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Abstract

We consider a model for random loops on graphs which is inspired by the Feynman—
Kac formula for the grand canonical partition function of an ideal gas. We associate
to this model a corresponding occupation field, which is a positive random field
detailing the total time spent by loops at each vertex. We argue that well known
critical phenomena for the ideal gas can be reinterpreted in terms of random vari-
ables of this occupation field. We also argue that higher order correlations, such as
the existence of off-diagonal long-range order, can only be seen in the occupation
field by studying a modified space—time model of loops. We provide an isomor-
phism theorem for this model to a complex Gaussian field, and derive a version of
Symanzik’s formula which describes the ideal gas interacting with a random back-
ground environment. Finally we consider the effect of interactions on the gas, and
present a large deviations analysis of the cycle distribution of the loop model under
two mean field Hamiltonians.



List of Notation

Mathematics

[N]  The set of integers 1,2,..., N.
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Introduction

Statistical mechanics can be summarised as the study of macroscopic models via
a microscopic description; that is, we define a model locally (on the micro-scale)
and study global (or macroscopic) changes as we vary some model parameters. To
motivate this description we turn to perhaps the best known model of statistical
mechanics, the Ising model. This is a model for magnetism, where the polarity of
any particular site in a material is assumed to be influenced by nearby sites. In
the presence of a strong external magnetic field the polarity of the sites align and
the material is considered to be magnetized, moreover there is long-range correlation
between sites. As the strength of the external field reduces to zero, intuition suggests
that this long-range correlation should also vanish to 0. This, however, is not always
the case: depending on the model temperature the material can retain a magnetic
force even in the absence of an external field, seen by the continued presence of long-
range correlations. This is an example of a phase transition, where for one range
of the parameters we see typical behaviour whilst for another range we see other
behaviour entirely (in this case above the critical temperature there is no residual
magnetism, whilst below it there is). Defining and proving the existence of phase
transitions is of central importance to the study of statistical mechanics.

In the instance of the Ising model the search for a phase transition was first under-
taken by Ising [Isi25] who showed that in the 1-dimensional model no such phase
transition occurs. It would take the best part of two decades before Onsager [Ons44]
provided the first proof that the Ising model in 2-dimensions does undergo a phase
transition, and provided an exact solution for the critical temperature for the near-
est neighbour model on the square lattice. Onsager’s work is seen by many to be the
starting point of the rigorous mathematical study of phase transitions, and to this
day the Ising model remains one of the most studied models of statistical mechanics.
At the same time as Ising was working on his eponymous model!, a different type of
phase transition was being proposed by physicists Satyendra Nath Bose and Albert
Einstein. They considered a gas of particles distributed in a box, where each particle
is considered to be at a certain energy level. Einstein [Ein24] defined a model in

which there was no particle interaction, and observed that at moderate temperatures

!That the model takes Ising’s name is somewhat contentious since the model was first proposed
by his supervisor Lenz, [Len20].
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only a microscopic proportion of the atoms were designated to any given energy
state; however, given a low enough temperature a macroscopic proportion occupied
the lowest of the energy states, the ground state. Einstein remarked: “A separation
is effected; one part condenses, the rest remains a ‘saturated ideal gas’.” Unlike the
Ising model, where the physical phase transition was known to be exhibited in real
magnets well before the mathematical phase transition was proven to occur, prior to
Einstein’s observation nobody had considered that such a condensation phenomenon
could occur, and for some time little attention was paid to the problem. It was only
after London [Lon38] observed that a similar transition occurs in liquid helium
that Einstein’s suggestion was given its due attention. Even then the occurence of
this transition, which had now become known as the Bose—Einstein condensation
phenomenon, remained a purely theoretical construct. It was not until 1995 that
this would change. With the advent of new cooling technology two independent
teams demonstrated the existence of the Bose—Einstein condensate: the group of
Eric Cornell and Carl Wieman condensed a vapor of rubidium 87 atoms [CW02],
and shortly after Wolfgang Ketterle’s team condensed a gas of sodium-23 atoms.
The breakthroughs of these two groups lead to all three physicists being awarded
the 2001 Nobel Prize for Physics dedicated to “the achievement of Bose—Einstein
condensation in dilute gases of alkali atoms, and for early fundamental studies of

the properties of the condensates”, [Nob01].

I Probabilistic Approaches to the Bose Gas

In the following section we give an overview of the mathematical study of the Bose
gas, in particular highlighting several probabilistic approaches. We start our journey
by introducing the classical model for the Bose gas, before deriving the Feynman—

Kac formula, which is at the heart of the probabilistic analysis.

The Bose Gas As a Quantum Mechanical Model

The following section is adapted from our previous work, [Danll, Danl2]. Before
entering into the quantum world we recall some classical mechanics. The classical
canonical ensemble is described as a collection of N > 1 particles in a box A C R?,
|A] < o0, d > 1. The state of the particles is an element of the phase space
Ta = (A x RYN of pairs (z,p) where z € AN correspond to particle positions,
and p € R™ describe the momenta. The energy of a configuration (z,p) € T'y is

described by a Hamiltonian

N 2
Hy(w.p) =Y 25+ > V(ei—wl),  (@pels, (01
i=1 1<i<j<N
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where m is the mass of a particle, and the potential V' : R, — R describes how
pairs of particles interact. The Boltzmann weight exp(—8Hy(z,p)) describes the
mass associated to the configuration (z,p), and we define the canonical partition

function to be the average of these weights
1
Zr(B.N) = /F exp (— BHy(z,p))dzdp. (0.2)
° A

We note that the unexpected factorial term arises as a resolution of the Gibbs
paradox, and is justified by the heuristic assumption that we cannot distinguish
between particles [Ada06]; this is better justified in quantum mechanics, where
bosons are known to be indistinguishable.

In quantum mechanics, the Heisenberg uncertainty principle dictates that it is not
possible to simultaneously measure the position and momentum of a particle; re-
sultingly it no longer makes sense to consider particle configurations as elements of
the phase space I'j. Instead, the state of a system is described by a wave function
(), a complex valued function such that |)(z)|? describes a distribution of particle
locations in A. The wave function plays the role of a distribution for the particles: in
the case of a single particle without spin, this simply means the probability that the
particle is in a measurable set A C A is given to be [, [¢(z)[*dz. The wave function

itself is defined to be a solution to the time-independent Schrédinger equation

Ey(x) = Hyi(),

where F is the separation constant describing the energy of ¢). The Hamiltonian

Hy is given by a Schrédinger operator acting on L2(AN)

2 N
(@) = —a S A+ Y Vi -, e 2 (AY),
i=1

1<i<j<N
(0.3)

where A ~ 1.05 x 1073* is Planck’s constant, and Agbc) is the Laplacian associated
to particle ¢ under some boundary conditions ‘bc’, which henceforth we assume to
be periodic.

The definition of Hy is analogous to (0.1), where we replace the momenta with
momentum operators p; — —ihVp;. For interacting bosons the Hamiltonian, Hy,
acts on the space of symmetric wave functions (a consequence of bosons having in-
teger spins): that is we only consider those wave functions that are equivalent under
permutation of the particle indices. The eigenvalues of the operator Hy describe
the possible energy states that the system can occupy, so the natural analogue of

(0.2) is the quantum canonical partition function

ZA(B,N) = TrLi(AN)(eXp (- 5HN))> (0.4)
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where L% (AY) c L*(AYN) is the sub-Hilbert space of symmetric L?-functions, and
Tr denotes the trace of an operator. In working with the canonical ensemble we
assert that the total number of particles is fixed, and given by N > 1; alternatively
we may be interested in allowing the particle number to fluctuate around a mean
particle number (N). To achieve this we introduce a chemical potential? h € R and
give a wave function ¢ € L3 (A™) the weighting exp(—S(Hypt — hn)) =: oj(\n). These
weights are used to define the density matrix operator oy = EB;L’Ozla/(\"), a Boltzmann
distribution on the Fock space of symmetric wave functions, obtained by taking the
direct sum of n-particle spaces, &5° ;L2 (A™). The partition function is then defined

by summing over all n > 1 as well as all symmetric wave functions

EA(B,h) =) Trpz (amy o

n=0

=32 Trsz oy (e5p (= 8(#T )
n=0
= ZZA(@n)eﬁh”. (0.5)

n>0

The resulting model is known as the grand-canonical ensemble. A classical analy-
sis of the Bose gas now proceeds, see eg. [ZUKT77|, by analysing thermodynamic
functions defined in terms of the partition functions Zx(8, N) and Z5(8,h). For

instance, from equation (0.5) we infer the mean particle number is given by

_ L

(N) =3

O 10g Za (B, h). (0.6)
In the case of the ideal gas, Einstein [Ein24] derived an expression for the grand

canonical partition function factorised as

=a(6,m) =TT (1 - exp (Bl —m)) (0.7)

i>0

which is defined for h < €p, where 0 < g9 < €1 < --- describe the energy levels that
the particles can occupy, and are the eigenvalues of the Laplace operator (under
prescribed boundary conditions). In dimension d = 3, combining (0.7) with (0.6)

and taking the thermodynamic limit |A| — oo the particle density is seen to satisfy

. (V) / 1
h) .= 1 _— = e —— |
pB.h) = lm Sor = | e

2The standard notation for chemical potential is p, however we reserve this letter for the loop
measures which will be central to this thesis. The choice of h is not itself random, when considering
models for magnetism the letter h is regularly used to denote an external field, which plays the
same role as the chemical potential here




and for all h < 0 we have

6.0 < (22) () = i) o)

where ((s) = > ;5;j ° denotes the Riemann-zeta function. This suggests that

the gas cannot achieve densities above a fixed critical density p.(3). Seemingly a
paradox, we can explain away this bound by considering separately the density of
particles in the lowest energy state. Taking the thermodynamic limit in such a way
that (N)/|A] = p > 0, so that h = hy is now a sequence of chemical potentials
chosen to preserve this equality, then for p > p.(8) we can write p = p.(3) + po,

where

1 1
= lim — ,
PO A5 [A exp(Bleg — h)) — 1

which is the density of the ground state. We say that Bose-Einstein condensation
(BEC) occurs when pg > 0, and refer to this as the condensate density.

The derivation above follows the classic approach of Einstein, which is valid for
describing the phase transition of an ideal gas. For interacting gasses, however, the
energy levels no longer factorise as single-particle energies, and Einstein’s definition
no longer has a meaning. A definition of BEC for interacting gases was first provided
by Penrose and Onsager [PO56], who studied the 1-particle reduced density matrix.
Just as the partition function was defined as the trace of the density matrix oy, the
1-particle reduced density matrix is given by the partial trace after integrating out

all but one of the particles

o0
5/\ = ZnTrLi(An—l)J/(\n). (09)
n=0
Following [LSSY05], for suitably nice potentials V' at ‘zero’ temperature, i.e. 8 = oo,
for z, 2’ € R?

5A(‘r7ml) =N N 1w0($7y1a--'ayN)wO(xl’yla"'ayN)dyQ"'dyNa (010)

AN—
where 1 is the ground state wave function, which minimizes [ ¢Hn(¢). Taking
the thermodynamic limit, such that N/|A| — p, Penrose and Onsager said that the
reduced density matrix has off-diagonal long-range order (ODLRO) if the largest
eigenvalue of 5 is of the order N as |A| — oo. It can be shown, [PS08] pp.396-7, that

this is in fact equivalent to the requirement that lim, /| o0 lima| 00 Ga (2, x') # 0.
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Moreover, in the case of the ideal gas, this limit agrees with the condensate fraction

lim lim &y(x,2') = po.
|lx—z'| =00 |Al—o0

The above motivates the common definition that BEC is said to occur in an inter-
acting gas, if and only if the 1-particle reduced density matrix exhibits ODLRO.
Proving the existence of ODLRO remains a challenge, and has only been achieved
in a handful of cases. Notably, [LS02] provides the only rigorous proof of BEC in
the continuum for a class of trap potentials, whilst [DLS78, KLS88] prove BEC for
a lattice gas at half filling, that is the density of the gas is equal to half the number
of lattice sites.

To this point we have described ‘classical’” quantum mechanics: whilst the language
of probability is used, at this level we need little probabilistic machinery. This
changes in the next section where we provide a probabilistic formula for the partition

function of the Bose gas.

Feynman—Kac Formulae

Again we follow the description in [Danl2]. Feynman-Kac formulae were introduced
by Feynman [Fey48, Fey53] as a tool to make rigorous his abstract path integral.
In the latter of these papers, Feynman derived a formula for the partition function
of the Bose gas as an integral over a collection of particle trajectories, where these
trajectories are distributed according to interacting Brownian bridges.

Working in the canonical ensemble, Feynman—Kac formulae allow us to derive
stochastic representations for kernels of exponential operators. Given the opera-

tor exp(—tHy), we wish to find a function K;(z,y) such that

exp ((— tHy ) f(x) = /A Kdny) @y, feP(AY). (01)

To simplify notation we write H := Hy 4+ V in place of Hy. In the simple case of
the ideal gas, H = Hy = f%A and in the infinite volume limit, it is well known that
the kernel K;(z,y) = pi(x,y) satisfying (0.11) is the heat-kernel

_d z—yf?
pi(z,y) == (27t)” 2 exp (—|2ty|) :

On realising that this is the transition kernel of a d-dimensional Brownian mo-
tion, the relationship between Hamiltonian operators and stochastic processes is
less mystical. Feynman—Kac type formulae extend for interacting gases, V' Z 0. A

prototypical result is

Proposition 0.1. For the Hamiltonian H = f%A +V, with V: R = R bounded
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and smooth
exp(—tH) f () :u«:x{exp ( - /OtV(Bs)ds)f(Bt)], ge LXRY.  (0.12)

where E, is the expectation with respect to the Wiener measure P, of a Brownian

motion started at x € R, By = x.

A proof is given in [Dan12], whilst an in depth treatment of Feynman-Kac formulae
under weaker assumptions is given in [LHB11]. The Feynman-Kac formula for the
partition function of a Bose gas is then obtained by applying (0.12) inside the trace
(0.4). In the following we let Sy denote the symmetric group on [N]:={1,...,N},
ie. the set of permutations 7: [N] — [N], and write P’ [-] = Py[-, B; = y] for
the non-normalised Brownian bridge measure from « to y over time horizon ¢ > 0.
Whilst we assumed below (0.3) that the box has periodic boundary conditions, with
suitable changes to the definition of P, the following holds for free and Dirichlet

boundary conditions as well.

Theorem 0.2 (Feynman-Kac Representation of the Bose Gas). Let Hy = Ho+V,
be the Hamiltonian of a Bose gas where V' decays sufficiently fast. The partition

function has the representation

ZA(ﬂvN) =

1 N 8 4 ,

N Z /Adxl .. /A dry X ®Pi,w(zi) [exp (— Z /0 V(|B(§Z) — B‘gj)|)ds>]
TESN i=1 1<i<j<N

(0.13)

See [Fey5b3] for the classical reference, or [Gin71] for a rigorous account. Feynman
recognised (0.13) as the partition function of a probabilistic model of random per-
mutations m € Sy, whose law we denote P n, and conjectured that the occurrence
of BEC is signaled by the existence of macroscopic cycles in the random permutation
model (i.e. those which grow with the volume |[A]).

One approach to studying critical phenomena is through the analysis of thermody-
namic functions such as the canonical specific free energy or the grand canonical

pressure, defined respectively as

. 1
fo(B) = |A1|anoo “BAl log Zx(B,N),
. 1 -
p(B,p) = |1\1|1an BIA| log ZA (8, 1), (0.14)

where in the case of the specific free energy it is assumed that the limit is taken
such that it preserves the density N/|A| — p. In either case, understanding the

singularities of the thermodynamic function can be used to indicate the existence of
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a phase transition. No explicit formula can be derived for the free energy at a fixed
particle density and temperature, but from using (0.13) Adams, Collevecchio and
Konig [ACK11] derive a variational formula for f,(3) under general requirements
on the potential V. The variational problem is posed over a space of probability
measures which describe marked Poisson point processes on R? where the marks
are looped trajectories corresponding to the loops over which we integrate in the
Feynman—Kac representation. In this description, BEC is recognised via a loss of
probability mass in the minimiser of the variational problem, with the interpretation
that such a probability distribution puts some mass on infinite cycles.

Feynman’s notion of infinite cycles, or cycle percolation, was made rigorous in a
series of papers by Siit6 [Siit93, Siit02], who took as an order parameter the length
& of the cycle containing the element 1 € [N]. Writing P n for the probability
measure on Sy induced by (0.13), he showed that in the thermodynamic limit
N/IAl = p

th Pan[6 =7] <1,

7 [Al=o0

with strict inequality when p > p.(8), given in (0.8). The interpretation here is that
there is a loss of probability mass, i.e. with non-zero probability the cycle size &; is
infinite. In the second of the two papers this argument is strengthened to say that
infinite cycles occur if and only if there is BEC; moreover it is claimed that the proof
also holds for the mean-field gas, described by the Hamiltonian Hy = Hg + ﬁN 2
for some constant a > 0.

These papers show that in the ideal gas, presence of macroscopic cycles is equivalent
to BEC and hence equivalent to ODLRO. However, to make the cycle order param-
eter valid for interacting gases a direct relationship to ODLRO must be derived.

Letting p(n) denote the density of particles belonging to cycles of length n,

1
p(n) = |A1|igloo |A—|n Ej v [#{cycles c € 7 st. |c| =n}],
Ueltschi [Uel06a, Uel06b] considers the problem of finding a sequence of correlation

functions ¢, (z) and co(z) such that

Aim_Ga(ay) n; en(@ = y)p(n) + c(x — y)p(c0),

where &, is the reduced density matrix introduced in (0.10) and one would hope
(at least it is commonly assumed) that p(co) = pg is the condensate fraction. This
equality can be shown to hold in finite volume (i.e. before taking the A limit) for
interacting gases, and the coefficients ¢, A (z — y) are given as expectations of single

particle trajectories from x to y, z,y € A. At high temperatures, and for suitably
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fast decaying potentials, Ueltschi demonstrates that this can be carried through
to the thermodynamic limit. On the other hand, he provides heuristic arguments
suggesting that in a crystalline phase then one can simultaneously have pg = 0 and
p(o0) > 0.

Rather than working directly with the permutations which arise from the Feynman—
Kac formula, we can work instead with partitions. To a permutation w € Sy we
associate an integer partition A = \(m), where A = (\;);>1 and ); is the number of
cycles of length 7 in 7. We associate to each partition its empirical shape measure,
the rescaled Young tableaux Qy(k) = N=1Y j>k Aj» which describes a probability
measure on N. In [Ada08, Danll] a large deviations analysis is undertaken for the
shape measures in the thermodynamic limit |A| — oo, and a variational problem is
derived. Asin [ACK11], BEC is seen through the solution to this variational problem
being a sub-probability measure. Whilst the analysis of shape measures for Py ny was
novel to [Ada08], Vershik [Ver96] had previously performed a similar analysis for the
partitions that arise from the momentum space description of the ideal Bose gas, that
is the sequences (n;);>0, where n; denotes the number of particles in energy state ¢;.
Vershik demonstrates that in the thermodynamic limit the Young tableaux of the
typical partition converges to a smooth curve, and identified an exact expression for
the limit shape of the ‘mean’ scaled tableaux. A similar analysis is possible in the
grand-canonical ensemble, with [Lew86, vdBLP88] considering the mean-field and
hard core models from the momentum space description, and [BCMPO05] analysing
the mean-field model from the loop (Feynman—Kac) perspective.

If we consider instead the box A to be a subset of Z¢, we can derive the lattice ana-
logue of the partition function (0.13), where the probability measures P, no longer
denote Wiener measure, but rather the distribution of a continuous time simple ran-
dom walk. Téth [T6t93] considers the lattice gas with a discrete approximation to
the Lennard—Jones potential, and shows that the grand canonical partition function
EA(B, h) is in fact equivalent to the partition function of the spin-1/2 Heisenberg
ferromagnet. The specific choice of potential allows for a series of manipulations
which rewrite the partition function as an expectation with respect to a new ran-
dom permutation model: the random stirring, or interchange, process. This is a
model of a time evolving random permutation, (m¢)i>0, where m: A — A. Each
edge in the graph A is equipped with a unit rate Poisson process, and if at time ¢
the edge (x,y) € A ‘rings’, then we update 7.y = (x,y) o m. The partition function

can then be equated to

Ea(8,h) =E| [+t

n>1

where Ig(n) denotes the number of n-cycles in the permutation mg. Once again the
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Bose condensate can be related to macroscopic cycles, but moreover the equivalence
to the spin-1/2 model means that infinite cycles also correspond to spontaneous
symmetry breaking, and the Mermin—Wagner theorem [MWG66]. A detailed survey
of the random stirring process is the content of [Danl2].

In the next section we describe the Markov loop soup: a Poisson point process on a
space of lattice loops, which will be the starting point for our own analysis of the Bose
gas. We have already mentioned that [ACK11] considered the Bose gas as a marked
Poisson point process on R, where the marks are Brownian loops. A point process
approach was also taken by Rafler [Raf09], for the ideal gas in R?. Rafler studies
the Martin—Dynkin boundary of the point process: heuristically, the collection of
all other point processes which locally resemble the one of interest. In the grand
canonical ensemble, it is shown that this set contains only a single process, and
says there is no phase transition. In the canonical and microcanonical ensembles,
Rafler proves that the Martin—Dynkin boundary is a convex (non-singleton) set of
mixed Poisson processes, and says a phase transition occurs. Rafler also considers
geometric aspects of the ‘typical’ loop: such as the location of the barrycentre,
and percolation questions. In some respects this has the closest similarity to our
own work, where we will study the geometry of the Poisson point process via its
associated occupation field, and relate the thermodynamic functions of the grand

canonical Bose gas with correlations in this field.

II A Survey of Markov Loop Soups

Just as the probabilistic models described above have a physical derivation, the
Markov loop soup also owes its conception to the physics community, where it arises
via a functional integral description of a lattice model.

In [Sym66, Sym69], Symanzik provided a heuristic description of ¢*-quantum field
theory in terms of a gas of interacting Brownian loops. On considering lattice field
theories in place of Symanzik’s continuum model, Brydges, Frohlich and Spencer
[BFS82] were able to make rigorous the connection between the two models. A
concise version of this equivalence can be described for the Gaussian case.

Let P be the transition matrix of a symmetric random walk, X = (X¢)¢>0, on a
lattice box A C Z¢, d > 1, and consider the Gaussian field described by

PS(dy) = lee%%(I*P)%) de,

with dp = J] cp doe and Z the normalisation constant which makes P a proba-

bility measure. The covariance of the field ¢ can be related to the local time of the
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random walk
Cov(pz, y) = (I — P);y1 =E, {/0 1{Xt=y}dt} =: Gy, (0.15)

which is immediate from Gy =, 5, Py, Corollary 1.5. Symanzik’s formula pro-
vides a deeper understanding of the link between Gaussian fields and random walks,
notably relating the partition function Z, of the Gaussian field to a sum over families

of random loops.

Theorem 0.3 (Symanzik’s Formula). The partition function Zx of the law P can

be expressed as

> /Ooo %PI[Xt = x]dt) (0.16)

zEA

2= (
A nzZ:O n!

See [BFS82]. This formula holds in the greater generality of the partition function of
a p*-theory, and we return to this in Section 3.3.1 where we discuss an interpretation
for the Bose gas. Inspired by the work of Symanzik and Brydges et al., Dynkin
[Dyn83] provided an extension of (0.15) for correlations for the square of a Gaussian
field. Defining the local time at ‘infinite time’ of a random walk X = (X;)¢>0 to
be the random variable I, = [5° 1{X.q:x}dt, then under the measure Pgy[-] =
Jo Pa[-, X; = y], Dynkin’s theorem says.

Theorem 0.4 (Dynkin’s Isomorphism). For any bounded measurable F: R® — R

1 1

See [Sznl2], pp.35-6. An extension to complex Gaussian measures was given by
Brydges, [Bry92]. Symanzik’s work for Euclidean quantum fields, and Feynman’s
description of the Bose gas are both examples of the functional integral approach
to statistical mechanics. Other important examples are Aizenman’s random walk
description of the Ising model [Aiz82], and the more recent work of Brydges and
Slade (along with an ensemble of collaborators) regarding the functional integral
description of the self avoiding random walk, for a survey see [BIS09].
Independently of the relevance to statistical mechanics, ensembles of loops have been
the focus of recent work in probability. Letting I'; denote the collection of continuous
time loops on a graph A: i.e. cadlag paths v: [0,¢t] — A with v(0) = (¢), Le Jan
defined a measure pp on the space I' = Uy oIy by

> 1
pa(G) = %/0 -P.[G, X = aldt, (0.17)

with P, the law of a symmetric random walk. In [LeJ10, LeJ11], Le Jan provides a
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comprehensive analysis of the Markov loop soup: the family (P )0 of Poisson point
processes on the set I' described by the intensity measures aup. A configuration
S C I (where we abuse notation and write ‘C” although S may in fact be a multiset
under the law P,) defines a random field £ = (£,;)ea called the occupation field,

where

4]
Ly = [,Z(S) = Z/O 1{7(5)21}(15, x €S,

vyES

with |y| the length of the loop (i.e. the unique ¢ > 0 for which v € T';). Amongst
many results regarding the properties of £, Le Jan provides an interpretation to

Symanzik’s formula and Dynkin’s isomorphism via the loop soup.

Theorem 0.5 (Le Jan’s Isomorphism). Let G = (Guy)zyen be the Green’s func-
tion associated with the random walk P, and P the law of the associated centred
Gaussian field. Then

((%Sﬁz)xem PG) Q@ ((ﬁz)zeA, ]P’a:%>.

That is, the occupation field of the Markov loop soup at intensity o = % s equal in

distribution and the square of a Gaussian field.

See [Szn12], pp.90-1. Whilst the essence of this theorem was already present in the
work of Symanzik and Brydges et al., their work does not recognise the right hand
side of (0.16) as the normalising constant of a Poisson point process.
It would be amiss at this point not to mention that prior Le Jan’s work, Lawler
and Werner had already sparked interest in loop soups. In [LW04] they consider the
loop measure? (0.17) but with P, now the distribution of a Brownian motion in C,
which they relate to the Schramm-Leowner evolution (SLE) processes. Later papers
of Sheffield and Werner [SW12] and Qian and Werner [QW15] relate the Brownian
loop soup to the conformal loop ensembles (CLE), a non-Poissonian collection of
mutually and self avoiding random loops in C: these arise as the outer boundaries
of clusters in the Brownian loop soup.
Another variant on the loop soup is to consider the discrete time random walk loop
soup. An n-loop is a finite sequence z = (2(4))], with 2() € A, and 2(0) = z(n).
A discrete loop measure, u”, is defined on the collection of all discrete loops in A
via
D 1
po(z) = ~ P20 Pan-1)2m) Pr)200)

3Strictly speaking, neither Le Jan or Lawler and Werner study the measure y, rather they
consider an ‘unrooted’ version, in which the loop forgets its starting position. This distinction does
not affect many of the properties of the soup, in particular the occupation field, and so we gloss
over this detail.
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with P a symmetric transition matrix on A; basic properties of this measure are
outlined in [LL10]. Lawler and Trujillo Ferreras [LTF07] proved that the Brownian
loop soup can be derived as the scaling limit of a discrete time random walk loop
soup on Z?2, whilst Lawler and Perlman [LP14] define the occupation field of discrete
loops, from which they derive an alternative proof of Theorem 0.5. This proof is
adapted in [Caml5] to provide an isomorphism theorem between a Gaussian free
field (not the square of the field!) and the loop occupation field where the sign of
the occupation field £, is changed according to an Ising type interaction.

Another random field associated with the discrete (and for that matter the contin-
uous) loop soup is the covering field C = (Ce)een € {0, 1}, which is now indexed by

the edges of the graph. For a configuration of discrete loops S we set

—_

ifdz € Sst. e € z,
C. =

o

else.

That is, the edge e is open, C, = 1, if and only if there is a loop which crosses
it. When A = Z¢ d > 1, as for Bernoulli bond percolation, we can define the
probability 6(«) that under the measure P, the cluster of C. which contains the
origin has infinitely many edges. Le Jan and Lemaire [LeJL13] prove that 6 is
increasing in a > 0, and via a simple coupling with bond percolation provide a
lower bound on the critical intensity a. := inf{a > 0: #(a) > 0}. Chang and
Sapozhnikov [CS14] proved that for d = 1,2, a,. = 0, whilst for d > 3 the phase
transition is non-trivial: a. > 0, and using a coupling to the Gaussian free field

Lupu [Lupl4] proved that in fact a, > %

IIT Summary of Contents and Structure

In the preceding sections we saw how models for random loops have arisen in two
distinct contexts: the probabilistic analysis of the Bose gas, and the study of Gaus-
sian fields and isomorphism theorems. Introducing a Bosonic loop measure, our
analysis aims to concurrently develop the literature of the Bose gas, and loop soups.

We approach these topics from two directions:

e How do functionals of the Bosonic occupation field relate to the thermody-
namic properties of the ideal gas? Moreover, can we characterise BEC in

terms of behaviour of the occupation field?

e To what extent can we carry through the analysis of the occupation field under
1A to the Bosonic loop measure? In particular, does the Bosonic loop measure

also induce an isomorphism theorem to a Gaussian free field?
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The loop measure we consider is given by

u}ih AG Z Z

j>1xeEA

et PBJ

This differs from the measure p in two aspects. The most immediate difference is
that rather than allowing loops of all durations ¢ > 0, we restrict to those loops
whose duration is exactly an integer multiple of 5 > 0. The second distinction is
the addition of the term e and we will look to study the behaviour of the loop
model as we vary h < 0. This is in contrast to Le Jan, who considers varying the
intensity with the factor o which is independent of the loop lengths.

Letting I' = U;>1I'g; denote the space of all 3 loops, we will see that

€Xp (,Ug,h,/\( )) Ea(B,h),

where = is now the grand canonical partition function of an ideal lattice Bose gas. In-
terpreting the partition function on the right hand side as the normalisation constant
of a probability measure, we recognise this as none other than the normalisation of
a Poisson variable with intensity ,ug’h’ A(T). Moreover, letting S denote the Poisson

point process induced by ug hA» We have

PPN 7, (B,N)
P § =AN| = ——A4v )
7€S|’y| b EA(B,h)

which should be compared to (0.5). The above formulae, which we prove in Sec-
tion 1.2 and Section 2.2 respectively, give the interpretation of the loop soup as a
poissonization of the canonical ensembles of the Bose gas, which is exactly to say

that it describes the grand canonical ensemble.

Thesis Outline

In Chapter 1 we formally introduce the Bosonic loop measure, and its related loop
soup and occupation field. In this section we also clarify our definition of graphs
and their spectra, and detail the sense in which we will consider thermodynamic
limits in this thesis.

We start our analysis of the Bosonic occupation field in Chapter 2 where we consider
the mean occupation on the graph, and prove that in the limit this converges to a
degenerate distribution. In turn this is related to the density of the ideal Bose gas,
and we provide a definition for BEC of an ideal Bose gas on a graph.

In Chapter 3 we address the problem of finding an isomorphism theorem for the
Bosonic occupation field; following the approach of Le Jan, we derive the Laplace

transform for the occupation field, but see that in the case of the Bosonic measure



this does not agree with that of a Gaussian process. Introducing a different space-
time loop measure we show that this measure does have a description in terms
of complex Gaussian fields. Further we see that the space-time occupation field
provides an interpretation to the 1-particle reduced density matrix of the ideal gas.
Having established several results for the ideal gas, in Chapter 4 we consider possible
Hamiltonians defined on the occupation field, in particular focusing on two mean-
field models. We present a large deviations analysis for the mean-field models,
focused on deriving expressions for the critical density.

Finally, Chapter 5 gives an overview of further topics for consideration, and provide
some closing remarks.

Whilst for the most part the text is self contained and can be read in a linear

manner, we defer the proofs of some technical statements to a series of appendices.
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Chapter 1

Definitions and Preliminary
Results

We commence by introducing some basic terminology and definitions. In the first
section we describe graphs and their associated Markov processes, we introduce the
local time and Green’s function of a process, and define the sense in which we will
take thermodynamic limits of graphs. In the second section, we define formally
both the Markov and Bosonic loop measures, their associated Poisson processes,

and occupation fields.

1.1 Random Walks on Graphs, and Their Limits

Throughout this thesis when we refer to a graph we will mean not only the graph
structure (i.e. edge and vertex sets), but also to a random walk defined on the
structure. As a consequence, we define a graph to be a triple (A, w, k), with A a
finite set, w: A x A — Ry a weight function, and k: A — R, the killing vector,
where we use R to denote the positive reals. The set A corresponds to the vertices
of the graph, whilst for pairs z,y € A with wg, = w(z,y) > 0, we say there is an
edge from x to y. The weights themselves, together with the vector k, determine a
family of Markov processes, as described in the coming section. To simplify notation,

henceforth we will simply write A to denote the triple A = (A, w, k).

1.1.1 Weighted Graphs and Their Markov Generators

A graph induces a family of Markov processes whose jump distributions are de-
termined by the functions w, k. To facilitate the definition we enlarge the vertex
set to A* = A U {t}, where the additional vertex T is called the cemetery state.

The discrete time Markov chain (Z;;),>0 on A* is defined via the stochastic matrix



P* = (P;‘y)m’ye/\* defined for =,y # T to be

’Z,ny

P* = * o=

Ty ) xt
Az

B P =0, Ph=1,

T

>

where A\, = kg —|—Zy€A Wgy for x # T, and we set At = 0. We refer to A: A — R, as
the rate vector. In turn, P* is used to define a continuous time Markov process on
A* with unit exponential jump rates. Denoted (X ):>0, the process is determined
by its generator (P* — I), with I the |A*| x |A*| identity matrix. We also define
()?: )e>0 with variable exponential jump rates, which leaves site x € A* at rate A;:
it is determined by the generator Q* = A\(P* — I). In the case that x £ 0, all three
processes above will almost surely visit the site T, after which we say that they are
killed.

We work throughout with the induced sub-stochastic processes on A, and refer to
these as random walks. We define the law and expectation of the processes Z, X, X
conditioned to start from z € A by P,, E,, and writing P, Q for the cofactors of P*

and Q* obtained by deleting the row and column corresponding to T, we have

P.[Zo=y] = (P"),, PufXi=y]=(FD), . B[Ki=y] = (),

Ty Y’
We stress that these are not true probability measures, in that if Kk # 0, then
summing over y € A the expressions may total less than 1. We briefly describe the
standard coupling of the walks X,)? to Z. Given a path Z = (Z,)p>1 distributed
according to P, define Jy = 0, and J,, ~ Exp(1) i.i.d. exponential variables, n > 1.

Then the path
)/t = Zna for Jn <t< JnJrl

is equal in distribution to X under P,. If instead Iy = 0 and I, ~ Exp(Az,)
are independent and exponentially distributed according to the rate of the current
state, the resulting path Y; has the distribution of X under P,. Throughout we will
assume that graphs are loop free, w,, = 0 for all x € A, and irreducible: for all
x,y € A there is an n > 0 such that Py, > 0.

1.1.2 Random Walk Local Time and the Green’s Function

For z € A we define the local time at x of the walk X to be the random variable

m(X) = /OT iz, ds.



We define the local time of X similarly, and replacing the integral with a sum, the

local time of Z. Similarly we define the local time ‘at infinity’ by

L(X) = /OOO Lix,_,yds,

where as before we can interchange X for either of X or Z; this variable exists as

an extended real number, and satisfies.

Proposition 1.1. Suppose k # 0, then for x,y € A, l, is Py-a.s. finite, and
E.[l,] < co. Conversely, if k =0, then Py-a.s. l, = 0.

Proof. The proof is classical, and for brevity we prove it only in the case wgyy, £z > 0
for all z,y € A; see [LPW09] Lemma 1.13 pp.11-2 for a more detailed proof (though
not in the context of local times). In light of the standard coupling it suffices to
prove the proposition only in the case of the discrete walk Z, so that I, = #{n >
0: Z, = y}. Moreover, we couple Z with the walk Z* on the space A U {1}, and
defining T' = inf{n > 0: Z} =1}, then

E, Zly =E,[T - 1].
yEA

Let € == inf, P;T > 0, which is strictly positive due to our assumption «; > 0 for all
2 € A. In particular, for all k > 0, P, [Zyy1 # 1| Z; # 1] < (1 —¢€). Then

E.[T] =) P.[T >n]

n>0

= P.Z,..., Z; #1]

n>0

<> (1—e)n

n>0
—1

=¢
Hence E;[l,] <, E[l,] < el < .
In the case k = 0, let T, := inf{n > 0: Z,, = y}, then the same proof as above
asserts that E,[T}] < oo, and in particular P, [T, < co] = 1. Consequently, not only

does Z,, almost surely visit y, it visits infinitely often, and hence E;[l,] = oo. O

Henceforth we say that the graph A is recurrent if k = 0, else we say it is transient.
The Green’s function associated to a walk X is the matrix of expected local times

at infinity

ny()?) = E, [ly ()?)}, xy € A, (1.1)



which exists as an extended real number. Defining Guy(X), Gzy(Z) analogously, if

the graph is recurrent then

Gy (%) = Gy (X) = Gy (2) = o0,

The following proposition allows us to extend this equality to the transient case. In

the following we use 9 o denote equality in distribution.

Proposition 1.2. For z,y € A, under the law P,

I, (7() DAy (X).

Proof. Tt suffices to show that the two variables have the same cumulative distribu-

tion function: P, [l;{ (X) < t} =P, [A‘llg(X) <t],t € R. Let N (respectively N)

denote the total number of visits that X (resp. X) makes to y in time 7. From the
. @ ==

standard coupling N = N, so

PLITCO) < 1] = 3P[0 < t| N =] P, [V =]
n=0

:ipz{zg’()?) <t|N =n|P.[N =n],
n=0

so it suffices to show: ch[lg(?() < t|N: n] = Px[)\y’llg(X) < t|N = n], n > 0.

But this follows since on the event N = N = n, the coupling gives

n n
X)) =Y 0= N1 0 = N,
k=1 k=1

where I}, ~ Exp()\y) and J; ~ Exp(1) are all 1.i.d. and we used the scaling relation
for exponential variables: Exp(),) = A, "Exp(1). O

Since equality in distribution implies that the expectations agree, it follows that
Gay(X) = X, ' Gy (X) < 0. (1.2)
Moreover, since E[Exp(1)] = 1, then
Guy(X) = Guy(2).

1.1.3 Graph Spectra and Spectral Convergence

In this section we provide several basic facts about the spectra of the matrices

P, @, as well as describing the notion of graph convergence which will be used in



Chapter 2. For a square matrix, A, we denote Spec(A) for its spectrum, i.e. the set

of eigenvalues of A.

Theorem 1.3. The spectrum of P satisfies
Spec(P) Cc {z € C: |z| <1}

Furthermore, Spec(P) C {z € C: |z| < 1} if and only if k £ 0.

Proof. Since A is irreducible, P satisfies the conditions of the Perron—Frobenius the-
orem, [HJ13] p.534. Defining the spectral radius to be p = max{|n| : n € Spec(P)},
there is a positive vector v, > 0 for which p is a corresponding eigenvalue: Pv = pv,

and
0 SmminZny Spgmgxszy <1.
y Yy

If Kk =0, then Zy P,y =1forall z € A, and so 1 is an eigenvalue, and p = 1.
Now suppose k #Z 0, and that there is a positive vector v such that Pv = v; in
particular since A is loop free we have v, = Zy . P,yvy, for any x € A. Choosing

z such that v, is maximal

Uzzzpzyvy szzpzy < v,

y#z y#z

which is a contradiction unless both inequalities are in fact equalities. But since v
is positive, Zy;éz P vy = v, Ey# P,, holds only if v is a constant, v = ¢ > 0. But
then for any z € A

c:vm:cg Py,
Yy

so that P is stochastic, which contradicts « # 0. O
We say that a random walk is reversible if it satisfies
AePry = Ay Pyz, z,y € A.

Corollary 1.4. If P is reversible, then the eigenvalues of P are real, and Spec(P) C
[-1,1]. If in addition k % 0, then Spec(P) C (—1,1).

Proof. In light of the previous theorem it suffices to prove that P has real eigenval-

ues. Defining the inner-product

<U7'U>)\ = kauxvxa u,v € R‘A‘a
x



we note that P is self-adjoint for this inner product

(u, Pv), = Z ApUy (Z szvy> = Z Ay (Z Pyzuz> vy = (Pu,v),.

It follows immediately that P has real eigenvalues. O

As a consequence we also obtain the following representation of the Green’s function

of the random walk.

Corollary 1.5. If k £ 0, then the Green’s function is given by
G(X)=G(Z)=1-P)"
Proof. Working with the discrete walk we note

Zl{zn—y}] =Y PlZn=yl =D P,
n=0 n=0 n=0

Guy = E

From Theorem 1.3 the spectral radius of P is strictly less than 1, and so the matrix

power series above converges to (I — P)~! by Proposition B.20. O

Turning to the generator of a continuous time process, we observe that it is no
longer possible to find a uniform bound on the spectrum. We denote H := {z €
C: Re(z) < 0}.

Theorem 1.6. Let \* = max,cp Ag. The spectrum of Q) satisfies
Spec(Q) C{z€C: |z+ X*| < ||} CH.

Further, if k #£ 0 then Q is non-singular, and Re(n) < 0, for all n € Spec(Q).

Proof. The first part is an application of the Gersgorin circle theorem, which gives
that

Spec(Q) C U{ZE(C: |24+ Aal < Az Dyen Poy

3
zEA

see [HJ13] pp.388-9. Since P is (sub)-stochastic, >, Pry <1, and

c J{zeC: 2+l < Ial}
xEA

which in turn is a subset of the largest disc centred at A\*.
For the case k # 0, we appeal to [HJ13] Corollary 6.2.9 p.399, which in our context
says that a matrix is non-singular so long as it is irreducible, diagonally dominant

|Qaz| > Zye A\fz} |Qzyl, and strictly dominant in at least one index: there exists



z € A such that |Qua| >3- cp\ (4} [Quyl- We have already assumed that P (and
hence Q) is irreducible, and choosing « € A such that x, # 0

yeA\{z} yeA\{z}

As we will see in Chapter 2, several statistics of loop occupation fields are determined
entirely by the spectrum of the graph. Consequently in taking graph limits it will
often suffice only to study the limit of the spectra; in the following we provide the

notion of convergence which will be used in later chapters.

Definition 1.7. The (empirical) spectral measure of a finite graph A is defined as

the measure my on H equipped with the Borel o-algebra
1
ma(dz) = Tl > 6y (da),
n

where the sum runs over the eigenvalues n € Spec(Q), and 0, denotes the Dirac (or

degenerate) distribution with atom at a € R.

Note that integration against the spectral measure is no more than a summation
[ t@matan) = 057 [ paid e = 03 ) (13)
r)mp(de) = — )6y (x)der = — n). .
. [A] 2 J T [A] 2

A sequence of probability measures (my,)n>1 on C is said to converge in distribution

(or weakly) to a measure mq if given any bounded continuous function f: C — R

fim [ f(2)malde) = [ fajmeclcde).

n—o0

In this case, we write m, —— meo. Noting that f(z) =1 is a bounded continuous

function on C, then

Meo(C) = / Imeo(du) = lim [ Imy(du) =1
C n—oo C
so that any weak limit of a sequence of probability measures is itself a probability
measure. Our notion of graph convergence will be through convergence in distribu-

tion of the associated spectral measures.

Definition 1.8. Let A, = (Ay,wn,kn)52, be a sequence of graphs, and write
my, = my,, for the spectral measures. We say that the sequence (Ap)n>1 is a (spec-
trally) convergent graph sequence if there exists a measure moo to which the spectral

. . . . (d)
measures converge in distribution, m;, —> Meo.

In practice, when proving convergence of graph sequences, rather than considering

the my directly it is easier to work with a representative distribution of the measures.



Given a bounded Lebesgue measurable domain D C R¢ with Lebesgue measure
|D| = 1, we say that a measurable function ¢, : D — H is a distribution for A if my

is obtained as the pushforward measure of Lebesuge measure under ¢
mp(B) = |¢/_\1(B)|, B C H measurable.

We recall that the change of variables formula for pushforward measures allows us

to write integrals against mp as

[ wma@y) = [ (7061)(@)da. (1.4)
H D

where f: H — R is measurable, and the integral on the right hand side is with
respect to Lebesgue measure. The following proposition enables us to confirm con-

vergence of the spectral measures by studying associated distribution functions.

Proposition 1.9. Let (A,) be a graph sequence, and ¢,: D — H a sequence of
distribution functions on the same domain D C R%. If there exists oo : D — H such
that ¢, — ¢oo pointwise almost everywhere, then the graph sequence A, converges,
and the limit measure mq, is given by the pushforward of ¢oo

Moo (B) = |¢2(B), B C H measurable.

oo

Proof. Almost everywhere pointwise convergence of the sequence (¢y),>1 implies
that for any continuous bounded f: H — R the composition fo ¢, — fo@p almost
everywhere. Boundedness of f ensures that f o ¢, is uniformly bounded, that is
there is an M such that (f o ¢,)(xz) < M for all x € D and n > 1. Moreover,

boundedness of the domain D ensures

/D(fo¢n)(x)dx§M/D 1dz = M|D,

from which the claim follows via the dominated convergence theorem. O

Al

For a graph A with spectrum Spec(Q) = (Wj)j:p

function is ¢ : (0,1] — H defined to be

the simplest choice of distribution

A (W) = N[ |Aju]-

We refer to this as the canonical distribution function, and for most cases it suffices
to study only this function. The greater generality in which we defined distribution
functions will however be useful when proving convergence for lattice boxes A C Z2,
d > 1. We now provide two examples of graph sequences, which will be referenced
in later chapters. Derivations of the spectra, and proofs of convergence are deferred

to Appendix A.



Complete Graph

For N > 2, we define the complete graph on N vertices by Ky = ([N],w, k), where
for all z,y € [N]

1
N

Wy = Kz =

Subsequently the continuous time walk X is the simple random walk with unit jump
rate and which is killed according to a geometric random variable with mean N.

The eigenvalues of @) are

1 1

P 4 B -
m NN-1 (*N)ﬂ?N N

The sequence (Kx)n>2 is spectrally convergent, and has limit measure mq = J_j.

Lattice Boxes

For N > 1 define the lattice box Ay = [~N, N]¢NZ%, for d > 1. We will consider
two different random walks on Ap. The first is defined by the weight function

1 .
i ) 2d if |x —y| =1,
Wy =
0 else.
and killing vector k{*" = 1_Zye Ay Way- This defines X, the continuous time simple

random walk killed on exiting the box Ay. We say that Ay = (An, w @), k@)
is the lattice box with Dirichlet boundary conditions. Alternatively we can define
the weighting

L) — ﬁ ifd1<i<dst ;= —y; =N, and x; = y;, j # i,

“ 0 else.

with k®”) = 0, for which X is the continuous time simple random walk on the d-
torus, and we call A%er) = (An,w®", k") the lattice box with periodic boundary

conditions. In the case of Aﬁ(’}"’”, the spectrum is

d .
1 j . .
Spec(Q*") = {d E 005(2772Nj:_ 1) —1:j=0G)L, e{1,...,2N + 1}d}.
i=1



(per)
The sequence Ay

via its distribution function ¢u: [0,1)% — [~2,0]

converges in distribution, and the limit measure m, is defined

1 d
7 0) = 3 costam)

Rather than defining the spectrum of A%") directly, a comparison argument yields

convergence of the sequence Ay, and ¢5%" = %",

1.2 Loop Measures, Soups, and Their Occupation Fields

Given t > 0, a cadlag function p: [0,¢] — A with finitely many points of discontinuity
0=ty <t < - <ty <tissald to be a path on A if the sequence of vertices
xj = p(t;) are such that w(zj,xj41) > 0 for j =0,...n — 1. Let D; denote the set
of all paths of duration ¢, and D = U;~D; the set of all paths. Given p € D, we
denote |p| for its duration: the unique ¢ such that p € D;. A path whose start and

end points agree is called a loop, we denote

Iy i={y € D : 4(0) =~(t)}

for the set of length ¢ > 0 loops, and T' = Uyl for the set of all loops. A path
with no discontinuities is by default a loop, and we call this a point loop.

Following [Szn12] pp.35-6, we construct a o-algebra on D (respectively, I') as follows.
We define a bijection ®: D — D;j x (0,00), where p — (p,t) with ¢t = [p|, and
p(s) = p(st). We endow Dy x (0,00) with the product o-algebra A x B, where B
is the Borel o-algebra on (0,00), and A is the o-algebra generated by the family
of sets As» = {p € D1: p(s) = z}, with s € [0,1], x € A. We observe that A is a
natural choice as it is none other than the Borel o-algebra induced by the Skorokhod

topology on Dy, see [Bil99] pp.134-5. Finally, using the projection ® we define
D={dYB): Be Ax B},
which is a g-algebra on D. In the same way we define G, a o-algebra on I.

1.2.1 The Measures i and p”

As before, let P denote the law of a random walk on A. For ¢ > 0, we define a

measure on paths from z to y by

P! [G] =P, [G N {)?t - yH G e D.

10



We call this the (non-normalised) random walk bridge measure, where the term non-
normalised stems from the fact that this is not a probability measure: P;y [D] =

P, P?t = y] < 1. We define two families of measures on I'; the Markov loop measures

e} ht
(G Z/ —P Geg. (1.5)

zEA

and the Bosonic loop measures

pEna(G) = Z P57 Geg. (1.6)

zeA j>1

The parameter h < 0 is called the chemical potential, whilst 3 > 0 is the inverse
temperature. We note that pj, o depends only on h, since adding the relevant terms
in B > 0 act only as a change of variables in the definition. Henceforth we freely
denote p, p” for the Markov and Bosonic loop measures respectively, including the
various subscripts only when we wish to highlight the dependence on the graph
structure, or values of g and h. We remark that in the case h = 0, the measure
o is exactly the loop measure studied by Le Jan [LeJ10, LeJ11], and many of the
properties which he studies can be generalised for up, h < 0: one of these will be
the isomorphism theorem, which we discuss in Chapter 3.

We briefly comment that our convention differs from that used elsewhere in the
literature. As remarked in the introduction, in particular the footnote on page xviii,
for most authors a loop is defined as a conjugacy class of I'/~ where ~ is the
equivalence relation which equates all loops which can be obtained from one another
by a time shift (i.e. by forgetting their root); the loop measure py, is constant on
conjugacy classes, and so determines a measure on the space I'/~. Since the random
variables we consider will not be effected by whether or not our loops are rooted,
we will not make use of this equivalence relation, and keep the convention that a

loop is endowed with its root, (0).

Lemma 1.10. Assume k #0. Fiz > 0,h <0, then
(i) w is a o-finite measure.
(i1) p” is finite with

p?(T) = fTr(log(I - eﬁ(QHLI))) < 0.

If Kk =0, then the above hold if and only if h < 0.

Proof. For a proof that pg is o-finite, see [Sznl2], p.63; from the definition, for
h < 0, pp is dominated by o, i.e. up(G) < pup(G), so it follows that py, is o-finite.

11



For (ii), we have

Appealing to Proposition B.22, the series over j > 1 converges if the spectral radius

of exp(B(Q + hI)) is less than 1. Letting Spec(Q) = {nj}‘jA:‘17 we require

max|eﬁ(”ﬂ'+h)\ = max eB(Re(nj)+h) < 17
J J

where Re denotes the real part of a complex number, and we relied on the fact that
for z € C, | exp(z)| = exp(Re(z)). But from Theorem 1.6, Re(n;) < 0 holds for all
j =1,...,]A|, and so the inequality above holds whenever h < 0. On the other
hand, if x # 0, then the same theorem for the spectrum asserts that Re(n;) < 0, so
that the inequality holds for h = 0. O

On recalling that Tr(log(I — A)) = log det(I — A), justified below Proposition B.22,

the formula above gives

|A|

exp (4P(T)) = H(1 _ eﬁ(nﬁ—h))ﬂ7

j=1

where as above we denote 7; for the eigenvalues of ). On comparing this with
(0.7) we see that this is none other than Einstein’s formula for the grand canonical
partition function of the ideal gas. In the following we give a direct argument of

this fact, which does not rely on the spectral representation.

Theorem 1.11. For any 8 >0 and h <0

exp (u®(T)) = Ea(B, h).

Proof. To simplify notation in the following we write z = exp(8h), which is known as
the fugacity, and write P; = >\ P, [)? 8j = a:], given these notational simplifica-
tions, the total mass of the loop measure becomes p?(T") = Ejzl ZJ—?PJ. Expanding

the exponential power series

m

exp () = ) % Z%]Pﬁj

m>0 j>1

12



each power in m can further be expanded using the multinomial theorem for power

series

1 m 2P\
X X ()
m>0 S kj=m 7>1
where the sum is over sequences k = (k;);>1 with 3, k; = m, and (Z) =ml!/[]; k;!
is the infinite multinomial coefficient. Canceling the factorial terms, we see that the

sum depends on m only through the sequences k, so we write

- IA(R)

S hy<oo jo1 TN

where the sum now runs over all terminating sequences k = (k:]) j>1. We factor this
as a summation over integer partitions: i.e. fixing n > 0, consider those sequences
k such that ) iJ k; = n with the interpretation that there are k; blocks of length j.

Now

X X ()

20 jhy=n j31 9N

Recognising the combinatorial factor n!/ (kj!jkf) as the number of permutations
7 € S, with exactly k; cycles of length j, we can instead sum over permutations.

Denoting c for a cycle in a permutation 7, and n. for the length of the cycle

-3 5 XTI

n>0  weS, cem

DI I8 | [ (1.7)

n>0  7wES, cET

Working in the opposite direction, we note that for a permutation = € S,, with

cycles ¢ = (c(1),...,c(ne))

> f[Pzi Xs=zw]= 2 Hﬁpw Ko =zrn).  08)

T1,..,Tn €N =1 T1,...,Tn €A CET i=1

with the convention ¢(n.+1) = ¢(1). The second sum depends only on @1y, - - -, Te(n,)

and so we can factorise the sum as

= H Z HP%@ [Xﬁ = Te(i+1) |

CET X1,...,Tn, 1=1

13



and the Chapman—Kolmogorov equation gives

= HZP”C [)?Bnc = x}

ceET T

=[] Pn.-

cem

Substituting (1.8) into (1.7) we obtain

exp(pu®(T)) = Z %T: Z Z ﬁPwi [Xﬁ = xﬂ(i)}

n>0  wESy x1,...,xn€N i=1

= 2"Z(B,n),

n>0

where Zx (8, n) is recognised as the graph analogue of the canonical partition func-
tion (0.13), and the result follows from (0.5). O

1.2.2 The Poisson Loop Soup

We start by providing a formal definition of the Poisson point process for loop
measures as a random measure, for which we follow [KalOl] pp.225-6, after which
we give a more user friendly description.

A counting measure on (I',G) is a measure taking integer values, £: G — N, and
we denote N := N(I',G) for the set of all o-finite counting measures on (I',G).
For G € G, we define the evaluation map ng: N — N by mg(£) = £(G), and let
F = o(ng: G € G) be the smallest o-algebra for which the evaluation maps are
measurable. Thus, we have defined a measure space (N, F) of counting measures. A
point process is any probability measure P on (N, F). Given a measurable function

F: N — R, we denote the expectation with respect to P by

E[F] = /N F(6)Plde].

We consider point processes as the law of a random measure &: that is, rather than
considering events {r;'(C)}, we write the equivalent {¢(G) € C'}. We state with-
out proof the following uniqueness criteria for point processes [Kal01], Lemma 12.1
pp-225-6.

Lemma 1.12. A point process is uniquely determined by its finite dimensional dis-
tributions. That s the point processes €& with law P, and n with law P are equal in
distribution, & Q n if and only if for allm > 1, Gy,...,G, € G

(d)
(f(Gl)v s af(Gn)) = (n(G1>a cee an(G’ﬂ))
Let v denote a o-finite measure on (I', G). The poisson point process with intensity

14



v is the law P on (N, F) with the defining properties

Poisson property. For G € Gand n >0

G n
PE(G) = n] = e @XC)
n!
Independent increments. For pairwise disjoing sets G1,...,G; € G, the

variables £(G1), .. .£(Gy) are pairwise independent under P.

Any £ € N can be associated with a countable (or finite, if £ is finite) collection
S =S¢ CT' x N, where (vy,n,) € S if and only if {(v) = n,. The collection of pairs
S can in turn be identified with a multiset of loops, with the loop 7 occurring with
multiplicity n,, and abusing notation we denote S for this multiset. When S is a
multiset with elements in I" we write S C T

In this form we see that P, the Poisson point process with intensity v, is none other
than a law over random multisets S C I". The Poisson property, defined above,
becomes

v(G)"

P#(SNG)=n|= e (@) Y

Geg,n=0,

whilst the independence property reads: for G, H € G if GNH = &, then #(SNG)
is independent of #(S N H), under P.

The Poisson point process with intensity p will henceforth be denoted by P, respec-
tively that of the measure p? will be PZ. The corresponding expectations are E and
EZ; as before, when we wish to stress the dependence on the parameters A, 3, h, we
add the relevant subscripts. We colloquially refer to the law P as the Markov loop

soup, and P? as the Bosonic loop soup.

1.2.3 Occupation Times and the Occupation Field

Finally we come to describe the occupation field of the loop soup, which is analogous
to the local field (I;)zea associated with a random walk. For € A we define the
functional L,: I' — R, by

[7]
wa:A 5. (4(s))ds,

with 6,: R — R the Kronecker delta function taking the value 1 at z, and 0 else-
where. We refer to L;(7y) as the occupation time of v at & € A, and define the field

L:T — RY by L(v) = (La(7)) which is the occupation field of the loop +.

zeN’

Proposition 1.13. The occupation field L: I' = R is a G-measurable map.

15



Proof. Tt suffices to prove G-measurability of L, for all x € A. Recalling the defini-
tion of G on page 10, define L,: I'; x (0,00) — Ry by

Lo(int) =t /0 5,(5(s))ds,

so that Ly(y) = Ly(®(7)), from which measurability of L, is equivalent to that of
L,. Moreover, since the identity map ¢ — ¢ is measurable in B(R), and a product of
measurable functions is measurable, it suffices to show the restriction L,: I'j — R
is measurable. But in general if v: A — R, then v — fol v(’y(s))ds is A-measurable
(where we have used the fact that since A is finite v is necessarily measurable and
bounded, and so the integral exists), [Bil99] pp.246-9. O]

For S T T we write L(S) := >, cs L(7). In the case that S is a random set under
the measure P or P?, by virtue of Proposition 1.13, its local field is a random field

and we use caligraphic font £ = L(S) € R* to denote this variable.

16



Chapter 2
The Mean Occupation Under p”

We start our analysis of the occupation field of the Bosonic loop soup by considering

the mean occupation of a site, which we define by

- 1
L= WZ@, (2.1)

zeN

which is a positive random variable under the law PZ. Our emphasis is on study-
ing the behaviour of L in the thermodynamic limit: i.e. under the sequence ]P’ﬁN,
with Ay a convergent graph sequence. Before proceeding, we state the following

assumptions, which we maintain throughout the chapter.

A1l A graph sequence (An)n>1 will always denote a spectrally convergent se-
quence. The spectral measure of Ay is denoted my, with limit my HON Moo-
The associated Bosonic loop measure is u3, = py ., and the law of the associ-

ated Bosonic loop soup is denoted PX = P¥ .

A2 The inverse temperature is strictly positive, 8 > 0, and the chemical potential
is strictly negative h < 0. When no subscripts are given, e.g. m, u?,P? then

the results are understood to be in the context of some unspecified graph.

As a consequence of A2 and Lemma 1.10, the loop soups PR, are well defined.

2.1 The Mean Occupation in the Thermodynamic Limit

The aim of this section is to prove convergence in distribution of L to a degener-
ate random variable, and to describe a central limit theorem for the fluctuations.
Then in the following section, Section 2.2, we relate the limiting value of the mean

occupation to the density of an ideal Bose gas defined on the graph.
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2.1.1 Convergence in Distribution of £

Our analysis of the mean occupation on a graph A will be via the cumulant gener-

ating function, defined for s € R by
F(s) :=1ogE” {682}7 s eR.

We derive an expression for F' by using the independence of the loop soup on each

of the sets I'g;. We will need the following result.

Proposition 2.1. For j >1

A ,
u? (i) = %/ BT m (du).
H

Proof. As in Lemma 1.10, we have

85 = )

€A
_ln {eﬁj(hl—&-Q)} .
J

rxr

Since the trace can alternatively be formulated as the sum over eigenvalues 7 €

Spec(@Q)
= L5 st
J n

the claim follows by definition of the spectral measure m, and (1.3). O

Lemma 2.2. The expectation of the mean occupation is

Bl 1

Moreover, for s < |A||h| the cumulant generating function of L exists and is given

by

1 — ¢ B(h+tu)
F(s) =|A] /Hlog Be/IN =B m(du). (2.2)

Proof. Rather than summing the mean occupation over vertices in the graph A, we
recognise that the total occupation is none other than the total of all loop lengths.

Consequently we have

D Le=) 1l =D (BH#SNTs)

TEA ~eS j=>1

18



The last of these expressions has the benefit of summing over the disjoint sets I'g;,
so that appealing to the independence property of the Poisson point process the

expectation is

B2 (2] = 1o SO TES S )],

Jjz1

p .
=] > int(Ts)).
j>1
Applying Proposition 2.1, and changing the order of summation and integration this

1S

=3 / > Pt m(du). (2.3)

Hjz1
As before, since for z € C, | exp(z)| = exp(Re(z)), we have that |exp(B(h+u))| <1
for all u € H (since h, Re(u) < 0), and the sum converges to the desired expression.

Similarly, the cumulant generating function becomes

S .
F(s) = logE” |exp I ZBQ#(SD I's5)
Jj=1

S
= Z log E? {exp<|A|,8j#(S N Fﬁj))} )
Jj=1
Each term in j > 1 is now the cumulant generating function of a Poisson distributed
random variable. Since the cumulant generating function of a Poisson o > 0 variable

is s — a(e® — 1) we have

= u"(Tg) {exp<|i|ﬁj) —~ 1}

Jz1

_ |A| Z(l'eﬁj(h+u+|fx) _ 65j(h+u))m(du).
Hj>1

So long as the series converges we have (2.2). We have already seen in computing
the expectation that | exp(8(h + w))| < 1, so it remains to confirm that the first of

the two series also converges in a domain around 0, i.e.

Bhtut+3)| — eﬁ(h+Re(u)+%) <1

le :
for u € H. Since Re(u) < 0, this holds at least for s < |h||A]. O
We note that from the formula for the expectation, and since (e~ #("+%) —1)=1 is a

bounded continuous function, then we already have that for a sequence of graphs
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limpy 00 E]%[Z] converges. This is similar to saying that the mean occupation
converges in expectation, however since each occupation field is defined on a different
probability space, this is not a well defined notion. Our aim therefore will be to
show that the laws of the mean occupation converge in distribution. Before proving

this we state the following analytical lemma which we will call on.

Lemma 2.3. For a positive constant ¢ > 0, the function z(e/*—1) is a non-negative

decreasing function of x > 0, and has limit

. c/r _
xli)n;o x(e 1) =c

Proof. That the function is decreasing is seen on differentiating

im(GC/x -1)= l((ec/x — 1z — Cec/x)),

dz T

on expanding the exponentials, the bracketed term is given by the power series

i ol i B # “0
@ \nl  (n—1)! '

n=1

The limit is computed by appealing to ’'Hopital’s rule

cy 1
lim z(e* —1) = lim c
T—00 y—0 Yy
= c¢lim e%. O
y—0

Theorem 2.4. The law of £ under the sequence (PR)N>1 converges in distribution

to a degenerate distribution, JRN Oan,, With atom
efh
(oo = oo(B,h) = ﬂ/H wmm(du). (2.4)

Proof. Our proof relies on the fact that convergence in distribution of (Z, Pf,) is
equivalent to pointwise convergence of the cumulant generating functions Fiyv = Fi,,
on a domain of the origin, [Bil95] p.390. We identify a suitable domain to be
(=00, |h]) since Lemma 2.2 asserted that F(s) < oo throughout this domain. For
N >1 we write F(s) =35 f](\?)(s), where for each j > 1

IV (5) = 1R () (252 —1).

Our aim is to show that for s < |h|, the terms fl(vj) satisfy the requirements of the
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dominated convergence theorem. From Proposition 2.1

)] = @‘eﬁjs/mm 1]

/ eﬁj(h+“)mN(du)
H

< M‘eﬁjs/mM _ 1’ / ‘eﬁj(mu) my (du)
=7 -

_ M‘eﬂjsﬂl\gﬂ _ 1‘ / eﬂj(h+Re(u))mN(du)
7 H

< m‘eﬁjs/\l\m _ 1‘eﬁjh
— j b)

where we used the fact that my is a probability measure, and that Re(u) < 0 for
u € H. Finally, in light of Lemma 2.3 we have the uniform bound

1P ()] < Zeri),
J

which we note is summable for s < |h|. Consequently the dominated convergence

theorem allows

and the final line is finite for s < |h|. In particular we have pointwise conver-
gence of the cumulant generating functions, and the mean occupation converges in

distribution. We now identify the limit as the degenerate distribution. Note
D(g) = 1 (9)
F9(s) = Jim f(s)
= lim |A7N </ eﬁj(h"’“)mN(du)) (eﬁjl%m — 1).
N—oco ] H

Since the integrand over exp(8j(h + u)) is a bounded continuous function on H, it

follows from my @, Moo that we can take the limit inside the integral

. A s
= (/ eB](th“)moo(du)) lim ‘—,N(eﬁj‘AN‘ — 1).
H N—oo J

The remaining limit is handled by Lemma 2.3

:ﬁs/ eﬂj(’”“)moo(du).
H
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Finally summing over j > 1

Fuls) = S 19(s) = (8Y /H A (du) | s,

i>1 i1

which is the form taken by the cumulant generating function of a degenerate distri-
bution. Moreover, on taking the summation inside the integral, we obtain the atom
given by (2.4). O

An immediate consequence is the following analogue to a weak law of large numbers.
Corollary 2.5 (Weak Law of Large Numbers). Let as be the atom (2.4). For all

e>0

lim PR[|E - aw| > 2| = 0.

N—oo

Proof. Using the Portmanteau theorem, Theorem 4.25 [Kal01] pp.75-6, we see

lim sup P [Z € (oo — €, 000 + 5)‘3} < da.. ((aOO —€,000 + E)C) = 0.

N—o00

In particular the limit exists, and is 0. 0

The functions f) defined in the proof of Theorem 2.4 are themselves the cumulant

generating functions of the scaled occupation of 3j-loops

FO)(s) = E® [esﬁj#wnrm/m\ ,
Defining the variables n() := #(S'N I';) for the number of loops of length 7, then
we have the following.

Corollary 2.6. For j > 1, the random variables \A|’1n%) converge in distribution

to a degemerate distribution with atom

; Bih ;
ny) = e ATm g (du).
J Jm

Proof. The variables |AN|_1n%) have cumulant generating functions fy: R — R
given by

F(s) o= log B2 [eS/IANT] = fy(s/8)) = puf(Tgy) (/144 — 1),

Unlike the case for Fly, the functions fN exist for all s € R, and that they converge

pointwise follows from the same argument presented in Theorem 2.4. O
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Before we move on, we note that in the case of the complete graph K, defined on

page 9, the formulae for a, ng)) simplify to

n@) = Lepitin),

oo = ﬂ(el*“*m - 1) - (2.5)

()

In particular, as one would expect from their definitions: aso = 8 =175 -

2.1.2 Fluctuations from the Average and Large Deviations

To complement the proof that the mean occupation converges in distribution we
provide a central limit theorem for the fluctuations. The method of proof is similar
to that of Theorem 2.4.

Theorem 2.7 (Central Limit Theorem). Under the sequence of measures (P¥)n>1
1/2(7 _mBI[, (d)
A | (ﬁ EZ[L ]) N(0,02),

where N'(0,02) is the centred normal distribution with variance
eB(h+tu)

0% = 0(B,h) o= ﬂ{/(&m$@)mwmm. (2.6)

Proof. As before, writing Fn(s) = >_;54 f](\,j)(s) for the cumulant generating func-

tion of £ under PR, we have

log B, = [ EERIED) — Py (o] Aw|/2) — slAn|2ER IZ] (27)
_ Z(/ B (h+u) N(du)) (|AJN (eﬁjs\AN‘flﬂ _ 1) _ BS|AN|1/2>_
7>1

As in the proof of Theorem 2.4, we show that each of the terms in the summation is

uniformly bounded in Ay, and apply the dominated convergence theorem. To this

end, denoting g%)(s) for the j-th summand in the expression above, and using the

same bound as before for the integral term

‘9%)(5)' < efih —'A{V‘ (eﬁjs‘/\wl/2 - 1) — Bs|An|'3|.

J
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-2 1) - /2

ensures that this function is decreasing in x, and so we have the bound

An analogous result as in Lemma 2.3 for the function z — z(e“*

< Pt l(eﬁjs —1)—fs
J
1 5,
< Ze J(h'f‘s)’
—J
from which it follows that we can apply the dominated convergence theorem, and

the cumulant generating functions (2.7) converge pointwise for s < |h|. Considering

the N limit of g%)(s) we have on expanding the exponential

U)oy _ AN 1 - \2 1 NS L / B (h+u)
§06) = PN (i 00+ g i ) [ 0 ),

On taking the limit in Ay, all but the first term of the power series vanish, leaving

lim g%)(s) = <252j/}Heﬁj(h+“)mw(du))52.

N—oo

And from the dominated convergence theorem

— —_— : 2
Jim log B [ HEERIED = [ g2 [ 3 e g (au) | 5
H j>1

Rearranging the bracketed term yields (2.6). Moreover this is the cumulant gener-

ating function of a centered normal distribution. O

A similar argument to Corollary 2.6 provides the analogous result for the scaled

cycle distributions |AN\’1n§G). We omit the proof.

Corollary 2.8. For j > 1, the random wvariables \A|_1n%) satisfy a central limit

theorem under the measures (P%)n>1

[An|71? (”ng/) -EX {n%)D 9, N(O, 1/ eﬁj(hJ““)moo(du)).
J Ju

Finally we make some remarks about the probability of rare events; since the limit
distribution of £ is concentrated on the point a~, the event that L>a> Qoo becomes
increasing unlikely under P% as N — oco. To understand the degree to which this is
a rare event, we consider the probabilities on a logarithmic scale. Using a Chernoff
bound, the following calculation provides an upper bound on the probability the

mean occupation exceeds a value a > 0

P [Z >al =P} [eslANlE > eslAnlal
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which holds for all s € R, and by Markov’s inequality
<EZ {es|AN|Z} e—alAnls.
Then we have

1 ~ 1 =
A}gnoo x| logPX[L£ > a] < <A}gnoo A log ER, {e LD — as.
Supposing that the function' limy_ s ﬁlogEfi] {eSV\NlZ} =: A(s) exists as an

extended real number, and optimising over the values s € R

. 1 = .
A}gnoo AN logPR [£ > a] < ;2{{ (A(s) —as) = —I(a).
The calculation above is the standard computation for an upper bound of a large
deviation principle (LDP). The function I is known as the rate function of the LDP.
Heuristically an LDP for (£, P%)n>1 says

PE (L€ A] ~ e NI, (2.8)

where I(A) = infoeq I(a). In Chapter 4 we will consider the LDP for the cycle
distribution n = (n(j))jzu since this result will subsume the LDP for the mean
occupation (in that the LDP for £ can be derived from that of n) we will defer the
rigorous definition of an LDP for later. The simplest LDP is Cramér’s theorem for
the mean of a sum of i.i.d. random variables, Sy = %(X1 + .-+ Xy). Whilst
this is not so far from the situation we are in, since L can be expressed as a sum
of the independent variables (n(j))jzl, there are two distinctions. The first of these
is simply that whilst the variables n() are independent, they are not identically
distributed. The more significant difference is the sense in which the limit is taken.
Cramérs theorem deals with a scaled limit of a finite summation, whereas we consider
an infinite summation, but with each summand converging in the limit. To derive
an LDP for the mean occupation we must instead use the Géartner—Ellis theorem,
[dHO0] Theorem 1.4 pp.54-7. The following lemma proves the requisite conditions

for this theorem.

Lemma 2.9. The limit

1 —
A(s) = Jim ——logEf [e"MI]
(s) = lim_ ] e BN e ;

exists in R U {+o00}. Denoting Dy = {s € R: A(s) < oo}, then 0 € Dp, and A is

"We use the bold font A since this is the accepted notation used in the literature of large
deviations, of course this is at odds with our choice of denoting graphs by A. We hope that the
bold type face will be sufficient to avoid any confusion!
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differentiable on the interior int Dy .

Proof. Using the notation established in the previous sections, we have

Als) = Jim o

3 % ( /H eﬁj(h+u)moo(du)> (eﬁjs _ 1)7

j=1

Fn(|An|s)

where we justify taking the limit via the dominated convergence theorem, as in
Theorem 2.4. Referencing this theorem again, we also have that A(s) < oo for

s < |h|, so that 0 € Dy, and in particular on the domain of convergence we have

1 — eBhtu)

That A is differentiable throughout int Dp follows as an application of differentiating
under the (complex) integral sign; this is justified in [Mat01]. O

The existence of A, together with 0 € int Dp is in fact sufficient to derive a weak
form of the Gértner—Ellis theorem, [dHO0] Theorem V.6 pp.54—7, but we will not
consider this here. Unfortunately to move away from this weaker form, in addition
to the claims of Lemma 2.9 we require that A is steep: that is either Dy = R, or
if s* > 0 is on the boundary of convergence of A, then lim, s, A’(s) = +o00. For
general graph sequences we do not have a way to prove this condition, and must

include it as an assumption in the following theorem.

Theorem 2.10. Suppose A exists and is steep. The sequence (Z, IP’]B;,)N>1 satisfies
an LDP with rate |An| and good rate function
I(z) = sup (sz — A(s)). (2.9)

seR

Taking as our graph sequence (Kn)n>1 the complete graph, we can solve this vari-

ational problem explicitly, in this case

A/(S) _ BZ(/H eﬁj(h+u+8)51(du)> = Wa

j>1

and A is steep at the boundary s = 1 — h. Then for x € R we wish to find s, which
solves A’(s;) = x, which is satisfied for z > 0 by

sz =B(1—h)+ log<x:ﬁ>.

For # < 0 there is no solution, and sup,cg (xs — A(s)) = 00. On checking that s,
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Figure 2.1: The rate function I(z) (in bold) and its second derivative for the graph
sequence Ay with 8 =1, h = —1. I has its unique zero at the atom a,, and at this
point the second derivative is given by the reciprocal of the variance of the central
limit theorem, I"(aoo) = U%

is in fact a maxima for zs — A(s), and after a deal of rearranging, we obtain

z(1—h)+ %10g(ﬁxﬁ> + log(ﬂ%) —log(1 — e B0=M)y >0,

+00 x < 0.

I(z) =

Following [dHO00] p.8, we remark that I > 0, and has a unique zero. In particular
this occurs at #* = as given by (2.5), the atom of the limit distribution, which
is as one should expect since the expression (2.8) implies that I should be small
on events with high probability. Further, on taking the second derivative one has
I"(aos) = 25, the variance given in (2.6). See Figure 2.1.

For now we will leave our large deviations analysis at this point, returning to it
rigorously in Chapter 4. In the following section, however, we will provide a context
in which we can interpret both the steepness condition of A, and also the variational

problem for I.

2.2 Mean Occupation as the Density of the Ideal Bose
Gas

Our intention now is is to develop the link between the Bosonic loop soup and
the grand canonical ensemble of the ideal Bose lattice gas. Our focus will be on
the density of the Bose gas, but we begin by providing expressions for a variety of

thermodynamic functions.
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2.2.1 Loop Soup Descriptions of Thermodynamic Functions

In Theorem 1.11 we proved directly that exp (ugh,A(F)) = Zx(B, h), where the right
hand side is the partition function for an ideal gas in the grand canonical ensemble,
(0.7). This is the first hint that we can relate the Bosonic loop soup to the ideal
gas. In this section we develop the links between thermodynamic functions and the
Bosonic loop soup. As a starting point we recall the derivation of the mean particle

number in the grand-canonical ensemble. From (0.5) we have

B Pz (B,n)
() = T;)n Ea(B,h)

— 1 Bhn
NG h)ahn;) Zp(B,n)
1 ah_A(ﬁ h)
B ZEa(B,h)

= 7ah log EA(B? h)
g
The function pa(B,h) = ' log = (3, h) is the pressure of the Bose gas. In light of
Theorem 1.11, we can consider p?(T") to be the ‘loop soup pressure’. The following
theorem justifies this, and demonstrates that the loop soup is none other than a

geometric representation of the grand-canonical ensemble.

Theorem 2.11. Forn >0

B _ _ eﬁhnZA(BJL)

YES
with Zx(B,n) the canonical partition function for the ideal lattice gas, (0.13).

Proof. The manipulation is similar to that employed in Theorem 1.11. Fixing n > 0,
we sum over all integer sequences k; such that Zj21 jkj = n, with the interpretation

that k; is the number of loops chosen from I'g;

PP eshl=6n] = 30 PPH(SNTg) =k j> 1
Ejkj:n

Y TIPP#(SNTs)) = kil

> jkj=n j>1

3 HB*HB(Fﬁj)MB(gﬁj)k'j
S jkj=n j>1 7
e~ (D) ghhn —uP () Bhn

- > Mg ()

> jkj=n j=>1

28



As before, the combinatorial factor corresponds to the number of permutations 7 €
Sy, with cycle structure k = (k;);>1. Using the notation established in Theorem 1.11

for permutations w € Sy, we have

eBhn

== S ()

TESy CET

Finally on recognising that

e Phi P (Dgy) = ZP (Xs; = 2]

rzeN

= Z HPZ'z‘[XB:xi-Fl])

xl,..A,ijA i=1
with ;41 = 21, then we can write
n
- Ne
[TGe@s)™ = > [[PulX)=2xu)
cem T1,...,xn €N =1
The result now follows on comparison to the canonical partition function, (0.13). [

As a consequence we have the following analogous result to (N) = 3719, log =, in

the context of the loop soup.
Corollary 2.12. EZ [} ) £,] = 9pp” (D).

Proof. The proof follows by exactly the same steps as taken for (N). Alternatively
we can derive the equation from the cumulant generating function of the previous

section. Let I' be as before then

log E? {eszwﬁz} = F(|Als)

,ZN FB BJS ),

j>1

and

B¥[Sen La] = S F(Als)o
=8> jnTs)

j=1

=BY > P, [Xp; =2

j>1 zeA

= Oupu(Tgy)- O

Jj=1

In light of these results, we can consider the particle density of the ideal gas to be
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the same as the mean occupation, up to a factor of 571. That is we make the ansatz

vy _ 1

o=y = gBRIEL

and we can apply the results of the preceding section to analyse the behaviour of

the density in the thermodynamic limit.

2.2.2 The Intrinsic Equation of the Ideal Gas

The (thermodynamic) density of the Bose gas is defined as

p(B,h) = Jm pay (B, h)

. 1
= i GEN L]

and applying Theorem 2.4, the density exists and is given by

Bh
p(3) = [ el (2:10)

In this section we study the behaviour of p as a function of h, and discuss how
BEC is exhibited in the grand canonical ensemble. Considering for a minute the
canonical ensemble described by Zx (8, N) we recall that the thermodynamic limit
in this context is taken by simultaneously sending N, |A| — oo, in such a way that
the density converges: N/|A| — p € R, where we use p to distinguish between the
function p defined above. A natural question is given a density p > 0, at what value
of h < 0 does p(8,h) = p. The heuristic is that at this value h, it is ‘equivalent’ to
study the grand canonical ensemble, instead of the canonical ensemble: ‘E. (8, h) =
Zo(B,p)’. Of course we have not defined the functions above, and this is simply a
heuristic description. A rigorous account is afforded by the theory of equivalence of
ensembles, [Hua87] Chapter 7.6. Formally we phrase this question as the following

intrinsic equation.

Fix 8 > 0. For p > 0 find h* = h*(p) € (—o0,0) for which p(5,h*) = p.
(2.11)

For the time being, we will keep 8 > 0 fixed, and denote p(h) for the density leaving
the dependence on 8 implicit. The following proposition allows us to concentrate
our study of the variational problem on the extreme values as h approaches —oo
and 0.
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Proposition 2.13. For h € (—o0,0), the map h — p(h) is a differentiable, conver,

strictly increasing function.

Proof. That the map is differentiable follows on checking the conditions which al-
low for differentiation under the (measure theoretic) integral sign. Let p(h,u) =
(e=Bluth) _ 1)=1 denote the integrand in our expression for the density, then it
is immediate that u — p(h,u) is integrable on v € H, and that h — p(h,u) is

differentiable for h < 0. Furthermore, we have

e~ Bluth)
Opp(h,u) = 5m’

which is positive and integrable, from which differentiability is confirmed [Kle08]
Theorem 6.28 pp.140-2. Moreover strict positivity of dpp(h,w) confirms that p(h) is
strictly increasing in h < 0. Similarly one can check that the second derivative also

exists, and is positive, and so the density is convex. O

Applying this proposition, it follows that as we take the limit A * 0, the density

has a limit
Pe = pc(B) = }Ll% p(B,h),

which exists as an extended real number p. € [0,00) U {400}, we refer to this as
the critical density. Since the integrand p(h, u), introduced in the previous proof, is

strictly increasing in h < 0 the monotone convergence theorem gives

efh
= lim _
Pe h 0 Jyg e=Pu — ebBh

: ehh
= [ b i ()

1
= /H mmo@(du). (2.12)

Moo (du)

Theorem 2.14. For all p € (0,p.) there is a unique solution to the intrinsic equa-
tion (2.11).

Proof. Tt follows from Proposition 2.13 that there is a bijection between h € (—o0, 0)
and the values p for which there is a solution to the intrinsic equation, ensuring
uniqueness of the solution. Moreover, since the density is strictly increasing, the
density cannot attain either of the limit values p., or limp\ oo p(f,h). That the

lower limit is in fact 0, follows on applying the monotone convergence theorem (this
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time for non-negative decreasing sequences of functions) to the integrand p(h, u)

lim p(8,h) = lim | p(h,u)mec(du)

h\(—o0 hN\—o0 Ji
= li h d
/H limp(h u)mec (du)
= O’
which is the expected lower limit. O

We briefly remark that we exclude in our discussion the possibility that A = 0, since
the Bose gas is ill-defined at this value. However, as we saw in Lemma 1.10, so
long as k # 0, then we can define the Bosonic loop soup at A = 0; in this case
the result above changes in that we can now solve the intrinsic equation for values
p € (=00, pc].

Of primary interest to us is the value p.(8), and specifically whether or not this value
is finite. In case p. < co then we see that there is a break down in the equivalence
of ensembles. That is, supposing that p > p., then we can clearly still define the
thermodynamic limit of the canonical ensemble with N/|A| — p, however there is
no longer a grand canonical ensemble with which to relate it. This is an indicator
of the BEC phase transition, where we interpret the density of particles which are
not ascribed to loops as the condensate. We now ask how the geometric properties
of the graph sequence Ay effect whether or not BEC occurs. Recalling (2.5), when
An = Ky then the critical density is finite and given by

_ 1
Pc—ﬁ’

which we note agrees with Téth’s [T'6t90] derivation of the critical density in the
canonical ensemble on the complete graph. Einstein [Ein24], demonstrated that in

the case of the ideal gas in R3 the critical density p.(3) is finite, and given by

p.(8) = C(g) (27%25) " < o0, (2.13)

m

with {(s) =>_,,~; n~°, the Riemann ¢-function. In the following section we consider
the physically realistic case for lattice boxes converging to Z%, d > 1. In light of this
we will then provide a characterisation for when BEC occurs for arbitrary graph

sequences.
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2.2.3 The Critical Density for Z?

Our aim in this section is to study the critical density of the ideal gas on the integer

lattice Z%, and we prove that

(8) = lim p(8. ) =00 ifd=1,2,
pc(B) = lim p(B,
no” <oco ifd>3,

so that condensation of the ideal gas occurs only in dimensions 3 and above. From
(2.12) it is sufficient to ask whether or not

1

We consider first the case d = 1, and the vertex set of a graph will be [-N, N] C Z.
On page 9 we defined two different graph sequences Aﬁm, AS\’}”) and commented that
in the limit these are spectrally equivalent, in as much that m$a"” = m%": in the
following when we refer to properties of Z%, we mean with respect to either of these
limits. Due to the spectral equivalence our results will hold for either definition,
and as a matter of taste we will work with the periodic graph, A®e".

Since the generator matrix () associated with Aﬁ\’}”) is circulant, its eigenvalues take
on a particularly simple form (our reason for choosing the periodic box, over the

case with Dirichlet boundaries)

_ b\ .o
Spec(Q)—{cos(2W2N+1> 1.3—1,...,2N+1}.

and the canonical spectral distributions converge to ¢oo(u) = cos(mu) —1, u € (0,1],

see Appendix A.

Proposition 2.15. For h < 0, the density p(h) of Z admits the expressions

ePh
p(h) = /[0’1] eB(l1—cos(mu)) _ oBh du

ebh 1
:/ Bu ph = du.
[—2,0] € e w(2 —u)

In addition it has the power series representation

= Lo(Bj)e M,

Jjz1

where Iy is the modified Bessel function of the first kind.

Proof. The first expression follows on using the change of variables formula (1.4)

with the integral representation for the density, (2.10). For the second expression

33



we consider the cumulative density function

1
mOO({u < x}) = /O ]—{cos(ﬂ'u)—lgx}dua

solving cos(mu) = z — 1, we find
1
=1— =cos Yz —1),
™

which we recognise as the cumulative distribution function of an arc-sine random

—-1/2

variable on [—2,0]. Hence mq has probability density function (—u(2+u))~"/%, on

[0,2]. Writing this instead on [—2,0], we have the given formula. Finally, to derive
the power series expansion we recall that p = ijl jngo), where ngo) are the limit

densities of 8j loops, Corollary 2.6. Then

J

_ Losit-n) / oBicos(mu) gy,
J [0,1]

(0,1]

The integral in the second line can be recognised as Iy(87), the modified Bessel
function of the first kind, [AS64] formula 9.6.16. O

The derivation of the spectrum for AX}") when d > 2 is done in detail in Appendix A,
and we only briefly mention the approach here. We rely on the fact that the in-
terpretation of Z? = Z x Z as a cartesian product has an analogue description for
graphs. Moreover, the transition matrix of a cartesian product of two graphs is the
Kronecker sum (defined in the appendices) of the two matrices, from which we can
derive the spectrum of the product graph. In turn this carries through to d-products

of graphs, and in the context of A®*" we find that the spectrum is given by

d .
1 i C
Spec(Q) = {d E cos<27r2]\;7+ 1) —1:j=0)l,e{1,....2N + 1}d},
i=1

from which we derive spectral convergence, and in particular we have the limiting
distribution function ¢ : [0,1)? — [~2, 0] defined by

d
Poo(u) = éZCOS(Q?TUi) — 1.
i=1

where u = (u1,...,uq).

Proposition 2.16. For h < 0, the density p(h) of Z, d > 1 has the power series
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exrpansion
. B\
plo.m) =300V (55
j>1

Proof. The case for d = 1 has already been shown in Proposition 2.15. Following

the same method

p(h) = jn{)(h)

Jj=1

d
I T _B. P
= e [S) COS Uq u
3 /[O,l)d Xp( dJ; (m ))

i>1

d
= 3 Bl (/ e—fjjcos(m)du>
[0,1)

Jjz1

_ B\
:Zew—wo(dj) _ 0

j=1
We are now in a position to prove our result for the critical density in Z.

Theorem 2.17. For 8 > 0,

=00 ifd=1,2,

pe(B) = ,{ifmop(ﬂ,h) coo #d>3.

Proof. As previously remarked, it suffices to consider the integrability of

pe(B) = /He_Tl_lmoo(dU) = Ze_ﬁjjo(gj)d.

j>1
Consider the function

ﬁ d
flw) = eI <dw> , w >0

differentiating in w > 0 we have

=) (1))

It follows from positivity of Iy, that f(w) > 0, and moreover since Ip(w) > I (w) the
bracketed term above is negative, f’(w) < 0, and f is a positive decreasing function

in w > 0. Then the integral test asserts

/1 flw)dw < pc S/O flw)dw. (2.14)
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We compute the integrals above by the manipulating the following identity [AS64]

9.6.10,

Taking the d-th power we obtain

0 L)oo (Lyy)Phe
n(3) =2 = (8- () et

where the sum runs over k = (ki,...,kq) such that k1 +---+ kg =n

-3 2 () (W) e

SG) w2 () () ™

"X kj=n

)

The final term is recognised as the combinatorial factor which counts the total

number of d-dimensional lattice paths of length 2n which start and end at the same
point. Together with the weighting (2d)~2", this is exactly the probability that the

simple random walk on Z? is at the origin after 2n steps. Moreover, since the walk

can only be at the origin after an even number of steps we have
w\d w™
10(5) - ;Po[zn = 0=
Returning to the computation of the integral of f(w)
o0 d o0
_pw 154 1 —wr (W4
e Io(w) dw——/ e IO(—) dw
/0 d B Jo d
_1 iP [Z), = 0] ! /Ooe_wwkdw
=3 olek = Ul A
k=0
and recognising this final integral as the I'-function we have

= %ZPO[Z]C = 0]
k=0

- 56(2)
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with G(Z) the Green’s function of Z¢, (1.1). Noting that lim,o f(w) = 1, then

/01 flw) = ;/01 ewa()(%)d =: %C’d < 0.

Then (2.14) gives

%(G(Z) ~Ca) < pu(B) < %G(Z»

Finally we appeal to Polya’s theorem, which asserts that G(Z) is finite if and only
if d <3 [LL10] Theorem 4.1.1 p.75, from which our claim follows. O

Further analysis of the critical density reveals the following asymptotic formula,

which is comparable to the equation (2.13) derived by Einstein.

Theorem 2.18. For d > 3,

_daf d ¢ /d
pC(B)NB 2(27[_> C(2>a ﬂ-}OO,

where ((s) =) 3>, k~° is the Riemann (-function.

Proof. As in the previous theorem we write

pe(B) = e P15 (55)"

Jj=1

_ Z(f%jlo(gj))d.

Jjz1

Using the asymptotics Iy(z) ~ (27rz)*%ez [AS64] 9.7.1, we have for 8 — co

e(8) ~ (Qﬁdﬁ)gzg‘-%,

j=>1
which is exactly as required. O

Ultimately we have demonstrated that for Z?, the critical density is closely related
with the Green’s function G of a random walk, and consequently with the transience
or recurrence of the graph. We would like therefore to develop a similar relationship
for more general graphs, however since our definition of graph convergence did not
require the limit graph to exist, we cannot simply say that BEC is the same as tran-
sience of the limit graph. For example, we have already seen that BEC occurs when
we consider the graph sequence Ky, however there is no limit object towards which
this sequence converges, and so we cannot speak of transience. We can however

describe a heuristic link between BEC and the underlying random walk. Defining
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the mean local time of the walk X on a graph A as

then using Corollary 1.5, and that the generator of the walk X is Q = A\(P — I)
_ 1 .
Gy = m Z(_Q):m

1
—x X

n€Spec(Q1)

1 1
-5 >

n€Spec(Q) g

since the eigenvalues of Q! are the reciprocals of the eigenvalues of Q. Consequently

we have the integral expression

Gy = —/ lmA(du).
HU

Up to this point the calculations are rigorous. Suppose that we can justify taking

the limit inside the integral, for the sake of argument we define
— 1
Goo = — | —moo(du),
HU

then G is in some sense an indicator of transience or recurrence of the graph limit.

But recalling the integral form of the critical density

1
0. — /H (),

and taking the power series expansion of the exponential

1 1
By —utu—ud 4

[l

so that integrability of p. is equivalent to finiteness of Goo.
1

Moo (du)

In the case that the limit graph is recurrent, that is u™" is not integrable under mqo,

the argument above becomes rigorous since then Fatou’s lemma gives

— 1 1
liminfGp, = liminf/ ——du > / ——du = oo.
Nooo M 7 Nooe Ju o () i oo (1)

This is not the only case where the recurrence assumption facilitates our analysis.
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Recall that in the previous section, Theorem 2.10, we proved an LDP for the density
under the caveat that the function A must be steep at the boundary. Then from

Lemma 2.9

AN(s) = /Hmmm(du) = p(h+s). (2.15)

Assuming the graph is recurrent, the boundary is at s = ||, and lim, 5 p(h+s) =

oo, which is to say A is steep.
Corollary 2.19. LDP of Theorem 2.10 holds whenever p, = co.

Recalling that the rate function I(z) was given by the variational problem (2.9),

then for a given x € R the supremum is achieved at the value s, € R which solves
x = AN(sz) = p(h+ sz),

so that the LDP variational problem is none other than a shift of the intrinsic
equation for the ideal gas (2.11).

As a consequence of Corollary 2.19 we have that the LDP holds for lattice graphs
in d =1,2. Let us consider the case of Z¢ further; from Lemma 2.9 , and the power

series expression from Proposition 2.16 we have

Afs) = 30 2 (om0 _ prn) gy (‘;j)d,

>

. d
which converges whenever Zj>1j_1eﬁ7(h+s_1)fo(§j) does. Setting z = ef(hts)

. ) d
we have a power series in 27, with coefficients j’lefﬁjlo(gj) , and

Jl1 ) B . d Jl1 (i T d
Ze—Bi = ~ Ze—Bi i i} 7
)~ e

g 1
_ ([ (2B —an )’
- d .] )

where we applied the same asymptotics for Iy as before. Since j7/7 — 1 as j — oo

for all @ > 0, the Cauchy root test ensures that the radius of convergence (as a
function of z) is 1, or equivalently that the series converges for s < |h|. Moreover,
Pringsheim’s theorem for power series with positive coefficients [FS09] Theorem IV.6
pp-240-1, asserts that the series must diverge at s = |h|, so that |h| is the boundary

of convergence for A. However for d > 3, using (2.15)

lim A'(s) = lim p(h+s) = p. < oco.
Jim, (s) s/‘lhlp( ) = Pe
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In particular we have shown that A is not steep at its boundary, and so our LDP
as stated cannot be applied in this context.

In the above we have provided two examples of how proofs are facilitated by working
in the recurrent regime. Having said that, we still believe that they hold in both

phases so long as h < 0. We state this in the following conjecture.
Conjecture 2.20. For any spectrally convergent graph sequence:

(i) The sequence (Z, P%) satisfies an LDP with rate |An| and good rate func-

tion

N>1

I(z) = Slelﬂg (sz — A(s)).

(i) The limit éoo =limy_eo éAN exists as an extended real number, and is finite

if and only if p. < co.

We return to study the first part (the LDP) in Chapter 4, where we will state
a stronger form of this statement working on the space of cycle distributions. In
this case, we will be able to prove the theorem in both the recurrent and transient

setting.

40



Chapter 3

Bosonic Occupation Fields and

their Isomorphism Theorems

In this chapter we look more closely at the geometry of the occupation field, and in
particular we seek to describe it from a Gaussian perspective. The starting point
for this analysis will be a study of the Laplace transform of the occupation field
for which we derive an exact expression, which unfortunately we will not be able
to relate to any well known distribution. In the second section we circumvent this
by introducing a space-time random walk, for which the Markov loop soup can
be related to the Bosonic soup. With this new occupation field we will not only
be able to provide a Gaussian characterisation of the Bose gas, but also find a
geometric interpretation of the 1-particle reduced density matrix as a correlation in
the occupation field. Finally in the third section we relate our findings to Symanzik’s
formula to a model for an ideal gas in a space-time random environment.

Since we work with the distribution of the entire occupation field, we will not con-
sider graph limits as in the previous section (since as mentioned before, the limit
object need not exist), and for the most part we work on a single fixed graph A.

Throughout the chapter we work under the following assumption

A2 The inverse temperature is strictly positive 8 > 0, and either: x = 0 and

h <0,or k%0 and h <0.

The assumption A2’ is a weakening of A2 introduced in Chapter 2, where we
insisted that h < 0 for any graph. This limitation was implemented due to the fact
that the Bose gas is only defined for A < 0; in this chapter our focus is more on the
occupation field, and so long as the measures u, u” are o-finite (respectively, finite)

(which is the content of the assumption) the field is well defined.
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3.1 The Laplace Transform of the Occupation Field

Let f: I' = R be a functional on the space of loops, and define F' on configurations
of loops S C T by

F(S) =Y f(7),
vyeS

and say that F' is the additive functional of loop configurations associated with f.
The Campbell formula gives an expression for the Laplace functional associated with

F. In the following we denote v for an arbitrary o-finite measure on (T, G).

Lemma 3.1. Let f: ' — R4 be positive and measurable, and denote F for the

associated additive functional. Then

E, {e*F(S)} = exp <—/F1 - ef(v)y(dy))

If [(f A1)dv < oo, then the above holds on replacing f +— if.

See [Kal0l], pp.227-8 for a proof for general Poisson point processes. Our anal-
ysis of the occupation field £ will proceed by applying this formula in the case
of the Laplace transform of the occupation field. Given u,v: A — R we denote
(u,v) = > cpu(x)v(z) for their inner product; with regards to notation we will
swap between writing v, and v(z), using whichever is clearer in the context. Given
a positive function v: A — R, or equivalently a positive vector v € Ri‘, the Laplace

transform of £ against v is given by the expectation
E, [e—wﬁ)} .

The Campbell formula allows us to derive the following expression.

oy A
Proposition 3.2. Forv € R}

E, [6_@@} = exp <— /F 1- exp(— OM v(’ys)ds) V(d’y)). (3.1)

Proof. This follows from the definitions in Section 1.2.3, since for a configuration
Scr

(v, L(S)) = vaLx(s) = ZZUxLz('Y) = Z<UaL(’7)>7

zeA yeS zeA vyeS

so that the occupation field is an additive functional. But further for v € T’

vl [v]
WL = 3 /0 " 5o (y(s))ds = /O o (s))ds. 0

z€EA
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In the case that the loop measure v is either u, or u?, the integral on the right
hand side of (3.1) can be computed with the help of the Feynman-Kac formula for
random walks. We appeal to the following version proven in [Sznl2], pp.23-4, and
p-29.

Theorem 3.3 (Feynman—Kac). Let v, f: A= R. Forz € A, and T >0

B, [f(XT> exp ( / ' v<xs>ds)} = (@) @), (32)
where V = diag(v).

3.1.1 The Calculation for P?

This section is devoted to obtaining an expression for the Laplace transform of £
under the Bosonic loop soup PZ. We note that unlike the result of Le Jan [LeJ10,
LeJ11] for the occupation field under Py, the Markov loop soup at h = 0, we do
not put any restrictions on the graph structure. Le Jan’s proof required that the
graph be reversible, which will turn out not to be necessary here. We return to this
remark in Section 3.2 where we present a form of Le Jan’s theorem which holds for
graphs with normal transition matrices, which will be important in our study of the
space-time loop soup.

Before identifying the Laplace transform of the occupation field, we state the fol-
lowing proposition which will be required in the proof; we recall that for v: A — R

we denote V' = diag(v) for the |A| x |A| matrix with v on the diagonal.

Proposition 3.4. For c € H, v: A — Ry, the eigenvalues of Q + hl + ¢V have

strictly negative real part
Spec (Q + hl + cV) C int H.

Proof. The proof builds on that of Theorem 1.6. As in that result, it suffices to
check that the union of the Gersgorin disks is contained in int H. We have

Spec(Q +hI+cV) C U{zE(C: |z 4+ Az — h — cvg| <
€A

Az ZyeA ny

This is a subset of H if and only if for all x € A

Re| —(Ae —h—cva) + A D Pay | <0,
yeA
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or equivalently

h—+Re(c)vy <A | 1-— Z Py
yeEA

Noting that the left hand side is negative, whilst the right hand side is positive, it
follows that Spec(Q + hI — V) C H. According to [HJ13] Corollary 6.2.9 p.399, so
long as the inequality above is strict for at least one x € A, then @ + hl + ¢V is
non-singular, and hence Spec(Q + hl + ¢V) C int H. But this is the case if either
h <0, or if k # 0, which is exactly assumption A2'. O

Theorem 3.5. Forv: A — R,

+hI —BhI
E®[e=00)] = dot(I - P@MD) - det(e M —eP9)
det(I — B@QFRI=V))  det(e=Phl — eB(@-V))

where V = diag(v). Moreover, the formulae continue to hold on replacing v — iv.

Proof. We consider the integral expression in (3.1), and note that since (') < co
this expression continues to hold for iv, courtesy of Lemma 3.1. From the definition

of the loop measure (1.6), we have

— e~ L)y,
/F 1 DI

B [,y (1 070000
zEA j>1

eﬁj <
_ZZ ( {1@&:9:}}7&{1{%_:2}6 3 (X)dD.

xzeA j>1

eb’J

Applying the Feynman—Kac formula to both expectations

-y y et et ((eﬁjQ)m N (eﬂj(Q—V))m)

zeA j>1

and since €M = '] commutes with any matrix, we can take the product of matrix

exponentials

-y ( { ﬁJ<Q+hI>} _ ’I‘r[eﬁj(Q“’hl—V)}) (3.4)

=17
= —logdet (I — eB(QJrhI)) + log det (I - eﬁ(QJrhI*V)).

The final line follows on using that for A € C™*"™

Z]TrAJ = Z Z - = — Z log(l —n) = —logdet( — A),

jz1 neSpec(A j>1 neSpec(A)

so long as |n| < 1 for all ) € Spec(A). In our context, as a consequence of Proposi-
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tion 3.4 and that 5 >0

p(eﬁ(QJrhI*V)) = m;xx|e’7| = max eRetm < 1. O
Having derived an expression for the Laplace transform it makes sense to ask what
we can do with it! Unfortunately the formula does not prove easy to wield, for
instance even providing the distribution of the occupation field at a single point
seems beyond possibility. As an example, consider the easier task of deriving the
expected value of the occupation field at the point z € A. Let & € R? be the vector

which is zero in all entries except ¥, = v. Then

A
d ; d 71— ebflnith)
B — _ S EB|e—(0.L) — _| = - -
E”[L,] dvE {6 Lv:o (dv Zl;ll 1 — eBny+h)

)

v=0

where we denoted Spec(Q) = {m}yill, Spec(Q — V) = {n?}~ . The problem we
face is that even when V is as simple as it is in this case, it has only one non-zero
diagonal entry, we cannot give an explicit formula for the eigenvalues of Q@ — V in
terms of those of (). Since even this example proves troublesome, we have little
hope for deriving higher order correlations. There is, perhaps unsurprisingly, one
expression we can obtain from (3.3) however, which is the distribution of the mean
occupation. Setting 0, = v for all z € A, the eigenvalues of 7} € Spec(Q) are now
given by 1y = 1; — v, so that

1Al 1 — eBnith

1 ePm—vih’
=1

EB |~ L] — det(I — eP(QFhD))
{e } B det(I — eA@+hI=V))

which on taking logarithms, and rephrasing as an integral over the spectral measure,
is seen to agree with (2.2) the cumulant generating function for the mean occupation

L.

3.1.2 The Calculation for P

In this section we provide the complementary result for the occupation field of the
Markov loop soup, (£,P), which will turn out to be easier to manipulate. The
formula for the Laplace transform of the occupation field £ under P was derived
by Le Jan [LeJ10, LeJ11], though we reference [Sznl2] Proposition 3.7 pp.76-80,
and Theorem 4.3 pp.87—89, for a detailed derivation. Our purpose for outlining this
theorem will become clear in Section 3.2, where we will re-envisage the Bosonic loop
measure as a limit of a particular sequence of Markov loop measures. One small
obstacle which we must overcome, however, is that as it stands, the proof of Le
Jan holds under the assumption that the random walk is reversible, which we recall

requires Ay Ppy = APy, for all ,y € A. As we will see, the random walks which
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will be of interest in our context will not have this property, and so we introduce an

alternative condition.We will require that the transition matrix is normal, that is
P*P = PP,

where P* is the conjugate transpose of P, Py, = ?yz; of course since P is a real
matrix, this simply says P"P = PP”. Following Le Jan, we make a change in our
conventions: for this section we consider the Markov loop measure to be induced
by the walk X, with unit jump rates, rather than the walk X which has been
considered up until now. To balance this change, we will then scale the occupation
field by considering (A;'L;)zea. Recalling the scaling relation Proposition 1.2,
this is equivalent to considering the unscaled field £ under the Markov measure
associated with X.

Since our proof only deviates from that of Le Jan in a few places, we provide only
a sketch proof and refer the reader to [Szn12] for the additional details. As with
the case of the Bosonic loop measure, it suffices to study the integral expression in

(3.1), where we replace v with g = py,, and we see for v € Ry
/F]' o ef<v,)\—1/;>lu/(d7) / 1— —('u/)\ L) (d’y)
o] ht :
= Z/ 7E ]-{Xt ([} (1 —€ fo U/A(Xs)ds)}dt.

zEA

As before we apply the Feynman—Kac formula, Theorem 3.3, to each of the two

terms in the expectation
_ Z/ t(P—I)) B <et(P—I—V/)\)) )dt,

where we note that the expression is in terms of P— I in place of () since we assumed
the measure is driven by the unit rate walk X; the notation V/A is understood to

mean the diagonal matrix with entries v, /.. Continuing as for the Bosonic case

- [ e(ht‘”t (T[] - T [eP-77) at,
0
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This is the point at which the proof diverges from that of the Bosonic measure. The
analogous line in the Bosonic case is given in (3.4), and we justified that we could
perform the summation over j > 1. In the Markov case we must do some more
work before getting an expression as a sum. In particular, expanding the matrix
exponentials, and changing the order of summation we obtain

00 ((h=1)t 4k

- Z(Tr[Pk] — Tr[(P - V/A)’“]) / — (3.5)

k>1 0
Pausing to consider the integral term, we note

00 e(h—l)t tk 1 1 o]
—dt = ———— AR
/0 t & (1—h)kk!/0 ¢

_ L
k(1 — )R’

where we recognise the latter integral as that of I'(k), the I'-function [AS64], 6.1.1.

p-255. Consequently we have arived at

/F1 e B, = 37 (T (2 P)] - (2 - v,

E>1

which is now familiar on recalling (3.4), with the exception that the matrices are
no longer exponentiated. It is at this point at which the proof for the Markov
loop measure becomes somewhat more delicate. We recall that courtesy of Propo-
sition 3.4, the expression (3.4) converged for any choice of generator @ and v € Ri}.
The difference now is that rather than wanting the spectral radius of an exponential
matrix exp(P — V/\) to be bounded by 1, we require that p(ﬁ(P — V/)\)) <1
Supposing that this is the case (which in general is not true, but we return to that

in the following paragraph), then the same argument as for the Bosonic case yields

/Fl — e ®hdp, = —logdet (I — ﬁP) + logdet(I - (P - V/)\))

det ((1 — ) - P)

= — log (36)

det ((1 _WI-P+ V/A)

The sticking point is the bound on the spectrum, which fails to hold for general
vE Rf\F even in the simplest of cases. For instance, consider P = ({}), then A =1,
and supposing h = —1, v = (u,u) the eigenvalues of (%(P — V)) are %(—u +1),
and the spectral radius is greater than 1 for u > 1. Sznitman demonstrates [Szn12]

pp-79-80 that this can be overcome so long as the bound holds for small enough
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v E Rﬁ. That is, if for some € > 0
p(ﬁ(P - V/)\)) <1 whenever maxgep |vs] < €, (3.7)

then an argument via analytic extensions confirms that the identity (3.6) holds for
allv e Rﬁ (whilst the constant h < 0 does not appear in the work of Le Jan, or the
description of Sznitman, it does not feature in the proof of the analytic extension).
In the case that P is reversible this is confirmed in [Sznl2] pp.77-8 by observing
that P is symmetric with respect to the inner product (u,v), = > .\ AUV,
from which the result follows from spectral bounds of symmetric operators. In the
following we confirm that the condition (3.7) also holds if the transition matrix is

normal.

Proposition 3.6. Let P denote a normal transition matriz. Then there exists an
e > 0 for which condition (3.7) holds.

Proof. The proof relies on a spectral bound for normal matrices which we derive in

Appendix B, Proposition B.12; in our present context it says

p(ﬁ(P_V/)\)) = t50(P—V/A) < 125 (p(P) + p(V/N)),

where we have used the fact that since V/X is diagonal, it is necessarily normal since
(V/X)* = V/A. Moreover, since V/\ is positive and diagonal, its spectral radius is

given by its largest element

PV = (o) = e (0e/0) < (e )/ (minn, ) = o (1)

yEA

Substituting this into the inequality above, we have

p(r(P-v/) < ey )

1—-h 1-h

and the right hand side is strictly less than 1 whenever

Sy

If the right hand side of this expression is strictly positive, then it is a suitable
candidate for €. Noting that the denominator is strictly positive, this condition
holds whenever the numerator (1 — h) — p(P) > 0. But under assumption A2’
this is always true since either p(P) < 1 and h < 0, or p(P) = 1 and h < 0,

where we reference Theorem 1.3 for the bound on p(P), and in either case the claim
follows. O

Combining (3.6) along with Sznitman’s argument for the analytic extension, we
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obtain the following representation of the Laplace transform.

Theorem 3.7. Suppose that P is either reversible or normal. The Laplace trans-
form of \"LL under P is given for v € ]Rﬁ to be

E{e*@’)‘flﬁ)} _ det ((1 —h)I — P)
det (1 —h)I—P+¥%)

We recall that when defining the Markov loop measure, (1.5), we omitted any de-
pendence on S > 0 since a change of variables demonstrates shows that it leaves
the measure unchanged. The following corollary relates the measure Py to the un-
weighted measure Py which is studied by Le Jan.

For ¢ < 0, we construct from A = (A, w, k) a new graph A° = (A, we, HC>, where the

weights remain the same wg, = wgy, but the killing is given by

Ky = Kg — CAg,

negativity of c ensures k, > k;. Let pu® = pg, so that this is the true Markov loop
measure considered by Le Jan (i.e. zero chemical potential), but with a reweighted

random walk. We denote P for the law of the associated local field.

Corollary 3.8. For h <0
(AL B) € ()7, Pr).
Moreover
Es, [e_@’)‘_lQ] = det(I + G"V) ",

where G" = Gh()?) is the Green’s function of the walk X with variable jump rates
on A".
Proof. Noting that
Noo= > wh, 4w = A —hde = (1= h)As,
yeEA
then

wh w 1
pro= 2 = Y = Py,.
=y AL (1—h)\, 1-h "

Now considering the Laplace transform of the occupation field A~'£ under the

49



measure P, we have from the preceding theorem

—wa-1o)] det ((1 — h)I — P)
By e = det (1 —h)I — P+ V/A)

et (T- (- h)'P)
det (1 — (1= )P+ )

B det(I — P")

= det(I — P+ VA

The final line is exactly Ef [e‘<“7()‘h)715>} . Continuing to manipulate this expression

det(I — P")
det(I — P" + V/A")

Caa(i- - )

— det (I (- P")_1V/>\’L)71,

which is as desired, since G*(X) = (A)~'(I — P")~!, from Corollary 1.5, and
equation (1.2). O

We note that as a consequence of this corollary the two conditions of assumption

A2 are actually equivalent: since if h < 0, then necessarily <" # 0.

3.2 Space-Time Realisations of the Ideal Bose Gas

In this section we present an alternative definition for a Bosonic loop measure, in
which we massage the measure p so as that it is ‘close’ to the measure p?. We

commence by recalling the definitions of the respective loop measures

e eht

z€EA

and on performing change of variables t — [t

Tt is clear that the only distinction between the two measures p and p® is that the
first of the two allows loops of all lengths 8¢ > 0, whilst the second is concentrated

on loops whose length is 5j with j € N>;. One way to incorporate this restriction
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into the definition of u, is to introduce a second drift process into the definition of

P.. We derive this heuristically as follows; defining
O, = mod 1,

which we view as a deterministic stochastic process on the torus T := R/Z, so that
the pair Xiﬁ) = ()?t, Gt) defines a stochastic process on the space A x T, whose
distribution we write as Q. For € A, 7 € T we denote the site z, := (x,7) € AXT,

and then
Q.. [ =y | =6 (571 7 + ) mod 1)P,[X, = ],

and integrating the expression on the right hand side

/t>0 5-(B7'(t+7) mod 1)P, {)?t = x}dt = ZPQE {)?@j = x}

Jjz1

Consequently we can reformulate the Bosonic loop measure as

. . . (@ 1
and using invariance under torus translations: Qg, = Qg,, we have fo Qg dr =

Q, and

1 ooeﬁht .

zEA

In particular we see that the Bosonic loop measure can be equated to a Markov
loop measure defined on the space A x T, which we call the space-time realisation
of the ideal Bose gas. The derivation above was somewhat non-rigorous, but can be
made rigorous on definition of the suitable o-algebras; we omit this here since we
will not work directly with this process. Studying a loop measure on A x T would
of course require us to leave the discrete world, and certain technical constraints
will become cumbersome: for instance the occupation field £ = (L;, )z, eaxT is DO
longer indexed by a discrete set, and each path 7 — £, will not be guaranteed to
be continuous. Moreover it is not clear that the techniques established for deriving
the Laplace transform, which depended on the fact that we were manipulating finite
matrices, will carry over to a continuous setting. Instead we choose to work with a
sequence of discrete loop measures whose limit agrees with the continuous one.

N

t

As in the definition of the process X (ﬁ), we consider a pair ()?t,é ), where ©" =

51



(7?,)90 is now a random process on Ty = Z/NZ, the discrete torus, or cycle, for
N > 2. In fact if we define T = ([N],wn, kn), with ky =0 and

, B7IN if 7' =7+ 1mod N,
wy(T,7') =
0 else.

then the induced process 0" is the walk which only takes clockwise steps on the
torus (i.e. from j to j+1 mod N), and does so at rate 37! N, so as that the expected
time to cover the whole torus is 8. Equivalently we can identify this with a rate
B~'N Poisson jump process taken modulo N. As we discussed above, we will not
actually take the limit of the process itself, however the following theorem justifies
that the sequence ()?t, oy ), N > 1, will be approximating the correct loop model.
For A > 0, let P* = (P});>0 denote the Poisson point process defined by its law P
on the Skorokhod space D0, o) of cadlag paths z: [0,00) — R with z(0) = 0, see
[Bil99] pp.135-6 for a detailed construction. We also define 0* = (At);>¢ which is

deterministic and can also be described as a process with paths in D[0, 00).

Theorem 3.9. For A\ > 0, the sequence of scaled Poisson processes (%PW) con-

verges in distribution to the rate \ deterministic drift: %P*N BCNFAS

Before proving this result we state a technical lemma regarding the incomplete
Gamma function; recall [AS64] 6.5.1 pp.260, that this is given by

I(s,z):= /oo t5temtdt = T'(s) — (s, z),

and I'(s) =T'(s,0) is the T function.
Lemma 3.10. Forc; > ¢y > 0,

i YUzl lex)) o v(laz], o)

AT N(an)) e Des)

Proof. Since both terms above are positive, and y(|c1z], |c2z]|) < v(lc1z], caz), it
suffices only to prove the later limit. We consider the integrand ¢ — e~ ttlerzl—1,
differentiating this for ¢ > 0 there is a unique critical point t* = |cjz] — 1, at
which the integrand is maximised. Subsequently, for sufficiently large x > 0, t* =

c1z] — 1 > cox and hence

cox
v(lerz], o) :/ e~ tlarl =gy
0
cox
S/ e~ (com) 1?71t
0

_ 6_0236(021') leiz] ,
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where we used the fact that cox < t* and the integrand is increasing on the domain

of integration.Appealing to Stirling’s approximation

D) = @ ( o ) . (1 ! O< ] >)

we obtain the bound

ake) o flosl oo (22 (1ro( L))

lerz]
< avTafetowi-on ((22)

a1z

for some constant A > 0 and sufficiently large x. Taking logarithms of the upper
bound

Co

=At [erz)

CQ.Z' Lerz]
1
+5lo log|ciz] + [e1z] — cox + |c12] log
using that [c12| < ¢1z we have
_ 1
<A+ log az+ (a1 — c2)x + crzlog cox — |1z log |12

similarly since cijz — 1 < |e1z], and consequently —(ciz — 1) > —|ciz| we can

remove the final instance of the floor terms

<A+ %log az+ (¢ — c2)x + crxlog cox
— (crz — 1) log(crz — 1)

=A+ élog cir + x((cl —¢2) + ¢1log cox — 1 log(c1x — 1))
+log(ciz — 1)

3
< A+210g61x+$((01 —c2) +Cllog(cl_62x—1)>

which diverges to —oo so long as the coefficient of x is negative. But this is the case,

since on rearranging

. C2 (&)
] — log — 2} = (¢ — log 22
Jim. ((01 c2) + c1 log o= 1’1)> (c1 — ¢2) + c1log o

and

(a1 —02)+cllogc—2 <0 if and only if log— < ——1,
€1 a
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which is true since logy < y — 1 for all y > 0. O
We now return to prove the theorem.

Proof of Theorem 3.9. The proof follows the same steps as that of Donsker’s theo-
rem concerning the convergence of simple random walk to Brownian motion, [Bil99]
Theorem 14.1 pp.146-7; as in that proof, it suffices to prove convergence of the
f.d.d.s and tightness of the sequence of measures. For simplicity of notation we
consider the case A = 1.

Starting with convergence of the f.d.d.s, we fix m > 1, x € R™ and 0 < t; < t5 <
-+« <ty < 00. By the Cramér-Wold theorem [Bil95] Theorem 29.4 p.383, it suffices

to prove
1 m Y @ m
N 2P = ) ety
j=1 j=1
We prove the stronger statement of convergence in second moments. Note
2 m 9
_ 2
j=1
2 E ! Py 1 Py
+2 )z i )\ vt — )|

1<i<j<m

N

1
EO Nptj —tj

> (mP 1)

J=1

Since PN ~ Poi(Nt), we have Eg [PtN } = Nt, we recognise each term as a covariance

m
1 1 1
- Zx? Var(NPtI;,’> +2 Z T, COV<NP{;’,NP{;'>
i=1

1<i<j<m
1 m
= &7 Z x? Var (Pt];/) +2 Z ziz; Cov (Ptjj, PtJJ_V)
j=1 1<i<j<m

Using the fact that Var (Pt’;’) = Nt;, and Cov (Ptjiv, Pt’;’) = N min(t;,t;) = Nt;

1 m
= N Zx?tj + 2 Z Tixit;
=1

1<i<j<m

Consequently the term inside the bracket is independent of N, and the expression
above vanishes as N — oo, which is to say that we have convergence in second
moments. Convergence in distribution now follows.

To establish tightness we need to show that the process %PN does not grow too fast,
[Bil99] Lemma 3 pp.173-4, and Theorem 13.2 pp.139-40 property (i), and neither

does it fluctuate quickly, property (ii). Since the Poisson process is increasing, the
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definitions of these properties are simplified, and we require for all T > 0

1

lim limsup Py [P%V > C’] =0, (3.8)
C—=00 Nooo N

and letting Ils 7 denote the set of partitions 0 = tg < t; < --- <t =T such that

for j=1,...,m, |t; —tj—1] > 0, then we require for all € > 0

- . L on  pn _
liy s ol e (7~ FL) = <0 @9
The first of these, (3.8), is given exactly on applying the formula for the cumulative
distribution function of a Poi(NT') variable

D(CNJ,TN) _ A(ICNJ,TN)

Po[Py > CN] =1~ T((CN]) ~  TI(|CN))

Then since for C > 2, |[CN| > N + 1 holds for all N > 1, on appealing to
Lemma 3.10, the above expression converges to 0, as required.

Similarly we derive a bound on the second probability (3.9) in terms of the I' function
as follows. Let m > 1 be the largest value such that 27™ > §, so that the dyadic
partition t(m) = [0,7] N 27™Z € IIs 7. Then

1
Py| inf max —(Ptj;f—PN

1, N
tells r 1<j<m N tj—l) > 5} < Po[ max f(P% P ) > 8]

tetm) NVt Tl

=1- PO{ max (P

" — PY ) < Ne|.
tjet(m) ’ tj_l) o €:|

Using the independence of increments of a Poisson process, the variables (PtljV —Pt’jv_ 1)
are all independent, and since in general Pimax(X,Y) < ¢] = P[X < ¢|P[Y < ¢] for

independent variables, we have

=1- [ PO{F}J;’—P@’A gNs}.

t; et(m)

The partition ¢(m) has at most 2™ (T + 1) intervals of width 27, and all of these

are identically distributed, hence

<1-Po[PY., < NeJ" T+

. (T(leN], [27mN )T
=1 ( T([eN]) ) :

Recognising the term inside the product as

V([eN], [27"N])

S V{5 )
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and choosing m sufficiently small that 27 < g, then the bracketed term tends to
1 as N — oo. Note that since we take the limit in N first, the power of 2™(T + 1)

does not affect the convergence. O

3.2.1 The Space-Time Random Walk Measure

In light of the proof that the suitably scaled Poisson process converges to a de-
terministic drift, we proceed to describe a space-time random walk, for which the
associated Markov loop model will approximate the Bosonic loop measure. We note
that although their emphasis is quite different to our own, a similar discretization
of the temporal process was used by Balaban, Feldman, Knorrer and Trubowitz
[BFKT08a, BFKT08b] who study the Bose gas from a functional integral approach.
Rather than defining the space-time random walk as a pair (X,0V), it will be
easier for us to define it as a single process on the graph A x Tp. That is, if
A = (A w,k) is the graph which induces the walk X, we define the new graph
Ay = (A x Ty, w", k"), where we adopt the same convention as before writing

zr = (x,7) € A x Ty, and the weight function is given by

w(z,y) ifr=7
wN(z7,y7) =4 BN  ifx=y, 7 =7+ 1mod N, (3.10)

0 else.

and the killing vector is k)] = ;. The induced process is denoted YN, and the
normalised unit-jump rate walk is denoted X*. Note that on checking the jump
rates above, it is clear that the walk X" defined above does agree with the process
(X,éN). When we wish to see the process as a product, we refer to X as the
spatial component, and 0" the temporal component. Before proceeding we update
our collection of assumptions which will now be maintained for the remains of the

chapter.

A1’ Graph sequences will always be of the form Ay = A x Ty, that is limits are

only considered in the temporal dimension.

A2’ The inverse temperature is strictly positive 8 > 0, and either: x = 0 and
h<0,or k#0and h <0.

A3 The weights wyy, £, of the graph A are normalised so that A, = Zye A Wy +

kz = 1, or equivalently P,y = wgy. Moreover, P is normal.

A4 The Markov loop measure puy = A, denotes the Markov loop measure
defined on Ay, and is with respect to the normalised walk X%, not the walk
X", We denote the law of the loup soup Py, and define the scaled occupation
field £V := (1 + N~ 1)~ 1L,
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Whenever we omit the subscript N, e.g. A, u, P, we are referring to the

Markov loop measure on A.

The first two assumptions speak for themselves. The later two recall the conditions
under which we studied the Laplace transform for the loop soup under the Markov
loop measure. The assumption A4 is really only fixing notation, and reintroducing
the scaling convention which was adopted in Section 3.1.1. Of greater interest is the
restriction we introduce in assumption A3. Again, the fact that we choose P to be
normal will be of importance in deriving the Laplace transform for the space—time
random walk, the curiosity, however, is our insistence that the weights normalise to
1. Whilst not essential for deriving the Laplace transform of £V itself, we will see
that under this assumption we can prove convergence in distribution of a related
‘projected’ occupation field.

Our first order of business is to confirm that the transition matrix PV induced by
(3.10) is in fact a normal transition matrix. Just as the transition matrix of the
d-dimensional lattice box can be derived as a Kronecker sum of matrices, we will
prove that this is the case in our present context. Given two matrices A € C™*™
and B € C™*™ with m,n > 1, we define their Kronecker product to be the mn x mn

matrix given in block form by

anB  ai2B - aipB

ang GQQB s agmB
AoB=| . ,

am1 B amaB - ammB

and entry wise this is (A ® B);,r, = a;,bj,, 1 < i,k <m and 1 < j,I <n. Then the

Kronecker sum is the mn x mn matrix
AdB:=(A®1,)+ (In ® B),

and (A® B);x, = aid;(1) +b;0;(k). Both the Kronecker product and sum turn out
to be pleasant to work with due to their distributivity properties, and their spectral
representations. We defer proofs and statements of these to Appendix B, but will
draw on certain results in the coming pages. Working from the definitions above we

derive the following.

Lemma 3.11. Let P denote the transition matriz of the walk X on A, and P" that
of the process X~ = (X,0N) on Ay. Then

1
PN = W(P@Nﬁ_lz)a

where ¥ = circ(0,1,0,...,0) € CN*N s the rightward shift of the identity matriz.

Moreover PN is a normal matriz.
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Proof. Using the notation established above

(P& NBTS) = Puyd (r') + N Sr0r6a(y)

= wxyér (T/) + Nﬁ_16¢+1(7/)5w (y)a

Tyt

which we see agrees with (3.10); note that we adopted the convention here that 741
is taken modulo N whenever necessary, which was to avoid cumbersome terms such
as 0741 mod N(T')~

To see that PV is normal, according to Proposition B.15 it suffices to show that both
P and NB~!Y are normal. Since, by assumption, P is normal, it remains to confirm
that ¥ is. However, on noting that X" = circ(0,...,0,1), i.e. XI, = 6,_1(7') we

have

(27%) Z I

72671 )8941("),

noticing that this requires us to simultaneously have 1 —1=60=7"—1,ie. 7 =7
= 6.(7"),

ie. XTY = Iy, the identity matrix. Then since 337 = (ETE)T = Iy, the claim
follows. OJ

As a side note, perhaps a more intuitive justification for the normality of ¥ comes
from considering the related Markov chain which always jumps clockwise on the
torus; similarly the Markov chain associated to 37 always jumps anti-clockwise. It
follows then that a clockwise jump, followed by an anti-clockwise one leaves the
process at its starting point (i.e. the identity matrix), as does an anti-clockwise
jump followed by a clockwise one, from which we have that ¥X7 = Iy.

Courtesy of this proposition and Theorem 3.7 we are in a position to state the
formula for the Laplace transform of the occupation field £V; having said that, at
this stage there is nothing to be gained by repeating the formula. For the time
being we develop the relationship between (EN ,Pxn) and (ﬁ, PZ). We achieve this
by projecting the occupation field £V onto the spatial dimension; that is we define
LN = (L) gen via

N
LY =)L), wel,
which we refer to as the projected occupation field. For our voyage into the space—
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time formulation to have any worth, we of course expect that this field can be
related to the Bosonic occupation field, as Ty — R/Z. Tt will turn out that the
fields are equivalent on accounting for a surplus field of point loops: those which do
not complete a lap of the torus, but merely stay at their starting point. The main

step towards deriving the relation is the following statement.

Theorem 3.12.

_ (BUI-P)
lim EN{e*@vU”q _ det(Z =T D) (3.11)

N = det (1 — TPV’

Proof. In light of Corollary 3.8 it suffices to consider only the case h = 0, since
any other A < 0 can be obtained by changing the definition of P. Let Oy be the
N x N matrix of all zeros; for a vector v € R*, let vV := v ® Oy be the length N|A|
vector with v(z¢) = v(z), i.e. vV = (v1,...,v1,..., 95}, ) € RN From the

definitions we have
N
(0, L) =Y oy LY = (N, L),
zeA T=1
Then applying Theorem 3.7 to the space-time walk
Exn {67<U7£¢N>:| =Eyn [67<UN’LN>}

B det (I—PN)
det (I = PN+ p=r V)

(3.12)

Our analysis of this term now proceeds by identifying the eigenvalues. As in

Lemma 3.11 we can rewrite the matrix —P~ + (1 + Nﬂ_l)_IVN as a Kronecker

sum
_PN_‘_#VN — | pN #VN
1+ Np-1 14+ NB-1
1
= ((P- NB7IR).

We appeal to the fact that the eigenvalues of the Kronecker sum of two square
matrices are given by the sum of all the pairs of eigenvalues, Lemma B.13, hence we

have

1 n’ + Np 1o . ,
PV —— _yYV )= 1 <i<|Al,1<j<N
Spec( +1+Nﬁ—1v> { TN <i<|AL1<5< ,
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where 7Y € Spec(P — V), o; € Spec(X). It follows that for any v € R}

[AN] N -1
N 1 ~) ny NB o
det<I‘P v >—H II<<1_1+N,8—1>_1+N§31>'

i=1 j=1

Since ¥ = circ(0, 1,0, ...,0) is a circulant matrix, its eigenvalues are given explicitly

as the N-th roots of unity, Theorem B.18
) ]
0j = Wy = exp <2mN>,

and we recall the following identity H?f:l(a — cwfv) =aVN —cN, foraeR,c>0,

Proposition B.19. Applying this, the product over j = 1,..., N becomes
N v _ " _ N
H ]- - ni — Nﬂ 1Uj = ]. - 4171‘ N - Nﬁ :

1+ N1 1+ N1 1+ N1 1+ NB-1L

j=1
([ Ngt Y 1\ N
_<1+Nﬁ1> ((”Nﬂl) -

Substituting this into the expression (3.12), where the numerator is simply the case

v = 0, and we denote the corresponding eigenvalues 7; = n?, we obtain

e e )] - ] (14 3)" 1

U N :
i=1 <1+ Iif_ﬁﬁil) —1

In taking limits we recognise the term in N in both the numerator and denominator

to be convergent to an exponential

N A 1+ %)N -1

lim Ex {e%”’ﬁ >} = lim
N—oo . N—o0 1—n? N

i1 (1+ Nﬁ,q) 1

1Al eB=mn:i) _ 1

o L eBA-nF) _q

=1

B det (I — eﬁ(I_P))
~ det (I — ePU=PHV))’

from which the claim follows on comparison with the Laplace transform of £ under

PZ Theorem 3.5. O

On comparing (3.11) with (3.3), we see that the two Laplace transforms agree up to
a change in the sign preceeding the term in V. To reconcile this difference we must

take into account the contribution of point loops to the field £~. For the purpose
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of simplicity we briefly return to considering general graphs A, before returning to
the space-time context. As before we let I denote the set of all loops on A, the set

of point loops is given to be I'* C T" with

D= {yel: #(yNA) =1},

i.e those loops that do not leave their starting point. The occupation field of point
loops is denoted by G = (Ga),ep, With Gz = 3 cp L(7). Le Jan [LeJ10] Proposition
14, refers to the loops in I'* as trivial loops, and identified the distribution of G under
the Markov loop measure p as a Gamma random field. We prove this statement in
the additional context of the parameters 8 and h, and also demonstrate that in the

space—time limit the point loops contribute a deterministic factor to the occupation
field LV,

Lemma 3.13. For h < 0, the occupation field of point loops satisfies

@ 1 SA
(g7P) - <1_hG7P )a

with P the law of T'(1,1) random variable.
Moreover, in the context of the space-time loop model, the field G*N = 25:1 Ge,

converges to a degenerate distribution

(gW,IPN) HON <15h].(5;®é\}>

Proof. Since we are now somewhat accustomed to the computation of occupation

fields, we describe the following in brief. Our usual application of the Campbell

formula leads us to identify the following integral

ooht

/*1 oAt ) Z/ 7E 1{Xu IVO<u<t}(1,e—fgv//\(Xs)ds)}dt,

where we brought the requirement that the loops are point loops into the indicator

variable for the random walk. This then becomes

e’} ht
= Z/ eftv’”/A”)Pz[Xu =z, V0 <u <t

z€A

-y / : (e—u—h)t _ 6—<1+vz/xw>t)dt
zeA 0
_ Zl (1 + vx/)\ )

TzEA

61



It follows that the Laplace transform of the field G, is given by
_ 1+ v /A -1
E[ <v79>} S B e 7
¢ 1= ’
TzEA

from which the first claim follows.
Turning to the context of the space-time walk, we consider the case h = 0 for

simplicity. We have

: (0, GY] Va/Ax
NITOOEN{@ s >}_1v15n00111_[1(1+1+‘[N5 )

i 1 Uz/>\z -
i LT+ w5
zeA

= H e Pzl O

TEN

Combining the above expression for the occupation field of G*V with (3.3), one

immediately obtains.

Theorem 3.14 (The Bosonic Isomorphism Theorem). In the limit N — oo, the

projected occupation field satisfies
(L, Py) < (.c+51 IE”B>

where 1 is the deterministic field with 1, =1 for all x € A.

We mentioned previously that working with the field £ under P? presents challenges
due to the fact that we cannot manipulate the Laplace transform easily; this provides
some level of motivation to work instead with the field £~ and then project down to
LN since the Laplace transform of £~ was given in terms of the Green’s function
of the walk P", and in particular did not involve exponential terms. In the following
section we discuss the distribution of the space—time occupation field, and state the

analogue of Le Jan’s isomorphism theorem to the Gaussian free field.

3.2.2 Complex Gaussian Measures and The Space—Time Isomor-
phism

Having derived a random field, a natural question to ask is how the global structure
of the field appears, and how correlations behave across it. As a simple calculation,
we can consider the expected value at a point of the field, something which was
outside of our scope when studying the mean occupation in Chapter 2. As before
we assume that the term in h < 0 has been absorbed into the definition of the

random walk P = P", and for a point 2, € Ay, choose & € R to be the vector
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of all zeros except ¥, = v. Then

Bler] =g [0,

d ~
— 3 det (I+G"V)

—1
[v=0"

where GV = G()?N) is the Green’s function of the variable jump rate walk. Since

V only has one non-zero entry, (GN ‘7)96 .. = Gy . v, we have
d —1
= _@(1 + GQTJCTU)\U:O
_ N
Tr,Tr*

Comparing this with our attempt at a calculation using the Laplace transform of the
Bosonic occupation field on p. 45, we note that the ease of computation here follows
from the fact that the dependence on V' becomes multiplicative. In this particular
example we immediately derived the spectrum of GV f/, whereas previously we dis-
cussed that the spectrum of Q — V' remains mysterious. Continuing this example,
we note that we need not stop at the expectation; writing
—orLN 1
E{e UE“”T} = mv

TrTr

this is recognised as the Laplace transform of a I'-distributed variable, LY ~
I'(1,Ga, 2,). Of course turning this into a result about (L£,,P”) remains a chal-
lenge: although we have Zivzl Ly SON L+ %1, we cannot readily calculate the
sum of a collection of dependent Gamma random variables.

That each site of £V is I'-distributed is a sub-result of a much more significant ob-
servation regarding the distribution of the entire field. In fact we are already in a
position to provide a description of the space—time occupation field in terms of a
recognisable distribution. In [VeJ97], Vere-Jones introduced a family of distribu-
tions known as a-permanental processes; letting Z denote an arbitrary index set, and
U:Ix1— Ry, the a-permanental process with kernel U and law P,y is, when it
exists, the process 6 = (0;):cz such that for all finite collections t = (1, ...tm) € ™,
and v € R

1

Eou [ 8 20000 | = det (1 + 0, V)=, (3.13)

where we denote U}, for the m x m matrix with entries U, (i, j) == U(t;, t;). In the
special case that a = 1/2 and U is positive and symmetric, the process 0 agrees

with the distribution of the square of half a Gaussian process. That is if ¢ = (¢¢)rez
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is a centred Gaussian distribution on Z with covariance U, and law PY then

(0000) @ (57),

In general one can ask under what conditions the right hand side of (3.13) determines
a distribution: i.e. when is this a valid Laplace transform for a random process?
Vere—-Jones provided necessary and sufficient conditions on the index o > 0 and
kernel U. Eisenbaum and Kaspi [EK09] establish that these conditions are satisfied
whenever U is the kernel of a transient Markov process on Z, in which case the
corresponding a-permanental process exists for all values a > 0. Further they
relate the a-permenantal process to Dynkin’s isomorphism for the local field of a
random walk: we return to this in the next section. As a side note we remark that
in the same paper of Eisenbaum and Kaspi they go on to consider the Bosonic point
process, which can be derived from the Feynman—Kac formula for the ideal gas
(0.13). A loop of length S3j is identified with j points x1,...,z; € R? by forgetting
the Brownian paths connecting them, and considering only the point locations. Note
that this is somewhat perpendicular to our own study, where we study only statistics
of the paths.

Returning to the occupation field of the space—time walk, we note on comparing
Laplace transforms, that we have confirmed Eisenbaum and Kaspi’s result on the

existence of permanental processes in the special case of the space-time walk.

Theorem 3.15. Let G = G = (Ggfyrl) be the Green’s function of the walk X" on
An, then for a > 0 the permanental process 0 = (0, )z, cry With law Py ¢ exists,

and
N py) £ (30, P
(L7 PY) = (30, Pag):

where P}, denotes the law of the occupation field with intensity measure oy .

Note that the extension to all intensities @ > 0 follows immediately from Camp-
bell’s formula (3.1) once one has established the case for « = 1. A consequence of
identifying the occupation field as a permanental process is that we can in fact get
all of the correlations as expressions in the Green’s function. In the following we use

Per A to denote the permanent of a square matrix A € C™*™, which is defined by

PerA:: Z ﬁAiw(i)-

TESH i=1
Corollary 3.16. For zi1,...,Zm € A, 71,...,7m € Tn let £ = (T1rs-- - Tmr,,) €
AR, Then
En [ﬁé\;’l,n) Ly | = Per G
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The moment formula for permanental processes is derived in [VeJ97] for general
a> 0.

As we have already mentioned, in the case that the generator of the random walk
is in fact symmetric one can recognise the Laplace transform in terms of Gaussian
fields. This is the content of Le Jan’s isomorphism theorem, [LeJ10, LeJ11]. We
recall that given a symmetric real matrix U € RA*A

centred (discrete) Gaussian free field is the field ¢ = (¢5)zen with law PV, where

with non-negative entries, the

1

e 30U g,
(27)z A /det U

PY(dg) =

and d¢ := [[,cp - PU is determined by the fact that it is the unique law on R*
for which EY[¢,¢,] = U(z,y), see [Szn12] pp.31-2.

Theorem 3.17 (Le Jan’s Isomorphism). Let A be such that the associated walk is
reversible, and let P* denote the law of the loop soup with intensity measure cp.
Then

(rect) # (1o.r9),

where PS is the law of the Gaussian field with covariance G = G()?)
Moreover, if « = k/2 for some k =1,2,..., then

<)\71£7Pa:§) @ ( (60 + - 4 ¢®), PG®~~®PG),

where ¢\9) are independent PS¢ Gaussian fields.

A proof that (I + GV)_% is the Laplace transform of a square of a Gaussian process
is given in [Sznl2] Proposition 2.14 pp.47-9; the extension to o = % is immediate
from the superposition of Poisson processes, and follows on inspection of Campbell’s
formula for the Laplace functionals, Lemma 3.1.

Implicit in the above was that the Green’s function G = G ()? ) is symmetric, else the
occupation field A™'£ cannot possibly be equivalent to a Gaussian field. This is a

consequence of reversibility of the walk, since recalling the conventions of Section 1.1

Gy = N'G(Z)ay = NP P = NP P = Gy
n>0 n>0
In the absence of reversibility, however, one can no longer hope for a Gaussian
description. In particular for the space time occupation field it would appear as
though a permanental description, Theorem 3.15, is as best as we can do. This is
in fact not quite true, so long as one is happy to leave the realm of real probability
measures, and consider instead complex measures. In the following we provide a

brief introduction to complex Gaussian measures, and closely follow the exposition
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of Brydges, Imbrie and Slade [BIS09].

We consider distributions on complex fields (¢)zen € C*, with 9, = ug + ivg,
and we adopt the convention of always writing the field as the pair (1;,%, ), where
), = Uy — v, is the complex conjugate. We use the notation 1 to distinguish from
the real fields ¢ discussed above. Integration on C? is defined via the differential

forms
dypy = duy + idvy, d@z = du, — idv,,

and we take products of differential forms via the anti-commutative wedge product,
which satisfies: du, A dvy = —dvy A du,. Henceforth we omit the wedge symbol,

dugdvy = duy A dvy. A consequence of anticommutativity is

duydu, = —duzdu, =0 = dv,dv,,
d@wdwx = (dum — idvx) (dux + idvx) = 2idugdu,.

The differential form on C? is then given by

dgpdep = [ dp,debe,

TzeN

and using the calculation above, this is

= (2i)IM H duzdvg,
TEA

so that integration on C* can be done against real variables u,, v, € R. We saw in
the definition of the (real) Gaussian field ¢ that it was determined by a symmetric
matrix, where symmetry ensured the existence of its inverse which was required to
define the normalisation constant. The complex equivalent is to require a matrix
A e CIMXIAl to be Hermitian: A = (Z)T =: A*. We assume throughout that A is
positive-definite, and consequently invertible; we denote C' := A~!. The following
proposition will enable us to define a complex valued equivalent to the Gaussian
free field.

Proposition 3.18. Let A € CIAXIAl be Hermitian, with inverse C = A=Y, Then

— DA
R

Moreover, this continues to hold if A is not Hermitian, but has positive definite
Hermitian part: Hp = $(A + A*).

Proof. We consider only the case of A Hermitian, and follow the calculations of

[BIS09] Lemma 2.1 p.37-8. As a consequence of A being Hermitian, its eigenvalues
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are necessarily real, and moreover it can be diagonalised by a unitary matrix. That
is, there is a U € CINXIA with UU* = U*U = I, and A = UDU*, with D = diag(7,)
the diagonal matrix of eigenvalues 7, € Spec(A4), which are in an arbitrary order.

Performing a change of variables ¢ = U1

/e*@w“@d@dw — /e_W’D@d@dQD
= (2mi)N / ¢~ Sluativana(aive) duy | duyydoy .. dupy,

= (2mi)!Al H e () qu, duy,
zeA IR

which we recognise as a standard Gaussian integral

1
= @2mi)M ] = O
€A N

As a consequence of this proposition we define a compler Gaussian measure with

covariance C' = A~! by

PO (dy, dip) = Zic / e~ (VAY) qiidep. (3.14)

Integrals of this form have been widely studied by physicists under the guise of path
integrals, and often go under the name of Grassman integration. Recent work by
Brydges and Slade, along with a myriad of co-authors, have applied this formalism
to a variety of statistical mechanical models: notably the p?-field theory, and the
study of self avoiding walk models. Remarkably they derive a complex Gaussian
integral representation for the weakly self-avoiding walk model, for which the two
point correlation function is seen to agree with the two point function of a (*-field
theory; see [BIS09] for a survey. To model self avoiding walks, additional machinery
is required to define suitable differential forms, and we will not make use of these
here. However, at the heart of these arguments, will be an integration by parts
formula for complex Gaussian measures, which will be reminiscent of the moment

formula for a permanental field, Corollary 3.16. We define differentiation of complex

fields via
o0 _1(9 .90
Oy 2\ Ou, ov, )’

Lemma 3.19. Let A have positive definite Hermitian part Ha, C = A~ and let

PC denote the induced complex Gaussian measure. For F: CIA — C smooth, and

67



reA

/ ), F PO (dpdyp) = > Cuy PC (dy, dep). (3.15)

yeEA

Proof. Again we follow [BIS09] Lemma 2.2, p.38. As a preliminary calculation we

note

ie— <¢1Aw> ie* Zy zen (Uytivy) Ay (uz—ivz)

Dy Ouy
= Z Ayz z ZUZ Zy,zEA(uy‘Hvy)Ayz(uz—ivz)
zEA
— o (v.AY) Z Ay,

zEA

and similarly

O~ (0A0) _ e (00) S 4,7
avy zEA

Consequently

a B j— _ — —
B (0 A0) = = (A0 N 4,0

z€EN

Now considering the integral term on the right hand side of (3.15), and applying

the integration by parts formula for real integrals (against wu,, vy)

oOF

C oF <7/’7A'¢'>
S Poav.an) = [ 22 o vy

/ 5 ~(049) Gy

= ZAyZ/¢ZF PY(dep, d).
Summing both sides over Cy,

S Cuy [ PO dT) = 35 Coye 0.6 P, 40)

yeEA yeA zeA

= Z (Z CacyAyz) /%F PC d¢adw)

z€AN \yeEA

68



Since C' = A~!, the summation over y is equal to &,(y) and all of the terms on the

right hand side vanish except for the term with y =z
— [5.r Peav. ). =

Following the parlance of statistical mechanics, we use (- ). to denote ‘expectation’
against the complex Gaussian measure P¢; when the expectation is against variables
of the form v,1, € R we will also write EC. As an application of the integration

by parts formula, we have the following calculations. For z,y € A
_ _ _ 9 _
@et)e = [Ty P d0) = 3G [ 50,700, 00) = Gy (310
whilst
<¢x@xwy@y>c = EC (wxaxwyay)
— [ w05, PO (0, 00)
9 _ _
=3 G [ o tat 5, P 0, 09)
— Gus [ 05,P (@0, d0) + Guy [ 0,5, PC (a0, dD)
= GpzGyy + Gy Gy

We recognise these as agreeing with the moments of an @ = 1 permanental process,

and in fact we have the following more general result, [BIS09] Lemma 2.3 pp.39.

Lemma 3.20. For x1,...,zy, € A

<H;11 7/’@@;;5)0 = PerGl{xlwwm}'

The above is sufficient to confirm that the o = 1 permanental field agrees with a
complex Gaussian, so long as the generator of the permanental field has positive
definite Hermitian part. As in [BIS09] we omit the proof of this moments lemma,
since it is a rather drawn out inductive argument. Instead we prove the equality in
distribution by showing equivalence of the Laplace transforms. We prove this in the

context of interest to us, the space-time occupation field.

Theorem 3.21. Let G = GV be the Green’s function of the walk X" on AN. Then
(£¥.P) = (vo, P%),

where (1)), = w%@b = uiT + ’U?c_r, for x € An.

Proof. Denoting Ay = 1+ NB™!, we recall that G = G~ = )\]_vl (I — PN)_l7 we first
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confirm that Ay (I — P") and Ay (I — PY + V') have positive definite Hermitian part,
where V = diag(v) for some v € RQN. We have
1

Hygprvysy = 5 (O = P)+ V) + (NI = P) 4+ V)7) = I = Hpw + V.

The matrix Hpn is symmetric, and is the average of two transition matrices, and
hence is itself a transition matrix. Moreover, by assumption A2 the matrix is sub-
stochastic. It follows that Spec(I — Hpn) C (0,2), so that I — Hpn is positive
definite. Moreover, positivity of v € Rﬁ ensures that V is also positive definite, and
hence so is the sum I — Hp~v + V, Proposition B.2. Positivity of Ay then gives the
desired result. Now

<67<ww>> — 7! / e~ (VANU=PHV/ANE) g5y,

G
and since Ay (I —P+V/Ay) has positive definite Hermitian part, by Proposition 3.18
the integral above exists and is given by Z/\;/1( [—P+V/ay)-1> from which

det(I — P)

T det(I— P+ V/Ay) s

As mentioned above, the theorem is not limited to the case of the space—time walk,
and holds for any permanental process whose generator has positive definite Her-
mitian part. In terms of the loop soup isomorphism however, to date we have only
established the Laplace transform of the occupation field for generators P — I which
are normal or reversible. We do, however, believe that an extension to processes
with Hj_p positive definite is possible. A further question is whether this can in
turn be extended to the generator @ = A\(P — I) with continuous jump rates.

In light of this isomorphism and the fact that £V — L + %1, the occupation
field under P?, we have the interpretation of the Bosonic occupation field as the
field obtained on integrating out the spatial component of a space—time complex
Gaussian field plus the additon of a deterministic factor. In the next section we
continue to work with the space-time description of the loop model, but provide

further relationships with the ideal Bose gas.

3.3 Space Time Loops And The Bose Gas

In the final section of this chapter we provide two applications of the space—time
formulation of the loop soup to the study of the ideal Bose gas. The first of these con-
tinues on the theme of the previous section, where we derive a version of Symanzik’s
formula for complex Gaussian fields, which we then provide a physical interpreta-
tion for. The second section considers space—time correlations in the loop soup, and

relates these to the 1-particle reduced density matrix of an ideal gas.
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3.3.1 Symanzik’s Formula for Bosons in a Random Environment

It was mentioned in the introduction that the study of loop measures was started by
Symanzik [Sym66, Sym69] who used them to derive a path integral representation
for Euclidean quantum field theory. One particular result relates the correlations of a
quantum field under a potential to an expectation with respect to an occupation field
of random loops and paths. In this section we derive Symanzik’s formula for complex
measures in the context of the space—time loop soup, and will relate the formula to
a model of ideal bosons interacting with a space—time random environment. Our
steps follow those of Sznitman [Szn12] Section 4.3, pp.91-5, and before engaging
specifically with the space-time world we recall some definitions.

Up until now we have considered only measures on closed loops. In this section we

also consider measures on paths, and define for z,y € A the measure

1 o0
sz[B] = /\7/ P, [1{Xt:y}(B n Dt)]dt, D eD,
z Jo
where D is the o-algebra on the space of paths D, introduced on p. 10. This is a
finite measure on ‘open ended bridges’: i.e. paths from z to y but with no prescribed
duration. The additional factor of A~! is similar to the convention adopted in the
previous section of working with the walk X, and then scaling the occupation field

by £+ A~L; in this context it ensures that the total mass of the measure is

P,,[D] = A%/Ooo P[X; = yldt = G(X)

zy’

We stress that this is not a probability measure, however we still write expressions
such as Py [X; = z] to stand for the mass of the set {y € D: v = z}. We define
the local time under the measure P, analogously to how occupation times for the
loop soup were defined in Section 1.2.3, but denote local fields of random walk by
lowercase | = (I)zen; we also make the distinction of referring to local fields when
speaking of random walks, and occupation fields when referring to the loop soup.
As discussed above, since we have defined the measure in terms of the walk X, we
will consider the scaled local field A™: in fact we maintain all the assumptions
A1’-4 introduced on p.56. The following lemma is the equivalent of the derivation

for the Laplace transform of the Markov loop soup.

Lemma 3.22. For A reversible or normal, and v € ]Rf}_
_ -1 _
Emy |:€ <U’)\ l>i| = (V - Q)ryl

Proof. We argue via the Feynman—-Kac formula (3.3). We proceed as in the proof
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for the loop soup occupation field, noting
e /0 B, 1o o VAX0]

_ /OOO (et(Pflfv/A))xy'

If we consider the truncated integral on [0,77], for any T > 0

T oo n T
wp—1-v/y) _ \~ L —1=V/}\) n
/0 e = Z—n! i "t

n=0

—Z (P—I=V/N" i
(n—+1)!

(PIV/A)1<i(P_I_V//\)nI>

n!
n=0

=(P—-I-V/)\)! (eTU’*I*"/A) - 1).

Appealing to Proposition 3.6, for v € R{t sufficiently small the eigenvalues of P —
I — V have negative real part and consequently lim7_, eT(P=I-V) — [HJ13]
Theorem 5.6.12 pp.348-9. Hence

B[00 = 0N =PV = (V- Q)

This confirms the result for sufficiently small v, the extension to all positive v is

given in [Szn12] Proposition 3.10 p.81. O

Denoting Gy = (V — Q)™! (note that when V = 0, Gy = @), then so long as
A(I — P) has positive Hermitian part, the complex Gaussian measure PV is well

defined, and from the lemma above, and (3.16) we have the relation

E., [e—<m—1z>} = Gy(z,y) = (Yatly)g, - (3.17)

This can be seen as a basic form of Dynkin’s isomorphism theorem for complex

measures; more generally this says for bounded measurable functions F': R* — R
E., ® ECV [F(xlz + W)} = @mw(@)} o
14

see [Bry92] Theorem 3.2 pp.21-22. The content of (3.17) is that the moments of
a Gaussian field are characterised by the local field of a random walk. Symanzik’s
formula generalises this result so that the left hand side is now an expectation with
respect to a perturbation of a Gaussian.

Let C = A~! be the covariance matrix of a complex Gaussian field, and let f: RQ —
R, be measurable and integrable with respect to P¢, Ec [ f (w@)} < 00. We define
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the perturbed Gaussian measure P" to be the normalised measure
_ 1 — N
PO (dy, dp) = —e~ (A0 £ () dibay.
C,h

In the case that f(t) = exp(—g > ,cat2 — ¥ ,ea @), this is exactly the law of the
@*-field theory studied by Symanzik, [Sym66, Sym69]. As with this example, we
consider the case that f is multiplicative: f(t) = [[,ca fo(tz), for some measurable
fz: Ry — Ry ; moreover we assume that each of the f, can be derived as the Laplace

transform of a random variable on R ; that is there is a law v, on R for which

fetw) = [T e atao),

In this case we write P¢* in place of P¢f, and we can view the perturbation f as

being the effect of a randomisation in the Gaussian, since for example

s = / (H /Ooo ”“W%(dvz>)PC(dwd¢)

zEA

= [ wi(dar) - [ va(a)( [ e @AV PO (dydd)
Jtaan--: fanaman(f )

= E®"[Z(a_v)-1]

. 1
= (2mi)AIE®Y {th(A_V)} , (3.18)
where we use E®” = @), ., E* to denote the product measure, and V = diag(v,)
is now a random diagonal matrix. We now state Symanzik’s formula for the space—
time walk; as with the derivation of the space-time isomorphism, this result can be
generalised so long as the Gaussian measure exists and the Laplace transform of the
Markov loop occupation field is defined. As we have done throughout the section,
we write LY = (1 + NB~1) 1L, and similarly we denote [ := (1 + N3~1)~1.

Theorem 3.23 (Symanzik’s Formula). Let G = GV be the Green’s function of the
walk YN on Ay, and for x; € Ay let v, be the law of a positive random variable

Vg. Then for x,, y € Ay

S

B @ Fypy, @ By e (V4]

<'(/19071/)y7./>G,v - E® @ Ey {6—(@)\7151\])}

Proof. Our proof follows that given in [Sznl2] pp.78-9, with the distinction that

we work with complex Gaussian measures and that the loop soup is considered at
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intensity 1. From the definition of the measure P&,

_ 1 — — T w —
<wmwy,/>g,y=@ / Dby e ] / e V0 0, (dv,,) | dibdy

zpEAN 0

_ Zay V-Q¥) 4
il el L gy

we recognise the integral term as agreeing with the right hand side of (3.17), so that

BV ® E:cy {ZGV67<U’ZN>} .
G,

Using the identity for the partition function Zg, = Zg, = (2mi)Al det Gy, this

becomes

[A]
_ (2;1) E®”®Exy[dethe <vl >:|,
G,

and then multiplying by det G/det G

@mi)AMdet G det Gy ()
= R QE,, | ——e (W),
Zc © %y | qet G ©

Considering the quotients of determinants

det Gy det (I (1 = P¥))
det@ det (AnI(1 = PY +V/N))
B det ()\NI) det (I - PN)
det (AnT) det (I — PN +V/X)
B det (I — PV)
det (I — P¥+V/X)’

where we recognise the right most expression as the Laplace transform of the field
LY, Theorem 3.7. Hence

(2mi)M det G

_ _ N_ N
Bty Vs, = 7 E® @ B,y @ Ey [e (0,£N 41 >},

which is the desired numerator. The calculation for the denominator proceeds along

similar lines, from (3.18)

Zau v |detGy v —(w,£N)
(2mi)lAldet G E [detG] = B ®ky [ } =

We now provide a heuristic derivation of how Symanzik’s theorem can be inter-

preted in the context of the ideal gas. Recalling the definition of the 1-particle
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reduced density matrix &5, given by (0.9), the Onsager—Penrose criterion for BEC
was described as the existence of a non-vanishing limit of & (z,y) as |A| — oo, and
then |z — y| — oo. Ginibre [Gin71] provides a description of the 1-particle density
matrix which is amenable to our study of occupation fields. Before stating this we
provide some details regarding an interacting gas. Assuming that the graph A has
been endowed with a metric dy: Ax A — Ry, we define a pair potential ®: R, — R,
which is assumed to be integrable. Given a collection of paths pr,...,p, € Dgj, we
define the weight

Upy, - pm) = /Z dApz p]()))dt

<7

and the partition function for the Bose gas with pair potential ® is then given by

>, efhn <O %™
EA,<I> (ﬁ? h) = Z en' Z ® T |: X X ):| )
n=0 Tozp,.e,@n €A =1

where we recall that Po,[-] = P, [1{Yﬂ:z} -], and X is the walk associated with

the measure szzz Ginibre’s expression for the 1-particle reduced density matrix

is as follows, we explain the notation beneath.

Theorem 3.24. The grand canonical partition function of the interacting Bose gas

with suitably defined pair potential ®: Ry — R is given by

Epne(B,h) = Z %(UB)@)TZ [er(vl,.._,%)}’

n>0

whilst the 1-particle reduced density matriz of an ideal gas on a graph A is given by

aa(z,y) = Ena(B,h)” ZZ—EBJ ® (u?)°" [e*U(Ym,-.Wn)]

721 n>0

See [Gin71] pp.355-9, or [BR02] Theorem 6.3.14, pp.385-6. The term over n is an
expectation with respect to n independent loops 1, ..., 7, chosen according to the
Bosonic loop measure p”, whilst the expectation is with respect to a single path from
z to y, whose length is determined according to the weighted sum 3 i>1 efhi E%
Finally the exponential term in U is understood to integrate over all ‘legs’ of the
walks. That is if p is a path of length §j, then it is understood that p contributes j
terms to be integrated over in U: one corresponding to each interval [if3, (i + 1)),

i =20,...,7 — 1. The summation over n > 0 is none other than the Poisson point
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process under p”; so that we can rewrite these expressions as

Zre(B,h) = EP [e*WS)]

1 o -
—— Y PWE) o [e*UU‘vS)} : (3.19)
RSt

&A(x7y) =

where we dropped the dependence of 25 ¢ on 8 > 0 and h < 0 for clarity, and S

is the Bosonic loop soup. In the case that ® = 0, we have the ideal Bose gas, and
since exp (MB(F)) =ZA(B,h)

1 - 1 o

5 - BhigiB — Bl = BhigiB

Falz,y) = = Ze ESYC PO = Ze E/. (3.20)
P\ g1 n>0 j>1

Whilst at the present time we have no way of handling pair interactions, the equation

(3.19) has its similarities to the expression of Symanzik’s formula, we develop this

relationship in the following, though we do so somewhat heuristically. Rather than

considering the potential U to be defined via a pair interaction, instead we suppose
that ®: A — R, and then for paths p1,...,p;, € Dg define

m o B
U(p1,---,Pm) 22/0 D(p;(t))de.

In the corresponding Bosonic model, paths are no longer weighted via their inter-
action with one another, but rather with their interaction with a background envi-
ronment. For a path p € Dg; made up of the legs p;: [0,8) = A, p;i(t) = p(Bi + 1),

t=0,...,5 — 1, then we have

il . Bj
U = Ulpnopy-) =3 /0 B(ps())dt = /O B(p())dt = (,1(p)),

where [(p) is the local field of the path p. It follows that for such a choice of U, the
formula on the right hand side of (3.19) becomes

1 - ~ 1 s
_ Zeﬁ}”Eﬁ, ®EB {er(X,S)} _ Zeﬁth% ®E? {ef@,uz)},

=MD T =A% Sy

with £ the occupation field under PZ, and [ the local field of the path under ng;
We formally identify this as the 1-particle reduced density matrix of a model of ideal
bosons interacting with a background environment ®, and denote this by ¢ as in
the rigorously derived case. A particular feature of the function &(z,y) is that the
sum over j > 1 considers only walks which terminate at y at times which are an

integer multiples of 3; although a path from x to y is not a loop (unless x = y), the
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paths of interest still have the ‘space—time property’ of needing to do full cycles of
the torus. As such it is natural to derive &5 (x,y) as an observable of the space-time
loop model. In particular we look to relate the 1-particle reduced density matrix
to Symanzik’s formula. We make the following ‘exchanges’, which are now natural

after some experience with the space—time loop model

d: A — Ry — Oy: Ay — Ry
E? — Ey
L1 — LN v
SRS s P,
i>1

We note that in moving to the space-time model we have performed our usual
change from using the variable jump rate walk X to working with X the unit jump
rate process. Moreover, we have also assumed the convention of taking P = P",
the walk scaled by h < 0 introduced in Corollary 3.8, so as that we can drop the
dependency on h in all of the expressions. We have therefore the following heuristic
derivation of the 1-particle reduced density matrix of a Bose gas interacting with a
space—time background field

1
5'A(x7 y) = lim HiExoyo ®En {€_<¢N’£N+lN>}

N—oo ZAN,DN

and performing similar substitutions for the partition function term

E,yy ® Ex [e*@N"N*“W]

N T B[]

The fact that we take Egy, is exactly the condition which was previously required
of the paths under > i>1 Egé that they have duration equal to an integer multiple
of 8. Moreover we stress that the right hand side of the above is an observable
which is defined purely on the graph A, whereas the right hand side is a space—
time expression. On appealing to Symanzik’s formula we can therefore relate the 1-
particle reduced density matrix to the correlations of a space—time complex Gaussian

field. We state the following heuristic theorem, or heurum, summarising our findings.

Heurum 3.25. Let 6p: A x A — Ry be the 1-particle reduced density matriz of
an ideal Bose gas interacting with a background potential ®: A — Ry, and let
Dy Ay — Ry be such that On(z,) = (), x, € Ay. Then

an(z,y) = 1\}i—r>noo<EIO¢yO>GN’®N.

Moreover this expression continues to hold on replacing ® n above with a space—time
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random environment ®n ~ EXV, so long as the limit exists.

3.3.2 The 1-particle Reduced Density Matrix and Leg Walker
We saw in (3.20) that the 1-particle reduced density matrix of an ideal gas is given

by

on(r,y) = Zeﬂhjpx[)?ﬁj =yl.
=1

Penrose and Onsager [PO56] provided the general criterion that the Bose gas in R?
undergoes BEC if it shows off-diagonal long-range order (ODLRO), which in the

grand canonical ensemble, is to say

lim lim &(z,y)=C > 0.

|z—y|—o00 |A|—00

This condition can be reformulated for sequences of graphs, so long as the limit
graph is well defined, where the term |z — y| is replaced with a graph metric. We
choose to work with an alternative criterion of Yang [Yan62], who considered instead

the condition

52(z) == lim a(x,y)o(y,x)dy = C.
[Al=oo JA

This definition has its advantage in our context as we need not consider graph

metrics. We make the following definitions for graphs

&?X(‘T) = Z &A(Iv y)&l\(ya ‘T)a

yeA

and if the graph is vertex transitive, such as the periodic lattice box AE{”,”), this is

the same as

1 - -
= m ZUA(xvy)UA(yvx)
z,y

=i O\-

In the vertex transitive case, Yang’s criterion says limz| oo &?\ = C. In the following
we return to the notation of Chapter 2, and denote Ay for a convergent graph

sequence (rather than the space—time graph considered elsewhere in this chapter).

Theorem 3.26. Let Ay be a convergent graph sequence, with reversible transition
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matrices. For h <0

1
~2
= B —— Y du).
53 /(eﬁ(h+u)_1)2moo( )

Before proving the theorem, we note that the diagonal terms of the 1-particle density

matrix are given by

1) = Y M. Xy =]

j>1

= ju”(Tap),

j>1

with 'y gj == {y € I'gj : 70 = «}. And consequently

=3 ju(Taps) = pa,

zeEN j>1

with pp = pa(8, h) the density of the ideal gas. That is the density is the trace of
the 1-particle reduced density matrix, whereas &12\ = Tr[oada].- On recalling that

the integral expression for the thermodynamic limit of the density was given as

1
p:/?;%;gqummm7

it is perhaps no surprise that 62 has the same integrand but squared. We make this

rigorous below.

Proof of Theorem 3.26. We write z = eP" for the fugacity of the Bose gas, so as
that &5 (z) becomes

30) = X X P Ky = o] Py K = 2],

yeA j,k>1

and applying the Markov property

= Z Zj+kPx P?@jqu = 1’]
J,k>1

For each n there are exactly n — 1 pairs 1 < j, k < n—1 such that j+ k = n, so that

oo
Zn—l "P X/gn—x}
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Denoting Gg(z;2) ==Y 2 2"Py [)?gn = z], we have from the above
53 = o] Z( —Gp(x;z) — Gz 2) + 1), (3.21)

and writing Gg(z; z) in terms of the generator @

Z Ga(z;2) = Tr[fo:O z”eﬁnQ]

zEA
=Tr [([ — ze'BQ)_l].

Then considering the derivative term

d _
dZZGgmz [dz(l—zeﬂQ) 1},

zEA

which on using the identity £ A71(2) = —A71(z) (L A(2))A71(z),
=Tr [(I - zeﬁQ)_leﬁQ(I - zeBQ)_l}.
Combining the last two equations with (3.21)

1
53 = A Tr|2(I — 2P9) 7 1ePYT — 2eP9) ™1 — (I — 267971 + I}.

To make the following manipulations easier to follows we write R = (I — ze5@)~!
and S = ’¥, we note that R~! — I = —2z5. The above becomes

53 = ﬁTr[zRSR— R+1]

. [R(zSR— 1+ R7"]

Al
1

= m Tr[R(zSR — 29)]
m’I‘r[zRS(R ).

On confirming the identity: R — I = zRS we have

_ L 2
|A| Tr[ RSRS]

= Tr[(RS)?].
s
Writing
RS = (I—zeEQ)eﬁQ = (67562 —2)7 L
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we get

22
5?\:/mm/x(du)

1
= Al
/ (e*ﬁ(h"’u) - 1)2m1\( u)a

and the result follows on taking the limit in A. O

The function Gg(z; z) defined above is itself the Green’s function of a walk, which we
call the leg walker. This is the discrete time walk Z7 = (Zﬁ)n>0,
matrix is given by PP = €9, The walk is equivalent to the process (X 3;)j>1, where

whose transition

we only ‘observe’ the continuous time walk at times which are integer multiples of 3:
the name leg comes from the fact that we do not see the processes behavior between
successive ‘legs’ of its path. The 1-particle reduced density matrix is then exactly

the Green’s function

Ga(zy) = Y 2PL[Zj =y = Gu(z,y;2).
S

In the case that A is a subset of Z? we can derive the behavior of &, (x,y) at
h = 0 by appealing to established facts for the Green’s function of random walks on
lattices. As a first point we note that it is sufficient to consider the Green’s function
of the limit graph Z<, since the limit of the Green’s functions of the boxes [N, N4
agree with this, see [LL10] p.101. Henceforth let Gg(x) := G(0,z; 1) be the Green’s
function for the infinite lattice, providing the expected local time at x given a walk
started from 0 € Z%; we are now interested in taking the limit as |x| — oo. For
d = 1,2, we know that Gg(x) = oo for all € 7%, we concentrate therefore on the
case that d > 3.

Whilst the walk Zg is no longer nearest neighbour, it retains several desirable proper-
ties of the nearest neighbour walk. In the following we define the first-step covariance
matrix C' = C? € R™? to be

Cii = Eo| 20() 27 (k).
where Z} = (2 (1),...,2)(d)) € 2.

Lemma 3.27. The random walk Z° = (Zﬁ)nzl satisfies the following properties.

(i) The walk is centred, Eq {Zﬂ =0, with 0 = (0,...,0) € RY,
(i) has finite first moment Eq “Zfﬂ =B < oo,

(#ii) and covariance matriz C = %I,
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Proof. All three statements follow from properties of the continuous time walk Yﬁ.

For (i), the symmetry of Xg implies

Eo {Zlﬁ] =3 2P(0,2)

xeZd

_ % 3" (xP(0,2) + (—2)P(0, ~))

$€Zd

= Z 2P (0,z) + (—)P(0,2))

zeZd

=0.

Finiteness of the mean-squared displacement follows since
m[|217] = 3 w17

where Z,, is the simple random walk on Z¢. And following the standard calculation,
letting Z, = Y i, ¥; with ¥; ~ Z; i.i.d.

Eo[|Z.] = Y E[WY] =) E[Y] =n,
1<k,I<n k=1
from which

5n+1

Eof|21] = e7” Z
Finally considering the covariance matrix, we generalise the argument from above
/Bn
Cy = Eo[X1(i) X1 = efﬁz Eo Zn(7)]

and

Eo[Zn(i)Za(5)] = Y Eo[Ya(i)¥i(j)]

1<k,i<n
= nEo[Y1(1)Y1(j)]
n .
= 561 (j)a
where the final line follows since Y1 (#)Y1(j) = 0 if ¢ # j since in a single step, Z
moves in only one of the coordinate directions, and Eq[Y1(#)Y:(i)] = 1/d, since the

coordinate direction in which the walk does move is chosen uniformly amongst the d

available options. The result now follows on substituting back into the exponential
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series. =

As a consequence of the fact that the walk Z# is suitably regular, we can apply the
following result from [Spi64], P1 pp.308-10, which we state in the context of the

1-particle reduced density matrix.

Theorem 3.28. Let Ay = [-N,N]? C Z%, with d > 3. The 1-particle reduced

density matrices 6y = Gp, at chemical potential h /0 are such that

Jim a(0,2) = %m—(d—% +0(j2 ).
This result suggests that we cannot see the BEC phenomenon in the grand—canonical
ensemble, at any temperature 1/8 > 0, and is a manifestation of the break down
in the equivalence of ensembles at the point of phase transition. To resolve this, we
would need to work with loop soups where the total loop length is fixed: but this
would mean parting ways with the Poissonian nature of the model, which has been

fundamental to our study of the ideal gas.
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Chapter 4

Bosonic Loop Soups Under

Cycle Distribution Hamiltonians

In the preceding chapters our attention has been focused on studying the ideal
Bosonic loop soup, and on understanding the distribution of its occupation field.
In Section 3.3.1, we described how Symanzik’s theorem for the space-time loop
model can be seen as a formulation of the Bosonic loop model interacting with
a space-time random environment. In this chapter we look to study a different
class of interactions, in which a Hamiltonian reweights configurations according to
interactions between loops.

A Hamiltonian is a mapping H of a configuration of loops S C I', to the real
numbers, H(S) € R, we will be more specific about the form which H takes in the
subsequent sections. Given a Hamiltonian we define the loop soup Q¥ := Qg’,% A by

its Radon-Nikodym derivative

dQ# 1 _sm
5 () = i BH()

(4.1)

where Z7 = Zg{h = E®? [e_ﬁH] is the partition function. We write E¥ to denote
expectation against the loop soup with law Q. If the Hamiltonian is additive, that
is H(S) = Zve g H(7), then Campbell’s formula, Lemma 3.1, provides an expression

for the partition function as

VAR exp(—/ 1 —eﬁH(V)uB(dv))
r

This can in turn be extended to provide an expression for the Laplace transform of
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the occupation field

E” [e%v,a)} - %/ef(v,LPrBHdPB
_ %EB {e—w,ﬁ)—&-ﬁH]’

and since both H and £ are additive we can apply Campbell’s formula again

= % exp(_ /1; 1- e_(<U’L(’Y)>+ﬁH(’Y))MB(d’}/)>7

and combining this with the expression for the partition function

= exp ( / eBHM) (e*<v~L> - 1) MB(@)) . (4.2)

Proposition 4.1. The expected mean occupation under an additive Hamiltonian
H:T — R is given by

B (2] = 7 [ e e ). (4.3)

Proof. The proof follows as an application of (4.2); we note that the desired expec-

tation is given by

- 1d ol )
EH [E] = —maEH |:€ ZIEAL i|

v=0 '

Considering the derivative

%]EH {e*v 2zen Ez} — div exp (/ e~ BHM) (e*vlvl _ 1) MB(d7)>

— (i}/e—ﬁH(v) (e—vlvl _ 1)u3(dfy)>EH [e—v Ysea ﬁm}
_ (/ |7|eﬂH+”|V|uB(dy)>EH |:6in1'€/\ ﬁz}. O]

Unfortunately additive Hamiltonians are limited in their scope: ultimately additivity
implies that the model has only self interactions. These can of course be of interest:

for instance the self-intersection Hamiltonian

vl
H(’Y) ::A /0 57(5) (’Y(t))deta

however in such a case we cannot expect to be able to solve the integral (4.3).
We consider instead Hamiltonians which are not additive, but which depend on
the geometry of the loop soup to a lesser extent. In particular we will study two

Hamiltonians which depend on the loop soup only through its cycle distribution.
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We recall that this was given in Chapter 2 to be the sequence n = n(S) = (n;)
with

j>1

nj = #{S N g}, (4.4)

with I'g; the set of loops of duration 3, j > 1. In the canonical ensemble of N
particles, the cycle distribution is a random partition of the integer N; this model
has been previously studied in [Ver96, Ada08, Danll]. In the grand-canonical en-
semble, the sequence n is a random bounded integer sequence. As recorded in the
introduction, similar work has been carried out in [BCMPO05] for the cycle distri-
bution, and in [Lew86, vdBLP88] for the momenta distribution for the continuum
mean field model. Our contribution is a rigorous and self contained large deviations
analysis for two lattice mean field models, and focuses on identifying expressions for
the density of the loop soup: this complements the analysis undertaken in Chapter 2
where the density of an ideal gas was studied.

In Corollary 2.6 we saw that for spectrally convergent graph sequences, the re-scaled
cycle counts |A|*1nj converge in distribution to a degenerate variable. Our aim now
is to strengthen this result in two regards: namely we consider the distribution of the
entire sequence, rather than the individual entries, and we also provide a rigorous
account of the large deviations principle which was referenced at the conclusion of
Chapter 2. In our present context, the heuristic understanding of an LDP is that
we can find a function I: RN — [0,00) U {400} such that for a set E C RY, the
probability that the cycle distribution of the loop soup lies in F scales like

PA[E] ~ e~ IAIE),

As we will discuss later in the chapter, the minimizer of the rate function can in

turn be related to the density of the Bose gas.

4.1 The Cycle Distribution of an Ideal Gas

Before studying the mean field models we warm up by describing the LDP for the
ideal gas. Not only will this be an easier setting within which to introduce the
methods we employ, but the result will be relied on when generalising to the case
with interactions.

Central to our large deviations analysis is the choice of measure space on which
we define the law of n, and this proves to be a rather delicate matter. Billingsley
[Bil99], pp.9-10 proposes a metric, d, on the space RY of all real sequences, under
which (RN, d) is Polish. Whilst this is often a sufficient condition for proving LDPs,
the technical lemma (Baldi’s Lemma to be described below) on which our large

deviations analysis depends requires that the space is also a Banach space: which
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(RN, d) is not. Consequently we turn to the classical sequence spaces, £,(R) which
are Banach spaces for 1 < p < co. Our choice is again restricted since Baldi’s Lemma
also requires that the sequence of laws satisfies the exponential tightness property.
We defer the definition of this until later, but remark that this effectively restricts
us to considering our sequences as elements of ¢1(R), the space of all absolutely
convergent sequences. For the most part we hide the technical problems imposed
by this choice of space in Appendix C.

Let m = (m;);j>1 be a summable sequence of positive weights: m; > 0 and
2]21 m; = M < oo. Denoting P, for the law of the Poisson variable with in-

tensity my, in Appendix C we construct the product measure

P = (X) P, (4.5)

[e.e]

j=1
on the measure space (¢1(R),B), where B denotes the Borel o-algebra of ¢;(R).
Choosing the sequence m; = uj (FB]-), the resulting measure agrees with the law
of the cycle distribution of the Bosonic loop soup, (Q, Pﬁ). Abusing notation,
throughout this chapter we will let P} denote the law of the scaled cycle distribution,

|A|~'n. We work under the following assumptions.

A1l A graph sequence (An)n>1 will always denote a spectrally convergent se-
quence. The spectral measure of Ay is denoted my, with limit my @, Meo-
The associated Bosonic loop measure is pg, = ;Lf{N, and the law of the associ-

ated Bosonic loop soup is denoted PY, = PY .

A2 The inverse temperature is strictly positive, 8 > 0, and the chemical potential
is strictly negative h < 0. When no subscripts are given, e.g. m, u®,P? then

the results are understood to be in the context of some unspecified graph.

A5 Since we will not make use of the Markov loop measure p in this section, we

abuse notation and for j > 1 denote

1
M=y (Tp, * = lim —pu¥ = .
W= ek (Ca) = lim e, >4
jz1
In light of the previous assumptions all these values exist and are finite. More-
over, when we wish to stress the dependence on the chemical potential A < 0,

we write 7' (h) etc.

Given a graph sequence (Ax)n>1, we say that the sequence of measures P = PﬁN
satisfies an LDP with rate function I: ¢;(R) — Ry U {400} if I # +o0, is lower
semi-continuous: that is given a sequence t(™ — t € RN then liminf I(t() > I(t),
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and satisfies

1

lim sup log P} [C] < —I(C), C C £1(R) closed,
N—o0 |AN‘

lim inf —— log P%[0] > —1(0), O € £1(R) open.
N—o0 |AN‘

If in addition the level sets C, := {t: I(t) = a} are compact then I is said to be a
good rate function. A detailed introduction to large deviations is given in [dH00].

For real valued random variables, a candidate rate function for an LDP is often given
by the Legendre transform of the cumulant generating function. In our context, the

cumulant generating function is given to be

. 1
Fe) = Jim o

log B [elANl@»ﬂ>], t € loo(R), (4.6)

where (¢,n) = ;5 tjn;, and loo(R) is chosen as it is the dual space to ¢1(R). After
confirming certain technical requirements, detailed in Lemma 4.2, we will identify

the rate function as the Legendre transform of F'

I(z) = sup {{t,z) - F(t)}.
teloo(R)
Before proceeding we recall a few definitions. The sequence of measures P¥; is said
to be exponentially tight if for any « > 0, we can find a compact set K = K, such
that

1
limsup —— log PR (K) < —a.
N—o00 |AN|
A function f: £oo(R) — R is said to be Gdteaux differentiable if for all t, s € £oo(R)
the map € — f(t+es) is differentiable at e = 0. In that case we define the Gateaux

derivative of f in the direction s to be

At 5) = S fle+es)

e=0
Finally, a function f: £o(R) — R is said to be lower semi-continuous if for all

sequences t) — t € Lo (R) then

lim inf f(t™) > f(2).

n—oo

Our LDP relies on confirming the criteria of the following result, which holds in the

more general context of measures on Banach spaces, [DZ98] pp.160-1.

Lemma 4.2 (Baldi’s Theorem). Suppose PR, is an exponentially tight sequence of
measures on ¢1(R). Let F(t) be as in (4.6), and suppose that it exists and is finite
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for bounded t € {(R), the dual space of £1(R). If F is Gateaux differentiable, and

lower semi-continuous on {o(R), then PR, satisfies an LDP with rate function

I(z) = sup {(t,z) - F(t)}. (4.7)

€000 (R)
In the following results we confirm the requisite conditions of Lemma 4.2, starting
by proving exponential tightness of the measures. Of course this requires us to find
suitable sets K, which satisfy the definition, which calls on a combination of both
probabilistic and topological intuition. In the following proof we provide a suitable
family of sets, but defer the proof that they are compact in ¢;(R) to Lemma C.3,

since the proof somewhat distracts from the flow of the probabilistic argument.
Proposition 4.3. P¥ is an exponentially tight sequence of measures.

Proof. Suppose we can find a sequence z = z(«) € £1(R) such that for all j > 1

1 )
limsup —— log P [[An|"'nj > z;] < —277a, (4.8)
N—oo |AN]

and define the set K, == {y € £1(R) : |y;| < |2;]Vj > 1}. Then, by independence of

the n;

1
———log P (KS) = limsup —— Y logPX[|Ay|"'n; > 2j] < —a.
Nooo [AN| N An| o0 [AN] ; vl T

Appealing to Lemma C.3 in the appendix, we assert that such a set is compact, and
hence the above assures that P, is an exponentially tight sequence. Subsequently,
our focus is on constructing such a sequence x. Fixing j > 1, we derive a suitable

candidate for x; = x;(a) via a Chernoff bound. For all constants ¢ > 0, and ¢t > 0
PX[[An| " nj > c] =P% {emi/lAl > etc}
< e BB [emj/mq,

where we have applied Markov’s inequality. The remaining expectation is none other

than the moment generating function of a Poisson variable with mean ,ué-v

= exp (— tc) exp (;Lév(et/lAl - 1))

The inequality above holds for all ¢ > 0, and differentiating in ¢ we obtain the
minimum at t* = [An[log(c|An|/p]"). Hence

—[Anle

_ clA

PE [|An| M > d] < ( '/}') exp (|Anle - ).
J
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And taking the limit in N — oo

1
lim sup - log PR [|An|""n, € K]
Nﬁaa'AN‘

1
<c—clogc— limsup{ujv - clog(uf/|AN)}.
N—oo |AN‘

Appealing to A1, we have \AN|_1M§V = p. And so
= c— pj — clog(c/ny).
We note that for ¢ > 0, the map
¢ c—p5° —clog(c/ps) — 277,

is differentiable, decreasing and has a unique zero cj. Consequently (4.8) holds for
any x; > ¢;. It remains to show that z; can be chosen so that 3, |2, < oco. If
we choose x; = ¢} + 277, then 2j21 xj =1+ ijl ¢;, subsequently is suffices to

check summability of ¢}. Since the ¢} solve

¢; (1 = log(cj/n5)) = 5 =2 ar,

then summing over j > 1, the right hand side is convergent and

D (1 —log(c)/uy)) = p= — a < o
J>1

Suppose, for a contradiction, that ) i>1 c}f = 00, then for the left hand side of the
above equation to converge, we require 1 — log(c;- / ,u;”) — 0, and consequently we
have c;f/u;?" — el, as j = oo. In particular there is a J > 1 such that for j > J,
¢ /u;° < 3, and hence

pIETE) ST

Jj=J j=J
which is a contradiction. In particular > i>1 c}f < 00, as required. ]
We now turn to the cumulant generating function.

Proposition 4.4. The limit cumulant generating function (4.6) exists and is given

by

F(t)=Y pel —p= <oo,  telo(R).
j>1

Moreover, F is Gateauz differentiable, lower semi-continuous, and strictly convex.
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Proof. Using independence of the n; we write

1 1
ANl log E%, |:€‘AN‘<Lﬂ>i| = Ay E log E%, [elANItjnj}
Jjz1
1 N _t; 1 N
= ;e J — M
2 i’ 2 iay

Both sets of summands are positive, and have limits as N — oco. Subsequently
Fatou’s lemma ensures that we can interchange the summation and limit (note that

in this instance Fatou’s lemma gives equality since the limsup and liminf agree)

[A|—=o0

F(t) = lim ﬁ Z log E]% {e\A\tjna}
j=>1

= me | = |

Jjz1 Jjz1

=D ur(e 1.

Jj=1
Since t € £oo(R) is bounded we can choose T' = sup,; t;, and then
< pu* (eT -1).

confirming that F'(t) is finite.
To confirm Gateaux differentiability, let ¢, s € £o(R), and consider

d oo tites;
EF(§+E§) = gluj 5;€97E%9 < oo,
3>

In particular the derivative is defined at € = 0, and hence F is Gateaux differentiable.
Lower semi-continuity is an immediate consequence of Fatou’s lemma since for any
sequence t(") — t, then
: : oo t(n> oo t; _
liminf - p(eh —1) > u5(eh —1) = F(0).

Jj=1 Jj=>1
Finally we see that F' is strictly convex since for any distinct ¢,s € {s(R), and

A€ 0,1]

F(As+(1=\)t) = Z M;Oe)\SjJr(l*)\)tj —u.
j21
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Considering each term of the sum individually, since the exponential function is

convex

< )\Z,u;"esj +(1=2Xx) Zuj"eti —pu™
Jj=1 Jj=1

— AF(s) + (1= NEF(2). O

This pair of propositions confirm that the sequence PR, satisfies the conditions of
Baldi’s theorem. We complete the derivation of the LDP by solving the variational
problem (4.7), for which we analyse the zeros of the Gateaux derivative. In particular

we appeal to the following result of convex analysis.

Lemma 4.5. Let f: {1(Ry) — R be strictly conver and Gdteaux differentiable. The
point z € int £1(Ry) is the unique minimum of f if and only if df(z;y) = 0 for all
ye 121 (R)

That the minimum is unique (if it is achieved at all) is a consequence of strict
convexity. A proof of the lemma is given in Appendix C see Proposition C.4 and
Lemma C.5. In the above we can of course interchange convex functions for concave,
with minima being changed for maxima in the statement. It is in this form that
we use the lemma to derive the following expression for the large deviation rate

function.

Theorem 4.6. The sequence P¥ satisfies an LDP with rate |An| and good rate
function I: £1(R) = RU {400} given by

21 % 10%(;735) =2t pe z e L(Ry),

400 , else.

I@) = (4.9)

Proof. As already remarked, Propositions 4.3 and 4.4 confirm the conditions of
Baldi’s Theorem, Lemma 4.2; it remains to derive (4.9) from the variational problem
(4.7).

Let Gg(t) == (z,t) — F(t) denote the functional which we wish to maximize. We
consider first the case x € ¢1(R)\¢1(R); let j be such that x; < 0, and consider
t'=1t(z) =(0,...,t0,...) € £x(R), the sequence with all entries equal to 0 except
in the j-th position. Then

sup Gy(t) > sup Gy (t)

teloo(R) t'eR
= sup x;t’ — u;"et, + oo
t'€R
Taking ¢’ — —oo, since z; < 0 the above diverges to +oo.

For the remaining case, note that strict convexity of F' implies that G, is strictly
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concave. We find the supremum of G, by computing the Gateaux derivative dG,

dGy(t s) =Y sj(a; — pyel),
j=21
and setting ¢ = log(l‘j/,u;-"), then dG,(t*; s) = 0, for all s € {5 (R). Hence accord-

ing to Lemma 4.5, G is maximised at ¢*, and so for x € £;(R4)

I(z) = Gy (t7)
= ij(log(acj/,u‘f) —1) +p>. O

i>1
The following corollary proves our intuition that the minimiser of the rate function
provides the ‘mean’ sequence of the cycle structure |A|~1n;, in the limit |[A| — oo,
where we recall that in Corollary 2.6 we already saw that Ex [\A|’1nj] — p°. The
proof provides a template which we will follow when finding the minimisers of the

rate function of an LDP with interactions.

Corollary 4.7. The rate function I1(z) given by (4.9) is strictly convezr on ¢1(R4),

positive, and has a unique zero (and hence minimum) at * = ($;)j21 given by

__,,00

Proof. We confirm that I is strictly convex on ¢1(R4) by checking that each term
of the summation over j > 1 is convex. i.e. x; — z;log(z;/u¥) — z; is convex for
xz; >0, 7 > 1. Then since I is a linear combination of strictly convex functions, it
follows that I too is strictly convex. That each of the individual terms is convex is
immediate on checking that the second derivative is positive.

The Gateaux derivative of I is given by

d
dI(z;y) = dfsf(z +ey)

B e
= (St |,

= y;(logz; — log ),
=1

e=0

setting x7 = p3°, then clearly dI(z*;y) = 0 for all y € £1(R). O

Recognising the values of 7 to be exactly the mean number of j loops, calculated

in Corollary 2.6, we obtain a new expression for the density of the ideal gas as

p(B,h) =Y jaj. (4.10)

j>1

In the following section we introduce two models for the cycle distribution under a
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Hamiltonian, and apply (4.10) to derive an expression for the density.

4.2 Mean Field Hamiltonians

We move away from the study of the ideal gas, and introduce two Hamiltonians
which are of interest: the particle mean field Hamiltonian denoted H{™F, and the

cycle mean field Hamiltonian, H{™M" | which are defined as
2
HPI\/IF — ,
® = 5y 2%

2
1
CMF ,7 )
HMY (z) = 72|AN| g xj

j=1

The factor of 1/2 present in the above is chosen to simplify later expressions, and
corresponds to fixing the interaction strength of the model to 1, [BCMPO05]. The
Hamiltonian HTF has been previously studied in [BCMPO05] where the authors
employ a large deviations analysis to study the occurrence of long loops in the Bose
gas, supporting the arguments of [Siit93, Siit02] that Bose-Einstein condensation is
equivalent to the occurrence of infinite cycles. In turn their work is developed from
earlier studies [Lew86, vdBLP88| which work with the classical momentum-space
description of the Bose gas. In this case they work with integer sequences (7;);>1,
with 72; corresponding to the number of particles in the j-th energy level, and prove
the existence of BEC by studying the occupancy of the ground state. Our aim in
the following is to make the large deviations analysis for the cycle structure more
transparent, and to focus on deriving explicit formulae for the density of the Bose
gas under the mean field models.

Let Q'", QW™ be the change of measures induced by H™ and HM" respectively,
as in (4.1). In the case of the particle mean field model, configurations are down-
weighted according to the total particle number, or density, of the Bose gas. On the
other hand, the cycle mean field penalises configurations which have many cycles,
but does not differentiate between the length of these cycles: this model is specific
to the functional integral description which we have followed throughout this work.

We consider first the cycle mean field model.

4.2.1 The Cycle Mean Field Model

We will see that the LDP for the sequence Q3" can be obtained from that of the

ideal gas as an application of Varadhan’s lemma, which we state below.

Lemma 4.8 (Varadhan). Suppose P%; satisfies an LDP on £1(R) with rate function

94



I, and let H: £1(R) = R be continuous and bounded below. Then

1
lim ——

N oo \AN|1°gEﬂe_|AN|ﬁH} =— inf {BH(y)+1(y)}. (4.11)

gefl (R)

Moreover, the sequence ((@‘[{M\'W)N>1 satisfies an LDP on £1(R) with rate function

I"(z) = pH(z)+ I(z) — inf {BH(y)+1(y)}. (4.12)
y€el1(R)

See [dHO0], pp.32—4; the second statement follows from the first, and is known
as the tilted LDP. Before we can apply Varadhan’s lemma, we must massage the
Hamiltonian into a form which resembles that in Lemma 4.8. To this end, we note
that we can rewrite
2
a3 @) = P S A | = O (A ). (013)

j>1

That is we have replaced the (graph dependent) Hamiltonian HﬁxF with the scale-

free Hamiltonian H°™" given by

CMF (i) — %(ijl 1’]')2.

Proposition 4.9. The Hamiltonian H™" : {1(R) — R is bounded below, and con-

tinuous.

Proof. Clearly H°™F is bounded below by 0. To see that it is sequentially con-
tinuous, and hence continuous, let z™ — z be a convergent sequence in ¢1(R),

My, 00 D51 |x§n) — xj| = 0. The function S(z) = >, «; is continuous since

5a™) = S(@)] = Jim |30 2l = S

< nlgrologlu;”) — ]
12

=0.

Hence HMF is continuous as it is a composition of continuous functions: HMF =
T oS, where T: R — R is simply T(z) = 2°. O

In light of this, we are in a position to apply Varadhan’s lemma to derive the LDP

for the sequence Q" .

Theorem 4.10. The sequence Q™ satisfies an LDP on ¢1(R) with rate |Ay|, and
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rate function

2 B
5(2;’21 1’]’) + (ngr"j IOg,fTO.]o *‘Tj)
" (g) = HEW(Bp) + W (Bp=)? .z € fh(Ry)

400 , else,

where W denotes the Lambert-W function, defined by the relation z = W(z)eW(z)

ICMF

for z > 0. In particular is strictly convex on £1(Ry), positive, and has a

unique zero at * = (z7);>1 given by

W (Bp>)
Proof. Appealing to (4.13) and Proposition 4.9, as well as the fact that we have
already established an LDP for the measures PR, in Theorem 4.6, the sequence of
measures Q™" satisfy the requirements of Varadhan’s lemma.
It remains to solve the variational problem (4.12). Let F(y) := SH™* (y) + I1(y)
be the function which we want to minimize, and I the rate function for P%;, given

in (4.9). Written explicitly

2 .
§(2j21 yj) + 2j21(yj 10g(57°.]0) - yj) +u= sy eli(Ry)

400 , else.

F(y) =

(4.15)

Note that for z,y € £1(R) and A € [0, 1] then

H™M Az + (1= X) ):% /\ij—l—(l—)\)Zyj ,

j21 j21

and since  — 2 is strictly convex throughout R

2

2
A 1-A
SE ij JrT Zyj s

Jj=1 Jj=21

so that H®™F is convex on ¢1(R). Having previously shown that —I is strictly
convex on ¢1(Ry), Corollary 4.7, then F' (and subsequently I°M" ) is strictly convex
on ¢1(R) as it is a sum of a convex and strictly convex function. We proceed to find

the minimizer of F' by calculating the Gateaux derivative on ¢; (R} )

e=0

2
dF(z; y) = {gi (2121 Tj+ 53’]’) + 22551 95 log s }

= 5(2]‘21 yj) (ijl 37]‘) + 2j21 y; log /%Jo
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To find a candidate x* for which dF'(z*; y) = 0 for all y € £;(Ry) we require

z*

log = —c,

for some constant ¢ € R, i.e. :v;k = p5°e“. Factoring out the summation over the y;

dF(z"; y) = (2321 yj) (5 2175~ C)'

The above is equivalent to 0 for all y if and only if 3 Ejzl x;‘ = ¢, that is
B e = fue =
j=>1

Recalling that for z > 0 the Lambert-W function at z is defined by the relation

z = W(2)e"(®) [Wri59], then we have ¢ = W (Su>). Consequently using the identity
e W =, 1VV(Z)

x; — ‘u;oe—W(B;ﬁC)
_ W)
T Bue

as claimed. To derive the expression for the rate function we evaluate the following

expressions

> = fWﬂu ).

j>1
> jlog L = Wéﬂi 3 é 'S
i>1 H; K i>1
_ WBpk )log W(Bp=)
s B
_ W(Bp)?
B
Substituting into (4.15)
Fla) = i — W (Bp)? — W (B~
) = 1"~ g5 5 (B>),
from which the identity for I°™F now follows immediately. O

Recalling the discussion below Corollary 4.7, we derive an expression for the density
of Bosonic loop soup under the cycle mean field Hamiltonian. As with the discussion
of the density of the ideal gas in Section 2.2, we interchangeably write p™F =
pME (B, h) = p™MF (B) = pF (h), including and excluding the arguments as is

relevant to the context. In the following we write p7® = p>(h) for ease of reading.
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Corollary 4.11. The density of the Bose gas under the Hamiltonian H™" is given
by

P (h) = ¢ WO (),

where p denotes the density of the ideal gas. Consequently,

CMF

1. p®F (h) is monotone increasing in h < 0.

2. pMF (B) = limy o p™F (B, h) exists and is finite whenever p.(B) < oo. In

c

particular
pe (B) = w(B)pe(B)-

with w(B) = limy, g exp(=W (Bu>)).

Proof. Employing (4.10), and the formula for z*, (4.14)

pCMF _ Z]‘T;

j>1
LGSR
= g 29K
=
= e~ W(Br>) P,
with p = p(8, h) the density of the ideal gas.
We will employ the following formula for the derivative of W : Ry — R

d o W(z)
&V = sarwey

which holds for all z # —e!, and for differentiable f,g : R — R, combining this

with the product and chain rules so long as f(z) # —e ™!

(efwmg)’ W) (g/ ~ M) (4.16)

where we drop the z-dependence for clarity. Now, fixing § > 0, and writing u>™ =
w2, poMF = p™F (h) then (4.16) gives

d _W(Buse phB
P () = e < h

Since the prefactor of exp(—W (Buy)) > 0, we require that the bracketed term is
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also positive, which is equivalent to

Pl (L +W(BL)) > pr(pi) W (Bugy).-

Further, if we expand the brackets on the left-hand side, then since pjuj® > 0 (be-
cause pj, is increasing in h, and pj° is positive) it suffices to show that p), uie W (Bui°) >
pr(py)' W (Bpiy) or

Pty > prug) (4.17)

Note that

Letting m§® = limjy y| 500 D ozen ng, which was seen to converge in Chapter 2,

-3 Z eﬁhjm;%o (4.18)

Jj=1

= Bp(h).

A similar computation for the density yields

p/h:BZjethm‘f. (4.19)
i>1

Using the power series representations of x5°, (1) and pj, we have

eBhi

e =B Y e imy | | Y —m
j>1 j>1 J
. 2 ; - o
= BZ(eﬁh]m;o> + BZ<Z + J.)eﬁh(lﬂ)mf"m;"
j>1 i Nt
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where the sum runs over all pairs of integers 1 < i < 5 < oo, and given that

i/j + j/i > 2 for all such pairs
. 2 L
>3 E (e’gh]mj"> + 5 E 2e’8h(’+])m§’°m;°

j=1 i<j
2
=0 E eﬁh]m;?"
j=1

= Ph(ﬂf)/,

which is inequality (4.17). O

4.2.2 The Particle Mean Field Model

We now turn to analyse the large deviations for the particle mean field model; as
with the cycle mean field model we can reformulate the Hamiltonian HXIJVJF so as to

be scale independent
2
A . -
A = PSS Ay | = A E (A ), (420)

Jjz1

with

PMF 1 . 2
H™(z) = 5(2j21 JIJ’) :

Whilst on first inspection it would appear as though the analysis follows from a
similar application of Varadhan’s lemma, this is not quite the case. To see this, we
note that H™F is no longer continuous as a function from ¢; (R) to R. For instance,
considering the sequence g(”) with J?;—n) = 1/(nj2)7 then we have g(”) — 0, the

sequence of all zeros, since

: (n) N K w2
nh_{go|2j21 z" — 0| = lim, o0 5> = 0.

On the other hand

2
: PMF (,.(n)\ _ gyPMF — T 1 1N _ ol =
Jim [ (0) = B ()] = tim 330 ) — 0] = oo
We can however establish lower semi-continuity.

Proposition 4.12. The Hamiltonian H™F: ¢1(R) — R U {+o0} is bounded below

and lower semi-continuous.

Proof. 1t is clear that HP¥ is bounded from below by 0. To see lower semi-
(n)

continuity, note that if z(™ — z in ¢1(R), then we have for each j > 1: z; = aj,
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()

and consequently Jr; = g Then applying Fatou’s lemma

liminf > _ja;" 2 ) jj,
j=1 Jj=1

2

and since the map T'(z) = z* is continuous

lim inf H?MF @(")) = %T(lim inf,—seo ijl jxgn)) > %T<2j21jxj> = H™"(z),

n—oo

which is to say that H"F is lower semi-continuous. O

Lower semi-continuity is sufficient to prove ‘half’ of the equality in Varadhan’s
lemma, (4.11). We state the following proposition as it applies in our context;

a general proof is given in [DZ98] Lemma 4.3.6 pp.138-9.

Proposition 4.13. Let I denote the rate function for the sequence (]P’ﬁ)NN, The
Hamiltonian H™™F satisfies the upper bound
1 PMF
limsup —— log B, |e~AnI8H } <— inf {BH™ (y)+1(y)}.
Nooo |AN] N gdl(R){ (7) (7)}

Appealing to the tilted LDP, the second part of Lemma 4.8, the LDP for Q3" will

follow if we can establish the corresponding lower bound

1}&@@@% e*'AN'ﬁHPMF} > —geing){ﬁHPMF(g) +1(y)}. (4.21)
Since the derivation of this will be done in several steps, we outline the programme
below. Fixing J > 1, we derive an LDP for the truncated cycle distribution (n;) 3]:1,
first in the case of the ideal gas, Proposition 4.15, and then for the particle mean field
model, Lemma 4.16. The latter will follow by a standard application of Varadhan’s
lemma. Following an argument of [ACK11], we then demonstrate that the left
hand side of (4.21) is in fact bounded from below by the equivalent statement for
the truncated sequences. In the truncated case we already know that Varadhan’s
lemma is satisfied, and optimising over J > 1 we obtain the desired expression on
the right hand side of (4.21), Theorem 4.18.

For J > 1, define the projection map 7;: £1(R) — R’ which takes the first .J
coordinates of z € ¢1(R)

ﬂJ(g) = (xl,...,.%‘J) ERJ.

We note that m; is continuous, since if 2 & g in £1(R), then we have point-
wise convergence :vg-n) — xj, for all j > 1, and consequently (xgn),...,xgn)) —
(z1,...,25) in R/, Let HDZ%,J be the law of the properly scaled truncated cycle

distributions |Ax|7'(n1,...,ns), which is obtained from P% via the pushforward
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measure PY, ;[-] =P} (771
To establish an LDP for ]P’fﬂ ;7 we will need the contraction principle for LDPs. In

our context this reads.

Lemma 4.14 (Contraction Principle). Let F': ¢1(R) — R"™ be a continuous map,
then the sequence of pushforward probability measures (]P’]E\} [F_l( . )])N>1 satisfies
an LDP with rate |An| and rate function

Ip(y) =  inf  I(a),

z€l1(R): F(z)=y
where I is the rate function for the sequence (]P’f,)NN, given by (4.9).
See [dHO0] Theorem I11.20 p.35.

Proposition 4.15. For J > 1, the sequence Pfi/,] satisfies an LDP on R with rate

|[An|, and rate function

J j [eS]
ijl(xj log(l%) — 2+ p3 ) ,z€R]

400 , else.

I;(z) =

Proof. Since 7y: £1(R) — RY is continuous, we are in a position to apply the contrac-
tion principle, Lemma 4.14, which asserts that P, ; satisfies an LDP, and identifies

the rate function I; as

Ii(@)= yetu(®) P;,(y):z Ity).

with I the rate function of the sequence Py, given in (4.9).

If z € R/\RJ, then any element y € ¢;(R) with m;(y) = y is such that y €
6 (R)\¢1(Ry), and hence I(y) = +oc. This establishes the identity for z € R7\R.
Now suppose that x € Ri; a similar argument to the above allows us to only
consider those y € ¢1(R) with positive entries, since any y with a negative entry has
I(y) = +00, and hence will not be a candidate for the infimum. So let y € £1(Ry)
with m7(y) = z. We write

j=1 1y i>J i
J
= Z:z:j (log] - 1> JrZyl(logZo — 1> +p,
j=1 J i>J i

where the first and last terms are constant, so it suffices to minimise only the second
sum, which we do term wise. In particular we look to minimise an expression of

the form y — y(log z 1+ m), which on differentiating is seen to have its unique
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minimum at y* = m. Consequently the infimum is given by the sequence y* with

y; =z, for j < J and y; = p3° for j > J. Hence
J .
) = 1) = 3o 2 1) = Y
j=1 Hj i>J
which is exactly as desired. O

Now let HPMF: R7 — R U {400} denote the truncated Hamiltonian

PMF 1 J - 2
H;™ (z) = 5(23‘:1]%’) .

Since R’ is finite dimensional we no longer have any problems with continuity of
H™¥ which is now immediate as it is obtained from elementary combinations of
continuous functions. Following the notation above, we let Q") denote the law of

the truncated cycle sequence with Radon—Nikodym derivative

PMF
d@ ('):: 1 efﬂHJPMF(_).
dPN,J N

Lemma 4.16. For J > 1, the sequence QPMF satisfies an LDP on RY with rate

|[An|, and rate function

2
J . J j
g(E:j=1J$]’) + §:j=1 :cj(log(i]—;o) _1) + Ay 7§6Ri

+00 , else,

17 (@) =

where Ay is the constant

2 J
J——é Zl ( ) (4.22)

and cy is the unique solution to
4 CJ CJ
Sans(h-%) =%
2 5)7 5

Proof. As a consequence of the continuity of the truncated Hamiltonian Hj, it
is immediate from Varadhan’s lemma, Lemma 4.8 that @PMF satisfies an LDP. It
remains to solve the variational problem for I;, (4.12). As in the case for the ideal
gas, when y ¢ R, then the rate function is easily seen to be I"™*(z) = +oo.

Let F(y) := BH™ (y)+1,(y); since R’ is now a finite dimensional space, the theory

of Gateaux derivatives is now replaced with the equivalent theory for directional
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derivatives. We maintain the notation established elsewhere, and compute
dF(z: 1) = Jooa Joo J oo Zi
(z;y) =B 23:1 JY;j 21:1 Jxj) + Zj:l Yj log ne
Considering z* = (27);>1 of the form z} = u;"e%j we can write
*, _ J . J - J .
dF(z*; y) = 5(23':1 Jyj) (Zj:l ij) - C(Zj:l Jyj)
J . J .k
= (Z]‘:1 Jyj) {/B(ijl ij) - 0}7

which is equal to 0 for all y € ¢1(R4) if and only if BZ}]:l jxj = ¢y > 0, noting
that ¢; > 0 must be the case since 7 € Ri. Substituting the expression for z7 the

required condition becomes
J } .
D dnperin = (4.23)
j=1

Recalling that the definition of p}, for finite N > 1, was given to be p}" = ;Lé\’(h) =
%eﬂh > weny Pa2[Xpj = z], we can absorb the term e7J¢ into the measure with a

change in the chemical potential:
pf (h)e ™ = ' (h — ¢/ B).

Note that since ¢j > 0, we have that h—c;/8 < 0 so that the left hand side remains
well defined. Carrying this through to the limit we have

S e = 3 gu (h=cs/8) = ps(n =),
j=1 j=1

where the right hand side is the density of loops of length < J in the ideal gas.
Returning to (4.23), we are thus looking to confirm that there is a ¢; > 0 which

e\
’”<h /3> g

It is immediate from the definition of p; above that the map ¢ — pj(h — ¢/B) is

solves

continuous, strictly decreasing, and has limit 0 as ¢ — oo, from which the existence

of a unique fixed point ¢y is guaranteed. Finally we evaluate F'(z*), from (4.23)

2

J ‘ 2 9
i) = G Lager ) =5(%) =5
J=1
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whilst

J J
Iy(@') = 3 e log(e 1) = eI 3 iy
=1 =1
J J
=—cy ) e Zu] Y uy
=1 =1
3 I
= =5~ 2 ()~ (h—cs/B)).
=1
so that
J 02
Fz*) = (u5(h) — p(h—cs/B)) — ﬁ
j=1
J
= —Ar+ ) u5(h),
j=1
from which we obtain the formula for I7MF. O

Having established the LDP for the truncated cycle distributions, we are now in a

position to derive a lower bound for the LDP on the full cycle distribution.

Proposition 4.17. For J > 1, let Ay be as given in (4.22). Then

1

liminf —— log EX e IANIBETME S i sup A .

N—oo | N| J—o00
Proof. Let R’ x 0 C #1(R) be the subset of sequences which are 0 after at most
their first J entries, that is z € R’ x 0 if and only if xz; = 0, 7 > J. This set is
immediately seen to be closed in ¢;(R), and hence is measurable. Consequently we
can write

EZ, efIANlﬁHPMF} > E% [efIANIﬁHPMFl{RJXQ}} = EZ, {eﬂANlﬁH?MFl{RJXQ} ,

where we used the shorthand {RJ X Q} = {ﬂ € R’ x Q} to denote the event that
their are no loops in the soup S with length greater than 5J, and then noted that
on this event we can replace H with H .
The Hamiltonian H; only affects the first J entries in any z € £1(R), so that in this
expectation the additional entries x;, j > J, remain independent. Hence

E]E\g, {e‘\AN\ﬁH};MF 1{RJ xg}}

J
_|A ~|BHPMF
= /RJ e |AN|BH G (y) g PN]N (dy]) / H 1{%—0} ®P dyj s

i>J j>J
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where P, N are independent Poisson distributions with mean py. Consequently the

latter of the two terms simplifies to give
PMF J
_ /eAw% D@ Py | oo -
RY j=1 j>J

Moreover, since the integrand in the first term depends only on the first J entries,

we can reintroduce the integration against the full measure

j>J

= Eﬁ,J[e’MNWHJPMF } exp| — > uf
j>J

Therefore we have
E]‘i/ |:67|AN|BHPMFj| Z E]‘iﬂ { 7|AN|5HPMF } exp Z,uj ’
j>J

and taking the appropriate limit infimum

liminf —— log E; [ ‘AN‘BHPMF} > liminf —— logIEN [ _lANlﬂH(F;MF(ﬂ)}
N—o0 | N‘ N—o0 | |

Since we have already established the LDP for the sequence of measures Q"} by

Varadhan’s lemma, the first term is given exactly by A;

1
= Ay — limsup uy
N—o0 |AN|§] ’
=4 =2
j>J

Since } ;. puF = p> — Z}'le p3 — 0, the result follows on taking limits in J on
the right hand side. O

Finally we complete the proof of the lower bound for Varadhan’s lemma by identi-

fying the limit of the sequence A ;.

Theorem 4.18. For J > 1, let Ay be as in (4.22). Then
2

Jim As= g5+ 07 (h—5)

106



where c¢ is the unique solution to

Proof. Recall that we defined

J
pa(h) =" jps(h),
j=1

and that c; was the unique solution to

PJ(h— %’) =Y

We first confirm that c; converges to some c. From the definition we see that
pi+1(h) > py(h) for all h < 0 and J > 1, and it follows that the fixed points ¢y

form an increasing sequence since

PJ+1<h— %]) > pJ(h— %J) = %]

Moreover, since pj(h) — p(h), the density of the ideal gas, it follows that c; <
p(h), so that ¢y is in fact a bounded increasing sequence, and hence has a limit

¢ =limj_, cy.To identify the limit we note that since ps(h) < p(h)

F=r(h=F) <o(n-5).

and so taking the limit in J — oo

S R B )

by continuity of p, Proposition 2.13. Similarly since ¢y < ¢, and p; is increasing

pJ(h—%) <pJ(h—%) :%]»

and in the limit

o(h=5) = fmmrs(h5) < 5= 5

which gives the equality % = p(h — %)

We apply a similar argument to confirm convergence of the second term of A ;. First
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of all we have
J oo
S (- ) < S (- 2).
= —
so that
}EEODJ (=% = }13;02#] (=) == (r-3).

where we justify taking the limit inside the summation by the dominated conver-

gence theorem (since u>(h) < oo). For the corresponding lower bound we note

>0 (-5) > o (1-5).

and then

The LDP for H"™* now follows immediately.

Corollary 4.19. The sequence QW' satisfies an LDP on £1(R) with rate |An|, and

rate function

§(2j21 jl’j)Q + 255175 (log(%{,) - 1) +A4 zelh(Ry)

400 , else,

IPIVIF (&) —

where

and c is the unique solution to

c c
oo-5)-5
B/ B
In particular I"™F s strictly convex on €1(Ry), positive, and has a unique zero at

x* = (2});>1 given by

x5 = ui(h-3), (4.24)

Proof. All of the statements are immediate from the preceding analysis. That an

LDP is satisfied follows since we have confirmed the limit of Varadhan’s Lemma,
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(4.11). As in the case of the cycle mean field, strict convexity of I"MF is established

since I is strictly convex, and SH is convex: so that their sum, and hence I™F is

strictly convex. Finally the uniqueness of the zero follows from the uniqueness of
the minimum, which was established in the previous results. Alternatively this can

be derived directly by computing the Gateaux derivative of I°MF. O

We conclude by analysing the density of the particle mean field model.

Corollary 4.20. For > 0, h <0, the density of the Bose gas under the Hamilto-

nian H*™F is given by p"™¥ (B, h) = p, where p is the unique solution to

p=p(B,h—p), (4.25)

where p denotes the density of the ideal gas. Consequently,

(i) pMF is monotone increasing in h < 0, and monotone decreasing in 3 > 0.
(i) For all 8 >0, h < 0: p"™¥(B,h) < p(B,h).

(iii) pg™*(B) = limy, o p"™* (B, h) exists and is finite. In particular it solves
po " (B) = p(B, —pp™" (B))-

Proof. The formula for the density follows immediately from (4.10) with

pPMF(B’ h) _ ZJ:L,:;

j>1

which was defined in Theorem 4.19 to be

¢

B
C

—”W‘a)'

PMF

Fixing 8 > 0, let ¢ = ¢j, and consider p"™F as a function of h, h — p"™¥(h), we show

that this function is increasing in h < 0. We have

d 1d
— PMF(h) — B%Ch

dh
- d Cp,
- M(ﬁ’h‘/s>

using the multivariate chain rule, along with the fact that the first argument of p is

1d c
_ o+ a (0,1) _ &
_<1 ﬁdhch>a ”(W‘ ﬂ)
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where 910 p, 901y respectively denote the partial derivative of p in its first and
second arguments. Equating the right hand side of the first and third lines, implicit

differentiation yields

d pup 1d 8(0’1)/)(57 h—cp/B)
—p"(h) = e = 01 :
ah G = T+ 000005, h— en/B)

Since ¢, > 0, as explained in Lemma 4.16 and h — ¢, < 0, it follows that the

right hand side is positive, since the map x +— 8(071);)(5,1:) is positive for z < 0,
PMF

Proposition 2.13. It follows that p is increasing in h.

Now fixing h < 0, setting ¢ = cg and considering 8 + p""(3) similar manipulation

gives

d d
7pPMF(ﬂ) _ @%

dg
d
- a(70-5)
_ §010) ( 7 _%>_d(cﬁ>3(o,m ( , _CB)
p\ B h 3 B\ 3 p\ B 3

As in the previous calculation, after rearranging

oy e P(50-5)
T dB B 1+3(0’1)p(,8, _%).

The denominator of the right hand expression is positive whilst the numerator is

negative, again appealing to Proposition 2.13, from which it follows that p™F¥ is
decreasing in f > 0. The bound for part (ii) is immediate from the fact that p is

increasing in h

P (B h) = p(B,h—p™F) < p(B,h).

PMF

For part (iii), since p is increasing in h then it must converge as h 0, possibly

PMF

to +o0, which is to say that pg™"(8) := limy, ~ p"™" (5, h) exists as an extended real
number. Then, by continuity of p(8,h) in h,

PMF :1 PMF
po - (B) Jimp (B, h)

= }lll;% p(ﬁa h - pPMF(Ba h‘))
- p<ﬂ, Jim b= o5 h))
=p(B,—po"" (B)).
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But suppose that limy - p"** (3, h) = oo, then the right hand side of the last line

above would be

= p(ﬂ? - }ILI}% pPMF (ﬁa h))

=0,
since limy,— oo p(B, h) = 0, which is a contradiction. O

Note that in the above we refrained from denoting pi™* for limy, ~g p™F (h) =: pf™*.

As we see from Corollary 4.20 part (iii), the value pp™" < oo regardless of the

convergent sequence of graphs taken, and so unlike p., the critical density of the
ideal gas, pp™* does not exhibit a phase-transition. In particular, the corollary
suggests that although the reference measure IPgj is only well defined for h < 0, the
density p"™F has an extension to positive h. As such the intrinsic equation (2.11)
is no longer an indicator of the presence of the Bose-Einstein condensation phase
transition. We relax the assumption in this intrinsic equation that A < 0, and now

ask.

Fix 8 > 0. For p > 0 find »* = h*(p) € R for which p™"(8,h*) = p. (4.26)

As with the ideal gas, we define the critical density for the particle mean field model

to be the supremum of those densities which can be achieved:

/?EMF(B) :=sup{o: Jh € Rst.p= ,UPMF(ﬁv h)}.

The following corollary is the equivalent of Theorem 2.14 in the case of the particle

mean field Bose gas.
Corollary 4.21. The intrinsic equation (4.26) is such that
(i) For all h < p.(B), there exists a solution p = p(B,h).
(i) For h > p.(B) there is no solution.
(i) As h / pc(B), the solution satisfies limy,_,, gy p(B,h) = pc(B)-

In particular, there is a unique solution to (4.26) for o < p.(8), and

pe(B) = pe(B)-

Proof. In the preceding corollary we have already shown that a unique solution

exists whenever h < 0. As a function of p, p(h — p) exists for p > h, and is strictly
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Figure 4.1: Tlustrating the proof of Corollary 4.21. If 0 < h < p.(8), then the curve
p(h — p) will always intersect the line y = p at some point p > h.

decreasing with limit 0 as p — oo. Existence of a solution to (4.25) is equivalent to
an intersection of the line y = p with the curve p(h — p), at some point p > h. Since

the first of these is increasing and the second decreasing, this is in turn equivalent

to limp\ p y(p) < limpnp p(h — p), but
lim =h < lim p(h —p) = p:(B),
Lo y(p) = h < lim p(h = p) = pe(B)
which confirms parts (i) and (ii). Finally (iii) follows since we have
h <p=p(h—p) <limp(e) = pc(B),
e,0

and in taking the limit A 7 p.(8) the above are all equalities. O

Not only does the above result assert that there is a critical density for the particle

mean field, but moreover that this is achieved at a critical chemical potential:
REMF(B) = sup{h : Isoln. p(h)to (4.25)}.

Furthermore we have hfMF = poMF

= pc = Pec-
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Chapter 5

Topics for Further Study

Before concluding we share some thoughts about two further topics which we have
partially explored, and which remain open for further study. The first of these looks
to establish that the occupation field for the Bosonic loop measure can in fact be
extended to a law defined on the entirety of Z?. The ground work for this result
has been established, but we have found it challenging to prove convergence of the
Laplace transforms in the limit. The second section considers the hole distribution
of the occupation field: this is the probability that a given site is not visited by any
loops, PZ[L, = 0]; this is an interesting problem since such sites cannot occur in a
Gaussian field, and highlights the non-Gaussian nature of the measure P?. Moreover
a question of percolation can be posed in terms of the vacant set of the occupation
field.

In addition to the two topics studied here, together with Stefan Adams we are in the
process of preparing a pre-print [AD15] concerning a mixture of the two mean-field
models studied in Chapter 4. This model is inspired by the Huang-Yang-Luttinger
model which is defined in the momentum space description of the bose gas; this
model has a pay-off between wanting to achieve an optimal density, whilst penalising

configurations with many loops.

5.1 The Bosonic Occupation Field of Z¢

In Theorem 3.5 we established a formula for the Laplace transform of the occupation
field £ under the Bosonic loop measure PZ. If we wish to establish a result for the
existence of a limiting occupation field, it does not make sense to consider graph
limits in the sense of spectral convergence: since as we saw, the limit graph may not
exist. For this reason we restrict our attention to the case of the lattice box Aﬁ\’}”)7
where each box is embedded in Z%, and so the limit graph is well defined. In this
section we ask whether the corresponding random field (£;)zea, also has a limit
as N — oo, as a random field on Z%. Throughout this section we work with the

following iteration of our standard assumption.
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A2" The inverse temperature is strictly positive 8 > 0, and either: the dimension
of the lattice is d = 1,2 and and h < 0, or d > 3 and h < 0.

Before considering the laws P¥ we make some general remarks concerning conver-

gence to a field defined on 7%, Henceforth we consider d > 1 to be fixed and denote
Q:={¢: 2¢ - R},

for the collection of all functions defined on the graph; this is none other than
Q= de, however this notation becomes rather unsightly on repetition. Billingsley
[Bil99] pp.9-10, establishes that there is a metric on €, for which £ becomes a
complete separable metric space, i.e. a Polish space. Moreover, the topology induced
is that of pointwise convergence: ¢, — ¢ in Q if and only if ¢, (x) — ¢(z) for all
x € Z%. We denote M1(Q) = M;(Q, B) for the space of all probability measures on
Q with respect to the Borel o-algebra B = B(2). This space is itself a Polish space,
and the associated metric is such that convergence is equivalent to convergence in
distribution.

The outcome of the above is that convergence of distributions in M; can be char-
acterised by two properties: tightness, and convergence of finite dimensional distri-
butions (f.d.d.s), which we define in the lemma to follow. Let A C Z%, and define
the projection mx: @ — RA by the map (02)pezd — (¢z)zen. Given a measure
P € M;(Q), we denote Pry'[-] = P(my'[-]) for the pushforward measure on
M (RA, B), and refer to it as the f.d.d. supported on A.

Lemma 5.1. A sequence of probability measures (Pp)p>1 € Mi(Q) converge in

distribution if and only if they satisfy

(i) Tightness. For each x € 7%

lim lim P,[|¢(z)| > C] = 0.

C'—00 n—00

(ii) Convergence of f.d.d.s. Fix M > 1 and let A = [-M,M]?. There is a
measure Qp € My (R, B) such that

-1 (@
Pnﬂ'A —)QA

as n — 0.
Moreover, the limit measure P := lim,, .~ P, has the property PTK’XI =Qx-

We make some remarks concerning this lemma. The first requirement says that each
of the 1-dimensional f.d.d.s is tight. This effectively means that probability mass
does not get put on elements of €2 which are unbounded. That it is sufficient to

confirm tightness for the 1-dimensional f.d.d.s is a consequence of the fact that 2
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is equipped with the topology of pointwise convergence, [Gia01]. Requirement (ii)
on the other hand says that all of the f.d.d.s converge weakly to some limit. The
existence of the limit measure, and that it satisfies wal = (D, is then a consequence
of the Kolmogorov extension theorem, [Bil95] pp.482-92.

To actually apply Lemma 5.1 we still require a way to prove convergence in distri-
bution of the f.d.d.s. This is routine if one knows the distribution of the limiting
variable, since then it suffices to prove convergence of the respective Laplace trans-
forms to the limit transform. In our instance we do not, however, have control of the
Laplace transforms of inxl; a priori it is not clear that the limit of a sequence of
Laplace transforms necessarily defines a Laplace transform itself. In fact this state-
ment is not true for any sequence of probability measures, but is in the presence of

tightness.

Lemma 5.2. Let (Py)n>1 be a sequence of probability measures on Rk, and denote
(Lp)n>1 for the associated sequence of Laplace transforms, where Ly,: R’i - R.
Suppose that the sequence P, is tight, and that lim,_ oo Ly(v) := L(v) exists, then
there exists a measure P on R¥ whose Laplace transform is L, and moreover P, @,
p.

Proof. Since the sequence P, is tight, there is a subsequence (P, )r>1 which con-
verges to some probability measure @, see [Bil99] pp.57-63. Let L9 denote the
Laplace transform of @), and note that we have L, — LY. But then by the as-
sumption that L,, — L, we have L = L%, and in particular L is a Laplace transform.
Consequently, P, — Q. O

We now return to the setting of the Bosonic occupation field. Henceforth we write
Py = Py, € M;1(Q) for the law on € which satisfies

Pyl =PRILE ], (5.1)

which defines the law of £ under P3; on the larger space ; our aim then is to prove
that Py 9@, P, for some distribution P.,, which we would then identify as being
the Bosonic occupation field of Z?. We first demonstrate the the sequence Py is
tight, before proceeding to explain why we have been unable to derive convergence
of the f.d.d.s.

Lemma 5.3. For all z € 7%,

lim lim Pyll¢(z)| > C] =0,

C—o0 N—oo

which is to say Py is a tight sequence of probability measures on 2.

Proof. We choose N > 1 sufficiently large that = € Ay, and in this case we have
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(¢(x), PN) ) (L£,P%). Applying Markov’s inequality, we obtain the upper bound

Py[l¢(z)| > C] =PR[L, > C]
< Ex[La]
- C

Since the graph AX’}”) is invariant under translations, it follows that £, Q@ L, for

all x,y € An. As a consequence we have

1 1 =
BR1L] = [ ABRIL] = (pER[Syen ] = R[],

Then returning to Markov’s inequality

EX [£]

. Sl < 1
A}gnoo Py[lo(z)] > C] < I&EHOO
Qoo

ol

where aoo = aoo(/3, h) is the atom in Theorem 2.4, and under assumption A2” this

is finite. The lemma follows on taking the limit C' — oo. O

We move on to consider the f.d.d.s. We make some prior remarks concerning the
notation used in the proof. Let A = [~M, M] C Z% be a fixed lattice box, M > 1.
Our aim is to prove that the laws PNWXI € M;(Q) converge, by showing convergence

of their Laplace transforms Ly, defined by
Ly(v) = ENﬂ'Xl |:67<U’7TA(¢)>}, v E Rj\_,

with F Nﬂ'Xl denoting expectation with respect to P]\ﬂTXl. The following proposition
rephrases convergence of the Ly as convergence of the Laplace transforms for the

field £ under P%.

Proposition 5.4. Suppose N > M, A = [-M, M]?. Letv € RA, and let vy € RAN
be the vector such that mavy = v, and vy = 0 outside of A. Then

Ly(v) =E¥ {67@]\]’/”‘)] .
Proof. From (5.1) we have

LN(’U) = Eifﬂ-xl |:e_<v’7TA(¢)>i|

—E% [e—<v7m(ﬁ)>}7

and then the claim follows since (v, mA(L)) = > cp veLe = (vN, L). O
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The end result of the above is that we have massaged the Laplace transform defined
in terms of measures on Mj () into a form to which we can apply Theorem 3.5,
the equation for the Laplace transform of £ under P%. It remains then to confirm
pointwise convergence of the Laplace transforms. Since we have not been able
to complete a proof of this, we outline some thoughts on the matter. Recalling
the notation of Proposition 5.4, let Viy = diag(vy) € RIMIXIANIand define the

following spectra

[AN] [AN]

L Spec(Vn) = (V}@) ,

i=1

Spec(@n) = (1) Spec@y — Vi) = (),

with Qu the generator of the continuous time walk on Ay. According to Theo-

rem 3.5

det(e=BT — ¢P(QN)) IANT =g _ @

LN(U) = det(e‘ﬁh[ — eﬁ(QN—VN)> = H o—Bh _ 65(7;)1 (52)

=1

To simplify expressions in the following, we write

o~

Ay = exp ( - ﬁh) — exp (577](3)), Ex) = exp ( ﬂh) — exp (ﬁé”)
so that the product above becomes HlAjlv | ?)1\(; /€ ]\(,i), and according to Lemma 5.2
convergence of the f.d.d.s is equivalent to the limit of this product existing.
We have at our disposal two eigenvalue inequalities which we make use of to analyse
this product, these are the Weyl inequalities, and the Cauchy interlacing inequalities.
Unfortunately, to the best of our knowledge, these are not strong enough to prove

convergence of the product above; we can however use them to show boundedness.

Lemma 5.5. Fiz M > 1, A = [-M,M|% and v € RY}. Let Ly: RY — R be as
above. Then there exists a U : Rﬂ‘_ — R, such that

0<Ly(w) <U(v), Yo € RE.

@ 5 . pAnD

Proof. Consider the spectra to be ordered, so that 77](\}) > Ny , and

similarly for f%). Since Vyy is diagonal its eigenvalues are exactly the entries of vy,
so that 1/( D=0 fori> |A|. Since the matrices Qn and Vy are both symmetric, and
hence Hermitian, we are in a position to apply Weyl’s inequality, Theorem B.16 to

@Qn — Vn. In particular we have

(Z+\A| < g(l fori=1,...,|An| —|A], (53)

)
N
<nW,  fori=(Ax|—|AD+1,...,[AN]. (5.4)

m@ ) < 6

Since the function = — e A" — A7 is decreasing in z, the inequality above hold for
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ﬁ]\(,i), §A 1\(/i) on reversing the inequality signs, and consequently from (5.3) we obtain

7 EHAD 5 GHAD
1< <IN fori=1,...,|Ax| —[A]. (5.5)
(@) ~ (i)
N Uy

Returning to the determinant expression, we write the product as

|AN|7/]\]\(fi) [A] 77]\(;) [An|=[A| ﬁ]\(fiHAl)
Ln(v) = H =6 HF , RO
=1 SN i=1 SN =1 N

where we use the shorthand notation (—i) := (i + |Ax| — |A]), and the eigenvalues
77](\;1) etc. are the corresponding i-th smallest eigenvalues. Let Ry (v) denote the

first of the two products, and Sy(v) the second. Our aim is to show

lim Ry (v) = Roo(v),

N—o00

lim SN(U) S Soo(v)v

N—oc0

50 that Loo(v) < Reo(v)Sec(v) =: U(v).
Proof for Ry. Since A is a fixed box, the product above is over finitely many

terms, and we can take the limit in each term of the product

[A] ﬁ(i)
A R (v) = 1;[1 200

- Al exp ( - ﬁh) - eXp(Bnéi))
N i—1 exp ( - ﬂh) — exp (5&(;)) ,

with né? = limy o0 ng\i]), and similarly for gé?, ﬁo(j), Zo(o’) In the following we first
confirm that ﬁo(oz ) = 1, before showing that the limit 502") exists'. Recalling that

the spectrum of @ is given in Appendix A to be

d
1 k
Spec(Qn) = nN(E):EE cos<27r J )1:k€{1,...,2N+1}d ,
Jj=1

2N +

choosing k() = (4,1, ...,1), then for large enough N, i < 2N +1, so that ny(k(i)) €
Spec(@Qn). Moreover ny(k(1)) > ny(k(2)) > --- > nn(k(i)). It follows that

nn(k(i)) is at most the i-th largest eigenvalue of Qy, and so n%) > nn(k(i)), and

'A word of caution regarding the interpretation of these claims. The statement that ﬁo(cl) =1
for 4 > 1 is understood to say that having fixed an 4, in the limit the i-th largest eigenvalue is 1. It
does not say that all of the eigenvalues are 1 in the limit.
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hence

NG B .
]\}1—I>noo77N - ]\}gnoonN(k(z))

1 i = 1
= lim = 2 2 -1
Neo d COS( "IN 1) +j_1C°S< "aN T 1)

=0.
Since Spec(Qn) C [—2,0], it follows that limy_ ngi) = 0, and hence ﬁog) =1
Turning to 55;’), we note that the matrix Qx — Vv can be obtained from Qn41 —
Vi1 by deleting the rows and columns which correspond to vertices € Ayy1\An.
As a result we are in a position to apply the Cauchy interlacing theorem, Theo-
rem B.17, which gives

—i i+ A x| —|A i+ AN 1] —|A —i

55\/ i) — 5;\[‘ ~NI=1A] > f}L\L‘HN_Hl [A] — €J<\/'+Z)17
and in particular 55\;1‘) is a decreasing sequence in N > 1. Recalling the inequality
(5.4), and combining this with the fact that 17](\,_1) € [-2,0], and 1/](\}) = MaXze Uy =

v* which is independent of N, then we have the lower bound
ez -2-0,

so that 51(\,_1) is a bounded decreasing sequence, and hence converges to some gﬁg D,
It follows that

|A|

. 1
v ) = I g = )
i=1 600
Proof for Sy. From (5.4) we have
[AN|—]A| 7 (i+]A])
L<sy< [ g =0n,

i=1 NN

so it suffices to prove that the upper bound Uy converges. Taking logarithms

[An|=IA] N [An|=[A] ,
logUy = Z log ﬁ]\(;H = Z log ﬁj\(,l) .
i=1 i=1
and since the terms i = [A| +1,...,|Ax| — |A| in both sums agree
Al

- Z log ﬁ]\(,ﬂ) — log 7’7‘1\(;).
i=1
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Using that the logarithm is an increasing function, we can bound the sum by

~(—|A ~ (|A
< |A|<10gm§ | ')—logmé' l)),

and in the limit N — oo
~(=|AD —Bh _ _—28
lim Sy < [A] lim log ™Y — |Alog<ee> O
N—=o00 N—o0 ﬁN e~ _

The factorisation Ly = Ry Sy was performed to separate off the part of the spec-
trum of @ — Vv which is not close to that of Qu, i.e. the terms which contribute to
Ry, and then to show that the remaining part of the spectra converge: i.e. Sy — 1.
That this part converges was anticipated since the Weyl inequality (5.3) implies
that for any ¢ > 1, fj(\i,) ~ n%). Unfortunately it is not in fact the case that Sy
converges to 1, as seen by approximating this limit using a computer. This lemma
could still be of use if one is able to show that the sequence Sy is monotonic, from
which convergence to some function S, will then follow by boundedness; to date
our attempts have proved fruitless.

An alternative characterisation of convergence of the Laplace transforms is obtained
by taking logarithms of the product, and confirming that the corresponding series

converge. Considering this

[AN] A ‘
log Ly(v) = Y logiy) — log Y,
=1

which we can rewrite as integrals against spectral measures my, and mX,, where

the latter is the spectral measure of Qx — V. Then

= |Ay| ( / log (e — ™ )my (du) / log (e~ — eﬁu)mx(du))

.. . d .
A similar proof as in the above lemma can be used to show that mX, HON Moo, SINCE

the ‘bulk’ of the eigenvalues converge via Weyl’s inequality, and the remaining |A|
terms which are not suitably bounded are negligible in the N limit. However, due
to the additional pre-factor of |A x| this is not a strong enough statement to confirm
convergence of the above. For this to hold we need to understand the relative rates

of convergence of my, mX, t0 Moo

Conjecture 5.6. Fiz M > 1, A = [-M,M]? and v € R}. Let Ly: R} — R be as
defined in Proposition 5.4. Then imy_ oo Ly (v) = Loo(v) exists.
Consequently, there exists a law Py, € M1y such that Py @, P.
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5.2 The Hole Distribution and Vacant Set Percolation

We move away from the topic of limits of graphs, and throughout this section
consider A to be a fixed graph. We recall that below the proof of Theorem 3.5 we
remarked about the difficulty of describing such simple correlations as the expected
occupation at a site. Fixing some x € A, we are interested in the law of £,, which
is a positive random variable. In the case of the Markov loop measure we saw in
Section 3.2.2 that
1
Ele™] =

so that at each site the occupation field has a I'-distribution. A partial explanation
for the difficulty in deriving a similar result for the Bosonic occupation field is
afforded by the fact that the corresponding distribution is no longer continuous. In
particular the law (L., P?) has an atom at 0. This is a result of the fact that the

loop measure u? is finite, rather than o-finite, and hence

1

PPIL=0] =PPlS=0] =T = —— >0, 5.6

£=0) = P’[s = o] = (56)

It is no longer surprising that we could not find a Gaussian description of the

Bosonic occupation field, since in particular the two distributions are not absolutely
continuous: PZ <« P.

We refer to those sites with 0 occupation as ‘holes’ for the occupation field, and can

define the vacant set V C S to be the set of all holes
V= {xGA: /Jx:O}.

In light of the previous section, and assuming that Conjecture 5.6 is true, then
a natural question arises concerning whether or not the random subset V C Z¢
percolates or not. We do not expect this to be a simple problem, and as indicated
in the introduction, active research regarding a similar problem for discrete Markov
loop soups is still ongoing, see for example [LeJL13, CS14, Lupl4].

Identifying the probability that a given site is a hole does not require us to derive
a formula for the full distribution of the occupation at that site. Rather we can

compute it using the formula
PP[L, = 0] = P?[SNT, = ] = e #"(Te),

where I'y := {y € T': (¢) = x for some t € [0,|v])} is the set of loops which visit
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site x. Alternatively it can be computed from the Laplace transform, since

V—00 V—00

lim B [e~"5] = PP[£, = 0] + lim B[

L, >0}
=P?[L, = 0].

In general we do not have a way to compute this value from either of these expres-
sions, though in the case that the graph is vertex transitive then we can derive a
crude upper bound. Rather than defining vertex transitivity, we consider the exam-
ple of AX}CT) for the lattice box with periodic boundaries. Clearly the set I, contains
as a subset T'oz, the set of loops which are rooted at x, T'op :={y € Ty : v(0) = z};
note that this should not be confused with our previous notation I'g; for loops of
length 7, which will not be used here. The mass of this set under the Bosonic loop

measure can be computed explicitly as

Bhj
e
WP (To) =S P, [Xﬁj ﬁg]
1
eBhi

|A<per>‘ Z ZiP [XﬁJ*JC}

A(per) j>1

! 1 (T),

A%

where we used vertex transitivity of the lattice box with periodic boundaries to

introduce the sum over z € A(p er)

—/1og (1 - eﬁ(h+7‘))m1v(du).
Using the fact that I'c; C I'y, we obtain the bound

PP[L, = 0] < exp < / log (1 - e5<h+“>)mN(du)>.

Returning to general graphs A, a complimentary lower bound can be obtained as
follows. Given a site € A, and a set A C A with z € A, let 'y := Uyeal'y denote

. Then in terms of the spectral measure this is

the set of loops which visit A. By definition we have I';, C I'4 and so
P5 [ﬁz = 0] = P5 [Sﬂl“z = @] > PP [SOFA = @] = exp ( —,uB(I‘A)). (5.7)

We now look to choose A in such a way as that we can compute the left most

expression; to this end, we note that by the definition of a measure

p?(Ta) = p(T) = p®(Ta°)
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We already have an expression for x?(I") in terms of the spectral distribution, so
the first term is easily computed, whilst the second set I'‘; is exactly the set of loops
which are contained in A\A. In fact, consider the graph A* which has vertex set
A\ A, weight function w}
of A, and killing

y = Way, for z,y € A\A, where w,y is the weight function

Ko = Ky + g Wey-
yeA

Comparing the walk X* on A* with X on A, we note that X* can be coupled to X
in such a way as that they agree up to the point at which X first visits a site in A,
at which point X* is killed. It follows that any loop v € 'Y, i.e. a loop which does

not visit A, is given the same mass under the measure pf and p%., and moreover
pA(T%) = pi-(T%) = p«(T).

This expression can now be given exactly in terms of the spectral measure m*
associated with the graph A*.

Whilst the above has outlined a programme for computing a lower bound, the
challenge remains to actually identify the spectral measure p*. In the case of the
lattice, whilst it was not overly taxing to identify the spectral measure my for a
lattice box AX’,”), we do not have any general method to compute the spectrum
of the graph on removal of some subset A, and hence identifying mj will prove
challenging. Suppose that we can identify the eigenvalues of A*, then using our
usual expansion of the loop measure in terms of the spectrum we obtain

IT,,- (e~ — &)

Blp HR (D) =B () _
P?[L, = 0] > eVx RO — R (5.8)

where the products run over the spectrum of A, respectively A*. In this form it
is clear that this is not far from the issues we faced in the previous section, where
we could not handle the similar expression (5.2) for a small perturbation in the
definition of the spectral measure.

Having stressed negative outcomes so far, we conclude by providing two examples
where this technique does in fact give exact expressions for the probability that a
site is a hole: we consider first the complete graph K and then the 1-dimensional
lattice box with periodic boundaries. Both examples proceed from the fact that we
can compute exactly the spectral distribution of A* when A = {z}, in which case
the inequality (5.7) is an equality. For the first of these cases, we recall that we
identify the vertex set of the complete graph Ky with the set [N] := {1,...,N};
the weights are defined in Appendix A.

Proposition 5.7. Let P} be the law of the Bosonic loop soup on Ky. The proba-
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bility that the site 1 € K is a hole is given by

P% (L) = 0] =

and in the limit N — oo

lim P§[L; =0] =1/,

N—oo

Proof. For any N > 2, we note that the graph A* on Kx\{1} is the complete graph
Kn_1 with the weights

Denoting Spec(Qn) = {772'};\[:1, and Spec(QYy) = {nj}i]\gl, these are given to be

B B _ N+1 1
m = =1NN-1= N nN = N
N+1 2
*7“.: * e — * —_
= NIN-2 N IN-1 N’

see Appendix A. Then from (5.8)

(1 _ J(“%))Nﬁl (1 _ eﬂ(h—%))
(1 - eﬁ(h—%))J\F2 (1 _ eﬁ(h—%))

which simplifies to give the desired expression. The limit N — oo follows easily. [

For the case of a box in Z, we consider A% on the vertex set [-N,N — 1] N Z,

where we use the box with 2N sites as it will make the notation in the proof easier

to follow.
Theorem 5.8. Let AR’}”) = [N, N] as defined in Appendiz A. Then
o T on{a(em() 1)
PP[Ly=0] = — — — : (5.9)
| (1 — exp(ﬁ(cos(ﬁ) -1+ h)))
and in the limit N — oo
Jim By (Lo = 0] = /(1 e#t)(1 — e#0-2) (5.10)
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Proof. Let A% = A%7\{0}, and note that wy, = Wyy for all z,y # 0,+1, and

N 1
Wi = W12 = 5, H1=w1,0=§7

3

N 1
, K_] =W-10 = bR

N — DN —

k%
W_1_2=W-1,-2=

We recognise these as the weights associated with the lattice box on 2N —1 vertices
with Dirichlet boundary conditions. The equation (5.9) follows on recognising the

spectra as

2N

Spec(Qn) = {cos (nd) - 1} ; Spec(Qy) = {COS (mak) 1}?5;1’

the proof for @ is given in Appendix A, whilst the case of the path can be found
in [LPWO09] Section 12.3.2. We concentrate on obtaining the limit.

We rewrite

Spec(Qn) = {cos (7‘(%) - 1}2N

. 9
Jj=1

and define the function f(z) =1 — exp (B(cos(rz) — 1 + h)), we have

2 7 (1)
LY ()
2N-1 f ( L(j+1\1[)/2j )

()

=t f (ﬁ)
and note that when j is even the terms cancel so that
N f(LJ)
2N
=fO ][ W
2N

j=1f

P*[Lo = 0] =

To compute the limit we will take logarithms and then show that the resulting

summations converge. Before doing so we note that

log f(z) = — Z%(exp (B(cos(mz) — 1+ h)))k
k=1
oo kA(h-1)
=— Z —exp (kﬁ COS(TF:U)),
k=1

125



so that

o kA(h-1)
log f(x) —log f(y) = 3 (exp (kB cos(my)) — exp (kf cos(mc))),

=1

El

and introducing the functions gi(x) = exp(kS cos(wz)), this is

> kB(h—1)
% (gk(y) - gk(x))~

=

=1

Then, returning to the computation of the hole probability, and using the notation

above

log P*[£o = 0] = log (0 iV: gf(zzv)_l f<2j2N1>
~ log /(0 ii (65 -0 ()
T () ~a() e

We fix k > 1, and consider the summation in N. Since the function g is continuous

and differentiable, the mean value theorem asserts that there is a value cy(j) €
[(25 —1)/2N,25/2N) such that

%gé(czv(j)) = gk (;ﬁ,) —gk<2j2j_vl>,

and we have
N2 2 X,
;(9’“(21\[) _gk<2N)> - _Q;Ngk(cN(]))-

Since en(j) € [(j —1)/N,j/N), 7 =1,...,N, and these intervals form a partition
of [0,1), the above can be interpreted as a Riemann sum, and taking the limit in
N — >

J > (o) (30 =3 [ o
=1

;(gk( ) — gk(1))

1
=3 (7 =),

Of course we recognise the above as being sinh(kf3), however since we now wish to
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take the series in k > 1, we leave it in this form. Returning to (5.11) we have

%0 kB(h-1)
log P [£o = 0] = log f(0) + Y “—— (ekB _ e-kﬂ)
k=1

1 &, ekBh 1 ekﬂ(h—?)
-1 (1 - ﬂh) b N Y
os(l=e7)+3 k2 > 2

— %(log(l — eﬁh) + log<1 — eﬂ(hd))),

from which the result follows. ]

Figure 5.1: The probability that a site is a hole as a function of h < 0, at g = 1.
The light curve corresponds to the hole probability in the limit for Kp, which is
positive at A = 0. The bold curve corresponds to the limit of a lattice box in Z, in
this case the probability of a site being a hole converges to 0 as h 0.

We anticipate that a similar method could be employed to derive a lower bound for
the hole distribution for a lattice box A% = [~N, N]¢ in Z?%. Denoting 0 € Ay for
the origin, we obtain a bound on Ly by removing the set A = {z € Ay : 21 = 0}
from Ay, which has the effect of ‘opening’ the torus. The remaining graph A\ A is
now the lattice box with Dirichlet boundary conditions.

The exact form taken by the two limit formaulae in the above results is of interest
in itself. Plots of the two functions are given in Figure 5.1 for varying h < 0. Once
again we see that transience and recurrence play a role in determining the behaviour
as h /0. It is reasonable to expect that if the graph approaches a transient graph
in the limit, then the hole probability should remain positive. Similarly, if the graph
is recurrent in the limit, then the probability of any given site being a hole should

converge to 0.
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Appendix A

Examples of Graph Convergence

In this section we prove some statements regarding spectral convergence of graphs:
most noteably we prove graph convergence of lattice boxes A C Z¢. Throughout we
use the notation introduced in Section 1.1, and assume that A is finite, loop-free,

and irreducible.

The Complete Graph, K,

For the complete graph on n vertices, denoted K,, we identify the vertex set with
[N] :== {1,...,n}, and define the weight function and killing for z,y € [N], x # y
by

1 1
Wey = —, Ky = —.
n n

The resulting walk X agrees with X and is the simple continuous time random
walk on K, with unit jump rate, and geometric killing. Since A = 1, and P is
symmetric we immediately have that Spec(Q) C [—2,0] from Theorem 1.6. Writing

the generator in the form
Q=n"'J—(1+nHI,

where J is the n xn matrix with all entries equal to 1. We note that since J has n—1
repeated eigenvalues equal to 0, and a single eigenvalue equal to n, the eigenvalues
of ) are

n+1

m=...="Mn-1= )
n

1
T = ——-
n
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For n > 2 the canonical distribution functions ¢, : (0,1] — [—2,0] are

—% if u € (0,n71Y,

—ntlify e (n7h 1]

Pn(u) =

Clearly ¢, (u) — —1, for all u € (0,1], and K, is a convergent graph sequence with

limiting spectral measure given by the point mass mq, = d_1.

The Cyclic Graph, C,

We move towards more physically relevant examples, with the goal of describing cu-
bic lattices in general dimensions. An important stepping stone will be the analysis
of the symmetric walk on the cycle C,, whose vertex set is given by the interval
{1,...,n}. We consider in greater generality the family of non-symmetric walks on

the cycle, with drift ¢ € [0, 1], which is determined by the edge weights

q ify=xz+1l,orz=n,y=1,
Way = (1—(]) ify=z—1,orx=1,y=n.

0 else.

We set k = 0. The resulting random walk is the unit-rate random walk with drift
on the n-cycle. In the extreme cases ¢ = 0, 1 this corresponds to a Poisson jump
process on the cycle, which is considered in Section 3.2. Since A = 1, the eigenvalues
of @ = AM(P—1) lie in the disk {z: |z+1| < 1} C H. Moreover since @ is a circulant
matrix, @ = circ(—1,¢q,0,...,0,1 — q), its eigenvalues are completely determined,
see Theorem B.18

—omid —omid i L
n; = “14e¢ 2mis +q(€ 2mis 62mn>

k k
= —1+ cos <27T) +1i(2¢ — 1) sin <27r>.
n n

The canonical distribution functions are
¢l (u) = =14 cos| 2r—— | +i(2¢ — 1) sin| 2n—— |, we (0,1. (A1)
n n
Pointwise convergence is once again immediate, with the limit

@ (u) = =14 cos(2mu) + i(2q — 1) sin(27u).

Note that when ¢ = 1/2 the imaginary term drops out, as expected since then P is
symmetric. Recalling that the functions ¢, are used only as a change of variables,

they are not unique. In the case ¢ = 1/2 we note that we could equally well use
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hoo(u) = cos(mu) — 1. To see this it is sufficient to check that |p2}(B)| = |¢< (B)],
for measurable B. Using symmetry of ¢ through the line v = 1/2, and the fact
that ¢oo is invertible on (0,1/2] then

|¢gol(B)| = 2‘217r cos_l(l + B)‘

Lo 1
=|—cos (1+B
)ﬂ_cos ( )‘
3

o5 (B,

where we use the standard notation z + B := {x 4+ b: b € B} for the shift of a
set B C R by a real x € R. Consequently in the following we will work with

$oo(u) = cos(mu) — 1, as it is notationally simpler.

The Integer Lattice, Z

The previous calculations for C, will now play an important role in simplifying
the analysis for lattice boxes, for which explicit calculation of the eigenvalues is
unavailable.

For n > 1 we identify the vertex set of a 1-dimensional lattice box as A,, = [—n,n]NZ,

and we assign edges to nearest neighbours in the box

We set the killing vector to be k_,, = Kk, = 1/2, and zero in the interior: k; = 0,
—n < & < n. The resulting random walk is unit rate simple random walk with
killing on the boundary. We note that the generator matrix @ is in fact a cofactor
of the larger generator Q' of the graph Co(ny1), with ¢ =1 /2, obtained by deleting

the final row and column, as seen below (the braces denoting the matrix Q).

( 1 11
1 L 0 -~ 0 0)3
i -1 3 0 00
02 -1 0 00
; .
00 0 -~ —-112110
1 1
L0 0 0 3 —13
1 1
1o 0 0 1
Denoting Spec(Q) = (Vj)?f{l and Spec(Q') = (nj)?(:nfl), where we assume the

eigenvalues to be in decreasing order, then the eigenvalue interlacing theorem, The-
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orem B.17, says

M2V 2022 2 Mptl = Vantl 2 N2(nt1)-

Moreover, as in the previous section, the v; are known explicitly, and in decreasing

R 1
75 (¢0)] (7 n 1 5

Let ¢, denote the canonical distribution for ), then using the interlacing inequality

order are

M@n+1)u] = Pn(u) = Vl@n+1)u] = M[(2n+1)u]+1s

and using our knowledge of the eigenvalues 7;

L[Q(n;l)u]J Lr2(7L+;)U]+1J
2 J) o> > = 1) _q
cos| m e 1> ¢n(u) >cos| w e 1

From which we see pointwise convergence of ¢,(u) — cos(mu) — 1, since both the
left and right sides of the above converge.

It is unsurprising that the lattice box should converge to the same spectral distribu-
tion as the cycle, since one can interpret the cycle as being none other than a lattice
box with periodic boundaries. Since our results for thermodynamic limits will be
phrased in terms of the limiting spectral distribution, the above amounts to the
fact that thermodynamic properties are independent of whether we take Dirichlet
or periodic boundary conditions. To be complete, we show that the same is true
when taking hard boundary conditions.

The lattice box A, = [—n,n| with reflecting boundary is as above, except that
we set & = 0, so that there is no longer killing on the boundary; we denote Q"
for the generator. On deleting the first and last rows and columns of Q" we ar-

rive at the generator @) of the walk with absorbing boundaries on the smaller box

A1 = [—(n—=1),(n —1)]. As such we can once again use the eigenvalue inter-
lacing theorem. Writing Spec(Q) = (uj)?iil, Spec(Q") = (nj)?;“fl for the spectra

arranged in decreasing order. The interlacing relation now reads
nj 2 Vj 2 Nj+2, j=1....2n—1.

with the consequence that we can bound the eigenvalues 7; of Q" by
Vj_2 =N 2 Vj, 7=3,...,2n—1.

This bound, in conjunction with the bound in terms of the eigenvalues of @ (for
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the walk on the cycle) ensures pointwise convergence of the canonical distribution

functions on the open interval (0, 1).

Hypercubic Lattices, Z?

We now obtain the more general result for graph convergence of lattice boxes in
d > 1 dimensions. In line with our observation above, it suffices to consider only
the case of lattice boxes with periodic boundary conditions. Let A, = [-n,n]¢NZ4,

with weights

% if 3¢ st. @ —y; (mod n) =1 or —1, and z; = y; for i # j,

Wey =
0 else.

The killing vector is degenerate, s = 0. Let P = (2d)"'Ag, so that A is the
adjacency matrix of the graph; the d-torus can be seen as the Cartesian product of
d copies of Co,41, from which it follows that the adjacency matrix can be written
as the Kronecker sum of the d-copies of the adjacency matrix A; of Copi1, Ag =
A1®---® A1, see Appendix B for the definition of the Kronecker sum. Consequently,
Lemma B.13, if Spec(4;) = (aj)?ZTl then

Spec(Aq) = {ajl totag, (rega) € {1, .., (2n+ 1)}d}.

Writing the spectrum of @ (the generator for A;) as Spec(Q) = (1;)jer, where the
indices run over j = (ji,...,jq4) € {1,...,(2n + 1)}?, we can write the eigenvalues

explicitly thanks to the equation above (A.1)

d .
1 Ji
== (2 1
L d;COb< Ton+ 1)

At this point, rather than working with the canonical distribution functions as we

have done until now, we make use of the general definition of a spectral distribution,
and work with functions v,,: (0,1]¢ — [~2,0]. Writing u = (uy, ..., uq) € (0,1] we
define

wn(ﬂ) = 7”(271%»1)@\7 u € (07 l]dv

with the convention that [u] = ([ui],..., [ugq]). Letting ¢, denote the distribution
function for Ca,41 as in (A.1) we have that

1 d
=1
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from which the pointwise convergence of 1, — 1) is immediate
1
Woo(w) = Tim = ()
i=1
1
=3 Zcos(%rui) —1.
i=1

As with the case d = 1, we can replace the distribution function above by the simpler

d
PLo(u) = éZcos(wui) -1
i=1
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Appendix B

Linear Algebra

In this appendix we collate several definitions and statements from linear algebra.

Throughout we consider (finite) matrices with entries in C.

B.1 Positive Definite Matrices

A complex valued matrix A € C™*"™ is Hermitian if it is equal to its conjugate

transpose: A = A*.

Definition B.1. A Hermitian matriz A € C™*" is positive-definite (resp. positive-
semidefinite) if for all x € C"\{0}, x* Az is real and: z*Ax >0 (resp. v*Ax > 0).

The following is an immediate consequence of the definition.

Proposition B.2. If A, B € C™*" are both positive-definite matrices, then A+ B
is positiwe-definite. If either of A, B are allowed to be positive-semidefinite, then

A+ B is positive-semidefinite.

The following provides useful alternative characterisations.

Theorem B.3. Let A be a Hermitian matrixz. The following are equivalent:
1. A is positive-definite.
2. All eigenvalues of A are strictly positive.
3. A~ exists and is positive-definite.

See [HJ13], p.438. In the case that A is positive-semidefinite, equivalence of condi-

tion 2 to condition 1 still holds on allowing the eigenvalues to be non-negative.

Corollary B.4. Let A, P € C™*™. If A is positive-definite then P*AP is positive-

semidefinite. Moreover, if P is invertible, then P*AP is positive-definite.
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Proof. Let x € C"\{0}. Then
x*(P*AP)x = (Px)*A(Pz) > 0,

so that P* AP is positive-semidefinite. Suppose in addition that P is invertible. Since
P* AP is positive-semidefinite, it’s eigenvalues are positive, so it suffices to show that
0 is not an eigenvalue. But since A, P are both invertible det(A),det(P) # 0 and
hence det(P*AP) # 0. So 0 is not an eigenvalue of P*AP. O

A matrix can only be positive-definite if it is Hermitian, but we would like to be able
to derive a similar positivity condition for eigenvalues of non-Hermitian matrices, in

line with Theorem B.3. A suitable result for our purposes is the following.

Proposition B.5. Let A € C"*" with positive-semidefinite Hermitian part, %(A +
A*). Then all eigenvalues n € Spec(A) have non-negative real part: Ren > 0.

See [HJ94], pp.3—4.

B.2 Normal Matrices

Our intention in this section is to provide a useful description of the spectral radius
of a normal matrix, the content of Corollary B.11. We first recall the singular value

decomposition of a square matrix.

Theorem B.6 (Singular Value Decomposition). Let A € C"*™. There exist unitary
matrices U,V € C"*" and a diagonal matriz ¥ = diag(o1,...,0n) with oy > -+ >
on > 0 such that A = UXV™*. Moreover the o, k = 1,...n are the positive square
roots of the eigenvalues of AA*.

See [HJ13], pp. 150-1. The values o = ox(A), k = 1,...,n are referred to as the
singular values of A. The following generalises the Courant-Fischer formula for the

eigenvalues of a square matrix, we state only the result for the largest singular value.

Theorem B.7 (Courant-Fischer). Let A € C" ", and let o1 denote the largest

singular values of A. Then

o1 = max ||Azle,
llzfl2=1

See [HJ13], pp. 451-2. The singular values of A can be used to bound the spectral

radius, which we recall is defined as the maximum modulus of the eigenvalue of A

p(A) = max [A].
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Proposition B.8. The function | - ||: C"*" — Ry, A — 01(A) defines a matric

norm. Furthermore
0 < p(A) < a1(4).

See [HJ13], pp.346-7. Our intention is to refine the above proposition in the case
that A is normal. We recall that a matrix A € C™" is said to be normal if it
commutes with its conjugate transpose: AA* = A*A. Clearly any Hermitian matrix

is normal. The following theorem classifies normal matrices, [HJ13] pp.150-1.

Theorem B.9. A matrix A € C™*" is normal if and only if it is unitarily diago-

nalisable: there exist U € C™*™ unitary, such that
A=UDU",
where D = diag(\1, ..., ) and A\, k = 1,...,n are the eigenvalues of A.

Corollary B.10. For A normal, the singular values of A are the moduli of the

eigenvalues: oy, = |Ag].

Proof. Suppose A is normal. From Theorem B.9, there is a unitary U € C™*™ such
that A = UDU*. Hence

AA* = (UDU*)(UD*U*) = UDD*U",

which implies that AA* is normal and has eigenvalues given by the diagonal of
DD* = diag(|\1]?, ..., [Anl?), with Ay, & = 1,...,n the eigenvalues of A. Hence
from Theorem B.6 the singular values of A are exactly the moduli of the eigenvalues
of A. O

The following is now an immediate consequence of the above corollary and Propo-
sition B.8.

Corollary B.11. For A normal
p(A) = 01(4) = [ A].

This has all been building towards the next proposition which is required in Chap-
ter 3 in deriving the Laplace transform of the loop occupation field under the Markov

loop measure.

Proposition B.12. Let A, B be normal. Then

p(A+ B) < p(A) + p(B).
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Proof. According to Proposition B.8 and the Courant—Fischer theorem

p(A+ B) <o01(A+ B)
= max ||(A+ B)z||

l[z[l2=1

< max ||Az| + max ||Bzl,
llell2=1 llzll2=1
:01(14)+01(B).

The claim now follows from Corollary B.11. O

B.3 Kronecker Products and Sums

For matrices A € C™*"™, B € CP*4, the Kronecker product of A with B is the matrix
A® B € C™P*™ given in block form by

auB auB s alnB
ang CLQQB cee agnB
am1B  ameB -+ amnB

We write (A ® B)ix, = aibj. If A € C™" B € C™*™ are square matrices, the
Kronecker sum of A with B is the matrix A @ B € C™mnxmn

A®B:=(A®I,)+ (I, ® B),

so that (A (5) B)ijkl = aik(sj,l + bjlé,-,k.

Lemma B.13. For square matrices A € C"™*" B € C™*™ with spectra denoted

Spec(A), Spec(B) respectively

Spec(A® B) = {\n: X € Spec(A), n € Spec(B)},
Spec(A @ B) = {A+n: X € Spec(A), n € Spec(B)}.

Proof. We show that if Au = Au, Bv = nv then v ® v is an eigenvector of both

137



A® B and A & B with corresponding eigenvalues A\n and A 4 7, respectively.

(A@B)(u@v); =Y (A® B)ik(u@v),

Ky
= aibjiuguy
.l

(T ()

= ANu;v;

= M(u®v);;.
Similarly

(A® B)(u®v);; = Z(aik(SjJ + bjid; k) uru

Ky
= Z AipUE + U Z bjﬂ)l
k l
= VjAU; + UNV;
=A+n)(u®v);. O
Lemma B.14. Let A,C € C"*", B, D € C™ ™. Then
1. (A® B)* = A* ® B*.
2. (A® B)(C® D) = (AC ® BD).
These follow by similar calculations to the above; for details, see [HJ94], pp.243—4.

Proposition B.15. If A € C"*" B € C™*"™ are both normal matrices, then A®Q B

and A @® B are normal.

Proof. Consider first A ® B. Using Theorem B.9 we write A=UDU*, B=VEV*
with U,V unitary, and D, E diagonal. Then

A® B = (UDU*)® (VEV*)
—(UeV)(DoE)U*® V"),

from the second claim of the preceeding lemma. Clearly D ® E is diagonal, and

again from the lemma we know

=UeV)(DeE)UV),
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so it remains to check that U ® V is unitary. But

UVIUV)*=UV)(U'@V™)
= (UU*) @ (VV*)
= Imn.

where we have used the fact that I, ® I, = .
Considering now (A @ B), we note that in general if A, B are both normal then
A+ B is normal if and only if

AB*+ BA® = A*B + B*A.
Applying this to (A ® I,,,), (I, ® B), by Lemma B.14

(A® 1)1, ® B*+(I,® B)(A®I,)  =A®B*+ A*® B
=(A® L,)" (I, ® B)+(I;, ® B)"(A® I,,).
O

B.4 Miscellaneous Matrix Identities

In the following we denote the eigenvalues of a matrix A € C"*™ by A\ (4),- - , An(A),
and suppose that they are in decreasing order: A\j(A4) > --- > \,(A). We present

two famous eigenvalue inequalities.

Theorem B.16 (Weyl’s Inequality). Suppose A, B € C"*" are Hermitian matrices,
so that the eigenvalues of A, B, and A+ B are real. Then, the eigenvalues of A+ B
satisfy

Ai(A) + Aj(B) < A(A+ B) whenever k <i+j—mn, and
Xi(A) + Aj(B) > \(A+ B) whenever k > i+ 7 — 1.

In particular
Me(A) + A (B) < Ap(A+ B) < Me(A) + M\ (B).

See [HJ13] Theorem 4.3.1 pp.239-40.

Theorem B.17 (Cauchy’s Interlacing Theorem). Let A € C"*" be Hermitian,
and let B be the matriz obtained from A by deleting the last m rows and columns,

1<m<mn. Then

Ae(A) > M (B) > Mg (4), k=1,...,n—m.
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In particular for m =1
Ae(4) 2 A(B) = A (4), h=1,..n—1

See [HJ13], pp. 246-7.

Recall that a matrix A € C**" is circulant if it is of the form

ag ai az T Gp—1l

an—1 ao a a2

A= an—1 Qg ai
- )
az
ai
ay e (n—1 ap
we write A = circ(ag, ..., an-1)-

Theorem B.18. Let A = circ(ao, .. .,an—1), with ai,...,a, € C. Then
n—1 )
e = Z ajwy,
§=0

is an eigenvalue with eigenvector (1,wy, . .. ,wZﬁl), where wy, = exp(Qﬂi%).

See [Gray06], p.186.
The following result, whilst strictly not related to matrices will be used in the context

of circulant matrices.

Proposition B.19. Fora € R, b > 0, and wg, k =1,...,n the n-th roots of unity,

n

H (a—bwk) =a" -0".

k=1

Proof. The roots of unity are defined to be the solutions to 2™ — 1 = 0, and conse-
quently we have: " —1 =[[;_,(x — wy). Then
n n a a\m
=10 =) )
]g (a wk) H b Wi b

k=1

At several points we will make use of matrix power series. The following result will

be used in defining the Green’s function for a random walk.

Proposition B.20. If A € C"*™ has spectral radius p(A) < 1, then the following
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power series exists and is equal to

See [HJ13], p.351. Recall that the matrix exponential is defined by the power series

o0

et = exp(A) = Z lA”7

n!
n=0

which exists for all A € C™". A matrix B is said to be a logarithm of A if it

satisfies A = eP; logarithms need not exist, and are not neccessarily unique.

Proposition B.21. If Spec(A) NR<g = & then there exists a logarithm X with
Spec(X) C{z€C: —m <Im(z) < 7}.

See [Hig08], p.20. Under the conditions of the theorem above we refer to X as the
principle logarithm of A, and write X = log A.

Proposition B.22. If Spec(A) NR<o = @ and p(A) < 1, then log(A) satisfies
— Ly
log(I — A) -

See [Hig08], p.273. Under the same assumptions we can easily confirm the trace
identity for matrix logarithms: Trlog(I — A) = logdet(I — A), note

Trlog(I — A) ZZ A

jlkO

Tr A*

n
with Spec(4) = {773'}?:1- Then changing the order of summation again we obtain

= Zlog(l — ;)
j=1

Il
Mg
| =

I
Il
o

Il
NgE
?’r‘\»—l

??‘

n

=log| [J(1—n))

Jj=1
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Appendix C

Some Analysis on /{(R)

The following results all pertain to Chapter 4 where we considered large deviations
principles for the cycle distribution of a loop soup. Our first aim is to prove that
we can construct the cycle distribution as a measure on ¢1(R).

Let m = (m;);>1 be a positive summable sequence, m; > 0 and 3, m; = M < oco.
Associated with each m; we have the probability measure P; ~ Poi(m;), the law
of the Poisson distribution with mean m;. We construct a product measure P, =
®21 Pm; in two stages. We first prove that such a measure exists on the space £1(N),
and then extend it to the larger space ¢1(R).

The space ¢1(N) consists of all convergent integer sequences, and as such is iso-
morphic to ¢g(N) the space of terminating sequences. In particular this space is

countable. For n = (n;);>1 define

j=1
Mg
“II
!
j>1 J

Lemma C.1. ﬁm defines a probability measure on ¢1(N).

Proof. Since ¢1(N) is countable, a measure is determined by its value at each point
n € (1(N). As such, ﬁm is by default a measure. It remains to prove that
P, (41(N)) = 1. To this end, noting that every subset S C ¢1(N) is measurable

define the sequence of sets

=Nx---xN
Sy x -+ x N x{0}

J times

so that S is the collection of integer sequences which terminate after at most J

terms, and we have ¢1(N) = U;>0S;. Moreover, S; C Sy4+1 holds for all J > 0 and
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so continuity of measures assures

ﬁm(gl(N)) = Jh_)m ﬁm(SJ)

[EDIR o) | ety ) £

n1=0 ny=075=1 j>J

collating all the exponential terms

ST W o) e

n1=0 ny=0j=1

Tl

and since there are only finitely many sums we can factor out the product as

SR

j=1n=0
= lim eiMHemf
J—o00 .
J
J
= lim exp —M—i—ij
J—o00 .
Jj=1
=1

where the final conclusion follows from continuity of the exponential.
We conclude that we can in fact determine an equivalent measure on ¢1(R).

Theorem C.2. For B € B the Borel o-algebra of ¢1(R), define
Pu(B) = Pu(B N {1(N)).

Then Py, defines a probability measure on (£1(R), B).

Proof. The proof is immediate. For @ € B,

Pu(@) = Pu(@ N1 (N)) = Bu(2) = 0.

Similarly since ¢1(N) C #1(R)

Pu(01(R)) = Pu(61(R) N 41(N)) = Py (61(N)) = 1.
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And if (B;)i>1 is a collection of pairwise disjoint measurable sets, B; € B, then

P (U Bi) = Pu((U) Bi) N41(N))
Zﬁm( fil(Biﬂﬁl(N»)

and since these sets are disjoint in ¢;(N)
=Y Pu(Bini(N))
o0
=> Pu(Bi). O

Having established that the measure P, is well defined, the second technical chal-
lenge to overcome in Section 4.1 is proving exponential tightness for the measures
Pp = (|A|7! % Py,), where now we have assumed m; = 15 5.4 (L;). The proof of this,

Proposition 4.8, relies on the following topological result.

Lemma C.3. Let z € {1(R), and define the set
Ky ={y € i(R) : |y;| < |z;|Vj > 1}.

Then Ky is closed and bounded, and moreover is a compact subset of £1(R).

Proof. We proceed by first confirming that K, is closed and bounded, which will
subsequently be used to show compactness. We recall that the metric on ¢;(R) is
given by d(y,z) = >_;51 |yj — #j|, and that a subset S C £1(R) is bounded if there
exists s € S, and M > 0 such that: d(g, s) < M for all y € S. Denoting 0 for the
sequence of all zeros, then 0 € Ky, and writing M =3 [7;]

:Zlyj|§2|$j|:Mv Vy € Ky,

Jj=1 j21

which is to say that K, is bounded.

Suppose that K, is not closed, then there exists a sequence g(") € K, which
converges to y € £1(R)\K,. Considering such y ¢ K, there is a k > 1 such that
lyk| > |z|- Set e = L(|yk|—|zx|), and note that since y™ — y, then for n sufficiently
large d(g(n),g) < e. Then

Yyl < ST~y

j>1

1
< §(|yk| — |ak|).
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Then using the reverse triangle inequality

1
191 = Tyel| < o™ = el < 5 (Il = e,

from which we have

. 1
[ > Tl = 5 (lol = [l

1
= §(|yk| + [2k])

> |xk|7

contradicting that y™ € K,, and so K, is closed.

Turning to compactness we note that given a complete set, then if it is closed and
totally bounded, then it is also compact [Sut81] p.141. In our instance, since ¢1(R)
is a Banach space it is, by definition, complete and consequently so to is K. We
recall that K, is totally bounded if for any € > 0 we can find a finite collection of
sequences z(M, ...,z e K such that K, C U{ZIB(g(i),s), where B(z,¢) denotes
the e-open ball around z; we say that the 2@ form a finite e-net.

Fix € > 0, and let N > 1 be such that 3,y [z;| < ¢/2, and let KY c K, be the

set of sequences
KY ={yeK,:yj=0,j>N}

The set KX is isomorphic to [ — |z1], [z1]] % -+ [ = |zn], [zn]] € RY, which is a
closed and totally bounded subset of R™V: hence Kg is totally bounded. Hence we
can find an €/2-net 20 2D e Kév for Kév. For y € K, let yN € Kév be the
sequence which agrees with y on the first V terms, and choose 2 from the e /2-net
of K} such that yV € B(z",£/2). Then

d(y,27) =" ly; — 2]

j>1
N .
N N
=3l =01+ >
j=1 j>N
cELE
2 2

where the first term is bounded by /2 since yV € B(z%), whilst the second is
similarly bounded by the definition of N. In particular we have shown that the
1 1) are a finite e-net for K, and hence the set is totally bounded.

O

sequences z(1, ... 2(

The analysis in Chapter 4 of the rate functions associated with LDPs rely on convex

analysis on ¢1(R). We recall that a functional f: ¢;(R) — R is said to be convex on
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a domain D C ¢1(R) if for all z, y € D

fltz+ (1 —t)y) >tf(x)+ (1 —1t)f(y), vt e [0,1].

We say that f is strictly convex if the above holds with strict inequality when z # y,
and ¢ € (0,1). The following result is used implicitly when we are solving for minima
of rate functions. Recall that f has a local minimum at z if there is an € > 0 such
that for all y € £1(R) such that y € B:(z), f(z) < f(y). In the following we write

¢1(R4) for the space of convergent positive series.

Proposition C.4. Let f: (1(Ry) — R be strictly convex, then f achieves at most

one local minimum.

Proof. Suppose that f has a local minimum at both z,y € £;(Ry), and let f(z) =
a>b= f(y). Then for all t € (0,1)

fltz+ (1 —t)y) <ta+(1—-t)b<a.

In particular: f(tz+ (1—t)y) < f(z) for all t € (0,1), so it suffices to show that for
t sufficiently close to 1, tz + (1 —t)y € B-(x). But this is apparent on writing

d(z,tz+ (1 —t)y) =1 —1) > |a; -yl

j=1
which tends to 0 as ¢ — 1. O
In Section 4.1 we introduced the Géteaux derivative of a functional f: ¢;(R) — R
via the formula

Af (i) = S fle+ ep)emn,

when the right hand side exists we say that f is Gateaux differentiable at z, in
direction y. As with derivatives of functions, the Gateaux derivative can be used to

identify the extrema of functionals. This is the content of the following lemma.
Lemma C.5. Let f: {1(Ry) — R be strictly convex and Gateaux differentiable. The
point x € int £1(Ry) is a unique minimum for f if and only if df(z;y) = 0 for all
Yy S fl (R)

Proof. Suppose that f has its unique minimum at z € int¢;(Ry). Let y € (1(R)
then

0f () = tim L&Y /(@)

= e—0 £

and for ¢ sufficiently small z+¢cy € £1(R ), and since z is the unique local minimum

the numerator is positive, and hence: df(z;y) > 0 for all y € £1(R). But now
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considering —y = (—y1, —¥2,...) € f1(R)

df(z;—y) = lim - ;
substituting € = —¢
. flz+ey) — fl2)
= — lim =
£—=0 IS
= —df(z;y)

But since df(z; —y) > 0, the above asserts both df(z;y) > 0 and—df(z;y) > 0,
from which the claim follows.

Conversely, suppose that df(z;y) = 0, for all y € /1(R). In particular choose
y € ¢1(R4),then

df(z;y —z) = lim flzte(y—2) - fz)

e—0 g
i f(A=e)z+ey) — f(z)
e—0 1>

Since both terms are in ¢1 (R} ), using the convexity of f
1
< lim - -
< lim —(ef(y) — =f ()

= fly) - f(@)

Rearranging the above, and relying on the hypothesis that df(z;y) =0

fl) < fly)  Vyeli(Ry),

which is to say z is a local minimum. The claim follows on appealing to Proposi-
tion C.4. O
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