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Dynamical Poroplasticity Model with mixed boundary conditions —
theory for LM-type nonlinearity

Konrad Kisiel*, Kamil KosibaP

¢ Faculty of Mathematics and Information Science, Warsaw University of Technology, Koszykowa 75, 00-662 Warsaw,
Poland
b Mathematics Institute, University of Warwick, Coventry, CV4 TAL, United Kingdom

Abstract

We investigate the existence theory to the non-coercive fully dynamic model of poroplasticity with non-
homogeneous mixed boundary condition and constitutive equation which belongs to the class LM. Exis-
tence of the solution to this model is proved by using the coercive and Yosida approximations under the
lowest possible assumptions about £LM-type nonlinearity of non-gradient type. Under higher assump-
tions about the constitutive equation and boundary conditions (see Section 7) we obtain uniqueness and
higher regularity of the solutions.

Keywords: Yosida approximation, coercive approximation, energy method, inelastic deformation
theory, monotone operator, poroplasticity

1. Introduction

In this paper we discuss the theory of existence and uniqueness of the weak-type solutions of the
non-coercive model describing dynamics of inelastic deformations within the porous media (also known
as the dynamical model of poroplasticity). The origins of this model are dated back to the 1940s, to the
paper of M. Biot [4]. This model was used to describe the soil consolidation.

We assume that the porous media with the material density p > 0 lies within the subset  C R3. Let
T. > 0 be the end time, i.e. the time until we seek the solution. We are interested in finding the following
functions

e the displacement field u : Q x [0, T,] — R3,
e the pore pressure of the fluid p: Q x [0,T.] — R,
e the inelastic deformation tensor e? : Q x [0,T,] — S(3) = R332,

e the Cauchy stress tensor T : Q x [0,T.] — S(3),

satisfying the system of equations:

pug(x,t) — div,T(z,t) + aVep(x,t) = F(z,t),
COpt(xa t) - CAzp(zv t) + Oédivxut(fﬂ, t) - f(xv t)7
T(x,t) = D(e(u(x,t)) — eP(z,t)), (1.1)
e(u(z,t)) = % (Vu(z,t) + V¥u(z t))
el(z,t) = A(T(z,1)).

In this model D : §(3) — S(3) is the elasticity tensor (linear, symmetric and positive-definite), A :
S(3) — S(3) is the inelastic constitutive function, F': Q x [0,T,] — R3, f : Q x [0,T.] — R describe the
densities of the external forces (acting on a body and a fluid respectively), p, «, ¢, ¢y are the material
constants (for details see [15]).

The first equation of is the balance of momentum coupled with the generalized Hooke’s law (the
third equation). The Cauchy stress tensor depends only on the elastic part of the deformation tensor,
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whereas the whole deformation tensor is described by the fourth equation. The inelastic part of the

deformation tensor is given by the fifth equation (we call it the inelastic constitutive equation). The
second equation follows from the Darcy’s law combined with the mass conservation law for a fluid.

The system (|1.1) is complemented with the mixed boundary conditions:

u(z,t) =gp(z,t), x€Tlp,t

(T'(2,t) — ap(z, t))n(z)

( t) =

) =

(x, t

207
=gn(z,t), zeln,t>0,
>0

gp(z,t), x€Tlp,t (1.2)
gv (

)

ZL’) zely,t

\%

0,

where n(x) is the outward normal vector at € 9Q, I'p, ', I'p, T'y are the open subsets of 92 with
the positive two-dimensional Hausdorff measure and such that

8QZFDUFN:prfv, I'pNI'y=TpNIy =0.

We also impose the following initial conditions for x € Q:

(fﬂ 0) - U()(Z),
uy(2,0) = w(2),
p(x,0) = po(x), (1.3)
7 (2,0) = (a)

We assume that the Q is open, bounded and smooth subset of R? and the inelastic constitutive
function A belongs to the LM class, i.e. A is a sum of the globally Lipschitz map [ : S(3) — S(3)
with Lipschitz constant L and the continuous, maximal monotone map m : S(3) — S(3). Moreover, we
assume that for the sufficiently large |T'| the map m satisfy one of the following growth conditions:

1
Im(T)| < C|T|” and 5|T|‘*’Jrl <m((T)T for w>1, (1.4)

Im(T)| < C|T|¥ for w=1. (1.5)

Without the loss of generality one can assume that A(0) = m(0) = 0.

In this paper we do not assume that A is the function of a gradient type, but under sufficiently strong
assumptions about regularity of data, we were able to prove existence of a solution of — where
equation 5 is satisfied in a sense of Young measures (see Theorem . Moreover, under higher
assumptions about the constitutive function A, i.e. A is deviatoric and monotone, there exists a unique
solution of — such that 5 is satisfied almost everywhere (see Theorem Lemma ).

2. Literature review

According to the authors’ knowledge, the poroplasticity models with the mixed boundary conditions
which have been considered so far were only partially dynamical (with cop; &~ 0) and equipped with the
non-monotone constitutive equation (see [14]). Unfortunately, the non-monotone constitutive equation
considered in that paper resulted with the low regularity of the solutions. Moreover, despite the method
used (a coercive approximation with models of the monotone-type), existence, uniqueness and regularity
of the solutions in a case of the non-coercive models of the monotone-type were left open for the further
discussion. Papers [I3] and [12] discuss the quasistatic poroplasticity model (with pu; = 0) with the
Dirichlet type boundary conditions. It is worth mentioning that in [I2] author considers a gradient-type
model (the constitutive equation is a gradient of a differentiable convex function). It turns out that is
the sufficient condition to obtain the solution without the Young measures theory. In this paper however
we do not assume that the model is of a gradient-type and consequently we need additional assumptions
on the constitutive equations to obtain this kind of result.

It is worth the attention, that there is an obvious similarity between poroplasticity model and the
theoretical models of the inelastic deformation for solids, which have been extensively studied by K
Chelminski and P. Gwiazda in [5], [8], [6], [7] (the monotone case). It is clear, based on the research
related to the inelastic deformations in solids, that the essential step to understanding the model is a
meticulous analysis of the monotone models, which may serve as an approximation tool for the non-
monotone models. This motivation underlies our approach.



3. Structure of the article

In the fourth section, using the Galerkin method and the Banach Fixed Point Theorem, we prove an
existence and uniqueness of the weak solutions of in a case when A is a globally Lipschitz function.
In the fifth section we introduce the coercive approximation and the Yosida approximation. Then we
state and prove the energetic estimate independent of the Yosida approximation step. This estimate
allows one to prove the existence of the unique weak solutions for the coercive approximation. In the
sixth section we prove that under better assumptions on the boundary data (and so called safe-load
conditions) there exists a solution (in a sense similar to introduced in [14]) of the approximated model.
The final section is about improving regularity of the solution obtained in the section six. This becomes
possible with an assumption of even higher regularity of the boundary data. Further discussion is based
on the higher assumption on A (the monotonicity and the deviatoricity) which allows one to dispose
of the Young measure that is present in the previously obtained solution. Moreover, one can prove the
uniqueness of such solution. These results underlie further research related to the non-monotone models,
for which the non-monotone constitutive equation may be approximated by the ones discussed in this

paper.

4. Globally Lipschitz Constitutive Equation

We begin the analysis of ([L.1) with the globally Lipschitz function A. Therefore we consider the
following system of equations:

pug(z,t) — div, T (x,t) + aVyp(z, t) = F(x,t),
cope(x,t) — cAyp(x,t) + adivyu(z, t) = f(z, 1),
T(z,t) = D (ae(u(z,t) — e (x,1)), (4.1)
cu(r, 1) = 5 (Veule, 1) + VEu(z, 1)

with the assumption that P : Q x [0,7T.] — &3 is given. Here a > 0 is the auxiliary constant, which will
prove itself useful in the next section.
The model is considered with the conditions and (except the initial condition for eP).
We assume the following data regularity

e For the external forces:
F e H'(0,T.; L*((4R%)), fe H'(0,T.; L*(4R)),
F(0) € LA RY),  f(0) € LA R),

e For the boundary conditions:

1

gp € H30,T.; H* (T p; R?)) N H2(0, T.; H? (T'p; R?)),

p(0), gp4(0) € H? (Tp;R?),  gpu(0) € H? (Tp; R?),
gy € H*(0,T.; H 3 (TiR?)),  gn(0), g1 (0) € H 2 (Ty; RY), (4.3)

gp € HY(0,T.; H2(Tp;R)) N H*(0,T.: H> (Tp;R)), gy € H'(0,To; H 2 (T'v;R)),
gp(0) € H2(Tp;R), gpi(0) € H2(TpsR), gv(0) € H2(T'v3R),
e For the initial conditions:
ug, uy € HY(QR?),  div(e(ug)) € L*(Q;R?), po € H'(Q;R), Apy € L*(4R). (4.4)
For we assume that the inelastic deformation tensor P satisfies:

e? € H*(0,T.; L*(Q;S(3))), €P(0) € L3, (Q;S(3)). (4.5)

Additionally, we require the compatibility conditions of the form:

up(z) = gp(z,0), ui(z) = gp.u(x,0), relp
po(z) = gpr(z,0), relp (4.6)
(D(ae(uo(r)) —eP(x,0)) — apo(z)) n(z) = gn(z,0), rely '
ca—’;f(m) = gv(z,0), zely



The Trace Theorem implies that there exist functions gp :  x [0,T,.] — R?, gp : Q x [0,T.] — R such
that v(9p) r, = 9o, 7(gp) v, = gp for t € [0,T.], where 7 is the trace operator.
Due to the linearity of the equations with respect to u and p one can put u(x,t) = u(z,t) — gp(x,t),
p(x,t) = p(x,t) — gp(x,t) and pass to the following equations
pliyy — divI +aVp = F := F — pgps — aVip + adiv (D(e(gp)))
coPr — AP+ adiviy, = f = f — cogps — adiv(in,) + cAgp, (4.7)
T =D (ae(t) — ).

with the initial-boundary data:

a(x70) = 50(33) = UO(Z') - §D($,O), T €,
(2,00 = W(x) i=w(x) = gp,(x,0), veq
ﬁ(x’o) = ﬁO(x) = po(l‘) - gp(l’,O), x €,
u(z,t) = 0, zelp, t>0,
(f(m,t) - aﬁ(w,t)ﬂ) n(z) = gn(z,t), rely, t>0,
ﬁ(.’lﬁ,t) = 0, relp, t 0,
B t) = Gv(a,t)i=gv(z,t) - @), v, 120,

where gy (z,t) := gn(z,t) — (aD(e(gp(x,t))) — agp(z,t)I)n(x). Prior to the definition of the weak
solution to (4.1) with the conditions (1.2)) and (1.3) (except the initial condition for e?) we define the
following subspaces of H':

Vi={ve H'(QR*):v=0o0nI'p}, W:={weH (ER):v=0o0n I'p}.
Definition 4.1 (Weak solution). We say that the pair (u,p) is the weak solution of with the
initial-boundary conditions (L.2)-(1.3) (except (1.3)4) if the pair (,p) such that
u=u+gp, p=p+gp
(u,p) € Wh(0,T.; H' (4 R?)) x H' (0, To; H' (4 R)), Uy € L°(0, T3 L2 (23 R?)),
satisfy for a.e. ¢ € [0, T,] the following equations

p/ﬂttvdx—k /D(as(ﬂ) —ePe(v)dx —a/ﬁdivmvdx = /ﬁvdx—l— /ﬁNUdS(az), Vv ev, (4.8)

Q Q Q Q I'n

/ptwd:chc/ VPV wd:EJra/dlvutwdxf/fwder/ngdS( ), Vwe W (4.9)
Q

Q Q Ty
and a(xv 0) = aO(x)a azf(xa O) = ﬂ1(x)a ﬁ(xa O) = ﬁO(x)

In the Definition we for{nally Writle the boundary integrals which should be understood as the duality
pairings between spaces H2 and H™ 2.

In the proceeding discussion the wave symbols are omitted for simplicity.

Due to the separability of the spaces V and W one can find the bases {v*} C V and {w*} C W such
that both of them are orthonormal in L?. Furthermore one can assume that v* and w* are smooth in
the interior of Q.

We look for the approximated solutions

m

u™ :0,T] = V,, := Span{v',... v™}; u™(t) = Zg,';(t)vk,
k=1

p™ 1 [0,T) = W,, := Span{w?,...,w™}; P (t) = Zﬁf;(t)wk

Fix the initial conditions u™(0), uy*(0) € V,,,, p™(0) € W,,, such that:

e u™(0) = uy for m — oo in H*(Q;R3),



e u(0) = uy for m — oo in H(Q;R3),
p™(0) — po for m — oo in H1 (4 R),
o div(e(u™(0))) — div(e(ug)) for m — oo in L2(;R?),
e Ap™(0) — Apy for m — oo in L*({4;R).
We now pick the sequences g3;, gy such that
o {g}>_ C WH>(0,T,; H~2(I'y;R?)) satisfies the compatibility condition
93 (2,0) = (D(ae(u™(z,0)) — £ (x,0)) — ap™ (&, O)I) n(x)
and g7 — gy for m — oo in W2(0, T,; H~ = (I y; R3)).
o {g}°_, C HY(0,T; H~=(T'y;R)) satisfies the compatibility condition:

m

dp

on 00

g (,0) = c
and g§ — gy for m — oo in H'(0,T,; H=2(Ty; R)).
We require that u™, p™ satisfy for k =1,2,...,m and a.e. t € [0,T¢] the following equations

p/ugvkdx—l—/l)(as(um) —5p)5(vk)dx—a/pm divoFdz = /Fv’“dx—i— /gﬁvde(x)7 (4.10)

Q Q Q Q I'n

co/pt kdx—i—c/meVwkdx—i—a/dlvut w dx—/fwkdm+/ngkd8( )- (4.11)

Q Q 'y

The pair (u™, p™) will be called the approximated solution to @-@

Theorem 4.2. Suppose that the conditions -@ are satisfied. Then there exists the approximated
solution to @—(@) for every m € N.

PROOF. Plugging u™ and p™ to the equations (4.10)-(4.11) yields the following system of the ODEs:

m

p(5)" 1)+ 3" (g, (t)an; — G, (1) Brs) = FI(t), (4.12)
j=1
)42 (Ftres + (6h) O8i) = 0 (1.13)

where
arj=a (D(E(vj)),s(vk)) , Brj =« (divvk,wj) . ey =c(Vu, Vwk)
FI(t) = (F(5),0%) + (e (), e(v%)) + / GREAS(), () = (F(),ut) + / g (w*dS(z).

FN 1—‘V

The parentheses (-,-) denote the standard inner product in L?(Q2) with the values either in R or R?
(depending on the context). Due to the Carathéodory’s theorem one obtains the local solution to the
system —, i.e. for the fixed m and k = 1,...,m functions g* (¢), g% (t) are defined on some
interval [0, Ty, ).

Next we prove that one can extend these functions up to the time Tg, i.e. T}, = T,. It is sufficient to
prove that there is no ko € {1,2,...,m} such that

{g | o0, fort— Ty (4.14)

The condition (4.14)) simply means that the solution does not explode. The similar results apply to
(g5)' (t) and g, (¢) as well



Multiplying the kth equation of || by (gfn)/ (t) and adding them up for k = 1,...,m yields

b I+ 5 5 (™). ™) — aldival’.p™) = (Fa) + (D)) + [ gfaS(a).

Similarly, multiplying the kth equation of (4.13) by g¥ (¢) and adding them up for k = 1,...,m yields

C()d

D I+ el + aldiva o) = (™) + [ g aS().

Tv

We now sum above equations and integrate them over (0,¢) for 0 < ¢t < T,

Pl ()17 + co lP™ ($)II72 + a (D(e(w™ (1)), e(u™ (¢))) + 26/ IVp™ |72 dr

t
= plui (O)II72 + co ™ (O)[172 + a (D(e(w™(0))), (u™(0)) +2 / Fu")d (4.15)
0
t t
+2/(f7pm)d7'+2/ €p Ut dT+2//gNUtdS dT+2// mmdS
0 0 0 T'n 0 Ty

By using: the properties of the operator D, the convergence of u™(0) — ug, uf*(0) — u; in H'(Q;R3)
and p™(0) — po in H'(2;R) one obtains the following estimate (independently of m).

p Il ()17 + co llP™ (0)lI72 + a (D(=(w™(0))), (u™(0))) < C.

Furthermore
/ [ urasia / [ sramas(yar + / SR (0d8() — [ g% 0" (0)dS(z)
0 I'ny 0 'y I'n

</Hgﬁ,tl|H7% ™l 3 A7+ MR @ -3 ™ Ol + 198 O -3 Tu™ (O], 4 -
0

Using the properties of g%, the trace operator in H' and the standard inequalities, one can obtain the
following estimate

[ [ awurast@iar < vl g + €0 (14 ol )+ lowl e 1)
0 I'n

Similarly, integrating by parts in the third integral on the right side (with respect to the time), applying
the properties of the operator D and the standard inequalities provide the estimate

m m 2
[ [ Penetumydadr < e gy + €0 (14 10y + 17 e 1)

To estimate the left side of l} we use the properties of D, uf?D = uﬁp = 0 and the fact that
N(u) = |le(u)|l, + [ |u|dS(z) is a norm in H' equivalent to the standard norm in this space (see [16]).
r

D
Using the weighted Schwarz and Young’s inequalities (with the weight v from the approximated solution)



one obtains

t
2 2 2 2 2 2
[ut* (Ol + 1™ (Ol + u™ Ol + / D™ 52 d7 < V(IIU?IIm(ﬁ) + 1P Lo (22
0

t
2 2 2 2 2
Iy [ D) €O (1 W gy 4 1y + 1V
0

2 2
+ HgNHWLoo(H*%) + ”gVHLz(H%))

Taking the supremum of each summand on the left side of the inequality above and putting v = % one
obtains the final estimate independent of m
t
g (D172 + ™ (Ol 72 + [[u™ )7 + / lp™ |7 dr < C(T.)  for ¢ € [0,T).
0
From the estimate above one obtains for every k € {1,2...,m}
2 i ; 2 2
g @] <Dl @)" = W™ @)z < O(T)  for  t€[0,Tn].
j=1
One can analogously obtain the similar estimates for (g&,)'(t) and g&,(¢). O
Following the steps form the proof of the Theorem one can obtain the first energetic estimate
t
m 2 m 2 m 2 mn2
a2 + lu™ Ol + 2™ @I +/Hp g dr < C(Te)  for t€0,Te]. (4.16)
0

We still require some information about uj}, py* and divuj”.

Lemma 4.3 (Second Energetic Inequality). Under the assumptions of the Theorem the follow-
ing estimate (independent of m) holds

¢
m 2 m 2 m 2 m 12
l[ugy (DI L2 + luf" O + o (]2 +/||pt [ dr < C(Te)  for t€0,Te]. (4.17)
0
PROOF. Firstly we differentiate (4.12)-(4.13) and multiply them by (g¥)”(¢) and (g*,)’(¢) respectively.
Summing up the equations for k£ =1,2,...,m yields
p d mi2 a d m m co d 0 m||2 m m
92 dt uftllz2 + 9 dr (D(e(ug")), e(ui)) + 9 dt 1P 172 + e VP 172 = (Fusugy) + (fe,pi")

(DD, ) + / g S (z) + / g, P dS ().
FN l_‘V

We integrate the inequality above over time (0,t) (0 < ¢t < T.) and do the similar estimates as in the
proof of the Theorem

t
2 2 2 m |2 " 2 2
I O+ Ol + 7 O + [ 191 a7 < © () + 197 O)12)
0

2

2 2 2 2
+ 00 (14 IR + W + Iy + Db s + ol

2 2 2 2 2
ol g, +1velar s, ) (1 By + 10 gy 4 1

t
2
+ [l df).
0



Choosing the sufficiently small v and taking the supremum of the inequality above leads to the following
estimate

g (DI1ze + ™ @) 5+ o7 (DIIze + / o130 dr < C(T) + € (Il )17 + " (0)1132)

for t € [0,T.]. In order to finish the proof one has to estimate the expression ||uj}(0)|| . and [|p}*(0)|| =
independently of m. To estimate [[u}}(0)||,. we multiply the kth equation of (4.12) by (gF,(¢))”(t), sum
over k=1,2,...,m and plug in ¢t = 0.

plluft (O)lIz: = /F(O)U?Z(O)dw - /D(as(um(o)) *8”(0))6(%?(0))(1%+a/pm(0)diVU?Z(0)dx
Q Q

Q
+ / g2 (0)u(0)dS(x).
I'n

An integration by parts gives

- / D(ac(u™(0)) — £2(0))e(ul(0))dz + a / ™ (0)diva (0)da
Q

Q

= /div (D(ae(u™(0)) — £P(0))) uyy (0)dx — oz/me(O)ufZ(O)dx
Q

Q

- / (D(ag(u™(0)) — £7(0)) — ap™(0)I) nujf (0)dS(x).

I'N g3 (0)

Hence

pllugi (0)72 < IOz l[uff (0)] 22 + [[div (D(as(w™ (0)) — P (0)))]| g2 lluif (0] .2
+al[Vp™(0)]| 2 luti (0) L2 < C'llugg ()2 -

Thus we obtain the estimate ||uj}(0)|/;. < C independent of m.
In order to estimate ||pj*(0)||;. we multiply the kth equation of - ) by (g% (t))(t) and sum up
fork=1,2,...,m

o I O] = / £ (0)de ¢ / V" 0V (0)dz /pt<>divuz"<o>dx

+/gv(> " (0)dS(x).

Ty

Following the same procedure (an integration by parts on the right side) one discards the boundary
integral over I'y,. Hence we obtain

co Py (O)I72 < ILF )1z 25" (0l 2 + € [ AP™ (O] 2 17" (0 22 + e lldive (0] 2 (127" (0)]| 2
<P O 2 -

It implies that the estimate for ||p}*(0)]|, - is independent of m and ends the proof of the lemma. O
We now have a sufficient information to conclude the existence of the solutions to (4.8])-(4.9).

Theorem 4.4 (Existence and uniqueness of the solution).
Suppose that the conditions —@ are satisfied. Then there exists the unique weak solution (u,p) of

with the initial-boundary conditions (1.9)-(1.3) (except ([1.3)1) such that
(u,p) € WH(0, To; H' (% R?)) x H'(0, To; H' (2 R)),
ug € L0, T,; L2(Q;R?)),  p € WH(0,T,; L?(S4; R)).

PROOF. In virtue of the energetic inequalities one can conclude that there exist the subsequences {a™*},
{p™*} such that



o U™ — 7 in HY(0,T.; H'(Q;R?)),
o Uy — gy in L?(0,T; L?(Q;R3)),
o p — pin HY(0,T.; H(Q;R)).

Combined with an information about the sequences gy and gj? it allows passing to the limit in the
equations (4.10)-(4.11). Due to the standard procedure one obtains that the pair (@, p) satisfy the
equations , thus the translation (@ + gp,p + gp) is the weak solution of .
The energetic inequalities provide us with the expected regularity of the solutions.
It remains to prove the uniqueness. Suppose that there exist two weak solutions, (u!,p!) and (u?, p?).
Denote u := u' —u? and p := p' — p?.
We fix ¢t € [0,T,] such that u,(t) € V and p(t) € W and test the weak formulation (4.8)-(£.9) with
v = u(t) and w = p(t) respectively. Due to the regularity of the solutions one can do it for a.e. ¢ € [0, T]
Due to the linearity we can subtract equations related to each solution and obtain

plug, ug) + a(D(e(u)), e(uy)) — alp, divug) = 0,
co(pe:p) + ¢ [|[Vpl 72 + aldivug, p) = 0.

Adding up the equations above and integrating over time (0,¢) yields

pllue()]172 + a(D(e(u(t))), £(u(t)) + o P72 + 20/ IVpll72 dr = 0.
0

Hence ||ul| 1 = ||pl| ;2 = 0 for a.e. t € [0,T¢]. Therefore u=p =0 a.e. in Q x [0, T¢]. O

Henceforth we focus on the globally Lipschitz constitutive equation. Namely

pu(z,t) — div,T(x,t) + aVyp(z, t) = F(x,t),
COpt<xv t) - CAzp(x’ t) + divmut(xv t) = f(xa t)v
T(x,t) =D (ae(ul(zx,t)) —eP(x,t)), (4.18)
T(x,t) =D (e(u(x, 1)) — P (x,1)),
Pzt) =G (f(x, t)) ,

where G : §(3) — S(3) is a globally Lipschitz constitutive function, i.e. there exists L > 0 such that for
all Ty, Ty € S(3) the following inequality holds

|G(T1) — G(T)| < LTy — Ts|.
The model (4.18) is equipped with the same initial-boundary conditions as (1.1).

Definition 4.5 (Weak solution). We say that (u,p,e?) is the weak solution of (4.18) with the initial-

boundary conditions (1.2))-(1.3)) if (u,p) is the weak solution of (4.18);_3 in virtue of the Definition
and e? € Whe°(0,T,; L*(2; S(3))) satisfies the equation (4.18), with the initial condition 5.

Theorem 4.6 (Existence and uniqueness of the solution to (4.18])).
Suppose that conditions - , @ and eh € L3, (,8(3)) are satisfied. Then there exists a unique
weak solution (u,p,eP) of with initial-boundary conditions (1.4)-(1.3) such that:

(u,p) € WH(0,T.; H'(Q;R?)) x H(0,T,; H'(Q;R)), e € H*(0,T.; L*(Q;5(3)))
uy € L(0,To; L (4 R?)),  pe WH(0,T.; L* (4 R)).
PROOF. The nonlinearity in our setting is globally Lipschitz, therefore it is a natural attempt to apply
the Banach Fixed Point Theorem to prove the existence and uniqueness of the solution. We begin with
a definition of a space X := {¢ € H%(0,T.; L*(©;S(3))) : ¢(,0) = ef(z)} and an operator S : X — X
given as follows. For z € X we consider the system
pui(x,t) — divyD (ae(u®(z,t)) — z(x,t)) + aVip*(z,t) = F(z,t),

4.19
o (1) — cBap* (1,1) + adivau (2, 1) = (). (4.19)



Due to the Theorem there exists a unique weak solution to (4.19). Now consider the ODE
{ei“(x,t) = G(D (e(u*(w,) = (@, 1)),

eP*(z,0) = ef(x). (4.20)

Therefore we define the operator S as Sz = ¢P'?
Obviously the equation (4.20]) has a unique solution £P** in the space C1([0, T..] ; L2(£2; S(3))). Furthermore
(Sz); is a globally Lipschitz map with respect to the variable ¢. Indeed, we take 1,12 € [0,¢] for ¢ € [0, T¢]

1(S2)e(t1) = (S2):(t2)ll7 = /IG(D (e(u?(t1)) = Sz(t1))) = G(D (e(u*(t2)) — Sz(t2)))|” da
Q
s C/ le(u(t1) — w®(t2)|” + |S2(t1) — Sz(ta) | da
Q

Z\ (12 2 2
< C (i)} wopi22) + N2l w02 ) It = a2l

Thanks to the Rademacher’s Theorem the function (Sz), is differentiable almost everywhere in (0,¢).
Moreover the Lipschitz constant is global on this time interval so

152) it 022y < Cr (1@ m 0.2) + 152w 0.22)) (4.21)

Therefore Sz € X.

Now, observe that (u, p,eP) is a weak solution to (4.18)) with the regularity e? € H?(0,T,; L?(2; S(3)))
if and only if €? is a fixed point for the operator S.
Unfortunately we cannot prove that the operator S is a contraction in the standard norm of H?(L?) so
the Banach Fixed Point Theorem cannot be applied directly. Nevertheless this issue can be resolved.
Firstly we prove that if 0 < T' < T, is sufficiently small then for the arbitrary z, w € X we have

1
||SZ — Sw”cl([O,T];Lz) < 5 HZ - w”Cl([O,T];L2) )

Indeed

t

152 = Swllon i) = sup /G(D (c(u®) — S2)) — G(D (c(u) — Sw))dr
, .

+sup [|G(D (e(u”) — 5z)) = G(D (e(u”) — Sw))| .-
(0,7]

T
< C/ le(u® = u®)|l 2 + 152 = Sw] 2 d7 + C[Sou% (lle(u® = w2 + 115z = Swl|2)
) :

C(Te) sup [le(u® = u®)|[ 2 + C(Te) T[Sz = Swl| g1 0 7;12) -

)

The constant C (T¢) is independent of T'.
To obtain this inequality we used the Poincaré inequality in the form

152(t) = Sw(t)|[ 2 < T((S2)¢(t) = (Sw)e(®)]| 2, VL€ [0,T]

which holds since Sz, Sw € X and Sz(0) = Sw(0) = &b.
To end this part of the proof it is enough to show that

E)u% lle(u®) —e(u®)|| 2 < CT|z — w10, 7y;z2),  for some C > 1, independently of T. (4.22)

In order to get that we write the weak formulation for e(u®) and £(u™). Obviously u* — v = u* — 4",
so henceforth we shall skip tildas for clarity. We have

p(ug,v) + a(D(e(u')),e(v)) — a(p’, dive) = (F,v) + /ngdS(m) +(D(i),e(v)), VveV,
I'n
co(ph,w) + ¢(Vp', Vw) + a(divul, w) = (f,w) + /ngdS(x), Yw e W,

Ty
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where ¢ € {z,w}. Subtracting equations for i = z and ¢ = w, taking v = (v* — u");, w = p* — p* and
then summing them up gives
pd

pd ad L od
2dt

3 q (D —u") el —u") + T
+ellVE —pY)ll72 = (D(z — w), e(uf —u)).

2 2
1w = u)ell + Ip* = p* |12

Integrating over time (0,t) for ¢ € (0,T) and using properties of the operator D yields

t

le(u?(t) —u” ()17 < C/(D(Z —w),e(uf —w’))dr = C(D(2(t) — w(t), e(u(t) — u"(1)))

0
t
fC/(D(zt —w),e(u® —u))dr < C (sup |z — w||iz + T2 sup |z — wt||iz>
0 [0,7] [0,77]

1 z w (12 2 1 2 w12
+5 sup [le(u® —u”)|[z2 < CT(Te + 1) |z — wllca(oy,02) + 5 Sup le(u® — w72
2 jo,1) 2 j0,1)

Where, once again we used the Poincaré Inequality:
[2(t) = w(®)ll Lo < T l[2e(t) = we(®)ll 2, VE€[0,T]

which is valid since z, w € X and 2z(0) = w(0) = &f).
After taking a supremum we obtain the expected inequality (4.22)). Finally

1Sz — Sw”cl([O,T];LZ(Q;S(S))) <Cc(T)cr (”Z - w”cl([O»T];N) + 5z~ Sw”Cl([(),T];N)) ‘
Now for every 0 < T < Tj := W we obtain

1
182 = Swllcr(jo.77,12) < 3 Iz = wllcro,7:22) - (4.23)

In the second step of the proof we will define a sequence {z,},~ , C X such that (up to a subsequence):
2z — C in space ([0, Tol; L*(€:8(3))),  zu — ¢ in H?(0,To; L*(2:8(3))),

We define a sequence z, in a standard way by taking the arbitrary zg € X and putting z,,41 := Sz,.
As in the proof of the Banach Fixed Point Theorem it is easy to obtain from (4.23]) that

1 n
zn+1 = znlloro,mps2) < (2> 121 = 2ol (po,10):22) -

Hence z, is a Cauchy sequence in C*([0, Tp]; L?) and has a limit ¢ in this space.
Now we show that ||zn,tt||L2(0 15.12) < C independently of n. Then (up to a subsequence) we obtain that

zn — € in H?(0,Ty; L2(9;8(3))) (so  is also an element of this space).
Since z, is a Cauchy sequence then it is bounded by some constant Cy, i.e.

HSZanl([o,TO];L?) = Hzn-&-IHCl([O}TO];L?‘) < Co, (4.24)
where Cy > 0 is independent of n (but it depends on whole sequence z,). Using (4.21) we obtain
2 Zn 2
||(Szn)tt||L°°(0,t;L2) < CLCo+ O |le(uy )”Loc(o,t;m) , Vte|0,Tp]. (4.25)

The main goal now is to obtain the inequality of the form
t
) 02y < C(C0) + C(Co) [ Wonatladr, Ve 0.7, (1.26)
0

where C'(Cy) depends only on data and Cy. Let us assume for a moment that (4.26]) holds.
Then from (4.25) and (4.26)) one can obtain for every n € N

t
2nt 1,68l e 0,0522) < C1 + Ch / |2neell 72 dr, Wt € [0,T]. (4.27)
0

11



From (@.27) we also get (for every Ty € [0, Ty))
¢ ¢ T ¢
/ lmer el 2 dr < / Ct 0 / lomel22 dsdr < 1T + C1 T / Il ds, Vit € [0,Ty).
0 0 0 0

In the same manner one can obtain the inequality for every n > 1:

Te
1 n ~\ % ~\ "N ~
Il s < 7 > (ah) + (o) / lzoulZadr|, Ve[0T (4.28)
=1 0

It suffices to take Ty := min To, 5 +. For such T, we obtain from (4.28) that
2C,

P

||zn’tt‘|i°°(0 T ;L2) < é |:1 + ||ZO,tt||i2(0 T 'L2)j| = =.
s 40y TO stes TO

If To = Tp then it is what had to be proven. If To < Ty then from (4.27)) one can easily derive the
following inequality

t
21} (7 22y < (14 P)C1+Ch / |znuel2adr, Ve [To,max{zfo,TOH (4.29)
To

which leads to

Te
5 1 u ~\? ~\" 2
2.t e 0y e ) < 7 1+P)Y () + (Do) [ lzoul}sdr

L i=1 0

| b 2P

1
<z 1P+ [alfadr| <5
To J To

After finitely many steps one can obtain that ||Z"att||L°°(0,To;L2 is bounded.

The only thing left in this step is to prove the inequality .
For the clarity, henceforth we identify u™ = u* and p™ = p*~. For almost every t € (0,7.) one can write
the weak formulation for (u™,p™). We take such ¢ and denote:

(upy (), 1 (1), 2n,, (1)) = (W (E+ h), p"(E + h), 2zt + 1)),

where h > 0 is a fixed, sufficiently small constant such that the weak formulation for (u},p}) can be
written. We also apply the similar notation for functions F}, f, gn,,9v, -
Note that

ny |12 ~n 12 ~ 2
HE (ut )HLOo 0,t;L2 <C Hut HLOO 0,t;H1) + ”5 (gD,t)HLm 0,T.;L2) * (4'30)
( ) ( ( )

Because of (4.30) to prove the inequality (4.26)) it suffices to get
t
T2 e 0,051y < C + c/ 2neel|5 > dr, Vit € [0, T). (4.31)
0

Once again we shall skip tildas in the weak formulation for the clarity.
We write the weak formulations of (4.19) with z = z, in the time ¢ + h and the time ¢, by substracting
them we obtain

p (uf o — ) +a (D (e (uf — u™),e(v)) — a (5] — p" divo)
— (Fo—Fv) + / (g3, — ax) vdS(@) + (D(zn, — ), £(0)),

I'n

co (P — pisw) +c(V(ph —p"), V) + a (div (up, —uf) ,w) = (fr — f,w) + / (9vi, — gv) wdS(x),
T'v

12



Taking v = uj , — vy and w = pj — p" and summing them up gives

dp da n d co

2 2 2
g5 b = l[e + 55 (D e (ufy —um) e (ufh = u™) + 5 0k = "II7e + €|V (0 = p™)II72
= (Fn— Foupy —ul) + (fa — fo0h —0") + / (9w, — gn) (uft, — uf') dS(z)
I'n
+ (D(zny — 2n), (Ul — 1)) + / (9v, — 9v) (B — p™) dS(a),
'y

This equality holds for almost every time in the interval [0, 7, — h]. By integrating it over (0,t), where
t € [0,T, — h], using properties of the operator D and the standard inequalities and the equivalence of
norms one obtains

t
k€)= w0 132+ Fai(®) = a0+ IR0 = Ol + [ 19 (o =5l dr
0
n n 2 n n s n
< C (|fupo0) = ()3, + 1up(0) = ™ O) 3 + 127 (0) = " (O)]3

t t
b [ 1B~ Pl g = o e+ [ 1= Flge I8k = 972 0
0 0

t t
[l = 9vly oy 1ok = 9"l 0+ [ g = gl Ik = g
0 0
g () = an O,y Il () = w5 + g, (0) = g O],y [145(0) = w ()]
t
+ / ||Z"h7t - Zn,tHLz HuZ - unHHl dr + Hznh(t) - Zn(t)HL? HUZ(LL) - u"(t)||H1
0

+ 12, (0) = 20 (0)l| 2 [[uf (0) — w™(0) I z12) -

Dividing by h? and passing to the limit with A — 0% yields

t
2 2 2 2 2 2 2
gy (122 + I ()13 + IpF 122 + / 1997 13 dr < € (s O3 + w3 + 197 (0)]122
0
t t t t
+ / 1Eill g g2 i+ / 1 ill e 1o 2 dr + / lgvell, 3 17 g dr + / lgnarll, 3 g dr
0 0 0 0

t
Fllgw e Ol -4 lut Ol g + lgne O -5 llwall g +/||Zn,ttHLz [ | g2 A7 + 20t (O] L2 [ (O] 2
0

+llzn e (0) 2 fluallz2) -

In order to estimate [|u,(0)]|7. and [|p}*(0)||» independently of n one must recall the proof of the Lemma
where the Galerkin approximation of ||uj;(0)|| . and ||p;*(0)|| . satisfies estimates in the form

uls™(0)]% 2 + [lpi™(0)]|7. < C(initial conditions).

Which gives us the same estimate (independent of n) for the limit function u},(0), p7(0).
Now, as in the proof of the Lemma by using standard inequalities one obtains

t ¢
2 2 2 2 2 2
lJut @72 + llug (Ol + i @)1z + / Vi ([ dr < C(v) | 1T+ / 1Zn.aell 72 A7 + lznllcro,1y3,22)
0 0
t
n 2 n) 2 n) 2 n)2
tv Hutt”Lw(o,t;Lz) + |lp; HLoo(o,t;Lz) + / [p¢ e AT + [Jug ||L<x>(o7t;H1) )
0
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where C(v) depends only on the data, initial conditions and v > 0. Taking v = %, using and
taking a supremum over time (0,¢) one obtains for t € [0,Tp]). Which is the end of second part of
the proof.

Since ¢ € H?(0, To; L?(€;8(3))) we can show in a standard way that it is a fized point of the operator
S (only on the time interval [0, 7p]). Obviously ¢ = nhﬁn;o Zngl = nhﬁngo Szp. But

1
hm 152 = SCll o jo,m)12) < nhHIn lzn = Cller o, 1) 12) = O-

Hence S¢ = ¢ for a.e. (z,t) € Q x [0,Tp].
The proof of the uniqueness of a fized point is also standard. We assume that (1,(> € X are fized points
of S then

G — C2Hcl([o,To];L2) = [5G - SC2||01([0 To) L2) ||C1 <2||Cl([O7TO];L2)7

which is true only for ¢; = ¢, for a.e. (z,t) € Q x [0, Tp).

Under previous considerations one concludes that the operator S has a unique fixed point in
H?(0,Ty; L*(Q;8(3))). If Ty < T, then in a similar way one can extend the solution about Tp in a unique
manner by considering the space X := {¢ € H?(0,T.; L*(Q;8(3))) : ¢(z,t) = ((z,t) for t € [0, Ty]}.
After the finite number of repetitions one obtains the unique fixed point for the operator S in the space
{o € H*(0,T.; L*(©;8(3))) : ¢(x,0) = f(x)}. This ends the proof. O

5. Coercive Approximation

The significant obstacle for the further analysis of our model (especially in the proof of the Lemma
is a presence of the non-homogeneous Dirichlet type boundary condition for the pressure p on I'p.
To avoid this problem we consider the formal translation of such that the pressure p =0 on I'p.

Following the notion from the previous section, gp : Q x [0,7,] — R denotes a function such that

Y(gp)ir, =gp for t€0,T,].
In lieu of the initial model we, as before, discuss the following system
puy — divl +aVp = F := F — aVyp,

copr — cAp + adivu, = f = f — cogpt + cAgp,
T =D (e(u) —eP),

with the initial-boundary conditions

u(z,0) = wug(x), z €9,
ut(x,0) = wui(x), x €Q,
p(x,0) = po(a) :=po(z) —gr(z,0), =z€Q,
Ep(l‘,()) - 5g(x ) z €,
u(z,t) = gp(z,t), relp, >0,
(T(l‘ t) - Ozp(:)? t)H SU) = gN(xvt)’ HANS FN, t 2 0,
p(,) = 0, zelp, t2>0,
Can( ) = gyla,t), rxely, t=0,

where Gy (z, 1) := g (2.1) + agip (z, Olln(x), Gy (1) = gy (1) — %2 (x, 1)

Provided that we find the solution (u, p, €P) of the system , then (u,p+gp,eP) will be the solution
of . The inverse result is also true — it means that our goal is to prove the existence of the solution
to the system given above.

Observe that the free energy of is given by

1
p(e, eP)(t) = 5@(5 —eP)(e —€P).
The energy is only a positive semi—definite quadratic form and therefore our system is non-coercive (for

details see [1]). The lack of coercivity significantly hinders the analysis; in particular one cannot directly
obtain the suitable energy estimates for the mixed-boundary case.
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As a remedy we introduce a standard idea of the coercive approximation (cf. [5], [8], [12]) of (5.1
as follows

puft(:r7 t) — div,TF (z,t) + anfﬁk (x,t) = F(x,t),
copt (w, 1) — eAup" (,) + adivyuy (z,8) = f

10,0 =0 (14 1) ste ) - wn) . oy

ePF (@, t) = A(T*(x,1)),

where k > 1.
To begin, we fix k and write the free energy of (5.2

pyF (eF,ePF) () = %D (% — ePk) (eF —eP?) + il) (%) e*.
One can see that now the energy is a positive-definite quadratic form. Models with that type of energy
are called coercive.

We intend to prove the existence of the solution to . To do that we use the results obtained
in the previous section. Obviously, in this case the constitutive equation does not have to be given by
the globally Lipschitz vector field. Hence, we use the Yosida approximation to A in order to work with
the globally Lipschitz constitutive equation. Observe that it is sufficient to approximate the maximal-
monotone operator m(-), i.e.

ANT) :== mN(T) + 1(T),

where m* denotes the Yosida approximation of the operator m. This approximation is globally Lipschitz
with Lip(m*) = 1/\ and maximal-monotone (for details see [2]).
Hence, for the fixed k > 1 we introduce the approximation of (5.2)) as follows

puft’)‘(x, t) — dinTk’)\(SC, t) + avm;ﬁk’)‘(x, t) = F(x,t),
coﬁf’A(x, t) — cAmfﬁk’/\(x, t) + adivzuf)‘(ac, t) = ?(9@ t),

p((1+3) @ wm - ). sy

T4 (1) = T8 (2, 1) — T D(e( ,1)),

|
—
+

Tk”\(m,t)

where A > 0.

The system is equipped with the same conditions as in the Theorem |4.6

Therefore, for £ > 1 and A > 0 in virtue of the Theorem there exists a unique weak solution
(uFA, pRA P kA of with the initial-boundary conditions 1) satisfying

(uh?, p*A) € WH(0,To; HY (5 R?)) x H'(0,Te; H' (S R)),  p** € WH(0,T; L2 (O R)),
uy € L°(0,T,; L2 (;R?)), PR € 0Y([0,T.]; L3(Q; S(3))).
Henceforth k£ > 1 is fixed. We want to pass to the limit with A — 0" (up to the subsequence) and

prove that this limit is the unique solution to (5.2]).
To reach this goal we need to obtain several energetic inequalities. It is important to note that systems

(5.2) and (5.3) admit the same energy function.

The total energy of the discussed model is in the form

2
EF (Ui, P eP RN (1) = g / uf’A(x,t)‘ da + / p* (8 (x,t), PP (2, 1)) da.
Q Q

Remark 5.1. For the sake of simplicity, henceforth we omit k, unless it leads to the confusion.
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To obtain the sufficient estimates we require stronger data regularity assumptions than in the Lips-
chitzian case. Namely:
e Regularities of the external forces remain as before:

F e HY0,T.; L*(?%R?), fe HY0,T.; L*(R)), F(0) € LA (Q;R3), f(0) € L* (4 R),  (5.4)
e For the boundary conditions we need stronger assumption with respect to time:
gp € W3(0,T,; H? (T p; R¥)) N W3>(0, To; H2 (T p; R?)), gy € W2™(0,To; H 7 (I'y; R?)),
gp € W2(0,T,; H2(Tp;R)), gy € W>*(0,T.; H~2(I'v; R)),

9p(0), gp+(0) € H?(Tp;R?),  gpu(0) € H2(Tp;R?), gn(0), gna(0) € H2(Dn; R?),
gp(0), gps(0) € Hi(Tp;R), gy (0) € H 2 (Ty;R),

(5.5)

e Regularities for the initial conditions remain the same as in the Theorem
ug,uy € H' (4 R?), div(e(ug)) € LA (4 R?), po € H' (% R), Apy € L* (4 R), & € L3, (2:5(3)). (5.6)
Furthermore, we assume the compatibility conditions and also
m(T(0)) = m(D(e(uo) — <5)) € LA S(3)). (5.7)

Theorem 5.2 (Energetic estimate). Under the assumptions (@, — there exists a constant
C(T., k) > 0 independent of A such that

e (Uégai‘?{\afg’)\ /Hpt ||H1 dr + || ||L2 < C(Te, k) forae t€0,T,],

where (u, p*,eP) is a weak solution of with the initial-boundary conditions —.

PROOF. Let us denote v*(z,t) := up(z,t) and as in the proof of Theorem we will use a special
notation for translated in time functions i.e. (v,’}(t),eﬁ(t),si’A(t)) = (WMt + h),e Mt + h),eP(t + h))
where h > 0 is the fixed, sufficiently small constant. We also apply the similar notation for functions

Th7 Ty, Fha fha ﬁha 9Ny» 9Dy, -
We look at the energy change between the solution translated in time and the non-translated one.

i (8 (a2t =) @) = [ (R (et - (o - 4)) oo

Q
+/ ((T}i\ _T)‘) - (f}i\ _j:')‘>) (527t —82\) dI—Fp/(U})I\ _U)\)(U27t _Ut)\)dl‘
“ Q
= */(A;L\*j;)‘) (52?*5} )d$+/(Th T/\) ({—;ht—{;‘t d$+p/ Uht ’Ut)\)dx.
Q a J

By the monotonicity of m* we have

_/(Th T’\) (5 i‘ Ef’A) dxéL/‘ﬁ;\—f’\‘de.

Q Q

Using the given system of equations

p/(vfl‘—v)‘)(vht—vt / (Fp = F) (vp — oY) d:z:—l—/div(Ti‘—T)‘) (vp —vY) da
Q

Q Q
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Integration by parts yields

/(T;L\fT)‘)( fst)dx a/V(ﬁﬁfﬁ)‘) (v,’)fv’\) dx
Q Q

div (T;f‘ - T)‘) (vfl‘ - v)‘) dx + o /(;’52 — pM)div (’Uf) - v’\) dz

+ [ (T3 = olpp) — (T* — aIp?)) n (v — v*) dS(a).

— P

Q
2

Using the given system of equations again gives

O‘/@‘F)div(vﬁ—vx)dx:/@z—w(?h— x-?a/?“ P da
Q

Q

—c / VG — 7)) de + e / 7 — IV (F, - 7)dS ().
Q

o0

Combining the results above and using the boundary conditions of (5.3]) yields

A o~ 2
—Ek(vh—v’\efz—eksﬁ —61”)‘ 2dt/|)\ il dz+c/|Vph )| da

L/’f,;\ff’\rder/(Fhff) (v,i‘—v’\)der/(?h—?) @ — 7)o

Q Q Q

+ / (T = T* = oI (B — ) n (9Dt — gp.t) dS(z) + / (@n, —n) (vp —v*) dS(x)
T'p I'n

+ / @r =) Gy, — 9v) dS(x).
T'v

Observe that the boundary integrals are well-defined. In particular, from the given system of equations
and the regularity of the solution we have (T)‘ — a]Iﬁ’\) € L3, (), hence the trace of this function in the

direction given by the outward pointing normal on the boundary 912 is well-defined in H —3 (0Q; R3).
Integrating the inequality above over (0,t) and dividing both sides by h? gives

t
1 . . . -
ﬁ8k< — vt e — e, EZ’)‘—EP’ )()—Fﬁ H (t P/\(t)Hiz +h—02//|V(p2—p’\)|2dxdT
0 Q

dr

L2

t
1 Co |y~ . 2 L ~ ~\ |2
< ﬁgk (v,’} —v’\,sﬁ e, sﬁ”\ —5p”\> (0) + oz Hp%(()) —p’\(())HL2 + ﬁ/HT};\ —T)"
0

t

e / / (Fr~ F) (o} — ) dodr + / / )dadr (5.8)

0 Q
t

oz [ @7 v, —av) astaar + o / [ @, - — %) dS(a)dr

0 T'y 0 I'n

1 ~ ~
" h2 / / (T =T = ol (B — 1)) 7 (9st — gp.¢) dS(z)dT.

0T'p

We now want to pass to the limit in the differential quotients. Applying the Dominated Convergence
Theorem and using the regularity of the data we can pass to the limit with A — 07 with every integral
except the last two. We cannot pass to the limit with these boundary integrals in a straightforward
manner, because:
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e we cannot control v in L2(0,Ty; Hz (8 R3)),
e we cannot control (1}* — alp}) n in L*(0,T,; H=2(09;8(3))).

Hence, we shift differential quotients from the unknown functions to the data as in [14] and obtain the
following inequalities

t
. 1 _ _

lim sup 72 / / (In, — 9n) (v,’} - v’\) dS(z)dr
h—0+t

0 I'n

< CT) 3 [ oy (1l a3y + 0l 3,

t
. 1 o~
lim sup ¥ / / (Tﬁ\ —T* —al (pé - P/\)) n(gp,.t — gp,¢) dS(z)dr

h—0t
0 I'p

< (L) sup | (T —alp™) ] - s (lgpaiell s, + bl 3 ) -

Hence, in virtue of the previous steps, after passing to the limit in ([5.8)) we obtain:

Pt (vt’\s;\,sf’ CO/|~’\ (®)] dac—&—c//}Vp/\f dedr < EF (vt’\,sg\,gf’)‘) (0)

¢ ¢
~\ 12 — _
+%/|ﬁg\(0)‘2dmd7+L/’ El e dT—l—//Ftvf‘dwdT—l—//ftﬁf‘dxdT (5.9)
0 0

rotm) (smp il s 0 o)l ) + [ [ Ravasiar

(0,t)
0TIy

We need the estimates independent of A for the right hand side of the inequality above. We proceed as
follows:

2
. g (v,ed M) () < C (u|H + |0, + ||ua<o>»|2) »

We now need to prove that the last two expressions are estimated independently of A. To bound the first
one we use the properties of the Yosida approximation and the assumption (5.7))

£, <o ()], + [ (o),

- { f(Q) € L*(%:8(3)), } <C (Hm< )H 4 HT Hm + 1) <C.

the Lipschitz condition [

In order to estimate u3}(0) observe that due to the steps form the proof of (5.3)), this function must satisfy
the same estimate as its Galerkin approximation. Namely

ol O], < [F*©@) , + lIdiv (DEe@™(0)) = )2 + @ [TF"(O)] 2 < C-

We emphasize here that the function F* depends on k (this dependency is hidden in the constant a
introduced in a model from the section four). Observe that the following convergence is true in the L?(€2)
norm:

FO) = plipa(0) = a¥70(0) + (1+ 1 ) v (D (= @o(0)) = F4(0) £ F0),

where F(0) := F(0) — pgp.1(0) — aVgp(0) + div (D (¢ (3p(0))))-
Because of that we can obtain that ||ugy(0)|| 12 is estimated independently of A and k.

18



Similarly we estimate the second expression on the right hand side of (5.9)):

0 [P O)] 2 < |[FO)| , + 125" )l + aJdive O] < C.
IO - a1 ) nll,-y < C (TN - PO 2 + [Jdiv (T2) — 017 1))
IP0) =IO+ [ 172 =017 7+ PO+ 201
S O(Teow) + v sup X e, ) (1) + v up [CAGI P

where we used the Young inequality with the small weight v.
(]

H“AHH%(BQ,W) <0 HUAHHl(Q;RS) <C Hgi\HLZ(Q;S(S))
< ChyJER (@}, 2, eP)(1) < vEX (0], e, 8N (8) + C(T v, ).
t t
/ [ Ravdsia / 15815 o v ey ey 87 < [ IR 7 ) [ vl
0 I'y 0 0

In the remaining expressions we use the Schwarz inequality and then use the weighted Young inequality
with the small weight v. In virtue of (5.9) one obtains

t

£ (vt e) (0 + 2 [ !|L2+c/|\wupdr c(Te,u,k>+0/8k(vz,eﬁ,ei’*)ch
0

+vsup £l el O +vsu RO+ JIvR . ar
t it 0

Taking the supremum over (0,¢) of the every summand on the left hand side of the inequality above,
fixing a sufficiently small v and applying the Gronwall inequality finishes the proof. (]

Theorem 5.3 (Existence and uniqueness of the solution to coercive approximation).
Assume that the initial conditions ug, u1, po el and the given functions F, f, gp, gn, gp, gv have the
reqularity gwen by ' and satisfy the compatibility conditions (4.6). Then there exists a unique
weak solution (u®,p~, é‘p ) of (5.2 (-) with the initial-boundary conditions (1.2 —' and satisfy
(u*,p*) € Wh(0, Ty HY (4 RY)) x H'(0, T H (5 R)), P € WH(0, Tu; L2 5(3))),
P e Wh(0,To; L*(4R)),  uyf, € L=(0, Te; L2 (4 R?)).

PROOF. In virtue of the Theorem|5.2/one obtains that the following sequences are bounded: {u}, {e}},
{et } and {p; } in L>(L?) and {p>‘} in L2(H"Y).

Due to the given regularity, the discussed functions are absolutely continuous with respect to ¢, hence

using the equality
t
+/ftd7’
0

e {p*} is bounded in H'(0,T¢; H* (€ R)) N W>°(0, T.; L*(Q; R)) independently of A,

and the Korn inequality yields

. {u)‘} is bounded in W1>°(0, T..; H*($; R?)) N W?2°°(0, T,; L?(£2; R?)) independently of A,
e {eP*} is bounded in W>°(0,T,; L*(Q; S(3))) independently of .
Hence one can select the subsequences (denoted by the same symbol as original sequence) such that

for A — 0t
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o v — win HY(0,T.; HY (5 R?)), upy — uy in L2(0,T,; L?(; R?)),
o p* —=pin H'(0,T.; H' (4 R)),
o cPA — P in H(0,T.; L?(;8(3))).

We now want to pass to the limit in the weak formulation of and prove that (u,p,eP) is the
weak solution of . Note that the type of a convergence of the sequence u* remains the same as
u” since these functions are only shifted by the function gp. (u*,p*,eP}) is a weak solution of if
(T, p*, eP) satisfies for a.e. t € (0,7.), all v € V and all w € W the following equations

p/ﬂg\tvdx+/D <k;€rl e(ut) sp’)‘> s(v)dxfa/fﬁ)‘ divede = /dex+ /ﬁNUdS(:c), (5.10)
Q Q Q Q

I'n

co/ﬁf‘wdm—l—c/Vﬁ)‘dex—l—a/divﬂi‘ wdz = /fwdx—i— /ngdS(x), (5.11)
Q Q Q Q T'v

P Mx,t) = ANT(x, 1)),
eP A (x,0) = eb(z).

(5.11)

and P is the solution to the differential equation

We can pass to the limit with A — 0% in (5.10)-
above:

1 ~
p/ﬂttvdx—l—/D <k—l: e(u) —gp) g(v)dm—a/ﬁdivvdx = /dex—l— /ﬁNUdS(x), Yv eV,

Q Q Q Q I'n

as a consequence of the convergence obtained

co/ﬁtwderc/Vf)deera/divﬂt wdx = /fwder /ﬁvwdS(z)7 Yw € W
Q Q

Q Q Iy

for a.e. t € (0,T.). Furthermore

ef(z,t) =w— )\lim ePMa,t) = w— lim AN (f/\(x,t)) = x(z,t).

—0+ A—=0t

Hence, if we prove that y(z,t) = A(T(z,t)) for a.e. (z,t) € Q x [0,7.] then, due to the equalities above,
we will obtain that (u,p,eP) is a weak solution of ([5.2)). It will finish the proof of the existence.

We now prove that {1%‘} is a Cauchy sequence in L2(0,T,; L?(£2; S(3))).
Lemma 5.4 (Refined convergence of {1’:)‘}) Under the assumptions of the Theorem for every
A, >0 and for almost every t € [0,T,] the following estimate holds

t
Ek(ug\ — uff,a)‘ —gh P — ePM)(t) + / HV(ﬁ’\ _ﬁ”)Hiz dr + Hﬁ’\(t) —ﬁ‘(t)“i? < O(Te, k)N + ),
0

where C(T,, k) is independent of X, p.

PROOF. We now look at the energy change for the difference between solutions of (5.3) (with the initial-
boundary conditions ([1.2)-(1.3)) considered with a parameter A := A and with A := p. By similar
calculation as in the proof of Theorem

% (Sk (ui\ - utH’E)\ - €Ma5p7/\ - 51)#) (t)) - / (f)\ — f“) (5;:’)\ - 5?“) dx
Q

+ / (T =T") (e —eff) de + p/(u? —uf')(upy — ufy)dz.
Q Q

Let us observe

—/ (f/\ —f“) (ef”\ —sf’“) dz < —/ (f’\ —f“) (m’\ (JA“)‘) —mt (f“)) dx+LHf,;\ —ZA”\‘

Q Q

2

L2’
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Due to the properties of the Yosida approximation of a maximal monotone operator m*(w) = m (J(w)).
Moreover, by the definition of a resolvent (Jy (w) = u, where v + Am(u) = w) we obtain the equation

T = gy (TY) + am (11 (7))
Hence, by monotonicity of m
() (o () e ()
< (0 () (0 (7)) 2o (0 () = o (o
o (15 4]+ (10 2) 2} <22 (0 () + (0 (7))
Similar arguments as in the proof of Theorem [5:2)lead to

d o - o~
S 17 =71 + e[V - 7]

<Aj*:z(m(h(fg))?+(m(@(fq))im+lwfx_fu

d
—dté'k (ui‘ — u;\,s)‘ —gh P — 5”’“) +
2 (5.12)

L2’

We now integrate the inequality (5.12) over time (0,t) and obtain

t
EF () —up, e — PN — ) (1) + L) — 7 (1) + / IV = 7)|[;- dr
0

2

dr

<)\'f',u Ep’)\lz
4 L2

bollz(re

t
I ) 41 [ |-
0
t

<A+ p)C(T. k) + C/E’“ (up —up, e — e, &P — ePk) dr.
0

The last inequality follows from Theorem Applying the Gronwall inequality finishes the proof. [

As a corollary of the Lemma {T\’\})\ . is a Cauchy sequence in L?(0,T,; L?(2;S(3))).
>

Observe that (J,\ (f)‘) ,m> (f)‘)) belongs to the graph of the operator m and therefore converges

strongly-weakly in L2. Due to the strong-weak closedness of the graph of a maximal-monotone operator
m and the properties of the resolvent one obtains

(5 (7)o (7)) 2255 (2o (7))

Therefore we have w — lim_,o+ A (fk(x,t)) =A (f(x,t)) for a.e. (z,t) € Q x [0, T¢].
This ends the proof of the existence of the solution to (5.2)).

It remains to prove the uniqueness of the solution. In order to do that we consider the change of a
total energy in time for the difference of the two distinct solutions (u1, p1,€}) and (ug, p2,eb).
Performing the similar computations as before we obtain

d co d SO SO ~  ~ 2
agk (ulyt—uz,t,el —62,5117—512))4—50&/@1 —p2|2d$+6/|V(p1 —p2)|2dx<LHT1—T2HL2.
Q Q

2
Integration over time and the Gronwall inequality yield HT1 — T HL2 =0.

Hence p; = po, 5ﬁ7 = 5’2’ and uq; = ug a.e. Additionally u; may differ from uo at most by a constant (in
time) vector: ui(x,t) — uz(x,t) = ui(x,0) — uz(z,0) =0 for a.e. (z,t) € Q x [0, T¢]. O
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6. Existence of the solutions

In this section we prove the existence of solutions to ([5.1]) with initial-boundary conditions (1.2))-(/1.3)).
Due to the remarks from the previous section this will be equivalent to the existence of solutions to

LI-.3).

Our goal is to pass to the limit with the sequences of solutions (u*, p*, P*F). Unfortunately, without the
coercivity, the energy estimates do not provide sufficient information about the sequences {E(uk)} , {ap’k}
but only about the sequence of differences {E(uk) — ap’k}. The additional information is obtained due to
the growth conditions imposed on the constitutive equation.

The unpleasant regularity of the solutions requires further weakening of the definition of a weak solution
in the case of a system —. The culprit here is the expression divuy.

To proceed with the weaker definition we introduce the following space

W={peC'(Qx[0,T.;R): ¢(z,T.) =0 A ¢(z,t) =0 for (z,t)€Tp x[0,T.]}

and denote by ((-,-)) the duality pairing between W and W*. Also, recall that by (-,-) we denote the
duality pairing between V and V*. We are now ready to define the solution to ([L.1f) - (1.3).

Definition 6.1 (Solution of (1.1)) - (1.3)). We say that the quadruple (u,p,eP, T = D(e(u) — €P)) is

a solution to - if

1. For a.e. t € [O T the triple (u,p, ) satisfies the system of equations:

o (U, v /D ) —eP) (v)dzfoz/ﬁdivvd:zr = /ﬁvder /ENUdS(x), YoeV, (6.1)
Q Q

I'n

for a.e. t € (0,7,) and

Te

(P, ¢ —i—c//VﬁV(}ﬁdxdT—a//d1vu¢tdxdr+a/dlvuo¢ 0)dz
0 Q

e

T,
= / dxdT—i—//gvd)dS T, Vo € W,

0 0 I'y

2. The fifth equation of (|1.1]) is satisfied in a sense of Young measures, i.e.

el(x,t) = /A(S)du(m,t)(S),

where {v(, )} is a Young measure satisfying

T(x,t) = /Sdu(z’t)(S) for a.e. (x,t) € Q% (0,T,).

3. eP(z,0) =eb(x), wu(z,0) =up(x), wu(z,0)=ui(x), p(z,0)=po(z).

Furthermore, the following regularities are required
u € Who(0, To; LA R?)) N L(0,Te; WHIFE (4 R?)),  uye € L2(0,Te; (H' (4 R?))),
p € L0, T,; HY(Q;R)) N L>=(0, T; L2(Q;R)),  p, € W*, (6.3)
&P € L0, To; L' (2, 8%)) nWhITE (0, To; LS (0, 8%)), T € L™(0,T.; L*(2; 8%)).

The similar definitions appear in the papers addressing the non-monotone problems (see [I4]). There-
fore the proof of the existence of the solution in the sense of the Definition [6.1] is a natural step in our
discussion in the case of the LM-type constitutive equation.

To obtain the proper energetic estimates we need to restrict the class of the given boundary data.
These additional assumptions are known as the safe-load conditions (see [IT] for more details). From
the physical point of view, the safe-load conditions say that the boundary data must be well-tolerated
by the considered material. However, from the mathematical point of view, the safe-load conditions
provide an essential information to the proof of a priori estimates for the coercive approximation (see the

Lemma .
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Definition 6.2 (Safe-load conditions). We say that the functions gp, gy satisfy the safe-load condi-
tions with the regularity 1 + w, if there exist the initial conditions uj,u; € H*(£;R3) and the function
F* € HY(0,T.; L?>(Q;R3)) such that there exists a solution (u*,T*) of the linear system

puz(x,t) — div,T* (z, t) = F*(x,t),
T* (1) = D(e(u*(2,1)),
with the initial-boundary conditions
= uj(x) for x € Q,
() for x € Q,

t forxel'p, t>0,
xz,t) forxely, t>=0,

<
*

&

NN
|

<

)
—~

&
~—

and the regularity
u* € Wheo(0,To; HY (O R?)), T* € L''(0,T,; L' (9, 8%)),  wj, € L™=(0,T.; L*(Q;S?)).

We now proceed with the energetic estimate of {(uk,ﬁk, ePk, Tk)}zo;l. This result is a main step to prove
the existence of the solution (according to the Definition [6.1)).

Lemma 6.3 (Energetic estimate independent of k). Assume the same as in the Theorem and
suppose that gp, gy satisfy the safe-load conditions with the regularity 1 +w. Then for almost every
t € [0,T¢] the following inequality holds

t t
EF (ulf — up, b — ¥, P ) (t)+H13k(t)Hi2+/Hﬁ’“Hip dT—f—//m(fk) Thdadr < O(T,),
0 0 Q

where (uF,p*,ePF) is the solution of with the conditions —, u* is the function from the

definition of the safe-load conditions and e* = e(u*). Furthermore the constant C(T.) > 0 is independent

of k.

PRrROOF. Again we compute the difference of the energy in time. In order to dispose of the boundary
integrals we shift the function u* by u*.

% (Sk (uf —ul,e? — 5*,5”’]“) (t))p/ (ui€ — uf) (uft fu;"t) dz — /fksf’kd:z: + /T*ef’kdx
Q Q Q
- (l—kllg)/T* (Ef—sf)dx—i—/Tk (ef —&}) da.
Q Q

Observe that

—/T* (sf—aj)dx:/divT* (u,’f—u;‘) dac—/?N (uf—u;‘) dS(x).

Q Q 'n

Similar computation as in the proofs of Theorem and Lemma gives

¢ ¢
EF (uf —up,e® —e*,ePF) (¢) + %0 Hﬁk(t)Hiz + c/ HVﬁk(t)Hiz dadr + //m (f’“) T*dzdr
0 0 Q
¢

C ~ * *
<t (uf —uf = 2,2 ) (0)+ 3 ol + C [ € (uk — u ek - 2 ) (r)ar
0

t ’ o (6.4)
+ // (uif —uj) (F — F*)dadr + //fﬁkda:dr + Z //divT* (uf —uf) dzdr
0 Q 0 Q 0 Q
¢ ¢ ¢ ¢
R *_D,k — ~k 1 — k *
-« divu; pPdzdr + TP dadr + gy prdS(x)dr — z gn (uf —u;) dS(z)dr.
0 Q 0 Q 0 Ty 0Ty
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We now have to estimate the summands on the right hand side of the inequality above.
e Obviously, first two terms can be estimate by constant which depends only on ug, ug, £f, po and D.
e Applying the Young inequality gives

t

//T* Fdzdr < C(w,v) /||T*||ﬁfw d¢+u/

By the property of A, there exists a constant D > 0 such that for
t

/ 1+1 (w1
/ 5 ) 1dT<C//‘Tk‘ dadr
L'tw

0 0

+ 1
dr.

pk‘

L

T* ) > D the following estimate holds

p.k
t

¢
C//m Tk T*dxzdr + CT. sup £ ( —ul, ek ¢ sp’k)
(0,)
0

Q

~ Te —~ 1+%
If ’Tk‘ < D, then from the continuity of A it follows that [ [ ‘A (Tk)‘ dzdr < C(T).
0 Q

e To estimate last term we proceed as follows

/ [ an ek~ ui) aS(apar - / I (0) (1(0) ~ 0" () dS(0) ~ [ 7(0) (4(0) ~ ' (0)) dS(w)ar

0 'y I'n
- / /§N’t (u* —u*) dS(z)dr
0 I'n
Applying the Korn inequality yields

ﬁ//gN f i) aS(e)dr < Lowp ¢~ . + L) I +0,

wi, oc(H*Q)
0 I'ny

Using elementary estimates for the rest terms in (6.4) gives

t t
EF (uf —uj,e® —e*,ePF) (1) + %0 Hfék(t)”iz + c/ HV]?’“(t)HzL2 dde—l—//m (f’“) T*dadr
0 0 Q

<C(Te,u)+0/5k(uf—u’{,sk—s*,sp’)( )dr + C (T.) vsup EF (uf — uf, e — e, ePF)
(0,t)

t t
2 2 ~:\ A
+vsup ||B*][5. + 2u/ VB¢, dr + CI///m (7*) T*aaar.
(0,¢) 0
The constants on the right hand side are independent of k. Therefore, we can take the sufficiently small v

then take the supremum over (0,¢) and finally apply the Gronwall inequality to finish the proof. |

Theorem 6.4 (Existence of the solutions). Suppose that the initial conditions ug, u1, po, €5 and
the given functions F, f, gp, gn, gp, gv satisfy the compatibility conditions @, admit the regularity
and gp, Gy satisfy the safe-load conditions with the regularity 1 + w. Then there exists the
solutzon (u p,eP,T) of (l) with the conditions (ﬂ) (-) 11.5) (understood as in the Deﬁmtzon

Proor. By the Lemma one concludes that

o the sequence {u*}" (as well as {@"} ) is bounded in W1>°(0, T,; L*(Q; R?)),

e the sequence {f’“} is bounded in L>(0,T.; L*(€;S?)),
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e the sequence {ﬁsk}kﬂ is bounded in L>(0,T,; L*(Q; S?)),

o the sequence {p*} ~ is bounded in L2(0,T.; H* (% R)) N L>(0, Te; L2 R)),

e the sequence {T’“};OZ1 is bounded in L>=(0,T,; L?(Q; S?)), indeed: T* = T+ + 1D (F),

e in virtue of |D the sequence {efk}k ) is bounded in L'*% (0, T,; L't (Q; 8%)) ,

e from the absolute continuity of eP* for every k, we obtain that the sequence {5P>k}:il is bounded
in L°°(0, T,; L% (€; S?)),

e the sequence {a(uk)}z.;l is bounded in L*°(0, T; L1+%(Q;S3)),

e the sequence {divuk}zil = {trs(uk)}ii1 is bounded L>°(0, T,; L**% (€; 8?)),

e due to the higher integrability of ¥ ** and the Dunford-Pettis theorem we conclude that it is weakly
relatively compact in L'(0,T.; L*(; S3)).

Passing to the limit (with & — oo) in the weak formulation of the approximated system requires more
information about the sequences {ﬂft }zozl and {ﬁf} We will prove that they are bounded in L?(0, T,; V*)
and W* respectively. In order to estimate the first sequence we choose any v € V such that [jv||,, < 1.
Hence

p/ﬁftydx+ /D(a(ﬂk) ek 4 ke( )> dx—a/ dlvvd:z:—/FkvdiZ?+ /ﬁv”ds(fﬂ)y
Q Q

I'n
for a.e. (z,t) € Q x [0,T¢].

Remark 6.5. Note that the right hand side of the equation above depends on k. It was not precisely
stated during the previous calculations, however one can bound the sequences of those functions inde-
pendently of k due to their convergence. For example

1) div (D(e(Gp))) =2 F — pgp st — aVgp + div (D(e(gp))) =: F.

F* =TI —pgp —aVgp + <1+k

This convergence holds in H'(0, T,; L?(2; R?)). Similarly one can obtain g% LN gn in
W2>=(0,T,; H2(I'x; R?)). Hence

T, T, 2 T, 2
p/ kv C/ /‘ﬁkv)dx dT+C/ /’ﬁf\,v’dS(x) dr
0 0 0 N
T, 2 T, 2
1
+ C/ / ’ ( — Pk 4 ka(ﬂk)> e(v)|dx | dr + C/ / ‘ﬁk divo|dz | dr.
0 0 \@

Using the estimates from the Lemma and remark above we obtain the estimate independent of k

and v
TE

p/<’ﬁft7v>2 dr < C(Tv).

0

Te
Taking the supremum over v such that |[v|, < 1 gives f |k, ;f,* dr

< C(T,). Proceeding analogously

one can prove that the sequence {pt } is bounded in W* 1ndependently of k. In virtue of the discussion
above we can extract the subsequence of u* (denoted by the same symbol) such that

o uf — win HY(0,T,; L2(Q;R?)), uk, — ugy in L2(0,Ty; V*),
e ¥ — pin L2(0,T.; HY(Q;R)), p¥ — p; in W¥,
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o TF T in L2(0,T,; L3(Q; S%)),

e 1e(u®) — 0in L2(0,T,; L* (€ 8%)),

o cPF g in WLITS (0, T,; LMo (€ 8?)),
e divuf — divu in L2(0, T,; L' % (; R)).

It remains to pass to the limit. Suppose that (uk,ﬁk, Ep’k) are the solutions of (5.2)). Hence, for all v € V
and all ¢ € W, the following system is satisfied

p/ﬂftvdx—F/D (e(ﬁk) Epk—l— e(u )) e(v dx—a/ diveda = /Fkvdx—i— /ﬁjkvvdS(a:),

Q Q I'n
T. T, Te Te T,

co / prodadr + ¢ / / Vp*Vedzdr + a / / divaly ¢pdadr = / / fodzdr + / / Gy ¢dS(x)dr
0 Q 0 Q 0 Q 0 Q 0 I'y

Pt = A (D (e(u¥) —ePk)) = A (f’“) :

We integrate by parts (with respect to the time) in the third summand of the second equation. The
standard procedure yields

p (U, v /D u) —eP)e(v )d:cfa/ﬁdivvdx: /f‘vder/ﬁNvdS(m), Yo eV,
Q Q

I'n

Te e

T,
((pt, ¢ +c//VﬁvqﬁdxdT—a//divﬂqStdxdT—i—a
0 Q 0 Q

= | / f¢dxd7+7€ / Gy ¢dS(z)dr, VYo e W,

0 Q 0 T'y

diviip ¢(0)dw

P—

el =w-— hrn stk:vvfklim A(f}“>:5{.
—00

k—o00
In virtue of the Fundamental Theorem for the Young Measures (for the proof see [3]) there exists the Young

—~ oo
measure v(, ) generated by the sequence {T "3} such that T (z,t) f Sdv(y 4 (S). Furthermore, the

weak limit X is in the form

R t) = / A(S) (e (S).
S3

This characterisation of the non-linearity ends the proof, since (u,p,eP,T) is the solution to (5.1)) with
the initial-boundary conditions (|1.2))-(|1.3|) according to the Definition O

Remark 6.6. Due to the remarks before, the Theorem [5.3] is a ﬁnal step of the existence problem

for . This is true, since if (u,p,eP,T) is the solution to with (| . ., then (u,p =
D+ gp7 eP,T) is the solution to (1.1)-(1.3).

7. Higher regularity of the solutions

The regularity of the weak solution (as in Definition obtained in the previous section is not
satisfactory. The constitutive equation is satisfied only in terms of Young measures and there is no
information of its uniqueness whatsoever.

In this section we improve the previous definition of the safe-load conditions by demanding higher
regularity of the solution to the auxiliary linear problem and we redefine the weak solution accordingly.
Consequently, we obtain an additional information about the regularity and the uniqueness.

We begin with the definition of the improved safe-load conditions.
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Definition 7.1 (Improved safe-load conditions). We say that gp, gn satisfy the improved
safe-load conditions with the regularity 1+ w if gp, gn satisfy safe-load conditions with regularity 14 w
(Definition and u*, T™* have the following regularity

u* € W20, T.; H (Q; R?)) n W32°(0, Tp; L2(Q;R3)), T* € W2(0,T.; L' (;S(3))).

We can now proceed with the energy estimate for time derivatives of the solutions to coercive approxi-
mation (5.2]) which is independent of k.

Lemma 7.2 (Energy estimate of time derivatives). Under the assumptions of the Theorem and
gD, Gy satisfying the improved safe-load conditions with the reqularity 14w, the following estimate holds

t t t s
[ttt —ur et =ty ar+ [ dr+ [ 1RO dras < o)
0 o 0 0

fort € [0,T.], where (u*,p*,eP*) is a solution to with the initial-boundary conditions —,
u* is a function from the Deﬁm'tz'on e* = e(u*). Moreover, the constant C(T,) > 0 is independent of
k and t.

PROOF. Throughout the proof we follow the notation introduced in the proof of the Theorem [5.2] and
also denote v*(z,t) := uj and vj(z,t) := v*(x,t + h), Fy(z,t) := F*(z,t + h). Let k > 1 be fixed.
Proceeding analogously to the proof of the Theorem one obtains

jt (Sk (v’,j —oF = (vf =), el — b — (] — E*),E:Z’k — ap’k) (t)) = /(T;Lk —T*) (gfj — Ef’k) dz
Q

~ ~ 1
— (T,iC — T’“) (z—:zf — 5?”“) da — <1 + k) /(Tf{ —T%) (5% —— (ehi— 52‘)) dx
Q

(T = T") (ehs — e — (ehe —ef)) dz + P/(v;li =0 = (o = ") (v, —vf = (vh, — vf))da.
Q

Similar calculation as in the proof of Theorem and Lemma, gives

d d,. - g -
&5’“ (U,’j —vF = (vi —v¥) ,ei —ek - (e} — 5*),51}’;]€ — sp’k) + %O& Hp’ﬁ —pkHi2 +c HV(p’fL —pk)Hi2
~ ~ 112 _ _
<|fr-14 ,+ % /div (T = T7) (vf —oF — (v, — v")) da + / (Fu—F) (85 — %) da
Q Q
- a/div (v, —v™) (ﬁ’,ﬁ —]5]“) dz + / (Fn—F — (Fj — F")) (v,’f — ok — (v} — v*)) d
o) o)
+ / (v, —9v) (15]13 _iﬁk) dS(z) + / (T —17) (52]: - E?k) dz
r'v O
1 * *
5 [ @ -3 (= = - ) aS(e)
I'n

We now multiply the result above by # and integrate twice over time: the first one over (0,t) and the

27



second one over ¢ in range (0,b) where b € [0,7. — h]. Hence
7z /Sk (v,]f —oF = (o =) ef — &b — (e — &%), elF — sp’k) (t)dt

b bt
o b - a5 [ [ 1965 ) arar
0 0

0
b * * * * s bC
gﬁgk(v;ﬁ_vk_(vh_”)’52_516_(511—5),52]6—5%) 2/;; H O)HLz
b t b
L ~k Akl 1 . . .
Jrﬁ HTth HL2 det+kh2 div (T —T7) ( —0 f(vhfv ))dxdrdt
00 00 Q
bt b
+ﬁ (fh_f)(ph_p) a?rt—ﬁ 1v p—p) rdrdt
00 Q o0
. bt
+ﬁ///(Fh—F—(Fh F*)) (vf — o — (v}, — v*)) dadrdt
00 Q
. bt ) b
vi3 [ ][] o -90) @) as@araes 5 [ [ @n-r) (- ) dearar
0 0Tv 00 Q
. bt
_W///@Nh—gN) (Uﬁ—vk—(vi—v*)) dS(z)drdt.
0 0Ty

Due to the regularity of the data as in the Theorem [5.2] and the Lebesgue’s Dominated Convergence The-
orem one can pass to the limits with A — 07 in every integral except the last two. This is due to the fact
that, as in the proof of the Theorem. we do not control the difference vF —v* in L2(0, T,; H2 (9% R?)).
Moreover, we do not have any information of £ bk . Therefore, for those two integrals we apply a similar
reasoning.

As an example we consider one of these integrals. Firstly, observe that for a fixed k integrating by
parts yields for a.e. t

¢
//(Tf;fT* (5, — bk dde* // Ty — ’ sp’k> dzdr
0 Q

= (1) () — (1)) da - / (T5:(0) = 7°(0)) ((0) = 2(0)) d
Q

s\

Hence, the Lebesgue’s Dominated Convergence Theorem gives

b t
hi / / / (Tyr —T™) aht )dxdet hoot, / / T;(t t)dadt — b / T (0)eP" (0)da
0 Q
bt
- / / / Tyl dadrdt.
0 0 Q
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Proceeding similarly one obtains

o / [ @n = 3w) (= o = (7 =) as@parar 2225 / [ ) 040 = (1) as(a)a
0

0 I'n 0 TI'n

b [ G 0) (1 — ) a8 () - / [ [ 6 = o) dstaparat.

I'n 0 0 TN

Combining these results we obtain from the inequality ([7.1]) the estimate

b

b bt
/6’“ (vf —v;‘,sff—sf,sf’k> (t)dtﬁ—%O/Hﬁf(t)HQL2 dzf—kc//HVﬁ,’in2 drdt

0 0

<b* (vt — vk — ) (0) + 2 ok ||L2+L//HT’“H drdi

. bt bt bt
+ z ///leT —v}) dzdrdt + // fipbdedrdt — o //
00 Q 0 0 00

div (v}) prdazdrdt

P~
o . b\

bt bt (7.2)
—|—///(Ft - F) (v b wf dxdet—i—///thpt dS(z)drdt + /Tt* t)dadt
0 0 Q 0 0 TI'y Q
b t b
b / T (0)e?* (0)dar — / / / Tt*;ef’kdxdet—% / / Ta(t) (F () — v* (1)) dS()dt
Q 0 0 Q 0 I'n

b

b 1
+% n.+(0) (uy —uy)dS(z +E///9N“ v*) dS(z)drdt.

I'n 0 0TI'n

Now we proceed with estimates of the expressions on the right hand side of (7.2)).
e First two integrals can be estimate by initial conditions i.e.

bé'k( — vy, Ef—f:,é‘t ch/’~k ’ dz

< O(Te) (HUZ(O)HLQ + [l ()72 + lle(ua)llze le(ui)7

2o, + IOl

To obtain this estimates independent of £ one can use a similar argument as in the proof of Theorem

///gmt ) dS(z)drdt — //gm k(1)) dS )t

0 I'ny 0 I'n

Cbh _ X
< / vl -3 el —
0

b
2’//5 Ut — U ,gf —ef,ep ) (r)dr + C(Te,v) (HgN,ttHzp(Hf%) + HgN,tH2L2(H—%)> .
0

dt

b

C _ *

(@ 47+ i / H9N7tHH7%(pN) le¥ — (©)
0

e Using the Lemma [6.3] we get

b bt
/ / T7 (t) t)dadt — / / / TreP*dzdrdt
0O 00

* * k
< (T2 g gy + B ITE D vz ) o] <o),

L1+%(L1+%) =
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By using standard estimates for the rest terms in ((7.2) one obtains

b

/gk (vf —of. & —ef.ep*) dt+CO/Hpt ||L2dt+c//’|VpkHL2det

0

b
<C(Te,y,p)+CL//gk oF — vl el —er el ) det+2u/H P )Hiz dt  (7.3)
0 0 0

b b t
+41//5k (vf—v;‘,a,’f—s;,gf”“) (t)dt—l—l///HV i ( |\L2 drdt.
0

0
Taking a sufficiently small v gives, for all b € [0,T,), the following estimate

b

b bt
/5’“ (vf—v;‘,ef—sf,ef’k> (t)dt—}-/”ﬁf(t)”iz dt+//HV13fH2L2 drdt
0 0 0

0
bt
C(Tv) JrC’L//EIc (vf —uf,ef — 52‘,5?’]“) (7)drdt,
00

where the constants C(T¢) and C' are independent of k.

(7.4)

Remark 7.3. The time interval can be closed, as the reasoning can be done (with some minor amend-
ments) for b =T, — h.

Applying the Gronwall’s inequality to (7.4]) ends the proof. a

The estimate from the Lemma [7.2) allows us to raise the regularity of a solution. Note that in the special
case when one considers the Dirichlet boundary conditions instead of the mixed boundary conditions it
is possible to obtain a better estimate without the safe-load conditions, i.e.

Proposition 7.4 (Time-derivatives estimate for the Dirichlet-type problem). Consider
— only with the Dirichlet-type boundary conditions for u and p (i.e. I'p =T'p = 0Q in )
Then, under the assumptions of the Theorem[5.3, the following estimate holds

t

gk (utt,af,gf’k) (t) + / Hﬁf”j{l dr + H;Bf(t)”iz < C(T.), forae te€]0,T,],
0

where (u*, p¥, eP*) is the weak solution of with the initial-boundary conditions —, Further-
more C(T,) is independent of k.

To prove this proposition one has to follow the proof of the Theorem [5.2] We omit this procedure here.
Let us introduce the new space of test functions, i.e.

Fi={weW" (Q;R):v=0on I'p}.
Recall that W = W2 and W* ¢ W for k > 2. We can now define the higher regularity solutions to

CD-C3).

Definition 7.5 (Higher regularity solutlon of (1.1))- ) We say that the quadruple
(u,p,eP, T = D(e(u) — €P)) is a solution to -j Wlth the higher regularity, if

1. For a.e. t € [0,T¢] the triple (@, p, eP) satisfies the system of equations:

P / Uyvdz + / D(e(@) — eP)e(v)dx — a / pdivedz = / Fuvdz + / gyvdS(z), YveV, (7.5)

Q Q Q Q T'n

co/ptwdx—I—c/Vﬁvwdm—&—a/dwutwdx—/fwdm—i—/ngdS( ), Ywe WY (7.6)

Q Q Ty
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2. The fifth equation of (1.1]) is satisfied in a sense of the Young measures, i.e.

P(at) = / A(S)dv(a.(9),
S(3)

where {v(, )} is the Young measure.
3. eP(z,0) =eb(x), wu(z,0) =uo(x), wu(z,0)=ui(x), p(z,0)=po(z).
Furthermore, the following regularities are required
we H?(0,T,; L2(R?) N WHIHES (0, Ty (W5 (0, R?))),
p € L0, T.; HY(R)) N HY(0,T,; L2 R)), P € WhITE(0, To; LM (2, 8(3))), (7.7)
T € HY(0,T.; L*(:8(3))) N L' (0, T.; L' (0; S(3))).

It appears that with the sufficiently high regularity of the data one can prove the existence of such
solution.

Theorem 7.6 (Existence of the higher regularity solutions). Assume that the initial values ug,
u1, po, €y and given functions F, f, gp, gn, gp, gv satisfy the compatibility conditions , have the
reqularities — and gp, gy Ssatisfy the improved safe-load conditions with the regularity 1 +
w. Then, there exists a solution (u,p,e?,T) of — with the higher regularity according to the
Definition 7.5

PROOF. Firstly, we prove the existence of a solution (u, p,eP,T) with the higher regularity (according to
the Definition in a case of , then by the previous remarks the existence of the solution in a case
will immediately follow.

By the Lemma and the Lemma we can extract the subsequences of k (denoted with the same
symbol) such that

o uF — uin H2(0,T,; L2(Q;R3)) N WIS (0, To; WHITS (Q; R3)),
o P —pin L*(0,T.; H (% R)) N H'(0,Te; L* (% R)),

o TF T in HY(0,T,; L*(Q;8(3))) N L1 (0, T,; L'+ (: 8(3))),
o re(u®) — 0in HY(0,T.; L*(€::8(3))),

o cPF g in WLITS (0, To; L5 (9 8(3))),

o divuF — dive in W5 (0, Tn; L5 (€5 8(3))).

Let (u*,p",eP*) be the solution of (5.2). The following system is satisfied for a.e. t € [0,7.] and for all
veV,weWnC=()

p/ﬁftvdx + /D (E(ﬂk) — Pk 4 llf{—:( k)) e(v)dx — oz/fflc divede = /Z;kvdx + /?];“VvdS(:z:),
Q Q Q Q

I'n
=~k ~k s~k _ rs ~
co/ptwdx+c/Vp dez+a/d1vut wdxr = /fwdx—|— /ngdS(a:),
Q Q Q Q Iy
PP t)=A (fk(x,t)) ,  forae. (z,t) € Qx[0,T].

We multiply the first and the second equation by ¢1,ps € C([0,T.]) (respectively) and integrate over
time. Now, due to the weak convergences stated above we can pass to the limit with k:

Te
/ p/ﬂttvdx+/D(s(ﬂ) fsp)e(v)dxfa/ﬁdivvdxf/ﬁvdxf /ﬁNUdS(x) p1d7T =0,
0 Q Q Q

I'n
Te

/ co/ptwdx—i—c/Vf)dex—i—a/dlvutwdx—/fwdx—/ngdS( ) | podr =0,
0 Q

Iy
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where the first equation is satisfied for every v € V and the second equation for every w € WN C>®(Q).
Due to the density argument and the regularity of the limit functions we can write the second equation
for every w € W', By the du Bois-Reymond Lemma one can omit the time integrals. The rest of the
proof is as in the Theorem O

Proposition 7.7. Considering only the Dirichlet-type boundary conditions one does not require the com-
patibility conditions to prove the Theorem[7.6. Moreover, one can obtain the following regularity of the
solution

u € W20, T.; L* (S R?)), pe Wh™(0,T.; L*(;R)), T € Wh>(0,T.; L*(Q;S(3))).

Unfortunately, even redefining the meaning of the solution (see the Definition is not satisfactory
from the applications point of view, since the constitutive equation is satisfied merely in the sense of the
Young measures. This is also the main culprit responsible for the handicap with uniqueness theorems for
the higher regularity solutions. Therefore our main goal is to dispose of the Young measures and prove
the existence of the regular solutions to (L.1))-(L.3).

Definition 7.8 (Regular solution to (1.1)-(1.3])). We say that the quadruple (u,p,e?,T) is
a regular solution of (|1.1))-(1.3), if it is the solution according to the Definition [7.5{and the fifth equation
of (1.1)) is satisfied a.e. in Q x [0,T¢], i.e.

el (z,t) = A(T(z,t)) for ae. (z,t) € Qx(0,T).

One can prove the existence of such solutions assuming more about A, namely the monotonicity plays
crucial role. Unfortunately, the monotonicity is still not sufficient to proceed with the desired operations
in the proof. We wish to do the integration by parts in the expressions of the form:

t ¢
//(ut —uy) Vpdadr, //ﬁAﬁdde.
0 Q 0 Q

In order to make this kind of operations properly justified, we assume the following property of a field A
A:8(3) = PS(3), (7.8)

where P is projection onto the deviatoric part of the tensor given by the formula PT =T — 1tr(T) - I.
The condition allows one to raise the regularity of divu; and Ap up to L?(L?) by the reasoning:

divuy = tre(ug) = trD~ 1 (Ty) + trel = D~ (T;) € L*(0,Ty; L* (S R)),
Hence, the weak Laplacian of the pressure is equal to
—cAp = f — copy — adivu, € L*(0,T,; L*(; R)).

Moreover, upon the remark above (assuming the condition [7.8)) the equation (7.6 from the Definition
and from the Definition [7.8| can be tested by a larger class of functions, namely W. The condition [7.8|
is natural, since it is common to assume that the inelastic deformation tensor is deviatoric (see [§], [12]).

Theorem 7.9 (Existence of regular solutions of (1.1))-(1.3))). Assume the same as in the Theo-
rem and let A be monotone, satisfying the condition |7.8 Then there exists the regular solution

(uypv Epv T) Of _'

PROOF. In the proof we exploit the Minty’s Monotone Trick (see [I1]). We take the subsequence of
solutions to the coercive model (the same as in the proof of the Theorem . We know that the weak
limit of this subsequence is the solution with the higher regularity. We only need to prove that the
constitutive equation is satisfied almost everywhere.

32



Proceeding similarly as in the beginning of the proof of the Lemma we obtain
t t
* * Co 2 ~] 2
// Tk Trdzdr = —&F (uy —up, e —e*,eP?) (t) — 5 H]A?k(t)HLz - C/ vak(t)HL2 dxdr
0

+ EF (uf —up,eb —e*,eP) (0 )+—||p0||L2 // —up) (F - F)d:l?dT—f—//fﬁkdxdT

0 Q

. t (7.9)
+ 2 / / divT™* (uf — uf) dadr — / / divu;ptdadr + / / T*eP*dadr + / / gy ptdS(z)
0 Q 0 0Ty
. ¢
- %/ Iy (u ( —uy) dS(z)dr
0 I'ny
Observe that f(S) := D(S5)S is weakly lower semi-continuous, since it is convex and continuous. The

convexity may not be clear, however
F(uS1 + (1= p)Ss) = p*D(51)S1 + p(1 — p)(D(S1)Ss + D(S2)51) + (1 — p)*D(S52) S,
Thus, by the linearity and the positive-definiteness one has
D(S1 — 52)(S1 — S2) = D(51)51 + D(52) 52 — D(51)S2 — D(S2)51.
Combining the expressions above yields
fuSy+ (1= p)S2) = pD(S1)51 + (1 — p)D(S2)52 = uf(S1) + (1 = p) f(S2).

We now take the lower limit as k& — oo of the equation (7.9)), use the weak lower semi-continuity of the
norm and the Fatou’s lemma leads to the inequality

t
hmmf// Tk Trdzdr < —€ (uy — uf,e —*,P) () — %0 O —c/||v5(t)||§2 dadr
0

t
FE (g — e — e*, eP) (0)+@||p0||L2+//(ut—u;) (F—F*)dxd7+//7ﬁdxd7
Q

¢ ¢ ¢
fa//divu’t"ﬁdxdTJr//T*EfdxdTJr//giﬁdS(z)dT
00 00

0 I'y

Due to the result of the Theorem the weak limit (u,p,eP,T) is the solution of with the initial-
boundary conditions — (according to the Definition . The regularity of such solutions is large
enough to allow the first two equations of to hold a.e. in  x [0, T,]. Because of that we can proceed
similarly as before with (u, p,eP,T).

E(up —uj,e—e*,e?)(t) — & (ug —uj, e —e*, eP)(0)

t
=p /(ut —uy) (uge — uyy) dedr + // (T —T%) (e; — ey — &) dwdr

Q
t

0 Q
O/Q/(ut—ut)dlv(T T*)dxdT—l—// (ur —up) (F — F)dxdf—a// (up — u}) Vpdaedr

0 Q

¢ ¢
// (T —T*)(er — & dxdT—l—//T*EfdxdT—//T&fdxdT.
0 0 0 Q
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Similar calculation as in the proof of Lemma gives

t t
//(T—T*)(Et—sf)dacdr—a// ug — uy) Vpdadr
0 Q 0
t t
— [ [ Thanar - / V703 dadr + / [aviasior - 21015
0

Q 0 I'y
+ %0 Bol|?2 — a//divurﬁdxdT - //div (T — T*) (uy — ) dzdr.
0 Q 0 Q

Our discussion leads to the following inequality

¢
hmlnf//A Tk Trdzdr < //EdexdT. (7.10)
0 00

To end the proof we use the Minty’s Monotone Trick. Take any S € L+« (0,T,; L'**(€2;S(3))), due to
the monotonicity of A we have

j / (A(fk) - A(S)) (f’@ - s) dadr > 0.
0 Q

By splitting the integral above into four parts, using the convergence results and ([7.10)) one obtain

0/ / (e — A()) (T — §) dadr > 0

Now put S =T — pW, where W € L1*%(0,T,; L*t*(€; S(3))), u > 0 are arbitrary. It gives

t
// A(T — pW))Wdadr >0
0

Using the linear growth we can dominate the integrand by the integrable function. Indeed,
1 1 . .
(67 — A(T — uW)) € L'*%(L'%). Due to the continuity of the operator A

0/ / 7)) Wdzdr >

Because the sign of W is arbitrary, we can replace the inequality above with the equality. Moreover, this
result is true for a.e. t € [0,T,]. Thus, we take the sequence of such proper times t — T, and obtain

// ) Wdzdr = 0, YW e L't (0, T.; L' (9 8(3)).
0

Since W is arbitrary, we obtain & (x,t) = A(T(z,t)) for a.e. (z,t) € Q x [0,T.]. O

It appears that the regular solutions are unique, although the proof of this fact involves, as before,
the integration by parts. Thus we must additionally assume the condition

Lemma 7.10 (Uniqueness of regular solutions to ) Let A satzsfy- and let
(u1,p1,€7,Th) and (ug,p2, 5, Ts) be the two distinct reg'u,la'r solutzons of (-/ (-) Then

(ulapl,gzl),Tl) - (u27p27612)7T2)~
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Remark 7.11. In the Lemma we do not assume the monotonicity of A (unlike in the previous
lemma).

PROOF. The similar calculations as in the proof of Theorem [7.9] yield

E(ury —ugy, €1 —e2,6f —b) (1)
+ t
C
—— [ [ @ - T) (& - ) datr = D @) = Ol — ¢ [ 1V 1 - o)
0 Q 0

Using the properties of the functions m, [ gives

t
Ci
E(ury —ugy,e1 — €2, —eh) (1) + C/ IV (p1 — p2) |7 AT + 50 Ip1(t) — p2(t)]|72
0

t

< C’L/E (U1, — gy, €1 — €2,) — b)) (1)dr.
0

By the Gronwall’s inequality for a.e. t € [0,7T,] we obtain
E (ure —ug g, 1 — 2,87 — €5) (t) = 0.

Hence p; = ps and u; = us a.e. thus

1
2 /D(Eﬁ’ —e5) (6] —ep) dz = € (ur,e —uz,e1 — €2,6] — €3) (¢) = 0.
Q

Due to the positive-definiteness of D the proof of the uniqueness is finished. O

Remark 7.12. Under the assumptions of the Theorem there exists the unique regular solution of

CD-C3).

One can easily replace the condition [7.8]in the Theorem [7.9] and in the Lemma [7.10] by the following
w <5 in growth conditions (|1.4). (7.11)

The condition combined with the Sobolev Embedding Theorem leads to p € L'*¥ (L) which
allows one to integrate by parts and so to repeat steps from the previous proofs.

An open question remains: is this result true, provided that one omits the conditions [7.§ or It
is worth noticing that these assumptions can be replaced by the assumption: p € L'*¥(LT*). Hence,
the promising approach is either an attempt to raise the regularity of the pressure p or usage of the more
sophisticated methods, to obtain the result above.

Remark 7.13. One can obtain similar results (with the lesser regularity of p) with the partially dynamic
model (provided that cop; & 0). This requires very similar arguments, hence we omit details.
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