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Full-Wave Equivalent Network Representation
for Multiple Arbitrarily Shaped Posts in
H-Plane Waveguide
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Abstract—This paper presents a method for the analysis of
arbitrary shape and composition posts in waveguide. The method
segments the problem into regions that are characterized by their
generalized admittance matrices. Both an analytical formulation
and a boundary integral formulation based on homogeneous wave
equation solutions are used in this characterization. Our method
is especially fast and suitable for real time computer-aided design
tools because only the changing parameters would have to berig. 1. Description of the problem.
computed in a design process. This method also makes a simple
combination of different numerical techniques possible.

Index Terms—Generalized admittance matrix, integral equa- Although GAM formulations have been used extenswely. Tor
tions, waveguides. years [9], to the best of our knowledge, a general unified
approach considering arbitrary obstacles from this point-of-
view is not available. This approach has a double advantage.
. INTRODUCTION First, it is not only fast, but also very accurate, as will be
HE rigorous study of arbitrary obstacles such as posts gltown below. Second, one can use the technique that is best
metallic strips in guide is of constant interest in the desigguited to the characteristics of the post.
of filters. The initial work of Marcuvitz [1] dealt with small  The problem to be solved is shown in Fig. 1. In the interior
radii and centered posts. Literature since then has improveicthe rectangular waveguide there is a post or group of posts
the description of propagation in guide and, thus, the analygignerally not centered and with arbitrary cross section and
of more complex and interesting problems has been possilslemposition. The most convenient segmentation is the one
Nielsen [2] introduced a theory based on modal expansions dhdt establishes a circular boundary around the post so that
pointmatching that has made possible the analysis of postdlu¢ scattered field can be formulated in terms of cylindrical
greater dimensions. Aranegaal. [3] later introduced a higher waves. On the other hand, the propagation of these waves
order variational method for centrally placed dielectric post @fi the waveguide should be formulated more adequately by
circular cross section. Leviatan and Sheaffer [4] then proposeg¢ans of the solution modes inside it. Fig. 1 shows the applied
an integral formulation applicable to any two-dimensiongiegmentation. Regions | and Il accomplish the transformation
geometry. The finite- and boundary-element methods halvem cylindrical to plane waves.
also been applied in the works of Ise and Koshiba [5], Hsu In Section Il, the integral formulation that provides the
and Auda [6], and Wuet al. [7]. Recently, Abdulnour and GAM for regions | and Ill is described. In Section Ill, an
Marchildon [8] have proposed a method that combines tla@alytical formulation for the central region is described. In
precision of the modal analysis with the versatility of thé&ection IV, some discussions are made and some results are
boundary-element method. shown. Section V then presents conclusions.
For the above-mentioned methods, the region that contains
the post is analyzed together with the post itself. This implies
that in the event of any modification in form, position, or ||. |NTEGRAL FORMULATION FOR THE ADMITTANCE OF
electrical characteristics of this obstacle, the problem would ReGIONS | AND I
geeq to be computed from the beginning, thus delaying theThe boundary integral equation based on the wave function
esign process. The method that we propose segments the 7 . ) X
. : o : roposed by Kishi and Okoshi [10] is a valuable tool in the
problem in regions. Each region is analyzed independen a/

of each other as a boundary-value problem and then each orllé\"a\vﬁﬂveH%si'g\:g“ﬁ]ne ?;r?nﬂgrggr?%r;? ?:as”reg:gnot;)é drr}ia[ri%]of
is characterized by a generalized admittance matrix (GA ' ginally prop

as some limitations that should be considered in order to be
Manuscript received July 13, 1998. able to deal with a much wider range of problems than those
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------------------------------------- ] where
. LY L= C 2
R (T) FE2 =k, m=1,2---, M (12
,> Ron 2a
{ w{

S The = sign in the exponent indicates that both directions of
"""" propagation in the guide must be considered.
The electric and magnetic equivalent currents are expanded
in a series of orthogonal functions. Considering port 1, we get
Let us consider an arbitrary homogeneous region where the
wave fun.ctiom/; i§ a kr!own solution. Consider also that the,,, Sin[ﬂ (y + a)} AR () dy
problem is two-dimensional artiM_, and take an enclosure —a a
R surrounded by a fictitious boundary (Fig. 2). Applying _ . ik (1 [m7r }
Green’'s second identity od = 2 and E in region R and =~ (Hjka)e C M9 (y+a)| Miz(w)dy  (13)
after some manipulations yields

Fig. 2. Closed boundary in a region where the wave function is known.

being
]{ (jwppJs + Mg x Vp) - 2dC =0 1) o
¢ Ji. =M. = Sill|:— (y+ a)} (24)
2a
where
Je—hx B ) and whose solution is obviously immediate. The operator can
i~ _71 ¢ be expressed in matrix form as
MS :Et X 7. (3)

c c
The solution of the two-dimensional homogeneous wave (1] L] = [Ea] - (M) (15)
equation is, in general, a linear combination of modes. This
implies that relationship (1) should be valid simultaneous? port 2, we have
for all the wave-equation solutions. Therefore, we have a set

/2 )
of NV integral equations. Expanding the equivalent currents cyauu/ Sin[ﬂ (y+ a)} Ak 1, (4) deb

the boundary as a linear combination of orthogonal functions —(=/2) 2a
/2
N z/ cos(p)(Ljk,)sin mr (y+a) —i—m sin{¢)
Js =3 Jidi (4) ~(x/2) { - [ 2a | } 2a
J;l -COS[% (y—i—a)} } cijk”Mm((/))a d¢o
Ms =Y M;m;. (5) (16)
J=1
. . : being
The integral operator can be transformed into a matrix one as
follows: r =a cos()
[H]- [ = [U]- [M]° (6) y = a sin(¢). 17)

where the superscript denotes the column vector. The eleqpq expansion functions in port 2 are now
ments of matricesH| and [U] are

hay = joop fc PrjydC 7) Jos = cos(q(</> - g)) (18)

Uij = = jgc (mj x Vi) - 2dC ®) Mo, = Sin<q (¢ - g)) (19)

and, subsequently,

The solution of (16) is carried out numerically for every one

C C
V7 =[Y]-[M] ©) of the 2M wave functions. The matrix formulation is again

being [s] - [12]€ = [Ha] - [Ma]C. (20)

Y] =[H]"[U]. (10)
N ) ~As (15) and (20) should be valid simultaneously, it can be
Specifically, the solution modes of the wave equation in tRgsitten that
guide are
-1
. [m7 e 4] ' [Hi]
i = im0 ()| (1) =[] [ | @
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(18), (25) can be formulated in matrix form as

[Yas] = [W3] - [Yu] - [G5] (26)
where
2 37‘(/2 .
Wyn = — / haq(¢)e ™ dep (27)
X
37 /2 )
Inl = 5 / ma(¢ Jn¢d¢ (28)
/ /
Fig. 3. Region surrounding the posts to be characterized analytically. [YH] == ([J ] + [H ][R ]) ([Ja] + [Ha] [Rc]) (29)
being
I1l. ANALYTICAL FORMULATION FOR THE ADMITTANCE
MATRIX OF REGION II [Ja] = diag(Jn(ka) )l _ (30)
Region Il is depicted in Fig. 3. Two ports can be observed [J.] =diag(J! (ka ))n_7M (31)
where the obstacle or group of obstacles is generally not cen- (2)
tered. Outside the circumference surrounding the discontinuity, [Ho] = diag (Hn )n__M (32)
the wave function is @y M
. [H,] = diag (H (ka))rhiM (33)
_ (2) Jne
Y = _E;M [a"‘]"(kp) +onHy (kp)}e (22)  Matrix Y34 can be obtained in the following similar way:
where the incident and reflected waves spectrum are related [Yaa] = [Wa] - [Yu] - [Ga]- (34)
by a reflection matri{R.] such that Finally, we are able to affirm that
[ba]” = [Be] - [an]. (23) [Vas] = [Yad] (35)
Let us stress at this point that what suggests the analysis [Yaa] = [Yas] (36)

technique that is best suited for the scatterer characterizatigp ihose cases in which there exists symmetry.
are its shape and electrical properties. A variety of techniques
can then be introduced to compyt&.], ranging from modal g Multiple Posts

analysis to humerical methods such as the unimoment method
[11]. The introduction of such reflection matrix coefficients When several objects are considered, the set can be char-

permits us a straightforward combination of different tecricterized by a global reflection coefficient. In this way, the
niques under a single common procedure. previous formulation for an isolated post can be used. In Fig. 3

there areN scatterers of arbitrary cross section interacting
among them. Each scatterer is characterized by a reflection

A. Isolated Obstacle = : .
] ) ~ coefficient[R;]. Each pair of incident and reflected spectra
When the obstacle is centerdd,.] represents its reflection [a:], [b:]) is referred to a local reference centered in ttre
coefficient. However, when the obstacle is not Cemeredas'éatterer and then

is necessary to transform the incident and reflected waves in o o
order to obtain a new reflection coefficient as follows: (0] = [Ri]lad] ™ (37)

[R.] = [TH]-[R] - [Ty] (24) Noticing that the spectrum that impinges on the scat-
terer includes the contribution of the source as well as the
This reflection coefficient is now valid outside a circumferencgontribution of the fields scattered by the other posts, it can
centered inO and containing the obstacle. The mat{iK;] be written that
expresses transformation of Bessel functions of the first kind
centered |nO by means_of Bessel f_unctions of the first I_(ind [a:]" = [Toi] - [o]© + Z [Tl - [bm]© (38)
centered inQ'. The matrix[T] provides the transformation
of Hankel functions of the second kind centeredihto their
homologous ones centered Gh The transformation matriceswhere[ly]° is the source weights vector afif,,;] are the trans-
can be readily obtained from Graf's addition theorem fdbrmation matrices among the reference systems. Introducing
Bessel functions [12]. A relationship between the electric arfd7) in (38) and rearranging terms,
magnetic field can now be established in port 3 (Fig. 3) by
jwe Q. —[R] - [To] - [Lo] = =[] +[R] - D [Toi] - bl (39)
(25) s
kQ ap mi
Expanding the electric field, as in (19), and introducing thieorcing (39) on each one of the scatterers that constitute the
inner product with regard to the magnetic field expanded discontinuity, a system of equations is obtained (being vectors

m
p—

Hy =~
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Fig. 4. Calculated normalized susceptance at 9 GHz for a centered stripFig_ 5. Susceptance of a two-strip obstaclely = 0.269 cm

Wy = 0.274 cm, L = 2.286 cm.

[b;]°, the unknown variables). Now referring all vectors to a
common reference, a global reflection coefficient is obtained,
as shown in (40), at the bottom of this page, whidieis the
identity matrix.

It is worth stressing that this formulation envisages the
mutual coupling among scatterers and, therefore, it is exact
provided that the scatterers individually taken have been
correctly characterized.

Unlike other general-purpose methods, such as the finiteg
element method, this technique permits us to isolate theg
contribution of every element involved in the problem. This &
feature turns out to be helpful when an iterative design process | ]
is in mind. It is clear that the admittance matrices charac- jfﬁf;ﬂgﬁ;ﬁ““ﬂ
terizing homogeneous regions | and 1l should be computed r -
only once and kept stored. Furthermore, if the design process o ——+———— % . T amm—
involves a number of posts with fixed shapes and sizes, only £
the transformation matriceff;;] should be recomputed on
every step. Similarly, should the position of the posts remqg’ﬁd
fixed and their size and shape variable, only their matrix
reflection coefficients would have to be recomputed.

t

cren

n COG?I
[0]
o

6. Magnitude of reflection coefficient versyig f.. for the waveguide
ed with two centered postsof L = 0.05 with &, = 112.5.d/L = 0.4.

susceptance has been computed from&heparameter as

B 2sin (/)21

IV. RESULTS AND DISCUSSION B=—=-""=. (41)
Yo | S21]

Once the admittance matrices have been obtained, they are
connected, imposing continuity of the tangential componerfgg. 5 now shows the susceptance of a configuration of two
of the electric and magnetic field. The admittance matrix cahin inductive perfectly conducting strips of unequal width
be readily transformed into a generalized scattering matrix itn, andw». Results notably match those of Chang and Khan
order to study the influence of the posts in the reflection afit4]. A completely different situation is solved in Figs. 6 and
transmission within the waveguide. 7. S-parameters of two sets of circular cross-section dielectric

A few known examples have been chosen from the opensts are now shown. Results show good agreement with those
literature to test validity of the method. First, Fig. 4 shows thebtained by Ise and Koshiba [15] and Hsu and Auda [6] using
normalized susceptance of a strip as a function of its widthybrid finite-element-method—boundary-element method and
Results compare well with those of Chu and Chang [13]. Tlimite-element method, respectively.

[1] o —[R[T] - —[RDa] Tt R [T
[Rc]:[[TIO] o [To] - [TJWO]:| _[Ri][Tli] [I] —[Ri].[TMi] : [Ri].[TOi] (40)

_[RIW.][TIIW] _[RM'][Tv‘,M] [I] [RIW].[TOIW]
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A fundamental issue to be addressed is the computational
cost. In Table I, computer resources required are shown.
Computations have been performed on a 133-MHz Pentium
PC. As can be seen, the computation of the transition region
gadmittance matrix is the most time-consuming task whenever
one or two posts are considered. However, in a design process,
this task would have to be accomplished only once. As a result,
in practice, computation cost can be reduced significantly.
Therefore, run time needed to computearameters is much
shorter than using the finite-elements method in a similar
platform.

Another interesting point deals with the selection of expan-
sion functions along the curvilinear ports. Although sinusoidal
functions are known to be poorly convergent, only five modes
have been needed to obtain the results shown. However,
further refinement is under study to improve convergence.

V. CONCLUSIONS

A systematic and versatile method for the analysis of posts
in waveguide has been proposed using network theory and the
concept of generalized admittance. Although the method has

Fig. 8. Magnitude of reflection coefficient for axial strip of zero thicknessbeen demonstrated only for dielectric rods and metallic strips,

40 . : .
W, W, W, W,
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T 20t d, =d, = 3.2314
g dy = d, = 3.2196
] d, = 3.2171 (mm)
c 15r L =7.112 (mm}
10t
o Y.C.SHH[15]
51 — This method
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34 36 38 40
Frequency (GHz)

Fig. 9. An example of filter with relatively wide bandwidth.

it is extensible to any other obstacle as long as it is correctly
characterized by a reflection matrix coefficient. Therefore, this
technique can be adapted to the characteristics of the obstacle,
making possible the introduction of that numerical technique
which best describes it. The method is fast and accurate, and
could be a valuable tool to be included in real-time field
solvers.
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