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Abstract

This study investigates the mechanical behaviours of functionally graded (FG) microbeams based on
the modified couple stress theory. The material properties of these beams are varied through beam’s
depth and calculated by using classical rule of mixture and Mori-Tanaka scheme. The displacement
fields are presented by using a unified framework which covers various theories including classical
beam theory, first-order beam theory, third-order beam theory, sinusoidal beam theory, and quasi-3D
beam theories. The governing equations of bending, vibration and buckling problems are derived using
the Hamilton’s principle and then solved by using Navier solutions with simply-supported boundary
conditions. A number of numerical examples are conducted to show the validity and accuracy of
the proposed approaches. Effects of Poisson’s ratio, material length scale parameter, power-law in-
dex, estimation methods of material properties and slenderness ratio on deflections, stresses, natural
frequencies and critical buckling loads of FG microbeams are examined.

Keywords: Functionally graded microbeams, modified couple stress theory, bending, buckling,

vibration

1. Introduction

Functionally graded materials (FGM) are increasingly used in the many fields of industrial engi-
neering including automotive, nuclear power plant, aerospace. Basically, FGMs could be consider as
a class of composite material which contains two or more constituents varying continuously from a
surface to the other. This smooth variation of phases enables the material to avoid stress concentration
and delamination phenomenon which are often cited as the shortcomings of laminated fiber composite

materials. High attention is being paid in the researcher community to investigate the behaviours of

*Corresponding author, tel.: +44 191 243 7856
Email address: thuc.vo@northumbria.ac.uk (Thuc P. Vo)

Preprint submitted to Composite Structures July 20, 2016



structures made of FGMs such as beams, plates, and shells ([1H3]).

The development of technology leads to the trend in which structural elements become smaller
and smaller in their dimension. The small-scale elements are now used in the variety of areas such as
micro- and nano-electro-mechanical system [4], actuators [5]. This growing trend has attracted huge
attention from the researcher to study the behaviours of small-scale structures. It is known that those
responses are size-dependent ([6H8]) which the classical theories of mechanic are failed to capture.
Some mechanical theories have been proposed to consider size-dependent effects such as nonlocal
elasticity theory [9], strain gradient theory [10], micropolar elasticity ([11, 12]) and modified couple
stress theory [I3]. Among those, the modified couple stress theory is considered as a prominent one
since it includes asymmetric couple stress tensor and there only one material length scale parameter
is used in the constitutive equations. Utilising these striking features of the modified couple stress
theory, a number of research works have been conducted to investigate the size-dependent behaviours
of FG microbeams with various theories. The simplest one is Euler-Bernoulli beam theory or Classical
Beam Theory (CBT) ([14H16]), which is applicable for thin beams only. In order to take into account
the shear deformations, the Timoshenko or the First-order Beam Theory (FBT) which is appropriate
for thick beams is introduced. A number of research works have been conducted to utilise this theory
to study the linear responses of FG microbeams ([17H22]). The disadvantages of this theory includes
the violation traction-free condition as the transverse shear stress distributes constantly through the
beam’s depth. Consequently, the shear correction factor which is problem-dependent needs to be
considered. In order to overcome this shortcoming, Third-order Beam Theory (TBT) ([23] 24]),
Sinusoidal Beam Theory (SBT) [25] and various higher-order beam theories [26, 27] are proposed. In
the effort to seek a better solution for beam problems, various quasi-3D theories ([28-33]) and Carrera
Unified Formulation theory ([34] [35]), which include both shear and thickness stretching effects are
developed. These effects become important for very thick beams. However, as far as authors are
aware, these quasi-3D theories do not use to investigate size-dependent behaviours of micro FG beams
yet. These problems are interesting and need further investigation.

In this study, an unified framework for various beam theories are proposed to investigate the size-
dependent bending, vibration and buckling behaviours of FG microbeams based on the modified couple
stress theory. The material properties of these beams are varied through beam’s depth and calculated
by using classical rule of mixture and Mori-Tanaka scheme. The beam theories which are ranged from
the CBT to quasi-3D are presented systematically under one unified formula. The size-dependent
behaviours are then solved using the analytical Navier approach in which simply-supported boundary

conditions are considered. Effects of Poisson’s ratio, material length scale parameter, power-law



index, estimation methods of material properties and slenderness ratio on deflections, stresses, natural
frequencies and critical buckling loads of FG microbeams are examined.

The outline of this study is given as follow. The brief estimation method of material properties and
constitutive equations of FGM are presented in Section [2. Section [3|shows the derivation of governing
equations with respect to various beam theories. Procedure of analytical solutions which is based on
Navier approach is given in Section 4} Section [5| provides a number of numerical examples in order to
prove the validity and accuracy of the proposed theories for bending, vibration and buckling problems

of FG microbeams. Finally, Section [f] closes the study with some concluding remarks.

2. Functionally graded materials

Consider a FG microbeam with rectangular cross-section b x h and length a, which is made of
metal and ceramic. The material properties such as Young’s modulus F, density p and Poisson’s ratio

v are assumed to vary continuously through the beam’s depth.

2.1. Classical rule of mizture

The effective material properties of FG microbeam are calculated by using the rule of mixture:
P. = P,Vp+ PV, (1)

where P,, and P, are the material properties of metal and ceramic, and V;, and V_ represent the

volume fraction of metal and ceramic, which are assumed to be:
k
Ve(z) = (5+7) Vm=1-V, (2)
where k is the power-law index.

2.2. Mori-Tanaka scheme

The effective bulk modulus K, and shear modulus G, are calculated by using Mori-Tanaka scheme

[36]:
Ke - Km V;
= - (3a)
K.— Ky, 1+Vm7;g:+?gm
Ge—G |7
=G _ . (30)
Gc - Gm 1 + Vm GmC(QK::+8Gm)
Gm+ =6 (Km +2Gm)
The effective Young’s modulus F. and Poisson’s ratio v, are then defined as:
9K .G,
E, = ———— 4
¢ 3K, + G, (48)
3K, — 2G,
_ 4b
Ve 2 (3K, + G.) (4D)
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2.8. Constitutive Fquations

The linear stress-strain relations are expressed by:

o C’ikl C’f?) 0 €
o. (= |Ciy Cfy 0 €z 5)
Oxz 0 0 Css Vaz
where
Ak . ~ 61122 _ E(Z)
Cy, = Cp— G =102 (6a)
~ A C12Co3 _ E(z)v
Ciz = Ciz— Coy  1-—12 (6b)
_ E(»)
Css = m (6¢)

For CBT, FBT and TBT, due to neglect the thickness stretching effect (e, = 0), Eq. (6) is

rewritten as:

Cly = E(2) (7a)
Cis = 0 (7b)
Css = Q(Jf(j)y) (7c)

3. Governing Equations of Motion
Based on the modified couple stress [I3], the virtual strain energy can be written as:
ou = /(Uijéeij + moxij)dv i, =,y 2 (8)
v

where m;; and x;; denote deviatoric part of the couple stress tensor, and symmetric curvature

tensor, which are defined by:

1
xij = 505 +0;;) (9a)
- E(Z) 2
mi; = 1_1_1/ Xij (9b)

where [ is a material length scale parameter and 6; is the components of the rotation vector given

by:

_ . 1 OU3 Ouz

Hx N 91 N 2 <(9$2 83:3> (10&)
_ _ 1 /0w Jus

0y — 92 — 5 (axg ax1> (10b)
. . 1 8’&2 _ 8'&1

02 N 93 N 2 <8x1 8:6'2) (10C)



The displacement fields for different beam theories can be obtained as:

dwy, dwg

up (z,2,t) = u(x,t)— Sl f(z) I (11a)
ug (z,2,t) = 0 (11b)
ug (x,2,t) = wy(z,t) +ws (z,t) + g(z)w,(z,t) (11c)

where u, wp and w, are the axial displacement, the bending and shear components of vertical
displacement along the mid-plane of the beam. The thickness stretching effect in quasi-3D theories
is taken into account by adding the component g(z)w,(z,t) in Eq. (11c). f(z) and g(z) are used to

determine the strains and stress distribution through the beam’s depth:

CBT: f(z) — = (12a)
FBT: f(z) = 0 (12b)

TBT 37 : f(2) = ;122 (12¢)

SBT [38] : f(z) = z—%sin(%) (12d)

Quasi-3D (TBT) B7] : f(z) — ;‘:f;; o) =1 ;LJ; —1- 4;22 (12)
Quasi-3D (SBT) [38] : f(2) — z—%sin(%z); 9(2) = cos(™%) (12)

The non-zero strains and symmetric curvature tensors are given by:

S 15
Yor = % + % = g(w + wl) (13%)
€ = % = g'w; (13c)
= Bty o
Xy = ;?995 - i/(w; —w) e

where prime (') indicates the differentiation with respect to the z-axis.

3.1. Quasi-3D shear theories

Hamilton’s principle is used to derive the equations of motion:
t2
1) (K-U-V)dt = 0 (14)

t1

where U, C and V denote the strain energy, kinetic energy and potential energy, respectively.



The variation of the strain energy can be stated as:
ou = / (020€g + 02202z + 020€; + 2MgydXzy + 2y 0xy2)dV
1%

l
= / [Ngou' — MEsw) — MEsw! + Qu (6w, + dwl) + R.6w,
0

Ry, 6(w)] +w”) + %5 w! —w”) + TW& wl, —w')]dx 15
Y b s 9 s z 9 s z

where N, M2, M2, Q... R, Ry, Siy and T, are the stress resultants, respectively, defined as:

N, = / o,dA = Au' — Bwj — Bsw! + Xw, (16a)
A
M = / 20,dA = Bu' — Dw} — Daw” 4+ Yw, (16b)
A
M; = / fordA = Bsu' — Dswy — Hw!, + Ysw, (16¢)
A
A
R, = / 0.9'dA = Xu' — Yw] — Yyw! + Zw, (16e)
A
B,
Ry = MyydA = —Ap(wy +wl) + 7(10;’ —w?) (16f)
A
Dy,
Sy = [ gmaydd = ~Bu(uf + wl) + S (wl — ) (168)
A
/ Hn / /
Ty, = / g'my.dA = 7(11}5 —w,) (16h)
A
where
h/2 )
(A4,B,Bs,D,Ds,H,Z) = / h/2(1,z,f,22,fz,f2,g’2)0ﬁbdz (17a)
h/2
Ay = / g*Cs5bdz (17b)
—h/2
h/2 )
vy = [ gs Oy (17¢)
—h/2
h/2 ,
CE (2)
A,,Bn, Dy, H,) = 1,9,¢% ¢%) ———Ld 17d
( ny Hn; ) n) / (797979 )2(1+V) z ( )
—h/2

The variation of the potential energy by the axial force Py and a vertical load ¢ is expressed by:

l
v =~ [ [Pulowiuh + w) + Suluh + w)] + aldus + 5u.)|da (18)
0



The variation of the kinetic energy is expressed by:
to
ok = / / p (Z) (11151l1 + w9019 + 113(5@3)(1th
t1 1%
!

_ / [t — mreiy! = i) + Sy [mo uiy, + 1) + g
0

+ 5wb/(_m1a + meb/ + mfzwsl) + g [mO(wb + ws) + mng]

+ 5u}s/(—mfﬂ + mfzu)b/ + mfzu}sl) + 0, [mg(wb + ws) + mg2wz]] dx (19)
where
h/2
(mg,m1,mg) = / p(1, 2, 2%)bdz (20a)
—h)2
h/2 ,
mpmgsmp) = [ ot g e (20)
h/2 )
(mgmgs) = [ pla.gPd: (20c)
—h/2

By substituting Eqs. , and into Eq. , the following weak statement is obtained:

0 = /t N /0 l [&L(mou — myy — mpwy) + Suip[mo(ty + ws) + mgw] + Sty (—matt + mowy + m )
+ 61;;5 [mo(wy + ws) + mgw.] + 0w (—mypi + mpwy +mp2as") 4 0w [mg(wy + ws) + mg21.]
—  Nyou' 4+ MESw) + MEsw! — Qu.0(w), + wl) — R,6w, + Ryyd(wy + w) — %6(111;’ —w?)
— ngé(w; — w),) + Po[dwy(wy, + w)) + dwy(wy, + w))| + q(dwy, + dws) | dadt (21)

By integrating Eq. by parts and collecting the coefficients of du, dwp, dws and dw,, the

equations of motion can be obtained:

N, = moti — mqwp’ — mpiis (22a)

MY ¢RI, — Po(wy +w!) +q = muii’ +mo(tiiy + i) — maisy”
- mp " + mgii, (22b)

S// T/
M;H + Q;Z + R/z/y - % - % - Po(w{,/ + w;') + q = mfil’ + mg(wb + 1155) - mfzwb”
—  mpis" 4 mgi, (22¢)
/ Say | Tye L i

sz - R, + 7 + 7 = mg(wb + ’LUS) + MWy (22(21)



Eq. is rewritten in term of displacements by using Eq. :

BY" —

Au" — Bwy' — Bawl' + Xw!, = moii — mi’ — myu’ (23a)
(An + D)wl’ — (A, — % + Ds)w™ — %w?’ +Yw!
—Po(w) +w!)+q = mayii’ + mo(aiiy + is) — maiiy”
= mp " + mgii, (23b)
By — (A, — % + Dwi’ — (A, — Bp + % + H)w®
A+ 0l = (5 = DRl (A, - T+ Y
—Py(wy +wl)+q = mpi' +mo(dip + s) — mpaip”
- mpis" 4 mgi, (23c)
—Xu — %wff + Ywy — (% - %)w?’ + (As — % + Y)w!
—%w?’ + (As + T’"‘)w;’ —Zw, = mg(i + Us) + mgei,  (23d)

3.2. HOBT and SSBT

By neglecting the shape function g(z) in Eq. , the following weak statement is obtained:

to l
/ / [(5@(177,071 — mlwb/ — mfws/> + 6u}bm0(u}b -+ wg) -+ (5U'Jb’(—m17l + mgwb/ + mfzu}s')
t1 0

(511337710(1[}5 + ws) + (Sws/(—mfﬂ -+ mfzwb/ + mfzws/)

S
Npou' + MPSwy + MEsw! — Quodwl + Ruyd(wy 4+ wl) — %mg —

Py [dwy(wy, + wh) + 0wl (wy + wh)] + q(0wp + dws) |dadt

where N, Mfg, M3, Quzy Ry, Szy and Ty, are defined as:

N, = / oydA = Au' — Bw, — Bsw!
A
ME = / 20,dA = Bu' — Dwj — Dsw!
A
M? = /Afadi = Bgu' — Dsw; — Hw!
Qz: = /gaxsz = Asw;
A
" " Bn "
R,y = / MaydA = —Ap(wy +wy) + - s
A

D
Sy = /AgmzydA = —Bu(wf + ) + ul

H,
T,. = /g/mysz:;w;
A

Tye 5wg
2
(24)

(25a)
(25b)
(25¢)

(25d)



Similarly, the equations of motion can be expressed:

N, = moti — mqwp’ — mpiis (26a)
MY+ RY, — Po(w) +w!) +q = maii’ + mo(aii + iis)
— Tnglﬁbll - Tnleijsl/ (26b)
1 !
M3 + Q. + Ry — =+ =5 = Po(wp +wl) +q = myil 4 mo (i + i) —m iy
- mpis” (26¢)
Eq. is rewritten in term of displacements:
Au" — Bwy' — Bswl' = moii — miwy’ — mps’ (27a)
‘ B ‘
Bu" — (A, + D)wy’ — (A, — 7" + Do)wy — Po(wy +wy) +q = myi 4+ mo(wp + is)
— maup” — mfzu'is” (27b)
" Bn v Dn v
+(As + Tn)w;' — Po(wy +wl)+q = mpii’ +mo(uip + 1is) — mpiip”
- mpis” (27¢)
3.3. FBT
By considering the shape functions f = 0,9 = 1, the following weak statement is obtained:
to l
0 = / / [5@(7710& — mlwb/) + dwpmo(wy + wWs) + 5U'Jb/(—m17l + mgwb/) + (5w5m0(wb + ws)
t1 0
R
—  Npou' 4+ MEow) — Quadwl, + Ryydw)] + %m;’
+  Py[dwp(wy, + wl) + dw)(wy, + w))| + q(dwy + 5w3)} dxdt (28)

where N, Mfc’ , Qx> and R,y are defined as:

N, = /adi:Au’—ng (29a)
A

M = / 20,dA = Bu' — Dw} (29b)
A

rz = 90z2 = AW ¢

Q dA = Agw), 29
A

1 An Z
Ry, = /AmxydA:—Anwb — 5 W (29d)

Similarly, the equations of motion can be expressed:

N;C = m()?:L — mlu'}b' (30&)

MY+ R, — Po(w +wl) +q = mo(diy + i) + myii’ — mouii” (30b)
/!

Qe + = = Po(wy +w) +q = mo(dp + i) (30¢)

2



Eq. is rewritten in term of displacements:

Au" — Bwy' = moii — miy (31a)
A
Bu”’ — (An + D)”wf,“ — angv — P[)(’w{,/ + w;’) + q = mli'c’ + mo(u')'b + IUS) — MQ’Lijb/I (31b)
A, A,
—%wff’ — anff + Aswl — Py(wy +w)+q = mo(p + ) (31c)

3.4. CBT
By neglecting shear component (ws = 0), the following weak statement is obtained:
to l
0 = / / [5d(mou — mawy') + Swpmotwy + 6wy (—mat + mowy')
t1 0
—  Npou' + MbSw] + Ryydwy) + Podwiw), + q5wb} dxdt (32)

By integrating Eq. by parts and collecting the coefficients of du and dwy, the governing

equations of motion can be obtained:

N, = mgii — miy (33a)
MY ¢RI, — Pow) +q = mou, +maii’ — motii” (33b)
where N, Mg and R, are defined as:
N, = /AdeA = Au' — Bwy (34a)
Mb = /A 20,dA = Bu' — Dw} (34b)
R,y = /AmzydA = —A,wy (34c)

Eq. can be expressed in term of displacements:

Au" — Buwy' = moii — myy (35a)
Bu" — (A, + D)w;,v _ powg +q = mqil’ + moiy, — moii” (35D)

10



4. Analytical solutions

4.1. Quasi-3D shear theories, TBT and SBT

The size-dependent behaviours are then solved using the analytical Navier approach in which

simply-supported boundary conditions are considered:

[ee]
u(z,t) = E U, cos ax e’
n=1

o0
wp(z,t) = Zan sin az e

n=1

[o.¢]
ws(z,t) = g Wy sin oz 't

n=1

o
wy(x,t) = E W, sin auz €™

n=1

(36a)

(36b)

(36¢)

(36d)

where o = nn/L and U,, Wy,, Wy, and W, are the coefficients. The transverse load ¢ is also

expanded in Fourier series for an uniform load (g,) as:

o o0
4q, . .
x :E sinar = —sinaxr with n=1,3,5,...

(37)

By substituting Eq. into Eq. , deflections, natural frequencies and buckling loads are

calculated from the following equation:

K1 Ko K3 Ky My My Mz 0
Koy — Py Koz — Py Koy 9 Moy Mz Moy
— W
K3z — Pyo®  Ksa Mss M3y
L sSyml. K44 ] i Sy1m. M44
where
Ku = Ao Kijp=-Bao®, Ki3=-Bw? Ku=-Xa
B
K22 = <An + D)Oé4; K23 = (An - 7% + Ds>a4;
D H,
K3 = (An—Bn+Tn+H)a4+(AS+T")a2;
B D H,
Ky = (G =o'+ (A= + Vo)
D H,
Ky = Tnofl + (As + Tn)on +Z
My = mo; Mg = —mia; Mz =—mysa
My = mo+mea®; Moz =mo+mpa®; Mo =my
Mss = mg+ mf2a2; M3zg =mg; My = mg2

11
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B
Koy = ?n()/l + Yr()é2
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It should be noted that TBT and SBT’s solution can be obtained by neglecting the last row and
column in Eq. (38).

4.2. FBT and CBT

Similarly, deflections, natural frequencies and buckling loads are calculated from the following

equation:
K1 Kia K3 My Mo Mis Un 0
Koy — Pya?  Kaz — Ppa? | —w? Moy Mog Wi ¢ =9 @n (40)
Sym. Ks3 — P0a2 Sym. Mss Win Qn
where
K1 = AO[Q; Ky = —Ba3; Ki3=0; Ko = (An + D)OL4; (41&)
A A
Koz = 7”044; Kss = Tno/l + ASOéQ (41b)
My = mo; M= —mie; Mg =mg+maa® Mg =my; Msz=my (41c)

Again, CBT’s solution can be obtained by neglecting the last row and column in Eq. .

5. Numerical Examples

In this session, a number of numerical examples are conducted to show the validity and accuracy
of the proposed approaches. Unless stated otherwise, simply-supported FG microbeams with two
slenderness ratio (a/h = 5,10) composed of SiC (E. = 427 GPa, p. = 3100 kg/m?, v, = 0.17) and Al
(Em = 70 GPa, p. = 2702 kg/m?, v, = 0.3) are considered. The material properties are estimated by
Mori-Tanaka scheme and classical rule of mixture. The material length scale parameter is assumed to
be | = 15um ([I8, 19]). The shear correction factor is taken as 5/6 for FBT. The dimensionless terms

are defined in this paper as:

100E,,h* a h  a h a
uz = 12(]#“3(57 ); Tz = %7@090(5’2)352 = %7@0,2(572%5172 = —0..(0,2) (42a)
a® [pm
w = — ) = 42b
w w W\ E. (42Db)

— 12a>  [pm
Pcr = Pcrm E7m (42C)

12



5.1. Verification

Since there is no published data using quasi-3D theories for FG microbeams, the verification is
firstly carried out for Al/Al;O3 beams (a/h = 5) without size effect (Al: E,, = 7T0GPa, v, = 0.3, p, =
2702kg/m?® and Al,O3: E. = 380GPa,v. = 0.3,p. = 3960kg/m?). The deflections, fundamental
frequencies and critical buckling loads are computed and given in Table [I] along with previous results.
It can be seen that the obtained results are very close with those from ([28, 29]), which demonstrates
the validation of the present theory.

In order to verify further, Tables show the deflections, fundamental frequencies of SiC/Al
microbeams and critical buckling loads of Alo03/SUS304 microbeams (AlyO3: E. = 390 GPa, p. =
3960 kg/m?3, v. = 0.3; SUS304: E,, = 210 GPa, p. = 8166 kg/m?, v. = 0.3177), respectively. The
results are calculated with four dimensionless material length scale parameters (h/l = 1,2,4,8) from
two types of constitute relations to verify and investigate the Poisson’s effect. The first one includes
this effect by using elastic constants extracted from 3D model ([26] 39]) (Cy; = [ B[l —v(z)]

@M=

Cil3 = % for all theories ), whereas, the second one ignores it by using those from 1D model

(Eq. @ for quasi-3D theories and Eq. for others). It can be seen that the results are in excellent

and

agreement with those from previous papers (|26 27]) for CBT, FBT, TBT and SBT with two sets
of constitute relations. As expected, the results from TBT, SBT and quasi-3D theories lie between
those from CBT and FBT. Due to decrement of beam’s stiffness, the inclusion of Poisson’s effect
leads to decrease deflections and increase natural frequencies and buckling loads. This effect increases
with the increase of power-law index and decrease of material length scale parameter. Besides, due
to thickess stretching effect, it is less pronounced for quasi-3D theories than others. For example,
with p = 10, the relative difference between the deflections of two constitute relations using TBT is
5.28%,24.45%, 25.90%, whereas, it is 1.75%, 8.66%, 9.21% using quasi-3D (TBT) for h/l = 1,8 and
[ = 0, respectively (Table . It is worth noting that, the exclusion of Poisson’s effect provides better
agreement with those from experiments [40)]. Therefore, in the following examples, the numerical

results are computed without this effect.

5.2. Parameter study

In this section, effects of material length scale parameter, power-law index and slenderness ratio on
bending, vibration and buckling responses of FG microbeams are investigated. Tables present the
deflections and stresses of SiC/Al microbeams under uniform loads. Since the results between TBT
and SBT as well as between quasi-3D (TBT) and quasi-3D (SBT) theory are nearly similar, all figures

are presented for TBT and quasi-3D (TBT) only. The variation of deflection versus material length
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scale parameter and distribution of stresses through the depth for p = 1 and p = 10 are plotted in
Figs. It is clear that the results by classical model (I = 0) are always higher than those obtained
by size-dependent one (I # 0). For the same power-law index, Mori-Tanaka scheme always provides
higher results than classical rule of mixture does. Due to very strong size effect (h/l = 1), very small
deflections and stresses are obtained. As the size effect decreases, deflections increase with the increase
power-law index and finally approach those from classical model as h/l = 20 (Fig. . Although TBT
and quasi-3D (TBT) give the same axial stress, there is slightly difference in shear stress (Fig. . It is
due to the fact that quasi-3D theory includes the thickness stretching effect. This effect, which cannot
observed in FBT and TBT, is highlighted in Fig. Significant difference in these two estimation
material models can be seen in stress distribution.

The fundamental frequencies and critical buckling loads of SiC/Al and Al,O3/SUS304 microbeams
are presented in Tables Since classical model cannot capture size effect, its results are differ
significantly with those from the proposed model. It is interesting to see that for classical model, due to
ignoring the thickness stretching effect, the results from FBT, TBT and SBT are slightly underestimate
when comparing with those from quasi-3D theories. However, when size effect is incorporated, this
tendency is different and depends on size effect. For example, when this effect is strong (h/l = 1),
fundamental frequencies from quasi-3D theories are slightly lower than those from TBT and SBT
(Tables |§| and . The effect of length scale parameter on the frequencies and buckling loads of micro
FG beams is sketched on Figs. [fand [6] It can be seen again that when beam’s depth is very small at

micron scale, this effect is significant, but become negligible as beam’s depth increases.

6. Conclusions

The mechanical behaviours of the functionally graded beams based on the modified couple stress
theory is fully presented in this study. While the displacement fields of beams are governed by the
unified framework which covers various beam theories, the modified couple stress theory efficiently
captures the size-dependent effects of the small-scale beams. The numerical examples of the bending,
vibration and buckling behaviours of microbeams sufficiently prove the validity and accuracy of the
proposed approach. These solutions also reveal that the increase of material length scale ratio leads
to the growth in beams’ stiffness. Consequently, there is a decrease in displacements, stresses as well

as an increase in natural frequency and critical buckling load of microbeams.
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Table 1: Dimensionless deflections, fundamental frequencies and critical buckling load of AlyO3/Al beams (a/h = 5)

Response Theory P
0 0.5 1 2 5 10
Deflection Vo et al. [29](Quasi-3D TBT) 3.1397 - 6.1334  7.8598  9.6030  10.7572
Present (Quasi-3D TBT) 3.1397  4.7631  6.1338  7.8606  9.6037  10.7578
Present (Quasi-3D SBT) 3.1342 47559  6.1237  7.8457  9.5982  10.7513
Fundamental ~ Vo et al. [28] (Quasi-3D TBT) 5.1618 4.4240 4.0079 3.6442 3.4133  3.2903
frequency Present (Quasi-3D TBT) 5.1616  4.4312  4.0238  3.6689  3.4364  3.3039
Present (Quasi-3D SBT) 5.1665  4.8238  4.4347  4.0271  3.6723  3.4374
Buckling load Vo et al. [2§] (Quasi-3D TBT) 49.5901 32.5867 25.2116 19.6124 16.0842 14.4116
Ve = Uy = 0.23  Present (Quasi-3D TBT) 49.6154 32.6041 25.2248 19.6219 16.0910 14.4177
Present (Quasi-3D SBT) 49.6378 32.6097 25.2306 19.6284 16.0833 14.4172
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Table 2: Dimensionless deflection of SiC/Al microbeams under uniform load (a/h = 10)

h/l Theory Reference With Poisson effect Without Poisson effect
p=03 1 3 10 p=03 1 3 10
1 CBT Present 0.0566  0.0860 0.1263 0.1699 0.0578 0.0888 0.1320 0.1791
Ref. [26]  0.0565 0.0859 0.1262 0.1698 - - - -
FBT Present 0.0592  0.0902 0.1331 0.1798 0.0604 0.0928 0.1384 0.1884
Ref. [26]  0.0592  0.0902 0.1330 0.1797 - - - -
TBT Present 0.0571  0.0868 0.1273 0.1715 0.0584 0.0895 0.1330 0.1806
Ref. [26] 0.0571 0.0867 0.1273 0.1715 - - - -
SBT Present 0.0571  0.0868 0.1274 0.1716 0.0584 0.0895 0.1330 0.1807
Ref. [26] 0.0571 0.0867 0.1273 0.1716 - - - -
Quasi-3D TBT Present 0.0579  0.0882 0.1304 0.1776 0.0584 0.0894 0.1328 0.1807
Quasi-3D SBT  Present 0.0579  0.0884 0.1309 0.1787 0.0584 0.0894 0.1328 0.1809
2 CBT Present 0.1496  0.2228 0.3069 0.3939 0.1587 0.2426 0.3431 0.4473
Ref. [26] 0.1496 0.2227 0.3068 0.3939 - - - -
FBT Present 0.1538 0.2293 0.3176 0.4095 0.1627  0.2488 0.3530 0.4618
Ref. [26] 0.1537 0.2292 0.3175 0.4095 - - - -
TBT Present 0.1519  0.2261 0.3121 0.4017 0.1608  0.2457 0.3478 0.4543
Ref. [26] 0.1518 0.2261 0.3121 0.4017 - - - -
SBT Present 0.1519  0.2261 0.3123 0.4020 0.1608  0.2457 0.3479 0.4545
Ref. [26] 0.1518 0.2261 0.3123 0.4019 - - - -
Quasi-3D TBT Present 0.1565  0.2347 0.3291 0.4333 0.1603  0.2437 0.3447 0.4530
Quasi-3D SBT  Present 0.1569  0.2357 0.3318 0.4387 0.1603  0.2437 0.3450 0.4535
4 CBT Present 0.2543  0.3698 0.4777 0.5876 0.2817  0.4280 0.5715 0.7150
Ref. [26] 0.2542 0.3698 0.4776 0.5876 - - - -
FBT Present 0.2604 0.3794 0.4929 0.6093 0.2877  0.4372 0.5861 0.7359
Ref. [26] 0.2603 0.3794 0.4928 0.6093 - - - -
TBT Present 0.2594 0.3781 0.4914 0.6067 0.2866  0.4358 0.5844 0.7330
Ref. [26] 0.2593 0.3780 0.4913 0.6067 - - - -
SBT Present 0.2594  0.3781 0.4916 0.6069 0.2866  0.4359 0.5846 0.7332
Ref. [26] 0.2593 0.3781 0.4916 0.6069 - - - -
Quasi-3D TBT Present 0.2726  0.4014 0.5322 0.6777 0.2845 0.4287 0.5745 0.7275
Quasi-3D SBT  Present 0.2737  0.4042 0.5390 0.6904 0.2845 0.4287 0.5751 0.7284
8 CBT Present 0.3082 0.4429 0.5548 0.6700 0.3494  0.5291 0.6856 0.8408
Ref. [26] 0.3081 0.4429 0.5548 0.6700 - - - -
FBT Present 0.3155  0.4543 0.5724 0.6946 0.3566  0.5402 0.7029 0.8651
Ref. [26] 0.3154 0.4542 0.5723 0.6946 - - - -
TBT Present 0.3152  0.4545 0.5744 0.6962 0.3563  0.5404 0.7046 0.8664
Ref. [26] 0.3150 0.4545 0.5743 0.6962 - - - -
SBT Present 0.3152  0.4546 0.5746 0.6963 0.3563  0.5404 0.7048 0.8665
Ref. [26] 0.3150 0.4545 0.5745 0.6963 - - - -
Quasi-3D TBT Present 0.3346  0.4882 0.6297 0.7894 0.3529  0.5291 0.6897 0.8578
Quasi-3D SBT  Present 0.3363  0.4923 0.6389 0.8062 0.3528  0.5292 0.6904 0.8587
Classical CBT Present 0.3316  0.4742 0.5864 0.7028 0.3796  0.5739 0.7341 0.8929
(l=0) Ref. [26] 0.3315 0.4741 0.5864 0.7028 - - - -
FBT Present 0.3394 0.4863 0.6050 0.7286 0.3875 0.5860 0.7527 0.9187
Ref. [26] 0.3393 0.4862 0.6049 0.7286 - - - -
TBT Present 0.3395 0.4874 0.6088 0.7324 0.3875 0.5871 0.7563 0.9221
Ref. [26] 0.3394 0.4874 0.6087 0.7324 - - - -
SBT Present 0.3395 0.4874 0.6089 0.7323 0.3875 0.5871 0.7564 0.9220
Ref. [26] 0.3394 0.4874 0.6089 0.7323 - - - -
Quasi-3D TBT Present 0.3619  0.5258 0.6704 0.8350 0.3833 0.5736 0.7389 0.9119
Quasi-3D SBT  Present 0.3638  0.5305 0.6807 0.8537 0.3833 0.5737 0.7395 0.9129
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Table 3: Dimensionless fundamental frequencies of SiC/Al microbeams (a/h = 10)

h/l Theory Reference With Poisson effect Without Poisson effect
p=03 1 3 10 p=03 1 3 10
1 CBT Present 12.9001 10.6483 8.9420 7.8015 12.7586 10.4765 8.7436 7.5970
Ref. [26] 12.9004 10.6483 8.9420 7.8011 - - - -
FBT Present 12.6055 10.3983 8.7111 7.5840 12.4821 10.2486 8.5396 7.4084
Ref. [26] 12.6058 10.3982 8.7110 7.5835 - - - -
TBT Present 12.8333 10.6010 8.9049 7.7644 12.6967 10.4344 8.7121 7.5663
Ref. [26] 12.8337 10.6009 8.9048 7.7640 - - - -
SBT Present 12.8394 10.6099 8.9109 7.7649 12.6974 10.4340 8.7110 7.5647
Ref. [26] 12.8344 10.6004 8.9034 7.7620 - - - -
Quasi-3D TBT  Present 12.7422  10.5093 8.7936 7.6236 12.6894 10.4388 8.7161 7.5587
Quasi-3D SBT  Present 12.7371 10.5001 8.7775 7.6019 12.6906 10.4383 8.7140 7.5559
2 CBT Present 7.9303 6.6160  5.7362 5.1234 7.6991  6.3380  5.4239 4.8071
Ref. [26] 7.9307 6.6159 5.7362 5.1231 - - - -
FBT Present 7.8229  6.5211  5.6383 5.0240 7.6052  6.2598  5.3470 4.7308
Ref. [26] 7.8233 6.5211 5.6383 5.0237 - - - -
TBT Present 7.8718  6.5671  5.6877 5.0734 7.6486  6.2988  5.3872 4.7702
Ref. [26] 7.8722 6.5670 5.6876 5.0731 - - - -
SBT Present 7.8811  6.5838  5.7017 5.0768 7.6489  6.2985  5.3862 4.7690
Ref. [26] 7.8725  6.5666  5.6861 5.0713 - - - -
Quasi-3D TBT Present 7.7504  6.4429  5.5363 4.8816 7.6582  6.3231  5.4091 4.7749
Quasi-3D SBT  Present 7.7418  6.4294  5.5137 4.8513 7.6590  6.3227  5.4072 4.7724
4 CBT Present 6.0835  5.1348  4.5978 4.1947 5.7793  4.7722 4.2025 3.8022
Ref. [26] 6.0840 5.1348  4.5978 4.1945 - - - -
FBT Present 6.0110  5.0692  4.5257 4.1186 5.7188  4.7214  4.1494 3.7474
Ref. [26] 6.0115 5.0692 4.5256 4.1184 - - - -
TBT Present 6.0231  5.0784  4.5327 4.1278 5.7292  4.7292  4.1556 3.7550
Ref. [26] 6.0236  5.0783  4.5327 4.1276 - - - -
SBT Present 6.0354  5.1025  4.5559 4.1349 5.7293  4.7290  4.1548 3.7544
Ref. [26] 6.0237 5.0780 4.5316 4.1267 - - - -
Quasi-3D TBT Present 5.8726  4.9262  4.3533 3.9029 5.7486  4.7672  4.1898 3.7676
Quasi-3D SBT  Present 5.8612  4.9093  4.3262 3.8672 5.7494  4.7669  4.1881 3.7655
8 CBT Present 5.5262  4.6920 4.2660 3.9284 5.1895  4.2923  3.8368 3.5063
Ref. [26] 5.5267 4.6920 4.2659 3.9282 - - - -
FBT Present 5.4612  4.6328 4.1996 3.8575 5.1361  4.2474  3.7889 3.4562
Ref. [26] 5.4617  4.6327  4.1995 3.8573 - - - -
TBT Present 54640 4.6314  4.1922 3.8531 5.1385  4.2468  3.7842 3.4537
Ref. [26] 5.4646  4.6313  4.1922 3.8528 - - - -
SBT Present 54776  4.6591  4.2201 3.8622 5.1386  4.2466  3.7838 3.4536
Ref. [26] 5.4645 4.6311  4.1915 3.8526 - - - -
Quasi-3D TBT Present 5.3001  4.4671  4.0022 3.6163 5.1619  4.2908  3.8238 3.4696
Quasi-3D SBT  Present 5.2875  4.4487  3.9734 3.5785 5.1627  4.2906  3.8223 3.4678
Classical CBT Present 5.3275  4.5348  4.1495 3.8355 49788  4.1211  3.7078 3.4026
(1=0) Ref. [26] 5.3280 4.5348  4.1494 3.8353 - - - -
FBT Present 5.2648  4.4776  4.0849 3.7663 49276  4.0780  3.6615 3.3540
Ref. [26] 5.2654  4.4775  4.0848 3.7661 - - - -
TBT Present 5.2644  4.4724  4.0720 3.7566 49273  4.0744  3.6527 3.3477
Ref. [26] 5.2649 4.4723  4.0719 3.7564 - - - -
SBT Present 5.2786  4.5016  4.1019 3.7666 49273  4.0743  3.6524 3.3478
Ref. [26] 5.2650  4.4722  4.0715 3.7565 - - - -
Quasi-3D TBT Present 5.0964 4.3042  3.8787 3.5160 4.9523  4.1209  3.6944 3.3649
Quasi-3D SBT  Present 5.0832  4.2852  3.8493 3.4775 4.9531  4.1207  3.6930 3.3633
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Table 4: Dimensionless critical buckling loads of AloO3/SUS304 microbeams (a/h = 10)

h/l Theory Reference With Poisson effect Without Poisson effect
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT Present 109.2706 88.8923 80.9467 63.6997 102.9259 83.5272 75.8559 59.1987
Ref. 27 - - - - 102.9258 83.5292 75.8558 59.1987
FBT Present 107.7255 90.5034 82.4063 63.5569 101.6569 82.5099 74.9253 58.4445
Ref. 27] - - - - 101.7143 82.5580 74.9674 58.4786
TBT Present 108.9131 91.4867 83.3159 64.3237 102.6399 83.2946 75.6501 59.0435
Ref. 27] - - - - 102.6398 83.2967 75.6500 59.0434
SBT Present 108.9158 91.4901 83.3179 64.3218 102.6425 83.2973 75.6516 59.0425
Ref. 27] - - - - 102.6425 83.2994 75.6516 59.0424
Quasi-3D TBT Present 104.4661 87.6181 79.7097 61.0582 102.6622 86.0353 78.2045 59.7993
Quasi-3D SBT  Present 104.1111 87.3333 79.4222 60.7151 102.6911 86.0600 78.2260 59.8125
2 CBT Present 45.8232  37.1353 34.0872 27.7156 39.4784  31.7701 28.9964 23.2146
Ref. 27] - - - - 39.4784  31.7713 28.9963 23.2146
FBT Present 45.3928  37.9704 34.7503 27.8442 39.1884  31.5421 28.7854 23.0333
Ref. 27] - - - - 39.2016  31.5537 28.7950 23.0415
TBT Present 45.5832  38.1262 34.8962 27.9781 39.3205  31.6455 28.8823 23.1189
Ref. 27) - - - - 39.3205  31.6467 28.8823 23.1188
SBT Present 45.5840  38.1273 34.8968 27.9770 39.3213  31.6463 28.8828 23.1185
Ref. 27 - - - - 39.3213  31.6475 28.8276 23.1184
Quasi-3D TBT Present 41.1488  34.2661 31.2999 24.7285 39.3449  32.6832 29.7946 23.4698
Quasi-3D SBT  Present 40.7918  33.9789 31.0108 24.3864 39.3719  32.7058 29.8147 23.4835
4 CBT Present 29.9613  24.1960 22.3724 18.7196 23.6166  18.8309 17.2815 14.2186
Ref. 27 - - - - 23.6165  18.8318 17.2815 14.2185
FBT Present 29.7025  24.7468 22.7544 18.8547 23.4637  18.7124 17.1709 14.1195
Ref. 27 - - - - 23.4706  18.7187 17.1759 14.1239
TBT Present 29.7443  24.7818 22.7864 18.8821 23.4897  18.7328 17.1896 14.1356
Ref. 27) - - - - 23.4896  18.7337 17.1895 14.1355
SBT Present 20.7447  24.7822 22.7867 18.8817 23.4900  18.7331 17.1897 14.1355
Ref. 27] - - - - 23.4900  18.7340 17.1897 14.1354
Quasi-3D TBT Present 25.3195  20.9280 19.1974 15.6454 23.5156  19.3452 17.6922 14.3868
Quasi-3D SBT  Present 24.9619  20.6401 18.9079 15.3040 23.5421  19.3672 17.7119 14.4008
8 CBT Present 25.9958  20.9612 19.4436 16.4706 19.6511  15.5960 14.3528 11.9696
Ref. 27) - - - - 19.6510  15.5969 14.3528 11.9695
FBT Present 25.7731  21.4352 19.7502 16.6035 19.5257  15.4994 14.2623 11.8872
Ref. [27) - - - - 19.5314  15.5047 14.2664 11.8909
TBT Present 25.7833  21.4448 19.7579 16.6058 19.5318  15.5045 14.2662 11.8892
Ref. 27] - - - - 19.5317  15.5053 14.2661 11.8892
SBT Present 25.7836  21.4451 19.7582 16.6059 19.5320  15.5046 14.2663 11.8893
Ref. 27 - - - - 19.5319  15.5055 14.2662 11.8892
Quasi-3D TBT Present 21.3621  17.5935 16.1718 13.3745 19.5583  16.0106 14.6665 12.1160
Quasi-3D SBT  Present 21.0045  17.3053 15.8822 13.0333 19.5847  16.0325 14.6862 12.1300
Classical CBT Present 24.6825  19.8898 18.4736 15.7257 18.3293  14.5178 13.3766 11.2199
(1=0) Ref. [27] - - - - 18.3292  14.5186 13.3765 11.2198
FBT Present 24.4711  20.3379 18.7548 15.8575 18.2208  14.4348 13.2985 11.1475
Ref. 27 - - - - 18.2177  14.4329 13.2961 11.1462
TBT Present 24.4712  20.3395 18.7547 15.8516 18.2209  14.4352 13.2979 11.1452
Ref. 27] - - - - 18.2124  14.4292 13.2916 11.1403
SBT Present 24.4715  20.3397 18.7550 15.8518 18.2211  14.4354 13.2980 11.1453
Ref. 27 - - - - 18.2126  14.4293 13.2917 11.1405
Quasi-3D TBT Present 20.0515  16.4891 15.1697 12.6223 18.2476  14.9062 13.6645 11.3638
Quasi-3D SBT  Present 19.6937  16.2009 14.8801 12.2813 18.2739  14.9281 13.6841 11.3779
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Table 5: Dimensionless deflections of SiC/Al microbeams under uniform load (a/h = 5)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 0.0348 0.0685 0.0888 0.1791 0.0348 0.0504 0.0638 0.1512
FBT 0.0412 0.0806 0.1047 0.2156 0.0412 0.0594 0.0748 0.1816
TBT 0.0363 0.0710 0.0917 0.1849 0.0363 0.0525 0.0662 0.1555
SBT 0.0362 0.0710 0.0917 0.1852 0.0362 0.0525 0.0661 0.1557
Quasi-3D TBT 0.0364 0.0712 0.0920 0.1865 0.0364 0.0527 0.0663 0.1565
Quasi-3D SBT  0.0364 0.0713 0.0920 0.1870 0.0364 0.0527 0.0663 0.1569
2 CBT 0.0935 0.1886 0.2426 0.4473 0.0935 0.1390 0.1781 0.3804
FBT 0.1034 0.2070 0.2669 0.5048 0.1034 0.1525 0.1948 0.4283
TBT 0.0988 0.1982 0.2547 0.4748 0.0988 0.1464 0.1870 0.4026
SBT 0.0988 0.1981 0.2548 0.4757 0.0988 0.1463 0.1869 0.4035
Quasi-3D TBT 0.0990 0.1975 0.2534 0.4759 0.0990 0.1461 0.1861 0.4021
Quasi-3D SBT  0.0989 0.1975 0.2535 0.4771 0.0989 0.1461 0.1861 0.4034
4 CBT 0.1616 0.3356 0.4280 0.7150 0.1616 0.2475 0.3229 0.6127
FBT 0.1764 0.3636 0.4647 0.7983 0.1764 0.2681 0.3485 0.6823
TBT 0.1738 0.3588 0.4590 0.7864 0.1738 0.2644 0.3439 0.6753
SBT 0.1737 0.3588 0.4591 0.7873 0.1737 0.2643 0.3439 0.6766
Quasi-3D TBT 0.1734 0.3546 0.4516 0.7809 0.1734 0.2623 0.3391 0.6670
Quasi-3D SBT  0.1734 0.3546 0.4518 0.7822 0.1734 0.2622 0.3391 0.6689
8 CBT 0.1976 0.4169 0.5291 0.8408 0.1976 0.3076 0.4053 0.7231
FBT 0.2154 0.4511 0.5737 0.9380 0.2154 0.3328 0.4367 0.8045
TBT 0.2145 0.4501 0.5743 0.9428 0.2145 0.3312 0.4353 0.8161
SBT 0.2144 0.4501 0.5744 0.9430 0.2144 0.3312 0.4352 0.8170
Quasi-3D TBT 0.2136 0.4426 0.5615 0.9313 0.2136 0.3274 0.4269 0.8010
Quasi-3D SBT  0.2136 0.4426 0.5617 0.9322 0.2136 0.3274 0.4269 0.8026
Classical CBT 0.2133 0.4532 0.5739 0.8929 0.2133 0.3345 0.4427 0.7690
(1=0) FBT 0.2325 0.4904 0.6223 0.9961 0.2325 0.3619 0.4770 0.8556
TBT 0.2325 0.4915 0.6264 1.0097 0.2325 0.3615 0.4772 0.8773
SBT 0.2325 0.4915 0.6265 1.0094 0.2325 0.3614 0.4772 0.8778
Quasi-3D TBT 0.2314 0.4822 0.6108 0.9950 0.2314 0.3568 0.4669 0.8585
Quasi-3D SBT 0.2313 0.4823 0.6109 0.9956 0.2313 0.3567 0.4670 0.8599
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Table 6: Dimensionless deflections of SiC/Al microbeams under uniform load (a/h = 10)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 0.0348 0.0685 0.0888 0.1791 0.0348 0.0504 0.0638 0.1512
FBT 0.0364 0.0716 0.0928 0.1884 0.0364 0.0527 0.0666 0.1589
TBT 0.0352  0.0691 0.0895 0.1806 0.0352 0.0510 0.0644 0.1523
SBT 0.0352  0.0691 0.0895 0.1807 0.0352 0.0510 0.0644 0.1523
Quasi-3D TBT 0.0352 0.0691 0.0894 0.1807 0.0352  0.0510 0.0643 0.1521
Quasi-3D SBT  0.0352 0.0691 0.0894 0.1809 0.0352 0.0510 0.0643 0.1522
2 CBT 0.0935 0.1886 0.2426 0.4473 0.0935 0.1390 0.1781 0.3804
FBT 0.0960 0.1932 0.2488 0.4618 0.0960 0.1424 0.1823 0.3925
TBT 0.0949 0.1910 0.2457 0.4543 0.0949 0.1408 0.1804 0.3860
SBT 0.0949 0.1910 0.2457 0.4545 0.0949 0.1408 0.1803 0.3863
Quasi-3D TBT 0.0949 0.1900 0.2437 0.4530 0.0949 0.1404 0.1792 0.3833
Quasi-3D SBT  0.0949 0.1900 0.2437 0.4535 0.0949 0.1404 0.1792 0.3838
4 CBT 0.1616 0.3356 0.4280 0.7150 0.1616 0.2475 0.3229 0.6127
FBT 0.1653 0.3426 0.4372 0.7359 0.1653 0.2527 0.3293 0.6302
TBT 0.1647 0.3414 0.4358 0.7330 0.1647 0.2518 0.3282 0.6285
SBT 0.1647 0.3414 0.4359 0.7332 0.1647 0.2517 0.3282 0.6288
Quasi-3D TBT 0.1646 0.3376 0.4287 0.7275 0.1646 0.2502 0.3239 0.6196
Quasi-3D SBT  0.1646 0.3376 0.4287 0.7284 0.1646 0.2501 0.3239 0.6206
8 CBT 0.1976 0.4169 0.5291 0.8408 0.1976 0.3076 0.4053 0.7231
FBT 0.2021 0.4254 0.5402 0.8651 0.2021 0.3139 0.4132 0.7435
TBT 0.2018 0.4252 0.5404 0.8664 0.2018 0.3135 0.4128 0.7464
SBT 0.2018 0.4252 0.5404 0.8665 0.2018 0.3135 0.4128 0.7467
Quasi-3D TBT 0.2016 0.4190 0.5291 0.8578 0.2016 0.3109 0.4058 0.7332
Quasi-3D SBT  0.2016 0.4190 0.5292 0.8587 0.2016 0.3108 0.4058 0.7343
Classical CBT 0.2133 0.4532 0.5739 0.8929 0.2133 0.3345 0.4427 0.7690
(1=0) FBT 0.2181 0.4625 0.5860 0.9187 0.2181 0.3413 0.4513 0.7906
TBT 0.2181 0.4628 0.5871 0.9221 0.2181 0.3412 0.4513 0.7961
SBT 0.2181 0.4628 0.5871 0.9220 0.2181 0.3412 0.4513 0.7962
Quasi-3D TBT 0.2179 0.4554 0.5736 0.9119 0.2179 0.3381 0.4429 0.7807
Quasi-3D SBT 0.2178 0.4554 0.5737 0.9129 0.2178 0.3380 0.4429 0.7818
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Table 7: Dimensionless axial stress o4 (a/2,h/2) of SiC/Al microbeams under uniform load (a/h = 5)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 05 1 10
1 CBT 0.6119 0.9204 1.1128 2.6143 0.6119 0.7493 0.8520 1.9549
FBT 0.5436 0.8187 0.9895 2.3130 0.5436 0.6665 0.7584 1.7304
TBT 0.5987 0.9039 1.0941 2.5638 0.5987 0.7345 0.8367 1.9205
SBT 0.5990 0.9043 1.0942 2.5613 0.5990 0.7351 0.8372 1.9185
Quasi-3D TBT 0.6001 0.9082 1.1014 2.5431 0.6001 0.7367 0.8422 1.9205
Quasi-3D SBT 0.6031 0.9145 1.1092 2.5593 0.6031 0.7417 0.8481 1.9326
2 CBT 1.6433 2.5336 3.0407 6.5295 1.6433 2.0639 2.3801 4.9192
FBT 1.5865 2.4475 2.9369 6.2943 1.5865 1.9938 2.3001 4.7428
TBT 1.6245 2.5114 3.0142 6.4505 1.6245 2.0448 2.3601 4.8630
SBT 1.6255 2.5130 3.0158 6.4506 1.6255 2.0463 2.3618 4.8625
Quasi-3D TBT 1.6284 2.5137 3.0187 6.3948 1.6284 2.0447 2.3634 4.8485
Quasi-3D SBT 1.6365 2.5314 3.0408 6.4414 1.6284 2.0447 2.3634 4.8485
4 CBT 2.8398 4.5094 5.3636 10.4371 2.8398 3.6764 4.3150 7.9226
FBT 2.8099 4.4623 5.3075 10.3243 2.8099 3.6381 4.2702 7.8372
TBT 2.8450 4.5277 5.3876 10.4667 2.8450 3.6891 4.3319 7.9555
SBT 2.8470 4.5315 5.3925 10.4753 2.8470 3.6919 4.3354 7.9630
Quasi-3D TBT 2.8479 4.5034 5.3519 10.3383 2.8479 3.6718 4.3053 7.8851
Quasi-3D SBT  2.8620 4.5354 5.3920 10.4199 2.8620 3.6970 4.3367 7.9491
8 CBT 3.4718 5.6014 6.6299 12.2733 3.4718 4.5689 5.4156 9.3497
FBT 3.4618 5.5853 6.6108 12.2376 3.4618 4.5557 5.4000 9.3225
TBT 3.5037 5.6662 6.7142 12.4263 3.5037 4.6164 5.4752 9.4918
SBT 3.5064 5.6714 6.7211 12.4384 3.5064 4.6202 5.4800 9.5034
Quasi-3D TBT 3.5036 5.6138 6.6361 12.2402 3.5036 4.5821 5.4167 9.3708
Quasi-3D SBT  3.5208 5.6540 6.6860 12.3379 3.5208 4.6135 5.4565 9.4487
Classical CBT 3.7500 6.0933 7.1962 13.0379 3.7500 4.9711 5.9188 9.9470
(1=0) FBT 3.7500 6.0933 7.1962 13.0379 3.7500 4.9711 5.9188 9.9470
TBT 3.7968 6.1847 7.3155 13.2591 3.7968 5.0383 6.0031 10.1515
SBT 3.7998 6.1906 7.3234 13.2719 3.7998 5.0427 6.0086 10.1642
Quasi-3D TBT 3.7947 6.1164 7.2134 13.0431 3.7947 4.9945 5.9263 10.0034
Quasi-3D SBT  3.8133 6.1602 7.2677 13.1470 3.8133 5.0287 5.9701 10.0866
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Table 8: Dimensionless shear stress o..(0,0) of SiC/Al microbeams under uniform load (a/h = 5)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 FBT 0.3181 0.2948 0.2612 0.2583 0.3181 0.3296 0.3104 0.2173
TBT 0.1019 0.0896 0.0727 0.0656 0.1019 0.1091 0.0977 0.0506
SBT 0.1049 0.0929 0.0766 0.0719 0.1049 0.1114 0.1007 0.0559
Quasi-3D TBT 0.1064 0.0959 0.0798 0.0773 0.1064 0.1146 0.1036 0.0602
Quasi-3D SBT  0.1095 0.0995 0.0840 0.0840 0.1095 0.1173 0.1069 0.0660
2 FBT 0.4002 0.3683 0.3271 0.3303 0.4002 0.4118 0.3862 0.2774
TBT 0.2868 0.2600 0.2258 0.2225 0.2868 0.2972 0.2744 0.1842
SBT 0.2955 0.2693 0.2365 0.2386 0.2955 0.3047 0.2829 0.1996
Quasi-3D TBT 0.2926 0.2698 0.2370 0.2393 0.2926 0.3057 0.2840 0.1990
Quasi-3D SBT  0.3014 0.2793 0.2479 0.2555 0.2926 0.3057 0.2840 0.1990
4 FBT 0.5020 0.4641 0.4116 0.4085 0.5020 0.5190 0.4878 0.3436
TBT 0.5242 0.4922 0.4500 0.4584 0.5242 0.5361 0.5098 0.4066
SBT 0.5402 0.5088 0.4681 0.4808 0.5402 0.5512 0.5256 0.4304
Quasi-3D TBT 0.5240 0.4959 0.4552 0.4664 0.5240 0.5383 0.5136 0.4143
Quasi-3D SBT  0.5398 0.5123 0.4731 0.4881 0.5398 0.5534 0.5293 0.4377
8 FBT 0.5625 0.5231 0.4631 0.4508 0.5625 0.5850 0.5519 0.3798
TBT 0.6643 0.6357 0.5932 0.6060 0.6643 0.6790 0.6553 0.5562
SBT 0.6845 0.6564 0.6151 0.6286 0.6845 0.6988 0.6755 0.5815
Quasi-3D TBT 0.6582 0.6317 0.5906 0.6045 0.6582 0.6737 0.6513 0.5553
Quasi-3D SBT  0.6779 0.6520 0.6120 0.6262 0.6779 0.6931 0.6710 0.5798
Classical FBT 0.5976 0.5576 0.4931 0.4752 0.5976 0.6237 0.5896 0.4006
(1=0) TBT 0.7341 0.7084 0.6667 0.6802 0.7341 0.7508 0.7295 0.6343
SBT 0.7558 0.7309 0.6899 0.7019 0.7558 0.7725 0.7514 0.6591
Quasi-3D TBT 0.7240 0.6993 0.6589 0.6730 0.7240 0.7403 0.7199 0.6281
Quasi-3D SBT  0.7451 0.7211 0.6814 0.6936 0.7451 0.7613 0.7412 0.6521
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Table 9: Dimensionless fundamental frequencies of SiC/Al microbeams (a/h = 5)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 16.0020 11.6321 10.3181 7.4958 16.0020 13.5770 12.1927 8.1401
FBT 14.7917 10.7926 9.5724  6.8775 14.7917 12.5885 11.3293 7.4837
TBT 15.7140 11.4489 10.1757 7.3899 15.7140 13.3318 11.9948 8.0425
SBT 15.7174 11.4501 10.1748 7.3849 15.7174 13.3364 11.9971 8.0375
Quasi-3D TBT 15.6249 11.3964 10.1345 7.3354 15.6249 13.2627 11.9444 7.9967
Quasi-3D SBT  15.6304 11.3984 10.1336 7.3285 15.6304 13.2692 11.9477 7.9887
2 CBT 9.7649  7.0135 6.2452  4.7439 9.7649  8.1817  7.2974  5.1338
FBT 9.3153  6.7150 59757  4.4815 9.3153  7.8316  6.9992  4.8579
TBT 9.5175  6.8550  6.1087  4.6144 9.5175  7.9867 7.1369  5.0026
SBT 9.5191  6.8554  6.1078  4.6104 9.5191  7.9888  7.1380  4.9975
Quasi-3D TBT 9.4917  6.8550  6.1160  4.5998 9.4917  7.9776  7.1420  4.9979
Quasi-3D SBT  9.4950 6.8561  6.1154  4.5952 9.4950  7.9809  7.1435  4.9913
4 CBT 7.4281  5.2575  4.7027  3.7523 7.4281  6.1304  5.4202  4.0457
FBT 7.1237  5.0613  4.5236  3.5599 7.1237  5.9008  5.2281  3.8445
TBT 7.1753  5.0937  4.5509  3.5864 7.1753  5.9407 5.2614  3.8645
SBT 7.1761  5.0938  4.5503  3.5846 7.1761  5.9416  5.2619  3.8610
Quasi-3D TBT 7.1713  5.1170  4.5826  3.5927 71713 5.9547  5.2913  3.8833
Quasi-3D SBT  7.1738  5.1179  4.5823  3.5902 7.1738  5.9568  5.2922  3.8786
8 CBT 6.7181  4.7173  4.2300  3.4603 6.7181  5.4993  4.8382  3.7243
FBT 6.4448  4.5428 4.0701  3.2832 6.4448  5.2952  4.6687  3.5393
TBT 6.4583  4.5477  4.0683  3.2755 6.4583  5.3073 4.6764  3.5157
SBT 6.4588  4.5478  4.0680  3.2752 6.4588  5.3078  4.6767  3.5139
Quasi-3D TBT 6.4615  4.5801  4.1098  3.2901 6.4615  5.3296 4.7159  3.5444
Quasi-3D SBT  6.4638  4.5808  4.1097  3.2890 6.4638  5.3314 4.7166  3.5413
Classical CBT 6.4657  4.5242  4.0613  3.3580 6.4657  5.2736  4.6294  3.6115
(1=0) FBT 6.2021  4.3564  3.9073  3.1857 6.2021  5.0775  4.4667  3.4317
TBT 6.2025 4.3518  3.8952  3.1651 6.2025  5.0801  4.4657  3.3909
SBT 6.2029  4.3518  3.8949  3.1655 6.2029  5.0804  4.4659  3.3900
Quasi-3D TBT 6.2085  4.3877  3.9406  3.1830 6.2085  5.1057 4.5091  3.4237
Quasi-3D SBT  6.2107 4.3884  3.9406  3.1825 6.2107  5.1073  4.5097  3.4214
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Table 10: Dimensionless fundamental frequencies of SiC/Al microbeams (a/h = 10)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 16.1966 11.7981 10.4765 7.5970 16.1966 13.7529 12.3671 8.2646
FBT 15.8337 11.5436 10.2486 7.4084 15.8337 13.4558 12.1057 8.0624
TBT 16.1144  11.7447 10.4344 7.5663 16.1144 13.6824 12.3095 8.2357
SBT 16.1152 11.7449 10.4340 7.5647 16.1152 13.6837 12.3100 8.2341
Quasi-3D TBT 16.0945 11.7428 10.4388 7.5587 16.0945 13.6728 12.3100 8.2363
Quasi-3D SBT  16.0963 11.7432 10.4383 7.5559 16.0963 13.6747 12.3107 8.2330
2 CBT 9.8837  7.1113  6.3381  4.8071 9.8837 8.2867 7.3994 5.2101
FBT 9.7550  7.0251  6.2598  4.7308 9.7550  8.1863  7.3134  5.1293
TBT 9.8140  7.0661  6.2988  4.7702 9.8140  8.2316  7.3536  5.1723
SBT 9.8144  7.0662  6.2985  4.7690 9.8144 8.2321 7.3539  5.1707
Quasi-3D TBT 9.8072  7.0825  6.3231  4.7749 9.8072  8.2393 7.3747  5.1889
Quasi-3D SBT  9.8087  7.0829  6.3227  4.7724 9.8087 8.2406 7.3751  5.1855
4 CBT 7.5185  5.3304 4.7722  3.8022 7.5185  6.2089  5.4955  4.1055
FBT 7.4332  5.2751  4.7214  3.7474 7.4332  6.1445  5.4415  4.0479
TBT 7.4479  5.2843  4.7292  3.7550 7.4479  6.1559  5.4510  4.0534
SBT 7.4481  5.2844  4.7290  3.7544 7.4481  6.1561  5.4511  4.0523
Quasi-3D TBT 7.4468  5.3125  4.7672  3.7676 7.4468  6.1733  5.4856  4.0810
Quasi-3D SBT  7.4484 53128 4.7669  3.7655 7.4484  6.1745  5.4857  4.0779
8 CBT 6.7998  4.7827  4.2923  3.5063 6.7998  5.5696  4.9054  3.7792
FBT 6.7238  4.7339  4.2474  3.4562 6.7238  5.5129  4.8581  3.7266
TBT 6.7276  4.7352  4.2468  3.4537 6.7276  5.5163  4.8603  3.7192
SBT 6.7277  4.7352  4.2466  3.4536 6.7277  5.5164 4.8604  3.7187
Quasi-3D TBT 6.7285  4.7684  4.2908  3.4696 6.7285  5.5376  4.9007  3.7516
Quasi-3D SBT  6.7301  4.7687  4.2906  3.4678 6.7301  5.5387  4.9008  3.7488
Classical CBT 6.5444  4.5869  4.1211  3.4026 6.5444  5.3410 4.6937  3.6647
(1=0) FBT 6.4713  4.5401 4.0780  3.3540 6.4713  5.2867 4.6484  3.6138
TBT 6.4713  4.5387  4.0744  3.3477 6.4713  5.2874  4.6481  3.6013
SBT 6.4714  4.5387  4.0743  3.3478 6.4714  5.2875  4.6482  3.6010
Quasi-3D TBT 6.4731  4.5740 4.1209  3.3649 6.4731  5.3102 4.6909  3.6356
Quasi-3D SBT  6.4747  4.5743  4.1207  3.3633 6.4747 53113  4.6910  3.6330
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Table 11: Dimensionless critical buckling loads of SiC/Al microbeams (a/h = 5)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 368.9461 187.6062 144.7108 71.7514 368.9461 254.7402 201.5379 85.0019
FBT 310.5978 160.9292 124.6102 61.7351 310.5978 218.6399 174.4544 73.1689
TBT 354.1249 180.8209 140.0364 69.4318 354.1249 244.3914 194.0359 82.6019
SBT 354.2790 180.8531 139.9959 69.3196 354.2790 244.5700 194.1098 82.4758
Quasi-3D TBT 354.6933 181.4854 140.6387 69.5886 354.6933 245.1900 194.8498 82.8707
Quasi-3D SBT  354.8704 181.5266 140.6068 69.4809 354.8704 245.3746 194.9271 82.7386
2 CBT 137.3900 68.1560  52.9616  28.7283 137.3900 92.4829  72.1428  33.7797
FBT 124.0410 62.4722  48.6502  26.0529 124.0410 84.9125  66.7563  30.7010
TBT 129.8802 64.7694  50.3920  27.0246 129.8802 87.6942  68.6522  31.8762
SBT 129.9246 64.7767  50.3737  26.9727 129.9246 87.7416  68.6725  31.8019
Quasi-3D TBT 130.4657 65.4449  51.0256  27.2470 130.4657 88.4632  69.4552  32.2157
Quasi-3D SBT  130.5332 65.4602  51.0144  27.1995 130.5332 88.5192  69.4786  32.1388
4 CBT 79.5009  38.2935  30.0243  17.9726 79.5009  51.9186  39.7940  20.9741
FBT 72.6931  35.3507  27.7292  16.2486 72.6931  48.0757  37.0774  19.0300
TBT 73.8107  35.7506  27.9480  16.3030 73.8107  48.5182  37.3062  18.9845
SBT 73.8277  35.7525  27.9396  16.2849 73.8277  48.5334  37.3131  18.9470
Quasi-3D TBT 74.4088  36.4348  28.6071  16.5816 74.4088  49.2648  38.1008  19.3890
Quasi-3D SBT  74.4489  36.4437  28.6041  16.5650 74.4489  49.2907  38.1105  19.3483
8 CBT 65.0287  30.8279  24.2899  15.2836 65.0287  41.7775  31.7068  17.7727
FBT 59.5305  28.3968  22.3653  13.7366 59.5305  38.6308  29.4669  16.0395
TBT 59.7916  28.4947  22.3291  13.5907 59.7916  38.7239  29.4697  15.6980
SBT 59.8018  28.4953  22.3244  13.5877 59.8018  38.7311  29.4733  15.6806
Quasi-3D TBT 60.3946  29.1822  22.9987  13.8927 60.3946  39.4618  30.2609  16.1306
Quasi-3D SBT  60.4278  29.1895  22.9985  13.8894 60.4278  39.4804  30.2671  16.1090
Classical CBT 60.2355  28.3553  22.3907  14.3930 60.2355  38.4188  29.0283  16.7124
=0 FBT 55.1416  26.0779  20.5767  12.8990 55.1416  35.4813  26.9291  15.0425
TBT 55.1483  26.0913  20.4668  12.6871 55.1483  35.4799  26.8743  14.5981
SBT 55.1562  26.0916  20.4636  12.6904 55.1562  35.4845  26.8767  14.5897
Quasi-3D TBT 55.7531  26.7802  21.1405  12.9983 55.7531  36.2145  27.6641  15.0419
Quasi-3D SBT  55.7841  26.7869  21.1415  13.0005 55.7841  36.2309  27.6692  15.0288
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Table 12: Dimensionless critical buckling loads of SiC/Al microbeams (a/h = 10)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 368.9461 187.6062 144.7108 71.7514 368.9461 254.7402 201.5379 85.0019
FBT 352.1681 181.6518 140.7797 70.6745 352.1681 246.8104 196.4931 83.6749
TBT 365.0902 185.8471 143.5025 71.1508 365.0902 252.0480 199.5919 84.3826
SBT 365.1289 185.8543 143.4906 71.1201 365.1289 252.0942 199.6102 84.3484
Quasi-3D TBT 365.2609 186.3476 144.0387 71.2964 365.2609 252.5089 200.2057 84.6862
Quasi-3D SBT  365.3251 186.3591 144.0274 71.2545 365.3251 252.5658 200.2241 84.6327
2 CBT 137.3900 68.1560  52.9616  28.7283 137.3900 92.4829  72.1428  33.7797
FBT 133.7564 66.9790  52.2187  28.4424 135.4120 91.2251  71.2284  33.2761
TBT 135.4120 67.2676  52.2877  28.2768 135.4120 92.0665  72.1670  34.0281
SBT 135.4231 67.2690  52.2822  28.2618 135.4231 91.2374  71.2334  33.2548
Quasi-3D TBT 135.5906 67.7727  52.8346  28.4424 135.5906 91.6763  71.8392  33.6002
Quasi-3D SBT  135.6273 67.7781  52.8293  28.4166 135.6273 91.7002  71.8441  33.5612
4 CBT 79.5009  38.2935  30.0243  17.9726 79.5009  51.9186  39.7940  20.9741
FBT T77.6747  37.5326  29.4777  17.5999 77.6747  51.0478  39.2441  20.5818
TBT 779884  37.6202  29.4729  17.5202 77.9884  51.0193  39.1375  20.4337
SBT 77.9926  37.6204  29.4703  17.5147 77.9926  51.0232  39.1391  20.4223
Quasi-3D TBT 78.1731  38.1289  30.0290  17.7049 78.1731  51.4634  39.7459  20.7795
Quasi-3D SBT  78.2029  38.1329  30.0261  17.6879 78.2029  51.4796  39.7473  20.7507
8 CBT 65.0287  30.8279  24.2899  15.2836 65.0287  41.7775  31.7068  17.7727
FBT 63.5592  30.1209  23.7538  14.8710 63.5592  40.9803  31.1570  17.3377
TBT 63.6316  30.2077  23.7665  14.8204 63.6316  40.9678  31.1147  17.2020
SBT 63.6342  30.2078  23.7650  14.8193 63.6342  40.9696  31.1156  17.1965
Quasi-3D TBT 63.8187  30.7180  24.3265  15.0136 63.8187  41.4092  31.7222  17.5582
Quasi-3D SBT  63.8468  30.7216  24.3245  15.0005 63.8468  41.4236  31.7228  17.5351
Classical CBT 60.2355  28.3553  22.3907  14.3930 60.2355  38.4188  29.0283  16.7124
(1=0) FBT 58.8757  27.6617  21.8546  13.9655 58.8757  37.6400  28.4737  16.2613
TBT 58.8765  27.7527  21.8761  13.9243 58.8765  37.6387  28.4576  16.1276
SBT 58.8786  27.7526  21.8750  13.9252 58.8786  37.6399  28.4582  16.1249
Quasi-3D TBT 59.0645  28.2635  22.4377  14.1211 59.0645  38.0791  29.0647  16.4883
Quasi-3D SBT  59.0920  28.2670  22.4360  14.1096 59.0920  38.0929  29.0650  16.4678
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Table 13: Dimensionless critical buckling loads of AloO3/SUS304 microbeams (a/h = 5)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 102.9259 83.5272 75.8559 59.1987 102.9259 86.2293 78.3554 59.9323
FBT 86.0687  69.9834 63.4828 49.2406 86.0687  72.2650 65.6283 49.8307
TBT 98.5842  79.9966 72.7288 56.8378 98.5842  82.5560 75.0903 57.5577
SBT 98.6269  80.0392 72.7542 56.8261 98.6269  82.6046 75.1226 57.5446
Quasi-3D TBT 98.8844  80.2800 72.9823 56.9828 98.8844  82.8519 75.3618 57.7019
Quasi-3D SBT  98.9519  80.3415 73.0273 56.9914 98.9519  82.9189 75.4128 57.7094
2 CBT 39.4784  31.7701 28.9964 23.2146 39.4784  32.7631 29.8462 23.5407
FBT 35.3465  28.5139 25.9872 20.6480 35.3465  29.4140 26.7761 20.9276
TBT 37.1259 299112 27.2953 21.7917 37.1259  30.8452 28.1034 22.0945
SBT 37.1384  29.9236 27.3026 21.7872 37.1384  30.8593 28.1128 22.0891
Quasi-3D TBT 37.4450  30.2020 27.5648 21.9705 37.4450  31.1459 28.3860 22.2751
Quasi-3D SBT  37.4825  30.2338 27.5913 21.9847 37.4825  31.1792 28.4142 22.2887
4 CBT 23.6166  18.8309 17.2815 14.2186 23.6166  19.3965 17.7189 14.4429
FBT 21.3975  17.1068 15.6747 12.7900 21.3975  17.6265 16.0893 12.9847
TBT 21.7522  17.3858 15.9291 13.0070 21.7522 179144 16.3512 13.2026
SBT 21.7573  17.3905 15.9320 13.0066 21.7573  17.9196 16.3549 13.2017
Quasi-3D TBT 22.0851  17.6820 16.2104 13.2116 22.0851  18.2184 16.6420 13.4112
Quasi-3D SBT  22.1151  17.7064 16.2323 13.2282 22.1151  18.2434 16.6645 13.4275
8 CBT 19.6511  15.5960 14.3528 11.9696 19.6511  16.0549 14.6871 12.1684
FBT 17.8226  14.1831 13.0317 10.7765 17.8226  14.6054 13.3503 10.9494
TBT 17.9069  14.2537 13.0859 10.8058 17.9069  14.6810 13.4120 10.9738
SBT 17.9102  14.2565 13.0878 10.8071 17.9102  14.6841 13.4144 10.9747
Quasi-3D TBT 18.2452  14.5519 13.3718 11.0206 18.2452  14.9863 13.7060 11.1935
Quasi-3D SBT  18.2733  14.5745 13.3925 11.0381 18.2733  15.0093 13.7270 11.2109
Classical CBT 18.3377  14.5247 13.3828 11.2247 18.3377  14.9481 13.6829 11.4151
=0 FBT 16.6307  13.2083 12.1505 10.1052 16.6307  13.5980 12.4371 10.2709
TBT 16.6331  13.2162 12.1440 10.0760 16.6331  13.6101 12.4384 10.2348
SBT 16.6358  13.2183 12.1456 10.0779 16.6358  13.6123 12.4403 10.2364
Quasi-3D TBT 16.9734  13.5152 12.4316 10.2947 16.9734  13.9158 12.7335 10.4587
Quasi-3D SBT  17.0009  13.5372 12.4520 10.3125 17.0009  13.9381 12.7542 10.4765
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Table 14: Dimensionless critical buckling loads of Al;O3/SUS304 microbeams (a/h = 10)

h/l Theory Mori-Tanaka scheme Classical rule of mixture
p=0 0.5 1 10 p=0 0.5 1 10
1 CBT 102.9259 83.5272 75.8559 59.1987 102.9259 86.2293 78.3554 59.9323
FBT 98.0494  79.6160 72.2791 56.3044 98.0494  82.1976 74.6790 56.9953
TBT 101.7940 82.6068 75.0413 58.5841 101.7940 85.2715 77.5047 59.3142
SBT 101.8047 82.6177 75.0475 58.5804 101.8047 85.2840 77.5127 59.3101
Quasi-3D TBT 101.8805 82.7116 75.1479 58.6325 101.8805 85.3772 77.6166 59.3645
Quasi-3D SBT 101.9172 82.7432 75.1738 58.6446 101.9172  85.4106 77.6442 59.3763
2 CBT 39.4784  31.7701 28.9964 23.2146 39.4784  32.7631 29.8462 23.5407
FBT 38.3462  30.8796 28.1725 22.5077 38.3462  31.8474 29.0063 22.8207
TBT 38.8561  31.2789 28.5467 22.8374 38.8561  32.2563 29.3856 23.1573
SBT 38.8592  31.2820 28.5484 22.8359 38.8592  32.2599 29.3880 23.1555
Quasi-3D TBT 38.9498  31.3868 28.6592 22.8972 38.9498  32.3643 29.5020 23.2197
Quasi-3D SBT  38.9790  31.4110 28.6805 22.9110 38.9790  32.3891 29.5238 23.2334
4 CBT 23.6166  18.8309 17.2815 14.2186 23.6166  19.3965 17.7189 14.4429
FBT 23.0172  18.3661 16.8479 13.8307 23.0172 189195 17.2795 14.0468
TBT 23.1180  18.4451 16.9200 13.8928 23.1180  19.0010 17.3536 14.1091
SBT 23.1192  18.4463 16.9207 13.8925 23.1192  19.0024 17.3546 14.1087
Quasi-3D TBT 23.2171  18.5555 17.0370 13.9616 23.2171  19.1108 17.4733 14.1813
Quasi-3D SBT  23.2444  18.5778 17.0572 13.9762 23.2444  19.1335 17.4937 14.1959
8 CBT 19.6511  15.5960 14.3528 11.9696 19.6511  16.0549 14.6871 12.1684
FBT 19.1591  15.2166 13.9976 11.6468 19.1591  15.6657 14.3279 11.8385
TBT 19.1827  15.2363 14.0127 11.6548 19.1827  15.6869 14.3452 11.8450
SBT 19.1835  15.2370 14.0132 11.6551 19.1835  15.6877 14.3458 11.8452
Quasi-3D TBT 19.2839  15.3476 14.1315 11.7273 19.2839  15.7974 14.4661 11.9212
Quasi-3D SBT 19.3108  15.3694 14.1513 11.7422 19.3108  15.8195 14.4861 11.9361
Classical CBT 18.3377  14.5247 13.3828 11.2247 18.3377  14.9481 13.6829 11.4151
=0 FBT 17.8789  14.1716 13.0519 10.9222 17.8789  14.5861 13.3486 11.1058
TBT 17.8792  14.1735 13.0497 10.9133 17.8792  14.5892 13.3487 11.0949
SBT 17.8799  14.1741 13.0501 10.9138 17.8799  14.5898 13.3492 11.0953
Quasi-3D TBT 17.9813  14.2852 13.1692 10.9872 17.9813  14.7000 13.4701 11.1726
Quasi-3D SBT  18.0079  14.3068 13.1889 11.0022 18.0079  14.7220 13.4900 11.1876
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Figure 1: Dimensionless maximum deflections of SiC/Al microbeams under uniform loads using TBT and quasi-3D TBT.
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Figure 2: Variation of 04(a/2, z) through the depth using TBT and quasi-3D TBT (Mori-Tanaka scheme).
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Figure 3: Variation of 04:(0, z) through the depth using TBT and quasi-3D TBT (Mori-Tanaka scheme).
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Figure 4: Variation of 0.(a/2, z) through the depth using quasi-3D TBT.
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Figure 5: Dimensionless fundamental frequencies of SiC/Al microbeams using TBT and quasi-TBT.
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Figure 6: Dimensionless critical buckling loads of SiC/Al microbeams using TBT and quasi-TBT.
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