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I INTRODUCTION

Flotation separation is a process used in many industries to separate one constituent from
another. Kitchener [1] lists several applications where flotation separation is used. The general
process of flotation separation can be divided into two types: (i) dispersed air flotation and (ii)
dissolved air flotation [2]. Dispersed air flotation is commonly found in mineral processing
(mineral flotation) and paper recycling (flotation deinking). In these processes, relatively large

bubbles are formed by mechanical agitation or sparger air injection. Bubble-particle aggregates



then form between bubbles and naturally or chemically-induced hydrophobic particles. Bubbles
with sufficient buoyant force carry the particles to the surface for removal. Dispersed air
flotation is a selective process in that it separates, for example, hydrophobic mineral or
contaminant particles from gangue or desired fiber in mineral flotation and flotation deinking,
respectively. In contrast, dissolved air flotation is typically found in water clarification, where air
is dissolved into the process stream under pressure. When the pressure is reduced, numerous fine
bubbles come out of solution and float “rafts” of aggregated particles to the surface for eventual
separation. The aggregated particles are typically colloidal in nature and must be flocculated
together before bubble nucleation. Because of this, dissolved air flotation is not considered
selective. In this review, the theory of dispersed air flotation will be discussed and dissolved air
flotation will not be addressed. Therefore, for the remainder of this review, dispersed air flotation

will simply be referred to as “flotation”.

Flotation separation is used extensively in mineral processing and many books [3-7] and review
articles [1,8-12] are available. Flotation deinking is a separation process used to remove ink and
other contaminant particles from reclaimed cellulose fiber. Many reviews of this process are also
available [13-18]. A discussion of the similarities and differences between these two flotation

separation processes can be found in [18-22].

Despite the many differences between mineral flotation and flotation deinking, all flotation cells
operate on similar principles. In modern flotation cells, three separate processes take place in
tandem: (i) aeration, where air bubbles are introduced into the system; (ii) mixing, where bubbles

and particles are intimately mixed to maximize bubble-particle interaction; and (iii) separation,



where bubbles and bubble-particle aggregates are allowed to separate from the bulk mixture and
are skimmed away. The discussion that follows addresses the modeling of this complex process,
and is based on the fundamentals of bubble-particle interaction, aggregate formation, and

aggregate stability.
II FLOTATION MODELING

Crozier [6] states that the simplest flotation study involves more than 25 clearly identifiable
variables, and over 100 different variables should be considered in a full-scale flotation study.
Systematic experimental studies should be completed at high, medium, and low values of each
variable to identify the interactions between variables, but this would lead to 3'®° experiments.
Because experimental studies like this would be very time consuming and costly, a considerable
effort has been made to mathematically model the flotation separation process. However, the
complexity of the overall flotation process has prevented the development of a flotation model

based on first principles.

Based on experimental observations, the flotation separation process is thought to be analogous

to a chemical reactor [8] which can be described by an ordinary differential equation [9]

f
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where ng and nf, are the concentrations of free bubbles and particles, respectively, t is the

flotation time, m and n are the respective orders of reaction, and k' is a pseudo rate constant.
Assuming that the reaction is first order [23-26], and that the bubble concentration is constant
and that the removed particles represent a small volume [9,10], the rate of change of particle

concentration can be assumed to be proportional to the particle concentration

dnf
—L2 = _knf 2
" » (2)

The rate constant, k, must be determined experimentally and accounts for the lumped effects of
the physical, chemical, and surface properties of the system [10]. Many expressions for the rate

constant are available in the literature [3,8-10,23-25,27-31], but the specific value is system

dependent.

In what has become a common assumption in the attempt to develop a model of the flotation
process that is independent of the flotation equipment, the overall macroprocess of flotation
separation is thought to be composed of a series of microprocesses. These microprocesses
include (i) the approach of a particle to an air bubble and the subsequent interception of that
particle by the bubble; (ii) the sliding of the particle along the surface of the thin liquid film that
separates the particle from the bubble, which leads to film rupture; (iii) upon film rupture, the
formation of a three-phase contact between the bubble, particle, and fluid; and (iv) the

stabilization of the bubble-particle aggregate and its transport to the froth layer for removal from



the flotation cell. Each of these microprocesses have probabilities associated with them that they

will successfully occur, and these will be discussed in detail in Section III.

Schuhmann [32] assumed that the individual flotation microprocesses were independent. Schulze

[3,19,21,33] used this idea and has written Eq. (2) in the form

f

d_tp = _ZPoveralln gn; . (3)

where Poverans 1 the overall probability that a stable bubble-particle aggregate will form and be
lifted to the froth layer and Z is related to the bubble-particle collision frequency (to be discussed

in Section IV). The rate constant in Eq. (3) is

k= ZPoverallnfB (4)

The form of Eqgs. (1-3) represents a kinetic- or population balance-type model where the
population of free particles is modeled. These equations suggest that given a long enough
flotation time, all free particles will eventually be removed, which, in practice, may not be

realized.

Bloom and Heindel [34-37] have extended the idea of a population balance model to include a

forward and reverse reaction (i.e., the birth and death of free particles); this model has the form
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where nj represents the concentration of bubbles with attached particles. The first term on the

right-hand side of Eq. (5) represents the successful formation of a bubble-particle aggregate and
its subsequent rise to the froth layer. The second term is a measure of the probability that a
bubble-particle aggregate will become unstable before it reaches the froth layer and split to yield

a “new” free particle. The kinetic rate constants, k; and ko, are positive numbers described by

kl = ZPoverallné (6)

and

kz = Z'Pdestab = Z,(l - Pstab) 7

where Pyeqap is the probability a bubble-particle aggregate will become unstable, P,y is the
probability the bubble-particle aggregate will remain stable, and Z' is the detachment frequency

of particles from bubbles.

A model that employs a system of partial differential equations to model free and attached
particles in the system has been proposed [3,38]; this system accounts for particle advection and

diffusion, as well as particle source and sink terms. Although the coupled general transport



balance equations were presented for free and attached particles, no effort has yet been made to

solve them.
11 FLOTATION MICROPROCESSES

In modeling the flotation process, the overall probability that a bubble-particle aggregate will
form and be carried to the froth layer (Poveran) must be determined. Following Schuhmann [32],
and assuming the individual microprocess probabilities are independent, it is common to

describe Poveranl by
Poverall = 1:‘cPa.sll)tpcPstab (8)

where P, is the probability of bubble-particle collision or capture, P is the probability of
bubble-particle attachment by sliding, Py, is the probability of forming a three-phase contact, and
P is the probability a bubble-particle aggregate will remain stable on its journey to the froth
layer. The exact formulation of Eq. (8) may differ from author to author. Some investigators
imply Py ~ 1 and omit this term from Poveran [20,25,31,39-43]. Equation (8) assumes that once a
bubble-particle aggregate reaches the froth layer, it is removed from the system. A probability

may also be associated with the particle removal from the froth layer and an additional term

could be added to Eq. (8) [27].

As stated in Section I, mixing is used to maximize bubble-particle interactions, and flotation cells

can be assumed to have regions of complex, highly turbulent flows. However, as the distance



separating the particle from the bubble decreases, the flow conditions relative to the bubble-
particle pair are typically idealized and simplified to be that of unperturbed flow [41]. This
allows for considerable simplifications that are universally applied in modeling the flotation

MiCroprocesses.

Models for each microprocess have been developed. Most of these models assume that the
bubble and particle are spherical. In addition, most of the microprocess analyses consider the
interaction of one particle with one bubble. Efforts to include non-spherical particles [44],
multiple particles interacting with a single bubble [45,46], or bubble swarms [45,47], add

additional mathematical complications to the modeling process.

III.A Bubble-Particle Collision

As a particle moves through a flotation cell, it must travel close enough to a bubble for it to be
captured. This process is also referred to as collision or interception. When capture occurs, a
bubble-particle aggregate does not immediately form, it only implies that short-range forces and
thin-film dynamics become significant factors and the second microprocess becomes important.
Only those particles which approach a rising bubble within a streaming tube of limiting capture
radius, R., will collide with a bubble (Fig. 1). The probability of collision or capture (P.) is then

determined as the ratio of the number of particles with R, < Rp within a streaming tube of cross-
sectional area mR? to the number of particles that approach a bubble in a streaming tube with

cross-sectional area m(R; + Re)
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Some authors (e.g., [3,33,41]) assume that R; « Rp and write Eq. (9) as

2
RC
o

Two dimensionless parameters are typically encountered when discussing P, the bubble

Reynolds number (Reg) and the Stokes number (St). They are defined as

Reg =&P_§_d_3_ (11
Hy

and

- ppdrzauB — ReB deg

St >
9u,dg 9p,dp

(12)

where vg is the bubble rise velocity, dg and d, are the bubble and particle diameter, p, and p, are

the particle and liquid density, and p, is the liquid dynamic viscosity. For mineral flotation, 0.1 <
St < 1 is a reasonable assumption, while for flotation deinking, St < 0.1 is more typical. For these

conditions, inertia forces have a negligible effect on the particle motion and the particles are
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assumed to follow the fluid streamlines in the flow field around the bubble (Fig. 1). Hence, the
problem of determining P. is one of identifying the limiting streamline at which the particle will
graze the bubble at 6 = n1/2 in Fig. 1. Three flow types are typically addressed when identifying
Re: (1) potential flow where Reg — o; (ii) Stokes flow where Reg — 0; and (iii) intermediate
flow defined by Yoon and Luttrell [41] where 1 < Reg < 100. If one does not assume that the
grazing trajectory occurs at 6 = n/2 in Fig. 1, then a collision angle 6, must be introduced where
6. is the angle on the bubble surface, measured from the front stagnation point, over which

particle collision is possible. Cases for which 6. # n1/2 have been discussed [48-53].

Heindel and Bloom [54] recently considered long-range hydrodynamic forces that act on a
particle as it approaches a bubble (i.e., the drag, gravitational, and buoyancy forces), as well as
particle settling effects, and developed an exact analytical expression for P.. For the intermediate

flow of Yoon and Luttrell [41], Heindel and Bloom [54] determined that

y (13)

where
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(14)

and

Q
I

(15)

with vy representing the actual particle settling velocity. The only assumptions used in the
development of Eq. (13) were that the bubble and particle are spherical and R, < Rg. The

superscript “int” in Eq. (13) implies this is P for the intermediate flow of Yoon and Luttrell [41].

For Stokes flow around the bubble, Heindel and Bloom determined that [54]

1+|G]

where “st” denotes Stokes flow conditions. It can also be shown that for potential flow, the exact

expression for P is



where “pot” identifies the flow field is potential flow.

If one neglects particle settling effects (i.e., G — 0) and assumes

R, +Rp =Ry

and

then Eq. (13) reduces to

which is the commonly referenced Yoon and Luttrell expression for P [41]. Applying these

same assumptions to Eq. (16), P, for Stokes flow can be approximated as

12

(17)

(18)

(19)

(20)



13
2
R
ps 3 Re @
2( Ry

which is the often cited value for P, for Stokes flow conditions. Making a further approximation

that
2
R R
|« = (22)
Rg Rg
reduces Eq. (17) to the Sutherland result for potential flow [55]

R
PP » 3(—?-) (23)
R B

Nguyen-Van [48] has developed an accurate correlation for P that includes the possibility that 6

< 1t/2. This correlation has the form

w1 (RPT JX+0) +3Y° ~(X+0)

2
R — [\/(X+C)2 +3Y° +2(X+C)] (24)
B .

where
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with g the acceleration of gravity. The superscript “nv” in Eq. (24) associates the P, value with
the work in Nguyen-Van [48]. This correlation for P is rather complicated, but it follows

experimental data very well.

Various P, predictions are compared in Fig. 2 to data obtained by Nguyen-Van [48] for galena
particles. The exact solution for intermediate and Stokes flow bracket the data very well. There is
not a significant difference between these two predictions because the particles are very small
relative to the bubble. Nguyen-Van’s correlation also follows the data extremely well. The exact
potential flow solution significantly over predicts P, and it is well above the P, = 0.03 limit
shown in Fig. 2. Since R;, « Rg for the conditions in Fig. 2, most of the assumptions used to
obtain Egs. (20), (21), and (23) are satisfied. The one assumption that is not satisfied with this
data is a negligible particle settling velocify (due to the large galena density), which implies G =
0 for this system. Therefore, the Yoon and Luttrell [41] prediction significantly under predicts Pe.
The approximate expression for Stokes flow severely under predicts the data. The approximate

potential flow solution is included in Fig. 2, but it greatly over predicts the data. In summary, the
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Nguyen-Van correlation [48] produces the best P, results, but the correlation is very complicated.
The exact analytical solution of Heindel and Bloom [54] for intermediate flow is also a good

predictor of P, and it is easy to use.

III.LB Bubble-Particle Attachment by Sliding

Not all particles that are captured by a bubble become attached. In general, only particles that are
sufficiently hydrophobic (either naturally or chemically-induced) are able to attach themselves to
a bubble through a formation of a three-phase contact [41]. Before the three-phase contact
occurs, the liquid layer between the bubble and particle, which forms as soon as the particle is
captured by the bubble, must thin sufficiently to rupture. This liquid layer is typically referred to
as a liquid (disjoining) film and thin-film dynamics have been used to describe the rupture

process [3,9,25,26,40,56-63].

Upon liquid film formation, the particle begins to slide over the bubble surface and resides on it
for a finite time period, referred to as the sliding time, tq. This sliding process subjects the
disjoining film to a weak surface deformation, which tends to thin the film out and may lead to
film rupture. For bubble-particle attachment to occur during sliding, defined as attachment by
sliding, the contact time of the particle with the liquid film must be greater than the induction (or
drainage) time, t;, of the film up to the point of film rupture. This microprocess has been

identified by some as the most important microprocess in flotation [9,20,56], and it is probably

the most complex and least understood.
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The probability of attachment by sliding, P, is determined from knowledge of the location
where the particle touches the bubble and the sliding process. If hy is defined as the initial

disjoining film thickness (Fig. 3) and hey; is the critical film thickness that the film must reach in
order for rupture to occur, then the critical position angle d)zn-t is defined as the largest touching

angle ¢1 (< 90°) such that h = he; will be achieved at a position angle ¢y With ¢r < derie < /2. If

the touching angle is less than the critical position angle, the sliding time will be sufficient for

film rupture. Therefore, all particles that satisfy ¢r < ¢:m will attach to the bubble, and those
particles that touch the bubble with ¢r > ¢_, will not. Referring to Fig. 3, Pay is typically
described to be the ratio of the area inscribed by the limiting radius Reyi; (the radius from the

stagnation line to the line corresponding to the touching angle associated with ¢_, ), to the area

inscribed by Rg + Ry, + heri. Since it is assumed that her « Rp, Pag can be written as [33,41,64]

Res
sl = T (28)
(RB + Rp)
Relating R to ¢, , Eq. (28) assumes the form
Pyt = sin” dg (29)

Equation (29) assumes that the largest possible touching angle occurs precisely at O max = 7/2
(i.e., the liquid flow around the bubble has fore and aft symmetry). If the flow is not symmetric,

01 max < /2 and Eq. (29) must be modified to [26,53,57,61]
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(30)

To determine ¢, , a coupled set of differential equations must be formulated and solved that

relate ¢, the particle position angle relative to the stagnation point, with h, the disjoining film
thickness [65]. In developing this system of equations, it is commonly assumed that [33,64]: (1)
the particle moves in a quasi-stationary manner in an almost circular path along the bubble
surface; (ii) the sliding length L » h and dL/dt > dh/dt; (iii) for 0 < ¢ < n/2, the influence of the
fluid boundary layer around the bubble is negligible; and (iv) the velocity field around the bubble
is given by potential flow for the case of an unretarded bubble surface and by the intermediate
flow of Yoon and Luttrell [41] for the case of a completely retarded bubble surface. In flotation
systems, surface active agents are commonly found in the fluid medium; these coat and
immobilize the bubble surface which causes the bubbles to act like rigid spheres. However,
recent work [43,57] has suggested that the surface active agents are swept to the lower
hemisphere of the bubble surface as it rises through the fluid, causing the upper hemisphere to be

free of surface active agents and completely mobile.
To describe the particle motion as it slides over the bubble surface, Schulze [33,64] has
completed a force balance about the particle. For quasi-static conditions, the radial force balance

yields
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where Fg; is the radial component of the particle weight, F. is the centrifugal force exerted on the
particle, Fy is the lift force on the particle, Fy; is the radial component of the flow force acting on
the particle in the vicinity of the bubble, and Fr is the resistive force generated during the

drainage of the disjoining film.

The magnitude of the radial component of the particle weight is determined from
F_=2xr3A 32
= = 3TR}Apgcosd (32)

where Ap = p, — p, and ¢ is the particle position angle measured from the stagnation streamline.

The centrifugal force acting on the particle has the form
4 r
E = S;nRgAp(upi} (33)

wherer=R,+Rg +hand u;ﬂ is the tangential particle velocity relative to the bubble (see

Bloom and Heindel [65] for a discussion concerning ugﬁ). The centrifugal force has been shown

to be small relative to the other radial forces and it may be neglected in the radial force balance

[42,65].

Schulze [33,64] has used the result presented by Saffman [66] to describe the lift force

experienced by a particle as it slides over the disjoining film. This force is determined from
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F_ =3.24p,R v5 | Reg (34)

where the shear Reynolds number is defined by

4R2 ou,
Reg = —2—2% (35)
v, or

with v, the liquid kinematic viscosity and u, the tangential component of the fluid velocity.
Bloom and Heindel [65] have shown this expression for Fy is valid for selected conditions
associated with mineral flotation, but invalid for conditions affiliated with flotation deinking.
Several investigators [42,65,67,68] have reasoned that Fy, plays only a minor role in the particle

force balance and have neglected it all together in their derivation of Pag.

The radial component of the flow force acting on the particle is given by [67]

Fur = 6nu€Rp|ur‘ (36)

For the intermediate flow of Yoon and Luttrell [41],

u, = vgk(r)cosé (37)

where
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with r = Rp + R, + h. Equation (36) has been modified by Bloom and Heindel [65] to account for

particle settling effects; this expression is given by

E < 6mp,R v

e x |k(r)| cos ¢ (39)

where A is given in terms of the particle Reynolds number (Re,) and the Archimedes number

(Ar):
Rep
A=18—2 (40)
Ar
with
Apd>
Ar =228 41)
PeVe

The final force in Eq. (31) is the resistive force generated during film drainage, Fr. This force is
often attributed to the disjoining pressure between the bubble and particle [3,24,40,56,58,60] and

can be determined from
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where P is the disjoining film pressure and Sg is the bubble surface area. By including only the

capillary pressure in the disjoining film pressure, Fr has been shown to be [3,34,58]

_ 6np,R2v,,

F
T hCy

(43)

where v, is the radial component of the particle velocity and Cp characterizes the degree of
bubble surface immobilization due to the presence of surface active agents. The parameter Cp
varies between one (for a completely immobilized or rigid bubble surface) and four (for a

completely unrestrained bubble surface).

Equation (43), along with Egs. (32) and (39), were recently used by Bloom and Heindel [65] to

obtain a closed-form approximation for P,y. The approximation has the form

= o A Rp E0-C | B
Pasl = exp{ 2( CB j[ RB + Rp ]l:lk(r)‘ - G}[ hcrit 1)} (44)

where A is given by Eq. (40), G is given by Eq. (15), and for the intermediate flow of Yoon and

Luttrell [41], k(r) is given by Eq. (38) with r = Rg + R;,, while g(r) is given by
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The expression for P, in Eq. (44) accounts for surface tension effects in the disjoining film and
includes particle settling effects. However, this form does not account for additional forces that
contribute to the disjoining film pressure. Thevactual form of the disjoining film pressure is still
under debate [3,25,40,56], but it has recently been suggested that the disjoining pressure can be

described by [56]

+R e (46)

The first term in Eq. (46) accounts for the surface tension effects with ¢ the surface tension; the
second term addresses London-van der Waals dispersion effects with A proportional to the
Hamaker constant; the third term is influenced by electrostatic interactions, where B is related to
the strength of the electrostatic interaction and 1/« is the double layer thickness; the fourth term
describes the hydrophobic attraction effects, where K is related to this attraction and d is the
decay length which is proportional to the hydrophobic attraction length scale. The complexity of
Eq. (46) has prevented obtaining a closed form expression for Fr by using Eq. (42); however, if

all the constants are known, numerical solutions are possible.

The critical attachment angle, ¢, , has also been defined as that angle at which the particle

touches the bubble where the particle sliding time over the bubble surface is exactly equal to the
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induction time. Therefore, ¢, relates both the sliding time and induction times to P.q [57].

Several expressions for sliding time and/or induction time are available in the literature
[26,41,53,57,61,68,69]. Yoon and Luttrell [41] present P,y expressions in terms of particle
induction time for Stokes, intermediate, and potential flow conditions. For example, for

intermediate flow, they present [41]

_ 0.72 .
P,, = sin®{ 2arctan| exp (45+8Reg ")ugpT; “
30R5(Rp/R, +1)

where 1; is the induction time. Nguyen et al. [26] have recently measured induction times for

various experimental conditions and showed that 7; typically ranged from 2 to 10 milliseconds.
III.C Bubble-Particle Three-Phase Contact

Once the thin film separating the bubble from the particle has ruptured, a sufficiently large three-
phase contact (TPC) between the liquid, particle, and bubble must form; this must happen within
a relatively short time period (tyc) in order to provide a strong enough attachment force that will
prevent the bubble-particle aggregate from immediately separating. If 1, represents the average
lifetime of turbulent vortices within a flotation cell, then the time required for a three-phase
contact to form and create a bubble-pérticle aggregate must satisfy Ty < Tv. Schulze [33] has

used the ratio T./Tyc to define the probability of the formation of a three-phase contact
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P, ~1- exp(— T ) (48)

Ttpc

It has been suggested that if the film separating the bubble from the particle does rupture, the
formation of a bubble-particle aggregate (i.e., a three-phase contact) is almost certain [8].
Schulze [33] tabulated values of Py for 10 pum <R, £ 100 um and showed that Py = 1, which
supports the claim of almost certain bubble-particle aggregate formation. Indeed, many authors

assume Py = 1 and omit this term from Poyey [20,25,31,39-43].

It has also been suggested that formation of a three-phase contact is part of the attachment by
sliding process [26,40,61,70]. This is implied by including T as a small portion of the total
induction time, T; = Tr + T, Where ¢ is defined as the film drainage time [40,70,71]. As noted
by Nguyen et al. [26], the effect of liquid rupture and formation of a three-phase contact has

received the least attention relative to the other flotation microprocesses and it requires deeper

experimental and theoretical investigation.
III.LD Bubble-Particle Aggregate Stability

After a bubble-particle aggregate forms, it must remain stable on its journey to the froth layer in
order to be removed from the system. It is generally accepted [3,9,24,33,46,72-74] that bubble-
particle aggregate stability can be estimated by performing a quasi-static force balance on the
bubble-particle aggregate. These forces are schematically represented in Fig. 4. The net

detachment force that acts on the bubble-particle aggregate is given by
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Fdetach = Fwt + Fd + FO‘ (49)
where Fy, is the apparent weight of the bubble-particle aggregate and composed of the bubble
buoyancy force (Fp) and the particle gravitational force (F), Fq is the fluid drag force, and Fj is
the capillary pressure force. The net attachment force on the bubble-particle aggregate is

Fattach = Fca + thd (50)

where F., is the capillary force and Fyyq is the hydrostatic force. The derivation of these forces

are available in the literature [3,24,33,72-74].

To determine the apparent bubble-particle aggregate weight, the bubble buoyant force and

particle gravitation force are combined to yield

4
F,.=F-F =§nR§(pp -po)g 1)

The fluid drag force is approximated by

4
F, ~ gnR;ppac (52)
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where a. is the particle acceleration which depends on the overall flotation cell flow conditions.

Schulze [33] has estimated that

1.9:-:2/3
(Rg +R,)¥

a

(53)

when aggregates are moved by the centrifugal acceleration generated in the flow external to

vortices in the inertial region, where ¢ is the turbulent energy density. The capillary pressure

force is estimated from

E = an,[%{E- —2Rgp Zgjsinz o (54)
B

where ¢ is the surface tension and ® is the angle identified in Fig. 4. The capillary force that

contributes to particle detachment is given by

F, =-27R josinwsin(w + 6) (55)

where 0 is the (static) contact angle. The hydrostatic pressure force from the liquid height zg

above the contact radius r, = Rysinw is

F,q = ©R2p,gz,sin’ @ (56)
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Using the experimental results of Plate [75], Schulze [33] reasoned that the probability of

stability should be of the form

P, =1- exp(l - ﬁh—) (57)

detach

Bloom and Heindel [36] recently used this form of Pg.s in comparisons between predicted and
experimental bench-top flotation deinking results. They determined that an empirical constant

must be included in Eq. (57) to match the experimental data; their form for Py 18

P, =1- exp{As{l - fmﬂ (58)
Fdetach

where A, is an empirical constant that varies between 0 and 1 and is thought to be system
dependent. The constant A, in Eq. (58) has the value of A;=1 in Schulze [33]. Further research

into the proper form of Py, is required.
v COLLISION AND DETACHMENT RATES

Collision “frequencies” are associated with the kinetic constants in the flotation models
described by Eq. (3) or (5). The parameter identified as Z (Eq. (4) and (6)) is not a true frequency
because it has units of volume per unit time. However, the quantity an produces a true

collision frequency and controls the rate of bubble-particle aggregate formation. The detachment
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frequency Z' (Eq. (7)) controls the rate of bubble-particle aggregate break-up in the flotation
cell. Bloom and Heindel [76] recently reviewed various models associated with the bubble-

particle aggregate collision and detachment processes.

Many different expressions for the collision rate between two particles (Z,2) moving through a
fluid stream have appeared in the literature. Most are based on the work of von Smoluchowski

[77] for the colloidal particle collision process; it was proposed that

4
Z,= ENldefzvg (59)

where N; is the particle concentration of species i, d2 is the sum of the particle radii associated
with the two species, and Vy is the velocity gradient perpendicular to the direction of particle
motion. This expression for Z;, assumes a randomly distributed suspension of colloidal particles
in a fluid moving under uniform shear, with the particles following the fluid streamlines up to the
moment of impact as if no other particles were present. Camp and Stein [78] extended this work

to turbulent flows to obtain

12
4 €
Z,= §N1N2d?2(_} (60)
\7] ,

Saffman and Turner [79] obtained similar results.
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Abrahamson [80] developed an expression for Z;, that allows for a Gaussian distribution of
particle velocities. This expression can be used to determine Z, the bubble-particle collision

“frequency” in flotation cells, and has the form [76,80]

= 5.0(Rp +R,)*4UL+ U3

(61)

where U, and Uy are the effective values of the relative velocities between the particle and fluid

and bubble and fluid, respectively; these values are given by [81]

4/9 47/9 2/3
e’’d -
U, = 04— (ppp i } (62)
Z 2
and
409 17/ o P
g”dg” [ |Ps —P
Up =04=—p (I Bp ZIJ (63)
Z ¢

Equation (61) does not account for particle settling effects; when these effects are included in the

formulation, it can be shown that [76,80]
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)’

_ : G
(64)
)2+U§ +U2 |

\/2 U2+ U2)

L
+n(Rp +R,)? Q P

’UPS

where erf(x) is the standard error function. Bloom and Heindel {76] have compared predictions
for Z with and without particle settling effects; they showed that particle settling effects increase

the predicted Z value by approximately 1.5 times.

The concept of bubble-particle detachment has been likened to floc disruption [76]. Following

Mika and Fuerstenau [82], Bloom and Heindel [76] proposed that Z' can be estimated from

\/—81/3

(d +d}3)2/3 (63)

where C; is an empirical constant with a range 1.61 < C; < 2.33.

A% SUMMARY

Dispersed air flotation is a selective separation process that is used in many industries. Models of
the overall flotation process have been presented. These models are based on the assumption that
the process can be likened to a first-order kinetic reaction or population balance model. The

kinetic constants in these models have been formulated from knowledge of the fundamentals of
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bubble-particle interaction, aggregate formation, and aggregate stability. The overall probability
that a bubble-particle aggregate will form and be removed to the flotation cell froth layer is
composed of a series of independent microprocess probabilities. In sequential order, these
include (i) the probability of particle capture or collision (P); (ii) the probability of particle
attachment by sliding (P,q); (iii) the probability of three-phase contact (Py:); and (iv) the
probability of bubble-particle aggregate stability (Psss). The details of each microprocess have
been discussed. Collision and detachment rate models have also been summarized. With a
knowledge of these fundamentals, it is hoped that improvements in flotation separation

efficiencies can be realized.

VI ACKNOWLEDGMENT

Portions of this work were funded by the member companies of the Institute of Paper Science

and Technology, Atlanta, GA. Their support is gratefully acknowledged.

VII NOMENCLATURE LIST

A - constant proportional to the Hamaker constant
As - constant in Eq. (58)
Ar - Archimedes number
ac - particle acceleration

- constant related to the strength of the electrostatic interaction

C -  Eq(29



G - constant in Eq. (65)

Cs - bubble surface mobility coefficient

d - decay length which is proportional to the hydrophobic attraction length scale
di» - sum of two particle radii

dg - bubble diameter

dp - particle diameter

Fatach - net attachment force on a bubble-particle aggregate
Fy - bubble buoyant force

F. - centrifugal force

Fo. - capillary force

Fq4 - fluid drag force

Faetacn - net detachment force on a bubble-particle aggregate
| - particle weight

Fee - radial component of the particle weight

Fpya - hydrostatic force

FL - particle lift

Fr - resistive force during film drainage

Fu - radial component of the flow force

Fewt - apparent bubble-particle aggregate weight

Fo - capillary pressure force

G - Eq. (15)

g - acceleration due to gravity

gm - Eq. (45)



ho

herit

Ks

ki

k>

k()

Pdestab

film thickness

initial film thickness

critical film thickness

constant related to the hydrophobic attraction force

flotation rate constant

pseudo rate constant

flotation rate constant associated with the successful formation of a bubble-
particle aggregate and its removal to the froth layer

flotation rate constant associated with the destabilization of a bubble-particle
aggregate

Eq. (38)

particle sliding length

order of reaction

particle concentration of species i

order of reaction

concentration of bubbles with attached particles
concentration of bubbles without particles

concentration of free particles (i.e., particles not attached to bubbles)
disjoining pressure

probability of bubble-particle attachment by sliding

probability of bubble-particle collision

probability of bubble-particle aggregate destabilization

33
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Poverani - overall probability a stable bubble-particle aggregate will form and be lifted to the
froth layer

Poar - probability of bubble-particle stability

Ppe - probability of forming a three-phase contact

Rs -  bubble radius

R. - limiting capture radius

Rent - radius defined in Fig. 3

R, - particle radius

Reg - bubble Reynolds number

Re, - Eq. (14)

Re, - particle Reynolds number

Res - shear Reynolds number

r - R, +Rg+h=R;,+Rp

Ip - contact radius defined in Fig. 4

S - bubble surface area

St - Stokes number

t - time

Usg - relative velocity between a bubble and the surrounding fluid

Up - relative velocity between a particle and the surrounding fluid

Uy - radial component of the fluid velocity

Uy - tangential component of the fluid velocity

Ve - velocity gradient perpendicular to the direction of particle motion

X - Eq. (26)



ZI
Z;

Zp

M

PB
Py

Pp

Ap

TF

Ti

Tsl

Ty

Eq. (27)

bubble-particle collision “frequency”
bubble-particle detachment frequency
collision rate between two particles

height defined in Fig. 4

turbulent energy density

angle defined in Fig. 1; static contact angle
collision angle

inverse of the double layer thickness
Eq. (40)

liquid dynamic viscosity

liquid kinematic viscosity

bubble density

liquid density

particle density

Pp— P

surface tension

film drainage time

induction time

particle sliding time

time to form a three-phase contact

average lifetime of a turbulent vortice

35
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LB - bubble rise velocity

Vpr - radial component of the particle velocity

Ups - particle settling velocity

D;ﬂ - tangential particle velocity relative to the bubble

) - particle position angle during sliding

Oerit - position angle when hy; is reached

bose - largest touching angle for attachment by sliding to occur
dr - touching angle where sliding begins

OTmax - maximum touching angle

® - angle defined in Fig. 4
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