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Abstract

Until the 1970s, proof theoretic investigations were mainly concerned with theories of induc-
tive definitions, subsystems of analysis and finite type systems. With the pioneering work of
Gerhard Jager in the late 1970s and early 1980s, the focus switched to set theories, furnishing
ordinal-theoretic proof theory with a uniform and elegant framework. More recently it was
shown that these tools can even sometimes be adapted to the context of strong axioms such as
the powerset axiom, where one does not attain complete cut elimination but can nevertheless
extract witnessing information and characterize the strength of the theory in terms of provable
heights of the cumulative hierarchy. Here this technology is applied to intuitionistic Kripke-
Platek set theories IKP(P) and IKP(E), where the operation of powerset and exponentiation,
respectively, is allowed as a primitive in the separation and collection schemata. In particular,
IKP(P) proves the powerset axiom whereas IKP(E) proves the exponentiation axiom. The
latter expresses that given any sets A and B, the collection of all functions from A to B is a
set, too. While IKP(P) can be dealt with in a similar vein as its classical cousin, the treatment
of IKP(E) posed considerable obstacles. One of them was that in the infinitary system the
levels of terms become a moving target as they cannot be assigned a fixed level in the formal
cumulative hierarchy solely based on their syntactic structure.

As adumbrated in an earlier paper, the results of this paper are an important tool in showing
that several intuitionistic set theories with the collection axiom possess the existence property,
i.e., if they prove an existential theorem then a witness can be provably described in the theory,
one example being intuitionistic Zermelo-Fraenkel set theory with bounded separation.

1 Introduction

In his early work, Gerhard Jéger laid the foundations for a direct proof-theoretic treatment of set
theories (cf. [11, 12]) which then began to a large extent to supplant earlier work on theories of
inductive definitions and subsystems of analysis. By and large, ordinal analyses for set theories
are more uniform and transparent than for the latter theories. The primordial example of a set
theory amenable to ordinal analysis is Kripke-Platek set theory, KP. It is an important theory
for various reasons, one being that a great deal of set theory requires only the axioms of KP.
Another reason is that admissible sets, the transitive models of KP, have been a major source of
interaction between model theory of infinitary languages, recursion theory and set theory (cf. [4]).

*Dedicated to Gerhard Jiger on the occasion of his 60th birthday.



KP arises from ZF by completely omitting the power set axiom and restricting separation and
collection to bounded formulae. Many of the familiar subsystems of second order arithmetic can
be viewed as reduced versions of set theories based on the notion of admissible set. This applies for
example to a fairly strong theory like Al-CA plus bar induction which is of the same strength as
KP augmented by an axiom saying that every set is contained in an admissible set, whose ordinal
analysis is due to Jager and Pohlers [15]. By restricting or completely omitting induction principles
in theories of admissible sets, Jéger was also able to give a unified proof-theoretic treatment of
many predicative theories in [14]. Systematic accounts and surveys of admissible proof theory can
be found in [13, 14, 7, 16, 20] and other places.

Ordinal analyses of ever stronger theories have been obtained over the last 20 years. The
strongest systems for which proof-theoretic ordinals have been determined are extensions of KP
augmented by Xi-separation that correspond to subsystems of second-order arithmetic with com-
prehension restricted to II comprehension or iterations thereof (cf. [3, 19, 23]). Thus it appears
that it is currently impossible to furnish an ordinal analysis of any set theory which has the power
set axiom among its axioms as such a theory would dwarf the strength of second-order arithmetic.
It is, however, possible to relativize the techniques of ordinal analysis developed for Kripke-Platek
set theory to obtain useful information about Power Kripke-Platek set theory as shown in [27]. The
kind of information one can extract concerns bounds for the transfinite iterations of the power set
operation that are provable in the latter theory. In this paper the method is applied to intuitionis-
tic Kripke-Platek set theories IKP(P) and IKP(E), where the operation of powerset, respectively,
exponentiation, is allowed as a primitive in the separation and collection schemata. In particular,
IKP(P) proves the powerset axiom whereas IKP(E) proves the exponentiation axiom. The latter
expresses that given any sets A and B, the collection of all functions from A to B is a set, too.
While IKP(P) can be dealt with in a similar vein as its classical cousin in [27], the treatment of
IKP(E) posed considerable obstacles, one of them being that in the infinitary system terms cannot
be assigned a fixed level in the formal cumulative hierarchy.

It was outlined in [25] that the results of this paper are an important tool for showing that
several intuitionistic set theories with the collection axiom possess the existence property, i.e., if
they prove an existential theorem then a witness can be provably described in the theory. One
example for such a theory is intuitionistic Zermelo-Fraenkel set theory with bounded separation.
Details will be presented in [28].

1.1 Intuitionistic set theories and the existence property

Intuitionistic theories are known to often possess very pleasing metamathematical properties such
as the disjunction property and the numerical existence property. While it is fairly easy to establish
these properties for arithmetical theories and theories with quantification over sets of natural num-
bers or Baire space (e.g. second order arithmetic and function arithmetic), set theories with their
transfinite hierarchies of sets of sets and the extensionality axiom can pose considerable technical
challenges.

Definition 1.1. Let T be a theory whose language, L(T), encompasses the language of set theory.
T has the existence property, EP, if whenever T 3z A(x) holds for a formula A(z) having at most
the free variable z, then there is a formula C'(x) with exactly = free, so that

T+ 3z [C(z) N Ax)].



A theory that does not have the existence property is intuitionistic Zermelo-Fraenkel set theory,
IZF, formulated with Collection, as was shown in [10]. Since the version of IZF with replacement
in lieu of collection has the existence property, collection is clearly implicated in the failure of EP.
This prompted Beeson in [5, IX.1] to ask the following question:

Does any reasonable set theory with collection have the existence property?

An important theory that is closely related to Martin-Lof type theory is Constructive Zermelo-
Fraenkel set theory, CZF (cf. [1, 2]). It has been shown in [30] that CZF lacks the EP. While
the proof is quite difficult, the failure of EP is perhaps not that surprising since CZF features
an axiom, Subset Collection, that is a combination of exponentiation and a choice principle called
the presentation axiom.! However, in [25] it was shown that three perhaps more natural versions
of CZF possess the weak existence property, which requires a provably definable inhabited set of
witnesses for every existential theorem. Tellingly, neither IZF nor CZF has the weak existence
property (see [30] and [25, Proposition 1.3]). The three versions of CZF shown to have the weak
existence property are CZF without subset collection (CZF ™), CZF with exponentiation instead of
subset collection (CZF¢), and CZF augmented by the powerset axiom (CZFp). [25] also provided
reductions of these three theories to pertaining versions of intuitionistic Kripke-Platek set theories
in such a way that if the latter theories possessed the existence property for pertaining syntactically
restricted classes of existential theorems, then the former would possess the full EP. This gave rise
to the strategy of first embedding these extended theories of intuitionistic Kripke-Platek set theory
into infinitary proof systems and use techniques of ordinal analysis to remove those inferences which
embody collection. The second step, then, consists in showing that the infinitary systems have the
term existence property, i.e., for each provable existential theorem there is a witnessing term. It
will then ensue from the fact that the numerical existence property holds for CZF~, CZF¢, and
CZFp that the existence property holds for these theories, too. The numerical existence property
was verified in [22] and also holds for CZF, even when augmented by various choice principles [24]

1.2 Intuitionistic power and exponentiation Kripke-Platek set theories

We call a formula bounded or Ay if all its quantifiers are of the form Vz € ¢ and Jy € b. The axioms
of classical KP consist of Extensionality, Pair, Union, Infinity, Bounded Separation

JrxVulu €z <> (u€a N Au))]
for all bounded formulae A(u), Bounded Collection
Ve € aJy B(z,y) — JzVx € ady € z B(z,y)
for all bounded formulae B(x,y), and Set Induction
Vo [(Vy € xC(y)) — C(x)] — Yz C(z)

for all formulae C(x).

We denote by IKP the version of KP where the underlying logic is intuitionistic logic.

We use subset bounded quantifiers 3z C y ... and Vo C y ... as abbreviations for Jz(z C
y A ...)and Vz(z Cy — ...), respectively.

! Although sometimes even set theories with strong choice principles can have the EP (see [21]).



We call a formula of L¢ A%’ if all its quantifiers are of the form Q x C y or Q x€y where Q is V
or 3 and = and y are distinct variables.

Let Fun(f,z,y) be a acronym for the bounded formula expressing that f is a function with
domain x and co-domain y. We use exponentiation bounded quantifiers f € ¥y ...and Vf € Ty ...
as abbreviations for 3f (Fun(f,z,y) A ...) and Vaz(Fun(f,z,y) — ...), respectively.

Definition 1.2. The A%’—formulae are the smallest class of formulae containing the atomic formulae
closed under A, V,—, - and the quantifiers

Vr € a, 3z € a, Vx C a, dx C a.

The Ag—formulae are the smallest class of formulae containing the atomic formulae closed under
A,V,—,— and the quantifiers

Ve €a, dx € a, Vf € *b, Af € .

Definition 1.3. IKP(&) has the same language and logic as IKP. Its axioms are the following:
Extensionality, Pairing, Union, Infinity, Exponentiation, Set Induction, A‘S—Separation and A‘g—
Collection.

IKP(P) has the same language and logic as IKP. Its axioms are the following: Extensionality,
Pairing, Union, Infinity, Powerset, Set Induction, A}’-Separation and AJ-Collection.

The transitive classical models of IKP(P) have been termed power admissible sets in [9]. There
is also a close connection between IKP(P) and versions of Martin-Lof type theory with an impred-
icative type of propositions and the calculus of constructions (see [26]).

Remark 1.4. Alternatively, IKP(P) can be obtained from IKP by adding a function symbol P
for the powerset function as a primitive symbols to the language and the axiom

Vyly € P(x) <+ y C

and extending the schemes of Ag-Separation and Collection to the Ag-formulae of this new language.
Likewise, IKP (&) can be obtained from IKP by adding a primitive function symbol £ for the
exponentiation and the pertaining axioms.

Definition 1.5. The class of Y-formulae in the strict sense, denoted by strict-X, is the smallest
class of formulae containing the Ag-formulae closed under A,V and the quantifiers

Ve € a, dx € a, dx.

The strict-X7-formulae are the smallest class of formulae containing the A} -formulae closed under
A,V and the quantifiers
Ve € a, dx € a, Vo C a, dJx C a, dz.

The strict-2¢-formulae are the smallest class of formulae containing the A‘S—formulae closed under
A,V and the quantifiers
Ve € a, dx € a, Vf € *b, 3f € *b, .

Later on we shall have occasion to introduce the wider class of Y-formulae. A crucial property
that singles out the strict->-formulae is that every such formula is equivalent to a ¥;-formula
provably in IKP, where a Yj-formula is a formula that starts with a single existential quantifier
and thereafter continues with a Ag-formula. A similar characterization holds for the strict-X7 and
strict-X€-formulae. Tt is standard to show that IKP(P) proves strict-Z7-Collection and TKP(E)
proves strict-$¢-Collection (for details in the case of IKP see [1, 2]).



1.3 Outline of the paper

The main objective of the paper is an in-depth presentation of the ordinal analyses of the three
theories IKP, IKP(P), and IKP(E). In the case of IKP this means characterising the proof
theoretic ordinal in the sense of [20], this is done in such a way that we can also extract witness
terms from cut-free derivations of existential statements in the infinitary system. In the cases of
IKP(P) and IKP(E) we present a type of relativised ordinal analysis similar to that given in
[27], we characterise the number of iterations of the relevant hierarchy of sets (Von Neumann and
Exponentiation respectively) that can be proven to exist within the theory. These details cannot be
found in the existing research literature. They are needed for term extraction and, moreover, have
to be shown to be formalizable in CZF ™, i.e., constructive Zermelo-Fraenkel set theory without
subset collection. Naturally, the first system to be analyzed is the simplest. Section 2 treats IKP,
so is basically a detailed rendering of the intuitionistic version of the classical analysis of KP.
However, this section is also used later since several parts of it are modular and thus transfer to the
stronger systems without any changes. Section 3 deals with IKP(P) and adapts the machinery of
classical [27] to the intuitionistic case. The system IKP(E) is the most difficult to handle and is
addressed in Section 4. A particular challenge is provided by the problem of assigning a rank to
the formal terms of the infinitary system. Ultimately this turned out to be impossible and we had
to deal with it in a new way by allowing for rank declarations as extra hypothesis.

A further reason to document these ordinal analyses in the literature is that the second author
fosters hopes that this framework can be used to analyze much stronger theories such as ones
with full negative separation. It appears that in striking difference to classical theories, negative
separation does not block the the methods of ordinal analysis that bring about the elimination of
collection inferences in intuitionistic derivations.

Acknowledgement
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2 The case of IKP

This section provides a detailed rendering of the ordinal analysis of Kripke-Platek set theory for-
mulated with intuitionistic logic, IKP. This is done in such a way that we are able to extract
witness terms from the resulting cut-free derivations of 3 sentences in the infinitary system. This
results in a proof that IKP has the existence property for 3 sentences, which in conjunction with
results in [25] verifies that CZF~ has the full existence property. Many of the arguments in this
section are modular and transfer over to the stronger systems analysed in subsequent sections with
minimal changes.

2.1 A sequent calculus formulation of TKP

Definition 2.1. The language of IKP consists of free variables ag, ay, ..., bound variables xg, x1, ...,
the binary predicate symbol € and the logical symbols =, V, A, —,V, 3 as well as parentheses ), (.



The atomic formulas are those of the form a € b.

The formulas of IKP are defined inductively by:
i) All atomic formulas are formulas.
ii) If A and B are formulas then so are =A, AV B, AA B and A — B.

iii) If A(b) is a formula in which the bound variable z does not occur, then VaxA(z), JxA(x),
(Vz € a)A(z) and (Jz € a)A(z) are also formulas.

Quantifiers of the form Jx and Vz will be called unbounded and those of the form (3z € a) and
(Vx € a) will be referred to as bounded quantifiers.

A Ag-formula is one in which no unbounded quantifiers appear.
The expression a = b is to be treated as an abbreviation for (Vz € a)(x € b) A (Vx € b)(z € a).

The derivations of IKP take place in a two-sided sequent calculus. The sequents derived are
intuitionistic sequents of the form I' = A where I" and A are finite sets of formulas and A contains
at most one formula. The intended meaning of I' = A is that the conjunction of formulas in I’
implies the formula in A, or if A is empty, a contradiction. The expressions == A and I' = are
shorthand for ) = A and I" = () respectively. I', A stands for T U{A}, I' = A stands for I = {A},
etc.

The axioms of IKP are:

Logical axioms: T',A = A for every Ay formula A.
Extensionality: I' = a=bA B(a) — B(b) for every Ay formula B(a).
Pair: I'=3z(aezNbeE 2).
Union: I'= 32(Vy € 2)(Vox € y)(z € 2).
Ag-Separation: T'= Jy[(Vz € y)(z € a A B(z)) A (Vz € a)(B(x) — = € y)]
for every Ap-formula B(a).
Set Induction: T = Vz|[(Vy € xF(y) — F(z)] = VaF(x) for any formula F(a).
Infinity: I'=3z[(Fzex)(zex)ANVy e x)(3z € x)(y € 2)].
Ag-Collection: T' = (Vx € a)IyG(z,y) — Fz(Vz € a)(Jy € 2)G(x,y) for any Ap-formula G.

The rules of inference are

rc=A = A I'=1B
T AND= A for C € {A,B}. (AR)

(AL) I'=sAAB

A=A I''B=A
I'N'AvB=A

(VR) =L =C __for ¢ e {4, B).

(VL) I'=AVB

= A A= =
(~L) r-A= (~R) (L) r=A



I'B=A I'= A4 I'A= 2B
D=t 15854 Sl ey

FaebAF(a)= A I'saebAFla)

D) T menrmsas PR TS@menrw
(L) E ?vi i;;g((;)) :ﬁ (bVR) ? i ?vi l;;;g((;))
N L=
el =

= A A=A
'=A

(Cut)

In each of the inferences (b3L), (IL) (bVR) and (VR) the variable a is forbidden from occurring in
the conclusion. Such a variable is known as the eigenvariable of the inference.

The minor formulae of an inference are those rendered prominently in its premises, the other
formulae in the premises will be referred to as side formulae. The principal formula of an inference
is the one rendered prominently in the conclusion. Note that in inferences where the principal
formula is on the left, the principal formula can also be a side formula of that inference, when this
happens we say that there has been a contraction.

2.2 An ordinal notation system

Given below is a very brief description of how to carry out the construction of a primitive recursive
ordinal notation system for the Bachmann-Howard ordinal.

Definition 2.2. Let Q be a ‘big’ ordinal, eg. R;. (In fact we could have chosen w{'¥, see [18].)
We define the sets B () and ordinals 1o (a) by transfinite recursion on a as follows

closure of {0,Q} under:

(1) Ba) = { + (&0 wtn)
(5 — wQ(g))§<o¢
(2) Yaola) =~ min{p<Q: p¢ B(a)}.

It can be shown that ¢(«) is always defined and thus o (a) < 2. Moreover, it can also be shown
that Bq(a) NQ = ¥q(a).



Let ey 1 be the least orinal > Q such that w” = 7. The set B®(cq1) gives rise to a primitive
recursive ordinal notation system [6] [17]. The ordinal ¥q(eqy1) is known as the Bachmann-Howard
ordinal. There are many slight variants in the specific ordinal functions used to build up a notation
system for this ordinal, for example rather than ‘closing off’ under the ¢ function at each stage,
we could have chosen w-exponentiation, all the systems turn out to be equivalent, in that they
eventually ‘catch-up’ with one another and the specific ordinal functions used can be defined in
terms of one another. Here the functions ¢ and 1 are chosen as primitive since they correspond to
the ordinal operations arising from the two main cut elimination theorems of the next section.

2.3 The infinitary system IRSq
The purpose of this section is to define an intuitionistic style infinitary system IRSq within which

we will be able to embed IKP and then extract useful information about IKP derivations.

Henceforth all ordinals will be assumed to belong to the primitive recursive ordinal representation
system arising from B (gqy1).

The system is based around the constructible hierarchy up to level €.
LO = @
Lot1 ={X C Ly | X is definable over L, in the language of IKP with parameters}
Ly = U L¢ if Xis a limit ordinal
E<A

Definition 2.3. We inductively define the terms of IRSq. To each term ¢ we also assign an ordinal
level |¢|.

i) For each a < Q, L, is a term with |L,| := a.

ii) If F(a,by,...,by,) is a formula of IKP with all free variables indicated and sy, ..., s, are IRSq
terms with levels less than «, then

[z € Lo | F(z, 51, ..., 5n)"]

is a term of level a. Here F« indicates that all unbounded quantifiers in F' are restricted to
L.

The formulae of IRSq are of the form F(sy,...,s,) where F(ay,...,a,) is a formula of IKP with
all free variables displayed and s1, ..., s,, are IRSq-terms.

Note that the system IRSq does not contain free variables. We can think of the universe made
up of IRSq-terms as a formal, syntactical version of Lg, unbounded quantifiers in IRSq-formulas
can be thought of as ranging over Lq.

For the remainder of this section IRSq-terms and IRSq-formulae will simply be referred to as
terms and formulae.
A formula is said to be Ay if it contains no unbounded quantifiers.



We inductively (and simultaneously) define the class of ¥-formulae and the class of II-formulae by
the following clauses:

(i) Every Ag-formula is a ¥ and a II-formula.

(ii) If A and B are ¥-formulae (II-formulae) then so are AV B, AA B, (Vz € s)A, and (3z € s)A.
(iii) If A is a X-formula (II-formula) then so is 3z A (VzA).

(iv) If A is II-formula and B is a Y-formula, then A — B and —A are ¥-formulae while B — A
and - B are II-formulae.

The strict >-formulae of Definition 1.5 are ¥-formulae but the latter form a larger collection.
It’s perhaps worth noting that in classical KP every Y-formula is equivalent to a ¥i-formula and
every II-formula is equivalent to a II;-formula, and therefore both are equivalent to strict versions.
This, however, does not extend to IKP. These formulae, though, satisfy well-known persistence
properties.

Lemma 2.4. For a formula C' and free variable a, let C* be the result of replacing each unbounded
quantifier Vo and Jy in C by Vz € a and Jy € a, respectively. Suppose A is a X-formula and B is
a II-formula. Then the following are provable in IKP:

(i) aCb A A® — AP,
(ii) a Cb A B® - B
Proof. Straightforward by simultaneously induction on the buildup of A and B. O
Abbreviation 2.5. For ¢ a binary propositional connective, A a formula and s,t terms with
| s| < |t| we define the following abbreviation:
sEto A=A if ¢ is of the form L,
:=B(s)o A iftis of the form [z € L, | B(x)]

Like in IKP, derivations in IRSq, take place in a two sided sequent calculus. Intuitionistic sequents
of the form I' = A are derived, where I' and A are finite sets of formulae and at most one formula
occurs in A. I', A, A, ... will be used as meta variables ranging over finite sets of formulae.

IRS( has no axioms, although note that some of the rules can have an empty set of premises. The
inference rules are as follows:

I,petAr=p=A forall |p| <|t|

€ L)oo Iret = A

er) TEEELAr=s ppgcpy
i) pre et R s <)
(BVR)oo ?Z;zzveqjte—;)i((];)) for all |p| < |t]
(b3L)we I''petNAlp)= A forall |p| <|t|

I, (3z et)Az) = A



I'=setNAs)

3R) s Erena@ tlel<l
I A(s) = A
(vL) IVrAzx) = A
I'= A(p) for all p
(VR)oc ' = VzA(z)
I, A(p) = A for all p
(L) I, 3zA(z) = A
I'= A(s)
(3R) I'= J2A(x)

(2-Refq) IETI} if A is a ¥-formula,

as well as the rules (AL), (AR), (VL), (VR), (-L), (-R), (L), (= L), (= R) and (Cut) which are
defined identically to the rules of the same name in IKP.

In general we are unable to remove cuts from IRSq derivations, one of the main obstacles to full
cut elimination comes from (2X-Refq) since it breaks the symmetry of the other rules. However we
can still perform cut elimination on certain derivations, provided they are of a very uniform kind.
Luckily, certain embedded proofs from IKP will be of this form. In order to express uniformity
in infinite proofs we draw on [7], where Buchholz developed a powerful method of describing such
uniformity, called operator control.

Definition 2.6. Let
P(ON) ={X : X is a set of ordinals}.

A class function
H: P(ON) — P(ON)

will be called an operator if H satisfies the following conditions for all X € P(ON):
1. X CY = H(X) CH(Y) (monotone)
2. X C H(X) (inclusive)

H(H(X)) = H(X) (idempotent)

oW

0 € H(X) and 2 € H(X).
5. If o has Cantor normal form w®* 4 --- 4+ w®*", then

aeH(X) i ag,.,a, e H(X).

10



The latter ensures that H(X) will be closed under + and ¢ +— w?, and decomposition of its mem-
bers into additive and multiplicative components.

From now on o € H and {ai,....,a,} € H will be considered shorthand for a € H(()) and
{a1,...;an} € H(D) respectively.

Definition 2.7. If A is a formula let
E(A) := {a € ON : the symbol L, occurs in A, subterms included}.
Likewise we define
E({A1,...,An}) == k(A1) U...UEk(A,) and k(I'= A):=k(I)Uk(A).
Now for H an arbitrary operator, s a term and X a formula, set of formulae or a sequent we define

H[s](X) :=H(X U{[s|})
HIX](X) :=H(X Uk(X)).

Lemma 2.8. Let H be an operator, s a term and X a formula, set of formulae or sequent.
(i) For any X, X' € P(ON), if X’ C X then H(X') C H(X)].
(i)
(iii) If k£(X) C H(0) then H[X] = H.
(iv)

Proof. This result is demonstrated in full in [17]. O

H[s] and H[X] are operators.

If | s| € H then H[s] = H.

We also need to keep track of the complexity of cuts appearing in derivations.
Definition 2.9. The rank of a term or formula is determined by
1. rk(Ly) = w -«
2. rk([z € L, | F(2)]) := max{w - a+ 1,rk(F(Lo)) + 2}
. rk(s € t) := max{rk(s) + 6,rk(t) + 1}
)=rk(AV B) =rk(A — B) := max{rk(A) + 1,rk(B) + 1}
5. rk(-A) :=rk(A)+1
6. rk((3x € t)A(z)) = rk((Vx € t)A(x)) := max{rk(t),rk(F (Lo)) + 2}

A~ W
<
—~ —~ — /?z — —~~ —
BN
>
&

7. rk(FzA(x)) = rk(VxA(x)) := max{Q,rk(F (L)) + 1}
Observation 2.10. i) 7k(s) = w - |s| + n for some n < w.

ii) If Ais Ay, rk(A) = w - max(k(A)) + m for some m < w.

11



iii) If A contains unbounded quantifiers rk(A) = Q + m for some m < w.
iv) rk(A) < Q if and only if A is Ay.

There is plenty of leeway in defining the actual rank of a formula, basically we need to make sure
the following lemma holds.

Lemma 2.11. In every rule of IRSq other than (2X-Refq) and (Cut), the rank of the minor formulae
is strictly less than the rank of the principal formula.

Proof. This result is demonstrated for a different set of propositional connectives in [17], the adapted
proof to the intuitionistic system is similar. O

Definition 2.12 (Operator controlled derivability for IRSq). Let H be an operator and I' = A
an intuitionistic sequent of IRSq, we define the relation H }%F = A by recursion on a.

We require always that k(I' = A) U{a} C H, this condition will not be repeated in the inductive
clauses for each of the inference rules of IRSq below. The column on the right gives the ordinal
requirements for each of the inference rules.

Hlr] E-T,r EtAr=s= Aforall |[r]<|t
(€L)w [r] 5-T,r ar s orall [r|<|t| | <ar<a
HET,set=A
HEET =rétnr= Qo < &
(€ R) P L =retir=s el <]
H};Fiset 7| <«
NP sEt— Als) = A ao < o
(bVL) pa : |s]<[t]
}7 ,(Vz e ) A(x) = A |s] < a

I'=s€t— F(s) forall |s| < |t]

(WWR) s T -
HET = (Vo et)F(z)

|s| <as <a

Qg

(b3L)o H[s| T, s €tAF(s)= Aforall |s| <|t|

HET, Gret)F(z)= A

|s| <as <a

HIC T =sEtAA Qo < @
(13R) o U= sctndls) 5] < |t]
H T = 3z et)A(r) 15| < a

12



}% )= A ag+1<a

(VL) y
};F,Vwa):A [s|<a
| E2T = F(s) for all

(VR)oo ST = T s)<as+l<a

'H%F:vmr)

s] B2T, F(s) = A for all
(L) z s |s|<as+1<a

H}%rij = A

aR) iRl <
o |s| < a
H }; I, = 3z F ()
Cuy AEDB=A HET=B a0, o1 < @
a rk(B) <p
HET=A (B)
g F A
(X-Refq) Ha}p_ i A ig g;—lfo?mili
H }7 I'= dz A*

Lastly if I' = A is the result of a propositional inference of the form (AL), (AR), (VL), (VR), (=L),
(=R), (L), (= L) or (— R), with premise(s) I'; = A; then from H }—I‘ A; (for each i) we

may conclude H }%F = A, provided ap < a.

Lemma 2.13 (Weakening and Persistence for IRSq).

a0

i) UTyCTLET) CH,ap<a€eH, po<pand H pOFO:A then
HET=A

ii) If 3>y eHand H ST, (Fz € Lp)A(x) = A then H ST, (Fx € Ly)A(z) = A.
iii) If 8>y € Hand H [T = (Vo € Lg)A(z) then H 5T = (Vo € L,)A(z)

iv) If’yGHandH}%F,E!xA )= A then H }—F, (Jr e L,)A(z) = A.

v) If y € H and H }%F:>VwA x) then H };Fé(VxE]LA,)A(x).

Proof. We show i), ii) and v).

i) is proved by an easy induction on «.

ii) Is also proved using induction on «, suppose 8 > v € H(()) and H }% ,(Jz e Lg)A(z) = A.
If (3z € Lg)A(x) was not the principal formula of the last mference or the last inference was not

13



(b3L)~ then we may apply the induction hypotheses to it’s premises followed by the same inference
again. So suppose (Jz € LLg)A(x) was the principal formula of the last inference which was (b3L),
so we have

H]s] }%I‘, (FJr € Lg)A(x), A(s) = A for all |s| < 3, with a, < a.
From the induction hypothesis we obtain

(e

o1, (3z € Ly)A(z), A(s) = A for all |s| < 8, with a; <«

but since 8 > ~ this also holds for all |s| < 7. So by another application of (b3L)~, we get
HET, @z € Ly)A) = A
as required.

For v) suppose H }%F = VxA(z) . The interesting case is where YxA(z) was the principal formula
of the last inference, which was (VR), in this case we have

H|s] }%FéA(s) for all s, with |s| < as+ 1< a.

So taking just the cases where |s| < 7 and noting that in these cases A(s) = s € L, — A(s), we
may apply (bVR) to obtain
HET = (Vo e L,)A(x)

as required.

The proofs of iii) and iv) may be carried out in a similar manner to those above. O

2.4 Cut elimination for IRSq
Lemma 2.14 (Inversions of IRSq). i) If H }%F, ANB = A then H }%F,A, B=A.

i) fHET=AAB then HET = A and H 5T = B.

i) fHET,AVB=A then H ST, A= A and L 5T,B= A,
iv) fHET,A-B=A then H T, B = A.

v) IfHET = A B then H ;T A= B.

vi) fHET = <A then H 5T, A=,

vil) IfH ST, ret= A thenH[s] CT,s EtAr=s5= A forall |s| <|t].

vil)) If H 5T, (3z € )A(x) = A then H[s] ST, s EtAA(s) = A for all |s| < |t].
ix) If H }%F:(Vmet)fl(w) then H|[s }—F:>s€t—>A( ) for all|s| < [t].

x) IfH}%F,EIxA ) = A then Hls }—F A(s) = A for all s.

14



xi) If H }%I’,iVmA(x) then H|s }—I’:>A (s) for alls.

Proof. All proofs are by induction on «, we treat three of the most interesting cases, iv), vi) and x).

iv) Suppose H }%F, A — B = A, If the last inference was not (— L) or the principal formula of
that inference was not A — B we may apply the induction hypothesis to the premises of that
inference, followed by the same inference again. Now suppose A — B was the principal formula of
the last inference, which was (— L). Thus, with the possible use of weakening, we have

(1) ’H}%F,B,AHB#A for some ap < a.
(2) ’H}%F,A%Bifl for some a1 < a.
Applying the induction hypothesis to (1) yields H zo I' B= A from which we may obtain the

desired result by weakening.

vi) Now suppose H }%F = —A. If -A was the principal formula of the last inference which was
(=R) then we have H }% I') A = for some agp < «, from which we may obtain the desired result

by weakening. If the last inference was (L) then H }% I' = for some a9 < «, from which we also
obtain the desired result by weakening. If the last inference was different to (—=R) and (L) we may
apply the induction hypothesis to the premises of that inference followed by the same inference
again.

x) Finally suppose H }%F, drA(z) = A. If 3xA(z) was the principal formula of the last inference
which was (3L)s then we have

s] }% I, 3zA(z), A(s) = A with oy < « for each s.

Applying the induction hypothesis yields

Qg

- IA(s) = A

from which we get the desired result by weakening. If 3z A(x) was not the principal formula of the

last inference or the last inference was not (L), then we may apply the induction hypothesis to
the premises of that inference followed by the same inference again. a

Lemma 2.15 (Reduction for IRSq). Let p := rk(C) # Q

I HET,C=>A and HIZE=C then H [Tz

Proof. The proof is by induction on a#a#B#S. Assume that

(1) p=rk(C) #Q
(2) HETD.C=A
(3) Hiz=c

15



If C was not the principal formula of the last inference in both derivations then we may simply use
the induction hypothesis on the premises and then the final inference again.

So suppose C' was the principal formula of the last inference in both (2) and (3). Note also that
(1) gives us immediately that the last inference in (3) was not (X-Refg).

We treat three of the most interesting cases.

Case 1. Suppose C = r € ¢, thus we have

(4) H[p]}%F,C,pét/\r:p:A for all |p| < |t| with o, < &
and
(5) HI == s&inr=s forsome|s|<|t|with fy < 6.

Now from (5) we know that |s| € H and thus from (4) we have
(6) HET,Cosctnr=s=A.
Applying the induction hypothesis to (6) and (3) yields

Zs#as#ﬁ#BE’F,Sét/\T:$:>A'

(7) H
Finally a (Cut) applied to (5) and (7) yields

oftoHBHB _

Hp =I'= A

as required.

Case 2. Now suppose C = (Vx € t)F(z) so we have

(8) H }%F,C,sét—}F(s)ﬁA for some |s| < |t| with ag,|s| < «
and
9) Hipl FEE = p&t— F(p) forall |p| < |¢] with 8, < 5.

Now (8) gives s € H and thus from (9) we have
(10) HE Z=sEt— F(s).
Applying the induction hypothesis to (3) and (8) gives

(11) H 20#%#[3#5 IE,set— F(s) = A.

Finally (Cut) applied to (10) and (11) yields the desired result.
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Case 3. Now suppose C = A — B so we have

(12) ’H}%F,C:A with ap <
(13) HEET,C,B=A witho <a

Te

(14) NS, A= B with B < 8

The induction hypothesis applied to (12) and (3) gives

(15) H%ﬁﬁ%ﬁnE:A.

Now an application of (Cut) to (15) and (14) gives

(16) HFEH = B,

Inversion (Lemma 2.14 iv)) applied to (13) gives

(17) HEET,B=A.
Finally a single application of (Cut) to (16) and (17) yields the desired result. O

Theorem 2.16 (Predicative Cut Elimination for IRSq). Suppose H }%F = A, where 2 ¢
ptw
[p,p+w?) and B € H, then
HIEET 5 AL

Provided H is an operator closed under ¢.

Proof. The proof is by main induction on S and subsidiary induction on «.

If the last inference was anything other than (Cut) or was a cut of rank < p then we may apply the
subsidiary induction hypothesis to the premises and then re-apply the final inference. So suppose
the last inference was (Cut) with cut-formula C' and rk(C) € [p, p + w?). So we have

(1) H }%F,C:A with ap < a,
ptw
(2) HI®—TI=C witha <a.

ptwh

First applying the subsidiary induction hypothesis to (1) and (2) gives

(3) HIE"r = A
(4) HIPT S .

Now if rk(C) = p then one application of the Reduction Lemma 2.15 gives the desired result (once
it is noted that pBap#HpLavH#pLar#elar < pPfa since pfa is additive principal.)

Now let us suppose that 3 > 0 and 7k(C) € (p,p + w?). Since rk(C) < p + w” we can find some

By < B and some n < w such that
rk(C) < p+n-w™.

17



Thus applying (Cut) to (3) and (4) gives

FT L LN

p+n-w50
Now by the main induction hypothesis we obtain

©Bo(pBc)

I'=A
pt(n—1)who

But by definition pS« is a fixed point of the function ¢fy(+) ie. ¢Bo(pLa) = pPa, so we have

pBa
—T=A.
" Do

From here a further (n — 1) applications of the main induction hypothesis yields the desired result.
O

Lemma 2.17 (Boundedness for IRSg). If A is a ¥-formula, B is a II-formula, o < § < Q and
B € H then

i) fH ST = A then H 5T = ALs.

ii) If % ST,B= A then H [>T, B = A

Proof. Suppose that H }%F = A. We prove i) and ii) simultaneously by induction on «.

First we look at i). If A was not the principal formula of the last inference then we can simply use
the induction hypothesis. If A was the principal formula of the last inference and is of the form —C,

CAD,CVvD,C— D, 3z et)C(x)or (Vo € t)C(x), then again the result follows immediately
from the induction hypothesis.

Note that the last inference cannot have been (VR)s or (X-Refq) since A is a ¥ formula and o < Q.
So suppose A = FzC(x) and
H AT = C(s)
for some «y, | s| < a. By induction hypothesis we obtain
HEST = C(s)ks.

Which may be written as
HET = s ELgAC(s)s .

Now an application of (b3R) yields the desired result.

As part ii) is proved in a similar manner, we shall confine ourselves to the case when the last
inference was (— L) with principal formula B. So suppose B = C' — D and

HET=C and H [T, D=A
for some ayg, | s| < a. By induction hypothesis we obtain
HEST = C% and H 2T, D = A.

Now an application of (— L) yields the desired result. O
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Definition 2.18. For each n we define
My P(Beqi)) — P(B%(eq11))
Hy(X) : = ﬂ{BQ(a) . X € B*Y(a)andn < a}.
Lemma 2.19. i) H, is an operator for each 7.
i) n<n' = Hy(X) C Hy(X).
iii) If € € H,(X) and £ < n+ 1 then ¢q(&) € Hy(X).

Proof. This is proved in [7]. O

Lemma 2.20. Suppose n € H,, and let 3 =+ wh,
i) fae H, then &, vq (&) € Ha.
ii) If ap € H, and o < a then Yo(dy) < Ya(d).

Proof. i) From a,n € H, = B%(n+1) we get & € B%(n+1) and hence & € B%(&) by 2.19ii). Thus
Ya(&) € Ba+ 1) = Ha(0).

ii) Suppose that a > ag € H,,. By the argument above we get 1qo(d,) € B(dp + 1) C B%(&), thus
Ya(do) < va(d). O

Theorem 2.21 (Collapsing for IRSq). Suppose that n € H,,, A is a set of at most one X-formula
and I' a finite set of II-formulae. Then

@ o Yo (a)
Hy }Q—HF:>A implies Hga %MF:A'

[0}

Proof. We proceed by induction on «. If the last inference was propositional then the assertion
follows easily from the induction hypothesis.

Case 1. Suppose the last inference was (bVR)so, then A = {(Vz € t)F(x)} and
Hylp] %Fépét—)F(p) for all |p| < |t] with o, <
Since k(t) € H,, we know that |t| € B(n+ 1) and thus |t| < ¥q(n + 1). Thus k(p) C H,, for all

|p| < |t], so Hylp] = H, for all such p. Since p € t — F(p) is also a X-formula we can invoke the
induction hypothesis to give

Hay 12T p &t = F(p).
P "l’Q(OCp)

Since Yq(ay) + 1 < (&) for all p, we may apply (— R) and then (bBVR) to obtain the desired
result.

Case 2. Suppose the last inference was (bVL) so (Vx € t)F(z) € T and

Hy KT s &t F(s) = A for some | s| < |¢] with a < a

19



Noting that s € t — F(s) is itself a II-formula, we may apply the induction hypothesis to give

Pado .

Heiy }MF,setﬁF(s)jA
from which we obtain the desired result using one application of (bVL).
Case 3. (bJL)s and (b3R) are similar to cases 1 and 2.
Case 4. Suppose the last inference was (3R), so A = {JzF(x)} and
Hy %F = F(s) forsome |s| < aand ap < a.
Since F(s) is ¥ we may immediately apply the induction hypothesis to obtain
eXeti
Hofo }m I'=s F (S) .

Now since |s| € H, = B(n+ 1) we know that |s| < ¢q(n+ 1) < 9ad, so we may apply (IR) to
obtain the desired result.

Case 5. If the last inference was (VL) we may argue in a similar fashion to case 4.

It cannot be the case that the last inference was (3L) or (VR) since I' contains only II formulae
and A only ¥ formulae.

Case 6. Suppose the last inference was (X-Refq), so A = {32F*} for some ¥ formula F' and
ao
The induction hypothesis yields
Pado
Ho?g }m I'=F.
Now applying Boundedness 2.17 yields
Pado Lo (o
Hdo }mréF va(do) |

From which one application of (3R) yields the desired result.

Case 7. Finally suppose the last inference was (Cut), then there is a formula C with rk(C) <
and ag < « such that

ag
(1) Hn }Q—HF,CiA
aQ

7.1 If rk(C) < Q then C contains only bounded quantification and as such is both ¥ and II, thus
we may apply the induction hypothesis to both (1) and (2) to give

(3) Mo 220 oA
Q

(4) Hdoz%réc.



Since k(C) € H, and rk(C) < Q, we have rk(C) < ¥qo(n + 1), so we may apply (Cut) to (3) and
(4) to obtain the desired result.

7.2 If rk(C) = Q then C = JzF(x) or C = Vo F(x) with F(Lp) a A formula. The two cases are
similar so for simplicity just the case where C' = 3xF(x) is considered.

We can begin by immediately applying the induction hypothesis to (2) since C is a ¥ formula,
giving

Heio Pa(do) r—

Ya(do)

Now applying Boundedness 2.17 yields
(5) Hay 2200 T = Chonten
Ya(do)
Since 1q(dp) € He, we may apply 2.13ii) to (1) to obtain
Hao Ty T (B2 € Lygay)) Fl2) = A.

Now (Fz € Ly, (ay))F'(7) is bounded and hence II so by the induction hypothesis we obtain

Yoo
(6) Hea, % I, (32 € Lygan) Fla) = A.

Where o := dp 4+ w0, Since a; < 4w := & and rk((3z € Lo (o)) F(2)) < ¥a(a) we may
apply (Cut) to (5) and (6) to complete the proof. O

2.5 Embedding IKP into IRSq

In this section we show how IKP derivations can be carried out in a very uniform manner within
IRSq. First some preparatory definitions.

Definition 2.22. i) Given ordinals aj, ..., ay,. The expression w® #...#w*" denotes the ordinal
w4 W)

where p:{1,...,n} = {1,...,n} such that a1y > ... > ). More generally a#0 := 0#a := 0
and if @ =yp w* +...4w* and S =xp WP +... 4wl then a# B = w .. Hwn HwPr. . Hwbm.

ii) If A is any TRSq-formula then no(A) := w™) and if T = A is an IRSq-sequent containing
formulas {Ay, ..., A, }, then no(I' = A) := no(A1)#...#no(A,).

iii) IF I' = A will be used to abbreviate that

A)
H[T = A }i I'= A holds for any operator H.

iv) IF5 T = A will be used to abbreviate that

A)#
H[T = A }F; I'= A holds for any operator H.
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We would like to be able to use I as a calculus since it dispenses with a lot of superfluous notation,
luckily under certain conditions this is possible.

Lemma 2.23. i) If I' = A follows from premises I'; = A; by an inference other than (Cut) or
(3-Refq) and without contractions then

if “_f; I = Az then “_g I'= A.
i) TEIFS T, A, B = A then F2 T, AAB = A

Proof. The first part follows from the additive principal nature of ordinals of the form w® and
Lemma 2.11.

For the second part suppose IF7 T'; A, B = A which means we have

HIT, A, B = A] }ZO(FﬁA)#”O(A)#no(B)#a

I'A,B= A.

Two applications of (AL) yields

HT, A, B = Al

}Zo(FéA)#no(A)#no(B)#a—l—Q T AANB = A
It remains to note that H[I', A, B = A] = H[[', AN B = A] and
no(A)#no(B) + 2 = w gk B) o « GrRANB) — oA A B)

to complete the proof. O

Lemma 2.24. For any IRSq formulas A, B and terms s,t we have

) FT, A= A,

ii) IFses=.

iii) IF= s C s here s C s is shorthand for (Vz € s)(z € s).

iv) IF=sét—setandlFset=set, for|s|<|t]

v) IFs=t=t=s.

vi) IfFT,A= BthenT',sctANA=s&tABfor|s|<]|t|

vii) If FT,A,B= AthenlFI's€t— A, sctANB= Afor|s|<]|t]
viii) If || < 3 then IF= s € Lg.

Proof. i) By induction of rk(A). We split into cases based on the form of the formula A.

Case 1. If A= (r € t) then by the induction hypothesis we have
FT,s€tAr=s=sctAr=s forall|s|<]|t].

The following is a template for IRSq derivations.
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(€R) Iksét/\r:sését/\r:s for all |s| < ||
(€L)n FsetAr=s=rect forall|s|<|t]
Fret=rct
Case 2. If A= (3z € t)F(x) then by the induction hypothesis we have

Fs€tNF(s)=sEtANF(s) forall|s|<|t]
We have the following template for IRSq derivations.

Fs€tANF(s)=s€EtANF(s) forall|s|<|t]
IFs€tAF(s)= 3z et)F(x) forall|s|<|t]
IF(3z € t)F(x) = (3x € t)F(x)

Case 3. All remaining cases can be proved in a similar fashion to above.

(b3R)
(b3L) oo

ii) The proof is by induction on rk(s), inductively we get |- r € r = for all | r| < |s|. Now if s is of
the form L, then r € r = r € s — r € r and we have the following template for IRS, derivations.

Frer= forall|r|<]|s|

bvL
((/\L; IF(Vzes)(xer)= foral |r|<]|s]
(€L)w IFs=r= forall|r|<]|s]|

Fses=
Now if s = [z € L, | B(x)] then we have the following template for derivations in IRSg,.

i Induction Hypothesis
(1) - B(r) = B(r) forall|r|<|s| Frer=forall|r|<]|s|
(L) - B(r),B(r) > rer=
(AL) I- B(r),(Vz € s)(x €r) =
L IFB(r),r=s=
Lemma 2.23ii)
IFB(r)Ar=s=
(€L)oo

Fses=

iii) Again we use induction on rk(s). Inductively we have IF= r C r for all |r| < |s].

s = [z € L, | B(x)] then we have the following template for derivations in IRSgq.
Induction Hypothesis

- B(r) =r Cr forall|r|<]|s]
- B(r)=r=r

i)
F B = B0 forall[r[<[s]

Ik B(r) = B(r)Ar=r
(SZ; IFB(r)=recs
F=rés—res
(BVR)oc IF= (Va € s)(x € s)

If s = L, then we have the following template for derivations in IRSg,.

(AR)
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Induction Hypothesis
R) ::::M“%r for all || <|s|
R) =r=r

( F=re€s
(BVR)s IF= (Vz € s)(z € s)

iv) Was shown whilst proving iii).

v) The following is a template for IRSq derivations
i) i)
FsCt=sCt (A)Il—t§3:>t§3
Fs=t=sCt Fs=t=1tCs
Fs=t=t=s
vi) Trivial for ¢t = L,, now if t = [z € L,, | C(z)] then we have the following template for IRSq
derivations.

(AL)
(AR)

FI'A= B (AL) IFT,C(s) = C(s)
FT,C(s) N\A= B IFT,C(s) N A= C(s)
IFT,C(s) NA=C(s) A B
vii) This is also trivial for ¢t = L, so suppose t = [z € L, | C(z)] and we have the following template
for IRSq derivations.

(AL)
(AR)

FT,C(s) = C(s) FT,A,B= A
“i)wnm@AB:C@) M) T A CH) A BS A
(= L) FT.0(s) = A,C(s) AB= A

viii) Suppose | s| < 8 then we have the following template for derivations in IRSg.

i)
F=s=s
(€R) =L,
Lemma 2.25. For any terms s1, ..., $p, t1, ..., t, and any formula A(sy, ..., s,) we have
[+ [51 = 751], ceny [Sn = tn],A(Sl, ceny Sn) = A(tl, ...,tn)
Where [s; = t;] is shorthand for s; C t;,¢; C s;.

Proof. We proceed by induction on rk(A(s1, ..., $n))#rk(A(t1, ..., tn))-

Case 1. Suppose A(x1,x2) = (r1 € x2), then for all |s| < |s2| and |t | < |t2| we have the following
template for derivations in IRSq.
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Lemma 2.13i)

I =11, |t = =s=1t =
Lemma 2.23i1) 4L =tb L =shs1 =s =4
X ”—[81:751},7528,81—8:751:
2.24vi) : .
(GR) ”—[81:tﬂ,tEtg/\tZS,Sl:S:>t6t2/\t1:t
(GL) ”—[81:tﬂ,tétg/\tzs,slzsﬁtletg
OO ||—[81=t1},$€t2,81=8=>t1Etg
2.24vii) > -

(VL) |F[31:t1}78€32—>56t2,3€32/\81:3:>t1€t2
(EL) H‘[81:tﬂ,(v.l‘E82)($€t2),5é82/\81:S:>t1GtQ
o s [81 = tﬂ,(\V@ S 82)(1‘ S t2),51 € 89 =11 €19

]

Case 2. If A(x1,x2) = x1 € x1 then the assertion follows by Lemma 2.24ii) and weakening.

Case 3. Suppose A(x1,...,x,) = (Jy € z;)B(y,x1, ..., x,), for simplicity let us suppose that i = 1.
Inductively for all || < |s; | we have

(b3R) IF[s1 =t1], ., [Sn = tn], 7 € 51 A B(r, 81, .0y 8n) = 17 €11 A B(r,t1, ..., tn)
(b3L) IF[s1 = t1], .., [Sn = tn], 7 € 51 A B(1, 81, .0y 8n) = (Fy € $1)B(y, t1, ..., tn)
Pk [s1 = t1], o [80 = ta], By € 51)B(y, t1, s tn) = Ty € 1) By, t1, .., tn)

Case 4. The bounded universal quantification case is dual to the bounded existential one.

Case 5. If A(xy,...,x,) = JyB(y,x1,...,z,) then inductively for all terms r we have
Ik [s1 = t1], .., [Sn = tn], B(1, 81, ...y Sn) = B(r,t1, ..., tn)
subsequently applying (3R) followed by (IL)o yields the desired result.
Case 6. The unbounded universal quantification case is dual to the unbounded existential one.

Case 7. All propositional cases follow immediately from the induction hypothesis. O

Corollary 2.26 (Equality). For any IRSq-formula A(sq, ..., sy)
IF = s1 =t Ao Asy =1ty AA(S1, ooy Sn) = A1, ey tn) -

Lemma 2.27 (Set Induction). For any formula F

wrk(A)
IFo

= Vz[(Vy € x)F(y) — F(z)] = Vo F(x).
Where A :=Vz[(Vy € z)F(y) — F(x)].
Proof. First we verify the following claim:

w'rk:(A)#w| s|+1

(*) H[A, s] }07 A= F(s) foralls.

The claim is verified by induction on | s |, inductively suppose that

wrh(A) gl 141

H[A, t] }0714:>F(t) holds for all || < |s].
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If necessary we may apply (— R) to obtain

rh(A) g, | t|+1 )
HIA,t, s] WA:MfGS%F(t).

Next applying (bBVR) yields

R gl 5 1o
HIA, s] }0714 = (Vy € s)F(y).

Also by Lemma 2.24i) we have

(R ) gk (F ()

HIA, s] 5

F(s) = F(s).
Now one may note that w" (F () 4 ,rk(F(s)) < (rk(F(s))+1 < (max(Qrk(F(Lo))+3) — ,7k(4) g gee that
by weakening we can conclude

wrk(A)#wls 12

HIA, s] 5

F(s) = F(s).

Hence using one application of (— L) we get

W k() sl
H[A, 8] o2 4, (g € s)F(y) — F(s) = F(s).
Applying (bVL) yields
WRA) fls] 4
H[A, 3] }07 A= F(s).
Thus the claim (*) is verified. A single application of (VR)s to (*) furnishes us with

wrk

HIA] Y 4 P ().

Finally applying (— R) gives
rk(A)

IFg = A — Vo F(x)

as required. 0
Lemma 2.28 (Infinity). For any ordinal o > w we have
IF = 3rely)|[(Fzex)(zex)ANVyex)(Fz€x)(y € 2)].

Proof. The following is a template for derivations in IRSq:

Lemma 2.24 viii)
F=selL, forall|s|]<a<w

Lemma 2.24 viii)

(b3R) IF= Lo € L, (bé’b;)R) IF= (3z € Ly)(s € z) forall|s| <w
R IF= (32 € L,)(z € Ly) ® k= (Ve ly)(3z e Ly,)(y € 2)
(AR) (b3R) IF= 3z € L,)(z € Ly) A(Vy € L,)(Fz € L,)(y € 2)

IF= 3z € Ly)[(3z € x)(z € x) A(Vy € z)(3z € z)(y € 2)]
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Lemma 2.29 (Ap-Separation). Suppose |s|, [t1], ..., |tn| < A where A is a limit ordinal and A(a, b1, ..., by,)
is a Ag-formula of IKP with all free variables displayed, then

IF = 3y e Ly)[(Vz € y)(x € s AN A(z,t1, ..., tn)) A (Vz € 5)(A(x, t1,....t0) = x € y)].
Proof. First let 8 := max{|s|, |[t1],..., |tn|} + 1 and note that 8 < X since A is a limit. Now let
t:=[uelg|luesAnAlut,...t,).

Let B(x) := A(z,t1,...,tn), in what follows r ranges over terms with |r| < |¢| and p ranges over
terms with |p| < |s|. We have the following two templates for derivations in IRSq:

Derivation (1)

Lemma 2.24i)
FresAB(r)=resAB(r)
lF=r &t — (resnB(r))

(= R)

bVR) oo
(bVR) IF= (Vx € t)(x € s A B(x))
Derivation (2)
Lemma 2.24iv) Lemma 2.24i) Lemma 2.24iii)
Fp&s,B(p)=pcEs IFp € s,B(p) = B = C
(nr) P (p)=p p (p) = B(p) (AR) = PEP
IFp€s,B(p)=pe€sAB(p) F=p=p

IFp€s,B(p) = (pEsAB{)Ap=p
Fp€s,B(p)=>pet
FpEs= B(p) >pet
lF=p€s— (B(p) > peEt)

lF= (Vz € s)(B(z) — x € t)

Now applying (AR) to the conclusions of derivations (1) and (2) we obtain

(e
(

(
(bYR) oo

R)
— R)
— R)

IF= (Vx € t)(x € s A B(z)) A (Vz € s)(B(x) = x € ).
Finally note that |t| = 5 < A so we may apply (b3R) to obtain
IF= (y € L))[(Vz € y)(z € s A B(z)) A (Vz € 8)(B(z) = z € y)]

as required. O
Lemma 2.30 (Pair). If X is a limit ordinal and |s|, |t| < A, then

IF = (3zely)(s€ezNte€z).

Proof. Let 6 := max{]s|,|t|} + 1 and note that 6 < A since A is a limit. We have the following
template for IRSq derivations:
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Lemma 2.24viii) Lemma 2.24viii)
= sels F=tels

F= (S GL(;/\tEL(s)

IF= (3z € Ly)(s €z At € 2)

(AR)
(b3R)

Lemma 2.31 (Union). If A is a limit ordinal and |s| < A then
IF = (3zel))Vyes)(Vzey)(zx € 2).

Proof. Let o = |s|, we have the following template for derivations in IRSq:

Lemma 2.24viii)

Fré€s,gér=qel, foralllq <|rl<a
Fré€s=q&r—qecl,

IFr€s= (Vzer)(zel,)

F=r €s— (Vo er)(z € Ly)

IF= (Vy € s)(Vx € y)(z € Ly)

IF= (3z € Ly)(Yy € s)(Vx € y)(z € 2)

(= R)
(BVR) oo
(= R)
(BYR) o
(b3R)

Lemma 2.32 (Ag-Collection). For any Ay formula F(z,y),
IF = (Vo € s)IyF(z,y) —» z(Vx € 5)(Fy € 2)F(x,y).
Proof. Using Lemma 2.24 we have
- (Vx € s)JyF(x,y) = (Vo € s)IyF(x,y) .

Now let H = H[(Vz € s)IyF(z,y)] and « := no((Vx € s)IyF(x,y) = (Vo € s)IyF(z,y)), by
applying (2-Refq) we obtain

HIEE (Vo € 5)3yF(,y) = 32(Vx € 5)(Fy € 2)F(x,y).
Applying (— R) gives
HE2 = (Vo € 5)IyF(a,y) » F=(Ve € 5)(Fy € 2)F(.y).

It remains to note that

a+2=a=no((Vz € s)JyF(z,y) = (Vx € s)IyF(z,y)) + 2
<no(= (Vz € s)3yF(x,y) — Fz(Vz € 5)(3y € 2)F(z,y))

and H = H[= (Vx € s)IyF(x,y) — I2(Vx € 5)(3y € 2)F(z,y)] to complete the proof. O
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Theorem 2.33. If IKP I I'(a) = A(a) where I'(a) = A(a) is an intuitionistic sequent containing
exactly the free variables a := aq, ..., a,, then there is an m < w (which we may compute from the
IKP-derivation) such that

_ Q™ _
HIT(5) = A(9)] }Q+_m I'(s) = A(3)
for any IRS( terms s := s1, ...s,, and any operator H.

Proof. Let A be any IRS( formula, note that by Observation 2.10, we have rk(A) < Q+1 for some
I < w. Therefore
no(A) = w™A) < = %yt = QW

Thus for any choice of terms § we have
no(I'(5) = A(3)) < Q-w™ for some m < w.

The remainder of the proof is by induction on the derivation IKP F I'(a) = A(a).

If I'(a) = A(a) is an axiom of IKP then the assertion follows by Lemmas 2.26, 2.27, 2.28, 2.29,
2.30, 2.31 or 2.32. If I'(a) = A(a) was the result of a propositional inference then we may apply
the induction hypothesis to the premises and then the corresponding inference in IRSq. In order
to cut down on notation we make the following abbreviation, let

H = H[[(3) = A(5)].

Case 1. Suppose that I'(a) = A(a) was the result of the inference (bVR), then A(s) = {(Vz €
si)F(x)}. The induction hypothesis furnishes us with an k& < w such that

_ Qwh _
H[pHQ_HcF(S) =p€s; — F(p) forall|p|<]|s],.

Now by Lemma 2.14v) we have

Hlp K2 T(5).p € 5 = F(p).

Also by 2.24iv) we have
FpeEs;=peEs;.

Applying (Cut) to these two yields

— Qwk41 _ .

Hlp)tg 7 T(5).p € si = Flp).
Now by (— R) we have

— Q-wk+2 _ .
Al = T(5) = p & si— F(p).
Hence by (bVR)s we have

Wkt

HITE—T(5) = (Y2 € 5)F(a)

as required.

Case 2. Now suppose that I'(a) = A(a) was the result of the inference (bVL). So (Vx € a;)F(z) €
I'(a) and we are in the following situation in IKP
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I'(a),c € a; = F(c) = Aa)
I'(a) = A(a)

If ¢ is not a member of a then by the induction hypothesis we have an m < w such that

(VL)

(1) HICT(5),51 € 51— Fls1) = A(5).

Now if ¢ is a member of a, for simplicity let us suppose that ¢ = aq. Inductively we can find an
m < w such that (1) is also satisfied. First we verify the following claim:

(2) IFT, (Vo € s;)F(x) = s1 € si = F(s1).

2.1 Suppose s; is of the form L,. The claim is verified by the following template for derivations in
IRSq, here r ranges over terms with |r| < |s;].

Lemma 2.25
(L) IFT, F(r),r € si,r =s1 = F(s1)
L IFT (Vo € s)F(x),r € siyr = s1 = F(s1)
Lemma 2.23ii)
(L) IFT, (Vo € s;)F(x),r € s; A\ = 51 = F(s1)
(_”; IFT, (Vo € s;)F(x),s1 € si = F(s1)
IFT, (Vo € s;)F(x) = s1 € si = F(s1)

2.2 Now supposing s; is of the form [z € L, | B(x)], we have the following template for derivations
in IRSq, where r and p range over terms with level below | s; |.

Lemma 2.25
Lemma 2.23ii) P p CST =PI =S T E S
FpesiANr=pr=s=rcs; Lemma 2.25
(€ L) .
(1) Fres,r=s,=>rcs; IF E(r),r € s;,r =351 = F(s1)
(W) IFT,r € s; = F(r),r € sij,7 =51 = F(s1)
D, (Vo € s)F(x),r € si,r =51 = F(s1)
Lemma 2.23ii)
(eL) IF T, (Va € s;)F(x),r € s; A\r =51 = F(s1)
(—>}§; IFT, (Vz € s;)F(x),s1 € s; = F(s1)
IFT, (Vx € s;)F(x) = s1 € s; — F(s1)
Now that the claim is verified we may apply (Cut) to (1) and (2) to obtain

HE“T(5) = A5)
where Q +m’ := max{Q + m,rk(s; € s; = F(s1))}, which is the desired result.
All other quantification cases are similar to Cases 1 and 2.

Finally suppose I'(a) = A(a) was the result of (Cut). So we are in the following situation in IKP.

I'(a), F(a,c) = A(a) I'(a) = F(a,c)
I'(a) = A(a)
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where ¢ are the free variables occurring in F'(a,¢) that are distinct from a. By the induction
hypothesis we can find mg, m; < w such that

— [.w™0 _ _ = _
L 1 (s), F(5.La) = A()
_ T.wml B e
H m I'(5) = F(5,Lg).
Note that k(F(5,Lg)) € H so we may apply (Cut) to finish the proof. O

2.6 An ordinal analysis of IKP

Lemma 2.34. If A is a Y-sentence and IKP + = A, then there is some m < w, which we may
compute explicitly from the derivation, such that

H, }w = A where v 1= wp,(2-w™).
Here wo(a) := o and wyy1(a) := w<s(@),

Proof. Suppose that A is a Y-sentence and that IKP F = A, then by Theorem 2.33 there is some
1 < m < w such that

Q-w™
(1) Ho }Q—i-_m = A.

By applying Predicative Cut Elimination 2.16 (m — 1) times we obtain

Wm—1(Q2-w™
) Ho o o AL

Applying Collapsing 2.21 to (2) gives

(3) Hy }Z;—E;i = A where v := w,,(2-w™).

Finally by applying Predicative Cut Elimination 2.16 again we get

H, g(wm»(wn(v)) - A

completing the proof. O

Theorem 2.35. If A = JzC(z) is a X-sentence such that IKP = A then there is an ordinal
term « < ¥ (eqy1), which we may compute from the derivation, such that

Lo = A

Moreover, there is a specific IRSq term s, with |s| < «, which we may compute explicitly from
the IKP derivation, such that

Lo = C(s).
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Proof. Suppose IKP F = A for some Y-sentence A, from Lemma 2.34 we may compute some
1 < m < w such that

H, }w = A where v 1= wp,(2-w™).
Let a := o(¥a(7))(¥a(7)), applying Boundedness 2.17 we obtain

2) My fo = Ale

Since the derivation (2) contains no instances of (Cut) or (3-Refq) and the correctness of the
remaining rules within L, is easily verified by induction on the derivation, it may be seen that

Lo = A

For the second part of the theorem note that it must be the case that the final inference in (2) was
(b3R) and thus by the intuitionistic nature of IRSq there must be some s, with | s| < «, such that

(3) My bs = C(s)e
Thus
(4) Lo = C(s).

The remainder of the proof is by checking that each part of the embedding and cut elimination of
the previous two sections may be carried out effectively, details will appear in [28]. O

Remark 2.36. In fact Theorem 2.35 can be verified within IKP, this is not immediately obvious
since we do not have access to induction up to ¥q(eq+1). However one may observe that in an
infinitary proof of the form (3) above, no terms of level higher than « are used. By carrying out the
construction of IRS¢ just using ordinals from B(wy,+1(€2 - w™)) we get a restricted system, but a
system still capable of carrying out the embedding and cut elimination necessary for the particular
derivation of the sentence A. This can be done inside IKP since we do have access to induction up
to Ya(wma1(-w™)). Tt follows that IKP has the set existence property for ¥ sentences. More
details will be found [28].

Finally it is also worth pointing out that we can improve on Theorem 2.33. Instead of just
verifying Agp-Collection in the infinitary system (Lemma 2.32) we could have shown the embedding
result for ¥-Reflection. As result we get a new conservativity result.

Theorem 2.37. IKP and IKP + X-Reflection prove the same Y-sentences. In particular if IKP +
A with A a Y-sentence, then IKP + dx A”.

3 The case of IKP(P)

This section provides a relativised ordinal analysis for intuitionistic power Kripke-Platek set theory
IKP(P). The relativised ordinal analysis for the classical version of the theory, KP(P), was carried
out in [27], the work in this section adapts the techniques from that paper to the intuitionistic case.
We begin by defining an infinitary system IRSE, unlike in IRS¢q the terms in IRSE can contain sub
terms of a higher level, or from higher up the Von-Neumann hierarchy in the intended interpretation.
This reflects the impredicativity of the power set operation. Next we prove some cut elimination
theorems, allowing us to transform infinite derivations of ¥ formulae into infinite derivations with
only power-bounded cut formulae. The following section provides an embedding of IKP(P) into
IRS],. The final section collates these results into a relativised ordinal analysis of IKP(P).
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3.1 A sequent calculus formulation of IKP(P)

Definition 3.1. The formulas of IKP(P) are the same as those of IKP except we also allow subset
bounded quantifiers of the form

(Vx Ca)A(x) and (Jz Ca)A(x).

These are treated as quantifiers in their own right, not abbreviations. In contrast, the formula
a C b is still viewed as an abbreviation for the formula (Vz € a)(x € b)

Quantifiers Vz, 3z will still be referred to as unbounded, whereas the other quantifiers (including
the subset bounded ones) will be referred to as bounded.

A Al -formula of IKP(P) is one that contains no unbounded quantifiers.

As with IKP, the system IKP(P) derives intuitionistic sequents of the form I' = A where at most
one formula can occur in A.

The axioms of IKP(P) are the following:

Logical azioms: T, A= A for every A} —formula A.

Extensionality: T = a=bA B(a) — B(b) for every Al'-formula B(a).

Pajr: I'= 3zfacz Abex]

Union: I'= Jz(Vyea)(Vzey)(z€x)

Al —Separation: T = Jy[(Vx € y)(x € a A B(x)) A (Vo € a)(B(x) — = € y)]
for every A}-formula B(a).

Al —Collection: T = (Vz € a)IyG(z,y) — Iz(Vz € a)(3y € 2)G(z,y)
for every AY—formula G(a,b).

Set Induction: I'=VYul[(Vr € u)G(z) - Gu)] = YuG(u)
for every formula G(b).

Infinity: F'=s3z[(Fyex)yex N (Vyex)3zex)y € 2.

Power Set: I'= 3z (Vx Ca)x € 2.

The rules of IKP(P) are the same as those of IKP (extended to the new language containing
subset bounded quantifiers), together with the following four rules:

I'=aCbAF(a)
I'= (3z Cb)F(x)

I'a

T, (2

AF(a) = A
b

(pb3L) VF(z) = A

SHIIA
IN| <

(pb3R)

FaCb— F(a) = A
I'(Vz Cb)F(z) = A

I'=aCb— F(a)
I'= (Vo Cb)F(x)

(pbVL) (pbVR)

As usual it is forbidden for the variable a to occur in the conclusion of the rules (pb3L) and (pbVR),
such a variable is referred to as the eigenvariable of the inference.
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3.2 The infinitary system IRS}

The purpose of this section is to introduce an infinitary proof system IRS@. As before all ordinals
will be assumed to be members of B®(eq ).

Definition 3.2. We define the TRS}, terms. To each TRS], term ¢ we also assign its ordinal level,
2.

1. For each a < Q, V, is an IRS}, term with |V, | = a.
2. For each a < Q, we have infinitely many free variables af, af, a$, ...., with [a$' | = c.

3. If F(x,7) is a Al -formula of IKP(P) (whose free variables are exactly those indicated) and
§=51,..., 5, are IRS] terms, then the formal expression [z € V,, | F(x,5)] is an IRS] term
with | [z € Vo | F(x,5)]] := a.

The TRSY, formulae are of the form A(si, ..., s,), where A(a1, ..., a,) is a formula of IKP(P) with
all free variables indicated and s, ..., s, are IRSZ; terms.

A formula A(sy, ..., s,) of IRSY, is AY if A(ay,...,a,) is a A} formula of IKP(P).

The ¥7 formulae of IRSS are the smallest collection containing the Ag—formulae and containing
AV B, ANB, Vx € s)A, (3x € s)A, (Vz C s)A, (Jx C s)A, JzA, -C and C — A whenever it
contains A and B and C is a II”-formula. The IT7-formulae are the smallest collection containing
the A}’ formulae and containing AV B, AA B, (Vx € s)A, (3x € s)A, (Vo C s)A, (3x C s5)A, VrA,
—-D and D — A whenever it contains A and B and D is a ©%-formula.

The azioms of IRS] are:

—_

A= A for Ain A].

I'=t=t.

[,81 =11, .00, 8 = tn, A(S1, 0y 8n) = A(t1, ..., 1) for A(s1,...,sp) in AL,
F'=seV,yif|s| <a.

'=sCV,if|s| <a.
I,te[xeV,|F(z,5)] = F(t,5) for F(t,5)is A} and |t] < c.
[,F(t,8) =te[reV,|F(x,5)] for F(t,5)is A} and |t] < a.

W N

Terrr e

EN{
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The inference rules of IRS] are:

(WYL)
(BYR)wo
(b3L)
(b3R)
(pbvL)

(POVR)

(Pb3L) oo
(pb3R)
(VL)
(VR)so
(L)
(3R)
(€L)
(€R)
(€L)so

(SR)

I''set— F(s) = A
I, (Vzet)F(z) = A

if |s| < |t|

I'=set— F(s) forall |s] <]|t]
I'= (Vzet)F(x)

', setAF(s)= A forall |s|<|t]

I, (3zet)F(z) = A

I'=>setAF(s)
I'= (Jzet)F(x)

if |s| < |t|

I''sCt— F(s)= A
I, (Ve Ct)F(z) = A

if [s] <|t]

I'=sCt— F(s) forall |s] <|t]
I'= (Ve Ct)F(x)

I sCtANF(s)= A forall |s| <|t]

@Gz Ct)F(z) = A

I'=sCtAF(s)
I'= (3x Ct)F(x)

if |s| <|t]

I'F(s) = A
' Ve F(z) = A

I' = F(s) forall s
I' = Vz F(x)

I', F(s)= A for all s
I 3z F(z) = A

I'= F(s)

I' = 3z F(x)

DretAr=s= A forall |r|<]|t]
Iset = A

I'=sret ANr=s
I'set

if || <|t]

L,rCtAr=s= A forall |[r|<|t]
I sCt = A

I'=srCtAr=s

if |r] <|s|
I'=>sCt
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'NA=A TI=A

Cut
(Cut) I' = A

(SP-Ref) ri%ﬁz if Ais a XP-formula,
z

as well as the rules (AL), (AR), (VL), (VR), (-L), (=R), (1), (— L), (= R) from IRSq. As usual
A? results from A by restricting all unbounded quantifiers to z.

Definition 3.3. The rank of a formula is determined as follows.

1. k(s € t) == maz{|s|+1,|t| +1}.

2. rk((3z € )F(2)) := rk((Vz € )F(z)) := maz{|t|, rk(F (Vo)) + 2}.

3. rk((Gz C O)F(z)) := rk((Va C t)F(z)) := maz{|t| + 1, rk(F (Vo)) + 2}.
4. rk(Gz F(2)) = rk(Vz F(z)) := maz{Q, rk(F (Vo)) + 2}.

5. Tk(AA B) := rk(AV B) := rk(A — B) := maz{rk(A),rk(B)} + 1.
6. Tk(~A) == rk(A) +

Note that the definition of rank for TRS] formulae is much less complex than for TRSgq, this is
because we are only aiming for partial cut-elimination for this system. In general it will not be
possible to remove cuts with Al cut formulae. Note however that we still have rk(A) < € if and
only if A is Az)).

We also have the following useful lemma.

Lemma 3.4. If A is a formula of IRS] with 7k(A4) > Q (ie. A contains unbounded quantifiers),
and A was the result of an IRS], inference other than (X7-Ref) and (Cut) then the rank of the
minor formulae of that inference is strictly less than rk(A).

Definition 3.5 (Operator controlled derivability for IRSE). If A(sy, ..., s,) is a formula of TRS}
then let

| A(s1,.o80) | :=={] 81|, | S0 |}

Likewise if I' = A is an intuitionistic sequent of IRSS containing formulas A, ..., A,, we define
IT=A|:=|A1|U...U|A,|

Definition 3.6. Let H be an operator and I' = A an intuitionistic sequent of IRS}, formulae. We
. [ .
define the relation H }; I' = A by recursion on «.

T = Aisan axiomand|F:>A]U{oz}§7-[,then7-[}%F:A.

We require always that |I' = A|U {a} € H where I' = A is the sequent in the conclusion, this
condition will not be repeated in the inductive clauses pertaining to the inference rules of IRSZ;
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given below. The column on the right gives the ordinal requirements for each of the inference rules.

(€L)oo

H|r] }%F,ret/\r:s#AforaH|r]< |t ]

Qr

HET,set=A

jol

HIPT =retAr=s
7—[}%11:%9615

S

IrCtAr=s= Aforall [r|<|t|

37

|r] <ar <a

o) < @
|r| <|t]
7| < «

|r] <ar <a

o) < @
|r| <|t]
|r| <«



(VL)

(BYR) oo

(b3L)oc

(b3R)

(pOVL)

(PbVR)

(pbIL)oo

(Pb3R)

(VL)

(VR)oo

(L)

(3R)

C“O

S Lset— A(s) = A
5 T, (Vo € t)A(z) = A

Qs

S, I'=set— F(s) forall [s| <|t|

HET = (Vo et)F(a)

Qs

o L,s€tAF(s)= Aforall [s| <|t]

HET, Fzet)F(z) = A

HEST s Ct— As) = A
HET, (Vo CH)A(z) = A

H[s] 55T = s Ct — F(s) for all | 5| < |¢]
HET = (Vz Ct)F ()

Hs] [52T,s CLAF(s) = A for all |s| < |t]

Ct
HET, Gz Ct)F(z) = A

Hs] }%FéF( ) for all s
HET = VaF(z)

Qs

5 I', F(s) = A for all s
H }%F,EI:CF )= A

HEET = F(s)
H }%F,:Ele(x)
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o) <
|| <t
|s| < a

|s|<as<a

|s|<as<a

oy <
| <[t
|s| < a

o) <
|s] <1t
|s| < a

|s|<as<a

|s|<as<a

oy < @
[s| <[t
|s| <
ag+ 1< a

|s| < a

|s|<as+1<a

|s|<as+1<a

ag+ 1< a
|s| < a



a0

0
(Cut) H 5 F,B:>A H o I'= B ag < o
HET=A rk(B) <p
(SP-Re ) H}%F=>A ao—;1,§2<a
a 2 A is a X" -formula
’H}FF:>EIzA

Lastly if I' = A is the result of a propositional inference of the form (A ) (AR), (VL), (VR), (=L),
(=R), (1), (= L) or (— R), with premise(s) I'; = A,; then from #H }p—OFZ = A, (for each i) we

may conclude H }%F = A, provided ag < a.

3.3 Cut elimination for IRS,
Lemma 3.7 (Weakening and Persistence for IRSH).

aQ

i) HTZyCI, IT|CH,ap<a€eH,pp<pand H pOFO:A then
HETD= A

ii) If v € H and H |5 T, 30A(z) = A then H T, (3z € V,)A(z) = A.

iii) If y € H and H |5 T = VzA(z) then H ST = (Vo € V,)A(z).

Proof. All proofs are by induction on a. We show ii), suppose v € H and H }%R JzA(x) = A.
The interesting case is where JzA(x) was the principal formula of the last inference which was
(3L) o, in this case we have H[s }&I‘ drA(z), A(s) = A for each term s with |s| < as+1 <
(If 3z A(x) was not a side formula we can use part i) to make it one). By the induction hypothesis
we obtain H|[s }— I'(3z € V,)A(z), A(s) = A for all |s| <. By (AL) we get

His) 2T, (Jr € V,) Aw), s € V, A As) = A.
Hence we may apply (b3L)~ to obtain H }%F, (3 € V,)A(z) = A as required. O

Lemma 3.8 (Inversions of IRS}).

i) fH ST, AANB= A and rk(AAB) > Qthen H T, A,B= A,

ii) fH ST = AAB and rh(AANB) > Qthen H T = A and H ST = B.

iii) f H ST, AVB=A andrk(AVB) > Qthen H F T, A=A and H L T,B= A.
iv) f 4 ST,A— B= A and rk(A —» B) > Qthen H ST, B= A.
v) fHET = A~ B and rk(A— B) > Qthen H 5T, A= B.

vi) fH ST = =A and rk(A) > Q then H ST, A =
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vii) If H }%F, (Fz € t)A(x) = A and rk(A(Vp)) > Q then H[s }— I'setNA(s) = A forall |s| <
2.

viti) If # |5 = (Vo € t)A(z) and rk(A(Vy)) > Q then H[s| ;T = s € t — A(s) for all |s| < |¢].

ix) If H }%F, (3x Ct)A(x) = A and rk(A(Vp)) > Q then H|s }—F s CtNA(s) = A forall |s| <
2.

x) If H 5T = (Vo C t)A(z) and rk(A(Vo)) > Q then H[s] 5T = s St — A(s) for all |s| < [¢].
xi) If # 5T, 3zA(x) = A then H[s] [T, F(s) = A for all s.

xii) If H }%F, = VxA(z) then H|[s }— I' = F(s) for all s.

Proof. The proof is by induction on o and many parts are standard for many intuitionistic systems
of a similar nature. We show viii) and ix).

viii) Suppose that H }%F = (Vz € t)A(z) and rk(A(Vy)) > Q. Since A must contain an unbounded
quantifier, the sequent I' = (Vo € t)A(z) cannot be an axiom. If the last inference was not (bVR)o
then we may apply the induction hypothesis to the premises of that inference, and then the same
inference again. Finally suppose the last inference was (bVR)o so we have

H[s]}%FisEt%A(s) for all |s| < |t], with a5 < a.
Applying weakening completes the proof of this case.

ix) Suppose that H }%F, (Jz Ct)A(x) = A and rk(A(Vp)) > Q. Since A(z) contains an un-
bounded quantifier 3x C t) A(z) cannot be the active part of an axiom, thus if I', (3x C t)A(z) = A
is an axiom then so is I';s C ¢t A A(z) = A for any |s| < |t]|. As in viii) the remaining interesting
case is where (Jz C t)A(z) was the principal formula of the last inference, which was (pb3L). In
this case we have

Qg

oI, (Fz Ct)A(z),s CtAA(s) = A forall [s| < |t] with g <a.

Now applying the induction hypothesis yields H[s js s CtAA(s) = A, to which we may apply
weakening to complete the proof of this case. O

Lemma 3.9 (Reduction.). If rk(C) :=p>Q, H }%F,C’ = A and H }éE = C' then

HEEE 2

Proof. The proof is by induction on a#a#p# 3. The interesting case is where C' was the princi-
pal formula of both final inferences, notice that in this case the last inference cannot have been
(XP-Ref) since rk(C) > Q and the conclusion of an application of (X%-Ref) always has rank .
Thus the rest of the proof follows in the usual way by the symmetry of the rules and Lemmas 3.4
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and 3.8, we treat the case where C' = (Va C t)A(z) and C was the principal formula of both last
inferences, so we have

(1) HET,C=A

(2) Hbz=c

(3) ’H}%I’,C’,SCt%A(s)iA with ag, |s| < aand |s| < |t].
(4) Hipl 22 = p St — A(p) for all |p| < || with |p| < ap < o

From (3) we know that s € H, so from (4) we get

(5) Hi-=Z2=sCt— A(s).

Te

Applying the induction hypothesis to (2) and (3) yields

(6) H I s C s Als) = A

Finally by applying (Cut) to (5) and (6), whilst noting that by Lemma 3.4 rk(s Ct — A(s)) < p,

we obtain kg
QF
H }pi r===A

as required. 0

Lemma 3.10. If H hF:A then H }%FéA for any n < w.

Proof. The proof is by induction on «, suppose H h I'= A. If ' = A is an axiom there is
nothing to show. If I' = A was the result of an inference other that (Cut) or a cut with cut-rank
< Q + n then we may apply the induction hypothesis to the premises of that inference and then

the same inference again. So suppose the last inference was (Cut) with cut-formula C, and that
rk(C) = Q4 n. So we have

(1) 7{%¢EF¢L¢A with ag < a.

(2) H }hfi@ with o1 < a.

Applying the induction hypothesis to (1) and (2) gives

w0
wl
(4) H%EF:C.

Now applying the Reduction Lemma 3.9 to (3) and (4) provides us with

H ‘wa() FHw0 Hw Hw*l
I .
Q+n

It remains to note that w0 #wHw* Hw* < w® since w® is additive principal, so we can complete
the proof by weakening. O
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Theorem 3.11 (Partial cut elimination for TRS}). If H }7?2—&%-{-1 I'=> A then H }—gi(la) I'=A
where wy(3) := f and wy41(8) := wrP),

Proof. The proof uses an easy induction on n and the previous Lemma. O

Note that 3.11 is much weaker than the full predicative cut elimination result we obtained for IRSq
(Theorem 2.16), this is because in general we cannot eliminate cuts with A} cut-formulae from
IRS], derivations.

Lemma 3.12 (Boundedness). If A is a XP-formula, B is a [I”-formula, o < 8 < Q and 3 € H
then

i) fH ST = A then ST = AVs.
ii) f % ST,B= A then H FT,B"s = A.

Proof. The proofs are by induction on «, we show ii), the proof of i) is similar. As with Lemma
2.17 the only interesting case is where B was the principal formula of the last inference and B is
of the form VzC(z). So we have

H }%F,B,C’(s) = A for some |s| < a with ag + 1 < a.
Using the induction hypothesis we obtain
H }%F,BW,C(S)éA for some |s| < a with ap + 1 < a.

Now since I', BYs = s € Vg is an axiom, we have H }% I''BYs = s e Vg, so by (— L) we obtain

H }ZO—HF,BW,S €eVg—=C(s) = A for some |s| < a with ap +1 < a.
Finally an application of (bVL) yields
HET, B = A

as required. 0

Theorem 3.13 (Collapsing). Suppose that n € H,, A is a set of at most one YP_formula and T a
set of IIP-formulae. Then

o o Ya(d)
’HW}Q—HFiA implies Hg uz—(z)FéA.

Here B =1+ WP and the operators H¢ are those defined in Definition 2.18.

Proof. Note first that from n € H,, and Lemma 2.20 we obtain
(1) &, Pa(a) € Ha.

The proof is by induction on «a.
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Case 0. If I' = A is an axiom then the result follows immediately from (1).

Case 1. If the last inference was propositional then the assertion follows easily by applying the
induction hypothesis and then the same inference again.

Case 2. Suppose the last inference was (pbVR)oo, then A = {(Vz C t)F(z)} and
Hylp] %I‘:pgt%F(p) for all |p| < |t| with o, < a.

Since [¢] € H(0) = BY(n+1) and [t]| < ©Q, we have [t| < ¢o(n+ 1), thus |p| € H, for all
|p| < |t]. So we have

«
’HW}QL_HF:th—)F(p).

Since p C ¢t — F(p) is also in " we may apply the induction hypothesis to obtain
Yo (dp) .
Ha, }WF:pgt—)F(p) for all |p| < |t] with oy, < .
QlQp

Now noting that o (c,)+1 < ¥o(&), by applying (pbVR) we obtain the desired result. The cases
where the last inference was (bVR) oo, (Pb3L) o0, (bL)0o, (€ L)oo or (C L) are similar.

Case 3. Now suppose the last inference was (pbVL), so (Vo C t)F(x) € I' and
Hy %F,sgt—)F(s)éA for some |s| < |t| with ag < «a.
Noting that s Ct — F(s) is in 17, too, we may apply the induction hypothesis to obtain
Heis %F,s Cto Fs)= A

to which we may apply (pbVL) to complete this case. The cases where the last inference was (bVL),
(pb3R), (b3R), (€ R) or (CR) are similar.

Case 4. Now suppose the last inference was (VL), so VzA(x) € I" and

Hy %F,F(s) = A for some |s| < a and ap < a.
Since F'(s) is II” we may apply the induction hypothesis to obtain
Yo (do)
Hey ——T,F(s) = A.
Pa(do)

Now since |s| € H, = B%(n+ 1) we have |s| < ¥o(n + 1) < 1o(@). So we may apply (VL) to
complete the case. The case where the last inference was (3R) is similar.

The rest of the proof is completely analogous to that of Theorem 2.21, using boundedness for TRS,
(3.12) instead of for IRSq. O
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3.4 Embedding IKP(P) into IRS)

Definition 3.14. As in the embedding section for the case of IKP, IF I' = A will be used to
abbreviate that

H[T = A }M I'= A holds for any operator H.

Also II—,EJ I' = A will be used to abbreviate that

HT = A] }M I'= A holds for any operator H.

Only this time we are referring to operator controlled derivability in IRSE.

Lemma 3.15. For any formula A
FA= A.

Proof. We proceed by induction on the complexity of A. If A is Al then this is axiom (A1) of IRS}.

Suppose A is of the form JzF(x). Let as = | s|+no(F(s) = F(s)) and a = no(A = A), note that
|s| <as+1<as+2<aforall s. By the induction hypothesis we have

HIF(s), 5] }% F(s) = F(s) for all terms s and for an arbitrary operator H.

Now using (IR) we get
HIF(s), 5] (55 F(s) = 3aF(x).

Finally since H[F(s),s](0) C H[FzF(x)][s](?) we may apply (L) to obtain the desired result.
The other cases are similar. O

Lemma 3.16 (Extensionality). For any formula A and any terms $1, ..., Sp, t1, ..., tp,
IS S1 = tl, vy Sp = tn, A(Sl, ceny Sn) = A(tl, ...,tn).

Proof. If Ais A then this is an axiom. The remainder of the proof is by induction on rk(A(s1, ..., $n)),
note that rk(A(s1, ..., 8n) = rk(A(t1, ..., t,,) since A is not A}

Case 1. Suppose A(s1, ..., $p) = JxB(x, $1, ..., Sp), we know that rk(B(r, s1, ..., $n)) < rk(A(s1, ..., Sn))
for all » by Lemma 3.4, so by induction hypothesis we have

IFs1 =t1,.cy Sn = tn, B(1, 51, ..., $p) = B(r,t1,...,t,) for all terms 7.

Now successively applying (3R) and then (L) yields the desired result.

Case 2. Now suppose A(s1, ..., s,) = (3 C 8;)B(w, 81, ..., s»). Since A is not A}, B must contain an
unbounded quantifier, and thus by Lemma 3.4 Q < rk(r C s; A B(r, 51, ..., $n)) < rk(A(s1, ..., p))
for any |7 | < |s;|, thus by induction hypothesis we have

IFsi =ty Sn =1tn, 7 C 8 AB(1,81, .00y 8n) = 17 Ct; AB(r,ty,...,t,) forall [r]| </|s;|.
Thus successively applying (pb3R) and then (pb3L)., yields the desired result. The other cases are

similar. O
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Lemma 3.17 (A]-Collection). For any A} formula F
k= (Vx € s)JyF(z,y) — Fz(Vx € s)(Ty € 2)F(x,y).
Proof. Lemma 3.15 provides us with
- (Vo € s)3yF(z,y) = (Vo € s)yF(x,y).
Noting that (Vz € s)3yF(z,y) is a ¥ formula and that rk((Vz € s)IyF(z,y)) = w2 we may
apply (XF-Ref) to obtain

H :n+2.2+2 (Vz € s)IyF(x,y) = Fz(Va € s)(Ty € 2)F(x,y)

where H = H[(Vx € s)IyF(z,y)] and H is an arbitrary operator. Now applying (— R) we get

_ Q+2.2+3

0
It remains to note that w2 .2 4+ 3 < w3 = no((= Vo € 5)IyF(x,y) — Jz(Vz € s)(y €
2)F(z,y)) to see that the result is verified. O

= (Vx € s)IyF(z,y) — Fz(Vx € s)(Fy € 2)F(x,y).

Lemma 3.18 (Set Induction). For any formula F
lF= Vz[(Vy € )F(y) = F(z)] = Vo F(x).

Proof. Let H be an arbitrary operator and let A := Vz[(Vy € z)F(y) — F(x)]. First we prove the

followin
& wrk(A)#w|s\+1

Claim: HI[A,s] }07 A= F(s) for all terms s.

The claim is proved by induction on | s|. By the induction hypothesis we have

rR(A) gayl 141

HA M |———— A= F(t) forall|t|<]s].

Using weakening and then (— R) we get

wrk(A)#w\t\+l+1
H[A,s,t]}O—A:te s — F(t) forall |[t|<|s].
Hence by (bVR)~ we get
Wk Ll s 42
H[A, s] }0714 = (Vz € s)F(x)

(the extra +2 is needed when |s| is not a limit). Now let 15 := w™ W4 wlsl 4 2. By Lemma 3.15
we have H[A, s]}% F(s) = F(s), so by (— L) we get

H[A, ][ A, (Vy € 5)F(y) = F(s) = F(s).

Finally by applying (VL) we get
H[A, 8] [ A= F(s),

since 7, 4+ 3 < w A #ul51+1 the claim is verified. Now by applying (VR)s we deduce from the

claim that o)
HIA] 2 A = VaF(x).
Hence by (— R) we obtain the desired result. O
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Lemma 3.19 (Infinity). For any operator H we have
H A = 3@y ea)(y € x) A (Vy € 2)(32 € 2)(y € 2)]

0
Proof. First note that for any |s| < a we have H }Bs € Vo by virtue of axiom (A4). Let |s| =

n < w, we have the following derivation in TRSS:

HE = Vi eV  HE =seVen

(AR) :
H }6 = Vo1 €VoAs eV
(b3R) =~ w2 HE VeV
> R) — = (Fz e Vy)(s € 2) (AR) (1) 0€ Vo
M seV, = (FeV,)(s€2) HIE =VoeV,AVoeV,
(WVR)oo — (b3R) —3
(AR) His = (VyeV,)(Ez e Vy)(y € 2) Hi = (BzeVo)(zeVy)
an) H S = (W € Vo)(32 € Vo) (y € 2) A (32 € V)(2 € V)
H }:—H = Jz[(Vy € x)(Fz € z)(y € 2) AN (Fz € ) (2 € x)]

O

Lemma 3.20 (A}-Separation). If A(a,b,ci,...,c,) is a Af-formula of IKP(P) with all free vari-
ables indicated, r, 5 := s1, ..., s, are IRSS terms and H is an arbitrary operator then:

H|r, 5] }2—” = Jy[Vz e y)(xz € r NA(x,r,5)) AN Vz € r)(A(z,7,8) = x € y)]
where a:= |7 | and p := max{|r|,|s1 |, .., | $n |} + w.
Proof. First we define
pi=[x€Vy|zErANA(z,15)] and H:=H][r, 3|
For t any term with |¢| < a the following are derivations in IRSS, first we have:

Axiom (A1) Axiom (A1)
ﬁ}%t€r$t€r ﬁ}%A(f,r,E)iA(t,r,E) Axiom (A7)

(AR) - -
H%ter,A(t,r,E):tET/\A(t,r,E) H}%tET/\A(t,r,E)#tEp

(cut) 5

g

ter, A(t,r,s) =tep

—~
~—

ter= A(t,r,s) >tep

T
R

| X
sla|slw(sln

=ter— (A(t,r35) —tep)
5

(bYR) oo

X
f‘é_

= Vz er)(A(z,r,5) = x € p)

Next we have:
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Axiom (A6)
tep=terAA(,rSs)

H
(— R)

X
oloTr|coTo

=tep—terNA,rSs)
H }O—H = (Vz € p)(x € r N A(z,1,5))
Now by applying (AR) followed by (3R) to the conclusions of these two derivations we get

(0YR) oo

H }z—” = Jy[(Vx € y)(x € r N A(x,r,3)) A (Vz € r)(A(z,7,5) = x € y)]
as required.
Lemma 3.21 (Pair). For any operator H and any terms s and ¢ we have
H(s, t] }g—” = Jz(s€zNtE2)

Where « := max(|s|,|t]) + 1.
Proof. The following is a derivation in IRSS:

Axiom (A4) Axiom (A4)
H[s,t]}%zmeVa H[s,t]%éte\/a

(AR)

?{[s,t]% =seVaANLtEV,

R
51 %[s,t]}g—w = Jz(s€zNtE€2)

Lemma 3.22 (Union). For any operator H and any term s we have
B+5
H[s] }0— = Jz(Vy € s)(Vz € y)(x € 2)

where = |s]|.

Proof. Let r and t be terms such that || < |¢| < 8, we have the following derivation in TRS;:
Axiom (A4)

tes,ret=recVg

Hls, t,r]

(= R)
(BVR) oo

ol—|cTo

His,t,r]-tes=>ret—recVg

Hs, (|-t € s = (Va € t)(z € Vp)
H[s,t]}? =tes— (Vo et)(x e Vp)
Hs) o

H[s] }? = Jz(Vy € s)(Vz € y)(x € 2)

=

(= R)

(BYR)oo
= (Vy € s)(Va € y)(x € Vp)

(3R)
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Lemma 3.23 (Powerset). For any operator H and any term s we have
H]s] }3—4_3 = Fz(Vx C s)(z € 2)
where a = | s|.
Proof. Let t be any term with || < «, we have the following derivation in TRS}:

Axiom (A4)

tCs=1te Va1

Hls, t]
(= R)

olr|olTo

H|s, t]
H[s| 22 = (V2 C 5)(x € Var1)
H]s] }g—H = Jz(Vx C s)(z € 2)

:>tgs—>t€Va+1

(PbVR) oo
(3R)

O

Theorem 3.24. If IKP(P) + I'(a) = A(a) where I'(a) = A(a) is an intuitionistic sequent
containing exactly the free variables a = a1, ...,a,, then there exists an m < w (which we may
calculate from the derivation) such that

QW™ _
H[5] }m—m I'(s) = A(s)
for any operator H and any IRSS terms § = $1, ..., Sp.

Proof. Note that the rank of IRSS formulas is always < 2+w and thus the norm of IRSS sequents
is always < W% = Q- w¥. The proof is by induction on the IKP(P) derivation. If T'(a) = A(b)
is an axiom of IKP(P) then the result follows by one of Lemmas 3.15, 3.16 3.17, 3.18, 3.19, 3.20,
3.21, 3.22 and 3.23. Let H := H]3].

Case 1. Suppose the last inference of the IKP(P) derivation was (pb3L) then (Jz C a;)F(z) € T'(a)
and from the induction hypothesis we obtain a k such that

Hlp K22 T(3).p 50 A F(p) = A(3)

for all |p| < |s;| (using weakening if necessary). Thus we may apply (pb3L) to obtain the desired
result.

Case 2. Now suppose the last inference was (pb3R) then A(a) = {(3z C a;)F(x)} and we are in
the following situation in IKP(P):

FT(a) = cCa; A F(c)
FTI'(a) = (3r C a;)F(x)

2.1 If ¢ is not a member of @ then by the induction hypothesis we have a k < w such that

(pb3R)

L Quwh
HIET(5) = Vo C 5: A (Vo).
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Hence we can apply (pb3R) to complete this case.

2.2 Now suppose ¢ is a member of a for simplicity let us suppose that ¢ = a1. Inductively we can
find a k < w such that

(1) HIZST(5) = 51 C 5 A F(s1)
Next we verify the following
(2) claim: IFY T'(5),s1 C s; A F(s1) = (3x C s;) F(x).
Owing to axiom (A1) we have
(3) ﬂ[r]}%r@siérgsi for all [r] <|s;|.
Also by Lemma 3.16 we have
(4) IFT[s],r = s1,F(s1) = F(r) forall [r|<|s;|
Now let v, = no(I'[s],r = s1, F(s1) = F(r)). Applying (AR) to (3) and (4) provides

H[r] %HF(E),T Csj,r=s1,F(s1)=r Cs; ANF(r).
Using (pbdR) we may conclude

H]r] }gr—HF(@,r Csi,r=s1,F(s1) = (3z C s;)F(x) .
Now two applications of (AL) gives us

H]r] }ZT—HI’(E),T CsiAr=s1,F(s1)= (Fx C s;)F(x).
Now applying (C L) provides

H }g—%F(E), s1 C 84, F(s1) = (3z C s;) F(x)
where v = sup|, |<|5,| ¥ Finally, by applying (AL) a further two times we can conclude
HITTT(5), 81 C s AF(s1) = (32 C i) F(z).

Via some ordinal arithmetic it can be observed that

v+ 7 <no(I'(5),s1 C si A F(s1) = (3x C s;)F(z))#w,
so the claim is verified.

To complete this case we may now apply (Cut) to (1) and (2).

All other cases are similar to those above, or may be treated in a similar manner to Theorem
2.33. O
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3.5 A relativised ordinal analysis of IKP(P)

A major difference to the case of IKP is that we don’t immediately have the soundness of cut-
reduced IRSS derivations of ¥P-formulae within the appropriate segment of the Von-Neumann
Hierarchy. This is partly due to the fact that we don’t have a term for each element of the
hierarchy (this can be seen from a simple cardinality argument). In fact we do still have soundness

for certain derivations within Vi, (., ), which is demonstrated in the next lemma, where we must

make essential use of the free variables in TRS]. First we need the notion of an assignment. Let
V ARp be the set of free variables of IRS]. A variable assignment is a function

v VARP — VwQ(EQ-H)
such that v(a$) € V41 for each i. v canonically lifts to all terms as follows

v(Vy) = Vg
v({x € Vo | F(z,51,...,80)}) = {x €V, |F(x,v(s1),...,0(sn))}

Moreover it can be seen that v(s) € V411 and thus v(s) € Vi, for all terms s.

€Q+1)

Theorem 3.25 (Soundness for IRS})). Suppose I'[s1, ..., s,] is a finite set of TI” formulae with
max{rk(A) |A €T} < Q, Alsy, ..., 5] a set containing at most one X7 formula and

H }%F[g] = A[s] for some operator H and some a, p < .

Then for any assignment v,

vwg(mﬂ)):/\r[v(sl), v(sp) —>\/A v(s1), .oy ()]

where AT and \/ A stand for the conjunction of formulas in T' and the disjunction of formulas in
A respectively, by convention A =T and \/ 0 = L.

Proof. The proof is by induction on «. Note that the derivation H }%F [s] = Al[S] contains no

inferences of the form (VR)wo, (3L)s or (X7-Ref) and all cuts have A} cut formulae. All axioms
of IRS@ can be observed to be sound with respect to the interpretation.

First we treat the case where the last inference was (pbVL) so we have

O40

o L8]t Cs; > F(t,5) = Als]  for some ap, [t] < a, with [t] < [s;].

Since max{rk(A4) | A € T} <, it follows that t C s; — F(t,3) is a A} formula. So we may apply
the induction hypothesis to obtain

Viaear =\ A [o(t) € o(si) = F(o(t),v(5)] = \/ Alv(s

where v(8) := v(s1), ..., v(s,). From here the desired result follows by regular logical semantics.

Now suppose the last inference was (pbVR)so, SO we have

(1) Zt s§|=tCs; — F(t,s) forall|t|<|s;| with o < «.

50



In particular this means we have

(2) jOF :a CSZ—>F( ,5) for some ap < a.
Here 8 := |s;| and j is chosen such that af does not occur in any of the terms si,...,$,. If F

contains an unbounded quantifier we may use inversion for IRS£ 3.8v) to obtain
(3) H 20 F[E],af- Csi= F(a5,§) for some o < a.

So we may apply the induction hypothesis to get
(4) v, = ATG)], v(a]) Co(s:) = F(o(a)), (s))
Palea+1) , i) = i )

for all variable assignments v. Thus by the choice of af we have
(5) Vioeasn) = \T0(E)] = (V2 C v(si))F (2, v(s))
as required. If F is AZ)) then we may immediately apply the induction hypothesis to (2) to obtain
(6) v, = ATE)] = [(af) € v(si) = F(u(a]), v())]

1/JQ(€Q+1) j) = 1 j )

for all variable assignments v, again by the choice of af we obtain the desired result. All other
cases may be treated in a similar manner to the two above. a

Lemma 3.26. Suppose IKP(P) I- = A for some X7 sentence A, then there is an m < w, which
we may compute from the derivation, such that

Ho }:ZQ—?‘; = A where 0 := w;,(Q-w™).
(o

Proof. Suppose IKP(P) - = A for some ©¥ sentence A, then by Theorem 3.24 we can explicitly
find some m < w such that

Applying Partial cut elimination 3.11 we have

Wm—1(Q-w
Ho }ﬁ = A.

Now using Collapsing 3.13 we obtain

Ho }d}Q—EU; = A where 0 := wp,, (- W),

Yalo

completing the proof. O

Note that we cannot eliminate all cuts from the derivation since we don’t have full predicative cut
elimination for IRS}, as we do for IRSq.
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Theorem 3.27. If A is a ¥P-sentence and IKP(P) F = A then there is some ordinal term

a < Yq(eqy1), which we may compute from the derivation, such that
Vo = A.

Proof. From Lemma 3.26 we obtain some m < w such that

(1) Ho }ZQ—EU; = A where 0 := w;,, (Q-w™).
oo

Let a := 9q(0). Applying Boundedness 3.12 to (1) we obtain
(2) Hy boo = AV
Now applying Theorem 3.25 to (2) we obtain

V¢Q(€Q+1) = AVa

and thus
Va A

as required.

O

Remark 3.28. Suppose A = 3xC(x) is a X7 sentence and IKP(P) - = A. As well as the ordinal
term « given by Theorem 3.27, it is possible to determine (making essential use of the intuitionistic

nature of IRSY) a term s, with | s| < «, such that

Va l= C(5).

This proof is somewhat more complex than in the case of IKP since the proof tree corresponding

to (2) above can still contain cuts with AJ’ cut formulae.

Moreover, in order to show that IKP(P) has the existence property, the embedding and cut elim-
ination for a given finite derivation of a ¥7 sentence, needs to be carried out inside IKP(P). In
order to do this it needs to be shown that from the finite derivation we can calculate some ordinal
term v < €qy1 such that the embedding and cut elimination for that derivation can still be per-

formed inside TRS}, with the term structure restricted to B(7).

These proofs will appear in [28].

Like in the case of IKP we also arrive at a conservativity result.

Theorem 3.29. IKP(P) + X7-Reflection is conservative over IKP(P) for ¥%-sentences.

4 The case of IKP(E)

This final section provides a relativised ordinal analysis for intuitionistic exponentiation Kripke-
Platek set theory IKP(E). Given sets a and b, set-exponentiation allows the formation of the
set *b, of all functions from a to b. A problem that presents itself in this case is that it is not
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clear how to formulate a term structure in such a way that we can read off a terms level in the
pertinent ‘exponentiation hierarchy’ from that terms syntactic structure. Instead we work with
a term structure similar to that used in IRSS7 and a terms level becomes a dynamic property
inside the infinitary system. Making this work in a system for which we can prove all the necessary
embedding and cut-elimination theorems turned out to be a major technical hurdle. The end result
of the section is a characterisation of IKP (&) in terms of provable height of the exponentiation
hierarchy, this machinery will also be used in a later paper by Rathjen [28], to show that CZF¢
has the full existence property.

4.1 A sequent calculus formulation of IKP(E)

Definition 4.1. The formulas of IKP(E) are the same as those of IKP except we also allow
exponentiation bounded quantifiers of the form

(Vo € “b)A(z) and (Jz € “b)A(x).

These are treated as quantifiers in their own right, not abbreviations. The formula ”fun(z, a, b)” is
defined below. It’s intuitive meaning is "z is a function from a to b”.

fun(z,a,b) ;=2 Caxb A (Vy € a)(Iz € b)((y,2) € x)
A (Vy € a)(Vz1 € b)(Vze € D)[((y,21) € 2 A (y,22) € ) = 21 = 29]

Quantifiers Vz, 3z will be referred to as unbounded, whereas the other quantifiers (including the
exponentiation bounded ones) will be referred to as bounded.

A Af-formula of IKP(E) is one that contains no unbounded quantifiers.

As with IKP, the system IKP(E) derives intuitionistic sequents of the form I' = A where I and
A are finite sets of formulae and A contains at most one formula.

The axioms of IKP (&) are given by:

Logical axioms: TI',A,= A for every Agfformula A.
Eaxtensionality: T = a=bA B(a) — B(b) for every A§-formula B(a).

Pair: I'= 3zfacz Abex]
Union: I'= 3z(Vyea)(Vzey)(z€)
Infinity: F'=s3zx[(Fyex)ycar AN (Vyex)Fzecx)y € 2]

A§ ~Separation: T = Fz((Vy € x)(y € a A A(y)) A (Vy € a)(A(y) — y € z))
for every A§ formula A(b).

A§ —Collection: T = (Vz € a)3yB(z,y) — 3z(Vz € a)(Jy € 2)B(z,y)
for every A§ formula B(b, c).

Set Induction: T = VYu[Vz € u)G(z) — G(u)] - YuG(u)
for every formula G(b).

Ezponentiation: T = 3z (Vx € *b)(z € z).

The rules of IKP(E) are the same as those of IKP (extended to the new language containing
exponentiation bounded quantifiers), together with the following four rules:
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[, fun(c,a,b) A F(c) = A
I',(3xr € “b)F(x) = A

I' = fun(c,a,b) A F(c)
I'= (3z € *b)F(x)

(£b3L) (€b3R)

I, fun(c,a,b) = F(c) = A
I, (Vx € “b)F(x) = A

I' = fun(c, a,b) = F(c)
I'= (Vz € *b)F(z)

(EBVL) (EOVR)

As usual it is forbidden for the variable a to occur in the conclusion of the rules (£63L) and (EbVR),
such a variable is referred to as the eigenvariable of the inference.

4.2 The infinitary system IRS]E‘)

The purpose of this section is to introduce an infinitary system IRS% within which we will be able
to embed IKP(E). As with the von Neumann hierarchy built by iterating the power set operation
through the ordinals, one may define an Exponentiation-hierarchy as follows

Ey:=10
By = {0}
Eoio :={X | X is definable over (F,41, €) with parameters}
U{f | fun(f,a,b) for some a,b € E,.}

Ey = U Eg for A a limit ordinal.
B<A
Eyt1:={X | X is definable over (E,41, €) with parameters} for A a limit ordinal.

Lemma 4.2. If y € E,y1 and x € y then z € F,.
Proof. The proof is by induction on «. If y is a set definable over (E,, €) with parameters, the

members of y, including x, must be members of F,,.

Now suppose a = 8+ 1 and y € Fo41 is a function y : p — ¢ for two sets p,q € Eg. Since x € y,
it follows that z is of the form (g, 1) with 29 € p and z1 € ¢, we use the standard definition of
ordered pair so

(1) (o, 1) == {{zo, 21}, {wo}}

We must now verify the following claim:

(*) {zo}, {1}, {0, 21} € Ep.

If B = v+ 1 then by the induction hypothesis applied to g € p € Eg and x1 € ¢ € Eg we get
xo,x1 € Ey and thus {zo}, {z1}, {z0, 21} € Es as required.

If B is a limit then by the induction hypothesis and the construction of the E hierarchy at limit
ordinals, we know that sy € Eg, and s; € Eg, for some £y, 1 < B, thus {so},{s1},{s0,s1} €
Enax(8o,81)+1 Which completes the proof of (*).

From (*) and (1) it is clear that (so,s1) € Eg41 as required. O
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The idea of IRSISEZ is to build an infinitary system for reasoning about the E hierarchy.
Definition 4.3. The terms of IRS§ are defined as follows

1. E, is an IRS§ term for each o < €.

2. af is an TRS§ term for each o < Q and each i < w, these terms will be known as free variables.

3. If F(a,b) is a A§ formula of IKP (&) containing exactly the free variables indicated, and ¢, 5 :=
S1,.ee, Sp are IRSISE) terms then
et Fz,3)]

is also a term of TRS§.

Observe that IRS]% terms do not come with ‘levels’ as in the other infinitary systems. This is be-
cause it is not clear how to immediately read off the location of a given term within the F hierarchy,
just from the syntactic information available within that term.

The formulas of IRSE are of the form F(sy, ..., s,), where F(ay, ..., a,) is a formula of IKP (&) with
all free variables indicated and sy, ..., s, are IRS]SEZ terms. The formula A(sq, ..., s,) is said to be Ag
if A(ay,...,ay) is a A§ formula of IKP(E). The %¢ formulae are the smallest collection containing
the A§ formulae such that AA B, AV B, (Vo € t)A, (3z € t)A, 3z € *b)A, (Vr € “b)A, IzA,
—C, and C — A are in ¢ whenever A, B are in £¢ and C is in II¢. Dually, the II¢ formulae are
the smallest collection containing the A§ formulae such that A A B, AV B, (Vz € t)A, (3z € t)A,
(3z € *b)A, (Vz € ) A, VzA, -C, and C — A are in TI¢ whenever A, B are in II¢ and C is in X¢.
The axioms of IRS% are given by

(E1) T,A= A for every A§—formula A.

(E2) TI'=t=t for every IRS§ term t.

(E3) T,3=t,B(5) = B(t) for every A§-formula B(3).

(E4) T =EgekE, forall f<a<Q

(E5) F:NL?E]EQ foralli € wand < a <

(E6) TI,teE,sct=secE, forall a<Q

(E7) T,teEyp1,s€t=s€E, foral a <

(E8) TI,set,F(s,p)=selxet]|F(z,p)]

(E9) I,sezet]|F(x,p)=sectNF(sD)

(E10) T',s € Eq,t € Eg,fun(p,s,t) = p € E, for all v > max(a, 5) + 2.
(E11) I'teEg,peEs= [z et]| F(x,p)| € E, forall vy > max(5,a).

Definition 4.4. For a formula A(ai, ..., a,) of IKP(£) containing exactly the free variables @ :=
ai,...,ap and any IRSE terms 5 := si, ..., sp, we define the B-rank || A(3)| 3 where 8 := B1,..., Bn
are any ordinals < 2. The definition is made by recursion on the build up of the formula A.

i) ||8 € t||517/32 = max(ﬁlaﬁﬂ
i) |(Jz € ) F(x,8)|, 5 := [|[(Vz € ) F(z,5)||., 5 := max(v, [[F(Eo, 5)[ly 5 + 2)
i) [|(3z € ") F(x,p)|l,65 == I(Vz € ) F(z, D)l 55

= max(y +w, 0 +w, [ F(Eo, p)llg 5+ 2)
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iv) |32F (2, 8)|5 == |VaF (x,5)l|5 == max(2, || F(Eo, 5)llo,s +2)
v) [AABlg = |4V Bllg = |4 = B := max(| Al 5, 1| Bllg) + 1
vi) [|=All := | All5 +1

We define the rank of A(S) by
rk(A(s)) = [[AG)o -

Observation 4.5.
i) |A(3)]lz <2 if and only if Ais A§ .
ii) If A contains unbounded quantifiers then rk(A(3)) = [|A(5)||5 for all 5 and B.

Definition 4.6 (Operator Controlled Derivability in IRSS). TRSS derives intuitionistic sequents
of the form T' = A where I' and A are finite sets of TRS§ formulae and A contains at most one
formula. For H an operator and «, p ordinals we define the relation H }%I‘ = A by recursion on
a.

IfF:AisanaxiomandaEHthen?—l}%I‘:A.

It is always required that o € H, this requirement is not repeated for each inference rule below.

. limit
H[S] 52T, s € Bs = A forall § < e
(E-Lim)os [i 5 S 8 or a i oy < o
H};F,SGIE'W#A vEH
«@Q
HEST, set— A(s) = A ap, ap, @y < a
HEET=>tek
(bVL) E p Bmiz
Hi7T=sck, z<ﬁ
HET, (Vo e t)A(x) = A :
H}%Fjset_)F({g)fOI'aHS ap, ] <
(BVR)ow  H T =tekg Lo
”H}%F:>(VI€7§)F($) e
H T, s € tAF(s) = Afor all 5 ag, a1 < @
(b3L)os ’H}%F:teﬂig pei
7 <
HE T, (Fret)F(z) = A e
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(b3R)

(EBVL)

(EBYR) oo

(Eb3L) o

(Eb3R)

XX XX

°T, fun(p, s,t) — A(p) = A

;Eii:&i

}%F = fun(p, s,t) — F(p) for all p
=T = secEg
p

1
=T =teck,

TR XX

}%F = (Vz € %t)F(x)

I, fun(p, s,t) A F(p) = A for all p
F:>SEE5

iiii

o0
o
s
7

:Eiiii

X xR X

}p—I‘,seE5:>F(s) for all s and all 8 < €2

Bl
}%F = Vo F (x)
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ap, 01,02 <
B,y EH

v <«

y<pB

Qp, 1, Q2,3 < &
B,7v,0 € H
d<

d < max(f8,v) + 2

ap, 01,0 < o
BiveH
max(8,7) + 2 < a

op, 1,09 <
BiveH
max(f,7) +2 < a

g, 01, (g, 03 < o
B,7v,0 € H
<

d <max(8,7) + 2

ag+ 3,01 +3 <
b <«
BeEH

B<ag+3<a



6]}p—I‘$6E/3, (s) = A for all s and all § < Q

(3L) oo - B<ag+3<a
H T = Yok (x)
H}p_F:>F() ag+ 3,01 +3 <«
(3R) H}Z—FésEE/g b <«
’H}%F:ElmF(x) pen
(SE-Ref) HE T A o f Lo <a
H }EfiﬂzAz A is a Y¢-formula
P
M }%F,A(sl,...,sn) = A
2P = A(sy, .. ap, a1, g < @
Cury Pl T AL IAG)I5 < p
H}p—F:>SlEIEB i=1,. BeH
HET=A

Lastly if I' = A is the result of a propositional inference of the form (A ) (AR), (VL), (VR), (—L),
(=R), (L), (= L) or (— R), with premise(s) I'; = A; then from #H }p—F = A, (for each i) we

may conclude H }%F = A, provided g < a.

Convention 4.7. In cases where terms [E, and af* occur directly as witnesses in existential rules or
in cut formulae we will omit the extra premise declaring the terms location in the E term hierarchy
since

Eo € Eqt1 and af € Eqyqg

are axioms (E4) and (E5) respectively. It must still be checked that o € H however.

4.3 Cut elimination for IRS

Lemma 4.8 (Inversions of IRSE). If max(rk(A), rk(B)) >  then we have the usual propositional
inversions for intuitionistic systems:

i) IHET,ANB= A then H ST, 4,B=A.
ii) fH ST = AAB then H ST = A and H 5T = B.

i) fH ST, AVB= A then H ST, A= A and H 5T, B = A.

5
iv) f #H CT,A— B= A then H 5T, B= A

«

v) fH

I'=A— B then H 5T, A= B.
If rk(A) > Q we have the following additional inversions:

vi) f H 5T = —A then H ST, A=.
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vii) If H }%F = (Vx € t)A(z) then H }%F = set— A(s) for all terms s.

viii) If H }%I‘, (Jz € t)A(x) = A then H }%F, setNA(s) = A for all terms s.

ix) fH }%I‘ = (Vo € *t)A(z) then H }%F = fun(p, s,t) = A(p) for all terms p.

x) If H }% (z € 5t)A(z) = A then H }%F,fun(p, s,t) N A(p) = A for all terms p.

Finally we have the following persistence properties:

xi) f y e HNQand H 5T = VoA(z) then H 5T = (Vo € E,)A(z).

xii) If y € HNQ and H ST, 3wA(z) = A then H [T, (3z € E,)A(z) = A.

Proof. All proofs are by induction on «, i) to vi) are standard for intuitionistic systems of this type.

For viii) suppose that H }%F, (Jx € t)A(x) = A and rE(A(Eg)) > Q. (Jx € t)A(x) cannot have
been the ”active component” of an axiom, so if I', (3x € ¢)A(x) = A is an axiom then so is
I'ys e t N A(s) = A. Now if (3= € t)A(x) was not the principal formula of the last inference we
may apply the induction hypothesis to the premises of that inference followed by the same inference
again. Finally if (3z € t)A(z) was the principal formula of the last inference and the last inference
was (b3L)~ so we have

a0

-1, (3z € t)A(z), s €t AN A(s) = A for all terms s and for some ag < a.

Applying the induction hypothesis followed by weakening yields
H }%F,s etNA(s)= A for all terms s

as required. The proofs of vii), xi) and x) are similar.

For xi) suppose H }% = VzA(z) and vy € HNQ. T' = VzA(x) cannot be an axiom. If the last
inference was not (VR) then we may apply the induction hypothesis to its premises and then the
same inference again. So suppose the last inference was (VR)o in which case we have the premise

2

- I'seEs = A(s) forall s and all § < Q, with § < as +3 < a.

In particular since v € H we have

Oty

I seEy,= A(s) forall s withy <o, +3<a

So by (— R) we have
H }ZW—HF:>SEEV—>A(8) for all s.

Now since = E, € E,;; is an instance of axiom (E4), v € H and v < o we may apply (bVR) to
obtain
H T = (Vo e E))A(x)

as required. The proof of xii) is similar. a
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Lemma 4.9 (Reduction for TRSS). Suppose 7k(C(3)) := p > Q where C(a) is an IKP(E) formula
with all free variables displayed. If

~ -
4
Q
il)/l

,C(5) = A
= s, €Ky, withn; € HNQ for each 1 <i < n.

HERIERIE
=

X x X

then
H j#a#ﬁ#ﬁ#v I'= A wherey:=mazi—1,.._n(Vi)

Proof. The proof is by induction on a#a#B#L#y. Assume that

(1) rk(C(5)) :==p >
(2) HET = C(s)
B _
(3) H };F,C(s)éA
(4) ’H}%F:%sieﬂim for each 1 < i < n and for some n; € H N Q.

Since rk(C(5)) := p > Q, C cannot be the ‘active part’ of an axiom, hence if (2) or (3) are axioms
of IRS§ then so is T' = A,

If C(5) was not the principal formula of the last inference in either (2) or (3) then we may apply
the induction hypothesis to the premises of that inference and then the same inference again.

So suppose C(5) was the principal formula of the last inference in both (2) and (3). Since the
conclusion of a (Zf-Ref) inference always has rank Q and rk(C(5)) := p > Q we may conclude

that the last inference of (2) was not (X¢-Ref).

Case 1. Suppose C(5) = (3x € s;)F(x, §), thus we have

(5) HET =resiAF(r,5) g <
(6) H}%Fzﬁsiel&; ap <aandd € H
(7) HEET = r ek Eag<a,EcH(@)andé <O
(8) H }%F,C’(@,pesi/\}?(p,g) = A for all p and By < 8
(9) H AT, C(s) = 5 € Eg 5,81 < Band & € H(0)

From (8) we obtain
(10) HECT,C(5),r € si A F(r,5) = A

Applying the induction hypothesis to (2), (4) and (10) yields

(11) e alal WS A (N

60



Note that

Q<rk(res;NF(r,5)) =rk(F(r,5))+1

< rk(F(r,s)) +2

=rk(C(5)) = p.
So we may apply (Cut) to (4),(5),(7) and (11) giving

H 3#0#5#5#’7 = A
as required. The case where C(5) = (Vz € s;)F(z,5) is similar.
Now suppose C(5) = (Vo € ¥s;)F(x,5), so we have
(12) H }% I' = fun(p, 54, 55) = F(p, 5) for all p and ap < «
(13) ’H}%F:sieEcg a; < aand § € H(D)
(14) H T = s € By ay < a, &' € H(0) and max(d,8') +2 <
(15) H }%F,C(E),fun(r, si,85) = F(r,5) = A Bo < B
(16) ML T,0(5) = r € Ee €< B, €cH(D) and By < B
(17)  H2T,0(5) = s € B ¢ e H(0) and B <
(18) H }%F, C(s) = s € E¢r C, S H(@), B3 < f and & < max((,(') + 2
As an instance of (12) we have
(19) H }% I' = fun(r, s;,s5) = F(r,35).
Applying the induction hypothesis to (2), (4) and (15) gives
affa# PoFLo# _

(20) H }p—oov L', fun(r, s;, s5) = F(r,5) = A.
Furthermore the induction hypothesis applied to (2),(4) and (16) gives
(21) e a NS
Note that

Q < rk(fun(r, s4,85) = F(r,5)) = rk(F(r,5)) +1
<rk(F(r,5)) +2=rk(C(5))

so we may apply (Cut) to (4), (19), (20), (21) to give
(22) U ;';#01#5#5#71-,:> A

61



as required.
The case where C(5) = (3 € *s;)F(z, 5) is similar.

Case 3. Now suppose that C(5) = VzF(x,§), so we have

(23) 1) BT, p € Bs = F(p,s) for all p and all § < Q with a5 + 3 < a
(24)  HECT,C(5),F(rs) = A with B +3 < 8
(25) HLT,0(5) = r e E with € < B, € € H(0) and B + 3 < 5.

Since £ € H((), from (23) we obtain
(26) H ST, r € Be = F(r,5).

Applying the induction hypothesis to (2), (4) and (24) gives

(27) H [SEERERE D pr5) = A
Again applying the induction hypothesis to (2), (4) and (25) gives
(28) o i a NS
Now a (Cut) applied to (26) and (28) yields

(29) H STEIRIN D o, P(r,5).
Note that

Q<rk(F(r,s)) <rk(F(r,5))+2=1rk(C)=0p.
So a (Cut) applied to (4), (27), (28) and (29) yields

(30) A j#a#ﬁ#ﬁ#vFéA

as required.
The case where C(5) = JzF(z,5) is similar.

In the cases where C = AANB,AV B,A — B or -A we may argue as with other intuitionistic
systems of a similar nature. O

Theorem 4.10 (Cut Elimination I). If H h I'= A then H }gnT(f) I' = A for all n < w, where

wo(a) = a and wy 41 () = wn (),
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Proof. By main induction on n and subsidiary induction on «. The interesting case is where the
last inference was (Cut), with cut formula A(S) such that rk(A(5)) = Q+n and § = s1, ..., 8, are
the only terms occurring A(S). In this case we have

Qo _ .
(1) H }m I'= A(S) with ap < «

ai _ .
(2) H }m I'VA(GS) = A with a1 <

(3) H %F:si € Eg, with iy < @ and 3; € H for each ¢ =1, ..., m.

Applying the subsidiary induction hypothesis to (1), (2) and (3) gives

(4) HIET = A(5) with ag < a
(5) HET, A(5) = A with a1 < a
(6) H }%F:Si € Eg, with e < a and B; € H for each i = 1,...,m.

Now applying the Reduction Lemma 4.9 to (4), (5) and (6) gives

‘wo‘o Fwr0 FHwN #HwY #wY2

(7) HI I=A.

Note that w0 H#w 0 Hw #w #w*? < w* so by weakening we have
wCX
(8) HEEF:A.
Finally applying the main induction hypothesis gives
wn (a)
H }m I'= A
as required. 0
Lemma 4.11. If v < 8 < Q with 8,y € H(0) and H }%F = s € E, then
H Z@Q I'=seky
where p* := max(p, 5 + 1).
Proof. If v = B the result follows by weakening, so suppose v < 3. Assume that
(1) HET=scE,.

Now as instances of axioms (E4) and (E6) respectively we have

(2) HIET=E, cEy
(3) HET, s B E, €Es= s Ey.
Applying (Cut) to (2) and (3) yields
1
(4) ?{%ﬁFﬁEEvisEEﬁ
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Now applying a second (Cut) to (1) and (4) supplies us with
H }Z*—H I'=sekg
as required. O

Lemma 4.12 (Boundedness). Suppose a < 3 < Q, 8 € H, A is a LE-formula and B is a II¢
formula then:

i) If H 5T = A then H %r:,AEB.
ii) If # T, B = A then %F,B%;»A.

Where we set p* := max(p, 5 + 1).

Proof. By induction on «. The interesting case of i) is where A = JxC(z) and A was the principal
formula of the last inference which was (3R). Note that since o < €2 the last inference cannot have
been (X€-Ref). So we have

(1) H T = Cr) with ap + 3 < a.
(2) ”;'-H%F:M"EIEV with a1 < o, vy € H and 7 < «.

Since v < « we also know that v < 8 so using Lemma 4.11 we get

3) H }Zf—” I'=reEg.

Now by applying the induction hypothesis to (1) we get

(4) HEET = C(r)Fs

(AR) applied to (3) and (4) yields

(5) H}MF#TGE‘%/\C(HEW

Now since I' = Eg € Egy; is an axiom we may apply (b3R) to (2) and (5) giving
H % I'= (3z € Eg)C(x)"s

as required.

Now for ii) the interesting case is where B was the principal formula of the last inference which
was (bYL), thus B = VzC(z). So we have

(6) HEST,B,C(s) = A with o < @,
(7) HEFT,B=seck, with oy +3 < o, v € H and v < a.
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Applying the induction hypothesis twice to (6) and once to (7) we get

(8) HEST, B, C(s)F = A with ag < o,
9) ’H}%F,BEB:%S’GIE7 with oy +3 <,y € H and v < a.

Now since v < a we also know that v <  so by applying Lemma 4.11 to (9) we get
(10) H}Zj—HF,BEB:seEg.
Applying (— L) to (8) and (10) supplies us with

(11) H I p BRs s € By O(s)% = A

Now applying (bVL) to (11), (9) and = Eg € Eg; which is an instance of axiom (E4), we obtain
H % I, BE = A

completing the proof. O

Theorem 4.13 (Cut Elimination II; Collapsing). Suppose n € H,, A is a set of at most one P33
formula and T is a finite set of II€ formulae. Then

o o Pa(d)
H, }Q—HF:A implies Hga }¢Z—HF:>A,

&

where & :=n 4+ w®.

Proof. The proof is by induction on «. Note that since n € H,, we know from Lemma 2.20 that
&, Pa(a) € Ha.

Case 1. If I' = A is an axiom the result follows easily.

Case 2. If I' = A was the result of a propositional inference we may apply the induction hypothesis
to the premises of that inference, and then the same inference again.

Case 3. Suppose the last inference was (E-Lim), then s € E, is a formula in I' for some limit ordinal
~ and

0] %F,SEH‘%?A for all § < v with as < a.

Since v € H,(0) = B%(n + 1) and v < Q we know that v < ¥q(n + 1) and thus § € H,, for all
0 < 7. So we have
H, %F,SGE(;:A for all 6 < v with a5 < a.

Now applying the induction hypothesis provides

e %r,seEJ:A for all § < ~ with ag < a.
Q &S
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Now since ¥q(ds) < ¥a(&) we may apply (E-Lim) to get the desired result.

Case 4. Suppose the last inference was (bVL), then (Vz € t)F(x) € I' and:

(1) 'HW%F,SEt—)F(S)ﬁA with ag < a.
(2) Hy kg D=t €Eg B €My ) and oy < a.
(3) 7—[77}?2LHF:>561E7 v € Hy(@), v,00 < v and v < S.

Since s € t — F(s) is also a I¢-formula we may immediately apply the induction hypothesis to
(1), (2) and (3) giving

(4) d%r €t— F(s) = A
(5) d%ritEEﬁ
(6) dﬁ%}rjseE

Since v € H, we know that v < q(n + 1) and thus v € Hs and v < ¥q(&). Moreover
Ya(a;) < Pa(a) for i = 0,1,2 so we may apply (bVL) to complete this case. The case where
the last inference was (b3R) is treated in a similar manner.

Case 5. Suppose the last inference was (bVR)~, then A = {(Vz € t)F(x)} and

(7) My %F:set%F(s) for all s, with ap < «,
(8) Hn%ﬁr:te&; with a1, 8 < a and 8 € H,).

Applying the induction hypothesis to (7) and (8) yields

(9) Ha }%F:teEﬁ
Pa(a
(10) F%%r:ser»FU

Note that since 8 € H, we know that 8 < ¢o(n+ 1) < ¥qo(&), thus applying (bVR) to (10)
(noting that ¥q(dp) +1 < ¥a(&)) gives the desired result. The case where the last inference was
(b3L) is treated in a similar manner.

Case 6. Now suppose the last inference was (Eb3L), so (3x € *t)F(x) € T" and:

(11) Hy }% I, fun(p, s,t) A F(p) = A for all p, with ag < «.
(12) Hy %Féseﬂ% with 3 € H, and o1 < .
(13) Hy %F:MEIEW with ap < a, v € H, and max(3,7) +2 < a.
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By assumption fun(p, s,t) A F(p) is a ITI¢ formula so we may apply the induction hypothesis to (11),
(12) and (13) giving:

(14) Ha }+F fun(p, s,t) AN F(p) = A for all p;
(15) Ha %r:seﬁ,ﬁ

20&

(16) Ha %r:teE

Oé

Since o (d;) < Yo (&) for i=0,1,2 and 8,7 € H, means that max(3,v) +2 < Ya(n+1) < Ya(Q)
we may apply (£b3L)s to (14), (15) and (16) to complete this case. The case where the last
inference was (EbVR)~ may be treated in a similar manner.

Case 7. Now suppose the last inference was (EbVR), so A = {(Jz € 5t)F(z)} and we have:

(17) Hy }?ZLH I' = fun(p, s,t) A F(p) for all p with ap < a3
(18) My %F = sekg with 8 € Hy(0) and a1 < o
(19) H, ;%1 I=tck, with v € H,)(0) and a2 < «;
(20) H, ;%1 I'=pcEs 3,8 < a, § € Hy(0) and § < max(5,7) + 2.

Since fun(p, s,t) A F(p) is a £€ formula we can apply the induction hypothesis to (17), (18), (19)
and (20) followed by (EbVR), in a similar manner to Case 4. The case where the last inference was
(ELVYL) can also be treated in a similar manner.

Now suppose the last inference was (VL), so VxF(z) € I" and

(21) H, % I,F(s) = A with ap + 3 < a,
(22) Hn}%ﬂféselﬁlﬂ B,a1+3 < aand B € H,(0).

Since F(s) is II¥ we may immediately apply the induction hypothesis to (21) and (22) giving

(23) Ha }—z”(a;’ I, F(s) = A
(24) Ha }ZQTFjSEEﬂ.
(&

Now since 3 € H, we know that 5 < ¥q(n+1) < ¢q(&) hence we may apply (VL) to (23) and (24)
to complete this case. The case where the last inference was (3R) can be treated in a similar manner.

Case 9. Now suppose the last inference was (X°-Ref), so A = {3247} where A is a ©¢ formula
and

(25) H, };LHF:A with ap +1,Q < a.

We may immediately apply the induction hypothesis to (25) giving
a(do)

2 ; }—F A

(26) Hao Fpoan - =
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Applying Boundedness 4.12i) to (26) provides

Ya(do)

. I = Afvoto)
0 Tapey (cio) +2

(27) M
Now as an instance of axiom (E4) we have

0
(28) Hao I3 = Epg(ao) € Eygn)+1 -

Since ¥ (dp) + 1 € Ha and YPa(ap) + 1 < (&) we may apply (IR) to (27) and (28) to complete
the case.

Now suppose the last inference was (Cut), so that we have:

(29) H, 3%1 I = A(3) with ag < a;
(30) Hy }?2;4-1 [ A(B) = A with a1 < «;
(31) My k7 T = i € By, with g < a, B € H, and [|A(5)]|5 < Q.

Subcase 10.1: If [|A(5)[|5 < Q it follows from § € H, = B%(n + 1) that 1A(3)ll5 € B%(n+1) and
thus [|A(3)][z < Ya(n+1) < ¥q(d). Also A is A§, thus we may apply the induction hypothesis to
(29), (30) and (31) followed by (Cut) to complete this (sub)case.

Subcase 10.2: Now suppose ||A(5)[[z = 2. Then either A = VzF(z) or A = JzF(z) with F a A§
formula. The two cases are dual, we assume that the former is the case. Thus A is IT¢, so we may
apply the induction hypothesis to (30) giving

(32) Hey P20 A®5) = A
Ya(di)
Applying Boundedness 4.12ii) to (32) yields

(33) H ymax(vpq(do),¥a(d1))

5)Evq(an)
& "(pQ(OZl) P7A(3) ald) = A,

Now applying 4.8xi) (persistence) to (29) gives
(34) Hay oy T = A(5) a0
Noting that A(E)E%(‘fo) is A§ we may apply the induction hypothesis to (34) giving

(35) Hoo %ﬁ”;"‘; T = A(5)Fvati) |
o(a

where o := dy + wfteo

. Now applying the induction hypothesis to (31) gives
Ya(dz)

(36) He, m I'=s; €Eg.

Now as an instance of axiom (E4) we have

0
(37) Ha }6 = Eyg(ao) € Eyg(ao)+1 -
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Since B € B%(n+ 1) we get

18542 | 5 4 ()1 = Yaldo) + 1 < ().

It remains to note that
ot = 7]+wQ+a0 +wQ+o¢g < n+wQ+a - &

and thus ¥q(a*) < Ya(a). So we may apply (Cut) to (33),(35),(36) and (37) to conclude

Ha 2D p A
Ya(a)

[0}

as required. 0

4.4 Embedding IKP (&) into TRSS.

Definition 4.14. If I'la] = Ala] is an intuitionistic sequent of IKP(E) with exactly the free
variables @ = aq, ..., a,, and containing the formulas A;(a), ..., A;,(a) then

noz(C[8] = Af3]) := wlilg. . gl Anlls,

For terms 5 := s, ...s, and ordinals /3 := B4, ..., B, the expression 5 € Ez will be considered short-
hand for 51 € Eg,,...,s, € Eg,

The expression I I'[s] = A[s] will be considered shorthand for

nog(Ils]=Als])

H[B] }07 s€Eg I'ls] = Als].
For any operator H and any ordinals 3 < .

The expression I I'[s] = A[3] will be considered shorthand for

__ noz(L[5]=A[3])#a
HF 5€EgT[5] = Als].

For any operator H and any ordinals 3 < €.

As might be expected IF* T'[s] = A[s] and Ik, I'[s] = A[s] will be considered shorthand for
I-§ T[s] = Als] and IF) T'[s] = A[s] respectively.

Lemma 4.15. For any formula A(a) of IKP(&) containing exactly the free variables displayed and
any IRS% terms § = $1, ..., Sp

IFo A(S) = A(S).
Proof. By induction on the construction of the formula A. If A is A§ then this is an instance of
axiom (E1).
Suppose A(8) = VaF(x,5). For each v < Q we define

" =y +no, 5(F(t,5) = F(t,5)),
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note that
¥ <a’ <al+8 < nog(A(3) = A(3)).

By axiom (E1) we have

(1) 3‘—[[%5“%15GIEWétGIE7 for all ¢ and all v < Q.

Now from the induction hypothesis we have
2

(2) H[v, B] % s€ gt ek, F(t,5) = F(t,5) foralltandally<.

It is worth noting that this use of the induction hypothesis is where we really need cuts of B-rank
arbitrarily high in 2. Applying (VL) to (1) and (2) yields

Hly, B2 5 € Bt € By, A5) = F(t,5)
to which we may apply (VR)x to get the desired result.

Case 2. Now suppose A = (Vz € s;)F(x, ). From the induction hypothesis we have

RO
(3) HIo, B 2 € B5,5 € 5, F(t,5) = F(t,5) for all t and all § < .

In particular when § = 3; in (3) we have
(4) Mo, Bl [5  t € Bp,,5 € B, F(t,5) = F(t,5)
where ag := (wHF(t’E)HBi’B) -2. Now as an instance of axiom (E6) we have
(5) HIBIL si € Ep, t € 5i = t € Eg, .
Now applying (Cut) to (4) and (5) yields
(6) HIBI S 5 € Byt € 51, F(1,5) = FI(L,5).
As an instance of axiom (E1) we have
(7) HBltesi=tes.
Applying (— L) to (6) and (7) yields
(8) HBIEE 25 € Byt € 51t € 51— F(t,5) = F(t,5).
An application of (bVL) to (5) and (8) provides
MBI 5 € Byt € 51, (Y € 5:)F(x,5) = F(t,5).

Finally using (— R) followed by (bVR)e and noting that ap +5 < noz(A(8) = A(5)) we get the
desired result.
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Case 3. Suppose that A = (dx € %s;)F(x,5). From the induction hypothesis we know that

s
9) H[B, 9] H s€Eg,t € s, F(t,5) = F(t,5) foralltandall <.

In particular when § =~ := max(;, 3;) + 2 we have
(10) MBI 5 € Bzt € By, F(t,5) = F(t,5) for all t,
where ag = (WIFEM54) . 2. Now as an instance of axiom (E10) we have
(11) Hp] %5 € Eg, fun(t, si,85) =t € E, .
Applying (Cut) to (10) and (11) gives
=1 1@o0+1 _ _ _
(12) H[B] }QO— 5 € Eg, fun(t, s;, 55), F(t,5) = F(t,5).
As an instance of axiom (E1) we have
(13) H[B] %fun(t, si, 85) = fun(t, s, s5)
Applying (AR) to (12) and (13) gives
(14) H[B] }&O_;O—H 5 € Eg, fun(t, s;, 85), F(t,5) = fun(t, si, ;) A F(t,5) .
Now applying (£b3R) to (11) and (14) yields
(15) H[B] };O—Jrg 5 € Eg, fun(t, s;,85), F(t,5) = (3z € %s) F(x,3) .
Two applications of (AL) gives
(16) H[B] }go_% 5 € Eg, fun(t, s;,55) A F(t,5) = (3z € %isj) F(x,3) .
Finally using (£b3L)~ gives
(17) HIBI 2 5 € By, (3 € %)) F(x,5) = (3x € *i5;)F(x,5) .
It remains to note that ap +6 < nog(A(5) = A(5)) to complete this case.

All other cases are either propositional, for which the proof is standard or may be regarded as dual
to one of the three above. O

Lemma 4.16 (Extensionality). For any formula A(a) of IKP(E) (not necessarily with all free
variables displayed) and any IRS% terms 5 := S1,..., Sp,t := t1, ..., t, we have

ko §=1t,A(5) = A(?)

where 5 = t is shorthand for s; = t1, ..., 5, = tn.
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Proof. If A(8) is A§ then this is an instance of axiom (E3). The remainder of the proof is by
induction on rk(A(s )) note that since A is assumed to contain an unbounded quantifier

rk(A) = [|A(3)[5 = Q for any ordinals B<Q.

Case 1. Suppose A(S) = VaF(z,5). By the induction hypothesis we have

L 105 5 §(5=LF ()= F (1)

H[B,7, s€ Bzt €By,r€Bs,5=1t F(r,5) = F(r,1)

for all r and all § < . For ease of reading we suppress the other terms possibly occurring in F(r, )
and the assumptions about their locations in the E hierarchy since these do not affect the proof.
By virtue of axiom (E1) we have

H[B,ﬁ,d]%rGE(sireE(;.

Hence we may apply (VL) to obtain

as

5 s€ ks teRy,5=t7r¢€ks;VoF(2,3) = F(r1)

where a;s := 6 +nog - 5(5 = t, F(r,5) = F(r,1)) + 1. Note that

as +3 <nog (5 =1t,A(5) = A(t)) =
Hence we may apply (VR) to obtain

H[B, 7] }—5 €EBg,t € Eq,5=1,A(5) = Al)
as required.

Case 2. Now suppose A(5) = (Vo € %s;)F(z,5). Using the induction hypothesis we have
ap _

(1) H[B,7, 0] 5 s€ Bzt €Byr €Bs,5=1,F(r,5) = F(r,1)

for any term 7 and any § < 2, where ag = nog 5 5(5 = ¢, F(r,5) = F(r,t)). At this point we set
§ = max(53;, ;) + 2, note that § € H|[3,7]. By virtue of axiom (E1) we have

(2) H[B, 7] }—fun (1, 84,85) = fun(r, s, s5).
Hence by (— L) we get

(3) H[ﬂ_,’_y]}go—HEEEB,LTGEW,TEE(; =1,

S
fun(r, s;, sj) — F(r,5),fun(r, s;, s;) = F(r,t).
As an instance of axiom (E10) we have

(4) H[E,ﬁ]%EEEB,fun(T, Si,Sj) =recks.
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An application of (Cut) to (3) and (4) yields
(5) HIB AN 5 € By i € By 5 =1,
fun(r, s;,sj5) — F(r,5),fun(r, s;, s;) = F(r,t).
Now applying (EbVL) to (4) and (5) gives
(6) HIB,A) 2 5 € By e Byy5 = F, (Va € %is)) F(w,5), fun(r, 5, 55) = F(r,7).

Note that ag > € since F' is not A g, so we don’t have to worry about the condition § < ag + 3.
Now as an instance of axiom (E3) we have

(7) H[B,7] %5 = t,fun(r, t;,t;) = fun(r, s;, s;) .

Also axiom (E10) gives rise to

(8) % t € Ey, fun(r, t;,t;) = r € E, where n = max(vy;, ;) + 2.
Applying (Cut) to (6),(7) and (8) gives

9) H[B,7] };O—H 5€Bg,t € By,5=1t, (Vo €%s))F(x,5), fun(r, t;, t;) = F(r,1).
Now (— R) gives

(10) H[B,7] }ao—% s5€ Bt € By,5=1t, (Vo €%s))F(x,5) = fun(r, t;, t;) — F(r,1).

Finally we may apply (£bVR), noting that ag + 6 < nog 5(5 = £, A(5) = A(f)) to complete this
case.

Note that it could also be the case that A(S) = (Vo € Pq)F(z,5) where p and/or ¢ is not a member
of 5. The following case is an example of this kind of thing.

Case 3. Suppose A(S) = (Iz € p)F(z, 5, p), where p is not present in 5. By the induction hypothesis
we have

jol

0

(11) H[B,7,0]t5-5 € Eg,t € By,p € Es,7 € Bs,5 =1, F(r,5,p) = F(r,t,p)

)

where ag 1= nog - 5 5(5 = t, F(r,5,p) = F(r,t,p)). As an instance of axiom (E1) we have

(12) H[B,’y,é”%rep#rep.

Applying (AR) to (11) and (12) yields

(13)  H[B. 7.0/ E-" 5 € By T € By,p € By, r € Bs,5 = £, F(r,5,p),r €p =1 € pAF(r.E,p).
As an instance of axiom (E6) we have

(14> H[B,:Y,(SH%]?G]E(;,TepéTEE(;.
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(Cut) applied to (12) and (13) gives

(15) H[B,7, )] }gO—HEE Eg t € Eq,p € Es,5=¢, F(r,5,p),r €p=r€pAF(ntp).
Now (b3R) gives

(16) H[B,7, 9] }go_+3§€ Eg,t € Eq,p € Es,5=1,F(r,5,p),r € p= A(5).

Two applications of (AL) gives

(17) H[B,7, 0] }?20—%56 Eg t € Ey,p € Bs,5=1¢,7 € pAF(r,5p) = A(5).

To which we may apply (b3L) to complete this case.

All other cases are similar to one of those above. O

Lemma 4.17 (Set induction). For any formula F(a) of IKP(E) we have
ko= Vz[(Vy € )F(y) — F(z)] — Vo F(x).
Proof. Let H be an arbitrary operator and let
A =Vz[(Vy € ) F(y) = F(x)].

Let p be the terms other than s that occur in F(s), sub-terms not included. Let H := HLB] where 3
is an arbitrary choice of ordinals < €). In the remainder of the proof we shall just write H }% r=A

instead of H[3] }% p€Eg I'= A, since p € Ez will always remain a side formula in the derivation.

Claim:

wrk(A) #w'erl

*) H[Y] }97 A,seEy= F(s) forall v < Q and all terms s.

Note that since A contains an unbounded quantifier 7k(A) = nog(A). We prove the claim by
induction on . Thus the induction hypothesis supplies us with

wrk(A)#w5+1

(1) H[6] }97 At e Es = F(t) for all § <~ and all terms t.

So by weakening we have

wrk:(A)#w5+l

(2) ”H[%é]}QiA,se]Ew,tes,teE(;:F(t).
Case 1. Suppose v = 79 + 1, so a special case of (2) becomes

— wrk(A)#w"/
(3) H[y]}QiA,seEw,tes,te]E%:>F(t).

As an instance of axiom (ET7) we have

(4) ﬂ[fy]}%seE%tES:meE%.
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Applying (Cut) to (3) and (4) yields

_ Wk (A) 4,7 41
(5) H[Py]}ﬂiA,seEv,teséF(t).
(— R) followed by (bVR)oo provides
_ Wk (A) 2,743
(6) H[Y] }9714,3 €E, = (Vz € s5)F(x).

Now from Lemma 4.15 we have

nog . (F(s)=F(s))

(7) H g5 €E,,F(s) = F(s).
Since nog . (F(s) = F(s)) < Wk A) by (— L) we get

(8) Al T A s e By (Va € 5)F(2) > F(s) = F(s).

To which we may apply (VL) giving

wrk(A) #w-y+1

(9) H]Y] }9714,3 cE, = F(s)

as required.

Case 2. Now suppose 7 is a limit ordinal. Applying (E-Lim) to (2) provides us with

wrk

(10) ﬁ[y]#/l,sGEW,tES,teEV:F(t).
As an instance of axiom (E6) we have
(11) ﬁ[’y]}%seE%tetsﬁteEv.
An application of (Cut) to (10) and (11) yields

k() T
(12) Hhllg——As€B,tes=F(t).

The remainder of this case can proceed exactly as in Case 1 from (5) onwards. Thus the claim (*)
is verified.

Finally applying (VR)s to (*) gives

H }% A= VzF(z).
Finally noting that w™* () #Q < nog(A — Vo F(x)) we may apply (— R) to complete the proof. O
Lemma 4.18 (Infinity). For any operator H we have

HE = By ea)Fzea)ye ) A @y )y ).
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Proof. Firstly note that by Definiton 2.6 1,w € H. We have the following derivation trees in IRS%.

Axiom (E6) Axiom (E4)
) HEs€EnEy €Bpi1 = s €Ept HIT =By €Enpy Axiom (E4)
u
( )H}l—ﬁseEn:seEnH H}%:EnﬂeEw
AR =
H }z—seEn:EnH cE,NseE 1
n+3
(b3R) — 1t
H }?SGEni (3z € E,)(s € 2)
(E-Lim) — "
(> R) HIEseE, = (32 €E,)(s€2)
H }:——H =sek, - (Fz € E,)(s € 2)
(bYR) oo WIS
— = (VW eE,)(3z € Ey)(y € 2)
Axiom (E4)
H % = Eg € E,
(AR) 1
H }6 =EycE,NEg€E,
(b3R) —2
HI = (Fyeky)(y € Ey)

Applying (AR) followed by (b3R) to the conclusions of the two proof trees above yields the required
result. O

Lemma 4.19 (A§-Separation). For any A§ formula A(a, b) of IKP (&) containing exactly the free
variables a,b = by, ..., b,, any IRS];EZ terms 7, s1, ..., S, and any operator H:

Hy, B s € Bpr € By = Fu[(Vy € 2)(y € 7 A A(y,5) A (Vy € 1)(A(y,5) = y € 2)]

where a = max(3,7).

Proof. First let
p:=[zer|Azs).

As an instance of axiom (E11) we have
— 0 _
(1) H[y, Bll55€Egr €By = peEy.

Moreover we have the following derivations in TRS§:

Axiom (E9)
H }EEEEB,TGEW,tEp:tET/\A(t,g)
H

[e=]

(= R)
(bVR) oo

o=

s€Ezrek,=tep—>ternAlt,s) (1)
H }S—HEEEB,TEEyé(VyEp)(yET/\A(y,E))
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Axiom (ER)
H }2§€E5,rEEW,tET,A(t,E)ﬁtEp

o

(= R)

W]

€Egrek, ter= A3 —tep
(= R)

(WWR)s

x| x
STro|STw

seEgrek,=ter— (At,5) —tep)

v+3
H 0

5€Ezrek,= (Vyer)(Ay,s) =y €p)

Now applying (AR) to (1) and the conclusions of the two proof trees above, followed by an appli-
cation of (3R) yields the desired result. O

Lemma 4.20 (Pair). For any operator H, and IRS% terms s,t and any ordinals £,y < 2:
+6
H[B A 55 €Est €Ey = 3z(s €z AL € 2)

where « := max(f, 7).

Proof. If B = ~ the proof is straightforward, without loss of generality let us assume 8 > v. As
instances of axioms (E6) and (E4) we have

(1) H[B,A St €Ey By € By =t € Eg
0
(2) H[B,7]f; = Ey € Eg.
Applying (Cut) gives
1
(3) H[ﬂ,V]thEwitEEg.
By axiom (E1) we have
0
(4) H[B,VHBSEIEB:SGI%.
Applying (AR) to (3) and (4) provides
(5) /H[ﬂ,’y]%SGEQ,ﬁGEﬁiSEEﬁ/\tGEﬂ,

to which we may apply (IR) giving

_l’_

HIBA

m“%
(=)

seEgteE, = (s zNt€z),
as required. 0
Lemma 4.21 (Union). For any operator X, IRS§ term s and any 8 < Q we have
B+9
H[B] }m s € Eg = 3z[(Vy € s)(Vz € y)(z € 2)].

Proof. We have the following template for derivations in IRSIS%.
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Axiom (E6) Axiom (E6)
%[5]%t€E5,T€t:>TEE5 %[ﬂ]%seEg,t63:>teE5

() H[p] %SGEﬁ,tGS,TthTGEﬁ
(;;)R) H[B] %SEEg,teséTEt%TEEg
(_}; H[B] ZizseEﬁ,tesé(Vxet)(erﬁ)
H[B] }%SEEﬁitGS%(VJE‘Et)(ZEGEﬁ)
(WZ); HIB) s s € By = (Vg € 5)(¥a € y) (@ € By)
H[B) }%3 € Es = 3z(Vy € s)(Vz € y)(z € 2).

O

Lemma 4.22 (A§-Collection). Let F(a,b,&) be any A§ formula of IKP (&) containing exactly the
free variables displayed then for any § = s1, ..., s,

Fo = (Vo € s;)JyF(z,y,5) — 3z(Vz € 53)(3y € 2)F(z,y, 5).
Proof. Since F is A§ we have
Q+2'

nog((Vz € s;)JyF(z,y,5)) = w

Hence by Lemma 4.15 we have

w2

O] }Q— s€Eg, (Vo € 5)WF(2,y,5) = (Vo € 5;)IyF(z,y,35).
Applying (S¢-Ref) gives
_ wQ+2‘2+2 _ _ _
HB] }97 5€Bg, (Vo € 5;)yF (v,y,5) = 32(Vx € 5;)(3y € 2)F(x,y,5) .
By (— R) we get
_ w9+2.2+3 B B _
Hp] }97 s€ Bz = (Vz € 5;)F(2,y,5) = 32(Vz € 5;)(Ty € 2)F(z,9,35) .
Finally since w*2 .2 + 3 < w3 we may conclude
lFo= (Vz € s;)JyF(x,y,5) — Jz(Vx € s;)(y € 2)F(z,y,3)
as required. O

Lemma 4.23 (Exponentiation). For any terms s, ¢ any 3,7 < 2 and any operator H

GIER]:

+
W~

seEg,teE, = 3z(Vx €°t)(z € 2)

_l’_
w

where 0 := max(8,v) + 2.
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Proof. First let
p:= [z € E; | fun(z, s,1)].

As an instance of axiom (E10) we have
(1) HB, ] %s € Eg,t € Ey, fun(q,s,t) = ¢ Es for all g.
Also axiom (E8) provides
(2) H([B,9] ng € Es, fun(g, s,t) = g€ p forallg.
Applying (Cut) to (1) and (2) provides

1
(3) H[B,’y]}ms € Eg,t € E,, fun(q,s,t) = qgep forallg.

Now by (— R) we have

2

(4) H[B,7] 525 € Eg,t € Ey = fun(q,s,t) - g€ p forall q.

Thus we may use (EbVR) giving

52}

(5) HB s €Bgt € By = (Yz€*t)(w €p) forallg

As instances of axioms (E11) and (E4) we also have

0
(6) H[B,f s €Ep,t € By, Es € sy = p € Egpa
0
(7) (8,75 = Es € Esya.
We may apply (Cut) to (6) and (7) to obtain
1
(8) H[ﬁ,'y]}é—%SEEB,tEEV:pEI&;H.

Finally by applying (3R) to (5) and (8) we get

5

HB, ) g

3

J’_

seEg,teEy = 3z(Vx €°t)(z € 2)

J’_

as required.

O

Theorem 4.24. If IKP (&) I I'[a] = Ala] with @ the only free variables occurring in the intuition-
istic sequent T'[a] = A[a]. Then there is a k < w such that for any IRS§ terms 5, any 8 < Q and

any operator H
—Qwk _ _
H[5] }—Q+k 5 € Es, I'[s] = Al3].

Proof. The proof is by induction on the IKP(E) derivation. If I'[a] = Ala] is an axiom of IKP(E)

then the result follows by one of lemmas 4.15, 4.16, 4.17, 4.18, 4.19, 4.20, 4.21, 4.22 and 4.23.

Case 1. Suppose the last inference was (£b3L), then (Jz € “a;)F(x) € I'[a] and the final inference

looks like
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I'[a], fun(b, a;, aj) A F(b) = Alal
I'la] = Ala

where b does not occur in a. By the induction hypothesis we have a kg such that

(€b3L)

M) HBA g 5 € Bgop € By, Tls), fan(p, 5i,57) A F(p) = Als

for all p and all v < €. Let us choose the special case of (1) where v := max(f;, f;) + 2 and note
that for this choice of v, H[3,~] = H[B]. Now fun(p, s, 5;) = fun(p, s;, s;) is an axiom due to (E1)
and by Lemma 4.15 we have IFq F(p) = F(p) so applying (AR) gives

(2) Ik fun(p, si, s;), F'(p) = fun(p, si, s;) A F(p).

Applying (Cut) to (1) and (2) provides

o Qwk _ _
(3) H[5] }m 5€ Eg,p € E,,I'[3], fun(p, si, s5), F'(p) = Al3].
Now as an instance of axiom (E10) we have
— 0 _
(4) H[5] }63 € Eg, fun(p, si,s5) = p € E, .

So (Cut) to (3) and (4) gives

— Qw141 _ _
(5) HB] }W s € Eg, I'[5], fun(p, 54, 55), F(p) = A[3].
To which we may apply (AL) twice followed by (£b3L). to complete the case.

Case 2. Suppose the last inference was (Eb3R) then Ala] = {(Ixr € %a;)F(x)} and the final
inference looks like

I'la] = fun(b, a;, a;) A F(b)

I'la] = (3z € *a;)F(z)

Suppose b is a member of a, without loss of generality let us suppose that b = a1, so by the induction
hypothesis we have a kg < w such that

(€b3R)

(6) (3| Z%,:ge Ej,T[s] = fun(sy, 51, 5) A F(s1).

If b is not a member of a we can also conclude (6) by the induction hypothesis. As an instance of
axiom (E1) we have fun(si, s;, s;) = fun(si, s4, ;) to which we may apply (AL) giving

(7) H[B] %fun(sl, 8i,85) N F(s1) = fun(si, s4, 55) .

Now applying (Cut) to (6) and (7) yields

= (Qwko41 _ _
(8) H[B] }ﬁ 5 € Eg, I'[5] = fun(sy, si, s5)-
Axiom (E10) gives us
(9) H[A) %5 € Eg, fun(sy, si,85) = s1 € Es  where ¢ := max(;, 8;) + 2.
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So applying (Cut) to (8) and (9) gives

Ok

(10) HIB| o2t 5 € B3, T[] = 51 € Es.
+ko

Finally we may apply (£b3R) to (6) and (10) to complete this case.

Case 3. Now suppose the last inference was (EbVL), so (Vx € %a;)F(z) € I'la] and the final
inference looks like

I'[a], fun(b, a;, aj) — F(b) = Ala]

I'la] = Alal.

If b is present in a, without loss of generality let us suppose b = a1, regardless of whether b is
present in a, by the induction hypothesis we have a ky < w such that

(EBVL)

Q-wko

(11) H[B] }m 5 € Eg,p € E,,I'[3], fun(p, si, ;) = F(p) = A[3].
The problem here is that 51 may be greater than max(5;, ;) + 2 meaning we cannot immediately

apply (£bVL), moreover unlike in case 2 it is not possible to derive 5 € Eg,I'[3] = fun(sy, s, 5;).
Instead we verify the following claim:

(*) ko T'[5], (Vo € %is;)F(x) = fun(si, 84, 55) = F(s1)
To prove the claim we first note that as an instance of axiom (E10) we have
(12) H[B] %5 € Eg, fun(sy, si, 85) = s1 € s where 0 := max(8;, ;) + 2.

Then we have the following template for derivations in TRS§.

(E1) Lemma 4.15
(= L) I- fun(sy, s;, s5) = fun(sy, s, s5) Fo F(s1) = F(s1)
(EBYL) IFq fun(st, si, 85) — F(s1),fun(s1, s, 85) = F(s1) (12)

ko (Vo € %is;)F(x), fun(s1, s;, 55) = F(s1)

(= R) lFo (Vo € %is;)F(x) = fun(sy, s, 55) — F(s1)

Thus the claim is verified. Now we may complete the case by applying (Cut) to (11) and (*).

Case 4. Now suppose the last inference was (bVL), so (Vx € a;)F(z) € I'[a] and the final inference
looks like

I'lal,b € a; — F(b) = Ala]

I'la] = Alal.

If b does occur in a, without loss of generality we may assume b = aq. Regardless of whether b is
present in a, by the induction hypothesis we have a ky < w such that

(bVL)

(13) H[B) [ 5 € By, Tls], 1 € s — F(sa) = Als].
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Claim:

(%) lFo (Vo € s;)F(x) = s1 € s; = F(s1).
To prove the claim we first note that by axiom (E6) we have

(14) HIB 5 5 € Eg 1 € 5i = 51 € By,

Then we have the following template for derivations in IRS]&}%.

(E1) Lemma 4.15
(_) L) I 51 €8 = 81 €8j IFo F(Sl) :>F(81)
bVL) ”_Q s1 €85 — F(sl),sl € sj = F(Sl) (14)

ko (Vo € s;)F(x),s1 € s; = F(s1)
lFq (Vo € s;)F(x) = s1 € s; = F(s1)

(= R)

Finally we may apply (Cut) to (13) and (**) to complete this case.

Case 5. Now suppose the last inference was (VL), so VxF(z) € I'[a] and the final inference looks
like

I'[a], F(b) = Ala]

I'la] = Alal.

If b is a member of a, without loss of generality let us assume b = a;. By the induction hypothesis
we have a kg < w such that

(VL)

(15) HIF IE 2t 5 € By, T[], F(si) = Alg]

If b is not a member of @ we can in fact still conclude (15) from the induction hypothesis. Now as
an instance of axiom (E1) we have

~ 0 _
(16) ’H[ﬁ] %S S EB = 81 € Eﬁ1 .
So applying (VL) gives the desired result.

Case 6. Now suppose the last inference was (VR), then {VzF(x)} = Ala] and the final inference
looks like

I'la] = F(b)
Ia] = VaF(x)

with b not present in a. By the induction hypothesis we have a ky < w such that

(VL)

= Q-wko .
H[ﬁvlﬂ }MS € EBap S ]E’WF[S] = F(p)
for all p and all v < . Applying (VR). gives the desired result.

Case 7. Suppose the last inference was (Cut) then the derivation looks like
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I'la), B(a,b) = Ala]  Tla] = B(a,b)
I'la] = Alal

where each member of b is distinct from the members of @. By the induction hypothesis we get
ko, k1 € w such that

(17) HIB][os 5 € E5. Eo € B, T[3], B(5.Eo) = Al
(18) HIB) s 5 € By o € By, Ils) = B(s.Eo)

Now since = Eq € E; is an instance of axiom (E4) and 5 € E5 = s; € Eg, is an instance of axiom
(E1) we may apply (Cut) to (17) and (18) giving

— Q-wk
(19) H[B] o7 5 € Eg.Eo € By, T'5] = Als].
Finally applying (Cut) to (19) and H|[f] %Eo € E1 we can complete this case.

All other cases can be treated in a similar manner to one of those above. O

4.5 A relativised ordinal analysis of IKP(E)

Analogously to with IRSS we will prove a soundness theorem for certain IRS% derivable sequents
in Eyg(cq.,)- Again we need the notion of an assignment. Let VARg be the set of free variables of
IRSIS%, an assignment is a map

v VARg — Ewn(

€Q+1)

such that v(a) € Ey4q for all i < w and ordinals a. Again an assignment canonically lifts to all
IRS]% terms by setting

v(Eq) = Eq
v(x et]| F(x,s1,....8n)]) = {z €v(t) | F(z,v(s1),...,v(sn))}

The difference between here and the case of IRSS is that for a given term t, it is no longer possible
to ascertain the location of v(¢) within the E-hierarchy solely by looking at the syntactic structure
of t. It is however possible to place an upper bound on that location using the following function

m(E,) : = «

m(ag

m([z € t| F(z,s1,...,5n)]) : = max(m(t), m(s1), ..., m(sn)) + 1.

)=«
It can be observed that v(s) € E, ()41 for any s, however in general m(s) is only an upper bound
on a term’s position in the F-hierarchy.

Theorem 4.25 (Soundness for IRSg). Suppose I'[sq, ..., s,] is a finite set of II€ formulae with
max{rk(A) | AT} <Q, Alsy,..., 5] a set containing at most one Xf formula and

H }%F[E] = A[s] for some operator H and some a, p < .
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Then for any assignment v,

Ewsz(aszﬂ) = /\F[U(Sl), v(sn)] = \/A (1), -, v(sn)]

where AT and \/ A stand for the conjunction of formulae in " and the disjunction of formulae in
A respectively, by convention A :=T and \/ 0 := L.

Proof. The proof is by induction on a. Note that the derivation H }%F[E] = A[5] contains no
inferences of the form (VR)oo, (3L)oo or (X6-Ref) and all cuts have A§ cut formulae.

All axioms apart from (E6) and (E7) are clearly sound under the interpretation, the soundness of
(E6) and (E7) follows from Lemma 4.2.

Now suppose the last inference was (£b3R), so amongst other premises we have
H }% I'[s] = fun(t, s;, s5) A A(t,s) for some o < .
Applying the induction hypothesis yields
Eyocam) F /\I‘ — [fun(v(t),v(s;),v(s;)) A A(v(t),5)] where v(5) == v(s1), ..., v(sp).
Suppose I'[v(5)] holds in Ey . ),
Eyo(ear) = fun(v(t), v(s;), v(s;)) A A(v(t), v(5)).

It remains to note that the function space ”(Si)v(sj) is a member of Fy,(

Eyg(eq,n) F Gz € "u(s))) Az, v(3))

so we have

) and thus

EQ+1

as required.

Now suppose the last inference was (£b3L)o, thus amongst other premises we have

(20) H }z— 5], fun(p, s;, s5) A A(p, 5) = A[5]  for all terms p and some ag < cv.
For the remainder of this case fix an arbitrary valuation vy. Let Sy := m(s;), 1 := m(s;) and

B := max(S, 1) + 2. Choose k such that ag does not occur in any of the terms in 5. As a special
case of (20) we have

H }—F , fun( ak,sz,s]) /\A(ak, 5) = Als].
Applying the induction hypothesis we get

(21) Eyoearn) F \T0GE)] A [fun(v(ay), v(si), v(s;)) A A ) =\ Al(s

for all valuations v. In particular (21) holds true for all valuations v which coincide with vy on s.
By the choice of ag it follows that

Eygtear) = /\F[UO(E)] - \/A[UO(E)]

as required.

All other cases may be treated in a similar manner to those above, using similar reasoning to
Theorem 3.25. U
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Lemma 4.26. Suppose IKP (&) - = A for some X.¢ sentence A, then there exists an n < w, which
we may compute from the derivation, such that

Ho }M = A where 0 := w,(Q-w™).
Pa(o)
Proof. Suppose IKP(E) = A, then by Theorem 4.24 we can explicitly calculate some 1 < m < w

such that Qo
Mo

Applying partial cut elimination for IRS% 4.10 we get

Wm—1(2-w™)
Ho b = A
Finally by applying collapsing for IRS% 4.13 we get
wﬂ(wm(ﬂwm))
) ————= = A
Ham@aom) o @)
as required. 0

Theorem 4.27. If A is a X“f-sentence and IKP(E) - = A then there is an ordinal term o <
Ya(eq+1), which we may compute from the derivation, such that

E, | A.
Proof. By Lemma 4.26 we can determine some m < w such that
Ho }Zz—g = A where 0 := w;,, (- wM).
Let a := v¢q(0). Applying boundedness 4.12 we get
HE = Afe,

Now Theorem 4.25 yields
Eq
Eyg(ean) F A
It follows that
E,.EA

as required.
O

Remark 4.28. Suppose A = J2C(z) is a Xf sentence and IKP(E) - = A. As in the case of
IKP(P), as well as the ordinal term « given by Theorem 4.27, it is possible to compute a specific
IRSE term s such that E, }= C(s). Moreover this process can be carried out inside IKP(E). These
results will be verified in [28].

As in the foregoing cases we also have a conservativity result.

Theorem 4.29. IKP (&) + Y¢-Reflection is conservative over IKP(E) for X¢-sentences.
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Remark 4.30. An obvious question is whether the conservativity results of Theorems 2.37, 3.29,
4.29 can be lifted to formulae with free variables? This would require ordinal analyses with set
parameters. For classical Kripke-Platek set theory this has been carried out by the first author in
[8]. The second author thinks that this result can be lifted to the intuitionistic context. However it
is likely that this extension requires a fair amount of extra work since the linearity and decidability
of the ordinal representation system would have to be sacrificed.
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