑓(𝑡)𝑑𝑡
𝑡

0
 stands of the angular position of the reference shaft rotating with 

the angular frequency 𝜔𝑟𝑒𝑓, 𝑀𝑔
(𝑑)
(𝜔𝑟𝑒𝑓) is a monotonally increasing modulation function with 

Cette thèse est accessible à l'adresse : http://theses.insa-lyon.fr/publication/2015ISAL0106/these.pdf 
© [D. Abboud], [2015], INSA Lyon, tous droits réservés



 Page 42 
 

respect to the speed, 𝑎𝑙 and 𝜑𝑙 are the lth Fourier coefficients of the angle-periodic meshing 

excitation, and 

𝐼(𝜃𝑟𝑒𝑓) =∑Iξ
𝑖

(𝜃𝑟𝑒𝑓 − i. 2𝜋), 
(D2) 

models the fault impacts, where Iξ(𝜃𝑟𝑒𝑓) = 1 ξ√2𝜋⁄ 𝑒−𝑗0.5(𝜃𝑟𝑒𝑓)
2
ξ2⁄  is a Gaussian kernel of 

standard deviation, ξ, representing the angular duration of the impact. This latter is supposed to 

be constant in the angular domain as it may actually depend on the fault width. The deterministic 

gear vibration signal is then obtained after passing through an LTI system, say ℎ𝑔
(𝑟)(𝑡), that 

physically expresses the transmission path from the excitation to the sensor: 

 

𝑑(𝑡) = 𝛴𝑔
(𝑑)(𝑡)ℎ𝑔

(𝑑)(𝑡). (D3) 

  

b) Random contribution of gears 

The random contribution of the output gear can be modeled as the product of white noise 

modulated by an angle-periodic function with period equal to that of the output gear. By adding 

the speed-dependent energy modulation caused by the change of the machine power intake, one 

can model the random contribution of the output gear as:  

 

𝑞(𝑡) = 𝑀𝑔
(𝑟)
(𝜔𝑟𝑒𝑓(𝑡))𝑊(𝑡)∑𝑎𝑚cos

𝑚

(
𝑍1
𝑍2
. 𝑚. 𝜃𝑟𝑒𝑓(𝑡) + 𝜑𝑚) 

 

(D4) 

 

where 𝑀𝑔
(𝑟)
(𝜔𝑟𝑒𝑓) is a monotonally increasing modulation function with respect to the speed, 

𝑊(𝑡) is a white noise of unit standard deviation,𝑎𝑚 and 𝜑𝑚 are the mth Fourier coefficients of 

the angle-periodic meshing excitation. The random gear signal is then obtained after passing 

through an LTI system, say ℎ𝑔
(𝑟)(𝑡), that physically expresses the transmission path from the 

excitation to the accelerometer: 

𝑋𝑔
(𝑟)(𝑡) = 𝛴𝑔

(𝑟)(𝑡)ℎ𝑔
(𝑟)(𝑡). 

 

(D5) 

c) Random contribution of REB 

In the following, a cyclostationary-based bearing vibration model introduced in [Randall 2001] is 

revisited to account for speed variation. The presence of a local fault in a REB component 

produces a train of short time impulses, angle periodic on the average, locked to the fault 

characteristic angular period. The inter-arrival angles of the impacts are subjected to slight 

random fluctuations due to existing slips, whereas the corresponding magnitude is subject to 

fluctuations due to the non-exactly reproducible microscopic conditions when a rolling surface 

impacts the fault. Similarly to the gear case, the excitation is also subjected to speed dependent 

energy changes. In this model, the modulation effects caused by the passage in the load zones are 

neglected. A faulty rolling element bearing signal is then obtained by exciting a wide band 

structural resonance as,  
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𝑠(𝑡) = 𝑀𝑏 (𝜔𝑟𝑒𝑓(𝑡))∑𝐴𝑖ℎ𝑏
𝑖

(𝑡 − 𝑇𝑖);  𝑤𝑖𝑡ℎ 𝑇𝑖 = 𝑡(𝑖. 𝛩𝑓 − 𝜇𝑖) 
 

(D6) 

where  𝑀𝑏(𝜔𝑟𝑒𝑓) is a monotonally increasing modulation function, ℎ𝑏 is the system impulse 

response, 𝛩𝑓 = 2𝜋 𝐵𝑃𝑂𝑂⁄  is the fault characteristic angular period, 𝐴𝑖are the amplitude 

modulations modelled as mutually delta-correlated random sequence with 𝔼{𝐴𝑖} = �̅� and 

cov{𝐴𝑖, 𝐴𝑗} = 𝜎𝐴
2𝛿𝑖𝑗,  𝜇𝑖  are the inter-arrival angle fluctuations modelled as mutually delta-

correlated random variable with 𝔼{𝜇𝑖} = 0  and cov{𝜇𝑖, 𝜇𝑗} = 𝜎𝜇
2𝛿𝑖𝑗.  

 

d) Background noise 

Eventually, background noise 𝑏(𝑡) is modelled by a stationary white Gaussian noise modulated 

by a speed-dependent monotonically increasing function 𝑀𝑁(𝜔𝑟𝑒𝑓), 

𝑏(𝑡) = 𝑊(𝑡)𝑀𝑁 (𝜔𝑟𝑒𝑓(𝑡)). 
(D7) 

Finally, the complete vibration signal can be then obtained by summing all contributions,  

 

𝑥(𝑡) = d(𝑡) + s(𝑡) + 𝑞(𝑡) + 𝑏(𝑡). (D8) 

For simplicity, the LTI filter ℎ𝑔
(𝑑)(𝑡), ℎ𝑔

(𝑑)(𝑡) and ℎ𝑏(𝑡) are chosen to be the impulse responses 

of single-degree-of-freedom (s.d.o.f.) systems with different parameters. 
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Appendix E - ‘Pub5’: The speed dependent 

spectral correlation 
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SUMMARY: In the last decades, the vibration-based diagnosis of rotating machines has developed significantly 

and its applications are spreading in different industrial sectors. Some of these applications are characterized by 

nonstationary operating speeds making their diagnosis critical. In such cases, the emitted vibrations are likely to 

witness an interaction between angle-components related to the system kinematics and time-dependent 

components related to the system dynamics. Therefore, the angle-time cyclostationary class was designed to 

jointly consider these components. In accordance, the order-frequency spectral correlation (OFSC) has proven 

itself as a powerful diagnosis tool enjoying a symptomatic distribution of the cyclic components. However, the 

time-dependent components undergo structural changes as the speed varies, causing substantial changes in the 

frequency content of the carrier. This necessarily jeopardizes the AT-CS assumption and compromises the 

efficiency of the OFSC. This paper proposes a cyclo-non-stationary based solution that explicitly considers the 

speed as a supplementary variable. Also, the related spectral representation, namely the speed-dependent spectral 

correlation, is introduced as a generalization of the OFSC. This quantity, when evaluated at a given speed, 

returns the OFSC as if the machine was operating steadily at the corresponding speed. Eventually, the proposed 

strategy is evidenced on real-word rolling element bearing vibration signals. 

 

 

 

KEYWORDS: bearing diagnosis, nonstationary conditions, cyclo-non-stationarity; speed-dependent spectral 

correlation. 

 

 

1.  Introduction 

 

Vibration-based diagnosis of rolling element bearings (REB) is still gaining a considerable interest in many 

industrial sectors. In particular, it has been shown that the emitted vibrations are stochastic cyclostationary (CS) 

[1]. Since that time, the fault detection of REB faults has been significantly improved by this theory [2]. The 

validity of the CS assumption is, however, confined to the case of stationary or quasi-stationary regimes wherein 

the speed profile remains merely constant. In real applications, rotating machines are sometimes subjected to 

speed variations which jeopardize the stationary regime assumption. A typical example is a wind turbine in 

which rotating speed of the shaft is dictated by the random and unexpected behavior of the wind. In such cases, 

the emitted vibrations are likely to witness an interaction between angle- and time-dependent mechanisms [3]. 

The formers are dictated by system kinematics resulting in angle-periodic modulations whose periodicities are 

consistent in the angular domain. In turn, the latters are governed by the system transfer function that imposes 

time-invariant resonance frequencies and relaxation times; these are evidently constant in time. Therefore, the 

angle\time cyclostationary (AT-CS) was recently introduced in Ref. [4] to jointly describe the angle-kinematics 

and the time-dynamics of the system [5,6]. In this context, a related tool, coined as the “order-frequency spectral 

correlation” (OFSC), provides an order-frequency distribution of the signal energy in which the cyclic 

information and the spectral content of the carrier are jointly displayed. Specifically, the cyclic content is 

materialized by the presence of discrete spectral lines parallel to the spectral-frequency axis at the cyclic orders, 

while the frequency content is identified by a continuous distribution of energy along the spectral frequency axis 

with local strips at the system resonances. However, the proposed approach assumes that time-dependent 

components are independent of the operating speed. In practice, these components undergo structural changes as 

the speed severely varies, causing substantial changes in the frequency content of the carrier [7]. In this case, the 

latter assumption is violated, the AT-CS assumption is jeopardized and the efficiency of the OFSC is 

compromised. The aim of this paper is to (i) expose the shortcomings of the AT-CS approach in severe speed-
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varying conditions and (ii) provide a cyclo-non-stationary (CNS) based solution to deal with this issue. This 

paper is organized as follows: section 2 reviews the AT-CS class and theoretically exposes the shortcoming of 

the AT-CS approach. Section 3 proposes a CNS-based approach to deal with the statistical dependence on the 

speed. It equally generalizes the OFSC by adding the speed as a supplementary variable and proposes a 

consistent estimator. Then, the proposed approach is validated in section 5 on real data from test rig containing 

REBs. Last, the paper is sealed with a general conclusion. 

 

 

2.  Problem statement 

 

 

The principal aim of this section is to investigate the limitations of the angle\time approach when applied on 

rotating machine signals in large speed-varying conditions. It starts with a brief review on the AT-CS class. 

Then, it evaluates the effect of applying the order-frequency spectral correlation on a CNS signal. 

 
 

2.1.   Angle\time cyclostationarity 

 

The angle\time cyclostationary (AT-CS) class was originally introduced in [4] as an extension of the CS class to 

the case of nonstationary operating conditions. Formally speaking, a signal 𝑋(𝑡) is said AT-CS if its angle-time 

autocorrelation function (ATCF) is periodic and, consequently, accepts a Fourier series of non-zero Fourier 

coefficients at cyclic orders 𝑘 2𝜋⁄  (the reference angular period is 2𝜋), i.e.  

 

ℜ2𝑋(𝜃, 𝜏) ≝ 𝔼{𝑋(𝑡(𝜃))𝑋(𝑡(𝜃) − 𝜏)} = ∑ ℜ2𝑋
𝑘 (𝜏)𝑒𝑗2𝜋𝑘𝜃

𝑘        (1) 

 

where ℜ2𝑋
𝑘 (𝜏) is  the (angle\time) cyclic correlation function [4]. This decomposition separates the 

autocorrelation into two sets of functions with different physical meanings: the “Fourier coefficients” and the 

“exponential kernels”. Whereas the latter is exclusively dependent on the angle variable and reflects the cyclic 

evolution of the waveform, the former is exclusively dependent on the time-lag and reflects the property of a 

time-stationary carrier. The bispectral counterpart of this quantity, coined “order-frequency spectral correlation” 

(OFSC), was thoroughly studied in [4]. It is defined as the double Fourier transform of the ATCF: 

 

𝒮2X(α, f) ≝ ℱθ→α
τ→f

{ℜ2X(θ, τ)}                      (2) 

       

where α denotes the cyclic order (adimensional) and f the spectral frequency (in Hertz). Equivalently, this 

definition can be expressed by means of temporal Fourier transforms as [5]: 

 

    𝒮2𝑋(𝛼, 𝑓) = 𝑙𝑖𝑚
𝑊→∞

1

𝛷(𝑊)
𝔼 {ℱ𝑊{𝑋(𝑡)}∗. ℱ𝑊{𝑋(𝑡)𝑒−j2𝜋𝛼𝜃(𝑡)𝜔(𝑡)}}                                (3) 

where ω(t) = dθ dt⁄  is the instantaneous angular speed, Φ(W) = ∫ ωdt
W

 is the angular sector spanned during 

the time interval W and ℱW{∗} = ∫ (∗)e−j2πtfdt
+W/2

−W/2
 . In the case of AT-CS signals, the OFSC takes the 

particular form 

 

𝒮2𝑋(𝛼, 𝑓) = ∑ 𝒮2𝑋
𝑘 (𝑓)𝛿(𝛼 − 𝑘)𝑘                     (4) 

where 𝒮2𝑋
𝑘 (f) = ℱτ→f{ℜ2𝑋

𝑘 (𝜏)}, which clearly indicates the presence of symptomatic parallel spectral lines 

𝒮2𝑋
𝑘 (𝑓) at the cyclic orders 𝑘; jointly carries the cyclic flow of the signal energy and the spectral content of the 

corresponding carrier. 

 

 

2.2.   Practical shortcomings 

 

The AT-CS approach assumes that time-dependent components are independent of the operating speed, which 

may be accurate for modest speed variations. In practice, these components undergo structural changes as the 

speed varies severely, causing substantial changes in the frequency content of the carrier [7]. These changes may 

be induced by the passage of critical speeds, change in the machine power intake, gyroscopic effects, non-
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linearity of the system and other phenomena. Indeed, they affect the statistical properties of the carrier which 

turns out speed-dependent. As a consequence, the AT-CS assumption is jeopardized and the signal turns out 

CNS [6]. In this case, a more realistic decomposition of the ATCF in the CNS case can be obtained by adding 

supplementary speed dependence to the cyclic correlation function of Eq. (1), viz, 

 

ℜ2𝑋𝐶𝑁𝑆
(𝜃, 𝜏) = ∑ ℜ2𝑋𝐶𝑁𝑆

𝑘 (𝜏, �̃�(𝜃))𝑒𝑗2𝜋𝑘𝜃
𝑘                 (5) 

 

with �̃�(𝜃) = 𝜔(𝑡(𝜃)). This necessarily invalidates the working assumption of the OFSC and compromises its 

efficiency [5]. This can be analytically verified by inserting Eq. (5) in Eq. (2), which returns 

 

𝒮2𝑋𝐶𝑁𝑆
(α, f) = ∑ 𝒮2𝑋𝐶𝑁𝑆

𝑘 (f, α − k)k                      (6) 

 

where 𝒮2𝑋𝐶𝑁𝑆
𝑘 (f, α) = ℱθ→α

τ→f
{ℜ2𝑋𝐶𝑁𝑆

𝑘 (𝜏, �̃�(𝜃))} is the double Fourier transform of ℜ2𝑋𝐶𝑁𝑆
𝑘 (𝜏, �̃�(𝜃)) having an 

order-domain bandwidth B𝑤
𝑘 . Obviously, B𝑤

𝑘   is dependent on (i) the variability of the kth coefficient with respect 

to the speed (i.e. higher partial derivatives of ℜ2𝑋𝐶𝑁𝑆
𝑘 (𝜏, �̃�(𝜃)) with respect to 𝜔) and (ii) the variability of the 

speed profile itself (i.e. higher derivatives of �̃�(𝜃) with respect to 𝜃): the more important are these variabilities, 

the wider the induced bandwidths are. In practice, the former dependence is dictated by the susceptibility of the 

machine on regimes, while the latter dependence is related to the speed profile variability within the record. Due 

to the nature of mechanical systems and the smooth requirement of the speed profile, these bandwidths are 

usually much narrower than the reference order (i.e. B𝑤
𝑘 ≪ 1) so that 𝒮2𝑋𝐶𝑁𝑆

𝑘 (f, α − k) and 𝒮2𝑋𝐶𝑁𝑆
𝑘+1 (f, α − k − 1) 

do not overlap over the α-axis for all k = 0,1,2 … . As a consequence, the OFSC also seems discrete along the α-

axis, yet undergoing an energy leakage of width B𝑤
𝑘  rather than being perfectly localized at the modulation 

orders. An illustration of this effect is provided in Fig. 1. Note that, in the case of modest speed variations, the 

bandwidths B𝑤
𝑘  significantly decrease and the cyclic components appear in the form of perfect spectral lines 

parallel to the f-axis. In this case, the AT-CS approach is optimal and returns the symptomatic distribution 

provided in Eq. (4). In conclusion, the dependence of the spectral lines properties (phase, magnitude and 

bandwidth) on the speed profile comprises the effectiveness of the AT-CS approach. Specifically, it 

misdistributes the energy along the 𝑓-axis and α-axis; it also returns different distributions for different speed 

profiles. The next subsection provides a CNS-based solution for this issue by explicitly considering the speed as 

a supplementary variable. 

 
 

Figure 1 – Shortcoming of the OFSC in large speed variations. 

 

 

3.  Cyclo-non-stationary based solution 

 

 
This section proposes a new strategy to deal with CNS signals. Specifically, it theoretically generalizes the 

ATCF and the OFSC by adding a speed variable. An estimator of the latter (i.e. the generalized form of the 

OFSC) is also proposed. 

 

 

3.1.   The cyclo-non-stationary strategy 
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As previously pointed out, the statistical properties of a CNS signal are dependent on the speed; that is its ATCF 

returns different distribution for different speeds. Then, the straightforward solution to totally describe the signal 

is to investigate the latter for each operating regime. Therefore, the strategy in the CNS case is to restitute them 

from existing trajectories. At any rate, a supplementary variable is needed to express the speed variable. Building 

on this, one can generalize the ATCF function—to be called the “speed-dependent autocorrelation function” 

(SDCF)—of a random signal 𝑌(𝑡) as, 

    ℜ2𝑌(𝜃, 𝜏, 𝜔) ≝ 𝔼{𝑌(𝑡(𝜃))𝑌(𝑡(𝜃) − 𝜏)∗|𝜔(𝑡) = 𝜔}            (7) 

where 𝔼{∗ |A} stands for an ensemble average operator conditioned to event A.  For CNS signals, the SDCF 

enjoys the following decomposition: 

ℜ2𝑌(𝜃, 𝜏, 𝜔) = ∑ ℜ2𝑌
𝑘 (𝜏, 𝜔)𝑒j2𝜋𝑘

𝜃

𝛩𝑘          (8) 

where ℜ2𝑌
𝑘 (𝜏, 𝜔) stands for the “generalized cyclic correlation function”. The next subsection investigates the 

bispectral counterpart of the SDCF. 

 

 

3.2.   The speed dependent spectral correlation 

 

The generalization of the autocorrelation function opens the door to the generalizations of other quantities such 

as the cyclic autocorrelation function, the Wigner-Vile spectrum and the spectral correlation. Only the latter is 

investigated in this paper due to its salience in mechanical applications. In this regard, the “speed dependent 

spectral correlation” (SDSC) can be defined as the double Fourier transform of the SDCF: 

 

𝒮2𝑌(α, f, 𝜔) ≝ ℱθ→α
τ→f

{ℜ2𝑌(𝜃, 𝜏, 𝜔)},          (9) 

or equivalently through an ensemble average conditioned on the speed 𝜔 operator as: 

 

𝒮2𝑌(α, f, 𝜔) = lim
W→∞

1

W
𝔼 {ℱW{𝑋(t)}∗. ℱW {X(t)e−j2𝜋α

𝜃(t)

𝛩 } |𝜔(𝑡) = 𝜔}.       (10) 

Similarly to the AT-CS case, it will be shown in the next subsection that the latter representation of the SDSC is 

more suitable for its estimation. For CNS signals, the SDSC takes the particular form, 

 

𝒮2𝑌(α, f, 𝜔) = ∑ 𝒮2𝑌|𝜔
𝑘 (f, 𝜔)δ (α − k

2𝜋

𝛩
)k ,              (11) 

with 𝒮2𝑌|𝜔
𝑘 (f, 𝜔) = ℱ𝜏→𝑓{ℜ2𝑌

𝑘 (𝜏, 𝜔)}, providing a symptomatic distribution similar to that of the AT-CS case, yet 

being dependent on the speed. 

 

 

3.3.   Estimation issue 

 

This subsection is dedicated to study a consistent estimator for the SDSC on a finite-length record {𝑌(𝑛)}𝑛=0
𝐿−1  

sampled with period 𝛥 having a nonstationary speed profile 𝜔(𝑛). Among various estimators, the averaged 

cyclic periodogram may be the most practical because of its easy implementation, enjoying a low computational 

cost while maintaining remarkable asymptotic properties [2]. Recently, it was also used for the estimation of the 

OFSC [5]. This estimator consists of substituting the ensemble average operator in Eq. (3) by an average over 

weighted blocks using short FFT’s of fixed size. Let {w[n]}n=0
Nw−1

 be a window of Nw points and ws[n] =
w[n − sR] its shifted version by R samples. The increment R is set between 1 and Nw to provide the opportunity 

of possible overlap. The averaged cyclic periodogram of the OFSC reads 
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 �̂�2Y
(L)(α, f) =

1

ΦS||w||2
∑ DTFT{ws(n)Y(𝑛)}∗ DTFT {ws(n)Y(𝑛)ω(n)e−j2𝜋α

𝜃(n)

𝛩 } ,S−1
s=0      (12) 

where S stands for the greatest integer smaller than or equal to (L − Nw) 𝑅⁄ +1, DTFT is the discrete time Fourier 

transform, and ||w||2 stands for the window energy. In the following, a local approach is followed to estimate 

the SDSC using the theoretical definition in Eq. (10). To deal with the speed variability, the conditioned 

ensemble average operator is substituted by a conditioned (arithmetic) mean over finite-length windows. In 

details, it is proposed to average the windows according to their pertinence to a regime r systematically defined 

by its central frequency, 𝜔𝑟 , and speed resolution 𝛿𝜔. Taking this into consideration, one can relax the averaged 

cyclic periodogram— henceforth called the “conditioned averaged cyclic periodogram”—to estimate the SDSC 

of a CNS signal as 

�̂�2𝑌|𝜔𝑟

(𝛿𝜔) (α, f, 𝜔𝑟) =

1

𝐿𝑒𝑓𝑓
(𝛿𝜔)

(𝜔𝑟)||w||2card{Μ(𝛿𝜔)(𝜔𝑟)}
∑ DTFT{w𝑚(n)Y(𝑛)}∗ DTFT {w𝑚(n)Y(𝑛)e−j2𝜋α

𝜃(n)

𝛩 }𝑚∈Μ(𝛿𝜔)(𝜔𝑟)  ,         (13) 

where 𝐿𝑒𝑓𝑓
(𝛿𝜔)(𝜔𝑟) = ∑ 𝟙

𝜔𝑟−
𝛿𝜔

𝟐
≤ ω(𝑛)<𝜔𝑟+

𝛿𝜔

𝟐

(n)𝐿
𝑛=1  stands for the effective length of regime r defined as the 

number of points that belong to this regime (𝟙A is the indicator function that returns 1 if the event A is true and 0 

elsewhere), Μ(𝛿𝜔)(𝜔𝑟) stands for the set of windows whose mean speed falls in the speed interval centered at 

𝜔𝑟, i.e. 

Μ(𝛿𝜔)(𝜔𝑟) = {m ∈ ℕ∗ | (𝜔𝑟 − 
𝛿𝜔

2
≤

1

Nw
∑ ω(n)mlR+Nw

n=mlR < 𝜔𝑟 + 
𝛿𝜔

2
) and (m ≤ ⌊

𝐿−1−Nw

SR
⌋) }       (14) 

 

where ⌊∗⌋ stands for the floor of the real number ∗, card{Μ(𝛿𝜔)(𝜔𝑟)} is the effective number of averaged 

windows. A few words should be said at the end of this subsection. First, the length of the signal does not truly 

reflect the actual information in the record, but rather the effective length 𝐿𝑒𝑓𝑓
(𝛿𝜔)(𝜔𝑟) under which the speed lies 

within the corresponding regime. Second, the quasi-constancy of the speed for the chosen windows allows its 

simplification from the DTFT transform with that present in the denominator. This latter was basically 

embedded in the effective angular length—i.e. Φ𝑒𝑓𝑓
(𝛿𝜔)(𝜔𝑟) ≈ 𝐿𝑒𝑓𝑓

(𝛿𝜔)(𝜔𝑟). 𝜔𝑟. Third, the angle-dependent kernel 

e−j2𝜋α
𝜃(n)

𝛩  was purposely maintained in order to capture slight fluctuations of the speed. Admitting these 

nuances, the proposed estimator asymptotically shares similar statistical properties with the conventional 

averaged cyclic periodogram. 

 

 

4.  Experimental validation 

 

 

In this section, the CNS approach is validated on industrial signals. After a brief description of the test rig and 

experiments, the OFSC is first applied on two signals of different speed profiles in order to experimentally 

evidence its shortcoming. After that, the SDSC is applied on stepwise and continuous speed profiles to 

demonstrate (i) the dependence of the distribution properties on the speed and (b) the unicity of the cyclic 

signature under the CNS assumption. 

 

 

4.2.   Test rig and experiments 

 

The benchmark used in this paper is located at Cetim and illustrated in Fig. 2. It essentially comprises an 

asynchronous motor supplied by a variable-speed drive to control the motor speed, followed by a spur gear with 

18 teeth and ratio of 1.  The gear is subjected to excessive wear. Two identical REB are installed behind the spur 

gear; the healthy one is closer to the gears than the faulty one which is coupled to an alternator by means of a 

belt to impose a constant load. The characteristics of the REB are as follows: ball diameter = 6 mm, pitch 

diameter = 25 mm, number of elements = 8. This returns an expected ball-pass-order on the outer-race (BPOO) 

at 3.04 orders— i.e. 3.04 times the rotation speed. The sampling rate is set to 25.6 kHz. An optical keyphasor of 

type “Brawn” is fixed close to the motor output to measure the rotational shaft position. In addition, 

accelerometer is branched on the faulty REB in the Z-direction to measure the produced vibrations.  
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Figure 2 – The benchmark located at Cetim 

 

Three experimental tests are conducted. In the first one, a stepwise variation is imposed to the electric motor at 

the speeds 950 and 1850 rpm, each for 20s. The intention behind such an experiment is to obtain an actual 

reference of the machine behavior at the chosen operating speeds. In the second experiment, a runup from 500 to 

2000 rpm is imposed to the electric motor over 50s; while a random speed profiles between 500 to 2500 rpm is 

imposed to the electric motor over 100s in the third experiment. The speed profiles and the acceleration signals 

are displayed in Fig. 3. 

 

 
Figure 3 – Experiment 1: (a) speed profile, (b) acceleration signal. Experiment 2: (c) speed profile, (d) acceleration signal. 

Experiment 3: (e) speed profile, (f) acceleration signal. 

 

 

4.2.   Shortcoming of the OFSC 

 

This section experimentally addresses the shortcomings of the AT approach when applied on highly speed-

varying signals. The idea is to compare the OFSC of three signals issued from the same accelerometer, having 

different speed profiles. The aim is to show the dependence of the distribution properties on its corresponding 

speed profile or, equally, to demonstrate the non-unicity of mechanical signatures under the AT-CS assumption.  

To do so, the OFSC is applied on the acceleration signals of experiment 1 (1850 rpm), experiment 2 (runup 

regime) and experiment 3 (random speed-varying regime). Note that for the latter two cases, only 20s were taken 

from the signals in order to equals the variance of the obtained distributions. The OFSC is applied around the 

fundamental order to assess the REB fault signature. The averaged cyclic periodogram is used for the estimation 

with the following parameters: Hamming window, Nw = 256, 66% overlap, cyclic order resolution Δα=0.001. 

Since the OFSCs are inversely proportional to the time durations, the distributions were multiplied by the latter 

to get rid of this dependence. The obtained distributions are displayed in Fig. 4 together with their integrations 

over the f-axis. Comparing the OFSCs (Fig. 4 (a) and (b)), one can remark a significant change in the intensity, 

the thickness and the distribution of the cyclic components. For instance, the spectral line of the REB fault 

component is thicker and less intense in the random speed case than in the runup case (see Fig. 4 (a) and (b)) 

which, in turn, is thicker and less intense than in the constant speed case. This is due to the fact that the energy 

leakage is directly related to the speed profile variability; being conform to the theoretical results obtained in 

subsection 2.2.. A more obvious way to reveal the dependence on the speed profile is to compare their 

corresponding integration over the f-axis which is actually equivalent to the squared envelope spectrum [2]. The 

cyclic components appear as a widened peak at the corresponding orders whose thickness is dependent on the 
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speed variability: the energy leakage around the harmonic is more significant in the random speed case (see Fig. 

4 (d)). In summary, the OFSC of a REB signal in nonstationary conditions is dependent on the corresponding 

speed profile. Although they provide symptomatic presentations, the existing signatures are not unique and 

depend on the speed variability within the record. The next subsection treats this problematic from a CNS point 

of view. 

 

 
Figure 4 – Close-ups around the BPOO of the OFSC (magnitude) applied on the acceleration signals of (a) experiment 1 

(constant regime—1850 rpm) (b) experiment 2 (runup regime), (c) experiment 3 (random speed varying speed) and (d) their 

integration over the spectral frequency axis.  

  

 

4.3.   Validation of the SDSC 

 

As previously pointed out, the main shortcoming of the AT-CS assumption is the non-unicity of the cyclic 

signature for distinct speed profiles even though the generative source is the same. The CNS approach 

theoretically overcomes this problem by adding the speed as a supplementary dimension providing a unique 

signature independently of the speed variation in the record. The goal of this section is to practically evidence 

this claim. Therefore, the unicity of the SDSC and its dependence on the speed is tested hereafter. To do so, it is 

proposed to apply the SDSC on the acceleration signals of experiments 1, 2 and 3 at the speeds 950 and 1850 

rpm. In the first case, the SDSC is perfectly equivalent to the application of the OFSC along the step (of 20 s 

duration) that corresponds to the evaluated regime. It is intended that these distributions stand as the reference on 

which the efficiency of the SDSC in the case of continuous and large speed-varying conditions (experiment 2 

and 3) is tested. The conditioned averaged cyclic periodogram is used for estimation with the following 

parameters: Hamming window, Nw = 256, 66% overlap, cyclic order resolution Δα=0.001, the speed resolution 

δω = 150 rpm. Since the SDSCs are inversely proportional to the effective time durations, the distributions 

were multiplied by the latter to get rid of this dependence. Figure 5 displays the magnitude of the SDSC applied 

on acceleration signal of experiment 1 (first column), experiment 2 (second column) and experiment 3 at the 

speeds 950 rpm (first raw), 1850 rpm (second raw). As a first remark, the distributions of the first experiment 

(first column) undergo considerable speed-dependent change in their energy (note the amplitude scale in Fig. (a) 

and (b)). This is simply explained by the fact that the whole signal power, including those of the cyclic 

components, increases with the speed. Comparing the SDSC of experiments 1 and 3 at each speed, one can 

remark the similarity in these distributions, validating the CNS approach. Note that the difference in the 

distribution is due to (i) the random nature of the distributions, (ii) the transfer function of the estimator and (iii) 

the bias induced by the regime width δω.  

 

 

5.  Conclusion 

 

 

The difficulty of analyzing rotating machine vibrations in speed-varying conditions resides in the general 

ignorance of the properties of the induced nonstationarity. In this framework, the angle\time cyclostationary 

provides a simplistic solution that jointly considers the angle-kinematics and the time-dynamics of the system. A 

first object of this paper was to analytically demonstrate and experimentally evidence the limitations of this 

approach in describing such signals. In particular, it is shown that the statistical properties of these signals are 

dependent on the operating regime and, therefore, the order-frequency spectral correlation is likely to return 

different distributions for different speed profiles. The second object of this paper was to provide a cyclo-non-
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stationary based approach that explicitly considers the speed as a supplementary variable. In accordance, the 

speed-dependent spectral correlation was introduced together with its estimator, then, validated on faulty bearing 

signals. This quantity fully describes the statistical properties of the signal and returns a unique distribution 

independently of the speed profile in the record. The price to pay against this optimality is a considerable 

complexity inasmuch the introduced quantity is tri-variable. In light of these results, the authors believe that 

further work is to be oriented towards the derivation of suboptimal indicators while benefiting from the 

optimality of the speed-dependent spectral correlation. 

 

 

 
Figure 5 – The SDSC (magnitude) applied on acceleration signal of experiment 1 (first column), experiment 2 (second 

column) and experiment 3 at the speeds 950 rpm (first raw), 1850 rpm (second raw). 
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Dans les dernières décennies, la surveillance vibratoire des machines tournantes a acquis un intérêt 

particulier fournissant une aide efficace pour la maintenance dans l'industrie. Aujourd'hui, de nombreuses 

techniques efficaces sont bien établies, ancrées sur des outils puissants offerts notamment par la théorie des 

processus cyclostationnaires. Cependant, toutes ces techniques reposent sur l'hypothèse d’un régime de 

fonctionnement (c.à.d. vitesse et/ou charge) constant ou éventuellement fluctuant d’une fa çon stationnaire. 

Malheureusement, la plupart des machines surveillées dans l'industrie opèrent sous des régimes non 

stationnaires afin de remplir les tâches pour lesquelles elles ont été conçues. Dans ce cas, ces techniques ne 

parviennent pas à analyser les signaux vibratoires produits. Ce problème a occupé la communauté 

scientifique dans la dernière décennie et des techniques sophistiquées de traitement du signal ont été 

conçues pour faire face à la variabilité du régime. Mais ces tentatives restent limit ées, dispersées et 

généralement peu sountenues par un cadre théorique. Le principal objectif de cette thèse est de combler 

partiellement cette lacune sur la base d'une formalisation théorique du sujet et d’un développement 

systématique de nouveaux outils de traitement du signal. Dans ce travail, la non-stationnarité du régime est 

limitée à celle de la vitesse— c.à.d. vitesse variable et charge constante— supposée connue a priori. Afin 

d'atteindre cet objectif, la méthodologie adoptée consiste à étendre le cadre cyclostationnaire avec ses 

outils dédiés. Nous avons élaboré cette stratégie en distinguant deux types de signatures. Le premier type 

comprend des signaux déterministes connus comme cyclostationnaires au premier ordre. La solution 

proposée consiste à généraliser la classe cyclostationnaire au premier ordre à la classe cyclo-non-

stationnaire au premier ordre qui comprend des signaux déterministes en vitesse variable. Le second type 

comprend des signaux aléatoires périodiquement corrélés connus comme cyclostationnaires au deuxième 

ordre. Trois visions différentes mais complémentaires ont été proposées pour traiter les variations induites 

par la non-stationnarité de la vitesse de fonctionnement. La première adopte une approche 

cyclostationnaire angle\temps, la seconde une solution basée sur l'enveloppe et la troisième une approche 

cyclo-non-stationnaire (au second ordre). De nombreux outils ont été conçus dont les performances ont été 

testées avec succès sur des signaux vibratoires réels et simulés.  
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RESUME : 

 

In the last decades, vibration-based condition monitoring of rotating machine has gained special interest 

providing an efficient aid for maintenance in the industry. Nowadays, many efficient techniques are well -

established, rooted on powerful tools offered in particular by the theory of cyclostationary processes. 

However, all these techniques rely on the assump-tion of constant— or possibly fluctuating but 

stationary— operating regime (i.e. speed and/or load). Unfortunately, most monitored machines used in the 

industry operate under nonstationary regimes in order to fulfill the task for which they have been designed. 

In this case, these techniques fail in analyzing the produced vibration signals. This issue, therefore, has 

occupied the scientific committee in the last decade and some sophisticated signal processing techniques 

have been conceived to deal with regime variability. But these works remain limited, dispersed and 

generally not supported by theoretical frameworks. The principal goal of this thesis is  to partially fill in 

this gap on the basis of a theoretical formalization of the subject and a systematic development of new 

dedicated signal processing tools. In this work, the nonstationarity of the regime is confined to that of the 

speed— i.e. variable speed and constant load, assumed to be known a priori. In order to reach this goal, the 

adopted methodology consists in extending the cyclostationary framework together with its dedicated tools. 

We have elaborated this strategy by distinguishing two types  of signatures. The first type includes 

deterministic waveforms known as first-order cyclostationary. The proposed solution consists in 

generalizing the first-order cyclostationary class to the more general first-order cyclo-non-stationary class 

which enfolds speed-varying deterministic signals. The second type includes random periodically-

correlated waveforms known as second-order cyclostationary. Three different but complementary visions 

have been proposed to deal with the changes induced by the nonstationarity of the operating speed. The 

first one adopts an angle\time cyclostationary approach, the second one adopts an envelope-based solution 

and the third one adopts a (second-order) cyclo-non-stationary approach. Many tools have been conceived 

whose performances have been successfully tested on simulated and real vibration signals.   
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