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is nonincreasing in ¢. The infimum here is taken over pairs of coupled Brownian
motions b! and b? on X with given initial distributions u1 and ua, respectively, and
k(z,y) := inf, fol k(7s) ds denotes the “average” of k along geodesics v connecting
z and y.

Furthermore, for any pair of initial distributions g1 and p2 on X, we prove the
existence of a pair of coupled Brownian motions b’ and b? such that a.s. for every
s,t € [0,00) with s < t, we have

d(b},b2) < e [ EOLBY/2dr g (1 2),
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RESUME

Etant donnés un espace métrique mesuré (X,d,m) et une fonction k: X — R
semi-continue inférieurement et minorée, nous prouvons ’équivalence des approches
synthétiques pour la courbure de Ricci en x € X étant minorée par k(z) exprimées
en termes

o de lestimée de Bakry—Emery AL(f)/2 —'(f, Af) > kT'(f) formulée en un sens
faible approprié et

« de la condition CD(k, c0) au sens de Lott—Sturm—Villani avec k variable.

De plus, pour tout p € (1,00), ces propriétés sont vérifiées si et seulement si le

p-colit de transport perturbé

. 2t 1 p2 r 1/p
ka(ﬂh.“%t) = (bllnEQ)E[e'O Ph(br.b7)/2d dp(b;tzbgt)]

est décroissant en t. Ici, I'infimum est pris sur toutes les paires de mouvements
browniens couplés b! et b? sur X avec lois initiales respectives u et us et k(z,y) :=
inf,, fol k(vs) ds désigne la “moyenne” de k le long des géodésiques ~ reliant x et y.
En outre, pour toute paire de lois initiales 1 et p2 sur X, nous prouvons 'existence
d’une paire de mouvements browniens couplés b' et b? telle que presque stirement
pour tous s,t € [0,00) avec s < t, on a

d(b},b?) < e J ECrbD/2dr g (! p2).

© 2021 The Authors. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Throughout this paper, the triple (X,d, m) is a metric measure space, that is, a complete and separable

metric space (X,d) equipped with a locally finite measure m defined on the Borel o-field #(X), and
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k: X — R is a lower semicontinuous function which is bounded from below. For simplicity, we assume
that m has full topological support. We say that (X,d,m) is an RCD space if it satisfies the RCD(K, c0)
condition for some K € R. This will be our standing assumption throughout.

Denote by (X)) the space of Borel probability measures on (X,d). For p € [1,00), &,(X) is the set of
pe P(X)with [, d¥(z,y) du(y) < oo for some 2 € X. As usual, W, denotes the p-Kantorovich-Wasserstein
distance defined through

Ws) = int ([ @Gy antea))

XxX

where the infimum is taken over all 7 € (X x X) with marginals u and v. If it exists, the limit || :=
limp 0 d(Ye4n,7e)/|h| is called metric speed of the curve v € C([0,1]; X) at t € [0,1], and we write || if
|| = |¥s| for every s,t € [0,1]. Moreover, Geo(X) denotes the space of geodesics on X, i.e. the set of
v € C([0,1]; X) with d(7,7s) = |t — s| d(v0,71) for all s,t € [0, 1]. Similarly, we define Geo(Z,(X)) as the
space of W,-geodesics in the space of probability measures. We say that @ € &?(Geo(X)) represents the
Why-geodesic (pt)ieo,1) if e = (er)ym for all ¢ € [0,1], where e;: C([0,1]; X) — X is the evaluation map
defined by e;(y) := ;. By [23], every W)-geodesic can be represented by some w € & (Geo(X)).

We present various synthetic approaches to the definition of Ricci curvature at x € X bounded from
below by k(x) and prove their equivalence. These characterizations are suitable extensions of the curvature-
dimension condition, the evolution variational inequality, Bochner’s inequality, gradient estimates and
transport estimates to nonconstant curvature bounds. To this list, we add a description in terms of pathwise
coupling of Brownian motions. In total, our main result is the following.

Theorem 1.1. Let (X,d, m) be an RCD space, and let k: X — R be a lower semicontinuous, lower bounded
function. For all exponents p € (1,00) and q € [1,00), the following properties are equivalent:

) the curvature-dimension condition CD(k, o),
) the evolution variational inequality EVI(E),
) the g-Bochner inequality BE,(k, 00),
(iv) the g-gradient estimate GE4(k),
) the p-transport estimate TE,(k), and
) the pathwise coupling property PCP(k).

Moreover, any of these properties yields (iii), (iv) and (v) for all exponents p,q € [1,00).

Let us now introduce each of these extensions and give an overview of the organization of our reasoning.
Throughout, we assume the reader to be familiar with the theory of RCD(K, c0) spaces and basic properties
of these. An account on this will be collected in Section 2 which can be read independently of the rest of
this paper.

1.1. Lagrangian formulation of synthetic variable Ricci bounds

Here and in the sequel, g(s,t) := min{s(1 —¢),#(1 — s)} denotes the Green’s function of the unit interval
[0, 1]. Define the Boltzmann entropy Enty, : P5(X) — (—o0, x| as

Enty (@) := /plogpdm if u < mwith g =pm, Enty(u):=o00 otherwise.
X



M. Braun et al. / J. Math. Pures Appl. 147 (2021) 60-97 63

We put Dom(Enty) := {p € H5(X) : Entn () € R}. Convexity properties of the Boltzmann entropy
are at the center of the curvature-dimension condition CD(K, o0) introduced in [29,24] (as well as of its
enforcements in [30,8,14]) which we are extend now from fixed K to variable k.

Definition 1.2 [31, Definition 3.2]. An RCD space (X,d,m) is said to satisfy the curvature-dimension con-
dition with variable curvature bound k, briefly CD(k,0), if for every po, 1 € Dom(Enty,) there exists a
measure ® € P (Geo(X)) representing some Wa-geodesic (jit)ief0,1) connecting pio and pi1 such that, for all
t €10,1],

1
Enty, () < (1 —¢) Enty (p0) + ¢ Enty (1) / / g(s,t) k(7s) |72 dm () ds.
0 Geo(X)

Definition 1.3 [31, Definition 3.3]. An RCD space (X,d, m) is said to satisfy the evolution variational in-
equality with variable curvature bound k, briefly EVI(k), if for every uo € P2(X) there exists a locally
absolutely continuous curve (pt)e>o in Dom(Enty,) with Wa(put, o) — 0 as t — 0, and for every t > 0 and
v € Po(X) there exists a measure wy € P(Geo(X)) representing some Wa-geodesic connecting py and v
such that

1

dt1 .

12 W2 Ly V —|—/ / (1 —5)Kk(ys) |7\2d7rt(7) ds < Enty, (v) — Enty, ().
0

Geo(X)

From [31, Theorem 3.4], it is already known that CD(k, co) is equivalent to EVI(k) on RCD spaces, which
establishes the equivalence of (i) and (ii) in Theorem 1.1.

1.2. Eulerian formulation of synthetic variable Ricci bounds

Let us now switch to the Eulerian picture which, to shorten the presentation, is directly presented for
arbitrary exponents. Define the Cheeger energy &: L?(X, m) — [0, 0] as

E(f) = inf{liminf/lip(fn)zdm . fn € Lipy(X), fn — f in L?(X,m)},

n— o0
X

where lip(f)(z) := limsup,_,, |f(z) — f(y)|/d(x,y) denotes the local Lipschitz slope at x € X. We put
Dom(&) := {f € L*(X,m) : &(f) < oo}.

Definition 1.4. Given ¢ € [1,00), we say that an RCD space (X,d, m) satisfies the ¢g- Bochner inequality or
q-Bakry-Emery estimate with variable curvature bound k, briefly BE, (k, 00), if

/ (lr(f )2 A6~ D(f)¥2 ' T(f,Af) ¢) dm > / ET(f)"? ¢ dm
X ¢ %
holds for all f € Dom(A) with Af € Dom(&) as well as T'(f) € L°°(X,m) and for every nonnegative

¢ € Dom(A) N L=(X, m) with Ag € L®(X,m).

The equivalence of (i) and (iii) for ¢ = 2 in our major Theorem 1.1 above states that the variable
Eulerian and Lagrangian approaches to synthetic lower Ricci bounds coincide, i.e. CD(k, 00) is equivalent
to BEs(k, 00). If k is constant, this has been proved by Ambrosio, Gigli and Savaré in their groundbreaking
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works, see [4], which follows [15], for (i) implying (iii), and [5] for (iii) implying (i). In the nonconstant case,
this remained open in previous contributions [20,21,31].

The implication from BEy(k, c0) to CD(k, c0) follows from Theorem 3.4 and Theorem 4.5. The proof of
the converse is a consequence of Proposition 4.6, Proposition 5.6, Theorem 5.19 and eventually Theorem 3.4.
This requires a detailed heat flow analysis, both at the level of functions and measures, and in particular
an extension of Kuwada’s duality [22, Theorem 2.2] between ¢-gradient estimates and p-transport estimates
for dual p and ¢. This is quite demanding — indeed, until now not even a formulation of an appropriate
p-transport estimate with nonconstant curvature bound existed.

The “self-improvement property” of the g-Bochner inequality will be another key result. Indeed, the
BE, (k, 00) condition is independent of ¢, see Theorem 3.6, which provides the equivalence of (i) and (iii) in
Theorem 1.1 for general q.

1.8. Improved gradient estimates

Following [31], let (Pfk)tzo be the Schrédinger semigroup on L?(X, m) associated to the generator A — gk
for ¢ € [1,00). It extends to a strongly continuous semigroup on L"(X,m) for each r € [1,00). In terms
of the Brownian motion (P,,b) on X starting in € X, it can be expressed through the Feynman—Kac
formula

PI* f(z) = B, e Jo ak(br)/2dr f(bzt)} for every f € L"(X,m). (1.1)

Definition 1.5. We say that a g-gradient estimate with variable curvature bound k, briefly GE,(k), holds
whenever

L(P.f)¥? < PF(T(£)?) m-ace.
is satisfied for every f € Dom(&’) and every ¢ > 0.

Adapting the well-known arguments for constant Ricci curvature bounds from [10,27], we establish, as
stated in Theorem 3.4, that BE,(k, c0) holds if and only if GE,(k) is satisfied. This yields the equivalence
of (iii) and (iv) in Theorem 1.1 for general ¢ € [1, 00).

1.4. Variable transport estimates

In order to formulate a dual p-transport estimate for p € [1,00), we consider evolutions on the product
space X x X. Denoting by G.(x,y) the set of v € Geo(X) with 79 € B(x) and v, € B.(y), we introduce
the function k: X x X — R defined by

1

k(z,y) :=lim  inf k ds. 1.2

Koyt it [kG) (1)
0

Its basic properties are summarized in Section 2. As we will see in Remark 5.12, Theorem 6.1 and The-

orem 5.17, it turns out that k can indeed equivalently be replaced in all relevant quantities by the larger
function k: X x X — R defined by

(xnvyn)_%'l‘vy) YEGo(Tn Yn

1
k(r,y):= liminf sup )/k’(’ys)ds. (1.3)
0
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Definition 1.6. A pair ((b})¢>0, (b7)¢>0) of stochastic processes on X is called coupling of Brownian motions
if it is defined on a common probability space (2, P) and each of the processes (bj):>o and (b?);>0 is a
Brownian motion on the RCD space (X, d, m).

Given i1, po € Pp(X), we define the perturbed p-transport cost at time t > 0 by

)

. 2t 1,2 ” 1/p
Wi, o, 1) = inf | E[ofi" 7000/ ar (b}, b3,)|

where the infimum is taken over all pairs of coupled Brownian motions (]P’, bl) and (IP’, b2) on X, restricted
to [0,2t] and modeled on a common probability space, with initial distributions p; and pe, respectively.
Note that Wpﬁ(ul, p2,0) = W,(u1, po) and that for general ¢ > 0, if k is constant, say k = K, the perturbed
p-transport cost can be expressed in terms of the usual p-transport cost via

WpE(HhMQ,t) = e W, (Hyp1, Hepo).

Definition 1.7. Given any p € [1,00), we say that a p-transport estimate with variable curvature bound k,
briefly TE,(k), holds if the map ¢ — Wp&(ul, 2, t) is nonincreasing on [0, 0o) for every pair p1, po € Zp(X).

Having at our disposal appropriate replacements for the expressions e 45t P, (F(f)q/Q) and et W, (Hy 1,
Hpo) in terms of Feynman—Kac formulas with potentials gk for the Brownian motion on X and —pk for
pairs of coupled Brownian motions on X x X, respectively, we are in a position to formulate and prove
a generalization of the fundamental Kuwada duality in the case of nonconstant k. This addresses the
equivalence of (iv) and (v) in Theorem 1.1.

Theorem 1.8. For every p,q € (1,00) with 1/p+1/q = 1, the following are equivalent:

(iv) the g-gradient estimate GE4(k), and
(v) the p-transport estimate TE,(k).

This result is a consequence of Theorem 5.16 and Theorem 5.19. For both results, it is crucial to use a
localization argument in regions where k or k are “approximately constant” and then use tail estimates for
Brownian paths to control the remainder terms.

Suitable extensions to the case ¢ = 1 and p = oo will be discussed, and eventually shown to be equiva-
lent, in Theorem 5.10, Theorem 5.17 and Theorem 6.1. Therefore, making sense of an appropriate TE, (k)
condition for p = oo is the content of the subsequent Section 1.5.

Remark 1.9. It is often convenient to use the characterization of TE,(k), which is zeroth-order in nature,
through a first-order condition via the differential p-transport inequality

% t OW;f(Ht(S,JE7 Hioy) < —pk(z,y)d?(z,y) for every z,y € X,
very much in the spirit of the connection between BE, (k, 00) and GE, (k). The equivalence of TE, (k) and the
foregoing estimate, which for constant k is essentially Gronwall’s lemma and a standard coupling technique,
is treated in Theorem 5.7.

A posteriori, for every p € (1,00), any of the conditions (i) to (vi) from Theorem 1.1 will indeed give the
stronger estimate
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1

WP(Hepr, Hepo) < —p/ / E(vs) [P dmi(y)ds  for every ¢t > 0,
0 Geo(X)

d+
dt

where p1, g € Z(X) have finite W,-distance to each other, and m, € &(Geo(X)) is an arbitrary measure
representing a W,-geodesic from Hyp; to Hepo, see Corollary 5.11. W

1.5. Pathwise coupling of Brownian motions

Finally, we reinforce the p-transport estimate by passing to the limit p — co and by replacing the mean
value estimates by a pathwise one.

Definition 1.10. We say that the pathwise coupling property with variable curvature bound k, briefly PCP(k),
holds if for every pair p1, p2 € P(X) there exists a pair (IP’, bl) and (P, b2) of coupled Brownian motions
on X with initial distributions @1 and po, respectively, such that P-a.s., we have

d(b;,b7) <e” N E(bi’bi)/mrd(b;, b?) for every s,t € [0,00) with s < ¢.

It is proved in [7, Theorem 4.1] that complete Riemannian manifolds with Ricci curvature bounded
from below by K € R satisfy PCP(k) with constant k = K. The work [31, Theorem 2.9] extended this to
general RCD(K, 00) spaces. A first result into the nonconstant direction is due to [32, Theorem 6]. Again
on Riemannian manifolds with a uniform lower bound on the Ricci curvature, it deduces the existence of
a pair (b',b?) of coupled Brownian motions starting in (x,y) obeying for every t > 0, on the event that
(b}, b?) does not belong to the cut-locus of X for all r € [0, ], the estimate

d(b}.bf) < o™i b2 d(a ),

where k(z,y) := 7%|t:0 log W1 (H¢d,, Hed,) denotes the coarse curvature at x,y € X, x # y. For z,y close
to each other, say y = exp,(ev) with e > 0, v € T, X, we have

k(z,y) = Ricg(v,v) + o(1),

see [32, Theorem 19 and Remark 20]. The construction of this process deeply relies on smooth calculus
tools, which are unavailable in our setting and thus cannot be adopted.

Our main theorem extends these results in terms of £ and circumvents regularity issues involving the
variable curvature bound. The existence of a process satisfying the PCP(k) condition is even equivalent
to CD(k, o). Indeed, given TE, (k) for every large enough p € (1,00), we deduce PCP(k) by means of
Theorem 6.1, the content of which is the implication from (v) to (vi) in Theorem 1.1. Note that according
to the previous Theorem 1.8 and nestedness of g-gradient estimates, see Lemma 3.3, the 1-gradient estimate
GE; (k) implies TE, (k) for all p € (1, 00) and thus PCP(k). The converse of this, i.e. the implication from
PCP(k) to GE1(k), is addressed in Theorem 5.17.

Acknowledgments The authors warmly thank Matthias Erbar for a number of fruitful and enlightening
discussions.

2. Preliminaries

Notations We write C(X) and Lip(X) for the spaces of continuous and Lipschitz functions f: X — R,
respectively. We set Lip(f) := sup,, |f(z)— f(y)|/d(x,y) for f € Lip(X). The space of bounded continuous
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functions on X is denoted by Cp(X), and the space of functions in C(X) with bounded support is called
Cps(X), and similarly for Lip, (X) and Lip,(X).

The Riemannian curvature-dimension condition We say the metric measure space (X,d, m) is infinitesi-
mally Hilbertian if the Cheeger energy & is a quadratic form (in other words, if it satisfies the parallelo-
gram identity). Furthermore, we say that (X, d, m) satisfies the Riemannian curvature-dimension condition
RCD(k, 00) if it is infinitesimally Hilbertian and satisfies the curvature-dimension condition CD(k, c0) ac-
cording to Definition 1.2. As said, we always assume that (X, d, m) is an RCD(K, co) space for some constant
K € R. The value of K does not enter any of our results. Without restriction £ > K on X. Indeed, one
should think of k as being much larger than K everywhere on X.

The RCD(K, 00) assumption carries numerous important consequences for (X, d, m). Further details on
the subsequent results can be found in [3,4,17,26,27].

a. Volume growth. For each z € X there exists a nonnegative constant C such that m[B,(z)] < e’ for
every r > 0.

b. Nondegeneracy of entropy. Ent,, is well-defined and does not attain the value —oo on P5(X).

c. Uniqueness of W a-geodesics. For each pair of m-absolutely continuous measures g, 11 € P2(X), there
exists a unique Ws-geodesic connecting them.

d. Dirichlet form. By polarization, & defines a quasi-regular, strongly local, conservative Dirichlet form,
unambiguously denoted by &, on L?(X, m) with dense domain W12(X) := Dom(&). The latter is a
Hilbert space w.r.t. [||f||%2(x’m) + éa(f)]l/g. The generator of &, i.e. the self-adjoint operator A on
L?(X,m) defined by putting f € Dom(A) and h = Af if and only if

E(f,9) = —/hgdm for every g € Wh2(X),
X

is called Laplacian.

e. Heat flow. The Dirichlet form & defines the heat semigroup (P:);>o as its gradient flow in L?(X,m),
or alternatively via spectral calculus as P, = e®*, ¢t > 0. This semigroup is m-symmetric and extends
to a strongly continuous contraction semigroup on L"(X, m) for any r € [1,00). It can be chosen to be
strong Feller, more precisely, P; maps L°°(X,m) to Lip(X) for ¢ > 0 with Lip(Pyf) < ||f/l 2o (x,m)/ V1
if K =0, while if K # 0, then

. K o
Lip(P.f)* < 2K ] [ oo (xmy forevery f € L®(X,m). (2.1)

The semigroup (P¢);>¢ is in duality with the semigroup (H;):>o defined as the gradient flow of Ent,, in
P5(X) and extended to (X)) by continuity, i.e.

/detM = /Ptfdu for every f € Cp(X) and p € Z(X).
X X

In particular, H;(gm) = (P;g) m for every g € L'(X, m).

f. Uniqueness of EVI curves. Every curve (1;);>0 in (X)) satisfying the obstructions from Definition 1.3
with arbitrary choice of k > K necessarily coincides with the heat flow (H;u0)>0 starting at po.

g. Brownian motion. For each p € Z2(X), there exists a conservative Markov process (P, (b;);>0) on
X, or (P,b) for short, unique in law, with continuous sample paths and transition semigroup given
by
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E[f(birs) | bs] = Pyjaf(bs) for every s,¢ € [0,00) and f € Cy(X),

and with (bg)4P = p. This process is called the Brownian motion on X with initial distribution . If we
want to stress the dependence on the initial distribution, we write [P, instead of I?, where we abbreviate
Ps, by P, for z € X.

h. Carré du champ. The set Lip(X) N L?*(X,m) is a core for &. A quadratic functional T': WH?(X) —
L'(X,m) can be defined by requiring

/F(f)gdm: E(f, fg)— %é”(fz,g) for every g € Lip, (X).
X

Indeed, T'(f)'/2 coincides m-a.e. with the minimal weak upper gradient |Df|.
i. Test functions. The set

TestF(X) := {f € Dom(A) N L™ (X,m) : T(f) € L>(X, m), Af € W"*(X)} (2.2)

is a core for & and an algebra w.r.t. pointwise multiplication.
j. Twice differentiability. We have I'(f)'/2 € Dom(&) for all f € D(A) and

E(TNY?) < NAfIT2xm) — EES).

k. Sobolev-to-Lipschitz property. Every f € W2(X,m) with |Df| € L>°(X,m) has a Lipschitz represen-
tative f with Lip(f) < [[|Df||l £ (x,m)-

Hopf-Lax evolution For later use, we summarize the main properties of the general p-Hopf-Lax (or
Hamilton—Jacobi) semigroup (Qs)s>0, p € (1,00). A detailed account on this topic in general metric spaces
can be found in [2,3,18].

Fix a Lipschitz function f on X. Its p-Hopf-Lax evolution (Qsf)s>0 is defined by

d”(z,y)
psP~t

Qof:=f and Qsf(z):= in}”( {f(y) + } for every s € (0,00) and z € X.

ye
The map s — Qs f belongs to Lip(]0, c0); C(X)), where C(X) is endowed with the usual supremum metric.
We also have Q,f € Lip(X) with Lip(Qsf) < pLip(f) for all s € (0,00). Denoting by ¢ € (1,00) the dual
exponent to p, for every x € X, we have

4 0ur@) + %hp(st)q(x) <0

ds
for all but at most countably many s € (0, 00), and equality holds e.g. if (X, d) is geodesic.
Using the p-Hopf-Lax semigroup gives a nice duality formula for the p-Kantorovich—Wasserstein distance,
see [22,33] for details: for all u,v € Z(X), one has

%W;’(u,u) :sup{)ZQlfd,u—X/fdu:f € Lipb(X)}. (2.3)

The function k and Lipschitz approximation Recall that k is lower semicontinuous and bounded from
below by K, and so is k by construction. If k is also bounded from above, say by C € R, then so is
k. By reparameterization of geodesics, we get k(z,y) = k(y,z) for every z,y € X. Note that k can
be reconstructed from k, since k(z) = k(z,x). Lastly, the function k defined in (1.2) is the pointwise
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monotone limit from below of bounded Lipschitz functions k,,, and so is the function k£ by considering

k,, on the diagonal. We intend Lipschitz continuity on X x X w.r.t. the product metric dxxx given by
dxxx((z,y), (@) = [d*(z,2") + d*(y, )] /2 The former fact will be used frequently. Following [1], we

can, for instance, define k,,: X x X — R for n € N by

k,(z,y) == inf{min{k(z’,y'),n} + ndxxx ((z,y), (z',y)) : 2’, ¢/ € X }.

Lemma 2.1. The above functions k,,, n € N, have the following properties:

(i) for every n € N, the function k,, is Lipschitz on X x X with Lip(k,,) < n,
(ii) for all z € X and each n € N, we have K <k, (v) <k, () <n+1, and
(iii) the sequence (k,,)neN converges pointwise from below to k.

3. Gradient estimates, Bochner’s inequality, and their self-improvements

In this section, we adapt the well-known arguments of [9,10,27] for constant curvature lower bounds to
derive the equivalence of the ¢g-Bochner inequality with the g-gradient estimate with exponent ¢ € [1,00).
Moreover, we prove that these properties are independent of g.

Up to replacing k by k, := min{k,n}, n € N, we may assume throughout this chapter that & is
bounded. In the general case, each of the subsequent results still holds for k since BE,(k, o0) and GE, (k)
trivially imply BE,(k,,00) and GEg(k,) for every n € N, respectively, and conversely, if BE,(k,,, o)
and GE,(k,) hold for each n € N, the monotone convergence theorem implies BE;(k, 00) and GE4(k),
respectively.

In this chapter, we denote an &-quasi-continuous representative of a given function h € W12(X) by h.
The function h is uniquely determined &-quasi-everywhere.

3.1. Equivalence of Bochner and gradient estimate

First, we review the measure-valued Laplacian A and the measure-valued I's-operator I's as introduced
and analyzed in [16,27], defined by means of

/gdAf =— /F(g,f) dm for every g € Lip,,(X) and (3.1)
X X

La(f) i= S AT() ~ T(f, Af)m

for suitable f € W12(X). We write f € Dom(A) if the signed measure A f exists, which is then uniquely
determined by (3.1) and does not charge sets of zero capacity. We denote the density of the m-absolutely
continuous part of I's(f) by 72(f). The singular part of T's(f) w.r.t. m is a nonnegative measure. Both A f
and Ty (f) are well-defined for f € TestF(X). Lastly, a consequence of the generic calculus rules of T' is the
following chain rule for A.

Lemma 3.1. Fiz f € Dom(A) N L>®(X,m), an interval I C R with 0 € I containing the image of f, and a
function ® € C?(I) such that ®(0) = 0. Then ®(f) € Dom(A) and

AD(f) = '(f) Af +@"(f)T(f) m. (3-2)

Proof. Given any f € Dom(A)N L (X, m), first observe that ®(f) € W!?(X). Furthermore, by density of
Lipschitz functions in W12(X) and a simple truncation argument, we find a sequence (f,,)nen of functions
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in W2(X) N Lip(X) which is uniformly bounded in L% (X, m) such that f, — f in WH2(X). Up to
taking a subsequence, we assume without restriction that (f,),en converges &-quasi-uniformly to an &-
quasi-continuous representative fvof f, cf. [12, Theorem 1.3.3]. Since A f has finite total variation on any
bounded subset of X, the dominated convergence theorem yields, for every g € Lip(X) and up to possibly
taking further subsequences,

/ g (F)dAf + / g®"(£)T(f) dm

X X
= 1im [ g®(f)dAf+ / () T(f) dm
X
= — lim (g<1> (fn), dm+ g®'(f
= tim ([ ® ()T fdm+ [ " (f)T(fo fdm) + [ g@"(£)T(F) dm
e (] / o

— _/q>’(f)r(g,f)dm: —/F(g,@(f) dm

X X

The claim follows from definition (3.1) of A. O

Once BE3(k, 00) holds, as in the proof of [27, Lemma 3.2] we get

S(N() <~ [ TP+ (AT A dm  and

X

ET(f)m < JAT(f) - (£, Af)m

for every f € TestF(X). Taking these estimates into account, one can argue exactly as in [9, Proposition
1], which has also been leaned on [27, Theorem 3.4], to obtain that, for every f € TestF(X),

D(T(f) <4(2(f) —kT(f))T(f) m-ae. (3-3)
Using this, we deduce the whole range of ¢-Bochner inequalities from BEy(k, 00).
Proposition 3.2. The condition BEy(k, co) implies BEq4(k, 00) for every q € [1,00).

Proof. Fix f € TestF(X) and a nonnegative ¢ € Dom(A) N L>® (X, m) with A¢ € L (X, m). Given ¢ > 0,
consider the smooth function ®.(r) := (r 4+ £)9/? — £9/2 defined for r > 0. Since 2 — ¢ < 1, we obtain the
m-a.e. inequalities

q/2-2

—I(T(f) @L(T(f)) < ;DT (T(f) +e) < 2(72(f) = kT(f)) 2LT(S))

=~

by means of (3.3). Multiplying this by ¢ and integrating, one gets

- / P(I(f)) B/(T(f)) édm

X
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2/<I>;(r(f))¢dr2 2/kF (f)) ¢dm
X X
:/@Q(FA(JT))MAF 2/@ (T(f,AF) + kT(f)) ¢ dm.
X X

Invoking Lemma 3.1, this amounts to

2/@2(1“0”)) (C(f, Af) + ET(f)) ¢dm < /5dA<I>e(F(f)) =/<1>e(1“(f))A¢dm.

X X X

By the dominated convergence theorem, letting ¢ | 0 in the preceding inequality gives the BE,(k, c0)
inequality for f € TestF(X).

To extend this to general f € Dom(A) with Af € W12(X) and T'(f) € L>(X, m), we approximate it
in W12(X) by means of its heat flow regularizations P;f € TestF(X) as t | 0. Since I'(P.f) — I'(f) and
T(Puf, APy f) — T(f, Af) in LY(X,m) as t | 0, I(P.f) is uniformly bounded in L>(X,m) for small enough
t, and T(AP; £)'/2 is uniformly bounded in L?(X,m) for small enough ¢, we easily get

lim P(P)Y? =T () and  WmT(Pf)* I D(PLf, AP ) =T ()7 T(f, Af)

in L1(X,m). This yields the claim. 0O

By the Feynman-Kac representation (1.1) of Pfk and Jensen’s inequality, the following hierarchy between
gradient estimates is immediate. This and the above self-improvement property of BEs(k, 00) will be used
in the proof of Theorem 3.4 below.

Lemma 3.3. If GE, (k) holds for some q € [1,00), then GEy (k) is satisfied for all ¢’ € [g, 00).
Theorem 3.4. For every q € [1,00), the properties BE4(k, 00) and GEq(k) are equivalent to each other.

Proof. By density of TestF(X) in W12(X) and an argument as in the proof of Proposition 3.2, the function
f under consideration may be assumed to belong to TestF(X).

Suppose that BE, (k, co) is satisfied. Fix any ¢ > 0, f as above and a nonnegative ¢ € Dom(A)NL> (X, m)
with A¢ € L>®°(X,m). Given any € > 0, consider the function ®. as defined in the proof of Proposition 3.2
above. Define F.: [0,t] = R by

Fu(s) = / PY (0. (T(Pr_o))) & dm — / &, (U(Py_of)) P¥ 6 dm.
X X

This function belongs to C!([0,¢]) since the functions s — P%¢ and s —» ®.(T'(P;—,f)) as well as their
derivatives in L?(X,m) are bounded on [0, ], see also [5, Lemma 2.1] for a similar argument. Thus

limﬁ)nf Fl(s) > lirrﬁ})nf/‘I{S (D(Pe—sf)) (A — qk)P% pdm
b

-2 hmsup/cb;(r(Pt,sf)) D(Pi_sf, AP,_ f) P% ¢ dm,
0

which is nonnegative by BE,(k, c0). Fatou’s lemma gives
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t
Fy(t) — Fy(0) = liminf (F.(t) — F-(0)) > / lim inf F/(s)ds > 0,
el0 el0
0
which establishes GE4 (k) for f € TestF(X) by the arbitrariness of ¢.

Conversely, assume GE, (k) for ¢ € [2,00). As ®y € C(]0,00)) for such ¢, we deduce F}(0) > 0, which
is a reformulation of the BE,(k,c0) inequality with P;f in place of f. Letting ¢t | 0 gives the desired
conclusion. If, on the other hand, we have ¢ € [1,2), we cannot rely on the above regularity of ®,. However,
Lemma 3.3 ensures GEy(k), which implies BEs(k, 00) by the previous discussion. Therefore, BE,(k, o)
holds by Proposition 3.2. O

3.2. Independence of the q-Bochner inequality of q

In this section, we prove the independence of the ¢-Bochner inequality of ¢ € [1,00). See Theorem 3.6
below for the precise statement.

We start with the following result. For its proof, we adapt the arguments of [19]. A crucial point in this
argument is that our a priori RCD assumption guarantees T'(f)%/? € Dom(A) for all f € TestF(X) and
every q € [1,00), and that TestF(X) is dense in W12(X).

Proposition 3.5. The condition BE,(k, co) implies BEs(k, 00) for every g € (2, 00).

Proof. As discussed above, it suffices to show the claimed implication starting from GE,4(k) with ¢ € (2, 00).
Arguing exactly as in the constant situation in [19, Lemma 3.2] (see also [27, Theorem 3.4]), one can
show that for every r € (2,00), BE,.(k, c0) holds if and only if the inequalities

ST S + 2T 2 TN T AN + TP mae. and DA 20 (3.4)

are valid for every f € TestF(X). Here, §(I'(f)) is the density of the m-absolutely continuous part of AT'(f)
w.r.t. m, A, T(f) stands for the corresponding m-singular part. In particular, note that GE,(k) already
yields T'(f) AL T(f) > 0 by (3.4) which is independent of q.

The crucial point is to show that

ST S() + () = DTS AL +ET() meae. (35

for every € > 0. Given the observation (3.4), this will imply BEg 4 (k, 00) for each ¢ > 0, and eventually
letting e | 0 and applying the monotone convergence theorem, we get the claimed BEy(k, co) condition.
Given BE, (k,c0) for arbitrary ¢’ > ¢, it is straightforward to follow the proof of [19, Theorem 3.6],
which relies on generic calculus rules for I'y and closely follows the strategy presented in [27], to prove (3.5)
1

with € replaced by ¢’ — 171 Now, according to [19, Lemma 3.3], given any ¢ > 0 there exist n € N and

¢’ > ¢ so that P"(¢") = €, where P(r) :==r — ﬁ and P" is the n-fold composition of P. Since BE,(k, c0)

yields BE (k, 00), iterating the foregoing reasoning allows us to finally reach the inequality (3.5). O
Combining Proposition 3.2 and Lemma 3.3 with Proposition 3.5 yields the following.

Theorem 3.6. If the q-Bakry-Emery estimate BEq(k, 00) holds for some q € [1,00), then it holds for every
q € [1,00).

Tt is also possible to obtain an equivalent characterization of BEs(k, c0) in terms of a lower bound on the
measure-valued Ricci tensor
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Ric(Vf,Vf):=Ts(f) — ‘Hess f}asm for every f € TestF(X)

introduced in [17]. As for the measure-valued Laplacian A, we denote by ric(V f, Vf) the density of the
m-absolutely continuous part and by Ric, (Vf, Vf) the m-singular part of Ric(V f, V f), respectively.

Corollary 3.7. The RCD space (X,d, m) satisfies BE2(k, 00) if and only if for every f € TestF(X), we have
ric(Vf,Vf) > kD(f) m-a.e. and Ric (Vf,Vf)>D0.
8.3. Localization of Bochner’s inequality

To study a suitable local-to-global behavior of the g-Bochner inequality, we present a reformulation of
it where we enlarge the class of functions ¢. Recall that our standing assumption RCD(K, co) implies
[(f)7/? € WH2(X) for every f € TestF(X) and ¢ € [1,00).

Lemma 3.8. Given g € [1,00), the BEy(k, 00) property holds if and only if for all f € TestF(X) and all
nonnegative ¢ € WhH%(X) N L= (X, m),

- [ Grw@.6) + i s, an o) am > [ ke sdm (36)
X

q
X

Proof. Obtaining BE,(k, c0) from (3.6) through integration by parts and the density of TestF(X) in
W12(X) is easy, thus we focus on the converse. Trivially, the inequality (3.6) holds for all ¢ € Dom(A) N
L% (X, m) with A¢ € L>°(X,m). Recall now, e.g. from [17,27], that any function ¢ € W12(X) N L>°(X,m)
can be approximated in W12(X) by means of a mollified heat flow

oo o0

Peop := /n(s) Pes¢pds, where n e C((0,00);[0,00)) with /n(s) ds=1,
0 0
as € | 0. Since B¢ € Dom(A) N L>®(X, m) and APB.p = — [°n/(s) Pespds/e € L>(X, m) for every £ > 0,

this allows us to extend the class of admissible ¢. O

Definition 3.9. We say that the local ¢-Bakry—Emery condition with variable curvature bound k, briefly
BEg 10c(k, 00), with ¢ € [1,00) holds if for every z € X there exists 6 > 0 such that

- / (Eo(r(r)/2,6) + (77> T(F,AF) 6) dm > / EL(f)"? ¢ dm
¥ 0 X
for all f € TestF(X) and every nonnegative ¢ € WH2(X) N L (X, m) with supp ¢ C Bs(z).

It is elementary to pass from the global BE,(k, c0) condition to BE joc(k, o0). The converse is more
involved. The proof of the following result is similar to the one of [6, Theorem 6.12], but uses a more
elementary partition of unity and does not require local compactness or upper dimension bounds of the
base space.

Theorem 3.10. For g € [1,00), the property BE, 10c(k, 00) implies the BE,(k, 00) condition.
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Proof. Let {z; : i € N} be a countable dense subset of X and consider the collection of metric balls By, (#;)
with d; > 0 chosen in such a way that the local ¢-Bakry-Emery inequality is satisfied around z;. For i € N,
define functions on X by

2 * . : * *
n? = Ed("X \ Bgi(zi)), n; = mln{ Zn?, 1} and n; =1 —n_q.
=1

7

Then 7, € Lip,(X) with support in By, (z;) and > o=, 7m; = 1 on X. Thus, for arbitrary nonnegative
¢ € WH2(X) N L>®(X, m), the assumption BE joc(k, o0) allows us to deduce

_/(EF(F(f)q/Q,tb) T2 IT(F AS) ¢) dm

q
X

(3

—

=2 / (éF(F(f)q/z,m) FLDYPTD(L AL ¢n) dm
=X

>y / ET(f)7/2 s dm = / ET(f)7/2 g dm.
X X

=1

We conclude the assertion using Lemma 3.8 above. 0O
4. From 2-gradient estimates to CD and differential 2-transport estimates

Our goal now is to derive the evolution variational inequality EVI(k) with variable curvature bound k
from the 2-gradient estimate GEg(k). In [31] there is a first part of the proof for this implication. With
some extra arguments, we complete it.

The key point is a localization argument. Indeed, it suffices to prove the EVI(k) “locally”, that is, for
measures in a given small neighborhood. The heat flow will neither stay within this neighborhood nor in
any other bounded region. We thus modify it by truncating its tails. Due to the Gaussian behavior of the
heat flow, the difference is of arbitrary polynomial order for small times. This will imply the CD(k, co)
inequality locally. However, the latter is already known to give the CD(k, c0) inequality globally, and this
in turn yields the global version of the EVI(k).

4.1. Tail estimates for the heat flow
Given any ball B5(z) C X with 6 > 0 and z € X, and p € Z(X), we put

Hip:= 1p,;(z) Hep + Hep[X \ Bas(2)] 6.

Lemma 4.1. Assume that p € P(X) is m-absolutely continuous with density f € L*(X,m) and suppp C
Bs(z). Then for every a > 0 there exists t. > 0 such that for all t € [0,t.] and all bounded Borel functions
¢, we have

WiHip Hip) <t and | [ odHip— [ odHip| <t sup ol(X).
X X

Proof. To see the first assertion for ¢ > 0, the case t = 0 being trivial, observe that

W3 (Hip, Hip) < / d*(z, ) dHep()

X\Bas(z)
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< i(né)Q / P,fdm
n=3

Brns(2)\Bn-1)s(2)

e / 22
< Lz D2 00)? (m[Bus()\ Biaonys(2)]) (=28

n=3

where the last inequality comes from the integrated Gaussian heat kernel estimate of [28, Theorem 1.8]
applied with K =k =1,v= X =0, A= By,,5(2) \ B(n—1)s(2) and B = B;(z) and replacing 15 and m[B]'/?
by f and || f||z2(x,m) therein, respectively. Therefore, by the volume growth property in RCD(K, co) spaces
and finally assuming that ¢ is small enough, we obtain

= 22 1/2 2
W22(H:p’ Htp) < Hf||L2(X,m) (Zm[Bné(Z) \B(n_l)g(z)] e ™9 /72t> e 07/8t
n=3
2 1/2 2
<1022 ) ( / o d¥ (2.0 /721 dm(m)) /S < g
X

The second assertion follows from the first one, since

5 X
| [atin— [ oatup| < suplol(X) HiplX \ Bas(a] < 225 wiihi g, i), :
X X

In Chapter 5, we need the following result, which is a consequence of Lemma 4.1.
Lemma 4.2. For each z € X, § > 0 and a > 0 there exists t, > 0 such that
P, [bf ¢ Bss(z)] <t* for every x € Bs(z) and t € [0,t.],
where (IP’I, bw) denotes Brownian motion on X starting in x.
Proof. Let p be the uniform distribution of Bjs/(z). Choose a pair (IP,b”) and (IP,b) of coupled Brownian

motions with initial distributions d, and p, respectively, such that d(b¥,b;) < e~ %% d(z,bg) P-a.s. for every
t >0, see [31, Theorem 2.9] for the construction. Thus in particular, P-a.s. we have

d(bf,b;) <6
for every ¢ € [0,t,] and a suitable t;, > 0. According to the previous Lemma 4.1,
P [bt ¢ ng(z)] <t°

for all ¢ € [0,t,] and some ¢, > 0 depending only on m[Bs/5(2)] and a. Combining both estimates yields
that

]P)[bf ¢ B35(Z)] S P [bt ¢ BQ(;(Z)] S [

uniformly in « € Bs(z) for small enough times. O
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4.2. From 2-gradient estimates to CD

In this section, we assume that k is Lipschitz and bounded. The general case follows using the approxi-
mation scheme via the sequence (ky,),en with &y, (z) := k,,(z, z) for z € X derived from Lemma 2.1. Indeed,
GEs (k) trivially implies GE2(k,,) for every n € N, which will imply both CD(k,,c0) and EVI(k,,). Since
Ws-geodesics between m-absolutely continuous measures and EVI(k)-curves are unique, we may then pass
to the limit n — oo by monotone convergence.

We present a modification of [31, Lemma 3.5] which is proved in exactly the same way as the previous
version subject to the choice of parameterization from [5, Theorem 4.16] involving the additional parameter
k. Throughout this section, we denote by (Qs)s>o0 the 2-Hopf-Lax semigroup.

Lemma 4.3. Assume the 2-gradient estimate GEq(k) with variable curvature bound k, and let k € R be an
arbitrary constant. Let (ps)sefo,] with ps = fsm be a regular curve in the sense of [5, Deﬁm’tion 4.10],
and for t > 0, define 9, +(s) == if K # 0 and J9(s) = s as well as Ry(t) := if & # 0 and
Ro(t) := 1. Then

ent 1 er t —1

/Q1¢dHt01 /¢d00——R2 /}Pﬂ“( | ds 4+t (Entwm(Hep1) — Entw(p0))

1 st

</ / / %) PAETID(Qu0) ) dp, o dr ds

0

is satisfied for every ¢ € Lip,,(X) and allt > 0. The term |p19t(5)] has to be understood as the metric speed
of the original curve (ps)sejo,1) evaluated at ¥¢(s).

The same estimate is satisfied for every Wa-geodesic (ps)seo,1] with m-absolutely continuous measures,
in which case fo 1po,. .(s)|* ds = W3 (po, p1), independently of k and t.

Lemma 4.4. Assume the 2-gradient estimate GE2(k) with variable curvature bound k. Suppose that k > K,
in Bas(z) for some z € X, K, € R and § > 0. Then for all pg, p1 € P2(X) N Dom(Ent,,) with support in
B;s(z) and bounded densities w.r.t. m, we have

d+

@, O—Wz (Hepr, po) + _W2 (P0; p1) < Entm(po) — Entm(p1)-
Proof. The proof follows the reasoning for [31, Lemma 3.6] and [5, Theorem 4.16], but with a subtle
modification. Fix ¢ > 0. While the curve (H:spy,(s))sefo,1) connects po and Hpi, the potentials Q. ¢y,
s € [0, 1], are Hopf-Lax interpolations of optimal Kantorovich potentials for the transport from pg to H} p;.
Thus, we have to match these two different situations and then use the nice behavior of the remainder
terms.

We know by [3, Proposition 3.9] that for any Ws-optimal coupling m; € Z(X x X) of po and H} p;, and

any Kantorovich potential ¢, relative to m, we have [Dyy| < d(z,y) < 46 for m-a.e. (z,y) € X x X. Taking
(2.3) and the bounded support of pg into account,

—Wz( tP1,P0) = sup /Q1detp1 /fdpo : [ € Lip,s(X), Lip(f) §45}~
X

The latter supremum is attained, see [3, Proposition 2.12], at some ¢; € Lip,,(X). Possibly adding constants
and invoking a cutoff argument, we may assume that |¢:| < C everywhere on X for some C' > 0 independent
of t. Thus, |Qs¢:| is bounded on X and Lip(Qs¢:) < 89, uniformly in s € [0, 1].
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Let (ps)sefo,1) be the Ws-geodesic joining po and p;. Note that the measures p; = fsm, s € [0, 1], are
supported in Bys(z). The CD(K, o0) condition furthermore ensures that the fs are bounded uniformly in
s, cf. [25, Theorem 1.3]. Applying Lemma 4.3 with x := K, we get

1
5 (Wf(Htm, po) — W3 (po, pl))

1 . .
- %<W22(Htphﬂo) — W3 (Hip1, po) + 2/Q1¢thtp1 - 2/@ dpo — Wg(pwl))
X X

IN

1
27<W22(Htm,po) *sz(prl,po)Jr?/thdHZ‘m 72/Q1¢thtP1)
X X

1

+2t

(R%_(t) — 1) W3 (po, p1) + Entwm(po) — Entwm (Hepr)
1

t
/s//F(quﬁt) Pigfj;z)((k — K.) Py fo,(s)) dmdrds,
0 X

0

S

where we have put ¢, := ¥k, ;. Note that the limsup as ¢t | 0 of the last term is nonnegative since
(k—K.) fs > 0 m-a.e. on X for every s € [0,1] and

t

1 1 Q(k_Kz)
i / Pl (k= K2)Parfo, o) dr = (k = K.) fs
0

w.r.t. convergence in L'(X, m). Indeed, ¥;(s) — s as t | 0 for every s € [0,1] and therefore Jous) = fs
pointwise m-a.e. As all considered functions are nonnegative and |  Jo,(s)dm = J « fsdm for all £ > 0, we
have fy,(s) — fs in L'(X,m) as t | 0. We conclude by strong continuity of the heat and the Schrédinger
semigroup with potential 2(k — K.) in L*(X,m).

Lower semicontinuity of Enty, yields —liminfyjo Entm(H;p1) < —Enty(p1), and clearly R (t) = 1 —
K.t +o(t) as t | 0. Lastly, observe that (W3 (Hp1,p0) — W3 (H;p1,p0))/2t — 0 according to Lemma 4.1
applied with a := 2. Thus, we finally deduce

. 1 K,
limsup — (W3 (Hep1, po) — W3 (po, p1)) + 7W22(007P1) < Entm(po) — Entw(p1). O

t10 2t (
Theorem 4.5. The 2-gradient estimate GEa(k) implies CD(k, 00).

Proof. Given ¢ > 0, Proposition 4.4 translates into a “local” EVI(k — ¢) property at time 0: for every
z € X, choosing § > 0 and K, € R such that K, < k < K, + ¢ in Bys(z), we obtain that for all
v € Po(X) N Dom(Enty,) with support in Bs(z) and bounded densities w.r.t. m, for w € 2 (Geo(X))
representing the Ws-geodesic from p to v, we have

il T +/ / (1= 8) (k(7s) — &) |42 dme(7) ds < Entu (1) — Enton (12).

a2
0 Geo(X)

With the same argument used in the proof of [31, Theorem 3.4] for the equivalence of CD(k, co0) and EVI(k)
(based on previous work [13] in the case of constant k), we conclude that this local EVI(k — €) implies a
“local” CD(k — €,00) condition in the following sense: for all z € X there exists § > 0 such that for all
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to, 1 € Po(X) N Dom(Enty,) with support in Bs(z) and bounded densities w.r.t. m, if w# € £ (Geo(X))
represents the Wa-geodesic from g to p1, for every ¢ € [0, 1], we have

1
Entty (1) < (1 — £) Entty (10) + ¢ Entey (111) / / 1) (k(rs) — &) |31 dm () ds.
0 Geo(X

Using the local-to-global property from [31, Theorem 3.7] and taking the limit ¢ | 0, noticing again that
the choice of Wa-geodesics does not depend on e, allows us to pass from this local CD(k — ¢, c0) property
to CD(k — g, 00) and finally to CD(k,00). O

4.3. From EVI to a differential 2-transport estimate

It has already been observed in [20] that EVI(k) yields contraction estimates for the 2-Kantorovich—Wasserstein
distance along two heat flows starting at regular measures. For irregular initial data, we now aim in deducing
a weak version of it, see also Remark 1.9.

Proposition 4.6. The EVI(k) implies the following differential 2-transport estimates:

(i) for every p1, pa € P2(X) N Dom(Enty,), one has

dt

dt

1
W2(Hopr, Hopta) < —2 / / K(ye) |32 dm(y) ds, (4.1)
t=0
0

Geo(X)

where w € P (Geo(X)) represents the Wy-geodesic from py to pe, and
(ii) for allz,y € X,

dt

t=0

Proof. Concerning (i), up to truncating k& and using monotone convergence afterwards, we may assume
that & is bounded. Naively, the claim follows by applying the EVI(k) to (Hp1)e>0 and (Hepz2)e>0, respec-
tively. Some care, however, is needed to deal with the double ¢-dependence of the nonsmooth function
t — W3 (H¢po,Hip1). To deal with this, one adds up the EVI(k), integrated from t to ¢ + h, h > 0, for the
flow (Hyp1)>0 with observation point Hyyppo and for the flow (Hypuz)i>0 with observation point Hypuq. The
entropy terms cancel out, and we obtain the desired estimate after dividing by h and letting h | 0. See [20,
Theorem 6.1] for details.

Next, we show (ii). Denote by k, € Lip, (X x X) a sequence converging pointwise from below in a
monotone way to k, see Lemma 2.1, and put k,(z) := k,,(x,z) for z € X. Given z,y € X and t > 0, select
T« > 0 small enough so that, for every 7 € (0, 7),

WQQ(Hdev H-r(sy) S d2($, y) + 2t2

The local absolute continuity of the curves (H d;):>0 and (Hdy)i>0 on (0,00) w.r.t. Wy and property (i)
with k,, in place of k, since k, < k on X, yield

1
z—t(Wg(Ht(sz, Hidy) — d*(z,y)) <t+ — (W2 (He6s, Hidy) — W3 (Hr 6, H-6,))
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t 1
<ty [ [ ] mGopkammasan

7 0 Geo(X)

where 7, € #(Geo(X)) represents the Ws-geodesic from H,é, to H,d,. As n — oo, by monotone conver-
gence, the above inequality still holds with & in place of k,. Thus, the definition of k£ and the inequality
k, <k on X for every n € N give, setting 7, := (eg, e1 )7y,

t

1 1
%(Wgz(Ht(sx, Ht5y) — dz(gj7y)) <t-— E/ / En(x'7y/) dg(x/’ y/) dTrT(IE/,y/) dr.
T XxX

Since H,.0, — 0, and H,.0,, — d,, w.r.t. W5 as r — 0 and since W5(H,.d,, H,.0,) is bounded uniformly in for
small 7, stability of optimal couplings, see [1, Proposition 7.1.3], and uniqueness of the Ws-optimal coupling
Mo = 0y ® 0y imply that m, — mo weakly as r — 0. Thus, the map r — fXXXEn d*dr, is continuous
at 0 by [33, Lemma 4.3]. The claim follows by taking successively 7 | 0, ¢ | 0 and n — oo in the above
inequality. O

A posteriori, knowing from Theorem 1.1 that EVI(k) implies GE;(k), we will be able to improve the
bound (ii) from Proposition 4.6 even for exponents different from 2, see Remark 5.12 below.

5. Duality of p-transport estimates and g-gradient estimates

Throughout the rest of this article, given ¢t > 0, we use the short-hand notation II; := C([0,¢]; X x X).
Moreover, at several instances we consider a function £: X x X — R which, unless stated otherwise, is
assumed lower semicontinuous and lower bounded. However, it should practically rather be thought of as a
bounded Lipschitz function “approximating” k from below without being of the particular form (1.2). This
often allows us to assume that £ € Lip, (X x X), while k is not continuous in general, even if k is Lipschitz.

5.1. Perturbed costs and coupled Brownian motions

Given any p € [1,00) and p1, po € Pp(X), let us define the perturbed p-transport cost with potential —pl
at t > 0 by

. 2t 1.2 r 1/p
Wg(ﬂlaﬂmt) = (]Plbquz)]E e pilbror) /2 dp(b%t, b%t)]

, (5.1)
where the infimum is taken over all pairs of coupled Brownian motions (IF’, bl) and (IP’, b2) on X, restricted
to [0, 2¢] and modeled on a common probability space, with initial distributions uq and us, respectively. In
more analytic words,

. "2t 1.2 r 1/p
Wiy, pa. 1) = inf ( / ol #0720 (33 52) aw(y)) (5.2)

T2

the infimum being taken over all v € (Ily;) whose marginals vq,vs € F(C([0,2t]; X)) are the laws of
Brownian motions on X, restricted to [0, 2¢], with initial distribution p; and ps, respectively. If £ = k, this
is the usual perturbed p-transport cost from Section 1.4.

A natural, albeit nontrivial identity relates the perturbed p-transport cost in the case of constant k with
the usual p-transport cost.
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Lemma 5.1. If £ is constantly equal to L € R then, fort > 0,

Wi, pas t) = e Wy (Hypa, Hipio).

Proof. Since Wy (H¢pa, Hopo)'/P = inf, ) E [dp (x, y)} l/p, the infimum ranging over pairs of random variables
x ~ Hypy and y ~ Hyps defined on a common probability space (€2,.%,P), and as bo; ~ Hyp for every
Brownian motion (P, b) with initial distribution p € £(X), we get

W1, pa, t) > e Wy (Hypr, Hepa).

For the converse inequality, let m, € Z(X x X) be a Wj-optimal coupling of Hypq and Hypue. Consider
Brownian motions (IPy,b') and (P, b?), restricted to [0, 2t], starting at 1 and pg, defined on probability
spaces (1,.Z1,P1) and (Qq, %2, Pa), respectively. Define the “bridge measures” Py for € X by disinte-
grating P; w.r.t. Hyuq(de) or, in other words, by conditioning b! on the event {b}, = z}. Similarly, let P
for y € X be the disintegration of Py w.r.t. Hyuo(dy). Consider the “glued measure” P defined by

P .= / PP @ PY dmy(z,y)
XXX
on Q := Oy x Q. Then (ﬁ, b') and (@, b?) is a pair of coupled Brownian motions with joint distribution
7 at time 2¢t. The desired inequality then follows directly, since
E[dp(b%t,bgt)] = / d?(z,y) dmi(z,y) = WP (Hepr, Hepz). O
XxX

Lemma 5.2. For every p € [1,00), t > 0 and p1, po € Zp(X) as above, the infima in (5.1) and in (5.2) are
attained.

Moreover, for every sequence of lower semicontinuous functions £,,: X x X — R converging pointwise to
£ from below in an increasing way, we have

nh—)ngo Wgn (/1417 M2, t) = Wg(,ulv K2, t)
Proof. The lower semicontinuity of £ implies the one of
N eldtptlra)/2dr gp (V2 72)

w.r.t. the uniform topology on Ily; which in turn implies weak lower semicontinuity of

v o /e RS UE /2drdp(7 t,’YQt) dv(v)

in #(Ily;). This gives the existence of a minimizer for (5.2) by a standard argument since, according to
[33, Lemma 4.4], the family of v € & (Ily;) with given marginals is tight as the sets of marginals are both
singletons.

The second assertion is a standard argument via I'-convergence of the functionals whose infima give
Wf“’ (p1, p2,t) and Wg(m,ug,t), respectively, in Z(Ilg;). O

Let us denote by #" (X x X) the completion of the Borel o-field on X x X w.r.t. a given v € 2(X x X),
and then
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BV(X xX):= [ #B(XxX)
veP(XxX)

is the o-field of all universally measurable subsets of X x X.
Lemma 5.3. For every t > 0 and p € [1,00), there exists a universally measurable map
n': X xX —  P(ly)

such that for every x,y € X, the marginals of 775;4/ :=n'(z,y) are laws of Brownian motions, restricted to
[0,2t], starting in x and y, respectively, and n;’y is a minimizer in the definition (5.2) of Wg(dz, 3y, t).

Proof. According to Lemma 5.2, for each pair (z,y) € X x X there exists an admissible measure on &7 (Ily;)
which attains the infimum in (5.2). The class of all probability measures with this property is closed. Then a
measurable selection argument, see [11, Theorem 6.9.2] and [31, Lemma 2.2], allows us to produce a family
of measures ntl,,y still satisfying the minimality property so that (x,y) — ntly is universally measurable in
(x,y) e X xX. O

An important consequence of these observations is a type of Markov property which will be crucial in the
proof of Proposition 5.6. For this and also for later use, fix s,¢ > 0, a measure v € Z(Il;) and a universally
measurable map p: X x X — Z(Il;) such that (eq)yp, , = 0, @6, for all 7,y € X. Define their composition
pov e P () by

[ t0den)) = [ [ £(@usa ) dbtgy () dule) for every f € Cullr),

where
Qs (a,B)r =, ifrel0,s] and @, (c,f)r:=pBr—s ifre(s,s+t
denotes the concatenation map “gluing” together the curves (oo )sepo,s] and (8r)rejo,4-

Proposition 5.4. For every p € [1,00), every s,t > 0 and all p1, po € Pp(X), there exists a pair (P,bl)
and (]P’,bQ) of coupled Brownian motions on X with initial distributions py and o, respectively, which
minimizes (5.1) for the given time t and such that

W(ur, pio, t + 5)P < E el P /2dr Wg(abét,abgt,s)p] (5.3)

Proof. Denote the map from Lemma 5.3 with s in place of ¢ by n®, denote a minimizer of (5.2) for time ¢ by
vy, and define n'** :=n® ovy € P (Ily(s1y)). This defines a coupling of the laws of two Brownian motions
with initial distributions p; and s, respectively, restricted to [0,2(¢ + s)] such that

2(t4s) 1.2
/ elo pL(vrv7)/2dr dr (721(t+s) , 7§(t+s)) dptts ()

o sty

- / of8" PR D 24r gk (5 5 P du(a),

Mo

This proves the claim. 0O
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Less formally, the previous construction can be described as follows. To estimate the perturbed p-transport
cost at time t + s, we construct the required process by first choosing a pair process (bl, b2) of Brownian
motions with given initial distributions u; and pe which realizes the minimum for Wf(,ul, ta,t). Then we
switch to a pair of Brownian motions starting in b, and b3,, respectively, which minimizes the cost at time
s.

5.2. Differential p-transport inequalities and p-transport estimates

To deduce a p-transport estimate TE,(k), we have to control the upper derivatives of the function
t— Wpﬁ(éﬁ, dy,t)P or, more generally, of ¢t — Wf(éx, 0y, t)P for z,y € X.

Lemma 5.5. Assume that £ € Cp(X x X). Then for all x,y € X and p € [1,00), we have

dr y d+
— | W50z, 0y, 1) < plx,y)d’(z,y) + —

WPE(Hde, Hedy).
dt |,_, dtf,o " !

Proof. Choose any exponent p’ € (p, 00) with dual exponent ¢’ € (1, 00). For all ¢ > 0, denote by (IP’, bl) and
(]P’, b2) a pair of coupled Brownian motions starting in (z,y) and such that the law of (b%t, b%t) constitutes
a Wpy-optimal coupling of H;d, and H¢d,. Albeit this process still depends on ¢, we suppress this dependence
in the sequel to simplify the notation. For a precise construction of such process, we refer to the proof of
Lemma 5.1.
Observe that
a+

= £ P
= tZOWp(éw, 5y, 1t)

< limsup tIE [ef” pt(or 3)/2dr gp (b1 b2)) — ¢ (b}, bg)]
10

1 2t 1.2 d+
<1 - I3t pe(by,b2)/2dr Pl K2 ¢
< hntlﬁ)up tE {(e 1) d? (b3, b3,) | + T

W2 (He0,, Hed,).
t=0

Each of the last two limits will be estimated separately. The last term will converge to the upper derivative
of WP (H¢05,H:dy) at 0 as p’ | p by monotone convergence. Moreover, since £ is bounded, the former term
can be estimated through

2t

1 t
lim sup t]E[(e-cf pL(byb7) /2dr _ 1) dp(bét,bgt)} < limsup %E[/e(b},,bf) drdp(béf,bgt)]
£10 £10 J

Now we split the expectation into a term where (b17 b2) behaves well and a remainder term. Let € > 0 and
choose d > 0 such that

max{|€ 'y " —dP(x, y)|} <e forevery 2’ € Bs(z), y' € Bs(y),
and define the exceptional set E, o, for r € (0, 2t) by
E, 9 = {b, ¢ Bs(z)} U{bj, ¢ Bs(x)} U{bZ ¢ Bs(y)} U{b3, ¢ Bs(v)}.

By these definitions and Fubini’s theorem, since £ is bounded,
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2t

lim sup 2 IE/ (b2, b2) ]lEg%drdp(b%t,b%t)}

tl0 ’
0

< p (€, ) +<) (@(,9) + <) Imsup o / o
10

According to Lemma 4.2, we have P[E, o;] — 0 as r | 0 and ¢ | 0, therefore the latter limsup is equal to 1.
On the other hand, if C' > 0 denotes an upper bound for ¢, using Holder’s inequality the second term can
be bounded through

2t

B[ £6h52) 15, 0 (013
0

i p
im sup
an

2t

’ ’

. / p/p" 1 1-p/p
< pC tmsupE [ (b}, 030" s (5 [P (B ar)

By the choice of the pair process (bl, bz), the first lim sup is equal to d”(z,y) while the second one is 0, as
already observed above. Since € was arbitrary, we obtain the claim. O

Proposition 5.6. Fixz p € [1,00) and assume the differential p-transport estimate

d+

s (H 0z, Hidy) < —pk(z,y)dP(x,y) for every z,y € X. (5.4)

t=0

Then the p-transport estimate TE,(k) is satisfied.

Proof. We first show that for all pq, ua € &,(X), the function ¢ — Wg(,ul, {2, t) is nonincreasing on [0, 0o)
whenever £ € C,(X x X) with £ <k on X x X.
To get started, we demonstrate that its p-th power t +— Wg(ul,ug,t)p is upper Lipschitz continuous
n [0,00). To see this, fix h € (0,1] and ¢ > 0, and consider the pair process (b!,b?) as provided by
Proposition 5.4. By the estimate (5.3) of this proposition, Lemma 5.1 and contractivity of the Wasserstein
heat flow, we have

1

E(W </j/17,u27t+h) (Nl»ﬂzﬂf) )
- % [efm pe(b,b2)/2dr (Wf(%;tﬁb;t,h)p — d? (b}, bgt))] (5.5)
< %IE {e Ompe(bl b2)/2dr dp(b§t7b§t) (epch )] < C'wW (,Ula/l% )

for suitable nonnegative constants C' and C’. This proves upper Lipschitz continuity of the p-th power of
the perturbed p-transport cost with potential —pf, which in turn implies

T g+
Wf(/j/h:uQvT)p - Wﬁ(ulvl’('270->p S /EW‘§<Mlau2at)pdt (56)

g

for every o,7 € [0,00) with o < 7. Letting h | 0, the estimate (5.5) and the observation
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E [e o pL(by,b2)/2dr dp(b%t, b%t)} < o0,
which justifies to apply Fatou’s lemma, give

d*+ 44 P
dt WZ; (6b%t ’ 6b§t ’ h)

+
—= Wi, pa, t)? < E {eﬁ?"ﬂ(bi,bi)/zdr dr
h=0

dh

Finally, the inequality (5.6) for the upper derivative inside the expectation, Lemma 5.5 and then the assumed
estimate (5.4), noting that —k < —¢ on X x X, yield the initial claim.

The nonincreasingness of ¢ Wpﬁ(ul, la,t) on [0,00) is then immediate due to an easy approximation
argument using Lemma 2.1 and Lemma 5.2. O

Theorem 5.7. For every p € [1,00), TE, (k) and the differential p-transport estimate (5.4) are equivalent.

Proof. According to Proposition 5.6, it suffices to prove that TE,(k) implies

dt

— | WP(Hide, Hidy) < —pk(z,y) d¥(z,y)
dt |,_,

for every x,y € X. For every t > 0 and p’ € (p,0), we denote by (]P’, bl) and (]P’, b2) a pair of coupled

Brownian motions which realizes the minimum in the definition of Wpﬁ,(&c, dy,t). This process does depend

on t, but we leave out this dependency from the notation. Arguing as in the proof of Lemma 5.5, we get
d+

e t:OWZ?(thSw, Hqd,)

1 2t 112 d+
<1 - J3t pl(by,b2)/2dr\ qp (Kl K2
< IHI;J,S()UP t]E {( —elo ) d (b2ta b2t) + T

WE (02, 8y, t)"
t=0

d+
< —pl(x,y)dP(z,y) + T

k
Wzy(éz, dy, t)P
t=0
for all £ € Cp(X x X) with £ < k on X x X. Letting p’ | p, the last upper derivative becomes nonpositive
due to TE,(k), and approximating k from below using Lemma 2.1 gives the conclusion. O

Using this equivalence, Hélder’s inequality and the chain rule, the subsequent nestedness of TE,(k),
which is the Lagrangian analogue of Lemma 3.3, is easily shown.

Corollary 5.8. If TE, (k) holds for some p € [1,00), then TE,/ (k) is satisfied for all p’ € [1,p].
5.3. Transport estimates via vertical Brownian perturbations

We prove the variable Kuwada duality from Theorem 1.8. We start by first showing the implication from
GE, (k) to TE,(k), where p,q € (1,00) are dual to each other. Since the behavior of Brownian trajectories
can only be controlled for small times, we show the equivalent infinitesimal first-order description of TE, (k)
in terms of a differential p-transport estimate. This is done by a localization argument.

Additionally, in the extremal case ¢ = 1, the argument mentioned above can actually be circumvented
and we are able to derive the contraction estimate

d+
EWP(HW,HH/ < - / / (vs) |¥|[P dmi(vy)ds  for every t > 0
0 Geo(X)
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for all p,v € Z(X) of finite W),-distance to each other, for every p € (1, 00). The measure 7, € Z(Geo(X))
induces an arbitrary Wy-optimal coupling of H;pt and H,v. This is discussed now, see Theorem 5.10 and
Corollary 5.11, where, possibly replacing k& by min{k,n} for n € N, we assume that k is bounded. This is
not restrictive as, given these results for every n € N, they easily pass to the limit n — co by monotone
convergence.

Recall that Go(z,y) denotes the set of geodesics from z € X to y € X. Given p € (1,00) and ¢t > 0, we
define the function dg,k,t: X xX —R by

! 1/p

do z,y) = inf /E |:e— 2 pk(b,)/2 dr:| . pdS) .

o= _int ( [B A
0

Here (PP,,,b) denotes Brownian motion starting in v, for every s € [0, 1]. We will not explicitly mention the

dependence of the process b on s. The function dg,k,t can be turned into a metric dp i on X by defining

n
dpri(z,y) == inf{ ng7k,t(xi_1,$i) meN, z=xg< 21 <+ < Iy := y}
i=1

It is equivalent to d by boundedness of k£ since d is a length metric. Let us denote by W. k . and Wy
the transport “distances” w.r.t. dp,k,t and dp, i, ¢, respectively. Then W, j ; is a metric on 9 »(X), which is
equivalent to the usual p-Kantorovich—Wasserstein metric Wp,. Compared to the perturbed p-transport cost
Wlf which measures Brownian evolutions “horizontally” by following their trajectories with fized starting
points, the distance W), 1 ; varies the initial points along a geodesic and may thus be seen as a “vertical”
counterpart of W}

Let Qs be the p-Hopf-Lax semigroup and g € (1,00) such that 1/p + 1/¢ = 1. Similarly to [22, Proposi-
tion 3.7], the key point will be the following Lipschitz regularity along geodesics.

Lemma 5.9. Let f € Lip,(X). Then for every x,y € X, each t > 0 and all v € Go(y,x), the map s —
P:Qsf(vs) belongs to Lip([0,1]), and

1

Pthf( Ptf / hm SUP PtQ f('78+h) Pthf(’Ys)) - éPt (hp(st)q)('YS)) ds.

0

Proof. Let h > 0 and s € [0,1 — h]. Notice that

IPQui fGasn) — PiQuf(30)

< 2P fasn) = PeQuinf 0] + 5| [ (Quenf = Qup) abis, |
X
q s+h 1
<200 [ ppQunsicn)do+ [ F1Quns - QuilaH,.
s X

The latter is bounded uniformly in s and h since the first integral can be controlled using the Lipschitz
regularization estimate (2.1) of the heat flow while the second one exploits the fact that the map s +— Qf
is Lipschitz from [0, 00) to C(X).
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It follows that P:Qq f(z) — P+f(y) is bounded from above by

1
J (1msun 5 (PQu i) = Pe@uf(2) +limsup & [ (Quenf = Quf)aHid,, Jds G7)
0 X

The Kantorovich-Rubinstein formula (2.3) for W7, the Wi-contractivity of the heat flow and the duality of
P; and H; give us the following upper bound for the second limsup in (5.7)

lim sup — /(Qs+hf Qs f) ( vern — Hidy )+hmsup /(Qs+hf Qs f) dHyd.,
hl0 4

X

d
< Lip(Quf) lamsup Wy (Hid.,. Hid ) + [ 0.1 dHid,

=2 [ Up(Quf) aHid, = — Py (1p(Qu)7) ()

X

Here we used Lip(Qs f) as a shorthand for the Lipschitz constant of the map s — Qf from [0, 00) to C(X).
These estimates conclude the proof. O

Theorem 5.10. Assume the 1-gradient estimate GE1 (k). Then for everyp € (1,00), t > 0 and pu,v € Z(X),

Wp(HtMa HtV) S Wp,k,t(,u7 V) g W;?,k:,t(:ua V)'

Proof. The second inequality is trivial since by definition d, 5+ < dg’ k.t» thus we concentrate on the first
one.

Let us initially consider the case p := d, and v := ¢, for z,y € X, and t > 0. By the duality (2.3), we
have to estimate P;Q1 f(x) — Pf(y) from above for every f € Lip, (X). Pick a geodesic v € Go(y, z). By
the upper gradient property of |[DP,Q; f| and the GE; (k) inequality, we deduce for Z!-a.e. s € [0, 1] that

s+h

d
@) [ Q.| ) do

S

lim sup —

n (P Qsf(Vs4n) — Pthf(%)) < lim sup
hi0 h10

< d(a. ) By, [o 6 700207 b, 1@ 1) V),

denoting by (IP’ b) Brownian motion on X starting in 7. Invoking Lemma 5.9 and Young’s inequality, we
infer that

P:Q1f(x) — P f(y)

1
/IE —J?P“bﬂ/w ds. (5.8)
0

Taking the supremum over f € Lip, (X) and then infimizing over all geodesics v connecting y to z, we deduce
the inequality Wp(Hep, Hiv) < Wz?,k,t(/‘7 V)= dgyk’ty(x,y). By the triangle inequality and the definition of
dp k¢, this already implies that W, (Hep, Hiv) < Wy, (1, v) = dp ¢, (2, y) under the above assumptions.
The case t = 0 follows by letting ¢ | 0 in (5.8) and then concluding as above.
Lastly, the inequality W, (H¢p, Hiv) < W, 11 (p, v) for general p, v € (X)) follows by a standard coupling
argument. Given any W), i ;-optimal coupling 7 of p and v, fix Wj,-optimal couplings m¢ 4, of H.d, and Hid,,
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x,y € X, in a m-measurable way according to a measurable selection theorem [11, Theorem 6.9.2], and define
a coupling of Hyp and H;v by

dow(u,v) := / dmy zy (u, v) dr(z, y).
XxX

Thus we obtain

Wy (Hip, Hiv) <
X

d?(u, v) dwi(u,v) = / W (Hibz, Hidy) dm(z,y)

XxX

x/x
/ d> (@ y)dn(z,y) =W, (1,v). O
x X

IA

X

With this in hand, we can proceed to what we have indicated in Remark 1.9.

Corollary 5.11. Assume that GEq(k) is satisfied. Let p,v € P(X) so that Wy(u,v) < oo, let t > 0, and
let my € P(Geo(X)) represent an arbitrary Wy-optimal coupling between Hepn and Hev, i.e. (e, e1)yms is a
Wpy-optimal coupling of Hyp and Hyv. Then

1

d+

EWP(HW, Hiv) < — / / (7s) |¥[P dmre () ds.
0

Geo(X

Proof. Given any optimal geodesic plan 7r; as above, using Theorem 5.10 gives

1
limsup —- (Wf(HtJrhM, Heynv) — Wg(HtUa HtV))
h—o Ph
1
< lim sup —(W}?k p(Hep, Hev)? — WP (Hep, H,v))
nio  ph Y

1
1 2
< limsup — A / (/IE7 [e_ johpk(br)/QdT:| ds — 1) d? (o, 71) dme ()
p
0

h10
Geo(X)
1
- / / k(ys) 3P dee(y) ds
0 Geo(X)

where (IP’%, b) denotes Brownian motion on X starting in 7. In the very last step, we used the assumed
boundedness of k together with the dominated convergence theorem. O

Remark 5.12. The previous corollary applied to u := d, and v := §, for x,y € X at t = 0, choosing m¢ as
the Dirac mass on an arbitrary geodesic v € Go(x,y), yields the estimate

1
d+ _
——|  WP(H¢dg, Hidy) < — sup /k vs)dsdP(z,y) < —pk(z,y) dP(x,y),
dt |, weGo(z,y 0

where, as in (1.3), the function k: X x X — R is defined by
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1
k(x,y) := liminf sup /k(’Y
(zn y,,)—)(:t y) ’yEGU(-’IJn7yn) 0

Note that k is lower semicontinuous and bounded from below.

This improves the differential p-transport estimate (5.4), since k < k on X x X, see also Proposition 4.6.
In Chapter 6, we shall construct a coupling of Brownian motions obeying pathwise bounds involving the
larger function k in place of k. In particular, using Theorem 5.17, all equivalences from Theorem 1.1 and
Theorem 1.8 are still valid when replacing the function k by & in all relevant quantities. W

The proof of the TE, (k) property starting from GE, (k) with dual p, ¢ € (1, c0) is slightly more involved
as a control of the error terms is only possible “locally” for small times. A crucial ingredient is the subsequent
result.

Lemma 5.13. Let u and v be bounded Borel functions on X such that u < v on a ball Bs(z), z € X and
0 > 0. Then for every p € (1,00) and € > 0, there exists t, > 0 such that for every t € [0,t.], every
nonnegative Borel function g on X, and every Brownian motion (P;,b) on X starting in x € Bj/o(2), we
have

[elo u(b,.) g(bt)} <E, {epjo v (b, )+s)drg (bt)]l/p.

Proof. The condition on v and v guarantees that for fixed T > 0 and every t € [0, T,

t

t
ejo u(br) ejo v(by)dr /e]o u(br) dr[7 v(br) (u—v)(bs)ds < M/]l{b ¢Bs(z }ds.
0 0

Here, M > 0 is a constant depending only on u, v and T'. Therefore,
E, [ef(f u(br) drg(bt)] <E, [ef; v(br)drg(bt)} + M/El [ef(f v(br)drg(bt)]l{bs¢35(z)}} ds

t
<E, {efot pv(bﬂdrgp(bt)} e (1 " M/]P’x [be ¢ Bs(2)] "/ ds),

where ¢ € (1,00) denotes the dual exponent to p. By Lemma 4.2, we know that P,[bs ¢ Bs(z)] < s? for
every s € [0,t] and small enough ¢. Thus, 1 + M fo [bs & Bs(z )]1/ 7ds < e°!, which directly proves the
claim. O

Remark 5.14. With the very same strategy, also estimates for Feynman-Kac-type expressions in terms of
pairs of Brownian motions can be derived, each component being required to start within Bs/5(2). Moreover,
the integrands u and v are then supposed to be functions on X x X with v < v on Bs(z) x Bs(z). W

Proposition 5.15. Let p,q € (1,00) such that 1/p+ 1/q = 1 and assume the q-gradient estimate GE4(k).
Assume that £ € Cp,(X x X) with £ <k on X x X, and put ¢(x) := L(x,x) for x € X. Then for everye > 0,
p € (1,p) and z € X, there exist 6 > 0 and t, > 0 such that for every x,y € Bs(z), every v € Go(y,x) and
every t € [0,t*], we have

W;];’I(Ht(sxa Ht(sy) <d(z,y) ef(fol e(’Yr)drfs)t’
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and thus in particular,

1
d+
— | Wy (Hidz, Hedy) < —d(z,y) /E Yr) dT—E
dt |,_o
0

Proof. We adapt the proof of Theorem 5.10 by adding a localization argument. Given z € X and ¢ > 0,
choose 0 > 0 and L, € R such that L, < ¢ < L, 4+ ¢/2 on Bss(z). Let x,y € Bs(z) and v € Go(y, ), and
note that L, < fo y)dr < L, +¢/2.

Denote by Qs the p’-Hopf-Lax semigroup with dual exponent ¢’ € (g, 00). Since |DP:Q,f| is a weak
upper gradient and using GE,(k), which clearly implies GE,(¢), we directly obtain, for #1-a.e. s € [0,1],

lim sup — (P Qo (vsrn) — PeQsf (7)) < d(z,y) (PYDQ.f19) Y (3,).

hl0

Applying Lemma 5.13 with €/2 and ¢/2 in place of € and ¢, respectively, we get, for small enough ¢,

(PIIDQ, £17) " (7s) < e~ E===/21 P, (lip(Q, )7 )/ (35),

and thus

1 dp/ Z, o _ 1 . /
devy) (PHDQ.A () = L e/ Bmel2 2y (1p(Qu)") ()
for #-a.e. s € [0,1] by Young’s inequality. Therefore, Lemma 5.9 with ¢’ in place of ¢ yields

Pthf(x) B Ptf(y) < d? (x7y) e P "(L,—e/2)t dp( ) efp'(fol £(~vr) drfa)t'
p/

p/
Taking the supremum over f € Lip, (X), we conclude by (2.3). O

Theorem 5.16. Given p,q € (1,00) with 1/p+1/q = 1, the g-gradient estimate GEq(k) implies the p-transport
estimate TE, (k).

Proof. Fix z,y € X, an arbitrary geodesic v € Go(y,z) and ¢ as in Proposition 5.15. Given ¢ > 0,
choose a finite covering of ([0,1]) by metric balls By, /2(7s,), ¢ € {1,...,n} and n € N, such that each
of the enlarged balls Bs,(7s,) satisfies the assumption of the previous Proposition 5.15. Without restric-
tion, we may assume s; = 0 and s,, = 1. Applying this proposition to pairs of intermediate points s, ,
and 75, and the reparameterized geodesics 7' € Go(vs,_,,7s,) defined by ~% := Vsi1+r(si—si_1), T € [0,1],
yields

dt

n d+
E Wp’(Ht6z7 Hf(;y) S ; E

t=0 t=0

n 1
7Zd(’)/3¢715’>/$1 /é dT’*&
=1 0

1
/E'yr dr—e
0
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Since ¢ is arbitrary, this bound holds with &k in place of ¢ by Lemma 2.1. Furthermore, by definition
of k and the arbitrariness of € > 0, we deduce the differential transport estimate (5.4) with p replaced
by p'. Since this true for every p’ € (1,p), this finally yields TE,(k) by Proposition 5.6 and monotone
convergence. [

5.4. Gradient estimates out of pathwise and transport estimates

A modification of the arguments given in [22, Proposition 3.1] allows us to prove the converse direction
of Theorem 1.8, i.e. that the p-transport estimate TE, (k) implies the g-gradient estimate GE4(k), where
1/p+1/q = 1. As in the previous section, a control of the error terms can only be achieved for small
times. Therefore, instead of deriving GE,(k) directly, it is more convenient to establish a local version of
the g-Bochner inequality BE,(k, 00).

As in the preceding Section 5.3, the extremal version ¢ = 1 is much easier to treat: in this case, the
condition “TEq(k)” is to be interpreted as “TE,(k) holds for any p € [1,00)”, which translates into the
requirement of PCP(k) as discussed in Chapter 6.

Theorem 5.17. The property PCP (k) implies the 1-gradient estimate GEy(k), that is, for every f € WH2(X)
and t > 0, we have

T(Pf)Y2 <PET(HY?) m-ae
Proof. Fix f € Lipy,(X) and = € X. Recall that P/, f(x) = E,[f(b¢)], where (IP;,b) denotes Brownian
motion on X starting in z. Pick a function £ € Lip, (X x X) with £ < k on X x X, and set £(z) := {(z, x)
for x € X. By PCP(k), given any ¢ > 0 and y € B,(z), we may choose a pair (]P’m’y, bl) and (]P’x’y, b2) of
coupled Brownian motions in such a way that P, ,-a.s., we have

d(b!,b?) <e” Jo (o 67)/2dr (g 4y < @ Jo £brbT)/2dr g 4 (5.9)

for every t > 0. With this in hand, we can estimate

P —p
010 ye B, (z) d(z,y)

: [f(b;) — f(b)| d(bs,b?)
<lim sup E;,
ol0 e, L d(bi,b)  d(@y)

(]lUg,t + ]lvgyt + ﬂWg,t) ?

where V,; := {d(b},b}) > 0'/2}, Wy, := {[s d(b,b?) dr/t > 0'/?} and Uy, := VE, N WE,.

Let us consider this upper bound for the weak upper gradient |DP;/ f|(z) term by term, starting with
the contribution coming from U, ;. We have the inequality fotﬁ(b,l.7 bZ) dr > foté(b}) dr — Lip(¢)to/? on
WC

ot Which gives

lim sup E
o0 yeBym)

) sl el ]
dbfb7)  d(wy)

S lim sup E‘T’y |:e_ jot e(bi)/Q d7"+Lip(£)t91/2/2 sup
00 yeB, () 2€B 1/ (b)

f(by) — f(z)ﬂ
d(bf, 2)

= limE, {e Jo b7)/2dr+Lip(0)te!2/2 gy
0l0 2€B 172 (b7)

f(by) = f(2) ”
d(bf, 2)
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_E, o~ Ji ey 2ar |Df|(b§”)} =P, (T(H)V?) ().

We point out the intermediate change from the process b!, which in general also depends on y, to a Brownian
motion (IP’I, bz) on X starting in x, chosen independently of .

Next we consider the term involving 1y, ,. Denoting by C' > 0 a suitable upper bound on /£, we obtain
by (5.9) that

: |f(bi) — f(b7)| d(bi,b7) }
lim sup E,, 1v,,
o0 yEB,(x) Y d(b%,b%) d(xay) C

d*(b}, b?)

1
< Lip(f) im — sup E,., [
/) Y1 d(z,y)

. ) 1
i e ]smpme“ lm— sup d(z,y) =

Similarly, the last expression which involves W, ; can be bounded through

lim sup E;,
20 ye B, ()

[If(b%) — f(b?)] d(b},b?) | ]
d(bj.b?)  d(z,y) e

t
1 K2 1 K2
sup /]Ex,y [d(btabt)d(brabr):| d?"

< Lip(f) lim a(z.9)

0l0 tpl/? yeB,(x) )

1
< Lip(f)e® lim —= sup d(z,y) = 0.
(f) 0l0 0Y2 B (a) @)

Finally, we have to extend the class of admissible functions f and pass to GE; (k). By uniform convexity
of &, every f € W12(X) can be approximated strongly in W2(X) by a sequence of Lipschitz functions f,
with bounded support [3]. Thus, possibly passing to a subsequence, we get, for some suitable ¢ € R, that

lim PUT(f — fu)/?) < et lim P.(D(f— fu)"?) =0 mae.

Moreover, T'(P;f,,) — T'(P:f) in L'(X,m) as n — oo and thus, up to a subsequence, this convergence holds
m-a.e., which then proves GE; (¢) for arbitrary f € W12(X). By the arbitrariness of £, Lemma 2.1 and the
identity k() = k(z,x) for every z € X, we deduce GE; (k) by the monotone convergence theorem. O

Proposition 5.18. Lete > 0, z € X and ¢ € (1,00). Assume the transport estimate TE,(k), where 1/p+1/q =
1. Suppose that £ € Cp(X x X) with £ < k on X x X. Then for every ¢' € (q,00), there exist t. > 0 and
6 > 0 such that

T(P.f)/2 <PT“"(T()7/?) m-a.c. on Bs(2)
for every t € [0,t.] and all bounded Lipschitz functions f on X.

Proof. Fix T' > 0. Given ¢ > 0, choose § > 0 and L, € R such that L, < {(z,y) < L, + ¢/3 for
every x,y € Bss(z). Given t € [0,T], z € Bs(z) and y € By(z) with o < 4, select a pair (Py,,b') and
(]P’I,y, b2) of coupled Brownian motions starting in (x,y) which attains the minimum in the definition of
ka(ém, dy,t/2) < d(z,y). The choice of this pair does depend on z, y and t, but these dependencies are
suppressed in the notation. Similarly to the proof of Theorem 5.17, for every f € Lipy(X), we have

DP,ofl(2) <lim sup E,, |0 —/GD] dbrb0)

Ty,, + 1ye,
ol0 yEB,(x) d(b%7 bt2) d(.’l?,/y) ( " @ )
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where V, ¢ := {d(b},b?) > 0'/2¢}. The contribution of V,; vanishes as o | 0 due to

|f(by) — £(b7)]

lim sup E,, Ly,
0l0 yEB,(x) Y d(l‘, y) !
1 t 1 12
< Li Ct 1im o(1—P) /24 {f pk(bl,b2)/2dr yp ()1 2}
< Lip(f)e 1;?019 yesgia:) a@.0) E,,,|elo d (bt, bt)
< Lip(f) e lim ol1mP)/2a > )dp‘l(x,y) =0
yeb,(z

for a suitable C' > 0, where we used the assumption that ¢ < k in the first inequality and the TE,(k)
condition in the last inequality.

Next we study the influence coming from V. Choosing some exponents ¢" € (¢,¢’) and p” € (1,p’) dual
to each other, using Holder’s inequality, Lemma 5.13 with €/3 and ¢/2 in place of € and ¢, respectively, and
eventually assumption TE,(k), we obtain for sufficiently small ¢ that

lim sup E;,

60 - S0 0Lt

ol0 yEB,(x) d(b%7b%) d(m7y)
bl) — £(b2) a" 1/¢"
Sef(sze/S)t/z lim sup ]Em,y[ f( t)l f2( t) ﬂvct}
ol0 yEBy(x) d(btvbt) e

“lim sup Egy

1 1 "’
|:eP”(Lz_5/3)t/2 ‘d(b%,b%)’ﬂ :| /p
20 ye B, (x) d

(z,9)

£(67) = f(2) ”/ 1

< o (Leme/94/2 [ g, { sup d(bf, 2)
RS

ol0 2€B 1724 (b})

) B . " 1 "
< o~ (Leme/A2 g D £l (b7)] Y

Here (P,, b") is a Brownian motion on X starting in = which is chosen independently of y. Once again using
Lemma 5.13 as above to estimate the last expression, we finally obtain

1y 2 1 K2
lim sup Eg, ‘f(:ti)l t{2<bt)| dc(ib“bt)
20 yeB, (2) (by,b?) (z,y)

Lye, | <PY (D) @) O

Theorem 5.19. Givenp,q € (1,00) with 1/p+1/q = 1, the p-transport estimate TE, (k) implies the q-gradient
estimate GEg (k).

Proof. Let £ be as in Proposition 5.18 and put ¢(z) := £(z,x) for € X. First, we assume that ¢ € [2, 00).
Givene >0,z € X, t,. > 0, ¢’ € (¢q,0) and the associated time ¢, > 0 from in Proposition 5.18, arguing as
in the proof of Theorem 3.4, the function F': [0,t.] — R defined by

F(©)i= [ (PYO(0(0)7) - TPy ) dm

X

belongs to C1([0,t.]) for every f € TestF(X) and all nonnegative functions ¢ € W12(X) N L>°(X,m)
supported in Bs(z). The function F itself and its derivative at 0 are nonnegative by Proposition 5.18. The
latter translates into

- [ Grew 2.0 + 2 g an e) dm> [@- 9 odm.
X X
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Approximating k from below by the sequence k,, € Lip, (X) of functions &, (z) := k,,(z,z) for z € X, or in
other words, replacing ¢ by k,, for every n € N, where k,, tends to k from below as provided by Lemma 2.1,
and letting ¢’ | ¢ and € | 0, we obtain precisely the local ¢-Bakry—Emery inequality BE, 10c(k, 00) according
to Definition 3.9. Since the latter implies BE4(k, 00) by Theorem 3.10, the equivalence with GE,4(k) finishes
the proof in the case q € [2, 00).

If ¢ € [1,2), choosing ¢’ := 2 in Proposition 5.18 and arguing as above, we obtain BEs(k, 00), which in
turn implies BE,(k,00). O

6. A pathwise coupling estimate

It remains to treat the pathwise coupling property w.r.t. k to finish the proof of Theorem 1.1. By
Theorem 5.17, we know that PCP (k) implies GE; (k). Conversely, letting k be the function from Remark 5.12
which is even larger than k, GE; (k) implies that, for any p € (1, 00),

d+

T WP(Hi6e, Hedy) < —pk(z,y) dP(z,y) for every z,y € X.
t=0

The same argument as for Proposition 5.6 then shows that ¢ — Wf(ém,dy,t) is nonincreasing for every
p € (1,00) and every z,y € X. Therefore, PCP(k) follows once having proven the subsequent even stronger
statement which has a weaker assumption.

Theorem 6.1. Suppose that, for all large enough p € (1,00), the map t — Wf(éx,éy,t) s monincreasing on
[0,00) for every z,y € X. Then for every py, po € P(X) there exists a pair (P,b') and (P,b?) of coupled
Brownian motions on X with initial distributions w1 and po, respectively, such that P-a.s., we have

d(b;,b7) <e” N E(bi’bi)pdrd(bl b2)  for every s,t € [0,00) with s < t.

In particular, the pathwise coupling property PCP(k) holds.

For the proof of Theorem 6.1, it is necessary to adapt the arguments from [31, Section 2] in a nontrivial
way, since our pathwise estimate requires control of the entire path of (bl, b2) on the interval [s,t] and not
just at the endpoints.

The proof of Theorem 6.1 will be subdivided into multiple steps. Firstly, we construct a coupled process
starting in J, ® 0,, z,y € X, satisfying the desired pathwise contraction estimate on the interval [0,1].
Secondly, a gluing procedure will let us extend the process to [0,00). Finally, we use a coupling technique
to allow for arbitrary initial distributions.

Proposition 6.2. Under the same assumptions as in Theorem 6.1, for every t > 0, there exists a universally
measurable map

y,ti X xX — Q(Ht)

such that for every x,y € X, the marginals of ,ui,y = pl(z,y) are laws of Brownian motions, restricted to
[0,t], starting in x and y, respectively, and

t 7. 1 2
d(’Ytlv%gQ) <e b k(e /2dr d(z,y) for u;,y—a.e. ~ € I1;.

Proof. Given z,y € X and an increasing sequence (p,)nen tending to co, denote by nflz e Z(11;) the
measure obtained by Lemma 5.3 for the exponent p,,, ¢ replaced by k, and time t/2 in place of ¢. As for
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Lemma 5.2, we see that the sequence (nfv’g)neN is tight. Hence it converges weakly to some "7;,;, e 2(1Ly)
along a subsequence which we do not relabel.

Let p € (1, 00) arbitrary, and fix £ € Cp,(X x X) with £ < k on X x X. Then by Hélder’s inequality and
the nonincreasingness of ¢ — an (05,0y,t) for large enough n, we obtain

Lo 1/p
( / els PEORAT/27 g2 (4] 02) am, (7))
II;

. 1/
< liminf( / elo PECEAT) /247 gp (41 42) dni’Z(v)) ’

n—oo
I,
. JEpnk(vA2)/2dr gpn (A1 A2 tn 1/pn
< hmsup( elo PriirmTr & (%) dm’,y(v)) < d(z,y).
n—oQ
II,

Sending p — oo and then approximating k from below by means of Lemma 2.1 gives
O tT(aln2
d(v,77) < e JokOm)2dr gz gy for nl, -ace. v € II,.
A measurable selection argument as in the proof of Lemma 5.3 establishes the claim. O

The next goal is to obtain a measure which obeys such pathwise bound at every initial and terminal time
instance in, say, [0, 1]. Indeed, this is the point where the main work has to be done.

Theorem 6.3. Under the same assumptions as in Theorem 6.1, there exists a universally measurable map
p XxX — P(I)

such that for every x,y € X, we have that the marginals of p, , = p(x,y) are laws of Brownian motions,
restricted to [0, 1], starting in x and y, respectively, and that there exists a p, ,-negligible Borel set E C Tl
such that

d(’ytl,'yf) <e~ I E(Vi”g)/mrd(fy;,fyf) for every s,t € [0,1] with s <t
forally eIy \ E.

Proof. The strategy relies on patching the laws obtained in the previous proposition together on small
dyadic partitions of [0, 1]. Denote by 2" the map from Proposition 6.2 and define

IJ’n,x,y = /’L27n O:--0 ”27” Ouijyn (S '@(Hl))

2n—1 kernels

that is, at every dyadic partition point of [0, 1] at scale 27", we attach a new random curve evolving according
to the law obtained in Proposition 6.2 to the random endpoint of the previous curve. The marginals of u,, . ,
are the laws of Brownian motions on X, restricted to [0, 1], starting in  and y, respectively. As in the proof
of Lemma 5.2, we may exhibit a subsequence, not relabeled in the sequel, weakly converging to some
[l'Ly € y(H1>

The key point lies in proving that for every s,t € QN[0,1] with s <, there exists a u, ,-negligible Borel
set B, C II; such that, for every v € II1 \ Ey 4,

d(vf,77) < el Roman)/2dr g (41 42), (6.1)
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By continuity of curves, the desired requirements are then satisfied by the g, ,-null set

E = U E.,.

5,teQnN[0,1],
s<t

Let £ € Cp(X x X) as above, i.e. £ <k on X x X. Pick s and t as above and notice that the sequences
Sm = 27™[2™s] and t,, := 27™|2™¢] tend to s and ¢, respectively, as m — oo. Fix m € N and an arbitrary
n > m. Given any ¢ € {1,...,2" — 1}, for every path 7 € II,-» one gets

d(hn,72n) < o= Jo  tvent)/2dr d(Y3-n,¥o-n) for ny 2 -a.e. vy € y-n.

Ve

Observing that the dyadic partition of [0,1] of step size 27" contains the one at scale 2™ and then
integrating the resulting p,, , ,-a.e. valid estimate, truncated at large enough C' > 0, against an arbitrary
nonnegative function ¢ € Cy(II;), we obtain

2 "L2"tmjz 1’ 3/2(1
/ o) de (1, 76,) Atz (7) / dly)e i ORI R g (g1 2 Y, (),

where d¢ := min{d, C}. Since / is bounded, for all m € N and every ¢ > 0, this yields

/(ZS(’Y) dC (’ytlm 9 ,thm) dy‘n,Ly (7) S /d)(,Y) ei fﬁ;ﬂ” f(’\/r,’yr)/Q dr dC' (7;,,17 rygm) dl‘l’n,w,y(’}/)

e / o) de(vE A2 ) g, (7)
114

for all large enough n. Letting n — 0o, € | 0 and then C' — oo in the previous estimate as well as extending
the class of ¢ to nonnegative, bounded Borel functions by a routine approximation argument, we get

d(vt,..7%,) < 7f6$£(%’%)/2drd( vi .2 ) for K, -a.e. v € ;. (6.2)
Let us now put

Eat = U {y € II; : 7 does not satisfy (6.2)}
meN

which clearly satisfies Koy [Es’t] =0, and (6.1) holds on Iy \Es,t with ¢ in place of k by the convergences
Sm — s and t,, — t as m — oo. Finally, denoting by k,, € Lip,(X) a \ sequence approximating % from below
as provided by Lemma 2.1, the above reasoning gives Borel subsets E”t of Iy such that p, , [E ] =0and

d(7f,77) < e Je k) 2dr gy 1 42)

for every v € II; \Egt Putting

UEst’

we see that oy [Egvt] = 0 and that (6.1) holds for all v € II; \ E; by monotone convergence.
A similar argument and arguing as for Lemma 5.3 shows that we can then select the obtained measures
in a universally measurable way. O
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The cases of arbitrary initial distributions u € (X x X) and an infinite time horizon are immediate
given the construction in the proof of Theorem 6.3.

Proof of Theorem 6.1. By iteratively composing copies of p with p o p, we obtain a measure p, €
Z(C(]0,00); X x X)) such that (ep)sp,, = p. The pathwise coupling properties on each interval [n — 1, 7],
n € N, which are inherited by p carry over to the entire space.

By considering the canonical process (b',b?) defined by b (v) :=7¢ and b7(v) := 77 under the measure
p,,, we immediately obtain the assertion of Theorem 6.1, which is just a stochastic rephrasing of the previous
considerations. O
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