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PROJECTIONS OF THE SPHERE GRAPH TO THE ARC
GRAPH OF A SURFACE

BRIAN H. BOWDITCH, FRANCESCA IEZZI

Abstract. Let S be a compact surface, and M be the double of a
handlebody. Given a homotopy class of maps from S to M inducing an
isomorphism of fundamental groups, we describe a canonical uniformly
lipschitz retraction of the sphere graph of M to the arc graph of S. We
also show that this retraction is a uniformly bounded distance from the
nearest point projection map.

1. Introduction

Let H be a handlebody of genus g, and M its double. In other words, M
is homeomorphic to a connected sum of g copies of S1 ⇥ S2. (We refer to
[Hem] for general background on 3-manifolds.) The sphere graph, S = S(M),
associated to M can be defined as follows. Its vertex set, V (S), is the set
of homotopy classes of essential 2-spheres embedded in M . (A 2-sphere is
“essential” if it does not bound a ball in M .) Two such spheres are deemed
to be adjacent in S if they can be homotoped to be disjoint in M . We endow
S with a path metric, dS, by giving each edge length one. It is not hard to
see (by a surgery argument) that S is connected [Hat].

The sphere graph has played a significant role in studying the geometry
of the outer automorphism group, Out(Fg), of the free group, Fg, on g
generators. Note that ⇡1(M) ⇠= ⇡1(H) ⇠= Fg. Any element of Out(Fg) can
be realised by a self-homeomorphism of M [L2], and it is not hard to see that
this gives rise to a cofinite action of Out(Fg) on S. In fact, S is canonically
isomorphic to the free-splitting graph of Fg [AS]. A key result in the subject
is that this graph is hyperbolic [HanM]. Another proof of this, directly using
surgery on spheres, has been given in [HilH].

It is also known that S has infinite diameter. This is shown in [HamH]
by describing an isometric embedding of the arc graph of a surface into S.
The fact that the embedding is isometric is shown by defining a 1-lipschitz
retraction to the image. The latter construction however is not canonical.
In this paper, we show that one can define a coarsely lipschitz retraction
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2 BRIAN H. BOWDITCH, FRANCESCA IEZZI

in a simple canonical way (see Theorem 2.6). This su�ces to show that
the image is quasiconvex in S. Indeed, it gives the stronger result that the
arc graph is quasi-isometrically embedded in S. Another construction, by
di↵erent methods, has recently been given independently in [F].

To describe our construction, let S be any compact orientable surface,
with non-empty boundary, @S, and with fundamental group isomorphic to
Fg. Thus, H ⇠= S ⇥ [0, 1]. An “arc”, ↵, in S will be assumed to satisfy
@↵ = ↵\@S, and homotopies thereof will be assumed to slide the endpoints,
@↵, in @S. We say that ↵ is trivial if it cuts of a disc of S (or equivalently, can
be homotoped into @S); otherwise it is essential. The arc graph A = A(S),
is defined as follows. Its vertex set, V (A) is the set of homotopy classes
of essential arcs. Two such arcs are deemed adjacent in A if they can be
homotoped to be disjoint in S. The graph A is endowed with a path metric,
dA, by giving each edge length one. The arc graph is known to be hyperbolic
([MS], [HenPW], [HilH]). It also has infinite diameter (since it admits a
coarsely lipschitz map to the curve graph with cobounded image).

As in [HamH], we define a map, ◆ : A �! S, as follows. If ↵ is an arc
in S, then ↵ ⇥ [0, 1] is a disc in H, which doubles to give a sphere, �, in
M . It is easily checked that if ↵ is essential in S, then � is essential in M .
Moreover, homotopic arcs give homotopic spheres, and clearly disjoint arcs
give disjoint spheres. Therefore this gives rise to a map ◆ of graphs. In fact,
◆ is also injective. This is not hard to see directly, and will also follow from
Theorem 2.7 below.

We want to define a coarsely lipschitz map � : S �! A which is a left
inverse (that is, � � ◆ is the identity). The idea behind the construction
is quite simple. Note that we can embed S into M via, S ⇠= S ⇥ {0} ✓
S ⇥ [0, 1] ⌘ H ✓ M . This induces an isomorphism of fundamental groups.
Let � be an embedded sphere in M , which we take to be in general position
with respect to S, so that � \ S is a collection of arcs and closed curves.
We assume that the number of arcs in � \ S is minimal in the homotopy
class of �. We choose any component, ↵, of � \ S which is an essential arc.
(It is easily seen that there must be at least one.) We will show that, in
fact, ↵ is well defined up to bounded distance. Also homotopically disjoint
spheres can be realised to be simultaneously disjoint, and to both intersect
@S minimally. In this way, we will get our desired map, �.

To achieve this, we will shift perspective. By a theorem of Laudenbach
[L1], two essential embedded spheres in M are homotopic if and only if they
are isotopic, or equivalently in this case, ambient isotopic [Hir]. For the
purposes of proving the above, one can therefore hold � fixed and isotope
S in M . In fact, it will be more convenient to allow singular surfaces and
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homotopy. In other words, let f : S �! M be a map inducing an isomor-
phism of fundamental groups. We assume f to be in general position with
respect to �, and such that |f�1(�) \ @S| is minimal in the homotopy class
of f . Let ↵ be an essential arc component of f�1(�) ✓ S. We aim to show
that ↵ is well defined up to bounded distance in A. This will be based on a
result in [MS], see Lemma 2.4 here.

We will then show:

Theorem 1.1. For all �, �0 2 V (S), we have dA(�(�),�(�0))  dS(�, �0)+6.

In particular, ◆ is a quasi-isometric embedding, which implies that ◆A is
quasi-convex in S. In fact, a refinement of the argument will recover the
statement of [HamH] that ◆ is an isometric embedding (see Theorem 2.7
here).

Note that, while � is shown to be well defined up to bounded distance, it
involved making a choice. At the cost of making it multi-valued, it can be
made canonical. In particular, given � 2 V (S), we can canonically define
�(�) ✓ A to be the set of all arcs that can arise from any choice of such f .

We remark that the construction in [HamH] is related. However their
choice of allowable maps f : S �! M is more restrictive. In particular, it
makes reference to a preferred arc system, and therefore is not canonical.
Nevertheless, since it is a case of our more general construction, it follows
from the results here that it is canonical up to bounded distance.

In Section 3, we will relate our coarse retraction to nearest point projec-
tion.

Given � 2 V (S), let ⇧(�) = {�0 2 ◆A | dS(�, �0) = dS(�, ◆A)}. In
other words, ⇧ is the coarse nearest-point projection to ◆A. As with any
(quasi)convex subset of a hyperbolic space, we know that ⇧(�) has bounded
diameter. Moreover, if �, �0 2 V (S) are adjacent, then diam(⇧(�) [ ⇧(�0))
is bounded, i.e. ⇧ is coarsely lipschitz. Here, the constants only depend on
the genus, g, of M .

Denote the map ◆ � � : S �! S by  . In fact, we show that  and ⇧
agree up to bounded distance:

Theorem 1.2. Given any � 2 V (S), diam( (�) [ ⇧(�)) is bounded above
in terms of g.

The key ingredient for the proof is the result of [HilH] that surgery paths
in S are quasigeodesic (stated as Theorem 3.2 here).

Of course, it retrospectively follows from Theorem 1.2 that � is coarsely
lipschitz, but we know of no argument to show that ◆A is quasiconvex with-
out first constructing such a retraction.
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2. The main construction

In this section, we fix a non-empty subset, ⌃ ✓ M , which is a disjoint
union of pairwise non-homotopic essential embedded 2-spheres.

Let � be a closed multicurve (a non-empty disjoint union of closed curves)
in M . Up to small homotopy, we can assume � to be embedded, and write
� ✓ M . We will always assume that � is in general position with respect to
⌃, so that |� \ @⌃| < 1.

Definition. We say that � is e�cient with respect to ⌃ if and only if |�\⌃|
is minimal in the homotopy class of �.

It is easily seen that � is e�cient if and only if each component of � is
e�cient. Also, if � is e�cient with respect to each component of ⌃, then it
is e�cient with respect to ⌃. In fact, we have a converse:

Lemma 2.1. If � is e�cient with respect to ⌃, then it is e�cient with
respect to each component of ⌃.

Proof. Let � denote any component of ⌃. If � is not e�cient with respect
to �, then there are arcs a ✓ � and b ✓ �, with the same endpoints such
that a [ b is null homotopic in M . By homotoping b to a and then o↵ �,
we can reduce by at least two the number of intersections with �. Since the
arc b is disjoint from any other component of ⌃, then the homotopy does
not increase the number of intersections between the curve and the other
components of ⌃. Therefore |� \⌃| is not minimal over the homotopy class
of �. ⇤

For future reference, we will refer to a curve a [ b as in the above proof
as an ine�cient bigon.

Now, let S be a surface which admits a map, f : S �! M , which induces
an isomorphism of fundamental groups. For the rest of this paper, we will
fix a homotopy class of such maps, and assume that all such maps belong to
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this class. We will always assume f to be in general position with respect
to ⌃ and f |@S to be an embedding.

Definition. We say that f : S �! M is e�cient with respect to ⌃ if f(@S)
is e�cient.

Note that any homotopy of @S extends to a homotopy of S, and so this
is equivalent to asserting that the number of arcs in f�1(⌃) is minimal (in
the homotopy class of f). Note also that the earlier discussion carries over
to e�cient maps of S, i.e. f is e�cient with respect to ⌃ if and only if it is
e�cient with respect to each component of ⌃. Note that, f�1(⌃)\ @S 6= ?.
Otherwise f(S) could be homotoped into M \⌃, and so could not carry the
whole of ⇡1(M).

Lemma 2.2. If f is e�cient, then every arc of f�1(⌃) is essential.

Proof. Suppose by contradiction that f�1(⌃) contains an inessential arc b.
Then there is a subsegment a of @S so that a[b bounds a disc in S. That is,
a [ b is an ine�cient bigon, so as in Lemma 2.1, we can deduce that f(@S)
is not e�cient with respect to ⌃. ⇤

Since f is ⇡1-injective, each simple closed curve component of f�1(⌃)
bounds a disc in S. One could remove such curves, by a simple surgery
on S. However, since they play essentially no role in our arguments, we
will leave them alone. (For most purposes, in particular in throughout this
section, we can e↵ectively ignore them).

It is also worth noting that, if two maps f, f 0 : S �! M induce the same
map on fundamental groups (up to conjugacy), then they are homotopic
(since the higher homotopy groups of S are all trivial). However, if it hap-
pens that f |@S = f 0|@S, it is not necessarily the case that one can take
the homotopy to fix @S. (One may need to push f(@S) around an essential
sphere in M before getting back to the original curve.) Again, this does not
matter to us.

The main result is the following:

Theorem 2.3. Suppose that f, f 0 : S �! M are e�cient maps (in the
same homotopy class). Let ↵ ✓ f�1(⌃) and ↵0 ✓ (f 0)�1(⌃) be arcs. Then
dA(↵,↵0)  7.

The proof of Theorem 2.3 uses a result of Masur and Schleimer. We refer
to [MS] (Lemma 12.20) for the most general statement and for a proof. We
state below the subcase we need. Before stating the result, we recall that
a multidisc is a disjoint union of embedded discs, and two multicurves on a
surface are said to intersect minimally if they realise the minimal number
of intersections over their homotopy class.
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Lemma 2.4. (Masur, Schleimer) Let S be a surface with boundary and
denote by H the handlebody S⇥[0, 1]. Let � be a properly embedded multidisc
in H and suppose that @� intersects @(S ⇥ {0}) and @(S ⇥ {1}) minimally.
Let ↵ be an arc in � \ (S ⇥ {0}) and ↵0 be an arc in � \ (S ⇥ {1}). Then
dA(↵,↵0)  7.

To relate this to [MS], note that, in the terminology of that paper, the
surfaces S0 = S⇥{0} and S1 = S⇥{1} are the “horizontal” boundary com-
ponents of H viewed as a trivial “I-bundle”, and are “large incompressible
holes” (see Definitions 12.14 and 5.2 thereof). Therefore the hypotheses of
their Lemma 12.20 are fulfilled. (Here, of course, we are identifying S0 and
S1 with S.)

Proof of Theorem 2.3. By hypothesis f and f 0 are homotopic. Thus there
exists a map F : S ⇥ [0, 1] �! M so that F |S0 = f and F |S1 = f 0.
Denote S ⇥ [0, 1] by H. Note that, since f and f 0 induce isomorphisms of
fundamental groups, so does F .

We can suppose that F is in general position with respect to ⌃ so that
F�1(⌃)\@H is an embedded multicurve � in @H. Note that f�1(⌃) coincides
with � \ S0 and (f 0)�1(⌃) coincides with � \ S1.

Now � intersects @S ⇥ {0, 1} minimally. For if not, we could find arcs
a ✓ @S ⇥ {0, 1}, and b ✓ �, so that a [ b bounds a disc in @H. Mapping
to M via F gives us an ine�cient bigon, for one of f(@S) or f 0(@S) (cf.
Lemma 2.1). But since both these maps were assumed e�cient, this gives a
contradiction.

Since f(�) ✓ ⌃ and F induces an isomorphism of fundamental groups,
each component of � is null homotopic in H. By Dehn’s Lemma each com-
ponent of � bounds an embedded disc in H.

Now, if ↵ and ↵0 are as in the hypothesis, then we can apply Lemma 2.4
and conclude that dA(↵,↵0)  7. ⇤

Let �(⌃) ✓ A be the set of arcs contained in f�1(⌃) for some e�cient
map, f . (That is, we include all such arcs for all such maps, f , in the given
homotopy class.). This is non-empty, and by Lemma 2.4, diam�(⌃)  7.
Write �(�) = �({�}). Clearly, if � 2 ⌃, then �(�) ✓ �(⌃). In particular, if
�, �0 are disjoint, then diam(�(�) [ �(�0))  7. Note that by Laudenbach’s
Theorem [L1], �(�) depends only on the homotopy class of � (as discussed
in Section 1). Thus, we can view � as associating to an element of V (S), a
subset of V (A) of uniformly bounded diameter.

Furthermore, note that if f�1(�) consists of a single arc (and possibly
some simple closed curves) for some e�cient map f , then the same must
be true for any other e�cient map f 0. Indeed, arguing as in the proof of
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Theorem 2.2, we see that � ✓ @H consists of a single curve meeting both
S ⇥ {0} and S ⇥ {1} in a single arc, and possibly some inessential curves
disjoint from @S ⇥ {0, 1}. Since � is homotopically trivial in H, it is easily
seen that the two arcs in � \ (S ⇥ {0, 1}) must represent the same element
of A. In other words, we have |�(�)| = 1, in this case.

Applying this to the case where � = ◆(↵), as in the introduction, we
immediately get:

Lemma 2.5. If ↵ 2 A, then �(◆(↵)) = {↵}.

So far, everything has been canonical. If we choose some �(�) 2 �(�), we
get a map � : V (S) �! V (A). By Lemma 2.5, � � ◆ is the identity on V (A).
By the above discussion, this extends to a 7-lipschitz retraction, � : S �! A.

In fact, we can show that this retraction is uniformly coarsely lipschitz
with multiplicative constant 1, stated as Theorem 1.1 here.

To prove this, we first observe:

Lemma 2.6. If f : S �! M is e�cient with respect to a sphere �1, and �2

is an embedded sphere disjoint from �1, then there is a map f 0 homotopic to
f , e�cient with respect to �2, and coinciding with f on the preimage of �1.

Proof. As in the proof of Lemma 2.1, we can move f into e�cient position
with respect to �2 by eliminating ine�cient bigons. But since f is already
e�cient with respect to �1, none of these bigons can meet �1. Therefore the
homotopy can be carried out on the complement of �1. ⇤

Proof of Theorem 2.6. Consider two spheres � and �0 inM , and let ↵ = �(�)
and ↵0 = �(�0). Let � = �0, �1, . . . , �n = �0 be a geodesic in S. From this,
we will construct a path ↵ = ↵0,↵1, . . . ,↵n�1 in A, with dA(↵n�1,↵

0)  7.
By the definition of � there if an e�cient map f0 : S ! M so that ↵0 = ↵

is contained in f�1
0 (�). Now, by Lemma 2.6 there is a map f1 homotopic

to f0, e�cient with respect to �1, coinciding with f0 on the preimage of
�. The map f1 yields an arc ↵1 in f�1

1 (�1), disjoint from ↵0. We can now
continue inductively, applying Lemma 2.6 to each pair of spheres (�i, �i+1)
in turn and obtain our path ↵0,↵1, . . . ,↵n�1 in A. Now note that ↵n�1 is by
construction an arc in f�1

n�1(�n�1), where fn�1 is a map e�cient with respect
to �n�1. Thus, ↵n�1,↵

0 2 �(�n�1 [ �0). Therefore, by Theorem 2.3, we
have dA(↵n�1,↵

0)  7. It follows that dA(↵,↵0)  (n � 1) + 7 = n + 6 as
required. ⇤

In fact, the argument also gives another proof of the result of [HamH]:

Theorem 2.7. (Hamenstädt, Hensel) ◆ : A �! S is an isometric embedding,
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Proof. In other words, for each pair ↵,↵0 2 A we have dS(◆(↵), ◆(↵0)) =
dA(↵,↵0). To see this, set � = ◆(↵) and �0 = ◆(↵0), and construct the path
↵0, . . . ,↵n as in the proof of Theorem 2.6, this time continuing one more
step to give us ↵n 2 �(�0). Since ↵n 2 �(◆(↵0)), Lemma 2.5 tells us that
↵0 = ↵n, and so the statement follows. ⇤

We conclude this section with some remarks.
We have observed that the homotopy class of the map, f , depends only on

the induced map of fundamental groups. Moreover, as mentioned in Section
1, every element of Out(Fn) is induced by a self-homeomorphism of M . We
therefore get a natural Out(Fn)-orbit of embeddings of A into S. It would
be interesting to understand how these embedded convex sets fit together
on a large scale.

We also remark that our construction of the retraction could be inter-
preted in terms of homotopy equivalences of S to a graph. (Note that if ⌃ is
a sphere system which cuts M into holed spheres, then the retraction of M
onto the dual graph induces an isomorphism of fundamental groups. We can
therefore postcompose a map of S into M with such a retraction, and obtain
arcs as the preimages of midpoints of edges.) This construction ties in with
approach in [F], though the arguments given there are quite di↵erent.

3. Nearest point projection

In this section we will give a proof of Theorem 1.2.
As noted in the introduction, a key ingredient for the proof is the result

of [HilH] that surgery paths in S are quasigeodesic. To formulate this, we
need some definitions.

Let �, ⌧ ✓ M be embedded 2-spheres in general position. We write C(�, ⌧)
for the set of components of � \ ⌧ .

Definition. A reduction ball is an embedded 3-ball in M whose boundary
consists of two embedded discs, D ✓ � and D0 ✓ ⌧ , such that D and D0

meet precisely in their common boundary. (Figure 1).
It is innermost if D \ ⌧ = D0 \ � = D \D0.

A reduction disc consists of a pair of distinct curves, ↵, � 2 C(�, ⌧), together
with arcs, a ✓ � and b ✓ ⌧ , connecting ↵ to �, and with the same endpoints,
and such that a [ b is homotopically trivial in M . (Figure 2)

We say that � and ⌧ admit a reduction, if they admit a reductiion ball or
a reduction disc.

Definition. We say that �, ⌧ are in normal position if they do not admit
any reductions.
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D D0B

� ⌧

Figure 1. An example of a reduction ball. Note that � and
⌧ might have other intersections.

↵

�

a b

� ⌧

Figure 2. An example of a reduction disc. Note that, again,
� and ⌧ might have other intersections, and that the homotopy
might not be embedded and might also intersect � or ⌧ .

As we explain in Section 4, this is easily seen to be equivalent to the notion
of “normal position” as used in [HenOP] and [HilH] (generalising the notion
of Hatcher [Hat]). We can therefore apply the results of those papers. In
particular, the following is a consequence of Hatcher’s normal position:

Lemma 3.1. �, ⌧ admit a realisation in normal position.

In fact, in view of Laudenbach’s theorem [L1], this can be achieved while
holding either � or ⌧ fixed. Again, this will be explained in Section 4.

Suppose that �, �0 are in normal position. An innermost disc in �0 is an
embedded disc, D ✓ �0, such that @D = � \ D. Now @D cuts � into two
discs, D1 and D2. Let ⌧i = D [ Di. Thus, ⌧1, ⌧2 are embedded essential
2-spheres in M . Pushing D slightly o↵ �0 on the side of the disc Di, we can
realise ⌧i to be in general position with respect to �0. We can further push Di

o↵ itself on the side of D so that ⌧i \� = ?. This implies that � is adjacent
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to both ⌧1 and ⌧2 in S. We will say in this case that ⌧i is obtained by surgery
of � along D. In practice it will be convenient in later constructions not to
carry out the second pushing operation. It will be su�cient to know that �
and ⌧i are homotopically disjoint, without making them actually disjoint as
subsets of M . Therefore, when referring to a “surgery” henceforth we will
assume that we have pushed D, but not Di.

Definition. Given �, �0 2 V (S), we say that ⌧ 2 V (S) is obtained by surgery
on � in the direction of �0, if we can find realisations of �, �0 in normal
position, and an innermost disc, D, in �0, such that ⌧ 2 {⌧1, ⌧2} in the above
construction.

Note that, in general, one may need to homotope ⌧ further so that it is
in normal position with respect to �0 (but see Lemma 3.4 below).

Definition. Given �, �0 2 V (S), a surgery path from � to �0 is a sequence
� = �0, �1, . . . , �n = �0 in V (S) such that for all i < n, �i+1 is obtained by
surgery on �i in the direction of �0.

Note that, if ⌧ is obtained by surgery on � in the direction of �0, then
|C(⌧, �0)| < |C(�, �0)|. From this, it is not hard to see that a surgery path
between two spheres � and �0 always exists (see Lemma 3.4 or the discussion
in Section 4).

The following is proven in [HilH] (Theorem 1.2, thereof):

Theorem 3.2. [HilH] Surgery paths are uniform unparameterised quasi-
geodesics.

Rather than recall the formal definitions, we just note here that (given
the hyperbolicity of S) this implies that any surgery path from � to �0 is a
bounded Hausdor↵ distance from any geodesic in S from � to �0, where the
bound depends only on g.

In this section, we will show:

Proposition 3.3. Let  : S �! S denote the map ◆ � �, and let � 2 V (S).
For any �0 2  (�), there is some surgery path, � = �0, . . . , �n = �0, from �
to �0 in S such that the diameter of

Sn
i=0 (�i) in S is at most 16.

To see that this implies Theorem 1.2, let ⌧ 2 ⇧(�). (Recall that this
means that ⌧ 2 ◆A minimises dS(�, ⌧) among all elements of ◆A). Given
that ◆A is (quasi)convex in S, it is easily seen, from the hyperbolicity of S,
that ⌧ lies a bounded distance from any geodesic from � to any point of ◆A,
in particular �0. By Theorem 3.2, it follows that there is some �i on the
surgery path given by Proposition 3.3 so that dS(⌧, �i) is bounded. Since  
is coarsely lipschitz, it follows that diam({⌧} [  (�i)) is bounded, and so
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by Proposition 3.3, diam({⌧} [  (�)) is also bounded. Theorem 1.2 now
follows on observing that ⇧(�) 3 ⌧ has bounded diameter.

The proof of Proposition 3.3 consists of several steps.

As a first step, Lemma 3.4 shows that, if we choose innermost discs appro-
priately, there will be no need to homotope the spheres obtained in surgery
in order to achieve normal position (that is, beyond pushing the innermost
disc slightly o↵ itself after doing the surgery).

Lemma 3.4. Let � and �0 be two essential spheres in M in normal position.
Then there are at least two distinct innermost discs in �0, together with
spheres, obtained by surgering � along each of these respective discs, which
are in normal position with respect to �0.

Proof. We first make the elementary observation that surgery can never
create any reduction discs.

Therefore, to make sure that a sphere obtained by surgering � in the
direction of �0 is in normal position with respect to �0, we only need to
arrange that the surgery process does not create any reduction balls.

Now, define a tube as a ball in M whose boundary has the form D[A[D0

where D and D0 are innermost discs in �0 and A is an annulus in �; we also
allow the degenerate case where D = D0 and A is the boundary of D. We
call A the annular part of the tube.

We say that a tube T is contained in a tube T 0 if the annular part of T is
contained in the annular part of T 0. (This is equivalent to inclusion of the
respective balls.)

Now, let T be a tube which is maximal under containment. Write @T =
D [ A [ D0, as above. Let D1 ✓ � be the disc with boundary @D, on the
opposite side of A (or of D0 in the degenerate case). Then �1 = D [D1 is a
surgered sphere, which we push o↵ D so that it is in general position with
respect to �0. We write D̂ for the parallel copy of D. Let R ✓ M be the
ball with @R = D [ AR [ D̂, where AR ✓ � is an annulus.

We claim that �1 and �0 do not admit any reduction balls. The idea
is simple. If �1 and �0 admitted a reduction ball, then either � and �0

admitted a reduction ball, or the tube T would not be maximal, leading to
a contradiction.

In fact, suppose two discs, E in �1 and E 0 in �0 bound a reduction ball
B ✓ M . If the disc E does not contain D̂, then E,E 0 would also bound a
reduction ball for � and �0, contradicting normal position of � and �0. If E
does contain D̂, then denote E \ D̂ by A0. Now, T \ R = D, B \ R = D̂
and T \ B = ?. We see that T 0 = T [ R [ B is a tube, with @T 0 =
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D0[ (A[AR[A0)[E 0. It strictly contains T , contradicting the maximality
of T .

Hence �1 is in normal position with respect to �0. Similarly, D0 gives us
another sphere in normal position with respect to �0.

Note that, in the case of a degenerate tube, surgering on either side of
D = D0 yields spheres which are in normal position with respect to �0.

To conclude the proof, note that we always get at least two innermost
discs providing surgered spheres in normal position with respect to �0. In
fact, any non-degenerate tube will furnish two such discs, while if there are
only degenerate tubes, any two disjoint innermost discs in �0 will serve this
purpose. ⇤

As a next step, the aim of the following two lemmas is to show that, if �
is a sphere in S and �0 is a sphere in  (�), then � and �0 can be represented
simultaneously in normal position with respect to each other, and in e�cient
position with respect to a map f : S �! M , in such a way that � \ f(S)
and �0 \ f(S) are disjoint. This will be of fundamental importance in the
proof of Proposition 3.3.

Lemma 3.5. Suppose that �, �0 are 2-spheres in M , and that f0 : S �! M
is in general position, and e�cient with respect to �. Then there is a map
f homotopic to f0, e�cient with respect to both � and �0, and such that the
arcs of f�1(�) are homotopic to those of f�1

0 (�).

Proof. Saying that f0 is not e�cient with respect to �0 is equivalent to saying
that there is an arc b in f0(@S) together with an arc c in �0 with the same
endpoints so that b [ c is null homotopic in M ; we will call such an arc b a
returning arc. We can assume that the arc c intersects each circle in � \ �0

at most once (otherwise, we could just push it o↵ the disc bounded by this
circle). Now, let h : D �! M be a homotopy between the arcs b and c,
where D is a disc.

We claim that any arc in h�1(�) has one extremity on h�1(b) and the
other extremity on h�1(c).

By e�ciency of f0 with respect to �, no arc in h�1(�) can have both
extremities on h�1(b). Suppose there is an arc b0 in � \ h(D) having both
extremities on c. Let p and q be its extremities. Since � and �0 are in normal
position, the points p and q lie on the same circle of �\�0, contradicting the
assumption that c intersects each circle in � \ �0 at most once. This proves
the claim.

Now, construct a surface, S1, homeomorphic to S, by gluing D to S. We
do so by identifying the arcs h�1(b) ✓ @D and f�1

0 (b) ✓ @S via the map
f�1
0 � h. This gives S1 = S [D, with a natural homotopy equivalence from
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S to S1. We define a map f1 = f0 [ h : S [ D �! M , map homotopic
to g (via the homotopy equivalence of S and S1). Moreover, the arcs in
f�1
1 (�) are homotopic to those of f�1

0 (�). By homotoping f0 to f1 we have
reduced the number of returning arcs. Continuing in the same way, we can
inductively eliminate all returning arcs and find a map f : S �! M e�cient
with respect to �0, and such that the arcs of f�1(�) are homotopic to those
of f�1

0 (�). ⇤

Lemma 3.6. Let � be a sphere in S(M). For any sphere �0 in  (�), there
exist simultaneous realisations �, �0 and f : S �! M , such that all the
following conditions hold:

(A1) � and �0 are in normal position;
(A2) f is e�cient with respect to �0;
(A3) f is e�cient with respect to �;
(A4) f�1(�) \ f�1(�0) = ?.

Proof. Let � be a sphere in S(M) and let f0 : S �! M be a map e�cient
with respect to �. Let a be an arc in f�1

0 (�) and let �0 be the sphere ◆(a).
Note that in this way we obtain all the spheres in  (�). Up to changing �0

by homotopy, we can suppose that �0 and � are in normal position, i.e. they
satisfy (A1). For the rest of the proof, � and �0 will remain fixed.

Now, the map f0 is e�cient with respect to �, but not necessarily with
respect to �0.

By Lemma 3.5, there is a map f homotopic to f0, e�cient with respect
to �0, and such that the arcs of f�1(�) are homotopic to those of f�1

0 (�).
This gives us properties (A2) and (A3).

To obtain (A4), note that, since f is e�cient with respect to �0, by Lemma
2.5, f�1(�0) contains only one arc, which is homotopic to the arc a (namely
that originally used to define the homotopy class of �0). We will simply
denote this arc by a.

It remains to remove any intersection points between f�1(�) and f�1(�0).
To this end, we define a 2-gon in S as a disc whose boundary consists of a

pair of arcs in f�1(�) and f�1(�0) respectively. We refer to the intersection
points of these arcs as the vertices of the 2-gon. Similarly, we define a 3-
gon in S, to be a disc whose boundary consists of a pair of arcs in f�1(�)
and f�1(�0) (referred to as the internal sides) together with an arc in @S
(referred to as the boundary side). The intersection point of the two internal
sides is referred to as the vertex of the 3-gon.

Now by construction, no arc of f�1(�) can cross a; that is they are all
homotopically disjoint or equal to a. Moreover, all curves in f�1(�) and
f�1(�0) bound discs in S. From this, we see that all intersection points of
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f�1(�) and f�1(�0) are vertices of 2-gons or 3-gons. It is therefore su�cient
to eliminate these.

Let B be a 2-gon, with vertices p, q, with edges b ✓ f�1(�) and b0 ✓
f�1(�0). Since � and �0 are in normal position, there are no reduction discs
between them. Therefore f(p) and f(q) have to lie on the same circle � in
� \ �0. Let C ✓ � and C 0 ✓ �0 be the discs bounded by �, respectively
containing f(b) and f(b0). (Note that these arcs need not be embedded.)
Let G be the abstract 2-sphere obtained by gluing C and C 0 along �, and let
✓ : G �! M be the map which combines the inclusions of C and C 0. This is
locally injective, and it extends to a locally injective map, ✓ : G⇥ [�1, 1] �!
M , where we identify G ⌘ G⇥{0}. We can suppose that ✓�1(�)\✓�1(�0) ✓
G ⇥ {0}. Note that, f |@B factors through a map F : @B �! G, so that
f |@B = ✓�F (where @B = b[b0). We can also assume that f is transversal to
✓. In particular, we can find an annular neighbourhood, A ✓ S \ @S, of @B,
and an extention, F : A �! G⇥ [�1, 1], of F with f |A = ✓ �F |A, and with
F (@A) ✓ G⇥{�1, 1}. Now B̂ = B[A ✓ S is a disc with @B̂ ✓ @A, and we
can suppose that F (@B̂) ✓ G⇥{1}. Let h : B̂ �! G⇥{1} by any continuous
map with h|@B̂ = F |@B̂. Note that f |@B̂ = ✓ � h|@B̂. We now modify f by
replacing f |B̂ by ✓ � h. Note that we now have B̂ \ f�1(�) \ f�1(�0) = ?
(since f(B̂) \ � \ �0 ✓ ✓(G ⇥ {1}) \ � \ �0 = ?). We have therefore
reduced |f�1(�) \ f�1(�0)|. We can perturb f slightly to ensure that it
remains in general position. This surgery does not change the induced map of
fundamental groups, ⇡1(S) �! ⇡1(M). The new map S �! M is therefore
homotopic to the original. (The homotopy between them might not fix @S,
but this does not matter.)

Continuing in this manner, we eventually remove all 2-gons. Note that
we have not touched f |@S in this process, so (A2) and (A3) remain valid.
Now any 3-gon can be eliminated simply by removing a small regular

neighbourhood of it in S. Given that there are now no 2-gons, any com-
ponent of f�1(�) or of f�1(�0) which crosses an internal edge of the 3-gon
must terminate on the boundary edge. It follows that this operation does
not change |�\f(@S)| or |�0\f(@S)|, so f remains e�cient. In other words,
(A2) and (A3) again remain valid. The process does not reintroduce any
2-gons, so continuing in this way, we eventually remove all 3-gons. This
finally achieves (A4). ⇤
The next lemma is aimed at showing that, while surgering � towards �0,

we can keep spheres e�cient with respect to a given map f : S �! M .
Recall that an embedded curve, � ✓ M , is e�cient with respect to a

sphere, � ✓ M , if |� \ �| is minimal in the homotopy class of �.
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Lemma 3.7. Let � be a sphere in M , let � be an embedded curve, and let
D be a disc disjoint from � with @D ⇢ �. Suppose � is e�cient with respect
to �. Then � is e�cient with respect to both spheres obtained by surgering
� along D.

Proof. Suppose � is not e�cient with repect to one of the spheres, �1, ob-
tained by surgery. Then there is a returning arc, a ✓ �, for �1. That is, its
endpoints lie in �1, and it is homotopic, in M , to to an arc b ✓ �1. But now
b can be homotoped o↵ D in �1. It follows that a is also a returning arc for
�, contradicting the fact that � is e�cient with respect to �. ⇤

As an immediate consequence of Lemma 3.7, if � is a sphere in M e�cient
with respect to a map f : S �! M , and D is a disc disjoint from @S with
@D ✓ �, then the two spheres obtained by surgering � along D are both
e�cient with respect to f : S �! M .

We are now ready to prove the following:

Lemma 3.8. Let � be a sphere in S, then for any �0 in  (�), there exists
some surgery path, � = �0, �1, . . . , �n = �0, so that for each i the set  (�i)
contains a sphere homotopically disjoint from �0.

Proof. Let � be a sphere in S, let h : S �! M be a map e�cient with
respect to �, let a be an arc in h�1(�) and let �0 be the sphere ◆(a). Note
that through the process we just described we can obtain any sphere in  (�).

Let f : S �! M be a map so that �, �0, and f satisfy conditions (A1)–
(A4) of Lemma 3.6. For the rest of the proof, f : S �! M , � and �0 will be
fixed.

Now, f is e�cient with respect to �0, and therefore, by Lemma 2.5,
f�1(�0) contains exactly one arc, call it a0, homotopic to a, and possibly
some inessential closed curves. Denote f(a0) by � ✓ �0.

By property (A4) in Lemma 3.6, � is disjoint from �. This implies that
� is contained in at most one innermost disc of �0. Hence, by Lemma 3.4,
there exist an innermost disc D in �0 disjoint from f(@S), and a sphere
�1 obtained by surgering � along D, so that �1 is in normal position with
respect to �0. (Recall we have pushed the disc D slightly o↵ itself in forming
�1.)

Now, since D is disjoint from f(@S), by Lemma 3.7 the sphere �1 is also
e�cient with respect to f .

By construction and since the disc D is disjoint from f(@S), each arc in
f�1(�1) is, up to homotopy, also contained in f�1(�). This means that any
arc in f�1(�1) is at distance at most 1 in A from the arc a. Consequently,
by e�ciency of �1 with respect to f , the projection of �1 contains a sphere
disjoint from �0.
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Now consider the spheres �1 and �0. They are in normal position with
respect to each other, the map f : S �! M is e�cient with respect to both
spheres, and moreover, f(S) \ �1 is disjoint from f(S) \ �0 (since f(S) \ �
is disjoint from f(S) \ �0 and �1 \ �0 is contained in � \ �0).

Summarising, �1, �0 and f : S �! M also satisfy conditions (A1)–(A4)
of Lemma 3.6.

Therefore, using the same argument as above, we can find an innermost
disc D0 in �0 disjoint from f(@S), and a sphere �2, obtained by surgering �1

along D0, in normal position with respect to �1, and e�cient with respect
to f . By construction arcs in f�1(�2) are contained, up to homotopy, in
f�1(�1) and therefore are homotopically disjoint from a, consequently the
projection of �2 contains a sphere homotopically disjoint from �0.

As above one can check that �2, �0 and f : S �! M satisfy the conditions
of Lemma 3.6.

We proceed inductively in this way, until we obtain a sphere �n�1 which
is disjoint from �0.

The path �, �1, �2, . . . , �n�1, �n = �0 is a surgery path satisfying the de-
sired property. ⇤

Proposition 3.3 immediately follows from Lemma 3.8, having noticed that
 is defined up to distance 7.

This completes the proof of Theorem 1.2.

4. Equivalence between definitions of normal position

In this section, we briefly review the notion of “normal position” for two
2-spheres in a 3-manifold, which was used in Section 3. Here we only con-
sider the case where the 3-manifold, M , is a doubled handlebody. (A similar
discussion would apply to a general compact 3-manifold, by taking the con-
nected sum decomposition into irreducible components.)

First recall that Hatcher defined a notion of “normal form” for a system
of disjoint spheres with respect to a maximal sphere system. In [HenOP]
this was generalised to non-maximal systems. This gives a more symmetric
notion. Their notion is used for the surgery construction in [HilH]. Other
discussions of this notion can be found in [GP] and [I]. Here, for simplicity
of exposition, we only consider the intersection of two spheres (though the
arguments readily adapt to two sphere systems).

Let �, ⌧ ✓ M be embedded 2-spheres in general position. Lemma 7.2 of
[HenOP] shows that the following is equivalent to their notion of “normal
position”, which here can serve as a definition:
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Definition. �, ⌧ are in normal position if
(N1) each lift of � to the universal cover, M̃ , meets each lift of ⌧ in at most
one curve, and
(N2) no complementary component of the union of two such lifts is a ball in
M̃ .

It is easy to see that this is equivalent to saying that � and �0 do not
admit any reductions, hence to saying that they are in “normal position”
as we defined it in Section 3. In fact, condition (N1) (respectively condition
(N2)) is equivalent to saying that � and ⌧ do not admit any reduction discs
(respectively any reduction balls).

As noted in Section 3 (Lemma 3.1), a normal position for two spheres �
and ⌧ always exists. This is a straightforward consequence of Proposition
1.1 of [Hat] and Lemma 7.2 in [HenOP].

Indeed, normal position is equivalent to minimal intersection of two spheres.
This can be deduced from the discussion in [GP]. However, for the sake of
completeness, we give below another proof.

To clarify terminology, recall that C(�, ⌧) is the set of components of
� \ ⌧ . Let (�, ⌧) be the minimum of |C(�, ⌧)|, as � and ⌧ vary over their
respective homotopy classes. Note that, in view of Laudenbach’s theorem,
in order to define (�, ⌧), we could hold � fixed, and just allow ⌧ to vary in
its homotopy class.

Lemma 4.1. �, ⌧ are in normal position if and only if |C(�, ⌧)| = (�, ⌧).

Proof. We first observe that if there are no innermost reduction balls, then
there are no reduction balls at all. Moreover, we can always surger out any
innermost reduction ball and reduce |C(�, ⌧)|. We can therefore assume that
there are never any reduction balls.

To conclude the proof, we lift to the universal cover M̃ . (This is a 3-
sphere minus an unknotted Cantor set.) Let s ✓ M̃ be any component of
the lift of �, which, as noted above, we can assume to be fixed. Let T (⌧)
be the set of lifts of ⌧ , and let T0(⌧) = {t 2 T (⌧) | t \ s 6= ?}. Note that
|T0(⌧)|  |C(�, ⌧)|, with equality if and only if there are no reduction discs.

Suppose first, that there are no reduction discs. In this case, we see that
if t 2 T0(⌧), then t0 \ s 6= ? for any 2-sphere, t0, homotopic to t in M̃ . (This
follows since the sets of ends of M̃ separated by s and t are non-nested: they
pairwise intersect in four non-empty sets. But these sets do not change on
replacing t by t0.) In particular, if ⌧ 0 is homotopic to ⌧ in M , then

|C(�, ⌧)| = |T0(⌧)|  |T0(⌧
0)|  |C(�, ⌧ 0)|.
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Therefore, ⌧ minimises |C(�, ⌧)|. In other words, (�, ⌧) = C(�, ⌧). This
shows that normal position implies minimality.

Conversely, suppose that �, ⌧ 0 satisfy |C(�, ⌧ 0)| = (�, ⌧ 0). Now, by Lemma
3.1, we can certainly choose ⌧ so that � and ⌧ admit no reductions. But now,
the above inequality must be an equality. In particular, |T0(⌧ 0)| = |C(�, ⌧ 0)|,
so � and ⌧ 0 do not admit any reductions either. ⇤
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