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ON THE CAGINALP PHASE-FIELD SYSTEMS WITH TWO
TEMPERATURES AND THE MAXWELL-CATTANEO LAW

ALAIN MIRANVILLE!, RAMON QUINTANILLA?

ABSTRACT. Our aim in this paper is to study generalizations of the nonconserved and
conserved Caginalp phase-field systems based on the Maxwell-Cattaneo law with two
temperatures for heat conduction. In particular, we obtain well-posedness results and
study the dissipativity of the associated solution operators.

1. INTRODUCTION

G. Caginalp proposed in [7], [8] and [9] two phase-field systems, namely,

ou

(1.1) E —Au+ f(u) =T,
oT ou
1.2 — _ AT =_-_—"-
(1.2) ot ot’
called nonconserved system, and
Ju 9
(1.3) E—FA u— Af(u) = —AT,
oT ou
14 — _ AT =_-_—"-
(14) ot ot’

called conserved system (in the sense that, when endowed with Neumann boundary con-
ditions, the spatial average of u is conserved). In this context, u is the order parameter,
T is the relative temperature (defined as T = T — Ty, where T is the absolute tem-
perature and Tg is the equilibrium melting temperature) and f is the derivative of a
double-well potential F (a typical choice is F(s) = 1(s* — 1)?, hence the usual cubic
nonlinear term f(s) = s* — s). Furthermore, we have set all physical parameters equal
to one. These systems have been introduced to model phase transition phenomena, such
as melting-solidification phenomena, and have been much studied from a mathematical
point of view. We refer the reader to, e.g., [1], [2], [3], [4], [5], [6], [13], [14], [15], [20], [21],
[22], [23], [24], [25], [26], [31], [33], [40] and [45].

In particular, these two phase-field systems are based on the usual Fourier law for heat
conduction,
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(1.5) q=—VT,

where ¢ is the heat flux. Now, one essential drawback of the Fourier law is that it predicts
that thermal signals propagate at an infinite speed, which violates causality (the so-called
paradox of heat conduction, see [17]). To overcome this drawback, or at least to account
for more realistic features, several alternatives to the Fourier law, based, e.g., on the
Maxwell-Cattaneo law or recent laws from thermomechanics, have been proposed and
studied, in the context of the Caginalp phase-field systems, in [28], [29], [32], [34], [35],
[36], [37] and [38].

In the late 1960’s, several authors proposed a heat conduction theory based on two
temperatures (see [10], [11] and [12]). More precisely, one now considers the conductive
temperature 7" and the thermodynamic temperature 6. For time-independent problems,
the difference between these temperatures is proportional to the heat supply; they thus
coincide when there is no heat supply. However, for time-dependent problems, they are
generally different, even in the absence of heat supply: this is in particular the case for
non-simple materials. In that case, the two temperatures are related as follows:

(1.6) 0=T—-AT
and (1.1) and (1.2) should be replaced by

(1.7) %—Au—i—f(u):T—AT
and

ou 9
(1.8) §+A u—Af(u) = —-A(T — AT),
respectively.

The nonconserved system was studied in [18] for the classical Fourier law with two
temperatures and in [39] for the type III thermomechanics theory (see [27]) with two
temperatures recently proposed in [42] (see also [19]).

In this paper, we consider the theory of two-temperature-generalized thermoelasticity
proposed in [44] and based on the Maxwell-Cattaneo law.

In that case, in order to obtain the corresponding generalized heat equation, one writes

H
where
(1.10) H=u+T-AT(=u+0)

is the enthalpy and the heat flux ¢ satisfies the Maxwell-Cattaneo law (see [44]),



PHASE-FIELD SYSTEMS 3

(1.11) q —1—7% =-VT, 7>0.

In particular, it follows from (1.9) that

0?’H OH :
BT + T = —div(q + 7Vq),
hence, in view of (1.11),
0?H OH
1.12 — = AT.
(1.12) o o

We thus deduce from (1.10) and (1.12) the generalized heat equation

0*T oT 0%u ou
1.13 I —A)(—= —) - AT = — —7—.
(1.13) =25z +75) o ot
Here, the presence of the second derivative % makes the mathematical analysis of the
equation particularly difficult and, to overcome such a difficulty, we will rewrite the equa-
tion in a different way, keeping the enthalpy H as unknown. Indeed, it follows from (1.10)
and (1.12) that

0*H OH
hence
0*H OH

Furthermore, owing again to (1.10), (1.7) and (1.8) can be rewritten as

(1.15) %—Au—%u—l—f(u):H
and

ou 9
(1.16) E%—A u—Au—Af(u) =—-AH,
respectively.

Our aim in this paper is to study the well-posedness and the dissipativity of (1.14) and
(1.15) and of (1.14) and (1.16). For the sake of simplicity, we endow these equations with
Dirichlet boundary conditions. Furthermore, when studying the conserved model (1.14)
and (1.16), the main difficulty, when compared with the nonconserved model (1.14) and
(1.15), is to derive proper H?-estimates.
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Notation. We denote by ((,-)) the usual L?-scalar product, with associated norm || - ||.

We further set ((,-))_1 = (((=A)72-,(=A)"2.)), with associated norm || - ||_;, where
(—A)~! denotes the inverse minus Laplace operator associated with Dirichlet boundary
conditions. Note that || - ||_; is equivalent to the usual H '-norm on H~1(Q) = H}(Q)'.
More generally, || - ||x denotes the norm on the Banach space X.

Throughout the paper, the same letters ¢ and ¢ denote (generally positive) constants
which may vary from line to line. Similarly, the same letter ) denotes (positive) monotone
increasing (with respect to each argument) and continuous functions which may vary from
line to line.

2. THE NONCONSERVED MODEL

2.1. Setting of the problem. We consider in this section the following initial and
boundary value problem, in a bounded and regular domain Q € RY, N = 1, 2 or 3,
with boundary I':

ou

(2.1) E—Au—l—u—irf(u):H,
O?H OH
(2.3) u=H=0onT,
OH
(2.4) uli=o = o, H|=o = Ho, Eh:o = Hy,

where, for simplicity, we have set 7 equal to one.
As far as the nonlinear term f is concerned, we assume that

(2.5) feC*R), f(0)=0,
(2.6) 1> —co, co >0,
(2.7) f(s)s>c1F(s) —cy > —c3, ¢4 >0, o, c3 >0, s €R,

where F(s) = [; f(£)d¢. In particular, the usual cubic nonlinear term f(s) = s* — s

satisfies these assumptions.

Remark 2.1. Actually, in this section, f € C'(R) would be sufficient; we will need the
higher regularity above in order to deal with the conserved model.
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2.2. A priori estimates. The estimates derived in this subsection are formal, but they
can easily be justified w1th1n a Galerkin scheme.
We multiply (2.1) by ¢ and have, integrating over (2 and by parts,

ou
_ 2 _
(2.5) By +2 [ Pl do) + 20 G =202 55)),
noting that || - I3 ) = I - [I* + IV - >
We then multiply (2.2) by (—A)~'2 to obtain
0H OH
2 2 o 2 o
(2.9) (HHH + || || + 571 + (|| || H || ) =2((u, 5-)).
Noting that
ou d oH
(1, 24) = & (G, 11)) ~ (0, 2T,
we finally find, summing (2.8) and (2.9),
d 2 2 2
(2.10) = IV +2/QF( w)de + |lu— HI[" + || || || || )
(H H2 H H2 H H )=
Next, we multiply (2.1) by u and have, owmg to (2.7),
d /
(2.11) £||u||2 + 2||u||%11(9) + C/Q F(u)dr < 2((H,u)) + .
Multiplying then (2.2) by (—A)~'H, we obtain
d 0H OH
(2.12) — (HIZy + [HI* +2((5 - H))-1 + 2((—,, H))) + 20 H |
dt ot 875
22((H,u))+2(|\ H2 H H )-
Summing (2.11) and (2.12), we find
d oH 0H
(213)  —(lul® + 1HIZy + [H* + 205 H))-1 +2((5-, 7)) + el — H|?
dt 815 ot
+||VU||2+2/QF( u)dr) < 2(|| ||2 + || || )+, e>0.

Summing finally (2.10) and J; times (2.13), Where (51 > 0 is chosen small enough, we
have a differential inequality of the form

9
(2.14) B+ ISP <, e >0,
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where

@15)  Eo= Va2 [ Faydot - B4R+ 15
a4 N2+ IHI? 4+ 2050 H) o+ 2 H))

satisfies

216) Bz llulfg + [ F)dot |HP+ |57 ~ ¢, o0

We now multiply (2.2) by 22 S to obtain

oH

(2.17) (IIVH||2+|| ||H1 D)+ 55 e < IValP,

Multiplying also (2.2) by H, we ﬁnd

d oOH oH OH
(2.18) 2 (M ey +2((F - H)) 4 2((V o VA + IVH|” < [[Vull* + 2] 5 -l o

Summing (2.14), 0, times (2.17) and 03 times (2.18), where dy, 65 > 0 are chosen small
enough, we have a differential inequality of the form

dEs
2.1 nt)
(2.19) B Bt 1) <, e
where

0H
(2.20) Ey = E, + &(|VH|? + HEHEI(Q))
OH OH
+03(|1H 310 +2((W,H))+2((V§,Vﬂ)))

satisfies
2.21 E, > 2 F(u)d H|J? OH 4 0
(2.21) s > c([lullin ) + g (u) dx + || HH1<Q)+H§HH1@)—6, c>0.

We finally multiply (2.1) by —Aw and obtain, owing to (2.6) and classical elliptic
regularity results,
d 2 2 / 2 2
(2.22) S IVull™ + cllullzpz ) < ([Vul” +IH]7), ¢ > 0.

Summing (2.20) and d, times (2.22), where d, > 0 is chosen small enough, we find a
differential inequality of the form
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dE3 ou
(223) % + C(E3 + HUH?{%Q) + ||EH2) < CI, c > O,
where
(2.24) Es = Ey + 64| Vu)?
satisfies
oH
@2)  Ba2cllullng + [ F@do+ 1H e + 15 ) = ¢, ¢ >0

In a second step, we differentiate (2.1) with respect to time to have the initial and
boundary value problem

0 Ju ou  Ou , Ou  OH

ou
(2.27) T =0on I,
0
(2.28) 8—1:(0) = Aug — ug — flup) + Ho.

Note that, if up € H*(Q) N H} () and Hy € L*(Q2), then 24(0) € L?(2) and

0
(2.29) Ha—QZ(O)H < Q(lluoll 2@y, [ Holl)-

Indeed, it follows from the continuity of f and the continuous embedding H%(Q2) C C(Q)

that [| f(uo)| < Q(||UO||H2 ))-
Multiplying (2.26) by 2%, we obtain, in view of (2.6),

d  ou
(2.30) II—H2 H HHl (H ||2

Summing then (2.23) and d5 times (2.30), Where 05 > O is chosen small enough, we find
a differential inequality of the form

H || ), ¢>0.

dE,
(2.31) - + c(By + ||u||§,2 + || o ||H1 ) <, e>0,
where
(2.32) E, = Ej +55H ||2

satisfies
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ou OH
233) Bu2 cllulp + [ F)do+ 151+ 1H o) + 115 ) = ¢ e 0
We finally rewrite (2.1) as an elliptic equation, for ¢ > 0 fixed,

(2.34) —Au—i—u—i—f(u):—%jLH, u=0onT.
Multiplying (2.34) by —Au, we have, owing to (2.6),

(9UH2

1Aul® < e(IVull* + 711 + 1HIP),

hence, owing to classical elliptic regularity results,

(2.35) [u(®) |20y < cBa(t), t = 0.
Having this, we multiply (2.2) by —A%Z and —AH to obtain

(2.36) (HAH|!2+HV H2+HA H)+HV H2+||A H2<HAUH2

and

v 282

d OH
—(IVH|* + |AH|* + 2((V—~ 5

(2.37) dt< 5

AH))) + ||AH|?

<||AU||2+2(|IV ||2+||A H)

respectively. Summing (2.36) and dg times (2.37), Where 56 > 0 is chosen small enough,
we find, in view of (2.35), a differential inequality of the form

dE
(2.38) d—"’ +cEs < By, ¢>0,
where
(2.39) = |AH|? + IIV ||2 ||A ||2
oH oH
+o6([IVH|* + [|AH|]? + 2((V§, VH))+ 2((A§> AH)))
satisfies
o0H
(2.40) Es > (|| H 320y + HEH%@), c>0.



PHASE-FIELD SYSTEMS 9

2.3. The dissipative semigroup. We have the

Theorem 2.2. We assume that (2.5)-(2.7) hold. Then, for every (ug, Hy, Hy) € (H*(2)N
HY(2))3, (2.1)-(2.4) possesses a unique solution (u, H, 2L such that

) Ot
oH

H_
(. H, =,

) € L®(R*; H*(Q) N Hy(Q))?
and

%1; € L=(R*; L*(Q)) N L*(0,T; H3(Q)), VT > 0.

Proof. The proof of existence is based on the a priori estimates derived in the previous
subsection and, e.g., a standard Galerkin scheme.
In particular, it follows from (2.31) and Gronwall’s lemma that

(2.41) Eit) <e @By 0)+, ¢>0, t>0,
which yields, owing to (2.33), the continuity of f and the continuous embedding H?(2) C
c(Q),
ou oOH
(2.42) @)z ey + N5, O + TH O 5r0) + 175, Ol )

< e QUluollz 0y |1 Holli 0y [ Hilln o)) + ¢/ ¢ >0, £ >0,
It then follows from (2.35) and (2.41) (2.42) that

(243)  [lu®)lie@ < e QUluolli(0), 1 Holli gy 1HillEn @) + ¢ ¢ >0, ¢ >0,
and from (2.38), (2.40), (2.41)-(2.42) and Gronwall’s lemma that

(2.44) 1 (#1720 + IIaH( )i

< e Qlluoll3r20y: | Holl B2y 1 Hill 2 () + €5 ¢ >0, £ > 0.

CHW, agi”) and (u® H(Z),ag—;m) be two solutions to (2.1)-(2.3) with
Hél), H1(1)) and (uo ), Héz), Hf)% respectively. We set

Let now (u

(1)
initial data (u é )

OH OHW OH®
H 2 = (™, 5o (@ g 87
(u at ) (u Y 9 at ) (U Y Y 8t )
and
(uo, Ho, Hy) = (ul”, H", HY) — (), B, HP)
and have
(2.45) 8——Au+u+f( ) — f(u®) =H,

ot
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0*H 0H

(246) ([ - A)( o012 + E) — AH = —AU,
(2.47) u=H=0onT,

oH
(2-48) U|t:o = Ug, H|t:0 = H,, Eh:o = H;.

Multiplying (2.45) by u, we obtain, in view of (2.6),

d
(2.49) ol + llullf @) < ellul + 1HI?).

Multiplying then (2.46) by (—A)~'2Z we find

(2.50) (HHH2+H H2 +H H )+H H2 +H H2<Hu\|2

Summing ﬁnally (2.49) and (2.50), we have a dlfferentlal 1nequahty of the form

dE
(2.51) d—tﬁ < cEg,
where
(2.52) = [lull® + | H|]* + || H2 || ||2
satisfies
OH
(2.53) Eg > c(|lul]* + |H|* + IIEIIQ), c>0.

It thus follows from (2.51)-(2.53) and Gronwall’s lemma that

0H y
(2.54) lu(®)[* + [[H )] + IIE(t)II2 < ce®!(|luoll* + | Holl* + | Hu|1*), t >0,

hence the uniqueness, as well as the continuity with respect to the initial data in the
L?-norm.

O

It follows from Theorem 2.2 that we can define the family of solving operators

()@ =5 ®, (o, o, H) 5 (ult), H(D), 57 (1), £20,

where ® = (H*(Q) N H}(2))3. Furthermore, this family of solving operators forms a
semigroup, i.e., S(0) = I and S(t+7) = S(t) o S(7), Vt, 7 > 0, which is continuous with
respect to the L2-topology.
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Finally, it follows from (2.42)-(2.44) that we have the

Theorem 2.3. The semigroup S(t) is dissipative in ®, in the sense that it possesses a
bounded absorbing set By C ® (i.e., VB C ® bounded, Ity = to(B) such that t > ty implies
S(t)B C B(])

Remark 2.4. The dissipativity is a first step in view of the study of the (temporal) as-
ymptotic behavior of the associated dynamical system. In particular, an important issue
is to prove the existence of finite-dimensional attractors: such objects describe all possi-
ble dynamics of the system; furthermore, the finite-dimensionality means, very roughly
speaking, that, even though the initial phase space ® has infinite dimension, the reduced
dynamics can be described by a finite number of parameters (we refer the interested reader
to, e.g., [41] and [43] for discussions on this subject). This will be studied elsewhere.

3. THE CONSERVED MODEL

We now consider the following initial and boundary value problem:

1 0u
(3.1) (—A)! E—Au—l—u—irf( u)=H,
O*H OH
(3.2) (= A) (G + o) = AH = —Au,
(3.3) u=H=0onT,
OH
(3-4) U\t:o = U, H’t:O = Hy, Eh:o =M.

As far as the nonlinear term f is concerned, we still assume that (2.5)-(2.7) hold.

3.1. A priori estimates. Here, we can repeat the first estimates made in the previous
section for the nonconserved problem, the only difference being that we have a lower
regularity on —t due to the presence of the operator (—A)~!. In particular, we have a
differential inequality of the form

dEr,

(35) O e+ iy + 1202 < e >0,
where
(3.6) E; = IIVUII2+2/QF( u)de + |lu— HI* + || ||2 || ||2
o0H OH
+67([Jull?, + 1 H|?, + IIHH2+2((8— H))71+2<(57H)))

+58(HVH!!2+H HHl )
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OH

OH
E’H» +2((V—

5 ,VH))) + d1o]|ul®

+0g (| H [ (@) + 2((

satisfies

oH
37 Er=clullipg +/QF(U) do + || Hllp0) + 5 @) = ¢ ¢ >0,

07, dg, 09, 019 > 0 having been chosen small enough.
The next step is to derive H?2-estimates. Note that, if we rewrite (3.1) as an elliptic
equation, for ¢ > 0 fixed,

(3.8) —Au+u+ f(u) =—(—A)" %—l—H u=0onT,

and wish to proceed as in the previous section for the nonconserved model, we need to
havian L>(L?*)-regularity on (—A)*lg—?. We now differentiate (3.1) with respect to time
to obtain

0 OJu ou  Ou ou OH
R _1__ — [ES— [ES— [
(3:9) (=4) ot ot A8t+8t+f( )875 ot’
(3.10) (Z;‘ —0onT,
ou 9
Multiplying (3.9) by 2 S¢, we find, in view of (2.6),
1d,ou,, ou o 9 0H Ou
g Loy < = =
2+ 1 5 e < el + (B, T,

which yields, employing the interpolation mequahty

2
1240 < el 2 2

the differential inequality

(3.12) g = +ellm e < (H H H H 1)-

This yields an LOO(LQ)—regularity on (—A)~1%, provided that (—A)_l%(O) e L*(Q),

which, in view of (3.11), essentially means that uy € H*(Q) N Hi(Q). This is not sat-
isfactory, in particular, in view of the study of the dissipativity and the existence of
(finite-dimensional) attractors.

Actually, we can prove, by proceeding in a more careful way, that ug € H*(Q) N H}(Q)
suffices, which is indeed what one would expect.

To do so, we first multiply (3.1) by —A% to have
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. — —I? <
(313) LAl + 9 < ellAr)? + 1A% 7).

Furthermore, proceeding as in the previous section, we obtaln a differential inequality of
the form

dEy

(314) % +cEg < C,HA’U”z, c>0,
where
oH oH
3.15 Es = ||AH|? — I+ |A=]?
(315) o= IAHIP + IV P+ A
o0H o0H
(I VHIP + |AH|P +2(V0, VH)) +2(A5 7 AH)
satisfies
o0H
(3.16) Es > (|| H || H20) + Hgllip(m), c>0,

911 > 0 having been chosen small enough. Summing finally (3.13) and d12 times (3.14),
where 015 > 0 is chosen small enough, we find a differential inequality of the form

dEg
(3.17) —= < Q(lAu|* + HA H )
where
(3.18) Ey = ||Aul|* + Es
satisfies
2 2 oH ,
(3.19) By 2 c(|lullzra) + [1H ) + 15 2)), € > 0.

Here, we have used the fact that f is of class C? and the continuous embedding H?*(Q2) C
C(€) once more to deduce that ||Af(u)||? < Q(||Aul)?).
Setting y = ||Au||* + FEg, we thus have the differential inequality

(3.20) y' < Qy).
Let z be solution to the ODE

(3.21) 7' =Q(2), 2(0) = y(0).

It follows from the comparison principle that there exists

To = To([[uoll 20 s |1 Holl 20 | Hill 2 ()
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belonging to, say, (0, 1) such that

(3.22) y(t) < =(t), t € [0, To],

so that, in particular,

(3.23) lu()ll @) < QUuollr2@), |1 Hollm2(0), |1Hill2()), t € [0, To).
Next, we multiply (3.9) by t5 tdu ¢ to obtain, proceeding as above,

(3.24) (tH H2) ct(H H2+H |!2)+Hau\|2

It thus follows from (3.5)—(3.7) (which yleld proper estimates on [|2%|2, and [|2Z]?) ,
(3.24) and Gronwall’s lemma that

(3.25) || (To)ll2 < Qluoll #2(y; [[Holl (<, [ Hill @)

Here, we have used the > fact that, since F' is continuous, then, owing to the continuous
embedding H?(Q2) C C(Q),

E7(0) < Q([luoll 20y, [[Holl 1oy [[Hi [l 1))
Having this, it follows from (3.5)-(3.7), (3.12) and again Gronwall’s lemma that

ou (b
(3:26) [l 21 < e Qlusll 2, [ Holl ey HH1HH1(Q))(1+|| (To)H2 ), t = T,

hence, in view of (3.25),

ou .
(3.27) ||E(t)|\31 < e Q(|[uol 2y, 1Holl 1y 1Hill 1)), t > T
We finally multiply the elliptic equation (3.8) by —Aw and find, in view of (2.6),

(3.28) [Au()|* < C(Hg O + IH®I), t = T,

hence, in view of (3.5)-(3.7), (3.27) and standard elliptic regularity results,

(3.29) lu@®)ll 20 < e“QUluollzz(@), |1 Holl ), [Hillme), t = To.
Actually, there holds, in view of (3.23),

(3.30) lu@®)llm20) < e“Qluoll m2(0), 1 Hollz2(@) |1 Hill#2(), 2= 0.

Note that this estimate is not dissipative and a priori grows as t — 4-00.
In order to derive a dissipative estimate, we now multiply (3.1) by —Au and have,
owing to (2.6),
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d
(3.31) el + 1 Aul® + [ Vul* < 26| Val* + [|H]*

Integrating (3.31) over (0,1) and employing (3.5)-(3.7) to estimate ||[Vu||? and ||H||?, we
have

1
/ |Aul|]* dz < cE(0) + ¢
0
which yields that there exists 7' € (0,1) such that

(3.32) 10T 32y < cE(0) + .

Actually, repeating the above estimates (and, in particular, employing (3.30)), but starting
from t = T instead of ¢t = 0, we obtain the inequality

(3.33) lu(D) 320 < QE-(0)).
Repeating again the above estimates (i.e., those leading to (3.33)), we find, for ¢ > 1,

(3.34) lu() 2y < Q(E7(t — 1)),

where the function @ does not depend on t (note indeed that (3.21) is an autonomous
ODE; actually, here, @ is the same function as in (3.33)). Employing once more (3.5)-(3.7)
and Gronwall’s lemma, we finally deduce that

(3.35) [u() 20y < e Qluoll a2, 1 Holl iy, 1Hill o oy) + ¢, £ > 1,

hence a dissipative estimate.
Dissipative estimates on the H*norms of H and %—Ij then follow from (3.14), as in the
previous section.

3.2. The dissipative semigroup. We have the

Theorem 3.1. We assume that (2.5)-(2.7) hold. Then, for every (uy, Hy, Hy) € (H*(2)N
H{(2))?, (3.1)-(3.4) possesses a unique solution (u, H,92) such that

(U7H78_H

S5) € LRSI (Q) 1 HYQ)°

and

% € L*(0,T; H'(Q)), VT > 0.

Proof. The proof of existence is again based on the a priori estimates derived in the
previous subsection and, e.g., a standard Galerkin scheme.

Let now (u™, HM ag_;l)) and (u(® H(2),8g—752)) be two solutions to (3.1)-(3.3) with
initial data (uo ), H((]l)7 H( ) and (u(()Z), H(()Q), HP)), respectively. Setting again
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OH OHW OH®
H =2 = (W g® (1,2 g®@
(u’ ) 8t) (u ) Y 8t ) (U ) ) at )
and
(Uo, H07 Hl) = (u(()l)a H(gl)7 Hl(l)) - (u(()2)7 H(SQ)a H1(2))7
we have
1 0u 4D @)
(3.36) (—A) E—Au—l—u—irf( ) — f(u'¥) =H,
82H oOH
(3.38) u=H=0onT,
o0H
(3'39) U|t:0 = Uo, H|t:0 = H,, Eh:o = H;.

Procceding as in the proof of Theorem 2.2, we obtain a differential inequality of the
form

dE
(3.40) T ull3 ) < e(llull® + [ HI?),
where
(3.41) Evo = [ull?, + | H|> + H !!2 + H H2
satisfies
oH
(3.42) Evo > c(|Jull*y + 1 H|? + IIEHQ), c>0.

Using finally the interpolation inequality

[ull* < ellull-illwllm @)
we find the differential inequality

(3.43)

hence, owing to (3.42)-(3.43) and Gronwall’s lemma,

OH y
(3.44)  u@)|2y + [1H@®)|* + 15 @I < ce “(lluollZy + | Holl* + [ H.|*), ¢ > 0.
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This yields the uniqueness, as well as the continuity with respect to the initial data in the
H=! x L? x L*norm.
0J

It follows from Theorem 3.1 that we can define the family of solving operators

0H
ot
This family of solving operators forms a semigroup which is continuous with respect to
the H=! x L? x L*-topology and is dissipative in ®.

S(t): ®— D, (ug, Ho, H1) = (u(t), H(t), =—(t)), t > 0.
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