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Abstract 

The restructuring of a non-fractal particle aggregate in simple shear flow was simulated by 

Stokesian dynamics approach. We studied the deformation and the resultant strength change of 

aggregate by surrounding flow under the condition that the cohesive strength of aggregate is 

comparable with the fluid stress. In particular, we focused on how the aggregate deteriorates 

due to the fluid stress exerted on it periodically. The image analysis was applied to visualized 

simulation results for quantitative estimation of irreversible change in aggregate configuration. 

We examined the structural change of aggregate from various perspectives, i.e., the outer 

shape, the internal strength and the fluid stress on the surface of the aggregate. The simulation 

results show that the aggregate gets squashed after intricate restructuring process and it 

elongates along with streamline as experimentally observed in the previous study. Regarding 

the internal strength, the weakest point locally develops in the aggregate by 

periodically-varying fluid stress. Combination of rotation and elongation effects of shear flow 

is complexly-involved in the deterioration of internal strength of aggregate. 
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Introduction 1 

Dispersion of colloidal aggregate in fluid flow has been of particular interest to many researchers in 2 

various engineering fields. Quantitative prediction of dispersion state such as size distribution of aggregates 3 

has been attempted over the years. For example, the kinetic approach, which is one of the representative 4 

approaches for prediction of dispersion state, describes time evolution of number density of various-sized 5 

aggregates by modeling the rate of fragmentation and aggregation between them 1. For the establishment of 6 

these models, basic and quantitative understanding of aggregate dynamics in fluid flow has been required. 7 

One of the most important issues is the interaction between fluid and aggregate, particularly the 8 

fragmentation process of aggregate under fluid stress. Many fragmentation models have been proposed from 9 

various point of view, in chronological order, the spherical model based on the balance between the internal 10 

strength and fluid stress2, the model assuming two equal-sized spheres3, the model considering the permeable 11 

fluid stress4,5, the model considering the spatial variance of internal strength6 , and so on. These models are 12 

based on the static balance of stresses and consequently they assumed that the fragmentation occurs 13 

immediately if the fluid stress exceeds the internal strength.  14 

In the recent decade, many numerical studies on fluid−aggregate interaction have been performed. They 15 

have focused on the following three major topics, 1) fragmentation behavior, 2) fluid stress and internal 16 

strength, and 3) restructuring. The first topic concerns the dispersion behavior of an isolated aggregate in 17 

flow field. The relation between mass distribution of fragments and fluid stress has been discussed 7-10. The 18 

second topic is regarding the fluid force and the resultant internal stress on a rigid (non-deformable) 19 

aggregate in fluid flow 11-15. There have been a considerable number of researches on the dependence of the 20 

fluid force on the aggregate structure and the distribution of the inter-particle force of the aggregate with an 21 

open structure. 22 

The last topic, the restructuring of an isolated aggregate by surrounding flow, usually represents the 23 

change in space-filling property of aggregate by fluid stress and sometimes indicates the microscopic change 24 

of bond distribution in the aggregate in the wider sense. Particularly the restructuring effect is enhanced in 25 

shear flow. In general, a soft matter in simple shear flow shows complicated structural change owing to both 26 

rotation and elongation effects of the flow field, even though it has a simple chain-like or string-like structure 27 

16, 17. There have been many numerical studies on the restructuring of aggregate in shear flow 18-24. These 28 



3 
 

studies have reported that the magnitude relation between the bend stress by fluid force and the hold moment 1 

by inter-particle force is important for the restructuring of fractal aggregate. They have also revealed that the 2 

restructuring and the fragmentation of fractal aggregate take place simultaneously in the dispersion process 3 

and they are closely related to size distribution of consequent fragments. On the other hand, the restructuring 4 

of compact (non-fractal) aggregate has got less attention compared to that of fractal aggregate. However, the 5 

repetitive stress exerted on a rotating aggregate in shear flow brings about complicated changes in the bond 6 

network among particles. Consequently, the fragmentation behavior of aggregates varies widely even though 7 

they have similar space-filling properties 25, 26. The knowledge of such restructuring processes of aggregate 8 

could be fed back to the kinetic models as a constitutive relation for the breakup process 27, 28. 9 

The restructuring of non-fractal aggregate frequently occurs under the condition that the aggregate 10 

strength is comparable with the fluid stress. In simple shear flow, such a balance is characterized by the 11 

Fragmentation number Fa, which is the ratio of characteristic fluid stress to cohesive strength of aggregate. 12 

In general, when the shear stress is larger than the aggregate strength (Fa>>1), the aggregate immediately 13 

breaks up without restructuring. On the other hand, when the aggregate strength is larger than the shear stress 14 

(Fa<<1), no restructuring occurs because of the strong cohesion of aggregate. The successive restructuring is 15 

found for Fa~1, when the cohesive strength of the aggregate is the same order of surrounding fluid stress. In 16 

such conditions, the aggregate deforms irreversibly with changing the internal structures from one state to 17 

another. Our previous studies 8,19 have suggested that the breakup of aggregate does not occur 18 

instantaneously because of the temporal change in internal structure, which is in contrast with the classic 19 

breakup models. However, quantitative models on the time-variation of the internal strength by restructuring 20 

have not been established. 21 

In this study, the restructuring of a loose aggregate in simple shear flow was examined numerically. We 22 

performed a Lagrangian-type simulation of the behavior of a non-fractal aggregate in shear flow by Stokesian 23 

dynamics approach. The purpose of this study is to understand a detailed mechanism of the strength 24 

deterioration of aggregate and to elucidate the role of rotation and elongation effects of shear flow on it. 25 

Therefore we focus on the restructuring process for a specific condition that aggregate strength is comparable 26 

to fluid stress and discuss it through the comparison with the existing experimental results and theoretical 27 

models. We examine the structural change of aggregate from three different aspects. The first aspect is the 28 
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configuration change of aggregate. We investigate the detailed restructuring behavior through comparison of 1 

the configuration changes obtained from numerical and experimental results. The second aspect concerns the 2 

internal strength of aggregate. We examine the deterioration process of aggregate strength in fluid flow. The 3 

last is the fluid stress acting on the aggregate. We approximately calculate the fluid stress on the aggregate in 4 

order to understand the contribution of the fluid stress to the strength change of aggregate. Finally, we 5 

discuss the mechanism on strength deterioration of aggregate in simple shear flow comprehensively. 6 

 7 

Numerical Methods 8 

Stokesian dynamics 9 

The motion of a particle aggregate in simple shear flow is calculated numerically by Stokesian dynamics 10 

approach. We applied the similar method to the original Stokesian dynamics analysis29, 30. The mobility matrix 11 

of particles is obtained from multiple expansion of Oseen tensor in Stokes flow and Fax ѐn’s law. The external 12 

force, torque and the stresslet are related to the particle velocity, angular velocity and the rate of strain tensor of 13 

the undisturbed flow field by grand mobility matrix M . The inverse of grand mobility matrix 1−M  is 14 

expressed by component matrices in the following way. 15 

   
















−
−
−

=
















∞

∞

∞

−

E
ΩΩ
uU

M
S
T
F

1 , 















=−

SESSU

TETTU

FEFFU

RRR
RRR
RRR

M

Ω

Ω

Ω
1 , (1) 

where F , T  are the external force and torque acting on particles and S  is stresslet. U  and Ω  are the 16 

particle velocity and the angular velocity, ∞u , ∞Ω  and ∞E  are the velocity, the angular velocity and the 17 

rate of strain tensor of undisturbed flow field, respectively. The velocity and the angular velocity of individual 18 

particles are calculated as 19 
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where R  is the modified resistance matrix considering lubrication effect and is obtained as follows; 20 
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where B2R  is the resistance matrix for a pair of particles31 and 
1

2
−
BM  is the inverse of the pair mobility 1 

matrix obtained in the same way as 1−M . By numerical integration of Eq.(2), the instantaneous position of 2 

each particle is calculated. 3 

The properties of primary particles and surrounding fluid are considered to be the same as those in our 4 

previous work 8. We assumed that primary particles are perfectly smooth spheres with the diameter d (=2a) 5 

=650nm. For the physical properties of particle and fluid, those of polystyrene and ethanol are used. The 6 

particle and the fluid density are 1056=pρ kg/m3, 790=fρ kg/m3 respectively, and the fluid viscosity is 7 

3102.1 −×=µ Pa·s. The inter-particle force is an attractive van der Waals force calculated from the retarded van 8 

der Waals potential based on the Lifshitz theory 32. The corresponding non-retarded Hamaker constant is 9 

211068.9 −×=A J. If the distance between particles is smaller than the cut-off distance 1=δ  nm, the 10 

inter-particle force acting on them is set equal to zero and any repulsive force is not given them. Even in this 11 

case, any overlap of particles does not occur owing to the lubrication force. We adopted very small time step 12 

because the inter-particle force exerted on closely-approaching particles is sensitive to the particle distance and 13 

consequently the selection of time step affects the relative motion of particle. The quantitative discussion on 14 

the setting of inter-particle force and the decision of time step have discussed in our previous article 8.  15 

In this study, a tangential inter-particle force is not considered. It has been reported that the tangential 16 

force occasionally plays a significant role on the deformation of fractal aggregate 20, 21, 24. Therefore the 17 

installation of tangential force model is possible to influence the simulation results on dynamic behaviors of a 18 

non-fractal aggregate as shown here. However, a physically-proved model on the tangential force has not 19 

been fully established in colloidal particulate system and the proposed models have undecided coefficients. 20 

Therefore we did not include the tangential force models in this simulation to avoid tuning parameters of the 21 

simulation results. Although we can not mention for certain about the effect of tangential force on the 22 

restructuring process of non-fractal aggregate at the present stage, the qualitative agreement between 23 

numerical and observation results shown later (Fig.3 and Fig.5) is a weak evidence of the less-significance of 24 

tangential force to the discussion given here. 25 

In our simulation, inertias of both particle and fluid are neglected on the assumption that the particle is 26 

sufficiently small. On the other hand, in terms of the fact that Pѐclet number is suff iciently large, Brownian 27 

perturbation force is neglected. The justification of these assumptions can be also seen in our article 8. 28 
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The schematic diagram and the coordinate system of the calculation are shown in Fig.1. The surrounding 1 

flow field is simple shear flow, which consist of pure rotational flow and planar extensional flow which has the 2 

principal axes of stress along xy=  and xy −= . The undisturbed flow field is expressed by using the 3 

rotational velocity vector and the rate of strain tensor as follows; 4 

   rErΩru     )( ⋅+×= ∞∞∞  (4) 

   















−=∞

1
0
0

2
γΩ ,  
















−=∞

000
001
010

2
γE ,  (5) 

where γ  is shear rate. By substituting Eqs.(4) and (5) into Eq.(2), the velocity and the angular velocity of 5 

particles are calculated. In Stokesian dynamics, the disturbed flow field due to the presence of particles is 6 

expressed by the mobility and the resistance matrices in Eqs.(1)-(3), which are functions of positions of each 7 

particle. In consequence, hydrodynamic interactions between particles can be considered in the simulation. 8 

As shown in Fig.1, we use a spherical aggregate which has a loose structure as initial condition. It consists 9 

of a hundred primary particles and is made by the preliminary simulation of the collision process between a 10 

parent cluster and an isolated particle, which moves linearly from a random position to the parent cluster. 11 

The fractal dimension of initial aggregate is 3.0, which is evaluated from the relationship between the number 12 

of primary particles and the radius of gyration. The average coordination number is approximately 2.0. As is 13 

well-known, the coordination number is frequently used for describing the density of the contact-network 14 

among particles. However, it depends on evaluation method particularly in the case that each particle does 15 

not bond by physical contact. In this study, the coordination number is defined by the average number of 16 

particles existing within 2nm from each particle. 17 

In our previous studies 8,19, we simulated the breakup behavior of aggregate in shear flow for a wide range 18 

of shear rate condition and reported the dependence of aggregate behaviors on the shear rate, i.e., the aggregate 19 

breaks up immediately for high shear rate, while it is hard to break up for low shear rate conditions. As 20 

mentioned in Introduction, the dispersion behavior is determined by Fragmentation number Fa, which is the 21 

ratio of characteristic fluid stress γµ   to cohesive strength of aggregate σ. Here we focus on the deformation 22 

process before breakup in order to understand the deterioration of aggregate due to the successive 23 
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restructuring of constituent particles. Therefore we calculated the aggregate behavior in shear flow under the 1 

specific condition that the aggregate strength is comparable with fluid stress.  2 

 3 

Quantitative evaluation of restructuring 4 

In order to evaluate the restructuring of aggregate in flow field quantitatively, we attempt comparisons of 5 

simulation results with experimental and theoretical results of previous studies from various perspectives. 6 

The first attempt concerns configuration change of aggregate before breakup. Blaser 33 has performed the 7 

image analysis of successive pictures of aggregate behavior obtained from the experiment and has evaluated 8 

the deformation of aggregate in simple shear flow quantitatively. We apply the similar image analysis to the 9 

simulation results. We fit the outer shape of aggregate obtained from the visualization data of numerical 10 

simulation by a two-dimensional ellipse (see Fig.4a). By means of this analysis, our simulation results are 11 

compared to the experimental results quantitatively regarding the deformation of aggregate. The details of the 12 

analysis are described later. 13 

The second attempt relates to the strength of aggregate. We evaluate the internal strength of aggregate 14 

caused by inter-particle force from the simulation results. As is well-known, Rumpf 34 has modelled cohesive 15 

strength of an aggregate on the assumption that an aggregate has homogeneous and isotropic structure and 16 

inter-particle force is constant in the following way. 17 

   kH
d 28

9
π

φσ =  (6) 

where d is the diameter of primary particle, φ is the volumetric concentration, k is the average coordination 18 

number and H is the inter-particle force. 19 

In fact, previous studies have pointed out that the aggregate shows the irreversible deformation in fluid 20 

flow and it can not keep the initial structure in deformation process. The structural change caused by the 21 

deformation leads to the deterioration of internal strength of aggregate. Some researchers explained the 22 

fracture process in terms of crack growth in an aggregate 35-37. However, the model for temporal change of 23 

the aggregate strength has not been proposed. In order to understand a mechanism of strength deterioration, 24 

we compare the simulation results with the existing model and investigate the change of internal strength of 25 

an aggregate in the deformation process. 26 



8 
 

The final attempt concerns the fluid stress acting on the aggregate. If the aggregate deforms and changes 1 

its outer shape, the fluid stress would change according to the instantaneous shape and the attitude of 2 

aggregate. In order to examine these effects, we calculate the fluid stress on the aggregate surface 3 

approximately. We fit a three-dimensional ellipsoid to the outer shape of aggregate obtained from simulation 4 

results. The previous studies38, 39 calculated analytically the fluid stress on the ellipsoid in simple shear flow. 5 

We perform the similar analysis and evaluate the fluid stress on the surface of the ellipsoid fitted to the 6 

instantaneous aggregate shape. We calculate the fluid force acting on a fitted-ellipsoid on the basis of 7 

Jeffery’s theory38. Under the assumption that inertias of both ellipsoid and fluid are small, the governing 8 

equation of fluid flow is given by Eq. (7) and Eq. (8). 9 

   p∇=uΔµ  (7) 

   0=⋅∇ u  (8) 

Disturbed flow field around the ellipsoid rotating with the surrounding flow is calculated by using the similar 10 

equation to Dirichlet equation which is used when one considers the gravitational potential. Solving Eq. (7) 11 

and Eq. (8), the hydrodynamic stress vector acting on the ellipsoidal surface is obtained as follows38, 39; 12 
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where I is unit matrix, a1, a2, a3 are axes of ellipsoid, G and B are scalar and tensor constants which are 13 

functions of flow properties and geometric conditions of ellipsoid, and n is unit outward vector of ellipsoid. 14 

p0 is ambient pressure and is set to be zero in our simulation. 15 

 16 

Results and Discussion 17 

Deformation behavior of aggregate 18 

In the previous study 8, we simulated the behavior of a loose aggregate in shear flow for a wide range of 19 

shear rate. As described in Introduction, the purpose of this study is to elucidate the effect of surrounding 20 

fluid flow to the strength change of aggregate in detail. Here we focus on the aggregate behavior for a 21 

specific condition that the aggregate strength is comparable to the fluid stress. Figure 2 shows the numerical 22 

results on deformation behavior of aggregate in simple shear flow for 9.29=γµ   Pa. The spherical-shaped 23 
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aggregate slightly deforms with the rotation at an early stage and then it keeps almost constant shape. After 1 

several tens of rotations, it deforms again gradually and the restructuring of constituent particles occurs in the 2 

aggregate. The deformation process in the middle stage has two distinguishing features, i.e., the aggregate 3 

elongates with the streamline and then it bends into L-shape. In the later stage, the aggregate changes its 4 

shape irreversibly and then a small portion detaches itself from the parent aggregate. Finally the aggregate 5 

breaks up into two major child aggregates and one small portion. 6 

Figure 3 (a) shows the details of deformation behavior in the middle stage obtained from numerical 7 

simulation. On the other hand, Fig.3 (b) shows the successive pictures of aggregate deformation obtained 8 

from the experiment by Blaser33. These figures show the motion of the aggregate at regular time intervals 9 

during one rotation period. The time-scale of the experimental and the simulation results in Fig.2 is different. 10 

However, it is well-known that a solid object placed in simple shear flow rotates one time in the period 11 

γπ 4   for any shear rate γ . In Fig.2, we compare both results per one cycle and therefore it corresponds to 12 

the same dimensionless time-scale tγ . It can be seen in both results that the aggregate rotates with the 13 

deformation under the shear stress. As referred to in the previous article8, even though the numerical 14 

conditions differ from experimental ones (the detailed experimental conditions can be found in his article33), 15 

these deformation behaviors are visually similar, i.e., the aggregate elongates along the streamline and bends 16 

when it turns to the direction normal to the streamline. 17 

In order to evaluate the configuration change quantitatively, we performed the similar image analysis by 18 

Blaser. We extract the outer shape of aggregate on x − y plane (see Fig.1) and calculate the fitting of an ellipse 19 

to two-dimensional outer shape of aggregate. The deformation of aggregate was estimated from semi-major 20 

axis a and semi-minor axis b of the ellipse. The rotational attitude of aggregate is found from the angle α , 21 

which is defined as the angle between major axis of ellipse and x axis. Fig.4 (b) shows the time change in the 22 

ratio of semi-minor to semi-major axes of fitted ellipse ab/  under the condition of 9.29=γµ   Pa. This 23 

aspect ratio indicates the degree of deformation and it is unity if the aggregate keeps its initial spherical 24 

shape. As can be seen in Fig.4(b), the aspect ratio ab/  changes periodically from 0.4 to 1.0 at the beginning 25 

and then it changes irreversibly. It indicates that the aggregate hardly keeps the spherical shape and changes 26 

its shape to the ellipsoidal one. These features are similar to the experimental observation33. The period of 27 
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small periodic change corresponds to the half period of a rotation πγ 2=t , because the aggregate 1 

experiences twice compression/expansion per one rotation in simple shear flow. 2 

Fig.4 (c) indicates the change of the angle α (the angle between major axis of fitted ellipse and x axis) 3 

with time. This angle represents the direction in which the aggregate deforms most. The linear change of α at 4 

early stages indicates that the aggregate rotates like a rigid body with constant rotational velocity. After the 5 

aggregate undergoes several rotations, the restructuring of particles begins to occur and the time change of α 6 

fluctuates gradually. The hillside-like change at later stages indicates that the aggregate elongates along the 7 

direction of streamline ( 180=α deg.) and keep its direction for a certain period. 8 

These deformation behaviors have been also found in the experiment. The experimental results indicated 9 

the stagnation of the rotation of ellipsoidal aggregate in the streamline. In order to understand the relation 10 

between the degree of deformation and the rotational attitude of aggregate, we examine the trajectory of the 11 

major axis of the fitted ellipse in accordance with the analysis by Blaser33. The trajectory of the semi-major 12 

axis at regular intervals is plotted in x'−y' plane in which all lengthscales are normalized by the projected area 13 

radius of ellipse. Figure 5 (a) shows our simulation results and (b) shows the experimental results by Blaser. It 14 

is found that the numerical and experimental results show very similar trajectories. The trajectory points are 15 

more frequent and slightly dispersed along x' axis (streamwise axis). These results indicate again that the 16 

aggregate elongate along the streamline with small rotational velocity. If the aggregate rotates with keeping 17 

spherical shape, these points trace on the circle with unit radius. However, both results indicate that the 18 

trajectory points trace on an ellipse and its major axis leans away from x' axis. The angle between the major 19 

axis of the orbital ellipse and x' axis is approximately 13 deg. (numerical results) and 6 deg. (experimental 20 

results). The direction shown by these angles is the direction in which the aggregate elongates most throughout 21 

the deformation process. It is found that most-elongated direction is close to the direction of streamline (0 22 

deg.) although the direction of principal axis of the fluid stress is 45 deg. in shear flow. Blaser discussed this 23 

discrepancy and explained that the restructuring of particles leads to the retarded effect of the deformation33. 24 

 25 

Internal strength of aggregate 26 

Most of previous studies have considered that the aggregate in fluid flow breaks up along the principle 27 

axis of fluid stress when the fluid stress is larger than the cohesive strength of aggregate which depends on the 28 
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internal structure of constituent particles. However, it is revealed that the internal structure of aggregate varies 1 

with time and the aggregate does not deform along the principal axis of fluid stress but along the streamline. In 2 

order to understand the restructuring effect on the aggregate strength, we investigate the change of the internal 3 

strength in the deformation process. The calculation method of internal strength from numerical results is as 4 

follows. The aggregate is divided into two parts along arbitrary cross-section in arbitrary direction. Then the 5 

cohesive force is estimated by summation of inter-particle force across the cross-section. On the other hand, 6 

the net cross-sectional area of the cut-end is calculated from the projected area in which the particles exist. 7 

By dividing the cohesive force by the cross-sectional area, we calculate the internal strength (stress) at each 8 

cross-section. From the above procedure, the weakest point of aggregate and the weakest direction, in which 9 

the weakest point reveals, are determined. 10 

Figure 6 shows typical examples of distribution of internal strength in the weakest direction. Fig.6 (a) 11 

indicates the strength distribution of initial aggregate. Fig.6 (b) is the internal strength at the middle stage and 12 

(c) indicates the moment when the aggregate elongates along the streamline at the final stage. The direction of 13 

x" axis indicates the weakest direction of the internal strength. The red lines in the figures indicate the 14 

cohesive strength calculated from Eq.(6) by substituting initial conditions of volumetric concentration φ, 15 

coordination number k and the resultant inter-particle force H. Fig.6 (a) indicates that initial aggregate has 16 

homogeneous distribution of internal strength and its average value is almost equal to the cohesive strength 17 

modelled by Rumpf 34. On the other hand, the strength distributions of deformed aggregates are 18 

inhomogeneous and it entirely exceeds the Rumpf’s model due to the periodic compression by shear flow 19 

(Fig.6b,c). These "tightening" behaviors of loose aggregate in fluid flow were reported in our previous study8. 20 

However, it is also found that the deformed aggregate has a local weak point in which the strength is lower 21 

than the predicted one by Rumpf’s model. Because the constituent particles continuously stick to and 22 

separate from each other due to the periodic fluid stress, the weakest point varies with time and the strength 23 

in the aggregate declines gradually. 24 

Figure 7 indicates the relation between the angle of major axis α and the angle of x" direction against x 25 

axis for each instant of time. The former angle represents the most deformed direction while the latter is the 26 

weakest direction in the aggregate. It is found that there is a close correlation between these two directions. 27 

In most of previous models, it has been considered that an aggregate always break up in shear flow along the 28 
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principal axis of fluid stress. However, Fig.7 indicates the fact that the weak point inside aggregate always 1 

reveals in the direction of deformation. This result implies that the restructuring plays a crucial role on the 2 

strength deterioration of aggregate and the fragmentation occurs after complicated structural change inside 3 

the aggregate. 4 

 5 

Fluid stress acting on aggregate 6 

 In previous fracture models, it has been assumed that initial (non-fractal) aggregate has spherical shape 7 

and the maximum fluid stress is exerted in the principle direction of fluid stress (45 and 225 deg. in shear 8 

flow). However, as described above, the numerical results show that the aggregate deforms irreversibly and it 9 

elongates along the flow direction rather than the principle direction. Consequently, the fluid stress on the 10 

aggregate surface would change with time since the outer shape of aggregate deviates from spherical one. In 11 

order to understand how the fluid force acting on the aggregate varies with time, we approximately calculate 12 

the distribution of fluid stress on the surface of aggregate by the similar method to Blaser's analysis 39. We 13 

approximate the outer shape of deformed aggregate by an ellipsoid and calculate fluid stress acting on the 14 

surface of resultant ellipsoid on the basis of Jeffery’s theoretical analysis 38. The fitting procedure to ellipsoid 15 

is as follows. 1) We calculate the center of gravity of aggregate for each instant of time, 2) subtract it from 16 

positions of all constituent particles and calculate their relative positions, 3) divide the aggregate into small 17 

portions, 4) calculate the second moment (the volume integral of square sum of positions) of these portions 18 

with respect to an arbitrary axis for characterizing the spatial distribution of constituent particles, 5) define 19 

the axis which gives maximum values of the second moment as z''', 6) define the axis which is perpendicular 20 

to z''' and gives minimum value of the second moment as x''' and also define y''' axis normal to x''' and z''' , 7) 21 

relate x''' −y''' −z''' coordinates to original x−y−z coordinates by using Euler angles ϕ , θ  and ψ , and 8) 22 

calculate three axes of ellipsoid 1a , 2a  and 3a . Once we can obtain fitted ellipsoid by the above 23 

procedure, we calculate the fluid stress on the surface of ellipsoid from Eq.(9). 24 

Figure 8 shows the distribution of fluid stress vectors on the surface of fitted ellipsoid. We show the fluid 25 

stress when the aggregate deforms in typical directions, i.e., (a) the aggregate deforms in principle axis of 26 

fluid stress (extension), (b) in flow direction, and (c) in principle axis of fluid stress (compression). It can be 27 

seen in the figures that the stress distribution varies with the shape and the posture of aggregate. These 28 
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complicated changes of fluid stress contribute to both deformation and rotational motion of aggregate. In 1 

case of a loose and deformable aggregate as considered here, the assumption of spherical shape is no longer 2 

applicable to the fracture model. 3 

In order to understand the contribution of fluid stress on the aggregate motion in detail, we divide the 4 

ellipsoid into two equal-sized portions along x''' axis (the longest-side axis) and calculate the resultant fluid 5 

force acting on the semi-ellipsoid by integrating stress vectors. We decompose the fluid force vector to normal 6 

and tangential components so as to make clear the straining and rotating effects on the aggregate. Figure 9 7 

shows (left) total fluid force, (center) normal component and (right) and tangential component of fluid force 8 

acting on aggregate (semi-ellipsoids). Figures (a) to (j) indicate the configuration of aggregate at regular time 9 

intervals at the final stage of restructuring. When the long axis of deformed aggregate directs toward the 10 

principle axes of fluid stress, the fluid force vector also directs toward them and it contribute only the 11 

deformation (no tangential component). On the other hand, the tangential component of fluid force is 12 

significant when the aggregate deforms toward flow direction. These tangential forces bring about the 13 

irregular rotational motion of aggregate shown in Fig.4(c). 14 

 The relation between the instantaneous attitude of deformed aggregate and fluid force is examined. We 15 

project the first axis of fitted ellipsoid 1a  on x − y plane and define the angle between 1a  and x axis as volα . 16 

The angle volα  indicates inclination angle of ellipsoid and it is distinguished from α in Fig.4, which is the 17 

inclination angle of two-dimensional fitted ellipse. However, there is no significant difference between them 18 

because the aggregate scarcely incline in z direction. 19 

 Figure 10 shows the normal component of fluid force Fn and the fluid torque Tz about z axis, which is 20 

calculated from the tangential component of fluid force Ft exerted on the fitted ellipsoid, at various angles. 21 

The results are normalized by the maximum fluid force exerted on a sphere with equivalent volume radius 22 

Rsphere in simple shear flow described as follows. 23 

   2
spheresphere 2

5 RF γπµ =  (10) 

It is found from Fig.10(a) that the normal component of fluid force Fn, which contributes to the deformation 24 

of aggregate, is exerted in compression direction at angles deg. 0deg. 90 vol ≤≤− α and is exerted in tensile 25 

direction at deg. 90deg. 0 vol ≤≤ α  as are expected. When the aggregate does not deform so much and it 26 
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almost keeps a spherical shape at the early stage, the fluid force Fn is exerted synchronized with the rotation 1 

and its magnitude is almost the same as Fsphere. However, at the final stage when the aggregate deforms 2 

significantly, Fn is exerted irregularly on the aggregate in a wide range of volα . It means that the tensile 3 

force continues to act on the aggregate until the aggregate elongates along the streamline after it passes 4 

through the principal axis of tensile stress. Such a complicated variance of fluid force would be one of the 5 

reasons for "retarded effect" of aggregate deformation which is described in Fig.5. 6 

Figure10 (b) shows the fluid torque Tz exerted on the fitted ellipsoid at various angles volα . As can be 7 

seen in Fig.10(b), the fluid torque exerts in the clockwise direction at angles deg. 45deg. 90 vol −≤≤− α  and 8 

deg. 90deg. 54 vol ≤≤ α , while it exerts in counter clockwise direction at deg. 45deg. 45 vol ≤≤− α These 9 

results indicate that, when the aggregate turns to the direction normal to the streamline, the torque is exerted in 10 

the direction coincident with the rotation and consequently the rotational velocity increases. On the other 11 

hand, the fluid torque suppresses the rotation when the aggregate elongates along the streamline and it results 12 

in the stagnation of rotation. The hillside-like change of the inclination angle at later stages, which is 13 

indicated in Fig.4(c), can be explained by these results on fluid torque. 14 

 15 

Strength deterioration of aggregate 16 

From the results in the above section, it is found that the strength deterioration of aggregate in flow is caused 17 

by complicated interactions between the deformation of aggregate and the fluid force acting on it. In other 18 

words, the fluid force changes the aggregate shape, while the shape change brings about the fluid force 19 

change. In order to quantify such interactions, we relate the instantaneous aggregate shape to the fluid force 20 

acting on it. Figure 11 indicates the relation between second moment of fitted ellipsoid along with x''' 21 

direction (long-side axis of ellipsoid) and normal component of fluid force which contributes to the 22 

deformation throughout the deformation process. The second moment is normalized by that exerted on a 23 

sphere with equivalent volume radius Rsphere as follows. 24 

   2
sphereelsphere 5

2 RVM =  (11) 
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where Vel is the instantaneous volume of fitted ellipsoid. In Fig.11, 1sphere''' =MM x  indicates that the 1 

aggregate has a spherical shape and the smaller value indicates an elongated shape. On the other hand, 2 

1sphere ±=FFn  indicate that tensile and compression forces acting on the aggregate is the same as those on 3 

a corresponding sphere (Eq.(10)). The plots in Fig.11 are separated for each rotation period of aggregate. If 4 

the soft object deforms reversibly in shear flow, the plot for each cycle is closed and the elliptical trajectory 5 

can be obtained.  6 

In the early period (the 1st to 4th period), the trajectory cycle is closed, i.e., the aggregate deforms but it 7 

can return to the original shape. The reason why the normal component of fluid force Fn does not reach 8 

|Fsphere| is that, even though the aggregate has almost a spherical shape, the long axis of fitted ellipse x''' does 9 

not always locate on x−y plane because of non-biased nature of the shape. After the 5th period, the second 10 

moment decreases with the increase of rotation number although the absolute value of maximum fluid force 11 

is approximately constant. These results indicate that the deformation behavior becomes irreversible. These 12 

features are characteristic for shear flow in which the aggregate is subject to the tensile and compressing 13 

forces periodically with its rotation. Such periodical forces of tension and compression bring about 14 

continuous restructuring of primary particles and consequently the strength deterioration inside aggregate 15 

developed toward its fracture. 16 

 17 

Conclusion 18 

The strength deterioration of non-fractal aggregate in simple shear flow was investigated numerically. 19 

Particularly we focused on the strength change of a loose aggregate under the condition that the internal 20 

strength is comparable to surrounding fluid stress. The deformation behaviors of aggregate obtained from the 21 

simulation are similar to the experimental results, i.e., the aggregate elongates along the streamline, not along 22 

the principal axes of fluid stress. We examined the structural change of aggregate with respect to the outer 23 

shape, the internal strength and the fluid stress exerted on the aggregate. It is found that the retarded effect of 24 

deformation brings about the successive restructuring. The weak point gradually develops in the aggregate by 25 

the restructuring and the aggregate finally ruptures at the weak point. The internal strength of aggregate is 26 

complexly affected by combination of rotation and elongation effect of shear flow. It is concluded that the 27 
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structural change of aggregate in shear flow has highly irreversible features. 1 
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Figure list 

Figure 1: Schematic diagram of calculation system. 

Figure 2: Instantaneous motion of aggregate on x–y plane in steps of normalized time 9.18=tγ . 

Figure 3: Rotation and deformation of aggregate in simple shear flow for one cycle. Time passes from left to 
right. (a) simulation results and (b) experimental results33. 

Figure 4: Time change in geometric quantities of fitted ellipse; (a) definition of geometric variables, (b) 
aspect ratio b/a and (c) inclination angle of major axis α. 

Figure 5: Trajectory of normalized semi-major axis of ellipse; (a) simulation results and (b) experimental 
results33 (x and y axes in Fig.(b) correspond to x' and y' respectively). 

Figure 6: Distribution of internal stress of aggregate; (a) initial condition, (b) middle stage and (c) final stage 
of deformation process (x": weakest direction). 

Figure 7: Relation between deformed direction (inclination angle of fitted ellipse α) and weakest direction 
(angle between x and x" axes). 

Figure 8: Distribution of fluid stress on the surface of ellipsoid. (a) deform along y=x ( 5.164=tγ ), (b) deform 
along x axis ( 25.173=tγ ) and (c) deform along y = −x ( 75.176=tγ ). 

Figure 9: Fluid force acting on aggregate at the final stage of restructuring; (left) total force, (center) normal 
component and (right) tangential component. 

Figure 10: Force and torque acting on aggregate caused by fluid stress. 

Figure 11: Relation between normal component of fluid force and second moment of ellipsoid. 
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Figure 1: Schematic diagram of calculation system. 
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Figure 2: Instantaneous motion of aggregate on x–y plane in steps of normalized time 9.18=tγ . 
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(a) simulation results 
 

 
 
 

(b) experimental results by Blaser33 
 

Figure 3: Rotation and deformation of aggregate in simple shear flow for one cycle. Time passes from left to 
right. (a) simulation results and (b) experimental results33.  
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(a) geometric variables              (b) aspect ratio                    (c) inclination angle 
 
Figure 4: Time change in geometric quantities of fitted ellipse; (a) definition of geometric variables, (b) 
aspect ratio b/a and (c) inclination angle of major axis α. 
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             (a)  simulation results                        (b)  experimental results3 
 
Figure 5: Trajectory of normalized semi-major axis of ellipse; (a) simulation results and (b) experimental 
results33 (x and y axes in Fig.(b) correspond to x' and y' respectively). 



25 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
             (a) initial condition ( 0=tγ )                  (b) middle stage ( 15.115=tγ ) 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                    (c) final stage ( 15.171=tγ ) 
 
Figure 6: Distribution of internal stress of aggregate; (a) initial condition, (b) middle stage and (c) final stage 
of deformation process (x": weakest direction). 
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Figure 7: Relation between deformed direction (inclination angle of fitted ellipse α) and weakest direction 
(angle between x and x" axes). 
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 (a) deformed along y=x            (b) deformed along x axis            (c) deformed along y=−x 
 
Figure 8: Distribution of fluid stress on the surface of ellipsoid. (a) deform along y=x ( 5.164=tγ ), (b) deform 
along x axis ( 25.173=tγ ) and (c) deform along y = −x ( 75.176=tγ ). 
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Figure 9: Fluid force acting on aggregate at the final stage of restructuring; (left) total force, (center) normal 
component and (right) tangential component. 
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           (a) fluid force (positive: tension)               (b) fluid torque (positive: clockwise) 
 

Figure 10: Force and torque acting on aggregate caused by fluid stress. 
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Figure 11: Relation between normal component of fluid force and second moment of ellipsoid. 
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