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Abstract

We introduce an associative algebra RBj(z) that has a basis of
rook-Brauer diagrams. These diagrams correspond to partial
matchings on 2k vertices. The dimension of RBg(z) is

Z?:o (3’2) (2¢ — 1)!1. The algebra RBg(x) contains the group al-
gebra of the symmetric group, the Brauer algebra, and the rook
monoid algebra as subalgebras. We show that RBy(x) is gener-
ated by special diagrams s;,¢; (1 <i < k) and p; (1 < j < k),
where the s; are the simple transpositions that generated the
symmetric group Sg, the t; are the “contraction maps” which
generate the Brauer algebra By (z), the p; are the “projection
maps” that generate the rook monoid Ri. We prove that for
a positive integer n, the algebra RBg(n 4 1) is the centralizer
algebra of the orthogonal group O(n) acting on the k-fold ten-
sor power of the sum of its 1-dimensional trivial module and
n-dimensional defining module.
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Introduction

This paper finds the centralizer algebra of the orthogonal group over C, O(n),
acting on the k-fold tensor space V®¥ where V is the (n + 1)-dimensional
module C" @ C. The introduction describes the motivation for finding this
centralizer and the work that has already been done in this area to support
that motivation.

We begin with the general linear group of invertible matrices over C,
GL(n), and the GL(n)-module V = C" with standard basis {vi,va,...,v,}.
This module is the irreducible GL(n)-module labeled by the partition (1),
so V =V, We are concerned with the tensor product GL(n)-module V¥
whose basis is the set of simple tensors

{vi1®-~®vik |ij€{1,...,n}}.

The general linear group acts diagonally on elements of V®*, and the cen-
tralizer algebra of the action of GL(n) on this tensor space is the set of
all GL(n)-module homomorphisms from V®* to itself. We refer to this as
EndgL(n) (VEk). Tt is known that this centralizer algebra is isomorphic to
the group algebra of the symmetric group CSg.

The next part of the story is to look at the subgroup of orthogonal ma-
trices O(n) C GL(n) acting on this same module V¥*. The natural question
to ask is, what is the centralizer algebra for O(n) acting on V®*? Since
O(n) is contained in GL(n), its centralizer could possibly be much larger
than CSi. In 1937, Richard Brauer succeeded in describing the centralizer
with an algebra called the Brauer algebra, Bi(n). This algebra over C has
a basis of Brauer diagrams on 2k vertices, which is equivalent to the set of
all possible partitions of a set of 2k elements into blocks of 2.

7
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V®k
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GL(n) CSy,
Ul N
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Since the centralizer has been described for the actions of both GL(n)
and O(n) on the module V¥*¥ we now wish to explore the centralizer of
GL(n) and O(n) acting on a slightly different module. Now let V = V(1) g9
where V? is the trivial 1-dimensional submodule of GL(n). GL(n) acts on the
(n + 1)*-dimensional module V®* diagonally. The centralizer for this action
has been described by the rook monoid algebra CRy. In this paper we take
the next natural step and describe the centralizer of O(n) C GL(n) acting
on the (n+41)*-dimensional tensor space V®¥  which we call the rook-Brauer
algebra RBy(n + 1).

&k
7N
GL(n) CRg
Ul N
O(n) RBg(n+1)

This thesis is organized as follows.

e Chapter 1 refreshes some important background information on rep-
resentations of groups and algebras, though some prior knowledge is
assumed.

e In Chapter 2, we discuss the three important subalgebras of RBg(x),
and we define the rook-Brauer algebra with a basis of rook-Brauer
diagrams on 2k vertices. The set of these diagrams on 2k vertices is
equivalent to the number of partitions of a set of 2k elements into parts
of size 1 or 2.

e Chapter 3 discusses double centralizer theory and the motivations be-
hind studying the rook-Brauer algebra.

e In Chapter 4 we define an action of RBj,(n+1) on the tensor space V&*
and prove that this action creates a representation of RBg(n + 1) and
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that this representation is faithful for n > k. This shows that there is
an injective linear transformation between RB(n + 1) and End(V®F),
the set of all endomorphisms of V&*.

e Chapter 5 presents the proof that the action of RBg(n + 1) commutes
with the action of O(n) on V®* which shows that in fact when n > k,
RBi(n + 1) C Endg,)(V¥¥) as a subalgebra.

e Finally in Chapter 6 we use combinatorics on the Bratteli diagram of
V& to show that the dimension of RBy(n+1) is equal to the dimension
of Endo(n) (V®k)

e Chapter 7 discusses future work on this project, which includes con-
structing the irreducible representations of RBj(n + 1).

Acknowledgements
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Chapter 1

Preliminaries

1.1 Algebraic Structures

1.1.1 Groups and Monoids

A group is a set G together with a binary operation * that satisfies the
following properties [JL].

i. Forall g,h e G, gxh € G.
ii. Forall g,h,k € G, (gxh)xk=gx(hx*k).

iii. There exists an element e € G such that for all g € G, exg = g*xe = g.

1 1

iv. For each g € G, there exists an element g~ such that g x g7 =

g lxg=e.

Examples of groups are the set of integers Z under the operation of addition,
and the set of nonzero real numbers R* under multiplication. In this paper
we deal closely with the general linear group GL(n). This is the group of
invertible n x n matrices with entries in C. The most important group in
this paper is a subgroup of GL(n). A subgroup of a group G is a subset
of G that is also a group under the operation of G. The subgroup we are
interested in is the group of matrices O(n) inside of GL(n) such that for
g € O(n) the transpose of g is the inverse of g, i.e. gg” = I,, where I,, is the
n x n identity matrix. This group is called the orthogonal group.

A monoid is a set M together with a binary operation * that satisfies
properties i. — ii. of the definition of a group. The rook monoid is an
important algebraic structure in this paper and is defined in a later section.

11



12 CHAPTER 1. PRELIMINARIES

1.1.2 Associative Algebras

In this paper we explore an associative algebra, which we define generally in
this section. An associative algebra A with unity 1 and additive identity 0
over a field F, or an F-algebra, is an F-vector space under addition with an
additional operation of multiplication. This multiplication must satisfy the
following properties:

i. abe Aforalla,be A
ii. la=al=aforallac A
iii. (Aa)b = A(ab) = a(\b) for all a,b € A and A € F.
iv. (a+b)c=ac+ bc for all a,b,c e A
. a(b+c)=ab+ ac for all a,b,c € A

<

—

vi. a0 = 0a = 0

See [Pi] for further explorations of associative algebras. In this paper all
algebras discussed are C-algebras.

1.1.3 Group Algebras

The group algebra of a finite group G over a field F [JL], denoted by FG, is
the set of all formal linear combinations of elements of G,

> gl A ETF 3,
geG

together with a multiplication defined by

> Ay (Z Hhh> = Y Agunl(gh).

geG heG g,heG

1.2 Representations and Modules

In this section we present important definitions and theorems of representa-
tion theory that factor into this paper. Some prior knowledge is assumed.
All material referring to group representations and modules is taken from
[JL], which contains more detailed explanations and examples as well as
proofs.
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1.2.1 Representations

A representation of a group G is a homomorphism p from G to GL(n) for
some n. This means that p is a representation if and only if p(gh) = p(g)p(h)
for all g,h € G. In order to prove that a function p is a representation of
a group, it is sufficient to check that p satisfies p(gig;) = p(gi)p(g;) for the
set of generators {g;} of G. If we let I,, be the identity matrix of GL(n) and
1 be the identity of G, the fact that a representation p is a homomorphism
gives that

and
plg™") = (p(g)~".

The kernel of a representation p is the set Ker(p) = {g € G | p(g9) = I},
and we say a representation is faithful of Ker(p) = {1}.

1.2.2 Modules

Let V be a vector space over a field F and let G be a group. We say V is an
FG —module if there exists a multiplication, denoted by gv for g € G,v € V,
that for all g,h € G and u, v € V satisfies the rules

i. gveV
ii. (gh)v = g(hv)
iii. lv=v
iv. A(gv) =g(Mv) for all A € F
v. glu+v) = gu+ gv

If B is a basis of an FG-module V, then we let [g]s denote the matrix of the
endomorphism v — gv relative to the basis B.

We can easily move between modules and representations by using the
following helpful theorem.

Theorem 1. 1) If p: G — GL(n) is a representation of G and V = C",
then V becomes a CG-module of we define the multiplication gv as

gv = p(g)v
forallge G, veV.
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2) Assume V is a CG-module and let B be a basis of V. Then if g € G,
the function defined by

g lgls

is a representation of G.

This theorem shows a representation of a group G defines a CG-module
and a CG-module defines a representation. Due to this correspondence, we
use the terms module and representation interchangeably in this paper.

Notice that the group algebra CG is a CG-module with a basis labeled
by the elements of G and dimension |G|. This module is also referred to as
the regular representation of G and features heavily in this paper.

An FG-module homomorphism is a linear transformation ¢ between two
FG-modules V and W such that

¢(g-v) =g-9(v)

forallveV, ged.
The set of all linear transformations from an FG-module to itself is
called the set of endomorphisms of V and is denoted by End(V). Contained

within this set is the set of all FG-module homomorphisms from V to itself,
Homg(V, V). We denote this set as Endg(V).

1.2.3 Irreducible Submodules and Decomposition

A CG-submodule of a CG-module V is a subspace W of V that is also a
CG-module under the action of G on V. A CG-module is irreducible if it
has no CG-submodules other {0} and itself, where 0 is the additive identity
of the module.

Maschke’s Theorem gives an important result about the relationship of
modules and irreducible submodules.

Theorem 2. Maschke’s Theorem. Let G be a finite group and let V
be a CG-module. If U C V is a CG-submodule of V, then there exists a
CG-submodule W such that

V=UpW.
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where U @& W is the direct sum of the subspaces U and W.

A CG-module V is completely reducible if

vz@ui

1<i<r

where each U; is an irreducible CG-module of V. From Maschke’s Theorem
and using induction we get the following useful result.

Theorem 3. If G is a finite group, then every non-zero CG-module is com-
pletely reducible.

This theorem allows us to focus on the irreducible submodules of a group.
Representing a CG-module as the direct sum of irreducible submodules is
called decomposing the module. The next theorem shows that we can get a
list of every irreducible submodule by decomposing the group algebra CG.

Theorem 4. Let CG be the group algebra of G with

CG =P

i€l

where I is some (possibly infinite) index. Then every irreducible CG-module
1s 1somorphic to one of the CG-modules U;.

Some irreducible submodules may appear more than once in this decom-
position, so we say that an irreducible submodule U; has multiplicity m; if it
appears m; times in a decomposition. We usually write the decomposition
of a CG-module as

V = @mluz

1.2.4 Algebra Representations and Modules

And algebra representation of a C-algebra A is an algebra homomorphism
¢ of A to the C-algebra of all n x n matrices with entries in C. That is, ¢ is
a function of A to the C-algebra of all n x n matrices with entries in C that
preserves the operations of A.

A CG-module V is simple if V is non-trivial and the only submodules of
V are V and the trivial module. A module V is semisimple if V is a direct
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sum of simple modules, and an algebra A is semisimple if A is semisim-
ple as a CG-module. For semisimple algebras, algebra representations and
modules decompose analogously to group representations and modules. See
[Pi] chapters 2, 3, and 5 for further definitions and examples. The main
structure that this paper investigates is a semisimple associative C-algebra.

1.2.5 Tensor Product Spaces and Modules

Let V and W be vector spaces over C with bases {v1,...,v,} and {wy, ..., wn},
respectively. The tensor product space V®W is the m*n-dimensional vector
space over C with the basis

{viow;|1<i<n,1<j<m}

Elements of V ® W look like v = Zi’j Aij(v; ® wy), Njj € C. For v €V,
weW, withv=>"", \v; and w = >/ | p;w;, define

VR W= Z i (vi @ wy).
2%
If V and W are CG-modules, then we define the tensor product module
V ® W by the action

9(v; ® wj) = gu; ® gw;

for basis elements v; € V, w; € W. This can easily be extended so that
for any v € V and w € W, g(v ® w) = gv ® gw. Modules can be tensored
multiple times, and if a module V is tensored with itself k£ times we denote
it by V&*,



Chapter 2

The Rook Brauer Algebra
RB(z)

2.1 The Symmetric Group, the Rook Monoid, and
the Brauer Algebra

In this section we present three algebras that can be represented with dia-
grams on 2k vertices and show how their operations work. These examples
build a foundation for the definition of a new structure, the rook-Brauer
algebra, which contains each of the following structures as subalgebras.

2.1.1 The Symmetric Group

The symmetric group Sg is the group of permutations of the set {1,...,k}.
The dimension formula of S;, is

S| = K.

The operation in this group is permutation multiplication, which can be
shown in two-line notation or cyclic form. In Sg, we can represent the same

(415 2 36
77\ 12 3456
and o = (142)(35). This form of two-line notation represents the permuta-

tion as a function where the bottom line is the set before the permutation is
applied and the top line is the image of the set. We can multiply (142)(35) by

permutation by

17



18 CHAPTER 2. THE ROOK BRAUER ALGEBRA RBk(X)

another permutation (13)(2465) by composing the two permutations. The
result is (142)(35)(13)(2465) = (15)(3463). These permutations can also be
represented on diagrams of k pairs of vertices. For example,

>:

Multiplication of permutations in this form is done by placing one diagram
over another and tracing the path of the edges from the bottom diagram
through the top diagram. Using the previous example,

3416 25
(13)(2465)_<1 2 3456

(142)(35) »§< I

The diagrams multiply in the same manner as the cyclic notation of the
permutations. The group algebra of Sy is the algebra over C whose basis
consists of these k! diagrams.

2.1.2 The Rook Monoid

The rook monoid Ry, is the monoid consisting of all diagrams on 2k vertices
that can have any combination of vertical edges and isolated vertices. The
degree of each vertex is at most 1. An example of a rook monoid diagram is

The dimension formula for Ry is

Lye
Ril = <€>z!.
=0
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These diagrams multiply in the same way as symmetric group diagrams,
except there are special rules for when an isolated vertex meets an edge or
when two isolated vertices meet. When a diagram has been placed on top
of another diagram in order to multiply them, we call the top row of the
bottom diagram and the bottom row of the top diagram the middle rows.
If an edge meets an isolated vertex in the middle rows, then in the resulting
diagram an isolated vertex appears in the position of the other vertex of that
edge. If two isolated vertices meet in the middle rows, then the resulting
diagram is not affected. To illustrate,

W

The rook monoid algebra, CRy, is the algebra over C whose basis consists
of all Ry diagrams.

2.1.3 The Brauer Algebra

For k € Z~o and x € C, the Brauer algebra By(x) is the algebra over C whose
basis consists of all diagrams on 2k vertices that have any combination of
horizontal and vertical edges. An example of a Brauer diagram is

X7A]

The dimension formula for By (x) is
dim(Bg(z)) = (2k — 1)!1.

where (2k —1)!! = (2k—1) % (2k —3) - - - * 3 1. Multiplying Brauer diagrams
introduces a parameter, x, which comes into play when a loop forms in the
middle rows of two diagrams being multiplied. A loop can be formed by
two or more horizontal edges in the middle rows. When this occurs, the
loops disappear and we multiply the resulting diagram by 2! where ¢ is the
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number of loops in the middle rows. For example,

ot e
'R

Note that horizontal and vertical edges can appear in the product of two
diagrams via a sequences of edges that starts and ends with a vertical edge
and which may have horizontal edges in the middle.

2.2 The Rook-Brauer Algebra

We now introduce the rook-Brauer algebra and build an understanding of
its structure. As with the rook monoid algebra, the rook-Brauer algebra is
an algebra over C with a basis of diagrams. We discuss how these diagrams
multiply, show how to find the dimension of the algebra, define its generators
and give a presentation.

The rook-Brauer algebra RBy(x) is an associative algebra with a basis
of rook-Brauer diagrams, which are Brauer diagrams that allow for isolated
vertices. A rook-Brauer diagram in RBg(z) has 2k vertices and can have
anywhere from 0 to k£ edges, including both horizontal and vertical edges.
An example of a diagram in the basis of RB7(x) is

® U ([ ]

Let RBj, be the set of all basis diagrams of RBy(x). The dimension of
RBg(z) is
k
2k
RB = — Dl
Rew (o) = (5, )2~ 1)
/=1
The combinatorics behind this formula are very intuitive. For 2k vertices,

choose 2/¢ of them to be in pairs. This task gives @]z) for a fixed £. Then we
place these edges in the diagram, which amounts to picking two of the 2¢



2.2. THE ROOK-BRAUER ALGEBRA 21

vertices for each edge. There are 2¢—1 choices for the first edge, 2{—3 choices
for the second edge, and so on, so it follows that we multiply by (2¢—1)!!. So
given a fixed number of edges 2/, there are @]Z) (2¢—1)!! diagrams. Therefore,

if we sum Z§:1 @]Z)(% — 1)l we get all possible diagrams in the basis of
RBg(z). The dimension grows very quickly as k increases.

k Jrf2ls|efs | 6 | 7 | 8 |
IRB(z)] | 2| 10 | 76 | 764 | 9496 | 140152 | 2390480 | 46206736 |

Sy R2

[ XLT 1D N

Ba

Figure 2.1: The ten diagrams of RBs, organized by the subalgebras con-
tained in RBg(x).

2.2.1 Multiplication

Multiplication of rook-Brauer diagrams combines the methods of multiplica-
tion in Sg, R, and Bg. To multiply diagrams d; and do and get the diagram
dady € RBg(x), place do above d;j. We again call set of vertices formed by
the top row of d; and the bottom row of dy the middle rows of daody.

e In the middle rows, connect two vertices if they share the same index
and are incident with an edge. This creates new vertical and horizontal
edges in dad;.

e If an isolated vertex in the middle rows meets a vertex incident with
an edge, then in dod; an isolated vertex appears in the position of the
edge’s second vertex, as with rook monoid diagrams.

o If two isolated vertices meet in the middle rows, they disappear.
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o If horizontal edges form loops in the middle rows, then the loops dis-
appear in dod; and dad,; is multiplied by z¢ where ¢ is the number of
loops in the middle rows of dad;, as with Brauer diagrams.

The following figure illustrates the process of diagram multiplication in
RBg(z).

[ U [

Bhv=u

2.2.2 Presentation on generators and relations

The multiplicative identity of RBx(x) is the diagram

All basis diagrams of RBg(x) can be generated by the elements s;, t;,
and p; where for 1 <i <k —1,

111X =

and for 1 <i <k,

i—1 4 41 42

G —
Gl O

i—1 ¢ i+1 i+2

11121171

| X1

I
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For example, the generators of RB3(z) are
° P ¢ o °
W LTTOTTT
[ [
JXTTX

A B B W 4
ti('\<.('\

A presentation is proven in [KM| which we give here. It is a straightfor-
ward process to check that the following relations hold for the generators
of RBg(x). However the proof that these relations are sufficient to generate
RBy(x) is much harder, so we refer to [KM]. The basis of the group algebra
of the symmetric group CS; C RBy(x) is generated by s; for 1 <i <k —1
subject to the following relations:

s?=1; (2.1)
sis; = sjs; for |i — j| > 1;

SiSi+1Si = Si+18iSi+1-

The basis of the Brauer algebra By(x) C RBg(z) contains CSj and is
generated by s; and t; subject to relations (2.1)-(2.3) and the following
relations:

t7 = at;;

tit; = t;t; for |i — j| > 1;
titip1ti = ti;
tis; = siti = ly;

tis; = sjt; for |i —j| > 1;

© 00 N > U~
NSRS AN SR AN N’

Sitiv1t; = Siy1t;

N~~~ ~  —~ —~ —

titiy15i = tisit1. (2.

The basis of the rook monoid algebra CRx C RBg(z) is generated by s;
and p; subject to relations (2.1)-(2.3) and the following relations:
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P} = pi; (2.11)
pipj = pjp; for i # j; (2.12)
S$iPi = Dit+15i; (2.13)
sip; = pjs; for |t — j| > 1; (2.14)

PiSiPi = DiPi+1- (2.15)

Finally, RBy(x) is generated by s;,t;, and p; subject to relations (2.1) —
(2.15) along with the following relations:

tip; = pjt; for i — j| > 1; (2.16)
lipi = UiPit1 = tiPiDi+y1; ( )
piti = piy1ti = DiPit1ti; (2.18)
lipiti = Dit+1; (2.19)
DiliPi = PiPi+1- (2.20)



Chapter 3

Double Centralizer Theory

3.1 General Theory

Let G be a group and let V be a CG-module. Consider the set of right-
actions of G on V, that is the actions g -v for g € G, v € V. The centralizer
C of G acting on V from the right is the set of elements

{9€G|g-(h-v)=h-(g-v), forall h € G,v € V}.

This centralizer is the ring of endomorphisms of V, which we denote as
Homg(V,V) = Endg(V), which are all G-module homomorphisms from V
to itself. This can also be denoted as

C={¢€End(V)|od(g-v)=g-d(v),veV}

Let V be an n-dimensional CG-module with basis {v1,...,v,}. We now
present the double centralizer theorem for the n*-dimensional tensor space

VO = C — span{v;, @ vi, ® ... @ v, | 4; € {1,...,n}}.
This theorem is classical and can be seen in [CR] section 3B.

Theorem 5. Double Centralizer Theorem Let G be a group and V be a

CG-module such that
V®k = @ m,\’kVA
AEA

is a decomposition of VEF into irreducible G-submodules and let C;, = Endg(V®F).
Then

25
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i. Cx is a semisimple algebra over C.

ii. The irreducible representations of Cy are labeled by A € A,. We denote
these irreducible representations as M,i‘

iii. dim(MQ) = my

w. As a Cy-module,

k ~ A
VEk o @ dy M}
AEAL

with dy, = dim(V*) on level k.

By classical Artin-Wedderburn theory as seen in [GW] Section 3.2 and [P1]
Section 3.5, the dimension of a semisimple algebra is the sum of the squares
of the dimensions of its irreducible representations. Thus,

Theorem 6. dim(Cy) = Yy, M3
The key to inductively computing the m) y is the tensor product rule

VeV = @v#.
HEAL

The tensor product rule can be derived from the Clebsch-Gordan formulas,
which come from Pieri’s Rule and can be found in [GW] Corollary 9.2.4.
This rule is unique to each Cg-module V and can be used inductively to
construct a graph called the Bratteli diagram of V. The Bratteli diagram
of V is the infinite rooted graph with vertices on level k labeled by the
irreducible submodules V* of G that appear in the decomposition of V¥,
for k > 0, and an edge between V* on level k and V¥ on level k + 1 if V# is
in the decomposition of VA ® V.

If we choose a particular V2 on level k of the Bratteli diagram, we can
use the tensor product rule to inductively find that the dimension m ; of VA
on level k is given by the number of paths on the Bratteli diagram from the
the root to V,’c\. A path on a Bratteli diagram to V,’C\ is given by a sequence
(Mo, A1, A3, -5 Ak—1, A) where \g is the root of the graph and \; labels some
irreducible module on level 4 that appears in the decomposition of V-1 @ V.
The Bratteli diagram is a way to encode the tensor product rule of a module.
Examples of Bratteli diagrams are given in the next section.

Now that we know m, j is the number of paths to VA on level k, we
conclude m%\ ;. is the number of paths from the root of the Bratteli diagram

to VA on level k£ and back to the root. This gives a more concrete way to
calculate dim(Cg), which we take advantage of later.
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3.2 Examples and Applications

We now present examples of centralizer algebras and applications of the
double centralizer theorem. Each of the examples is one of the subalgebras
of RBg(x) discussed in the introduction of this paper and builds the reason
we are interested in the rook-Brauer algebra.

3.2.1 S,

Let G = GL(n), the general linear group of n x n matrices with complex
entries. The irreducible representations of G are labeled by the partitions
A rforall r € N. Let V be the irreducible module labeled by the partition
(1), which is known to be C". The action of g € GL(n) on v € C" is matrix
multiplication g - v where v acts as an n x 1 column vector. Explicitly, if
g = [aij] then

n
qg- ’Uj = Zaijvi.
i=1
For any partition p the tensor product rule of V is

V@ VH = @ VA
A=p+0

This formula comes from the Clebsch-Gordam formulas and gives that the
tensor space V¥ decomposes into irreducible submodules as

V®k = @ mky)\VA
AEAL

where Ay = {\ | A F k}. The centralizer Endg(V®*) is isomorphic to
the group algebra of the symmetric group CSy. This is classic Schur-Weyl
duality as found in [GW] Section 9.1.

From the tensor product rule we can recursively create the Bratteli dia-
gram B of G acting on V®¥. The irreducible submodules of G that appear
on level k of B are labeled by the partitions A F k, and the tensor product
rule of V gives that edges appear between V) on level k£ and V,, on level k£+1
if 4 = A+ . This particular Bratteli diagram is quite famous and is called
Young’s Lattice after the British mathematician Alfred Young.
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dim(EndGL(n) (V®k))
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Figure 3.1: Young’s Lattice for 0 < k£ < 5.

3.2.2 Ry

Let G = GL(n) and let V = V() @ V? where V() is C* again and V? is the
trivial module. Now V is (n+1)-dimensional and has a basis {vg, v1,...,vn}.
A matrix ¢ € G acts on a vector v € V() by matrix multiplication and
g - vg = vg. With this module of G, for any partition pu,

veve= (V0 av?) = (Vo vi) e (VP avr). (3.1)

Tensoring a module with the trivial module does nothing to the original
module, so is equivalent to V(Y @ V# & V#. We can now use the tensor
product rule for V) in the previous section to derive the tensor product
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rule for V. = V@ ¢ V0.

V@ VH = @ VA
A=p+0
A=p

This gives that the tensor space V®¥ also decomposes into irreducible sub-
modules as

VEr = (B my VA
AEAL

however now Ay = {\ | A r for 0 < r < k}. The centralizer Endg(V®*) is
isomorphic to the rook monoid algebra CRy, as shown in [So].

3.2.3 By(n)

Now let G = O(n), the infinite group of n x n orthogonal matrices with
complex entries. This group is a subring of GL(n) and its irreducible rep-
resentations are also labeled by the partitions A - r for r =0,1,2,.... Let
V = VW now as an O(n)-module. For any partition g,

Ve VH = @ VA

A=p+0
A=p—0

This formula is derived from the Clebsch-Gordan formulas and recursively
gives that a decomposition of V®¥ into irreducible representations is

V®k = @ mk)\V)‘
AEAL

where Ay, = {\ | A F rfor 0 < r < k} as in the previous example. The
centralizer Endg(V®*) is isomorphic to the Brauer algebra By, (n) [Bi].

3.2.4 RBy(n+1)

We now explore the centralizer Endgy,) (VE*) where V = V) @V, For any
1, the tensor product rule for V is

Ve VH = EB VA,

A=
A=p+0
A=p—0
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Figure 3.2: The Bratteli diagram for the CGL(n)-module V = V1) @ V? for
0<k<A4.

As in deriving the tensor product rule of GL(n) acting on (V(l) &) V@)®k, this
rule can be derived from the tensor product rule of O(n) acting (V(l))®k.
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The rule allows us to recursively define the Bratteli diagram of O(n) acting

on V®* and conclude
V®k = @ mk)\V)‘
AEA

where Ay, = {\ | A7 for 1 <r < k}. In the coming sections we prove the
following theorem.

Theorem 7. For n > k, RBy(n + 1) = Endgg,) (V®)

We first define an action of RBy(z) on the tensor space VE* and prove that
this creates an RBg(x)-module. Then we show that the action of RBg(n+1)
commutes with the action of O(n) on the tensor space. This shows that
RBk(n+1) is a subset of Endg,) (V®*). Finally, we use paths on the Bratteli
diagram to give a combinatorial proof that the dimension of Endg ) (V&F)
is equal to the dimension of RBg(n + 1), which completes the proof that
EndO(n) (V®k) = RBk(n + 1).
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Figure 3.3: The Bratteli diagram for the CO(n)-module V = V() for 0 <
k<4,
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Figure 3.4: The Bratteli diagram for the CO(n)-module V = V() @ V? for
0<k<A4.
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Chapter 4

Action of RB.(n + 1) on
Tensor Space

4.1 How RBy(n+1) Acts on V&*

In this chapter, we define an action of RBj(n + 1) on a specific (n + 1)*-
dimensional tensor product module V®* of the general linear group GL,,(C).
We prove that this action creates a faithful representation of RBg(n + 1)
on V& which aids in proving that RBg(n + 1) is the centralizer algebra of
O(n) acting on V. The definition of the action was influenced by the work
on Motzkin algebras in [BH].

Let V() be the n-dimensional GL,,(C) module with basis {vy,va, ..., v, }
and let V? be the trivial GL,,(C) module with basis vy. That is, if g € GL(n)
and the ij entry of g is g;j, then

n
g-v;= E GijVi
i=1

for 1 < j <mnand g-vy=vy. We define V=V® & VP This new module
is (n 4 1)-dimensional with basis {vo,v1,v2,...,v,}. Consider the k-fold
tensor product module

V&R = Cspan{ vy, @ --- @y, | ij €{0,...,n} }, (4.1)

which has dimension (n 4 1)* and a basis consisting of simple tensors of the
form v;, ® --- ® v;,. An element g € GL,,(C) acts on a simple tensor by the

35
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diagonal action
9(viy, ® -+ @ v, ) = (gui,) ®@ -+ - ® (guiy,), (4.2)

which extends linearly to make V&* a GL,,(C) module.

We define an action on of a diagram d € RBy(n) on the basis of simple
tensors in VF by

d(viy @ - @vi) = Y ()T v @ @y, (4.3)
J1yeedke

where (d)illf: is computed by labeling the vertices in the bottom row of d

with 41, ..., and the vertices in the top row of d with ji,...,jx. Then
(@ =TIehmr
e€d

where the product is over the weights of all connected components ¢ (edges
and isolated vertices) in the diagram d, where by the weight of ¢ we mean

(5)j1,~~,jk _

Ulyeensll

dq,0, if € is an isolated vertex labeled by a,
0q,p, if € is an edge in d connecting a and b,

where d, is the Kronecker delta. For example, for this labeled diagram in
RBI() (n + 1)

Ju J2 Js Ja Js Je Jr Jg Jo Jio

oK

i1 12 13 U4 15 16 U7 I8 19 110

we have

1yl 5]1,]35]2,145]4,185]5,J65]77295]9,06J10,18511ﬂ3512ﬂ6515,0517,110'

On a smaller scale, for this labeled diagram d in RBy(n + 1)
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we have dfll f; = 0i1.,i»05, j»- If d acts on the basis element vy ® vg, then

d(vo ® vg) g aljl’j2 (vj, ®vj,)

Ji,J2

which gives d(vg ® vg) = vp ® vy + v1 ® V1 + V2 & va.

4.2 Actions of Generators

Recall that the basis of the rook Brauer algebra RBj is generated by the
diagrams s;,, tmy, and p,, where for 1 <m <k — 1,

- met i . 2...
1IXT D= 111X
and for 1 < m < k,

12 m-1m m+1m+2

In order to illustrate the action on tensor space, we present how each
generating element acts on a simple tensor v;;, ®v;, ®...®v;, . The generator
sm permutes the m!® and m + 15¢ vectors of the simple tensor. This can be
easily calculated from the general definition of the action on tensor space

and is a natural action as s,, corresponds to the m!* transposition of Sy.
Therefore, s,, acts as

Sm(Vip @ ... ® Vi, ® Vi ® ... Q V) =0 ... QU @V, @ ... @ V.

The action of the generator t,, is slightly more complicated. The bottom
row of t,, requires that the simple tensor on which t,, is acting must be of
the form v;; @ v, ® ... @ v;,, ® v, @ ...v;,. For any such simple tensor,
(tm)Jl’ ’]’“ # 0 if and only if j1 = 41,02 = 92, ,0m = Jmatly---rJk = k-
Therefore
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n
tm (Vi @V, @ ... @V, QUi @ ... v, ) = Z”il Ry ®...QUOUS. .. QU
=0

where vy is in the m* and m + 1 positions.

The bottom row of the generator p,, requires that the simple tensor on
which it acts be of the form v;, ®v;, ®...®v;, ®...®v;, where i,, = 0. The
only simple tensor that satisfies (p,,)]7]F # 0 s vy, @i, ®. . . Qv;, ®. . .Qv;,
itself. Therefore,

Pm (Vi) @iy @ ... QV;, ®...0V;) = 04,00 QUi ®...QV;, ®...0v;).

4.3 m; is a Representation

Let 7, : RBi(n + 1) — End(V®¥) be the representations afforded by the
action of RBg(n + 1) on V®*. We have defined this function on the set of
basis diagrams RBj, and it extends linearly to all of RBi(n+1). Recall from
Section[1.2]that in order to prove that 7y is in fact an algebra representation,
we must show that for diagrams dy,dy € RBy, mi(dady) = g (d2) 7 (dr).

Theorem 8. Then 7y : RBy(n + 1) — End(V®*) is an algebra representa-
tion.

Proof. 1t suffices to show that

(dady)10e = N " (da)yt g (da)itik.
A

For a basis diagram d € RB, let [d] denote the matrix of d with respect
to the basis elements vy, ® Uy, ® ... ® vpy,. The entry c¢;; of [d] is the
coefficient of the j" basis element vj, ®v;, ®...®wvj, in the result of d acting
on the it" basis element Vi, @ iy @ ...v;,. In other words, ¢;; = dfllf:
Given d,dy € RBy,, we show that [da][d1] = [d2d1] by considering the edges
of dady case by case and analyzing c;; in [da][d1] and [dad,].

Case 1: Isolated vertex in the top row of dod;.

There are two cases that result in an isolated vertex in the top row of
dods .
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(i.) An isolated vertex was inherited from the top row of da. We label this
vertex vq. In [dady], ¢;; is nonzero if and only if a = 0. The same
is true of [do|[d1]. This shows that c¢;; is either 0 in both [d2d;] and
[d2][d1] or nonzero in both [dad] and [da][d1].

(ii.) The isolated vertex is the result of a vertical edge in da connected to
a series of ¢ horizontal edges (¢t > 0) in the middle rows of ded; which
end at an isolated vertex in the middle row of dad;. For example,

Sequentially label these vertices vg, Vg, , Vas, - - - ; Vg, , Up s shown in the
diagram above. In [dadi], ¢;; is nonzero if and only if @ = 0 in the i
basis element. In [da][d1], ¢;; is nonzero if and only if a = a1 = ag =
-+ =a; = b= 0. Furthermore, the weight of this series of edges is d4,0
and so it acts as an isolated vertex.

The proof for when the isolated edge is in the bottom row of daod; is
analogous.

Case 2: A vertical edge in dad;.

A vertical edge in dad; occurs when a vertical edge in dy is connected
to a vertical edge in d; by an even number of horizontal edges ¢t > 0 in the
middle rows of dyd;. For example,
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Label the bottom vertex in d; with v, and sequentially label the con-

nected vertices with vg,, vy, - - ., Ve, as shown in the above diagram. Label
the vertex in the top row v,. In [dadi], ¢;; is nonzero if and only if @ = b
and in [da][d1], ¢;; is nonzero if only if a = a; = ap = --- = a; = b. Note

that the weight of this series of edges is 04y, so it acts like a vertical edge
from the position of v, to the position of vy.

Case 3: A horizontal edge in the top row of dad;.

A horizontal edge in top row of dad; results from two vertical edges in
di connected by a series of horizontal edges in the middle rows of dod;. For

example,
Va Vp
° o o °
ds \
'SR

Vas Vay Vas Vay Vas Vag
dq
[ ] ( ] [ ) [} [} [ ]

Starting with the left most top vertex in ds, sequentially label the vertices

Vs Vays Vags - - - Vay» Up Where vy is the right most top vertex in dy as shown
in the diagram above. In [dadi], ¢;; is nonzero if and only if a = b, and in
the matrix [da][d1], ¢;; is nonzero if and only if a =a; =ay =--- = a; = b.

Notice that the edge weight for this series of edges is d,, as it would be with
a horizontal edge from the position of v, to the position of v,. The case for
when a horizontal edge occurs in the bottom row of ded; has an analogous
proof.
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Case 4: One or more loops in the middle of dod;.

A loop in the middle row of dodq results from a series of connected
horizontal edges in the middle rows of dad;. For example,

N o o

Va; Vas Vaz Vay

Starting with the left most middle vertex, label the vertices vg,, Vg, - - - , Vg, -
From the definition of the multiplication of diagrams in RBg, the diagram
dody is the diagram created by composing dy with d; multiplied by (n + 1)
where £ is the number of loops in the middle row of dody. The middle row
does not contribute to the matrix of the resulting diagram dsd; so we have
that [(n+ 1)dad1] = (n+ 1)[d2d1]. The matrix [d2][d1] has a nonzero entry
if and only if a1 = a2 = -+ = a;. We sum over all cases where this is true,
which gives the matrix of the basis diagram dod; multiplied by n + 1. If
dody has ¢ loops in the middle row, the matrix is multiplied by (n +1)¢. So
we have [da][d1] = (n 4 1)%[dad,]. O

4.4 7. is Faithful

We now show that for n > k, m is a faithful representation, which means
that it is one-to-one. To prove that my is faithful it is sufficient to show
that Ker(m) is trivial. We do this by showing that for any nonzero element
y € RBy(n + 1), there is at least one simple tensor u € V®* for which the
action of y on u produces a nonzero sum of simple tensors. In other words,
the only element x € RB;(n + 1) for which 7 (z) is the zero matrix is the
additive identity 0.

Theorem 9. 7, : RBi(n) — End(V®F) is faithful for n > k.

Proof. Lety = EdeRBk agd,ag € C, be some nonzero element of RBx(n+1).
Choose a diagram d’ in the linear combination y such that

(i.) aq 7é 0,
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(ii.) among the diagrams satisfying (i.), d’ has a maximum number of ver-
tical edges m and
(ili.) among the diagrams satisfying (i.) and (ii.), d’ has a maximum number
of horizontal edges /.

Choose a simple tensor u = v;; ® v;, ® - - - ® v;, such that

(i.) vp is in the positions of the isolated vertices in the bottom row of d’,

(ii.) v1,v2,..., v, are in the positions of the bottom vertices of the vertical
edges in d’, and

(iii.) Vm41,Um+2,-- - Umre are in the positions of the vertices of the hori-
zontal edges in the bottom row of d’ such that the subscripts of the
vectors in the positions of either end of a horizontal edge are the same.

The hypothesis n > k guarantees that such a simple tensor u exists.

Finally, consider a simple tensor ' such that

(i.) vp is in the positions of the isolated vertices of the top row of d’,

(ii.) v1,v2,...,Uy are in the positions of the top vertices of the vertical
edges in d’, and

(iii.) in the positions of the vertices of the ¢ horizontal edges in the top row
of d’ place V41, Vmt2, - - -, Umat such that the subscripts of the vectors
at either end of a horizontal edge are the same.

Example 4.4.1. If d’ is the following diagram
N
g ')

U="1v5 QU5 V1 QUg ® V7 QU7 Qg ®V2 QU3 QUs ®vg® Vg R g

N o

we choose

and

u/=U5®1}5®’U2®Uo®1}1®’U6®U7®U7®’U6®U3®U0®7}0®v4.
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To illustrate:

/
W:ws v5 V2 Vg VI Ve U7 U7 Ve U3 Vg Vo V4

N LN O .
w: Us Us V1 Vs U7y U7 Vg V2 V3 V4 Vg Vg Vg

When d’ acts on u, v/ has a nonzero coefficient in the result. We claim
that no other diagram in y acting on u produces a nonzero coefficient of
v’ and therefore there is no other diagram whose action can cancel out the
nonzero coefficient of u’ created by d' acting on .

In order for another diagram d” in y to produce a nonzero coefficient
of ' when acting on u, d” must have the same bottom row as d’. This
follows from the choice of d’ having the maximum number of vertical edges
and horizontal edges and choosing distinct v; to put in each position of the
edges of d’. The same conditions force the top row of d’ and d” to be the
same. Therefore, d’ = d’ and only d’ produces a nonzero coefficient of u’
when acting on u. This implies that y(u) is in fact nonzero, which contradicts
the assumption that y € Ker(m). Therefore, only the empty diagram is in
the kernel of the representation and 7 is faithful for all n > k. O

With this proof we have now shown that assuming n > k, not only is
there a representation that sends RBy(n + 1) to a subalgebra of End(V®*),
but that representation creates a one-to-one correspondence between RBy (n+
1) and that subalgebra. This proves that RBg(n+1) must be isomorphic to a
subalgebra of End(V®*). In the next section we show that this subalgebra is
specifically a subalgebra of Endg,)(V®¥), which is contained in End(V®F).
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Chapter 5

The Orthogonal Group O(n)

5.1 Definition and Action on Tensor Space

The orthogonal group O(n) is the group of orthogonal n x n matrices with
entries in C. A matrix is orthogonal if its transpose is also its inverse. We
denote this by g9 = gg” = I, for any g € O(n). We can also define a
matrix by its entries, so we let g = [a;;] and g7 = [aj;]. When we multiply
g by g7, we know that the entry bi; in gg"’ is 1if i = j and 0 otherwise. We

state this as .

> " aiaje = ;.

(=1

The elements of O(n) have a natural action on the elements of V¥, First
we define the action of g = [a;;] on the basis element vy of V as g - vg = vg
and on any other basis element v; of V, g acts by

n

g v = Zaeive-

(=1

This action extends diagonally to any basis element of V&* by
g (i, ®Vi, @ ®v) = (9 viy) @ (9 0i) @+ @ (g v3).

5.2 Commuting with RB;(n + 1)
Recall that

45
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Endo) (v®k) - {¢ € End (v®’f) | 6(g-v) =g (v),0 e Ve g ¢ O(n)} .

We show that for any element g € O(n), the action of g on the tensor space
V&% commutes with the action of RBj(n + 1) on V®¥. This shows that
for n > k, RBg(n + 1) is a subalgebra of Endg,) (V‘m)7 the centralizer
algebra of O(n) acting on V¥, We show this by considering the actions of
the generators of RBg(n + 1). It suffices to consider only the generators of
RBa(n+1) acting on V2 because the actions of the generators of RBy,(n+1)
for any k act on a single tensor position or a pair of adjacent tensor positions
and act as the identity on all other tensor positions.

Theorem 10. As operators on the tensor space V¥, the of the elements of
RBk(n 4+ 1) commute with the elements of O(n).

Proof. First consider the generator s of RBa(n + 1). Let g € O(n). For any
simple tensor v; ® v; of V2 with 4, # 0, we have s(v; ® v;) = v; ® v;.

Now,

g- (UZ(X)U]):Q(’U] ®Uz)
vj) @ (g - vi)

Q

I
MBA
M:

ApjAmyg (UZ & Um)

~

3

I
M:

3
I

agjmis(vm @ vp)
1

Z Z]amz(vm ® Uf))
=1 m=
Uj).

o~
i
L
3ﬁ

"

(’\

)
—~
S«

Since g acts differently on the basis vector vg, when checking that the actions
of s and ¢ commute with the action of g we must consider separately the
cases of the generators and g acting on vg ® vy and vy ® v; where ¢ £ 0.

Both s and g fix the simple tensor vy ® vg, so clearly

g-s(vo®@wvg) =s-g(vo® o).

Now consider the simple tensor vy ® v; where ¢ # 0. The actions give that



5.2. COMMUTING WITH RB (N + 1) a7

=S

=3 (Z agi(vo ® W))
/=1
(Uo & (Z CL&'U@) )
/=1

=s5-g(vy ® v;).
This shows that the action of s commutes with the action of g on V&,

Given a simple tensor v; ® v; in V@2 the generator t acts on this simple
tensor by t(v; ® v;) = dij Y p_o Ve @ .

= 6z’j Z (i amgvm> ® (i amgvm> + 5@'(1)0 & ’Uo))

m=1

= dij (Z 3D tmetne(vm @ Uk)) + 6ij(vo ® o)
( (vm ® vi) <Z amzaM)) + 045(vo ® vo)
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However, 22:1 AmeQre = Omp due to the orthogonality of g. Therefore, the
sum reduces to all instances where m = k which leaves the sum

(5,']‘ Ve Q vy + (Sij(vo & UO) = 51‘]‘ Vg @ Vg
/=1 =0
= t(’Ui ® Uj)

It remains to show that ¢ - g(v; ® v;) = t(v; ® vj).

n
(Z AmiUm & Z amjvm>
m=1
n n
=1 (Z Z amiakj(vm ® Uk))
k=1
n

= Z AmiOkj (t(Um & Uk))

As before, this sum reduces to all cases where m = k, which means it can
be rewritten as

n n n
D amimg | D ve@ue | =65 ve® v
m=1

£=0 =0
= t(Ui & Uj)

The special cases of g and ¢ acting on the simple tensors vy ® vy and vy ® v;,
i # 0, are quite simple to prove. First, consider

Q't(v()@vo):g(Zw@w).

(=1

Since dpo = 1, we can simply refer to the general case and conclude that
g-t(vo®uvg) = t(vy®up). The action of g fixes vy®vy, so we have t-g(vgRug) =
t(vo ® Uo) as well.
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Now we need to deal with g and ¢ acting on vg ® v; where 7 # 0. Since
i #0, g-t(vo®wv;) =g-0=0. Reversing the order of the actions we get,

t-glvo®@uv;) =t- (Uo ® (Z aeﬂz))
=1
t <Z agi(vo ® W))

(=1

= a(t(vo @ vp))
=1

However, 1 < ¢ < n so when t acts on vy ® v¢, 6o = 0 for all £. Therefore,
t-g(vo®v;) =0 as well.

When considering the action of the generator p;, we can restrict the scope
even further to looking at its interaction with ¢ and V. This is because p;
only depends on the single vector v;, and acts as the identity in all other
tensor positions. For a basis vector v; of V, p(v;) = 8;0(vi). If i # 0,

n
p-g(vi) =p (Z azﬂe)
(=1
=0
This follows from the fact that ¢ ranges 1 to n. If the generator p acts first,

g-p(vi) =g(0) =0

If 7 =0 then

p - g(vo) = p(vo)
= 1

=g p(vo)

This shows that in either case, the actions of p and g commute. ]
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Chapter 6

Combinatorics and the
Bratteli Diagram

In this chapter we complete the proof that RBg(n+1) is the centralizer alge-
bra of the orthogonal group O(n) acting on V®* by presenting an algorithm
which creates a one-to-one correspondence between the basis diagrams of
RB(n + 1) and paths on the Brattelli diagram B of O(n) acting on V®F,

In Sections [4.3| and 4.4| we showed that the action of RBy(n + 1) on V&F
results in a representation that is faithful for n > k. Assuming n > k, this
proves that RBg(n+ 1) is in one-to-one correspondence with a subalgebra of
End(V®¥). In Section [5.2| we showed that the action of RBy(n + 1) on V&F
commutes with the action O(n) on V®* which proves that RBy(n + 1) is
specifically in one-to-one correspondence with a subalgebra of Endg,,) (VEF),
From Theorem [6] in Section [3| we know that,

dim (Endo(n) (V®k)) = Z mik
AEA

where my, ) is the number of paths on B to the irreducible module labeled
by A on level k, and Ay, = {A | A r for 0 < r < k}. Therefore, if we prove
that

dim(RBg(n + 1)) = Z m?\,k,
AEAL

we complete the proof that for n > k,
RBy,(n + 1) = Endoy, (V¥F).
Our approach is to create a bijection between the basis diagrams of RBg(n+

1) and pairs of paths to A on level k of B.

51
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6.1 A Bijection Between RB;(n + 1) Diagrams and
Paths on B

For A€ Ay ={A| AF r,0 <r <k}, a path on B of length k to A is given
by a sequence of integer partitions

P/\ = (Qnulalu% s 7Mk—17)\)?

where for i = 1,2, ...k,

Hi
Hit1 = § pi + U
pi — U

For example, a path on B of length 10 to A = (1, 1) is

Py = (OBBP oo FRER ).

We call a path of length & to A\ in B a wvacillating standard tableauzx of length
k. We denote the set of all paths on B to A on level k as 7? and let RBy
be the set of basis diagrams of RBy(n + 1). We wish to define a bijection

k
RBj, — || [ |(T x 7)
r=0\Fk

That is, a bijection that takes a diagram d € RBj and produce a pair of
paths (Py,Q)) to A € Ay on B. The algorithm we use to produce this
bijection is based on the work in [HL].

We begin by assigning a unique sequence of numbers to a diagram. Given
a diagram d € RBy, we label the top vertices with 1, ..., k in order starting
at the left-most vertex, and we label the bottom vertices with & + 1, ..., 2k
starting at the right most vertex. We can now draw the diagram on a single
row of vertices labeled 1,...,2k. We label each edge in the diagram with
2k 41— ¢ where / is the label of the right vertex of the edge. For 1 <1 < 2k,
the insertion sequence of d is defined as

ay  if vertex i is a left endpoint of edge a
E; =< ap if vertex i is a right endpoint of edge a

0 if 7 is an isolated edge
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Example 6.1.1. The diagram

1 2 3 4 5 6
°

3 a
12 11 10 9 8 7

is redrawn as

1

1 2 3 4 5 6 7 8 9 10 11 12

with edges labeled right to left. From these labels we get the insertion
sequence
(El) = (3L7 9L7 1L7 9R7 4L7 @7 5R) 4R7 3R7 Q), ]-R)

It is clear from the definition of the insertion sequence that a distinct di-
agram corresponds to a unique insertion sequence, and given that particular
insertion sequence we can derive the original diagram. It follows that,

Proposition 6.1. A diagram d € RBj, is uniquely determined by its inser-
tion sequence.

We now use this property to define an algorithm which takes an insertion
sequence of length k£ and produces a pair of vacillating standard tableaux,
each of length k.

6.1.1 Insertion Sequences Become Tableaux

Given an insertion sequence (E;), we create standard tableaux by sequen-
tially inserting and deleting boxes according to (E;). Insertion of boxes is
done via Robinson-Schensted-Knuth (RSK) insertion, and deletion is done
via jeu de taquin. Both of these processes are detailed in [HL]. First we
construct a sequence of standard tableaux

T = (10, 7MW 7k,

Let T©) = () be the starting point of this sequence. Then recursively define
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B B -1 f g —ap

T® = 4

E dM -1 B —ap
In other words, if vertex i is a left vertex of an edge we insert F; into
T(=1 via RSK insertion and if 4 is a right vertex of an edge we remove the
box containing E; from T via jeu de taquin removal. Note that if E; =
then 7 = 701 This sequence of inserting and deleting boxes creates a
unique sequence 1" of length 2k. Now let A be the shape of T(®) and define

Pyw = (/\(0),/\(1), . ,)\(’Cfl),)\(k)>
Q/\W = ()\(2k)’ )\(Zk—l), - ‘7)\(k+1)7)\(k)) ‘

By the end of the sequence T', we have removed and deleted a box for
every edge in the diagram corresponding to (E;), so the final shape A(2%) is {).
Therefore, (Pyx), @y ) is a pair of vacillating standard tableaux of length
k that are both paths to A*). Let ¢, be this function that takes diagrams
in RB;. to pairs of paths on B.

Theorem 11. For d € RBy, the function ¢r(d) = (Px, Q) is a bijection
between the elements of RBy and pairs of vacillating standard tableaux in

|_|]::0 |_|>\Hc(71{\ X 773‘)

Proof. We have shown that an insertion sequence corresponds to a unique
pair of vacillating standard tableaux and completely defines a diagram in
RBj. In order to show that this function is in fact a bijection, we now
construct its inverse. Given a pair of vacillating tableaux (P, @,), we first
create a sequence of partitions A = (/\(0), A ,A(zk)) by listing the par-
titions of @) and then listing P, after it in reverse order, without repeating
A. We now simultaneously create the sequence of standard tableaux 7' and
the insertion sequence (E;) which shows that the function is invertible.

Initialize T(?%) = . If A=Y /X is a box b, then let TG~ be the tableau of
shape A1) with 2k — i in the box b and the entries of 7 in the remaining
boxes, and let E; = (2k — i)r. Since T(2k) — (), this step is always the first
that occurs. Each time this step occurs, 2k — i is the largest value being
added to the tableau T, so T(~1) is standard.

If A® / A0=1) g a box b, then let TG~ be the tableau acquired by removing
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i‘1234567891011121314
E, |10, 2, 0 10 4, 1, 0 3, 0 4r 3r 2r 1l 0
i K T i K 7O

EIE]
0 0 8 3. — |[2]
14
R L|3]
1 10, —— 9 0 12|
14
RSk | 2] jdt 1 3\
2 2L — E 10 43 l
(2] jat
3 = 11 3
! 10 4
4 10g <]—dt 12 2y Jjdt
5 4, ISK % 13 1, 2% ¢
RSK i
6 1, — [2] 14 0 0
14
1]
70 2]
4]

Paagy = <@, L], H, H, L], 57

Q(l,l,l) - (07 ®7 DJ EJ

|

Y

|

e)
SR)

Figure 6.1: An insertion sequence becomes a sequence of tableaux.
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the entry of b from T through the inverse process of RSK-insertion, which
guarantees that 70—Y is standard. Let E; = by,. Continue in this manner
working down from i = 2k to ¢ = 1. Clearly the sequence (E;) created is
unique, and we have shown that an insertion sequence completely defines a
diagram in RBj. Therefore, the function is invertible and bijective.

O]

Example 6.1.2. From the pair of paths

P= (@,D, o H HFH HE @jﬁj),cg: (@, 0o HE 53@3)

we get the sequence of partitions

i‘O 1 2 3 4 5 6 7 8 9 10 11 12 13 14

whooomPEPFFPEP oo

Using the reverse algorithm we construct 7" and (Ej;).
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i \@ TW  Eop, i A TW  Eop,
| 1]5]
0 0 0 1r T — 4] 0
| 7]
| 1]5]
- @ 3 R
7
2 D 3R 9 ] ‘ — é5‘ 10R
3 [[] - 1n 10 - s
4 ] ‘ — i?)‘ 9R 11 ] ‘ — élO‘ 4y,
1|3
5 “~ Il 3L 12 Dj - 102
6 ] — i5‘ TR 13 D — 71
4 0 — 0

Finally, we have the insertion sequence (Ej;).

j‘1234567891011121314
By |7, 10, 4, 5, 10p 1, 0 Tp 3, 5; 4z 3z 0 1lg

£

6.2 Conclusions

As a direct consequence of [11| we get the following corollary.
Corollary 1. |RBy| =3 ,cp, miy/\.
With Corollary (I} we have finally completed the proof of Theorem

RB) (1 + 1) = Endo, (V).
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Now from the Double Centralizer Theorem we know that given the de-

composition
)\EAk

where A, = {\ | A\ Fr,0 <r <k}, then
i. RBg(n + 1) is semisimple for n > k.

ii. The irreducible representations of RBg(n + 1) are labeled by A € Ay,
and we denote these irreducible representations as M k’\

iil. dim(M}) = myy

iv. As an RBj-module,

k ~Y
VO o @ A My
AEAL

with dy x = dim(V?) on level k of the Bratteli diagram.



Chapter 7

Future Work

7.1 Seminormal Representations

The next step in this work is to construct the irreducible representations of
RBy(n + 1). Our approach is to create an analogue to Young’s seminormal
representations of the symmetric group CSy.

Young’s seminormal representations are constructed by using paths on
Young’s lattice as basis elements and defining an action of the generators of
Sk on those paths, as shown in [Yo]. Recall Young’s lattice in section
From Theorem [5| we know that on level k each vertex labeled by a partition
A represents an irreducible representation of GL(n) which appears in the
decomposition of CSy, and the dimension of that irreducible representation
is the number of paths from the root of Young’s lattice to A on level k. It
is natural then to construct the irreducible representation Vﬁ by choosing a
basis where each path to A on level k is a basis vector. Young then defined
an action of the generators s;,1 <i <k — 1 of S on this basis.

The approach to constructing the irreducible representations of RBy(n +
1) is generally the same: we use the paths to A on level k£ on the Bratteli
diagram B as a basis and define actions of the generators of RBy(n + 1)
on these paths. The actions we define draw from work previously done on
constructing the irreducible representations of the rook monoid in [Ha] and
the Brauer algebra in [LR] and are supported by direct calculations of the
irreducible representations of RBy(z) for 0 < k < 3.

59
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7.2 Conjectures

We construct the irreducible representations of RBg(z) with an arbitrary
parameter x. Let M,;\ be the irreducible representation of RBy(z) labeled
by A on level k of B, with dim(M}}) = my . As a basis for M}}, we use the
myg,» paths on B to A on level k. Denote a path p as

p= (VJ, AD A@ AW A)
where
e \D e Ay ={u|pkr0<r<i}and
e A = A1) £ or A = AG-D),

For a path p, let p; denote the i*" partition \¥). Let v, denote the basis
vector labeled by the path p to A on level k and let 73,? denote the set of
these basis vectors. We now state our conjectures for the actions of the
generators s;,t;, and p; that construct the irreducible representation Mk’\
First, a useful definition:

Definition 7.2.1. We say that two paths p; = (A®)) and py = (uV) are
1-compatible if

p1 = (0,20 AGD NGO \GHD AR
pa = (0, XM AGTD @ £ ARy
In other words, ,u(j) =\ for all J except possibly at j = 1.

An example of a pair of 4-compatible paths is

o= (00mH P oo o)

p = (0OCH Moo o)

In general, for a generator g; € {s;,t;,p;} we define

9i-Up = Z (9i)vpy

yE Qp

where Q. is the set of all paths that are i-compatible with p and (g;), is a
coefficient in C.
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7.2.1 Action of p;

Our conjecture is that the generator p; acts on a basis vector v, by

DU, = vp i pi = pia
P00 i e #£pia

This formula comes from the construction of the irreducible representations
of the rook monoid algebra in [Hal.

7.2.2 Action of ¢;

Our conjecture is that the generator ¢; acts on a basis vector v, by

tivp = Z (ti)ypvy

’YG Qp

where Q,, is the set of all paths that are i-compatible with p and

TP, (@) if pi—1 = pit1

0 otherwise.

where Py(z) is the El-Samra-King polynomials found in [ELK]. El-Samra
and King defined these polynomials and proved that Py(n) = dim (VA)
where V* is the irreducible representation of O(n) labeled by A. This action

follows from the work done on constructing the irreducible representations
of the Brauer algebra in [LR].

7.2.3 Action of s;

The action of s; on a basis vector v, has proven to be the trickiest action to
pin down. We generally define the action as

Si*Vp = Z (8i)~pVy
WGQ,)
where Q,, is the set of all paths that are i-compatible with p.

Recall that for consecutive partitions pj_1 and p; in the path p we can
move from p;_1 to p; by either adding a box to p;_1, subtracting a box
from p;_1, or doing nothing to p;_1. The coefficient (s;),, depends on the



62 CHAPTER 7. FUTURE WORK

movement from p;—1 to p; to p;y1. There are 3 choices for each movement
and 2 movements, so in all we have had to consider at least 9 cases. Luckily,
some of the cases seem to act in the same way. Our conjectures are as
follows.

Case 1(+0,+0 or —00, —0O): The first case we consider is where p; = p;_1 £
O and p;y1 = p; = 0. In this case, s; acts on v, as it does in Young’s
construction of the irreducible representations of the symmetric group
Si since this movement on the Bratteli diagram is locally the same as
a movement on Young’s lattice. The only paths that are i-compatible
with p in this case are paths ~ with v = v,-1 £ 0 = p;—1 = 0 and
Yi+1 = pit1 =7 £ L. Now,

1 0—1)(6+1
SiUp = <VUp+ ( (5)( 1)

o

Uy

where 0 is the axial distance between the boxes that were added or
removed. That is if at step ¢ we add or remove box a and at step i + 1
we add or remove box b, let (rq,c,) be the row and column position
and (74, ¢p) be the row and column position of box b,

d=(cy —1p) — (Cq — Ta)-

Note that if @ and b are in the same row or column,
1
SiUp = SUp.

Case 2 (0,0 or (), £00): The next case is where p; = p;—1 + 0 and p; 41 =
pi. This is locally like a movement on the Bratteli diagram of the rook
monoid algebra and so we take the action of s; defined in [Ha]. The
only other path « that is i-compatible with p is where v; = ;1 = pi—1
and v;+1 = pi+1 = v + 0. Then,

i Vp = Uy.
In the case where p; = p;—1 —U and p;+1 = p;, the only path ~y that is -
compatible with p is where v; = v,_1 = p;—1 and ;41 = pi+1 = v — L.

We believe this case acts in the same way with

i+ Vp = Uy.
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Case 3 (0,0): The case where p;—1 = p; = pi+1 is also locally like a move-
ment on the Bratteli diagram of the rook monoid algebra, and we again
use the action defined in [Ha]. In this case

Si * Vp = Vp.

Case 4 (+0, -0 or —[0, +0): The final case we considered is the trickiest.
This is the case where p; = p;—1 £ 0 and p;+1 = p; F 0. This move-
ment is locally like a movement on the Bratteli diagram of the Brauer
algebra, and we conjecture that in this case s; acts as defined in [LR]
Theorem 6.22. However, we have had less success in constructing irre-
ducible representations with basis elements that contain a movement
such as this.

The next step in this project is to more fully form the conjectures for the
various cases of the generator s; acting on basis vectors and then to check
that these actions preserve all of the relations described in Section [2.2.2]
While there are many relations to check, we hope that some will come for
free from the fact that in some cases the actions specialize to to the actions
of elements in CSg, CR, and Bg(z), and it has already been proven that
the actions of these algebras preserve the generating relations.
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