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Abstract—Nonwoven carbon-fibre sheets are often used to

form a conductive layer in composite materials for

electromagnetic shielding and other purposes. While a large

amount of research has considered the properties of similar

idealised materials near the percolation threshold, little has been

done to provide validated analytic models suitable for materials

of practical use for electromagnetic shielding. Since numerical

models consume considerable computer resource, and do not

provide the insight which enables improved material design, an

analytic model is of great utility for materials development. This

paper introduces a new theoretical model for the sheet

conductance of nonwoven carbon-fibre sheets built on the theory

of percolation for two-dimensional conducting stick networks.

The model accounts for the effects of sample thickness, fibre

angle distribution and contact conductance on the sheet

conductance. The theory shows good agreement with Monte-

Carlo simulations and measurements of real materials in the

supercritical percolation regime where the dimensionless areal

concentration of fibres exceeds about 50. The theoretical model

allows the rapid prediction of material shielding performance

from a limited number of manufacturing parameters.

Index Terms—electromagnetic shielding effectiveness,

percolation theory, sheet conductance, carbon fibre composite,

nonwoven fabric

I. INTRODUCTION

nonwoven fabric is an array of fibres that are formed
into a sheet using a wet-laid process like that used for

paper manufacture. Nonwoven materials possess a
complicated structure with varying local parameters such as
thickness, areal density, and fibre angle. Fig. 1 shows a
scanning electron microscope (SEM) image of a nonwoven
fabric, constructed from 12 mm long polyacrylonitrile carbon
fibres, 7 m in diameter, stabilised using a polyester binder.
Nonwoven materials are used throughout the aerospace,

defence and medical industries, usually to provide lightweight,
functional enhancement to existing composite structures.
Applications include electromagnetic shielding, collapsible
antenna reflectors and defibrillator electrodes. We have
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observed that the shielding effectiveness of the nonwoven
materials we have available varies very little with frequency
up to several gigahertz (see Fig. 2), and therefore depends
principally on the sheet conductance [1].

A large body of work on percolation in two- and three-
dimensional conducting stick networks has been reported
following from the founding work of Balberg and Binenbaum
[2]. Much of this work has focused on the behavior of the
material, including its homogenised sheet conductance near
the percolation threshold. Practical shielding materials
typically have fibre concentrations far above the percolation
threshold; more recent work has begun to study this regime
using Monte Carlo simulation [3–5]. The effects of fibre angle
distribution [6] and contact conductance [7] on the
conductivity have also been studied. However, there is a lack
of directly applicable analytical or semi-empirical models for
accurate prediction of sheet conductance, and therefore
shielding effectiveness, which incorporates all these effects at
high concentrations. This paper describes a method of
determining the sheet conductance based on a semi-analytic
formulation and compares it against results obtained using
both Monte Carlo models of the material and measurements
on a range of real materials.

II. MEASUREMENT OF NONWOVEN SHEETS

A. Shielding effectiveness measurement

The shielding effectiveness of six carbon fibre veil samples
of differing areal density were measured in both x- and y-

Shielding Effectiveness and Sheet Conductance
of Nonwoven Carbon-fibre Sheets
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Fig. 1. SEM image of a 29 g m-2 (carbon plus binder) nonwoven material
constructed of carbon fibres.
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polarisations using the method described in [8]. For three of
the samples Fig. 2 shows the measured SE (lines) and the
result of fitting Shelkunoff’s theory [9] to the measured data
between 1 and 2.5 GHz (points). The sheet conductance was
determined from the fitted curve and is compared with the
results predicted by the Monte Carlo models (MCMs) below.
Note that Fig. 2 and other figures in this paper show the areal
density of the carbon fibre in the veil only and do not include
the density of the binder. With binder the nominal areal
densities of the veils used are 4, 10, 17, 34, 50 and 75 g m-2

which contain 3.1, 8.2, 14.8, 30.5, 43.6, and 56.1 g m-2 of
carbon fibre respectively, based on measurements of the
sample weights after the binder was removed by heating. In
our earlier papers [1,10,11] only the nominal density is
reported.

B. Sheet conductance measurements

The sheet conductance deduced from the shielding
effectiveness measurements is shown in Fig. 3. The average of

the conductance obtained in each of the two polarisations from
the shielding measurement is also compared with averages
taken at 18 positions with an eddy-current probe. The eddy
current probe measures over a 25 mm diameter circle and
revealed considerable sample variation from point to point.
For the SE measurement the values are effectively averaged
over the area (140 mm × 150 mm) of the shielding sample.

C. Thickness measurements

The thicknesses of five samples of each available areal
density of the carbon fibre nonwoven sheets were measured,
using a micrometer with 2 kPa pressure applied. The average
at each density was then fitted to the functionݐ = ݐ ට1 + ቀ ఘಲఘಲబቁఈഀ

(1)

where ݐ is the thickness of the veil, defined as the distance
between the centres of the outermost fibres (that is, one fibre
diameter less than the distance between the outer surfaces of
the fibres). We chose this measure of thickness as it fits with
the way the MCM veils are generated and seems to give a
better result in the later analysis than the thickness measured
to the outer surface of the veil. ,ݐ is the minimum thickness
of the veil, ߩ is the areal density of the carbon fibre content
of the veil, ߩ is the areal density at which the thickness of
the veil transitions from constant thickness to a thickness
proportional to the areal density. The parameter ߙ = 2

determines the shape of the curve in the transition region. In
practice, the 3 g m-2 areal density is the lightest material
manufactured so the shape of the curve below this density is
likely to be inaccurate. However, we expect the thickness to
approach that of the fibre diameter as the areal density is
reduced, and it is useful to define a feasible thickness so that
the possible material behaviour at lower areal densities can be
studied using the MCM.

III. SHEET CONDUCTANCE OF A FIBRE NETWORK

Here we derive an approximate, average solution for the
conductance of an anisotropic sheet network of randomly
organised fibres, and with the aid of previous work on 2D

Fig. 2. Measured shielding effectiveness (lines) and Schelkunoff fit between
1 and 2.5 GHz (points) in two polarisations for three of the veil samples.

Fig. 3. The sheet conductance deduced from the shielding effectiveness
measurement for each polarisation. The average is compared with the
average of that measured on 18 samples with an eddy current probe with
error bars at three standard deviations.

Fig. 4. Measured thickness of the real nonwoven sheets and fitted thickness
function.
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isotropic networks and MCM simulations, we generalise it to
the case of 3D sheets including the effect of contact
conductance between the fibres. The concentration of fibres is
assumed to be sufficiently large that each fibre is well
connected to its neighbours. The formulation does not work
for low areal densities where fibres may only be partially
connected.

A. Sheet conductance in the absence of contact conductance

Consider a single path, ݊, through a square area of veil
material of side length ݈௦ with the conducting fibres at a fixed
angle from the direction of the average current flow, as shown
in Fig. 5. If ݈௦ is the same as the fibre length, the conductance
of the square in the x-direction, due to the fibre conductivity isܩfsx,n,1 = Gcos߮, (2)

where G is the conductance of the fibre and ߮, is the angle
of the fibre(s) in path ݊ from the x-axis. If the fibres
composing the path are assumed to be of length ݈௦, then the
number of fibres required to make the path is݊,,ଵ = ଵ

cosఝ, (3)

and ݊,,ଵ is the number of fibres for one path in an area equal
to the square of the fibre length (݈), which is a dimensionless
measure of the areal density of the material. Combining (2)
and (3) we get:ܩfsx,n,1 = ݊,Gcosଶ߮, (4)

If a number of paths, ܰ, are present at each possible angle,߮,, then the conductivities of each path can be added so that
the conductance of the square becomesܩfsx = G ∑ ܰ, ݊,,ଵcosଶ߮,ଵேകୀଵ (5)

where the number of path angles is ܰఝ. If we consider that the
total areal density of the square is the sum of the individual
path densities then we have݊ = ∑ ܰ, ݊,,ଵேകୀଵ (6)
Further, if the proportion of the total density contributed by
each path at angle ߮, isܲ൫߮,൯ = ேು,ಲ,,భಲ (7)

then we could write (5) asܩfsx = G ݊ ∑ ܲ൫߮,൯cosଶ߮,ேകୀଵ (8)

where ܰఝ is the number of fibre angles. The summation is

purely a function of the proportion of the paths at each angle
and we therefore define the geometry factorΦ௫ = ∑ ܲ൫߮,൯cosଶ߮,ேകୀଵ ≈ ∫ ൫߮൯cosଶ߮݀߮ഏమషഏమ (9)

where �൫߮൯ is the angular probability density function
(PDF) of the fibre distribution in the material [6]. The sheet
conductance in the x-direction is thereforeܩfsx = G ݊Φ௫ (10)
Similarly the sheet conductance in the orthogonal y-direction
isܩfsy = G ݊Φ௬ (11)

whereΦ௬ = ∑ ܲ൫߮,൯sinଶ߮, ≈ேകୀଵ ∫ ൫߮൯sinଶ߮݀߮ഏమషഏమ (12)

and we note that Φ௫ +Φ௬ = 1.

B. Effect of contact conductance

As current crosses between fibres it must pass through any
contact conductance [7]. If we begin with a material where
there is one contact conductance, ,ܩ at each end of a fibre
forming a path, then the number of contact conductances in
series traversed as the current passes through one square of
material with sides equal to the fibre length, on a single path at
angle ߮, must be௦ܰ௫,,ଵ = ଵ௦ఝ, = ݊,,ଵ (13)

and there are ݊,,ଵ fibres in the unit area equal to the square
of the fibre length due to the single path as in (3). The
conductance per unit square due to contact conductance in the
x-direction due to one path, if each fibre only contributes one
contact, is thereforeܩ௦௫,,ଵ = ீேೞೣ,,భ = ,߮ݏܿܩ (14)

If a number of parallel paths, ܰ,, exist at the same angle,߮,, then the conductances can be addedܩ௦௫, = ܰ,ܩܿ߮ݏ,ଵ (15)

and the number of fibres per unit area will be݊, = ܰ ݊,,ଵ (16)
Using (16) and (13) we can rewrite (15) asܩ௦௫,୬ = ಲ,ಲ,భ ,୬߮ݏܿܩ = ݊,ܩܿݏଶ߮,ଵ (17)

For a material with a number, ఝܰ, of sets of paths at different
angles, the conductances of the individual sets of paths can be
summed to give the overall conductance, due to contact
conductance, per unit squareܩ௦௫ = ܩ ∑ ݊,ܿݏଶ߮,ேകୀଵ (18)
This can be manipulated in the same way as (7)-(12) so that
the contact conductances per square in the x- and y-directions
areܩ௦௫ = ܩ ݊Φ௫ (19)
andܩ௦௬ = ܩ ݊Φ௬ (20)

In practice there are more contacts per fibre as overlapping
fibres touch. If the actual number of contacts per fibre is ܰ ,
then that will add additional parallel paths such that [12]

Fig. 5. A single conducting fibre path at angle ߮ to the x-directed current
flow in a material sample of size ݈௦square.
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௦௫ܩ = ேଶ ܩ ݊Φ௫ (21)

The factor of two appears as half the contacts may be
considered to allow current to flow on to the fibre and half
allow it to flow off. The effectiveness of each contact depends
on the potential difference between the two fibres and ݇ is a
factor which allows for this effect. By equating the
coefficients in our result with those  of Žeželj and Stanković 
[13] for a uniform 2D fibre angular distribution we find݇ = 0.1696. We determine the number of contacts per fibre
in Section IV.C.

C. Overall sheet conductance

The overall sheet conductance per square is equal to the
series combination of the conductance due to the fibres and
the contacts:ܩ௦ = ଵభಸೞା భಸೞ (22)

IV. MONTE CARLOMODELLING OF NONWOVEN SHEETS

A. Generation of the Monte Carlo model

A Monte Carlo simulator was written to generate fibres of a
given length, ݈ , and diameter, ݀, in random positions and
orientations within a defined sheet volume [1,14]. The
position of the centre of the axis of each fibre is chosen
uniformly within the volume, and a rotation angle, ߮ǡ, in the
x-y plane, is chosen for each fibre according to a selected PDF,൫߮൯. The fibre is then rotated through a uniformly random
angle of elevation, ,ǡߠ which is constrained to keep the fibre
ends within the thickness, ,ݐ of the material. Any fibres
crossing the transverse boundaries of the volume are
truncated, and the truncation points at the edges will form
connections to the sheet. Pairs of fibres with an axial distance
of less than ݀ between them are deemed to be connected.
Using the connections between fibres, a resistor network is
defined by a nodal admittance matrix. The admittance matrix
can be solved to determine the conductance of the sheet in theݔ and ݕ directions [15]. The sheet conductances are averaged
over a number of simulations to determine the average value.
Fig. 7 compares the results of the MCM with the theory

developed here, and the expression given by Žeželj and
Stanković [13] for a 2D isotropic sheet with infinite contact 
conductance. In Figs. 7-10,13,15, and 16 the sheet
conductance is normalised to the fibre conductance to allow
simple comparison with [13]. For the MCM the mean x- and
y-directed conductivities over a number of simulations are
shown along with bars at one standard deviation. At low
values of ݊ the conductivity falls below that predicted in this
paper as the proportion of fibres that are connected falls. Also
the variability of the model increases with decreasing ݊,
though the average agrees well with Žeželj and Stanković. As 
expected the theory presented here works well for ݊ > 50

where the fibres are well connected. This is below the
minimum concentration which can be manufactured for the
carbon fibre veils measured in this paper.

In Fig. 8 a 1 µS contact conductance is added so that the
behaviour of the material is dominated by the contact
conductance. It can be seen here that the sheet conductance
varies with the square of the fibre concentration as expected
from (21) and (25). Again our formulation shows good
correspondence with the MCM for ݊ > 50, and the MCM
model corresponds closely to that predicted by Žeželj, &

Fig. 6. Rendered image of MCM generated fibres.

Fig. 7. Normalised sheet conductance of a 2D isotropic veil (with a uniform
angular distribution), with 232.4 µS fibre and infinite contact conductance,
generated by the MCM and compared with the analytic expressions.

Fig. 8. Normalised sheet conductance of a 2D isotropic veil (with a uniform
angular distribution), with 232.4 µS fibre and 1 µS contact conductance,
generated by the MCM and compared with the analytic expressions.
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Stanković.  
In Fig. 9, a 100 µS contact conductance is used so that the

behaviour of the material at low concentrations is dominated
by the contact conductance, but at higher concentrations the
fibre conductance dominates. Again the MCM shows results
which closely follow that predicted by Žeželj and Stanković 
and our formulation works well for ݊ > 50.

B. Effect of anisotropy on sheet conductance due to fibres

In order to verify the analytic solution (8), derived above,
sheets with infinite contact conductance and a truncated
Gaussian PDF of fibre angles were simulated using MCMs.
Fig. 10 shows the sheet conductance for the case with

infinite contact conductance and a truncated Gaussian fibre
angle PDF with scale parameter ߪ = 30 deg and zero mean.
For this distribution Φ௫ = 0.79 and Φ௬ = 0.21. It can be
seen that the analysis presented here corresponds well to the
MCM for areal concentrations ݊ > 50. The formulation of
Žeželj and Stanković has no mechanism to include the effects 
of anisotropy and so we plot only the curve for an isotropic
material in Fig. 10 for comparison.

C. Effect of anisotropy on the number of contacts per fibre

The number of contacts per fibre predicted by the MCM for
a 2D material with truncated Gaussian, non–uniform, angular
distributions were compared with the value predicted by Heitz
[16] for a uniform angular fibre distribution. For a uniform
angular PDF, Heitz’s theory fits closely to the MCM results,
and for truncated Gaussian PDFs the number of contacts is
reduced though it is still proportional to the fibre
concentration.

D. Effect of thickness on the number of contacts per fibre

Fig. 11 shows the variation in number of contacts per fibre
versus the geometry factor, .ߔ It was found that a good
approximation to the behaviour was given byேcMCMேcHeitz = ඥsin(ߔߨ) (23)

where cܰHeitz = cܲontߨ ݊ is the number of contacts predicted

Fig. 9. Normalised sheet conductance of a 2D isotropic veil (with a uniform
angular distribution), with 232.4 µS fibre conductance and 100 µS contact
conductance, generated by the MCM and compared with the analytic
expressions.

Fig. 10. Normalised sheet conductance of a 2D anisotropic veil with a
truncated Gaussian angular distribution with zero mean and ߪ = 30 deg,
with 232.4 µS fibre and infinite contact conductance. The MCM is compared
with the analytic solutions from this paper and empirical expression of Žeželj
and Stanković. 

Fig. 11. Comparing the number of contacts per fibre predicted by Heitz for a
uniform 2D sheet with 2D MCM sheets with Gaussian angular PDFs, and the
empirical estimate which has an RMS error of 1 % from the MCM and
maximum error of 8.7 % in the magnitude at the largest ߔ value. The
standard deviation of the MCM results is approximately the same size as the
markers so is not shown.

Fig. 12. Comparing the number of contacts per fibre predicted by Heitz for a
uniform 2D sheet with 3D MCM sheets with uniform and ߪ = 15 deg zero
mean, truncated Gaussian angular PDFs and the empirical estimate.
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by Heitz, and cܰMCM is the number of contacts predicted by
the MCM.
The effect of thickness on the number of contacts per fibre

was compared with the prediction of Heitz for the 2D uniform
angular distribution, and truncated Gaussian angular
distributions using the MCM. It can be seen in Fig. 12, that the
number of contacts per fibre reduces compared with the 2D
case, as the material thickness increases.
Taking into account the change in number of contacts due

to the non-uniform distribution of fibre angles according to
(23) a simple relationship was found to provide a good fit to
the effect of thickness for 3D anisotropic samples:ேcMCMேcHeitz = ඥsin(ߔߨ) ට ଵା(.66)భ.ఱଵା(.66௧ሚ)భ.ఱభ.ఱ

(24)

Here ݐ̃ = ݀/ݐ is the material thickness in fibre diameters,
whereݐ� is defined as the distance between the centres of the
outermost fibres. This relationship is based partly on how the
thickness is defined in the MCM, but it also seems to provide
a better fit than using the outer part of the fibre as the measure
of thickness. Note (24) is valid only for ݐ̃ ≥ 1. For ݐ̃ ≤ 1, the
material is effectively two-dimensional as the centre lines of
any fibres crossing in the x-y plane will always lie within one
fibre diameter of each other. The behaviour of the 2D material
is then as given in (23).
So overall the number of contacts per fibre is given by

ܰ = cܲontߨ ݊ඥsin(ߨΦ௫) ට ଵା(Ǥ)భ.ఱଵା(Ǥ௧ሚ)భ.ఱభ.ఱ
(25)

where cܲont = 0.2027 [16]. In practical materials the thickness
increases with fibre concentration and it is therefore important
to know this relationship if the effect of contact conductance is
to be predicted.

E. Comparison of 3D Monte Carlo and analytic results

In Fig. 13 it can be seen that the MCM, analytic solutions
from this paper and empirical expression of Žeželj  Stanković 
correspond well in the 3D case for a uniform fibre angular
distribution. This is as expected since for infinite contact
conductance the 2D and 3D behaviours are identical as long as
each fibre is well connected. The material has a thickness

which is defined by the functionݐ ̃ = ඥ1 + 0.00667 ݊ଶ (26)
which is comparable to the real nonwoven veils that we
measured. It can be seen in Fig. 14 that the number of contacts
per fibre levels off for areal concentrations ݊ > 100 which
will affect the conductivity of any veil with finite contact
conductance, compared to the 2D case.

Fig. 15 shows the conductivity for a similar 3D isotropic
veil with 1 µS contact conductance. The number of contacts
per fibre is the same as in Fig. 14. It can be seen that the
reduction in contacts per fibre, below that predicted by the 2D
theory, results in a reduction in sheet conductance for areal
concentrations ݊ > 50 compared with the 2D theory. The
MCM and the model presented in this paper agree closely in
this region.

Fig. 16 shows the conductivity of a 3D isotropic veil with a
truncated Gaussian angular distribution with zero mean andߪ = 30 deg. Again it can be seen that the MCM and theory
presented in this paper agree well for ݊ > 50. The 2D
empirical expression of Žeželj and Stanković does not include 
the effects of a non-uniform angular distribution or veil
thickness and is included here for reference. It can be seen in

Fig. 13. Normalised sheet conductance of a 3D isotropic veil with a uniform
angular distribution, with 232.4 µS fibre and infinite contact conductance,
generated by the MCM and compared with the analytic solutions from this
paper and empirical expression of Žeželj and Stanković. 

Fig. 14. Number of contacts per fibre for a 3D isotropic veil with a uniform
angular distribution, comparing the MCM, as predicted by (25) and the 2D
theory of Heitz [5].

Fig. 15. Normalised sheet conductance of a 3D isotropic veil with a uniform
angular distribution, with 232.4 µS fibre and 1 µS contact conductance,
generated by the MCM and compared with the analytic solutions from this
paper and empirical expression of Žeželj, & Stanković. 
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Fig. 17 that the number of contacts per fibre levels off for
areal concentrations ݊ > 100 and also sits below the 2D
approximation of Heitz for lower concentrations, both of
which will affect the conductivity of any veil with finite
contact conductance, compared to the 2D case.

F. Modelling real materials

In order to determine the fibre angle distribution in real
nonwoven materials a Hough transform was performed on 50
images of each of two materials to determine the position and
angle of each fibre as described in [1]. This was only possible
on the 4 g m-2 and 10 g m-2 materials where the optical density
was low enough to allow individual fibres to be distinguished.
Fig. 18 shows the PDFs obtained, which are similar for both

densities. The measured PDF from the 10 g mିଶ material,
along with the thickness function determined in Section II.C
was then used to generate 3D MCMs comparable with the
range of real materials available.

First a material with infinite contact conductance was
modelled. In Fig. 19 it can be seen that the analytic and MCM
results match well but that the measured data shows a lower
conductance. This is presumed to be due to finite contact
conductance.

Using the results from Fig. 19 and our theory we estimated
that a 116.65 µS contact conductance would give a good fit
between the MCM and the measured data. In Fig. 20 we show
the results with this contact conductance, which brings the
MCM prediction close to the measured data. It can be seen
here that the analytic result corresponds less well to the MCM
and measured solutions. This may be due to the different form
of the fibre angular distribution than used in our initial tests.
The number of contacts per fibre predicted by the theory
corresponds well with the MCM so this can be eliminated as
the cause of the discrepancy.

Fig. 16. Normalised sheet conductance of a 3D veil with a truncated
Gaussian angular distribution with zero mean and ߪ = 30 deg., givingΦ௫ = 0.79 and Φ௫ = 0.21, with 232.4 µS fibre and infinite contact
conductance, comparing MCM, analytic solutions from this paper and
empirical expression of Žeželj and Stanković. 

Fig. 17. Number of contacts per fibre for a 3D veil with a truncated
Gaussian angular distribution with zero mean and ߪ = 30 deg., comparing
the MCM, as predicted by (24) compared with the 2D theory of Heitz [5].

Fig. 18. Histogram of the fibre angle distribution for 4 g m-2 (Φ௫ = 0.725)
and 10 g m-2 (Φ௫ = 0.731) nonwoven materials.

Fig. 19. Sheet conductance of real nonwoven material compared with MCM
and analytical result, with 232.4 µS fibre and infinite contact conductance.
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V. CONCLUSIONS

We have presented a new theoretical model for efficiently
determining the sheet conductance of 2D and 3D anisotropic
nonwoven sheet materials which includes the effect of both
fibre and contact conductance. We have used empirical
approximations to extend the model to include the effect of
contact conductance with anisotropic materials. The model
shows a good agreement with Monte Carlo models using both
uniform and Gaussian fibre angular distributions for materials
which have areal concentrations well above the percolation
threshold such as those which can be practically
manufactured. We have compared the model with real
nonwoven materials and found the model to give good
correspondence with the measurements, but with a slightly
reduced accuracy regarding the behaviour of contact
conductance. We postulate this is due to the dependence of the
effectiveness of the contacts being variable with the fibre
angle distribution. The ability to predict the sheet conductance
of nonwoven sheets allows the shielding effectiveness of
practical materials to be estimated over a wide range of
frequencies for practical materials, though our current model
does not include the effect of skin depth in the material so
becomes less accurate at higher frequencies where this is
significant.
As well as enabling the design of conductive nonwoven

materials, and insight into the factors which determine their
performance, the results presented here also have applications
to the broader range of problems where conductive fibres are
embedded in sheet materials, and allow the behaviour to be
calculated in seconds. Typically the Monte Carlo models,
implemented in MATLAB, take several hours to run.
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