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Abstract

We study a fundamental class of infinite-state stochastic processes and stochastic
games, namely Branching Processes, under the properties of (single-target) reachabil-
ity and multi-objective reachability.

In particular, we study Branching Concurrent Stochastic Games (BCSGs), which
are an imperfect-information game extension to the classical Branching Processes, and
show that these games are determined, i.e., have a value, under the fundamental ob-
jective of reachability, building on and generalizing prior work on Branching Simple
Stochastic Games and finite-state Concurrent Stochastic Games. We show that, unlike
in the turn-based branching games, in the concurrent setting the almost-sure and limit-
sure reachability problems do not coincide and we give polynomial time algorithms
for deciding both almost-sure and limit-sure reachability. We also provide a discussion
on the complexity of quantitative reachability questions for BCSGs.

Furthermore, we introduce a new model, namely Ordered Branching Processes
(OBPs), which is a hybrid model between classical Branching Processes and Stochas-
tic Context-Free Grammars. Under the reachability objective, this model is equivalent
to the classical Branching Processes. We study qualitative multi-objective reachability
questions for Ordered Branching Markov Decision Processes (OBMDPs), or equiva-
lently context-free MDPs with simultaneous derivation. We provide algorithmic re-
sults for efficiently checking certain Boolean combinations of qualitative reachability
and non-reachability queries with respect to different given target non-terminals.

Among the more interesting multi-objective reachability results, we provide two
separate algorithms for almost-sure and limit-sure multi-target reachability for OB-
MDPs. Specifically, given an OBMDP, given a starting non-terminal, and given a set
of target non-terminals, our first algorithm decides whether the supremum probability,
of generating a tree that contains every target non-terminal in the set, is 1. Our sec-
ond algorithm decides whether there is a strategy for the player to almost-surely (with
probability 1) generate a tree that contains every target non-terminal in the set. The
two separate algorithms are needed: we show that indeed, in this context, almost-sure
and limit-sure multi-target reachability do not coincide. Both algorithms run in time
polynomial in the size of the OBMDP and exponential in the number of targets. Hence,
they run in polynomial time when the number of targets is fixed. The algorithms are
fixed-parameter tractable with respect to this number. Moreover, we show that the
qualitative almost-sure (and limit-sure) multi-target reachability decision problem is in

general NP-hard, when the size of the set of target non-terminals is not fixed.



Lay Summary

The field of stochastic processes and stochastic games has been widely studied ever
since the early to mid-twentieth century, with a wide range of applications across mul-
tiple disciplines. In the thesis, we investigate a well-known model, called Branching
Processes, in this field and some specific extensions of it, and we ask questions that are
fundamental and common to inquire about when a model in this field is investigated.
Branching Processes are a classical class of stochastic processes, modelling the evo-
lution of populations dependent on given probabilistic rules. Along with their specific
extensions that we study, they are utilized as a modelling tool in areas, such as bioin-
formatics, biology, population genetics, physics and chemistry (e.g., chemical chain
reactions), medicine (e.g., cancer growth), marketing and others.

In many cases, the process is not purely stochastic but there is the possibility of
taking actions (e.g., adjusting the conditions of reactions, applying drug treatments in
medicine, advertising in marketing, etc.) which can influence the probabilistic evo-
lution of the process to bias it towards achieving desirable objectives. Some of the
factors that affect the process may be controllable (to some extent) while others may
not be sufficiently well-understood and thus it may be more appropriate to consider
their affect in a probabilistic or in an adversarial manner. Some states in these pro-
cesses are designated as (un)desirable (e.g., malignant cancer cells) and we may want
to maximize or minimize the probability of reaching such states, where such a goal is
generally referred to as the (single-target) reachability objective.

In the first half of the thesis, we study this (single-target) reachability objective
for a specific extension of the model, where there are two players who simultaneously
and independently of each other chose their actions and who have opposing goals, i.e.,
one aims to maximize the probability of reaching the specified state and the other to
minimize it. In the second half of the thesis, we study another form of extensions to
the model and an objective, which is certainly a natural extension to the (single-target)

reachability objective.
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Chapter 1
Introduction

The field of stochastic games is an extremely rich field, dating back to the 1950s with
the introduction of finite-state zero-sum Concurrent (imperfect-information) Stochas-
tic Games (CSGs) with discounted rewards by Shapley ([Sha53]). CSGs and their
restricted subclasses of finite-state Simple (turn-based) Stochastic Games (SSGs) and
Markov Decision Processes (MDPs) have been widely investigated through the years.
The reason is the vast number of applications of these models in many disciplines, such
as model verification, decision-theoretic planning, reinforcement learning, decision-
making systems in the area of artificial intelligence and many others. The questions of
the existence and type of (near-)optimal strategies, and the computational complexity
of these models over various objectives have been well-studied, providing some nice

techniques for solving them.

To name a few classical results, Shapley showed in [Sha53, Theorem 1] that com-
puting the values (one for each start state) of a CSG can be represented as a fixed-point
search problem over a specific system of equations (therefore, the same holds for the
restricted subclasses). For the restricted subclass of SSGs, it has been shown that the
decision problem of whether the reachability value is > 1/2 is in NPNcoNP ([Con92,
Theorem 1]), with both players having deterministic memoryless optimal strategies,
and it is the well-known long-standing Condon’s open problem of whether it is de-
cidable in P-time. Moreover, both the search problem of computing an exact value in
Condon’s SSGs and the search problem of computing an approximated value in Shap-
ley’s games are in PLS N PPAD. Many problems in the field of stochastic games can
be reduced to the Condon’s problem, or vice versa. Thus, its importance in the field is
significant. In contrast, computing the reachability values in finite-state non-stochastic

games is in P-time, based on graph-theoretic approach analysis ([Con92, Theorem 2]).

1



2 Chapter 1. Introduction

Computing the optimal reachability probabilities and the optimal deterministic
memoryless strategy in (both maximizing and minimizing) finite-state 1-player MDPs
can be done efficiently in P-time, by reducing the problem to solving Linear Programs.
For more information, please refer to Puterman’s book [Put94] on standard facts and
theory for MDPs. Moreover, for a brief survey of well-known algorithms and tech-
niques for solving MDPs and SSGs, please see, for instance, [Con93, Som05, LDK95].

As mentioned, one such technique is casting the solving of a MDP as a Linear Pro-
gramming problem, where the latter is shown to be solvable in polynomial time in the
size of the LP (and hence, in the size of the MDP) via the ellipsoid method approach by
Khachiyan ([Kha79]) and latter via the more practical interior-point method approach
by Karmarkar ([Kar84]). Another well-known technique is the policy iteration or im-
provement, often referred to as Hoffman-Karp algorithm ([HK66]), which involves
improving players’ strategies in an iterative manner and requires solving a LP at each
iteration (applicable for solving SSGs as well). A third technique, also applicable for
solving SSGs and widely-adapted to many other models including those studied in this
thesis, is the value iteration, often referred to as successive approximation, introduced
first in [Sha53], which is efficient within iterations but generally can take exponentially
many rounds to achieve a constant factor approximation of the values (see [BKNT19]
for recent complexity analysis on value iteration). It involves the procedure of, starting
in an initial feasible vector of values, repeatedly updating the values using a system of
equations until the values vector converge to the optimal values vector in the limit.

In this thesis, we study fundamental objectives (properties) for certain infinite-
state (but finitely represented) extensions of the aforementioned stochastic processes,
namely we look at branching processes (and natural extensions of them) and dis-
cuss the properties of extinction/termination, (single-target) reachability and multi-
objective reachability. In particular, we focus on the concurrent game generalization
of Branching Processes and on the MDP (i.e., the 1-player) variant of Ordered Branch-
ing Processes, where the latter are stochastic processes that we have introduced in

[EM?20] (a paper that is incorporated in this thesis).

1.1 Branching Processes

Branching Processes (BPs) are a class of infinite-state stochastic processes that model
the stochastic evolution of a population of objects of distinct types. In each generation,

every object of each type, T, produces a multi-set of objects of various types in the
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next generation according to a given probability distribution on offsprings for the type
T. BPs are a fundamental stochastic model that have been used to model phenomena
in many fields, including bioinformatics and biology (see, e.g., [KA02]), population
genetics ([HJVO05]), physics and chemistry (e.g., particle systems, chemical chain re-
actions), medicine (e.g., cancer growth [Beal3, RBCN13]), marketing, and others. In
many cases, the process is not purely stochastic but there is the possibility of taking
actions (for example, adjusting the conditions of reactions, applying drug treatments
in medicine, advertising in marketing, etc.) which can influence the probabilistic evo-
lution of the process to bias it towards achieving desirable objectives. Some of the
factors that affect the reproduction may be controllable (to some extent) while others
are not and also may not be sufficiently well-understood to be modeled accurately by
specific probability distributions, and thus it may be more appropriate to consider their
effect in an adversarial (worst-case) sense. Branching Concurrent Stochastic Games
(BCSGs) are a natural model to represent such settings. There are two players, who
have a set of available actions for each type T that affect the reproduction for this type;
for each object of type T in the evolution of the process, the two players select simul-
taneously and independently of each other an action from their available sets (possibly
in a randomized manner) and their choice of actions determines the probability dis-
tribution for the offspring of the object. Therefore, BCSGs are imperfect-information
zero-sum games. The first player represents the controller that can control some of
the parameters of the reproduction and the second player represents other parameters
that are not controlled and are treated adversarially. The first player wants to select a
strategy that optimizes some objective. Some types are designated as undesirable (for
example, malignant cells), in which case we want to minimize the probability of ever
reaching any object of such a type. Or conversely, some types may be designated as
desirable, in which case we want to maximize the probability of reaching an object of
such a type. Hence, reachability is an essential objective to be studied in the model of

branching processes.

BCSGs generalize the purely stochastic Branching Processes as well as Branch-
ing Markov Decision Processes (BMDPs) and Branching Simple Stochastic Games
(BSSGs). In BMDPs there is only one player who aims to maximize or minimize the
objective. In BSSGs there are two opposing players but they control different sets of
types, i.e., the game is turn-based (perfect-information) zero-sum. These models were
studied previously under the (single-target) reachability objective, namely the opti-

mization of the probability of reaching a given target type ([ESY 18]). They were also
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studied under another fundamental objective, namely the optimization of extinction
probability, i.e., the probability that the process will eventually become extinct, that is,
that the population will become empty ([ESY17, ESY20, EY09, EY15, EY08, EY06]).
We will later (in Section 2.6) discuss in detail the prior results in these models and
compare them with the results in this paper.

BCSGs can also be seen as a generalization of finite-state concurrent stochastic
games (see [Eve57]), namely the extension of such finite games with branching. Con-
current games have been used in the verification area to model the dynamics of open
systems, where one player represents the system and the other player the environment.
Such a system moves sequentially from state to state depending on the actions of the
two players (the system and the environment). Branching concurrent games model the
more general setting in which processes can spawn new processes that proceed then
independently in parallel (e.g., new threads are created and terminated).

The other model, which is a modification of the classical branching processes, that
we introduce and study in this thesis is the model of Ordered Branching Processes
(OBPs).! Informally, one can think of OBPs as a hybrid model between Branching
Processes and Stochastic Context-Free Grammars (SCFGs). And although it is for-
mally defined in Section 2.4, in order to be slightly more precise here about how BPs
and SCFGs are combined let us informally explain the 1-player-controlled general-
ization of OBPs, which is the main focus of Chapter 4. Ordered Branching Markov
Decision Processes (OBMDPs) can be viewed as controlled/probabilistic context-free
grammars, but without any terminal symbols, and where moreover the non-terminals
are partitioned into two sets: controlled non-terminals and probabilistic non-terminals.
Each non-terminal, N, has an associated set of grammar rules of the form N — vy, where
Y is a (possibly empty) sequence of non-terminals. Each probabilistic non-terminal is
equipped with a given probability distribution on its associated grammar rules. For
each controlled non-terminal, M, there is an associated non-empty set of available ac-
tions, Ays, which is in one-to-one correspondence with the grammar rules of M. So, for
each action, a € Ay, there is an associated grammar rule M 4 Y. Given an OBMDP,
given a “start” non-terminal, and given a “strategy” for the controller, these together
determine a probabilistic process that generates a (possibly infinite) random ordered
tree. The tree is formed via the usual parse tree expansion of grammar rules, proceed-
ing generation by generation, in a top-down manner. Starting with a root node labeled

by the “start” non-terminal, the ordered tree is generated based on the controller’s

!OBPs were in fact introduced in [EM20], but that paper is a major part of this thesis.
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(possibly randomized) choice of an action at each node of the tree that is labeled by
a controlled non-terminal, and based on the probabilistic choice of a grammar rule at
nodes that are labeled by a probabilistic non-terminal.

Ordered Branching Processes (OBPs) are OBMDPs without any controlled non-
terminals. As mentioned, OBPs and their MDP and game generalizations are very
similar to classical Branching Processes and their MDP and game generalizations, re-
spectively. The difference is that for OBPs the generated tree is ordered. In particular,
the rules for an OBP have an ordered sequence of non-terminals on their right hand
side, whereas there is no such ordering in BPs: each rule for a given type associates an
unordered multi-set of offsprings of various types to that given type.

In considering the functionality of OBPs, we have already covered the applications
of BPs, but SCFGs also have well-known applications in many fields, including in nat-
ural language processing and RNA modeling ((DEKM98]). Generalizing these models
to MDPs is natural, and can allow us to study, and to optimize algorithmically, settings

where such random processes can partially be controlled.

It turns out that, under the (single-target) reachability and extinction/termination
objectives, computing the (optimal) probabilities in BPs and OBPs (and similarly their
MDP and game generalizations) is equivalent. However, this is not known for multi-
objective reachability, which we focus on for OBMDPs in this thesis and leave as
future work for BMDPs. Previously, multi-objective reachability has only been studied
for the classical finite-state MDPs ([EKVYO08]). We will also discuss in detail that
under the (single-target) reachability and extinction/termination objectives, the models
of BPs and OBPs (and similarly their MDP and game generalizations) are equivalent
in some circumstances to other certain probabilistic processes. All these models are

compared and contrasted in Section 2.6.

1.2 Major contributions and outline of the thesis

Chapter 2 provides all the necessary definitions and background on all the models and
objectives discussed in the thesis. It includes previous related work and provides a sur-
vey of similarities and differences with other related stochastic processes with respect
to the objectives that are the focus of the thesis. The chapter also shows that comput-
ing the (single-target) reachability probabilities and the extinction probabilities in BPs
is equivalent to computing the (single-target) reachability probabilities and the termi-

nation probabilities, respectively, in OBPs. This way, Proposition 2.4 and subsection
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2.4.1 act as a link between Chapters 3 and 4.

Chapter 3 contains the content of paper [EMSY19] and some further results not
included in that paper. The chapter shows that computing the non-reachability values,
starting at an object of any of the types, in BCSGs can be expressed as a system of
equations (which we call a minimax-PPS), where there is a variable and an equation
for each type and the right-hand side of each equation is the (von Neumann) minimax
value of a zero-sum one-shot matrix game whose dimensions are defined by the avail-
able choices of both players in the particular type and whose entries are probabilistic
polynomials. What is more, the chapter proves that the non-reachability values of the
game are exactly the coordinates of the Greatest Fixed Point of the system. Next, the
chapter shows that the qualitative almost-sure and limit-sure reachability problems do
not coincide (unlike in the case of turn-based branching stochastic games) and provides
polynomial time (in the size of the BCSG) algorithms for computing the types, starting
at an object of which, almost-sure (respectively, limit-sure) reachability is achieved for
the given target type. Here, the meaning of achieved is that the player maximizing the
reachability probability has a strategy (respectively, a family of strategies) that guar-
antees almost-sure (respectively, limit-sure) reachability, regardless of the strategy of
the player minimizing the reachability probability. The algorithms borrow techniques
from [ESY 18] and [dAHKO7]. The proofs demonstrate how to compute an almost-
sure strategy (respectively, a limit-sure strategy for a given error € > 0) for the player
maximizing the reachability probability, or alternatively, a spoiling strategy for the
player minimizing the reachability probability if almost-sure (respectively, limit-sure)

reachability is not satisfied.

Additionally, we adapt analogous results from [EY08, Theorem 3.3] and [EY009,
Theorem 5.3] in order to make it clear to the reader that PSPACE is an upper bound
for both quantitative reachability decision and approximation questions for BCSGs
(this was previously known for the restricted subclass of BSSGs) and that POSSLP is
a lower bound for the quantitative reachability decision questions even for the purely
stochastic BPs (this was previously known for the extinction objective). These are the
best bounds we know so far. We also show that computing exact optimal reachability
probabilities for minimizing BMDPs is in the complexity class FIXP.

Chapter 4 contains the content of paper [EM20]. The chapter studies OBMDPs
under a natural generalization of the standard reachability objective, namely multi-
objective reachability where the player aims to optimize each of the respective proba-

bilities that the generated tree satisfies each of several given objectives over different
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given target non-terminals. Our focus is on the qualitative multi-objective reachabil-
ity decision questions, where a set of target non-terminals, K, is given and where, for
each target non-terminal 7}, (¢ € K), we are also given a probability b, € {0,1} and an
inequality A, € {<,=,>}, and where the goal is to decide, for any start non-terminal,
whether the player has a single strategy using which, for all g € K the probability that
the generated tree contains the non-terminal T, is A;b,. We provide efficient algo-
rithms, i.e., running in time polynomial in the size of the OBMDP and in the number
of targets, for deciding certain special cases of these problems.

But the most interesting results we provide are with respect to the qualitative multi-
target reachability, i.e., the situation where a set of target non-terminals is given and, for
a given starting non-terminal, the goal is to determine whether the player has a strategy
to generate a tree that contains all targets almost-surely (or limit-surely). First, we give
an example that demonstrates that, unlike for the standard single-target reachability
objective, in the presence of even two targets almost-sure and limit-sure multi-target
reachability do not coincide. We provide separate algorithms that compute the non-
terminals, starting at which, almost-sure (respectively, limit-sure) multi-target reacha-
bility is achieved. We also provide an algorithm that computes the non-terminals, start-
ing at which, regardless of the strategy there is a zero probability to generate a tree that
contains all targets. We show that these problems are in general NP(coNP)-hard, when
the number of given targets is unbounded. The provided algorithms for qualitative
multi-target reachability questions run in time fixed-parameter tractable with respect
to the number of targets and their proofs show how to construct the corresponding de-
sired strategy for the player, e.g., a strategy that guarantees almost-sure multi-target
reachability or a strategy that guarantees limit-sure multi-target reachability within a
given desired error € > 0.

Finally, Chapter 5 concludes by describing some of the open problems that we

leave in this thesis, which provide interesting and promising future research.






Chapter 2
Background and Related Work

This chapter presents the necessary background and definitions for the models of
Branching Processes and Ordered Branching Processes (and their MDP and game gen-
eralizations), and for the study of the problems analysed in Chapters 3 and 4. Further-
more, we show the similarities and differences between BPs and OBPs, and also to
other closely-related stochastic processes, such as Stochastic Context-Free Grammars
and Recursive Markov Chains. We also survey previous work on all these models with
respect to the objectives studied in this thesis.

This chapter skips many standard definitions, which can be found in textbooks
literature, such as Chung’s book [ChuO1] on probability theory and Puterman’s book
[Put94] on standard facts and theory for MDPs. Moreover, there is a vast amount of
research and theory on Branching Processes, which is not covered in this thesis as it is

not necessary. A good starting point is Harris’s book [Har63].

Organization of the chapter. Section 2.1 recaps some important decision problems
and complexity classes, that are referred to in the related work section and in the next
chapters, in order to provide a better idea of where in the complexity hierarchy the anal-
ysed problems in this thesis reside. Sections 2.2 and 2.4 provide background required
for the analysis of Branching Processes and Ordered Branching Processes, respec-
tively. Section 2.3 introduces Probabilistic Polynomial Systems of equations, which
are later (in Chapter 3) used to rephrase some analysed problems. Section 2.5 defines
other related stochastic models, namely Stochastic Context-Free Grammars (2.5.1) and
Recursive Markov models (2.5.2). Finally, Section 2.6 discusses past work related to
(Ordered) Branching Processes and to the more general model of Recursive Markov

chains.
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2.1 Complexity

This section of the background chapter discusses some decision problems and com-
plexity classes that will be referred to throughout this chapter and later chapters. We
skip the definitions of other complexity classes which are also often referred to in
the thesis as they are widely-known complexity classes. For general background on
computational complexity, please refer to Arora and Barak’s book [AB09], where es-
pecially relevant here are chapter 2 of the book on the complexity class NP and chapter

4 on space complexity (which includes the definition of PSPACE).

PosSLP and sQRT-SUM
Throughout the thesis we refer to the following two problems as important lower
bounds for decision problems discussed in the thesis. POSSLP (Positive Straight-Line
Program) is the problem of, given an arithmetic circuit C (equivalently, a straight-
line program) with inputs O and 1 and over the basis of gates {+, —,*}, determining
whether the output (i.e., the value from the top-most gate) is a positive number or not.
It is a fundamental problem on arithmetic circuit complexity and it has been shown
([ABKPMO09, Theorem 1.3]) to lie in the 4-th level of the Counting Hierarchy (CH)
(i.c., POSSLP € PPP™" ), which is the analog of the Polynomial Hierarchy (PH) for
complexity classes for counting, such as #P. It is known that PH C CH C PSPACE.

The second problem, SQRT-SUM, is the problem of, given a collection of natu-
ral numbers dy,...,d, € N and another natural number k € N, determining whether

" ,\/d; > k. Itis a long-standing major open problem in the exact numerical compu-

tation complexity, not known to be in the Polynomial Hierarchy (not known to be
even in NP, which was first set as a question in 1976 in a paper ([GGJ76]) about
NP-complete geometric problems)!. It was shown in [ABKPMO09, Proposition 1.1,
Corollary 1.4] that SQRT-SUM is P-time reducible to POSSLP, hence placing it in the
Counting Hierarchy.

Therefore, it is not believed that either of the two problems, POSSLP or SQRT-
SUM, is PSPACE-hard, but placing them in PH would result in a major breakthrough

on these long-standing problems.

The version of the SQRT-SUM problem, where the comparison operator is =, is actually known to
be in P-time ([Blo91]). There is a famous conjecture (see [Mal99, Proposition 1]) that the SQRT-SUM
problem is efficiently decidable (i.e., in P-time), relying on the belief that it is enough to approximate
each number /d; (i € [n]) to polynomially many bits and then sum up the approximated numbers and
compare to the given threshold number.
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FIXP

There is a rich field of research on search problems that can be cast as fixed-point
problems, i.e., problems where for each instance I of the search problem one can con-
struct a continuous function F; mapping a compact and convex domain Dy to itself,
such that the set of solutions to the instance, Sol(I), is exactly the set of fixed points
of the function, Fix(Fj). In this context, FIXP is the complexity class that captures
search problems which can be rephrased as fixed-point problems for continuous func-
tions, expressed by polynomial-size algebraic circuits (equivalently, straight-line pro-
grams) over the basis {+, —, *, /, min, max, \’7} with rational constants, over convex
polytope domains described by linear inequalities and rational coefficients, where both
the domain and the circuit can be computed in P-time in the size of the search-problem
instance. This complexity class was introduced in [EY10], providing also the first
FIXP-complete problem ([EY 10, Theorem 18]), namely the computation of a Nash
Equilibrium for 3 or more players ([EY 10, Theorem 4] shows that this problem is both
PosSLP-hard and SQRT-SUM-hard).

It was further shown in [EY 10, Proposition 17] that, in contrast to the complex-
ity class, FIXP, of real-valued search problems (where the complexity can be stud-
ied in a model of computation over the real numbers, such as the Blum-Shub-Smale
(BSS) machine model [BSS89]), the corresponding discrete-valued complexity classes
of decision problems (FIXP,;), approximation problems (FIXP,) and Partial com-
putation problems (FIXP,.) are all contained in PSPACE, by relying on the upper
bounds for decision procedures for the Existential Theory of the Reals (ETR or 4 R)
([Ren92, Can88]). The ETR (4 R) decision problem is the problem of deciding whether
a vector x = (x,...,x,) exists that satisfies a given quantifier-free Boolean formula
&(x1,...,X,), which consists of multi-variate polynomial inequalities and equalities
with rational coefficients and over the variables x = (xj,...,x,). ETR is decidable in
PSPACE ([Can88]) and in exponential time, where the exponent is a linear function of
the number of variables ([Ren92]). To paint a better picture for the FIXP class, [EY 10,
Theorem 26] showed that if one is to restrict the basis for the algebraic circuits to the
operations {+, —,min,max}, then this restricted complexity class (called, LINEAR-
FIXP) is equal to the complexity class of total search problems, PPAD ([Pap94]),
which lies between P and TFNP.

PPAD and PLS
Both complexity classes, PPAD and PLS, are subclasses of TFNP, i.e., of the class
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of total function problems solvable in non-deterministic polynomial time, and both
classes have established an influential position in the complexity analysis of game the-
oretic problems. PPAD is a complexity class, introduced by Papadimitriou ([Pap94]),
that captures some fixed-point problems, where a famous PPAD-complete problem is
computing an exact Nash equilibrium for 2 players. PLS (Polynomial Local Search) is
another search problem complexity class, that captures the complexity of finding a lo-
cal optimum solution to an optimization problem. The crucial features of the PLS class
are that for any problem residing in the class: there is a polynomial time computable
function that returns the cost for each solution of an instance; and the neighbourhood
of a solution in the domain can be searched in polynomial time, or in other words, one
can verify that a solution is a local optimum or not in polynomial time.

These complexity classes also have an important place in the area of stochastic
games. The search problem of computing the exact value of a Condon’s SSG game
lies in PPAD N PLS (see [EY10, Corollary 25] and [Yan90]), and so is the search
problem of computing the value of a Shapley’s discounted concurrent stochastic game
within a given desired error € > 0, where the PPAD inclusion for the latter problem is
proved in [EY10, Theorem 27] and the PLS inclusion for the latter problem follows
from results in [EPRY?20].

2.2 Branching Processes

This section introduces some definitions and background for Branching Concurrent
Stochastic Games, generalizing some definitions in [ESY 18] associated with reach-
ability problems for Branching Markov Decision Processes and Branching Simple
Stochastic Games.

We begin by defining the general model of Branching Concurrent Stochastic Games
(BCSGs), as well as some important restrictions of the general model: Branching Sim-
ple Stochastic Games (BSSGs), Branching Markov Decision Processes (BMDPs), and

Branching Processes (BPs).

Definition 1. A Branching Concurrent Stochastic Game (BCSG) is a 2-player zero-
sum game that consists of a finite set V.= {Ty,...T,} of types, two finite non-empty
sets F%ax,l“fmn C X of actions (one for each player) for each type T; (¥ is a finite

action alphabet), and a finite set R(T;, mayx, amin) of probabilistic rules associated with

each tuple (T;, Gmax, Gmin), | € [n], where gy € TV, and amy, € Ffmn. Each rule r €
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R(T;, amax, amin) is a triple (T;, py, o), which we can denote by T; Py o, where o, €
N" is a n-vector of natural numbers that denotes a finite multi-set over the set V,
and where p, € (0,1]NQ is the probability of the rule r (which we assume to be a
rational number, for computational purposes), where we assume that for all T; € V

and apax € T,y amin € T . the rule probabilities in R(T;, amax, min) sum to 1, i.e.,

min’
ZrER(Tivamwmamin)pr = 1

If for all types T; € V, either [TV, | =1 or [TV,
based” perfect-information game and is called a Branching Simple Stochastic Game

(BSSG). If for all T; € V, I, .| = 1 (respectively, [T,

max

- .»| = 1, then the model is a “turn-

.| = 1), then it is called a min-
imizing Branching Markov Decision Process (BMDP) (respectively, a maximizing
BMDP). If both [T . | =1 = |, .| for all i € [n], then the process is a classic, purely
stochastic, multi-type Branching Process (BP) ([Har63]).

A play of a BCSG defines a (possibly infinite) node-labeled forest, whose nodes
are labeled by the type of the object they represent. A play contains a sequence of
“generations”, Xo,X1,X2,... (one for each integer time ¢ > 0, corresponding to nodes
at depth/level ¢ in the forest). For each t € N, X; consists of the population (a multi-set
of objects of given types), at time 7. X is the initial population at generation O (these are
the roots of the forest). Xj | is obtained from X} in the following way: for each object
e in the population X}, assuming e has type T;, both players select simultaneously and

independently actions @,y € I and apip € Ffm-n (or distributions on such actions),

max>
according to their strategies; thereafter a rule r € R(T}, dmqx, @min) is chosen randomly
and independently (for object e) with probability p,; each such object e in X}, is then
replaced by the objects specified by the multi-set o, associated with the corresponding
randomly chosen rule r. This process is repeated in each generation, as long as the
current generation is not empty, and if for some k > 0, Xj = 0, then we say the process
terminates or becomes extinct.

For a BCSG, the strategies of the players can in general be arbitrary. Specifically,
at each generation, k, each player can, in principle, select actions for the objects in
X based on the entire past history, may use randomization (a mixed strategy), and
may make different choices for objects of the same type. The history of the pro-
cess up to time k — 1 is a forest of depth k — 1 that includes not only the populations
Xo,X1,...,X¢_1, but also the information regarding all the past actions and rules ap-
plied and the parent-child relationships between all the objects up to the generation of
k — 1. The history can be represented by a forest of depth k — 1, with internal nodes

labelled by rules and actions, and whose leaves at level k — 1 form the population X;,_ ;.
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Thus, a strategy of player 1 (player 2, respectively) is a function that maps every finite
history (i.e., labelled forest of some finite depth as above) to a function that maps each
object e in the current population X} (assuming that the history has depth k) to a proba-
bility distribution on the actions I', . (on the actions I'" ., respectively), assuming that
object e has type 7.

Let W1,¥; be the set of all strategies of players 1, 2, respectively. We say that
a strategy is deterministic if for every history it maps each object e in the current
population to a single action with probability 1 (in other words, it does not randomize
on actions). We say that a strategy is static if for each type T; € V, and for any object
e of type T;, the player always chooses the same distribution on actions, irrespective of
the history. That is, a static strategy is not only memoryless (i.e., does not depend on
past history), but also uses the same distribution on actions for any two objects of the
same type that reside in the same generation.

Different objectives can be considered for the BCSG game model. To name two,

that are fundamental and are discussed in this thesis:

e extinction objective, where the aim of the players is to maximize/minimize the

extinction probability, i.e., the probability of reaching a generation X, =0, k > 0.

e (single-target) reachability objective (the focus of Chapter 3), where the aim of
the players is to maximize/minimize the probability of reaching a generation X,

k > 0, that contains at least one object of a given target type T+.

Let us note right away that there is a natural “duality” between the objectives of
optimizing reachability probability and that of optimizing extinction probability for
branching processes. This duality was previously detailed in [ESY18] for BSSGs.
The objective of optimizing the extinction probability of a BCSG, starting with an
object of a given type, can equivalently be rephrased as a “universal reachability”
objective (on a slightly modified BCSG), where the goal is to optimize the probability
of eventually reaching the target type on all paths starting at the root of the tree. To see
this, consider a modified BCSG with a target type, called death, and where for every
type 7;, every rule T; Py 0in the original BCSG is replaced with rule 7; Py death in the
modified BCSG. Likewise, the “universal reachability” objective can be rephrased as
the objective of optimizing the extinction probability (on a slightly modified BCSG).
To be more specific, consider a modified BCSG where for every type T;, every rule
T; Pry o, o, # 0, in the original BCSG is replaced by the rule 7; LiN o in the modified

BCSG such that o). is the same as o, but instead all copies of the target type are
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removed. Also, a new probabilistic type dead is introduced with a single rule dead EN
dead, and for every non-target type 7; and every rule T; P 0 in the original BCSG is
replaced by T; Py dead in the modified BCSG.

By contrast, the reachability objective that we study in Chapter 3 is the “existential
reachability” objective of optimizing the probability of reaching the target type on
some path in the generated tree.

Despite this natural duality between the objectives of reachability and extinction,
there is a wide disparity between them, both in terms of the nature and existence of
optimal strategies, and in terms of computational complexity. For detailed past related
work on these objectives with respect to BPs and related models, see Section 2.6.

The BCSG reachability game can of course also be viewed as a “non-reachability”
game (by just reversing the roles of the players). It turns out this is useful to do, and
we will exploit it in crucial ways (and this was also exploited in [ESY 18] for BMDPs
and BSSGs). So we provide some notation for this purpose.

Given an initial population u € N", with us« = 0, and given an integer k > 0, and
strategies 6 € W1,T € >, let g’&r(y) be the probability that the process does not reach
a generation with an object of type Ty« in at most k steps, under strategies ©,T and
starting from the initial population u. To be more formal, this is the probability that
(Xi)+ =0 for all 0 <[ < k. Similarly, let g5 .(u) be the probability that (X;) s+ =0
for all I > 0. We define g* (1) = supgey, infrew, gk (1) to be the value of the k-step
non-reachability game for the initial population y, and g* (1) = supgcy, infrew, g5 - (1)
to be the value of the game under the non-reachability objective and for the initial
population u. Section 3.1 demonstrates that these games are determined, meaning they
have a value where g*(u) = supsey, infrew, g5 (1) = infrew, supgey, g5¢(u). This
implies that for every € > 0, the player maximizing (minimizing) the non-reachability
probability has a strategy to guarantee probability > g*(u) — € (respectively, < g*(u) +
g), regardless of what the other player does. Similarly, for g&(u).

In the case where the initial population u is a single object of some given start type
T;?, then for the value of the game we write g; (or similarly, gf.‘), and when strategies
¢ and T are fixed, we write (g5 ¢)i- The collection of these values, namely the vector
g" of gi’s, is called the vector of the non-reachability values of the game. We will

see that, having the vector of g7’s, the non-reachability value for a starting population

2We can assume w.l.0.g. that the initial population consists of a single object of some given type T},
because for any initial population 4 € N" of multiple objects, we can always add an auxiliary type 7 to

the set V, where Ff,m ={a} = Ff;l and the set R(Tj,a,a) consists of a single probabilistic rule T; 1 u.

in
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u can be computed simply as g*(u) = f(g*,u) := Hi(g;-k)(”)i (see Section 3.1). So
given a BCSG, the aim is to compute the vector of non-reachability values. As our
original objective is reachability, we point out that the vector of reachability values is
r* =1—g" (where 1 is the all-1 vector), and hence the reachability game value r*(u),
starting with population y, is r*(u) = 1 —g*(u).

We study both qualitative and quantitative problems for the (non-)reachability ob-
jective in BCSGs. Let us define the problems in terms of the provided notation for non-
reachability probabilities and values. The qualitative almost-sure reachability problem
is the question of deciding, starting with an object of some given type 7;, whether there
exists a strategy t° € W, for the player minimizing the non-reachability probability
(i.e., maximizing the reachability probability) such that (giﬂ*)i = 0. The qualitative
limit-sure reachability problem is the question of deciding, starting with an object of
some given type T;, whether g7 = 0, or in other words, whether for every € > 0 there
is a strategy T € W7 such that Vo € W1 : (g5+,)i < € The quantitative problems di-
vide into decision and approximation problems. The quantitative reachability decision
problem is the question of deciding, starting with an object of some given type 7; and
given some rational value p € [0, 1], whether gF Ap, where A € {<,<,=,>,>}. The
quantitative reachability approximation problem is the problem of, starting with an
object of some given type 7; and given a desired error € > 0, computing a value v such
that [g7 —v| <e.

Finally, note that any Branching Process, A4, defines a global infinite-state Markov
chain, M = (Q,A), where the global states Q are labeled finite trees, 7 (i.e., each
global state is a finite sequence of generations Xo, X1,...,X;, t > 0), and a transition
(T, pq.q,T") € Aexists for global states 7', 7" € Q if and only if there is a sequence of
rules, B = (ry,...,r;), such that tree 7’ can be obtained from tree 7 in one generation
step using B (i.e., such that 7 is a prefix of 7’ and, if the last generation in tree 7’
consists of objects of types (Tj,, Ti,, . .., I;.), then the last generation in tree 7" consists
of the objects of the types given by the collection of multi-sets o, , 0., ..., 0, where
forevery j € [z]: there exists arule r; € R(T;;) that satisfies T;; i, a;;). The probability
of the transition is pg g7 := [ e[y Pr;-

2.3 Systems of Probabilistic Polynomial Equations

We will later (in Section 3.1) show how to associate with any given BCSG a system

of minimax probabilistic polynomial equations (minimax-PPS), x = P(x), for the non-
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reachability objective. This system will be constructed to have one variable x; and one
equation x; = P;(x) for each type T; other than the target type T's.

In order to define these systems of equations, some shorthand notation will be
useful. We use x to denote the monomial x|' xx3?- -+ xx}» for an n-vector of variables
x = (x1,-++,x,) and a vector v € N". Considering a multi-variate polynomial P;(x) =
Y cr prx% for some rational coefficients p,,r € R, we will call P;(x) a probabilistic

polynomial, if p, > O forallr € Rand ) ,crpr < 1.

Definition 2. A probabilistic polynomial system of equations (PPS), x = P(x), is a
system of n equations, x; = P;(x), in n variables where for all i € {1,...,n}, P;(x) is a
probabilistic polynomial.

A minimax probabilistic polynomial system of equations (minimax-PPS), x =
P(x), is a system of n equations in n variables x = (x1,...,x,), where for each i €
{1,...,n}, there is an associated MINIMAX-PROBABILISTIC-POLYNOMIAL P;(x) :=
Val(A;i(x)). By this we mean that P;(x) is defined to be, for each x € R", the minimax
value of the two-player zero-sum matrix game given by a finite game payoff matrix

A;(x) whose rows are indexed by the actions T, and whose columns are indexed by

max’
i
min’

(x). Thus, ifn; = |I'.

max |

the actions T the matrix entry

i Where, for each pair amqx € 1, and apin € T

Ai(X) (aparamin) 1S &iven by a probabilistic polynomial q; a,,,,.

Amin

, and if we assume w.lo.g. that T, = {1,...,n;} and that T" . =

I
and m; = I’ in

in
{1,...,m;}, then Val(Ai(x)) is defined as the minimax value of the zero-sum matrix
game, given by the following payoff matrix:

qi1,1 (x) f]i,l,Z(x) s il (x)
1 0, O
a = P20
| Qi1 (X) i ng.m; (x)_

with each q; j k(x) := ¥rer(r, j o) Prx™ being a probabilistic polynomial for the actions
pair j. k.

Ifforallie{1,...,n}, either T .
min-max-PPS. If for alli € {1,...,n},
then we will call such a system a maxPPS (respectively, a minPPS). Finally, a PPS is

| =1or|Tl,,|=1, then we call such a system

I .| =1 (respectively, if |T',.| = 1 for all i)

a minimax-PPS with both |T® . | =1 =|T", .| for everyi € {1,--- ,n}.

in

For computational purposes, we assume that all coefficients are rational and that

there are no zero terms in the probabilistic polynomials, and we assume the coefficients
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and non-zero exponents of each term are given in binary. We denote by |P| the total bit
encoding length of a system, x = P(x), under this representation.

As it will be later discussed, since P(-) defines a monotone function P : [0,1]" —
[0,1]", it follows by Tarski’s theorem ([Tar55, Theorem 1]) that any such system
has both a Least Fixed Point (LFP) solution, ¢* € [0,1]", and a Greatest Fixed
Point(GFP) solution, g* € [0,1]". In other words, ¢* = P(¢*) and g* = P(g*) and
moreover, for any s* € [0, 1]" such that s* = P(s*), we have ¢* < s* < g* (coordinate-

wise inequality).

Definition 3. A (possibly randomized) policy for the max (min) player in a minimax-
PPS, x = P(x), is a function that assigns a probability distribution to each variable x;

such that the support of the distribution is a subset of T, . (T

i Tespectively), where
these now denote the possible actions (i.e., choices of rows and columns) available for

the respective player in the matrix game A;(x) that defines P;(x).
Intuitively, a policy is the same as a static strategy in the corresponding BCSG.

Definition 4. For a minimax-PPS, x = P(x), and policies ¢ and T for the max and
min players, respectively, we write x = Ps 1(x) for the PPS obtained by fixing both
these policies. We write x = Pq ,(x) for the minPPS obtained by fixing G for the max
player, and x = P, (x) for the maxPPS obtained by fixing < for the min player. More
specifically, for policy & for the max player, we define the minPPS, x = Ps .(x), as
follows: for all i € [n], (Ps.(x)); :=min{s; : k € [0 .}, where s; := Yjeri  O(xi, ) *
qi.j x(x), where &(x;, j) is the probability that the fixed policy G assigns to action j €
T

' ax I variable x;. We similarly define x = P, 1(x) and x = P 1(x).

For a minimax-PPS, x = P(x), and a (possibly randomized) policy G for the max
player, we use qg . and g5 , to denote the LFP and GFP solution vectors of the cor-
responding minPPS, x = Ps ,(x), respectively. Likewise we use s~ and g 1 to denote
the LFP and GFP solution vectors of the maxPPS, x = Py 1(x), and we use qg . and
g6 to denote the LFP and GFP solution vectors of the PPS, x = Ps 1(x).

Note: we overload notations such as (g5 ,); and (g% ;); to mean slightly different
things, depending on whether ¢ and T are static strategies (policies), or are more gen-
eral non-static strategies. Specifically, let E; € N denote the unit vector which is 1
in the i-th coordinate and O elsewhere. When T € W, is a general non-static strategy
we use the notation (g ;)i := g +(Ei) = sUpgew, g6:(Ei), i-€., (g5 )i will denote the
optimal non-reachability probability starting with one object of type 7; and under fixed

strategy T for the min player. We likewise define (g5 .);-
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If, however, T is a static strategy (policy), then (g} ;); will denote both the afore-
mentioned and the i-th coordinate in the GFP of maxPPS, x = P, ¢ (x), which as later
discussed happen to be the same thing. Similarly, if ¢ is static. It will typically be clear

from the context which interpretation of (g} ;); is intended.

Definition 5. For a minimax-PPS, x = P(x), a policy 6* is called optimal for the max
player for the LFP (respectively, the GFP) if q5. , = q" (respectively, gg- . = g*).

An optimal policy T* for the min player for the LFP and GFP, respectively, is de-
fined similarly.

For € > 0, a policy 6 for the max player is called €-optimal for the LFP (respec-
tively, the GFP), if ||qg, , — q"|| < € (respectively,

8oy — g~ < €). An €-optimal
policy T for the min player is defined similarly.

For convenience in proofs throughout the thesis and to simplify the structure of the
matrices involved in the minimax-probabilistic-polynomials, P;(x), we shall observe

that minimax-PPSs can always be cast in the following normal form.

Definition 6. A minimax-PPS in simple normal form (SNF), x = P(x), is a system of
n equations in n variables {xy,--- ,x,}, where each P;(x) for i =1,2,...,n is one of

three forms:
e FORM L: P;(x) = ajo +Z;?:1 a; jxj, where for all j, a; j > 0, and 27:0 a;j <1
e FORM Q: P;(x) = xxi for some j, k.

e FORM M: Pi(x) = Val(A;(x)), where A;(x) is a (n; x m;) matrix, such that for all
max € [ni] and apin € [mj), the entry Ai(X)(a,ucamn) € 1%15 -+ Xn y U{1}.

(The reason we also allow “1” as an entry in the matrices A;(x) will become

clear later in the context of the algorithms.)

We shall often assume a minimax-PPS in its SNF form, and say that a variable x;
is “of form/type” L, Q, or M, meaning that P;(x) has the corresponding form. The
following proposition shows that we can efficiently convert any minimax-PPS into its
SNF-form.

Proposition 2.1 (cf. [EY09, ESY18]). Every minimax-PPS, x = P(x), can be trans-
formed in P-time to an “equivalent” minimax-PPS, y = Q(y), in SNF form, such that
|Q| € O(|P|). More precisely, the variables x are a subset of the variables 'y, and both
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the LFP and GFP of x = P(x) are, respectively, the projection of the LFP and GFP of
y = Q(y), onto the variables x, and furthermore an optimal (respectively, €-optimal)
policy for the LFP (respectively, GFP) of x = P(x) can be obtained in P-time from an
optimal (respectively, €-optimal) policy for the LFP (respectively, GFP) of y = Q(y).

Proof. We can easily convert, in P-time, any minimax-PPS into SNF form, using the

following procedure.

e For each equation x; = P;(x) := Val(A;(x)), for each probabilistic polynomial
gi j x(x) on the right-hand side that is not a variable, add a new variable x4, re-

place g; j x(x) with x4 in P;(x), and add the new equation x; = g; j x(x).

e For each equation x; = P;(x) = Y7L | p;x®/, where P;(x) is a probabilistic polyno-
mial that is not just a constant or a single monomial, replace every (non-constant)
monomial x% on the right-hand side that is not a single variable by a new vari-

able x;; and add the equation x;, = x%/.

e For each variable x; that occurs in some polynomial with exponent higher than

1, introduce new variables x;,,...,x; where k is the logarithm of the highest
2

exponent of x; that occurs in P(x), and add equations x;, = xiz7 Xiyg =X 5oy

2
Tk—1"

Xj, =
X For every occurrence of a higher power xf , 1 > 1, of x; in P(x), if the binary
representation of the exponent/ is gy . . . axaap, then we replace xf by the product
of the variables x; ; such that the corresponding bit a; is 1, and x; if ag = 1. After
we perform this replacement for all the higher powers of all the variables, every

polynomial of total degree > 2 is just a product of different variables.

e If a polynomial P;(x) = xj, ...x;, in the current system is the product of m > 2
variables, then add m — 2 new variables x;,,...,x;, ,, set P;,(x) = x; x;,, and add

the equations x;; = Xj,Xi,, Xiy = Xj3Xizs -« Xipy_ o = Xjp 1 Xjp-

Now all equations are of the form L, Q, or M.

The above procedure allows us to convert any minimax-PPS, x = P(x), into one
in SNF-form by introducing O(|P|) new variables and blowing up the size of P by a
constant factor O(1). It is clear that both the LFP and the GFP of x = P(x) arise as
the projections of the LFP and GFP of y = Q(y) onto the x variables. Furthermore,
there is an obvious (and easy to compute) bijection between policies for the resulting

SNF-form minimax-PPS and the original minimax-PPS. [
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Thus from now on, and for the rest of this thesis unless explicitly specified, we may
assume if needed, without loss of generality, that all minimax-PPSs are in SNF normal

form.

Definition 7. The dependency graph of a minimax-PPS, x = P(x), is a directed graph
that has one node x; for each variable x;, and contains an edge (x;,x;) if x; appears in
Pi(x). The dependency graph of a BCSG has one node T; for each type T;, and contains
an edge (T;, TJ) if there is a pair of actions ayqx € Ffmx, Amin € Ffm.n and a rule T; LN o

in R(T;, amax, @min) Such that (o) > 1.

2.4 Ordered Branching Processes

This section introduces background and definitions for Ordered Branching Markov De-
cision Processes (OBMDPs) and the restricted model of Ordered Branching Processes
(OBPs), and for the analysis of multi-objective reachability in these models. First, we
define OBMDPs in a general way that combines both control and probabilistic rules
at each non-terminal, and that allows rules to have an arbitrarily-long string of non-
terminals on their right-hand side. Then we show that any OBMDP can be converted
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efficiently to an “equivalent” one in “normal” form.

Definition 8. An Ordered Branching Markov Decision Process (OBMDP), 4, is a
1-player controlled stochastic process, represented by a tuple 4 = (V,X,T",R), where
V =A{T,....T,} is a finite set of non-terminals, and X is a finite non-empty action
alphabet. For each i € [n], T' C X is a finite non-empty set of actions for non-terminal
T; €V, and for each a € T, R(T;,a) is a finite set of probabilistic rules associated with
the pair (T;,a). Each rule r € R(T;,a) is a triple, denoted by T; Pros,, where s, € V*
is a (possibly empty) ordered sequence (string) of non-terminals and p, € (0,1]NQ
is the positive probability of the rule r (which we assume to be a rational number
for computational purposes). We assume that for each non-terminal T; € V and each

a € T, the rule probabilities in R(T;,a) sum to 1, i.e., Yrer(Ta) Pr= 1.

We denote by | 4| the total bit encoding length of the OBMDP. If |T¥| = 1 for
all non-terminals 7; € V, then the model is called an Ordered Branching Process
(OBP). Adding a second player (as an adversary), similarly to Section 2.2, we ob-
tain an Ordered Branching Simple (i.e., turn-based) Stochastic Game (OBSSG)

3Equivalent w.r.t. all (multi-objective) reachability objectives we consider.



22 Chapter 2. Background and Related Work

or an Ordered Branching Concurrent Stochastic Game (OBCSG), depending on
whether, respectively, the two players control disjoint sets of non-terminals or they
both simultaneously and independently control each non-terminal.

In order to simplify the structure of the OBMDP model and to facilitate the proofs
throughout the paper, we observe a simplified “equivalent” normal form for OBMDPs
(Proposition 2.3 later on shows that OBMDPs can always be translated efficiently into
this normal form). We extend the notation for rules in the model to adopt actions and
not only probabilities, i.e., we will be using T; LN T;, where a € I, to denote a rule
where a non-terminal 7; generates as a child (under player’s choice of action a € ') a

copy of non-terminal 7; (with probability 1).

Definition 9. An OBMDP is in simple normal form (SNF) if each non-terminal T; is

in one of three possible forms:

e L-FORM: T; is a “probabilistic” (or “linear”) non-terminal (i.e., the player
: . . : pi,
has no choice of actions), and the associated rules for T; are given by: T; BN
Pi, Pin .
a,T; LELN T,...,T; — Ty, where for all 0 < j < n, p; j > 0 denotes the proba-

bility of each rule, and }i_ pi j = 1.

e Q-FORM: T; is a “branching” (or “quadratic’) non-terminal, with a single

. . . 1
associated rule (and no associated actions) of the form T; — T} T,..

e M-FORM: T; is a “controlled” non-terminal, with a non-empty set of associated
actions TV = {ai,...,am;} C L, and the associated rules have the form T; A,

A, 4
Tjpy.. T =5 T,

A derivation for an OBMDP, starting at some start non-terminal T, € V, is a
(possibly infinite) labeled ordered tree, X = (B, s), defined as follows. The set of nodes
B C {l,r,u}* of the tree, X, is a prefix-closed subset of {I,r,u}*.> So each node in B
is a string over {/,r,u}, and if w = w/a € B, where a € {l,r,u}, then w’ € B. As usual,
when w € B and w' = wa € B, for some a € {l,r,u}, we call w the parent of w', and
we call w’ a child of w in the tree. A leaf of B is a node w € B that has no children in
B. Let Ly C B denote the set of all leaves in B. The root node is the empty string e
(note that B is prefix-closed, so e € B). The function s : B — V U {&} assigns either a

non-terminal or the empty symbol as a label to each node of the tree, and must satisfy

4We assume, without loss of generality, that for 0 <7 <t <my;, T #+ Ti,/-
SHere ‘I’, r’, and ‘u’, stand for ‘left’, ‘right’, and ‘unique’ child, respectively.
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the following conditions: Firstly, s(¢) = Ty, in other words the root must be labeled
by the start non-terminal; Inductively, if for any non-leaf node w € B\ Lp we have

s(w) =T, for some T; € V, then:

e if 7; is a Q-form (branching) non-terminal, whose associated unique rule is 7; —
T; Ty, then w must have exactly two children in B, namely w/ € B and wr € B,

and moreover we must have s(wl) = T; and s(wr) = Tj.

e if T; is a L-form (probabilistic) non-terminal, then w must have exactly one child
in B, namely wu, and it must be the case that either s(wu) = T}, where there
exists some rule T; 22 T; with a positive probability p; ; > 0, or else s(wu) = @,
where there exists a rule T; RNy , with an empty right-hand side, and a positive

probability p; o > 0.

e if 7; is a M-form (controlled) non-terminal, then w must have exactly one child in
B, namely wu, and it must be the case that s(wu) = T;,, where there exists some
rule T; =, T;,, associated with some action a, € I, having non-terminal 7; as its
left-hand side.

A derivation X = (B, s) is finite if the set B is finite. A derivation X' = (B',s’) is
called a subderivation of a derivation X = (B,s), if B C B and s’ = s|p (i.e., s is the
function s, restricted to the domain B’). We use X’ < X to denote the fact that X’ is a
subderivation of X.

A complete derivation, or a play, X = (B, s), is by definition a derivation in which
for all leaves w € Lp, s(w) = @. For a play X = (B, s), and a node w € B, we define the
subplay of X rooted at w, to be the play X" = (B",s"), where BY = {w' € {l,r,u}* |
ww' € B} and s : B — VU {@} is given by, s (w') := s(ww') for all w’ € B".®

Consider any derivation X = (B, s), and any node w = wy...w,, € B, where w; €
{l,r,u} for all ¢+ € [m]. We define the ancestor history of w to be a sequence h,, €
V({l,r,u} x V)*, given by h, = s(e)(wi,s(w1))(wa,s(wiwy))(w3,s(wiwaws))...
(Wi, s(Wiwy...wy,)). In other words, the ancestor history A,, of node w specifies the
sequence of moves that determines each ancestor of w (starting at root node ¢ and
including w itself), and also specifies the sequence of non-terminals that label each

ancestor of w.

To avoid confusion, note that subderivation and subplay have very different meanings. Saying
derivation X is a “subderivation” of derivation X’, means that in a sense X is a “prefix” of X’, as an
ordered tree. Saying play X is a subplay of play X', means X is a “suffix” of X', more specifically X is
a subtree rooted at a specific node of X'.
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For an OBMDP, 4, a sequence h € V({l,r,u} x V)* is called a valid ancestor his-
tory if there is some derivation X = (B’,s") of 4, and node w € B’ such that h = h,,.
We define the current non-terminal of such a valid ancestor history & to be s'(w). In
other words, it is the non-terminal that labels the last node of the ancestor history .
Let current(h) denote the current non-terminal of 4. Let Hg C V({l,r,u} x V)* de-
note the set of all valid ancestor histories of 4. A valid ancestor history & € H 4 is said
to belong to the controller, if current(h) is a M-form (controlled) non-terminal. Let
Hg denote the set of all valid ancestor histories of the OBMDP, 4, that belong to the

controller.

For an OBMDP, 4, a general history of the OBMDP process at time t € N is a
finite derivation (i.e., a finite labeled ordered tree) of depth ¢, which also contains the
information regarding all the past actions and rules applied up to the “generation” of
t. A general strategy for the controller is a function that maps every finite deriva-
tion, X = (B,s), to a function that maps each leaf w € Lp, such that s(w) # & and
s(w) is a M-form non-terminal, to a probability distribution on the actions I, assum-
ing s(w) = T;. Note that the strategy can choose different distributions on actions at
different occurrences of the same non-terminal in the derivation tree, even when these
occurrences happen to be “siblings” in the tree. We also define another (restricted)
notion of a strategy, utilizing the (weaker) notion of an ancestor history. An ancestral
strategy for the controller is a function, G : Hg — A(X), from the set of valid ancestor
histories belonging to the controller, to probability distributions on actions, such that
moreover for any & € HS, if current(h) = T;, then 6(h) € A(T"). (In other words, the
probability distribution must have support only on the actions available at the current

non-terminal.)

Now is the moment to clarify something important. There is a reason why we have
the restricted definition of an ancestral strategy in the context of OBMDPs. As later
discussed in subsection 2.4.1, computing the optimal (single-target) reachability prob-
abilities in OBMDPs is equivalent to computing the optimal (single-target) reachability
probabilities in BMDPs. Same holds for the objective of extinction (called termination
in the model of OBMDPs). These equivalences hold also under the restriction to ances-
tral strategies in the context of OBMDPs (the reasons will become clear in subsection
2.4.1). Furthermore, we point out that even under the stronger and more general no-
tion of a strategy, where the history is the entire finite tree up to the current generation,
it was shown in [ESY 18, Example 3.2] that there may be no optimal strategy for the

player maximizing the reachability probability.
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Later in Section 5.1, we pose some open problems related to the general notion of
a strategy in the context of OBMDPs. But for now we make the following restriction
for OBMDPs.

From now on in the rest of the thesis, every mention of a “strategy’ in the context
of OBMDPs will refer to the notion of an ancestral strategy. That is, for the rest of
thesis, for OBMDPs we restrict ourselves to ancestral strategies. By contrast, in the
context of BMDPs, BSSGs and BCSGs, we assume that “strategies” have as a history

the entire finite tree up to the “current generation”, as defined in Section 2.2.

For an OBMDP, 4, let ¥ be the set of all strategies (we now mean ancestral strate-
gies). We say ¢ € W is deterministic if for all h € HS, o(h) puts probability 1 on a
single action. We say ¢ € W is static if for each M-form (controlled) non-terminal 7;,
there is some distribution &; € A(I"), such that for any h € H§ with current(h) = T;,
6(h) = §;. In other words, a static strategy G plays, for each M-form non-terminal 7;,
exactly the same distribution on actions at every occurrence of 7; in the tree (play),
regardless of the ancestor history.

For an OBMDP, 4, fixing a start non-terminal 7;, and fixing a strategy ¢ for the
controller, determines a stochastic process that generates a random play, as follows.
The process generates a sequence of finite derivations, Xo, X1, X2, X3, ..., one for each
“generation”, such that for all r € N, X; < X, 1. Xo = (Bo,so) is the initial derivation,
at generation 0, and consists of a single (root) node By = {e}, labeled by the start non-
terminal, so(e¢) = T;.” Inductively, for all # € N the derivation X, 41 = (B;41,5+1) is

obtained from X; = (B, s;) as follows. For each leaf w € Lp,:

e if s,(w) =T; is a Q-form (branching) non-terminal, whose associated unique rule
) 1 ) )
is T; — T; Ty, then w must have exactly two children in B; |, namely wl € B; 1|

and wr € By 1, and moreover we must have s,y 1(wl) =T and s, 1(wr) = Tj.

e if s,(w) =T, is a L-form (probabilistic) non-terminal, then w has exactly one child
in By 1, namely wu, and for each rule 7; LN T; with p; ; > 0, the probability that
Si+1(wu) = Tj is p; j, and likewise when T; P05 is a rule with pio > 0, then

Si+1(wu) = @ with probability p; o.

"We can assume, without loss of generality, that the initial generation consists of a single given
root non-terminal, because for any given collection u € V* of multiple roots, we can always add an
auxiliary non-terminal 7 to the original OBMDP, where I’ = {a} and the set R(7},a) contains a single

probabilistic rule, T i> .
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e if 5;(w) = T; is a M-form (controlled) non-terminal, then w has exactly one child
in B;, 1, namely wu, and for each action a, € I'"", with probability c(h,,)(a;),

Si+1(wu) = T;,, where T; N T;. is the rule associated with a..

There are no other nodes in B, . In particular, if 5;(w) = &, then in B, the node
w has no children. This defines a stochastic process, Xy, X1,X3,..., where X; < X;1,
for all + € N, and such that there is a unique play, X = lim;_,. X;, such that X; < X for
allt € N.

In this sense, the random process defines a probability space of plays. To be more
precise, let 4 be an OBP and, for any finite derivation (tree) X, let C4(X) := {X' |
X' is a derivation and X < X'} be the cylinder over X, i.e., C4(X) is the set of deriva-
tions or plays X’ such that X is a subderivation of X’. Then 4 defines the probability
space (Q,F,P), where the sample space Q is the set of plays. The c-algebra, F C 29, of
measurable events associated with plays of OBP, 4, is the c-algebra generated by the
cylinders {C7(X) | X is a finite derivation}. The probability measure, P : F — [0,1],
is the uniquely determined measure by specifying the probabilities of the cylinders,
where each such probability, P[C4(X)], is simply the product of all rules in the finite
derivation X.

For our purposes, an objective is specified by a property (i.e., a measurable set),
F, of plays, whose probability the player wishes to optimize (maximize or minimize).
Different objectives can be considered for OBMDPs (and for OBPs and their game
extensions). Section 2.2 defined the objectives of termination (called extinction for
BPs) and (single-target) reachability, and in subsection 2.4.1 we will observe that in
fact under both objectives the models of BPs and OBPs are equivalent. In the ter-
mination objective, the aim of the player is to optimize (maximize or minimize) the
probability that the process terminates, i.e., that the generated play is finite; and in the
(single-target) reachability objective, the goal of the player is to optimize (maximize
or minimize) the probability of the play containing a given target non-terminal.

Chapter 4 analyses multi-objective reachability, which is a natural extension of the

previously studied (single-target) reachability. In the multi-objective setting:

e we have multiple given target non-terminals, and the goal is to optimize each
of the respective probabilities of achieving multiple given objectives, each one
being a Boolean combination (using union and intersection) of reachability and
non-reachability properties over different target non-terminals. Of course, there

may be tradeoffs between optimizing the probabilities of achieving the different
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objectives.

To formalize things, we need some notation. Given a target non-terminal 7, ¢ € [n],
let Reach(T;) denote the set of plays that contain some copy (some node) of non-
terminal 7;,. Respectively, let ReachE(Tq) denote the complement event, i.e., the set of
plays that do not contain a node labelled by non-terminal 7. For any measurable set
(i.e., property) of plays, ¥, and for any strategy ¢ for the player and a given starting
non-terminal 7;, we denote by Pr% [F] the probability that, starting at a non-terminal T;
and under strategy ©, the generated play is in the set . Let Pr:[F] := supgey Pr7[F].

The quantitative multi-objective decision problem for OBMDPs is the following
problem. We are given an OBMDP, a starting non-terminal 75 € V, a collection of ob-
jectives (properties) #i,..., % and corresponding probabilities py,..., pix. The prob-
lem asks to decide whether there exists a strategy 6’ € ¥ such that Nieli Pr%/ [FilAipi
holds, where A; € {<,<,=,>,>}. Observe that the clauses (i.e., the probability
queries Pr%/ [Fi]Aipi, for any i € [k]) with A; = < and A\; = > inequalities can be con-
verted to ask whether either Pr%/[ F] = pi, or Pr%/ [Fi] < pi (respectively, Pr%/[ F] > pi).
Moreover, we could in general allow for any Boolean combination of clauses (not just
a conjunction). In any case, the whole query can be put into a disjunctive normal
form and the quantification over strategies can be pushed inside the disjunction. So
any multi-objective query can eventually be transformed into a disjunction of finite
number of (smaller) queries. (Note that, of course, this number can be exponential in
the size of the original multi-objective query.) Hence, we can define a multi-objective
decision problem only as a conjunction of equality and strict inequality queries.

One could also ask the /imit version of this question. For instance, whether for all
€ > 0, there exists a strategy o}, € P, such that A, K] Prg8 [Fi] > pi — €. Moreover, we
can also ask quantitative questions regarding computing (or approximating) the Pareto
curve for the multiple objectives, but we will not consider such questions in this thesis
(Section 5.1 leaves such questions as future work).

The qualitative almost-sure multi-objective decision problem for OBMDPs is the
special case where p; = {0, 1} for each i € [k]. In other words, this problem is phrased
as asking whether, starting at a given non-terminal 75 € V, there exists a strategy ¢ €
W such that A\;cp Pri [Fi]2Ai{0,1} (where as mentioned A; € {<,=,>}). We can
simplify the expression by transforming clauses of the form Prg. [ 7] > 0 and Pr. [ Fi] =
0 into Pry [ ZB] < land Pr | fflﬁ] = 1, respectively, where each ,‘EU is the complement
objective of ;.

Then, for a strategy 6 € W and a starting non-terminal 7y € V, the expression
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can be rephrased as: Ajc,| Pry[Fi] < 1A Nigy) Pri.[Fi] = 1, where ki + ky = k.
And by Proposition 2.2(1.) below, the qualitative (almost-sure) multi-objective de-
cision problem reduces to asking whether there exists a strategy ¢’ € ¥ such that
Aicitg) PrE[F] < LAPIE [Nicpy 1 = 1.

The qualitative limit-sure multi-objective decision problem for OBMDPs asks to
decide whether, for every € > 0, there exists a strategy o, € P for the player such that
Niel Pr(TiS [Fi] > 1 —e. Again by Proposition 2.2(5.) below, it follows that the quali-
tative limit-sure multi-objective decision problem can be rephrased as asking whether,
for all € > 0, there exists a strategy o, € P such that P;’(Ti8 (Niey Fil > 1—¢.

The following Proposition shows scenarios where the qualitative multi-objective
problem for OBMDPs can be rephrased as a qualitative single-objective problem,

where the single objective is a Boolean combination of the given multiple objectives.

Proposition 2.2. Given an OBMDP, with a starting non-terminal Ty € V and a collec-
tion Fi, ..., Fx of k objectives:

(1) 36’ €¥: N Prg [F] =1 ifandonlyif 30’ €¥: Prg [Nicyy F] = 1.
(2.) 36" €W Vi Prg[F] <1 ifandonlyif 30" €¥: Pr [Ny F] < 1.
(3.) 36’ €¥: N Prg [F] =0 ifandonlyif 30’ € W: Prg [Uiciy F] = 0.

(4.) 36’ €W Vi Prg[F] >0 ifandonly if 30" € ¥: Prg [Uiep F] > 0.

Moreover, in each of the equivalence statements (1.) - (4.), a witness strategy o'

for one of the sides is also a witness strategy for the other.

(5.) Similar equivalence holds for the qualitative limit-sure multi-objective problem:
Ve > 0,30, € Wi A Proc[F] > 1—¢ if and only if Ve > 0,30, € ¥:
Pryf[Niep il > 1 —&.

And from a witness strategy o, (for € > 0) for one of the two sides a witness

strategy G’S’, (for a potentially different € > 0) can be obtained for the other:

Proof.

(1.). For one direction of the statement, suppose there is a strategy 6’ € ¥ for the
player such that Pr%/ [ﬂie[k] F] =1, i.e., almost-surely all objectives are satisfied in
the same generated play. It follows that Pr%/ [Uiel ,‘FIU] = 0. Clearly, for each i € [k],
Pr‘T’S/ [TIC] = 0 and hence, for each i € [k] : Pr‘T’S/ [Fi] =1.
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Showing the other direction, suppose that there exists a strategy ¢’ € ¥ for the
player such that A\;c g Pr%[ ] = 1. Then, Vi € [k], Pr%[ _‘77[[:] = 0. By the union bound,
Pr‘T’s/ [Uiclk ﬂic] = 0 and, hence, Pr%l Nicp Fil = 1.

(2.). For one direction of the statement, suppose there is a strategy 6’ € W such that
Prg [Niciy %) < 1. Then Prg [Ujcig #£) > 0. Clearly, 37 € [k] such that Prg [#£] > 0
(otherwise, by the union bound the probability of the union of the events is 0). Hence,
Vie Pré.[F] < 1.

As for the other direction, suppose there is a strategy 6’ € ¥ and some i’ € [k] such
that Pr$ [F;] < 1. Then Pr [Nicyy Fi] < Prg [F] < 1.

(3.) and (4.) follow directly from (1.) and (2.), respectively.

(5.). For one direction of the statement, suppose that for every € > 0 there is a strat-
egy o, € ¥ such that Pr(TiS [Niei Fil > 1 —¢, i.e., limit-surely (with probability arbi-
trarily close to 1) all objectives are satisfied in the same generated play. It follows
that Pr%/£ [Ui/E 0 718] < e. Clearly, for each i € [k], Pr%[ ?IC] < g, and hence, for each

O,

i€k : PrE[F] > 1—¢.

Showing the other direction, suppose that for every € > 0 there exists a strategy
¢ € ¥ such that Ay Pr%é[fi] > 1 —¢€. Then, for every i € [k], Pr;:8 [,‘Flc] <e. By
the union bound, Pr(TiS Uiciy TIC] < ke, and hence, Pr%/8 [Nicy Fi] > 1 —ke. So for any
£> 0, lete’ :=¢/k and o := Oy, where o, satisfies A;c[y Pr%’ [F]>1—¢€=1—¢/k

Then it follows that Pry[(N;epg Fi] > 1—ke' =1 —¢. O

In Chapter 4, we address certain cases of the qualitative multi-objective reachabil-
ity decision problem for OBMDPs. We are given a collection of generalized reach-
ability objectives ¥i,..., Fr, where each such generalized reachability objective %,
i € [k], represents a set of plays described by a Boolean combination over the sets (of
plays) Reach(T;), T, € V, using the set operations union, intersection and comple-
mentation. That is, each generalized reachability objective F;, i € [k], is of the form
Mrefz) (Urelz, P(Ty,, ), where @ € {Reach, Reach®}, Ty,,, €V and the values z;,z;,
are part of the objective ;.

We will show that, even in the case of having a single objective that asks to reach
multiple target non-terminals from a given set in the same play, the almost-sure and
limit-sure questions do not coincide and we give separate algorithms for detecting

almost-sure and limit-sure multi-target reachability. (As later explained in Section
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2.6, by combining results [ESY 18, Theorems 9.3,9.4] for BMDPs and Proposition 2.4,
then in the case of single-target reachability the almost-sure and limit-sure questions
for OBMDPs do coincide.)

The following example indeed illustrates that there are OBMDPs where, even
though the supremum probability of reaching all target non-terminals from a given
set in the same play is 1, there may not exist a strategy for the player that actually
achieves probability exactly 1. Recall that we have already restricted ourselves to an-

cestral strategies in the context of OBMDPs.

Example 2.1. (The qualitative almost-sure and limit-sure multi-target reachability
problems for OBMDPs do not coincide.) Consider the following OBMDP with non-
terminals set {M,A,R|,R,}, where R\ and R, are the target non-terminals. M is the

only “controlled” non-terminal, and the rules are:

1/2
MY MA AYA R,
MR, A%

The supremum probability, Pr;,[Reach(R1) NReach(R;)], starting at a non-terminal
M, of reaching both targets is 1. To see this, for any € > 0, let the strategy keep choosing
deterministically action a until / := [log, ()] copies of non-terminal A have been cre-
ated, i.e., until the play reaches generation /. Then in the (unique) copy of non-terminal
M in generation [ the strategy switches deterministically to action b. The probability
of reaching target R» is 1. The probability of reaching target Ry is 1 —27/ > 1 —e. The
player can delay arbitrarily long the moment when to switch from choosing action a to
choosing action b for a non-terminal M. Hence, Pry,[Reach(R;) N Reach(Ry)] = 1.

However, fic € W : Pr§;[Reach(Ry) N Reach(Ry)] = 1. To see this, note that if
the strategy ever puts a positive probability on action b in any “round”, then with a
positive probability target R; will not be reached in the play. So, to reach target R
with probability 1, the strategy must deterministically choose action a forever, from
every occurrence of non-terminal M. But if it does this, the probability of reaching

target R, would be 0. [

The following Proposition is easy to prove (similar to Proposition 2.1 and [ESY 18,
Proposition 2.6]) and shows that we can always efficiently convert an OBMDP into its
SNF form (Definition 9).
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Proposition 2.3. Every OBMDP, A4, can be converted in P-time to an “equivalent”
OBMDP, 4', in SNF form, such that |A'| € O(|4|). More precisely, the non-terminals
V ={T; |i € [n]} of A are a subset of the non-terminals of A', and any strategy & of
A can be converted to a strategy &' of A' (and vice versa), such that starting at any
non-terminal Ty € V, and for any generalized reachability objective F (with respect to
the non-terminals in A), using the strategies ¢ and ¢’ in 4 and A', respectively, the
probability that the resulting play is in the set of plays, F, is the same in both A4 and
.

Proof. For arule T; Pre s, s, € V*, in 4 and a non-terminal T,eV,letm,;:=|{d|
(sr)a =Tj, 1 <d < s/}
following procedure to convert, in P-time, any OBMDP, 4, into its SNF-form OBMDP,
a'.

be the number of copies of 7; in string s,. We use the

1. Initialize 4’ by adding all the non-terminals 7; € V from 4 and their correspond-

ing action sets I,

2. For each non-terminal 7;, such that m,; > 1 for some non-terminal 7}, action
a € I'V and rule r € R(Tj,a) from 4, create new non-terminals 7j,,...,7;. in
A" where z = |logy(maxycg{m, ;})]. Then add the rules T;, ¥ T, T, EN
Ty Ty T T, T,

if the binary representation of m,; is I, ... »[1ly, then we remove all copies of T;

., to A'. For every rule r in OBMDP, 4, where mp; > 1,
in string s, (i.e., the right-hand side of rule r) and add a copy of non-terminal 7;,
to string s, if bit /; = 1, for every 0 < < z. After this step, for every rule r, the

string s, consists of at most one copy of any non-terminal.

3. For each non-terminal 7}, for each action a, € I, create a new non-terminal 7}
in 4’ and add the rule T; <% T, to 4.

4. Next, for each such new non-terminal 7; from point 3., for each rule r from set
R(T;,aq) in 4: if s, = & (i.e., the set of children under rule r is empty), then add
the rule T; 2 & to 4'; if the set of children consists of a single copy of some
non-terminal 7j, then add the rule 7, LN T; to A’; and if the set of children is
larger and s, does not have an associated non-terminal already, then create a new
non-terminal 7, associated with string s,, in 4" and add the rule 7 LiN 1, to
a'.

5. Next, for each such new non-terminal 7 , associated with s,, r € R(T;,a,), where

: : : I
s, contains m > 2 non-terminals 7} ,..., T : it m = 2, add rule Ty, — Tj, T}, to
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A'; and if m > 2, create m — 2 new non-terminals 7;,,...,7; , in 4’ and add the

1 1 1 1
rules Ty, — Tj, Ty, T, = Ty Ty, Ty = Ty Tryy - Ty y = Ty Tj 10 4.

m—1

Now all non-terminals are of form L, Q or M.

The above procedure converts any OBMDP, 4, into one in SNF form by introduc-
ing O(|4|) new non-terminals and blowing up the size of A4 by a constant factor O(1).
Moreover, any strategy © of the original OBMDP, 4, can be converted to a strategy ¢’
of the SNF-form OBMDP, 2’ (and vice versa) such that, under strategies ¢ and ¢’ in
4 and 4, respectively, the probability that the resulting play is in the set of plays of
a given generalized reachability objective # (over the non-terminals of 4) is the same
in both 4 and 4’ O

From now on, throughout the rest of the thesis unless explicitly specified, we may

assume, without loss of generality, that any OBMDP is in SNF form.

2.4.1 Equivalence between the models of BPs and OBPs

Recall the notation so far for the models of BPs and OBPs from Sections 2.2 and 2.4.
In an OBMDP, 4, Prf, [ReachE(Tq)] denoted the probability in A4 of not reaching the
given target non-terminal 7, starting at a non-terminal 7; and under strategy ¢ € W
(where W is the set of all strategies for A). In an OBP, where there is only one trivial
strategy, the same probability is simply denoted as Prr; [ReachC (T;)]. Similarly, in a BP,
B, g; denoted the non-reachability probability of the given target type 7, starting at an
object of type 7;. The following proposition shows that OBPs and BPs are equivalent

with respect to the single-target (non-)reachability objective.

Proposition 2.4. Every OBP, 4, can be translated in linear time to a BP, ‘B, such that
there is a mapping from the non-terminals T; in A to the types T; in ‘B such that, for a
given target non-terminal (type) T, Prr, [ReachC(Tq)] =g

Conversely, every BP, ‘B, can be translated in polynomial time to an OBP, 4, such
that there is a mapping from the types T; in ‘B to the non-terminals T; in A such that,
for a given target type (non-terminal) T,, g* = Prr, [ReachE(Tq)].

Proof. Given an OBP, 4, in SNF form (as per Definition 9) one can construct a BP,
B, with the same (non-)reachability probabilities for corresponding start types in the
following way. Let B have the same set of types as the set of non-terminals in 4. For
every non-terminal 7; in A4, for the corresponding type 7; in B, create a set R(T;) of

rules (recall that a BP is a BCSG where both players have only one available action in
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each type) that consists of all rules in 4, where 7; is the left-hand side, and the right-
hand side is converted from a string of non-terminals to a multi-set over types. The
rules probabilities are kept consistent and if 7; is a M-form non-terminal in 4 then it
surely has a singleton action set I'" = {a} and has a single rule 7; % T;. In B, this rule
will have probability 1.

Now notice that for A4 one can build the following PPS (in SNF-form as per Def-
inition 6), x = P(x). For any L-form non-terminal 7; in 4 with rules 7; Pioy o ,T; LAIN
Ti,...,T; Pin, T,, there is a variable x; and an equation x; = P;(x) := p; o+ ):;le Pi jX;.
For any Q-form non-terminal 7; in A4 with a rule T; i> T; T,, there is a variable x; and
an equation x; = P;(x) :=x;x,. And for any M-form non-terminal 7; in 4 (which surely
has I = {a} and has a single rule 7; < T; since A4 is an OBP), there is a variable x;
and an equation x; = P;(x) := Val([x;]) = x;. From B one can also build a SNF-form
PPS and by obvious and trivial adjustments (e.g., substitutions and removing redundant
variables) the two PPSs are the same. All proofs and results for BPs are applicable, mu-
tatis mutandis, to OBPs with respect to the (non-)reachability objective. The greatest
fixed point of the PPS also provides the non-reachability probabilities for the OBP.

In the opposite direction, given a BP, B, first construct a PPS, x = P(x), from
B (as shown later in Section 3.1) and then convert it into SNF form in polynomial
time (see Proposition 2.1). The previous paragraph showed how from any SNF-form
OBP we can construct a SNF-form PPS whose greatest fixed point is the vector of
non-reachability probabilities for the OBP with respect to the given target. Clearly,
reversing the construction provides a corresponding OBP, 4, for the PPS, which is

constructed from BP, B. OJ

Proposition 2.4 can clearly be extended to the MDP and (concurrent) game gener-
alizations of the BPs and OBPs models. There is one important note to make here.

A careful look at the constructed (€-)optimal strategies in the results of [ESY 18]
implies that all the qualitative reachability results and the quantitative approximation
reachability results for BMDPs from [ESY 18] apply, mutatis mutandis, also for reach-
ability in OBMDPs even under the restricted notion of ancestral strategies. In the
context of BMDPs we need the more general notion of a strategy due to the lack of
ordering among objects in a generation. What is more, in the qualitative almost-sure
winning strategies there is a construct, called queen-and-workers (which is also utilised
in the almost-sure winning strategies of BCSGs in Section 3.4), such that in BMDPs it

can be implemented only with the use of the more general notion of strategies. How-
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ever, in the context of OBMDPs, this queen-and-worker construct can be implemented
even with the restricted notion of ancestral strategies, due to the fact that there is an
ordering among the non-terminals.

And essentially, for single-target reachability, almost-sure and limit-sure reachabil-
ity for OBMDPs coincide also under the restriction to ancestral strategies that we have
defined in Section 2.4, i.e., where choices are based only on the ancestor history (with
ordering information) of each node in the ordered tree. The qualitative reachability
results for BSSGs and BCSGs from [ESY18] and [EMSY19] (Chapter 3) also apply
for the game generalizations of OBMDPs under the restriction to ancestral strategies,
again due to the specific nature of the constructed almost-sure winning, limit-sure win-
ning and spoiling strategies for the two players. Hence, our restriction to only ancestral
strategies in the context of OBMDPs is entirely justified. We come back later in Sec-

tion 5.1 to the different notions of a strategy in order to pose some open problems.

Let us also observe an equivalence between BPs and OBPs with respect to the
termination/extinction objective. Any OBP, A4, defines a global infinite-state Markov
chain, M2 = (Q,A), where the global states Q are finite labeled ordered trees (i.e.,
finite derivations) and a transition (X, Px x'» X ') € A exists for global states X, X' € Q
if and only if X < X’ and in fact there is a sequence of rules and actions, B = (ry,...,r;),
such that X can be derived from X in one generation step using B (i.e., such that the
“current” generations of X and X’ are, respectively, I, T;,...T;, and 5,5y, .. .Sy, Where
for every j € [z]: sr; € V*;if T;; is of form L or Q, then r; is the rule T;; Q sy;; and if
T; is of M-form, then r; € I/ is an action satisfying T; ; N Srjs and let Pr; = 1). The
probability of the transition is px x/ := [1;c[; Pr;-

From the very similar definitions of global infinite-state MCs for the models of BPs
and OBPs, one can observe that computing the termination probabilities in the OBPs
model is equivalent to computing the extinction probabilities in the BPs model. That is,
starting at a given non-terminal 7;, computing the probability of generating a finite play
(i.e., the termination probability) in an OBP, 4, is equivalent to computing the proba-
bility of process becoming extinct (i.e., the extinction probability) in a corresponding
BP, B, starting in an object of the corresponding type 7;. The reason is that for the
objective of termination the fact that there is an ordering of the non-terminals on the
right-hand side of rules in A4 and an ordering of the non-terminals in each generation of
a play in A4 is completely irrelevant. Furthermore, the definitions of the Markov chains
M and M (i.e., the global denumerable MCs for 4 and ‘B, respectively) preserve the

transition probabilities between the corresponding global states.
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This equivalence with respect to the termination (extinction) objective also holds
for the MDP and game generalizations of the two models. Thus, all the results for the
extinction objective for BPs (and their 1- and 2-player-controlled extensions) apply,
mutatis mutandis, to the termination objective for OBPs (and their 1- and 2-player-
controlled extensions). Again, as noted earlier, we assumed that we restrict ourselves to
ancestral strategies in the context of OBMDPs (or their game generalizations). And the
aforementioned equivalence holds under this restriction. That is due to the important
observation that, in 1- or 2-player-controlled (O)BPs under the extinction (termination)
objective, strategies having access to a history, that includes the entire finite tree up to
the current generation, is irrelevant to the goal of forcing an extinction (a termination)
for the subtree of descendants of each object of the current generation. In other words,
in each object of the current generation, it is irrelevant for the termination (extinction)

objective to have information regarding what is happening in other parts of the tree.

2.5 Further Stochastic Models

This section discusses other classes of infinite-state stochastic processes that are related
to (Ordered) Branching Processes and, in particular, we provide here definitions and

background for Stochastic Context-Free Grammars and Recursive Markov chains.

2.5.1 Stochastic Context-Free Grammars

Definition 10. A Stochastic Context-Free Grammar (SCFG), S, is a classic stochastic
process, represented by a tuple S = (E,V,R), where E is a finite set of terminal symbols,
V ={T,...,T,} is a finite set of non-terminals and R is a finite set of probabilistic
rules T; LN sy such that T; € V, p, € (0,1]NQ is the rule probability (assumed to
be a rational number for computational purposes) and s, € (EUV)* is a (possibly

empty) ordered string of terminals and non-terminals. For every non-terminal T; €V,

Z(Tip—rm-)eRpr =1

Given a starting non-terminal, a possibly infinite (parse) tree (i.e., a derivation) is
formed via one of the following forms of rule-expansion: left-most derivation, where
at any step the left-most non-terminal in the string of terminals and non-terminals
is chosen to be expanded by a probabilistically selected rule; similarly, right-most

derivation prioritizes the right-most non-terminal; and simultaneous derivation, which
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simultaneously expands all the non-terminals in the current string of terminals and non-
terminals. The derivation process is said to terminate once a string of only terminals is
generated. For a string s € Z* of terminals, the probability p; of s being generated by
the SCFG is defined as the sum of probabilities of all derivations (according to one of
the rule-expansion forms) that terminate in string s, where the probability of each such
derivation is the product of the probabilities of all the rules used in the parse tree of that
derivation. For a given non-terminal 7}, the probability p(T;) of the language generated
by the SCFG, starting at a non-terminal 7; (or equivalently, starting at a non-terminal 7;
the probability of the SCFG stochastic process terminating), is the sum of probabilities
ps of all possible strings s € E* that can be derived from starting non-terminal 7; under
the specified form of rule-expansion.

Context-Free Markov Decision Processes (CF-MDPs), Simple Stochastic Games
(CF-SSGs) and Concurrent Stochastic Games (CF-CSGs) are the 1-player, 2-player
turn-based and 2-player concurrent generalizations of SCFGs.

SCFGs with respect to computing the probability of the generated language, re-
gardless of the rule-expansion form, are clearly equivalent to Ordered BPs with respect
to computing the termination probability. This is due to the very similar definitions of
the two stochastic models. Even though SCFGs contain terminal symbols and OBPs
do not, in both stochastic models termination is essentially defined as generating a fi-
nite tree. Furthermore, computing the probability of the generated language in SCFGs
is also equivalent to computing the extinction probability in BPs (see [EY09, The-
orems 2.3, 2.4] or, equivalently, Theorems 2.5, 2.6). However, with respect to the
(single-target) reachability objective, SCFGs without terminal symbols are equivalent
to OBPs (and hence, equivalent to BPs by Proposition 2.4) only under the simultane-
ous derivation form of rule-expansion. Section 2.6 elaborates on the differences and

similarities between all these models.

2.5.2 Recursive Markov models

Recursive Markov chains, introduced in [EY(09], generalize Branching Processes, Or-

dered Branching Processes and Stochastic Context-Free Grammars.

Definition 11 (cf. [EY09]). A Recursive Markov Chain (RMC), R, is a tuple R =
(A1,...,Ay), where each component graph A; = (N, B, Y;, En;, Ex;, 8;) consists of:

e A set N; of nodes.
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e A subset of entry nodes En; C N;, and a subset of exit nodes Ex; C Ni;.

e A set B of boxes, and a mapping Y; : B — [n] that assigns to every box (the index
of) one of the components, Ay, ...,A,. To each box b € B;, we associate a set of
call ports, Call, = {(b,en) | en € Eny,;}, corresponding to the entries of the
corresponding component, and a set of return ports, Return, = {(b,ex) | ex €

E.in(b)}, corresponding to the exits of the corresponding component.
e A transition relation §;, where transitions are of the form (u, p,,,v) where:

1. u (the source) is either a non-exit node u € N; — Ex;, or a return port u =
(b, ex) of some box b € B,

2. v (the destination) is either a non-entry node v € N; — En;, or a call port

u = (b,en) of some box b € B;,
3. puy € Ry is the transition probability from u to v,

4. For each u, Y.(y|u,p ,v)e8;) Puy = 1, unless u is a call port or an exit
Sy, !

node, neither of which have outgoing transitions, in which case by default

Zv/ Puy = 0.

As in the other models in the thesis, all transition probabilities are assumed to be
rational, for computational purposes, and the size of an instance R is measured by its
bit encoding length. For a component, A;, the set of all nodes, call ports and return
ports in the component are collectively referred to as vertices and denoted by V;. For
a RMC, R, let N := U;cp, N; be the set of all nodes, V := U;ep, Vi be the set of all
vertices, B := {J;c[) Bi be the set of all boxes, Y := ;| ¥i be the mapping ¥ : B — [n]
of all boxes to components, and & = Uiepn] d; be the set of all transitions.

Any RMC, R, defines a global infinite-state Markov chain, MX = (Q,A), where
the global states Q C B* x V are pairs (B, u), where [ is a (possibly empty) sequence of
boxes and u € V. Informally, if one thinks of the components as functions in a program
and of the RMC as the call graph of the program, B represents the stack of recursive

calls in an execution of the program. More formally, by [EY09]:

(1.) forevery u €V, (e,u) € Q, where e is the empty string.

(2.) if (B,u) € Q and (u, py,,v) € d, then (B,v) € Q and ((B,u), puv, B,v)) €

(3.) if (B, (b,en)) € O, where (b,en) € Cally, then (Bb,en) € Q and ((B, (b, en))
(Bb,en)) € A.
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(4.) if (Bb,ex) € Q, where (b,ex) € Returny, then (B, (b,ex)) € Q and ((Bb,ex), 1,
(B, (b,ex))) € A.

Point (1.) depicts all possible initial states of MX; point (2.) represents transitions
in M that correspond to transitions within a single component in R ; point (3.) depicts
transitions in M*X from call ports to their respective entries of the respective compo-
nent, i.e., that correspond to recursive calls in & ; and point (4.) depicts transitions in
MX that correspond to exits from recursive calls in ®_and the process returning from
the entered component to the calling component.

Now the termination and reachability objectives for RMCs can be defined. For a
vertex v € V; and an exit node ex € Ex; in the same component A;, q?v,ex) denotes the
probability of the global Markov chain reaching state (e,ex), starting in state (e,v).
Then, let g; = Y rekx, qzkwx) be the probability of termination for vertex v, i.e., starting
at initial state (e,v) the probability of the process reaching any exit node in the same
component (with empty call stack). The reachability probability of vertex v from

vertex v is defined in one of two possible ways:

e cither as the probability in the global Markov chain, starting from state (e, v), of
reaching state (e,V') (i.e., the probability of reaching vertex V' belonging to the

same component, with an empty call stack),

e or as the probability in the global Markov chain, starting from state (e,v), of
reaching state (3,V') (i.e., the probability of reaching vertex v' belonging to any

component, with some call stack B € B¥).

According to [EY09, Proposition 2.1], for any given RMC, either of the two definitions
of reachability probability can be expressed in terms of termination probability in a
modified RMC, which can be constructed in linear time.

The following are some special subclasses of RMCs: [-exit RMCs, where each
component has exactly one exit node (but still an arbitrary number of entry nodes)?;
1-box RMCs, where each component contains at most one box inside (1-box RMCs are
equivalent to one-counter probabilistic automata); bounded RMCs, where the number

of components and the number of entry and exit nodes in each of the components are

8The restriction of each component having only one entry node is not as interesting, since any multi-
entry RMC can be efficiently transformed to an equivalent 1-entry RMC. Hence, one can assume that
each component has a single entry. However, the restriction to 1-exit is crucial (e.g., both qualitative
and quantitative termination problems have been studied for 1-exit RMCs (and their game generaliza-
tions), showing complexity upper bounds, but for multi-exit RMCs even the 1-player generalization is
undecidable for these problems [EY15]).
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all bounded; Hierarchical RMCs, where there can be no cycle of recursive calls among
the components.

Recursive Markov Decision Processes (RMDPs), Simple Stochastic Games (RSSGs)
and Concurrent Stochastic Games (RCSGs) are the 1-player, 2-player turn-based and
2-player concurrent generalizations of RMCs.

The following two theorems are cited from [EYO09], as they bear importance in
showing some equivalences between the models defined in this thesis. In particular,
the theorems show equivalences between the models with respect to the termination

(extinction) objective.
Theorem 2.5 (cf. [EY09], Theorem 2.3).

1. Every SCFG, S, can be transformed in linear time to a 1-exit RMC, R, such that
1R €O($
Aj of R, each with a single entry enj and a single exit ex;, such that p(T;) =

), and there is a bijection from non-terminals Tj in S to components

p forall j.

*
q(enj,exj-

2. Conversely, every I-exit RMC, R, can be transformed in linear time to a SCFG,
S, of size O(|R.
non-terminal T, in S, such that g, = p(T,).

), such that there is a map from every vertex u in R_to every

Theorem 2.6 (cf. [EY09], Theorem 2.4).

1. Every BP, ‘B, (even when the BP’s rules are presented by giving the multi-sets in
a binary representation) can be transformed in polynomial time to a 1-exit RMC,
R, such that there is a mapping from types T; in B to components A of R, each

with a single entry enj and a single exit ex;, such that the probability, starting at

*
(enj,ex;

an object of type Tj, of extinction in B is indeed = g p for all j.

2. Conversely, every 1-exit RMC, R, can be transformed in linear time to a BP, ‘B,

of size O(|R.

such that qj; is indeed equal to the probability of extinction in ‘B, starting at an

), such that there is a map from vertices u in R_to types T, in ‘B,

object of type T,,.

Theorems 2.5 and 2.6 above connect the model of RMCs to the models defined in
the previous sections in this chapter. In particular, computing the termination prob-

abilities of a 1-exit RMC is equivalent to computing the extinction probabilities of a
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corresponding BP (see Theorem 2.6) and is also equivalent to computing the probabil-
ities of the generated language (i.e., the termination probabilities) of a corresponding
SCFG (see Theorem 2.5). And, as already shown in subsection 2.4.1, computing the
extinction probabilities of a BP is equivalent to computing the termination probabilities

of a corresponding OBP.

2.6 Related work

This section provides a survey discussion of past work on the models defined in the
previous sections, related to the objectives analysed in the thesis. It also discusses
similarities and differences between all these models with respect to the properties of

(single-target) reachability, extinction/termination and multi-objective reachability.

2.6.1 Single-target reachability objective

As mentioned before, BCSGs is a class of infinite-state imperfect-information stochas-
tic games, that generalize both finite-state concurrent stochastic games and branching
simple (turn-based) stochastic games.

The finite-state CSG model was studied in [dAHKO7], giving P-time (more pre-
cisely, quadratic time) algorithms for the qualitative (single-target) reachability analy-
sis, both for the almost-sure and the limit-sure reachability problems. It was shown that
when almost-sure reachability is achieved, the winning player has a randomized mem-
oryless winning strategy, and otherwise the adversary has a “spoiling” randomized
strategy that forces reachability probability < 1 against any maximizer strategy (i.e.,
any strategy for the player maximizing the reachability probability) and that depends
only on the number of steps in the game so far. In the case when limit-sure reachabil-
ity is achieved, the winning player has a family of randomized memoryless winning
strategies (one for each € > 0), and otherwise the adversary has a spoiling random-
ized memoryless strategy that ensures the reachability probability is upper bounded by
some constant. All strategies were shown to be computable in quadratic time in the
size of the game and cannot be deterministic in general. In fact, Figure 1 in [dAHKO7]
shows a simple example that act as an explanation to why deterministic strategies are
no longer sufficient for concurrent games. In the concurrent setting, randomization is
needed in order to postpone a player’s move being revealed (to the other player) until

after it is played. Another important observation regarding even finite-state concur-
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rent game settings is that probabilistic states do not contribute to the hardness of the
model and can be “simulated” by controlled concurrent states, so the stochastic and
non-stochastic variants of the concurrent game model are equivalent, both with respect
to computing the game value and to constructing (€-)optimal strategies for the players
(see [EYOS, Proposition 2.1]).

Next, BMDPs and BSSGs with (single-target) reachability objective were studied
in [ESY18]. It was shown that in a BSSG the player minimizing the reachability
probability always has a deterministic static optimal strategy, whereas (unlike for the
extinction objective) in general there need not exist any optimal strategy for the player
maximizing the reachability probability even in a BMDP (and hence also in a BSSG
and a BCSG). On the other hand, it was shown in [ESY 18] that for BMDPs and BSSGs,
if the reachability game value is = 1, then there is in fact an optimal strategy (but not in
general a static one, even when randomization is allowed) for the player maximizing
the reachability probability that forces the value 1 (irrespective of the strategy of the
player minimizing the reachability probability). In other words, almost-sure and limit-
sure reachability problems coincide for BSSGs (which, as shown later in Chapter 3, is
not the case for the more general model of BCSGs). It was also shown that whether the
value = 1 for BSSG reachability games can be decided in P-time, and if the answer is
“yes” then an optimal (non-static, but deterministic) strategy that achieves reachability
value 1 for the maximizer can be computed in P-time, whereas if the answer is “no” a
deterministic static strategy that forces value < 1 can be computed for the minimizer
in P-time.

The study ([ESY18]) also gave polynomial time algorithms for the approximate
quantitative reachability analysis of BMDPs, i.e., for computing for a given € > 0
the e—optimal reachability probability for maximizing and minimizing BMDPs (to-
gether with deterministic static e-optimal strategies in the case of minimizing BMDPs
and randomized static €-optimal strategies in the case of maximizing BMDPs), and
showed that this problem for BSSGs is in TFNP. Note that the problem of exactly
computing the reachability value of the BSSG game is at least as hard as the problem
of exactly computing the reachability value for finite-state simple stochastic games,
where the latter problem is in PLS N PPAD and its decision version is the well-known
long-standing open problem (called Condon’s problem) of whether it can be done effi-

ciently in polynomial time [Con92] (it is only known to be in NP N coNP)°. It was also

°Tt is well-known that the reachability probabilities in finite-state simple stochastic games are ob-
tained as the least fixed point of a system of corresponding Bellman optimality equations ([Con92]).
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shown in [ESY18] that the optimal non-reachability probabilities of maximizing or
minimizing BMDPs and BSSGs are captured by the greatest fixed point of a system of
equations, x = P(x), where the right-hand side P;(x) of each equation is the maximum
or minimum of a set of probabilistic polynomials in x (note that these types of equa-
tion systems are special cases of the minimax-PPS, and correspond to the case where
in each one-shot matrix game on the right-hand side of the minimax-PPS equations
only one of the two players has a choice of actions).

As shown in Proposition 2.4, OBPs are equivalent to BPs with respect to the
(single-target) reachability objective (similarly for the MDP and game generalizations
of the two models). So all reachability results for BPs (and their 1- and 2-player-
controlled extensions) apply, mutatis mutandis, to OBPs (and their 1- and 2-player-
controlled extensions). It was shown in [BBFKO08] that almost-sure single-target reach-
ability in 1-exit RMDPs, or equivalently in Context-Free MDPs with left-most deriva-
tion, can be decided in polynomial time. However, Context-Free MDPs with left-most
derivation are very different than (O)BMDPs, which allow simultaneous derivation of
the tree from all unexpanded non-terminals in each generation (not just the left-most
one). Indeed, unlike single-target reachability for OBMDPs (equivalently, Context-
Free MDPs with simultaneous derivation), even for single-target reachability for 1-exit
RMDPs (equivalently, Context-Free MDPs with left-most derivation), almost-sure #
limit-sure (i.e., almost-sure and limit-sure problems do not coincide) and the decid-
ability of limit-sure reachability of a given target remains an open question (despite
the fact that there is a polynomial time algorithm for almost-sure reachability).

The quantitative problem for finite-state CSG reachability games, i.e., computing
or approximating the value of the game, has been studied previously and seems to be
considerably harder than the qualitative problem. The problem of determining whether
the value exceeds a given rational number, for example 1/2, is at least as hard as the
long-standing SQRT-SUM problem ([EYO0S8, Theorem 5.1]), mentioned in Section 2.1.
The problem of approximating the value within a given desired precision can be solved
however in the polynomial hierarchy, specifically in TENP[NP] ([FM13, Theorem 1]).
It is open whether the approximation problem is in NP (or moreover in P). It was shown

in [HIJM14] that the standard algorithms for (approximately) solving these games,

The results in [Con92] are formulated in terms of finite-state stopping (i.e., halting with probability 1)
SSGs, but the reachability problem for general finite-state SSGs can be in P-time reduced to the reach-
ability problem for finite-state stopping SSGs (showed in [Con92]). In fact, for a stopping SSG the
corresponding system of reachability optimality equations has a unique fixed point. Furthermore, such
systems of equations are special restricted versions of the systems of equations related to the reachability
problem in finite-state concurrent stochastic games (shown how to construct in [Sha53]).
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value iteration and policy iteration, can take in the worst case a doubly-exponential
number of iterations to obtain any nontrivial approximation, even when the reacha-
bility value is 1. Note also that there are finite-state CSGs, with reachability value
= 1, for which (near-)optimal strategies for minimizer (maximizer, respectively) need
to have some action probabilities that are doubly-exponentially small (see [CHIJ17]
and the finite-state CSG reachability game Purgatory in [HKMO09]); thus a fixed point
representation of the probabilities would need an exponential number of bits, and one

must use a suitable compact representation to ensure polynomial space.

2.6.2 Termination (Extinction) objective

Another important objective, namely the probability of termination (extinction), has
been studied previously for all these models. The models of BPs and OBPs (and
their MDP and game generalizations) under the extinction and termination, respec-
tively, objective are equivalent to corresponding subclasses of Recursive Markov mod-
els, called 1-exit Markov Chains (1-RMCs), Markov Decision Processes (1-RMDPs),
Simple Stochastic Games (1-RSSGs), and Recursive Concurrent Stochastic Games (1-
RCSGs), and related subclasses of probabilistic pushdown processes, under the termi-
nation objective [ESY17, ESY20, EY09, EY15, EY08, EKMO06]. The models of BPs
and OBPs under the extinction (respectively, termination) objective are also equivalent
to corresponding models of Stochastic Context-Free Grammars (SCFGs) under the
objective of computing the probability of the generated language (see subsection 2.5.1
for more details). More precisely, there are pairwise reductions between the following
problems and, hence, they are equivalent: (1) computing the termination probabilities
of a 1-exit RMC; (2) computing the extinction probabilities of a BP; (3) computing the
probabilities of the generated language of a SCFG; and (4) computing the termination
probabilities of a OBP (similarly, for the MDP and game generalizations of all these
models). Theorems 2.5 and 2.6 (cited from study [EY09]) showed the equivalences (1)
< (2), (1) <> (3) and (2) < (3) with respect to the purely probabilistic setting, but it is
not difficult to generalize the theorems to the MDP and game variants. And although
it is easy to see, for completeness subsection 2.4.1 gave the equivalence (2) < (4).
The extinction (or termination) probabilities for all these models are captured by
the least fixed point (LFP) solutions of similar systems of probabilistic polynomial
equations. For example, the extinction values of a BCSG (equivalently, the termination
values of an 1-RCSG, an OBCSG and a CF-CSG) are given by the LFP of a minimax-
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PPS (though not the exactly the same minimax-PPS as for the (non)-reachability ob-
jective). This was shown in [EY08].

Polynomial time-algorithms for the qualitative analysis, as well as for the ap-
proximate computation of the extinction probabilities for BPs (equivalently, termi-
nation probabilities for 1-RMCs, SCFGs and OBPs) were given in [EY09, ESY17,
EGK10]. For optimal extinction probabilities in BMDPs (equivalently, optimal termi-
nation probabilities in 1-RMDPs, CF-MDPs and OBMDPs), P-time algorithms for the
qualitative decision problems and for the quantitative approximation problems (both
for a maximizing and minimizing player), for both computing the €-optimal probabili-
ties and an €-optimal static strategy, were shown in [EY06, EY15, ESY20]. However,
negative results were shown which indicate that the problem is much harder for branch-
ing concurrent (or even simple) stochastic games, even for the qualitative extinction
problem. Specifically, it was shown in [EY06, EY15] that the qualitative extinction
problem for BSSGs (equivalently, the qualitative termination problem for 1-RSSGs,
CF-SSGs and OBSSGs) is in NPNcoNP and is at least as hard as the well-known
Condon’s quantitative open problem for the value of a finite-state simple stochastic
game ([Con92]). Also, [EY15] showed that both the maximizer and minimizer of the
extinction (termination) probability always (not only when the value is 1) have an op-
timal static deterministic strategy. Furthermore, it was shown in [EY08] that (both the
almost-sure and limit-sure) qualitative extinction problems for BCSGs (equivalently,
qualitative termination problems for 1-RCSGs, CF-CSGs and OBCSGs) are at least
as hard as the SQRT-SUM problem (which is not known to be even in the Polynomial
Hierarchy, for more details on the SQRT-SUM problem refer to Section 2.1).10 It was
also shown in [EY08], using a strategy iteration method, that the player minimizing the
extinction (termination) probability always has an optimal randomized static strategy,
whereas the player maximizing the extinction (termination) probability in general may
only have €-optimal randomized static strategies, for all € > 0.

For the quantitative extinction problems for BPs (equivalently, the quantitative ter-
mination problems for 1-RMCs, SCFGs and OBPs) and their MDPs and game gener-

10The results in [EY08] were phrased in terms of the limit-sure problem, where it was shown that (a)
deciding whether the value of a finite-state CSG reachability game is at least a given value p € (0,1)
is SQRT-SUM-hard, and (b) that the former problem is reducible to the limit-sure decision problem for
BCSG extinction games. But the hardness proofs of (b) and (a) in [EY08] apply mutatis mutandis to
(b) the almost-sure decision problem for BCSG extinction, and to (a) the corresponding problem of
deciding, given a finite-state CSG and a value p € (0, 1), whether the maximizing player has a strategy
that achieves at least value p, regardless of the strategy of the minimizer. Thus, both the almost-sure
and limit-sure extinction problems for BCSGs are SQRT-SUM-hard, and also both are at least as hard as
Condon’s problem of computing the exact value of a finite-state SSG reachability game.
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alizations, all decision problems (and thus, all approximation problems where a P-time
algorithm has not been shown yet) have PSPACE as upper bound, relying on the upper
bounds for the decision procedures for ETR (4 R). Moreover, such decision problems
are POSSLP-hard (and thus, SQRT-SUM-hard) ([EY09, Theorem 5.1, 5.3]).

The equivalence between the models of BPs and OBPs (and their MDP and game
generalizations) and the model of 1-RMCs (and their MDP and game generalizations)
with respect to extinction (termination) does not hold for the (single-target) reacha-
bility objective. For example, almost-sure and limit-sure reachability problems co-
incide for (O)BMDPs, i.e., if the supremum probability of reaching the target is 1
then there exists a strategy that ensures reachability with probability exactly 1. How-
ever, this is not the case for 1-RMDPs. Furthermore, as mentioned in 2.6.1, it is
known that almost-sure reachability for 1-RMDPs can be decided in polynomial time
([BBFKO08, BBKO11]), but limit-sure reachability for 1-RMDPs is not even known to
be decidable. The qualitative reachability problem for 1-RMDPs and 1-RSSGs (and
equivalent probabilistic pushdown models) was studied in [BBKO11, BKL14]. These
results do not apply to the corresponding models of (O)BMDPs and (O)BSSGs. For
an extensive survey on questions, such as extinction/termination and reachability, on
probabilistic pushdown automata (which under specific restrictions can be equivalent
to SCFGs, BPs and RMCs), please see [BEKK13].

2.6.3 Multi-objective reachability

Multi-objective reachability and model checking (with respect to omega-regular prop-
erties) have been studied for finite-state MDPs in [EKVYO08], both with respect to
qualitative and quantitative problems. In particular, it was shown in [EKVYO08] that
for multi-objective reachability in finite-state MDPs, memoryless (but randomized)
strategies are sufficient, that both qualitative and quantitative multi-objective reach-
ability queries can be decided in P-time, and that the Parefo curve for them can be
approximated within a desired error € > 0 in P-time in the size of the MDP and 1/e.
As pointed out in the next subsection, model checking for the infinite-state model
of Branching Processes has been studied before. However, to the best of our knowl-
edge, there are no previous results on multi-objective reachability for BMDPs (and
also OBMDPs, which is a model that has been only recently defined in [EM20], which
is one of the core papers that this thesis is written on), neither for the qualitative nor for

the quantitative multi-objective reachability questions that are defined in Section 2.4.
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2.6.4 Richer objectives

Another objective considered in prior work is the expected total reward objective for
1-RSSGs ([EWY19]) and 1-RCSGs ([Woj13]) with positive rewards. In particular,
[Woj13] shows that the “qualitative” problem of determining whether the game value
for a 1-RCSG total reward game is = oo is in PSPACE. None of these prior results
have any implications for BCSGs with reachability objectives.

For richer objectives beyond reachability or extinction, [CDK12] studied model
checking of purely stochastic BPs with respect to properties expressed by a determin-
istic parity tree automaton (DPTA). That is, [CDK12] studied problems of, given a BP
and a DPTA, computing the probability that the generated tree in the BP is accepted
by the DPTA. It showed that the qualitative problem is in P-time (hence this holds
in particular for reachability probability in BPs), and that the quantitative problem of
comparing the probability with a rational is in PSPACE (by similarly expressing the
problem in terms of a system of non-linear probabilistic polynomial equations and
relying on the upper bounds for decision procedures of ETR (3 R)). Then [MMI15]
extended this to properties of BPs expressed by “game automata”, a subclass of al-
ternating parity tree automata. More recently, [PS16] considered determinacy (i.e.,
existence of game values) and complexity of decision problems for ordered branching
simple (i.e., turn-based) stochastic games, with regular objectives, where the two play-
ers aim to maximize/minimize the probability that the generated labeled tree belongs
to a regular language (given by a finite tree automaton). They showed that (unlike
the case of games with a simpler objective like reachability) already for some basic
regular properties these games are not even determined, meaning they do not have
a value. They furthermore showed that for what amounts to OBMDPs with a regu-
lar tree objective it is undecidable to compare the optimal probability to a threshold
value; whereas for deterministic turn-based branching games they showed it is decid-
able and 2-EXPTIME-complete (respectively, EXPTIME-complete), to determine
whether the player aiming to satisfy (respectively, falsify) a given regular tree objective
has a pure winning strategy. Other past research includes work in operations research
on Branching MDPs (see e.g. [P1i76, RW82, DR05]). None of these prior works on

richer objectives bear on any of the results established in this thesis.



Chapter 3

Branching Concurrent Stochastic

Games

In this chapter we focus on the BCSG game model with respect to the (single-target)
reachability objectives, a basic and natural class of objectives. Some types are desig-
nated as undesirable (for example, malignant cells in cancer), in which case we want
to minimize the probability of ever reaching any object of such a type. Or conversely,
some types may be designated as desirable, in which case we want to maximize the

probability of reaching an object of such a type.

First, a summary of the main results of this chapter. We first show that a BCSG
with a reachability objective has a well-defined value, i.e., given an initial (finite)
population u of objects of various types and a target type Ty«, if the sets of (mixed)
strategies of the two players are respectively W, >, and if Yo (1, Ty+) denotes the
probability of reaching eventually an object of type Ty« when starting from popu-
lation u under strategy ¢ € W for player 1 and strategy T € ¥, for player 2, then
infoew, SUprey, Yo1(u, T+ ) = suprey, infoew, Yo (4, Tr+), which is the value v* of the
game. Furthermore, we show that the player who wants to minimize the reachability
probability always has an optimal (mixed) static strategy that achieves the value, i.e., a
strategy ¢* which uses for all objects of each type T generated over the whole history
of the game the same probability distribution on the available actions, independent of
the past history, and which has the property that v* = sup ey, Yo (t, Tf+). The opti-
mal strategy in general has to be mixed (randomized), since this was known to be the
case even for finite-state concurrent games (see [dAHKO7, Figure 1]). On the other
hand, the player that wants to maximize the reachability probability of a BCSG may

not have an optimal strategy (whether static or not), and it was known that this holds
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even for BMDPs, i.e., even when there is only one player (see [ESY 18, Example 3.2]).
This also holds for finite-state CSGs: the player aiming to maximize the reachability
probability does not necessarily have any optimal strategy (shown in [dAHKO7, Figure
2] to be true even when the reachability value is 1).

As mentioned in the previous chapter, to analyze BCSGs with respect to the reach-
ability objective, we model them by a system of equations x = P(x), called a minimax
Probabilistic Polynomial System (minimax-PPS for short), where x is a tuple of vari-
ables corresponding to the types of the BCSG. There is one equation, x; = P;(x), for
each type T;, where P;(x) is the minimax value of a (one-shot) two-player zero-sum
matrix game, whose payoff for every pair of actions is given by a polynomial in x
whose coefficients are positive and sum to at most 1 (a probabilistic polynomial). The
function P(x) defines a monotone operator from [0, 1]" to itself, and thus it has, in
particular, a greatest fixed point (GFP) g* in [0, 1]". We show that the coordinates g}
of the GFP give the non-reachability values for the BCSG game when started with a
population that consists of a single object of type 7;.! The value of the game for any
initial population u can be derived easily from the GFP, g*, of the minimax-PPS. This
generalizes the result in [ESY 18, Theorem 3.1], which established an analogous result
for the special case of BSSGs. It also follows from our minimax-PPS equational char-
acterization that quantitative decision problems for BCSGs, such as deciding whether
the reachability game value is > p for a given p € (0, 1) are all solvable in PSPACE.

Our main algorithmic results in this chapter concern the qualitative analysis of the
reachability problem, that is, the problem of determining whether one of the players
can win the game with probability 1, i.e., if the value of the game is O or 1. We
provide the first polynomial time algorithms for qualitative reachability analysis for
BCSGs. For the value = 0 problem, the algorithm and its analysis are rather simple.
If the value is 0, the algorithm computes an optimal strategy ¢* for the player that
wants to minimize the reachability probability; the constructed strategy ¢* is in fact
static and deterministic, i.e., it selects for each type deterministically a single available
action, and guarantees Y+ ¢ (1, Ty<) = O for all T € W5. If the value is positive then
the algorithm computes a static randomized strategy T for the player maximizing the

reachability probability that guarantees infsew, Yo c(1, 7<) > 0.

'As a comparison for a more complete picture, if there were no variables (types) of Q-form, the
equations would be precisely the Bellman optimality equations for finite-state CSGs with the objective
of non-reachability. It is a well-known fact that for finite-state CSGs the reachability values are obtained
from the least fixed point of a system of Bellman optimality equations. In other words, the equations in
the minimax-PPSs can be seen as a generalized version of Shapley’s optimality equations for finite-state
CSGs.
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The value = 1 problem is much more complicated. There are two versions of the
value = 1 problem, because it is possible that the value of the game is 1 but there
is no strategy for the maximizing player that guarantees reachability with probability
exactly 1 (see Example 3.1). The critical reason for this is the concurrency in the
moves of the two players: for BMDPs and BSSGs, it is known that if the value is 1
then there is a strategy T that achieves it ((ESY 18, Theorem 9.4])%; on the other hand,
this is not the case even for finite-state CSGs ([dAHKO7, Figure 2]). Thus, we have two
versions of the problem. In the first version, called the almost-sure problem, we want to
determine whether there exists a strategy T* for player 2 that guarantees that the target
type Ty« is reached with probability 1 regardless of the strategy of player 1, i.e., such
that Y 1+ (u, Ty<) = 1 for all 6 € ¥;. In the second version of the problem, called the
limit-sure problem, we want to determine if the value v* = SUP;cwp, infoew, Yo (U, Tf*)
is 1, i.e., if for every € > O there is a strategy Te for player 2 that guarantees that the
probability of reaching the target type is at least 1 — € regardless of the strategy ¢ for
player 1; such a strategy 7¢ is called € — optimal. The main results of the chapter are to
provide polynomial time algorithms for both versions of the problem. The algorithms
are nontrivial, building upon the algorithms of both [d{AHKO07] and [ESY 18] which
both address different special subcases of qualitative BCSG reachability.

In the almost-sure problem, if the answer is positive, our algorithm constructs (a
compact description of) a strategy t* for player 2 that achieves value 1; the strategy is
a randomized non-static strategy, and this is inherent (i.e., there may not exist a static
strategy that achieves value 1). If the answer is negative, then our algorithm constructs
a randomized non-static strategy © for the opposing player 1 such that Y (1, Tp+) < 1
for all strategies T of player 2. In the limit-sure problem, if the answer is positive,
i.e., the value is 1, our algorithm constructs for any given € > 0, a randomized static
e-optimal strategy, i.e., a strategy Te € W such that Y ¢, (u,Ty+) > 1 —€eforall 6 € V.
If the answer is negative, i.e., the value is < 1, our algorithm constructs a randomized
static strategy ¢’ for player 1 such that supycy, Yo (1, Tp) < 1.

Finally, we discuss the complexity of BPs (and their MDP and game generaliza-
tions) with respect to the reachability objective. By adapting analogous results from
previous papers on the model of Recursive Markov chains (namely, [EYOS, Theo-
rem 3.3] and [EY09, Theorem 5.3]), we provide for completeness the PSPACE upper

bound for both quantitative reachability decision and approximation questions, and the

ZWhen the value is positive and not equal to 1, even for BMDPs there need not exist an optimal
strategy for the player maximizing the reachability probability (see [ESY 18, Example 3.2]).
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POSSLP lower bound for the decision questions. We also show that computing the
optimal reachability probabilities for minimizing BMDPs, equivalently computing the
GFP in a maxPPS, is in FIXP.

Organization of the chapter. Section 3.1 shows the relationship between the non-
reachability values of a BCSG game and the greatest fixed point of a minimax-PPS.
Section 3.2 presents the algorithm for determining if the reachability value of a BCSG
is 0. Section 3.3 shows some preliminary results for (minimax-)PPSs needed for the
discussion of the value = 1 case. Section 3.4 presents the algorithm for almost-sure
reachability, and Section 3.5 for limit-sure reachability. Finally, Section 3.6 finishes
with upper and lower bounds discussion for reachability in BPs and their MDPs and

(concurrent) game variants.

3.1 Non-reachability values for BCSGs and the Great-

est Fixed Point

This section will show that for a given BCSG with a target type T+, a minimax-PPS,
x = P(x), can be constructed such that its Greatest Fixed Point (GFP), g* € [0, 1]", is
precisely the vector g* of non-reachability values for the BCSG.

For simplicity, from now on let us call a maximizer (respectively, a minimizer) the
player that aims to maximize (respectively, minimize) the probability of not reaching
the target type. That is, we swap the roles of the players for the benefit of less confusion
in analysing the minimax-PPS. While the players’ goals in the game are related to
the objective of reachability, the equations we construct will capture the optimal non-
reachability values in the GFP of the minimax-PPS.

For each type T; # T+, the minimax-PPS will have an associated variable x; and an
equation x; = P;(x), and the MINIMAX-PROBABILISTIC-POLYNOMIAL P;(x) is built

i

in the following way. For each action a,y € 17,

of the maximizer (i.e., the player
aiming to maximize the probability of not reaching the target) and action d, € I, .
of the minimizer in 7;, let R'(T;, dmax, amin) = {r € R(Ti, dmax, Amin) | () g+ = 0} be the
set of probabilistic rules r for type 7; and players’ action pair (@qay, dmin) that generate
a multi-set o, which does not contain an object of the target type. For each actions
pair for 7;, there is a probabilistic polynomial G; a,,. amn (X) = Lrer/(T; amaamn) Pre"-

Observe that there is no need to include rules where o, contains an object of type
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T+, because then the term with monomial x* will be 0. Now after a polynomial is
constructed for each pair of players’ moves, we construct P;(x) as the minimax value
of a zero-sum matrix game A;(x) (i.e., Pi(x) := Val(A;(x))), where the matrix is con-
structed as follows: (1) rows belong to the max player in the minimax-PPS (i.e., the
player trying to maximize the non-reachability probability), and columns belong to the
min player; (2) for each row and column (i.e., pair of actions (aqx, @min)) there is a cor-
responding probabilistic polynomial g; a,,,, ., (*) in the matrix entry A;(x) (a,...amn)-
The following theorem captures the fact that the optimal non-reachability values

g* in the BCSG correspond to the Greatest Fixed Point (GFP) of the minimax-PPS.

Theorem 3.1. The non-reachability game values g* € [0,1]" of a BCSG reachability
game exist, and correspond to the Greatest Fixed Point (GFP) of the minimax-PPS,
x = P(x), in [0,1]". That is, g* = P(g*), and for all other fixed points g’ = P(g’)
in [0,1]", it holds that g < g*. Moreover, for an initial population u, the optimal
non-reachability value is g*(u) = Hi(g?‘)(”)i and the game is determined, i.e., g*(u) =
SUpPgey, infrew, g5 (1) = infrew, SUpgey, g6 (). Finally, the player maximizing non-

reachability probability in the BCSG has a (mixed) static optimal strategy.

Proof. Note that P : [0,1]" — [0,1]" is a monotone operator, since all coefficients in
all the polynomials P;(x) are non-negative, and for x <y, where x,y € [0, 1]", it holds
that A;(x) < A;(y) (entry-wise inequality) and thus Val(A;(x)) < Val(A;(y)), where
recall Val() is the minimax value operator. Thus, P;(x) < Pi(y). Let xX’ = 1 and x* =
P(x*=1) = P¥(1), k > 0 be the k-fold application of P on the vector 1 (i.e., the all-
1 vector). By induction on k the sequence x* is monotonically non-increasing, i.e.,
K <k <1 forall k > 0.

By Tarski’s theorem ([Tar55, Theorem 1]), P(-) has a Greatest Fixed Point (GFP)

k

x* € [0,1]". The GFP is the limit of the monotone the sequence x*, i.e., x* = limy_,o x*.

To continue the proof, we need the following lemma.

Lemma 3.2. For any initial non-empty population u, assuming it does not contain
the target type Ty+, and for any k > 0, the value of not reaching Ty« in k steps is
gF(u) = F5 u) =TT, (X)) Wi, Also, there are strategies for the players, 6* € Wy and

1

tF € W,, that achieve this value, that is g€(u) = SUPGewy, g’; «() = infrew, glék ()

Proof. Before we begin the proof, let us make a quick observation. For a fixed vector
x € [0,1]", consider the zero-sum matrix game defined by the payoff matrix A;(x) for

player 1 (the row player). Consider fixed mixed strategies s; and t; for the row and
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column players in this matrix game. Thus, 8;(dmax) (ti(@min), respectively) defines the

probability placed on action @y € I, (0n action i, € T .

respectively) in s; (in
t;, respectively). The expected payoff to player 1 (the maximizing player), under these

mixed strategies is:

Z Sl (amax)tl (amm ) Qi7am[zx-ﬂmin (x)

i . i
Amax €L 05 ,Omin ermin

= ) [si(amax)ti(amin) ) p ’xar}

Amax Amin rER’(Y},amax,amm)
(0 /. Q
= Z Z Si(amax)ti(amin)prx "= Z px (3.1)
AmaxAmin rER/(Tz‘ﬂmax»al?zitl) FGR/(T,')

where R'(T;) is the set of all probabilistic rules for type T;; the newly defined probability
p.of arule r is equal to S;(@mqx) * ti(amin) * pr for the pair (amqy, amin) for which the rule
ris in R'(T;, amax, @min ), and where o, is the population that rule r generates, meaning
rule r is defined by T; LN o

Now let us prove the Lemma by induction on k. For the basis step, clearly g°(u) =
1, since the initial population does not contain any objects of the target type. Moreover,
x=1andso f(1,u) =1.

For the inductive step, first we demonstrate that g€ (u) > f(x*,u). Consider a strat-
egy of := (8,657 1)

reachability probability), constructed in the following way. For all i, and for every

for the max player (i.e., the player aiming to maximize the non-

object of type 7; in the initial population u = X, the max player chooses as a first
step the minimax-optimal mixed strategy §; in the zero-sum matrix game A;(x*~!)
(which exists, due to the minimax theorem). The min player (player 2), as part of
its strategy, chooses some distributions on actions for all objects in the population X
(independently of player 1), and then the rules are chosen according to the resulting
probabilities, forming the next generation X at time 1. Thereafter, the max player acts
according to an optimal (k — 1)-step strategy 6!, starting from population X; (c¥~!
exists by the inductive assumption, and we will indeed prove by induction that the thus
defined k-step strategy o* is optimal in the k-step game). Note that 6* can be mixed,
and can also be non-static since the action probabilities can depend on the generation
and history.

Now let T be any strategy for the min player. In the first step, T chooses some dis-
tributions on actions for each object in Xy = u. After the choices of 6* and T are made
in the first step, rules are picked probabilistically and the population X is generated.

By the inductive assumption, g¢~!(X;) = f(x*~!,X}), i.e., the value of not reaching
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the target type in next k — I steps, starting in population X, is precisely f(x*~1 X7).
Therefore, the k-step probability of not reaching the target, starting in y, using strate-
gies o and 7, is g’ékﬂ(,u) =Yy, p(Xl)g’;_,llﬂ(Xl) > Yx, P(X1) f(x*71,X;), where the
sum is over all possible next-step populations Xi, and in each term f(x*~!, X}) is mul-
tiplied by the probability p(X;) of generating that particular population X;. The reason
for the inequality is because, by optimality of 6*~! for the max player in the (k — 1)-
step game, we know that g];ill <(X1) > infrew, g];;,ll X)) = g];;,llv* (X)) =g (X)) =
FEELX).

The sum Y x, p(X1)f (xk’l,X1) can be rewritten as a product of |u| terms, one for
each object in the initial population Xy, where for a n-vector u € N”, let |u| denote the
L'-norm of vector , i.e., |u| := Y, (u)i. Specifically, given Xp, let Ly, x, denote the
set of all possible tuples of rules (r1,. .., x,|), which associate to each object e; in the
population Xp, a rule r; such that if e; has type T;, then r; € R'(T;) is a rule for type T;,
and furthermore such that if we apply the rules (r1,...,7|x,|), they generate multi-sets
0, ..., 0, , such that we obtain the population X; = (Ja; from them.

Then for Xy = u, we can rewrite Yx, p(X1) f(x*71,X;) as:

|l |l
Yoxnf@tx) =Y Y (I1e) (T1A6 e
X1 X (rl,..‘,r‘xo‘)Gonﬁxl j=1 j=1
|l
= [1X P,/ o)
=17

where r; ranges over all rules that can be generated by the type of object e, and p’rj
is the probability of generating rule r; for object ¢; in the first step, under strategies
o and 7. a,; is the population produced from e; under rule r;. Note that the term
) p’,j f (xk_l,ocrj) for an object e; of type T; has the same form as equation (3.1)
above. This observation implies that, since the mixed strategy §; is minimax-optimal
in the zero-sum matrix game with matrix A;(x*~!), the term Y p’rj fOE1a, ;) cor-
responding to each object ¢; of type T; is > Val(A;(x*"1)) = P,(x*"1) = x¥. Hence,
for any strategy T chosen the min player, starting with the objects in u = Xy, the

k

probability of not reaching the target type in next k steps under strategies ¢* and

T is g’é ) > Hli'le — f(x*,u). Therefore, the k-step non-reachability value is
8k(/1) = SUPgey, infrey, gér(y) > infrey, glék’,c(.u) > f(xk,y)

Symmetrically we can prove the reverse inequality by using the other player as
an argument. That is, similarly let T¥ select as a first step for each object of type

T; in the initial population u = X; the (mixed) optimal strategy in the corresponding
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zero-sum matrix game A;(x~!) (exists by the minimax theorem). Simultaneously and
independently the max player chooses moves for the objects, and then rules are picked
in order to generate population X;. Afterwards, the min player acts according to an
optimal k — 1-step strategy t*~! (which exists by the inductive hypothesis). As before,
k=1 o).
Again, by the choice of T, it follows that the term for each object e j of type T; is at
most Val(A;(x*" 1)) = P,(x*" 1) = x. Thus, showing that sup, g, g’éﬂk(,u) < f(xk,p),
and g*(u) < f(x*,u). So, at the end g"(u) = supgew, 85 (1) = infrew, gk (1) =
F(F u) =TT, (xF) i, Note that the constructed strategy ¥ (and ¥) is thus optimal

g*(u) can be written as a product of |u| terms, where each term is Y P/r,- flx

for the player maximizing (respectively, minimizing), the probability of not reaching
the target type in k steps. If the initial population consists of a single object of type
T; # Ty+, then the Lemma states that gé‘ = xé‘ for all £ > 0. 0

Now we continue the proof of Theorem 3.1. We show that the game is determined,
ie., " (1) = supsey, infrew, g5 - (1) = infrew, supsey, g6 -(1), and that the game value
for the objective of not reaching T« is precisely f(x*,u), where x* = lim_, . x* € [0,1]"
is the GFP of the system x = P(x), which exists by Tarski’s theorem. As a special case,
if the initial population y is just a single object of type T; # T+, we have g = xj.

k converges to x* monotonically from above (recall x° = 1

Since the sequence x
and the sequence is monotonically non-increasing), then f(x*, u) converges to f(x*,u)
from above, i.e., for any € > 0 there is a k(¢) where f(x*,u) < f(x*®) u) < f(x*,u) +e.
By Lemma 3.2, the min player strategy t(€) (as described in the Lemma) achieves the

k(g)-step value of the game, i.e., supgcy, 81;(2(3) (1) = f(X*® u) < f(x*,u) +€. But

for any strategy G, g° ) (1) < gﬁ(i,)((s) (u), since the more steps the game takes, the

lower the probability of non-reachability is. So it follows that supscy, g;’Tk@) (n) <
SUPGewp, 8];(2(3) (1) < f(x*,u) + €. And since it holds for every € > 0, then infrcy,
SUPsey, gg;r(,u) < f(x*,u). Thus, by standard facts, g*(u) = supsey, infrew, g5 (1) <
infrew, Supsey, 867 (1) < f(x*,u).

To show the reverse inequality, namely g*(u) > f(x*,u), let 6* be the (mixed) static
strategy for the max player (i.e., the player aiming to maximize the probability of not
reaching the target type), that for each object of type 7; always selects the (mixed)
optimal strategy in the zero-sum matrix game A;(x*) (which exists by the minimax
theorem). Fixing ¢*, the BCSG becomes a minimizing BMDP and the minimax-PPS,
x = P(x), becomes a minPPS, x = P'(x) = P+ .(x). In this new system of equations, for

every type 7; (i.e., variable x;), the function on the right-hand side changes from P;(x) =
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Val(A;(x)) to P/(x) = min{my, : b € T}, }, where my, := Y ;cri 6" (xi, ) * i j (%)
Hence, P'(x) < P(x) for all x € [0,1]". Thus, if we denote by y*.k > 0 the vectors
obtained from the k-fold application of P'(x) on the vector 1 (i.e., the all-1 vector),
then y* < x* for all k > 0. So it follows that y* < x*, with y* and x* being the GFP
of x = P(x) and x = P(x), respectively. But since the fixed strategy 6* is the optimal
strategy for the max player with respect to vector x* and achieves the value P;(x*) =
Val(A;(x*)) for all variables, x* must also be a fixed point of x = P'(x) and hence
x*=y*

Now consider any strategy T for the min player in the minimizing BMDP. Recall
that a minimizing BMDP is a BCSG where in every type the max player has a single
available action. Then by the induction step in the proof of Lemma 3.2 it holds that for
every k > 0, starting in the initial population y, the probability of not reaching the target
type Ty in k steps under strategy T is at least f (yk, u). Hence, the infimum probability
of not reaching the target type (in any number of steps) is at least limy_, f (yk M) =
fO,u) = f(x*,p). Therefore, infrew, g5 (1) > f(x*,1). However, we know that
8" (1) = supgey, infrew, g5 < (1) > infrew, g5- (1), which shows the reverse inequality.

We can deduce that g*(u) = supgey, infrew, 85 (1) = infrew, SUPgey, 86 (1) =
f(x*,u) = infrew, g5+ (1) and 6* is an optimal (mixed) static strategy for the max

player under the non-reachability objective. 0

Note that the player minimizing the non-reachability probability need not have
any optimal strategy, even for a BMDP (see [ESY18, Example 3.2]). However, in
[ESY 18, Theorem 9.4] it was shown that for BMDPs and BSSGs, such player always
has a winning strategy in the case when the non-reachability value is O (i.e., when the
reachability value is 1). But the following example shows that this is not the case for

the more general model of BCSGs.

Example 3.1. The qualitative almost-sure and limit-sure reachability problems for
BCSGs do not coincide.

c&5 ¢ A% 0
cthca PREY
cl4ca

b, d

C—A
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In the BCSG above, the player minimizing the non-reachability probability has
actions a, b in type C, and the other player has actions c,d in type C. The target type is
Ty+. We show that, starting at an object of type C, the non-reachability value is 0, but
there is no winning strategy for the player minimizing the non-reachability probability
(i.e., maximizing the reachability probability) that achieves value exactly O.

First, construct a corresponding minimax-PPS using Theorem 3.1. For type A,
there is a variable x4 and the equation x4 = 1/2. For type C, there is a variable xc and
the equation x¢c = Val ( [ e e

XC XA XA
for the system. To see that it is indeed the GFP (and in fact the only fixed point), if for

] > . Clearly, x; = 1/2, x5 = 01is a fixed point

any 0 <v <1 we take x¢c = v, it is not a fixed point. That is because the minimax value

v v/2
v/2 1/2
There is a sequence of static randomized strategies for the player minimizing the

of the matrix game [ ] is strictly less than v.

non-reachability that achieve non-reachability values arbitrarily close to 0. Namely, for
any € > 0, let strategy T¢ assign probability 1 — € to action a and probability € to action
b. Fixing strategy T for the min player, from the minimax-PPS we get a maxPPS with
equations x4 = 1/2 and xc = max{xc- (1 —¢€)+xc-€/2, xc-(1—¢€)/2+€/2}, whose
GFP and hence, the optimal non-reachability probabilities vector in the minimax-PPS
under strategy Te isx4 = 1/2, xc = ¢/(1+¢€) <e.

However, there is no strategy (static or not) for the min player that achieves non-
reachability value exactly 0. To see this, observe that if the min player never puts
a positive probability on action b, then the max player can deterministically always
choose action ¢ and the game never reaches the target. The very first time that the
min player puts any positive probability on action b, then by selecting action d the
max player ensures that with a positive probability the game becomes extinct without

reaching the target. O

Let us also give a BCSG example that contains types satisfying almost-sure reach-

ability.
Example 3.2. BCSG example demonstrating almost-sure reachability.
cibc A c L a0
Ly cha A2,
c %

2 oa
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In the BCSG above: the target type is Ty+; the player minimizing the non-reachability
probability has actions a’, b in type C’ and an action a in type C; and the other player
has actions ¢’,d’ in type C' and actions c¢,d in type C. We show that, starting at an
object of type C’, the non-reachability value is 0 and there is a strategy for the min
player that achieves exactly value 0.

Let us again first construct a corresponding minimax-PPS using Theorem 3.1. For
type A, there is a variable x4 and the equation x4 = 1/2. For type C', there is a variable

Xc XA Xc!

xc and the equation xo» = Val ( ) . And for type C, there is a variable

XA XA X/

XA - X!

xc and the equation xc = Val < [ ] ) = max|x4 - Xcr,x4]. One can check that the

XA
GFP of the system is x4 = xc = 1/2, xcr = 0.

Furthermore, there is in fact a winning strategy T for the min player such that,
starting at an object of type C’, the non-reachability value is O (i.e., the reachability
value is 1). Namely, at every object of type C’, let T choose deterministically action 2.
Then, regardless of the strategy of the max player, with probability 1 infinitely often an
independent object of type A will be generated and, hence, infinitely often there will be
an independent probability of 1/2 of hitting the target type. So the overall probability
of hitting the target type, starting at an object of type C', is 1.

As for type C, the min player has only one available action and the spoiling strategy
for the max player will deterministically select action d. Then, regardless of the min
player strategy, it will be guaranteed that the target type is not reached with probability
1/2. Otherwise, if the max player chooses action c in type C, then an object of type
C’ will be immediately generated and, therefore, as previously observed the target type
will be reached with probability 1, which is in contradiction with the objective of the

max player. ]

3.2 P-time algorithm for deciding reachability value =0
for BCSGs

In this section we show that there is a P-time algorithm for computing the variables
x; with value g7 = 1 for the GFP in a given minimax-PPS, or in other words, for a

given BCSG, deciding whether the value for reaching the target type, starting with an
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object of a given type T;, is 0. The algorithm does not take into consideration the actual
probabilities on the transitions in the game (i.e., the coefficients of the polynomials),
but rather depends only on the structure of the game (respectively, the dependency
graph structure of the minimax-PPS) and performs an AND-OR graph reachability
analysis. The algorithm is easy and generalizes the algorithm given for deciding g; =1
for BSSGs in [ESY 18, Proposition 4.1].

Algorithm 3.1 Simple P-time algorithm for computing the set of types with reachabil-
ity value 0 in a given BCSG, or equivalently the set of variables {x; | gf = 1} of the

associated minimax-PPS.
1. Initialize S := Z.

2. Repeat until no change has occurred:

(a) if there is a variable x; € S of form L or Q such that P;(x) contains a variable
already in S, then add x; to S.

i
max>

(b) if there is a variable x; ¢ S of form M such that for every action a,,,, € I there

exists an action i, € I, such that A; (x)

min’

) €S, then add x; to S.

Amax ;qmin

3. Output the set §:= W — .

Proposition 3.3. Algorithm 3.1 decides, given a BCSG or equivalently a correspond-
ing minimax-PPS, x = P(x), with n variables and GFP g* € [0,1]", for any i € [n],
whether gi =1 or gi < 1. Equivalently, for a given BCSG with non-reachability ob-
Jjective and a starting object of type T, it decides whether the non-reachability game
value is 1. In the case of gi = 1, the algorithm produces a deterministic policy (or
deterministic static strategy in the BCSG case) G for the max player (maximizing non-
reachability) that forces g; = 1. Otherwise, if g < 1, the algorithm produces a mixed
policy T (a mixed static strategy) for the min player (minimizing non-reachability) that

guarantees g; < 1.

Proof. Let W = {x1,...,x,} denote the set of all variables in the minimax-PPS, x =
P(x). Recall that the dependency graph of x = P(x) has a directed edge (x;,x;) if and
only if variable x; depends on variable x;, i.e., x; occurs in P;(x). Let us call a variable
x; deficient if P;(x) is of form L and Pj(1) < 1. Let Z C {x,...,x,} be the set of
deficient variables. The remaining variables X = W — Z are partitioned, according to
their SNF-form equations: X = LU QUM (refer to Definition 6 for the SNF-form of a

minimax-PPS).
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The intuition behind the algorithm is as follows: notice that in step 2.(b) no matter
what strategy the max player chooses in the particular variable (i.e., type in the game),
the min player can ensure with a positive probability to end up in a successor variable
that already is bad for the max player. The resulting winning strategies for the players’
corresponding winning sets (it is irrelevant to define strategies in the losing nodes) are:
(i) for x; € S, the min player’s strategy (mixed static) T selects uniformly at random
among the “witness” moves from step 2.(b), and (ii) for x; € S the max player’s strategy
(deterministic static) 6 chooses an action @, € I, .. that ensures staying within S no
matter what the minimizer’s action is (which must exist, otherwise x; would have been
added to set S).

We need to prove that g7 < 1 iff x; € S. First, we show that x; € § implies g7 < 1.
Assume x; € S (and therefore 7T is defined). We analyse by induction, based on the time
(iteration) in which variable x; was added to set S in the iterative algorithm. For the
base case, if x; was added at the initial step (i.e., x; € Z), then g7 < P;(1) < 1. For the
induction step, if variable x; is of form L or Q, then g] = P;(g*) is a linear combination
(with positive coefficients whose sum is < 1) or a quadratic term, containing at least
one variable x; that was already in set S prior to x;, and hence, by induction, g}‘- <1
Hence, g7 < 1. If x; is of form M, then for Va,, € anax, dain € Ffm.n such that

the corresponding variable x

Amax ;qmin

) €S (e, g?‘ ) < 1), and T gives positive

AmaxsQ@min
1

ICoinl

min

o that the maximizer picks, let 6! be the part of & for just the first initial step of the

probability (in fact, probability >

) to all such witnesses a,,;,. For any strategy

game. In other words, if the game starts in an object of type T; (variable x;), then ¢! (x;)
denotes the probability distribution on actions I}, . that & assigns in the very first step

of the play. Then the reachability probability under the described randomized static

strategy T for the min player and an arbitrary strategy ¢ for the max player is:

Z o! (Xi)(amax) 'T(xi)(amin) ) (1 - g?amamamin))

Amin,dmax
= Z c' (i) (@max) Z (%) (amin) - (1 — g?a,,mx,am,-n))
Amax Amin
1 c
> ¥ 6 () () - — ¢ = —
Z’x T Dl [C i
where c:=min{l—g, | amax € T s Gmin €T0 . st 1— 8 amaamy) > OF (nOtE
that ¢ > 0). It follows that for any strategy 6 € Wy, (g5.)i < 1— “_i—f‘, or in other

words (g5 1); < 1. Thus, g7 < (g5 )i < 1.
Next, to show that if g7 < 1 then x; € S, we prove the contrapositive statement.

Assume x; € S (and therefore G is defined). All variables of form LU Q depend only
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on variables in S (otherwise they would have been added to set S). Moreover, for every
x; of form M, there is a maximizer action a,,,, such that, all variables in row a,;,,, of
the matrix of A;(x) are in S. If no such action exists, then x; would have been added
to set S in step 2.(b). Let 6(x;) choose such an action a,,,, deterministically (i.e., with
probability 1). In the dependency graph of the resulting (after fixing the defined policy
6) minPPS, x = P; .(x), there are no edges from Sto S: all variables of form L, Q, or M
depend only on S variables, otherwise they would have been added to set S. Moreover,
S does not contain any deficient variables. So, P;(1) = 1 for every x; € S, and the all-1
vector is a fixed point for the subsystem of the minPPS, x = P@*(x), induced by the
variables S. In other words, (g5 ,.); = 1 (thus g; = 1) for all x; € S. O

3.3 minimax-PPS preliminary results

Following the definitions introduced in ([ESY 18], Section 5), a linear degenerate
(LD)-PPS is a PPS where every polynomial, P;(x), is linear and contains no constant
term (i.e., P;(x) = Y., pijx;) and where the coefficients p;; € [0,1] sum to 1. Hence, a
LD-PPS has for LFP (¢*) and GFP (g*) the all-0 and the all-1 vectors, respectively. Fur-
thermore, a PPS that does not contain a linear degenerate bottom strongly-connected
component (i.e., a component in the dependency graph that is strongly connected and
has no edges going out of it), is called a linear degenerate free(LDF)-PPS. In other
words, a LDF-PPS is a PPS that satisfies the conditions of Lemma 3.4(ii) below. Given
a minimax-PPS, x = P(x), a policy T for the min player is called LDF if the resulting
PPS for all max player policies ¢, namely x = P ¢(x), is a LDF-PPS. Having intro-

duced this, now we can reference some known results from [ESY18].

Lemma 3.4 (cf. [ESY18], Lemma 5.1). For any PPS, x = P(x), exactly one of the

following two cases holds:

(i) x = P(x) contains a linear degenerate bottom strongly-connected component
(BSCC), S, i.e., xs = Ps(xs) is a LD-PPS, and Ps(xs) = Bsxs, for a stochastic

matrix Bg.

(ii) every variable x; either is, or depends (directly or indirectly) on, a variable x;

where Pj(x) has one of the following properties:

1. Pj(x) has a term of degree 2 or more,

2. Pj(x) has a non-zero constant term, i.e., P;(0) > 0 or
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3. Pi(1) < 1.

Lemma 3.5 (cf. [ESY18], Lemma 5.2). If a PPS, x = P(x), has either GFP g* <1, or
LFP g* > 0, then x = P(x) is a LDF-PPS.

Lemma 3.6 (cf. [ESY18], Lemma 5.5). For any LDF-PPS, x = P(x), and y < 1, if
P(y) <ytheny>q* and if P(y) >y, then y < q*. In particular, if ¢* < 1, then q* is
the only fixed-point q of x = P(x) with ¢ < 1.

The following is a generalized version (for concurrent games) of [ESY 18, Lemma

9.1]. In particular, statement (3.) is more involved to prove.

Lemma 3.7. For a minimax-PPS, x = P(x), if the GFP g* <1, then:
1. there exists a (mixed) LDF policy T for the min player such that g ; < 1.
2. for any LDF min player’s policy T, it holds that g* < q;T,.

3. there is a sequence of (mixed) LDF policies (T(i))ieN for the min player such
that for every € > 0, there is i > 0 where for all j > i, T¥) has the property
8§ =g, ;<& +¢e

Proof. For point (1.), recall that since g* < 1, the algorithm from the previous Section
3.2 will return a mixed static strategy (policy) T for the min player such that g ; < 1.
Thus for all max’s strategies 0 : g5 ¢ < SUPrcy, &rc = 8 < 1. By Lemma 3.5, all
PPSs, x = Ps ¢ (x), are LDF, which results in the policy T being LDF as well.

Showing claim (2.), let us fix any LDF policy T’ for the min player. Notice that
g* = P(g*) = infr P, (g*) < P.v(g¥). In the resulting maxPPS, there exist a policy
o for the max player such that g* < P, v(g*) = P5v(g"). For every variable x; with
gF = max{gj,..., g;z} in the maxPPS, the strategy itself chooses the successor in the
dependency graph that maximizes g7. Now using Lemma 3.6 with LDF-PPS x =
Psv(x) and y := g* < 1, it follows that g* < qu, < SuUppey, q;“m, = qiﬂ_,.

Proof of (3.). By statement (1.), there is a mixed LDF policy T where g} < gi ; < 1.
Let us start a policy improvement iterative process with =1, By statement (2.), we
know that g* < q:’r(l) and clearly there exists some e(l) > 0 such that q:.ﬁl) < gt 4el),
Suppose that at i-th iteration of the technique, we have a mixed LDF policy () with
the property g* < qI,T(i) < g* + ¢\ (the policy improvement process assumption). If
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P(q;(,.)) = qi’rm, stop the process (we will show that in this case actually q;r@ =g%).
Otherwise, since P(qi,r@) =infycy, Py v (q;w)) <P, 1) (q:T(,.)) = q:,ﬂi)’ then there is
a variable x; where Pf(q:,ﬂi)) = Val(Aj(q;T(,.))) < (q:;c("))j' Note that x; is indeed of
form M, otherwise Pj(Q:T(i)) = (P, 10) (q:ﬂ_([) ))j» since for L-form and Q-form variables
policy T does not have a choice to make. Let the new policy t(+!) be the static
strategy that adopts the optimal mixed strategy for the min player in the zero-sum
matrix game A J'<q:,r<i>) (exists by the minimax theorem) in variable x; (type 7)), and
stays the same as () in all other variables (types). Before moving on with the proof,

we will first demonstrate that T is also LDF.

Claim 3.8. Policy 1Y) is LDF.

Proof. Assume Tt1) is not LDE. Then, by Lemma 3.4(i), there is a policy & for the

max player such that in the PPS, x = P_ _(+1)(x), there is a linear degenerate bottom

strongly-connected component C. It should contain x; and all variables that x; depend

directly on in the PPS, i.e., appearing in (P i+1)(x));. Otherwise C would have also

been a linear degenerate BSCC of x = P_ () (x) and () would not have been LDF.

0,7

Due to the construction of the new policy and by standard facts from zero-sum
games, we have P, i (qi,ﬁi)) < qiﬂ(,.) with strict inequality in variable x; € C, i.e.,

(P 1))y < Val(AS(g" 1)) < (4" ) Let ' = argminjeclq” ) be the

5,7(0)

coordinate in (¢ ;)¢ with the minimum value. We already know that (P, -¢+1)(q] )7

*
< (qm(i))j/“
And we also claim that any x; € C satisfies (qi,r(i)> = (q’;x(i)) . That is, in the
vector (¢7_)c, any variable x; € C has the same minimum value. To show this,

consider the form of (P 11y (x)) j#. It can not be of Q-form type, due to component C
being at the same time bottom SCC and linear degenerate in P 1) (x) (refer to Lemma

3.4). Then it is surely of L-form, and so (Pg ,i+1) (qI r(f))) j# 18 a convex combination

of some values in (g%  )c. If any of these values is bigger than the minimum value
*,T

(namely, (q:ﬂ(i)) ), then (PG,’C(HI)(q:’T(i))) o> (q:T(i)) j#» which is not true, because

(P(m(fﬂ) (qi,‘c(i>))j// < (P*,T(”‘) (qiﬂ(i)))jn < (q:ﬂm)j”- So for any x, (€ C), appearing in

(Py 141 (x)) j7, we have (q;t(i) )jr = (51:71.(1-) )vs i.€., X, has the same minimum value. But

applying this argument inductively (i.e., for variables appearing in (P 1) (x)), and

so on) in the closed recurrent set C, we actually get the claim that any x; € C satisfies
* _ *
(qm(i))j” = (q*;t(i))j/'
Due to component C being bottom strongly-connected in x = P A1) (x), it follows

that (¢} ) = (qiﬂ(i)) j» and (q:T(l.))k = (ng(i)) ju for every variable x;, appearing in
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(Pc,r<"+1>(x)) j- Then it means that (qi,r@) = (q:.,r@) x for every such variable xi, or

in other words (q:,r(i))j = (Py 11 (4] r<'>)) . But we know that (Pg T<,~+1>(q* )i <

*,T

of the claim is false and t(+1) is indeed LDF. O]

(P <,~+1>(qI7T([))) i< (qiT )j- This is a contradiction. Therefore, the initial assumption

Going back to the proof of statement (3.) from Lemma 3.7, to recap, P, i+ (q:T(,.))
< q <0 with strict inequality for variable x;, because of the construction of i+,
There is a max player’s policy & such that g° ) = ¢’ 41) and Py 1) (q] 1:<>) <
P, i (g

*"C

the LDF-PPS, x = P L+ (x),and y := q, .- it follows thatq i) =D o)) S -

y) < q » with strict inequality for Varlable x;j. Applying Lemma 3.6 to

What is more, as P, +1) ( ) #* q then it can not be an equahty. So the policy
improvement algorlthm does not visit the same min player policy twice, and q i <
qM (- And by the assumption of the policy improvement process, (]*7T h < g+ 8( ). So
there exists 0 < £t < () where q* i <&+ e(i+1) | Also by statement (2.) of the
Lemma, g* < q* 2(41) and g* < q <) since both policies (t') and (1)) are LDF.
That shows that the policy 1mpr0vement process constructs a sequence (T (i ))zeN of
mixed LDF policies that bring value q <0 closer and closer to g* as i — oo. So for every
€ > 0, there exists i > 0 such that for all j>i, 7(/) has the property g* < q ) < g +e.
Say that by some chance the process has stopped (say at iteration ¢) W1th a mixed
LDF policy t), i.e., q:ﬂ( P(q n) and g* ) is a fixed point of the minimax-PPS.
By statement (2.) of the Lemma, since () is LDF, then g* < q*xm. But also because
g* is the GFP, then g* > q;m. Hence, g* = q:ﬂ(t). O

Lemma 3.9 (cf. [ESY18], Lemma 6.1). For any maxPPS, x = P(x), if GFP g* <1
then g* is the unique fixed point of x = P(x) in [0,1]". In other words, g* = ¢*, where
q* is the LFP of x = P(x).

Lemma 3.10 (cf. [ESY20], Lemma 3.20). If 0 < g* < 1 is the LFP of a max/minPPS,
x = P(x), in n variables, then for all i € {1,...,n}:

1—gf >274"
In other words, 0 < g7 <1— 2_4‘P‘,f0r allie {1,...,n}.
Proposition 3.11. For a minimax-PPS, x = P(x), with GFP g* < 1, for all i € [n]:

1—gi>274"
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Proof. Since g* < 1, by Lemma 3.7(1. and 2.) there is a LDF policy 7' for the
minimizer such that g* < ¢ , < giﬂ, < 1. Moreover, fixing T’ in the minimax-PPS,
we get a maxPPS, x = P, ¢ (x), where by Lemma 3.9, there is a unique fixed point
q;v =&, - Hence, foralli € [n], 1 — g7 21— (g} )i =1-(q} )i- And by Lemma
3.10,1— (q;T,)i > 24P > 24Pl where the last inequality holds due to |P, v/| < |P|.
This is because to encode x; = max{xy,x2,- - x|} from maxPPS, x = P, v(x), there
cannot be any more bits needed than to encode x; = Val(A;(x)) from minimax-PPS,

x = P(x), where the dimensions of the matrix are || x [T . |. O

Claim 3.12. In a LD-PPS, x = P(x):

1. in every fixed point, all variables have equal values.

2. there are infinitely many fixed points.

Proof. Recall that in a linear degenerate PPS, x = P(x), every polynomial is linear, with
no constant terms, of the form P;(x) = Yi_1 pijxj, where p;; € [0,1] and Yipij=1
for all i € [n]. Clearly for any 0 < x < 1 where all values in x are the same, P(x) = x
and so x is a fixed point for the PPS. This shows the second statement.

And in order to show the even stronger statement (1.), take some other fixed point
x € [0,1]" and let j” = argmin,cp, x; be the index of the variable with the minimum
value. Since Pj»(x) is a convex combination of some subset of variables {x; | j € [n]},
if any of them is larger than the minimum value, then Pj»(x) > x;», contradicting that
x is a fixed point for P(-). So for any such variable x;, appearing in Pj»(x), x; = x .
Applying this inductively, the statement follows, since the dependency graph of the
PPS, x = P(x), is strongly connected. O

3.4 P-time algorithm for deciding almost-sure reacha-
bility for BCSGs

In this section the focus is on the qualitative almost-sure reachability problem for BC-
SGes, i.e., given a BCSG and starting with an object of a given type 7;, decide whether
the reachability value is 1 and there exists an optimal strategy to achieve this value
for the player aiming to maximize the reachability probability. That is, the algorithm
presented here computes a set F of variables (types), such that for any variable x; € F,

starting from one object of corresponding type 7; there is a strategy T € W, for the
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player aiming to reach the target type Ty, such that no matter what the other player
does, almost-surely an object of type Ty« will be reached. We of course also wish to

compute such a strategy if it exists.

Algorithm 3.2 P-time algorithm for computing the types that satisfy almost-sure
reachability in a given BCSG, i.e., the set of variables {x; | 31 € ¥; (g} ;); = 0} in
the associated minimax-PPS.
1. Initialize S := {x; € X | P,(0) > 0, that is P;(x) has a constant term }.
Let v, :=TI" . forevery variable x; € X —S. Let ¢ := 1.

min

2. Repeat until no change has occurred to S:

(a) if there is a variable x; € X — S of form L where P;(x) contains a variable already

in S, then add x; to S.

(b) if there is a variable x; € X — S of form Q where both variables in P;(x) are already

in S, then add x; to S.

(c) if there is a variable x; € X — S of form M and if for all a,,;, € I . , there exists a

min’
amax €T such that A,'(x)( ) ESU {1}, then add x; to S.

max Amax sqmin

3. For each x; € X — S of form M, let:
Y, i = {amin €Y _ | Yamax € Thgs Ai(%) (apanamn) €SU{1}}. (Note that yi C¥._,.)

4. Let F:={x; € X -S| P(1) < 1, or P{(x) is of form Q }
5. Repeat until no change has occurred to F':
(a) if there is a variable x; € X — (SUF) of form L where P;(x) contains a variable

already in F, then add x; to F.

(b) if there is a variable x; € X — (SUF) of form M such that for Va,,,, € I, there

max?

is a min player’s action @, € ¥ such that Ai(x)( ) € F, then add x; to F.

Amax sqmin
6. If X =SUF, return F, and halt.

7. Else,let S:=X —F,t:=t+1, and go to step 2.

We now present the algorithm. First, as a preprocessing step, we apply Algorithm
3.1, which identifies in P-time all the variables x; where g7 = 1. We then remove these
variables from the system, substituting the value 1 in their place. We then simplify and
reduce the resulting SNF-form minimax-PPS into a reduced form, with GFP g* < 1.

Note that the resulting reduced SNF-form minimax-PPS may contain some variables x;



66 Chapter 3. Branching Concurrent Stochastic Games

of form M, whose corresponding matrix A ;(x) has some entries that contain the value
1 rather than a variable (because we substituted 1 for removed variables x;, where
g}f = 1). Note also that in the reduced SNF-form minimax-PPS each variable x; of
form Q has an associated quadratic equation x; = x;x, because if one of the variables
(say xz) on the right-hand side was set to 1 during the preprocessing step, the resulting
equation (x; = x;) would have been declared to have form L in the reduced minimax-
PPS. We henceforth assume that the minimax-PPS is in SNF-form, with g* < 1, and we
let X be its set of (remaining) variables. We apply now Algorithm 3.2 to the minimax-
PPS with g* < 1, which identifies the variables x; in the minimax-PPS (equivalently,
the types in the BCSG), from which we can almost-surely reach the target type 7
(i.e., gf = 0 and there is a strategy T* for the player minimizing the non-reachability

probability that achieves this value, no matter what the other player does).

Theorem 3.13. Given a BCSG with minimax-PPS, x = P(x), such that the GFP g* < 1,
Algorithm 3.2 terminates in polynomial time and returns the following set of variables:
{x,- eX | Jte¥, (gI,T),- = 0}.

Proof. First, let us provide some notation and terminology for analyzing the algorithm.
The integer t > 1 represents the number of iterations of the main loop of the algorithm,
i.e., the number of executions of steps (2.) through (7.) (inclusive; note that some
of these steps are themselves loops). Let S; denote the set S inside iteration ¢ of the
algorithm and just before we reach step (3.) of the algorithm (in other words, just
after the loop in step (2.) has finished). Similarly, let F; denote the set F' just before
step (6.) in iteration ¢ of the algorithm. We also define a new set, K;, which doesn’t
appear explicitly in the algorithm. Let K; := X — (S; UF,), for every iteration ¢t > 1.
The set ¥ in the algorithm denotes a set of moves/actions of the min player at variable
x; (i.e., type T;). We shall later show that y; fort > 1, is a set of actions such that if the
minimizer’s strategy only chooses a distribution on actions contained in *, for each
variable x;, then starting at any variable x; € X — §;, the play will always stay out of S;.

We now start the proof of correctness for the algorithm. Clearly, the algorithm
terminates, i.e., step (6.) eventually gets executed. This is because (due to step (7.))
each extra iteration of the main loop must add at least one variable to the set § C X,
and variables are never removed from the set S. It also follows easily that the algorithm
runs in P-time, since the main loop executes for at most |X | iterations, and during each
such iteration, each nested loop within it also executes at most |X| iterations. So, the

proof of correctness requires us to show that when the algorithm halts, the set F is
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indeed the winning set for the minimizer (i.e., the player that aims to minimize the
non-reachability probability). That is, we need to show that for all x; € F there exists
a (not-necessarily static) strategy T for the minimizing player such that (g ;); = 0,
i.e., regardless of what strategy ¢ the maximizer plays again T the probability of not
reaching the target is 0. On the other hand, if x; € S, we need to show that there is no
such strategy T for the minimizer that forces (g ;); = 0. In fact, we will show that for

all x; € S the following stronger property (xx); holds:

(xx);: There is a strategy o for the maximizing player, such that for any strategy T of the
minimizing player (g5 ;); > 0; in other words, starting with one object of type
T;, using strategy pair ¢ and T, there is a positive probability of never reaching

the target type.

Note that property (x); does not rule out that g7 = 0, because even if (xx); holds it is
possible that infrew, (85 ¢)i = 0. In such a case, it would mean that starting in an object
of type T;, almost-sure reachability cannot be achieved but limit-sure reachability can.
That is discussed later in Section 3.5.

First, let us show that if variable x; € S when the algorithm terminates, then (xx);
holds.

Lemma 3.14. For every x; € S, property (xx); is satisfied.

Proof. To show this, we use an induction on the “time” when a variables is added to
set §. That is, if all variables x; added to set S in previous steps and previous iterations
satisfy (*x);, then if a new variable x; is added to set S, it must also satisfy (xx);. In
the process of proving this, we shall in fact construct a single non-static randomized
strategy © for the max player that ensures that for all x; € S, regardless what strategy T
the min player plays against G, the probability of not reaching the target starting at one
object of type T; is positive.

Consider the initial set S of variables {x; € X | P;(0) > 0} that S is initialized to
in step (1.) of the algorithm. Clearly all these variables satisfy g* > P;(0) > 0. Thus,
for these variables assertion (xx); holds using any strategy 6 for the maximizer. Next
consider a variable x; added to set S inside the loop in step (2.) of the algorithm, during

some iteration.

(i) If x; = Pi(x) is of form L, then P;(x) contains a variable x; (with a positive coef-

ficient), that was added previously to set S, and hence (*x); holds. Thus there is



68 Chapter 3. Branching Concurrent Stochastic Games

a positive probability that one object of type 7; will produce one object of type
T;j in the next generation. It thus follows that (xx); holds, by using the same

strategy 6 € W1 that witnesses the fact that (xx) ; holds.

(ii) If x; = P;(x) is of form Q (i.e., x; = x; - x,), then P;(x) has both variables already
added to set S, i.e., (**); and (*x), both hold. Then (*x); also holds, because
starting from any object of type 7;, the next generation necessarily contains one
object of type T; and one object of type T, and thus by combining the two
witness strategies for («x); and (+*),, we have a strategy ¢ € ¥, that, starting
from one object of type T;, will ensure a positive probability of not reaching the

target, regardless of the strategy T € W5 of the minimizer.

(iii) If x; = P;(x) is of form M, then Vauin € TV ., Jamax € Iy, such that A;(x) (comeeesimin)

€ SU{1}. In this case, let us define the strategy G to behave as follows at any
object of type 7;. For each a,,;, € I'’

min’®
l—‘i
max>

we designate one “witness” dyax|[amin] €

which witnesses that A;(x) )y € SU{1}. Then, at any object of

Amax|@min) Amin
type 7T;, 6 chooses uniformly at random among the witnesses dqyx[amin] for all
Amin € Ffmn. So, starting with one object of type 7;, no matter what strategy the
min player chooses, there is a positive probability that in the next step that object
will either not produce any offspring (in the case where A;(x) (amax [amin] samin) = 1)

and hence not reach the target, or else will generate a single successor object of a

type T}, associated with variable x; = A,-(x)( that already belongs to

Amax [amin] 7amin)
set S, and hence such that (xx) j holds. Hence, by combining with the strategies
that witness such (#x); with the local (static) behavior of ¢ described for any

object of type T;, we obtain a strategy G that witnesses the fact that (xx); holds.

Now consider any variable x; that is added to set S in step (7.) of some iteration #, in
other words any variable x; € K, := X — (S; UF,;). Since all variables in set K; were not
added to sets S; or F; during iteration #, we must have that: (A.) x; satisfies P;(1) = 1
and P;(0) = 0; (B.) x; is not of form Q; (C.) if x; is of form L, then it depends directly

only on variables in K;; and (D.) if x; is of form M, then:
max € Dy such that Vamin € ¥, Ai(%) (apeamn) & (FrUS U{1}). (3.2)

Let (gn);_, h € N be the infinite sequence of increasing probabilities defined by:

qn = 2-(1/2") Note that as h — oo, the probability g, approaches 1 from below.
Given a finite history H of height 4 (meaning the depth of the forest that the history

represents is /), for any object e in the current generation (the leaves) of H, if the
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object e has type 7; such that the associated variable x; € K; is of form M, we shall
construct the strategy ¢ to behave as follows starting at the object e. The strategy &
will choose one action a4, that “witnesses” the statement (3.2) above, and will place
probability g, on that action, and it will distribute the remaining probability 1 — g,

uniformly among all actions in I

e We claim that this strategy ¢ ensures that for

any object e of type T; such that x; € K;, irrespective of the strategy of the minimizing
player, the probability of not reaching the target type T+ starting with e (at any point
in history) is positive. This clearly implies that VT € ¥> : (g5 1)k, > 0. To prove this,

there are two cases here:

1. First, suppose that during the entire play of the game, at all objects e whose
type 7; such that x; € K; has form M, the min player only uses actions belonging
to ¥.. Then in the resulting history of play there can not be any such object e
who does not generate a child or whose child in the history (a necessarily unique
child, since e has form M) is an object ¢’ of a type (variable) in set S; (this is
because step (3.) of the algorithm, which defines yf, ensures that actions for the
min player in 7. can not possibly produce a child in set S; or no child at all, no
matter what the max player does). Furthermore, such an object e, occurring at
depth A in history, must with positive probability > ¢y, produce a child ¢’ with
a type in K; (because of point (D.) above, and because of the fact that the max

player plays at e a witness a4, to the statement (3.2) with probability > gp,).

So consider an object e of some type (variable) in set K;, that occurs in a history
H at height & > 0, and consider the tree of descendants of e. Recall that by point
(B.) above, this tree of descendants does not contain objects of Q-form types.
What is the probability, under the strategy o, and under any strategy T for the
min player whose moves are confined to the sets specified by 7V;, that the “tree”
of descendants of e is just a “line” consisting of an infinite sequence of objects
ey =e, €1, €, ..., all of which have types (variables) contained in set K;? This

probability is clearly at least

T = TT2-0/2 > TT2-0/2) — o-Ea(1/2) g2 _ 1
}:[hqd C[Ihz > }]02 2 2 1
That is, irrespective of what strategy 7T is played by the minimizer, there is a
positive probability bounded away from O (indeed, > 1/4) of staying forever
confined in objects having types (variables) in set K;. In such a case, clearly,
there will be positive probability of not reaching the target type (since the types

(variables) in set K; are not the target type).
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2. Next suppose that, on the other hand, there is a history H of some height 4 and
a leaf e of H that has type 7; where M-form x; € K;, such that the min player’s

strategy T plays at object e some action(s) outside of the set ¥ with a positive

/

probability. Note that for all actions a,,;, ¢ Y., there is a max player’s action

Apmax € T, such that Ai(x)( € S; U{1}. Note moreover that the strategy

!
amax’“min)

G assigns positive probability, at least (1 —g;)/|T",,,| to every action in T .

Thus, if the min player’s strategy T puts a positive probability T(H,e,dp;,) > 0 on

(=)
Iy

| B
max

some action d;, ¢ Y;, then with probability > (max in T(H,e, am,-n))

either the object e will have no child (since we can have A;(x), y=1),or

Amax sQmin
the only child of object e in the history will be an object ¢’ whose type is in the
set S;, from which we already know that the target type T+ is not reached with a
positive probability. So in either case, with a positive probability the target type

T]Zk* will not be reached from descendants of e.

Now, let us assume the max player uses this strategy G, and suppose we start play
at one object ¢’ of type T; such that x; € K;. Suppose, first, that during the entire history
of play the min player’s strategy T uses only actions in . for all variables x; € K; of
form M. In this case, with a positive probability bounded away from O (in fact > 1/4),
the play tree after k rounds (i.e., depth k), for any positive k > 1, consists of simply a
linear sequence of objects having types (variables) in set K;. Thus in this case, with
probability > 1/4, the play will forever stay in set K;, and will never reach target type
Ty+. On the other hand, suppose the min player’s strategy T does at some point in some
history consisting entirely of a linear sequence of objects of types (variables) in set K,
namely at some specific object e of type in set K; at depth A, plays an action outside
of ¥ with a positive probability. Then 6 ensures that with a positive probability (albeit
a probability depending on & and thus not bounded away from 0) either e will have
no child or the unique child of e will be an object of type T; such that x; € §;, i.e.,
there is a positive probability of not reaching the target Ty« from the descendants of e,
and thus also from the start of the game (because we assumed the play staring from &/
and up to e consists of a linear sequence of objects all having types (variables) in set
K;). Thus, for all strategies T € W, and all x; € K;, (g5): > 0. Note however, that in
general it may be the case that infr(gg ¢); = 0, because in the case when T does play
outside of Y, the probability of not hitting the target type is not bounded away from
0 (it depends both on the depth /4 at which 7 first moves outside of . with a positive
probability, and it also depends on the probability of that move, and for both reasons

it can be arbitrarily close to 0). This establishes the first part of the proof of Theorem



3.4. P-time algorithm for deciding almost-sure reachability for BCSGs 71

3.13, i.e., that for every x; € S the property (*x); holds. [

Now we proceed to the second part of the proof. Suppose F is the set of variables
output by the algorithm when it halts (and that therefore S = X — F). Suppose the
algorithm executed exactly ¢* iterations of the main loop before halting (so that the
value of ¢ just before halting is ). We will show that there is a (randomized non-
static) strategy T of the minimizing player such that, for all x; € F, regardless what
strategy ¢ the maximizer employs, starting with an object of type T;, the probability
of not reaching the target type is 0. In other words, that (gIﬂ) i = 0, which is what we

want to prove.

Lemma 3.15. There is a randomized non-static strategy © € ¥, such that, for every
X €F, (8i)i=0.

Proof. Before describing T, we first describe a static randomized strategy (i.e., a mixed
policy) T for the minimizing player, that will eventually lead us toward a definition of
T.

Specifically, we define the mixed policy (randomized static strategy) T* as follows.
Let T be any LDF policy such that g¥ , < 1. Such an LDF policy T must exist, by
Lemma 3.7(1.). For all variables x; ey S, let T(x;) := 7'(x;). In other words, at all
variables x; € S, let T behave according to the exact same distribution on actions as
the LDF policy 7. For every variable x; € F of form M, define t* as follows: note
that x; must have entered set F' in some iteration of the inner loop in step (5.)(b) of
the algorithm, during the final iteration ¢* of the main loop. Therefore, for all @, €
Ffmx, there exists a “witness” action ain|[@max] € y;* such that the associated variable
Ai(x)(

we define the policy T* at variable x;, i.e., the distribution t*(x;), to be the uniform

mavsaminlamay]) Was already in set F', before x; was added to set F. For x; € F
distribution over the set {@min[a@max] € YV« | @max € Tlygy} of such “witnesses”.

We now wish to show that t*, as defined, is itself an LDF policy. Consider any
fixed policy (i.e., static randomized strategy) ¢ for the max player, and consider the
resulting system of polynomial equations x = Ps ¢+ (x). For every variable x; € F, con-
sider the variables x; depends on directly in the equation x; = (Ps ¢+ (x));. Let’s consider
separately the cases, based on the form of equation x; = P;(x): (1) if x; = P;(x) is of
form L, then in x; = (P 1+(x)); the variable x; depends directly only on variables in set
F, because otherwise it would have been added to set S; (2) if x; is of form M, then
again it depends directly only on variables in set F, because T*(x;) only puts positive

probability on actions in yf*; (3) if x; is of form Q, then x; depends directly on at least
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one variable in set F°, because otherwise it would have been added to set S. Since there
is a clear order in which variables were added to set F' and due to the initialization of F
(step (4.)), in the dependency graph of x = P 1+(x) every variable in F satisfies one of
the three conditions in Lemma 3.4(ii) (namely, 1. or 3.). So for every variable x; € X,
consider the paths in the dependency graph of x = Ps 1+ (x) starting at x;:
e cither there exists a path from x; in this dependency graph to variable x; € F,
which in turn must have a path to a variable x; such that either Py(1) < 1, or x
has form Q. In either case, this means that x; satisfies one of the conditions of

Lemma 3.4(i1) (namely, either condition (1.) or condition (3.)); Or

e all paths from x; only contain variables in set S. But for all variables x; € S,
T*(xy) is exactly the same distribution as t'(x;), and since the LDF policy T’ was
chosen so that ngT, < 1, this means that there is a path from x; to a variable x;
satisfying one of the three conditions in Lemma 3.4(ii) (specifically, condition
(3.)).

Therefore, x = P51+ (x) is a LDF-PPS. But since the fixed policy ¢ was arbitrary,
this implies that strategy t* is indeed an LDF policy. Since t* is LDF, by Lemma
3.7(2.), it holds that g* < qi’r*.

We now construct a non-static strategy T, which combines the behavior of the two
policies (i.e., two static strategies) T and T* in a suitable way, such that for all x; € F,
(% )i = 0. In other words, T will be a strategy for the minimizer such that, no matter
what strategy ¢ the maximizer uses starting with one object of type T;, the probability
of not reaching the target type is O.

The non-static strategy 7 is defined as follows. The strategy T will, in each gener-
ation, declare one object in the current generation to be the “queen” (and this object
will always have a type (variable) in set F'). Other objects in each generation will be
“workers”. Assume play starts at a single object e of some type 7; such that x; € F. We
declare this object the “queen” in the initial population. If the queen e has associated
variable x; of form M, then 7 plays at e according to distribution T*(x;). This results,
(with probability 1), regardless of the strategy of the maximizer, in some successor ob-
ject ¢’ in the next generation of type 7; such that x; € F. In this case, we declare ¢’ the
queen in the next generation, and we apply the same strategy T starting at the queen ¢’
of the next generation, as if the game is starting at this single object ¢’ of type 7;. If the
variable x; associated with the queen e is of form L, then in the next generation either
we hit the target (with probability (1 — P;(1)), or (with probability P;(1)) we generate

a single successor object ¢’ of some type T such that x; € F. In this latter case again,
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we declare ¢’ the queen of the next generation, and we use the same strategy T that is
being defined, and apply it to ¢’ as if the game is starting with the single object ¢’. If
the queen e has associated variable x; of form Q, then in the next generation there are
two successor objects, ¢’ and ¢” of types T and 7} respectively (these may be the same
type), such that either x; € F or x; € F, or both are in set F. In this case, we choose
one of the two successors whose type (variable) is in set F, say w.l.o.g. that this is ¢/,
and we declare ¢’ the queen of the next generation, we proceed from ¢’ using the same
strategy T that is being defined, as if the game starts with the single object ¢/. However,
we declare the other object e” a “worker”, and starting with ¢’ and thereafter (in the
entire subtree of play rooted at ¢”’) we use the static strategy (i.e., the LDF policy) 7'.
This completes the definition of the non-static strategy 7.

We now show that indeed T satisfies that, no matter what strategy ¢ the maximizer
uses against it, for any x; € F', starting with one object of type 7;, the probability of not
reaching the target type is 0. In other words, we show that using T the probability of
reaching the target type is 1, no matter what the opponent does.

To see this, first note that the LDF policy T was chosen so that giﬂ, < 1. Thus,
since in the resulting max-PPS, x = P, (x), the player maximizing non-reachability
probability always has a static optimal strategy (by Theorem 3.1), it follows that the
subtree of the play rooted at any “worker” object ¢’ starting at which strategy 7’ is
applied by the min player, has a positive probability (1 — g;T,),- > 0 (in fact, > 247!
by Proposition 3.11) of eventually reaching the target type.

Next note that the sequence of queens is finite if and only if we have hit the target.
Next, we establish that if the sequence of queens is infinite, then, with probability 1,
infinitely often the queen is of form Q and thus in the next generation it generates both
a queen and a worker. Thus, because of the infinite sequence of workers generated
by queens, there will be infinitely many independent chances of hitting the target with
probability at least min;(1 — g7 ,); (in fact, > 24Pl Hence, we will hit the target
(somewhere in the entire tree of play) with probability 1.

It remains to show that, if the sequence of queens is infinite, then, with probability
1, infinitely often a queen is of form Q. We in fact claim that with a positive probability
bounded away from 0, in the next n = |X| generations either we reach a queen of form
Q, or the queen has the target as a child. To see this, we note that each variable x; € F
has entered set F' in some iteration of the loop in step (5.) of the algorithm (in the last
iteration of the main loop). We can thus define inductively, for each variable x; € F,

a finite tree R;, rooted at x;, which shows “why” x; was added to set F'. Specifically,



74 Chapter 3. Branching Concurrent Stochastic Games

if P;(1) < 1 or x; has form Q, then R; consists of just a single node (leaf) labeled by
x;. If x; has form L, then it was added in step (5.) because P;(x) has a variable x;
that was already in set F'. In this case, the tree R; has an edge from the root, labeled
by x;, to a single child labeled by x;, such that this child is the root of a subtree R;.
If x; has form M then R; has a root labeled by x; and has a child labeled by variable
xj = Ai(x)(

min[Amax] € Y« is the “witness” for dyay, in the condition that allows step 5.(b) of the

€ F and has R; as a subtree, for each a4 € I and where

Amax Amin [amax] ) max

algorithm to add x; to set F.

Clearly the tree R; is finite and has depth at most n (since there are only n variables,
and there is a strict order in which the variables entered the set F).

Now we argue that starting at a queen of type T;, using strategy T for the minimizing
player, with a positive probability bounded away from O in the next n steps the sequence
of queens will follow a root-to-leaf path in R;, regardless of the strategy of the max
player. To see this, note that if a node is labeled by x; is of form L, then the play will
in the next step, with probability associated with the transition in the BCSG move to
the unique child (the new queen) x that is the immediate child of the root in R;, and
thus next will be at the root of the subtree R. If the node is labeled by x; of form
M, then irrespective of the distribution on actions played by the max player, in the
next step with a positive probability bounded away from 0, we will move to a child
X jr = Ai(X) (aparsaminame]) € F Which is a child of the root in R}, itself rooted at a subtree
R/, because at queen objects we are using policy T* for the minimizer. Thus, starting
at a queen x;, with a positive probability bounded away from 0O, within » steps the play
arrives a leaf of the tree R;. If the leaf corresponds to a variable x; with P;(1) < 1,
then the process will reach in the next step the target type with a positive probability
bounded away from 0. If, on the other hand, the leaf corresponds to a variable x;
of form Q, then the queen generates two children. The probability that the queen
reaches infinitely often a leaf of form L with P;(1) < 1 but does not reach the target
is 0. Thus, if the queen never reaches the target throughout the play, then the queen
will generate more than one child infinitely often with probability 1, and hence will
generate infinitely many independent workers with probability 1. By the choice of the
policy T’ followed by workers, the subtree rooted at each worker will hit the target with
a positive probability bounded away from 0. Hence, the probability of hitting the target
type is 1. [

This completes the proof of Theorem 3.13. [
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Corollary 3.16. Let F be the set of variables output by Algorithm 3.2.

1. Let S := X —F. There is a randomized non-static strategy G for the max player
(maximizing non-reachability) such that for all x; € S, and for all strategies T of
the min player (minimizing non-reachability), starting with one object of type T;,

the probability of reaching the target type is < 1.

2. There is a randomized non-static strategy 7T for the min player (minimizing non-
reachability), such that for all strategies G of the max player (maximizing non-
reachability), and for all x; € F, starting at one object of type T; the probability
of reaching the target type is 1.

Proof. 1. The strategy ¢ constructed in the proof of Theorem 3.13 for all variables
x; € § achieves precisely this.
2. The strategy T constructed in the proof of Theorem 3.13 for all variables x; € F

achieves precisely this. 0

Remark: Both the strategy ¢ from Corollary 3.16(1) and the strategy T from 3.16(2)
are non-static strategies. However, we note that both of these non-static randomized
strategies have suitable compact descriptions (as functions that map finite histories to
distributions over actions for objects in the current populations), and that both these
strategies can be constructed and described compactly in polynomial time, as a func-

tion of the encoding size of the input BCSG.?

3.5 P-time algorithm for deciding limit-sure reachabil-
ity for BCSGs

In this section, we focus on the qualitative limit-sure reachability problem for BCSGs,
i.e., given a BCSG and starting with one object of a given type 7;, decide whether the
reachability value is 1. Recall that there may not exist an optimal strategy for the player
aiming to reach the target Ty, which was the question in the previous section (almost-
sure reachability). However, there may nevertheless be a sequence of strategies that

achieve values arbitrarily close to 1 (limit-sure reachability), and the question of the

3However, it is worth pointing out that the functions that these strategies compute, i.e., functions from
histories to distributions, need not themselves be polynomial-time as a function of the encoding size of
the history: this is because the probabilities on actions that are involved can be double-exponentially
small (and double-exponentially close to 1), as a function of the size of the history.



76 Chapter 3. Branching Concurrent Stochastic Games

existence of such a sequence is what we address in this section. Since we translate
reachability into non-reachability when analysing the corresponding minimax-PPS, we
are asking whether there exists a sequence of strategies (T;, | j € N) for the min player,
such that Vj € N, €; > €;11 > 0, and where lim;_,..€; = 0, such that the strategy T _
forces the non-reachability probability to be at most €;, regardless of the strategy ©
used by the max player. In other words, for a given starting object of type 7;, we ask
whether infrey, (g5 )i = 0.

Again, as in the almost-sure case, we first, as a preprocessing step, use the P-time
algorithm from Proposition 3.3 (i.e., Algorithm 3.1) to remove all variables x; such that
g7 =1, and we substitute 1 for these variables in the remaining equations. We hence
obtain a reduced SNF-form minimax-PPS, for which we can assume g* < 1. The
set of all remaining variables in the SNF-form minimax-PPS is again denoted by X.
Thereafter, we apply Algorithm 3.3, which computes the set of variables, x;, such that
g7 = 0. In other words, we compute the set of types, such that starting from one object
of that type the value of the reachability game is 1. Before considering Algorithm 3.3
in detail, we provide some preliminary results that will be used to prove its correctness.
More precisely, we first examine the nested loop in step (4.)(b) of the algorithm. This
inner loop is derived directly from a closely related “limit-escape” construction used
by de Alfaro, Henzinger, and Kupferman in [dAHKO7] (see Algorithm 4 and section
4.4.2 in the cited paper). Proofs are provided here for the facts needed about this

construction.

3.5.1 Limit-escape

For a variable x; of form M, for 1-step local strategies 6(x;) and t(x;) at x; for the two

players (i.e., 6(x;) and T(x;) are distributions on I\, ,_ and I':

"nin> T€SPECtively), and for

aset W C X U {1} which can include both variables and possibly also the constant 1,

let us define:

plxi = W,0(x;),t(x;)) = Y 6 (x;) (@max) - ©(xi) (amin)

{(@max;a@min) €Ll X Ty | Ai (x) (amax i) EW}

Thus p(x; — W,06(x;),T(x;)) denotes the probability that, starting with one object of
type T;, and using the 1-step strategies specified by o(x;) and t(x;), we will either
generate a child object of type 7} such that x; € W, or (only if 1 € W) generate no child

object (i.e., go extinct in the next generation).
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Algorithm 3.3 P-time algorithm for computing the types that satisfy limit-sure reacha-
bility in a given BCSG, i.e., the set of variables {x; | ¢ = 0} in the associated minimax-

PPS.
1. Initialize S := {x; € X | P;(0) > 0, that is P;(x) has a constant term }.

2. Repeat until no change has occurred to S:

(a) if there is a variable x; € X — S of form L where P;(x) contains a variable already

in S, then add x; to S.

(b) if there is a variable x; € X — S of form Q where both variables in P;(x) are already

in S, then add x; to S.

(c) if there is a variable x; € X — S of form M and if for all a,,;, € I . . there exists

min?
max € T}y, such that A;(x) ) € SU{1}, then add x; to S.

e sChmin
3. Let F:={x; € X -S| P(1) < 1, or Pi(x) is of form Q }
4. Repeat until no change has occurred to F:
(a) if there is a variable x; € X — (SUF) of form L where P;(x) contains a variable
already in F, then add x; to F.

(b) if there is a variable x; € X — (SUF) of form M and if the following procedure

returns “Yes”, then add x; to F.

i. SetLy:=0,By:=0,k:=0.Let0:=X— (SUF).

ii. Repeat:
o k:=k+1.
o Li:={amn €Tl — UI;-;(I) Lj | Vamar € Ty — Bi—1, Ai(%) (aesmin) € F U
0}.
® By :=Bi_1 U{mar € Ty — Bi—1 | Jamin € Lic 5.1. Ai(X) (40 am) € F}-

Until By, = Bj_;.

iii. Return: “Yes” if By = I . and “No” otherwise.

max?
5. If X =SUF, return F, and halt.

6. Else, let S :=X — F, and go to step 2.

Informally, the following is the high-level intuition behind the limit-escape tech-
nique. Recall from the almost-sure algorithm section that when we were computing

the set of variables (types) that almost-surely reach the target (starting with one object
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of the type), we were looking for those ones that the min player can force in the next
round with a positive probability to stay within set /' without any risk of immediate
extinction or entering set S (since entering set S would mean a positive probability of
not reaching the target type). That is, informally, in the almost-sure algorithm section,
we were keeping track of variables x; (types 7T}) for which there exists an 1-step local

strategy T’ (x;) for the min player such that:

inf  p(x; = F,0(x;),7(x;)) >0
G(Xj)EQ)(anax)

sup p(xj—>SU{1},G(xj),’c'(xj)):O
(x,)ea)(rmx)

where @(Fmax) denotes the set of distributions on the set of actions Fmax However,
in the limit-sure reachability case, the aim is to reach the target type with probability
arbitrarily close to 1. So a small chance to enter set SU {1} can be permitted, as long
as the ratio of the 1-step probability between entering set F and set SU {1} can be
made arbitrarily high. That is, in addition to the aforementioned variables x;, we also
want to keep track of variables x; for which: regardless of the min player’s 1-step local
strategy, there is a positive probability to enter set SU {1} in the next step; but there is

a family of 1-step local strategies T, (x;), ¢ — 0, for the min player such that:

lim inf p(xi = F,0(xi), Te(xi)) —
e=0 6(x)eD(Th,,) P — SU{1},6(xi),Te(x:))

More formally, consider step (4.)(b) of Algorithm 3.3 and assume that for a vari-

able x; the answer is “Yes”. Let N := max; | Given some 0 < e < consider

2N’
the following static distribution, safe(x;,e), on actions for the min player at x; (i.e.,

min |

distribution on I' ):

min
(
, 1—¢?
(ez)j_l'% if apin € Lj, for some j € {1,...,

safe(xi,e)(amin) =

(e?) =l otherwise

\ ’ mm ‘

(3.3)

Lemma 3.17. Suppose that for a variable x; € X — (SUF) the answer in step (4.)(b)
of the algorithm is “Yes”, and for any e such that 0 < e < %\,, let T,(x;) = safe(x;,e).

Then for every 1-step local strategy (i.e., distribution on actions in T, ), 6(x;), for the

k—1}
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max player, the following inequality holds:

p(xi = F,6(x;),Te(x;)) > é plxi = SU{1},6(x:),Te(x;))

Proof. Since the answer is “Yes” for x;, when the loop in step (4.)(b) stops at some it-
eration m, we must have B, = B,,_| =", ... Suppose 6(x;) is any 1-step local strategy

for the max player at x;. Let g; denote the probability that the max player distributes

among all its actions in the set B; — B;_1. Since B,, | =17,,,, then clearly T:_ll qgj=1.

Since each action a € T

T Was added at some point to set B, = By, 1, there is some

1 < jo <m— 1, such that there exists a,,;,, € L;,, such that A;(x) (aa ) € F. Moreover,

Md ) = (2 Ja=1 (l—ez)
Te(xi) (i) —( ) |Lja|

the L and B sets, that for all a,,;, € é“:_ol Ly, Ai(x) (aamy) € O- With this information,

. And furthermore, we know from the definitions of

we can give bounds on the 1-step probabilities of visiting sets F and SU {1} under

T.(x;) and o(x;):

m—_1 ; 1—¢?) m=l , 1—¢?
p(xi = F,0(x;), Te(xi)) > Z q;- (ez)J_1 : ! = Z qgj- (62)]_1 : u
j=1 ‘L]a’ j=1 N

m—1

plai = SU{1h o), ) < X gy (¢?)’
-

The second inequality in the first row follows from the fact that L;, C Fim-n (i.e.,
ILj,| < [T,

maximum probability of ending up in set SU{1} in the next round occurs when for all

| < N). The inequality in the second row follows from the fact that the

in
maximizer actions dyy in each segment B; — B;_1, all remaining minimizer actions

i
Amin € Fm

the distribution T, (x;) assigns a total probability of (62)] .

in— Ué:o Ly satisfy Ai(X) (4,c.am) € SU{1}. To all these minimizer actions,

Then in order to prove the inequality from the Lemma we need to show that:

m—1 . (1_62) 1 m=1 _
Yo (@) e R (@)
J=1 € j=1

First, note that forall 1 < j <m—1,since 0 <e < L then ¢% < % and we have:

2N°
. 1 —e?
qj"(ez)J 1'(T) 1—.e2>1—e2 1
o (@) N (en) e
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. 1 —é?
Thus, foralll§j§m—1,qj-(e2)171 %

all 1 < j<m—1, we get what we wanted to prove. U]

> 24 (ez)j. And summing over

Notice that, as a consequence to this Lemma, there is a sequence of 1-step local
strategies for the min player such that the ratio of the 1-step probability between enter-
ing sets F and SU {1} diverges over the limit as e — 0.

Assume the opposite, that in step (4.)(b) for a variable x; the loop stops at some
iteration m (i.e., B,,_1 = B,;,), but B, ; Ffmx, and hence step (4.)(b) answers “No”, and

x; 1s not added to set F'. In such a case, let us define the following 1-step local strategy,

6 (x;) for the max player which will be used in the next lemma. Let Dﬁnax = r‘in o—Bn.
Let
: f i
YA or every dpqx € D
G(xi) (amax) = ‘D;nax max G
0 otherwise

Lemma 3.18. Suppose that for a variable x; € X — (SUF) the answer in step (4.)(b)
of the algorithm is “No”, and let 6(x;) be defined as in (3.4). Then, there is a con-
stant c; > 0 such that for every 1-step local strategy T(x;) for the min player at x;, the
following inequality holds:

p(xi = SU{1},0(x;),T(x;)) > cixp(x;i = (FUSU{1}),0(x;),T(x;))

Proof. Suppose the loop from step (4.)(b) stops at iteration m, such that B,,, 1 = B,,, C

I, There are two possibilities:

1. L, = 0: That is, for every ap, € l“fm.n — U?;OI L, there exists aqx € Dfmx =
L0 — Bm—1 such that A;(x)( ) € SU{1}. Let T(x;) be an arbitrary 1-step
local strategy for the min player and let 6(x;) be as defined in (3.4). Also let
D =T — UZZOI L,. Then it follows that:

AmaxAmin

min min

1

plxi = SU{1},0(x;),t(x)) > Z

D
Amin€D! . max

Y, () (amin) (3.5)

1
D] -
max Amin eD;nin

T(xi) (@min)
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Note that, by construction, for all @qyx € D%, and @pin € U?_O] Ly, Ai(x )(

Amax 7amin)

€ 0. Hence, since the support of distribution 6(x;) is D}, and since D! . =
Doin — Ug— o Lg> we have:
pxi = (FUSU{1}),0(x;),T(x;)) < Z (%) (Amin) (3.6)

. i
Amin EDm,‘n

Combining these bounds, we get:

p(xi = SU{1},0(x),T(x:)) !

Z ©(xi) (amin)

| max ’ . i
amin€D min

> pxi = (FUSU{1}),0(x;),(xi))
D]’

2. Ly #0, but {ame € %0 — Bm—1 | Jamin € Ly s.t. A-(x)(

~B, =TI —B,=D:!

€ 0. Let t(x;) be any 1-step local strategy for the min player, and

)GF}ZQ.

and for all a,,;, € L,,,,

Amax sAmin

Therefore for all ay,, € I

Ai (X) (amaXaamin)
let 6(x;) be as defined in (3.4). Let D}, :=T%, —Ui_oL,. Note that if D}, =

min
0, then p(x; —» SU{1},0(x;),T(x;)) =0 = p(x; = (FUSU{1}),0(x;),T(xi)),
since support for 6(x;) is D!, ,. and, by construction, for all @y, € D!, . and
Wmin € Ui = Dpins Ai(6) (@0,

= (, then both the inequalities (3.5) and (3.6) hold again,
with the minor modification that now we have D! . =T — U0 Lg instead of

min min
-1
D=1 —|J" 1L,

min min

max max>

€ 0. So, in this case, the lemma holds for any

constant ¢; > 0. If D!

min

Therefore, in both cases the lemma is satisfied with ¢; := | Dl = L Bl O
max max m

3.5.2 Limit-sure algorithm

We are now ready to prove correctness for Algorithm 3.3.

Theorem 3.19. Given a BCSG with minimax-PPS, x = P(x), with GFP g* < 1, Algo-

rithm 3.3 terminates in polynomial time, and returns the set of variables {x; € X | gF =

0}.

Proof. The fact that the algorithm terminates and runs in polynomial time is again
evident, as in case of the almost-sure algorithm. (The only new fact to note is that the
new inner loop in step (4.)(b), can iterate at most max; |I%,,,.| times because with each

new iteration, k, at least one action is added to the set By_ 1, or else the algorithm halts.)
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We need to show that when the algorithm terminates, for all x; € F', g7 = 0, and for
allx, € S=X—-F, g >0.

Let us first show that for all x € S, g7 > 0. In fact, we will show that there is a
strategy ¢ € ¥, and a vector b > 0 of values, such that for all x; € S, (gg*)i >b; > 0.

Lemma 3.20. There is a strategy 6 € W and a vector b > 0 such that, for every x; € S,
(gé,*>i >b; > 0.

Proof. We use an induction for this proof. For the base case, since any variable x;
contained in set S at the initialization step has gj > P;(0) > 0, we have (g5 )i > P;(0) >
0 for any strategy 6 € W1, so let b; := P;(0). For the inductive step, first consider
any variable x; added to set S in step (2.), in some iteration of the main loop of the

algorithm.

(i) If x; = P;(x) is of form L, then P;(x) has a variable x; already in set S, and by
induction (gg ,); > b; > 0. Since P;(x) is linear, with a term p;; - x;, such that

pij > 0, we see that (g5 )i > pij-b;j >0, solet b; := p;;-bj.

(ii) If x; = P;(x) is of form Q (i.e., x; = x; - x,), then P;(x) has both variables previ-
ously added to set S, i.e., (g;k,’*)j >b; >0 and (gj‘,,*), > b, > 0. Then clearly
(g;*)l' > bj-br > 0. So let b; := bj -b,.

(iii) If x; = P;(x) is of form M, then Va,y;,, € IV
SU{1}. For each a,,, € T"!

min’®

Jaax €T

max

such that A;(x) €

min’ Amax,Amin )

let us use apmayx|[amin] € I . todenote a “witness”

max>

to this fact, i.e., such that A;(x) € SU{1}. Let strategy ¢ do as fol-

Amax [amin] sAmin )

lows: in any object of type 7; corresponding to x;, ¢ selects uniformly at random

an action from the set {@max[a@min] € Ty | @min € T: .} of all such witnesses.

min

Clearly then, for any a,,;,, € I'" . | the probability that G at an object of type T;

min’®
will choose the witness action aax[amin] is at least ‘ — (and in fact is also at
least ). So, using G, starting with one object of type 7;, no matter what strat-

IF’

min ‘

egy the min player chooses, there is a positive probability > that either

| mm‘

the object will have no child or the object will generate a single child object of

a type T}, associated with variable x; = Ai(x)( € S, and hence such that

amwﬁamin)
(gfj *) ; > bj > 0. So no matter what strategy the min player picks, there is at
least | | probability that the unique child object belongs to set S, or that there
is no chlld object. Hence, (g5 .,)i >

b; = m-min{bj | xj €S}

2 ‘Fll | -min{b; | x; € S} > 0, and again we let
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Now consider any variable x; added to set S in step (6.) at some iteration of the
algorithm (i.e., x; € K := X — (SUF)). Because x; was not previously added to sets S
or F', then:

(A.) x; satisfies P;(0) =0 and P;(1) = 1;
(B.) x;is not of form Q;
(C.) if x; is of form L, then it depends directly only on variables in set K; and

(D.) if x; is of form M, then the answer for x; in step (4.)(b) (during the latest iteration

of the main loop) was “No”.

For each x; € K of form M, let 6(x;) be a probability distribution on actions in ",
defined in (3.4). Let strategy G use the 1-step local strategy G(x;) at every object of
type 7; encountered during history. We show that, for every x; € K, (g§7*) i > b; for
some b; > 0.

By Lemma 3.18, for each variable x; € K of form M, and for any arbitrary 1-step

local strategy T(x;) for the min player at x;, there exists ¢; > 0 such that:
p(xi = SU{1},0(x),T(x;)) > ci*xp(xi = (FUSU{1}),0(x;),T(x:))

For r > 1, let Pry, (K U_,(SU{1})) denote the probability that, starting with one
object of type T;, where x; € K, using strategy © as defined above and an arbitrary
(not necessarily static) strategy T, the history of play will stay in the set K for r — 1
rounds, and in the r-th will either transition to an object whose type is in the set S, or
will die (i.e., produce no children). Define Pry" (K U_.(FUSU{1})) similarly. The
following claim is a simple corollary of Lemma 3.18. Let ¢ := min{¢; | x; € K}. (Note

that 0 <c¢ < 1)

Claim 3.21. For any integer r > 1, and for any (not necessarily static) strategy < for
the min player, Pry (KU_,(SU{1})) > cxPry (K U_, (FUSU{1})).

Proof. Let H(x;,K,r — 1) denote the set of all sequences of types (variables) in set K
of length r — 1, starting with a type corresponding to variable x; € K. Recall by point
(B.) above that there are no Q-form variables (types) in set K. For a history (sequence)
he€ H(x;,K,r—1),let(h) denote the index of the variable associated with the last type
in h, i.e., the one occurring at round r — 1. For each h € H(x;,K,r — 1) there is some
probability g, > 0 that, starting at an object of type corresponding to variable x; € K,

the population follows the history 4 for r — 1 rounds. So
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Prof(KU—(SU{1})) = Y, an plam — SU{1},0(xm), T(xm))
heH (x;,K,r—1)

> Y an-cm - pOugy = (FUSU{1}),06000), T(xm))
heH (x;,K,r—1)

> ¢ Y aqn plam = (FUSU{1}),0(x4)), T(xin))
heH (x;,K,r—1)

= ¢ Pryf(KU_ (FUSU{1}))
where the first inequality follows from Lemma 3.18. [

We now argue that for all x; € K, there exists b; > 0 such that for any strategy T for
the min player, (g5 )i > b; > 0.

Consider any strategy T for the min player. For x; € K, let Pry’"(CJK) denote the
probability that the history stays forever in set K, starting at one object of type T7;.
Let Pry"(KU(SU{1})) denote the probability that the history stays in set K until it
eventually either dies (has no children) or transitions to an object with type in set S.

Note that:

(g62)i = Pro"(0OK)+Pro"(KU(SU{1}))-min{(gg.); | x; € S}
> Pry*(0K)+Pri(K U(Su{1})) -min{b; | x; € S}

We will show that, regardless of the strategy T for the min player, this probability

must be at least:

b; = % -min{b; | x; € S}

where ¢ := min{c; | x; € K}. Recall that 0 < ¢ < 1. Let p = Py (OK). If p > §, then
we are done, since the inequalities above imply (gfm) i > 5 > b;. So, suppose p < 3.

Observe that:

Prof(kU(su{1})) = ProT((KU(SU{1}))n-CK)
Prof(KU(SU{1}) | ~OK) - Prot(-0K)

= PrYY(KU(SU{1}) | -0K)-(1—p)
pPry* (kU

(SU{1}) | ~0K) -5

vV

So it only remains to show that Pry," (K U(SU{1}) | =0JK) > c. Note that the event
—[IK is equivalent to the event K U(FUSU{1}). The event K U(SU{1}) is equivalent
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to the disjoint union | ; K U_,(SU{1}). Likewise for the event K U(FUSU {1}).

Therefore:

Pryf(KU(SU{1}))
Pry " (-0OK)
Yoy Priff (KU (SU{1}))
yo, Pri (KU (FUSU{1}))

Praf(KU(SuU{1}) | -0K) =

3.7

But by Claim 3.21, for all r > 1, Pry/"(KU_,(SU{1})) > ¢-Pry"(KU_,(FUSU
{1})). Hence, summing over all r, we have ¥, Pry/ (KU_,(SU{1})) > ¢c- ¥,
Pry(KU—.(FUSU{1})). Hence, dividing out (note that the division is well-defined
as we have assumed a positive probability for eventually exiting K, i.e., Pry’" (=0K) =
1—p > 1) and using (3.7), we have Pry (K U(SU{1}) | -OK) > c.

Thus, (g5.¢)i > bi, and since this holds for an arbitrary strategy t for the min player,
we have (g5 )i > b; > 0. O

We next want to show that if F' is the set of variables output by the algorithm when

it halts, then for all variables x; € F, g; = 0, or in other words, that the following holds:
Ve>0, Ite € Wa sit. Vo €W, (g54,)i <€ (3.8)

Let N := max; |I"

i . |. Given some 0 < e < &, recall from (3.3) the static distribu-

2N°

tion, safe(x;,e), on actions I . for the min player at x;.

min

Given an € > 0, we define a (static) strategy T¢ as follows. If a variable x; of form
M is in set S, then we let T¢ (x;) be the uniform distribution on the corresponding action
set Fim.n. For variables in set F, we define T¢ as follows. Consider the last execution
of the main loop of the algorithm. Let Fy = {x; € X — S| Pi(1) < 1, or Pi(x) is of
form Q } be the set of variables assigned to set F in step (3.), and let x; ,x;,,. .. 3 X
be the variables in set F' — Fy ordered according to the time at which they were added
to set F in the iterations of step (4.). For each variable x;, € F of form M we let
Te(x;,) = safe(x;,,e;) where the parameters e, are set as follows. Let n be the number

of variables, and N := max; |I' . | be the maximum number of actions of the min player
for any variable of form M. Let K be the minimum of (1) 1/N, (2) the minimum (non-
negative) coefficient of a monomial in P;(x) over all variables x; of form L, and (3)
the minimum of 1 — P;(1) over all x; of form L such that P,(1) < 1. Let A = «".
Clearly, A is a rational number that depends on the given minimax-PPS x = P(x) (and
the corresponding BCSG) and it has polynomial number of bits in the size of P. Let

do = [log(%)] and let d; = do - (2N)" for t > 1. We set ¢; =2 for all t > 0. The
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numbers e; can be doubly-exponentially small, but they can be represented compactly
in floating point, i.e., in polynomial size in the size of P and of €. Note from the
definitions that eg < €\/n, and e, = (¢,_1)?" forallt > 1.

Consider the maxPPS, x = P, 1,(x), obtained from the given minimax-PPS, x =
P(x), by fixing the strategy of the min player to policy Te. For every variable x; of
form L or Q, the corresponding equation x; = P;(x) stays the same, and for every
{Zam,-,,erjnm Te (xi) (@min) -
Ai(X) (apansamin) - L€ f* = g5 1, be the greatest fixed point of the maxPPS x = P, 7, (x),
and let M = max{f;"|x; € F}. We will show that M <e¢,i.e., f* <eforallx; € F.

variable x; of form M the equation becomes x; = max,, cri

max

First, we show that all variables of X have value strictly less than 1 in f*, and we

also bound the value of the variables of set S in terms of M.

Claim 3.22.
(1) Forall x; € X, fi* < 1.
(2) Forallx; € X, ff <M+ (1-2).

Proof. The algorithm of Proposition 3.3 (see Algorithm 3.1) computes the set X of
variables x; of the minimax-PPS such that g7 < 1 (this set is denoted S in Algorithm
3.1, but to avoid confusion with the set S of the limit-sure reachability Algorithm 3.3,
we refer to it as X in the following). It is the same set X as the one used in Algorithm
3.3. We use induction on the time that a variable x; was added to set X in Algorithm
3.1 to show the claim. For part (2), our induction hypothesis is that if a variable x; is
added to set X at time 7 (where the initialization is time 1) then f;* < «'M + (1 —«').
This inequality implies (2) since t < n and A = x".

For the basis case (t = 1), x; is a deficient variable, i.e. P;(1) < 1, hence f; <
P(1)<1l-x<1.

For the induction step, if x; is of form L or Q, then P;(x) contains a variable x;
that was added earlier to set X, hence f;" < 1 follows from f}" < 1 by the induction
hypothesis. For part (2), if x; is of form L, then the coefficient of x; in P;(x) is at least
kand f; <«~'M+ (1 —%'"") by the induction hypothesis, hence f;* < k(x'~'M +
(1=¥"1))+1-k=x'M+(1-x). Ifx; is of form Q, then f;* < f¥ <« 'M+ (1 -
K <M+ (1-¥).

If x; is of form M then for every action a,,q; € I

> there exists an action @y, €

Fi

min

hence its value in f* is < 1 by the induction hypothesis. Since T¢(x;) plays all the

such that the variable x; = A;(x) was added previously to set X, and

Amax aamin)

actions of T

'uin With nonzero probability, both when x; € S and when x; € F, it follows
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that f* < 1. This shows part (1). For part (2), if x; € F, then f;" <M <«'M + (1 —x),
where the first inequality follows from the definition of M. Suppose x; € S and let a,;.x
be an action in I',,, that yields the greatest fixed point f;* in the maxPPS equation
xi = (Py 1. (x));. The right-hand side for this action is a linear expression that contains

a variable x; = A;(x) that was added previously to set X, and the coefficient

Amax ,Amin )

of this term is 1/ |F£nm] > 1/N > x, since Tg(x;) is the uniform distribution for x; € S.
Therefore, f; <xf7+(1—x) <k(K' "M+ (1-k""))+1-xk=wM+(1-«). O

We can show the key lemma now.

Lemma 3.23. Forall x; € F, f* <e.

Proof. Recall that F = Fo U {x;;, Xy, ..., X;. }. Let Mo = max{ f*|x; € Fo} and let M; =
[; fort > 1 be the value of x;, in the greatest fixed point f* of the maxPPS, x = P, , (x).
Thus, M = max{M, | t > 0}. Let r, = (¢,)>¥~!. Note that for every x; € F of form M,
the probability with which t¢(x;, ) = safe(x;,,e;) plays any action in a set L; is at least
(e2)N=1(1 —¢€?)/N which is > (¢;)*¥~! = r, because ¢, < 1/(2N). Let s, = I yrj;
by convention, so = 1.

We will show first that for all # > 0, there exist a;, g; > 0O that satisfy a, > A -5, and
g <t-eq-a; /A, and such that M, < a,M? + (1 —a; — g, )M + g;. We will use induction
ont.

Basis: t+ = 0. Then My = f;* for a variable x; € Fy which is either a deficient
variable of form L or a variable of form Q. If x; is of form L, then note that (1) P; does
not contain a constant term (because otherwise x; would have been added to set S in
step (1.)), (2) all the variables of P;(x) are not in set S (because otherwise x; would have
been added to set S in step (2.)), hence they are all eventually added to set F' and thus
their value in f* is at most M, and (3) the coefficients sum to at most 1 — K because
Pi(1) < 1. Therefore, My = f < (1 —K)M < AM? + (1 — A)M. If x; is of form Q, at
least one of the variables of P;(x) must belong to set F' (because otherwise x; would
have been added to set S in step (2.)), hence its value in f* is at most M, and the value
of the other variable is at most AM + (1 —A) by Claim 3.22. Therefore, My = f; <
M(AM + 1 —A) = AM? + (1 — A)M. Thus in both cases, My < AM? + (1 —A)M. We
can take ag = A, go = 0.

Induction step: We have M, = f". If x;, is of form L, then P; (x) contains a variable
x; that was added earlier to set F; its coefficient, say p, is at least k. Note again that
P, (x) does not contain a constant term, all the other variables of P;, (x) are not in set S,

hence they are all eventually added to set F' and their value in f* is at most M, and the
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sum of their coefficients is 1 — p. Since the variable x; was added earlier to set F', by
the induction hypothesis we have f; < ayM?+(1—a,—g,)M+g, for some u <t — 1.
Therefore, M; < p(a,M?*+ (1 —a, —g)M+g,)+(1—p)M =aM?> +(1 —a, — g, )M +
gr, With a; = pa, and g; = pg,. Since u <t — 1, we have a, > A-s, > A-s;_1, and since
p > x> ry it follows that a; = pa, > A-s;—1 -r; = h-sp. Also, g = pgy < puepa, /L <
teoa; [\

Suppose x;, is of form M, and let @y, € I, be an action of the max player
that yields the greatest fixed point f;* in the maxPPS equation x;, = (Piz,(x));,. Then
amax belongs to some B; in step (4.) of Algorithm 3.3, and thus there is a a;, € L;j

such that the variable A; (x)( was added earlier to set F, i.e., it is variable

amwﬁamin)

x;, for some u <t —1 or it belongs to Fy. The probability p = Te(x;, ) (dmin) of this

action in strategy T is p = (e?)/~!- (1 —¢?)/|L;j|. All the variables A, (%) (@mar,a) fOT

e
ac Uézqu are not in set S, hence they are all eventually assigned to set F. The total
probability that strategy T gives to the actions a € Uézqu is 1 — (¢?)/, hence the
remaining probability assigned to the other actions a € qu-n — Ué:]Lq is (e,z)j which is
< pe; since ¢; < 1/(2N). Therefore, M; < pM,,+ (1 — p — pe;)M + pe, for some u <
t — 1. By the induction hypothesis, M,, < a,M*+ (1 —a, — g,)M + g, where a, > As,,
and g, < ueoay, /. Hence, M; < p(a,M?*+ (1 —a,—g)M +gu) + (1 — p— pe;)M + pe;
= aM?+ (1 —a; — g )M + g,, where a;, = pa, and g, = pg, + pe;. Since p > r, and
ay > Asy, > As;_1, we have a; > As;. It is easy to check from the definitions that e; <
eos;—1. Indeed, loge; = —dp(2N)', while log(eps;—1) = logeg + (2N — 1)23;]1 loge;
= —dp((2N)' —2N +1). Since g, < uepa, /A and e; < eps;—1 < eps, < epa, /N, we
have g; = pgy + pe: < p(u+1)epay, /A < tepa; /.

Therefore, for all ¢ we have M, < a,M? 4 (1 —a; — g;)M + g;, where a, > As; and
g < tepa;/\. Let t be an index with the maximum M;, i.e., M = M,. Then M < a,M?* +
(1—a, — g/ )M + g;, hence a,M? — (a; +g,)M +g; > 0. That is, (a;M — g;)(M —1) > 0.
From Claim 3.22, M < 1. Therefore, a,M < g;. Thus, M < g;/a, <tey/A < €. O

This concludes the proof of Theorem 3.19. [l
From the constructions in the proof of the theorem we have the following:

Corollary 3.24. Suppose Algorithm 3.3 outputs the set F when it terminates. Let
S:=X-F.

1. There is a randomized static strategy G for the max player (maximizing non-

reachability) such that for all variables x; € S, we have (g5 )i > 0.
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2. Forall € > 0, there is a randomized static strategy Te, for the min player (mini-

mizing non-reachability), such that for all variables x; € F, (giﬂg),- <e.

Proof. This follows directly from the strategies ¢, and T¢ (for any given € > 0), con-

structed in the proof of Theorem 3.19. [

Remark. The static strategies T¢ from Corollary 3.24(2) can involve probabilities
doubly-exponentially small, as a function of the encoding size of the history. How-
ever, these probabilities can be encoded in a suitable succinct notation and, hence, T¢
can be described in a suitable compact form in time polynomial in the encoding size
of the input BCSG.

3.6 On the complexity of quantitative problems for BPs

All quantitative decision (e.g., deciding whether the BCSG game value is at least a
given probability p € (0,1)) and approximation (i.e., approximating the BCSG game
value within a given desired error € > 0) problems for BCSG reachability games are in
PSPACE. This was already known for the reachability objective in the special cases
of BPs, BMDPs and BSSGs, and also for the extinction objective in BPs and all their
MDPs and (concurrent) game variants.

This upper bound follows, as a corollary from Theorem 3.1, by exploiting the
minimax-PPS equations whose greatest (and least) fixed point solution captures the
non-reachability (and extinction) values of these games, and by then appealing to
PSPACE upper bounds for deciding the Existential Theory of the Reals ([Ren92,
Can88], also see Section 2.1 in the Background chapter), in order to decide questions
about, and to approximate, the LFP and GFP of such systems of equations. The proof
is directly analogous to the proof from [EY08, Theorem 3.3] for the PSPACE upper
bound for BCSG extinction games. Given it is an important upper bound for BCSG

reachability games, the following is an adapted version of that proof.

Theorem 3.25 (cf. [EYO0S8], Theorem 3.3). Given a BCSG with minimax-PPS, x =
P(x), a type T, and a rational probability p € (0, 1), there is a PSPACE procedure to
decide whether g, /A\p (i.e., whether the non-reachability value, starting with an object
of type T, is Ap), where N\ :={<,<,=,>,>}. Furthermore, the vector g* of non-
reachability values can be approximated to within a given number of bits j of precision
(j is given in unary) in PSPACE and in time O(j - |P|°™).
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Proof. First, it needs to be shown that any of the equations in the minimax-PPS, x =
P(x), can be expressed in the ETR. For any P;(x), i € [n], of form L or Q, it is clear
that the equation x; = P;(x) is a multi-variate polynomial equation. As for equations
of form M, i.e., x; = Pj(x) = Val(A;(x)), by the Linear Programming encoding of the
minimax theorem for the one-step matrix game A;(x), the equation can be expressed
via the following conjunction of constraints with additional existentially quantified

variables $;(@max), Amax € Uipax> a0d ti(amin ), Gmin €T

denoting the probabilities for

the actions of the two players in the one-step matrix game A;(x):

Vamax € Ffmx : Si(@max) > 0; Z Si(amax) = 1;
Amax €T
Vamin € Ffm'n . ti(amin) >0; Z li<amin> =1;
Amin€L
Vamin € Ffm'n . Z Si(amax> 'Ai(x) (G s@min) > Xi;
amMEF{nax
Vamax € anax : Z ti(@min) - Ai(x) (max,Amin) < Xi
aminerinin

Now that the minimax-PPS is expressed in the ETR, one can also encode any ques-
tion g5 Ap in the ETR. For instance, g;; > p can be translated into the ETR formula:
Fxt, 5% A (% = Pi(%)) A Nigp) (0 <x: < 1) A (x, > p). The formula is satisfied if
and only if there is a fixed point g’ = P(g’), g’ € [0,1]", such that g, > p. But as g* is
the greatest fixed point in x = P(x), then the formula holds if and only if g} > p.

Another possible decision question can be to determine whether g = p. Consider
the ETR formula: @ = 3xy,...,x0 Ajefy) (xi = Pi(x)) A Nigfn) (0 < xi < 1) A (%0 = p).
Clearly @ is satisfied if and only if there is a fixed point g’ = P(g’), g’ € [0,1]", such
that g/, = p. But in order to guarantee that p is the value for the v-th coordinate in the
GFP g*, the following additional ETR formula: @2 = Jx1,..., X, Ajejy (i = Pi(x)) A
Niep (0 < xi < 1) A Ajep (i > 87) A (xv > p), needs to be checked. @ is false if and
only if there is no fixed point y € [0, 1]" to system x = P(x) such that y > ¢’ and y, > p.
That is, to decide whether g = p one needs to make two queries to the ETR decision
procedure.

Since the ETR provides a way to decide whether, for some a,b € [0, 1] and for any
v € [n], a < g5 < b, a binary search can be performed to achieve approximation of the
value g; in the following way. Start with the information that 0 < g < 1. Then at
any point if it is known that for some a,b € [0,1], a < g} < b, perform another ETR
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query to decide whether a < g < (a+b)/2. If yes, then continue the binary search in
the interval [a, (a + b) /2], otherwise in the interval [(a +b)/2,b]. So if the aim is to
compute g, within a precision of j bits, then one needs to perform j number of ETR

queries in order to find some a,b € [0, 1] such that b —a = 1/2/ and g € [a, b). O

As for lower bounds, it indirectly follows from [EY(09, Theorem 5.3] that the quan-
titative reachability decision problems, even for the special purely probabilistic case of
BPs (i.e., no players), are at least as hard as a fundamental problem on arithmetic deci-
sion circuits, namely POSSLP. And since the long-standing open problem SQRT-SUM
is P-time reducible to the POSSLP problem (see Section 2.1 for descriptions of and
relation between the two problems), then quantitative reachability decision problems
for BPs are also hard for this major problem in exact numerical computation complex-
ity. This implies that any substantial improvement on PSPACE for such quantitative
decision problems and, in fact, even placing these decision problems in the Polynomial
Hierarchy would require a major breakthrough on exact numerical computation.

With the purpose of complexity analysis being self-contained here, we provide a
proof for this lower bound. This proof is an adaption of [EY09, Theorem 5.3], which
showed a reduction from POSSLP to the quantitative termination decision problems
for 1-exit RMCs (more precisely, to the special case of hierarchical 1-exit RMCs).
But it is not immediate to see the consequence for reachability in BPs. In [ESY18],
footnote 2 gave a good argument of how the result from [EY09, Theorem 5.3] implies
POSSLP-hardness for reachability in BPs. #

Theorem 3.26 (cf. [EY09], Theorem 5.3). The decision problem of determining whether
the non-reachability probability is > p (or > p, etc.) for BPs, for a given rational prob-
ability p € (0,1), is POSSLP-hard (and, therefore, SQRT-SUM-hard).

Proof. Let us discuss the reduction from POSSLP. An arithmetic circuit C with inputs
0, 1 and over basis {+, x, — } is given. Notice that we can assume w.l.0.g. that there is at
most one subtraction gate that can occur as the top gate of the circuit. So the POSSLP
problem can be rephrased as the problem of, given two monotone arithmetic circuits

S1,8> with inputs 0,1 and over basis {+,«}, determine whether val(S}) > val(S),

4To summarize the argument from footnote 2 in [ESY 18], recall that computing termination proba-
bilities in 1-exit RMCs is equivalent to computing extinction probabilities in BPs, which in turn corre-
sponds to computing the LFP of a PPS, associated with the given BP. So, in the end, [EY09, Theorem
5.3] shows that the problem of, given a start type 7; and a probability p € (0, 1), deciding whether g} > p
is POSSLP-hard, where ¢g* is the LFP of the PPS. But since the PPS of the constructed BP in [EY09,
Theorem 5.3] has a unique fixed point (i.e., g* = g*), then the hardness result also applies for the GFP,
i.e., the non-reachability probabilities of the BP.
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where we denote by val(X) and val(a) the output value of a circuit X and a gate q,
respectively. Moreover, w.l.0.g. it can be assumed that the two circuits S, 5> have the
same depth, that each level of each of the two circuits consists of either +-gates or
x-gates with inputs from the gates at only the previous level, and that the levels of +--
and x-gates alternate.

Let ¢ be any rational constant in the range (0, 1). Analogous to the proof of [EY09,
Theorem 5.3], let us construct bottom-up a BP, 4, with two types 7;, T} for each gate a;
in the circuits S} and S, such that the non-reachability probabilities g; and g/, starting
correspondingly at an object of type T; or T/, are 6, - val(a;) and ¢ — g;, respectively,
where 6, is a value that depends on the level r of the gate a;.

First, in the circuits S and S, the inputs 0 and 1 can be treated as level-0 gates
ao and a_1, respectively. Let g = c¢. In the BP, 4, create the following types and
rules (note that, for readers convenience, the right-hand sides of rules are not given as

multi-sets), where T+ is the target type:

Ty - Tpe T 50 T_150
T, 5T i R

Hence, the non-reachability probabilities for these types are: go = g’ | =0 and g, =
g§-1=¢C.
Now consider level r > 1 of 4-gates and let 6, = e’—;. For any +-gate a; = a; +ay,

create two types T;, T; with the rules:

T; ﬁ T; Tl/ 1/_2> Tj’
2 2
L2, 2
Then the non-reachability probability of type 7; is g; = 3(g; + k) = %1 (val(a i)+
val(ay)) = 8,val(a;), and the non-reachability probability of type T/ is g\ = %(g; +

g)=1tc—gitc—g)=c—g.

Considering level r > 1 of x-gates, let p = 4=

2—c?
a; = a; * ay, create two types T;, Ti’ with the rules:

and 0, = p(6,_1)? and for any gate

; 1-2p (I-c)/2 (I=¢)/2

1—

T, —2 Tp T —20 H —5 1) H, —25 1)
2 2

.2 1T 1/ % 1! H, H o H 0

TP T g H 1/2 1/2
gl 5% j j—>Tj HkHTk
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The non-reachability probability of type T; is g; = pgjgx = p(0,—1)*val(a;)val(a;) =
0,val(a;). The non-reachability probability of type T/ is:
p /¢ 1 /¢ 1
gi=1 —2P+ng(§+§gk> +ng(§+§gj)
p

=1-2p+5 ((C—gj)(c+gk) + (C—gk)(6+gj)> =1-2p+p(c* —gje)
2-2c (1—c)c?

7+ 2
2—c 2—c

=1-2p+pc® —pgjgr=1— —gi=c—g

For the final part of the construction of the BP, 4, let a,,, and a,,, be the output
gates of S1 and S5, respectively, both at the same depth k. Add type T¢ to 4 with
rules: T¢ 1/—2> Ty, and Tc 1/—2> T,,’Q. The non-reachability probability of type T¢ is gc =
$(gm + ) = 38 ¢ gm) = §+ & (val(am,) — val(an,)) = § + % (val($1) -
val(S2)). Hence, gc > § if and only if val(S1) > val(S2). O

An interesting question is how much the PSPACE upper bounds can be improved
for the approximation problems. It was shown in [HIJM14] that even for finite-state
CSG reachability games, using the standard algorithms for (approximately) solving
these games, value iteration and policy iteration, can be extremely slow in the worst-
case: they can take a doubly-exponential number of iterations to obtain any nontrivial
approximation, even when the reachability value is 1. Since we know that the prob-
lem of computing the reachability values in a BCSG can be rephrased as the problem
of computing the greatest fixed point of an associated minimax-PPS, x = P(x), then
the above result implies that if we start with the all 1-vector and continuously apply
the operator P(-) it can take doubly-exponentially many iterations until the sequence
P¥(1), k > 1 converges within a desired error € > 0. Furthermore, Frederiksen and Mil-
tersen have shown in [FM 13, Theorem 1] that for finite-state CSG reachability games,
the game value can be approximated to a desired precision in TFNP[NP]. We do
not know an analogous complexity result for quantitative approximation problems for
BCSG reachability (or extinction) games, nor do we know POSSLP-hardness (or even
SQRT-SUM-hardness) for these approximation problems. These interesting questions
are left open.

Finally, the next proposition shows the complexity class FIXP as an upper bound
for the problem of computing exact (optimal) reachability probabilities for a BP (and
for a minimizing BMDP) (equivalently, computing the greatest fixed point in the asso-
ciated (max)PPS). It has already been shown in [EY 10, Theorem 27] that computing
the game values in finite-state CSGs is in FIXP; and in [EY 10, Theorem 28] that com-
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puting the extinction probabilities in BPs (equivalently, the termination probabilities in
1-exit RMCs, SCFGs and OBPs) is in FIXP.

Proposition 3.27. The problem of computing the optimal reachability probabilities for
a minimizing BMDP, i.e., computing the GFP of a maxPPS, is in FIXP.

Proof. Recall that in order for a search problem to be shown that it belongs in the com-
plexity class FIXP, it needs to be expressible as a fixed point problem for a continuous
function over algebraic circuits with basis {+, —, *, /, min, max, \17} and with rational
constants, such that the set of solutions to the given problem is precisely the set of fixed
points of the function.

By Theorem 3.1, given a minimizing BMDP with the reachability objective, one
can construct a corresponding maxPPS, x = F(x), such that the greatest fixed point
captures the vector of optimal non-reachability probabilities. F(-) is a monotone func-
tion over the unit n-cube, satisfying the FIXP class requirements for the function and
domain. However, the issue here is that there may be multiple fixed points, but only
the GFP is a solution to our problem. So if one can show that this system, x = F(x),
can be modified in such a way that the GFP is the unique fixed point, then the inclusion
in the complexity class FIXP follows immediately.

Let us remove all variables x; such that the optimal non-reachability probability,
starting at an object of corresponding type 7;, is 1. This is done in P-time using Al-
gorithm 3.1. Let us denote by x = P(x) the reduced maxPPS system on the remaining
variables. Note that the GFP, g*, of x = P(x) satisfies g* < 1. By Lemma 3.9 we know
that, since GFP g* < 1, then g* is in fact the unique fixed point of x = P(x) in [0, 1]".
That concludes the proof. 0

As pointed in Section 2.1, computing (respectively, approximating) Nash Equilib-
rium for 3 or more players is FIXP-complete (respectively, FIXP,-complete). There-
fore, the decision and approximation questions for the reachability objective for mini-
mizing BMDPs (equivalently, the decision and approximation questions for the GFP of
a maxPPS) reduce to the decision and approximation questions for the Nash Equilibria
problem for 3 or more players. However, for the approximation questions, there is al-
ready a P-time procedure to approximate (within a given desired error € > 0) the GFP
of a maxPPS and provide a deterministic static €-optimal strategy (see [ESY 18, The-
orem 6.3]). Same holds for minPPSs, i.e., there is a P-time procedure to approximate

(within a given desired error € > 0) the GFP of a minPPS (equivalently, approximate
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the optimal reachability probabilities for a maximizing BMDP) and provide a random-
ized static €-optimal stategy (see [ESY 18, Theorems 7.1, 8.8]). It is an open question
whether approximating the GFP of a minimax-PPS (equivalently, approximating the
reachability values for a BCSG) is in FIXP,. On the other hand, it has been shown
in an unpublished manuscript ([ESY14]) that approximating the LFP of a minimax-
PPS (equivalently, approximating the extinction values for a BCSG or the termination
values for an 1-exit RCSG, a CF-CSG and an OBCSQG) is in FIXP,,.






Chapter 4

Multi-Objective Reachability for
Ordered Branching MDPs

In this chapter we focus on multi-objective reachability questions in the context of the
Ordered Branching MDP model.

The single-target reachability objective for OBMDPs amounts to optimizing (max-
imizing or minimizing) the probability that, starting at a given starting (root) non-
terminal, the generated tree contains some given target non-terminal. As mentioned
in the related work (see subsection 2.6.1), this objective has already been thoroughly
studied for BMDPs, as well as for BPs and for the (concurrent) stochastic game gener-
alizations of BMDPs (Chapter 3 and [ESY 18]). Moreover, as it turned out (in Propo-
sition 2.4), there is really no difference between BMDPs and OBMDPs when it comes
to the single-target reachability objective: all the algorithmic results from [ESY 18]
and Chapter 3 ([EMSY 19]) carry over, mutatis mutandis, for OBMDPs, and for their
purely probabilistic OBP version and stochastic game generalizations.

A natural generalization of single-target reachability is multi-objective reachability,
where the goal is to optimize each of the respective probabilities that the generated tree
satisfies each of several given generalized reachability objectives over different target
non-terminals. Of course, there may be trade-offs between these different objectives.

Our main concern in this chapter is the specific qualitative multi-objective reach-
ability questions, where the aim is to determine whether there is a strategy that guar-
antees that each of a given set of target non-terminals is almost-surely (respectively,
limit-surely) contained in the generated tree, i.e., with probability 1 (respectively, with
probability arbitrarily close to 1). In fact, we show that in this context the almost-sure

and limit-sure problems do not coincide. That is, there are OBMDPs for which there is

97



98 Chapter 4. Multi-Objective Reachability for Ordered Branching MDPs

no single strategy that achieves probability exactly 1 for reaching all targets, but where
nevertheless, for every € > 0, there is a strategy that guarantees a probability > 1 —¢€
of reaching all targets.

By contrast, for both BMDPs and OBMDPs, for single-target reachability, the
qualitative almost-sure and limit-sure problems do coincide: there is a strategy that
guarantees reaching the target non-terminal with probability 1 if and only if there is a
sequence of strategies that guarantees reaching the target with probabilities arbitrarily
close to 1 ([ESY18)).

We give two separate algorithms for almost-sure and limit-sure multi-target reach-
ability. For the almost-sure problem, we are given an OBMDP, a start non-terminal,
and a set of target non-terminals, and we must decide whether there exists a strategy
using which the process generates, with probability 1, a tree that contains all the given
target non-terminals. If the answer is “yes”, the algorithm can also be easily aug-
mented to construct (proof shows how) a randomized witness strategy that achieves
this.! The algorithm for the limit-sure problem decides whether the supremum prob-
ability of generating a tree that contains all the given target non-terminals is 1. If the
answer is “yes”, the algorithm can also be easily augmented to construct (proof shows
how), given any € > 0, a randomized non-static strategy that guarantees probability
>1-—¢.

Both algorithms run in time 2°() .| 4|9(1) where |4 is the total bit encoding
length of the given OBMDP, 4, and k = |K| is the size of the given set K of target
non-terminals. Hence, they run in polynomial time when £ is fixed and also are fixed-
parameter tractable (FPT) with respect to k. Moreover, we show that the qualitative
almost-sure (and limit-sure) multi-target reachability decision problem is in general
NP-hard, when £ is not fixed.

Going beyond the goal of assuring probability 1 of reaching each of a set of target
non-terminals, we also consider more general qualitative multi-objective reachability
problems, where we are given a set of target non-terminals, K, and where, for each
target non-terminal 7, (¢ € K), we are also given a 0/1 probability b, € {0,1}, and
an inequality A, € {<,=,>}, and where we wish to decide whether the controller
has a single strategy using which, for all g € K the probability that the generated tree
contains the non-terminal 7, is A;b,. We show that in some special cases these prob-

lems are efficiently decidable. However, we leave open the decidability of the most

IThis strategy is, however, necessarily not “static”’, meaning it must actually use the ancestor history:
the action distribution cannot be defined solely based on which non-terminal is being expanded.
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general case of arbitrary Boolean combinations of such qualitative reachability and
non-reachability queries over different target non-terminals. Furthermore, we leave
open all (both decision and approximation) quantitative multi-objective reachability
questions, including when the goal is to approximate the tradeoff pareto curve of op-
timal probabilities for different reachability objectives. These are intriguing questions
for future research and we come back to them in Chapter 5.

Before we move on with the chapter, we would like to briefly and informally recap
the differences between BMDPs and OBMDPs. Although both models are similar,
the seemingly small differences between them are crucial. In BMDPs, the children
that each rule generates is a multi-set over the types and there is no ordering among
the children. However, in OBMDPs, there is an ordering among the non-terminals
generated by a rule and this turns out to be beneficial.

As already pointed in subsection 2.4.1 computing the optimal (single-target) reach-
ability probabilities in OBMDPs is equivalent to computing the optimal (single-target)
reachability probabilities in BMDPs. And the same holds for the objective of extinc-
tion/termination. And here is where the key differences between these two models
manifests. In the context of BMDPs, we need the more general notion of a strategy
(i.e., strategy having the information of the entire finite tree up to the current gener-
ation) in order to obtain even the qualitative almost-sure winning strategies, due to
the lack of ordering among objects in a generation. However, in the context of OB-
MDPs, such strategies can be implemented even with the restricted notion of ancestral
strategies, due to the fact that there is indeed an ordering among the non-terminals.

There is no “suitable” definition of a strategy or a history for the models of branch-
ing processes (also discussed in Section 5.1). But it is quite interesting that we show
that, when ordering in the tree is introduced, the more general notion of a history is not
more powerful than an ancestor history for the objectives of single-target reachability
and termination. The latter definition of a history may reveal less information, but at
the same time it is less computationally expensive to implement.

This motivated us to introduce the OBMDP model. This model carries with it the
idea that, for each object of the current generation, it is irrelevant for the player to have
information regarding what is happening in other parts of the tree. And there may be

other objectives, where such a property facilitates the analysis.

Organization of the chapter. Section 4.1 shows NP-hardness for qualitative multi-

target reachability decision problems. Section 4.2 gives an algorithm for determining
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the non-terminals starting from which, regardless of the strategy, there is a zero prob-
ability that all of the given target non-terminals are in the generated tree. Sections 4.3
and 4.4 provide, respectively, the algorithms for the limit-sure and almost-sure multi-
target reachability problems. Section 4.5 considers other certain cases of qualitative

multi-objective reachability.

4.1 On the complexity of multi-target reachability for
OBMDPs

Before we continue with the algorithmic results, let us observe that the qualitative (both
almost-sure and limit-sure) multi-target reachability problems are in general NP-hard
(coNP-hard), if the size of the set K of target non-terminals is not bounded by a fixed

constant.
Proposition 4.1.

(1.) The following two problems are both NP-hard: given an OBMDP, a set K C [n]
of target non-terminals and a starting non-terminal T; € V, decide whether: (i)

Jo € ¥ Pri[Nyex Reach(Ty)| = 1, and (ii) Pry[N,ek Reach(Ty)] = 1.

(2.) The following problem is coNP-hard: given an OBP (i.e., an OBMDP with no
controlled non-terminals, and hence with only one trivial strategy G), a set K C
[n] of target non-terminals and a starting non-terminal T; € V, decide whether

Prg[Ngek Reach(Ty)] = 0.

Proof. For (1.) we reduce from 3-SAT, and for (2.) from the complement problem (i.e.,
deciding unsatisfiability of a 3-CNF formula). The reductions are nearly identical, so

we describe them both together. Consider a 3-CNF formula over variables {xj,...,x,}:

/\ (lq,l v lq~,2 \% 16173)
q€(m]

where every [, ; is either x, or -, for some r € [n]. We construct an OBMDP as

follows: to each clause g € [m] we associate a target non-terminal R, with a single as-
. 1 . . S

sociated rule R, — @; for each variable x,, r € [n], we associate two purely probabilistic

non-terminals 7, ,7,,, and

e for (1.), a controlled non-terminal C, with rules C, = T,, and C, ﬂ) T,,, or
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1/2 1/2
e for (2.), a probabilistic non-terminal C, with rules C, —/—> 1., and C, —/—> T1,.

For each non-terminal 7,, r € [n], we would in principle like to create a single rule,
with probability 1, whose right-hand side consists of the following non-terminals (in
any order): {R, | 3j € {1,2,3} s.t. 5 j = x,}, as well as the non-terminal C, 1 if r < n;
likewise, for each non-terminal 7, r € [n], we would like to create a single rule, with
probability 1, whose right-hand side consists of {R, | 3j € {1,2,3} s.t. [, ; = —x,}, as
well as C,qq if r <n.

However, due to the simple normal form we have adopted in our definition of OB-
MDPs, such rules need to be “expanded” (as shown in Proposition 2.3) into a sequence
of rules whose right-hand side has length < 2, using auxiliary non-terminals. So,
for example, instead of a single rule of the form T7, i> RoR3R4C,, we will have the
following rules (using auxiliary non-terminals TIJ;; ): Ty, LN R Tllh, Tllb 1 R3 leb, and

Tl2b EN R4 C,. See Figure 4.1 for an example.

ST, T,HRC G, T, wRT. G357, T, LSRR
LT, T,HRT. G5n% T LRG G5, Ty SRR
1 1
T, =R T{ T, = R Ty,

T2 4 Ry G Ty 4 Ry Cs

Figure 4.1: Reduction example: an OBMDP obtained from the 3-SAT formula (x; V
—x Vx3) A (—xp Vg V—xs) A (—xp Vg Vas) A (—xg V —xp V —s). This construction
is for the problems in (1.); the construction for the problem in (2.) is very similar, with
the controlled non-terminals C,,r € [n] changed to purely probabilistic non-terminals

instead (with 1/2 probability on each of their two rules).

This reduction closely resembles a well-known reduction ([SC85, Theorem 3.5])
for NP-hardness of model checking eventuality formulas in linear temporal logic. The
immediate children of the branching non-terminals 7,, and 7,, keep track of which
clauses are satisfied under each of the two truth assignments to the variable x, (‘true’
corresponds to 7., and ‘false’ corresponds to 7, ). In fact, for the OBMDP obtained for
the problems in (1.), there is a one-to-one correspondence between truth assignments
to all variables of the formula and deterministic static strategies.

It follows that, for the OBMDP in statement (1.), if there exists a satisfying truth
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assignment for the formula, then starting at a non-terminal C, there exists a (determin-
istic and static) strategy 6’ for the player such that Prg/l [Nye(m Reach(Ry)] = 1.

Otherwise, if the formula is unsatisfiable, then the claim is that for every ¢ € W:
Prg. [Ngepm Reach(Ry)] = 0. (And hence, that Pr¢. [e|m Reach(Ry)] =0 < 1.) To see
this, note that an arbitrary (possibly randomized, and not necessarily static) strategy in
the constructed OBMDP corresponds to a (possibly correlated) probability distribution
on assignments of truth values to the variables in the corresponding formula. (The
distribution may be correlated, because the strategy may be non-static, but this doesn’t
matter.) So if the formula is unsatisfiable, then under any strategy for the player (i.e.,
any probability distribution on assignments of truth values), there is probability O that
the generated play (tree) contains all target non-terminals (respectively, that the random
truth assignment satisfies all clauses in the formula).

For the problem in (2.), it follows from the same arguments that the formula is un-
satisfiable if and only if Pr¢ [Ny Reach(Rq)] =0 (where G is just the trivial strategy,

since there are no controlled non-terminals in the OBP obtained for (2.)). L]

Throughout the next three sections we will provide algorithms for the problems
of Proposition 4.1. As a consequence from the running time of these algorithms, it
follows that there is an EXPTIME upper bound on the problems. We leave open the
question of whether this upper bound can be improved.

Before we continue with these algorithms, we provide some more notation in the
context of OBMDPs, needed for this chapter. We shall hereafter use the notation 7; —
T; (respectively, T; /4 T}), to denote that for non-terminal 7; there exists (respectively,
there does not exist) either an associated (controlled) rule 7; 2 T;, where a € T, or an
associated probabilistic rule 7; Pig, T; with a positive probability p; ; > 0. Similarly, let
T; — & (respectively, T; /4 @) denote that the rule T; D0 2 has a positive probability
pio > 0 (respectively, has a probability p; g = 0).

Definition 12. The dependency graph of a SNF-form OBMDP. A4, is a directed graph
that has a node T; for each non-terminal T;, and contains an edge (T;,T;) if and only

if: either T; — T or there is a rule T; l> T; T, oraruleT; i> I, T;in A.

Throughout this paper, for (SNF-form) OBMDP, 4, with non-terminals set V, we
let G= (U,E), with U =V, denote the dependency graph of 4 and let G|C] denote the
subgraph of G induced by the subset C C U of nodes (non-terminals).

Sometimes when the specific OBMDP, 4, is not clear from the context, we use

4 as a superscript to specify the OBMDP in our notations. So, for instance, ¥ is
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the set of all strategies for 4; G is the dependency graph of 4; and Pr%’ﬂ[ F] is the
probability of event ¥, starting at a non-terminal 7;, under strategy o, in 4.

We also extend the notation regarding probabilities of properties to “start” at a
given ancestor history. That is, for an ancestor history &, we use Pr}?’ﬂ[ F1] to denote
the conditional probability that, using ¢ € YA conditioned on the event that there is a
node in the play whose ancestor history is %, the subplay rooted at current(h), is in the
set F. Whenever we use the notation Pr,?”q [F], the underlying conditional probability
will be well defined. Again, the superscript A4 will be omitted when clear from context.

Note that one ancestor history 4 can be a prefix of another ancestor history. We use
the notation 4’ := h(x,T;), for some x € {I,r,u}, to denote that % is the immediately
prior ancestor history to 4/, which is obtained by concatenating the pair (x,7;) at the
end of A.

Definition 13. For a directed graph G = (U,E), and a partition of its vertices U =
(U1,Up), an end-component is a set of vertices C C U such that G[C): (1) is strongly
connected; (2) for all u € UpNC and all (u,u') € E, W' € C; (3) and if C = {u} (i.e.,
|C| =1), then (u,u) € E. A maximal end-component (MEC) is an end-component not
contained in any larger end-component. A MEC-decomposition is a partition of the

graph into MECs and nodes that do not belong to any MEC.

MECs are disjoint and the unique MEC-decomposition of such a directed graph
G (with partitioned nodes) can be computed in P-time ([CY98]).2 More recent work
provides more efficient algorithms for MEC-decomposition (see [CH14]). We will also
be using the notion of a strongly connected component (SCC), which can be defined
as a MEC where condition (2) from Definition 13 above is not required. It is also
well-known that a SCC-decomposition of a directed graph can be done in linear time.

For our setting here, given a SNF-form OBMDP with its dependency graph G =
(U,E), U =V, the partition of U that we will use is the following: Up :={T; € U | T;
is of L-form} and U} := {T; € U | T; is of M-form or Q-form}.

Before we move on with the algorithmic sections let us provide an OBMDP exam-
ple where almost-sure multi-target reachability is satisfied. Example 2.1 demonstrated
an OBMDP example where almost-sure multi-target reachability is not satisfied, but
limit-sure multi-target reachability is satisfied. Both of these examples give a rough
idea of the properties non-terminals have and the type of strategies the player utilizes

for almost-sure or limit-sure multi-target reachability in OBMDPs. The proofs of the

2In [CY98], maximal end-components are referred to as closed components.
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algorithms in the next sections will provide a clear picture of how to compute the win-

ning non-terminals and how to construct the necessary strategies.

Example 4.1. OBMDP example demonstrating almost-sure multi-target reachability.

1/2 1/2

cCSM Thom M4 A A5 R, B-L5R,
1/2 1/2
chr 7" LR R, M4 B A2 5 B2 5

Consider the OBMDP above with non-terminals set {C,T,T’,M,A,B,R|,R,}, where
R1 and R; are the target non-terminals and C and M are the “controlled” non-terminals.
Clearly, starting at a non-terminal 7", both targets are immediately reached in the next
step. There is a strategy ¢ for the player such that, starting at a non-terminal C, it fol-
lows that Prg[Reach(R1) NReach(R>)] = 1. The same strategy G also satisfies almost-
sure multi-target reachability for non-terminal 7.

To see this, consider the following strategy G: in every copy of non-terminal C, let
o choose deterministically action d; and in every copy of non-terminal M, let 6 choose
uniformly at random between actions a and b. Note that starting at a non-terminal C,
under o, infinitely often a copy of non-terminal 7" is generated and each such copy
generates an independent copy of non-terminal M, which has a positive probability
bounded away from zero to reach any of the two targets. Hence, with probability 1

both target non-terminals are reached. [

?

4.2 Algorithm for deciding max; Pr.[,cx Reach(T,)]
0

In this section we present an algorithm that, given an OBMDP and a set K C [n] of
k = |K| target non-terminals, computes, for every subset of target non-terminals K’ C
K, the set Zgr C V of non-terminals such that, starting at a non-terminal 7; € Zg,
using any strategy o, the probability that the generated play contains a copy of every
non-terminal in set K’ is 0. In other words, Algorithm 4.1 computes, VK’ C K, the
set Zgr :={T; € V | Vo € ¥ : Pri[Nyex Reach(T;)] = 0}. The algorithm uses as a
preprocessing step an algorithm from [ESY 18, Proposition 4.1], which is a special case
version of Algorithm 3.1. Namely, let us denote by W, the set {7, }U{T; € V | Jo € ¥
Pr%[Reach(T;)] > 0}. We can compute, for each g € K, the set W in P-time using the
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algorithm from [ESY 18, Proposition 4.1], together with a single deterministic static

witness strategy for every non-terminal in set W,. Let K’ ; denote the set K’ — {i}.

Algorithm 4.1 Algorithm for computing the set {T; € V | Vo € ¥ :
Pry[Nyexr Reach(T;)] = 0} for every subset of target non-terminals K’ C K in a
given OBMDP.

L. Initialize Zgy := W, and Z, := V —W,, for each g € K. Let Zp := V and Zy := 0.

II. Forl=2...k
For every subset of target non-terminals K’ C K of size |K'| =1
1. Initialize Zg: := {Ti € V | one of the following holds:
- T;is of L-form where i € K" and T; — T}, Tj € ZK’,;
- T;is of M-form where i € K’ and 3¢’ € TV : T; i) T;, T € ZKL,'
- T;is of Q-form (T; LN T; T,) where i € K' and 3K, C K ;: Tj € Zg, AT, € ZK’,I-—KL'
- Tyis of Q-form (T; — T; T;) and 3K, C K’ (K #0) : Tj € Zg, ATy € Zyr_x, .}
2. Repeat until no change has occurred to Zg::

(a) add T; & Zgs to Zgy, if of L-form and T; — T;, Tj € Z.

(b) add T; & Zg: to Zgr, if of Mform and 3’ € I = T, 5 Ty, T € Zgo.

(¢) add T; & Zgs to Zy, if of Q-form (T; > Tj T,) and Tj € Zgs V Ty € Zgo.

3. ZK’ =V —ZKI.

Proposition 4.2. Algorithm 4.1 computes, given an OBMDP, 4, and a set K C [n]
of k = |K| target non-terminals, for every subset of target non-terminals K' C K, the
set Zxr :={T; € V | Vo € ¥ : Prg[N,ex Reach(T,)] = 0}. The algorithm runs in
time 4% |}ZL|O(1). The algorithm can also be augmented to compute a determinis-
tic (non-static) strategy G4, and a rational value bg: > 0, such that for all T; & Zg:,
Pr;/K/ [(Ngek' Reach(Ty)] > bgr > 0.

Proof. The running time of the algorithm follows from the facts that step II. executes
for 2K iterations and inside each iteration, step IL.1. requires time at most 2% - ]/’4\0(1)
and the loop at step I1.2. executes in time at most | 4|91,

We need to prove that for every K’ C K : T; € Zg if and only if Vo € \P:
Pry[Ngex Reach(Ty)] = 0 < Pri[Ugex ReachB(Tq)] =1 (or equivalently, that 7; €
Zg: if and only if 3o}, € ¥ : Pr;/K' [Ngex' Reach(T;)] > 0). We in fact show that
there is a value bg > 0 and a strategy G}, € W such that 7; € Zg/ if and only if
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Pr%’(’ [Nk Reach(T;)] > bgr. We analyse this by a double induction with the top-
layer induction based on the size of set K’, or in other words the time of construct-
ing set Zgs. Clearly for the base case (step 1) of a single target non-terminal T, g €
K, by the P-time algorithm from [ESY 18, Proposition 4.1], there is a (deterministic
static) strategy G/{q} for the player and a value by, > 0 where T; € Z{q} if and only if

Pr(TS:{q} [ReachE(Tq)] <l-by<le Pr(;;{q} [Reach(T;)] > b,y > 0. Now, constructing
set Zg: for a subset K’ C K of target non-terminals of size [, assume that for each K" C
K’ of size <[ — 1, there is a strategy G for the player and a value bg» > 0 such that
forall 7; € Zgn, Pr%%" (Ugexr ReachE(Tq)] <l-bgr<le Pr%%” [Ngekr Reach(Ty)] >
bgr > 0. And for all T; € Zgv, it holds that Vo € W : Pr% [Ngekr Reach(Ty)] = 0.
First, let us prove the direction where there exists 6%, € W such that, if 7; € Zg,
then Pr;_;d [Ugex ReachC(Tq)] <l-by<le Pr(Tsi/K/ [Ngex' Reach(Ty)] > bgr > 0, for
some value bgr > 0. We use a second (nested) induction, based on the iteration in
which non-terminal 7; was added to set Zgs,. Consider the base case where 7T; is a

non-terminal added to set Zg- at the initialization step II.1.

(i) Suppose T; is of L-form where i € K’ (i.e., T; is a target no/n—terminal inset K’) and
T; — Tj, Tj € Z: , where by induction EIG/KLi ev: Pr;:{/i [Ngex: , Reach(Ty)] >
b K s for some value b K, > 0. Due to the fact that the play up to (and including)
a copy of non-terminal 7;,i € K’ has already reached the target 7; and using
strategy G/K’,i from the next generation as if the play starts in it, it follows that
there exists a strategy G} such that, for an ancestor history & := T;(u, T}):
Pr(T?(' [ ﬂ Reach(Tq)} = Pr%/’(/[ ﬂ Reach(T,) ‘Reach(]})} ~Pr(;i/’(' [Reach(Ti)}

qeK’ gekK’;

:Pr;’('[ ﬂ Reach(Tq)} Zpi,j-Prz’('[ ﬂ Reach(Tq)}

qEK’_i qEKl_i
G’K, .
= pijPry, [ N Reach(Tq)} > pij-bg >0
qek’;

where p; ; > 0 is the probability of the rule T; SN T;. So let bg(, =Dpij-bg .

—i

. / —_

(ii) Suppose T; is of M-form where i € K’ and 3d’ € IV : T; 5 T}, Tj € Zr . Again
let n := T;(u,T;). By combining the witness strategy G;(Li from the induction
assumption for a starting non-terminal 7; with the initial local choice of choos-
ing deterministically action a’ starting at a non-terminal T;, we obtain a com-

bined strategy G},, such that starting at a (target) non-terminal 7;, we satisfy
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o 1%

o, o L
Pryf [Nyexr Reach(Ty)] = Pry [Nyex  Reach(Ty)] = PrT [Ngex’ ,Reach(Ty)]
> byr > 0. Solet by, := by .

(i11) Suppose 7; 1s of Q-form (i.e., T; i> T; T,) and there exists a proper split of
the target non-terminals from set K’, implied by K; C K’ (where K; # 0) and
K’ — K;, such that T; e ZKL AT, € Zgr_ _K; - So by the inductive assumption, for

some values bKL,bK/ _k,>0,30%, €V PrT [(Ngex, Reach(T;)] > bk, >0 and

30Ys_x, €W Pr TK TN yexr—x, Reach(Ty)] > bgr_g, > 0. Let by :=T;(1,T))
and h, := Tj(r,T;). Hence, by combining the two strategies 6, and Gy, j to
be used from the next generation from the left and right child, respectively, as

if the play starts in them, it follows that 36}, € ¥ : PrTK’ [Ngex' Reach(Ty)] >

PrhK/[ﬂquLReach( 7)) Prh"/[ﬂqu/ K, Reach(T,)] = PrT [Ngek, Reach(Ty)]-

/

Pr;" "N exr_k, Reach(T,)] > by, bk, > 0, and so let by, := by, by, .

(iv) Suppose T; is of Q-form (i.e., T; LN T; T;) where i € K’ and there exists a split of
the target non-terminals from set K’ ;, implied by K, C K’ ; and K’ ; — K, such
that Tj € Zg, AT, € Zg: _x,. Combining in the same way as in (iii) above the
two witness strategies Gy, and G/Kii— x, from the induction assumption for non-
terminals 7; and 7;, and the fact that the play starts in the, target non-terminal 7;

(i € K), it follows that there exists 6, € ¥ such that Pr%K/ [Nk Reach(T,)] =
o, o G/KLFK

Prif [Ngexr Reach(Ty)] = PrT;(L [Ngex, Reach(Ty)] - Pry " [Ngex' &,

Reach(T,)] > b, -bgr _g, >0, and 50 let b, := b, -bgr _,.

Now consider the inductive step of the nested induction, i.e., non-terminals 7;
added to set Zg at step I1.2. If T; is of L-form, then for a non-terminal 7; there
is a positive probability of generatmg a child of a non-terminal 7; € Zg/, for which
we already know that 3o%, € ¥ : PrTK' [Ngex' Reach(Ty)] > b] > 0, for some value
b;(, > 0. Let h:= T;(u,T;). Using the strategy G}, in the ne:,xt generation as if the play
starts in it, we get an augmented strategy G, such that Pr(;i’(' [Ngex' Reach(Ty)] > pi ;-

Gl / j
Pr, X [ﬂqu/ Reach(T,)| = pi PrTK [ﬂqu/ Reach(T,)] > pi,j-b;(/ > 0, where p; ; >0
is the probability of the rule T; Pig, T;. Let bk, =pij- b{(,.

If 7; is of M-form, then 3a’ € I : T; % T;, T; € Zg, where 3o, € ¥ such that

Pr(;f' [Nyex Reach(T,)] > bl > 0, for some value b}, > 0. Again let h := T(u,Tj).

Hence, by combining the witness strategy 6}(, for a starting non-terminal 7; (from the
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nested induction assumption) with the initial local choice of choosing deterministi-
cally action &’ starting at a non-terminal 7;, we obtain an augmented strategy G}, for a
starting non-terminal 7;, such that PrcTiK’ [Nyex: Reach(T;)] = Pr:/K' [Nyex Reach(T;)] =
Pr%/{(’ [Nyex Reach(Ty)] > b, > 0, where let by, := bl

If 7; is of Q-form (i.e., T; LN T; T;), then Tj € Zg' VT, € Zgr, and so 3oy, € ¥ :
Pr%;(’ [Ujex: Reach®(T,)] < 1—b}, < 1, for some value b}, > 0, where y € {j,r}. Let
hy = Ti(x,Ty) and hs := Ty(%, T;), where € {j,r} — {y},x € {i,r} and £ € {,r} — {x}.
By augmenting this G}, to be used from the next generation from the child of non-
terminal 7, as if the play starts in it and using an arbitrary strategy from the child
of non-terminal 75, it holds that Pr(;;K/ [Ugex ReachE(Tq)] < Pr:)%/ (Ugex ReachU(Tq)] :
Pr:}_%' (Ugex’ ReachC(Tq)] < Pr;;K/ (Ugex’ ReachC(Tq)] < 1—bk, < 1, where let bk, =
by

K’
Finally, let bgr := ming.c7  {b}.}.

Clearly, the constructed non-static strategy o}, can be described in time 4k. |}Zl|0(1).

Secondly, let us show the opposite direction, i.e., where if non-terminal 7; € Zg,
then Vo € W : Pri[N,cx Reach(T,)] = 0. For all non-terminals 7; € Zg, for a copy
of non-terminal 7; in the play, it holds that: if 7; is of L-form, only a child of a non-
terminal in set Zgs can be generated; if 7; is of M-form, regardless of player’s choice
on actions I", similarly only a child of a non-terminal in set Zg is generated as an
offspring; if 7; is of Q-form, both children have non-terminals belonging to set Zg.
This is due to non-terminals 7; € Zg not being added to set Zx: at step 11.2.

Fix an arbitrary strategy ¢ for the player. Then starting at a non-terminal 7; € Zg
and under o, the generated play can contain only copies of non-terminals in set Zg, 1.e.,
the play stays confined to non-terminals from set Zg (note that the play may terminate).
What is more, there is no Q-form non-terminal 7; in Zgs (whether 7; is a target from set
K’ or not) such that non-terminal 7; splits the job, of reaching the target non-terminals
from set K’, amongst its two children. In other words, for each Q-form non-terminal
T, € Z (e, T, = T; T,), VK, C K’ (where K # 0): Tj € Zg, VT, € Zgr_g,; and if T;
happens to be a target non-terminal itself from set K’ (i.e., i € K’), then VK;, C K’ ; :
TicZg, VT, € ZKL,vf k, (this is due to non-terminal 7; not added to set Zy at step I1.1.).
So the only possibility, under ¢ and starting at some non-terminal 7; € Zg/, to generate
with a positive probability a tree (play) that contains copies of all targets from set K’, is
(1) if all target non-terminals from set K’ were never added to set Zg: and, thus, belong

to set Zgs, and (2) if it is, in fact, some path w (starting at the root) in the generated tree
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that contains copies of all the target non-terminals from set K’. Consider such a path
w and the very first copy o of any of the target non-terminals 7, (¢ € K’) along path
w. Let o be of a L-form target non-terminal T;, let o’ be the successor child of o along
the path w (say of some non-terminal 7}), and let & be the ancestor history that follows
along path w up until (and including) o’ and ends in o’ (i.e., current(h) = T}). Then it

follows that Pry)[,cx Reach(Ty)] > 0. Butit is easy to see that from 6 one can easily

/

construct a strategy 6}(,717 such that Pr;f/” [Ngex: Reach(Ty)] > 0, ie., Tj € Zx: . But
this contradicts the fact that the L-form non-terminal 7;, hasn’t been added to set Zx- at
step II.1. Similarly follows the argument for if 7 is of M-form or Q-form.

So for all non-terminals 7; € Zg/, regardless of strategy ¢ for the player, there is a
zero probability of generating a play that contains all target non-terminals from set K’
(ie., Vo € ¥: Pr[N ek Reach(Ty)] = 0). That concludes the proof. ]

?

4.3 Algorithm for deciding Pr7.[,cx Reach(T;)] = 1

In this section we present an algorithm for deciding, given an OBMDP, 4, given a set
K C [n] of k = |K| target non-terminals and given a starting non-terminal 7;, whether
Pri[Ngek Reach(Ty)] = supgey Pre[Nyex Reach(Ty)] = 1, i.e., the optimal probability
of generating a play (tree) that contains all target non-terminals from set K is = 1.
Recall, from Example 2.1, that there need not be a strategy for the player that achieves
probability exactly 1, which is the question in the next section (almost-sure multi-
target reachability). However, there may nevertheless be a sequence of strategies that
achieve probabilities arbitrarily close to 1 (limit-sure multi-target reachability), and the
question of the existence of such a sequence is what we address in this section. In other

words, we are asking whether there exists a sequence of strategies (G;‘i | j € N) such

*

that Vj € N, €] > €41 > 0 (ie., lim; & = 0), and Pry” [,k Reach(T,)] > 1 —¢;.
The algorithm runs in time 4% - |4|°(1) and hence is fixed-parameter tractable with
respect to k.

First, as a preprocessing step, for each subset of target non-terminals K’ C K, we
compute the set Zg: :={T; € V | Vo € ¥ : Pri[N,cx Reach(Ty)] = 0}, using Algo-
rithm 4.1. Let us also denote by AS,, for every g € K, the set of non-terminals T;
(including the target non-terminal 7 itself) for which Pr7. [Reach(T;)] = 1. Due to the
equivalence between OBMDPs and BMDPs with respect to single-target reachability

(see subsection 2.4.1), these sets can be computed in P-time by applying the algorithm
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Algorithm 4.2 Algorithm for limit-sure multi-target reachability in a given OBMDP.
The output is the set Fx = {T; € V | Pry[,ex Reach(T;)] = 1}.

L Let F, :=AS, and S{q} =V —F{q} —Z{q}, for each g € K. Let Fp :=V and Sp := 0.

II. Forl=2...k:

For every subset of target non-terminals K’ C K of size |K'| = 1:

1.

10.

11.

Dy :={T; € V — Zys | one of the following holds:
- T;is of L-form where i € K', T; /4 @ and VT; € V: if T; — Tj, then T; € Fy .
- Tyis of M-form where i € K’ and 3a* € ' : T; S T, T € Fyr .
- T is of Q-form (T; LN T; T,) where i € K" and 3K;, C K’ ;: T € Fx, AT, € Fyr k-
- T; is of Q-form (T; LN T; T,) where 3K; C K’ (K #0) : Tj € Fx, AT, € Fyr g, .}
Repeat until no change has occurred to Dg::
(a) add T; € Dgs to Dy, if of L-form, T; /A @ and VT; € V: if T; — T}, then T; € Dg.
(b) add T; & Dy to Dy, if of M-form and Ja* € ' : T; 5 T, T; € Dy
(c) add T; & Dy to Dy, if of Q-form (T; — T; T;) and T € D/ VT, € Dy
Let X :=V — (Dgr UZg).
Initialize Sg/ := {T; € X | either i € K’, or T; is of L-form and T; - @V T; —» T}, T €
Zg' } Ulockrcx (X N Sgr).
Repeat until no change has occurred to Sk:
(a) add T; € X — Sk to Sgv, if of L-form and T; — T}, T; € Sxgr UZg.
(b) add T; € X — Sgs to Sk, if of M-form and Va € TV : T; 5 T;, T; € Sp UZgr.
(c) add T; € X — Sk to Sk, if of Q-form (T; LN T;T,)and T; € Sg UZgr AN T, € Sgr UZr.
C < MEC decomposition of G[X — Sk/].

For every ¢ € K', let H, := {T; € X — Sg | T; is of Q-form (T; EN T; T,) and ((Tj € X —
S AT, € Z{q}) V(T € Z{q} AT, €X—Sk))}

Let Fyr :=U{CE€C|Pc=K'V(Pc #O0NPc#K A3, €C,3a el : T; ST, Tj €
Fyi_p.)}, where Pc = {g € K | CNH, # 0}.

Repeat until no change has occurred to Fg:
(a) add 7; € X — (Sg UFgr) to Fr, if of L-form and T; — T}, T; € Fyr UDg.
(b) add 7} € X — (Sg UFy:) to Fy, if of M-form and 3a* € I : T; 5 T}, T; € Fyo.
(c) add T; € X — (Sx' UFyr) to Fy, if of Q-form (T, > T; T,) and Tj € Fy: V/ Ty € Fyo.
If X # Sgr U Fgr, let Sk := X — Fgr and go to step 5.

EISC, i.e., if X = SK’ UFK/, let FK/ = F[(/ UDK/.

III. Qutput Fg.
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from [ESY18, Theorem 9.3] to each target non-terminal 7, g € K. Recall that it was
shown in [ESY 18, Theorem 9.4] that for (O)BMDPs with a single target the almost-
sure and limit-sure reachability problems coincide. So in fact, for every g € K, there
exists a strategy T, such that for every T; € AS, : PrTTZ [Reach(T,)] = 1.

After this preprocessing step, we apply Algorithm 4.2 to identify the non-terminals
T; for which Pri.[N,ex Reach(T;)] = 1. Again let K’ ; denote the set K’ — {i}. Also, to
recall what notation T; — T or T; — & means, refer to the paragraph before Definition
12. And for the definition of MEC and MEC-decomposition, refer to Definition 13,
where recall that in our setting the partition of the dependency graph nodes, U =V,
that we use is Up := {T; € U | T; is of L-form} and U := {T; € U | T; is of M-form or
Q-form}.

Theorem 4.3. Algorithm 4.2 computes, given an OBMDP, 4, and a set K C [n] of k =
|K| target non-terminals, for each subset K' C K, the set of non-terminals Fg := {T; €
V | Pri.]Ngek Reach(Ty)] = 1}. The algorithm runs in time 4k.12|°M). Moreover,
for each K' C K, given € > 0, the algorithm can also be augmented to compute a
randomized non-static strategy O%, such that Pr(;;‘/ [Ngex’ Reach(Ty)] > 1 —¢€ for all

non-terminals T; € Fgr.

Proof. We will refer to the loop executing steps I1.5. through II.10. for a specific subset
K’ C K as the “inner” loop and the iteration through all subsets of K as the “outer”
loop. Clearly the inner loop terminates, due to step II.10. always adding at least one
non-terminal to set Sgr and step II.11. eventually executing. The running time of the
algorithm follows from the facts that the outer loop executes for 2% iterations and inside
each iteration of the outer loop, steps II.1. and I1.4. require time at most 2 - ]ﬁl\o(l)
and the inner loop executes for at most |V| iterations, where during each inner loop
iteration the steps in it execute in time at most | 4|°().

For the proof of correctness, we show that for every subset of target non-terminals
K’ C K, Fx (from the decomposition V = Fg U Sk U Zg) is the set of non-terminals

T; for which the following property holds:

(A)é(,: squE\{,Pr% [(Ngex’ Reach(Ty)] = Pri.|N,ex Reach(Ty)] = 1, i.e.,
Ve > 0, 365, € ¥ such that Pry* [, Reach(T,)] > 1 —«.

Otherwise, if T; € Sk, then we show that the following property holds:

(B)L: supgey PrgNgexr Reach(T;)] < 1, i.e., there exists a value g > 0 such that
Vo €W Pri[N ek Reach(Ty)] <1—g.
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Clearly, for non-terminals T; € Zg, property (B)%, is satisfied, since it holds that
supgey Pry[Ngek Reach(Ty)] = 0 < 1 (by Proposition 4.2). Finally, the answer for
the full set of targets is F := Fg.

We base this proof on an induction on the size of subset K’, i.e., on the time of
computing sets Sgs and Fxs for K’ C K. And in the process, for each subset K’ C K of
target non-terminals, we show how to construct a randomized non-static strategy c*%,
(for any given € > 0) that ensures Pr;;’ [ﬂqE k' Reach(T;)] > 1 — € for each non-terminal
T; € Fg.

Clearly for any subset of target non-terminals, K’ := {gq} C K, of size [ = 1, each
non-terminal 7; € Fy,y (respectively, T; € V — F,)) satisfies property (A)f'{q} (respec-
tively, (B)f{q}), due to step I. and the definition of the AS,,q € K sets. Furthermore,
for each such subset {¢g} C K, there is in fact a strategy Gy, such that VT; € Fi :
Pr%{q} [Reach(T;)] = 1. Moreover, by [ESY 18, Theorem 9.4], this strategy Gy, is non-
static and deterministic. Analysing subset K’ of target non-terminals of size [ as part
of step II., assume that, for every K" C K’ of size <1 — 1, sets Sg» and Fg» have al-
ready been computed, and for each non-terminal 7 belonging to set Fgn (respectively,
set Sgr) property (A);;,, (respectively, (B)f(,,) holds. That is, by induction assumption,
for each K" C K’, for every € > 0 there is a randomized non-static strategy 6%, such
that for any 7} € Fgn: Pr;}" [N,exr Reach(T;)] > 1 —¢, and also for any T € Sgn:
SUP ey Pr% [Ngekr Reach(T;)] < 1. We now need to show that at end of the inner loop
analysis of subset K’, property (A)%, (respectively, (B)%,) holds for every non-terminal
T; € Fx (respectively, T; € Sk).

First we show that property (A)%, holds for each non-terminal 7; belonging to set

Dy (C Fyr), precomputed prior to the execution of the inner loop for K.

Lemma 4.4. Every non-terminal T; € Dy satisfies property (A)g(,.

Proof. The lemma is proved via a nested induction based on the time when a non-
terminal is added to set Dgs. Consider the base case where T; € Dk is a non-terminal,

added at the initialization step 1I.1.

(i) Suppose T; is of L-form where i € K’ and for all associated rules a child is gen-
erated that is of a non-terminal 7 € Fy , where property (A)é, “holds. Then,
for every € > 0, using the witness strategy 6%, from the induction assumption

for all such non-terminals 7} in the next generation, as if the play starts in it, we
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obtain a strategy o%, for a starting (target) non-terminal 7; such that:

K [ ﬂ Reach(Tq)} PrTK’[ ﬂ Reach(T, ’Reach )] ~Pr(T$;<l [Reach(Ti)}

geK’ gekK’;
—PrTK'[ ﬂ Reach(T, } Zp,j -Pry K' [ ﬂ Reach(T, )}
gek’; gek’;
S
—pr PrT [ ﬂ Reach(T, ]>Zp,] (l1—g)=1-¢
J gekK’; J

where p; ; > 0 is the probability of rule 7; Pig, T;.

Suppose T; is of M-form where i € K’ and Ja* € I" such that 7} = T;, T; FK’,,-’
J

where property (A) K.

holds. Let /1 := T;(u, Tj). By combining the witness strate-
J

K/ s K/—i
tion for non—terminal T;, as if the play starts in it, with the initial local choice

gies © for every € > 0, from property (A)7, from the induction assump-
of choosing action a* deterministically starting at a non-terminal 7;, we obtain
for every € > 0 a combined strategy G%, such that starting at a (target) non-
terminal T}, it follows that Pr;%/ [Ngex' Reach(Ty)] = Pr:% [Ngex’ , Reach(Ty)] =
G,
PrTf [Ngex’ ,Reach(Ty)] = 1 —e.
Suppose 7; is of Q-form (7; L> T; T,) where i € K’ and there exists a split of the
rest of the target non-terminals, implied by K; C K’ ; and K ; — K, such that
Tj € Fg, AT, € Fgr g, Let by :=T;(1,Tj) and hy := T;(r, T;-). For every € >0,
if we let & := 1 — /1 —¢, then by combining the two witness strategies G%/L and
G‘;(/,_i_ X, from the induction assumption for non-terminals 7; and 7, respectively,
to be used in the next generation as if the play starts in it, we obtain a strategy

o%, for a starting (target) non- terminal T; such that Pr;,"' [Ngex' Reach(Ty)] =
G / G
PrTiK [ﬂqu/ Reach(Ty)) >PrhK [ﬂquLReach(T )] -PrhrK [ﬂquLi,KLReach(Tq)]

/
GK’ KL

= PrT [Ngex, Reach(Ty)] - Pry [ﬂquLi—KLReaCh(Tq)] > (1 —¢)
(T8l —1-e

Suppose 7; is of Q-form (7; LN T; T,) where there exists a proper split of the tar-
get non-terminals from set K’, implied by K; C K’ (where K; # 0) and K’ — K|,
such that 7j € Fx, AT, € Fxr_g, . Similarly, for every € >0, lete' :=1—+/1—¢
and combine the two witness strategies G%L and (58/,_ K from the induction as-
sumption for non-terminals 7; and 7, in the same way as in (iii). It follows that

property (A)%, is satisfied.
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Now consider non-terminals 7; added to set Dy at step 11.2. If 7; is of L-form, then
all associated rules generate children of non-terminals 7; already in set Dk, where
(A){(, holds by the (nested) induction. So using, for every € > 0, the strategy 6%, from
the nested induction assumption for all such non-terminal 7} in the next generation, as
if the play starts in it, and applying the same argument as in (i), then property (A)ﬁ(, is
also satisfied.

If 7; is of M-form, then 3a* € TV : T; “, Tj, Tj € Dgr. Again let h := T;(u,T}).
By combining, for every € > 0, the witness strategy 6%, for non-terminal 7} (from the
nested induction assumption), as if the play starts in it, with the initial local choice of
choosing action a* deterministically starting at a non-terminal 7;, we obtain an aug-
mented strategy 6%, for a starting non-terminal 7; such that Pr(T?" [Ngexr Reach(T,)] =
Pr}‘l’?’ [Nyex Reach(T,)] = Pr;? [Nyex Reach(T,)] > 1 —«.

If 7; is of Q-form (7; i> T; T,), then T; € D' VT, € Dy, i.e., for every € > 0,
S0%, € W such that Pry¥ [M,x Reach(T,)] > 1 —¢ & Pry¥ [Ugegs Reach®(T,)] <.
wherey € {j,r}. Let hy :=T;(x,T) and hy := T;(X, Ty;), where y € { j,r} — {y}, x € {, r}
and ¥ € {/,r} — {x}. By augmenting strategy G%, to be used from the next generation
from the child of non-terminal 7y, as if the play starts in it, and using an arbitrary

strategy from the child of non-terminal 75, it follows that Pr%"' (Ugex ReachE(Tq)] <
O O Ol

Pr, ¥ (Ugexs Reach(T)] - Pry¥ [Ugexr Reach®(T,)] < Pry¥ (Ugexs Reach(T))] < & &

Pr;,’(’ [Ngek' Reach(Ty)] > 1 —¢, i.e., property (A), holds. O

Next, we show that if 7; € Sk, then property (B). is satisfied.

Lemma 4.5. Every non-terminal T; € Sk satisfies property (B)g(,.

Proof. Again this is proved via a nested induction based on the time a non-terminal
is added to set Sx». Assuming that all non-terminals 7}, added already to set Sk in
previous steps and iterations of the inner loop, satisfy (B) ;‘(,, then we need to show that
for a new addition 7; to set Sk, property (B)%, also holds.

Consider the non-terminals 7; added to set Sk at the initialization step I1.4.

If 7; is of L-form where T; — @V T; — T;, T; € Zg, then with a constant positive
probability non-terminal 7; immediately either does not generate any offspring at all
or generates a child of non-terminal T; € Zgs, for which we already know that (B){(,
holds. It is clear that property (B)', is also satisfied.

If, for some subset K" C K’, T; € Sk», i.e., property (B)%,, holds, then there is a
value g > O such that Vo € ¥': Prg. [ cxr Reach(Ty)] < Pri[Nyexr Reach(Ty)] <1—g
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and so property (B)Y, is also satisfied. Note that if, for some subset K” C K, T; € Zgn,
then similarly 7; € Zgs and so already 7; ¢ X.

If 7; is a target non-terminal in set K’ (i.e., i € K’), then since it has not been
added to set Dgs in step II.1: (1) if of L-form, it generates with a constant positive

probability a child of non-terminal 7j € Sgs UZg , where (B){(, “holds; (2) if of M-
form, irrespective of the strategy it generates a child of non-terminal 7; € SK’,,- UZg ,
J

K,
terminals 7}, 7,, for which no matter how we split the rest of the target non-terminals

from set K’ ; (into subsets K, C K’ ; and K ; — K}), either (B){(L holds or (B>;(Li—KL

holds. In other words, for a target non-terminal 7; in the initial set Sk there is no

where again (B)%, holds; (3) and if of Q-form, it generates two children of non-

sequence of strategies to ensure that the rest of the target non-terminals are reached
with probability arbitrarily close to 1 (the reasoning behind this last statement is the
same as the arguments in (1) - (ii1) below, since for a starting (target) non-terminal 7;:
Vo € ¥ Pri[Nyex Reach(Ty)] = Pri[Nyex  Reach(Ty))).

Observe that by the end of step IL.4. all target non-terminals T, (¢ € K’) belong
either to set Dgs or set Sg7. Now consider a non-terminal 7; added to set Sg/ in step

IL.5. during some iteration of the inner loop.

(i) Suppose T; is of L-form. Then 7; — T}, Tj € Sx» U Zgs, where (B){{, holds. So
irrespective of the strategy there is a constant positive probability to generate a
child of the above non-terminal 7; such that Pry. [,ex: Reach(Ty)] < 1, or in
other words, 3g > 0 such that Vo € ¥ : Pr‘}j [Ngex' Reach(Ty)] <1—g. Leth:=
Ti(u,T;). But there is a value g > 0 such that Vo € ¥': Pry[Uyex ReachE(Tq)] >
p,-J-Prg[quK/ReachD(Tq)] > pij-g if and only if Vo € ¥ : Pr%[quK,
Reach®(T,)] > g, where p; j > 0 is the probability of the rule T; LN Tj. And
since the latter part of the statement holds, then the former, showing property
(B)*, also holds.

(ii) Suppose T; is of M-form. Then Va € I : T; % Tj, Tj € Sk UZg. So irrelevant
of strategy o, starting in a non-terminal 7; the next generation surely consists
of some non-terminal 7} satisfying property supscy Pr% [Ngex' Reach(Ty)] < 1,
ie,VoecV¥: Pr%. [ﬂqu/ Reach(T,)] < 1— g, for some value g > 0. Clearly,
for some value g >0, Vo € ¥ : Pri[Nyexr Reach(Ty)] < max(r.cs,,uz,|1-1;)
Pr%(ujj)[ﬂqu’ Reach(T;)] < 1—g (i.e., property (B)},) if and only if Vo € W' :

MaX (7,8, Uz |Ti—T;) Pr% [Ngex Reach(T,)] < 1 — g, where the latter is satisfied.
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(iii) Suppose T; is of Q-form (i.e., T; LN T; T)), then T}, T, € Sgr UZg, i.e., both (B);'{,
and (B)}., are satisfied. We know that:

1) Neither of the two children can single-handedly reach all target non-terminals
from set K’ with probability arbitrarily close to 1. That is, for some value
g>0,Voec¥: Pr% [Ngek' Reach(T;)] < 1—gand Pry [,exr Reach(Ty)] <
1—g.

2) Moreover, since T; was not added to set Dgs in step IL.1., then VK; C K’
(where K; # 0) either (B)f(L holds (i.e., T; & F,) or (B);«fKL holds (i.e.,
T, & Fxr_g,), i.e., there is some value g > 0 such that either Vo € ¥ :
Pr%, [Ngek, Reach(Ty)] < 1—gor Vo € ¥: Pry [Nyex—k, Reach(Ty)] <
1—g.

(Statements 1) and 2) hold for the same value g > 0, since there are only

finitely many subsets of K’, so we can take g to be the minimum of all such

values from all the properties (B);(/,,r (K" CK").)

Let hy := T;({,T;) and h, := T;(r,T,). Notice that for any strategy ¢ € ¥ and for
any ¢' € K', Prg [quK/ReachC(Tq)] > Prg [ReachE(Tq/)] = Prj, [ReachE(Tq/)] .
Prg [Reach®(T,)].

We claim that there is a value g; > 0 such that Vo € ¥': \/ g Pr%, [Reachc( T,)]-
Prg, [ReachE(Tq)] > g;. But for any ¢ € K’ and for any 6 € ¥ one can ob-
viously construct ¢’ € ¥ such that Pr%. [ReachC(Tq)] = Pr,‘f; [ReachC(Tq)] and
similarly for non-terminal 7,. Therefore, it follows from the claim that Vo €
W Vex Priy [ReachC(Tq)] -Pry, [ReachC(Tq)] > g and, therefore, it follows that
Vo e¥: Pri[Uex ReachC(Tq)] > gi & Pri[Nyex Reach(Ty)] < 1—g;.

Suppose the opposite, i.e., assume (P) that Vg’ > 0, 36, € ¥ such that
Ngek Pr%ig/ [Reach®(T,)] -Pr;?/ [Reach®(T,)] < g'. Now for any g € K', by state-
ment 2) above, we know that T; & Fi,, VT, ¢ FKLq and T; ¢ FKLq VT, & Fiy
First, suppose that in fact for some ¢’ € K’ it is the case that T} & Fiyy AT, & Fi
(e, T; € S{q/} UZ{q/} NT, € S{q/} UZ{q/}). That is, for some value g > 0,
Vo eV¥: Pr% [ReachU(Tq/)] > g and Pry, [ReachB(qu)] > g, where our claim
follows directly by letting g; := g* (hence, contradiction to ()). Second, sup-
pose that for some ¢’ € K’ it is the case that 7} ¢ FK’_q, AT, & FK/_q, (e, Tje
SK/_q, UZK/_q, NT. €8 K, UZKr_q,). But then 7; would have been added to set

Sk, at step I1.5.(c) when constructing the answer for subset of targets K J
—-q
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However, we already know that 7; € (\gn g Fx» (following from steps I1.3. and

I1.4. that T; & Ugr k' (Sx» U Zgn)). Hence, again a contradiction.

Therefore, it follows that for every g € K’, either T; ¢ Fg AT ¢ FK’_,, or T, ¢
F{q} AT, & FKLq- And in particular, the essential part is that Vg € K’, either
Tj & Fygy or T, & Figy. That is, for every g € K’, for some value g > 0 either
Vo eW: Pr% [ReachE(Tq)] >g orVoeW: Pry [ReachE(Tq)] > g. But then,
combined with assumption (?), it actually follows that there exists a subset
K" C K’ such that Ve > 0, 36 € W such that A,cxr Prye [ReachC(Tq)] <eAN
Ngex'—k" Pr%? [ReachC(Tq)] < e. And by Proposition 2.2(5.), it follows that Ve >
0, do, € ¥ : Pr%s[ﬂquuReach(Tq)] >1—€ A Pr%?[ﬂqu/_KnReach(Tq)] >
1—¢,ie., Tj € Fgr_gr NT, € Fgr, contradicting the known facts 1) and 2). Hence,

assumption () is wrong and our claim is satisfied.

Now consider non-terminals 7; added to set Sgs in step II.10. at some iteration of
the inner loop, i.e., T; € Y := X — (Sxr UFgr) C Zgr. Due to the fact that 7; has not
been added previously to sets D, Sk or Fgs, then all of the following hold:

(1) i¢ K"

(2.) if T; is of L-form, then a non-terminal 7; generates with probability 1 a non-
terminal which belongs to set Yy (otherwise 7; would have been added to sets

Sk or Fgr in step I1.4., IL.5. or step I1.9., respectively);

(3.) if T; is of M-form, then Ya € IV : T; % Ty, Ty & Fyxr UDgs (otherwise 7; would
have been added to sets Fx or Dk in step I1.2. or step I1.9., respectively), and
FacTi: T, a—/> T;, Tj ¢ S UZg, ie., T; € Yy (otherwise 7; would have been
added to set Sk in step 11.5.); and

(4) if T is of Q-form (T; % T; T,), then w.Lo.g. T; € Yx and T, € Yy U Sgr U Zgo
(since 7; has not been added to the other sets in steps 11.2., IL.5., or 11.9.).

Observe that any MEC in subgraph G[X — Sk/], that contains a node from set Y,
is in fact entirely contained in subgraph G[Yg/|, and also that there is at least one MEC
in G[Yg/|. This is due to statements (2.) - (4.) and the two key facts that all nodes in
G[Yx’] have at least one outgoing edge and there is only a finite number of nodes.

However, consider any MEC, C, in G[Yg/] (Ygr € X — Sgs). As C has not been added
to set Fx at step IL.8., then Pc # K’ (where Pc = {q € K' | CNH, # 0}) and:
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o cither Pr =0,

e or Pc # 0 and for every T, € C of M-form it holds that Vb € T“ : T, LA T, T ¢
Fg'_pe.

First, let us focus on the second point. Note that for any non-terminal 7; € C,
clearly 7; € Fp,, and in fact, 3op. € ¥': Pr(;jpc [Ngep. Reach(T;)] = 1. That is because,
starting at a non-terminal 7; € C, due to C being a MEC in G[Yx/|, such a strategy p,
can ensure that, for each g € Pc, infinitely often a copy of a Q-form non-terminal in set
H,NC is generated, which in turn spawns an independent copy of some non-terminal
in set Z{q} and thus infinitely often provides a positive probability bounded away from

zero (by Proposition 4.2) to reach target non-terminal 7.

(*) We claim that for any Q-form non-terminal 7; € C (i.e., T; i) T; T, where w.l.o.g.
T; € C CYg), itis guaranteed that T, & Fyr_ p-- To see this, if it was the case that
T, € Fx'_p,, then, since T € Fp_, it would follow that 7; would have been added

to set Dgs in step 11.1., leading to a contradiction.

(**) What is more, due to the definition of set Pc, it follows that for any Q-form non-
terminal 7; € C (i.e., T; i> T; T, where wlo.g. T; € ), T, € ﬂq/eK/_pC Z{q/}, i.e.,
Supgey Prf. [Reach(Ty)] = 0, for each ¢’ € K’ — Pc. Note also that 7, € C, since
CCYx CZg C Z{q}, Vg € K’ (so if T, € C, then Pc = K’ and C would have
been added to set F in step 11.8.).

Note that property (**) implies property (*), because by the definition of the F
and Z sets, if T, € ycxr—p.Ziq)» then surely T, & Fgr_p..

(***) Furthermore, as stated in the second bullet point above, for every non-terminal
T, € Cof M-formand Vb €T : T, LA T,, T, & Fx'_p,.

And as we know, for every T, € Sx'_p.UZg/_p., property (B)‘I’(,_ P holds. In other
words, there exists a value g > 0 such that regardless of strategy o, for any 7, € Fx/_p,.,
Pr7 [Nyekr—p. Reach(Ty)] < 1—¢g.

Now let 6 be an arbitrary strategy fixed for the player. Denote by w the path (in the
play), where w begins at a starting non-terminal 7; € C and evolves in the following
way. If the current copy o on the path w is of a L-form or a M-form non-terminal 7; € C,
then w follows along the unique successor of o in the play. And if the current copy o
on path w is of a Q-form non-terminal 7; € C (T; EN Ty T, where w.l.o.g. T € C), then
w follows along the child of non-terminal 7. If the current copy o on path w is of a

non-terminal not belonging in C, then the path w terminates. Denote by LIC the event
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that path w is infinite, i.e., all non-terminals observed along path w are in C and path w

never leaves C and never terminates. Then for any starting non-terminal 7; € C:

Pr%[ N Reach(Tq)} = Pry [( N Reach(Tq)> N ( N Reach(Tq))]

qcK’ qek'—Pc
< Prf, [ N Reach(Tq)] = Prg [( N Reach(Tq)) N DC} +
qGK/fPC qEK/fPC
Prg. [( N Reach(Tq)> N —DC} = Prg [( N Reach(Tq)) N —DC]
qeK'—P¢ qeK'—P¢

<o, Pl (), ] <1
qeK'—Pc

The event of reaching all target non-terminals from set K’ — P can be split into the
event of reaching all targets non-terminals from set K’ — Pc and path w being infinite
union with the event of reaching all targets non-terminals from set K’ — Pc and path
w being finite. Moreover, Pry[((;ex/—p. Reach(Ty)) NOC] = 0, due to statements
(1.) and (**). The second to last inequality follows: because of statements (1.) and
(**) there is zero probability from any non-terminal along path w to reach the targets
from set K’ — Pc before event —=[JC occurs; and also due to statement (***), once
event ~[JC occurs and path w leaves MEC, C, it terminates immediately in some non-
terminal 7, ¢ C which also satisfies that 7, & Fxs_p.. And the last inequality follows
from property (B)}, p, for any such non-terminal 7, & Fir_p,..

And since ¢ was an arbitrary strategy for the player, then it follows that for any
such MEC, C, in G[Yg/] (where Pc # 0) and for any T; € C: Pry.[,cx Reach(T)] < 1,
i.e., property (B)k. holds.

Analysing MECs, C, where Pc = 0, the argument is similar. Property (**) holds
by definition of set Pc. And by property (3.), for every M-form non-terminal 7;, € C
and for every b € I : T, i) Ty, Ty € (Ygr USgr UZgr). Then because of properties
(1.), (3.) and (**), it follows that for any 7; € C, Vo € ¥ : Pr% [ﬂquf Reach(T,)] <
MAX7, e (v,,USUz) PrT, [Ngex Reach(Ty)].

For non-terminals 7, in sets S’ and Zg/, we already know by induction that prop-
erty (B)%, is satisfied. Moreover, from standard algorithms for MEC-decomposition,
one can see that there is an ordering of the MECs in G[Yx/| where the bottom level
(level 0) consists of MECs, C”, that in the induced subgraph G[Yx] have no out-going
edges from the MEC at all and for which Pc» # K, and for further “levels” of MECs
in the ordering the following is true: MECs or nodes that do not belong to any MEC,
at level ¢+ > 1, have directed paths out of them leading to MECs (or nodes not in any
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MEQC) at levels < t. If we rank the MECs and the independent nodes (not belonging
to any MEC) in G[Yg/|, using this ordering, and use an inductive argument, it can be
shown that, in the case when the above mentioned non-terminal 7,, belongs to Yk and
MEC, C, has rank ¢ > 1 in the ordering, then 7,/ belongs to a lower rank < ¢, and thus
by the inductive argument, has been shown to have property (B)“K/,.

Therefore, for any non-terminal 7; in any MEC, C, in G[Y/], (B), holds. And also
by the inductive argument above for the ordering of nodes in G[Yx], same holds for

any non-terminal 7; € Yg not belonging to a MEC. [

Now we show that for non-terminals 7; € Fgs, when the inner loop for subset K’ C K

terminates, the property (A)%, is satisfied. That is:

o,
Ve >0, 305, € ¥: Pry¥ [ N Reach(Tq)] >1_¢
qeK’
We will also show how to construct such a strategy c%,, for a given € > 0. Since we
have already proved it for non-terminals in set Dy, in the following Lemma we refer

to the part of set Fg not containing set Dk, i.e., to set Fgr = X — Skr.
Lemma 4.6. Every non-terminal T; € Fy satisfies property (A)%,.
Proof. Denote by F, Ig, the initialized set of non-terminals from step II.8. Let us first

observe the properties for non-terminals 7; € Fxr = X — Sg7. None of them is a target

non-terminal from set K, i.e., i € K'. If T; is of L-form, then:

(L.0) if 7; belongs to a MEC, C C F,g,, then a non-terminal 7; generates with prob-
ability 1 as offspring some non-terminal either in set C or in set Dk (since
L-form non-terminals in X — S/ do not have associated probabilistic rules to

non-terminals in Sg U Zg/).

(L) otherwise, a non-terminal 7; generates with probability 1 as offspring some

non-terminal either in set Fx or in set Dg.
If T; is of M-form, then Va € T : T; 5 T, T; & Dy and:
(M.0) if 7; belongs to a MEC, C C FKO,, then 3a* €T : T; £> T;, T € C.
(M) otherwise, Ja* €T T; %5 T, T; € Fy.

If T; is of Q-form (i.e., T; i> T; T,), then T;,T, & Dg'. Moreover, if Q-form 7; belongs

to a MEC, C C F, then:
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(Q.0) either, w.l.o.g., T; € C and there exists some g € K’ such that 7, € Z,

(Q.1) or,w.lLo.g.,T; € C and there isno g € K’ such that 7, € Z{q}.
Otherwise, if Q-form 7; does not belong to a MEC, C C F, Ig, (e, T; ¢ F 1?,), then:

Q) wlo.g.,Tj€ Fg.

(B) Let us recall that for every g € K’, there is a deterministic static strategy G/{q}

for the player and a value b{q} > 0 such that, for each non-terminal 7, € Z{q},
Pr(;r{q} [Reach(Tq)] > b{q}. Letbh:= minqu/{b{q}} > 0.

Given € > 0, let € := (1 — /1 —¢€) /k (where k = |K|) and let us prove the Lemma
and construct the randomized non-static strategy %, inductively.

Consider the non-terminals added to set Fxs at the initialization step I.8. during
the last iteration of the inner loop. And, in particular, consider every MEC, C, added
at step I1.8. There is one of two reasons for why C was added to set F2,.

For the first reason, suppose that 1 < |P¢| <= |K’| and that there is a non-terminal
T, € C of M-form where 3b € I : T, LA Ty, Ty € Fg'_p,.

Consider any finite ancestor history £ of height ¢ (meaning the length of the se-
quence of ancestors that the history represents is ) such that 4 starts at a non-terminal
T, € C and all non-terminals in / belong to the MEC, C. Let o denote the non-terminal
copy at the end of the ancestor history A.

If 0 is a copy of the non-terminal 7, € C (from above), let strategy G%, choose
uniformly at random among actions from statement (M.0) if it is not the case that, for
each g € Pc, atleastd := Dog(l_% ) €] copies of the Q-form non-terminals 7; € CNHy
have been encountered along the ancestor history 4. Otherwise, 6%, chooses deter-
ministically action b, and therefore generates immediately a child o” of non-terminal
T, (from above). In the entire subtree (subplay), rooted at o”, strategy T is employed
as if the play starts in 0", where Pri. [Nycxr—p, Reach(Ty)] > V1 —¢ (exist by the
induction assumption due to 7,y € Fg/_p.).

If o is of another M-form non-terminal 7; € C, let G’;(, choose uniformly at random
among actions from statement (M.0) and so in the next generation the single generated
successor o is of a non-terminal 7; € C, where we proceed to use strategy G%, (that is
being described).

If o0 is of a non-terminal 7; € C of L-form, from statement (L.0) we know that in the

next generation the single generated successor o’ is of some non-terminal 7; € CUDg:.
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If T; € Dk, then we use at o’ and its subtree of descendants the randomized non-static
strategy from property (A) > that guarantees probability > 1 — € of reaching all targets
in set K’, as if the play starts in o’. If T; € C, then we proceed by using the same
strategy G%, (that is currently being described) at o’.

And if o is of a non-terminal 7; € C of Q-form (7; i> T; T,), there are two cases for

the two successor children o (of non-terminal 7}) and o” (of non-terminal 7;):

e either property (Q.0) is satisfied, i.e., Tj € C and T, € Z{q}, for some g € K'.
Then, in the next generation, we continue using the same strategy o%, (that is
currently being described) at o’ and for the entire subtree of play, rooted at o”,
strategy G%, chooses uniformly at random a target non-terminal 7;,q € K’, such

that 7, € Z{q}, and employs the strategy Gf{ } from statement (*J3) as if the play

starts at o”. Note that Pr (K/ )[Reach(T )] > ‘P | > 2 > 0, where h(r, T,) refers

to the ancestor history for the right child 0" and where |Pc| <1=|K'| <k=IK|.

e or property (Q.1) is satisfied. Then, in the next generation, we continue using
strategy 6%, for o/, whereas for o” the strategy is irrelevant and an arbitrary one

/>

is chosen for 0" and thereafter in 0”’s tree of descendants.

That concludes the description of the randomized non-static strategy 6%, for non-
terminals in MEC, C. Now we need to show that, indeed, that for any 7; € C :
Pr;_;' [Ngex' Reach(Ty)] > 1 —¢.

Denote by w the path (in the play) that begins at a starting non-terminal 7; € C
and 1s defined as follows. If the current copy o on the path w is of a L-form or a M-
form non-terminal 7; € C, then w follows along the unique successor of o in the play.
And if the current copy o on path w is of a Q-form non-terminal T; € C (T} N Ty T,
where w.l.o.g. Ty € C), then w follows along the child of non-terminal 7j. If the
current copy o on path w is: either of a non-terminal not belonging in C; or of the
non-terminal 7,y € Fg/_p. (from above) and, for each g € P, at least d copies of the Q-
form non-terminals in set CN H, have already been encountered along w - then the path
w terminates. Denote by [IC the event that path w (as defined) is infinite, i.e., path w
never terminates, and by —[IpC (respectively, —L],,C) the event that path w is finite and
terminates (according to the above definition of when it can terminate) in a copy of a
non-terminal in set Dk (respectively, in a copy of non-terminal T/ € Fxr_p,.). Observe
that under strategy o%, for any starting non-terminal 7; € C, Py, Ok [OC] = 0. This is
because strategy 6%, guarantees that inside the MEC, C, there is a positive probability

of reaching any non-terminal from any non-terminal. So, unless a L-form non-terminal
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along path w generates a non-terminal in Dg, then the player is guaranteed to force

the path to “stay” within C until, for each g € Pc, at least d copies of the Q-form

non-terminals in set C N H, have been encountered, at which point in the next copy

of non- -terminal 7;, the player generates deterministically non-terminal 7,,. Let p :=
K' [~OpC] (note that Py, Ok [~0,C] =1-p).

Now under strategy 6%, and starting at any non-terminal 7; € C, with probability 1:

(1) either path w terminates in a copy o of a non-terminal in set Dg, for which we
already know that there is a strategy to reach all target non-terminals from set K’
with probability > 1 — € (and according to 6%, such a strategy is employed at o
and its subtree of descendants). Hence, in the event of —[1pC, with probability
> 1 — ¢ all target non-terminals from set K’ are contained in the generated play,
ie., Pr;;/ [Ngex' Reach(Ty) | -0pC] > 1 —¢.

(i) or, path w terminates in a copy of a non-terminal 7, € Fgx/_p.. Then, for each
q € Pc, with probability 1 (due to C being a MEC and due to the description
of strategy o%,) at least d = [log( 1-t) €'| copies o of the Q-form non-terminals
T; € CNH, were generated along the path w. And each such copy o generates
two children, o’ of some non-terminal 7 € C (the successor on path w) and 0" of
some non-terminal 7, € Z{q}, where 0" has independently a positive probability
bounded away from zero (in fact, > % due to the uniformly at random choice
over strategies from statement (°33), where, by Proposition 4.2, the value b > 0
does not depend on the history or the time when o” is generated) to reach the

respective target non-terminal 7 in a finite number of generations.

So suppose event —[1,,C occurs and let, for each ¢ € Pc, Pr(;?/ [O<mTy | "0, C]
denote the conditional probability, starting at a non-terminal 7; € C and under the de-
scribed strategy G%,, to reach target T, with at most m generated copies of the Q-form
non-terminals in set C N H, along the path w in the play, conditioned on event —[,,C
occurring. Note that Vg € P : PrT 0T, | -0,C) > | If = > b That s, because with
probability 1 under strategy 6%, starting at a non-terminal 7; € C ,acopy o of a Q-form
non-terminal in set C N H, is generated along path w and then there is a probability > %’

to reach target 7, from the right child of o. It follows that for any 7; € C and any g € Pc:
O b b\d
PrTi [_‘<>§qu | _‘Du’C] < (1 - %) (:)PI”T [<><dT | = /C] >1- (1 — %>

Since d > log b)s then PrT "[0<aT, | =0,C] > 1—¢". Then for any T; € C and



124 Chapter 4. Multi-Objective Reachability for Ordered Branching MDPs

any q € Fc:

PF;K, [Reach(Ty) | -0,/C] > Pr;'(' [O<aT, | "0,C) > 1-¢€ &

PrT [Reach (1) | ~O0,C <

So, by the union bound:

Pr%"/ [ U ReachC(Tq) ‘ —DM/C] <|Pcl-g <k-&=1—-V1—¢
qGPC

& Pry¥ [ () Reach(Ty) ~O.C| = Vi—e (4.1)

/Sl

And in some finite number of generations, in a copy of the non-terminal 7,, along

path w action b € I'" is chosen deterministically, where 7, LA Ty, Ty € Fxr_p,. There
1 \/7
exists G}{, Vo € W such that PrT “ [Nyek—p.Reach(Ty)] > /1 — €. Then for any

starting non- termlnal T; e C:

e 1-V1-¢
G

%
Pry; [ ﬂ Reach(Ty) ’ —DM/C] :PrTIfPC [ ﬂ Reach(Ty)| > v1—¢

q 'eK'— —Pc qleK/—Pc
4.2)

The equality follows from the fact that there is zero probability to reach targets from
set K — Pc before path w terminates and also from the fact that strategy o%, utilizes
strategy ol XI_P ~¢ from the occurrence of 7, (when event —[J,,C happens) as if the play

starts in it.

Using (4.1) and (4.2), it follows that for any starting non-terminal 7; € C:

K [ ﬂ Reach(T,) ‘ ﬂDu/C}

g€k’
_ Pr%K’[ M Reach(T,) ( ﬁmu,c] P,ﬁ,«[ M Reach(T,) ‘ ﬁmu,c}
q<Pc ¢ eK'—P¢
cl7m
—PrTK'[ () Reach(T;) ‘ —DMIC] PrTu’f e [ N Reach(Tq/)} > (V1-¢)?
q€Pc q'€K'—P¢

=1-¢
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And putting it all together, it follows that for any starting non-terminal 7; € C:

Pr(;i"/ [ N Reach(Tq)] = Pr%"' [( N Reach(Tq)> ﬂDC}
qeK’ qekK’

+Pr¥' | () Reach(Ty) ) n=0pC| + Pr¥ | () Reach(T;)) N~DC|
g€k’ K’

= Pr(TSiK’ [ ﬂ Reach(T,) ’ —DDC} -Pr(TsiK' [ﬂDDC} +
qeK’
Pr;K/[ () Reach(T,) ‘ —DurC} 'Pr(TSiK/ [—DurC}
geK’

>(1—g)-p+(l—g)-(1-p)=1-¢e

Now the second reason, why a MEC, C, in G[Fx/] was added to FI((), at step IL.8., is
if Pc = K’. Consider any finite ancestor history A, that starts at a non-terminal 7, € C
and that all non-terminals in 4 belong to the MEC, C. Let o denote the non-terminal
copy at the end of the ancestor history A. If o is of a L-form or Q-form non-terminal
in C, let G%, behave the same way as was described before. And if o is of a M-form
non-terminal 7; € C, let 6%, choose uniformly at random among actions from statement
(M.0). So with probability 1: either a copy of a L-form non-terminal in C generates
a child o of some non-terminal in set Dgs, where 6%, employs a strategy at o’ and
its subtree of descendants such that all targets in set K’ are reached with probability
> 1 — € (such a strategy exists by the induction assumption); or, for each ¢ € P = K/,
infinitely often copies of the Q-form non-terminals T; € C N H, are observed. In the
latter case, it follows that, for each ¢ € Pc = K’, infinitely many independent copies o’
of non-terminals 7, € Z{q} are generated, each of which has independently a positive
probability bounded away from zero (again, > % where, by Proposition 4.2, the value
b > 0 does not depend on the history or the time when copy o’ is generated) to reach
the corresponding target non-terminal 7 in a finite number of generations. Hence for
any 7, € C, it is satisfied that Pr;}/ [Ngek' Reach(Ty)] > 1 —¢.

Therefore, for each type T; in some MEC, C C FI?,, property (A)g(, is satisfied.

Now consider the non-terminals 7; added to set Fgs in step I11.9. during the last

iteration of the inner loop.

(i) If 7; is of L-form, then by statement (L) we know that with probability 1 non-
terminal 7; in the next generation produces a single successor o’ of some non-
terminal 7; € Fgr UDgs, where by induction (A)é, holds. So using, for any given

€ > 0, the strategy 6%, from the induction assumption for each such non-terminal
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T; in the next generation as if the play starts in it, then property (A)%, is also

satisfied.

(ii) If T; is of M-form, then by statement (M), Ja* € IV : T; £> T;, T € Fyr. Let
h := Ti(u,T;). So, for every € > 0, combining the already described strategy
6%, for non-terminal 7; (from the induction assumption), as if the play starts
in it, with the initial local choice of choosing deterministically action a*, start-
ing at a non-terminal 7;, we obtain an augmented strategy %, for a starting
non-terminal 7; such that Pr(;}/ [Nk Reach(Ty)] = Prf;(' [Nyex’ Reach(T;)] =

Pry¥' [Myexr Reach(T,)] > 1 —¢, i.e., (A)f, holds.

@ii1) If T; is of Q-form (i.e., T; EN T; T,), then, by statement (Q), w.l.o.g. T; € Fg,
where we already know that, for every € > 0, there is a strategy 6%, such that
£
Pry¥ [Nyex Reach(T))] > 1 —¢. Let by :=T,(1,Tj) and hy == T,(T;). Aug-
menting strategy G%, to be used from the next generation from the child of
non-terminal 7} as if the play starts in it and using an arbitrary strategy from
the child of non-terminal 7, then it follows that Pr%’(’ [Ugex ReachC(Tq)] <
ot, ot, ot,
Pry, 5 Ugexr ReachC(Tq)] Pry K [Ugexr ReachE(Tq)] <Prpf [Ugex ReachE(Tq)] <

g, resulting in property (A) 5{, also being satisfied.

[

This completes the proof of Theorem 4.3 and the analysis of the limit-sure algo-
rithm. The proof of Lemma 4.6 describes how to construct, for any subset K’ C K
and any given € > 0, the witness strategy o%, for the non-terminals in set Fg:. These
non-static strategies o%, are described as functions that map finite ancestor histo-
ries belonging to the controller to distributions over actions available for the current
non-terminal in the ancestor history, and can be described in such a form in time
(log 1)o() . 4k | 7|00), O

?
4.4 Algorithm for deciding 36 € W' Pry.|",cx Reach(T,)]
=1

In this section we present an algorithm for solving the qualitative almost-sure multi-
target reachability problem for an OBMDP, 4, i.e., given a set K C [n] of k = |K| target
non-terminals and given a starting non-terminal 7;, deciding whether there is a strategy

for the player under which the probability of generating a play (tree) that contains all
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the target non-terminals from set K is 1. The algorithm runs in time 4% - |4|°(), and
hence is fixed-parameter tractable with respect to k.

As in the previous section, first as a preprocessing step, for each subset of targets
K' C K, we compute the set Zg := {T; € V | V6 € ¥': Pri [,k Reach(T,)] = 0}, us-
ing Algorithm 4.1. Let us also denote by AS,, for every g € K, the set of non-terminals
T; (including the target non-terminal 7;, itself) for which there exists a strategy T such
that Pr}j [Reach(T,)] = 1. Due to the equivalence between OBMDPs and BMDPs with
respect to single-target reachability (see subsection 2.4.1), these sets can be computed
in P-time by applying the algorithm from [ESY 18, Theorem 9.3] to each target non-
terminal 7, g € K.

After this preprocessing step, we apply Algorithm 4.3 to identify the non-terminals
T; for which there exists a strategy 6* € ¥ such that Pr%* [Ngek Reach(T;)] = 1. Again
K’ ; denotes the set K’ — {i}. Also, to recall what notation 7; — T or T; — & means,
refer to the paragraph before Definition 12.

Before moving on with the proof of correctness of the algorithm, we would like
to briefly and informally discuss the differences between Algorithms 4.2 and 4.3. Al-
though the two algorithms look very similar, they differ in some crucial details.

First, the interpretation of the various sets being accumulated in the two algorithms
differs, in order to correspond to the appropriate meaning in the context of almost-sure
or limit-sure multi-target reachability. So even in the steps that look identical, different
properties need to be proved for the accumulated sets and, hence, there are important
differences in the proofs.

Furthermore, we can notice that the two algorithms differ in steps I1.6. and II.8.
Here is an informal intuition about this essential difference.

In Algorithm 4.2 (limit-sure multi-target reachability algorithm), step I1.6. builds
a MEC-decomposition of the dependency graph G[X — Sk], induced by the remaining
non-terminals in set X — Sg; step I1.8. identifies those MECs, C, where starting at
a non-terminal in C the following is observed: the branching (Q-form) non-terminals
in C spawn two children each, at least one of which belongs to C, and other spawned
children of the branching non-terminals in C can collectively reach a non-empty subset
Pc of (or in the best case, all of) the target set K’ with a positive probability (bounded
away from zero); the player can choose to delay arbitrarily long the moment to select an
action that “exits” C and, thus, can choose to reach the targets in set Pc with probability
arbitrarily close to 1; and once the player chooses to “exit” C, it does so in a non-

terminal that can limit-surely reach the rest of the targets in set K’ — Pc.
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Algorithm 4.3 Algorithm for almost-sure multi-target reachability in a given OBMDP.
The output is the set Fx = {T; € V | Jo € ¥': Prg [ ex Reach(Ty)] = 1}.

1. Let Fiyy :=AS,; and S{q} =V—-Fg—Z, for each g € K. Let Fp :=V and Sp := 0.

II. Forl=2...k:

For every subset of target non-terminals K’ C K of size |K'| = I:

1.

10.

11.

Dy :={T; € V —Zy | one of the following holds:
- T;is of L-form where i € K', T; 4 @ and VT; € V: if T; — Tj, then T € FK’,,-'
- T;is of M-form where i € K’ and Ja* € T" : T; LiN Tj, Tj € Fyr .
- T;is of Q-form (T; LN T; T,) where i € K" and 3K;, C K’ ;: Tj € Fx, AT, € Fyr k-
- Ty is of Q-form (T; - T; Ty) where 3K, C K’ (K #0) : Tj € Fx, AT, € Fyr_g, .}
Repeat until no change has occurred to Dgr:
(a) add T; € Dgs to Dy, if of L-form, T; /A @ and VT; € V: if T; — Tj, then T; € Dg.
(b) add T; & Dgs to Dgr, if of M-form and Ja* € TV : T; “, T;, T; € Dgr.
(c) add T; & Dy to Dy, if of Q-form (T; - T; T;) and T} € Dys \V T € Dy
LetX :=V — (Dgr UZg).
Initialize Sk := {T; € X | either i € K’, or T; is of L-form and T; — @V T; —» T}, T €
Zg'} U Upckrcx (X NSgr).
Repeat until no change has occurred to Sk:
(a) add 7; € X — Sk to Sk, if of L-form and 7; — T;, T; € Sgr UZg.
(b) add T; € X — Sgs to Sk, if of M-formandVa e T : T; % T, Tj € Sgp UZgr.
(c) add T; € X — Sk to Sk, if of Q-form (7; LN T;T))and T; € Sp UZgr N T, € Sgr UZgor.
C < SCC decomposition of G[X — Sk/].

For every ¢ € K', let H, := {T; € X — Sg | T; is of Q-form (T; 4 T; T,) and ((Tj € X —
S NT, € Z{q}) V(T € Z{q} AT, €X —Sk))}.

Let Fgr := | {Uyex' (H,NC) | C € Cs.t. Vg € K" : HyNC # 0}
Repeat until no change has occurred to Fg::
(a) add T; € X — (Sg UFgr) to Fr, if of L-form and T; — T}, Tj € Fxr UDg.
(b) add T; € X — (Sg UFyr) to Fyr, if of M-form and Ja* € T : T; “5 T, T € Fy.
(¢c) add T; € X — (Sx U Fxr) to Fy, if of Q-form (7; LN T;T,)and T; € Fr VT, € Fgr.
If X # Sgr U Fgr, let Sgr :== X — Fgr and go to step 5.

EISC, i.e., ifX = S](/ UF](I, let FKI = F](/ UD[(I.

[I. Output Fg.




?
4.4. Algorithm for deciding 36 € ¥ : Pr7[N ek Reach(T;)] = 1 129

On the other hand, in Algorithm 4.3 (almost-sure multi-target reachability algo-
rithm), step I1.6. builds a SCC-decomposition of the dependency graph G[X — Sk, in-
duced by the remaining non-terminals in set X — Sg; step 11.8. identifies those branch-
ing (Q-form) non-terminals that belong to SCCs, C, where the following is true for
each such C: the Q-form non-terminals in C (that have been identified in step IL.8.)
spawn two children each, at least one of which belongs to C, and the other spawned
children of these same branching non-terminals can collectively reach all the targets in
set K’ with a positive probability (bounded away from zero).

Now let us continue with the proof of correctness of Algorithm 4.3 and the theorem
behind it.

Theorem 4.7. Algorithm 4.3 computes, given an OBMDP, 4, and a set K C [n] of
k = |K| target non-terminals, for each subset K' C K, the set of non-terminals Fy :=
{T;eV|Joe¥: Pri[N ek Reach(Ty)] = 1}. The algorithm runs in time 4k.| 400,
Moreover, for each K' C K, the algorithm can also be augmented to compute a random-
ized non-static strategy Gy, such that Pr;?‘/ [Ngex' Reach(Ty)] = 1 for all non-terminals
T; € Fx.

Proof. We will refer to the loop executing steps I1.5. through II1.10. for a specific subset
K’ C K as the “inner” loop and the iteration through all subsets of K as the “outer”
loop. Clearly the inner loop terminates, due to step 11.10. always adding at least one
non-terminal to set Sxr and step II.11. eventually executing. The running time of the
algorithm follows from the facts that the outer loop executes for 2% iterations and inside
each iteration of the outer loop, steps IL.1. and IL.4. require time at most 2% - |/‘Zl\0(1)
and the inner loop executes for at most |V| iterations, where during each inner loop
iteration the steps in it execute in time at most |4|(1).

For the proof of correctness, we show that for every subset of target non-terminals
K' C K, Fx (from the decomposition V = Fg U Sk U Zg) is the set of non-terminals

T; for which the following property holds:
(A)%,: Jog € P such that Pr%"' [Ngexr Reach(Ty)] = 1.
Otherwise, if T; € Sk, then we show that the following property holds:

(B)L: Vo €W PriNgex Reach(Ty)] < 1< PrifUgex ReachC(Tq)] >0, i.e., the
probability of generating a play that contains at least one copy for each of the T

(g € K') target non-terminals, is < 1.



130 Chapter 4. Multi-Objective Reachability for Ordered Branching MDPs

Clearly, for non-terminals 7; € Zg/, property (B)%, holds because, by Proposition 4.2,
Vo €¥: Pry[Nyek Reach(T;)] = 0 < 1. Finally, the answer for the full set of targets
is F = Fg.

As in the proof from the previous section, we base this proof on an induction on
the size of subset K, i.e. on the time of computing sets S and Fg- for K’ C K. And in
the process, for each subset K’ C K of target non-terminals, we construct a randomized
non-static strategy o for the player that ensures Pr%K' [Ngex’ Reach(T,)] = 1 for each
non-terminal 7; € Fgs. In the end, 6 := Gk is the strategy that guarantees almost-sure
reachability of all given targets in the same play.

To begin with, observe that clearly for any subset of target non-terminals, K’ :=
{g} € K, of size I = 1, each non-terminal 7; € Fy,y (respectively, T; € V — F,}) sat-
isfies property (A)iq} (respectively, (B)f'{q}), due to step I. and the definition of the
ASy,q € K sets. Hence, for each such subset {q} C K, there is a strategy G {q} such that
VTi € Figy - Pr%{"} [Reach(T;)] = 1. Moreover, by [ESY18, Theorem 9.4] this strat-
egy Oy} 1s non-static and deterministic. Analysing subset K’ of target non-terminals
of size [ as part of step II., assume that, for every K" C K’ of size <1 — 1, sets Sg»
and Fg» have already been computed, and for each non-terminal 7; belonging to set
Fyn (respectively, set Sg») property (A)f(// (respectively, (B){(,,) holds. That is, by in-
duction assumption, for each K” C K’, there is a randomized non-static strategy Gg
such that for any T; € Fgn: Pr%(‘” [N,exr Reach(T;)] = 1, and also for any T; € Sk
Vo € ¥, Pr% [Ngekr Reach(T;)] < 1. We now need to show that at end of the inner
loop analysis of subset K’, property (A)%, (respectively, (B)%,) holds for every non-
terminal 7; € Fg/ (respectively, T; € Skr).

First we show that property (A)é{, holds for each non-terminal 7; belonging to set

Dy (C Fgr), precomputed prior to the execution of the inner loop for subset K.

Lemma 4.8. Every non-terminal T; € Dy satisfies property (A)é(,.

Proof. The lemma is proved via a nested induction based on the time of a non-terminal
being added to set Dg/. Consider the base case where 7; € Dk is a non-terminal, added

at the initialization step II.1.

(i) Suppose T; is of L-form where i € K’ and for all associated rules a child is gen-

erated that is of a non-terminal T; € Fgr where property (A);.{, holds. Then

using the witness strategy from property (A)%, , that almost-surely reaches all

K
remaining targets from set K’ ;, for all such non-terminals 7} in the next gen-
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(i)

(111)

(iv)

eration as if the play starts in it and, since the starting target non-terminal 7; is

already reached, clearly property (A)%, holds.

Suppose T; is of M-form where i € K’ and Ja* € I' such that T; “, Tj, Tj € Fgr ,

where property (A)é, ~holds by induction. Let & := T;(u,Tj). Then, by com-

bining the witness str;lltegy Ok’ . from the induction assumption for non-terminal

T;, as if the play starts in it, with the initial local choice of choosing determin-

istically action a* starting at a non-terminal 7;, we obtain a combined strategy

Gk such that starting at a (target) non-terminal T;, Pr(Ti"/ [ﬂqe k' Reach(T,)] =
Ot

Pr%’(/ [nqu’,,- Reach(Ty) | Reach(Ti)|] - Pry* [Reach(T;)] = Pr%"' [quK’,i
O/
Reach(T,)] = Pr:K' [Ngex’ Reach(Ty)] = PrT;(_i [Ngex:  Reach(Ty)] = 1.

Suppose 7; is of Q-form (7; i) T; T,) where i € K’ and there exists a split of
the rest of the target non-terminals, implied by K;, C K’ ; and K" ; — K, such
that Tj € Fk, AT, € Fgr g, Let hy :=T;(1,T;) and h, := T;(r,T;). By combin-
ing the two witness strategies Ok, and Ok’ K, from the induction assumption
for non-terminals 7; and 7,, respectively, to be used from the next generation
as if the play starts in it, and the fact that target 7; is reached (since 7; is the
starting non-terminal), it follows that there exists a strategy 6 € W such that
Pr%K/ [ﬂqu/ Reach(Ty)] = Pr%"' [ﬂquLiReach(Tq)] > PrZK' [ﬂquL Reach(T;)] -
PA¥ [Nyekr, 1, Reach(T,)] = Pry[cx, Reach(Ty)] - Pry
Reach(Ty)] = 1.

[quKLifKL

Suppose 7; is of Q-form (7; EN T; T,) where there exists a proper split of the target
non-terminals from set K’, implied by K; C K’ (where K; # 0) and K’ — K,
such that 7; € Fg, AT, € Fgr_g, . Combining the two witness strategies G, and
Ok'_k,; from the induction assumption for non-terminals 7,7, in the same way
as in (iii), it follows that there exists a strategy ox € ¥ such that property (A) ;,
holds.

Now consider non-terminals 7; added to set Dk at step I1.2., i.e., the inductive step.

If non-terminal 7; is of L-form, then all rules, associated with it, generate children of

non-terminals 7} already in set D, for which (A);(/ holds by the (nested) induction.

Hence, (A), clearly also holds for the same reason as in (i) above.

If non-terminal 7; is of M-form, then Ja* € IV : T; LiN T;,Tj € Dg. Again let

h:=T;(u,T;). By combining the witness strategy ok’ for non-terminal 7; (from the

nested induction assumption), as if the play starts in it, with the initial local choice of
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choosing deterministically action a* starting at a non-terminal 7;, we obtain an aug-
mented strategy Gk for a starting non-terminal 7; such that Pr%"/ [Ngekr Reach(T;)] =
PrZK/ [ﬂqu/ Reach(T)] = Pr%f" [ﬂqu/ Reach(T,)] = 1.

If T; is of Q-form (T; 1% T; T,), then either T; € Dk or T, € Dgv, i.e., 3ok € ¥ such
that Pr(;f' [Ngex' Reach(Ty)]| =1 < Pr(;f' [Ugex ReachC(Tq)] =0, wherey € {j,r}. Let
hy :=T;(x,Ty) and hy :=T;(X, Ty), where 5 € {j,r} — {y},x € {l,r} and ¥ € {I,r} — {x}.
By augmenting this 6g/ to be used from the next generation from the child of non-
terminal 7y, as if the play starts in it, and using an arbitrary strategy from the child of
non-terminal 75, it follows that Pr%’(/ [Ugex ReachC(Tq)] < Prflv’(' [Ugex ReachD(Tq)] :

Pr:}f’ [Ugex ReachB(Tq)] < Pr%’(' (Ugex ReachE(Tq)] =0, i.e., property (A)%, is satis-
fied. 0

Next we show that if 7; € Sk, then property (B)*, holds.

Lemma 4.9. Every non-terminal T; € S satisfies property (B)g(,.

Proof. This can be done again via another (nested) induction, based on the time a non-
terminal is added to set Sgv. That is, assuming all non-terminals 7}, added already to
set Sxs in previous steps and iterations of the inner loop, satisfy property (B){(,, then
we show that for a new addition 7; to set Sk, property (B)%, is also satisfied.

Consider the initialized set Sk’ of non-terminals 7; constructed at step 11.4.

If 7; is of L-form, where T; — @V T; — T}, T; € Zgs, then with a positive probability
non-terminal 7; immediately either does not generate a child at all or generates a child
of non-terminal T; € Zg/, for which we already know that (B)f(, holds. Clearly, this
also results in (B)*, being satisfied.

If, for some subset K" C K', T; € Sgn, then Vo € ¥ : Pr%- [quK//ReachE(Tq)] >0
(i.e., property (B)i). But, Vo € ¥ Prd[U,cxr Reach®(T,)] > Pre|U, e g Reach®(T,)]
> 0, so property (B)g(, also holds. Note that if, for some subset K" C K’, T; € Zg», then
T; € Zgr and so already T; € X.

And if T} is a target non-terminal in set K’, then due to not being added to set Dy’ in
step IL.1. it follows that: (1) if of L-form, it generates with a positive probability a child
of a non-terminal 7j € Sgr UZy , for which (B)é, “holds; (2) if of M-form, irrespective
of the strategy it generates a child of a non—termi_r;al T;eS KU ZK’_,» for which again
(B)}{, “holds; (3) and if of Q-form, it generates two children of non-terminals 7}, 7,
for v&:lllich no matter how we split the rest of the target non-terminals in set K’ ; (into

subsets K7, C K’ ; and K’ ; — Kp), either (B){Q holds or (B)%, X, holds. In other words,
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a target non-terminal 7; in the initial set Sxs has no strategy to ensure that the rest of
the target non-terminals are reached with probability 1 (the reasoning behind this last
statement is the same as the arguments in (i) - (iii) below, since for a starting (target)
non-terminal 7;: V6 € W@ Pr7[N,cx Reach(Ty)] = Pri[Nyex:  Reach(Ty))).

Observe that by the end of step I1.4. all target non-terminals 7,,q € K’ belong
either to set Dgs or set Sg7. Now consider a non-terminal 7; added to set Sg/ in step

IL.5. during some iteration of the inner loop.

(i) Suppose 7; is of L-form. Then 7; — T}, T; € Sk’ U Zgs, where property (B){(,
holds. So regardless of the strategy ¢ for the player, there is a positive probability
to generate a child of the above non-terminal T;, where Pr% [Ugex’ ReachB(Tq)]
> 0. Let h:= T;(u,T;). But note that, Vo € ¥: Pri[U ek ReachC(Tq)] > pij-
Pry[Ugex ReachC(Tq)] >0ifand only if Vo e ¥: p; ; 'Pr% [Ugex’ ReachB(Tq)]
> 0, where p; ; > 0 is the probability of the rule 7; pl—]> T;. And since the latter
part of the statement holds, then the former (i.e., property (B) 5(,) is satisfied.

(ii) Suppose T; is of M-form. Then Va € T : T; % T;, Tj € S UZgr. So irrele-
vant of strategy G, starting in a non-terminal 7;, the next generation surely con-
sists of some non-terminal 7; such that Vo € ¥ : PV% [Ngexr Reach(T,)] < 1.
Clearly, Vo € ¥ :  Pry[Ngex Reach(Ty)] < max(r.es,,uzq 115
Pr%(ujj)[ﬂqu/Reach(Tq)] <1 (i.e., property (B)},) if and only if Vo € ¥ :

Max(r,es,,Uz, |17} P17, [Ngex’ Reach(Ty)] < 1, where the latter is satisfied.

(iii) Suppose T; is of Q-form (i.e., 7; L T;T,). Then T;, T, € Sg' UZg, i.e., both (B);;,
and (B)%, are satisfied. We know that:

1) Neither of the children can single-handedly reach all target non-terminals
from set K’ with probability 1. That is, Vo € \P, Pr% [Ngex Reach(T,)] < 1
and Pr§. [Nyex Reach(T,)] < 1.

2) Moreover, since T; was not added to set Dgs in step IL.1., then VK; C K’
(where Kj # 0) either (B){(L holds (i.e., Tj & Fg,) or <B);<’—KL holds (i.e.,
T, & Fxr_k,), i.e., either Vo € ¥ : Pr% [(Ngek, Reach(Ty)] < lorVo e ¥:
Pr% [ﬂqu/,KL Reach(Ty)] < 1.

Let by :=T;(1,T;) and h, := T;(r,T,,). Notice that for any strategy ¢ € ¥ and for
any ¢' € K', Pri[Ugex ReachE(Tq)] > Prg. [ReachC(Tq/)] = Prj, [ReachU(Tq/)] :
Prg [Reach®(T,)].
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We claim that Vo € W : Ve Pr, [Reach®(T,)] - Pr§ [Reach®(T,)] > 0. But
for any ¢ € K’ and for any 6 € ¥ one can easily construct ¢’ € ¥ such that
Pr% [ReachE (1)) = Pr,‘l’l/ [ReachE (T,)] and similarly for non-terminal 7,. So it fol-
lows from the claim that Vo € ¥': Vg Prj) [Reach®( ;)] Pry [ReachE(Tq)] >0
and, so that Vo € ¥ 1 Pr[U,cx Reach®(T,)] > 0 & Prg |, cx Reach(T,)] < 1.

Suppose the opposite, i.e., assume (P) that 36" € ¥': A epr Pr%/_ [ReachE(Tq)] .
Pr%, [ReachC(Tq)] = 0. Now for any ¢ € K, by statement 2) above, we know
that T; € Fiy VT, & FK/_q and T & FK/_q VT, & Fi4. First, suppose that in fact for
some ¢’ € K’ it is the case that Tj & Fiyy AT, € Fiyy (ie., Tj € Sigy UZigy ATy €
Sy UZig))- Thatis, Vo € W' Pr% [ReachE(Tq/)] >0and Prg, [ReachE(Tq/)] >0,
where our claims follows directly (hence, contradiction to (P)). Second, suppose
that for some ¢’ € K’ it is the case that T; & Fyr /AT, & Fyr (e, Tj € Sg U
Zg N T, €Sk UZg ). But then T; woulci qhave been ;Zlded to set S Kfif at
steb I1.5.(c) whe;lq const;gcting the answer for subset of targets K’ 7 Howg]ver,
we already know that 7; € (g g Fx» (follows from steps I1.3 and I1.4. that

T; & Ugrcx (Sg» UZgn)). Hence, again a contradiction.

Therefore, it follows that for every g € K’, either T ¢ Fg AT ¢ FKLq or T, ¢
F AT ¢ FKLq- And in particular, the essential part is that Vg € K’, either T} ¢
Figy or T, & Fygy. That is, for every g € K, either Vo € P Pr% [ReachE(Tq)] >
0, or Vo € ¥: Prg [ReachE(Tq)] > 0. But then, combined with assumption
(P), it actually follows that there exists a subset K" C K’ such that 30’ € ¥ :
Ngexr Pr%/ [ReachC(Tq)] =0 A Njek—kv Pr‘T’; [ReachU(Tq)] = 0. And by Proposi-
tion 2.2(1.), it follows that there exists a ¢’ € ¥ such that Pr%/ [Ngexr Reach(T,)] =
1 /\Pr%/, [Ngex'—k» Reach(Ty)] = 1, i.e., Tj € Fgr_gn AT, € Fgn, contradicting the
known facts 1) and 2). Hence, assumption (P) is wrong and our claim is satis-
fied.

Now consider any non-terminal 7; that is added to set Sk in step II.10. at some
iteration of the inner loop (i.e., T; € Yg := X — (Sgr U Fgr) C Zg+). Since non-terminal

T; has not been previously added to sets D, Sk or Fx, then all of the following hold:

(1) i K

(2.) if T; is of L-form, then a non-terminal 7; generates with probability 1 a non-
terminal which belongs to Yy (otherwise 7; would have been added to sets Sk

or Fg: in step IL.4, IL.5. or I1.9., respectively);
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(3.) if T is of M-form, then Va € IV : T; % T, Ty & Fxr UDgs (otherwise T; would
have been added to sets Dk or Fg in step I1.2. or step I1.9., respectively), and
dd el T, a—l> T;, T; Skt UZg, i.e., Tj € Y (otherwise 7; would have been
added to set Sk in step 11.5.); and

(4.) if T; is of Q-form (T; i> T; T,), then w.lo.g. Tj € Yg and T, € (Ygr U Sk U Zgr)
(as T; has not been added to the other sets in steps I1.2., IL.5. or I11.9.).

Due to the statements (2.) - (4.) above, notice that the dependency graph G does
not contain outgoing edges from set Yxs to sets Dgs and Fg/. So any SCC in subgraph
G[X — Sk], that contains a node from set Y-, is in fact entirely contained in subgraph
G[Yx'].

Furthermore, one of the following is the reason for a Q-form non-terminal 7; € Y

(T; i> T; T;) not having been added to set F- at the initialization step I1.8.:

(4.1.) either 7; does not belong to any of the sets H,,q € K’. So, from step IL.7., T, €
Z,) forevery g € K’ (recall from property (4.) that w.l.o.g. Tj € Yx C Zg C
Z{q}, Vg € K’),

(4.2.) or T; does belong to some set H,/,q' € K’, but if T; belongs to a strongly connected
component C' in G[Y/], then 3¢” € K’ such that Hyy NC' = 0.

We can treat the Q-form non-terminals with property (4.1.) as if they have only
one child (namely the child of non-terminal 7}), since the other child (of non-terminal
T,) does not contribute to reaching, even with a positive probability, any of the target
non-terminals from set K.

We need to show that for every non-terminal 7; € Yx property (B)%, holds, i.e.,
Vo €W Pri[Nek Reach(Ty)] < 1.

From standard algorithms about SCC-decomposition, it is known that there is an
ordering of the SCCs in G[Yx/|, where the bottom level in this ordering (level 0) consists
of strongly connected components that in the induced subgraph G[Yx/] have no edges
leaving the SCC at all, and for further levels in the ordering of SCCs the following is
true: SCCs or nodes not in any SCC, at level ¢+ > 1, have directed paths out of them
leading to SCCs or nodes not in any SCC, at levels < z. We rank the SCCs and the
independent nodes (not belonging to any SCC) in G[Yx/] according to this ordering,
denoting by Y,, t > 0, the nodes (non-terminals) at levels up to and including 7, and

use the following induction based on the level:
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— For the base case: for any SCC, C, at level O (i.e., C C YI?,), clearly for any non-

terminal 7; € C, 36 € ¥ Pr7[N ek Reach(Ty)] = 1 if and only if H,NC #
0, Vg € K'. But, by property (4.2), there is no such component C in G[Yy] that

contains a Q-form non-terminal from each of the sets Hy, g € K'.

As for the inductive step, assume that for some ¢ > 1 for any T, € Y}{,_l, Vo €

W Pry[Ngek Reach(Ty)] < 1, ie., (B)y, is satisfied. Let 6 be an arbitrary
strategy fixed for the player. For a SCC, C’, at level ¢ > 1, let w denote the path
(in the play), where w begins at a starting non-terminal 7; € C’ and evolves in
the following way. If the current copy o on the path w is of a L-form or a M-
form non-terminal 7; € C’, then w follows along the unique successor of o in
the play. And if the current copy o on the path w is of a Q-form non-terminal
T; € C' (T; 1 Ty T,, where w.l.o.g. Ty € C'), then w follows along the child
of non-terminal 7. (Note that 7, ¢ C', since we already know from (4.) that
Ty €Yy CZg C Z{q}, Vg € K’, and so if T, € C' C Y then property (4.2.) will
be contradicted.) If the current copy o on the path w is of a non-terminal not
belonging in C’, then the path w terminates. Denote by [JC’ the event that path
w is infinite, i.e., all non-terminals observed along path w are in C’ and path w

never leaves C’ and never terminates. Then for any starting non-terminal 7; € C':

Pry, [qD{/Reach(Tq)} = Prg [(qg{/Reach(Tq)) N DC’}

+ Prg. [( N Reach(Tq)) O—DC'} = Prg [( N Reach(Tq)) ﬂﬁDC’}
qEK/ qul
Observe that Prg[(N,ex Reach(T,)) NOC'] = 0, due to statements (1.) and
(4.2.).

By property (3.) and also due to the ranking of SCCs and nodes in G[Yg/|, if
path w terminates, then it does in a non-terminal 7, € Sgr U Zgs U Y[’(,_l. Also
due to properties (1.) - (4.) and (4.2.), in the case of event —[JC’ occurring, all
the targets in set K’ are reached with probability 1, starting in 7; € C’, if and
only if they are all reached with probability 1, starting from such a non-terminal
T, € Sy UZg U YI’(Tl. To see this, note that for any of the Q-form non-terminals
T;eC (T; LN Ty T,, where wlo.g. Ty € C'), T, & Fg forany g € K’ (otherwise,
if T, € Fyy for some ¢’ € K', then since 7; was not added to set Dk at step
IL.1., it follows that T & FKLq/’ e, Ty € SK’,qr UZK;/, and hence by step (4.)
of algorithm already T € Sgs U Zgs, which contradicts that T € C' C Ygr). So
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none of the targets in set K’ is reached with probability 1 (but it is possible with

a positive probability) from a non-terminal spawned off of the path w.
It follows that for a starting non-terminal 7; € C’:

3o’ €W Prg [( N Reach(Tq)> mﬂc’] — 1 if and only if
qeK’

/
Jo" e ¥ max Prg Reach(T,)| =1
T, q
(TeSgUzZg UYLy | IT€C beli: T3 T,) g€k’

The right-hand side of this statement is clearly not satisfied since we already

know that 7, € Sgr UZgr U Ylt(,_1 satisfy property (B)}).

So it follows that Vo' € W' i Prg [,cxr Reach(T,)] = PrS [(Nyex: Reach(T;)) N
-0C'] < 1.

As for nodes (non-terminals) 7; € Yy, at level #, that do not belong to any SCC,
using a similar argument, Vo € ¥': PrZ[N,cx Reach(Ty)] < 1.

By this inductive argument, it follows that for any non-terminal 7; € Yx and for any

strategy © € Wi Pr7[, ek Reach(Ty)] < 1, i.e., property (B)%. is satisfied. O

Now we show that for non-terminals 7; € Fxs, when the inner loop for subset K’ C K
terminates, the property (A)é(, is satisfied. We will also construct a witness strategy,
under which this property holds for each non-terminal 7; € Fx/. Since we have already
proved it for non-terminals in set Dk, in the following Lemma we refer to the part of

set Fxr not containing set Dy, i.e., to set Fgr = X — Skr.

Lemma 4.10. Every non-terminal T; € Fy' satisfies property (A)é{,.

Proof. For the rest of this proof denote by FI((), the initialized set at step I1.8. Let us
first observe the properties for the non-terminals 7; € Fg» = X — Sg. None of the non-

terminals is a target non-terminal from set K’, i.e., i € K'. If T; is of L-form, then:

(L) anon-terminal 7; generates with probability 1 as offspring some non-terminal

belonging either to set Fxs or to set Dgr.
If T; is of M-form, then Va € T : T; % T, T; & Dy and:
M) Ja* €T : T, 5 T}, T € Fy.
If 7; is of Q-form (i.e., T; LN T; T,), then T}, T, ¢ Dy and:

(Q.0) if T; € Fy,, 3 € K’ such that w.lo.g. Tj € Fxr AT, € Zp gy,
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(Q.1) otherwise, w.l.o.g. Tj € Fx.

(B) Let us recall that for every g € K, there is a deterministic static strategy G/{q} for

the player and a value by, > O such that, starting at a non-terminal 7, € Z{q},

Pry" [Reach(T,)] > byy). Let b:=minge {b)} > 0.

We construct now the non-static witness strategy Gk for the player in the following
way. In each generation, there is going to be one non-terminal in the generation that is
declared to be a “queen” and the rest of the non-terminals in the generation are called
“workers” (we will see the difference between the two labels, especially in the choices
of actions). Suppose the initial population is a non-terminal 7, € Fg, declared to be
the initial queen.

Consider any finite ancestor history £, that starts at the initial non-terminal 7, € Fg
and all non-terminals in / belong to set Fx/. Let o denote the non-terminal copy at the
end of the ancestor history 4. If o is a queen of some L-form non-terminal 7;, then from
statement (L) we know that in the next generation the single generated successor child
0’ is of some non-terminal 7; € Fxs UDg:. If Tj € Dy, then we use at o’ and its subtree
of descendants the randomized non-static witness strategy from property (A);'{, as if the
play is starting in o’. If Tj € Fgs, then we label o’ as the queen in the next generation
and use the same strategy Ok (that is currently being described) at it. If o is a queen
of some M-form non-terminal 7;, then Gk chooses at o uniformly at random among
actions a* from statement (M) and, hence, in the next generation a single child o’ of
some non-terminal 7j € Fg» will be generated. Again o’ is declared to be the queen in
the next generation and the same strategy Ok (currently being described) is used at it.
If 0 is a queen of some Q-form non-terminal 7; (i.e., T; i> T; T)), then there are two

cases for the two successor children o’ and o” of non-terminals 7} and T}, respectively:

e either property (Q.0) is satisfied, i.e., 7; € FI?,, and Tj € Fx' NT, € Z{q}, for some
target ¢ € K'. Then, in the next generation, we declare o’ to be the queen and use
the currently described strategy 6 for it. As for the child o”, it is declared to be
a worker and the strategy used at the entire subtree, rooted at 0", is some strategy
Gf{q,} (from statement (°B3)), where ¢’ € K’ is chosen uniformly at random among
all targets ¢ € K’ such that 7, € Z{q}. The randomization in the strategy of the
worker is needed, since non-terminal 7; can belong to more than one set H,, i.e.,

T, can belong to more than one set Zy ;.
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e or property (Q.1) is satisfied, i.e., T; € Fx —FI?, and w.l.o.g. T; € Fgr. Then, in
the next generation, the child o’ is again declared to be the queen and the same
strategy Ok is used for it, whereas the child o” is again labelled as a worker,
but the strategy for it is irrelevant and so an arbitrary one is chosen for its entire

subtree of descendants.

That concludes the description of strategy ox. Now we need to show that, indeed, the
randomized non-static strategy Ok is an almost-sure strategy for the player, i.e., that
forany T; € Fyg : Pr%_"' [Ngek' Reach(Ty)] = 1.

As previously stated, F; 1(()/ is the initial set Fg- at step I1.8. Also let Ty, T,, ..., T, be
the non-terminals in set Fgr — F, 1(()/ indexed with respect to the time at which they were
added to set Fr at step I1.9. Let y:= max;c|, IT"| and let A be the minimum of % and
the minimum rule probability in the OBMDP.

Starting at a non-terminal 7, € Fg/, consider the sequence of queens. We claim that
from any queen with a positive probability > A" in the next < n = |V| generations we
reach a Q-form queen of a (specific) non-terminal in set Flg,. To show this, we define,
for each non-terminal T; € Fx», a finite “auxiliary” tree ‘Z;, rooted at 7;, which represents
why 7; was added to set Fx/ (i.e., based on steps I1.8. and IL.9. in the last iteration of
the inner loop before step II.11. terminates the inner loop). If 7; € FI((),, then the tree
7; is constructed of just a single node (leaf) labelled by T;. If T; is of L-form, added at
step IL.9., then T; — T}, T; € Fx (otherwise T; would have been added to set D) and
the tree Z; has an edge from its root (labelled by T;) to a child labelled by 7 (the root
of the subtree ‘Z}), for each such T; € Fg. If T; is of M-form, added at step IL.9., then
the tree 7; has an edge from its root (labelled by T;) to a child labelled by 7 (the root
of the subtree 7}), for every T; such that 3a* € r: T “, T;, T; € Fxr. And if T; is of
Q-form, added at step I1.9., then the tree Z; has an edge from its root (labelled by 7;) to
a child labelled by 7 (from property (Q.1)), which is the root of the subtree 7;.

The “auxiliary” tree, just defined, has depth of at most n, since there is a strict
order in which the non-terminals entered set Fx,. Now observe that, if we consider
any generation of the play, assuming that the current queen (in this generation) is of
some non-terminal 7; € Fg/, it can be inductively shown that with a positive probability
(at least A™) in at most n generations the sequence of queens follows a specific root-
to-leaf path in 7;. That is because if we are at a queen of a L-form non-terminal 7;
(respectively, in node labelled by T;, which is the root of tree 7;), then in the next
generation with probability > A the successor queen is of non-terminal T € Fgs, which

is a child of the root of 7; and is also itself the root of 7. And if we are at a queen
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of a M-form non-terminal 7}, then in the next generation (due to the fixed strategy o)
with probability > 1/|T/| > 1/y > A the successor queen is of a non-terminal Tj, € Fx,
which is a child of the root of 7; and is also the root of 7;,. And if we are at a queen of
a Q-form non-terminal 7}, which is not a leaf in this “auxiliary” tree, then in the next
generation with probability 1 the successor queen is of a non-terminal 7, which is the
root of Ty and the unique child of the root of 7;. Since the depth of the “auxiliary”
defined tree is at most n, then with probability > A", from a current queen of some
non-terminal 7; € Fgs, in the next < n steps we arrive at a specific leaf T, of the tree ‘7,

i.e., a queen of non-terminal 7, € F?, is generated.

If somewhere along the sequence of queens, a queen of a L-form non-terminal
happens to generate a non-terminal in set Dgs, then the sequence of queens is actually
finite. Therefore, if the sequence of queens is infinite, since it has to follow root-to-leaf
paths in the defined “auxiliary” tree, then it follows that with probability 1 infinitely

often a queen of a Q-form non-terminal in set F 18, is observed.

Now consider any ¢ € K’ and any Q-form non-terminal 7, € F ,?, M H,. Since in the
subgraph of the dependency graph, induced by X — Sx = Fg (i.e., G[Fx’]), node T, is
part of a SCC that contains at least one node (non-terminal) from each set H,,q' € K',
then, along the sequence of queens, from a queen of non-terminal T, for any ¢’ €
K’ there is a non-terminal 7,, € FKO, M H, that can be reached as a queen, under the
described strategy Gk, in at most n generations with a positive probability bounded
away from zero (in fact, > A"). Note: There is a positive probability, under strategy
Ok, to exit the particular SCC of 7,. However, under g and starting at any non-
terminal 7, € Fgs, almost-surely the sequence of queens eventually reaches a queen
whose non-terminal is in a SCC, C”, in G[Fg/] which can only have an outgoing edge
to set Dg and where, moreover, for each target in K’ there is a branching (Q-form)
node in C” whose “extra” child can hit that target with a positive probability (bounded

away from zero).

Hence, starting at a non-terminal 7, € Fxs and under strategy Gk, the sequence of
queens follows root-to-leaf paths in the defined “auxiliary” tree and, for each ¢ € K’, in-
finitely often a queen of a Q-form non-terminal from set H,, is observed. And each such
queen generates an independent worker, that reaches the respective target non-terminal
T, in a finite expected number of generations with a positive probability bounded away
from zero (due to the uniformly at random choice over strategies from statement (°}3),
for each worker, and due to the fact that the value b > 0 from statement (*}3) does not

depend on the history or the time when the worker is generated). And, more impor-
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tantly, since the Q-form non-terminals from the sets F[g, NH, (g € K") form SCCs in
G[Fy|, then collectively the independent workers (under their respective strategies)
have infinitely often a positive probability bounded away from zero to reach all target
non-terminals from set K’ in a finite expected number of generations (by Claim 4.11
and by the fact that each independent worker has probability > % to reach the respec-
tive target non-terminal in finite expected number of generations). Hence, all target

non-terminals from set K’ are reached with probability 1. [

This completes the proof of Theorem 4.7 and the analysis of the almost-sure algo-
rithm. The proof of Lemma 4.10 describes how to construct, for any subset K’ C K, the
witness strategy g for the non-terminals in set Fx/. These non-static strategies Gk are
described as functions that map finite ancestor histories belonging to the controller to
distributions over actions available for the current non-terminal of the ancestor history,

and can be described in such a form in time 4% - |/‘?l|0(1). [l

Recall that we denote by A the minimum of
ability in the OBMDP.

—L___ and the minimum rule prob-
max;e |, |I"|

Claim 4.11. Ifthe sequence of queens is not finite, the expected number of generations,
starting at a non-terminal T, € Fxr — Dk and under the strategy Gk constructed in the
proof of Lemma 4.10, to observe at least one queen of some non-terminal in each of

the sets Hy, g € K', is < i - (Ink+1).

Proof. Fix strategy 6/, constructed in the proof of Lemma 4.10 above. As mentioned
in the proof of Lemma 4.10, from a copy of any non-terminal 7; € Fgs — Dk, any
particular Q-form non-terminal in set F I?, is reached with probability > A" in the next <
n generations. Alternatively, for any 7; € Fx» — D, with probability > A" the sequence
of queens in the next < n generations of the play follows a specific root-to-leaf path in
the associated “auxiliary” tree 7;, defined in the proof of Lemma 4.10.

Let Y¥,, be a random variable, denoting the number of such root-to-leaf paths (each
of length at most n) in the infinite sequence of queens, having already observed at
least one queen of a Q-form non-terminal from w — 1 different sets (H,, | g; € K', t €
[w—1]), to observe a queen of a Q-form non-terminal of a new set Hy, ¢’ € K’ (i.e.,
q # q:,Vt € [w—1]). Notice that each Y,, is a geometric random variable and let p,,
denote the associated parameter with random variable ¥,,. For [ = |K'|, Y =Y/ _, ¥, is
the total number of root-to-leaf paths in the infinite sequence of queens to observe at

least one queen of a non-terminal from each of the sets H,, g € K’, under strategy og/
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and starting at some non-terminal 7, € Fx» — Dgs. Informally, note that if we think of
the sets H,, g € K’, as [ coupons that are to be collected, then this is indeed the famous
coupon collector’s problem.

Denote by p,, the probability of observing a queen in the next < n generations of
a Q-form non-terminal from any one of the w — 1 “collected” sets H,, (¢; € K, t €

[w—1]). Then clearly:
N<p, & pp<1-=-\"Y w>2

where to recall A" € (0, 1) is the least probability of observing a queen in the next < n
generations of a particular Q-form non-terminal from a particular set Hy, g € K', i.e.,
the least probability of a specific root-to-leaf path in the “auxiliary” tree. Note that the
inequality is true only for w > 2 and that p; = 1. Then E[Y,,] = }% > 1+N“ for w > 2,
and so:

E[Y]—XZ:E[Y]>1+ZI: L _=v
R S BV U T

For the upper bound on the expectation, notice that each set H,, ¢ € K’, has

cardinality > 1. Then it follows that p,, > (I —w+ 1)A", for w > 1, and so that
E[Y,] =1 < —L - Then:

pw — ([—w+DA"
l l
1 1 1 Hl Hk Ink+1
ElY| < - = LA G
[ ]_Wz_"l(l—w—kl)k” X”WX_"IW AT T AN A

The claim follows from the fact that a root-to-leaf path in the “auxiliary” tree is of
length at most n.

Note that A > 2—poly(|A]) Then, assuming the sequence of queens is infinite, the
expected number of generations, starting at some non-terminal 7, € Fgr — Dk and
under the strategy 6k constructed in the proof of Lemma 4.10, to observe at least one
queen of a Q-form non-terminal from each of the sets H,, g € K, is < 2roly(|A)) .y .

(Ink+1), i.e., can be exponential in the size of 4. O

4.5 Further cases of qualitative multi-objective reacha-
bility

In this section we present algorithms for deciding some other cases of qualitative multi-
objective reachability problems for OBMDPs, involving certain kinds of Boolean com-
binations of qualitative reachability and non-reachability queries with respect to given

target non-terminals.
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?
451 JoeW¥W: A\, Pri[Reach(Ty)] <1

Proposition 4.12. There is an algorithm that, given an OBMDP, 4, and a set K C [n] of
k = |K| target non-terminals, computes the set F := {I; ¢ V | dJo € ¥ :
Ngek Pri.[Reach(T,)] < 1}. The algorithm runs in time k - 14|°") and can also com-

pute a randomized static witness strategy G for the non-terminals in set F.

Proof. First, as a preprocessing step, for each ¢ € K we compute the set W, := {T; €
V]do,eV¥: Pr%q [Reach(T;)] < 1}, together with a single deterministic static strategy
0, that witnesses the property for every non-terminal in set W,. This can be done in
time k - |,‘Zl]0(1), using the algorithms from [ESY 18, Proposition 4.1 and Theorem 9.3]
for each target Ty, g € K.

Then the Proposition is a direct consequence from the following Claim.

Claim 4.13. F = (,cx W,

Proof. In order to prove the claim, we show the following: T; € (,cx Wy if and only if
do'eV¥: /\quPr%_/[Reach(Tq)] <L

(«=.) Suppose T; & Nyex Wy i-€., T € Uyex Wy, where W, :=V — W, for each g € K.
Then there exists some ¢’ € K such that ; € W, i.e., Vo € ¥ Pri[Reach(Ty)] = 1.
Clearly, this implies that Vo € W1 /g Prg.[Reach(T;)] = 1.

(=.) Suppose that 7; € ﬂqe x Wy. Recall that for each g € K there is a deterministic
static witness strategy G, for the non-terminals in set W,. Let ¢’ be a randomized static
strategy for the player defined as follows: in every non-terminal T; of M-form, let ¢/
choose uniformly at random among the actions assigned to 7 in each of the determinis-
tic static strategies 04, ¢ € K. Hence, for each g € K, there is a positive probability that
strategy ¢’ imitates strategy 6,,. Then, for each target non-terminal 7, (¢ € K), under ¢/

and starting at a non-terminal 7; € (,cx Wy, it follows that Pr%/ [Reach(T,)] < 1. O

The randomized static witness strategy ¢ for the non-terminals in set F' is precisely

the strategy 6’ constructed in the proof of the Claim above. [

?
452 JoeW¥W: Pri[NsexReach(Ty)] <1

Proposition 4.14. There is an algorithm that, given an OBMDP, 4, and a set K C [n] of
k = |K| target non-terminals, computes the set F = {I; ¢ V | 3o € ¥ :
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Pri[Ngex Reach(Ty)] < 1}. The algorithm runs in time k - 14/°M) and can also com-

pute a deterministic static witness strategy G for a given starting non-terminal T; € F.

Proof. First, as a preprocessing step, for each ¢ € K we compute the set W, := {T; €
V|do,eV¥: Pr%q [Reach(T;)] < 1}, together with a single deterministic static strategy
0, that witnesses the property for every non-terminal in set W,,. This can be done in
time k - |/‘Zl|0(1), using the algorithms from [ESY 18, Proposition 4.1 and Theorem 9.3]
for each target T, g € K.

Then the Proposition is a direct consequence from the claim that F' = (J,cx W,. To
see this claim, note that 7; € U,cx W, if and only if there exists o’ € ¥andsome g€ K
such that Pr%/ [Reach(T;)] < 1 (by definition of the W,, ¢ € K sets). Then the claim
follows directly from Proposition 2.2(2.).

For each T; € F, select some g € K, such that T; € W,, and, starting at a non-terminal

T;, let the witness strategy ¢ act exactly as the deterministic static strategy G,. U

Consider the following two examples of OBMDPs consisting of non-terminals
{M,T,T',L,R|,R,} and target non-terminals R; and R,. M is the only controlled non-
terminal. The examples provide a good idea of the difference between the objectives

in Propositions 4.12 and 4.14.

Example 4.2.
a 1 1/2
M—=T T — LR L— o
1/2
M7 7" LR R, L2 R,

There exists a deterministic static witness strategy o’ such that Prl?,,/ [Reach(R;) N
Reach(R;)] < 1, namely, starting at a non-terminal M, let the player choose deter-
ministically action a. Thus, the probability of observing both target non-terminals
in the generated play (tree) is 1/2. However, notice that for any strategy o, start-
ing at non-terminal M, target non-terminal R; is reached with probability 1. That is,
Vo €W Vyeqi ) Priy[Reach(Ry)] = 1.

Example 4.3.
M&T T L LR, L5

ML "L LR, L-'5R,
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There exists a static strategy 6 such that Agcqy 2y Pr[Reach(R,)] < 1, but the
strategy needs to randomize, otherwise a deterministic choice in non-terminal M will
generate a target non-terminal immediately in the next generation. Note that the same
strategy o’ (although a deterministic one suffices) also guarantees Prff,ll [Reach(R}) N
Reach(Ry)] < 1.

?
453 JoeW: A,k Pri[Reach(T;)] >0

Proposition 4.15. There is an algorithm that, given an OBMDP, 4, and a set K C [n] of
k = |K| target non-terminals, computes the set F := {T; € V | 3o € ¥ :
Ngek Prz.[Reach(Ty)] > O}. The algorithm runs in time O(k - \V|?) and can also com-

pute a randomized static witness strategy G for the non-terminals in set F.

Proof. First, for each g € K, we compute the attractor set of target non-terminal 7;, with
respect to the dependency graph G = (U,E), U =V, of 4. That is, for each ¢ € K, we
compute the set Attr(T,) as the limit of the following sequence (Artr,(T;) | t > 0):

Attro(Ty) = {14}
Attr(Ty) = Attr;1(T,) U{T; € V | 3T; € Attry_1(Ty) s.t. (T;,Tj) € E}

In other words, Attr(Ty) is the set of nodes in G (or equivalently, non-terminals in )
that have a directed path to the target node (non-terminal) 7}, in the dependency graph
G. For each g € K, such a set can be computed in time O(|V|?). So all k attractor sets
(one for each target non-terminal 7,,,q € K) can be computed in time O(k - |V |?). The

Proposition is a direct consequence from the following Claim.

Claim 4.16. F = (g Artr(T,).

Proof. To prove the Claim, we need to show that T; € (,cxAttr(T,) if and only if
36’ € ¥ Ayex PrS [Reach(T,)] > 0.

(<= .) Suppose that T; & ,ex Attr(T,), i.e., there exists some ¢' € K such that T; ¢
Attr(Ty). This implies that in the dependency graph G there is even no path from 7; to
Ty . Therefore, regardless of strategy o for the player, Prf.[Reach(T;)] = 0 and hence,
Vo eW: V ek Pri[Reach(T,)] = 0.

(= .) Suppose that T; € (,cx Attr(T;). Let 6’ be the randomized static strategy such
that in every non-terminal 7; € V of M-form it chooses uniformly at random an action

among its set of actions I'V. For each ¢ € K, in the dependency graph G there is a
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directed path from 7; to T,. Then under the described strategy ¢’, starting at a non-
terminal 7;, there is a positive probability to generate any of the target non-terminals
{T, | g € K}, because there is a positive probability for a path in the play (tree) to

follow the directed path in G from T; to T, for any g € K.

1
max je(y) |1"j |

probabilistic rules of 4. Then, in fact, for each ¢ € K, under ¢’ there is a probability

Denote by A the minimum of and the minimum probability among the
> A" to generate a copy of target non-terminal T, in the next < n generations, i.e.,
Agek PrS [Reach(T;)] > A" > 0. O

The randomized static witness strategy ¢ for the non-terminals in set F is the strat-

egy o' constructed in the proof of the Claim above. [l

?
454 Jo€¥: PriN,cxReach®(T,)|A{0,1}

Now let us consider the qualitative cases of multi-objective reachability where for a
given OBMDP and a given set K C [n] of target non-terminals, the aim is to compute
those non-terminals 7; € V such that 36 € ¥ : Prg[N,c KReachC(Tq)]A{O, 1}, where
A= {<,=,>}

First, due to the fact that the complement of the set (of plays) (,cx ReachB(Tq)
is the set (of plays) U,c x Reach(T;), we give the following Lemma to show that this
complement objective reduces to the objective of reachability of a single target non-
terminal in a slightly modified OBMDP.

Lemma 4.17. There is an algorithm that, given an OBMDP, 4, and a set K C [n]
of k = |K| target non-terminals {T, € V| q € K}, runs in linear time O(|4|) and
outputs another OBMDP, A', with a single target non-terminal Ty, such that for any
T,eVA—{T,eVl|qeKk}= vA — {Ty} and any strategy 6 € P2, there exists a
strategy &' € W7 such that Pr%”q[qu x Reach(T,)] = Pr%/’ﬂ/ [Reach(Ty)).

Proof. Consider the OBMDP, 2, obtained from OBMDP, 4, by adding a new purely
probabilistic target non-terminal 77 with a single rule 7y Lo , removing all target non-
terminals {7, € V2| g € K} and their associated rules, and replacing any occurrence of
a non-terminal T;, € VA, q € K, on the right-hand side of some rule with non-terminal
Ty. Hence, V¥ = (VAU{T}}) — {T, € V| g € K}. Clearly, for any T, € V2, with
q € K and for any 6 € ¥, Pr?f[uqxeKReach(Tq/)] = 1. Also, for Ty € V* and for
any o’ € ¥7, Pr%:”q, [Reach(Ty)] = 1.
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Observe that for any play (tree) 7 in A4, there is a play 7’ in 4’ such that any copy
o of a non-terminal 7, € VA, g € K, in 7T is replaced in 7’ by a copy of non-terminal
Ty and the subtree of descendants of o is non-existent in 7"

Now consider any starting non-terminal 7, € VA —{T, e V| g€ K} = VA — {Tr}.

Let 6 € W72 be any strategy for the player in 4. Define strategy ¢’ € w2 in 2’ in
the following way: for each non-terminal 7; € V& — {Tr}, strategy ¢’ behaves exactly
like o for all ancestor histories ending in 7;, and for non-terminal T} strategy ¢’ acts
arbitrarily in all ancestor histories ending in T since it is irrelevant. Note that, due to
the construction of 4’ and ¢’, if a play (tree) T, generated under strategy ©, belongs to
the set (objective) U,cx Reach(T;) in 4, then in A4’ under ¢’ the corresponding unique
play 7’ (as described above) belongs to the set (objective) Reach(Ty). Furthermore, all
plays 7 in 4 with the same corresponding play 7’ in A" have a combined probability,
of being generated under G, equal to the probability of 7’ being generated under ¢’
in 4'. Hence, Pr%;’q[uqe x Reach(Ty)] = Pr%i”q/ [Reach(Ty)]. But ¢ was an arbitrary
strategy.

For the opposite direction, let 6’ € ¥ pe any strategy for the player in 4. Define
6 € W7 to be the strategy in A such that, for each non-terminal T; € V* — {1, € VA
g € K}, acts the same as ¢ in all ancestor histories ending in 7;; and for each non-
terminal 7;, € VA, g € K, the strategy & acts arbitrarily in all ancestor histories ending
in 7}, as it is irrelevant. Then, for any play 7’ € Reach(Ty) in A’ under strategy o', there
is at least one play 7 € U,k Reach(T;) in A under strategy ©, such that for any copy
of non-terminal 7y in tree T’ there is a copy of some non-terminal T, € VA, geKk,at
the corresponding position in tree 7. But note that the probability of generating 7’ in
A’ under ¢’ is equal to the sum of probabilities of generating all such corresponding
- [Reach(Ty)] = Pr%’q[quKReach(Tq)]. But ¢’

was an arbitrary strategy. [

. o,
plays 7 in A under 6. Hence, Pry.

We now present a Proposition that deals with all four qualitative questions for the

(set of plays) objective (,cx Reach® (T,) for a given set K C [n] of target non-terminals.

Proposition 4.18. There is a P-time algorithm that, given an OBMDP, A4, and a set
K C [n] of k = |K| target non-terminals, computes the set F :={T, €V |do € ¥ :
Pry [ﬂquReachE(Tq)]A{O, 1}}, where I\ :={<,=,>}. The algorithm can also com-

pute a deterministic witness strategy © for the non-terminals in set F.

Proof. We can rephrase the question of whether 36 € ¥ Pr%”q[ﬂ g€k Reach® (T,)] Ax,
where x € {0, 1}, accordingly into the form 36 € ¥ : Pr%”q[quK Reach(T,))Agl —x,
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where Ap is <,=,> if A is >,=, <, respectively. And as a consequence of Lemma
4.17, there exists a modified OBMDP, 4', with a single target non-terminal T such
that 4’ is computable in linear time and the following is true: 36 € W72 : Pr%’ﬂ[uqe X
Reach(T,)|A¢l —x if and only if 36" € SO Pr%/”q/ [Reach(Ty)|Agl — x.

For the case of 1 —x =0, by [ESY 18, Proposition 4.1], there is a P-time algorithm
to compute the set F A" of non-terminals 7; in 4’ and a deterministic static witness
strategy ¢’ € w2 such that 7; € F? are precisely the non-terminals that satisfy the
property Pr%/”q, [Reach(Ty)] A¢0.

For the case of 1 —x =1 and Ag equal to < (respectively, =), by [ESY18, Propo-
sition 4.1 and Theorems 9.3, 9.4], there is again a P-time algorithm to compute the set
F?' of non-terminals 7; in 4’ and a deterministic static (respectively, non-static) wit-
ness strategy ¢’ € WA such that T; € F7 are precisely the non-terminals that satisfy
the property Pr%l”q/ [Reach(Ty)] < 1 (respectively, Pr%l”q/ [Reach(Ty)] = 1).

Now for the qualitative decision questions where tuple (Ap, 1 —x) is equal to (=,0)
or (<,1), let F = F:= F'; and where tuple (Ag, 1 —x) is equal to (>,0) or (=, 1),
let F =FA:.=(F¥ — {T/})U{T, € V| q € K}. By the proof of Lemma 4.17, from the
deterministic (non-)static witness strategy ¢’ € WA in 4’ for the starting non-terminals
from set F we can obtain a corresponding deterministic (non-)static witness strategy
6 € W7 in 4 for the starting non-terminals from set F — {7, € V| g € K}. As for
each non-terminal T, € VA, q € K, let strategy ¢ make deterministically and statically
an arbitrary choice of action from the action set I'? (in the case if T is of M-form),
since if T, € F then strategy is irrelevant at 7, and if 7, € F then the property holds for
any choice of the strategy in 7. [

?
455 JoeW¥: \,cxPri[Reach(Ty)] =0

Proposition 4.19. There is a P-time algorithm that, given an OBMDP, A4, and a set
JoeV¥:

Ngek Pry.[Reach(T;)] = 0}. The algorithm can also compute a deterministic static

K C [n] of k = |K| target non-terminals, computes the set F := {T; € V

witness strategy © for the non-terminals in set F.

Proof. Note that the question of deciding whether there exists a strategy ¢ € ¥ for
the player such that A cx Pri[Reach(T;)] = 0 can be rephrased as asking whether
there exists a strategy ¢ € ¥ such that A cx Prg [ReachC(Tq)] = 1. By Proposition
2.2(1.), we already know that it is equivalent to ask instead whether there exists a
strategy © € ¥ such that Pry, [ﬂquReachC(Tq)] =1. Hence, F={T; €V |Joec¥:
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Pr% [Nge KReachE(Tq)] = 1}. And by Proposition 4.18, there is a P-time algorithm
to compute the set F and to compute a deterministic static witness strategy ¢ for the

non-terminals in set F. O]

We leave open the decidability of general Boolean combinations of arbitrary qual-

itative reachability and non-reachability queries.






Chapter 5
Conclusions and Future Work

In this thesis we have studied two models of infinite-state stochastic processes, namely
Branching Processes and Ordered Branching Processes, where one can naturally view
the latter as a crossover model between Branching Processes and Stochastic Context-
Free Grammars. In particular, OBPs borrow the simultaneous expansion of rules, gen-
eration by generation, from BPs, while also borrowing from SCFGs the fact that there
is an ordering among the children generated by any rule and, hence, an ordering of the

non-terminals in the generated tree.

To sum up the main results, this thesis included the first study of the (single-target)
reachability objective for the concurrent game generalization of BPs. We showed
that BCSGs are determined, i.e. have a value, and showed that computing the non-
reachability values for a BCSG is equivalent to computing the Greatest Fixed Point
of a corresponding system of equations (called a minimax-PPS), by extending known
results for the subclass of BSSGs. We also showed that the qualitative almost-sure
and limit-sure reachability problems do not coincide in the case of branching concur-
rent games, and gave the first polynomial time algorithms for both almost-sure and
limit-sure reachability in BCSGs. The proofs of the algorithms showed how to com-
pute an almost-sure strategy (respectively, a limit-sure strategy for a given desired error
€ > 0) for the player maximizing the reachability probability, or alternatively, a spoiling
strategy for the player minimizing the reachability probability if almost-sure (respec-
tively, limit-sure) reachability is not satisfied. Moreover, in the interest of the study
of the reachability objective for branching processes being complete in this thesis, we
showed that analogous complexity results from past papers on a related line of work
(on Recursive models) apply for reachability in BCSGs, thus showing PSPACE to be

an upper bound for both quantitative reachability decision and approximation ques-

151
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tions for BCSGs and POSSLP to be a lower bound for the quantitative reachability
decision questions for BCSGs (even for the purely probabilistic BPs). These are the
best bounds we know so far. We also showed that computing the optimal reachability
probabilities in a minimizing BMDP (equivalently, computing the GFP of a maxPPS)
is in the complexity class, FIXP, which captures search problems that can be rephrased
as fixed-point problems.

Furthermore, this thesis included the first look on multi-objective reachability on
branching processes, and to be more precise, on the OBPs model. We showed that
qualitative multi-objective reachability (particularly, the qualitative problem of multi-
target reachability) in OBMDPs is in general NP-hard, when the number of given target
non-terminals is unbounded. We also demonstrated that for OBMDPs, unlike in the
case of single-target reachability, the almost-sure and limit-sure multi-target reacha-
bility problems do not coincide and provided algorithms for both problems that are
fixed-parameter tractable with respect to the number k of target non-terminals (i.e.,
that run in time polynomial in the size of the OBMDP and exponential in k). We also
studied for OBMDPs other certain Boolean combinations of qualitative reachability
and non-reachability queries with respect to different given target non-terminals, pro-
viding efficient algorithmic results for their decidability. In the proofs of all the given
algorithms, we showed how to construct the corresponding desired witness strategy for
the player in the OBMDP.

5.1 Open problems & Future work

The following is a list of open problems that are suggested as a follow-up study to the

work presented in this thesis.

1. It remains open the question of how much the PSPACE upper bounds for the
approximation of (non)-reachability values in BCSGs, equivalently approximation of
the GFP of an associated minimax-PPS, can be improved. We do not yet know any

lower bounds for this problem.

2. Furthermore, recall that in Section 3.6 we showed that computing the optimal
reachability probabilities in minimizing BMDPs, equivalently, computing the GFP of
a maxPPS, is in FIXP. We leave open the questions of whether computing the optimal
reachability probabilities in maximizing BMDPs (equivalently, computing the GFP of

a minPPS) and computing the reachability values in BSSGs (equivalently, computing
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the GFP of a min-max-PPS) is also in FIXP, and whether approximating the reacha-
bility values in BCSGs (equivalently, approximating the GFP of a minimax-PPS) is in
FIXP,.

Note that it has been shown in an unpublished manuscript ([ESY14]) that approx-
imating the extinction values in BCSGs (equivalently, approximating the LFP of a
minimax-PPS) is in FIXP,. It is plausible that similar techniques may prove the in-
clusion in FIXP, of the problem of approximating the GFP of a minimax-PPS, but

currently this remains an open problem.

3. The decidability of arbitrary Boolean combinations of qualitative reachability and
non-reachability queries over different given target non-terminals in OBMDPs remains
open. We studied certain cases of the qualitative multi-objective reachability, with the
almost-sure and limit-sure multi-target reachability problems being the most interest-
ing to study and the more important on the journey to a complete analysis of arbitrary

qualitative questions.

Also, it would be interesting to extend the qualitative multi-objective reachability
results, that we provided for OBMDPs, to Ordered Branching Simple (turn-based)

Stochastic Games.

4. Furthermore, we leave open (both the decision and approximation) quantitative
multi-objective reachability questions for OBMDPs. The goal of the quantitative prob-
lem is to optimize each of the respective probabilities that the generated tree satisfies
each of several given reachability objectives. Clearly, there may be trade-offs between
the different objectives. That is, increasing the probability of one of the objectives
may result in decreasing the probability of another objective, or in other words, sat-
isfying one objective with a high probability may result in satisfying another with a
low probability. That is why in the presence of k objectives, one can be interested in
finding vectors of probabilities, p = (p1,p2,...,Pk), such that there is a strategy for
the controller where, for each i € [k, the i-th objective is guaranteed to be achieved
with probability > p;. In other words, one may be interested in computing (or approx-
imating) the trade-off curve (also called the Pareto curve) of optimal probabilities with
which the different reachability objectives can be achieved. To be more precise, the
Pareto curve is the set of all achievable vectors p of probabilities such that there is no
vector p' # p where p’ > p (coordinate-wise). And since it may be computationally

expensive to construct the exact curve, often the focus is on approximating the curve.
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An g-approximation for the Pareto curve is the set P of all achievable vectors such that

for each achievable vector ¢ there is a vector p € P, where (1+¢€)p > 1.

5. For (O)BMDPs with a single target, we have Bellman optimality equations whose
(greatest) solution captures the optimal (single-target) non-reachability probabilities
([ESY18]), but we do not yet have Bellman optimality equations for multi-objective
(non-)reachability. What is more, multi-objective reachability for finite-state MDPs
can be characterized as multi-objective linear programming ([EKVYO08]). But we do
not yet know how to characterize multi-objective reachability for (O)BMDPs as multi-
objective mathematical programming, and we believe this is a very promising approach

to explore. It may also imply complexity bounds for the quantitative problems.

6. We have shown that under the objective of single-target reachability the OBMDP
and BMDP models are equivalent. However, the equivalence is not yet evident under
multi-objective reachability. The reason for this is the following. In the BMDP model
there is no ordering among the children generated by a rule (the set of offsprings in
a rule is a multi-set over the types). Nevertheless, the histories that the controller’s
strategy maps to distributions on actions are entire finite trees, not just information
about the ancestors of a node (i.e., not just what we called an ancestor history). That
is, in BMDPs the strategy has at its disposal the entire finite tree up to the “current
generation” in the process, together with all the actions chosen and probabilistic rules

applied in all previous generations.

Recall that in Section 2.4 we also defined a general strategy for OBMDPs to have
as a history the entire finite tree up to the current generation. There is no “good” or
“suitable” definition of a strategy for the models of branching processes. There are
many variations of the type of history that is provided to the strategy and each one can
bring different advantages and disadvantages to the objectives we study in this thesis.
We have utilized two natural ways to define the notion of a history for the strategy, but
for others there may be another more natural definition. What is interesting in the two
variations of a history that we have provided, is that we already showed that the more
general notion of a history (i.e., strategy having the information of the entire finite
tree up to the current generation) is not more powerful than an ancestor history for
OBMDPs for the (single-target) reachability objective, due to the advantage of having
ordering in the tree. But there is a difference, not investigated yet, for multi-objective

reachability.
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Recall that Example 2.1 showed that the almost-sure and limit-sure multi-target reach-
ability problems in OBMDPs do not coincide. However, if the example is an OBMDP
where the strategy is allowed to have the entire finite tree up to the current generation
as a history, then in that particular example both almost-sure and limit-sure multi-target
reachability is satisfied. That is, there is a strategy that, starting in a non-terminal M,
guarantees to reach both targets Ry and R, with probability 1. To see this, consider
the following deterministic strategy 6’: in every generation ¢ > 0, if Ry has not yet oc-
curred anywhere in the history tree, then for the unique non-terminal M in the current
generation choose (deterministically) action a, yielding a child M and another child A.
(Note that each non-terminal A has a 1/2 chance of having a child R;.) If, on the other
hand, the history tree already contains Rj, then (deterministically) choose action b at
the (at most one) non-terminal M in the current generation. It is easy to check that this
strategy guarantees that both targets R and R, will occur in the play, with probability

1, in a finite expected number of generations.

However, observe that there is no static (not even randomized) almost-sure strategy
for reaching both target non-terminals. If a static strategy puts any positive probability
on action b, then the probability of reaching R; is strictly less than 1. Otherwise, the
probability of reaching R, is 0. (On the other hand, note that there is a family of
limit-sure static strategies: for each € > 0, let G, put probability 1 — & on action a and
probability € on action b. In the limit, as € — 0, the probability of generating both R,
and R; in the play approaches 1.)

We believe that almost-sure and limit-sure multi-target reachability problems do coin-
cide for (O)BMDPs with the more general notion of a history for the strategy (where
the history is the entire finite tree up to the current generation and not just information
about the ancestors of a node), and, in fact, we believe that the algorithm we gave
for the limit-sure case in Section 4.3 is sufficient to be the algorithm for qualitative
multi-target reachability in such (O)BMDPs. However, we should point out that this
is a promising hypothesis to investigate in the future and the problem of qualitative
multi-target reachability in (O)BMDPs with the more general notion of a history for

the strategy remains an open problem.

As you can see from the open problems posed above, the study contained in this

thesis spawns certainly a vast line of further research that can be investigated.
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