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The recently proposed Equivalent Dipole Model for describing the electromechanical properties of ionic solids in terms of 3 ions
and 2 bonds has been applied to PZT ceramics and lead-free single crystal piezoelectric materials, providing analysis in terms of an
effective ionic charge and the asymmetry of the interatomic force constants. For PZT it is shown that, as a function of composition
across the morphotropic phase boundary, the dominant bond compliance peaks at 52% ZrO2. The stiffer of the two bonds shows
little composition dependence with no anomaly at the phase boundary. The effective charge has a maximum value at 50% ZrO2,
decreasing across the phase boundary region, but becoming constant in the rhombohedral phase. The single crystals confirm that
both the asymmetry in the force constants and the magnitude of effective charge are equally important in determining the values of
the piezoelectric charge coefficient and the electromechanical coupling coefficient. Both are apparently temperature dependent,
increasing markedly on approaching the Curie temperature.
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1. Introduction

Piezoelectric materials are unsurpassed in electromechanical
transduction applications in fields such as ultrasound medical
imaging, sonar, pressure sensing and actuation.1 Their im-
portance is emphasized by the significant effort in research into
new piezoelectric materials, aimed at either improving per-
formance, for example in lead-based single crystals,2 or iden-
tifying systems that will meet potential environmental
legislation.3Much of the research focuses on either identifying
systems with a morphotropic phase boundary, in order
to replicate the performance of the market leading material
Pb(Zr,Ti)O3,4 or in optimizing domain wall contributions to
piezoelectric activity.5 Experimental efforts are supported by
excellent models, for example thermodynamic theory in the
case of morphotropic phase boundaries6 and domain wall dy-
namics in the case of extrinsic contributions.7However, there is
little guidance from current theories in identifying baseline
systems that may have high intrinsic piezoelectric activity. The
thermodynamic8 and lattice dynamics9 models of ferroelec-
tricity are not sufficiently predictive to provide guidance to
experimentalists. Whilst, Density Functional Theory is de-
veloping rapidly, to the pointwhere the piezoelectric properties
may be predicted for specific compositions,10 such calcula-
tions currently carry a high computational overhead and they
are not yet able to rapidly screen a large number of compounds
with sufficient accuracy to guide experimental surveys.

In order to provide a more intuitive approach for analyzing
the piezoelectric behavior of materials and specifically taking

into account the relationships between the primary material
coefficients, a simple classical mechanics model has been
proposed.11 The model is based on the simplest structural
motif necessary to provide piezoelectric behavior: a 3 atom
dipole defined by an effective ionic charge and asymmetry in
the strength of the interatomic bonds. Applying this Equiv-
alent Dipole Model to the property data for any piezoelectric
material, both ferroelectric and non-ferroelectric, provides an
evaluation of the effective charge and bond strengths, which
can be used as simple parameters to describe and compare the
origin of the piezoelectric effect in that material.

The model employs the 3 atom motif as a surrogate for the
much more complex structures that usually give rise to pie-
zoelectricity, but due to its simplicity it may provide effective
guidance to experimental approaches for the discovery of
new piezoelectric materials. The model is somewhat analo-
gous to the equivalent circuit approach to model the electrical
impedance of materials, or the spring, lever and damper ap-
proach to model complex mechanical systems. In neither of
these cases do we believe that the systems comprise the actual
components of the model, but we do value the information
the model provides to help us understand the more complex
actuality of the system.

Here, by applying the model to two sets of materials,
Pb(Zr,Ti)O3 ceramic compositions across the morphotropic
phase boundary and lead-free single crystals, we examine to
what extent the 3 atom model may be able to help identify
new or improved piezoelectric materials.
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2. Theory

The model is based on a static electromechanical analysis of
the 3 atom dipole as shown in Fig. 1, which comprises two
ions with charge �q separated by distance a. A third ion of
charge þ2q is displaced from the mid-point by a distance �
with bonds between the three ions characterized by inverse
force constants �1 and �2. It is assumed the dipole occupies a
characteristic volume, v. For clarity, the inverse force con-
stants are generally defined by �a ¼ �F, where �a is the
increase in length of the bond when subjected to a force F.

A static analysis of the changes in ion positions when the
dipole is subjected to a force or electric field parallel to its
length yields the following relationships:

Ps ¼ 2q�=v; ð1Þ
sE ¼ v

a2
ð�1 þ �2Þ; ð2Þ

"X � "0�
X ¼ q2

v
ð�1 þ �2Þ ð3Þ

and

d ¼ q

a
ð�1 � �2Þ; ð4Þ

where Ps is the dipole moment per unit volume, equivalent to
the spontaneous polarization, sE is the elastic compliance at
constant electric field, "X is the dielectric permittivity at
constant stress and d is the piezoelectric charge coefficient.
The dielectric susceptibility �X is considered equal to the
relative permittivity "X /"0 (where "0 is the permittivity of free
space) for cases where "X > 10"0; this approximation is ap-
plied consistently here, unless stated otherwise. It should be
noted that none of the three primary coefficients depend on
the displacement �, confirming that ferroelectricity is not a
prerequisite for piezoelectricity.

Combining the three coefficients according to the rela-
tionship for the electromechanical coupling coefficient k:

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
converted energy
input energy

s
¼ dffiffiffiffiffiffiffiffiffiffi

sE"X
p ¼ �1 � �2

�1 þ �2
: ð5Þ

The electromechanical coupling coefficient is often re-
ferred to as \the best single measurement of the strength of
the piezoelectric effect",4 hence it is most instructive to see
that the model suggests that it is dependent only on the

asymmetry in the bond strengths within the 3 atom motif.
If extended to real crystals, this would suggest that bond
asymmetry is more important than the valence states of the
constituent ions.

In Ref. 11, it was shown that the intuitive interpretation of
the relationship between k and the three material coefficients,
which implies that k is inversely proportional to compliance
and permittivity, is misleading. Due to the interdependence of
the three coefficients embodied in Eqs. (2)–(4), k actually
increases with increasing sE and "X .

From Eqs. (2)–(4), if the three longitudinal coefficients
(sE33; "

X
33 and d33) are known for a given material, along with

the lattice parameters, values for q, �1 and �2 can be evaluated
as follows:

q ¼ v

a

ffiffiffiffiffiffiffi
"X
33

sE33

s
; ð6Þ

�1 ¼
1
2

a2

v
sE33 þ

a

q
d33

� �
ð7Þ

and

�2 ¼
1
2

a2

v
sE33 �

a

q
d33

� �
: ð8Þ

The use of these relationships was validated in Ref. 11
using a wide range of piezoelectric materials from low-k,
nonferroelectric materials, through PZT ceramics to high-k
single crystals. It was shown that whilst the effective charge q
was important in determining the size of the piezoelectric
effect, the best piezoelectric materials were characterized by
very large asymmetry in the bond strengths, with the most
compliant bond dominating the electromechanical behavior.

3. Results

3.1. Pb(Zr,Ti)O3 ceramics

The archetypal piezoelectric ceramic, Pb(ZrxTi1�xÞO3, or
PZT, has been studied extensively in order to understand the
mechanisms of piezoelectricity which lead to its class leading
performance. Both the coupling coefficient and charge coef-
ficient peak at approximately x ¼ 0:52, almost coincident
with a phase boundary between the perovskite rhombohedral
and tetragonal symmetries.

Figures 2(a) and 2(b) show the charge coefficient, cou-
pling coefficient, permittivity and compliance of PZT as a
function of Zr concentration as determined by Berlincourt
et al.12 The d33 coefficient, coupling coefficient and elastic
compliance all peak at x ¼ 0:52. However, the permittivity
peaks at approximately x ¼ 0:50.

Equations (6)–(8) were used to calculate the model para-
meters from the results shown in Figs. 2(a) and 2(b). These
are shown in Figs. 2(c) and 2(d). Whilst x ¼ 0:52 is often
regarded as the MPB composition, due to the peak in d33 and
k33, the tetragonal to rhombohedral symmetry change

Fig. 1. The 3 atom dipole used as the basis of the model, with ionic
charge q, length a, bond compliances �1 and �2 and a dipole offset �.
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reported in Ref. 12 is at x ¼ 0:54, where the two phases
coexist. For this reason, the model parameters were evaluated
for both tetragonal and rhombohedral symmetry for the data at
x ¼ 0:54; both results are shown in Figs. 2(c) and 2(d). The
difference between these results is minimal with the points
overlapping at the scale shown. The effective charge, q, peaks
at x ¼ 0:5 with a value of 25e, where e is the electron charge,
and is approximately constant at q ¼ 17e in the rhombohedral
phase for x > 0:53 Whilst the value of �2 remains approxi-
mately constant at � 8mm N�1, the value of �1, the softer of
the two bonds, peaks at x ¼ 0:52, with a value of 35mm N�1.
Hence, whilst the effective charge peaks in the tetragonal
phase, it is the bond asymmetry which determines that the
optimum piezoelectric properties are found at x ¼ 0:52.

Whilst it is probably not incorrect to assume that there is
intrinsic lattice softening around the MPB, the role of domain
wall motion also cannot be ignored. As previously dis-
cussed,11 the equivalent dipole analysis cannot distinguish
between bond softening and domain wall mobility, hence it
must be accepted that increased domain wall mobility at the
MPB also contributes to the peak in �1.

3.2. Lead-free single crystals

To attempt to identify trends in the model parameters,
literature data has been collected for a number of lead-

free single crystals as shown in Fig. 3. The materials
are LiNbO3,13 LiTaO3,13 KNbO3,14 BaTiO3 (BT),4

(K,Na)(Nb,Ta)O3 (KNNT),15 Li & Ta–doped (K,Na)NbO3

(KNN–LT)16 and (Na1=2Bi1=2)TiO3–BaTiO3 (NBT–BT),17

and have been ordered in increasing value of permittivity
along the x-axis of Fig. 3.

Except in two cases, the measured s33, d33 and k33 values
follow the trend of "33. The exceptions are NBT–BT, in
which d33 and k33 are lower than the trends that "33 and s33
suggest, whilst in BaTiO3, the k33 is lower and the s33 is
higher than suggested by the trend in "33. The corresponding
model parameters in Fig. 3(c) all show an increasing trend
along the x-axis; that is, q; �1 and �1 � �2 increase. It can be
seen that the two exceptions of BaTiO3 and NBT–BT are
caused by q being above the trend in BaTiO3 and below the
trend in NBT–BT.

These data appear to confirm the findings of Ref. 11, that,
in general, all three of the primary electromechanical coeffi-
cients (sE33; "

X
33 and d33) increase with increasing k33 and that

to achieve the best piezoelectric performance both a large q
and a large �1 (� �2) are required. However the importance
of Curie temperature (TC) in making such comparisons can-
not be ignored. With the exception of BaTiO3, the trend of
increasing permittivity in Fig. 3(a) strongly follows the re-
ciprocal of Curie temperature. Whilst the data support the
assumption that both q and �1 increase on approaching TC, it
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Fig. 2. (a) Measured values for d33 and k33, and (b) "33/"0 and s33 for Pb(Zr,Ti)O3 as a function of zirconium concentration after Ref. 12; (c)
bond compliances �1 and �2 and (d) effective charge q calculated from the same data.

A. J. Bell J. Adv. Dielect. 6, 1650010 (2016)

1650010-3

J.
 A

dv
. D

ie
le

ct
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
L

E
E

D
S 

on
 0

6/
20

/1
6.

 F
or

 p
er

so
na

l u
se

 o
nl

y.



begs the question of which parameter has the more dominant
temperature dependence.

The Landau Devonshire theory of ferroelectrics provides a
means of predicting the temperature dependence of both the
permittivity and the charge coefficient, under the assumption
that the electrostriction coefficient is temperature indepen-
dent. However, it has often been assumed, when applying the
theory to piezoelectricity, the elastic compliance is indepen-
dent of temperature. This is an obvious short-coming in the
model as an early measurement of the compliance of BaTiO3

show a significant divergence at the Curie temperature.18

A further analysis of the temperature dependence of all three
primary coefficients for a model system would allow a more
detailed understanding of the temperature dependence of the
model parameters.

4. Conclusions

The Equivalent Dipole model has been applied to PZT
ceramics and lead-free single crystal piezoelectric materials.
For PZT it is shown that the dominant bond compliance and
effective charge peak close to the MPB, whilst the stiffer of
the two bonds shows little composition dependence. The
single crystals confirm that both the asymmetry in the force
constants and the magnitude of effective charge are equally
important in determining the piezoelectric properties. Both

are apparently temperature dependent, increasing markedly
on approaching TC.

Whilst the 3 atom model shows some promise in aiding
materials scientists to interpret results and seek new piezo-
electric materials, its utility is currently limited by a number
of issues: (i) difficulties in validation by independent mea-
surement of the model parameters, (ii) a small existing data
set from which to extrapolate to new compositions and
(iii) harmonization with other models which would allow an
understanding of how the model parameters, and hence ma-
terial properties, vary as a function of external variables.

In terms of validation, the major implication of the model,
that the magnitude of piezoelectric activity is function of
asymmetry in sub-unit cell bonding, could be tested by
careful in situ diffraction experiments. That is, the change of
atomic positions as a function of applied uniaxial stress could
be determined by X-ray or neutron diffraction for represen-
tative piezoelectric materials (e.g., BaTiO3 versus PMN–PT),
allowing an analysis of the relevant bond compliances. These
experiments are not simple and may take some time to ac-
complish. However, the same \experiments" are achievable
in silicio and DFT investigations are currently being under-
taken to this end. To a limited extent, a form of experimental
validation was demonstrated in Ref. 11 in which it was shown
that the value of � calculated from the model scales with the
measured atomic displacements responsible for spontaneous
polarization in BaTiO3, PbTiO3 and KNbO3.
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Fig. 3. (a) Measured values for "33/"0 and S33, (b) d33 and k33 for various lead-free single crystals (see text) and (c) q, �1 and �2, calculated
from the data.
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If sufficient self-consistent data were available for a wide
range of compounds, it is tempting to postulate that the
equivalent dipole model could be part of a methodology for
new materials discovery, through the identification of element
combinations and structural motifs, beyond the ubiquitous
perovskites, that give rise to large bond strength asymmetry.
For example, although the ionic radius of an ion is ill-defined
in a single experiment, tables of ionic radii can be compiled
by inference from a large crystallographic database. Like-
wise, given sufficient piezoelectric data, inferential assign-
ment of the model parameters to compositional and structural
motifs would be possible and would play a role in new
materials discovery. Nevertheless, a less resource intensive
computational analysis of the detailed mechanisms of pie-
zoelectricity in representative materials, guided by the lessons
of the equivalent dipole model, could contribute significantly
to future digital search strategies.

Finally, as alluded to above, the equivalent dipole model
can be both expanded to provide additional analysis and be
harmonized with other models which address piezoelectricity.
For example, Ref. 11 has already shown how nonlinear bond
strengths are relevant to a broader range of electromechanical
properties including electrostriction. One can also postulate
that the extension to include � as a complex quantity may
allow some additional insights into both the origins of elec-
tromechanical losses and allow prediction of the frequency
dependence of the intrinsic properties. A nonlinear and fre-
quency-dependent model would also allow separation of in-
trinsic and extrinsic piezoelectric mechanisms. A three-
dimensional model may also be postulated, most probably a 7
atom dipole, from which additional tensor elements could be
derived from the simple one-dimensional primary coefficient
measurements.
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