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1. Introduction

The Parikh vector or Parikh mapping [16] of a word w over an alphabet X, which
has been an important notion in formal language theory [18], counts the number
of occurrences of the symbols of ¥ in the word w. But the Parikh mapping is
not injective and so several words can have the same Parikh vector and hence in
passing from words to vectors, much information about a word is lost. An ingenious
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extension of the Parikh vector, called Parikh matrix mapping or compactly referred
to as Parikh matrix, was introduced by Mateescu et al [15]. The Parikh matrix of
a word gives more numerical information about a word than a Parikh vector does.
There has been a series of studies [1,2,3,8,13, 14, 19, 20, 21, 22, 23, 24, 25, 26, 27] on
the properties of Parikh matrix. One such property is the injectivity of the Parikh
matrix mapping. A related complement property is the M —ambiguity of words.

Among a number of problems of interest related to digitized picture arrays (see
for example [4,9,11]), investigation of combinatorial properties of arrays has been
done (see for example [5,6,17]). A two-dimensional connected digitized rectangular
picture array with m rows and n columns or simply, a m X n picture array is made
of a finite number of pixels with each pixel in a cell having a label taken from a
finite alphabet X. For example, a digitized binary picture array describing the letter
T with each pixel having label a or b, with the interpretation that b denotes a blank
or empty cell and a’s constitute the body of the letter T, is shown in Figure 1.

aaaaaaa
bbbabbdhbd
bbbabbdbhbd
bbbabbdhbd
bbbabbdbhbd
bbbabbdbhbd

Fig. 1: A binary picture array A describing letter T’

Here we associate two kinds of matrices with a picture array A, called row Parikh
matrix of A and column Parikh matrix of A, with the former matrix counting the
subwords in the rows of A and the latter in the columns of A. For example, the
row Parikh matrix of the binary picture array A as in Fig. 1, counts the number
of ‘horizontal’ subwords ab in the rows of A whereas the column Parikh matrix of

A counts the number of ‘vertical’ subwords (Z in the columns of A, besides both

the matrices counting the number of a’s and the number of &'s in A, with the
ordering a < b. The notion of M —ambiguity or simply ambiguity of a word and
in particular, of a binary word and a ternary word, has been extensively investi-
gated [1,2,3,8,13,15,21,22,26,27]. Here we define M —equivalence of two picture
arrays A and B by requiring their row Parikh matrices to be the same and their
column Parikh matrices also to be the same. This enables to extend the notion
of M —ambiguity to a picture array. We concentrate on binary and ternary pic-
ture arrays and obtain conditions for M —ambiguity in these cases. A preliminary
version [28] of this paper was presented at the 14th International Workshop on
Combinatorial Image Analysis (IWCIA’2011).
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2. Preliminaries

Let X, called an alphabet, be a finite set of symbols. A word over ¥ is a finite
sequence of symbols from 3. We denote by ¥* the set of all words over . The
empty word is denoted by A. For a word w € ¥*, |w| denotes the length of w, which
is the number of symbols in w, counting also repetitions.

A word w is called a subword (also called scattered subword) of a word w, if
there exist words 1, -+, z, and g, -, Yn, (some of them possibly empty), such
that u =21 - - - @, and w = Yox1y1 - - - TnYn. For example if w = aabbaabab is a word
over the alphabet {a,b}, then ababa is a subword of w. The number of occurrences
of the word u as a subword of the word w is denoted by |w], . In particular, if u is a
symbol in the alphabet, then |w|, equals the number of occurrences of the symbol
u in w. Two occurrences of a subword are considered different if they differ by at
least one position of some letter. A factor u of a word w € ¥* is also a subword of
w such that w = zuy, for some z,y € ¥*.

We now recall the definition of a Parik matrix mapping [15], which is a gener-
alization of the Parikh mapping [16]. A triangle matrix is a square matrix M =
(my,i)1<i,j<n, such that m; ; are non-negative integers for all 1 < ¢,j <n,m; ; =0,
for all 1 < j <7 < n, and, moreover, m;; = 1, for all 1 <7 < n. The set M,, of all
triangle matrices of dimension n > 1 is a monoid with respect to multiplication of
matrices.

An ordered alphabet Xy = {a1 < ag < --- < ax} is an alphabet {a1, -+, ar}
with the ordering a; < az < - -+ < ag. The Parikh vector (|w|g,, - |wlq,) of a word
w over X counts the number of occurrences of the symbols of the alphabet in the
word w.

Definition 1. [15] Let £; = {a1 < a2 < --- < ax} be an ordered alphabet. The
Parikh matriz mapping is the monoid morphism ¥y : X} — My, defined by
the condition: Ui (X) = Ixy1, the (k+ 1) x (k + 1) unit matriz, and if ¥y(ay) =
(Mmij)i<ij<(kt1), then for each 1 < i < (k+1),m;; = 1,mgqr1 = 1, all other
elements of the matric Ui(aq) are 0,1 < g <k.

For a word w = a;,a;, -+ - a;,,,0;; € X, for 1 < j < m, we have

Vi (w) = Wilay)Vi(ai,) - Yilai, ).

In other words Ui (w) is computed by multiplication of matrices and the triangle
matriz Uy (w) is called the Parikh matriz of w.

For example, if X3 = {a < b < ¢} and w = acabacch, then

1100 1000 1000
0100 0110 0100
Ps@) =1 0010 [ ™= 0010 %= 0011 ]

0001 0001 0001
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so that WUs(acabaced) is a 4 x 4 triangle matrix and is given by

1354
0122
0013
0001

U3 (acabaceb) =

Note that the word acabacch has 5 subwords ab, 2 subwords bc and 4 subwords abc.
We now recall some important facts about Parikh matrices.

Lemma 2. [15] Let £ = {a1 < a2 < --- < ai} and w € X}. The Parikh matriz
Ui (w) = (M4 j)1<ij<(k+1), has the following properties : i)m;; = 0, for all 1 <
J<i<(k+1),u)m;; =1, foralll <i < (k+1),itd) m; j41 = |w
foralll <i<j<k.

AiQi41°"Q5 105>

The Parikh matrix mapping is not injective (See for example [2,13,21]). For
example, if the alphabet is ¥y = {a < b}, the words wy = ababbabbb and wy =
aabbbbabb have the same Parikh matrix, namely,

1314
016
001

Many of the studies (see for example, [1,2,3,8,13,21,25,26]) in this area deal
with this problem of M —ambiguity. Let X and ¥y, be as in Definition 1. Two words
wy and wy are called M —equivalent if Uy (w1) = Up(ws). A word w € X, is said to
be M —unambiguous if there is no word v # w such that v is M —equivalent to w.
Otherwise w is M —ambiguous or simply ambiguous.

If My, and M, are two triangle matrices in M,,, then the triangle matrix M =
M, @ M, is defined [12] as the usual sum of matrices M; and My except that all
the elements on the main diagonal of M have by definition value 1. The operation
€ is commutative and associative.

Mateescu [12] has considered the matrix C = A@ B of two Parikh matrices A, B
of two binary words z,y respectively, over {a < b} and has shown that C' is also a
Parikh matrix. In fact it is shown in [12] that a preimage of C' = (¢; j)1<i,j<3 is the
word b'aPbla” where t + q = |x|p + |y|p,p + 7 = |2|a + Y|« and pg = c1 3.

Note that, in the subsequent sections, we will also denote by M (w), the Parikh
matrix of a word w, where the alphabet is understood.

3. Row and Column Parikh matrices of a Picture Array

We extend the notion of Parikh matrix of a word to a picture array. We first recall
certain notions related to arrays [9].
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Let ¥ = {a1 < ag < -+ < ax} be an ordered alphabet and m,n be two positive
integers. A m X n picture array (or array, for short) A over ¥j is a rectangular
arrangement of symbols from ¥ in m rows and n columns. We will write such an
array as follows:

a1y -0 Qip a11 * - Gml
A= , and the transpose of A is A" = ,
Am1 *** Amn A1n " Qmn
aababd
ai; €3,1<1<m,1<j<n. For example baaba is3 x5 binary array over
babba
abb
aaa
¥y = {a < b} and its transpose is ba b.
abb
baa

We will call the words in the rows of a picture array over Xj as horizontal words
or simply words and the words in the columns as vertical words. For a word
by

by
x = biby---by, by € X for i = 1,---,n, we denote by x! the vertical word

b7l
Also we define (2?)! = 2. The notion of a subword in a vertical word is analogous to
the notion of a subword in a word except that the subword itself is a vertical word.

The set of all picture arrays over ¥ is denoted by P.Aj. We denote respectively
by o and ¢ the column concatenation (also called column product)[9] and row con-
catenation (also called row product)[9] of arrays in P.Ag. In contrast to the case of
strings, these operations are partially defined, namely, for any A, B € PAy, Ao B
is defined if and only if A and B have the same number of rows. Similarly A ¢ B
is defined if and only if A and B have the same number of columns. For example,

abbba abbd abbbaabbd
ifA=baabband B=abb,then AoB=baabbabb, where as the row
abaabd bba abaabbba

concatenation A ¢ B is not defined, since the number of columns in A and B are
not equal.

We now introduce the notions of row Parikh matrix and column Parikh matrix
of a picture array.

Definition 3. Form,n > 1, let A € P A, be a m xn array over ¥, = {a1 < az <
-+« < ag}. Let the words in the m rows of A be x;,1 < i < m and the vertical words
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in the n columns of A be y;,1 < j < n. Let the Parikh matrices of x; and y§ be
respectively M (z;),1 < i < m and M(y?)7 1 < j < n. Then the row Parikh matriz
M. (A) of A is defined as M,.(A) = M(x1) @ - P M(zm) and the column Parikh
matriz M.(A) of A is defined as M.(A) = M(y}) @ - @ M(yL).

Example 4. Consider the array A in PAs over {a < b < ¢} given by

abach
bccba
A=babch
baabc
abcac

The Parikh matrices M (x;),1 <1i <5 of the words in the rows

x1 = abacb, x5 = beeba, x3 = babeb, x4 = baabe, x5 = abcac

1231 1100 1121 1222 1212
are respectivel 0121 0122 0132 0122 0112
P Y1oo11 | loo12] [oo11 ]| loo11] [oo012
0001 0001 0001 0001 0001
18 86
. . ) 01109
The row Parikh matriz of A is 0017l
0001
18 7 3
Likewise, the column Parikh matriz of A is 8 (1) 110 ;
0001

4. Ambiguity of Picture Arrays

Extending the notion of M —ambiguity (see for example [3, 8,21, 23]) of a word, we
introduce the notion of M — ambiguity of a picture array.

Definition 5. For m,n > 1, two m X n arrays A,B € PA, over 3 = {a1 <
ag < -+ < ap} are said to be i) M—row equivalent if M,.(A) = M,(B) and ii)
M —column equivalent if M.(A) = M.(B). The arrays A and B are M —equivalent
if A and B are both M —row equivalent and M —column equivalent and in this case
we say that A (as well as B) is M —ambiguous or simply ambiguous. An array A €
PAg, is called unambiguous if it is not ambiguous.

abaabd
aabba
Example 6. The array A1 € PAy given by Ay = b a b a b is M—ambiguous since
bbaba
aababd
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11317 11316
M,(A1) =M. (A2)= [ 01 12 | and M (A1) = M.(A2) = | 0 1 12 | where the
001 00 1
aabba
abaab
array As=babab.
bbbaa
aaabb

Remark 7. We note that there are arrays A, B with M, (A) = M, (B) but M.(A) #
M.(B) or vice versa. For example, if the array A; € PAs is as in Example 6, and
abaab
aabba 11317
the array As is given by As = a b b b a then M, (A1) = M,(As)= |0 1 12 | but
bbaba 001
aabab
11315
M.(Ay) # M:(As) since Mc(A3g)= (0 1 12
00 1

In the sequel, we concentrate on binary and ternary picture arrays and obtain
some partial results. Making use of the characterizations [8, 13] of equality of Parikh
matrices of words over ¥y = {a < b}, we obtain conditions for ambiguity of arrays

in PAQ

A characterization of M —ambiguity of a binary word over 3 = {a < b} is well-
known [8, 13]. We state this in the following lemma.

Lemma 8. [8,13] A wordw € {a < b}* is M —unambiguous if and only if w belongs
to the language denoted by the reqular expression

a*b* +b*a* + a*ba™ + b*ab* + a*bab™ + b*aba™
where a* denotes the set of all words over {a} including the empty word and +
denotes set union.
aip -+ Qin
Given m,n > 2, A€ PAy, A= , a2 x 2 subarray W of A is of the
m1 G
form W = % aik, for some i, 5, k,l, 1 <i<l<m,1 <j<k<n. The subarray

ay; Qg
W is said to occur in A.

Lemma 9. If the 2 x 2 subarray Wi = ab

p g OCCurs in A€ PAy over ¥5 = {a < b}
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and is replaced by the 2 X 2 subarray Wy = b Z or vice versa, yielding another B €
a

PAs, then A and B are M —equivalent.

Proof. Let W7 occur in the m x n array A € PAs. Then A has two rows of the form
Wi = Qg1+ Qgj - Qg+ Gy aDd Wy = @y -y - Qg - - ap, where 1 <7 <l <m,
1<j<k<nand a;; = ai, = a; a;, = a; = b. When Wy is replaced by W, this
implies that the number of subword ab will decrease by k — j in w; and will increase
by k — j in w; while there is no change in the number of a’s and the number of ¥’s
in A. Hence the number of subword ab does not change in A so that A and B have
the same row Parikh matrix. Likewise by considering the jth and kth columns in
A, we can show that A and B have the same column Parikh matrix when W7 is
replaced by W5 in A. The argument is similar for the case W5 occuring in A and
being replaced by Wj.

The following sufficient condition for M —ambiguity of A € PA, is a consequence
of Lemma 9.

Theorem 10. An array A € PAz over 35 = {a < b}, is M—ambiguous, if either
the 2 x 2 subarray Wy or the 2 X 2 subarray Ws as in Lemma 9, occurs in A.

Remark 11. (1) Theorem 10 provides only a sufficient condition and is not nec-
aaa
essary for the M—ambiguity of an array in PAs. For instance, A = a bb

aba
aba
is M -ambiguous since A and B = a a b have the same row Parikh matrix
baa
163 163
013 | and the same column Parikh matriz | 013 | but neither W1 nor
001 001

Wo as in Theorem 10 occurs in A.
(2) An array A € PAs may be ambiguous even if the words in all the rows and
the vertical words in all the columns of A are unambiguous. For instance, if we
aaabb
ababb
consider A3 = aaab b, the words in the rows and the vertical words in the
aaaab
babaa
columns of Az are all unambiguous by Lemma 8 but As is ambiguous since the
11522
row Parikh matriz of Az is | 0 1 10 | and the column Parikh matriz of As
00 1
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aaabbd
115 9 aabbbd

is | 0 1 10 | while Ay, = aaabb has the same row Parikh matriz and the
00 1 aaaab
bbaaa

same column Parikh matriz, as that of As.

Salomaa [20] has presented a graphic technique that involves two rules
RuleRp, RuleRp, the application of which yields an M —equivalent word from a
given binary word. We extend this technique to a binary picture array giving again
a sufficient condition for M —row or M — column equivalence of arrays in P.Aj.

The a—map of a m x n array A in PAy is a 2D tape of the same size as A with
positions of @ marked by letters a and other squares being empty. For example, the
aabba
abaabd
a—map of the array X = b a b a b is given below:
bbbaa
aaabbd

I RIE]
(=ILIEILE]
=L
L=l
L=ICE]

Fig. 2: The a—map of the array X

The following extended rules yield an M —row equivalent array from a given array
in PA;. When we say that a is moved one square to the left, right,up or down, we
always assume that the target square is empty.
RuleERp : Move a in a row, one square to the left and another a, either in the
same row located somewhere to the right of the first one or located somewhere in a
different row, one square to the right.
RuleERp : Move a in a row, one square to the right and another a, either in the
same row located somewhere to the right of the first one or located somewhere in a
different row, one square to the left.
For instance, moving the a in the third square in the second row of X, one square
to the left and moving the a in the second square in the third row, one square to
aabba
aabab
the right yields an array ¥ = b b a a b which is M —row equivalent to the array
bbbaa
aaabb
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11317
X, with X and Y having the row Parikh matrix | 0 1 12

001
Likewise, the following extended rules yield an M —column equivalent array from a
given array in PAs.
RuleE Ry : Move a in a column, one square up and another a, either in the same
column located somewhere below the first one or located somewhere in a different
column, one square down.
RuleERp : Move a in a column, one square down and another a, either in the same
column located somewhere below the first one or located somewhere in a different
column, one square up.
For instance, moving the a in the second square in the second column of Y, one
square down and moving the a in the fourth square in the fifth column of Y, one

aabba
abbabd
square up yields an array Z = b a a a a which is M —column equivalent to the
bbbab
aaabd
11316
array X, with X and Z having the column Parikh matrix | 0 1 12
001

Based on these considerations we have the following Lemma.

Lemma 12. Any binary picture array Y obtained from X by applying i) the two
rules ERp and ERp finitely many times is M —row equivalent to X and ii) the two
rules ERy and ERp finitely many times is M —column equivalent to X.

Theorem 13. Let A,B € PAy be two M—equivalent m x n arrays. Then i) the
arrays Ao B and B o A are M—equivalent and ii) the arrays Ao B and B o A are
M — equivalent.

Proof. For 1 < i < m, let z; and y; be respectively the words in the ith rows of A
and B so that the words in the ith rows of Ao B and B o A are respectively x;y;
and y;x;.

Suppose the arrays A and B over the alphabet Yo = {a < b} are M —equivalent
and hence M —row equivalent, we have X | |z;|q = 7 |[¥ila, S0 |xile = 274 |vils
and X7 xilap = Z7|Yilap- Then X |2iyile = X7 |yi%ila, both being equal
to X |zila + 74 |yila. Likewise X7 |xyile = 7 |yizile. Also X |xyilap =
T lwilap + X [yilay + By [@ilalyile- But 352 |2ilalysls = X924 |zila(n — [yila) =
Litin|rile — Ei[wilalyila = EiZinlyila — i [2alyile = T2 |yila(n — |zila) =
S yilal@ilp. Hence X724 [wiyilar = X2 [@ilas + S |Yilab + E24|yilalzile =
X yiilap. This shows that A o B and B o A have the same row Parikh ma-
trix and hence are M —row equivalent. Clearly A o B and B o A have the same
column Parikh matrix as both the arrays have the same columns but in a different



.

October

18, 2012 18:2 WSPC/INSTRUCTION FILE

ictureArraysParikhMatrices-Revision2

Picture Arrays and Parikh Matrices 11

order. This proves that the arrays Ao B and B o A are M —equivalent. The proof
of the arrays A ¢ B and B ¢ A being M —equivalent is similar.

The notion of a “weak ratio-property” of words is considered in [27]. We extend
the notion of weak ratio-property to picture arrays.

Definition 14. Let A,B € PA; be m xn and s X t arrays respectively over the
alphabet ¥y, = {a1 < ag < -+ < ag}. Let the number of occurrences of a;, (1 <1i <
k), in A and B be respectively |Ala, and |B|,,. Then A and B are said to satisfy
the weak ratio property if

|A|a1 _ |A‘a2 — .= |A‘ak =
[Bla  [Blaz |Blax

where a # 0, is a constant.

Theorem 15. Let A, B € PAs be arrays of sizes m X n and m x [ respectively.
Then the following statements are equivalent:

1) A and B satisfy weak ratio property

1) M, (Ao B) = M,.(BoA), Mc.(Ao B) = M.(Bo A) and as a consequence Ao B
and B o A are M— equivalent.

Proof. For 1 < i < m, let x; and y; be respectively the words in the ith rows of A
and B so that the words in the ith rows of Ao B and B o A are respectively z;y;
and y;x;.

Suppose the arrays A and B over the alphabet ¥ = {a < b} satisfy weak ratio-
property so that |A|, = a|B|a, |A|p = a|B|, where a # 0, is a constant. This implies
that X7, |2]a = aX |yile and 7, |z = aX |yilp. Also mn = |Al, + |A]p =
a(|Bla+]|Bls) = aml so that n = al. Clearly |AoBl, = X |%i¥ila = X7 |yi%ila =
|B o Al,. Likewise |Ao B, = |Bo Aly. Now |Ao Blgy = X% |2iYilab = L1 |Tilap +
i [yilab + X34 |ilalysle- But 32y |zilalysly = 32 [@ila (I = [yila) = 1o |yila —
S |zilalyila = B2 (la = |zila) [yile = S [Yila(n — |2ila) = 2721 [yilal2ils. Hence
|Ao Blap = X7 |Tilab + 271 Yilab + 1 [Yila|Tils = | B o Alap. This proves M,.(Ao
B) = M, (B o A). The equality M.(A o B) = M.(B o A) follows from the fact that
both the arrays have the same columns but in a different order. Conversely, if the
arrays Ao B and B o A are M — row equivalent, then M, (Ao B) = M,(Bo A) so
that X7 |2yilap = X0 [yi%i|ap which implies that X7 |zilalyile = B |zils|Yila-
But X |zilalyile = ZiZ[@ila(l — [yila) and T2y [@ile|yila = S (0 — [@i]a)[Yila-
This implies that IX ) |x;|la = nE™|yile. Likewise I |z = nX™ |yilp. This
shows that the weak ratio property holds for A and B.

Corollary 16. If A and B satisfy the weak ratio-property, then i) the binary array
Ao B (as well as Bo A ) is M—ambiguous and ii) M, (A% o B®) = M,.((A o B)*),
M.(A® 0o B¥) = M.((Ao B)®) where A =AoAo---0A(s times).

Remark 17. i) Corresponding results similar to Theorem 15 and Corollary 16 hold
good for Ao B where A, B € PAs are arrays of sizes n X m and | X m respectively.
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it) A particular case of weak ratio property of arrays A, B € PAs of sizes m X n
and m X | respectively, is obtained by requiring the words in the corresponding rows
of A and B to satisfy the weak ratio property. If the words in the m rows of A in
order are x;,1 < i < m and in the m rows of B in order are y;, 1 < i < m and if the

1 pi1 mi 1 pio 742
Parikh matrices M(z;) = [ 0 1 g1 | and M(y;) = [ 0 1 gqio | for 1 <i<m
00 1 00 1
satisfy
@:qi:ai,lgigm,
Di2  gi2
where a; # 0 is a constant, then the binary arrays A and B are said to satisfy weak
row-ratio property. Since a; = % =7 = % = «aj, we can take a; = «
i i J J

for alli, 1 < i < m, where a is a constant. We note that A and B in PAs over
the alphabet X9 = {a < b} satisfy weak ratio property, if they satisfy weak row-ratio
property, since I‘g‘lz = g;:?; = g;:g’; = ‘lgt and hence in this case, Theorem 15
holds.

1i1) We can analogously define a weak column ratio-property by considering the
vertical words in the columns of A and B, but requiring A to be a m X n array and

B, al xn array.

In [27], certain sufficient condition for ambiguity of a word over 33 = {a < b < ¢},
based on a ‘ratio property’, is obtained.

Definition 18. Two words wi,ws are said to satisfy the ratio property, written
w1 ~r W2, ’Lf

Ipipr2pis
01 p2 pags
00 1 p3
00 0 1

W3 (wr) =

and

g 12 13
01 ¢ g3
00 1 qs
00 0 1

U3(wz) =

satisfy the condition
pi=s-q (i1=12,3), piit1=5 qir1, (1i=12),
where s > 0 is a constant integer.

Lemma 19. [27] If w1, ws are any two words over X3 such that wy ~, wsy, and
* = awywafwawyy, y = awswy fwiway, then M(x) = M(y).



.

October

18, 2012 18:2 WSPC/INSTRUCTION FILE

ictureArraysParikhMatrices-Revision2

Picture Arrays and Parikh Matrices 13

We now make use of Lemma 19 to construct ambiguous ternary picture arrays.

Theorem 20. Let Wy, Ws be any two arrays in PAs with the same number of
rows such that Wi = 10 -+ 0 Ty, Wo = y1 ¢ +++ 0 ym, where for 1 < i < m,
the word x; in the ith row of Wy and the word y; in the ith row of Ws satisfy
i ~p ;. Let XY be two arrays in PAs with the same number of rows such that
X=¢CoWioWaonoWooWjol,Y =8oWaoWionoW;oWyod(, (for some
arrays £,1m,¢). Then M.(X) = M,.(Y) and M.(X) = M.(Y). As a consequence the
ternary array X (as well as'Y ) is M—ambiguous.

Proof. Since the words in the corresponding rows of the ternary arrays Wy, Ws sat-
isfy ratio property, it follows from Lemma 19 that M, (X) = M, (Y). Clearly the
words in the columns of X, Y are the same and hence M.(X) = M (Y).

The notion of “weak ratio property” of binary words has been considered for ternary
words in [10].

Definition 21. Two ternary words wy,ws over 33 are said to satisfy the weak ratio
property and we write wy ~, we, if the Parikh matrices of w1 and ws, namely,

Lp1 s1 21 1p2 s2 22
01 g ta 01 ¢ to '
M(w:) = M(ws) =
(1) 00 17 |’ (w2) 00 17| P2 # 0q2 # 0,72 # 0 satisfy
0001 000 1
the following equality of the ratios:
p_a_n

P2 q2 ro
In the case of ternary words over X3 = {a < b < c}, the weak ratio property is not
a sufficient condition for the words uv and vu to have the same Parikh matrix. For
example [10] consider the words u = abacbc and v = bac over the alphabet 33, with
the property that |u|q = 2|v|a, |ulp = 2|v|p, |ul. = 2|v]. and

1234 1100
0123 0111
M) =112 MO=|701,
0001 0001
but M (uv) # M (vu) since,
1359 1357
0136 0136
Muo)=1 0013 MEw=17473
0001 0001

But conditions for words u,v over alphabets of size 3, to have the same Parikh
matrix for the products wv and vu are known [10]. Two of these are stated in
Lemmas 22 and 23.
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Lemma 22. [10] Let u = zmi(x), v = mi(x)z for some nonempty word x € Xg,
where mi(x) is the mirror image or reverse of the word x. Then M (uv) = M (vu).

Lemma 23. [10] Let 3 = {a < b < ¢} and let u,v € £*. Then M(uwv) = M (vu)
if and only if u ~ypr v and |uV|ape = |VU|ape-

Making use of these Lemmas 22 and 23 , we construct arrays X,Y in PA3 over
Y3 = {a < b < ¢} so that their row (or column) products have the same row (respy.
column) Parikh matrix.

For an array X in PAs, let X, X}, respectively denote the arrays obtained by
reflecting X on its rightmost column and bottommost row. For example, if

abeb becba caab
acca acca babc
X_babc’thenX”_cbab’ haceca
caab baac abeb

Theorem 24. Given arrays X,Y in PAs,

1) if the array A = X o X, and the array B = X, o X, then the arrays Ao B and
B o A have the same row Parikh matriz and the same column Parikh matriz.

1) if the array C =Y ¢ Y}, and the array D = Y, oY, then the arrays C ¢ D and
D ¢ C have the same row Parikh matriz and the same column Parikh matriz.

Proof. If the array X has m rows and for 1 < i < m, x; is the word in the ith row
of X, then every row of A is of the form zmi(z)mi(x)z for x € 3% and every row of
B is of the form mi(z)xami(z) for x € X%, so that by Lemma 22, Ao B and Bo A
have the same row Parikh matrix. Clearly A o B and B o A have the same column
Parikh matrix as both the arrays have the same columns but in a different order.
The proof of the second statement is similar.

Theorem 25. i)Let A, B be two arrays in PAz over ¥3 = {a < b < ¢} with the
same number m of rows such that A = 210+ -0y, B =410+ -0y, x;,y; € 23,1 <
1 <m. Let ©; ~pr i and |Z;Yilabe = |Yi%ilabe for all i,1 < i < m. Then the arrays
Ao B and B o A have the same row Parikh matriz and the same column Parikh
matriz. it) Let C, D be two arrays PAs over £3 = {a < b < ¢} with the same number
n of columns such that C =wujo---0ou,, B=vy0---0uvy,, uz,vﬁ €31 <j<n
Let uf ~yp 08 and [uvl|ape = [vEu|ape for all j,1 < j < n. Then the arrays C o D
and D ¢ C have the same row Parikh matriz and the same column Parikh matriz.

Proof. The theorem follows from Lemma 23 by noting that the corresponding rows
of A and B and the corresponding columns of C' and D satisfy the conditions in
Lemma 23.

5. Conclusion

The notion of Parikh matrix of a word has been extended to picture arrays. Proper-
ties of such matrices are obtained in the case of binary and ternary arrays, some of
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which in the binary case are specific to arrays. But many conditions obtained here
for M —ambiguity of a picture array are only sufficient and so it remains to examine
whether characterizations can be obtained. Also, we have defined M —equivalence by
considering picture arrays of the same size. We could also consider M —equivalence

of two picture arrays of different dimensions and examine its properties. For ex-
ab

bb bb 142
ample, if A = Zb “ and A = . then M,(A) = M,(B) = [ 014 | and
“a ¢ 001
aa
141
M.(A)=M.(B)=| 014 |. Also, in the area of discrete tomography, reconstruc-
001

tion of binary images has been extensively studied (See for example [4,11]). It is
worth examining whether the theoretical properties obtained here can be used in
the problem of reconstruction of picture arrays or images.
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