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Abstract

A graph G is called a m—eccentric point graph if each point of G
has exactly m > 1 eccentric points. When m = 1, G is called a unique
eccentric point (u.e.p) graph. Using the notion of corona of graphs,
we show that there exists a m—eccentric point graph for every m > 1.
Also, the eccentric graph G, of a graph G is a graph with the same
points as those of G and in which two points v and v are adjacent
if and only if either w is an eccentric point of v or v is an eccentric
point of w in G. We obtain the structure of the eccentric graph of
corona G o H of self-centered or non-self-centered u.e.p graph G with
any other graph H and obtain its domination number.

Keywords: Domination, Eccentricity, Fccentric Graph

1 Introduction

The notion of distance [2] in graphs has been studied in the context of many
applications such as communication networks. The distance related parame-
ter, known as eccentricity of a point in a graph and the associated notions of


https://core.ac.uk/display/46601601?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

eccentric points, m—eccentric point graphs [1, 3, 6] and in particular, unique
eccentric point (u.e.p) graphs [4], have also been well investigated. Another
kind of graph known as corona [6] G o H of two graphs G and H has also
been well-studied. Also, the concept of eccentric graph G, of a graph G was
introduced in [5], based on the notion of distance among points in G. Here we
show, using the notion of corona of graphs, that there exists a m—eccentric
point graph for every m > 1. We also obtain the eccentric graph of corona
G o H where H is any graph and G is either self-centered u.e.p graph or
non-self-centered u.e.p graph and and obtain its domination number.

We recall here certain basic definitions [1, 3, 6] related to graphs. A graph
G = (V,E) consists of a finite non-empty set V' (also denoted by V(G))
whose elements are called points or vertices and another set £ (or E(G)) of
unordered pairs of distinct elements of V, called edges. In a graph G, the
distance dg(u,v) or d(u,v), when G is understood, between two points u and
v is the length of the shortest path between u and v. The eccentricity eq(u)
or simply, e(u) of a point v in G is defined as e(u) = maz,cv(q)d(u, v). For
two points u, v in G, the point v is an eccentric point of u if d(u,v) = e(u).
We denote by E(v), the set of all eccentric points of a point v in G. A graph
G is called a m—eccentric point graph if |E(u)|, the number of elements of
E(u) equals m, for all v in V(G). When m = 1, G is called a unique eccen-
tric point (u.e.p) graph. The radius 7(G) and the diameter diam(G) of a
graph G are respectively defined as r(G) = min{e(u) | for allu € V(G)} and
diam(G) = max{e(u) |for allu € V(G)}. A graph G is called a self-centered
graph if r(G) = diam(G).

The eccentric graph [5] G, of a graph G is a graph with the same points
as those of G and in which two points u and v are adjacent if and only
if either u is an eccentric point of v or v is an eccentric point of u in G.
A graph G and its eccentric graph G, are shown in Fig. ??. The corona
6] G o H of two graphs G and H is a graph made of one copy of G with
points vy, ---v,, n > 1, and n copies of another graph H such that for ev-
ery i, 1 < i < n, the point v; is joined with all the points of the i** copy of H.

We also need the following well-known notions. A complete graph K, on
n points, is a graph in which there is an edge between every pair of distinct
points. The complement G of a graph G is a graph having the same points
as those of G and such that two points = and y are adjacent in G if and
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only if x and y are not adjacent in GG. The union G; U Gy of two graphs
G, = (Vi, Ey) and Gy = (Vi, Es) is the graph G; U Gy = (Vi U Va, By U Es)
and the join G; + G5 of G; and G4 is a graph obtained from G; U G5 by
joining every point of G; with every other point of Gy. For three or more
graphs Gy, Gy, - - -, G, the sequential join Gy + Gy + - -+ + G, is the graph
(G1 +Gy)U(Gy+G3)U---U(Gp1 + Gy). In a graph G = (V, E) a subset
S C V is called a dominating set if each point v in V' — S has a neighbour in
S 1.e u is adjacent to some point in S. The cardinality of a minimum domi-
nating set of a graph G is called its domination number and it is denoted by

7(G).

2 Eccentric Point Graphs

In this section we make use of the notions of corona and wu.e.p graphs to show
that there exists, for every m > 1, an m—eccentric point graph.

Lemma 2.1 Let G be a graph whose eccentric points are py,---,p;, for
some | > 1. Let H be any other graph. In the corona G o H, all the points
of G o H each of which is joined with p;, for some i, 1 <1 <, are the only
eccentric points of G o H.

Proof. Let V(G) = {v1,v9,v3,,Vn_1,P1,D2, -, i} such that pls are ec-
centric points of G. Let H be any graph on m points. Let

V(GOH):{vi,pk,uﬂlSign—l,lSkzgl,lgtgnandlgjgm}

such that for a fixed ¢ with 1 < i < n — [, the points u; forall 1 < j < m,
are joined with v; while for a fixed ¢, with n — [ + 1 < i < n, the points ué
for all 1 <5 < m, are joined with p;.

Then, let us prove that every point ué foralln—Il+1<i<nand1<j57<m
is an eccentric point. Suppose that for somen—I+1 <7 <nand1 <j <m,
ué is not an eccentric point. Then consider the point v € V(G) whose eccen-
tric point in G is p; to which the point u} is attached in G'o H. Let for some
n—Il+1<k<nand1l <j<m, ué‘“ be the eccentric point of v in GoH. Then
eGoH(U) = dGOH(Uﬂ,L?) = dg(v,pk) +1< dg(U,Pz) +1= dGoH(U;UE')- That
is egor(v) < dgon (v, u’), which is a contradiction and hence every point u},
n—[0l+1<i7<nand1 < j <mis an eccentric point. Now, it remains
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Figure 1: a) Graph G b) Graph H c¢) Corona G o H

to prove that (1) no point of G as a point of G o H is an eccentric point in
G o H and (2) no point of “3 for1<i<mn-—landl < j <m is an eccentric
point in Go H.

In order to prove (1), suppose that u is an eccentric point of G o H. Then
there exists a point v € G o H for which wu is the eccentric point. Then u
cannot be any v;, 1 <t <n—1[orany p;,n — 1+ 1 < i < n for otherwise
ot (V) = dgon (,v) < dgor (u, v)+1 = dgop (v, u}) which is a contradiction,
due to the fact that any path between v and uj passes through either v; or
p;. Thus no point of G as a point of Go H, can be an eccentric point of Go H.

For proving (2), suppose that u for some 1 <i <n—1,1<j < mis
an eccentric point of some point v in G o H, then egon(v) = dgon(v,u’) =
daor (v,v:) + 1 < dgon(v,uf). That is egop(v) < dgom(v,uf) for some
n—1+ 1<k <n, which is a contradiction.

Remark 2.2 With the graphs G and H as shown in Fig. 1, the eccentric
points of Go H are ul,u?,ul, u3. It can be noticed that no point v;, 1 < i < 4,
of G is an eccentric point of Go H and all the points of Go H that are joined
with the points that are eccentric points of G are the only eccentric points of

GoH.



Theorem 2.3 Let G be a u.e.p graph on n points and H be any graph on
m points. Then the corona of G and H, Go H is a m— eccentric point graph.

Proof. Let G be a u.e.p graph with n points vy, vs9,---,v, and H be any
graph on m points. Let the points of G o H that are points in the k" copy of
H, be ug‘?, 1 <7 < m. For any two points v;, vy of G such that vy is the only
eccentric point in G of v;, by Lemma 2.1, the points ué‘?, 1 <k <m, are the
eccentric points in Go H of v; as well as of uj, 1 < j < m. No other point u},
for some r # k, 1 <r <n, can be an eccentric point in Go H of v; or uj, 1 <
J < m, since dgop (vi,u}) = da(vi,v,) + 1 < dg(vi,vp) + 1 = dGOH(vi7u;?)
and dgop (ul, uf) = dgom(vi, uf) + 1 < dgon (vi,uy) + 1 = dgom (u}, ul). This
implies that E(v;) = {u},ub,--- uk } if v, is an eccentric point of v; in G
and E(uf) = {uf,u3, -, ud,} if v, is an eccentric point of v, in G. Therefore,
|E(u)| = m, for all points u in G o H and so G o H is a m— eccentric point
graph.

As a consequence of the Theorem 2.3, we obtain the following corollary.

Corollary 2.4 For every m > 1 there exists a m— eccentric point graph.

3 Eccentric graph of corona of u.e.p graph
with any other graph

In this section we obtain the eccentric graph of corona of a u.e.p graph with
any other graph.

Theorem 3.1 Let G be a self-centered w.e.p. graph on 2n points and H
be a graph on m points. Then the eccentric graph (G o H), is the union of n
copies of K1 + K,,, + K,,, + K;.

Proof. Let G be a self-centered u.e.p. graph on 2n points and H be a graph on
m points. Let V(G) = {v1,vq,v3, -+, v9,} such that v; and v;4, (1 <i<n)
are eccentric points of each other, in the graph G. Then by lemma 2.1, all
the points u;(l < i < 2n;1 < j < m) are eccentric points in G o H because
all the points of GG are eccentric points in G. This implies that the eccentric
points of u; and v; are ué*”(l <i<mn,1<i<m)and the eccentric points
of u?r” and v;yn, are u(1 <7 <n,1 <j <m). Now, in (G o H)., which has
the same point set as GG o H, the point v; is adjacent with all the points uj*”,
each of the points u}"™" is adjacent with every point u/ and all the points u’
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Figure 2: a) A non-self centered u.e.p Graph G b) Graph H

are adjacent with v;1,(1 < i < mn,1 m). Therefore, (G o H), is the

<J<
union of n copies of Ky + K,, + K, + K;.

Theorem 3.2 Let H be a graph on m points and G be a non-self-centered
u.e.p graph on n points having the properties (1) P(G) = EP(G), (ii) |P(G)| =
2t,t > 1, (¢it) for every u in P(G) there is at least one v in V(G)—P(G) such
that E(v) = {u}, then (GoH). is a union of t copies of Ky, + K+ Ky + Ky,
for somet; > 1 andt; > 1, t; and t; depending on G and H.

Proof. Let H be a graph on m points and G be a non-self-centered u.e.p graph
on n points having the properties (i) P(G) = EP(G), (i1) |P(G)| = 2t,t > 1,
(i77) for every uw in P(G) there is at least one v in V(G) — P(G) such that
E(w) ={u}. Let V(G) = {vy,v9,v3, -, v, }. Let vy, vg, -+, v for somet > 1
be the peripheral vertices of G, so that |P(G)| = 2t. For 1 < <, let v; and
viy¢ be the eccentric points of each other. Let V(G o H) = V(G) U {u} 1 <
j <m,1 <i < n}. Then by Lemma 2.1, all the points u}, 1 < i < 2t,
1 < j < m are the eccentric points of G o H because vy, vo, v3, - - -, Vg are the
eccentric points in GG. This implies that for 1 < <t, 1 <5 < m, ué*t is the
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Figure 3: Corona of G and H, Go H

eccentric point of u!,v;, vy as well as uf with E(v,) = {v;} for v, € V(G).
Also, 1 < <t 1 < j < m, u; is the eccentric point of u?“t, Vitt,Uk as
well as u? Since an eccentric graph G., of any graph G, is constructed with
the same points as those of G and each edge of G, joins a point x with the
eccentric points of z treated as a point of G. Thus, the structure of (G o H),
is clearly, union of ¢ copies of K_tl + K, + K, + K_t]., where for some ¢; > 1
and ¢; > 1. Note that ¢; and ¢; depend on G and H.

Example 3.3 A non-self-centered u.e.p graph G and a graph H on m = 2
points are shown in Fig. 2 . It is clear that in G, the eccentric points are
v1, V9,03 and vy and E(vy) = E(vig) = E(vi2) = {v1}; E(v1) = E(vs) =
E(vr) = {va}; E(v2) = E(vs) = E(vs) = {vs}; E(v3) = E(vg) = E(vn1) =
{va}. The corona of G and H is shown in Fig.3. Note that
vl vd, 03 3 v vs vl vs are the eccentric vertices of (G o H).. The eccentric
graph,(G o H), is union of 2 copies of K;, + Ky, + Ky, + K_tj,where m = 2;
ti="T and t; =7 and it s shown in the F'ig.4.



Figure 4: Eccentric Graph of Go H, (G o H),

Theorem 3.4 Let G be a self-centered w.e.p. graph on 2n points and H
be a graph on m points. Then the domination number v(G o H), = 2n.

Proof. Let G be a self-centered u.e.p. graph on 2n points and H be a graph
on m points. Now, by Theorem 3.1 (G o H), is union of n copies of K; +
K,, + K,, + K,. In each copy, there are two v}s dominating the remaining
points in that copy. Therefore, v(G o H), = 2n.

Theorem 3.5 Let H be a graph on m points and G be a non-self-centered
w.e.p graph on n points having the properties (i) P(G) = EP(G), (ii) |P(G)| =
2t,t > 1, (ii) for every u in P(QG) there is at least one v in V(G) — P(QG)
such that E(v) = {u}, then the domination number v(G o H), = 2t.

Proof. Let H be a graph on m points and G be a non-self-centered u.e.p graph
on n points having the properties (i) P(G) = EP(G), (i7) |P(G)| = 2t,t > 1,
(73) for every uw in P(G) there is at least one v in V(G) — P(G) such that
E(v) = {u}. Then by Theorem 3.2, (G o H). is a union of ¢ copies of
K, + K, + K, + K_tj, for some t; > 1 and t; > 1, t; and t; depending on G
and H. In each copy, there are two points dominating the remaining points
in that copy. Therefore, v(G o H), = 2t.

4 Conclusion

The structure of eccentric graph of m— eccentric point graph can be inves-
tigated. Also the problem of finding a graph whose eccentric graph is a m—
eccentric point graph remains open.
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