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Abstract

In this thesis we explore extremal, structural, and algorithmic problems
involving the partitioning of combinatorial structures.

We begin by considering problems from the theory of graph cuts. It is
well known that every graph has a cut containing at least half its edges. We
conjecture that (except for one example), given any two graphs on the same
vertex set, we can partition the vertices so that at least half the edges of
each graph go across the partition. We give a simple algorithm that comes
close to proving this conjecture. We also prove, using probabilistic methods,
that the conjecture holds for certain classes of graphs.

We consider an analogue of the graph cut problem for posets and de-
termine which graph cut results carry over to posets. We consider both
extremal and algorithmic questions, and in particular, we show that the
analogous maxcut problem for posets is polynomial-time solvable in con-
trast to the maxcut problem for graphs, which is NP-complete.

Another partitioning problem we consider is that of obtaining a regular
partition (in the sense of the Szemerédi Regularity Lemma) for posets, where
the partition respects the order of the poset. We prove the existence of such
order-preserving, regular partitions for both the comparability graph and
the covering graph of a poset, and go on to derive further properties of such
partitions.

We give a new proof of an old result of Frankl and Fiiredi, which char-
acterises all 3-uniform hypergraphs for which every set of 4 vertices spans
exactly 0 or 2 edges. We use our new proof to derive a corresponding sta-
bility result.

We also look at questions concerning an analogue of the graph linear

extension problem for posets.
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Chapter 1

Introduction

There are many problems in combinatorics related to the partitioning of
structures. Those studied in this thesis include graph cut problems; the
problem of obtaining regular (in the sense of the Szemerédi Regularity
Lemma) partitions for graphs and other combinatorial structures; and hy-
pergraph problems with colouring constraints. Within these areas, one can
ask different types of questions, for example, extremal questions, structural
questions, or algorithmic questions.

Extremal questions ask us to find best possible bounds on real-valued
functions that take as their inputs combinatorial structures having certain
properties. For example, we might ask, what is the maximum number of
edges in a triangle-free graph on n vertices? Here, our function takes a
triangle-free graph as an input and outputs the number of edges in the
graph. Any graph for which the maximum is achieved is called an extremal
graph for the problem. As we shall see in Section 1.4, there is a unique
extremal graph for this problem.

Structural questions ask for some sort of description or classification of
all combinatorial structures having a certain property. For example, what
can we say about triangle-free graphs having close to the maximum number
of edges? It turns out that for such graphs, we can alter (add and delete)
a small number of edges to obtain the extremal graph. Thus, triangle-free
graphs having close to the maximum number of edges are structurally close
to the extremal graph. Again, this is made precise in Section 1.4.

Algorithmic questions ask if we can devise a general method (an algo-

rithm) for quickly checking if a given input combinatorial structure contains



a certain substructure. For example, we might ask for an efficient method
to check whether a (general) graph contains any triangles or not. A naive
way to do this would be to check all triples of vertices in the input graph
for triangles. This is in fact an efficient algorithm in a certain sense, as we
shall discuss. On the other hand, we might ask for an efficient method to
determine whether a graph is 3-colourable (that is, whether the vertices of
the graph can be partitioned into three classes such that no class contains
an edge). There is no known efficient algorithm for solving this problem,
and furthermore, it is believed that no such efficient algorithm exists.

Often, these types of questions are interrelated; for example, the guar-
anteed existence of a certain substructure may lead to an extremal result
or the construction of an algorithm. We shall investigate questions of these
three types in the context of partitions of combinatorial structures.

We outline how the rest of this chapter is arranged. In Section 1.1, we
discuss extremal and algorithmic aspects of the theory of graph cuts, as
background to and in preparation for Chapters 2 and 3. We give the basic
definitions and notation, and we state and prove some simple results to give
a flavour of what is to come.

In Section 1.2, we introduce partially ordered sets or posets, giving no-
tation and elementary results in preparation for Chapters 3, 4, and 5.

In Section 1.3, we turn to the Szemerédi Regularity Lemma. We develop
notation and terminology, and we state the Regularity Lemma, all in prepa-
ration for Chapter 5. This section is a gentle introduction to the notion of
regular partitions and the Regularity Lemma.

In Section 1.4, we introduce extremal hypergraph theory. We outline
some of the main themes and results in this broad area of combinatorics,
placing in context the results of Chapter 6.

Finally in Section 1.5, we give summaries of the results presented in each
chapter of the thesis.

Chapters 2 and 3 are based on published work [46] and [47] respectively.
Chapter 4, which is joint work (in equal part) with Graham Brightwell, is

being submitted for publication.



1.1 Graph Cuts

All graphs are understood to be finite, simple, and undirected unless other-
wise stated. One of the most basic things we can do with a graph G = (V, E)
is to partition its vertex set and ask questions about how the edges of the
graph relate to the partition. For example, given a bipartition of V, that is,
a partition of V into two parts V; and V;, we might consider the set of edges
that have one end in Vj and the other in V,. This set of edges is denoted by
Eg(V4,V3), and any set of edges generated in this way is called a cut of G.
Let eg(V1,V2) = |[Eg(V1, V2)|-

Two algorithmic problems associated with cuts, known as the mincut
and maxcut problems, ask us to find a cut in the input graph of smallest
and largest size respectively. (For the mincut problem, we do not permit
the trivial partition ¢, V', which yields the empty cut.) Both of these prob-
lems and their variants have found a great many applications to real-world
problems, and whilst we are not concerned with these applications here, we
mention a few for completeness.

We note that, for a given connected graph, deleting the edges of any cut
disconnects the graph. Thus the size of the smallest cut, known as the edge
connectivity of a graph, gives the minimum number of edges that need to be
deleted in order to disconnect the graph. Thinking of a graph as a model for
a network, for example, a transport network or a communications network,
the connectivity is a possible measure of how robust a network is. Finding
the smallest non-empty cut allows us to determine the weakest points in
a communications network or the sites of most congestion in a transport
network, and therefore gives an indication of where best to place new links.

Applications of the maxcut problem are less direct: amongst others, they
include cluster analysis, the design of VLSI (very large scale integration)
circuits, and statistical physics (see [4] for more on the latter two). Cluster
analysis, for example, is an exploratory data analysis tool for classification
problems. The problem is to find algorithms that partition a set of data
points into groups, where points within the same group should be more
closely related than points in different groups. The aim is to reveal new
structures or classifications within the data. Thinking of the data points
as vertices of a graph, with an edge indicating that two data points are
unrelated or weakly related, finding a maximum sized cut in the graph gives a



partition for which data points in different parts are as unrelated as possible.

Of course, problems such as maxcut and mincut are often too simple
to adequately model real-world problems, which in general have many con-
straints. However, solutions or approximate solutions to maxcut and mincut
can still provide heuristics for the real-world problems.

One way to determine the size of the largest and smallest cuts of an
n-vertex graph would be to enumerate all 2™ bipartitions of its vertices and
check the sizes of the largest and smallest cuts. The running time for such
an algorithm grows very quickly with the size of the graph. Thus, large
improvements in computational speed permit only relatively small improve-
ments in the size of the graphs for which the algorithm terminates in a
reasonable time. Clearly, we would like to have a more efficient way of solv-
ing the maxcut and mincut problems. In this sense, there is a significant
difference between the two problems: the mincut problem can be solved ef-
ficiently, whereas the maxcut problem is intractable. The mincut problem
is polynomial-time solvable, whereas the maxcut problem is NP-hard. We
do not give the precise technical definitions for these terms; instead we give
working definitions, which will suffice for the purposes of this thesis. For a
more comprehensive treatment, see, for instance, [26].

A problem is polynomial-time solvable if there exists an algorithm that
solves the problem and whose running time is bounded by a polynomial in
the length of the input, where the running time is the number of elementary
operations performed during the course of the algorithm. See the first proof
of Proposition 1.1.1 and the comments that follow for an analysis of the
running time of an algorithm.

For the maxcut and mincut problems, the input is simply a graph, and
we may assume that any reasonable encoding of a graph on n vertices has
length that is polynomially bounded in n. In this case, a polynomial-time
algorithm is simply one whose running time is bounded by a polynomial in
n. The mincut problem can be solved by such a polynomial-time algorithm
(for example, the Ford-Fulkerson algorithm based on their max-flow min-
cut theorem [20]). The maxcut problem in contrast is NP-hard [26]. Since
NP-hardness is mentioned only to place results of the thesis in context, we
do not define it here, but refer the reader to [26], where it is treated compre-
hensively. We indicate only that it is widely believed that a problem which
is NP-hard is not polynomial-time solvable. This is a direct consequence of
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the famous conjecture that P # NP.

We now turn to the extremal theory of graph cuts. Given a graph G =
(V, E), let ¢(G) be the size of the largest cut in G. We would like to find a
lower bound on ¢(G) in terms of m := |E|. The best possible, or extremal,
bound on ¢(G) in terms of m is given by determining the value of

o) = .63 g O
(Note that there are only finitely many graphs with m edges up to addition
of isolated vertices.) A graph on m edges for which ¢(G) = ¢(m) is known as
an extremal graph (for this problem). It is a graph that is worst in terms of
the proportion of edges in its largest cut. A very elementary and well-known
bound for ¢(m) is given by the following proposition; we give two proofs of
the proposition to illustrate the different techniques available to us.

Proposition 1.1.1 For every graph G = (V, E), there exists a bipartition
of V into parts V1 and Va such that

1
eg(V1,V2) 2 5|,

or equivalently, for all m € N, we have ¢(m) > %m.

Before we give the proofs, let us fix some notation. Given a graph G =
(V,E), with A, BC V, let

Eg(A)={abe E:abe A} and eg(A) = |Ea(A)|.

As before, but now allowing A, B to be arbitrary subsets of V (not just a
partition), let

Eg(A,B)={abe E:a€ Abe B} and eg(4,B) = |Eg(A, B)|.

If A consists of a single vertex z, then we write Eg(z, B) and eg(z, B) rather
than Eg({z}, B) and eg({z}, B), and we refer to eg(z, B) as the degree of
z in B. The degree of z (in G) is simply eg(z, V). The subscript is dropped

when it is clear which graph is being referred to.

Proof (constructive) The graph G = (V, E) is given. Pick any bipartition
Up,Us of V. If such a vertex exists, let z be a vertex of U; for which

11



e(z,Us) < e(z,Uy), or a vertex of U, for which e(z,U1) < e(z,Uz). Create
a new bipartition, U], Uj; by moving z from U to U; if z € U; and moving
z from Us to Uy if z € Uy. Our choice of x ensures that

e(U1,Us) > e(U1, Un).

We iterate this process of moving vertices to increase the cut size, and since
the cut size cannot increase indefinitely, the process is guaranteed to ter-
minate. Let V3, V5 be the final partition of V: for this partition, we have
that

e(z,V2) 2 e(z,V1) Ve € V1 and e(y,V1) 2 e(y,V2) Vy € V3,
that is,
1 1
e(z,Va) > 56(.’1,‘,‘/) VeeV; and e(y,Vy)> Ee(y,V) Vy € Vs.
Summing over all vertices, we have

2|E| = Z e(v,V) = Z e(z,V) + z e(y,V)

veV IS %] yeVe
<Y 2z, Vo) + Y 2e(y, Vi) = 4e(V3, Vo).
zeW yeVe
Thus e(Vi,V2) > 3| E|, proving the proposition. 0O

Note that the proof gives a polynomial-time algorithm for constructing
a cut containing at least half the edges of the graph. Let us see why this
is true. Assuming V = [n], where [n] = {1,...,n}, one way to encode our
graph is as an n x n matrix whose (i, ) entry is 1 if ¢ is an edge of G and is
0 otherwise. Thus the input length is n2. For a given vertex z, determining
e(z,U1) requires us to check the presence of all edges in E(z,U;): this
requires O(n) elementary operations. Thus checking which of e(z,U;) or
e(z,Us) is greater and moving z if necessary requires O(n) operations. In
the worst case, we check at most n vertices before one is moved or the process
terminates. Each time a vertex is moved, the size of the cut increases by
at least 1; hence in the worst case, we move vertices a total of at most
|E| < n? times. Thus the total running time is O(n) - n-n? = O(n?), which
is polynomially bounded in n? as required.

12



Our second proof only guarantees the existence of the desired cut, but
does not give an explicit construction. We shall make use of both techniques
when we consider the problems of Chapters 2 and 3.

Throughout, P(E) denotes the probability of an event F, and E(X)
denotes the expectation of a random variable X.

Proof (probabilistic) Given the graph G = (V, E), choose a subset V;
of V uniformly at random, and let V5 be its complement. That is, V; is
constructed by tossing a fair coin for each vertex independently to determine
whether it belongs to V; or V5. We have that

1 1
]E = = _ = — R
(ec(Vi,V2)) = }_Ple € Ec(h,V2)) =3 _ 5 = 5|5l
ecE ecE
Since the average size of a random cut is %|E|, there must exist a cut of size

at least 3|E|. ]

We have shown that ¢(m) > 3m for all m € N. The constant 1 cannot
be improved. To see this, let K, be the complete graph on n vertices, that
is, the graph on n vertices with all edges present. It has ('2‘) edges, and the
largest cut is given by bipartitioning the vertices of K, as evenly as possible.
Thus, if n is odd and m = (}), then

am <t = (14) (%) = 3(3) + 25

Solving the quadratic m = (;’) for n in terms of m, we obtain

m 1 1

< = m,_ 2
Although the constant % cannot be improved, we can improve the lower
bound on ¢(m) with lower order terms. Edwards [13, 14] proved that the
upper bound for ¢(m) given above is in fact also a lower bound for all m.
We give a short (adapted) proof of Alon [2] and Hofmeister and Lefmann

[32] of this result.

Theorem 1.1.2 (Edwards [13, 14]) For every m € N, we have

()>1 + m+1 1
A =3mTV8 "6 8

13



Note that this is an extremal result because the bound is sharp for infinitely
many values of m. We prove this result by considering weighted graphs, for
which we now set up notation. Given a set of vertices V, let V(2) denote the
set of unordered pairs of V. A weighted graph is a pair G = (V,w), where w
is a function from V(® to the non-negative reals. We call w a weighting of
G, and for ab € E, we call w(ab) the weight of ab. The total weight of the
graph is defined to be
w(G) = Z w(ab).
abeV (2

For V4, V5 a partition of V', we define the weight across Vi, V5 to be

w(Vi,Va) = Y, w(ab).

a€Vy, beVs

Note that a normal graph G = (V, E)) can be thought of as a weighted graph
G = (V,w) having a standard weighting of 1 on the edges and 0 on the

non-edges, and in this case,
w(G) = |E| and w(Vi, Vi) = ec(V4, V).

This gives a natural generalisation of graph cut problems to weighted graphs.

Proof (of Theorem 1.1.2) Let G = (V, E) be a graph with m edges. Let w
be the standard weighting for this graph. We compress G iteratively in the
following way. Whenever we find two vertices z,y € V with w(zy) = 0, we
replace them with a vertex z, and for every a € V\{z,y}, we set w(za) =
w(za) + w(ya). We repeat this process until we obtain the weighted graph
@' = (V',w') in which every element of V'(?) has a positive weighting. In
fact, we have w’(e) > 1 for every e € V'), Also, we have w'(G’) = m, and
setting n’ = |V’|, we obtain that m > (7).

Any partition VY, V4 of V' can be extended to a partition V1, V3 of V by
reversing the iterative process described above, replacing z with x and y at
each stage, and keeping z and y in the same part as z. At each stage in this
reverse process, the weight across the partition does not change; hence we
obtain

w(Vh, Vo) = w'(V{, V),

14



and so it is sufficient to find a partition V{,V; of V' such that

1

+64

1 m
w'(V{,V) > §m+ )

00| =

Let Uy, U be a random equipartition of V/ (an equipartition is a partition
where the parts differ in size by at most one element), and let

K(Ul,Uz) = {ab € V/(z) ta€elU,be Uz}

Since |K (U, Up)| = |n'2/4], and each of the (';’) elements of V"2 is equally
likely to occur as an element of K (U, Uz), we have that

P(ab € K(Uy,Un)) = n”/4]

(%)

We have that
E@w' (U, Uz)) = Y P(abe K(Uy,Us))w'(ab)

abeV!(2)

=y A

abeVv'(2) (g,)

n? -1
"2n’(n’—1)m
_n'+1
T T ™
1 m
2™ o
1 - . n
2§m+ usmgm2(2)
Sl fm T 1
-2 8 64 8

where the last inequality follows by solving the inequality m > (7;,) for n'.

We are now guaranteed the existence of the desired partition V{, V3. O

The results we have discussed can easily be generalised to k-partitions
(partitions into k parts), which we now discuss briefly. Given a graph G =
(V, E) and k subsets Vi,..., Vi of V, we define

EcVi,...,Vk)={abe E:acV;,beV,,i+#j}

15



When Vi,...,V is a k-partition, Eg(Vi,..., Vi) is called a k-cut of G. We
let
ec(V1,.... V&) = |Ec(W1,..., Vi)l

We have the following proposition corresponding to Proposition 1.1.1.

Proposition 1.1.3 For every graph G = (V, E), there exists a k-partition
of V into parts V4,...,V; such that

ec(Viy. .., Vi) > (1 - %)|E|-

Proof (probabilistic) Given the graph G = (V| E), construct a random
k-partition W, ...,V by assigning each vertex of V independently and uni-
formly at random to one of Vi,...,Vi. We have that

E(ecVi,..., V&) = > Ple € Eg(Vi,...,Vi)) = (1_ l)

ecE ecE k
-(-Dye

Since the average size of a random k-cut is (1 — 1)|E|, there must exist a
k-cut of size at least (1 — })|E|. O

Again, this result is extremal in the sense that the constant (1 — )
cannot be improved. However, as before, the result can be improved by
adding lower order terms. The following result generalises Theorem 1.1.2.

Theorem 1.1.4 (Bollobas, Scott [5]) For every graph G = (V, E) with
m = |E|, there ezists a k-partition of V into parts Vi, ..., Vi such that

ec(Vi,..., Vi) > (1~%)m+%(1—%)m—ﬁt—;§—+—2.

(Note that the statement of this theorem appearing in [5] and [54] has a
small error.)

We have discussed what may be regarded as the first problems in ex-
tremal graph cut theory. There are many other problems derived from
these ones. For example, we can formulate problems in which we consider
more than one graph, special types of graphs, or special types of partitions.
Indeed, such problemé are what we consider in Chapters 2 and 3. For a

survey on extremal graph cut problems, see [54].
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1.2 Posets and Ordered Partitions

Chapters 3, 4, and 5 are concerned with partially ordered sets or posets, and
more specifically with what we call ordered partitions of posets. We take
this opportunity to give some basic definitions, to fix notation, and to give
some fundamental partitioning results for posets. We begin with some basic
notation for posets.

A poset P is a pair (X, <), where X is a set called the ground set of P,
and where <, called the order of P, is a binary relation on X satisfying the

following properties:
1. < is irreflexive: for all ¢ € X, we do not have a < a;
2. < is transitive: for all a,b,c € X, ifa <band b < ¢, then a < c.

We sometimes write a = b to mean b < a, and we write ¢ < b to mean that
either a < b or a = b. All posets considered will be finite, that is, X will be
finite. A poset Q = (X, <q) is called the dual of a poset P = (X, <p) if for
every a,b € X, we have that a <q b if and only if b <p a.

Given a poset P = (X, <) and a,b € X, we say that a and b are com-
parable in P (written a L b) if either a < b or b < a, and we say that a
and b are incomparable in P (written a || b) if a and b are not comparable
in P. We say that b covers a in P if a < b and there is no ¢ € X such
that a < ¢ < b. Three graphs naturally associated with a poset P = (X, <)
are its comparability graph, denoted by Com(P); its incomparability graph,
denoted by Inc(P); and its covering graph, denoted by Cov(P). Each of
these graphs is an undirected graph on X. The edges of Com(P) are the
pairs ab for which a L b; the edges of Inc(P) are the pairs ab for which a || b;
and the edges of Cov(P) are the pairs ab for which b covers a or a covers b.

A chain is a poset in which every pair of elements of the ground set is
comparable, and as a consequence, the elements are ordered linearly. An
antichain is a poset in which every pair of elements of the ground set is
incomparable.

Fix a poset P = (X,<). For A C X, the poset @ = (A4, <) is the
poset with the same order as P, but restricted to A. Sometimes we refer
to such posets simply by their ground sets; for instance, C C X is referred
to as chain of P if (C, <) is a chain. Similarly A C X is referred to as

an antichain of P if (A, <) is an antichain. The number of elements in the
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largest chain of P is called the height of P and is denoted by ht(P). The
number of elements in the largest antichain of P is called the width of P
and is denoted by wd(P).

We now turn to the very simple and natural notion of an ordered par-
tition. Given a poset P = (X, <), a partition Xj,...,X; of X is called
an ordered partition (of P), or an ordered k-partition (of P) if, whenever
a € X; and b € X; with a < b, then ¢ < j. Taking the contrapositive,
X1,...,Xk is an ordered partition of P if, whenever a € X; and b € X;
with i < j, then either a < b or a || b. We shall interchange between these
definitions without mention. An ordered partition of P is thus a partition
of the ground set respecting the order of P. Such a simple idea undoubtedly
pervades the literature on posets, although it is usually presented inconspic-
uously in alternative equivalent forms. For us, however, ordered partitions
are highlighted and form a running theme through a significant part of the
thesis.

Let us describe some of the alternative forms in which ordered partitions
may appear. For a poset P = (X, <), U C X is called an up-set of P if,
whenever u € U with v/ = u, then v/ € U. Similarly D C X is called a
down-set of P if, whenever d € D with d’ < d, then d' € D. Note that if
U is an up-set of P, then U¢ = X\U is a down-set of P, and furthermore
U¢,U forms an ordered 2-partition of P. Conversely, if X1, X7 is an ordered
2-partition of P, then X, is a down-set and X3 is an up-set of P. More
generally, we have the following correspondence.

Proposition 1.2.1 Let P = (X, <) be a poset.
(i) If p = Do C Dy C Dy C --- C Dy = X is a nested sequence of
down-sets of P, then the partition of X1,..., X given by
Xi = Di\Di1
is an ordered k-partition of P.

(ii) Conversely, if X1,..., Xy is an ordered k-partition of P, then the sets
D; C--- C Dy given by

D;=JXx;

j<i

form a nested sequence of down-sets of P.
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Proof For (i), it is clear that X;,..., X} is a partition of X. Take a € X;,
b € X;, and a < b. We cannot have j < i, otherwise we have b € D; and
a & Dj; (since X;ND; = @), contradicting that D; is a down-set. Thus ¢ < j
as required.

For (ii), it is clear that the family D;,..., Dx_; is nested. To show that
D; is a down-set, we take b € D; and a € X with a < b, and show that
a € D;. Let r and s be such that a € X, and b € X,;. Thus s < ¢ since
be X;ND;. Alsor < ssince a < band X;,..., X} is ordered. Thus r <%
and so a € X, C D; as required. O

Order-preserving functions give an alternative way of viewing ordered
partitions. Let P = (X, <) be a poset. For a natural number k, a function
f : X — [k] is called order preserving if, whenever a < b, we have f(a) <
f(b). For i € [k], writing f~1(i) to denote the set of elements of X mapped
by f to ¢, we have the following proposition.

Proposition 1.2.2 Let P = (X, <) be a poset and k a positive integer.

(i) If f : X — [k] is an order-preserving function, then f~1(1),..., f71(k)
is an ordered partition of P,

(i) Conversely, if X1,..., Xy is an ordered partition of P, then the func-
tion f: X — [k] defined by f(a) =i if and only if a € X; for alla € X
and all i € [k] is order preserving.

Proof For (i), suppose a € f~1(i) and b € f~!(j) with a < b. Thus
i = f(a) < f(b) = j as required.

For (ii), suppose f(a) = i, f(b) = j, and a < b. Then we have that
a € X;, b € Xj, and since a < b with Xj,..., X} an ordered partition, we
have 7 < j as required. O

For a poset P = (X, <) with |X| = n, an order-preserving bijection
A X — [n] is called a linear extension of P. It is thus a total ordering of
the elements of X, A71(1),A71(2),...,A71(n), that respects <. Therefore,
an alternative equivalent way to think of a linear extension of P is as a chain
L = (X, <*), where a < b implies a <* b for all a,b € X. Linear extensions
are studied in Chapter 4.

We conclude this subsection by giving some fundamental results for
posets, which we shall refer back to. The theorem below is a well-known
and easy result; see, for instance, Trotter [62].
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Theorem 1.2.3 If the height of a poset P = (X, <) is h, then there exists
a partition of X into h antichains. Moreover, the partition is ordered.

We give some terminology and notation before proving the theorem. Given
a poset P = (X,<)and A C X, z € A is called a mazimal element of A
(in P) if there is no 2’ € A such that z’ > z. Similarly z € A is called a
minimal element of A (in P) if there is no 2’ € A such that 2’ < z. The
set of maximal (resp. minimal) elements of A is denoted by maxp(A) (resp.

minp(A)), where we sometimes drop the subscript.

Proof (of Theorem 1.2.3) The proof is by induction on h. The theorem
holds when A = 1, that is, when P is an antichain (the ordered partition
being the trivial partition with one part).

Given P = (X, <) with ht(P) = h > 2, define X’ = X\ maxp(X) and
let P! = (X’,<). The height of P’ is h — 1 (since the maximal elements
of the longest chains in P have been removed). By the induction hypoth-
esis, let X1,...,X,_1 be an ordered partition of P’ into antichains. Note
that maxp(X) is an antichain of P (since two maximal elements cannot be
comparable). Then setting X; = maxp(X), we have that X;,..., X} is a
partition of X into antichains of P, and we claim that it is an ordered par-
tition. Indeed, let a € X;, b € X; with ¢ < j. If j < h — 1 then we know
that either a < b or a || b since X7,... Xp_; is ordered. If j = h, then again
we know that either a < b or a || b since X}, consists of maximal elements of
P. O

We now state the dual theorem to the one above. This theorem, proved
originally by Dilworth [12] in 1950, turns out to be a more substantial result.

Theorem 1.2.4 (Dilworth’s Theorem) If a poset P = (X, <) has width
w, then there erists a partition of X into w chains.

A generalisation of this result was given in a proof of Greene and Kleit-
man [28], where, rather than studying the size of the largest antichain of a
poset, one studies the size of the largest union of k£ antichains for &k fixed. We
shall require an algorithmic version of this result in Chapter 3. We therefore
follow Frank’s algorithmic treatment [21] of the Greene-Kleitman Theorem.

Let P = (X, <) be a poset; let Ci,...,C, be r chains of P; and let
Aj,...,As be s antichains of P. We refer to € = {C},...,C,} as a chain
family if the chains are pairwise disjoint, and likewise, we refer to & =
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{A1,..., A} as an antichain family if the antichains are pairwise disjoint.
The order of € (resp. &) is the number of chains (resp. antichains) in €
(resp. &). The size of € (resp. &) is | U[_; Ci| (resp. |Ui_; Ail).

Given an antichain family & = {A;,...,4A,} and a chain family € =
{C1,...,C;}, observe that |C;NAj| <1for1<i<r,1<j<s. Thus, any

antichain family of order s can have size at most
rs + | X\(Uim1 G-

This bound is achieved if & and ¥ are orthogonal, that is, if we have
(a) U_,CiUUi_1A; = X and
(b) CinAj#¢for1<i<r,1<j<s.
The following result is due to Frank [21].

Theorem 1.2.5 Let P = (X, <) be a poset. Given a positive integer s <
ht(P), there exists an antichain family & of order s and a chain family €
that are orthogonal. Moreover, &/ and € can be found in time polynomial
in | X|.

It immediately follows from this theorem that & has maximum possible size
amongst all antichain families of order s. We state this as a corollary for
future reference.

Corollary 1.2.6 Given a poset P = (X,<) and a positive integer s, a
mazimum union of s antichains can be found in time polynomial in |X|.

1.3 Szemerédi Regularity Lemma

In 1975, Szemerédi [57] proved a deep Ramsey-type theorem for the inte-
gers, which had been conjectured by Erdés and Turén [18]: he proved that
every set of integers with a positive upper density has arbitrarily long arith-
metic progressions. A key step in his proof turned out to be an innocuous
looking lemma whose importance has come to be realised more and more
over recent decades. The lemma has come to be known as the Szemerédi
Regularity Lemma [58] or just the Regularity Lemma and has found many

applications in discrete mathematics, especially graph theory. For a survey

21



on the applications of the Regularity Lemma to graph theory, see [38] and
references therein..

Informally, the Regularity Lemma says that all large, dense graphs can
in some sense be approximated by random graphs; results for random graphs
can then in a way be carried over to all graphs. Going further, the Regularity
Lemma says that every graph can be partitioned into a bounded number of
parts such that for almost all pairs of parts, the edges between the parts
are distributed uniformly, much as they would be if they were generated at
random.

For the remainder of this section, we describe the Regularity Lemma
for graphs, and in so doing, give the standard notational setup. Readers
familiar with the Regularity Lemma will find this routine.

There are various slightly different versions of the Regularity Lemma,
even for graphs. Here, we give one that is less common (Theorem 1.8 [38]),
but better suited for our adaptation to posets in Chapter 5. We begin with
some notation.

Let G = (V, E) be a graph. For A, B C V, we define the density between
A and B in G to be dg(A, B), where

ec(A, B)

de(4, B) = =aT

Again, subscripts may be dropped. For €, € (0,1], the pair (A, B) is
called (e, d)g-regular if, whenever A’ C A and B’ C B with |A’| > §|A| and
|B'| > 8|B|, we have

’dG(A,a Bl) - dG(A’ B)' <e

Thus the condition of (e, §)g-regularity says that the edges in G between A
and B are distributed approximately uniformly. The smaller € and § are, the
more uniform is the distribution of edges between A and B. Note also that
if d(A4, B) is small, say d(A, B) < 2%, then (4, B) is automatically (e, §)-
regular. Indeed, if A’ C A and B’ C B with |A’| > 6|A| and |B’| > §|B|,

then
e(A, B') 662|A||B[ _

< 1By _ — e
0<d.B) = TaB < SapB

Thus
|d(A", B') — d(A,B)| <.
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Similarly (by considering the complementary graph), (A, B) is (¢, §)-regular
if d(A, B) > 1 — 6%.

Recall that an equipartition of V' into k parts is a partition Vi,..., Vy of
V, where the parts are as equal in size as possible, that is, ||V;| - |VJH <1
forall1<i,j <k.

Let €,6,7 € (0,1] and let G = (V,E) be a graph. An equipartition
Vi,...,Vk of V is called (¢,d,7)g-regular if the number of (unordered)
pairs, (V;,V;), that are not (e,d)g-regular is at most v(%). An equipar-
tition that is (e, ¢, €)g-regular will be referred to as (€)g-regular or just e-
regular. Note that a (eo, do, 70)G-regular equipartition is (€)g-regular for
€ > max(eg, 89, 70)-

The Regularity Lemma says that, for every graph, there exists an e-
regular equipartition, where the number of parts is bounded by a function
of € only. Having a bound on the number of parts that is independent of the
graph is a key feature of the Regularity Lemma. Indeed, if we do not insist
on such a condition, we can simply partition our graph into vertices, which
trivially gives an e-regular partition for every € € (0,1]. Here is the formal
statement of the Regularity Lemma.

Theorem 1.3.1 (Szemerédi Regularity Lemma) For every e € (0,1]
and every m € N, there ezxists a natural number M = M/(e,m) with the
following property. For every graph G = (V, E), there exists an (€)g-regular
equipartition of V into k parts, where m < k < M.

The purpose of m in the above statement is a technical one. When applying
the Regularity Lemma, one may wish to have a sufficiently large number of
parts in order to ensure that the number of edges within parts is small.

Note that if G has a sufficiently small number of edges (as a function of
€), then in any partition of its vertices, the density between most parts will
be small; thus, all such pairs of parts will automatically be (e, €)g-regular (as
previously explained). In this case, all partitions of G are e-regular, and the
Regularity Lemma gives us no useful information. For such graphs, there
exist sparse versions of the Regularity Lemma that are sometimes useful (see
for example [37]), but we shall not be concerned with these.

The function M(e,m) is an Ackermann-type function: for m = 2, it is
a tower of powers 22°  of height Q(e~3). Thus our regular partition has
a very large, but bounded, number of parts. Gowers [27] showed that any
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upper bound on M (e, m) necessarily has such tower-type growth as € tends

to zero.

1.4 Extremal Hypergraph Theory

A simple way to generalise the notion of a graph is the following: rather
than taking edges to be pairs of vertices, we take edges to be subsets of
vertices of size k for some fixed k. This results in what is known as a k-
uniform hypergraph. Many problems in graph theory have corresponding
generalisations for k-uniform hypergraphs, but often turn out to be much
harder to solve when k£ > 3.

Formally, a k-uniform hypergraph (or k-graph) H is a pair (Vy, Eg),
where Vi is a set of vertices, Ey is a set of edges, and an edge is a k-
element subset of V. We write V}gk) for the set of all k-element subsets of
Vy; thus Eg C Vjsk). In particular, a 2-graph is simply a graph.

Given two k-graphs F' = (Vp,EFr) and H = (Vy, Eg), we say that H
contains F or F is a subgraph of H if there exists an injective function
g : Vg — Vg such that

{g(e) : e € EF} C Ep,

where we define ¢(S) = {g(v) : v € S} for all S C V. If, in addition, we
have

{g(e) :e € Ep} = EgN (Q(VF))(k),

then we say that F' is an induced subgraph of H and that the set of vertices
9(Vr) C Vi induces a copy of F in H.

We say H is F-free if H does not contain F. A very natural question
asked by Turdn first for graphs and then for hypergraphs is the following:
given a k-graph F, what is the largest number of edges that an n-vertex
F-free k-graph can have? This number is denoted by ez(n, F') and is called
the Turdn number of F'. Any n-vertex F-free k-graph having the maximum
number ez (n, F) of edges is called an eztremal F-free hypergraph. The
density of the extremal F-free hypergraphs is given by

d(n, F) = ZE)

(%)
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We show that we can take the limit of d(n,F) as n — oco. We do this by
showing that d(n, F') is a decreasing sequence using a standard averaging
argument of Katona, Nemetz, and Simonovits [34].

Proposition 1.4.1 Let F be a fized k-graph. The limit
w(F) := lim d(n, F)
always ezists.

Proof We show that d(n, F') is a decreasing sequence. Since it is bounded
below by zero, we conclude that it has a limit. We use a simple averaging
argument to show the sequence is decreasing. An extremal graph for F on
n+ 1 vertices can contain at most ex(n, F') edges in any subset of n vertices.
Summing the edges over all such n-vertex subsets, and therefore counting
each edge n — k times, we have

(n—k)ex(n+1,F) < (n+ 1)ex(n, F).

Thus
ex(n+1,F) < (n+1)ez(n, F)
&) T =R

as required. O

dn+1,F) = =d(n, F),

For F a k-graph, 7(F') is called the Turdn density of F. More generally,
we can extend these definitions to families of hypergraphs. If F is a family
of k-graphs, H is said to be F-free if H does not contain any member of F
as a subgraph. We let ex(n, F) denote the maximum number of edges in an

n-vertex F-free k-graph. We define

_ ex(n,F)

i

and we let 7(F) = limp_o d(n, F).
Determining these Turdn densities is perhaps one of the most fundamen-
tal problems in extremal hypergraph theory. The problem has been solved

for k = 2, that is, the Turdn densities of all families of graphs have been
determined. For k > 3, the problem remains open for most hypergraphs.
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Let us discuss the extremal results for graphs. Recall that K, denotes
the complete graph on r vertices. Let T'r(n,l) denote the graph on n vertices
equipartitioned into ! classes, Vi, ..., V] (recall that this means ||V;| - |V;|| <
1 for all 4, j € [l]), where the edge set is given by

{ab:a € V;, be Vi #j}.

These graphs are called Turdn graphs, and we write tr(n,l) for the number
of edges in Tr(n,l). In 1941, Turdn proved the following theorem [63],
not only finding the Turdn densities for complete graphs, but also giving
the unique extremal K, -free graphs. There have subsequently been many
different proofs given for the theorem; see, for instance, [1].

Theorem 1.4.2 (Turin) We have for ! > 1, that
ex(n, Kj41) = tr(n,l),

and moreover, Tr(n,l) is the unique eztremal K, -free graph.

Counting the number of edges in Tr(n,l), we have

tr(n,1) = (1 + o(1)) (é) (?)2 — (1+0(1) (1 - %) (;’)

and thus m(K41) = (1 — }).

More generally, the Erdés-Stone Theorem, proved by Erdés and Stone
[17], gives as a corollary (discovered by Erdés and Simonovits [16]) the Turén
densities of all graphs. The Turdn density of a graph turns out to be a
function of its chromatic number, which we now define.

A graph G = (V, E) is said to be k-colourable if there exists a k-colouring
of the graph, that is, a function f : V — [k| such that, whenever ab € E, we
have f(a) # f(b). In words, the function f simply assigns colours 1, ...,k to
the vertices of G so that no two vertices that have an edge between them are
assigned the same colour. Note that a k-colouring of a graph is a partitioning
of its vertices into k independent sets (an independent set is a set of vertices
containing no edges). The chromatic number of G, denoted by x(G), is the
least k for which G is k-colourable. We can now state the theorem.

Theorem 1.4.3 (Erd§s-Stone-Simonovits) If G is a graph for which
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x(G) > 2 (that is, G has at least one edge), then

1
"= (1~ 1=1)

Extremal results often come together with what are known as stability
results. Such results tell us roughly what the structure of a graph or hy-
pergraph looks like if we relax the conditions on the extremal result. The
result below for example, due to Erdés [15] and Simonovits [55], gives us
information about F-free graphs having close to the maximum number of
edges.

Theorem 1.4.4 (Erdés-Simonovits Stability) Let F be a graph with
chromatic number p. Given € > 0, there exists § = 6(e) and ng = ng(€) such
that if G is an F-free graph with n > ng vertices and at least ex(n, F) — dn?
edges, then G can be obtained from Tr(n,p — 1) by adding or deleting at
most en? edges.

Such stability results, as well as being interesting in their own right, can
sometimes be used to derive exact results.

There is another type of stability result. Rather than relaxing the condi-
tion on the number of edges of an F-free graph, we can relax the F-freeness
itself. We give below the first result of this type, where F' is a triangle.
The result was proved by Ruzsa and Szemerédi [52] and has since been
generalised in many ways [3], [50], some of which we discuss in Chapter 6.

Theorem 1.4.5 (Ruzsa-Szemerédi) Given ¢ > 0, there exists § = d(€)
and ng = ng(e) such that if G is a graph on n > ng vertices containing at
most dn® triangles, then G can be made triangle free by deleting at most en?
edges.

This theorem is a relatively straightforward consequence of the Regularity
Lemma, and in fact, all known proofs of the result are based on the Regu-
larity Lemma. Such results play an important role in the area of property
testing.

Turning now to hypergraphs, whereas the Turdn densities of all graphs
are known, the Turén densities of only a few hypergraphs are known. Let
us give a brief history of this area of combinatorics.

An obvious generalisation of Turan’s theorem would be to determine the
Turan density of K lk, the k-graph on [ vertices with all edges present. The
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value of (K lk) is unknown for all [ > k > 3. Turédn, in his seminal paper
[63], conjectured that

5

He conjectured that one possible extremal n-vertex Kj-free 3-graph is that
in which the n vertices are equipartitioned into three classes, Vi, Va, Vi,
and where the edges are those triples that intersect all the V;’s or contain
two vertices from V; and one from V;j(noq3) for 2 = 1,2,3. This famous
problem remains open, although there have been some partial results. The
best upper bound known for 7(K3) is (3 + v/17)/12 < 0.593, which is due
to Chung and Lu [7]. The best lower bound remains 5/9, although many
different extremal constructions have been found that have the same number
of edges as Turdn’s original construction. In particular, Kostochka [39] gave
2"=2 different non-isomorphic extremal constructions on 3n vertices for each
n € N. Thus, if the conjecture is true, having so many different extremal
structures gives an indication as to why the problem is hard. Bounds on
(K, ,’“) for other values of & and [ are given in the recent paper by Lu and
Zhao [41].

Another well-studied problem, which we shall discuss in more detail in
Chapter 6, is that of determining the Turdn density of K, the complete
3-uniform hypergraph on four vertices minus an edge. Again, this problem
is open: the best known bounds are

1

1
< P I e —
<m(Ky) <3~ 250

=N

The upper bound is due to Talbot [59], while the lower bound is due to a
construction of Frankl and Fiiredi [22].

We conclude this subsection by listing a few exact results that have
recently been proven. For a survey on some of the earlier work done in this
field see [23].

There was a period of little progress in extremal hypergraph theory dur-
ing the 90’s; however, an encouraging breakthrough came when de Caen and
Fiiredi [9] proved that the Turén density of the Fano plane (Figure 1.4) is 3,
thus proving a 30 year old conjecture of Sds [56] with a surprisingly simple
proof. Keevash and Sudakov [36] later proved, using a stability method, that
the unique extremal 3-graph free of the Fano plane is the balanced complete
bipartite 3-graph, also conjectured by Sés [56]. The result of de Caen and

28



Figure 1.1: Fano Plane (3-graph on seven vertices and seven edges)

Fiiredi drew renewed attention to this field of combinatorics.

Since then, Mubayi and R6dl [44] obtained the Turdn densities of about
ten different 3-graphs. Fiiredi, Pikhurko, and Simonovits [24, 25| deter-
mined the Turdn density and the Turdn numbers of the 3-graph with vertex
set [5] and edge set {123,124,125,345}. Keevash and Sudakov [35] deter-
mined W(Cézr)), where Cézr) is the 2r-graph obtained by letting Py, P, Ps
be pairwise disjoint sets of size r, and taking as edges the three sets P, U P;
for i # j. Mubayi [43] gave for each r > 3, an infinite family of r-graphs
together with the Turén density of each r-graph in the family. Pikhurko [48]
determined the Turdn numbers of each of these r-graphs.

The results we have mentioned here are by no means an exhaustive list
of Turan-type results: they simply reflect the author’s tastes.

1.5 Summary

We conclude with a brief summary of each chapter.

In Chapter 2, we consider the following problem: given two graphs on
the same vertex set, can we find a partition of the vertices such that the
sizes of the cuts induced in both graphs are large? Let G; = (V, E;) and
G2 = (V, E) be two graphs, where |V| = n and |E;| = m; for i = 1,2.
We give a simple algorithm that partitions V into sets A and B such that
ec,(A,B) > m1/2 and eg,(A, B) > my/2 — A(G2)/2, where A(G) denotes
the maximum degree of G. We also show, using probabilistic methods, that
if G1 and G2 belong to certain classes of graphs (for instance, if G; and
G2 both have at least %(n + 1)? edges, or if G; and G5 are both regular of
degree at most (n/16) — 8), then we can find a partition of V' into sets A
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and B such that eg,(A, B) > m;/2 for ¢ = 1,2. This chapter is based on
published work [46].

In Chapter 3, we consider natural analogues of graph cut problems
for posets. We show that for every poset P = (X, <) and every integer
k > 2, there exists an ordered k-partition of P such that the total number
of comparable pairs within the parts is at most (m — 1)/k, where m > 1
is the total number of comparable pairs in P. We show that this bound is
best possible for ¥ = 2, but we give an improved bound, m/k — c(k)y/m,
for k > 3, where c¢(k) is a constant depending only on k. We also show
that, given a poset P = (X, <) and an integer 2 < k < |X|, we can find
an ordered partition of P into k parts that minimises the total number of
comparable pairs within parts in time polynomial in the size of P. We prove
more general, weighted versions of these results. This chapter is based on
published work [47].

Chapter 4 is a digression: in it, we describe the well studied graph
linear arrangement problem and consider a natural analogue of this problem
for posets. Let P = (X, <) be a poset that is not an antichain, and let
A : X — [n] be an order preserving bijection, that is, a linear extension
of P. For any relation a < b of P, the distance between @ and b in A is
A(b) — A(a). The average relational distance of A, denoted distp(), is the
average of these distances over all relations in P. We show that we can
find a linear extension of P that maximises distp(A) in polynomial time.
Furthermore, we show that this maximum is at least 3(|X| + 1), and that
this bound is best possible. This chapter is based on joint work with Graham
Brightwell.

In Chapter 5, we formulate and prove a version of the Szemerédi Reg-
ularity Lemma tailored for posets. Going into more detail, we prove that
for every poset P = (X, <), there exists an ordered partition of X into a
bounded number of parts that is regular for both the comparability graph
and the covering graph of P (note that the usual Regularity Lemma applied
to Com(P) and Cov(P) would yield the same result except that the partition
would not necessarily be ordered). We prove some interesting properties of
ordered regular partitions; in particular, we are able to give some structural
properties of P within parts of the regular ordered partition. In light of this,
and the fact that the usual Regularity Lemma says nothing about what hap-
pens inside the parts of a regular partition, we hope that our version of the
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Regularity Lemma for posets will lend itself to novel applications.

In Chapter 6, we give a new proof of a result of Frankl and Fiiredi.
The result is a characterisation of all 3-graphs in which every set of four
vertices spans either zero or two edges. There are two types of graphs in this
characterisation: ones that are 2-colourable and ones that are 3-colourable.
(A hypergraph is k-colourable if its vertices can be partitioned into k sets
so that no part contains an edge.) We use the ideas in our new proof to
give a stability result for the 2-colourable case. More precisely, let ¢;(H)
denote the number of 4-vertex subsets of Vy that span exactly i edges of H.
We prove that if H = (V, Ef) is an n-vertex 2-colourable 3-graph in which
¢i(H) < en* for i = 1, 3,4, then there exists an n-vertex 2-colourable 3-graph
H' = (Vy:,Eg), where ¢;(H') =0 for i =1,3,4 and Eg A Egr < 16203z,
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Chapter 2

Cutting Two Graphs

Simultaneously

2.1 Introduction

Throughout this chapter, we work with with finite simple graphs. Recall
that for a graph G = (V, E) with A and B disjoint subsets of V, Eg(4, B)
denotes the set of edges of G that have one end in A and one end in B, and
ec(A,B) = |Eg(A, B)|. Let A° = V\A so that A, A° is a partition of V.
Then Eg(A, A°) is a cut of G, and we shall sometimes refer to it as the cut
of G generated by A. The degree of a vertex z in G is eg(z, V), shortened
to eg(z), and the maximum degree of G is

A(G) := max ec(z).

We showed in Section 1.1 that for any graph G with m edges, there exists
a cut of size at least %m and that the constant % cannot be improved. Now
consider two graphs G1 = (V, Eq) and G = (V, E») on the same vertex set
V, where |V| = n and |E;| = m; for i = 1,2. We investigate the problem
of finding A C V that generates a large cut both in G; and in Ga. This is
a problem posed originally by Bollobés and Scott [6]. More precisely, their
problem was the following:

Problem 2.1.1 (Bollobds, Scott [6]) Givenm € N, find the largest inte-
ger f(m) such that for every pair of graphs Gy = (V, E1) and Gy = (V, E»),
each with m edges, there exists A C V with eg,(A, A°) > f(m) fori=1,2.
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For further details on this problem and other related problems, see Scott
[54].

Bollobés and Scott suggested that perhaps f(m) = (1—o0(1))m/2. Kithn
and Osthus [40] proved this: they showed, using probabilistic methods, that
if G; = (V, E;) with |E;| = m,; for ¢ = 1,2, then there exists A C V such

that
eai(4, 4 2 TF — v = (1- o(1)) 2t
fori=1,2.
In Section 2.2, we prove the following theorem, which is based on a simple

algorithm.

Theorem 2.1.2 Let G; = (V, E;) with |E;| = m; for i = 1,2. Then there
ezists A CV, with ||A| — |A¢|| < 1, such that
mo A(Gz)

c m
eG’l(A,A ) > —21‘ and 6G2(_A,Ac) > _2_ — 5

A simple modification of the algorithm in Theorem 2.1.2 yields the following
theorem, which again proves that f(m) = (1 + o(1))m/2.

Theorem 2.1.3 Let G1 and G2 be graphs as in Theorem 2.1.2. Then there
exists A CV, with ||A| — |A%|| <2, such that

e, (A, A°) > % and eg,(A, A%) > 'r_n2_2 — y/ma.

Theorem 2.1.2 also proves the following conjecture of Rautenbach and Szigeti
[49].

Conjecture 2.1.4 (Rautenbach, Szigeti [49]) Let G; = (V, E;), where
|E;| = m; fori=1,2. If both graphs have mazimum degree at most A then
there exists A CV such that eg,(A, A°) > 3(m; — A) fori=1,2.

The following conjecture, which is implicit in [40] and [49] but not for-
mally stated, is a natural extension of Conjecture 2.1.4.

Conjecture 2.1.5 Let G, = (V, E;) with |E;| = m; for i = 1,2. Then there
exists A C V such that e, (A, A°) > |3m;] fori=1,2.

Note that the above conjecture is false if we replace | $m; | with 2m;. Indeed,
let G1 be a 5-cycle on 5 vertices and let G be its complementary graph (also
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a 5-cycle). Taking any partition of the vertices generates a cut in at least
one of the two graphs having at most |5/2] edges. This example was given
by Rautenbach and Szigeti [49], and is the only such example that we know
of.

In Section 2.3 we show, using probabilistic methods similar to those
used in [40], that Conjecture 2.1.5 holds for certain classes of graphs. More
precisely, we prove the following two theorems.

Theorem 2.1.6 Let G; = (V, E;) with [V| =n and |E;| = m; > }(n+1)2
for i =1,2. Then there erists A C V, with ||A| — |A¢|| < 1, satisfying

e, (4,49 >

fori=1,2.

Theorem 2.1.7 Let G; = (V, E;) with |V| =n and |E;| = m; fori=1,2.
If ri == A(G;) < Vm;/8 — 2 for i = 1,2, then there exists A C V, with
||A] — |A°|| < 1, satisfying

ec,(4,4%) 2 T
fori=1,2.

In particular, the conditions of Theorem 2.1.7 are met if G; is r;-regular,
with 1 <r; < {§ — 8 for i = 1,2. Let us carry out the simple calculation to
see that this is true. Assuming that 1 <r; < % —8 and using m; = (r;n)/2,
we have

(ri +2)% < ri(ri + 8) provided 4r; > 4 ie. 7, >1
< ri(n/16) = m;/8.

Rearranging the above by taking square roots and subtracting 2 gives the
condition of Theorem 2.1.7.

2.2 A Simple Algorithm

In this section, we present the proofs of Theorems 2.1.2 and 2.1.3. The proof

of Theorem 2.1.2 is based on a simple algorithm, which we later adapt to
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give a slightly sharper result for the case when A(G3) is large. Before we
proceed to the proof of Theorem 2.1.2, recall that for G = (V, E) a graph,
we write eg(z, A) to denote the number of neighbours of a vertex z in a set
ACV.

Proof (of Theorem 2.1.2) We are given G; = (V, E;) for i = 1,2, where
|V| =n and |E;| = m,;. We assume that n is even. (If n is odd then we add
a vertex to V that is isolated in G; and G2 and apply the theorem for n
even.)

For j =0,...,n/2, we inductively construct disjoint subsets A; and B;
of V as follows. Let Agp = By = ¢, and assume that we have constructed
A;_1={ay1,...,aj_1} and Bj_y = {b1,...,bj_1}.

For each v € V, let

el (v) = eg, (v, Bj_1) — e, (v, Aj_1).

Choose a; to be any vertex in V'\(4;-1 U B;_) that maximises e{, and set
A; ={a1,...,0a;}. Foreachv €V, let

e} (v) = e, (v, 4;) — e, (v, Bj-1).

Choose b; to be any vertex in V'\(A4; U Bj_1) that maximises e, and set
Bj = {b1,...,b;}. Notice, by our choices of a; and bj, that for each j, we
have

€l(a;) > €l (b;) and €(b;) > e(aj1) > €5+ (ajn1)-

(Note that we have the strict inequality e}(a;41) > €57 (a;+1) if and only if
there is an edge of G between a;;; and b;.) We shall use these inequalities
at the end.

After n/2 iterations, we obtain A, /, and By, sets of equal sizes that
partition V. Let A = A, /s, so that A° = B, ;5. We claim that

e, (4,492 T and ec,(4,4% > 2 - A(2G2)'
To see this, observe that for i = 1,2, we have
n/2
m; = Z [eGi(ajaAj—l) + eg; (aj,Bj_l) + eg, (bj,Aj) +eg, (bj,Bj_l)]
j=1

35



and
n/2

€G; (Aa AC) = Z [eGi (aja Bj—l) + €G; (b]7 AJ)]
i=1

Subtracting 1/2 of the first equation from the second yields

m;

n/2
c 1
ec,(4, 4°) —=5§=j(ec aj, Bj—1) — e, (aj, Aj-)]+

ec, (b5, A;5) — eq, (bj, B,-_l)])

fori=1,2.

By comparing the terms in square brackets with ef (a;) and ez(bj) Te-
spectively, and noting for any vertex v that eg,(v, 4;) > eg; (v, Aj-1), we
obtain that

V

ms {z”ﬂef(a,)— (b)) ifi=1;
%>

€ i(A7Ac) - "9
: Znﬂ (eh(b;) — 52(‘1])) if i = 2.

Using that €](a;) > ej(b ;) for each j, we see that the first sum is non-
negative. Using that e} (b;) > ez+ (aj41) for each j , we see that the second
sum is at least 62((11)+62/ (bn/2) > —A(G2) as e3(a1) = 0. This completes
the proof. 0O

Examining the proof of Theorem 2.1.2, we see that it is the last vertex
placed that determines the size of eg,(A, A°) — (m2/2). In particular, we
can improve on Theorem 2.1.2 if we can ensure that the degree of b,/; in
Go is small.

Proof (of Theorem 2.1.3) Let vy,...,v, be an ordering of the vertices of V'
satisfying eg, (v;) > eg,(vi41) foralli =1,...,n—1. Let V* = {vy,...,n},
where ¢ is an integer to be specified later. For convenience, we ensure that
both [V*| and |V| are even by adding isolated vertices to V* and/or (V*)¢ =
VA\(V*) if necessary. After the addition of these isolated vertices, let t' =
|[V*| and n' = |V|. We give a modified version of the algorithm in the
proof of Theorem 2.1.2. The only difference is that initially, we restrict our
attention to V*, however we describe the algorithm in full for notational

convenience.
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Let V; = V*for j < t'/2and V; = (V*)°for j > t'/2. For j =0,...,n'/2,
we inductively construct disjoint subsets A; and B; of V as follows. Let
Ap = By = ¢, and assume that we have constructed A;_; = {a1,...,aj-1}
and Bj_l = {bl, AN ,bj_l}.

For each v € V}, let

e](v) = e, (v, Bj-1) — eg, (v, Aj-1)-
Choose a; to be any vertex in V;\(A4;-1 U B;j_1) that maximises e{, and set
Aj = {al, e ,aj}.
For each v € V}, let

eé(v) = €@, (va Aj) — €G, (va Bj—l)-

Choose b; to be any vertex in V;\(4; U Bj_1) that maximises e}, and set
B; = {b1,...,b;}.

We iterate n'/2 times to obtain sets An/; and By /;. We remove from
Apr 2 and By, any isolated vertices that we may have added at the begin-
ning to obtain sets A and B = A° that partition V. Note that ||A|—|A¢|| < 2.
This completes the description of the modified algorithm.

Note, by our choices of a; and b;, that for each j, we have e{ (aj) > e{ (b5),
and for each j except j = t'/2, we have €(b;) > €}(a;j41) > e§+1(aj+1).

Mimicking the analysis of the algorithm in Theorem 2.1.2 and noting
that eg,(A, A°) = eg,(An /2, Bnr/2), we find that

eg, (4, A°) —

and
m 1 n'/2 )
ec, (4, A) -2 > (e} (b;) — €b(a;))

2 _2j=1

(—ed(ar) + ey > (bysa) — e P agoyayin) + €5 /2 (buj2)
¢ t
(0- 5] - [5] - eontow)

1
= —5(t + eg, (vi+1)),

2

I\
N = DN =
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where the third inequality follows because €}(a1) = 0,

' t
eg/z(bt’ﬁ) 2 —€G, (bt’/2aB(t’/2)—1) > — EJ ,

| t
e " aa)41) 2 —eca(a@ a1, Bup) = - [5] '

Since we are free to choose t as we please, we have that
oy M2 |
€Ga (4, A%) — 5= 2 —5 mint + e, (ve41)),
where we minimise over t = 0,...,n — 1. We claim that

mtin[t +eg, (Ve41)] < [2¢/m2],

which proves the theorem. We prove the claim by contradiction. Suppose
that t + eg, (vi+1) > [24/m2] for allt =0,...,n — 1. Then

n—1 n—1
Y ec,(vr1) 2 Y max(([2y/mz] - t),0]
t=0

t=0
[2y/m2]
= D¢t
t=0
1
= 5[2\/1712 ([24/m2] +1)
> 2ma,
which is a contradiction, proving the claim. a

2.3 Good Simultaneous Cuts for Special Classes
of Graphs

In this section, we turn to the problem of finding pairs of graphs, G; = (V, E;)
with |E;| = m; for ¢ = 1,2, for which we can ensure the existence of A C V
such that

€G; (A’Ac) 2 l.mi/2.l
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for i = 1,2. As conjectured earlier, we believe that the above is true for all
pairs of graphs. The proofs in this section are of a probabilistic nature.

We first prove that the above is true for graphs of high density, that is,
those graphs that give the poorest bounds in Theorem 2.1.2 and Theorem
2.1.3. We start with a general lemma.

Lemma 2.3.1 Let X be a random variable taking values in {0,...,n} for
some n € N. Let u be its mean and o? its variance. For p > 0, let r(X,p)
be the largest integer such that

P(X <r(X,p)) <p.
Then

1-p
P

T(X,P)'*‘l?u- g.

Proof Let Y be the two point random variable taking the value yp :=
E(X|X < r(X,p) + 1) with probability po := P(X < r(X,p) + 1) > p, and
taking the value y; := E(X|X > r(X, p) + 1) with probability p; := 1 — po.
Note that Y = E(X|I), where [ is the indicator function of the event that
X <r(X,P)+1.

We carry out an easy calculation to show that

vo = E(Y) — 4/ L;m—f’i‘lvfzr(y)m(y), 2.1)

P

Indeed, we have that E(Y") = poyo+ (1—po)y1 and that Var(Y) = po(E(Y)—
v0)?+(1—po)(y1 —E(Y))2. We eliminate y; between the equations as follows:

1 ;0"’0 Var(Y) = L ;Op 0 (po(]E(Y) —yo)2+ (1 —po)(y1 — E(Y))z)

- ;Opo (Po(l —po) (1 — %)% + (1 — po)po(y1 — yo)z)

= [(1 — po)(y1 — ¥o))?
= (E(Y) — w)*.

Rearranging gives (2.1). We note that E(Y) = p, and we claim that
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Var(Y) < o2; this is deduced from the convexity of 2 as follows:

Var(Y) = E(Y2) — E(Y)?
= (poyg + p1y3) — E(X)?

(Y BEZAY L (S BE=D) gy

i=0 Po i—r(Xpy+2 Pt
T(X,p)+1 3 n .
P(X =1). P(X =1).
<m Y PEZpy, 3 BEZ0p gy
i=0 Po i=r(xp)r2 1
=Var(X) = o>

Using that yo < r(X,p) +1; po > p; E(Y) = p; and Var(Y) < o2 together
with (2.1), we obtain

1- —
r(X,p) + 12 yo =E(Y) - \/-po—poVar(Y) >pu— /2 _ P,

as required. O

The following corollary is the main probabilistic tool used in the proofs
of Theorem 2.1.6 and Theorem 2.1.7.

Corollary 2.3.2 Let X; and Xy be random variables taking values from
{0,...,n}, and let X; have mean p; and variance o? for i =1,2. Then

P(X1 > p1 — o1, X2 > pg —02) > 0.
Proof The following easy calculation proves the corollary. We have

P(X1 2> p1 — 01, X2 > po —02) =P(X1 > [p1 — 01], X2 > [p2 — 02])
21-P(X; <[p1—o1] - 1) -P(Xa < [p2 —02] - 1)
>1-P(X; <r(X31,1/2)) - P(X2 < r(X2,1/2))
>1-1/2-1/2=0.

O

The idea of the proof of Theorem 2.1.6 is an extension of the ideas of
Kiihn and Osthus [40].
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Proof (of Theorem 2.1.6) The graphs G; = (V, E;) and G = (V, E3) are
given. We may assume that n = |V| is even by adding a vertex to V' that
is isolated in both G; and G if n is odd; consequently, we must work with
the weaker premise that m; > %nz rather than the original premise of the
theorem that m; > %(n + 1)2. We also assume n > 4; the cases for n < 3
can easily be checked by hand.

Pick a subset A of V of size n/2 uniformly at random, and set X; =
eg,; (A, A°) for i =1,2. Let p; and 01-2 be respectively the mean and variance
of X; for 2 = 1,2. We show that if G; and G, are sufficiently dense, then

Corollary 2.3.2 then gives that
P(X1 > m1/2, X2 > m2/2) > 0;

hence there exists some subset of V' that induces a cut in G; (resp. G2)
containing at least 3m; (resp. ims) edges.

It remains only to bound u; —o;. We start by computing the expectation
and variance of the X;. Let us focus on X;. For each e € FE;, define

X o {1 if e € Eg, (A, A°);

0 otherwise.

Note that X; = Zee g, Xe- Using this and the linearity of expectation, we

have

i =E(X) = Y E(X) = Y Ple € B, (4,49) = sm(1+ ),

n—1
e€Ey ecE;

where we have used that
Plzy =e € Eg,(A,A%)) =Pz € A,y A+ P(y € A,z € A°)
_ (Y (dn), (dmy(
"\ n n-1 n n—1
1 1
—5(1+n—1)'

Next we compute E(X?). Again, writing X as a sum of indicator func-
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tions and expanding, we get

E(X?) =) E(Xe-X)+ Y E(X.-Xy)

e€Fy e,fEE]
e#f
=E(X)+ Y Ple,f € Eg,(4,4%). (2.2)
eafeE].

e

For two edges e and f of a graph, with e # f, we write e inc f if the edges
are incident (meet at exactly one vertex), and we write e ind f if they have
no common vertices, that is, they are independent. We split the sum above
according to whether or not e and f are incident. We claim that

%(1+ﬁ)(1+ﬁ), if e ind f;

-}4-(1 + L), if e inc f. 23)

P(e, f € Eg, (4, A%)) = {
n—1

Indeed, if e ind f with e = zy and f = z'y/, then we have e, f € Eg(A, A°)

if and only if one of the following four equally likely and mutually exclusive

events occurs: either z,z' € A and y,y’ € A% or 2, € A and y,z’ € A; or

y,z' € Aand z,y € A% or v,y € A and z,z’ € A°. Thus, in this case we

1 1 1 1
ew _4f 2™ an—1 an an—1
et (2 () ) (5
1 1 1
_Z(1+n—l)(1+n—3)'
If e inc f with e = za and f = zb, then we have e, f € Eg(4, A°) if and

only if one of the following two equally likely and mutually exclusive events
occurs: either z € A and a,b € A% or a,b € A and = € A°. In this case we

have

have
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Using (2.2) and (2.3), we obtain

E(X}) =E(X)+ Y P(e,f € Eg,(4,49)+ Y P, f € Eg,(4,4%)

e.f€By e,f€EL
¢'ind f einc f
= gl )+ mlm =) =BGl (1 1 2) (4 )
T
= %(1 + n—l_—l—) (2m1 + (1 + ﬁ)ml(ml -1) - %),

where P;(G;) denotes the number of (ordered) pairs of incident edges in G;.
Alternatively, P5(G,) is twice the number of paths of length 2 in G;, and
we can bound it as follows. Let v1,...,v, be the vertices in V, and let d;

be the degree of v; in G;. Then )

Py(G1) =) di(di — 1)
i=1

Using this bound, together with the expression for E(X?), we find that

E(X2) < %(1 + —1—) (m+ (14 —I—)ml(ml ~1)

n—1 n—3
4m? 2
nn—3) n-3

1 1 1 4m? m
_ 2 L 14— Ym2_ 1 _
4(1+n—1)(m1+( +n—3)m1 n(n—3)+n—3)
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Using our expression for E(X;), we obtain

0?2 = Var(X;) = E(X?) — E(X;)?

1 1 1 im mi
L) s (gt
_4( R ™t 1+n—3)ml n(n — )+ )

m2 m
(1 Z'}I) (1 + = ?)('rlz —3) n(inils) m—)

1
1
= i(nfl)((z—:g)ml‘ (;@%)”ﬁ)’

and similarly for 02. Recall: we wish to show that when G and G; are

sufficiently dense, we have
,u,-—o,-z%i for i =1,2, (2.4)

or equivalently \
0'? < (p,- - lnz—'—) for i =1,2.

Substituting the expression for y; and the bound for o2, we find it is sufficient
to show that
2

1) (CEm- Grtsa=s)™) < T

Since we have assumed that n > 4, we can divide both sides by }Tﬁ Then

collecting the m? terms on the right hand side, we find that the previous

inequality is equivalent to

(=)= (n(nl— D" (n(n Enl)—(:- 3)))m’2

= (Z(ni—nl)_(r:——:ﬁ)m‘z'

Thus, since n > 3 and m; > 0, we can rearrange the above to deduce that

(2.4) holds if
n(n—1)(n—2)
> AT T4
™M= g7

which holds if m; > %n2 (assuming n > 3) for i = 1,2. O



Next we prove a theorem showing that pairs of graphs with small max-
imum degree (relative to the number of edges in the graphs) also satisfy
Conjecture 2.1.4. The proof of the theorem broadly follows that of the pre-
vious theorem; the only difference is the way in which the random cut is
constructed.

Going into more detail, the random cut is constructed as follows. We
first deterministically pair up the vertices of our vertex set V so that a
large proportion of the pairs form edges of our graphs. We then partition V'
randomly, ensuring that vertices of each pair are in different parts.

This motivates the following lemma and its corollary.

Lemma 2.3.3 For graphs G1 = (V,E1) and Gy = (V, Ey), let A; C E; be
sets of independent edges for i = 1,2. Then there exists a set A C A; U A,
of independent edges such that for i = 1,2 we have

AN Al > Emn] -1

Proof Observe that each edge of A; N A, is independent of all other edges
in A; U A;. Let B; = A;\(4; N A3). Then it is sufficient to find a set
B C B; U By of independent edges such that |B N B;| > ||B;}/2] — 1 for
i =1,2 (then set A = BU (41 N Ayp)).

We construct B as follows. Assume, without loss of generality, that
|Bz2| = |B1| + b, where b is a non-negative integer. Note that B; U Bz is a
disjoint union of paths and cycles in which edges alternate between being in
B; and being in Bs. Let S be the set of these paths and cycles.

A path in S whose first and last edges are both in B (resp. By) is referred
to as a 1-path (resp. 2-path). Let P! (resp. P2) be the set of 1-paths (resp.
2-paths). Any other path in S is necessarily a path with an even number of
edges, so we call it an even path. Let P¢ be the set of even paths in S. Let
C be the set of cycles in S (each of which necessarily has an even number
of edges).

We have that S is the disjoint union of C, P, P! and P?. For s € S,
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|s| refers to the number of edges in s. Let

C ={c1,¢cg,...,¢j} with |e1] > |eg| > ... > ¢4,
P ={pf,p3,...,pk} with [pf| > [p§| > ... > |p§|,
P' = {p1,p3,---,pi} with |p1| > |p3| > ... > [p]],
P2 = {p},p3,..., 0} with [p}| > B3| > ... > |p}],

and note that the number of 2-paths exceeds the number of 1-paths by
b= |By| — |B;|; hence we have | + b = m. We order the elements of .S

2.1 .2 1 2.1 .2 2 2
C1,C, .. -:Cj,PT,pS, s 7p]ecvp1)pl)p27p2’ <oy PP Piv 15 Pig2y - - -y Py

and we call this ordering Og. For each s € S, fix an ordering fi,..., f; of
the edges of s such that f; and f;,; are incident fori=1,...,g—1,and if s
is an even path or cycle, then we choose f; to be in By. Concatenate these
orderings of elements of S according to O, to give an ordering e, ...,e;
of the edges of B; U By. Note that the edges in our ordering ey,...,e;
alternate between B; and Bj except at a transition between P2, and P?, .,
(z=1,...,b—1), where we have two consecutive edges in By. We call such
a transition, a P2-transition.

Choose = minimal such that |{e;,...,ez} N B1| = [|B1]/2] — 1, and let
Bi ={e1,...,ex} N By. Let B, = {eg+2,...,€:} N By, and let B = B U Bj.
It is not too difficult to see that B is a set of independent edges. (Indeed, B
and Bj are each independent sets of edges. Furthermore the only way that
an edge from {ej,...,e;} can be incident with an edge from {ez42,...€:} is
if e lies in a cycle from C. Even then, there is only one incidence, and we
have ensured that we avoid the incidence in Bj U Bj by our choice of having
the first edge of every cycle belong to Gs.)

It remains only to show that |B N By| = |By| > ||B2|/2] — 1. Let y be

the number of P2-transitions in ey, ...,e;. We have

|By| = |Ba| - {er,.. ez} N Ba}| — 1
=|Bs| = (IB1] +y) - 1.

(The —1 is present in the first equality because e, is necessarily an edge
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of By. The second equality follows from the alternating correspondence of
B and Bj edges except at P2-transitions.) Since p?,,,...,pZ, are ordered
according to size in O,, we find that y < b/2 — 1, otherwise |Bj| > |B1|/2.
Using this and that |Bj| = [|B1]/2] — 1, we get

|By| = |Ba| — (|1By| + ) — 1
1
> |Bs| — §(|Bll +b) -1

1
> | = —

as required. O

Corollary 2.3.4 Let Gy = (V, E1) and Gy = (V, E3) be graphs with |[V| =n
and |E;| = m;. If A(G;) = r; for i = 1,2, then there exists a pairing, P =
{(v,w1),- -, (V|ns2), Wins2))}s of the vertices in V such that fori=1,2, we
have
m;
1> —| -1
POBI> |5y |-
The proof of Corollary 2.3.4 requires the following well-known result of Viz-
ing.

Theorem 2.3.5 (Vizing [64]) Every graph G has an edge colouring (a
colouring of the edges of G so that no incident edges receive the same colour)
that requires either A(G) or A(G) + 1 colours.

In fact, Vizing proved the above for multigraphs, but we require the result
only for graphs. See, for example, [11] for a proof.

Proof (of Corollary 2.3.4) By Vizing’s Theorem, we can find an (r; + 1)-
colouring of the edges of G;, and so, in each of the graphs G;, we can
find an independent set of edges of size at least m;/(r; + 1). Let A; be
such a set of independent edges for the graph G;. By Lemma 2.3.3, we
know that there exists a set A C A; U Ay of independent edges such that
|ANA;| > ||Ai|/2] —1. This proves the corollary since the edges in A induce
a partial pairing of V' and we extend this (in any way) to a total pairing P
with the desired property. O

We are now ready to prove Theorem 2.1.7.
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Proof (of Theorem 2.1.7) Assume n is even (if not, add a vertex to V' that
is isolated in G; and G2, and apply the theorem for the case when n is even).
By Corollary 2.3.4, there exists a pairing P = {(v1,w1), ..., (Un/2,Wn/2)} of
the vertices of V such that k; := |P N E;| > L‘z‘(r_TiT)J —~1fori=1,2. Let
A be a random subset of V' constructed as follows. For each pair (v;, w;) of
P, we either choose v; € A, w; & A or v; € A, w; € A, each with probability
1/2. The choices for each ¢ = 1,...,n/2 are made independently of one
another. Let X; = eg, (A, A°) and let X; have mean p; and variance o2. By
Corollary 2.3.2, it is sufficient to prove that

Wi — 05 2 s
for i = 1,2. As before we compute p; and af.
Let G; = (V, E:) = (V, E;\P) with m: = IE” =m; — ki, and let X: =
e(,-:(A,AC). Thus we have X] = X; — k;, and so X| has mean p, = p; — k;
and variance 01'-2 = o2.

For e € Ej, we have that
]P(e € EG; (A,Ac)) = 1/27

so as in the proof of Theorem 2.1.6, we have

E(X}) = Y Ple € Eg (4, 4%) = Tt

2
e€E]

o~

Two edges e, f (e # f) in E] are said to be linked if there exists p;,ps € P
such that eU f C py Ups. For e, f € E/, we have

if e, f are linked and not incident;

Ple, f € Eg,(A,A°)) = if e, f are linked and incident;

PN - B T

otherwise.

To see why this is true, first assume that e and f are linked and that p; =
(u1,v1), p2 = (ug,v2). If e and f are not incident, then we must have
(without loss of generality) that e = vjwe, f = vow;; both edges belong
to Eg; (A, A°) if and only if e does, giving the probability of % Ifeand f
are incident, then (without loss of generality) e = ujug, f = ujvy; under
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no circumstances can both edges belong to Eg (A, A°). Finally, if e and
f are not linked, then the events e € Eg:(4, A°) and f € Eg;(A, A°) are
independent, giving the probability of %.

For any edge e € E], there is at most one edge f € E; that is linked and
not incident with e. Hence there are at most m; (ordered) pairs of edges of
E! that are linked and not incident. As in the proof of Theorem 2.1.6, we
have

E(X?) =EX]))+ > Ple, f € Eg/(A, A%))

e,fEE]
oy
1 1 1
< §m§ + lmi(mi — 1) —mi] + gm;
1 1

and

o = E(X?) - E(X))?

4

< -m;.

SN

Therefore p; = 3(m;+k;) and 0? < 1(m; —k;). We find that p; —g; > m;/2
if 02 < 1kZ, ie. if
1
m; S 5]612 + ki.
Given that k; > Lz(TTth — 1, it is easy to check that the above holds if
r; < 4/m;/8 — 2. To see this, observe that

ki+2>—% > i
T2+ 1) T 2(y/mi/8—1)

8
=V2mi+4+ ——.
' 2(y/mi/8 — 1)
Thus k; > +/2m;, so that %kf + k; > m; as required. O

Note that the condition A(G;) < 1/m;/8 — 2 is only used at the end of the
proof in order to bound k;. More generally, any pair of graphs G;, i = 1,2,
satisfying the condition that m; < %kf + k; will satisfy Conjecture 2.1.5.
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Chapter 3

Partitioning Posets

3.1 Introduction

In this chapter, we consider extremal and algorithmic analogues of the graph
maxcut problem for posets. We consider the following question: how large
can a k-cut of a poset comparability graph be if we restrict attention to those
k-cuts arising from partitions that respect the order of the poset? The ex-
tremal problem has some similarities to and some differences from the graph
case, while the algorithmic problem is quite different: there is a polynomial-
time algorithm for finding the optimal ordered partition, contrasting the
maxcut problem for graphs, which, as we mentioned in Section 1.1, is NP-
hard.

All posets in this chapter are understood to be finite. Recall that an
ordered k-partition of a poset P = (X, <) is a partition X3,...,X; of X
for which, whenever a € X; and b € X; with a < b, we have i < j. Recall,
also, that the comparability graph of a poset P = (X, <) is denoted by
Com(P). For the purposes of this chapter, we simplify notation in the
following way. When considering the edges of Com(P) within a set A C
X or across a partition Aj,..., A of X, rather than writing Ecom(p)(4),
ecom(P)(4), Ecom(p)(A1, - - -, Ak), and ecom(p) (A1, - - - , Ak), we write instead
Ep(A), ep(A), Ep(A1,...,Ax), and ep(As, ..., Ai) respectively.

In light of the extremal graph cut results in Section 1.1, there are
some natural questions we can ask about ordered partitions: given a poset
P = (X,<), can we find an ordered 2-partition X1,X2 of P for which
ep(X1, X2) is large (or equivalently for which ep(X1) +ep(X2) is small)? Is
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there a corresponding version of Proposition 1.1.1 or the result of Edwards,
Theorem 1.1.2, for ordered 2-partitions of posets? We can generalise the
problem by asking if there exists an ordered k-partition X, ..., Xy of P for
which ep(Xy, ..., Xk) is large (or equivalently for which ep(X1)+- - -+ep(Xk)
is small). Again, we might seek results corresponding to Proposition 1.1.3
or the generalisation of Edwards’ result, Theorem 1.1.4. It turns out to be
useful to take the generalisation one step further, by considering a weighted
version of the problem. Let us fix some notation.

Given a poset P = (X, <), a positive integer k, and positive real numbers

ai,...,ag, define
k
f(P;ai,...,a,) = min ( Z aiep(X;)),
i=1
where the minimum is taken over all ordered k-partitions Xi,..., X of P.
Define

f(m;aq,...,ar) = max(f(P;ai,...,ax)),

where the maximum is taken over all posets P = (X, <) for which ep(X) =
m.

Of course, the case where a; = -+ = a; = 1 is the one we are most
interested in, but we study the more general weighted case because it is
crucial to our proof techniques.

In Sections 3.2 and 3.3, we consider the problem of bounding f(m). In
Section 3.2, we prove the following theorem.

Theorem 3.1.1 Let k be a positive integer. For positive real numbers
a1,...,0% and a positive integer m, we have that

flm;aq,...,ax) < (ia;l)_lm.
i=1

Let us compare a few special cases of this result with analogous ones for

graphs. Consider the case whena; = --- = ax = 1. Then ( f=1 a,‘-‘l)‘1 = %,

and Theorem 3.1.1 tells us that every poset P = (X, <) has an ordered
partition X3, ..., X such that

ep(X1) +---+ep(Xg) < %eP(X),
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or equivalently that ep(Xj,...,Xk) > (1 — %)ep(X). Thus, this is the
analogue of Proposition 1.1.1 for posets. Note, however, that this result
cannot be deduced simply by applying Proposition 1.1.1 to Com(P) since
the partition that Proposition 1.1.1 gives us is not necessarily ordered.

Theorem 3.1.1 is in fact the analogue for posets of a generalisation of
Proposition 1.1.1, which we give below.

Theorem 3.1.2 Given positive real numbers ay,...,ar and a graph G =
(V, E), there exists a partition of V into parts Vi,..., Vi such that

k k _
ZaiGG(Vi) < (Zai‘l) 1|E|.
i=1 i=1

The proof of Theorem 3.1.2 is simply an extension of the probabilistic proof
of Proposition 1.1.1.

Proof We partition V into sets Vi,...,V; by assigning each vertex inde-
pendently at random to one of V1,..., Vi, where

a;!

PlveV;) = S —
zlz

These probabilities are chosen optimally for the argument that follows.
Given an edge e = ab € E, we have that P(e € Eg(Vj)) = a; T2/(3F L a7h)?,

i=1""
and so

k
E(Za,ea V) = Za, Y PeeEc(Vy) =Y ;Y —5t—=

j=1 e€E j=1 e€E (zz—l a; )2
k
e€E Ez =1% - (; )

There must be some partition V7, ..., V} of V' for which ZLI aec(V;) is at

a—2

most its expected value, proving the theorem. O

Although Theorem 3.1.2 is a natural bound for graphs, it can be sharp-
ened by an extra term of order ©(y/m) in the same way that Theorem 1.1.4
sharpens Proposition 1.1.3. Thus, we might expect a similar improvement
on the bound given in Theorem 3.1.1. There is a surprising dichotomy here:
when k > 3, we can improve the bound in Theorem 3.1.1 by ©(y/m), but
when k = 2, Theorem 3.1.1 is best possible.
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For the case k = 2, we show in Section 3.3 that for every positive integer

m, we have
fmi1,1) = |22
2

We show further that for m a fixed odd positive integer, there is a unique
poset P, = (X;,<) (Figure 3.1 below) for which f(P-;1,1) = f(m;1,1)
(here 7 = (m — 1)/2). Describing P, in words, we have the ground set
X = {y1,¥2,21,..-,%r}, with {z1,...,2,} an antichain, and y; < z; < y2

for i =1,...,r (and the transitive relation y; < y2).
Y2

I T2 I3 v Ty
(1

Figure 3.1: Hasse diagram of P,

We can see immediately that to minimise ep,(X1) + ep, (X2) (over all
ordered partitions X1, X2 of P), we must have y; € X; and y2 € Xa. Then,
no matter how we place each z;, exactly one of the edges y1z; and z;ya lies
inside a part. This gives us that f(Pr;1,1) = r = (m—1)/2, where m is the
number of comparable pairs in P,. (If we drop the condition that X7, X
should be ordered, then the optimal partition of Com(P;) is one with only
a single edge inside parts.)

Thus we see that when k& = 2 with a; = a3 = 1, we cannot improve
the bound given in Theorem 3.1.1 by more than a constant (independent of
m), and we show in Section 3.3.1 that this is the case for general rational
a1, a2, using examples similar to P.. However, for & > 3, we find that we can
improve the bound in Theorem 3.1.1 by at least ¢,/m, where c is a constant
independent of m (but dependent on k). These results are summarised in
the next theorem.

Theorem 3.1.3 We have the following.
(a) For fized positive real numbers a; and az with az/a; rational, we have

f(m;ay,a2) = (all + a—t)_lm - 9(1).
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(b) For a fized integer k > 3 and fized positive real numbers ay, . .., ax, we

have

f(m;ay,...,ar) = (ia{l)_lm—@(\/@.
i=1

Note that we do not allow arbitrary real values for a; and as in the
statement of Theorem 3.1.3(a). In Section 3.3.2, we show, by giving an
explicit example, that Theorem 3.1.3(a) does not hold in general for real
values of a; and a;. We show that when a; = 1 and az = (1 + v/5)/2, we

have ) L1
f(m;a1,a0) = (a + E;) m — Q(logm).

For general real values of a; and a3, we know only that

1 1y-1
f(m;a1,a2) = (— + —) m — O(vm).
al as
The example of the chain, C,, on n elements gives the bound above. It
also shows that the error term in Theorem 3.1.3(b) is of the correct order
of magnitude. For (3) < m < ("1'), an easy calculation given at the end of

Section 3.3.3 shows that

k
f(m;ai,...,ak) > f(Cpjai,...,ak) = (Za{l) 1m— O(vm),
i=1
where k > 2 and a;, ..., a; are real numbers.

In Section 3.4, we consider the algorithmic analogue of the graph maxcut
problem for posets. Starting with the case kK = 2, we give a very simple
polynomial-time algorithm that, given a poset P, minimises ep(X;)+ep(X2)
(equivalently maximises ep(X7, X2)) over all ordered 2-partitions X7, Xa of
P. Moreover the algorithm finds all ordered 2-partitions that achieve the
minimum. This is in contrast to the graph maxcut problem, which is NP-
hard. We go on to show that all the various generalisations of this problem
are also polynomial-time solvable, but the algorithms we present for some
of these generalisations are more complicated.

As we discussed in the previous paragraph, we have a very simple al-
gorithm for determining f(P;1,1) and for finding all ordered 2-partitions
that achieve the minimum. This algorithm generalises easily to one that

determines f(P;a1,a2) (for given positive rationals a;,az) and finds all the

54



ordered 2-partitions that achieve the minimum. For k& > 3, the algorithms
we present are not so simple.

Given a positive integer k and a poset P, we show that the problem of
determining the value of f(P;1,...,1) and finding an ordered k-partition
that achieves this minimum can be reduced to the problem of finding a
largest union of k antichains in a poset L(P) derived from P. The poset
L(P) is easily constructed from P and has size that is polynomial in the size
of P. Finding a largest union of k£ antichains in a poset is polynomial-time
solvable (Corollary 1.2.6). Thus there exists a polynomial-time algorithm
for determining f(P;1,...,1) and for finding an ordered k-partition that
achieves this minimum. '

Finally, the general problem of determining f(P;ay,...,a;) (for given
positive rationals ay, . . ., ax) and finding a corresponding ordered k-partition
is shown to be polynomial-time solvable as a relatively straightforward con-
sequence of the fact that a submodular function on a distributive lattice can
be minimised in polynomial time. However, since all known algorithms for
minimising submodular functions are rather intricate, the method we give
for determining f(P;a,...,ax) is by no means a simple one.

3.2 Good Partitions

In this section, we prove Theorem 3.1.1. The key step is to prove the result
for the case k = 2; the full result then follows by a straightforward induction
argument. We begin with some notation.

Let P = (X,<) be a poset. For A C X, recall that maxp(A) (resp.
minp(A)) denotes the set of maximal (resp. minimal) elements of the poset
induced by P on A.

For x € X, let

Up(z)={ye X :y>z} with up(z)=|Up(z)|,
and Dp(z) ={y€ X :y <z} with dp(z)=|Dp(z)|.

Given positive real numbers a; and as, define the function haP1 X R
by
haPl,az (z) = a2UP(-'L') — a1dp(z).

We drop subscripts and/or superscripts when it is clear what these are.
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Observe that hf

41,0, 18 @ strictly decreasing function, that is, for z,y € X

with z < y, we have hf . (y) < hf ,,(z) (since up(z) > up(y) and dp(z) <
dp(y)).

A partition of X into parts X; and X> is called an (a;, a2)-good partition
of P if hf ,,(z) > 0 for all z € X; and hf ,,(z) < 0 for all z € X, (thus
an (a1, az)-good partition of P is uniquely defined except that any element
z satisfying h(z) = 0 can be in either X; or X,). It is clear that every
(a1, a2)-good partition of P is an ordered partition of P (if a € X; and
b€ Xa, then hf ,,(a) > 0> AL . (b) and so either a < b or a | b).

We have the following lemma, which is the case k = 2 of Theorem 3.1.1.

Lemma 3.2.1 Fiz positive real numbers a; and az. For P = (X,<) a
poset, let X1, Xs be an (a1, az)-good partition of P. Then

e(X) = (= + ) e(X).

a; az

a az

X X9) <
ale( 1)+a26( 2) S ot

Proof The proof is by induction on |X|. The lemma is trivially true when
| X| = 1.
Define r: X — R by

aidp(z) if ze€ Xy
r(z) =
aqup(z) if z€ X,

Choose z* to be any element of X that maximises r. We see that z* € B,
where B = maxp(X;) U minp(Xs). We assume that z* € maxp(X;); the
case z* € minp(Xs) can be deduced by applying the argument that follows
to the dual poset with the roles of a; and ay reversed.

Let X' = X\{z*}, P/ = (X', <), X] = Xi\{z*}, and X} = Xo\{z*}.
We claim that X7, X} is an (a1, az)-good partition of P’. Let us assume that
the claim is true and continue with the proof. We have

ep(X1) = ep/(X1) + dp(z”),
ep(X2) = ep/(X3),
and ep(X) =ep/(X') +up(z*) + dp(z*).
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Putting this together, we have

aia e
o aep(X) — a1ep(X1) = azep(Xa) = L ep (X') — arepr (X))
aia2 a10a2
— agep (X} N2t ap(a) - )
azep(X3) + up(z )a,1+a2+ p(z*) a1+ a5 a1
a1ag ’ ’ 4 —al P *
_ (X — (X! — (X h 3.1
al+a2€p( ) — a1ep(X7) — azepr( 2)+a1+02 ae(z) (1)
>0,

where the last inequality follows by induction and the fact that AL ,,(z*) >
0 (since z* € X3).

It remains only to show that X{, X} is an (a1, a2)-good partition of P,
that is, we must show that

, >0 Vze Xy
P (2)§ ’
<0 Ve X;.

Observe that h¥'(z) = hP(z) if z and z* are incomparable in P and so the
above holds for such elements z.
If £ < z*, then z € X7 and
hF' (z) = agup:(z) — a1dp/ ()
> aqup(z*) — a1(dp(z*) — 1)
=hP (") +
> 0.

If x > z* then z € X3 and

hP, (.’II) = aupr (112) — aldpl (x)
< aqup(z) — a1dp(z*)

<0 (by our choice of z*).
This completes the proof. a

We make some remarks, which we shall make use of later.

Remark Lemma 3.2.1 says that f(P;a1,a2) < (a7* + a5 1) lep(X) for all
posets P. Examining the proof of Lemma 3.2.1, we see that we make a gain
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on this bound every time we remove a vertex z* (in the induction) for which
|h(z*)] > 0. Hence, one way to construct a poset P for which f(P;a1,az)
is close to our bound is to include many vertices z for which h(z) = 0. In
fact, this is necessary in light of Lemma 3.3.2, which we prove in the next

section.

Remark We note also that we have strict inequality in Lemma 3.2.1 if
ep(X) > 1. This is because, as we inductively remove vertices from our
poset P, we will eventually be left with a poset of height 2. For such a
poset, Lemma 3.2.1 holds with strict inequality. Then, working backwards
through the induction, we find that Lemma 3.2.1 holds with strict inequality
for P.

We now prove Theorem 3.1.1 by an easy induction argument, using
Lemma 3.2.1 as the induction step.

Proof (of Theorem 3.1.1) Given ay,...,ak, it is sufficient to show that for
every poset P = (X, <), there exists an ordered partition of P into sets
., X% such that

Z ae(X;) < ( E a'l)
We use induction on k. The above is trivially true for k = 1. Assume it is
true for £ — 1.

Let b; = (Eic ;1 a;1)"! and b = a;. By Lemma 3.2.1, there exists an
ordered partition of P into parts Y; and Y3 such that

bre(Yh) + boe(Ya) < (bl1 blz) (Za N e(x).

By the induction hypothesis, there exists an ordered partition of Y; into
parts Xi,..., Xx_1 such that

gaie( (Za:l) e(Y1) = bie(1r).
i=1

Setting X = Y3 gives the desired ordered partition of P. O
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3.3 Better Partitions

3.3.1 Rational Weights in Bipartitions

Our first task is to prove Theorem 3.1.3(a), which says that for the case
k = 2, Theorem 3.1.1 is close to best possible. We do this, as the remark
after Lemma 3.2.1 suggests, by constructing posets that include a large
(z)=0.

number of vertices z for which h’fl,az

Proof (of Theorem 3.1.3(a)) In light of Lemma 3.2.1, it is sufficient to prove
the lower bound

ai1az
ca1,a9) > 22 1 _0(1).
f(m;a1,a2) > PR (1)

For the moment, we assume that a; and as are positive integers. For an
integer ¢t > 0, let P(t) = P(a1,a2,t) be the complete three-layer poset with
a; elements in the top layer A;, az elements in the bottom layer Ao, and ¢
elements in the middle layer T' (so, A;, T, and A3 are antichains and every
element in 7' is below every element in A; and above every element in A5).

We let Xi,X; be an ordered partition that minimises ajepg)(X1) +
azep() (X2) over all ordered partitions X1, X2 of P(t). It is easy to see that
Az C X{ and A; C X, (Indeed, if Ay Z X then there exists some z € A4;
such that z € X{; since X1, X} is an ordered partition, this implies TU A3 C
X1. Moving  from X to X; reduces ajep()(X1)+azep()(X2) contradicting
that X7, X} minimises the same. Thus A; C X} and by symmetry, Ay C
X1)

Assuming X7 contains t; elements from T and X contains the other
ty := t—t; elements from T', and noting that P(t) has m(t) = (a1+a2)t+a1a2
comparable pairs, we have that ‘

min(aiep()(X1) + azepr)(X2)) = ar1ep()(X1) + azep(r)(X3)
= a1(azty) + az(ay(t —t1))

= ajaqt
ai1ag

= m(t) — ai1a
a1+a2( (t) — a1a2)
a1ag

= m(t) — d(a1,a
a1 + a5 (t) — d(a1,a2)

for all t, where d(a1,az) is a constant independent of m(t). Given m, we
choose t so that m(t) < m < m(t + 1), and thus m — m(t) < a; + a2. Now
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we have

f(m; al)a2) > f(m(t)a am, a2) > f(P(t)1 ai, a'2)
aiag

=M% )~ d(ay,
a1+a2m() (a1,02)

= A% L eq).
a; + ag

The above is also true for rational values of a; and a9, and more generally
when a;/as is rational, since

for any real r > 0. O

3.3.2 Irrational Weights in Bipartitions

Next, we give an example to show that Theorem 3.1.3(a) does not hold in
general for real values of a; and a;. We make use of some elementary results
in the theory of continued fractions and Diophantine approximation, all of

which can be found in, for example, [31].

Theorem 3.3.1 For a; =1 and az = (1 +/5)/2, we have that

f(m;ay,a2) = (&1—1 + ;11;) 1m — Qlogm).
Proof We start with some preliminaries. We make use of the result that
¢ = (1 ++/5)/2, the golden ratio, has best rational approximation given
by ratios of successive Fibonacci numbers. Let us go into more detail. The
Fibonacci sequence F}, is defined by the recursive relation F;, = Fp,_1+ Fp—2

with the initial conditions that Fy = 0 and F; = 1. We have
Fa= (6" - 4")
n — \/5 ]
where ¢ = (1 — v/5)/2. Note that ¢ +d =1, ¢ — ¢ = /5, ¢¢ = —1, and
|¢| < 1; we shall use these in later calculations.

A consequence of what is sometimes referred to as the law of best approz-

imation (Theorem 182 in [31]) is the following. For any natural numbers
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r, s where s < F},, we have that

l3¢_ r| > an¢“ Fn+1|-

We prove that for every poset P = (X, <), where |X| = n, there exists
an ordered partition X;, Xs such that

ajep(X1) + azep(Xs) = (al_1 + a;l)_lep(X) — Q(logn).

This then proves the theorem since logn > log/m = %log m.

Note that every poset P = (X, <) without isolated elements has a unique
(a1, a2)-good partition for our choice of a; and ay; this is because hf ,,(z)
is an integral linear function of ¢, so it is non-zero for all z € X.

Now fix P = (X, <) with |X| = n. Define the sequence of posets P, =
(Xi,<),i=0,...,n—1 as follows. Let Py = P. Given P; = (X;, <), let
X%, X} be the (a1, a2)-good partition of P;. We know from the proof of
Lemma 3.2.1 that there exists some z] € X; such that, defining X;;; =
XA{er}, Pon = (Xirs, <), XI = Xi\{z}}, and X' = Xj\{a}), we
have that Xit! X3*1 is the (a1,a2)-good partition of P,y1. Furthermore,
using (3.1) from the proof of Lemma 3.2.1, we have

(ar! + a3 ") lep,(Xi) — a1ep,(X7) ~ azep, (X3)
= (al_l + az—l)_lepi-n (Xi+1) — a1ep,y, (X{-H) - 02€p, (X§+1) + cthi (=),
where c is either a7 (a7 ' +a3) ™! or a3 (a7 +a;"')~! depending on whether

z} is in X} or Xi. Thus (since P,_1 has a single element and no relations)
the above gives us that

( +a2 l) eP(X) — alep(Xl) — azep X2 (Z |hP' )

and it remains for us to show that 377" |h%P(z)| = Q(logn).
Note that P,_; has i elements. Let k(i) be the smallest integer so that
Fy(jy > i. Observe that k(i) = ©(logi). Then, using the law of best approx-
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imation, we have that

RFri ()| = |¢UPn—, (Tn-i) — dp_i (z7-i)| 2 |Fr)® — Fr(iy41l
_ —\/—5 (@FD — GE@Yp _ (FO+1 _ GrO+1Y| — |Gk,

Now, using the above and the fact that k(i) = j for F; — F;_; values of 4,
we have that

n—1 k(n)—l
> IrF () -Zlhp" Hanil >Z|¢k > Y |F|(F5 - Fj-).
1=0 i=1 i=1 =
Also
n . 1 . . .
|¢°|(Fj — Fj-1) = | |[Fj2 = %WW'Z - %)
R NPT VAT BT A TR R T IRREy )
—\/gl¢( 1775 — ¢ IZ\/E(Irbl |67 77)).
Finally, we have that
k(n)— k(n)—1
Z|h”z(z*>|>—( Z R )
= @(k(n)) = (logn),
as required. 0.

It is unclear if the bound in Theorem 3.3.1 gives the correct asymptotic
value for f(m;1,(1+ +/5)/2). More generally, it seems that the growth of
(a;! + a;')~'m — f(m;a1,az) depends on how well we can approximate
az/a; by rationals.

3.3.3 Weighted k-partitions

Our next lemma will be the key step in proving the upper bound for The-
orem 3.1.3(b). It will also enable us to prove the uniqueness of certain
extremal posets in the next section. First we introduce the notion of a
balanced element.

Fix positive real numbers a; and ap, and let P = (X, <) be a poset. For
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t a positive real number, define

Balf, o, (t) = {z € X : |hf} o, (2) < t},
and let ba.lfl,a2 ) = |Balfl’a2(t)[. We refer to elements in Balaph,12 (t) as

balanced elements. Once again, subscripts and superscripts may be dropped.
Here is the aforementioned lemma, which gives us an upper bound on

f(P;ai1,a2) that takes into account the number of balanced elements in P.

Lemma 3.3.2 Fiz positive real numbers a1 and ag, and let P = (X, <) be a
poset with X1, X2 an (a1, a2)-good partition of P. For0 <t < %min(al, az),
we have

a10a9 min(a1, a2)

2(ay + ag)

ep(X) -t (1X| - balg, 4, (1))

a16P(X1) + azep(Xz) < 2

Furthermore, if a1 = ag, then the above inequality holds under the weaker
condition 0 < t < min(a,az).-

We concentrate on the proof of the first part of the lemma. The second part
has almost the same proof; we make remarks where the proofs differ.

Proof The proof is again by induction on |X|. The lemma is true for
|X| = 1 since an isolated element is balanced. Assume it is true for all
posets with fewer than |X| elements.

Let z* be as in the proof of Lemma 3.2.1, and as before, let X' = X\{z*},
P' = (X',<), X{ = Xi\{z*}, and X} = X,\{z*}. We know from the proof
of Lemma 3.2.1 that X1, X} is an (a1,a2)-good partition of P’. We shall
assume that z* € maxp(X;) so that AP (z*) > 0; the same argument holds
if * € minp(X2) by considering the dual poset with the roles of a; and a
reversed. We must consider the two cases |hP(z*)| < t and |hP(z*)| > ¢
separately.

Suppose hf(z*) < t. (Regarding the case a; = ay, if AF(z*) < t <
min(ay, ag), then hP(z*) = 0.) We claim that bal” (t) < balf(t) — 1. We
prove this by showing that the removal of z* from P does not create any
new balanced elements in P'. Fix 2 € X with z ¢ Bal® (¢).

If z is incomparable to z*, then h¥'(z) = hF(z); hence |hF'(z)| > t and
z ¢ Bal”' (t).
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If £ < z* then

hP' (2) = agupi(z) — ardp (z)
azup(z*) — a1(dp(z*) - 1)

= hP(x*) +a; >,

v

so z ¢ Bal? (t).
If x = z* then

hF' (z) = agup:(z) — a1dp ()
< ag(up(z”) — 1) — ar(dp(z))
= hP(z*) — a3 < —t,

so z ¢ Bal® (t).
We have proved our claim and we have, as in Lemma 3.2.1, that

ajaz
ai + ag

GP(X) — alep(Xl) - azep(Xg)

aiag ’ ' ’ ai
= ep'(X') — arep(X7) — asepr(Xoy) +
a1+a2P( ) — arep/(X1) — agepi(X3) o

hP (z*)

min(ay, az) ,, o, ’
> m(|X|—ba1P (t)
min(al,a2) — ba P
2ty t ) (| X| = bal®(t)),

where the first inequality follows from the induction hypothesis and the fact
that AP (z*) > 0, and second inequality follows because | X’} = |[X| — 1 and
bal” (¢) < bal?(t) — 1.

Next, suppose hF(z*) > t. We claim that

W) t(bal” (t) — bal®(t))  if bal” () > bal®(t);
e if bal?” (t) < bal® (t),

the second case being trivial. Again, we consider which elements in X change
from being unbalanced to balanced when z* is removed from X. Fix z € X’
with = & Bal®(¢).

If z and z* are incomparable, then as before h¥(z) = h¥'(z), and z ¢
Bal”'(t).
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If x < z*, then as before
hF'(z) > P (z*) + a1 > t,

and z ¢ Bal” (t).

If z > z*, then x may become balanced upon removal of z*, so we must
consider all such elements. Let z1,...,z, be the elements of X such that
for each ¢, z; > z* and z; is balanced in P’ but not in P. We first show that
z1,...,%y is an antichain in P'. If z; > z; for some 1 < 4,5 < r, then we
have h¥'(z;) < 0 (since z; € X} and X}, X} is an (a;, az)-good partition of
P'). We also have hF'(z;) < h¥'(z;) — (a1 + a2), giving that AP (z;) < —t
(by our choice of t), contradicting that z; is balanced in P’. Thus, zy,...,z,
must be an antichain.

Now, we have
RP(z*) = aqup(z*) — ardp(z*)
= as (r + ‘ U Up:(zi) ) — a1(dp/(z,))
i=1

> agr + hF' (z,)
> tr,

where the last inequality follows since h¥'(z,) > —t and az > 2t (by our
choice of t). (Regarding the case a; = ag, h¥'(z,) = 0 and ag > t (by our
choice of t).) This proves the claim since r = bal?” (t) — bal” (t). Combining
the two cases of the claim, we have the following (weaker) inequality,

hP(z*) > Zt(1 + bal?” (t) — bal?(t)).

N =

Finally, to complete the induction, we have

aja
a1 :—2:12 ep(X) — a1ep(X1) — azep(X2)
aia a .
= :_zzep'(xl) — a1ep(X]) — azepr(X3) + o +1a2 hP (z*)
min(ay, a2) /1 ) min(ai, a2), p, .
minlan, 92) (x| — pal? (1)) + T, 92)
- 2(0,1 + ag) (I | ( )) + a1 + ag ((L‘ )
min(az, ag)

(1X| - bal”(2)),

2(a1 + a2)
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where the first inequality follows by induction, and the last inequality follows
from our bound on AP (z*). O

Next, we use Lemma 3.3.2 as an induction step to prove the following
theorem, which is the upper bound in Theorem 3.1.3(b).

Theorem 3.3.3 Fiz an integer k > 3 and positive real numbers a1, ..., ag.
There ezists a constant ¢ = c(k,ay,...,ax) such that
k -1
f(m;aq,...,ak) < (Zai—l) m — cv/m.
i=1
Proof Forr =1,...,k-1,letb, = (X7, a; ")t and b = ( f=r+1 P
For r < s, let

b — bby!
bl + b7t

Brbl=l — byl

>0 and wrg =
e bl 4 byt

Ur,s =

Let t,s = %min(vr,s,wr,s,br,b’r,bs,b’s) > 0 and let t = min,<strs > 0.
Finally, let

_ _ . min(b;, b}) 1
c= C(k,al, ‘e ,ak) = (z‘:]{?ﬁ%—l m)t(l — m)

Note that ¢ > 0 since k& > 3.
Let P = (X, <) be a poset, which, we may assume, has no isolated

elements. It is sufficient to show that there exists an ordered partition
Xi1,..., X of P such that

k

Zk:aiEP(X,-) < (Za;l)“leP(X) —cv/m.
i=1

i=1

We show first that our choice of ¢ ensures that for z € X, there can be
at most one value of r for which z € Ba,li b (t). Suppose not. Then there
exists 1 < r < s < k — 1 such that

B8, (2)] = [bru(e) — Yd(a)] < t
and |y, b, (2)] = [bsu(e) — Bd(@)| < t.

Dividing the first equation by b, and the second by bs and subtracting the
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resulting equations, we obtain
|brbr ! =bb3 Hd(w) < |lu(z) —bb7  d(z)| = u(z) — by d(z)]| < (b7 +b5 )t

Thus we have that v, ,d(z) < ¢, and by a similar argument, we have that
wrsu(z) < t. Since z is not isolated, either d(z) > 1 or u(z) > 1, whence
we have that ¢ > min(vy s, wrs). But this contradicts our choice of t.

Hence, z € Ballf;,b,r(t) for at most one value of r = 1,...,k — 1. Let R
be the value of r that minimises bali . (t)- Then we have that

X
balj y (t) < k|—_|1

By Lemma, 3.3.2 there exists an ordered partition Y;, Y5 of P such that

brep(Y1) + brep(Y2)
bRbIR min(bR, biR) P
< P+ b ep(X) - tw(l)ﬂ —baly . (t))
k .
-1 min(bg, by) 1
< -1 - R/(1—
= (;“‘ ) ep(X) t2(bR+b’R) ( k—1)|X|
k -1
< ( ai‘l) ep(X) — cv/m.
i=1

(Note that our choice of ¢ is consistent with the condition in Lemma 3.3.2.)
By Lemma 3.2.1, we can find an ordered partition of Y; into sets X1,...,Xg
and of Y5 into sets Xgy1,..., Xk such that

R
) " aiep(X;) < brep(¥1)

i=1

k
and Y aiep(X;) < brep(Ya).
i=R+1

Then X;,..., X is the desired ordered partition of P. |

We end this subsection by showing that the error term in the bound
given by Theorem 3.3.3 is of the correct order of magnitude, that is, we
complete the proof of Theorem 3.1.3(b).

Proof (of Theorem 3.1.3(b)) We have shown the upper bound in Theo-
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rem 3.3.3. For the lower bound, assuming that (}) < m < ("}') and

recalling that C), is the chain on n elements, we have

f(m;ala"-aak) .>_ f((?;)aalv---aak) 2 f(Cn;a'l"")ak)

Let Xi,..., Xk be the ordered partition of C, in which |X;| = z; for each 7
and z1 + - - + zx = n. Then we have that

k k k

T; 1
E aiecn (X,) = E ai(zz) Z E 5&.;‘(.27,; - 1)2
=1 i=1

=1

For x = (z1,...,z%) € R¥, define g(x) = Ele %ai(xi —1)2, so that

jai,...,a) > mi :
f(Cria,...oak) 2 min _ g(x)

We find that the minimum occurs at y = (v1,...,Yx) where
k -1
yi—1l= (aiZaj"l) (n — k).
=1

Indeed, since g is a convex function, any point that is stationary in all direc-
tions along the constrained domain is a global minimum (on the constrained
domain). We see that y is certainly a point on the constrained domain since

k
Zyz‘ =n.
i=1

Then checking that

k

g = (alw - 1));, = ((E%’-l)—l(n - k))

=1

k

i=1

is parallel to (1,1,...,1), that is, ¢’(y) is normal to the plane 1+ - - +xx =
0, we see that y is indeed a point that is stationary in al} directions along
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the constrained domain, and hence y minimises g. Therefore

k -
fmion,....a) 2 f(Cusar,.ax) > 0(v) = (2a7) 5 ln b2

i=1 2
- (Xa) Mm -t
=1

We remark that the calculation above, when k = 2, shows that for arbitrary

positive real values of a; and ag, we have

f(m;a1,a2) = (l + l) - O(v/m).

ay a2
3.3.4 Extremal Results

For the special case when kK = 2 and a; = a2 = 1, we can give the exact
values of f(m;1,1). We shall make use of the remarks after Lemma 3.2.1.

Theorem 3.3.4 For m a positive integer, we have that

m—1

fms1,1) = ||,

Proof By Lemma 3.2.1, we have that f(P;1,1) < %ep(X) for every poset
P = (X,<), and furthermore, the inequality is strict if ep(X) > 0. Thus
for m > 0, we have f(m;1,1) < 3 or equivalently f(m;1,1) < |[(m—1)/2].

Recall the poset P, = P(1,1,r), defined in the introduction of this
chapter. We saw that for m odd, we have f(m;1,1) > f(Pyn-1)/2;1,1) =
(m —1)/2. For m even, taking disjoint copies of Py and P(,_s)/2, which we
denote by Py U P(mm_3)/2, we have that f(m;1,1) > f(PoU Pim_g)/2;1,1) =
|(m — 1)/2]. This proves that the values of f(m;1,1) are as stated. O

We conclude this section by showing how we can use Lemma 3.3.2 in
proving the uniqueness of P,,_1)/, as the extremal poset corresponding to
f(m;1,1) when m is odd.

Theorem 3.3.5 Fiz m an odd positive integer. If P is a poset with m
comparable pairs and no isolated elements, and

f(P;1,1) = f(m;1,1),
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then P = P(m—l)/2-

Proof Let P be a poset as in the premise of the theorem, so that f(P;1,1) =
f(m;1,1) = (m — 1)/2. We apply Lemma 3.3.2 to the poset P, where
a1 = az = 1 and t is any fixed number in the range 2/3 < t < 1. Thus, we
have

m—1 1 lt

= . < Zm-— =

Therefore, we must have that | X| —balf 1(t) < 2/t, whence there are at most
two elements of P that are not in Bal{i 1(t) (since t > 2/3). But maximal

and minimal elements of P are not in Balf 1(t) (since t < 1); hence there

(1|~ balf; (2)).

are exactly two elements, which we call y; and y», that are not in Ba.lf, 1(8).

Observe that, since hy; is an integer function, if z € Balf(¢) for t < 1,
then h;i(z) = 0. Also, since hy,1 is a strictly decreasing function, then
Balf’ 1(t) must be an antichain. Since the elements in Balf 1(t) are not iso-
lated, they must each be (without loss of generality) above y; and below y;
(in order to ensure that hy;(z) = 0 for each z € Bal{,(t)). Thus we have
that P = P, for some r, and since P has m comparable pairs, we must have
that r = (m —1)/2. O

We end this subsection with the following conjecture about the exact
value of f when k£ > 3.

Conjecture 3.3.6 Let k > 3 be a fized integer, and let a3 = -+ = a = 1.

Form = (72‘), we have

fm;ay,...,ax) = f(Cn;a,...,ax).

Examples like P, fail to be extremal when k& > 3 because of the increased
freedom we have when partitioning into three or more parts. Informally,
it seems that this increased freedom, together with transitivity in posets,
allows us to create partitions where a large number of comparable pairs
go across parts. Thus, in order to construct an extremal example, we also
require a large number of comparable pairs within parts. Chains seem the

most likely candidates to satisfy this.
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3.4 Best Partitions

In this section, we give an algorithm that finds an optimal ordered partition

for any given poset P. More precisely, we have the following theorem.

Theorem 3.4.1 There exists a strongly polynomial-time algorithm that, for
an input (P,k,a1,...,a;), where P = (X,<) is a poset, k is a positive
integer, and ay,...,ar are positive rationals, outputs an ordered partition
X1,..., X of P for which

k
Y aie(X) = f(Psay, ..., ak).
=1

We give a brief non-technical description of what is meant by strong poly-
nomial time. Strong polynomial time is only of relevance for problems that
include numbers in the input. Following [30], the main difference between
a polynomial-time algorithm and a strongly polynomial-time algorithm is
that a polynomial-time algorithm performs a number of operations which is
bounded by a polynomial in the input size, whereas a strongly polynomial-
time algorithm performs a number of elementary arithmetic operations (ad-
dition, subtraction, multiplication, division, comparison) which is bounded
by a polynomial in the number of input numbers. If the input has some non-
numerical part (e.g. a graph or a name), we assume it is encoded as a {0,1}
sequence, and each entry of this sequence is considered a number. Corre-
spondingly, we consider nonnumeric steps in the algorithm (like setting or
removing a label, deleting an edge from a graph) as arithmetic operations.
Thus a strongly polynomial-time algorithm has run time that is independent
of the numerical data size and depends only on the inherent dimensions of
the problem. See [30] for more details.

Thus, in Theorem 3.4.1, the algorithm whose existence we claim performs
a number of arithmetic operations that is polynomial in | X| and k.

Before we give the algorithm in general, we give simpler algorithms for
two special cases. We start by giving a particularly simple algorithm for the
case k = 2, where in fact, we are able to find all optimal ordered partitions
in polynomial time.

Theorem 3.4.2 Let a; and az be positive real numbers. For a poset P =
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(X, <) together with an ordered partition X1,Xs of P, we have that
a1e(X1) + aze(Xz) = f(P; aj, ag)
if and only if X1, X2 is an (a1, a2)-good partition of P.

We note that if a; and a; are rationals, then all (a1, a2)-good partitions can
be found in strongly polynomial time. Indeed, letting n = |X|, computing
u(z) and d(z) for a given z € X requires O(n) arithmetic operations, so com-
puting hg, 4, (z) also requires O(n) arithmetic operations. Knowing whether
h(z) is positive, negative, or zero determines whether z € X;, z € X3, or
if £ can be chosen to be in either. Doing this for all x € X thus requires

O(n?) arithmetic operations.

Proof Given an ordered partition Xi, X2, observe that

a1e(X1) + GZC(XQ) = ag Z u(a:) +a Z d(m)

z€X2 zeX;
= ay Z u(z) + Z (a1d(z) — agu(z))
z€X 2€X,
= a2e(X) = Y haya(2)-
z€X1

This is minimised if and only if hg, 4,(z) > 0 for all z € X; and hg 4,(z) <0
for all z € X3, that is, X1, X is an (a1, az)-good partition. 0

Given that the above theorem tells us exactly which ordered partitions
are optimal, one might expect that we can use this information directly to
bound f(P;ai,az2) rather than using the inductive proof of Lemma 3.2.1.
Such an argument has eluded us.

For the case k > 3, one might expect that we can apply Theorem 3.4.2
repeatedly to give an optimal ordered partition into k parts. The obstruc-
tion to this is that, by performing our optimisation sequentially, our choice
of partition at one stage affects the poset we are required to partition at
subsequent stages; thus, sacrificing optimality at an earlier stage can leave
us with posets with larger ordered cuts for later stages.

Let us consider the case for general &, but where a; =---=a =1. On
this occasion it will be more convenient for us to maximise ep(Xj,...,Xk)
rather than to minimise ep(X;)+-- -+ ep(Xk). We show that this problem
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can be reduced to one of finding a maximum sized union of k—1 antichains in
a certain poset constructed from P. The problem of finding this maximum
sized union of k — 1 antichains is known to be solvable in polynomial time,
by Corollary 1.2.6. We thank Omid Amini and Stéphan Thomassé for the
argument that follows.

We begin by noting that, given a poset P = (X, <), we have A C X
is a union of k — 1 antichains if and only if P induces a poset of height at
most k — 1 on A. (Indeed, if P4 = (A, <) has height at most k¥ — 1, then by
Theorem 1.2.3, A can be decomposed into k — 1 antichains (where we permit
the empty antichain). Conversely, if P4 is the union of £ —1 antichains, then
no set of k£ elements can form a chain; otherwise at least two of the elements
would be part of the same antichain. Therefore P4 has height at most k—1.)

We say that Y C X is a mazimal union of k£ — 1 antichains if there is no
Z Q'Y that is also a union of k — 1 antichains.

We define the line poset of P to be L(P) = (Ep(X), <r(p)), where

Ep(X) ={(a,b) : a < b},

and where (a1,b1) <r(p) (a2, b2) if and only if b; < ay. ( We have that <r(p)
is irreflexive since if (a1,b1) < L(P) (a1,b1), then b; < a;, contradicting that
(a1,b1) € Ep(X). Also <p(p) is transitive since if (a1,b1) <rp) (a2,b2)
and (az,b2) <r(p) (a3,b3), then by < az < b2 =X a3, and so (a1,b1) <r(p)
(a3, b3).)

For an ordered k-partition Xi,..., Xx, we define

Ep(X1,...,Xp) = {(a,b) € Eb(X) :a € Xi,b € Xj,i < j}.

Clearly |Ep(X1,. .., Xk)| = ep(X1,..., Xk) and |Ep(X)| = ep(X).
We have the following lemma.

Lemma 3.4.3 Given a positive integer k and a poset P = (X, <), we have
thatY C Ep(X) is a union of at most k—1 antichains in the line poset L(P)
if and only if Y C Ep(X1,...,Xx) for some ordered partition X1, ..., Xy of
P.

Therefore, finding an ordered k-partition that maximises ep(X7,...,X) is

equivalent to finding a maximum sized union of k — 1 antichains in L(P),
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where the latter can be found in time polynomial in |P| (since |L(P)| is

polynomially bounded in |P|).

Proof Let X;,...,X; be an ordered partition of P. We have that if Y C
Ep(Xy1,...,Xk), then L(P) induces a poset of height at most k —1 on Y.
(Indeed, define w : X — [k] by setting w(z) = ¢ if and only if z € X;. If we
have a chain (a1,b1) <r(p) (a2,b2) <rp) -~ <r(p) (@r,br) of L(P) in Y,
then we have w(a;) < w(b) < w(az) < w(b) < --- < wlar) < w(by). But
then we must have r < k — 1 as required.) Therefore, Y is the union of at
most k — 1 antichains in L(P).

Conversely, let Y C E5(X) be a maximal union of k — 1 antichains in
L(P), that is, L(P) induces a poset of height k — 1 on Y. We prove, by
induction on k, that there exists an ordered partition Xj, ..., Xy such that
Y = Ep(Xi,...,Xk). This then proves the lemma.

When k& = 1, Y has height zero, so is empty and corresponds to the
ordered partition with one part, namely the whole of X.

For general k, let Y; = miny(py(Y') and let X1 = {a: 3(a,b) € Y1}. Let
Y’ =Y\Y7 and X' = X\ X}, and let P’ = (X', <). We claim that

(a) X is a down-set of P, and
(b) Y’ is a maximal union of k£ — 2 antichains in L(P’).

Let us continue with the proof assuming the claim is true. By induc-
tion, there exists an ordered partition Xs,..., Xy of P’ such that Y’ =
Ep/(Xz,...,Xg). Since X; is a down-set of P, we have that Xi,..., X
forms an ordered partition of P and that Y = YUY’ C Ep(X1,X') U
Ep(Xa,..., Xx) = Ep(Xy,...,Xk). Since Y is maximal, we must have
Y = Ep(X1,..., Xk).

For part (a) of the claim, let a € X; with b € X and b < a. Since
a € Xj, there exists some o’ € X with a < @' such that (a,0') € Y1 =
minzp)(Y). We show below that (b, a’) is incomparable to every element in
Y1 = ming(p)(Y), hence (b,a’) € Y1 (by the maximality of Y), thus b € Xj,
proving part (a) of the claim.

In order to show that (b,a’) is incomparable to every element in Yj,
suppose (a1,az) € Y1. Then we cannot have (a1, a2) <rp) (b, a'), otherwise
we have (a1,a2) <r(p) (a,a’) contradicting that (a,a’) € Y;. We cannot
have (b,a’) <r(p) (a1,a2), otherwise (a,a’) <r(p) (a1,a2), contradicting
that (a1,a2) € V3.
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For part (b) of the claim, it is clear that Y’ C E},(X’). It is also clear
that Y’ = Y\ miny(p)(Y) is a maximal union of k — 2 antichains in L(P")
(by noting that ht(Y') = ht(Y) — 1 and that Y’ must be maximal in L(P’)
since Y is maximal in L(P)). This completes the proof. O

We now turn ta the proof for the general weighted case, Theorem 3.4.1,
which relies on the fact that a submodular function on a lattice family can
be minimised in strongly polynomial time. This result was originally due to
Groétschel, Lovész, and Schrijver [29, 30] and was refined most notably by
Iwata, Fleischer, and Fujishige [33] and Schrijver [53]. We begin with some
preliminaries.

Given a set V, a set L of subsets of V' (with the inclusion order) is called
a lattice family if, whenever A,B € L, we have ANB € Land AUB € L.
For example, the set of down-sets of a poset P on V', which we denote by
D(P), forms a lattice family (since the union and intersection of any two
down-sets is also a down-set).

A function g : L — R is called submodular if

9(A) +9(B) 2 g(ANB) + g(AU B)

forall A,B€ L.
We have the following special case of a result of Schrijver [53].

Theorem 3.4.4 Let D(P) be the set of down-sets of some partial order
P = (V,=). Let g be a submodular function on D(P). Given a value-giving
oracle for g, a set U € D(P) that minimises g can be found by an algorithm
using a number of calls to the oracle and a number of arithmetic steps that

are both polynomial in |V|.

The value-giving oracle is able to access values of g in polynomial time.
It is required because we would like an algorithm whose running time is
polynomial in |V'|; we do not wish to input all values of g since this would
require |D(P)| operations, where |D(P)| is potentially exponential in |V|.
Fix a poset P = (X, <) and a positive integer k. We shall utilise order-
preserving functions in place of ordered partitions via the natural correspon-
dence of Proposition 1.2.2. Recall that for X,..., X} an ordered k-partition
of P, the function w : X — [k] defined by setting w(z) = % if and only

if x € X, is the order-preserving function corresponding to Xi,..., Xy in

75



Proposition 1.2.2. Let Q(P) be the set of all order-preserving functions cor-
responding to the ordered k-partitions of P. It is well known that Qi (P) has
a natural lattice structure, but we shall show it explicitly in Lemma 3.4.5.

First we define the poset Ry_;(P), which is derived from our poset P =
(X,<). Let X = {z1,...,2n}. Define Rx_1(P) = (Y,<*), where Y =
YiUu- - UYe1, Yi={yi1,...yin} fori =1,...,k — 1, and yir <* y;s if and
only if ¢ > j and z, < z, (assuming y;; and y;, are distinct). Then <* is
an order since it is irreflexive by definition and it inherits the transitivity of
=< and >. We can view Ry_1(P) as simply k£ — 1 copies of P stacked on top
of each other (Y] at the top, Yx_; at the bottom), where any given element
of P in a higher layer is greater than (in <*) the same element in a lower
layer.

Recall that D(Rg_1(P)) is the set of down-sets of Ri_;(P). For w €
Q(P), define d(w) to be the subset of Y such that y;, € D(w) if and only
if i > w(z,). It is easy to see that D(w) is a down-set of Ry_;(P) (indeed,
if y;s € d(w) and y;r <* yjs, then i > j > w(z,) and z, > z,; hence
i 2> j 2 w(zs) > w(zr) and so yir € D(Rk-1(P)))

We now show the natural correspondence between i (P) and the lattice
family D(Ry—1(P)).

Lemma 3.4.5 Let P = (X,<) be given. The function d : Qx(P) —
D(Ry-1(P)), where w — d(w) is as defined above, is a bijection. Fur-
thermore, if wy — D; and wy +— Ds, then min(w;,w2) — D1 U Dy and
max(wi,ws) — D1 N Dy, where min(w;,ws) (resp. max(wi,ws)) is the point-
wise minimum (resp. mazimum) of wy and ws.

Proof Recall that Rx_;(P) = (Y, <*) consists of layers Y7, ..., Y;_1, where
each Y; is a copy of P. Thus any down-set D of Rx_;(P) induces a down-set
D; of P on Y;. Furthermore the Y; are stacked on top of each other (Y3
at the top, Yx_; at the bottom), where any given element of P in a higher
layer is greater than (in <*) the same element in a lower layer. This implies
that Dy C ... € Dy_y. Clearly the above correspondence between down-
sets of Rx_1(P) and sequences of k — 1 down-sets in P is injective. Thus,
since nested sequences of k — 1 down-sets are in bijective correspondence
with ordered k-partitions by Proposition 1.2.1, we have that |D(Rg—1(P)| <
|2%(P)|. Now, in order to show that d is bijective, it is sufficient to show
that it is injective. Indeed. if wy,ws € Q(P) are distinct, then there exists
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z € X such that ¢ ;= w;(z) < we(x) =: j, and so the element corresponding
to = in Y; is in d(w;) but not in d(ws).

We prove the second part of the lemma. Suppose wy,ws € Qk(P).

We have that y;; € d(min(w;,ws)) if and only if ¢ > min(w;,ws)(z,), or
equivalently ¢ > wj(z,) or i > wy(z,), that is precisely if y;, € d(w1)Ud(ws).
Thus d(min(w;,ws)) = d(w1) U d(w2).

We have that y;, € d(max(wy,ws) if and only if ¢ > max(w;,ws)(z,), or
equivalently ¢ > wi(z,) and ¢ > wq(z,), that is precisely if y;» € d(w1)Nd(w2).
Thus d(max(wy,ws)) = d(w1) N d(ws). O

We are now ready to prove Theorem 3.4.1.

Proof (of Theorem 3.4.1) A poset P = (X, <), a positive integer k, and
positive real numbers ay, ..., a; are given. We define g : Qx(P) — R by
setting g(w) = Zle a;ep(X;), where w is the order-preserving function
corresponding to Xi,...,X,. We note that we can compute g(w) using a
number of arithmetic operations polynomial in n and k.

Invoking Theorem 3.4.4, we see that if g is submodular, then we can
minimise g over (P) using a number of arithmetic operations that is
polynomial in |Ry_;(P)| = (k — 1)n < n2?. That is, we can minimise g in
strongly polynomial time, thus proving the theorem.

It remains only to show that g is submodular, that is, we wish to show
that if w, ¢ € Qi (P), then

9(w) + 9(¢) 2 g(max(w, ¢)) + g(min(w, $)).

Noting that the sum of submodular functions is submodular, we write g
as a sum of indicator functions and show that each indicator function is
submodular.

Define I, ; : Qx(P) — {0,1}, where

1if w(z) = w(y) =1
Ipyi(w) =
0 otherwise.

Then we have that

k
g= Z a; Z Iz,y,i~
=1 <Y

)
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We now carry out an easy case analysis to show that if z < y, then I, ;
is submodular. We wish to show, for every pair w, ¢ € Q(P), that

Iz,y,t’(“’) + Iz,y,i(¢) > Ipyi(max(w, @) + Im,y,i(min(w, $))- (3:2)

Since £ < y, we have that w(z) < w(y) and ¢(z) < ¢(y). Henceforth, we
drop the subscripts on I.
Suppose I(max(w,$)) + I(min(w, ¢)) = 2. Then we have

max(w, ¢)(z) = min(w, ¢)(z) = max(w, ¢)(y) = min(w, #)(y) =1,
so w(z) =w(y) =é(z) = d(y) =1,
hence I(w)+ I(¢) =2.

Suppose I(max(w,)) + I(min(w, $)) = 1. Then without loss of gener-
ality, we have max(w, ¢)(z) = max(w, #)(y) = i. Without loss of generality,
¢(z) < w(z) = i. Now we have one of the following two possibilities:

(a) ¢(y) <w(y) =1,
or (b)w(y) < dy) =i.

For case (a), we have that w(z) = w(y) = 1, so that I(w) + I(¢) > 1. For
case (b) we have w(y) < w(z) = 4, but we know that w(z) < w(y) (since
z < y). Hence w(z) = w(y) =t and I(w) + I(¢) > 1.

If I(max(w, ¢)) + I(min(w, ¢)) = 0 then (3.2) trivially holds. Thus (3.2)
holds in all cases and the proof is complete. O
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Chapter 4

A Linear Arrangement

Problem for Posets

This chapter is based on joint work (in equal part) with Graham Brightwell.

4.1 Introduction

In graph theory, the linear arrangement problem or optimal arrangement
problem or wire-length problem is the following: given a graph G = (V, E),
where |V| = n and |E| = m, find a function amongst all bijective functions
f :V — [n] that minimises

=3 If(@) - £

abeE

Note that the factor 1/m makes no difference to this problem and is generally
omitted. Also, since

Y @-i0l= ¥ G-i)=gm+Dnm-1),

abeVv (2) 1<i<j<n

we see that the maximisation problem for a given graph G is equivalent to
the minimisation problem for its complement.

The linear arrangement problem is known to be NP-hard (see [26]), and
furthermore, there are few classes of graphs for which this problem is known
to be polynomial-time solvable. The problem, which is fairly well studied,
falls inside a more general class of problems called graph layout problems.
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These ask for an ordering of graph vertices so as to optimise some objective
function of edge lengths. For a survey of such problems, see [10].

We formulate a natural analogue of the linear arrangement problem for
posets. Given a poset P = (X, <) with | X| = n, recall that a linear extension
A of P is a bijection, A : P — [n], which satisfies the condition that \(a) <
A(b) whenever a < b for every pair of elements a,b € X. We write Ap for
the set of all linear extensions of P.

Given a linear extension A of P = (X, <) and a,b € X with a < b, we
define the distance from a to b in A to be dist(a,b;A) = A(b) — A(a). The

average relational distance in A, distp()), is given by

distp()\)=% » dist(a,b;/\)=% (G - Ma)),

(a,b):a<b (a,b):a<b

where m is the number of comparable pairs in P. For this to make sense,
we require that m > 0, and so we shall assume throughout this chapter that
P is not an antichain.

Clearly dist p is a natural function to consider on Ap, and in this chapter,
we give some of its properties. In contrast to the linear arrangement problem
for graphs, we show that an element of Ap maximising distp can be found
in polynomial time. The algorithm is very simple and makes use of the
polynomial-time algorithm for the poset maxcut problem discussed in the
previous chapter.

Remark The problem we consider is not simply a restriction of the graph
linear arrangement problem to comparability graphs of posets: we are max-
imising over linear extensions of P rather than arbitrary bijections.
Indeed, consider the following example, which shows that we can obtain
a higher average relational distance if we maximise over arbitrary bijections
rather than linear extensions. Let P} = (X, <*) be the poset where X
consists of the elements z,z1,...,2,¥,¥1,-..,Yr, and where z <* z; for
t=1,...,rand y <*y; for ¢ =1,...,r. Thus P} has 2r + 2 elements and
2r relations. _
We note that all linear extensions A of P in which z and y are the first
two elements, that is {A\(z), A(y)} = {1, 2}, have the same average relational
distance, and moreover these linear extensions turn out to maximise the

average relational distance. For the ordering y,z,21,...,Z¢, ¥1,--.,¥Yr, this
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distance is
1 [ J 1 r+1)
Z(;z+;(r+l+z))=2 ( (r+1) +2Z) =r+1

However, if we permit arbitrary bijections from X to [2r + 2], then the
average relational distance is maximised by the bijection that orders the

elements z,y1,...,Yr, Z1,-..,Zr, Y, and its average relational distance is

1 d 2r2 +r(r+1)
— ? _ ————— > .
21'(22 (r+z)) o >r+1 forr>2

i=1

Remark For posets, the maximisation and minimisation problems are not
equivalent in the sense they are for graphs. Indeed, whereas we show that
the maximisation problem for posets is polynomial-time solvable, we believe
that the minimisation problem, that is, the problem of minimising distp())
over all linear extensions A of P, is NP-hard.

Remark The maximisation problem we have described for posets is equiv-
alent to the following minimisation problem: given a poset P, minimise over
all linear extensions A of P, the function

> 1A(a) = M),

allb

where a || b denotes that a and b are incomparable in P. This problem is
related to the linear discrepancy of a poset P, denoted by ld(P), and defined

as the minimum over all linear extensions A of P, of the function

max \(a) - AB)]
This problem has been studied by Fishburn, Tanenbaum, and Trenk [60, 19],
and is in turn related to the bandwidth problem for graphs, another graph
layout problem. Fishburn, Tanenbaum, and Trenk [19] showed that the
linear discrepancy of a poset P is always equal to the bandwidth of Inc(P),
the incomparability graph of P.

In the final section of the chapter, we turn to an extremal problem. We
prove the following extremal bound on distp: for any poset P on n elements
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that is not an antichain, we have

/{nax(distp()\)) > -(n+1).

€EAp

LW =

Note that equality holds in the above bound for P = (), the chain on
n elements. Exactly the same bound holds for the corresponding graph
problem, and it is trivial to prove. Given a graph G = (V,E), take a
random bijection f : V — [n]. We see that

E(l > 1@ - £)) =% S |- ilPGabe E : f(a)f(b) = if)

m

abeE 7€)
1/1 m
= E(E(n ~ Dn(n+ 1))(27)

= %(n +1).

Now the existence of the desired bijection is ensured.

Computing an expectation for our problem is not quite so simple since
we are averaging over linear extensions of P rather than arbitrary bijections.
Instead, we shall bound the expectation.

4.2 Maximisation of distp

We begin by recalling some notation from the previous chapter. Given a
poset P = (X, <) and z € X, we define

u(z) =|{y€ X :y > z}| and
diz)=|{ye X :y < z}|.

For A,B C X, we define

ep(A) = |{(a,b) :a < b and a,b € A}] and
ep(A,B) = |{(a,b) :a <band a € A,b€ B}|.

In practice, A will generally be a down-set and B an up-set of P with A and

B disjoint.

We are now ready to prove our theorem.
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Theorem 4.2.1 Given a poset P = (X, <), an element of Ap that maz-
imises distp can be found in time polynomial in | X|.

Proof Let h : X — Z be the function defined by h(z) = d(z) — u(z) for
each £ € X. Observe that h is a strictly increasing function on P, that is,
whenever a,b € X with a < b, we have h(a) < h(b).

Now h imposes a partial order P, = (X, <) on X defined as follows.
For a,b € X, we have that a <, b if and only if h(a) < h(b). (Note that
P, is a linear ordering if and only if A is injective.) Since h is a strictly
increasing function with respect to P, we see that any linear extension of
Py, is also a linear extension of P. We claim that the linear extensions of P
that maximise distp are precisely the linear extensions of P.

Assuming the claim is true, the values of h can be found in time polyno-
mial in |X|, and we can sort the elements of X according to their h-values
in time polynomial in | X| to give a linear extension of P, as desired.

It remains only to prove the claim. Fix a linear extension ) of P. Let A;
be the set of the first i — 1 elements of P in A, and let B; be the remaining
elements of P, that is,

A;={\"1(j):j<i}and
Bi={x71(j):5 =i}

The number of comparable pairs of P from A; to B; is denoted by e; =
ep(Ai, B;). Given a comparable pair (a,b) of P, where a < b, we note
that (a,b) is counted in ep(A;, B;) for values of i satisfying A(a) < ¢ <
A(b). Therefore the comparable pair (a, b) is counted precisely A(b) —A(a) =
dist(a,b; A) times in ) 1 ; e;. Hence

1 « 1 ) .
p Z e = p Z dist(a, b; A) = distp(X).
1=1 (a,b):a<b

We now evaluate e; in terms of h using the same argument as in the proof
of Theorem 3.4.2. For each i, A; is a down-set of P disjoint from B;, which
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is an up-set of P. Therefore, we have

e; = ep(X) — ep(A;) — ep(B;)

=Y dl@)- ) d@@)- ) u(z)

zeX TEA; z€B;

= d@) - ) u(e)
z€B; z€B;

= )" () =Y h(A1()).
z€B; j=i

Now we have that
distp()) = ;i— S ei= % 3 S () = % S R(IE).  (4d)
i=1 i=1 j=i i=1

We now see from the formula above that a linear extension A of P maximises
distp if and only if A(A~1(3)) is an increasing function of i, that is, if and
only if X is a linear extension of P,. This proves our claim and completes
the proof. a

Alternatively, one can prove that maximising distp is polynomial-time
solvable by repeatedly performing local optimisations: given a linear exten-
sion A of P, if we can switch a consecutive pair of elements in A to obtain
a linear extension for which distp is larger, then we make the switch. We
iterate this process until no more switches can be made. It is easy to prove
that what remains is an optimal linear extension. The proof above gives the
explicit formula (4.1), which might prove to be useful elsewhere.

4.3 An Extremal Bound for distp

In this section, we prove the following theorem.

Theorem 4.3.1 For every poset P that is not an antichain, there ezists a
linear extension \* such that

distp(\*) > =(n+1).

w| -

Proof Pick a linear extension y of P uniformly at random. We shall prove
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in Lemma 4.3.3 that )
E(distp(1) > 5(n+1).

This then ensures the existence of the desired linear extension. O

We give some notation. Fix a poset P = (X, <), where |X| = n. For
i,j € [n] with ¢ < j, write

Np(i,5) = {p: p is a linear extension of P, p~1(5) < p~(5)},

and let np(i,5) = |[Np(4,7)|, the number of linear extensions of P in which
the element in the i*h position is below (in P) that in the j*® position. We
have the following lemma.

Lemma 4.3.2 Let P = (X, <) be a poset and let i,5,1,j' be elements of
[n] such that i < i’ < j' < j. Then

np(i,j) > np(@, 5').
Proof It is sufficient to prove that
np(a,b+1) > np(a,b)

for all applicable a,b € [n] with a < b. Indeed, we can then conclude by
induction that np(a,b+ k1) > np(a,b) for all k; € [n — b], and furthermore
by symmetry, we have np(a,b) > np(a+ ko,b) for all k; € [b— a]. Thus, we
have

np(a,b+ k1) > np(a+ ka,b),

and setting a = 4, b = j/, ky = j — j/, and ko = ¢/ — i gives the desired
inequality.

Fix a,b € [n] with a < b. In order to show that np(a,b+ 1) > np(a,b),
we give an injection from Np(a,b) to Np(a,b+1). We define  : Np(a,b) —
Np(a,b+ 1) as follows.

Suppose A € Np(a,b), so that A71(a) < A71(b). If A71(b) < A"1(b+ 1),
then A~}(a) < A71(b+ 1) by transitivity, so that A € Np(a,b+ 1), and in
this case, we set (\) = A

If A71(b) is incomparable to A~!(b+ 1) in P, then let u be the same
linear extension as A with the order of A~1(b) and A~!(b+1) reversed. More
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precisely,

z if z € X\{A"1(b), "1 (b+1)};
p(z) =4b if £ = A"1(b+1);
b+1 ifz=A"1(b).

Clearly, p is a linear extension of P. Furthermore, we have that u~'(a) <
p~1(b+1), so that 4 € Np(a,b+ 1). In this case, we set (A) =

By breaking Np(a,b) into those linear extensions in which A~!(b) <
A~1(b+1) and those in which A~*(b) || A=}(b+1), we see that 6 cannot map
two different linear extensions in Np(a,b) onto the same linear extension in
Np(a,b+ 1). Hence 6 is injective, and this completes the proof. a

We are now ready to prove Lemma 4.3.3, which then completes the proof
of Theorem 4.3.1.

Lemma 4.3.3 Let P = (X, <) be a poset that is not an antichain, and let
A be a linear extension of P chosen uniformly at random from Ap. Then

E(distp())) > = (n +1).

C.Olb—l

Proof Observe first that
) 1
distp(A) = ;n_ [Z L;;,

where I;; is the indicator function of the event that A~1(s) < A~1(j). Taking
expectations of both sides, we have that

Eistr ()= = 3 (G- 9BOIE) < A7),

1,j€[n):i<s

Since, for any fixed linear extension A of P, we have A~1(3) < A71(j) for
exactly m pairs (4,7), then

= > PATNE) = AT(E) =1

,JE[n] i<j

(These probabilities are not necessarily equal as they were in the graph
version of the problem.) Let .# denote the set of intervals of the form
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[i,], where 4,j € [n] and i < j. Let pj;; := LP(A71(i) < A71(j)) be the

components of a vector p € [0,1]*. Now we have that

E(distp(X)) = % Z (4 = )ppg) = o(p)-

[i,jles

Then p satisfies the following:

P 20 forall [i,5] € ., (4.2)

> Pig =1, (4.3)
li.jles

and Plij) > Py Whenever [¢, 5] C [4, j]. (4.4)

The set of inequalities (4.4) is a consequence of Lemma 4.3.2. Let S be the
set of vectors in [0, 1] that satisfy (4.2), (4.3) and (4.4). Then we have that

E(distp(})) 2 min é(p)-

Note that ¢ has a minimum in S since ¢ is continuous and S is closed and
bounded. Let p* € S be the vector with all its components equal (to (’2‘)_1)
We make the following claim.

Claim 1 We have
min ¢(p) = #(p").

Proving this claim proves the lemma, since ¢(p*) = %(n +1).

Proof Suppose p € S and the components of p are not all equal. We prove
the claim by showing that either ¢(p) = ¢(p*) or p does not minimise ¢.

Consider the inclusion order @ = (#,C) on #. Thinking of p as a
function from £ to [0, 1], we see that p € S implies that p is an increasing
function on Q. Consider the vector p’, which is obtained from p as follows.
For i,j € [n] with ¢ < j, let

1
p,[';,,]] = I'ﬂj—i| Z pr1, (45)

where S C £ is the set of intervals in .# of length k. Thus pj is the average
of all the components of p corresponding to intervals of the same length as
I. Therefore, we have ¢(p’) = ¢(p).
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Next, we show that p’ € S. Clearly p’ satisfies (4.2). Since the com-
ponents of p’ are averages of components of p, we see that p’ satisfies the
inequality (4.3). In order to show that p’ satisfies (4.4), it is sufficient to
show that p’ is an increasing function on .#, that is, for each k € [n — 1],

we must show that

1 1
WAl Z pr<——— Z PI-
| Fxl 169, [ L1l I€Fi

Let [a,a+ k] be the interval that minimises p}; ;) amongst all intervals [, j] €
. Consider the following bijection g : Fky1 — H\{[a,a + k]}. Let

. [i,i+k] ifi<a;
g(fi,i+ (k+1)]) =
[i+1,i+k+1] ifi>a.

Now, for each I € 1, we have g(I) C I and hence py(1y < pr. Therefore

1 1 1
= > -
| Frt1] Z pr= | Frt1] Z Patt) | Fht1] Z pr

Ie i Ie S Ie A \{[a,a+k]}
1
2 A z pI,
Ie g

where the last inequality follows by our choice of [a,a + k]. Thus we have
shown that p’ € S.

Now, if all the components of p’ are equal, then ¢(p) = ¢(p’) = ¢(p*).
If not, then there is some covering pair of Q, I C I3, for which p}, < pf,.
Suppose pj, = p}, + ¢, where ¢ > 0. Then changing p’ by increasing p7,
by €/2 and decreasing p}, by €/2 to give a vector p”, it is easy to see that
p” € S (the sum of the components is unchanged, and p” is still an increasing
function). Furthermore, we have that ¢(p”) = ¢(p') — § < ¢(p') = ¢(p),
and thus p does not minimise ¢. This completes the proof of Claim 1 and
the lemma. a
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Chapter 5

Poset Regularity

5.1 Introduction

5.1.1 Regularity for Com(P) and Cov(P)

In Section 1.3, we gave a brief account of the Szemerédi Regularity Lemma.
In this chapter, we present a version of the Regularity Lemma tailored for
posets. Throughout the chapter, all posets are finite and all graphs are
finite, simple, and undirected. Let us begin by recalling the statement of
the Regularity Lemma from Section 1.3.

Szemerédi Regularity Lemma For every € € (0,1] and every m € N,
there exists a natural number M = M(e,m) with the following property.
For every graph G = (V, E), there exists an (¢)g-regular equipartition of V'
into k parts, where m < k < M.

When studying a poset P, there are three natural graphs associated
with P to which one may wish to apply the Regularity Lemma: these are
Com(P), the comparability graph; Inc(P), the incomparability graph; and
Cov(P), the covering graph, all introduced in Section 1.2. Since Inc(P) is
the complementary graph of Com(P), any regular partition for Com(P) is
also a regular partition for Inc(P). We can of course apply the Regularity
Lemma for graphs directly to Com(P) or Cov(P), but since these graphs
have special properties, we ought to be able to find a regular partition with
extra features. This is indeed the case.

Our first two theorems ensure the existence of ordered partitions of P
(with a bounded number of parts) that are regular for Com(P) and Cov(P).
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One would expect, if nothing else, that ordered regular partitions of Com(P)
and Cov(P) are more convenient to work with than just regular partitions
of these graphs.

Before we state the theorems, we need to adapt and extend the definition
of ordered partitions in the following way to avoid clumsy exposition. Let
P = (X, <) a poset, and let P be a partition of Y C X. We say that P is
a P-ordered partition of Y if the parts of P can be ordered Y3,..., Y such
that, whenever a € Y; and b € Y; with a < b, we have ¢ < j. This is the same
definition as given in Section 1.2 except for three minor differences: first, we
have extended the definition to partitions where no explicit ordering is given
on the parts; second, we have extended the definition to include partitions of
subsets of X; third, we use the term P-ordered rather than ordered partition
of P.

We can now state our first two theorems.

Theorem 5.1.1 For everye € (0,1] and every m € N, there ezists a natural
number My = M;(e,m) with the following property. For every poset P =
(X, <), there erists an equipartition of X into k parts that is P-ordered and
(€)Com(p)-regular, where m < k < M.

Theorem 5.1.2 For every e € (0,1] and every m € N, there ezists a natural
number My = Ma(e,m) with the following property. For every poset P =
(X, <), there exists an equipartition of X into k parts that is P-ordered and
(€)cov(p)-regular, where m < k < Mo.

Having ordered partitions that are regular enables us to derive certain
additional properties about these partitions. We postpone this discussion for
Section 5.1.3. Next, we discuss a generalisation of the above two theorems.

5.1.2 Regular Graph Partitions Respecting an Order

Theorems 5.1.1 and 5.1.2 are important special cases of a more general the-
orem that we shall prove. The theorem requires a rather intricate definition
for its statement. The definition describes precisely how a graph G = (X, E)
and a poset P = (X, <) should be related in order to guarantee the existence
of a P-ordered regular equipartition using our method.

Let G = (V, E) be a graph, and let A, B C V be disjoint, where (A4, B) is
not (€,d)g-regular. Thus, there exists A’ C A and B’ C B with |A'| > §|A|
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and |B’| > 6|B|, where
ld(A, B) — dg(A', B')| > .

We call (A, B') a witness to the (e, §)g-irregularity of (A, B).

Let P = (X, <) be a poset with Y C X, and let P be a P-ordered
partition of Y. For Y/ C Y, we say Y’ is P-unifiable if Y’ is the union of
some of the parts of P.

Let G = (X, E) be a graph and let P = (X, <) be a poset. The definition
below describes a sufficient condition for the existence of a P-ordered regular
partition of X into a bounded number of parts. Roughly speaking, this
condition says the following: given Y;,Ys, any P-ordered equipartition of
Y C X, if (11,Ys) is irregular (for G), then Y; and Y have P-ordered
partitions into a small number of parts such that the union of some of the
parts form witnesses to some weaker irregularity.

We now state the key definition precisely along with the main theorem.

Definition 5.1.3 Let G = (X,E) be a graph; let P = (X,<) a poset;
and fiz constants | € N and €,¢ € (0,1] with € < e. We say that G is
(P, €, €,1)-good if the following holds. For everyY C X and every P-ordered
equipartition Y1,Y2 of Y, if (Y1,Y2) is not (¢,€)g-regular, then there exist
P-ordered partitions P; of Y1 and P2 of Ya such that

1. there exists a P1-unifiable set Y1 CY: and a Py -unifiable Y, C Ys such
that (Y1,Ys) is witness to the (¢',€')g-irregularity of (Y1,Y2), and

2. the partitions Py and Py each have at most | parts.

We discuss the implications of this definition after giving our generalised
regularity result below.

Theorem 5.1.4 For every e, e’ € (0,1] satisfying € < € and everyl,m € N,
there exists a natural number M = M (e, €',1, m) with the following property.
For every graph G = (X, E) and every poset P = (X, <), if G is (P,¢,€,1)-
good, then there exists an equipartition of X into k parts that is P-ordered
and (€)g-regular, where m < k < M.

Let us examine when Theorem 5.1.4 is of value. In almost all circum-

stances, the usual Regularity Lemma is applied not to a single graph, but to
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an infinite class of graphs. Its power lies in giving us an e-regular equiparti-
tion with a bounded number of parts, where the bound depends on € only.
Similarly, in practice, we would expect to apply Theorem 5.1.4 to an infinite
class of pairs (G, P), where G = (X, E) is a graph and P = (X, <) is a poset.
Furthermore, the P-ordered e-regular partitions that we seek should have a
bounded number of parts, where the bound depends on € only. Notice that
the number of parts in the partition given by Theorem 5.1.4 is bounded by
M, which depends on € and [ as well as e. Thus, we seek classes of pairs
(G, P) for which G is (P,¢,¢€,1)-good and where € and [ are functions of e.
More precisely, we have the following.
Let

D={(G,P):G=(X,E) agraph, P = (X, <) a poset},

and let C C D.

Definition 5.1.5 We say that C is a good class if there exist positive-valued
functions € and ! of € € (0,1] with the following property. For every e €
(0,1], we have €'(¢) < €, and for every (G,P) € C, we have that G is
(P, ¢, € (€),1(€))-good.

Let C be a good class as described above. By Theorem 5.1.4, for every pair
(G, P) € C and every every € € (0,1], there exists a P-ordered (€)g-regular
equipartition of X, where the number of parts is bounded by a function of
€ only.

Let us give a few examples of good classes.

Examples

1. Let Co = {(G,P) : G = (X,E), P = (X, <) an antichain}. It is easy
to see that for every € € (0,1] and every (G, P) € Cy, we have that G
is (P, €,€,2)-good. Thus Cp is good, and applying Theorem 5.1.4 to Co
yields the usual Regularity Lemma for graphs.

2. Let ¢; = {(Com(P), P) : P a poset}. We shall prove that for every
€ € (0,1] and every poset P, Com(P) is (P, ¢,¢€,2)-good. Thus, C; is
good, and applying Theorem 5.1.4 to C; yields Theorem 5.1.1.

3. Let C2 = {(Cov(P), P) : P a poset}. We shall prove that for every € €
(0,1] and every poset P, Cov(P) is (P,¢, %, [8¢=3 + 1])-good. Thus,
C» is good, and applying Theorem 5.1.4 to C; yields Theorem 5.1.2.
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Here is an example of a class that is not good.

Example For n an even positive integer, consider the graph G, = (4, U
By, E), where A, = {a1,...,an}, Bp = {b1,...,bn}, and

E = {a;b; : 3,7 both even}.

Let L, = (An U By, <), where < is the total order given by a; < az < --- <
an < by < by <--- < b,. We claim that the class

Cs = {(Gn,Pn) ne N}

is not a good class. We show that if G, is (Ln, %, €',1)-good for some 0 <
€ < %, then ! > €’2n. This then shows that C3 is not a good class since ! is
forced to depend on the graph under consideration.

Suppose Gy, is (Ly, %, €',1)-good. We apply Definition 5.1.3 to this exam-
ple, where weset Y = A,UB,, Y1 = A,, and Y = B,,. Observe that Y7,Y>
is an L,-ordered equipartition of G, and that dg, (Y1,Y2) = %. Further-
more, the pair (Y1,Y?2) is not (%, %)Gﬂ-regular; indeed, (A, B.) is a witness
to this, where A, (resp. B.) is the set of even vertices of A, = Y; (resp.
B, =Y3).

It remains for us to show that if (¥},Ys) is a witness to the (¢,€)-
irregularity of (Y1,Y2) and Y; (resp. Y2) is P; (resp. P;)-unifiable, where P;
(resp. Ps) is an Lp-ordered partition of Y7 (resp. Y2), then one of P;, P, has
at least €n parts.

Informally, the reason for this is that if d(Y;,Y2) > i—i—e’ , then Y7 and/or
Y, must contain significantly more even vertices than odd vertices, and if
d(Y1,Y2) < 3 — ¢, then Y3 and/or Y, must contain significantly more odd
vertices than even vertices. However, in any part of P; or P,, the number
of even and odd vertices differ by at most 1, hence for Y; (resp. Y2) to be
P1 (resp. Po)-unifiable, P; and P, must contain a large number of parts.

Let |[Y; N Ae| = 61]Ya| and |Y2 N Be| = 85|Ya|. Thus, the number of even
vertices of Y; differs from the number of odd vertices of Y3 by |1 — 26;||Y3].
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Therefore, |P;| > |1 — 261||Y1]| > |1 — 261|¢'n and similarly for |P2|. Since

_ 1 1
¢ < |d(1, %) - Zl = \5152 _ ‘ = £126:)(28) — 26, + 26, - 1

1

4
1

< £ (201026 - 1]+ 1261 - 1)),

we have that either |26; — 1| > € or |28, — 1] > €. Thus either |P;] > €”?n
or |Py| > €?n.

5.1.3 Simultaneous Ordered Regular Partitions and Further
Properties

Given the proof of the usual Regularity Lemma for graphs, it is not a big
step to apply the result to several graphs simultaneously. Similarly Theo-
rem 5.1.6, given below, says that we can apply Theorems 5.1.1 and 5.1.2
simultaneously to a given poset.

Theorem 5.1.6 For everye € (0,1] and every m € N, there ezists a natural
number Ms = Mj(e,m) with the following property. For every poset P =
(X, <), there exists an equipartition of X into k parts that is P-ordered,
(€)com(p)-regular, and (€)cov(p)-regular where m < k < M.

Once we have established the existence of ordered equipartitions that
are regular both for the comparability graph and the covering graph of a
poset, we can then derive some straightforward properties of such partitions.
These are summarised in the following theorem.

Theorem 5.1.7 Given a poset P = (X, <), let Xi,..., Xk be a P-ordered
equipartition of X that is (€)com(p)-regular and (€)cov(p)-regular. Then we
have the following.

(1) f1<r<s<t<kwith (X, Xs) and (Xs, Xt) both (€, €)com(p)-
regular pairs, and dcom(p)(Xr, Xs), dcom(p)(Xs, Xt) > 2¢, then we
have dcom(p)(Xr, Xt) > 1 — 2¢.

(i) If 1 < r < s <k with (X;, Xs) an (€, €)com(p)-regular pair, and € <
dGom(P)(Xr, Xs) < 1 — 2¢, then we have ecom(p)(Xr) < 2¢| X2 and
€Com(P) (Xs) < 26|Xs|2'
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(i4) If 1 < r < s < k with (X, X;) being both (¢, €)com(p)-regular and
(€, €)cov(p)-regular, and dcoy(p)(Xr, Xs) > 3¢, then there exist an-
tichains, Ay C X, and A; C X,, such that |A,| > (1 — 3¢)|X,| and
44 > (1 - 39)|X,].

The first property in the above theorem is a simple consequence of tran-
sitivity. The second and third properties give us information about what
happens inside some of the parts of our regular ordered equipartition. In
applications of the usual Regularity Lemma, we have no control over what
happens inside the parts of our regular partition; this lack of control con-
tributes to a small inevitable error term. However, we hope that properties
(i1) and (iii) of Theorem 5.1.7 might enable us to reduce or even eliminate
such errors, and thereby give a novel application of the Regularity Lemma
to posets.

Unfortunately, we have been unable to find a genuine application of this
result, that is, an application that relies on our result but that cannot easily
be proved from the usual Regularity Lemma. Let us give an example to
illustrate one reason why finding an application has proven to be difficult.

Example Let Q, = ([n]?, <) be the poset on the n x n lattice of positive
integers, where (z,y) < (a,b) if and only if z < a and y < b. (It is clear
that this is a poset since < is irreflexive and transitive.) Let k be a positive
integer (we assume k divides n for convenience). We partition [n]? into k2
smaller lattices: for 4,5 € [k], let X;; = ((¢ — 1)k, k] x ((§ — 1)k, jk| (here
(r, s] denotes the set of integers strictly larger than r and at most s).

The X;; form a Qp-ordered partition of [n]2. Indeed, if a € Xj;, b € Xpq
and a < b, then we must have ¢ < p and j < ¢q. Then, ordering the
Xij lexicographically, that is, Xi1,..., X1, Xo1,..., Xok, .-+, Xk1, - -+, Xkks
demonstrates that the X;; form an Q,-ordered partition.

Observe that the density in Com(Qy,) and Cov(Qy,) between most pairs
of parts in our partition is either 0 or 1, and hence, such pairs are regular.
We have

1if i<pj<gq or i>p,j>gq;
dCom(Qn)(Xij’XPQ) = e . . .
0if i<p,j>q or i>p,j<aq.

Thus, as long as i # p and j # g, the pair (Xi;, Xpg) is (€, €) Com(Q,)-Tegular
for all € > 0. Therefore, all but at most k% - 2(k — 1) of the ('“22) pairs of
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parts are not regular. Thus, our partition is (€)com(qg,)-regular as long as
we choose & such that

2k*(k—1) 4 -
@) k1 ¢

Similarly for Cov(Q,), if p #i—1,i,5+ 1 and ¢ # j — 1,5,7 + 1 then
dcov(@n)(Xij» Xpg) = 0, and so, such a pair (X;;, Xpg) is (€, €) cov(@,)-Tegular
for all € > 0. Therefore, all but at most k2 - (9k — 10) of (k;) pairs of parts
are not regular in Cov(P). Thus, our partition is (€)cov(q,)-regular as long
as we choose k such that

k2(9k — 10)  9k%(k —1) 18

@ ST @ kLT

€.

Here we have produced regular ordered partitions of Q),, but where each
part induces a copy of Qn/x. Far from being sparse, the poset induced by
each part is essentially a copy of the whole poset. Thus, in this instance,
parts (ii) and (iii) of Theorem 5.1.7 give little information. The reason for
this is that the densities between regular parts are not bounded away from

0 and 1. Such a problem occurs in many other examples.

The rest of the chapter is arranged as follows. In Section 5.2 we prove
Theorem 5.1.4. In Section 5.3, we prove that the classes C; and Cs are good,
and from this we deduce Theorems 5.1.1 and 5.1.2. In Section 5.4, we prove
Theorems 5.1.6 and 5.1.7.

5.2 General Ordered Regular Partitions

In this section, we prove our general regularity result, Theorem 5.1.4. We
give a self-contained and detailed treatment of the proof for those readers
unfamiliar with the Regularity Lemma. As one would expect, the proof of
Theorem 5.1.4 is similar to the proof of the usual Regularity Lemma; we try
to highlight where the proofs differ. We follow [61] in our treatment of the
standard aspects in our proof.

As with the standard proof of the Regularity Lemma, we require some
preliminary results. We begin with some definitions.

Let G = (V, E) be a graph and let P be a partition of V into k parts,
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W,..., V. We define the partition indez to be

] 1
indg(P) = 15 > &V, V).

1<i<j<k

Note that for every graph G and every partition P of its vertices, we have
indg(P) < %

The usual Regularity Lemma is proved as follows. Suppose G = (V, E)
is a graph with an equipartition P of V into parts V1,...,V;. We show that
if P is not (€)g-regular, then we can refine P by dividing each of V3,...,V;
into a fixed number of smaller parts to obtain a new equipartition Q. If we
have divided V3, ..., V} suitably, then we find that

indg(Q) > indg(P) + ¢,

where c is a constant that depends on € only. As long as our equipartition is
not e-regular, we can keep refining it in this way. However, after a bounded
number (< [1/2¢]) of refinements, we obtain an equipartition with an index
of at least 1/2, which is a contradiction. Therefore, at some point before
this happens, we must obtain an equipartition that is e-regular, and this
gives us a bound (depending on € only) on the number of parts in such an
equipartition.

Theorem 5.1.4 is proved in the same way, but with one difference. We
start with an ordered equipartition P, and as with graphs, if P is not e-
regular, then we try to find a refinement Q that is ordered and has a higher

index.
Our first lemma shows that, given an equipartition, if we refine it arbi-
trarily, then its index may decrease, but not by much.

Lemma 5.2.1 Let G = (V,E) be a graph with |V| = n, and let P be
an equipartition of G into k parts V1,...,Vi. Fiz g € N. For each i, let
Vi1, ..., Viq be an equipartition of V;, and let Q be the resulting equipartition
of V given by the V;,. Then

2

indG(Q) > inda('P) - m,

where m = |z |.

Proof We drop the subscript G . Since P and Q are equipartitions, it is

97



clear that m < |V;;| < m+ 1, and hence
m+1
Viel < 2 (P2) (5.1)
for all 7,z. Fix ¢ and j. Then since

> eVie, Viy) = e(Vi, Vj),

1<z,y<q
using (5.1), we obtain

1 e(Viz, Viy) m_\? e(Viz, Viy)
1 d‘/; ,V' _ ' VY > Ty Y)Y
7,2 Weti= ¥ vl Ge) 2 Wi

1<z,y<q 1<z,y<q 1<z,y<q

- (Y e

Using (5.2) together with the Cauchy-Schwarz inequality, we obtain

ind(Q 2—15 Z Z d Vies Viy)

1<1.<_7<k 1<z w<q

( > d(Vig, Vyy)) (using Cauchy-Schwarz)

1<z,y<q

k:
(m+1> ind(P) (using (5.2)).

|V

VvV
3 |/\

Note that (-W%)4 =(1- m%*_l)‘l >1 from which we obtain

T

4\, , 2
— 1)mci(7>) > ind(P) - ——.

ind(Q) > (1 _
O

In order to find a refinement of an irregular partition that increases the
index, we must somehow take advantage of the non-uniformity in density
between some of the parts. In order to do this, we shall require a defect
form of the Cauchy-Schwarz inequality. Some form of the Cauchy-Schwarz
inequality is at the heart of any standard proof of the Regularity Lemma.

Lemma 5.2.2 ([61]) Let z,...,z, be non-negative real numbers, and let
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m < n. Then o
1
—Y a2 @+ (@ - g
n =1 n

where

1 n 1 m
@zH;xi and ¢=—n;;xi.

Proof The proof is a simple application of the usual Cauchy-Schwarz in-

equality.
1 ¢ 1/ & n
i=1 i=1 i=m+1
mll <~ , n—m 1 N,
- F E sz + n n— Z Ly
i=1 i=m+1
m 1 i n—m 1 n 2
> o . : -
) (m ;z’) n (n “m i£1$z> (Cauchy-Schwarz)
_m. 1 e
=024 (3 — ¢)>
n—m
> 8%+ Z(d - ¢)>
n
d

The next lemma is a technical one used for estimating the density of
large induced subgraphs of bipartite graphs.

Lemma 5.2.3 ([61]) Let G = (V,E) be a graph and let V1,V C V be
disjoint. If Uy C Vi and Uy C V, such that |Uy| > (1 — 8)|Vi| and |Uz| >
(1 —8)|Val, then

ldg(V1, V) — dg(Uy, U2)| < 26.

Proof Again, we drop G as a subscript. We have that

e(V1,Va) _ e(U1,Uz)

d(V1,V5) = >
O e A ARRATA

(1-6)* > d(Uy, Up)(1 — 26)

> d(Uy, Us) — 26.
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By considering the complementary graph of G, we get
1-d(W,V2) >21-d(U;,Us) — 26.
Together the inequalities give
|d(V1,V2) — d(U1, U2)| < 26,

as required. d

We now turn our attention to posets and ordered partitions. Let P =
(X, <) be a poset with Y C X. Suppose we have r ordered partitions of Y,
which we call Pi,...,P,. Denote the parts of P; by Y;(1),...,Yi(s;). We
define [];_; P;, which we call the product partition, to be the partition with
parts Y (ky,...,k,) where

Y0 =Yk, k) = () Yilko).
i=1

Here k = (ky,...,kr) € [[i; [si].

As we have mentioned, Theorem 5.1.4 is proved by repeatedly refining
partitions that are not e-regular in a suitable manner until we obtain a
partition that is e-regular. However, we must maintain an ordered partition
at each refinement. As we shall see, these refinements are based on a product
partition. We ensure that our refinements remain ordered by proving, in
the next lemma, that the product of ordered partitions is itself an ordered
partition.

Lemma 5.2.4 Let P = (X, <) be a poset withY C X and let Py,..., Py be
P-ordered partitions of Y. Then P* =[]_, P; is also a P-ordered partition
of Y.

Proof As before, let Y;(1),...,Y;(s;) be the ordering of the parts of P;, and
let Y (k) give the parts of P* for k € []\_, [s;]. We wish to find a linear
ordering on the parts of P* that demonstrates it is a P-ordered partition.
We partially order the parts of P* by <* as follows. We let Y(k') <*
Y (k) if and only if k} < k; for all i € [r] and & < k; for some j € [r]. We
show that <* respects <, that is, we show that if a,b € Y where a < b with
a € Y(u) and b € Y(v), then Y(u) <* Y(v). Once we have shown this,
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then any linear extension of <* gives a linear ordering on the parts of P*
that demonstrates P* is a P-ordered partition. ‘

It remains for us to show that <* respects <. Suppose a,b € Y where
a < bwith a € Y(u) and b € Y(v). Looking at the ith components of u
and v, we have that a € Y;(u;) and b € Yj(v;). Since Y;(1),...,Yi(s;) isa P-
ordered partition, we have that u; < v;, and this is true for all i. Therefore

Y (u) =* Y(v), as required. O

Our final preliminary result is a simple technical lemma. Here first is some
notation.

Suppose P = (X, <) is a poset and Yi,..., Yk is a P-ordered partition
of Y C X. A linear extension, L = (Y, <), of Py = (Y, <) is said to extend
the ordered partition Y3,...,Y if, whenever a € Y;, b € Y}, and i < j, then
a <1, b. Such linear extensions exist since we can simply concatenate linear
extensions of each Y;.

Lemma 5.2.5 Let P = (X, <) be a poset, let Y1,...,Y be a P-ordered par-
tition of Y C X, and fixr] € N. Then there exists a P-ordered equipartition
Y{,...,Y] of Y such that for each i, there erists iy, ... i, where

> -]

Proof Let L = (Y,<pr) extend the P-ordered partition Yj,...,Y;. Use
the order of L to partition the elements of Y into sets Y7,...,Y}, where
Y/ contains the first ||Y|/I] elements, Y, contains the next [(|Y|+ 1)/!]
elements, Y3 contains the next | (|Y'| 4+ 2)/!] elements, and so on. This is an

,

U Y, CY, and
7

Jj=1

L-ordered equipartition of Y, and hence, it is also a P-ordered equipartition
of Y since <, is an extension of <.

Fix i and observe that each Y} (except at most two) is contained in or
disjoint from Y;. Let Y7 ,...,Y; be those Y] contained in Y; and let Yz'+ and
Y/ be the two exceptional (possibly empty) sets mentioned above. Then

L;J Y | +1Y |<2[|Y|-‘

as required. a

we have
IYi| -
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We are now ready to prove the key step in Theorem 5.1.4, that is, the

existence of refinements of irregular partitions with larger index.

Lemma 5.2.6 Fize, e € (0,1] andl € N. Let P = (X, <) be a poset and let
G = (X, E) be a graph such that G is (P,¢,€,l)-good. Suppose Xi,...,Xg
is a P-ordered equipartition (which we denote by P) that is not (€)g-regular,
where k > 2. If

400kq 8001k~1

n:=|X|2—€T and q 2> 2

then there exists an ordered equipartition Q with kq parts satisfying

15
indg(Q) > indg(P) + ~

106"
Proof Set m = |n/(kq)] and note that m > 1. We begin by describing Q.

Recall that since G is (P,¢,¢€,1)-good, then, whenever (X;, X;) is not
(¢, €)g-regular, there exist ordered partitions of X; and X; (which we denote
by P;; and Pj; respectively) into at most | parts with the following property.
There exists X;; C X;, which is the union of some parts of P;;, and X;; C Xj,
which is the union of some parts of Pj;, where (Xj;, X;;) is witness to the
(¢, €')g-irregularity of (X;, X;). If (Xi, X;) is (¢,€)g-regular, then let P;;
and Pj; be the trivial partitions of X; and X; respectively, into one part.

Thus, keeping ¢ fixed and varying j gives k — 1 P-ordered partitions P;;
of X; (some of which may be trivial). We know by Lemma 5.2.4 that

k
P; = H Pi;

=1
i#i

[N

is a P-ordered partition of X;. Note that P; has at most [¥~! parts and that
each Xj; is the union of some of these parts.

~ We divide each X; into ¢ parts as follows. By Lemma 5.2.5, there exists
a P-ordered equipartition Z;, ..., Z;; of X; such that, given any part A of
P;, if A* is the largest subset of A that can be written as the union of some
of the Z;;, then

|A*| > |A| - 2[% = |A| - 2(m + 1). (5.3)
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Note that m < |Z;z| < m+ 1.

Now for each X;, we have defined a P-ordered equipartition Z;i, ..., Z,.
Concatenating these ordered equipartitions over ¢ gives a P-ordered equipar-
tition of X, which is a refinement of P. This is the P-ordered equipartition
Q described in the statement of the lemma.

It remains for us to estimate indg(Q) in terms of indg(P). This part
of the proof follows closely the proof of the usual Regularity Lemma. It is
somewhat involved, but standard. We drop G as a subscript.

Fix 7 and j. We start by estimating

1

P2 E d(Ziz, Zjy)

1<z,y<q

in terms of d(X;,X;). We proceed as with the proof of Lemma 5.2.1. We
observe that

m

Z e(Ziz‘aij) = E(X@',Xj) and qm+ 1|Zt1:| < |X1|
1<z,y<q
Therefore
1 E(Zix,Z' )
- d(Ziw,ij) = s
q¢? 15%5«; 15%;:541 | Ziz|q| Zjy|
2
> ( m ) Z e(Zi:c,Z]"y)
m+1) L= 1XillX;]
2
m
= (m_+1> d(X;, X;)-
Now )
m 2 2kq a
_Mm Y s1- >1-E>1-2 )
(m+1) 21 m+1_1 n = 2’ (5.4)

where a, which is to be determined later, must satisfy 4kg/n < a < 1. Thus
we have
1

2 > d(Zia, Z) 2 (1 - 5)d(Xi, X;) 2 d(Xi, X;) -

1<z,y<q

(5.5)

N
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Applying the Cauchy-Schwarz inequality to (5.5), we obtain

1

1 2
pe > dz(zn,zjy)z(? > d(z,-z,z,-y)) > d?(X;, X;) — a.

1<z,y<q 1<z,y<q

(5.6)

Thus, before taking advantage of irregularity between parts, we find that we
obtain a small loss in the mean square density. Note that a can be chosen
to be arbitrarily small by insisting that n is very large.

Now fix ¢ and j so that (X;, X;) is not (¢, €)g-regular. Recall that
(Xij, Xji) is witness to the (€', €')g-irregularity of (X, X;). Let X} (resp.
X3;) be the largest subset of X;; (resp. Xj;) that can be written as the union
of some of the Z;; (resp. Zj,). Since Xj; is the union of at most 1¥=1 parts
of P; and each part of P; is approximately the union of some of the Z;, via
(5.3), so we have that

X351 2 1X5] = 1*71(2(m + 1)), | (5.7)

and similarly for X Jir After reordering Z;; and Zj, suitably, let us assume
that

T 8
X5=J%. and X5;=|] 2,
z=1 y=1
Our next task is to use irregularity to give a lower bound for

1 1
9 Z d(Z'i:B’ ij) - E Z d(Z,;z, ij)
1<z,y<q EIE'

Syss

We shall then apply Lemma 5.2.2 (the defect form of the Cauchy-Schwarz
inequality) by setting
1 1
®== Z 4(Ziz; Zjy) and ¢ = . Z A Ziz, Zjy),

7 1<z,y<q E;g

to obtain an increase in the mean square density. We prove a lower bound

on |® — ¢| by breaking it down into four terms using the triangle inequality
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as follows:

Z d(Ziz, Zjy) — Z d(Ziz, Zjy)

1<xg<q i:::r
Syss
> |d(Xi, X;) — d(Xi5, Xji)| (Term 1)
1
- 'd(Xi’Xj) - Z d(Ziz,ij) (Term 2)
7 1<z,y<q
— |d(Xi, Xj:) — (X;;,X* )| (Term 3)
- ‘d(‘X'Z]’X* - ;E 12, d(Ziz, Zjy)|- (Term 4)
1<y<s

We now estimate each of these terms.
Term 1: Since (X;;, Xj;) is witness to the (¢'¢’)g-irregularity of (X;, Xj),
we have
|d(Xi, X;) — d(Xij, Xjs| > €.

Term 2: The inequality (5.5) together with the inequality obtained from
(5.5) by considering the complementary graph gives us

d(Xi, X;) Z d(Ziz, Ziy)
1<:c W<q

<

a
2.

Term 3: We shall show that X; forms a large part of X;; and apply
Lemma 5.2.3. We have by (5.7) that

2151 (m + 1
1X51 > Xi] ~ 17 20m + 1)) = X1 (1 - k |)(a-j| )
4l 1m
> |Xij|(1— %] )
|Xij|(1—4if|;i| ) since [Xi;| > ¢|Xi]
> Xl(1-26) since 11> |2] 2 mg
> lXijl(l - g) (5.8)
where b, which we shall determine later, must satisfy 85— < b < 1. Note

that b can be chosen to be arbitrarily small by choosmg q sufﬁc1ent1y large.
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Now applying Lemma 5.2.3, we have

|d(Xij, X50) — d( X35, X5:)| < 2(b/2) =

Term 4: This is obtained in a similar way to Term 2, but we give its

derivation here for completeness. Since X 5 =UL_1Ziz and X 5 = Uy=1Zjy,
we have that
> e(Zia, Ziy) = (X5, X5).
1<z<r
1<y<s
and furthermore, |X};| > =557|Zig| for all z and | X} > -y s|Z;,| for all
y. Thus
1 e(Z'i:z Z; )
— d(Ziz, Ziy) = T Y]
o 2 W Zi) = 3, i
1<y<s 1<y<s
2
2 ( m ) Z €(Z11,Z:,y)
m+ 1 1<z<r | ” |
1<y<s

2
m * * * a
= (m—l—l) d(tix z) 2 d(Xz_pX ) PX

where the last inequality follows using (5.4). This inequality, together with
the inequality obtained from it by considering the complementary graph,
gives us

,d(X;;,X E d(Ziz, Zjy)| <

1<z<r
1<y<s

Now putting all four terms together, we obtain

po Z d(Ziz, Ziy) — — Z d(Ziz, Ziy)| > € ———b—i—e—a—b
1<z’y<q 1<z<r
1<y<s

(5.9)

provided that 4kq <a<1and 8l
can be chosen to be arbitrarily small by choosmg n and g sufﬁcxently large.

Applying the defect form of the Cauchy-Schwarz inequality (Lemma
5.2.2) to the numbers d(Z;;, Z;y) by setting

1

<I>=q2

Z d(Ziz, Z;,) and ¢—— > d(Zis, Zy),

=
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we obtain
1 rs
p " & (Ziz, Ziy) > B* + 55@ — ¢)?
1<z,y<q
2
> (d(X,-,X,») - g) + —Z—i(e' —a—b)? (using (5.5), (5.9))

> d(X;, X;) — a+ ;—ji(e' —a-b? (5.10)

Estimating for rs/q?, we have

*

C—(l 1 )(m+1)r2(1 1 )|Xij|

T m+1 mq  m+1/ X
> (1 - %H) (1 - —g—) I|)){g:|l (using (5.8))
> %(1 - g)e', (5.11)

where the last inequality follows from m > 1 and the fact that (X;;, Xj;) is a
witness to the (¢, €')g-irregularity of (X;, X;). We have the same inequality
for s/q, so combining these with (5.10), we obtain

1 1 b2

Z 3 (Zi, Zjy) > P(Xi, X)) —at S (1 - -) €2(¢ —a—b)2. (5.12)

4 2
1<z,y<gq

Thus (5.12) holds for pairs (Xj;, X;) that are not (e, €)g-regular, and
(5.6) holds for pairs (X;, X;) that are (e, €)g-regular. Noting that there are
at least e(g) > (12{) pairs that are not (e, €)g-regular, we have

. 1 1
lnd(Q)ZF Z - Z d*(Ziz.Zjy)

1<i<j<k T 1<ay<q

1 2 ) . 7 k 1 _‘b 2,2 ’ 2
>@( §v ; (d(X,,XJ)—a)+e(2>Z(1 §)e (€ —a—b)
1<i<j<k

11
> i _ = S B 1\2
> ind(P) 2a+64e (€ —a—0b)*,

using that b < 1 and k > 2 for the last inequality. By setting a = ae’> and
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b = B¢, we obtain

ind(Q) ~ ind(P) > (5 (1 -~ )2 - %a) s

64

1 1 €’®
> |= - - 2 - = ) 15 = —,
= (64(1 2a—26) - 5a)€” = 155

-1
~ 100"

Thus, we have shown that ind(Q) > ind(P) + %, provided that

where a = 3

4kq € gik-1 €
——<ag=—X1 d <bh=—<1.
n ~%T 100" M Tag =T 100"
The conditions of the lemma ensure that such a and b exist. ]

It is now an easy step to prove Theorem 5.1.4.

Proof (of Theorem 5.1.4) Recall that €,€,l,m are given. Define f(k) =
[8001¥~1¢'~2]. Define f* : N — N inductively by setting f*(0) = m and
f*(i+1) = f(f*(3)) for i € N. Set r = f*([50¢'~%]), and set

M = M(e,€,1,m) = 400rf(r)e'~>.

Given a graph G = (X, E) and a poset P = (X, <), if | X| < M, then
partition X into vertices to obtain a P-ordered (e)g-regular equipartition
of X. If not, then n = |X| is large enough that we may repeatedly apply
Lemma 5.2.6 to G up to [50¢/~5] times. Start with Pp, any P-ordered
equipartition of X into m = f*(0) parts. If Py is not (€)g-regular, then
apply Lemma 5.2.6 to obtain a P-ordered equipartition P; with f*(1) parts

and where

E/5

+ m.
Repeat this process to obtain partitions Py, P1, P2,..., where P; is a P-

indg(P1) > inde(Po)

ordered equipartition with f*(¢) parts and where

15

indg(P;) > indg(Po) + iﬁ.

Since ind(P) < 1/2 for all equipartitions P, we must eventually reach a
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P-ordered equipartition P; that is (€)g-regular, where

1/2 5
—rF= .
b= 00 0%
This partition has f*(t) parts, and m < f*(t) < M, as required. O

5.3 Good Classes

In this section, we show that the classes C; and C3, described in Section 5.1.1,
are good classes. More precisely, we prove the following.

Lemma 5.3.1 For every poset P = (X, <) and every e € (0,1], the graph
Com(P) is (P,¢,€,2)-good.

Lemma 5.3.2 For every poset P = (X, <) and every € € (0,1}, the graph
Cov(P) is (Pe, %, [8¢~3 + 1])-good.

These lemmas, together with Theorem 5.1.4, prove Theorems 5.1.1 and 5.1.2.
Let us give the explicit proofs of these theorems.

Proof (of Theorem 5.1.1) We are given € € (0,1] and m € N. We set
Mi(e,m) = M(e,€,2,m), (recall that M; is the function in the statement
of Theorem 5.1.1 and that M is the function in the statement of Theo-
rem 5.14). For P = (X,<) a poset, we know (by Lemma 5.3.1) that
Com(P) is (P,¢,¢,2)-good, so by Theorem 5.1.4, there exists a P-ordered
equipartition of X into k parts that is (€)com(p)-regular, where m < k <
M(e,€,2,m) = Mi(e,m).

O

Proof (of Theorem 5.1.2) We are given ¢ € (0,1] and m € N. We set
Ms(e,m) = M(e, 523, [8¢~3 + 1],m), (recall that M, is the function in the
statement of Theorem 5.1.2 and that M is the function in the statement
of Theorem 5.1.4).) For P = (X, <) a poset, we know (by Lemma 5.3.1)
that Cov(P) is (P, e, -523, [8¢3 +17)-good, so by Theorem 5.1.4, there exists
a P-ordered equipartition of X into k parts that is (€)cov(p)-regular, where

2
m< k< M, % [8e73 + 1],m) = My(e, m).
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It remains for us to prove Lemma 5.3.1 and Lemma, 5.3.2. Lemma 5.3.1
is natural and straightforward to prove. Lemma 5.3.2, although more unex-
pected, is not difficult to prove.

Proof (of Lemma 5.3.1) Given the poset P = (X, <), let ¥1,Y> be a P-
ordered equipartition of ¥ C X, where (¥1,Y2) is not (¢, €)com(p)-regular.
We show that there exist P-ordered partitions A, Az of Y; and By, Bs of Ya
such that either (A1, B2) or (A2, B1) is witness to the (€, €) com(p)-irregularity
of (1},Y3). This then proves the lemma.

We drop Com(P) as a subscript. Since (Y1, Y2) is not (¢, €)-regular, there
exists a witness (A, B) to the irregularity of (Y3,Y3), that is, there exists
A CY; and B C Y, with |A| > €|Y7] and |B| > €|Y3|, where

|d(Y1,Y2) — d(A, B)| > €.

We consider two cases.

Case (i) Suppose that d(A,B) > d(Y1,Y2) +e. If z € A and 2’ € 1\A
with 2’ < z, then replacing = with =’ in A does not reduce e(4, B) (by the
transitivity of the poset) and hence does not reduce d(A, B). Similarly if
y € B and y' € Y2\B, with 3 > y, then replacing y with 3’ in B does not
reduce d(A, B). Thus, after such replacements, (A, B) remains a witness to
the (e, €)-irregularity of (Y1,Y2). Now repeatedly make such replacements
until no more can be made and call the resulting sets A; and Bs. Thus A;
is a down-set of Y7; By is an up-set of Ya; and (Aj, B2) is a witness to the
(€, €)-irregularity of (Y1, Ya2).

Let A2 = Y1\ A; and B; = Y2\B;. Then Aj, Az is a P-ordered partition
of Y3; B1, Bz is a P-ordered partition of Ys; and (A;, Bz) is a witness to the
(€, €)-irregularity of (Y1,Y2) as required.

Case (ii) Suppose that d(A,B) < d(Y1,Y2) — €. This case follows in
a very similar way to Case (i). We give the details for completeness. If
z € A and 2’ € Y1\A with 2’ > z, then replacing z with =’ in A does not
increase e(A, B) (by the transitivity of the poset) and hence does not increase
d(A, B). Similarly if y € B and y' € Y1\B, with 3’ < y, then replacing y
with 3’ in B does not increase d(A, B). Thus, after such replacements, (A, B)
remains a witness to the (¢, €)-irregularity of (¥1,Y2). Now repeatedly make
such replacements until no more can be made and call the resulting sets As
and B;. Thus A is a up-set of Y7; B; is an down-set of Y3; and (A2, By) is
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a witness to the (e, €)-irregularity of (Y1,Y52).

Let A; = Y1\A2 and By = Y5\B;. Then A, A; is a P-ordered partition
of Yi; B, Bs is an P-ordered partition of Y3; and (A2, B;) is a witness to
the (e, €)-irregularity of (Yi,Y?2) as required. a

We need some preliminary lemmas before we can prove Lemma 5.3.2,
but first we give some notation.

Let P = (X, <) be a poset with Y C X. We define htp(Y’) to be the
height of Y in P, that is, the size of the largest chain in Y.

We have the following easy lemma.

Lemma 5.3.3 Let P = (X, <) be a poset withY' CY C X and let h =
htp(Y'). Then there erists a P-ordered partition P of Y into 2h + 1 parts
such that Y' is P-unifiable (and hence Y\Y’ is also P-unifiable).

Proof Recall from Proposition 1.2.1 that if we have a nested sequence of

down-sets of @ = (Y,<), ¢ = Dg C Dy C Dy C --- C D, =Y, then

by setting X; = D;\D;_; for ¢ = 1,...,r, we have that X;,...,X, is a

Q-ordered partition of Y. Trivially, this is also a P-ordered partition of Y.
Given A C Y, we define

D(A)={y €Y :y < a for some a € A}
and D(A) = {y € Y : y < a for some a € A}.

These are both down-sets of Y by the transitivity of <.

Given that Y’ has height h, we have the standard decomposition of Y’
into h antichains Aj,...,Ap given by Theorem 1.2.3. Recall that these
antichains are constructed inductively by setting A; = maxp(Y;), where

h
Y=Y and ¥/ =Y\ |J 4; for i=1,...,h—1.

j=i+1

Now we have the following nested sequence of down-sets of Y:
6 € D(A1) C D(A1) € D(42) € D(A3) - € D(A) € D(43) C Y.

It is clear that D(A;) C D(4;) for all 4. To see that D(A;—1) C D(4;), note
that A;_; C Y/ ; C D(A;) and therefore D(4;_1) C D(4;) (by transitivity).
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Let X;,...,Xon41 be the P-ordered partition of Y induced by this nested
sequence of down-sets. Then we have that

h h h
U Xz = (U D(AND(A) = | A=Y’
i=1 i=1 i=1
as required. (]

In light of Lemma 5.3.3, one way to show that a graph G is (P, ¢, €, 1)-
good is the following. Whenever (A, B) is P-ordered and (e, €)g-irregular,
we try to find a witness (A’, B') to the (¢, €')g-irregularity of (A, B) for
which A’ and B’ (or their complements) have height at most (I —1)/2 in P.

When G = Cov(P), we observe that two elements on the same chain in
A have disjoint neighbourhoods in B; therefore elements with large neigh-
bourhoods in B cannot form large chains in A. Thus for every irregular
pair, we seek witnesses to irregularity where the elements in the witness sets
(or their complements) have large neighbourhoods. This is the motivation
behind the next lemma.

Lemma 5.3.4 Let G = (V,E) be a graph with V1,Va C V disjoint, where
(V, Va) is not (¢, €)g-regular and (V{,Vy) is witness to this. Dropping G as
a subscript, we have the following.

(i) If d(V{,Vy) > d(V1,V2) +¢, then there ezists (Vy, V2) that is witness to
the (e, %)-irregulam’ty of (V1,V2), where

3

3 —_
e(c,Va) 2 TIVal, Vo € Vi and e(y,V2) 2 TIVil, Wy € Va.

(i) If d(V{,V3) < d(V1,Va) —¢, then there exists (V1, V) that is witness to
the (5, €)-irregularity of (V1,V2), where

63 - 63 ~
e(z,V2) 2 f|Vel,Ve € i\V1 and e(y,V1) 2 ||, Vy € V2\Va.

Proof (i) Consider the vertices z € V] for which d(z,V3) < €2/2. We call

these low degree vertices of V. For such vertices, we have

e(z, V3) < e(z,V2) d(z,V2) <

N _ _ €
A=V =" < e 2
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There are strictly fewer than (1 — §)|V{| low degree vertices of V]. Indeed,
if not, then

,d(z, Vy
d(V,V3) = % < Iéfl ((1 - )Wl 5+ 2Vl 1) <e,
contradicting that d(V{,V5) > d(V1,Va) + e > e

Remove the low degree vertices of V] from V] to form V4 and observe
that d(V;,Vy) > d(V{,Vy) (since we have removed vertices of lower than
average degree) and that {V;| > 523|V1|

Similarly, any vertex y € VJ for which d(y,V1) < €3/4 is called a low
degree vertex of V;. For such vertices, we have

= <

> e(y, ‘71) e(y, V1) _ d(y, V1)
d y [/ = — < =
v W) Vil ~ L 3¢

€
5

There are strictly fewer than (1 — §)|V;| low degree vertices of V;. Indeed,
if not, then

Eyevzld(y,vl) 1 € € €
it Ah e SR - = N2+ 2V
V3] —|V4|<(1 Il 5+ 5vi11) <

contradicting that d(Vi,Vy) > d(V{,V4) > €.
Remove the low degree vertices of V from V; to form V2. As before,

d( 2’7171) =

observe that
d(V1,V2) > d(V1,Vy) 2 d(V{, V3) > d(V1,V2) + ¢,

where the first inequality holds because we have removed vertices of smaller
than average degree. Furthermore, note that |Va| > 923|V2|.
Thus, (V1,V,) is witness to the (e, %)-irregularity of (V1,V;), and

e3

4 |V1|,Vy € Vg.

2 3 _
e(e, V) 2 SIVo| 2 SIVal, Vo € Vi end e(y, V1) 2

(ii) Add to V4 all vertices z € V; for which d(z, V2) < €2/4 to form V;. For
such vertices, using a similar calculation as before, we have d(z, V) < €/4,
and hence d(V1,V;) < d(V{,V3) + §.

Add to Vj all vertices y € V; for which d(y, V1) < €2/4 to form V5. For

such vertices, using a similar calculation as before, we have d(y, V1) < €/4,
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and hence

d(Vi, Vo) < d(Vi,V§) + 5 < d(V, V) + 2 <d(V3, V) - 2.

Thus, (V1,V2) is witness to the (§, €)-irregularity of (Vi,V2), and

€2 — €2 -
e(z,Va) > szl,Vw eVi\W1 and e(y, 1) 2 Vi, Yy € 12\ V2.
O

Finally, we apply Lemma 5.3.3 and Lemma 5.3.4 to the covering graph
of a poset to obtain Lemma 5.3.2.

Proof (of Lemma 5.3.2) We are given a poset P = (X, <). Let Y3,Y2 be an
ordered partition of Y C X, where (Y1,Y2) is not (¢, €)cov(p)-regular. Let
(Y{,Y3) be witness to this. It is sufficient for us to prove that there exists
a witness (Y1,Y2) to the %, %)COV(P)—irregula.rity of (Y1,Y2) and ordered
partitions P; of Y3 and P, of Y3 into at most 8¢~2 4+ 1 parts such that Y; is
Pi-unifiable and Y5 is P;-unifiable. We consider two cases. Throughout, we
work with Cov(P), so we drop it as a subscript.

(i) Suppose d(Y7,Y3) > d(Y1,Y2) + €. By Lemma 5.3.4(i), we can find a
witness (Y1, Y2) to the (e, %)-irregula.rity (and hence the (%, -‘;)-irregularity)
of (Y1,Y2), where

3 3 _
e(e,Ys) > SVl Vo€V and e(y,Y3) 2 TVl Vy €

For z,z' € Y7 with 2’ < z, we have that E(z’,Y2) N E(z,Y2) = ¢. Therefore,
if C is any chain in Y}, then

3
CIZI%l £ 3 (e, Ya) < Yl
zeC
and hence |C| < 4¢3. Therefore htp(Y;) < 4¢3. Similarly htp(Ys) < 4¢73.
Applying Lemma 5.3.3, we deduce that there exist partitions P; of Y; into
at most 8¢~3 + 1 parts such that Y; is P;-unifiable for i = 1,2, as required.
(i) This is similar to (i). Suppose d(Y7{,Yy) < d(Y1,Y2) — €. Using
Lemma 5.3.4(ii), we can find a witness (¥1,Y2) to the (§, €)-irregularity
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(and hence the (%, %)—irregula,rity) of (Y1,Y2), where

€3 - e -
e(z,Y2) > Z|Y2|,V3? €Y1\Y1 and e(y, Y1) > Z|Y1|,Vy € Y2\Ya.

As before, if C is any chain in ¥;\Y3, then

3
I I¥al < > el ¥o) < 1

and hence |C| < 4¢3. Therefore htp(Y1\Y:) < 4e73. Similarly, we have
htp(Y2\Ys) < 4¢3, Applying Lemma 5.3.3, we deduce that there exist

partitions P; of Y; into at most 8¢~3 + 1 parts such that ¥;\Y; (and hence
Y;) is P;-unifiable for i = 1,2, as required. O

5.4 Simultaneous Regular Ordered Partitions and
Further Properties

We begin this section with the proof of Theorem 5.1.6. The proof of this is
ah easy application of Lemma 5.2.6 and Lemma 5.2.1.

Proof (of Theorem 5.1.6) We are given € and m. Let P = (X, <) be a
poset. We know that Com(P) and Cov(P) are both (P, ¢, ¢€,1)-good, where
€= % and [ = [8¢~3 4 1].

Suppose P is a P-ordered equipartition of X into k parts. Let ¢ =
f(k) := [800l*~1¢/~2] and suppose that

n = |X| > 400kqe’~5.

Define m := |n/kq| > |400¢'~5|. Now P can be refined in one of two ways
using Lemmas 5.2.1 and 5.2.6.

(i) If P is not (€)cov(p)-regular, then we apply Lemma 5.2.6 to Cov(P)
and Lemma 5.2.1 to Com(P) to obtain a refinement Q; of P, where Q; is
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P-ordered, has kq parts, and where

indgom(p)(Q1) + indgov(p) (Q1)

€’

100

. 2 .
> lndCom(P) (P) - m—-l-]. + lndCov(P) (P) +

5

. . €
> lndCom(P) (P) + lndCov(P) (P) + ma

the last inequality following from the condition on .

(ii) Similarly, if P is not (€)com(p)-regular, then we apply Lemma 5.2.6
to Com(P) and Lemma 5.2.1 to Cov(P) to obtain a refinement Qy of P,
where Qs is P-ordered, has kq parts, and where

e/5

indgom(p)(Q2) + indgoy(p)(Q2) = indgom(p)(P) + indeoy(p) (P) + 200"

Now, provided n is large enough, we construct partitions Py, P1, Pa,. ..
as follows. Let Py be any P-ordered equipartition into m parts. Given P;_1,
if Pj_1 is not (€)cov(p)-regular, then refine it according to (i) to give P;; if
Pj-1 is not (€)com(p)-regular, then refine it according to (ii) to give P;; if
Pj_1 is (e)-regular for both graphs, then stop.

We claim that the above process terminates at the kth iteration, where
k < 200¢~5. Indeed, we know that indgom(p)(P) + indgev(p)(P) < 1 for
all equipartitions P and that at each iteration, indcom(p)(P) + indcov(p) (P)
increases by at least €/5/200. Hence after at most 200¢'~5 steps, the process
terminates, and we obtain an ordered partition that is e-regular for both
Com(P) and Cov(P).

The number of parts in the final partition, described above, is at most
r:= f*([200¢~57), where f* is the function described in the proof of Theo-
rem 5.1.4. In order to meet the conditions on 7, it is sufficient that

n > Mz = 4007 f(r)e' 5.

Now, if n < M3 = Mj3(e,m), then we partition X into elements; otherwise,
we partition X as previously described into at most r < M3 parts. O

Having proved that there exists an ordered equipartition that is regular
simultaneously for both the covering graph and the comparability graph of

a poset, we now prove some simple properties of such partitions. Here is the
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proof of Theorem 5.1.7

Proof (of Theorem 5.1.7) Recall that we are given a poset P = (X, <)
and a P-ordered equipartition Xi,..., X, of X that is e-regular for both
Com(P) and Cov(P).

(i) We work exclusively with the graph Com(P) in this part of the
theorem, so we drop it as a subscript. We are given parts X,, X;, and
X: with r < s < t, where (X, X,) and (X, X;) are both (e, €)-regular,
and where p := d(X,, X;) > 2¢ and ¢ := d(X,, X¢) > 2¢. We show that
d(Xr, Xt) > 1 - 2e.

Let A C X, be the set consisting of elements z € X, for which d(z, X,) <
€. Thus d(4,X;) < € < p—¢, and so |A| < €|X,|, otherwise the (e, €)-
regularity of (X, Xs) would be violated. Let 4 = X, \A.

For each z € A, define B, = {y € X, : y > z} C X,;. We know that
|Bz| > €| X 5| since z € A.

For each z € A, let C; C X; be the set consisting of elements z € X, for
which z is incomparable to every element in B,. Thus d(C;, B;) = 0 < g—e¢,
and since |By| > €| X;|, we must have that |C,| < €|X;|, otherwise the (e, €)-
regularity of (X, X;) is violated. Let C, = X;\C;.

For every £ € A and every z € C, there exists y € B, such that
z < y < 2. Therefore, since |Cy| > (1 — €)|X¢|, we have d(z,X;) > 1 — € for
allz € A. Since |A| > (1—¢€)|X,|, we have that d(X,, X;) > (1—€)2 > 1—2e.
This completes the proof of (i).

(ii) Again, we deal exclusively with the graph Com(P) in this part of the
theorem, so we drop it as a subscript. We are given parts X, and X, where
(Xr, Xs) is (€,€)-regular and p := d(X,, X;) satisfies 2¢ < p < 1 — 2¢. We
show that e(X,) < 2¢|X,|2. (By considering the dual poset, we can deduce
that e(X;) < 2¢|X;[?.)

Assume, for a contradiction, that e(X,) > 2¢|X,|2. As before, let A C X,
be the set consisting of elements z € X, for which d(z, X;) < ¢, and let
A = X,\A. We have seen that |A| < ¢|X,| (otherwise (A4, X,) is a witness
to the (¢, €)-irregularity of (X, X;)).

We know that e(A) +e(4, X;) = e(X;) > 2¢|X,|2. Since A < €|X,| then
e(A, X;) < €| X;|?, hence e(A) > €| X,|2.
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For each z € A, define Dg(z) = {y € A: y < z}. Observe that

> IDa(z)| = e(A) > €| X,|* > | Al| X,
€A

so there exists some z* € A such that |D4(z*)| > €|X,|. Let Ux,(z*) =
{v € X5 :y = z*}. We have that d(Da(z*),Ux,(z*)) = 1 > p+ €, where
|Da(z*)] > €|X;| and |Ux,(z*)| > €|Xs|, violating the (e, €) regularity of
(Xr, X5). Hence we have a contradiction and this completes the proof of
(ii).

(iii) We are given parts X, and X,, where (X,,X;) is (e, €)-regular
for both Com(P) and Cov(P), and where p := dcom(p)(Xr, Xs) and ¢ :=
dcov(P)(Xr, Xs) > 3e. We show that there exists an antichain 4, C X, for
which |Ar| > (1 — 2¢)|X;|. (By considering the dual poset, we can deduce
that there exists an antichain A; C X, for which |A,| > (1 — 2¢)|X;|.)

Assume, for a contradiction, that the largest antichain in X, has size
strictly smaller than (1 — 2¢)|X,|.- Let I be a maximal set of independent
edges of Com(P) in X,. The elements of X, not incident with any edges in
I form an antichain (since I maximal), hence there are strictly fewer than
(1 — 2€)|X;| such elements. Therefore, we have |I| > €| X,|. Let z; z} be
the edges in I for i = 1,...,1, | > €|X,|, where ] < z.

Observe that

ECov(P)(:Eq;—a XS) n ECom(P)(z;*’)Xs) =¢
and ECom(P) (:c,-—,Xs) 2 ECov(P)(xi—aXS) U ECom(P) (l'?.,Xs).

Therefore, we have
dCom(P)(xi_’Xs) 2 dCov(P)(x;aXs) + dCom(P)(x;‘,F’Xs)'

Let A~ = {z; :i=1,...,l} and At = {zF : i =1,...,1}. We know
that |A*|,|A~| > €| X;|, so using the regularity of Com(P) and Cov(P), we
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obtain

P+ € > deomp) (A7, Xs)
> doow(P) (A7, Xs) + doom(p) (AT, X5)
2(@-€e+@—¢
>p+e, (since g > 3e)

which is a contradiction. This completes the proof of (iii) and the proof of
the theorem.
O
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Chapter 6

An Exact and a Stability
Result for Hypergraphs

6.1 Introduction

In Chapter 1, we introduced and discussed Turdn-type problems. Although
the problem we explore in this chapter is not quite a Turan-type problem, it
has many similarities to such problems. It is closely related to the problem
of determining the Turén density of K, as we shall discuss.

We begin by defining a family of 3-graphs derived from a geometric
construction. Before we can describe this family, we define what we mean
by the convez hull of a set of vectors in R™. Let U = {uy,...,ux}, where
u; € R™ for i =1,...,k. We define conv(U), the convez hull of U, to be

k k
{Z)"'ui : Z)\i =1, A; > 0 for all i}.
i=1 i=1

For a k-graph H = (Vy,Ey) and a set S C V, we say that S induces or
spans r edges of H if |[Ey N S®)| = r, that is, there are exactly r edges of
H contained entirely inside S.

Let C be the set of 3-graphs constructed as follows. We have H € C if
the vertices of H can be placed (at distinct points) on the circumference of
a circle in R? with centre O so that the edges of H are precisely those triples
whose convex hull contains O. (We insist that the convex hull of every pair
of points does not contain O.) Every H € C has the following interesting
property: every set of four vertices of H spans exactly zero or two edges of
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H. Indeed, suppose S = {v1,v2,v3,v4} is a set of four vertices of H € C
ordered clockwise around the circle. Let us identify the vertices with their
position vectors. Observe that the convex hulls of {v;, v2,vs} and {v;,v3,vs4}
partition the convex hull of S (except for the intersection along conv{vy,v3}).
Similarly, the convex hulls of {v1,v2,v4} and {vg, v3, v4} partition the convex
hull of S (except for the intersection along conv{vs,v4}). Thus, if the convex
hull of S contains O, then S induces exactly two edges of H; if not, then
clearly S induces zero edges of H.

This was observed by Frankl and Fiiredi in [22], where they classified
all 3-graphs for which every set of four vertices induces exactly zero or two
edges. They found that the only other 3-graphs having this property are
the blowups of Fg. Let us define these terms.

Let F = (VF,Er) be a 3-graph, where Vg = [n]. A blowup of F is
obtained by expanding each vertex v; € VF into a class V; of vertices and
placing an edge between vertices in different classes if and only if F' has a
corresponding edge. Formally, B = (Vp, Ep) is a blowup of F = ([n], EF) if
we can partition Vg into nonempty sets V3,...,V, such that

Eg= |J VWV,
abc€Ep

where
VoVoVe ={zyz: 2 € Vo,y € Vi, z € Ve }.

Thus, any set of n vertices from Vg that contains exactly one vertex from
each V; induces a copy of F. An equipartitioned blowup of F' is a blowup of
F in which the class sizes are as equal as possible.

We define Fg to be the 3-graph with vertex set {1,...,6} and edge set
Es = {123,234, 345,451,512,613, 624, 635,641,652}. One can easily check
that every set of four vertices of Fg spans exactly two edges. Furthermore,
any blowup G of Fg also has this property. Indeed, let S be a set of four
vertices of G. If the vertices of S are taken from four different vertex classes
of G, then S will span two edges of G; if the vertices of S are taken from
three different vertex classes V,,V;, V. of G and abc € Eg, then S will span
two edges. In all other cases, S spans zero edges of G. Thus, all blowups of
Fy and all 3-graphs in C satisfy the property that every set of four vertices
spans exactly zero or two edges. Frankl and Fiiredi [22] proved that these
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are the only 3-graphs satisfying that property. In the sections that follow, we
give a new proof of this result and a related stability result. Before stating
the results, we give some background and motivation.

Recall that a hypergraph is k-colourable if its vertices can be partitioned
into k colour classes so that no edge of H is contained entirely within a colour
class. We write x(H) for the chromatic number of a hypergraph H, that
is, the least k for which H is k-colourable. We note that every hypergraph
in C is 2-colourable. This is because any diameter of the circle on which
the vertices of H € C are placed separates the vertices of H into two colour
classes. Also, we find that x(Fg) = 3, and consequently, any blowup of Fg
also has chromatic number 3.

For a 3-graph H = (Vy,En), let g;(H) be the number of elements of
Vi(l4) inducing exactly ¢ edges of H. Here is the result of Frankl and Fiiredi
stated in the form in which we shall prove it.

Theorem 6.1.1 Suppose H = (Vy, Eg) is a 3-graph such that ¢;(H) = 0
fori=1,3,4.

(a) If H is 2-colourable, then H € C.
(b) If H is not 2-colourable, then H 1is a blowup of Fe.

As noted implicitly in [22], the densest 3-graph in C on n (odd) vertices is
given by placing the vertices evenly around the circumference of the circle.
The density of these graphs is asymptotically }Z' The densest blowup of Fg on
n vertices is the equipartitioned blowup, whose density is asymptotically %.

The result of Frankl and Fiiredi is closely related to the problem of
determining the Turdn density of K; . Recall that K, is the 3-graph on
four vertices with three edges. Determining 7 (K, ) is one of the most basic
problems in extremal hypergraph theory since K, is the smallest 3-graph
that has a non-zero Turdn density. As mentioned in Chapter 1, the best
known bounds for this problem are

1 1

=~

The upper bound, which was recently proved by Talbot [59], is an improve-
ment on a bound given by Mubayi [42] using a supersaturation argument,
which in turn improved the bound 7(K;) < } given by de Caen [8]. The
lower bound is due to a construction given by Frankl and Fiiredi [22] and
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is derived from the graph Fg as follows. We take an equipartitioned blowup
of Fg on n vertices and insert an equipartitioned blowup of Fg within each
vertex class. We continue iteratively inserting equipartitioned blowups of
Fg into each new vertex class that we create until the vertex classes have
fewer than six vertices. At this point we stop. The asymptotic density of
this construction is 2; see [22].

Let us discuss the methods used by Talbot [59] to prove his upper bound.
Let exi(n, F) denote the maximum number of edges in a k-colourable n-
vertex r-graph not containing a copy of F, and let

lim £ F)

Tame (D)

i (F)

These parameters were first introduced in [59] and are further investigated
in [45]. It is shown in [59] that m2(K;) < 3 and this is used to show that

_ 3+ 4/11/3
7T3(K4 ) < ——15—/—

This in turn is used to prove the upper bound in (6.1). Moreover, any
improvement in the upper bound on 73 (K ) translates into an improvement
in the upper bound on 7(K ).

Below, we prove the upper bound on 73 (K ), following Talbot {59]. The
proof is a variation of a simple counting argument used by de Caen [8].
Let F' be a 2-colourable 3-graph containing no copy of K, , where F' has n
vertices and m edges. Thus, we have g3(F) = ¢4(F) = 0. Let A and B be
the colour classes of F' = (V, EF), where |A|] = ¢n and |B| = (1 — ¢)n and
c< % For vertices z and y of F, let

dyy = |{z € VF : zyz € EF},

and observe that Ezy V@ dzy = 3m. By double counting pairs (z,abc),
F
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where x € Vg and abc € EF, we have

(n = 3)m = q1(F) + 22(F)

amea S () = (%)

zy€AUB(2) Ty€EAXB
— 2 2
=q(F)+ Z dzy + Z dxy - Z dzy-
zycADUB(?) Ty€EAXB .'t'yGVF(-z)

Hence we obtain

nm=q(F)+ Y d,+ Y d,

zy€A2)UB(2) zyc€AxB

Since A and B are independent sets, we have

Z dgy =m and Z dzy = 2m,

zyeAR)UB(2) zy€AxB

and so, using the Cauchy-Schwarz inequality, we have

m? 4m?
nm > q(F)+ +
Gy ) - o
2 4 \m?
> —_—
2 ai(F) + (02 + (1 —¢)? + c(1 —c)) n?

2
m
z q(F) +20_ 5.

The last line follows since (f_c)z + 6(14_ ) is minimised when ¢ = % Using
the fact that ¢;(F) > 0, we obtain Talbot’s bound that m < n®/20, that is,
m (K, ) < T%. However, we know that ¢;(F) cannot be zero; otherwise we
would have F' € C, and the density of F' could be at most . Indeed, using
supersaturation (a simple counting argument to quantify a lower bound
on q;(F), cf. [42]), Talbot claims (but does not explicitly prove) that the
upper bound can be improved to m2(K; ) < 3 — 107, Our next theorem, a
stability result, was an attempt to further improve the lower bound on ¢; (F),
which would then improve the upper bound on 72(F) and filter through to
an improvement in the upper bound on (K, ). However, the bounds in our
result are not strong enough to accomplish this.

The result is proved in Section 6.3 by using the ideas in our new proof
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of Theorem 6.1.1.

Theorem 6.1.2 Fir ¢ > 0. Suppose H = (Vy, Ey) is a 2-colourable 3-
graph, where |Vi| = n and where ¢;(H) < en* for i = 1,3,4. Then we can
construct a hypergraph H' = (Vy, Ey) such that H' € C and

Eg A Epp < 16203503,

A general stability theorem (of the type given above) for hereditary proper-
ties of hypergraphs has recently been proved by Rodl and Schacht [51]. A
special case of their result is the following: the conditions of Theorem 6.1.2
imply that Ey A Eyr < f(e)n3, where f(¢) — 0 as ¢ — 0. However, the
result of R6dl and Schacht makes use of a hypergraph regularity lemma, and
consequently, f(e) — 0 extremely slowly as € — 0.

As well as giving upper bounds on the values of mo(K, ) and m3(K, ),
Talbot [59] also gives the lower bounds

5

ma(Ky) > 0.25682 and w3(Ky) > 5

The lower bound on m3(K, ) is achieved by the equipartitioned blowup of
Fs, and Talbot [59] conjectures that this is the correct value for m3(K; ). In
the final section, we give a simple counterexample to this conjecture, which

shows that m3(K,; ) > 0.28153.

6.2 The Exact Result

We begin with some notation. Throughout the rest of the section, H =
(Va, Eg) will be a 3-graph and B C Vy will be an independent set of H,
that is, a set that does not contain any edge of H. We write A for Vy\B.

For each z € A, let E; = {yz € B@ : zyz € Ey}, and let Gy be the
graph (B, Ey).

For each zy € A, let E;y = {2 € B : zyz € Ey}.

Given a graph G = (V, E), we write I'g(v) as a shorthand for Eg (v, V),
the set of neighbours of v in G.

We are now ready to prove Theorem 6.1.1. The proof is written so as to
facilitate easy comparison with corresponding steps in the stability result.
It'is therefore possible to simplify some parts of the proof.
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Proof (of Theorem 6.1.1) If (a) H is 2-colourable, then let A, B C Vg be
the colour classes of a 2-colouring of H, and if (b) H is not 2-colourable, then
let B be a maximal independent set with A = Vyz\B. For now, we assume
only that B is an independent set; later we shall distinguish between the
cases. We break the proof down into various claims. The proofs of the
claims are straightforward, but are sometimes cumbersome to describe.

Claim 1 For each z € A, G, is a complete bipartite graph.

Proof This is easy to prove, but tedious to explain. Nevertheless, we give
the details below.

Since q;(H) = g3(H) = 0, then each rst € B®) induces either zero or
two edges of G;. Fixing rs € E;, we have that I'g_(r),Tg,(s) forms a
partition of B: if not, then either there exists a vertex t € I'g, (r) NTg, (s),
in which case rst induces three edges of G;; or there exists a vertex ¢t €
B\(I'g,(r)UT'g,(s)), in which case rst spans one edge of G,. Furthermore,
we have that G is the complete bipartite graph between I'g_ () and g, (s):
if not, then any edge of G, within parts together with one of » or s spans
three edges of G; any edge between I'g (r) and I'g, (s) missing from G,
together with one of r or s forms a triple spanning exactly one edge of G;.
This completes the proof of the claim.

We now fix some notation. For each z € A, let By, B, C B be the two
parts of the complete bipartite graph G, with |B;| < |Bz|. We shall find
that knowing B, for each z € A determines H completely.

For z,y € A, we let Byy = B, N By, Bzy = B, N By, By = B: ﬂBy,
and Bz = BN By. Note that these four sets form a partition of B. We
write B;; for a general one of the above sets, that is, we think of 7 and j
as variables taking values from {z,Z} and {y, §} respectively. When 7 takes
the value z (resp. Z), we define i to take the value Z (resp. z), and similarly
for j. We call B;; and B;; the neighbouring parts of B;;, and we call Bj; the
opposing part of B;;.

Our next two claims relate Egy to B; and B;,.

Claim 2 Fix z,y € A. We have the following four properties.

(i) For each 4, j, we have B;; N Ezy = B;j or ¢.
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(i) For each ¢,j, if N # ¢ is a neighbour part of B;; # ¢, then exactly
one of B;; N Ezy and N N Ey is empty.

(iii) For each 4,7, if Bijj N Ezy # ¢, then By; = ¢.
(iv) We have |B;| < |B;| and |B,| < |B,|.

Proof (i) If not, then taking r,s € B;; with r € E;y and s & E,,, we have
that zyrs spans one edge of H (namely zyr), a contradiction.

(ii) If both B N E;y and N N E,, are empty, then taking r € B;;
and s € N, we find that zyrs spans exactly one edge of H (namely either
zrs or yrs depending on which neighbour part N is), a contradiction. If
both B;; N E;y and N N E;, are nonempty, then taking r € B;; N E;y and
s € NNE,,, we find that zyrs spans three edges of H (namely zyr, zys, and
one of zrs or yrs depending on which neighbour part N is), a contradiction.

(i) If not, then B;; N Eyy # ¢ and By; # ¢. Taking r € By; N Eyy and
s € Byj, we find that xyrs spans at least three edges of H (namely zrs, yrs,
and zyr), a contradiction.

(iv) This is true by our choice of B;, By, but we emphasise this here
because the corresponding step in the stability result needs a proof.

This completes the proof of Claim 2.

From Claim 2, we deduce the following.

Claim 3 For each z,y € A, if B; and By are both nonempty, then one of
the following three conditions holds. Either

(a) By € By and Egy = By\B; = B;,; or
(b) By C By and Eyy = By\By = Bgy; or
(¢) Bs, By are disjoint and E;y = Bgzy.
If B, = ¢ or By = ¢, then at least one of conditions (a), (b), or (c) holds.

Proof We assume for the moment that B, and By are both nonempty; we
consider only at the end the case when one or both sets are empty. First
we show that either B, C By, or By C B, or B, By are disjoint. Suppose
not. Then By, Bzy, and By are all nonempty. We cannot have Bz; = ¢,
otherwise condition (iv) of Claim 2 is violated; hence By, Bzy, By, and
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Bgzy are all nonempty. Now properties (i) and (ii) of Claim 2 imply that
there exists B;; such that B;j N Eyy = B;;. Then property (iii) of Claim 2
implies that B;; = ¢, contradicting that all four parts are nonempty. Thus,
either B, C By, or By C By, or By, B, are disjoint, as required.

Next, we show that E;, is as stated for each case. If B, C By, then
By = ¢ and the other three parts are nonempty (Bzz # ¢ by property (iv)
of Claim 2). Now properties (i), (ii), and (iii) force that E;, = Bz, = B,\Bz,
as required. Similarly for the case By C B;. If B; = By # ¢, then Bz, = ¢
and By = ¢. Also By # ¢ and Bzy # ¢ (by property (iv) of Claim 2).
Properties (i) and (iii) of Claim 2 force that E,y, = ¢ = B,\B; = B;\By,
as required.

If B;, By are disjoint and B, U By # B, then By, = ¢ and the other
three parts are nonempty. Properties (i), (ii), and (iii) of Claim 2 force
that E;y = Bz = B\(Bz U By), as required. If B;, B, are disjoint and
B; U By = B, then B, = Bz; = ¢ and the other two parts are nonempty.
Properties (i) and (iii) of Claim 2 force that E;, = ¢ = B\(B; U By), as
required.

Finally, suppose that one of B or By is empty; without loss of generality
B, = ¢ and By # ¢. Then By, = B,y = ¢, and by properties (i) and (ii)
of Claim 2, we have that either E;, = Bz, or E;, = Bzy, as required. If
B; = By = ¢, then Bz; = B and the other three parts are empty. Thus,
condition (i) of Claim 2 implies that either E;y = B = Bzg or Ezy = ¢ =
Bz, = Bgj, as required. This completes the proof of Claim 3.

We see that when B, = ¢ or By = ¢ (without loss of generality B; = ¢),
we have the degenerate situation where B, C By and B;, B, are disjoint. In
order to keep this case consistent with the conditions of Claim 3, we declare
that B, C By if Ezy = Bzy; By C By if Ezy = Byy; and By, By are disjoint
if Ezy = Bsy.

Next we shall see how the three sets B;, By, B, are related for three
vertices r,y,2 € A. At this point, we distinguish between cases (a) and (b)
of the Theorem. For case (a), we have that A is an independent set. We
define a colouring on the elements of A?), which we call the containment
colouring. Given zy € A® we colour zy red if B, C By or By C B, and we
colour zy blue if B,, By are disjoint. Thus every element of A® s coloured
and we have the following.
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Claim 4 For every triple zyz € A®), either zyz is a red triangle, or two of
the edges are blue and the other is red.

Proof We observe that for each r € B, r cannot be in exactly one or exactly
three of the sets Egy, Ey,, and E;,, otherwise zyzr spans exactly one or
exactly three edges of H.

If zyz is a blue triangle, then B;, By, and B, are pairwise disjoint. If
one of these sets is nonempty (B, without loss of generality), then taking
r € B, we have that r € E,, and r € Egy, E;, by Claim 3. Hence zyzr
spans exactly one edge of H (namely ryz), a contradiction. If all three of
B, By, and B, are empty, then E;y = E;, = E,, = B. Hence taking any
r € B, we have that zyzr spans three edges of H (namely rzy, rzz, and
ryz), a contradiction.

If zyz consists of two red edges and one blue edge, then without loss
of generality, let zy and zz be the red edges. Thus B, B, are disjoint.
Using Claim 3, for any r € B\(B; U By U B;), we have that r € E,, and
r & Egy, Egz; thus zyzr spans exactly one edge of H, a contradiction. If
B\(Bz U By U B;) = ¢, then it must be the case that B, U B, = B and
B, = ¢ (recall that |B;| < 1|BJ). In this case, we have that E,, = ¢ and
E.y = By, E;, = B,. Thus each r € B is contained in exactly one of Ey,,
E.., and E,,, so that zyzr spans exactly one edge of H, a contradiction.

Therefore the only possibilities remaining are those stated in the claim.
This completes the proof of Claim 4.

Consider the graph G induced on A by the blue edges of the containment
colouring. By Claim 4, any triple zyz € A® induces either zero or two edges
of Gp. Thus, by the proof of Claim 1, G} is a complete bipartite graph. Let
A1, As C A be the parts of this graph. Let

Ay ={By:z€ A1} and Ay = {B; : z € A3}

Each of A; and A5 are nested families, and each set in A; is disjoint from
each set in A,. For each z € A, define

B, if z € Aj;

Cr=1( _
B, if z € As.

It is clear that the C, form a nested family. Moreover, for each z € A, E,
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is the set of edges between C; and Cj := B\C;, and for each zy € A(2),
if C; C Cy, then E,y = Cy\C; = C; A Cy (as a consequence of Claim 3).
Thus, H is completely determined by the sets (Cz)zea.

These properties of H imply that H € C. Indeed, let z1,...,z; be the
vertices of A ordered such that Cy; C ... C Cy,, and let y1,...,y be the
vertices of B ordered such that each Cy, is an initial segment of y1,...,y.
For each 1 < i < k, define r(3) such that C;, = {y1,...,yrs)}. Arrange
Y1,...,Y in order on one half of the circumference of a circle, and place
each z; diametrically opposite a point on the circumference between y, ;
and y,(;)+1- Now we see that if z; € A and p,q € B, then the convex hull
of {z;,p,q} contains the origin of the circle if and only if one of p or ¢ is
in Cz; = {y1,---,¥r@5)} and the other is in Cop, = {Yriy+1>-- - ui}- Also for
zi,z; € A with ¢ < j and p € B, the convex hull of {z;,z;,p} contains the
origin of the circle if and only if p € {yr¢)+1,--->¥r()} = Cz,;\Cz,;. This
corresponds exactly to the edges of H.

For (b), we assume that B is a maximal independent set; hence for each
z € A, we have that By # ¢ (if not, then E; = ¢, and we can add z to B).
Recall that A is not an independent set. We have the following claim.

Claim 5 We have that zyz is an edge of H in A if and only if, either
(i) B=B;UByUBy;or
(i) without loss of generality B, = By U B,.

(These two cases are essentially the same: it is simply because we choose to
have |B,| < 1|B| that creates case (ii) when |B, U B,| < 1|B|.)

Proof Suppose zyz is an edge of H in A. For every r € B, we have that
zyzr spans exactly two edges of H. Therefore r is an element of exactly
one of Egy, Ez,, or Ey;, and so B = E;y U E;; U Ey,. From Claim 3, any
pair of sets from Bg, By, B, are nested or disjoint. We cannot have all three
sets nested; if B, C By C B,, then by claim 3, we find that every element
of By # ¢ is not an element of E;, Ll E;, U E,,, a contradiction. Thus we
may assume, without loss of generality, that By, B, are disjoint. Then, by
Claim 3, either

(a) By is also disjoint from By and B;; or

(b) By,B; C B;.
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For (a), using Claim 3, we have that B\(B,UByNB,) = EzyNE;,NE,.(= ¢);
hence B = B; U By L B,, giving us case (i) of the claim conclusion. For
(b), using Claim 3, we have that B;\(By U B,) = E;, N Ezy(= ¢); hence
B = By U B, giving us case (ii) of the claim conclusion.

For the converse, assume that zyz € A®) and that either case (i) or (ii)
from the claim statement holds. Using Claim 3, we find that for both cases,
we have B = E,y LI E;, U E,,. Thus, taking any r € B, we find that zyzr
spans exactly one edge of H unless zyz is an edge of H. This completes the
proof of the claim.

Note: Claim 5 tells us that if zyz is an edge of H in A and we know
B, and B,, then B; is uniquely determined (except for the ambiguity that
arises when |B;| = }|B|).

Let XY Z be a fixed edge of H in A. For each a € A, we have that
aXY Z must span exactly two edges of H. Hence, one of a XY, aXZ, or
aY Z is an edge of H, and so by Claim 5, it must be (respectively) the case
that either B, = Bz, B, = By, or B, = Bx (one might have to change the
choice of B, if | Bo| = 1|B)). Let

Ax={a€A:Ba=Bx},

and define Ay and Az similarly. We have A = AxUAyllAz, and by Claim 5,
the edges of H contained in A are precisely those triples that have exactly
one vertex in each of Ax, Ay, and Az. Knowing Ax, Ay, Az,Bx,By,Bz
determines H completely: indeed, we know that AxAy Az gives all the
edges in A and that B is an independent set, and the edges between A and
B are determined by the sets (B;)ze4 (all of which are known by our choice
of Ax, Ay, Az) via Claim 1 and Claim 3.

Finally, let us check that the structural description of H we have deduced
implies that H is a blowup of Fg. From Claim 5, although there appear to
be two possibilities to consider, they turn out to be essentially the same:

(i) B = Bx UBy U Bgz; and

(ii) By = By U Bg.
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For case (i), we have that Ep is the union of the following sets of edges:

AxAyAg,
AxBxBx, AyByBy, AzBzBz,
AxAyBz, AyAzBx, AzAxBy;

or equivalently, Ey is the union of the following sets of edges:

AxAy Az,
AxBxBy, AxBxBz, AyByBx, AyByBz, AzBzBx, AzBzBy,
AxAyBgz, AyAzBx, AzAxBy.

Setting V1, ..., Vs equal to Ax, Ay, Az, Bx, Bz, By respectively shows that
H is a blowup of Fg. For case (ii), if we replace Bx with Bx (so that
Bx, By, Bz partition B), then the edges of H are precisely as described
above. O

6.3 The Stability Result

Throughout this section, H is a hypergraph satisfying the hypothesis of The-
orem 6.1.2, that is, H = (Vy, E) is a 2-colourable 3-graph, where |Vy| =n
and g;(H) < en® for i = 1, 3,4. We make no attempt to optimise the bounds
in this section since we have found that even the most optimistic bounds
using our method would not be sufficient for the purpose of improving the
upper bound on m(K; ). Therefore, our goal in this section is simply to
demonstrate our method.

Let A and B be the colour classes of H, where |A| = cn, |B| = (1 —¢)n,
and ¢ < % Note that there are at most c(1 — ¢)n® edges in H. Therefore,
we may assume that

c(l-c¢)> 162032, (6.2)

otherwise we can delete all edges of H to leave the empty hypergraph H’,
which satisfies the conclusion of Theorem 6.1.2.
Let Q;(H) be the set of rstu € V}(I4) spanning exactly i edges; thus
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Qt(H) = |Q’L(H)| For z,y,z € A’ let

Qi(z) = {rst € B® : zrst € Q;(H)},
Qi(xy) = {rs € B® : zyrs € Q;(H)}, and
Qi(zyz) = {r € B:zyzr € Q;(H)}.

Let ¢i(z), ¢i(zy), and ¢;(zyz) be the respective sizes of these sets. Thus we
have that

Sa@+ Y a@)+ Y alzyz) = a(H) < ent,

TEA zyGA(z) ZyZEA(B)

for ¢ = 1,3,4. It is clear, since H is 2-colourable, that gs(z) = 0 for all
z € A. Setting &, = /€, we have that more than (1 — &1)cn vertices z € A

satisfy

en4 €

q(z) < W = Ena =e1((1 - c)n)3,

where
_ € _ Ve
T hic(l—c)} c(l-c)¥

€1

Similarly,
g3(z) < e1((1 - ¢)n)®

for more than (1 — §;)cn vertices of A. Therefore, more than (1 — 241)cn
vertices of A satisfy

q1(z) < e1((1 = ¢)n)? and g3(z) < e1((1 — c)n)3.

Such vertices of A are referred to as good vertices. Any vertex of A that is
not good is referred to as a bad vertex, and so we have

[{z € A:z bad }| < 261en =: micn. (6.4)

Our first lemma is an analogue of Claim 1 (from the proof of Theo-
rem 6.1.1) for good vertices. We show that if z € A is a good vertex, then
G, = (B, E;) is close to a complete bipartite graph. We prove the lemma
in a general form. First we need some notation.

Let G = (V,E) be a graph. For v € V| recall that I'(v) is the set of
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neighbours of v in G. For i = 1,2, 3, define
T}(G) = {zyz € VO : |{zy, yz, 22} 0 B| = i},

so for example, T3(G) is the set of triangles in G. Let t;(G) = |T;(G)|. Note
that for the graph G, we have t;(G;) = g¢i(z).

Lemma 6.3.1 Suppose that G = (V, E) is a graph with |V| = n and |E| =
m. Suppose that t;(G) < tn® for i = 1,3. Then there is a complete bipartite
graph G' = (V, E') with |E A E'| < 3v/tn?.

Proof Given an edge e = uv € E, we define

Vi =T (u)\I'(v), V3 =T ()\I'(u),
R{ =T'(u) NI'(v), and s = V\['(u) UT(v).

Note that these sets form a partition of V. We show that on average (over
all edges e € E), RS and RS are small. Further, we show that on average,
the number of edges of G within V¥ and V5 is small, and that the number of
edges of G missing between V£ and Vi is small. Thus for a suitably chosen
edge e, the complete bipartite graph between VU R§ U R§ and V7 is close
to G. :

It is easy to see that

> |R5| = 3t3(G) < 3tn; (6.5)
ecE
> IR = t1(G) < tnd. (6.6)
ecE

For uv = e € F, define
Fle)={abc V\E:ae VE,be V§ or be Vi,a e V§),

and let f(e) = |F(e)|. We estimate the average of f(e) by double counting
induced paths of length three.

Let P3 be the set of (uv,ab) € E x V(2 for which auvb induces a path
of length three and uv is the middle edge. Then (uv,ab) € P; if and only if
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ab € F(uv); thus
> fe) = Psl.

ecE

Suppose that aub € T1(G) with au € E. Then (uv,ab) € P; if and only if
v € ([(u) NI(b))\I'(a). Thus

Yofe)=1Pl= > |T@nT®N\(@)|< Y [V|<tnt (67)
e€E aubeT) (G) aubeTy (G)

For uv = e € E, define
G(e) ={abe E:a,be V{ or a,b e V5},

and let g(e) = |G(e)|. We estimate the average of g(e) by double counting
induced copies of Fy. We define F} to be the graph on four vertices vy, ..., v
with edge set {viv2, v1v3,v2us, v1v4}. Thus vivavs is a triangle, and we refer
to vivg as the hanging edge and to vy as the hanging vertex.

Let Q be the set of (uv,ab) € E x V® such that uvab induces a copy of
Fy in G and wv is the hanging edge. We have that (uv, ab) € Q if and only
if ab € G(uv). Also, for abc € T3(G), we have that zabc induces a copy of
F; if and only if z is an element of exactly one of I'(a), I'(b), or I'(c). Thus,

we have

Yge)=1QI< Y [F@UT®UT(I< Y [VI<in' (68)

e€E abceTs3(G) abceT3(G)

Fix an edge e € E. The number of edges we have to change in order that
G becomes complete bipartite with parts Vf U R§ U R§ and V3 is at most

f(e) + g(e) + n(|R7| + |R3).
Using (6.5), (6.6), (6.7), and (6.8), we have that

> f(e) +g(e) +n(|R§| + |R3)) < 6tn*,
ecE

and so there exists an edge e* for which

* * * e* 6tn4
£(e%) + gle") + (IR | + RS ) < -
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If m < 3vtn2, then delete all edges to obtain the empty graph, which
is complete bipartite. Otherwise, apply the argument above, changing at

most 4
6tn
—— < 3Vtn?
3vtn? :
suitable edges to obtain a complete bipartite graph. g

If we apply the above lemma to the graph G, where z is a good vertex
of A, we obtain the following corollary.

Corollary 6.3.2 If ¢ is a good vertex of A, then by changing at most
3\/e1|B|? suitable edges of G, (as in Lemma 6.3.1), we obtain a complete
bipartite graph.

Proof Recall that if z is good then t;(G;) = gi(z) < € ((1 — ¢)n)3 for
i1 =1,3. Now apply Lemma 6.3.1. (]

If £ € A is good, we define B;, B, to be the parts of the complete
bipartite graph given by the above corollary, where |B;| < |By|-
Let us assume that |[A| = cn > 1, so that () > (cn)?/4. Let 62 = Ve.
We say zy € A® is good if  and y are good, and for i = 1,3, 4, we have
alm) < o (69)
52(%)
< ot (L= n)? = a(1 - )2,
= 6202(1 - ¢)?

where

4e 4./€
T e (e (610)

For each fixed ¢ = 1,3,4, the above inequality (6.9) holds for more than
(1-62)(%) pairs in A®) | where we have used the fact that

€2

Z gi(zy) < en* fori=1,3,4.
zycAl2)

Thus, more than (1 — 365)(%) pairs in A® satisfy (6.9) for i = 1,3,4
simultaneously. Since, by (6.4), fewer than 7;(cn) = 26;(cn) vertices of A
are bad, we have that

l{zy € A® : zy bad}| < 36, (c;) +26y(cn)? < (251 + 252)(‘:7;)2,
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and since 8; = d2 = /€, we have

{zy € A® : zy bad}| < e%(cn)2 =: na(cn)?. (6.11)

N~

For a good pair zy € A®, we let Byy = B N By, Bzy = B, N By,
By = B, N By, and Bz; = B, N By, just as in the proof of Theorem 6.1.1.
As before, we write B;; for a general one of the above sets, that is, we think
of ¢ and j as variables taking values from {z,Z} and {y, 3} respectively.
When i takes the value z (resp. Z), we define 7 to take the value Z (resp. z),
and similarly for j. Recall that B;; and B;; are the neighbouring parts of
Bij.

We have the following lemma, which is the approximation corresponding
to Claim 2 of Theorem 6.1.1.

Lemma 6.3.3 Fiz a good pair zy € A® and set r = (6,/€1 + €2)'/2. Then
there exists a set R(zy) C B satisfying

|R(zy)| < 27r|B]

such that the following holds. Define B* = B\R(zy), and let B}, B}, B},
B; be respectively the intersection of By, By, By, By, with B*. Let B}; =
BijNB* fori€ {z,z}, j € {y,§}. We have the following properties for the
starred sets, which are identical to those of Claim 2 of Theorem 6.1.1.

(i) For each i,j, we have B}; N Eyy = Bj; or 6.

(ii) For each i,j, if N # ¢ is a neighbouring part of B;; # ¢, (that is,
N = B{j or N = Bz*j) then ezactly one of Bj; N Egy and NN Egy is
empty.

(iii) For eachi,j, if Bf; N Egy # ¢, then B = ¢.
(iv) We have |B%| < |BZ| and |B;| < |Bjl.

We bound r in terms of € for later. Using (6.3) and (6.10), we have

+

(5’

(1 —¢)?

11 i
r = (6y/e1 +e2)? < VBeF +€F < 3(6(1_\130)3)4

< 3es 4 2e¢8
“cl-c¢) c(l-¢)’

ool=
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thus

[ I

5¢

r< =0 (6.12)

Proof We start by finding elements whose removal ensures condition (i) of
the lemma.

Write Emy for B\E;y. For r € B;j N E;y and s € B;; N Ewy, we have
zyrs € Q1(zy) unless rs € E; or E, (or both). By Corollary 6.3.2, we know
that at most 3,/€1|B|? edges of E, and 3./1|B|? edges of E, lie within B;;
for each 7 and j. Hence

|Bij N Ezyl|Bij N Ezy — 2(3v/1)|BI? < qu(zy) < e2| B2,

Thus
|Bij N Ezy||Bij N Egy| < (6y/€1 + €2)| B,

and so at least one of B;; N E;y and B;; N E—'zy has strictly fewer than
(6,/€1 + €2)'/2|B| = r|B| elements. The elements of the smaller set are
discarded into a residual set R!(zy). This process needs to be carried out
sequentially for all 4, j, and each time, the discarded elements are added to
RY(zy). By the end, we can only have discarded at most 4r|B| elements;
hence |R!(zy| < 4r|B|. We define B! = B\R!(zy) and we define B. =
B, N B!, etc. We see that the B,;lj satisfy condition (i) of the lemma.

Next, we remove elements from the B}j so that condition (ii) of the
lemma is also satisfied.

Suppose N # ¢ is a neighbour part of B,L-lj # ¢. We shall assume that
N = B;lj; the case N = Bi13 is similar. If Bilj N E;y and B;.lj N Egy are both
nonempty (resp. empty), then by part (i), B}j N Egy = Bilj (resp. ¢) and
B;.lj NEgy = B;lj (resp. ¢). By Corollary 6.3.2, we know that all but at most
3,/€|B |2 edges between B, and B, are elements of E,. One of B}j and B;lj is
a subset of B, and the other is a subset of B,; thus all but at most 3,/¢1|B|?
edges between Bilj and B;.lj are in E;. Furthermore B,ilj U Bilj C Byor By,
and so again by Corollary 6.3.2, at most 3,/e1|B|? edges of E, go between
B}j and B;.lj. Hence all but at most 6,/¢;|B|? edges between B}j and B;.lj are
elements of E;\E,.

Taking rs € E;\Ey with r € B}j and s € B;;lj, we have that ryrs €
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Qs(zy) (resp. Q1(zy)). Thus
| Bi;1|Bi;| — 6v/€11BI? < g3 (resp. 1) (29) < €2| BI?,

and so
|Bi1j||lej| < (6y/€1 + €2)| B

Thus, the smaller of B}j and B;lj has strictly fewer than r|B| elements.
The elements of the smaller set are discarded into a residual set R?(zy).
This process needs to be carried out sequentially for all pairs of nonempty
neighbour parts, and each time, the discarded elements are added to R?(zy).
By the end, we can only have discarded at most three of the B,ilj; hence
|R?(zy)| < 3r|B|. We define B2 = B!\ R%(zy) and we define B2 = Bl N B?,
etc. We see that the Bz-2]- satisfy conditions (i) and (ii) of the lemma.

Next, we show that the removal of a small number of elements from B2
ensures that condition (iii) is satisfied.

Suppose that BN Ez, # ¢ and B%. # ¢ for some i, j. Thus, B3N Eqy =
Bf] We know that one of Bizj and B%. is a subset of B, and the other is a
subset of B;. Similarly, one is a subset of B, and the other is a subset of
By. As before, using Corollary 6.3.2, we know that all but at most 3,/€1| B|?
edges between B,;Zj and B%. are elements of E,, and likewise, all but at most
3,/€1|B|? edges between ij and B%. are elements of E,. Therefore, all but
at most 6,/€1|B|? edges between BY; and BZ are elements of E; N Ey.

Taking r € Bizj and s € B%. with rs € E;NE,, we find that if B%ﬂEzy =
¢, then zyrs € Q3(zy), and if B%-. NE;y = B%., then zyrs € Q4(zy). Since
a3(zy), a4(zy) < €2|B|?, we have that

|B511B]| - 6v/e| Bl < el BP,

and therefore
|BY||B| < 6y/e1| BI® + e2| B*.

Thus the smaller of ij and B%. has size strictly smaller than r|B|. The
smaller of the sets is discarded by adding its elements to a residual set
R3(zy), and this is done for each i, j. By the end, we can only have discarded
at most two of the B, and therefore, |R3(zy)| < 2r|B|. We set B3 =
B*\R3(zy), and define B3 = B, N B3, etc. Thus the Bf’]- satisfy conditions
(1), (ii), and (iii) of the lemma.
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Finally, we remove a small number of elements from B2 and BS to ensure
condition (iv) holds. So far, we have removed a total of at most 9r|B|
elements from |B|. Since we know that |B,| < |B;| and |B,| < |B,|, then
we have that

|B3| < |B3| + 9r|B| and |B§| < |BZ’| + 9r|B|.

By removing 97|B| elements from each of B3 and B} and adding them to a
residual set R*(zy), we have that |R*(zy)| < 18r|B|. Let B* = B3\ R(zy),
and let B} = B, N B4, etc. Then |Bi| < |B2| and |Bj| < |Bj|.

Finally, set

4
R(zy) = | R'(ay).
o

Note that |R(zy)| < 27r|B|. Recalling that B* = B\R(zy), and that Bj; =
Bi;j N B*, we see that the Bj; satisfy all the conditions of the lemma. O

We have the following corollary.

Corollary 6.3.4 Fiz a good pair zy € A®), and let B*, B, B, By, B},
and B}; be as described in the statement of Lemma 6.3.3. If By and By are
both nonempty, then one of the following three conditions holds. FEither

(a) By C By and Eyy N B* = B;\B; = B} ; or
(b) By C By and Eyy N B* = B;\By = B};; or
(c) B;,B, are disjoint and E;y N B* = Bz,.

If B; = ¢ or By = ¢, then at least one of the conditions (a), (b), or (c)
holds.

Proof The proof is exactly that of Claim 3 in the proof of Theorem 6.1.1,
with each set replaced by the corresponding starred set. a

As in the proof of Theorem 6.1.1, we maintain consistency as follows.
Given a fixed good pair zy € A® we declare that

(a) B C B; if E,y N B* = B}y,

zy?

(b) B} C By if Eyy N B* = Bly; and

zy)
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(c) B;,B; are disjoint if E;, N B* = Bz,.

As a consequence of Corollary 6.3.4 we note that for a good pair zy € A®),
we have
min{|B,\B, , |B,\Bs|, |B; N B,} < 27r|B].

For the next step in our stability result, we define an analogue of the
containment colouring given in the proof of Theorem 6.1.1. We call this
analogous colouring the approzimate containment colouring. Again, it is a
colouring of the elements of A, We colour zy € A®

green if zy is not a good pair;
red if zy is a good pair and B; C By or B; C By;
blue if zy is a good pair and By, B, are disjoint.

Our next task is to show that the graph induced by the blue edges of the
approximate containment colouring is close to complete bipartite.

A triple zyz € A®) is good if each of the pairs zy, yz, and zz is good,
and if, for 1 = 1, 3, we have

¢i(zyz) < e3|B| = €3(1 — ¢)n,

where 1
€3 = 5(1 — 162r). (6.13)

By substituting (6.12) into the above and rearranging, we have that
1. 1
€3> 7 if 1620e& < c(1 — ¢), (6.14)

which holds by (6.2).
Any triple that is not good is referred to as bad. Recall that since

Z gi(zyz) < en?,

zyz€AB)

for i = 1,3, we have that ¢1(zyz) < €3(1 — ¢)n for more than (1 - aﬁ;)'rﬂ
triples of A. Similarly, g3(zyz) < €3(1 — ¢)n for more than (1 — Tf_c;)nﬁ
triples of A. Also, there are fewer than 72(cn)? bad pairs, and so there are
fewer than n2(cn)? triples that involve a bad pair. Putting all this together,
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we have

2¢
{zyz € A®) : zyz bad}| < (772 + W) (cn)3

< (g—e% + (—1_867)63)(cn)3,

where we have used (6.11) and (6.14). Thus, we have that

ﬁ) €3 (cn)® =:m3(en)®.  (6.15)

We have the following lemma, which is the analogue of Claim 4 in the

[{zyz € A®) : zyz bad}| < (; +

proof of Theorem 6.1.1.

Lemma 6.3.5 Fiz a good triple zyz € A®). Then in the approzimate con-
tainment colouring of A®), either zyz is a red triangle, or two of its edges
are blue and the other is red.

Proof Suppose the conclusion of the lemma fails. Then either (a) zyz is a
blue triangle, or (b) ryz has two red edges and one blue edge. We derive
contradictions for each case.

Define R(zyz) = R(zy)UR(yz)UR(zz), where R(zy), R(yz), and R(zxz)
are the sets obtained from Lemma 6.3.3. Note that |[R(zyz)| < 81r|B| <
162r|B|. Let D = B\R(zyz) and let D;, D,, D,, D,, D, D, be respectively
the intersections of B, By, By, By, B,, B, with D. Thus, if any one of the
edges, say yz, is red, then either Dy, C D, or D, C D,; if yz is blue, then
Dy, D, are disjoint (and likewise for zy and zz). We have a similar notion of
containment and disjointness for empty sets as we had before. Specifically,
taking yz as an example, we have Dy C D, if and only if E,, N D = D,\D,;
and Dy, D, are disjoint if and only if E,, N D = D\(Dy U D,).

Case (a) If zyz is a blue triangle, then D, Dy, and D, are pairwise
disjoint. Hence, letting D = D\(D, U D, U D,), we have that

E,ND=D,uD, E,,nD=D,uD, E,ND=D,uD.

Thus, for r € Dy UDyUD,, zyzr € Q1(zyz), and for r € D\(D,UD,UD,),
zyzr € Q3(zyzr). Taking the larger of the two sets, we have

a(ev2) 2 31D| = 5Bl - |R(zy2)]) = 5(1 - 817)|B| = es|B],
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for i =1 or ¢ = 3, which contradicts zyz being a good triple.
Case (b) We assume without loss of generality that zz and yz are red
edges and that zy is a blue edge. There are four possible cases.

1. We have D, D, C D,, where D,, Dy disjoint.
2. We have D, C D;, Dy, where D,, D, disjoint.
3. We have D, C D, C Dy, where D, D, disjoint.
4. We have D, C D, C D,, where D,, D, disjoint.

Cases 3 and 4 are essentially the same. They need to be checked for our
definition of containment and disjointness, that is, we need to check that
transitivity holds for our definition of containment.

Case (bl) Taking r € D\D,, we find that r € Eyy, but r ¢ E,,, E,,.
Hence for each r € D\D,, razyz € Q1(zyz). Therefore

1
a1(zyz) 2 |D\D;| = |B\B;| ~ |R(zyz)| 2 5|B| ~ 817|B]| > e3|B,

which contradicts zyz being a good triple.

Case (b2) We must have that D, = ¢, and thus we have that E,,ND =
Dy; E;,ND = Dy; and Ezy N D = D\(D, U D,). Hence, for each r € D, r
belongs to exactly one of Egy, E;;, or Ey;, so that zyzr € Q(zyz) for all
r € D. Therefore

q1(zyz) > |D| > e3|B|,

contradicting that zyz is a good triple.

Case (b3) The only way we can have D, C D, C D, with D,, D, disjoint
is if D, = ¢. Then E,;ND = D,, E,;ND = D\D,, and Ey,nD = D\D,j;
hence zyzr € Q1(zyz) for every r € D. Thus

q1(zyz) 2 |D| > e3|B|,

contradicting that zyz is a good triple. This completes the proof of the
lemma. a

As before, we define Gy, to be the graph on A induced by the blue edges
of the approximate containment colouring. Combining Lemma 6.3.1 and
Lemma 6.3.5, we have the following corollary.
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Corollary 6.3.6 By changing at most 3,/m3(cn)? (suitable) edges of Gy, we
obtain a complete bipartite graph.

Proof From the previous lemma, we see that the only contribution to ¢; (Gbp)
and t3(G}) is from bad triples, of which there are at most 73(cn)3. Now apply
Lemma 6.3.1.

O

Let Ay, A2 C A be the parts of the complete bipartite graph given by
Corollary 6.3.6. As in the proof of Theorem 6.1.1, for each z € A, we define

Cp =

B, ifx € Ay;
B, if z € A,.

We write C = {C; : ¢ € A}. We expect that C is approximately a nested
family. A measure of how close C is to being nested is the quantity

m(C)= Y min(|Cz\Cyl,|Cy\Cxl)- (6.16)
zycA2)

A good pair zy € A@ is called good* if either

1. zy € Agz) U Ag) and is coloured red in the approximate containment
colouring; or

2. zy € A\Agz) U Agz) and is coloured blue in the approximate contain-
ment colouring.

We shall show that most pairs in A®) are good*, but first we give a
corollary which gives us a way of bounding m(C). It also gives us control
over E, in terms of C; and Cy when zy is a good™ pair.

Corollary 6.3.7 Fiz a good* pair zy € A®. We have that
(i) min(|C2\Cyl, |Cy\Csl) < |R(zy)| < 27r(1 — ¢)n; and
(i) Egy\R(zy) = (Cz A Cy)\R(zy),

where R(xy) is as defined in the statement of Lemma 6.3.3.
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Proof Define
CY = C,\R(zy) and CP¥ = C,\R(zy).

Note that C&) = B} if z € A; and C™) = B} if z € Ay, where B, B are
as defined in the statement of Lemma 6.3.3.

We prove part (i). As a consequence of Corollary 6.3.4 and the definition
of the containment colouring, we have the following: if zy € Agz) U Ag2) is
coloured red, then By, B, are nested, and hence C'g(fy), ,Szy) are nested; if
zy € A\(A?) U Ag‘)) ) is coloured blue, then Bj, By are disjoint, but since
exactly one of z or y is in Ay, we still have C,E’”), Cf,zy) nested. In both

cases C';my), and C’!(,my) are nested and so
min(|Cz\Cy/, |Cy\Cz|) < |R(zy)|-

We prove part (ii). As a consequence of Corollary 6.3.4 and the definition
of the containment colouring, we have the following: if zy € A?) U A§2) is
coloured red, then B;, By are nested, and hence

Ew\R(zy) = B; A B, = C A C);
if zy € A\( A§2) U Ag)) is coloured blue, then B;, By are disjoint, and hence
Eqy\R(zy) = B*\(B; UB;) = C{ A C{)

since exactly one of = or y is in As. Thus the conclusion of part (ii) of the
corollary is satisfied for both cases. O

The good* pairs account for almost all elements of A(?); indeed, the only
pairs not accounted for, which we call bad* pairs, are green elements of A2,
blue elements of Agz) U Agz), and red elements of A\Agz) U Agz). There are
fewer than 7(cn)? green elements of A®) by (6.11), and the number of blue
elements of Agz) U Agz) together with red elements of A\Agz) U Agz) is fewer
than 3./73(cn)? by Corollary 6.3.6. Thus, the number of bad* pairs is fewer
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than (72 + 3,/73)(cn)?, and using (6.11) and (6.15), we have

(m2 + 3\/7)_3:)(cn)2 < (ge% + 3\/(2 + ZI_—ic)_cE)E

< (%+31/g+(l_%)cs>e%(cn)2
8\

N
N——"
~~
o
S
S

N

Therefore
{xy € A(z) T zyY bad*} < 10(1 + (l—]c-%c%-)e% (cn)2 =: 774(cn)2, (617)

Recalling (6.16), and using Corollary 6.3.7 and (6.17), we have that

m(C) < |{good* pairs}||R(zy)| + |{bad* pairs}||B|
< (en)227r|B| + na(cn)?| B
= (27r + n4)|A|2|B| =: s|A|2|B|.

Using (6.12) and (6.17), we have

1
Hes 1 1
s=(27r + <27 +10({1+ —— = )es
( ) c(l-¢) ( (1- c)%c%)

0ol

135 10

—— + 10+ —5—= )¢
(c(l—c) (l_c)%c%)
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¢
c3 1-¢)

IA
o=

(6.18)

Our next lemma says that if a family of sets is close to being nested, in
the above sense, then we can make a small number of changes to the sets
and obtain a nested family.

Lemma 6.3.8 Suppose we have a family S of sets, S1,...,Sk C [n], where

m(S) = Y min(IS\S;]IS\Si) < vkn.

1<i<j<k
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By changing (adding and deleting) a total of at most 2yY/2kn elements in

sets of S, we obtain a nested family.

Proof Without loss of generality, assume that |S;| > ... > |Sk|. Then, for
1 <i< j <k, we have that

min(|S;\S;, [S;\Si]) = |S;\Sil,

and thus
mS)= Y IS\Si-
1<i<j<k
For z € [n], define S} = {p € (k] : * € Sp}. Note that if each S} is an initial
segment of [k], then Sy, ..., Sk form a nested family. Furthermore, z € [n]
contributes to m(S) whenever z € S;, but z € S; for i < j. More precisely,
defining
M, ={(i,j) € k*:i<j, z & Si €S}

and mg = |M,|, we have that

m(S) = Z M.

z€|[n]

For z € [n] and ¢ € [k], define
Nf, = (k\S;)Ng] and Ngg=S;n ([k]\[g])-

Observe that Nf x N, C M,. Observe further that if we increase the
value of ¢ by one, then either |N; | increases by one or [N,
by one, but not both. Thus for z fixed, we can choose g(z) such that
|N:: q(x)| = |N;q(z)|, so that both sets have size at most /m;. For each
z € [n], we modify Si,..., Sk by adding z to every S, for which p € N:q(z)
and deleting z from S, for every p € N;,q(z). By doing this, we find that

for the modified family of sets, we have S; = [g(z)] for each z € [n], so that

| decreases

each S} is an initial segment of (k]. Thus, after modification, Sy, ..., Sk is a

nested family. The number of changes made is bounded by

Z |N::q(x)| + |N;q(x)| < Z 2y/mgz <2n [( Z mg)/n = 2,/7kn,

z€[n] z€[n] ) z€[n]
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where we have made use of the Cauchy-Schwarz inequality. O

Let us apply Lemma 6.3.8 to the sets (C;)zc4. By making a total of at
most 24/s|A||B| changes to the sets (Cy)zea, we obtain a family (C})zea
that is nested. For each z € A, let Cz = B\C?. Setting 63 = 6315, we have
for at least (1 — d3)cn elements of A that

|Cr; A Cy| < %(1 —cn<2 T,lie%(l —en
d3 cz(1—c¢)

< 2—fe%z'n, (6.19)

where we have used (6.18). If z € A is good and the above inequality holds
for z, then z is referred to as a good* element of A. Any element of A that is
not good* is referred to as bad* Using (6.4), the number of bad* elements

is at most
(m + d3)en = (26% + eflf)cn < 3eTen 1= n5CN. (6.20)

We are now ready to complete the proof of Theorem 6.1.2.

Proof (of Theorem 6.1.2) Let us start by describing the graph H' given in
the statement of Theorem 6.1.2. As with H, A and B are independent sets
for H'. For z € A, define

E. = {rse B® :zrs e Ey},
and for zy € A®), define
E,, ={re€ B:zyr c Eg}.

Note that by giving E;, for all z € A and E;,, for all zy € A®) | we specify
H' completely; this is what we now do. For each z € A, let

E. =E(C:C:):={rs:r€Ci,se€C:},

that is, E, consists of the edges of the complete bipartite graph between C7
and C;. For each zy € A, let

E,, =CiAC;.
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Since (C})zea is a nested family, the properties above imply that H' € H
(see the end of the proof of Theorem 6.1.1(a)).
Finally, we estimate Eg A Egr. Note that

|Eu AEg/| =) |E: AE |+ ) |EyAEL|
z€A zye A

For the first sum, we note that if z € A is good*, then by (6.19), we have
|C: ACy| < %6'31771, and therefore,

26€32 2633

|E(CY,C2) A E(Cy, C)| < n(l—e)n < n?.

We have E(C;,C;) = E(By, B;). By Corollary 6.3.2 and (6.3), we have

|Mb-l

gt ¥

|E(Bz, Bs) A Ey| < 3y/e1(L —¢)’n® < ”1——_
c2(1~c¢)2 c

Putting all this together, we have, for all good* z € A, that

|Ez & Eo| = |E(C;, C;) A By
< |E(c;,c‘*) AE(C’E,C )|+ |E(c.,,,.,(i ) A By

1
< (26532 " 3632) < ge%nz
c c c

For each bad* z € A, we have that |E, A E| < (1 — ¢)?n? < n?. Using this
and the above, we have

Z |Ex A EL| < |{good* x}|—632n + |{bad* x}|n?
z€A
29 1 2
< (en)— € in? + (36320n)n (by (6.20))

< 32323,

We say that a pair zy € A® is good** if zy is a good* pair and both
and y are good* vertices. Any element of A) that is not good** is referred
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to as bad**. Using (6.17) and (6.20), the number of bad** pairs is at most

1
10(1+—1—g)e4(cn)2+3e cn(cn)<2054n + 332 22
1—c)zc2

< 23e3n?, (6.21)

where we have used that ¢ < %
If a pair zy € A®) is bad**, then we know that |E,, A Ey| <|B|<n.
If a pair zy € A is good**, then we have

lE:/cy A Exy| = |(C; A C;) A Ewy'
<|(Cz AC)) A(Ca AC)| +(Ce ACy) A Egy
< |Cr A Cy| +|C A Cyl +|(Co A Cy) A Eyy,

where, for the last inequality, we have used the fact that the operation of
symmetric difference is commutative and associative. By (6.19), we have
that |Cy A Cy| < Q—CGe%n, and similarly for |C; A Cy|. We also have that
(Cz & Cy)\R(zy) = Egy\R(zy) (by Corollary 6.3.7); hence |[(C; A Cy) A
E.y| < |R(zy)| < 277|B| by Lemma 6.3.3. Thus if zy € A®) is good**, then

1

52 1
|E., AEzy|<~eln+27r]B|<52 s2n + 27 (5 )(1——c)n<ﬂe%n

Using the above, we have

187
3" By & Byl < [{g0od** xy}|——e3n + |{bad** xy}In
2yEA® ¢

< (cn)"’li7 20?2 + 23632 (cn)?n (by (6.21))

< 3
< 210e32n°.
Therefore we have that

|Ey AEgi| <) |E. AE [+ ) |ExyAEy
z€A zycA2)
1

< 3263173 + 210e35 13 = 2426313 < 1620e32 7

as required. O
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6.4 A Counterexample

In this section, we show that m3(K;) > &, disproving a conjecture of Talbot
[59]. Recall that the asymptotic density of equipartitioned blowups of Fg is
£ and that these blowups are K, -free and 3-colourable.

Our counterexample is constructed by adding edges to the equiparti-
tioned blowups of Fg and showing that the resulting hypergraph remains
K -free and 3-colourable. We are able to do this because there are many
3-colourings of the equipartitioned blowups of Fg; in particular, there are
3-colourings for which vertices in the same vertex class of a blowup can be
coloured with two, and even three different colours.

Recall that Fg is the the 3-graph on the vertex set {1,...,6} with edge set
{123,234, 345,451,512, 613,624, 635,641,652}. Let F be an equipartitioned
blowup of Fg with vertex set V and vertex classes Vi,..., V5. Let |V| =n.
Consider the following partial colouring of F. All the vertices of V; and V2
are coloured red; all the vertices of V3 and Vj are coloured green; and all
the vertices of V5 are coloured blue. Then the vertices of Vg can coloured
red, green, or blue (independently of one another) to give a 3-colouring of
F. Since blowups of Fg are 3-colourable, we can insert an equipartitioned
blowup of Fg inside Vg to give a 3-graph F” that is 3-colourable. It is easy
to check that F’ is K -free. The number of edges in F' is

f(n) + f([n/61),

where f(k) is the number of edges in an equipartitioned blowup of Fg on k
vertices. Since f(k) = 10(k/6)3 + o(k®) = 5k3/108+ o(k?), then the number
of edges in F” is

5n3 4 5(n/6)3

1085
3 3
108 108 o(n’)

3
= —23328n + o(n?).

The asymptotic density of F’ is therefore % = % + ﬁ.

There are many ways in which to use the above idea to create examples
of 3-graphs that are 3-colourable and K, -free with density greater than
5/18. This can be done by investigating colourings of F' that permit more
than one colour in a given colour class; by altering vertex class sizes; and by
considering iterative constructions (note that in the example above, we can

place a blowup of Fg inside a vertex class in the blowup of Fg placed in V).
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Although none of these constructions is likely to give an extremal hyper-
graph for this problem, we give below the best construction we have been
able to find. We note that any improvement in the lower bound on 3 (K )
would lead to an improvement in the bound below.

Theorem 6.4.1 We have
m3(K; ) > 0.28153.

Proof Let F be a blowup of Fg with vertex classes V1, ..., Vg whose relative
sizes are to be decided. We observe that we obtain a 3-colouring of F by
colouring all vertices in V; red; all vertices in V3 blue; all vertices in Vj green;
vertices in V; red or blue; vertices in V; green or blue; and vertices in V4
red or green. Therefore, we can insert 2-colourable K -free 3-graphs within
the vertex classes V3, V5, and Vg to obtain a 3-colourable K -free 3-graph.
Talbot [59] gives a family of 2-colourable K; -free 3-graphs which show that
mo(K, ) = 0.25682. Thus, for each k, there exists a 2-colourable K -free
3-graph on k vertices that has

0.256682 B 4 o)

edges. Let ¢t = 0.25682/6. We insert these 2-colourable 3-graphs of appro-
priate size into V5, Vs, and Vg, and choose the relative sizes of V4,..., Vg to
maximize the density of our construction. We find that the density of our
construction is 0.28153... if we choose the proportion of vertices in V1,..., Vg
to be respectively a, b, a, a, b, b, where a = 0.16072 and b = 0.172613. Indeed,
a 3-graph on n vertices as described above has

(6% + 3ab® + 6a?b)n + 3t(bn)® + o(n?) > 0.046922n3 + o(n®)

edges, giving an asymptotic density of at least 0.28153. g
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