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ABSTRACT

We introduce a methodology for analysing infinite horizon economies with two agents,
one good, and incomplete markets. We provide an example in which an agent’s equilib-
rium consumption is zero eventually with probability one even if she has correct beliefs
and is marginally more patient. We then prove the following general result: if markets
are effectively incomplete forever then on any equilibrium path on which some agent’s
consumption is bounded away from zero eventually, the other agent’s consumption is zero
eventually—so either some agent vanishes, in that she consumes zero eventually, or the
consumption of both agents is arbitrarily close to zero infinitely often. Later we show that
(a) for most economies in which individual endowments are finite state time homogeneous
Markov processes, the consumption of an agent who has a uniformly positive endowment
cannot converge to zero and (b) the possibility that an agent vanishes is a robust out-
come since for a wide class of economies with incomplete markets, there are equilibria in
which an agent’s consumption is zero eventually with probability one even though she has
correct beliefs as in the example. In sharp contrast to the results in the case studied by
Sandroni (2000) and Blume and Easley (2006) where markets are complete, our results
show that when markets are incomplete not only can the more patient agent (or the one
with more accurate beliefs) be eliminated but there are situations in which neither agent
is eliminated.
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1. INTRODUCTION

This paper introduces a methodology for analysing the asymptotic behaviour of indi-
vidual consumption in general equilibrium in economies where the asset market is incom-
plete. The case where markets are dynamically complete and endowments are bounded
has been analysed extensively and the picture that emerges is that the degree of impa-
tience and the accuracy of beliefs are the key elements that determine whether an agent’s
consumption is eventually bounded away from zero, i.e. “survives”, thereby ensuring that
in the long run she matters for asset pricing; attitudes toward risk are irrelevant. This
is significant because it appears to validate the market selection hypothesis (henceforth,
MSH) which, in the weak form due to Alchian (1950) and Friedman (1953), requires that
only agents whose behaviour is consistent with rational and informed maximization of
returns can survive and affect prices in the long run.! The fact that survival depends only
on discount factors and the accuracy of beliefs could reflect an intrinsic property of com-
petitive markets; it could also be driven by the assumption that markets are dynamically
complete. Very little is known about this and that is the question we address.

We consider an infinite horizon economy with only one good, two agents, a single
short lived inside asset, and dynamically incomplete markets. Our assumptions on the
structure of uncertainty are quite general since we only require that one of a fixed and
finite number of states is realised each period and that the one period ahead conditional
probability of the occurrence of a state is uniformly positive. Our assumptions on beliefs
are also quite general (see Section 2.6). We use a standard notion of equilibrium in which
agents maximise subject to a sequence of budget constraints and the requirement that the
value of debt be uniformly bounded across dates and events.? Our formulation includes
recursive equilibria that can be represented by a Markov chain (Duffie et al (1994) and
Ljungqvist and Sargent (2004)), a particularly important case in macroeconomics. Our
interest is in the asymptotic behaviour of equilibrium consumption and it is well known
that studying that is equivalent to studying the evolution through time of the ratio of the
values of the derivatives of the Bernoulli functions of the two agents, y;.

For pedagogical reasons, we briefly return to the special case that arises when markets
are dynamically complete and endowments are bounded. In such a framework, equilibrium
allocations are Pareto optimal and so, at an interior allocation, the utility gradients of the
different agents point in the same direction. When preferences are additively separable
across time, the key implication is that the ratio of (the one-period ahead intertemporal)
marginal rates of substitution of the two agents weighted by the discount factors is one
independent of the date and event; equivalently, y; can be written as the product of the
ratio of the discount factors, the ratio of the beliefs, and an initial condition. So if both
the agents have correct beliefs (or even identical incorrect beliefs) and the same discount
factor then consumption of both is uniformly positive eventually, while if agents differ

LCootner (1967) and Fama (1965) offered a stronger version of the MSH which claims that markets
select for investors with correct beliefs, which can be inferred from long run equilibrium prices.
2For more on the boundedness property see Magill and Quinzii (1994) and Levine and Zame (1996).



in their degree of impatience, then only the most patient agent has uniformly positive
consumption eventually—a result conjectured by Ramsey (1928 pp. 558-559) and proved
by Becker (1980), Rader (1981) and Bewley (1982). With heterogeneous beliefs, Sandroni
(2000) showed that among agents with the same discount factor, traders who eventually
accurately predict infinite horizon events, and only those traders, have positive wealth
eventually; in the absence of such accurate predictors, the entropy of beliefs determines
survival and investors whose forecasts are persistently wrong vanish in the presence of a
learner. Sandroni considered a Lucas-tree economy, a restriction that is inessential since
Blume and Easley (2006) showed that Pareto optimality of the allocation is the key point;
as we emphasized earlier, none of the results depends on agents’ preferences towards risk.

We initiate our methodological innovation by writing 3, as the ratio of two stochastic
processes where each is the product of conditional mean one random variables. Market
incompleteness typically implies that the ratio of marginal rates of substitution of the
two agents is not degenerate so that, with uniformly positive asset returns, y; grows with
positive conditional probability (since otherwise one of the two Euler equations would not
hold with equality). That is the key ingredient in Theorems 1 and 4.

Our general approach suggests a conjecture about the implications of market incom-
pleteness in infinite horizon economies where the Euler equations always hold with equal-
ity: the consumption of some agent comes arbitrarily close to zero infinitely often. That
still allows for an intriguing possibility that an example illustrates. In it agent 1 has
arbitrary CRRA preferences (but not logarithmic) and a positive stochastic endowment
forever, and agent 2 has logarithmic preferences and a positive endowment only at date
zero. We show that even if agents are equally patient and have correct beliefs, one can find
a time invariant asset structure such that the consumption of the agent with logarithmic
preferences converges to zero, i.e. “vanishes”, with probability one in every equilibrium.
A continuity argument shows that the same is true even if agent 2 is marginally more
patient or if she holds correct beliefs and agent 1 does not. The example shows that the
factors determining survival with complete markets have little relevance when markets
are dynamically incomplete. It also suggests the conjecture: the consumption of some
agent is zero eventually. Our theorems refine and strengthen the two conjectures.

Our first result is very intuitive since it is based on the observation that on almost
every path one can have arbitrarily long strings of states where y; keeps rising because
y; grows with positive conditional probability, and because we assume that the likelihood
ratio is eventually uniformly bounded across paths. This fact can be shown to imply that
if a prespecified agent has consumption that is bounded away from zero eventually, then
every prespecified lower bound on the other agent’s consumption is violated eventually;
the technical tool used is Levy’s conditional form of the Second Borel-Cantelli Lemma, see
e.g. Freedman (1973). Theorem 1 shows that either (i) marginal rates of substitution are
equalized in the limit or (ii) the ratio of marginal rates of substitution displays one period
ahead conditional variability forever and then either (a) the equilibrium is complicated
in that the consumption of both agents will be arbitrarily close to zero infinitely often,



or (b) one of the two agents will cease to consume eventually, as in the example. The
result applies equally regardless of whether beliefs are homogeneous or heterogeneous.?
For Theorem 1 we assume that the asset pays a uniformly positive amount and that the
one period ahead conditional probability of the occurrence of a state is uniformly positive,
assumptions that are standard although they can be weakened.

That one of the two agents’ consumption vanishes is surprising and one would like
to identify situations where such a result cannot be true. In Theorem 2 we consider
the particular case, often considered in the applied general equilibrium literature, where
individual endowments follow a finite state time homogeneous Markov process. We show
that, for most endowment distributions in such economies, if an agent’s endowment is
uniformly positive then the set of paths where her consumption converges to zero has
measure zero. We remark that the result holds for all discount factors and all beliefs that
are compatible with the Markov chain structure of endowments. The intuition for the
result is that the agent who vanishes can face arbitrarily long sequences in which the same
state is realized and in such an event her debt is uniformly bounded only if it is maintained
at a specific constant value that may depend on the state. But only if endowments are
suitably special will debt remain confined to such a finite set of sustainable debt levels.

One may read Theorem 2 as suggesting that an agent vanishes in only rather spe-
cial situations. However, it might be more appropriate to bear in mind the restrictive
assumptions under which Theorem 2 is proved: that debt is uniformly bounded, that
endowments follow a finite Markov chain, and that endowments are uniformly positive.
It is clear that the latter two are assumed for analytical convenience only; also, there are
other notions of equilibrium in the literature in which debt is not uniformly bounded.

Theorem 2 also provides a different route to show that long run equilibrium behaviour
depends on whether markets are complete. The result provides conditions under which an
agent cannot vanish; yet, if the agent with a uniformly positive endowment is less patient
or has incorrect beliefs then she would vanish if markets were to be complete.

Our final result provides sufficient conditions for an agent to vanish in equilibrium. We
say that an agent’s one period ahead marginal valuation of the asset is “predetermined”
if the asset payoff times the value of the derivative of the agent’s Bernoulli function
is constant across immediate successor states. We first show that if beliefs are correct
then, among feasible consumption processes which satisfy the Euler equations, those for
which some agent’s valuation is always predetermined lead to that agent consuming zero
eventually on almost every path. We then propose a method that generates processes
with the stated properties that are uniquely specified for each value of consumption at the
initial date and we provide a condition under which the supporting prices are summable.

To show that there are equilibria with the “predeterminedness” property we proceed

31t also applies to economies with a retradable long lived asset with strictly positive returns—we do
not consider such economies for notational simplicity. Duffie et al (1994) provide an existence theorem
for Lucas-tree economies with incomplete markets in which consumption is uniformly bounded away from
zero. For their result it is crucial that there are no short sales and no one period inside assets either.



in two stages. First, we provide two sets of sufficient conditions for verifying that given
consumption processes can be supported as equilbria. The conditions include the require-
ments that the allocation is aggregate feasible, that the utility values are well defined,
that the Euler equations are satisfied, that the supporting prices are summable (or a re-
lated weaker condition), and a condition that allows one to verify that the value of debt
is uniformly bounded. That result, Theorem 3, could be of independent interest.*

Finally, Theorem 4 provides sufficient conditions under which there are allocations that
satisfy both the “predeterminedness” property and the conditions of Theorem 3. This
lets us identify a family of “no trade” equilibria that are supported with trivial, hence
uniformly bounded, asset portfolios. We then show that for each such no trade equilibrium
there is a family of endowment perturbations that reallocate the total endowment across
the two agents so that each agent’s endowment is uniformly positive but path dependent
(so that it cannot have finite support) for which the initial allocation continues to be an
equilibrium but now with asset trade. An implication of Theorem 4 is that an economy
in which a real bond is the only asset has many endowment distributions which lead to
equilibria in which a predetermined agent vanishes and this can happen even though her
endowment is uniformly positive; this result is stated as Corollary 2.

Our analysis exposes the ways in which examples of economies like ours that have
appeared in the literature are special (see Section 4.2). It also has implications for the
MSH. Based on an example of an economy like ours in which an agent with correct
beliefs is driven out while the agent who survives has wrong beliefs and a higher saving
rate, Blume and Easley (2006) conclude that savings behaviour driven by beliefs is the
key that explains survival, a point also raised by Sandroni (2005). Our Theorem 4, in
which all agents hold correct beliefs, suggests that, at the margin, market incompleteness
determines the fate of the trader. Theorem 4 and our example make very clear that even
the version of the MSH due to Alchian (1950) and Friedman (1953) does not hold in general
and that, in dynamically incomplete markets economies, no entropy measure that depends
only on the truth, beliefs, and the market structure can be critical to understanding
survival because any properly defined entropy measure must attain its maximum when
beliefs are correct and yet, as per the example, survival is not guaranteed.’

To summarize, for infinite horizon economies with two agents and one short-lived asset
we provide a complete characterization of limiting consumption behaviour when markets
are incomplete, show that to get simple limiting behaviour one agent must be driven out
of the market, and show that such a possibility is a robust outcome. By implication, the
MSH is valid in a robust sense only if the equilibrium allocation is Pareto optimal.®

4The existence result in Magill and Quinzii (1994) imposes a uniform lower bound on individual
endowments precluding its use in situations in which some agent’s consumption approaches zero.

>This answers a question posed by Sandroni (2005).

6There is a literature on the asymptotic behaviour of consumption in a partial equilibrium framework.
Chamberlain and Wilson (2000) provide sufficient conditions on discount factors and interest rate paths for
consumption to have an unbounded subsequence with probability one. We show that such combinations
cannot arise in equilibrium in the class of economies considered in this paper.



In Section 2 we introduce the model, define the relevant notions of survival, and discuss
the scope of the paper. In Section 3 we develop the general approach to study the long
run dynamics of equilibria and then present the leading example. Afterwards, in Section
4 we present Theorem 1 and our discussion of earlier examples in the literature. Section
5 shows that by suitably restricting aggregate and individual endowments one can ensure
that no agent vanishes since otherwise her debt would fail to be uniformly bounded.
Finally, in Section 6 we construct equilibria in which only one agent survives. Concluding
remarks are presented in Section 7. All proofs are gathered in the Appendix.

2. MODEL
2.1 PROBABILITY NOTATION

We consider an infinite horizon with dates t = 0,1,2,---. The temporal state space
is S ={1,2,---,5}, S < oo. S is the t-fold Cartesian product of S and Q = S with
typical element w = (s1, $2,---) where s; is the realization at date ¢ > 1. In fact, we
shall write w = (s1(w), sa(w),---). Also s = (s1,---,;) and if we wish to make the
dependence on w explicit, we shall use s'(w) = (s1(w), -+, s1(w)). Qs ) ={w eV :w=
(st 8441, -+), s € S'}is a t-cylinder and F; is the o-algebra obtained by considering finite
unions of the sets Q(s') for fixed ¢. This induces a sequence of o-algebras on € denoted
{Fi}22, where F,_ 1 C F; for all t > 1; we set Fy = {0),Q}, and we set a( Ui>o ]:t> C F.
That is our filtration with F a o-algebra on €. All statements will be made using (2, F).

Any function X : Q — R that is F-measurable is a random variable. o(X) is the
o-algebra generated by X.

For Q : F — [0,1] a probability measure, let d@Q; be the F; measurable function
defined by dQ;(w) = Q((s*(w))) for t > 1 and dQo(w) = 1, i.e. dQ(w) is the probability
of the cylinder Q(s'(w)). Define the probability that state s;(w) occurs, conditional on
the occurance of st 1(w), by Q(w) = %; when s = s;(w), the one period ahead
conditional probability that the state s occurs is Q:(w). Eg[X |G| denotes the conditional
expectation of the random variable X taken with respect to the measure () where the
o-algebra G satisfies G C F. Eg[X|G] is a G-measurable random variable.

2.2 THE ECONOMY

There is only one perishable good at each date. An agent is denoted ¢ € Z. There are
two agents, so Z = {1, 2}, each of whom lives forever.

w €  is chosen according to the objective probability measure P while agent ¢’s
subjective belief is denoted P;. (2, F, P) is the objective probability triple. (£, F, P;),
1 = 1,2, are the triples used by the agents for their decisions. We shall assume that the
one period ahead conditional probability that state s occurs is uniformly positive and
agents correctly believe it to be so.” So, define p = infy>g infuco Pi(w).

ASSUMPTION A.1: 0 < p <infysg infueq Piy(w).

"This assumption is standard in the literature (see Sandroni (2000) and Blume and Easley (2006)).



We have assumed that S is finite and that P satisfies A.1. These are minimal assump-
tions and allow for a very wide range of stochastic behaviour including nonstationarity.

Define W' = {f : Q — R: fisF, — measurable}. An element of x° W' is a process.
Also define® W = {(fo, f1,+) € XU : sup,sq || fi [|oo,p< 00}; since S < oo and A.1
taken together imply that sup,~q || fi |loo,p= suPs>q || fi |lco,p;» We have used ¥ to denote
the normed space of processes.” For the same reason, we define ¥, = ¥' N {f(w) >
0forallw € Q}, and ¥, =¥nN ( X2 \I/ﬁr)

Eolf] = Eglf|Fo](w) is the unconditional expectation where () € {P, Py, P }.

The aggregate endowment process is denoted Z = {Z;}:°, and its range is [z, Z| so that
forallt > 0, Z;(w) € [z, z]. s endowment process is denoted z; = {z;+}:°,, a nonnegative
process, and z; + 2o = Z.

ASSUMPTION A.2: [z,2] C Ryy. 2z € V..
u; is 7’s state independent Bernoulli utility function. (; is agent i’s discount factor.

ASSUMPTION A.3: Fori € Z (i) u; : Ry, — Ris strictly increasing, strictly concave, and
C? with lim,._g+u}(c) = 0o, with u;(0) = lim,_g+u;(c) € RU{—o0}, and (ii) ; € (0,1).

There is a single one period asset available in zero net supply. Its return is r, where
r is a process with range [r,7] so that for all ¢ > 0, r(w) € [r,7]. r is assumed to be
uniformly positive so Arrow securities are ruled out; the role of this restriction will be
discussed in Sections 4.1 and 4.2.

ASSUMPTION A.4: [r,7] C R,

For the result in section 5 we assume that individual endowments and asset returns
follow finite state time homogeneous Markov processes. Formally

ASSUMPTION A.5: The image of Zis S. If s;_1(w) = sp_1(w') = s and s;(w) = sp (W) =
s’ then P, (w) = Py (W) = 75y, and P4 (w) = Py (W) = mse, for i = 1,2. Given
2z : S— Ry and r : S— R, , the individual endowment and the asset payoff are also time
homogeneous Markov Processes defined as z;: (w) = 2; (Z; (w)) and 7 (w) = r (Z; (w)).

75,5 induces II, a Markov transition matrix. II;, ¢ = 1,2, are similarly obtained.

The next assumption will be used to prove that the consumption processes that we
construct and use in Theorem 4 are supportable as equilibria. Notice that, under A.2-4,
1 < M < oo where M is specified in A.6.

ASSUMPTION A.6: 5, < 1/M where M = max {T’lflz(éé)Q); SRECR }

For h : Q@ — R an F-measurable function, || h [lc,o= inf e q(a)=0 SUP eqya |f(w)] is the essential
supremum of h, with respect to the measure Q.

96 < oo and A.1 also imply that ¥ coincides with the set of processes with the sup norm defined by
considering the supremum over the range of the process which is at most a countable set.

7



We shall impose one further assumption that will be stated and discussed in Section
6.1 and is used to construct equilibria in which some agent necessarily vanishes.

REMARK 1: Assumption A.5 will be used only in the analysis of Section 5 to rule out
the possibility that some agent vanishes. Assumption A.6 will be used only in Section 6.
A weaker versions of A.6 that takes into account specific details of the endowment process
and asset return process suffices for Theorem 4 to go through. It is not stated formally
since the gain in generality is not justified by the notational complication.

An economyis alist (P, Z, Py, Py, B1, B2, u1, u2, ). A private ownership economyis a list
(P, 21, 29, P1, Py, B1, B2, u1, ug, ) and is related to an economy by the relation Z = z; + 2.

1’s consumption process is denoted ¢;. We require ¢; € ¥, and for such a ¢;, the utility
payoff is given by limy o 37 o B Ep[ui(cit)]. i’s holding of the asset is the portfolio
process denoted 6;. 0; _1(w) = 0 is a convenient convention.

(c1,¢2) is feasible if ¢; € W, for ¢ € T and, for all (w,t), c14(w) + cat(w) = Zi(w).

At each (w, t) there is a spot market for the good with the price normalized to one and a
market for the asset with prices given by the price process q. A market clearing allocation
consists of (¢1, c2, 01, 02) such that (c1, ¢2) is feasible and, for all (w,t), 61 ;(w)+62+(w) = 0.

2.3 IDC EQUILIBRIUM
A notion of equilibrium in our model economy requires the specification of a budget
set subject to which each agent maximizes. Evidently, the budget set will incorporate a
sequence of budget constraints; an additional condition, in the form of a uniform bound

on the value of debt, is imposed to guarantee that a maximizer exists.
i’s IDC' (implicit debt constraint) budget set is defined as

BC(q; z) = {ci € U, : there exists 0; € x°, U’ such that
V>0, cit(w) + @w) - 0;(w) < zig(w) +r(w) - 011 (w) YVwe D
q-0; € \I/}
The first set of conditions require that the consumption process be in i’s consumption
set, i.e. {cm}jﬁg is such that, for all ¢, ¢;; is nonnegative, F;-measurable and uniformly
bounded, the second that there exists a supporting portfolio process which together with
the consumption process satisfies the sequence of spot market budget constraints, and
the last condition is an implicit debt constraint that requires that the value of debt be
uniformly bounded.

For i, ¢; is an IDC mazimizer given ¢ if (i) ¢; € BC(q; z;) and (ii) there is no ¢; €
BC(q; #;) for which

WMy yoo Yoimg B Epui(@iy)] > limyrjoe Yo Bf Ep, [ui(ciy)).

DEFINITION 1: An IDC equilibrium is a tuple (cj, ¢, 05, 05, ¢*) that is a market clearing
allocation and, for ¢ € Z, ¢!, with supporting portfolio 7, is an IDC maximizer given g*.



Implicit debt constraints have been treated extensively in earlier literature on incom-
plete market economies with an infinite time horizon, e.g. Magill and Quinzii (1994) who
provide conditions such that in any equilibrium where a transversality condition holds at
every date-event, the value of debt is uniformly bounded. The IDC budget set does not
permit Ponzi schemes (see Magill and Quinzii (1994)).

2.4 EQUILIBRIUM—NECESSARY CONDITIONS
In our framework, at any interior solution to the maximization problem, a set of first
order conditions necessarily hold with equality (they also form an important part of the
sufficient conditions for identifying a maximizer). Say that ¢; is an Fuler process at the
price process ¢ if

Ep[ris - ui(cin) | F] (W)

Yw e Q.
u;(cig(w))

V>0, ¢(w) =05+

2.5 SURVIVAL

We shall use various notions to describe the asymptotic behaviour of consumption.
We follow the definitions that have been established in the literature.

DEFINITION 2: Fix a path w.
Agent i dominates on w if liminf, ¢; (w) > 0.
Agent i survives on w if liminf; ¢; ;(w) = 0 and limsup, ¢; ;(w) > 0.
Agent i vanishes on w if limsup, ¢; ;(w) = 0.

The definitions given are made operational by considering the behaviour of marginal
utility. Given consumption processes for ¢ € Z, define

_ up(ca4(w))

0() = U @)

The proof of the following lemma is straightforward hence omitted.

LEMMA 1: Assume A.2 and A.3. Then

agent 2 dominates on w = 0 <liminf; y,(w) < limsup, y;(w) < o0;
agent 2 survives on w = 0 < liminf; y(w) < limsup, y;(w) = oo;
agent 2 vanishes on w = limy y:(w) = oo.

The corresponding results for agent 1 are obtained by studying the behaviour of 1/y;(w).
Both the agents dominate on w if and only if 0 < liminf; y(w) < limsup, y:(w) < oo.

2.6 THE SCOPE OF THE PAPER—SUBJECTIVE BELIEFS
Although it might not be evident at first glance, our treatment of subjective beliefs
is very general in that it accomodates several cases considered in the learning literature
(see Blume and Easley (2006) and the references therein). Indeed, as Jackson, Kalai and

9



Smorodinsky (1999) show, an agent’s subjective belief can always be represented through
a probability space (Z, B, i;), where p; represents “prior beliefs over a parameter”, and
“models” of the stochastic process generating the data specified through a parametric fam-
ily of probability measures P¢ : F — [0, 1], where the mapping ¢ — P¢ is B—measurable.
This is because one can define agent i’s subjective belief P, : F — [0,1] as

P (A) = / PE(A) g () forall A € F.

A well-known example of the procedure is the following. Let = be a subset of the unit
simplex in RY. Any ¢ € = generates a probability measure, p¢, on 2°. An agent’s
“prior belief” is a probability measure on B, the Borel subsets of =, and a “model” is the
probability measure, P¢, generated by the rule P(Q(s')) = [T._, p*(s,), i.e. one induced
by i.i.d. draws according to the measure p®.

Our theorems will be proved under three rather different restrictions on beliefs. The
result in Theorem 1 (i) does not require us to constrain beliefs. The result in Theorem 1(ii)
applies whenever the family of subjective beliefs is such that, with positive probability
Zgi does not have zero
as an accumulation point. In particular, it applies to a case in which agents’ subjective

according to P, for each labelling of agents the likelihood ratio

beliefs are as in the example above and, in addition, the objective measure is a model
in the same class, i.e. a P&, where £&* € Z, and £* is in the support of each agent i’s
prior belief y;. This set up is considered in Blume and Easley (2006) and it can be shown
that in such a situation the likelihood ratio has a positive limit P — a.s.!° Importantly,
Theorem 1(ii) does not require the likelihood ratio to converge although it does impose a
restriction on the set of limit points of the likelihood ratio.

Theorem 2, on the other hand, imposes A.5, the condition that both the objective
probability measure as well as the agents’ subjective beliefs are generated by the Markov
matrices II and II; respectively. This condition is equivalent to requiring that the agent’s
prior places point mass on one matrix in a set of transition matrices.

Theorem 4 requires that agents’ beliefs agree with the objective probability P.

3. WHAT HAPPENS IN THE LONG-RUN?—A METHODOLOGY
In this section we show that the dynamics of equilibrium consumption with incom-
plete markets when Euler equations hold with equality can be analysed systematically by
studying the solution to an appropriate equation that generalizes the earlier method used
in Sandroni (2000) and Blume and Easley (2006) in the case where markets are complete.
We then turn to an example that illustrates the drastic change in the asymptotic behav-
iour of the system when markets fail to be complete. The section ends with a summary

of what one might expect to obtain as general results with incomplete markets.

OPhillips and Ploberger (1996) provide much more general conditions on the family of subjective
priors and true probability measures such that the likelihood ratio converges. It can be checked that
those conditions are satisfied not only in the case where the draws are i.i.d. but also when the draws are
from a Markov process.
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3.1 FIRST ORDER CONDITIONS AND THEIR IMPLICATIONS

Since i’s marginal utility at (¢, w) is given by the expression ! -dP; +(w)- u}(c;+(w)), the
first order necessary conditions at an interior Pareto optimal allocation can be summarized
in the form

By - dPya(w) - wp(caa(w)) _ uh(cao(w)) , dPyu(w)

t / . ~ (52 / 51) :

Bl dPry(w) - ui(cig(w))  uilero(w)) APy (w)
That equation determines the behaviour of the variable gy, as a function of the ratio of
the discount factors, the ratio of the beliefs of agents (the likelihood ratio), and an initial

-yt (w) = yo(w).

condition. Lemma 1 implies that in the case where markets are complete, and so the first
welfare theorem holds, an agent’s survival prospects are identified by the equation. In
the case where beliefs are homogeneous one obtains the result that both agents dominate
if and only if 5; = [ while ¢ dominates and —i¢ vanishes if and only if 5; > §_;. This
turnpike result for complete market economies is well known (Becker (1980), Rader (1981),
and Bewley (1982)). When beliefs are heterogeneous and ; = (32 both agents dominate

szyt(w) sz,t(w)

on a path if and only if 0 < liminf P (@) and limsup 75 ) < %0 sufficient conditions

for which can be found in Phillips and Ploberger (1996) and Sandroni (2000). Notice that
the equation can also be written in the form

(B2/B1) - ijzgii

We now show that, more generally, the behaviour of 1, can be captured succinctly using

) yt(w) = yt—l(w)-

the ratio of two processes where each is the product of random variables with conditional
mean one (taken with respect to the subjectively held belief) in addition to the ratio of
the discount factors and an initial condition. That is the content of Proposition 2 (ii);
the generalization permits the analysis of the case where markets are incomplete.

Given consumption processes for i € Z, define

re(w) - ui(cie(w))
Ep, [re - uici) | F-1)(w)

Our first result notes that 7;; has conditional mean one, is positive, and is uniformly
bounded. It also shows that [[, 7;; almost surely converges since it is a martingale.

TAZ"t (CL})

Define 7; = sup;>qsup,cq Tit(w).

PROPOSITION 1: Assume A.1, A2, A3 and A.4. Then Ep, [fi|Fic1](w) =1, 0 <
Fit(w), and 7; < oco. Also, there is a random variable R} that is nonnegative and a.s.
finite with Ep, [R}] < 1 such that R} (w) = limp o, [T}, 7is(w) P,—as.

The next result encapsulates our methodological innovation.

PROPOSITION 2: Assume A.2, A.3, and A.4, and consider consumption processes c;
that are Euler processes at the price process q. Then
T+1

) gmwzﬂ%ﬂ@ﬂﬁﬁgﬁww)

ui(Cio(w)) ¢ (w)

11



(11) TAQ,t(w) _ @ yt(w)
Fie(w) B yra(w)

(i) y1(w) =

'yO(w)>

and yr(w) = <&>TM

Ba) Tliey Prp(w)
LA
Yi1(w)  Bo

B2 lrnl B (@),

.1
B, Ep, |]b,t';

f] (@),

REMARK 2: Proposition 2 applies even when the allocation is Pareto optimal; in partic-

ular, Proposition 2 (i) implies that in such a case 2 tgwg = gzgzg

Proposition 2 can be used to characterize the behaviour of asset prices, analyse survival
and construct equilibria. In the rest of this subsection we discuss each of these issues.

Proposition 2 (i) shows that [[-, 7, is exactly the discounted marginal value of the
“reinvesting” strategy where the entire payoff from the asset is reinvested for 7' periods.
It follows that if [T 1 Tit(w) — 0 P — as., then the perpetual “reinvesting” strategy
induces a discounted return that converges to zero, [T, %2 —-0 P—as.

When beliefs are correct and agents are equally patient, Proposition 2 can be used
to show that []., &;t(—*‘j)() — 0 P — a.s., thus characterizing the behaviour of asset
prices when markets are incomplete for an important class of economies. To see this,
suppose that y; has either zero or infinity or both as limit points. In such a situation,
since Proposition 1 shows that [J[_,#;; almost surely converges to a finite value, by
Proposition 2 (ii) [~ 7, converges to zero for some i. But then, by Proposition 2 (i),

. %“—) — 0 P — as. To complete the argument note that our characterisation
result, Theorem 1 in Section 4.1, shows that when agents are equally patient and markets
are incomplete forever, y; does have zero and/or infinity as limit points as assumed above.
This result on asset prices is stated as Corollary 1 in Section 4.1.

Let us now consider the analysis of survival. With homogeneous beliefs, market incom-

pleteness can be expected to imply that % yi(w) # yi—1(w) so that, by the first equation

in Proposition 2 (i), 2 + # 1. Since 7y has conditional mean one, % fluctuates around

d Ht 172t
Ht ey

either zero or infinity or both as limit points. By Proposition 2 (ii) fluctuations in

can be expected to fluctuate so much that it might even have

Ht 1720t
Ht 1t

are equivalent to fluctuations in z—;, allowing the use of Lemma 1 to make inferences about

the value one an

survival. For the formal analysis characterising the dynamics when [, = [3,, it turns out

to be easier to use a different approach which includes the case of heterogeneous beliefs—
P2 Poy

L. - fluctuates forever by

é’; ﬂuctuates a lot. Since Theorem 1

Theorem 1 shows that market incompleteness implies that

at least a little and that in turn implies that dP2 :

sz t

stays away from zero and infinity, it shows

HtlZf

Tl t
An alternative approach to survival, an approach that is better suited to the construc-

applies to those paths on which the ratio

that market incompleteness implies that yt equlvalently , fluctuates a lot.

tion of equilibria with prespecified asymptotic behaviour, is based on studying the limit

12



behaviour of each of the product processes separately, providing conditions so that the
individual results can be combined, and then using Proposition 2 (ii). By Proposition 1,
each of these processes converges; by Jensen’s inequality, if there is enough variability in
the tail of the process then the limit must be zero. Indeed

1 & . 1 & . 1 & .
7 Zlog Fip(w) — 7 ZEpi [log 7 ¢| Fi—1](w) < T Zlog Ep[fit]Fic1](w) =0 P, —aus.
=1 =1 =1

where the first result, with a.s. convergence, follows from a suitable Strong Law of Large
Numbers, the second uses Jensen’s inequality (which guarantees a weak inequality in
the limit), and the third uses the defining property Ep [#;:|F;—1](w) = 1. Proposition
5 in Section 6.1 provides conditions that ensure that the inequality is strict so that
[I5,7+(w) — 0 Pi—as. Yet, determining the P—a.s. behaviour of y;(w) is tricky
(Proposition 5 is limited to a statement made using the subjective belief P;); we now
identify a class of paths on which, nonetheless, an answer can be given. If the rate of
convergence to zero of the two processes is comparable, then one would expect (%)t . 4@% to
fluctuate a lot unless the processes are very finely tuned, e.g. the case of a Pareto optimal
allocation when agents have homogeneous beliefs since in that case the two processes are
actually colinear and so, as pointed out in Remark 2, their ratio is always equal to one.
When beliefs coincide with the objective probability and one process converges to zero at
a smaller rate than the other, or it converges to a positive number, then (%)t . % must
converge either to zero or infinity implying that when discount rates are homogeneous
then only one agent survives. One particular case where this might happen is when 75 is a
degenerate process. Indeed, in such a case if 5 = (3, then to show that 2 vanishes a.s. it
suffices to show that [T, 71+ converges to zero. An example of this possibility is provided
in Section 3.2. In Section 6 we provide a general constructive approach to equilibria in
which the behaviour of consumption is prespecified so that an agent vanishes. We believe
that this methodology, in which one specifies processes for 7;; and then identifies those
processes that are compatible with all the equilibrium restrictions, can also be used to
construct equilibria in which no agent vanishes.

3.2 A LEADING EXAMPLE

We turn to our example which has five salient features. (i) ui(z) = (1/(1 —a))z'™®
with @ > 0 and a # 1, and us(z) = logx. (ii) 220(w) = Zp(w) and z9:(w) = 0 otherwise.
(iii) The uncertainty in the model comes from 1’s endowment which follows an i.i.d.
process with two points in its support: Z; € {z, z} with probability p € (0,1) and (1 — p)
respectively. (iv) The asset payoff is perfectly correlated with the aggregate endowment,
ri(w) = Zy(w). (v) The beliefs of each agent are (p;, (1 — p;)) with p; € (0,1) and both
could hold incorrect beliefs.

It is known that 2’s optimal decision rule is

cai(w) = (1 = Ba) - was(w) and a4 (w) = Ba - [war(w)/q:(w)],
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where wq (W) = 14(w) - Og4—1(w) = Z(w) - O24—1(w), which is independent of ps. We have

_ ri(w) - (Cz,t(w)) _ ((1 —Ba) - 92’#1((#))
Er, [Tt ‘ (62’t)_1|]:t71] Ep, K(l - 52) : 62,t—1(w)>_1}-¢t—1}

-1 -1

fQ’t (CL))

Y

the key point being that ri(w) - u5(co+(w)) is an F;_; —measurable quantity.
As for 1, when agent 2 optimizes and the allocation is feasible, we must have

crp(w) = Z(w) — c2p(w) = Ze(w) = (1 = Ba) - wap(w) = Zy(w)[1 — (1 = B2) - Oop1(w)]-
It follows that

_ ri(w) - (clﬁt(w)> _
Ep[re - (e10) 7| Fia] Ep, {Zt : (Zt[(l — o) - 92775—1])_&

—a

Z(w) - (Zi)(1 = B) - 9%_1(@])% [Zy(w)]'

ft—l] A

TA'Lt((,U)

The first order conditions for 1 and 2 are
Ep,[re- (1) ™| Fia ] (w) B [re (e20) | Fi] (@)
(Cl,t—l(w))_a (62,1671(‘/-)))71

which can be simplified using the fact that r;(w) = Z;(w) and the fact that r(w)-u5(cat(w))
is an J;_1—measurable quantity, and then equated to obtain

Qt—l(w) = [

C]t—l(w) =5

—a 2 _ )
(Cl,tfl (CU)) (62775—1(("})) !
which, using the definition of 7; ;, may be rewritten as

(c2-1(w))™  Ba ()- (c1-1(w)) PN (crew)* B 1 (Cl,t—l(w))“'

(Cz,t(w))_l —51 Lt (Cl,t(w))_a Cz,t(w) B fl,t(w)‘ C2,t—1(w)

We have obtained the equation in Proposition 2 (ii). ¢ and co; must satisfy the

equation whenever an allocation is feasible, is maximizing for 2, and satisfies the first
11

EnlZ- @) PFal@ o Zw) - (ennlw))

order conditions for 1; therefore, the equation must hold in every equilibrium.
By iterating we see that

(crr(w))® (ﬁ)T 1 (ero(w))”
car(w) Ba Hthl (W) ca0(w) '
We now show that [T, 71¢(w) — 0 P — as. for p; sufficiently close to p, for

which it suffices to show that Limy_eog 31— logfiy(w) < 0 P — as. Since 71,(w) =
[Zi(w)]* %/ Ep,[Z{7], it suffices to show that

1 T
<1imT% =D log [Z (w)]l_“> —log(Ep[2})) <0 P-as.
t=1

1 Any feasible values of ¢1 ¢ 1(w) and ¢z 4—1(w) induce a positive value for y;_1(w). Since Fri(w) =
l1—a
IEZt%]l_—a], the equation above induces a positive value for y;(w) which in turn induces feasible values of
Pyl
¢1,t(w) and ¢z, (w). This shows that the equation always has a real valued solution.
For a > 1, existence of an IDC equilibrium follows from our Theorem 4.
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Since Z; is an i.i.d. process, by the Strong Law of Large Numbers
1 d 1—a 1-a
T > log [Zy(w)]'™* — EpllogZ/ "] P —aus.,
t=1

[Zt]lfa

and so, by Jensen’s inequality and the fact that var B2
t

that

> (, there exists € > 0 such

1 T
(mm = log [Zt(w)]l_“> —log(Epl2:]) < —¢ P—as.,
t=1

where, by continuity, the result is also true when log (E p[Ztl’“D is replaced by log (E P [Ztl’“])
for p; sufficiently close to p.

Under A.3 and feasibility, (¢;r(w))®* is bounded above. Also, as shown above, for p
sufficiently close to p, [T, f1¢(w) — 0 P — a.s. So when p; = p, so that 1’s beliefs
are correct, and 1 = 2 = 3, so that both the agents are equally impatient, ¢y 7(w) —
0 P —as., i.e. in every equilibrium of the example, agent 2 vanishes with probability
one.

As noted above, since the application of Jensen’s inequality is strict, agent 2 could
have correct beliefs and agent 1 could have incorrect ones in an open set around p and
yet 2 vanishes almost surely in every equilibrium. The same reason lets us conclude that
even if 1 is marginally more impatient than 2, and allowing for the possibility that 1 also
has marginally incorrect beliefs, 2 vanishes almost surely in every equilibrium.

The example shows very clearly that no entropy measure that depends only on the
truth, beliefs, and the market structure, can be critical to understanding survival because
any properly defined entropy measure must attain its maximum when beliefs are correct.

The phenomenon in the example illustrates the crucial elements highlighted in Section
3.1: market incompleteness forever ensures that Hthl T1+(w) — 0 P —as. and so the
“reinvesting” strategy induces a discounted return that converges to zero, and the fact
that agent 2’s marginal valuation of the asset at date ¢ is F;,_;—measurable, i.e. 79, is
degenerate, implies that her marginal utility diverges.

REMARK 3: We note the following features of the example. Since co4(w) = (1 — ) -
w27t(w) and 92,15(00) = 52'[w2,t(w)/%(w)], Qt<w)'92,t(w) = 52'w2,t(w) = 52'(027t<w)/(1 —52))
so debt is uniformly bounded in any equilibrium since consumption is nonnegative and
bounded by the uniform upper bound on the aggregate endowment.

Also, since 714(w) = [Z;(w)]'"*/Ep[Z{~] and, by A.1, var 2

Eplz;™%

Fia|@) =

EA BN 0, we have var [fl,t}ﬂ—l} (w) > 0. So assumption A.7, introduced in

Ep(2, 7%
Section 6.1, holds in the example.

var |:

The analysis in this section depends heavily on the endowment structure where 2 has
no endowment except in period 0. Theorem 4 will show that, in fact, the property we
identify is robust to changes in the endowment process, preferences, and asset structure.
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3.3 THE GENERAL LESSON
The analysis thus far is indicative of two very interesting phenomena that appear to
be driven by the fact that markets are incomplete. They lead to the following conjectures
about the implications of market incompleteness: a first conjecture, based on Proposition

P T T2t .
2 (ii) together with the possibility that :i—z # 1 so that Fltfilz fluctuates a lot, is the

=1 T1,t
statement (a) that the consumption of some agent is arbitrarily close to zero infinitely

often, and a second conjecture, based on the example in Section 3.2, is the statement
(b) that the consumption of some agent stays close to zero eventually. We would like
to pin down the extent to which these results are a general property of economies with
dynamically incomplete markets. We will say that markets are effectively incomplete
forever on a path if the ratio of the one period ahead marginal rates of substitution,
%: - -4, displays variability, i.e. % displays variability. Theorem 1 (ii) shows that
in an equilibrium of such an economy if some agent’s consumption is uniformly positive
eventually, the other agent’s consumption is zero eventually. This shows that either (a)
holds for both agents or (b) holds. Theorem 2 in Section 5 shows that if endowments and
asset returns follow finite state Markov processes then (b) can be ruled out. Theorem 4
in Section 6.5 shows that, in a robust class of economies, there are equilibria in which the
consumption of an agent stays close to zero eventually on every path. We remark that
Theorem 1 holds regardless of whether beliefs are homogeneous or heterogeneous. Also,
one expects a version of Theorem 1 to hold in specifications of infinite horizon economies
with incomplete markets that are not covered by our analysis so long as the Euler equation
holds with equality always; in particular, the asset could be retradable and long lived.

4. RULING OUT DOMINANCE
In this section we prove our first main result: if agents are equally impatient and
markets are incomplete, then, on paths on which an agent’s consumption is uniformly
positive eventually, the other agent’s consumption is zero eventually. So, in contrast to
the case where markets are complete, both agents cannot consume uniformly positive
quantities eventually when market are incomplete. To be able to prove the result, (a)
we use an implication of the fact that the Euler equations hold with equality, namely,

that if the ratio of one period ahead marginal rates of substitution, % . yfﬁl, displays

conditional variability, then it increases with positive conditional probaBility, and (b) we

restrict attention to those paths on which the accumulation points of the ratio jif‘f do not

include zero and infinity. The transformation introduced in Section 3.1 leads to Theorem

1 which is stated and discussed in Section 4.1. Theorem 1 also characterizes asset prices
when markets are incomplete—this result is stated as Corollary 1. Section 4.2 relates
our result to examples of infinite horizon economies with incomplete markets that have
appeared in the literature.

4.1 THE RESULT
In this section we study the asymptotic behavior of agents’ consumption processes on
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paths where the ratio of marginal rates of substitution (a) does not display one period
ahead conditional variability in the limit, and (b) does display such variability infinitely
often, i.e. markets are effectively incomplete forever.

To be more precise, we define

P.
Vo= {w : limtvar[ﬁ LB .7-}_1] (w) = 0},
1t Yt—1
and, for € > 0, we define
P
V. = {w : lim sup, var {ﬁ LB .7-}_1] (w) > e}.
Pl,t Yt—1

Also, for w € V, we define

P
Af(w) = inf{k >1: var{M Yetk Frir1

1,t+k Ytrk—1

(w) > e}.

Finally, for T € {1,2,3,---}, we define

P.
Vre = {w : lim sup, Var[ﬁi
1,t Yt—1

.7-}1] (w) > eand sup, Aj(w) = T}.

Ueso Ve = Q/V} is the set of paths where the ratio of marginal rates of substitution displays
one period ahead variability infinitely often. U.~o V. can be further partitioned into two
sets, one containing those paths where the ratio of one period ahead marginal rates of
substitution displays variability on some bounded interval of time of length T° < oo,
Ureso Ve, and its complement, the set V., on which, although the ratio of marginal
rates of substitution displays one period ahead variability infinitely often, yet, for some
subsequence of dates, the maximal length of the time interval until it displays variability
again diverges on each path, i.e. sup, Af(w) = 400 where Af(w) is the minimum number
of periods it takes for the ratio of marginal rates of substitution to display one period
ahead variability after date £.!2 The interest of studying paths in the set V., is not evident
and Theorem 1 does not apply to them.!
Let us also define
LA,X = {w A< liminfjpii:(z) < limsup% < X},

where A > 0 and X < oo are positive constants. Paths in the set Q/ Uys0. <o X

have the property that the ratio of the probability assigned to a cylinder by agent 2 to

dPj ¢ (w)
’ sz,Z(w)
diverges to infinity. Theorem 1 (ii) does not apply to such paths. As we noted in Section

that assigned by agent 1 , contains a subsequence that either converges to zero or

12Clearly, A¢(w) is finite for every ¢, t and w € V,; however, it may have a divergent subsequence.
13Results on the lack of collinearity of marginal utility vectors in generic finite horizon incomplete
market economies suggest that the set Vo, might even be null for generic economies.
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2.6, although this does rule out some subjective beliefs, it is a very weak restriction. An
important case where the restriction is violated is when the true process is i.i.d. and
agents only consider i.i.d. models but their “prior beliefs” (as defined in Section 2.6) have
disjoint supports, as in our example in Section 3.2. Our constructive approach in Section
6, extended through a continuity argument (see Remark 9), shows a different route by
which limiting consumption behaviour can be studied in such economies.

We can now state our main result.

THEOREM 1: Consider an IDC equilibrium. Assume that g, = (5, that A.1, A.2, A.3,
and A.4 hold. Then,

. . Po ¢ (w w
(i) lim, (Pf:—gwg . %) =1 P-as. wel.

(ii) For every T € {1,2,3,---}, ¢ >0,n, A >0 and \ < oo,
limsup, ¢;y(w) < 1/n P-as. w € VN Lyx N{w : liminf, ¢j(w) > 1/n}.

Theorem 1 (i) shows that when one restricts attention to paths in V, marginal rates of
Pi(w) | _yi(w)

substitution are equalized in the limit, lim, (m . %——M) = 1.1 Theorem 1 (ii) shows
that when one restricts attention to paths that are in Uz~ V. as well as in U A>0.% ool AN
if the consumption of some agent is uniformly positive eventually then the Eonsumpt?on
of the other agent is zero eventually. Equivalently, if no agent vanishes then every positive
lower bound on consumption is violated infinitely often for both agents. Theorem 1 (ii)
can be read as showing that when markets are effectively incomplete forever, the only
equilibria with asymptotically simple behaviour are the ones in which only one agent
consumes in the limit as in the example and in Theorem 4.

The proof of Theorem 1 (i) is a relatively straightforward consequence of the fact
that the ratio of marginal rates of substitution is at least one with positive conditional
probability and on Vj its conditional variance converges to zero. We turn to the proof of
Theorem 1 (ii). In what follows, A and ) are specified in the statement of Theorem 1 (ii)
and are used to isolate the set of paths L, 5, and y , 7, and T, () are defined in the proof.
First, Lemma 4 uses the fact that the Euler equations hold with equality and that markets

are incomplete to conclude that whenever @yt displays sufficient variability conditional
Py

on the realization of 4,1, captured by ¢ > 0, %yf—tl increases by a factor v with uniformly

positive conditional probability. It follows that, because in at most T" periods %yt must
display sufficient variability, the ratio of marginal rates of substitution must increase by
the factor v with positive conditional probability in any span of T' dates. We use this
result to show that, with positive conditional probability, starting from a consumption

14Gince in a Pareto optimal allocation where both the agents have positive wealth (so that marginal
rates of substitution are equalized at every date-event) and beliefs are homogeneous and correct, each
agent’s consumption is bounded away from zero, one is tempted to conclude that Theorem 1 (i) has a
similar implication for the behaviour of consumption in such economies. However, this is not obvious.
Although we do not have an example, we believe that on 1V an agent might have consumption that is
arbitrarily close to zero infinitely often or even zero eventually as in Theorem 1 (ii).
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distribution where agent 1’s consumption is bounded away from zero, ¢; 4, > 1/n, so that
PZ—’@ytO is also bounded away from zero (Pz—myto > Ay in formal terms), in a finite number

of perlods yt becomes large enough ( B Ly, > Nj,) to let us conclude that v, exceeds
7, so that agent 2’s consumption falls belovv a pre-fixed threshold level, co; < 1/n. To
clinch the result we need to verify that such a possibility occurs infinitely often. Lemma
EBC, which is a version of the Second Borel-Cantelli Lemma that does not require
independence and appears in Freedman (1973), lets us prove that in fact on paths on
which ¢ 4, is above 1/n infinitely often, co; must fall below 1/n infinitely often. It follows
that if ¢, exceeds 1/n on every subsequence then ¢; 4, is below 1/n on every subsequence,
as stated in Theorem 1 (ii). The difficult part of the proof is in specifying an appropriate
sequence of events; we consider the events €2; ; Wherein starting from a date to at which 1’s
consumption is above the threshold, the variable Z P =Ly, never decreases strictly, increases
by the factor v a fixed number of times 7 (where 7 is arbitrarily large and so larger than
T, () which identifies the number of periods required to make the transition from Agn to
A7, when %yt grows by the factor v in every span of T periods) and increases by that
amount at the date that indexes the event. The analysis of such events suffices for our
purposes.

Theorem 1 (ii) allows us to characterize the behaviour of asset prices when markets
T 51 T+1(w)

qt(w) . | i
In contrast, when markets are complete, asset prices might behave differently, e.g. when

there is no aggregate risk and one considers the price of a riskless real bond, r;(w) = r,

we must have B;t(—tj)@”) = 1. We state the result as a corollary to the theorem.

are incomplete since [];_ — 0 P —a.s. (the argument was given in Section 3.1).

COROLLARY 1: Consider an IDC equilibrium. Assume that P, = P, = P, 1 = (35, and
that A.1, A.2, A.3, and A.4 hold. For every T' < oo and € > 0, asset prices satisfy:

~

T 3.
Hw —0 P—as weVp.
im0 @(w)

REMARK 4: We would like to draw the reader’s attention to four facts about Theorem 1
and Corollary 1. (i) The results hold regardless of whether preferences exhibit “prudence”
since they are proved under assumptions on preferences summarised in A.3 which do not
make any reference to the behaviour of «”. (ii) Since the results hold whenever y; has
zero or infinity as accumulation points, they also hold in the construction we propose in
Section 6 where one of the agents vanishes. (iii) Although Corollary 1 shows that when
the asset is a real bond, r,(w) =1 for all t > 0 and w € Q, []_, q o — 0 P—as, this

clearly does not require that a% <1 forallt>0and P—a.s. w; the latter is generally

not true although it does hold in special cases, e.g. with prudence and no aggregate risk as
shown by Levine and Zame (2002). (iv) Theorem 1 does not fully exploit the structure of
an IDC equilibrium and holds for any consumption processes that are aggregate feasible
Euler processes.
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Theorem 1 (ii) holds even if the asset return is positive in only two states as that
ensures the required variability. With a single Arrow security that pays in state s the
only restrictions that the Euler equations impose is that y(w) = ypi1(w) if sp41(w) = s;
as Remark 5 shows, this implies that the support of the equilibrium consumption process
is typically finite in economies where individual endowments depend only on the current
state.

REMARK 5: Consider an economy with a single Arrow security that pays in state s. So
T1¢(w) = far(w) # 0if s4(w) = s, and 7; 4 (w) is not defined otherwise. By Proposition 2 (ii),
the only restrictions that the Euler equations impose is that y;(w) = ys1(w) if s441(w) = s
(where we assume that 3, = 32). Consider a pair (w,t) such that s;(w) =5 € §/{s} and
Siir(w) = s for all 7 > 1, and let y,(w) = §. Then, 2z, (w) = z° and so Y- (w) = ¥
implies that ¢;¢y.(w) = ¢;(y) and, therefore, ¢4,(w) = g. One can verify that there is
a supporting portfolio 6;,,,(w) that is constant, 6;(7). Since § # s, y;(w) = § and 2°
determine ¢;;(w) = ¢f(y) and hence ¢(w) = ¢°(y). The portfolio 6;;(w) must satisfy
the budget equations (where, for § € S/{s} the agents’ wealth is their endowment)
)+ 4% (Y) - 0ir(w) = zf and ¢;(y) + G- 0;(y) = 2§ + 0;4(w). For each value of 5§ € S/{s},
these equations have a unique solution ¢° if ¢°(¢) is either strictly monotone in ¢ or is
constant, which it must be if all risk is idiosyncratic; more generally, one expects the
set of solutions to be finite typically. Evidently, for any (w,t’) either s;(w) = s for all
t € {0,1,---,¢'} and y° can be obtained by an analogous argument since 0; _;(w) = 0, or
there exists t € {1,2,---,t — 1} such that s; # s and so y»(w) = y*.

4.2 RELATING TO EARLIER EXAMPLES

Blume and Easley (2006) provide an example that, to the best of our knowledge, is the
only one in the literature that addresses the question of survival in economies like ours.
Their example has three agents where agents one and two are identical except for the
fact that agent one correctly believes that the economy is deterministic while agent two
mistakenly believes it to be stochastic. Agent three also has correct beliefs and is the most
patient of the three. Their approach is to construct the endowment process of the third
agent so as to support prespecified prices for the asset and rules for consumption for all
three agents. They show that their example economy has an equilibrium in which agent
one, who has correct beliefs, is driven out and the other two agents, one with correct beliefs
and the other with incorrect beliefs, survive. Clearly, if also agent two had correct beliefs
then all agents would correctly believe that the economy is deterministic, markets would
be complete, and the behaviour of consumption would be determined only by the rates of
impatience. So their example does not yield any additional insight about the behaviour
of consumption under incomplete markets when beliefs are homogeneous and this is in
sharp contrast to our leading example; moreover, it is not obvious that their technique
permits unequivocal conclusions in more general settings where, for example, saving rates
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across agents are not unambiguously ordered along a path as in their example.'®

Krebs (2004a) considers a two agent economy with idiosyncratic risk and homogeneous
beliefs, and shows that the range of the equilibrium consumption process cannot be a
compact set with a strictly positive lower bound (the possibility that the lower bound is
zero is ruled out by his assumption that the Bernoulli utility function is unbounded below);
from his analysis one cannot conclude whether zero is or is not approached on a given
path. Like us, he considers equilibria in which the Euler equations hold with equality; the
only asset that he allows for is a Lucas-tree with uniformly positive dividends. By our
result, very generally, not only is zero approached for some agent but infinitely often so.

Coury and Sciubba (2005) provide an example where both agents dominate. They
start with a Pareto optimal allocation supportable with incomplete markets and then
change beliefs in a manner that leaves demand unchanged. Market incompleteness makes

this possible; however, the construction is clearly degenerate. The method they use to
dPj +(w)
4P, ()

path and so L, y has zero measure for all prespecified A > 0 and oo > A.
Levine and Zame (2002) provide an example in which both agents survive. They use

construct their example implies that for some labelling of agents, lim = 0 on each

a random selection from a static economy with multiple equilibria to construct a sunspot
equilibrium in the infinite horizon economy. The sunspot realization is fixed once and for
all at the first date so markets are effectively complete from then onwards.

Kubler and Schmedders (2002) provide examples of economies in which both agents
survive. This is possible because they restrict attention to Arrow securities, which violates
Assumption A.4, and individual endowments that depend only on the current state.

Constantinides and Duffie (1996) and Krebs (2004b) consider economies like ours but
with a dividend paying asset. Since they allow endowments to grow without any upper
bound, it is not clear that an analogue of Theorem 1 can be proved in their framework.

Becker and Foias (1987) consider a deterministic Ramsey economy with productive
capital which must be held in nonnegative quantities, i.e. “short” sales are not permitted.
Agents have heterogeneous discount rates. They show that the borrowing constraint bites
in the following sense: if an impatient agent holds capital at every subsequence of dates
then her Euler equation holds as an equality and she vanishes and yet she is not optimizing
since her labour income remains unspent (labour income is uniformly positive because,
eventually, capital is uniformly positive as otherwise its return is too high even for the
least patient agent to not hold any of it.) It follows that in any Ramsey equilibrium, all
but the most patient agent must hold zero capital at some subsequence of dates. They also
show that if capital income is increasing in the amount of capital then in every Ramsey
equilibrium, eventually, only the most patient agent holds capital. In their framework, no

5Furthermore, completing the market in their example leads to nonexistence, a fact that they note
while in our leading example doing so leads to an equilibrium where the allocation is Pareto optimal and,
by the result in Blume and Easley (2006), both the agents survive.

These authors present a second example that shows that there are situations in which relative entropy
is simply the wrong measure of belief accuracy because it does not match well with the asset structure.
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agent’s consumption can approach zero since labour income is, eventually, positive and
there are no other assets.

Becker and Zilcha (1997) provide an example of a Ramsey economy with production
uncertainty and two agents with distinct discount factors in which both agents must hold
capital in any stationary equilibrium. This negates the possibility of extending Becker’s
(1980) result on Ramsey’s conjecture in the deterministic framework to a stochastic one.

5. SUFFICIENT CONDITIONS SO THAT NO ONE VANISHES

In this section we present our second main result. We show that in an important
class of economies, a subset of those that are often considered in the applied general
equilibrium literature, no agent vanishes even though markets are incomplete and so,
by Theorem 1 (ii), the dynamics must be complicated in the sense that both agents’
consumption approaches zero infinitely often. Theorem 2 reinforces the stark contrast in
the behaviour of equilibrium consumption in the two market structures since the class of
economies encompasses ones where some agent would vanish were markets complete.

We consider economies where the aggregate endowment follows a finite state time
homogeneous Markov process, and both individual endowments and asset returns are
functions of the current realization of the aggregate endowment. Agents may have in-
correct and heterogeneous beliefs and may have different discount rates. In Theorem 2
we show that, for most endowment distributions, if an agent’s endowment is uniformly
positive then the set of paths where her consumption converges to zero has measure zero.
The intuition is that, when some agent vanishes, the dynamics of debt become rather spe-
cial in that for each state there is only one level of debt for which the resulting dynamics
prevent debt from violating the uniform bound after a sufficiently long string in which
that state is always realized. However, when successor states are not identical, debt will
remain within this set of stable levels only for very special configurations of endowments.

It is important to be aware that the conclusion in Theorem 2 depends heavily on all
three hypotheses: that the equilibrium concept considered imposes a uniform bound on
debt although other alternatives have been considered in the literature, that endowment
processes are finite state time homogeneous Markov processes, and that individual endow-
ments are uniformly positive. The following three observations provide the reasons for
caution: (a) for a robust class of economies that include those where individual endow-
ments follow finite state Markov processes, the construction that we propose in Section
6 leads to equilibria in which debt although bounded is not uniformly bounded across
all paths,’® (b) as we show in Theorem 4 (ii), the constructive approach to no trade
equilibria in which an agent vanishes can be extended to endowments obtained through
perturbations that are not restricted to have finite support and by doing so one con-
tinues to obtain the same equilibrium consumption processes and trade with uniformly
bounded debt and endowments uniformly bounded away from zero, and (c) as our exam-

16The result appeared in an earlier version of the paper and is available from the authors.
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ple showed, individual endowments that are not uniformly positive are compatible with
an agent vanishing.

To sketch the formal argument, let us define the set A as A = {w : ¢;; (w) — 0}, the
set of paths where agent i’s consumption converges to zero. Throughout the section we
will assume A.5 so that Z; is a time homogeneous finite state Markov process and the
probability measures P, P, and P, are generated by the transition matrices II, II; and

Zt:Z>,

where, for notational convenience, we condition directly on the realization of Z; instead of

II5, respectively. Let us define

g (2) =0 - Ep, (U; (Zt+u1/? (;) (Zi41)

on the o—algebra generated by realizations of Z;. g; is the asset price process that would
prevail in an economy in which only j consumes; ¢; and ¢; will be different unless agents
have identical beliefs, discount rates and Bernoulli utilities.

Proposition 3 shows that for almost every path in A, the asset price converges to the
asset price of an otherwise identical economy where agent j consumes all the endowment.

PROPOSITION 3: Consider an IDC equilibrium. Assume A.1, A.2, A.3, A.4 and A.5
hold. Then, ¢ (w) — ¢; (Z: (w)) P—a.s. w € A.

Next, Proposition 4 uses the assumption that i’s endowment is uniformly positive,
where the lower bound is denoted z;, to show that on almost every path in A, the value
of 7’s debt must be negative infinitely often.

PROPOSITION 4: Consider an IDC equilibrium. Assume A.1, A.2, A.3, A.4 and A.5
hold and z; > 0. Let B;; (w) = ¢ (w) - ;4 (w). Then liminf B;; (w) <0 P —as.we€ A.

The result follows because, in an IDC equilibrium, the value of debt at date ¢ equals
the sum of (i) the present discounted value of the sums of the excess demand up to date ¢
on each path, which must be negative for ¢ large enough since ¢’s excess demand must be
negative eventually on paths where his consumption is zero eventually since his endowment
is uniformly bounded away from zero, and (ii) the present discounted value of future debt,
which is arbitrarily close to zero infinitely often since debt is uniformly bounded and the
compounded rate of return is unbounded above. The fact that the compounded rate of
return is unbounded follows from a no arbitrage argument in an economy where only j
consumes, as reflected in the fact that the state price process for j converges uniformly
to zero, and is proved separately as Lemma 5 and Lemma 6 in the Appendix.

Theorem 2 provides a set of equations that must hold if, on the set of paths in A, debt
is to remain bounded. These equations capture the requirement that the value of ¢’s debt
move among points in the collection defined by the values B(z, z) as z varies. One expects
those equations to hold only for a very special configuration of individual endowments.
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THEOREM 2: Consider an IDC equilibrium. Assume A.1, A.2, A.3, A.4 and A.5 hold,
and that z; > 0. Suppose that for every 2z’ € S there exists z € S such that

zi (7))
r@)
7;(2)

T(Z) 224z (2 2,2 where 2,2
() B[, 2|+ 2 (2) # B(z,2) h B(z,2')

Then, the set A has P—measure zero.

The argument to prove Theorem 2 is based on the result in Proposition 3, whereby
it suffices to look directly at the limit where only j consumes. It also depends on the
assumption that i’s individual endowment is uniformly positive. The relation between
the true dynamics and the dynamics in the limit economy can be seen in the fact that
the values B(z, z), defined below, which correspond to the limit economy, are actually the
only accumulation points of debt in the true dynamics. That is the content of Lemma 8.

Lemma 7, stated and proved in the Appendix, shows that there is a B < 0 such
that, on almost every path in A, if the value of i’s debt exceeds B then it becomes
nonnegative eventually and remains nonnegative. Since that contradicts Proposition 4,
Lemma 7 concludes that on almost every path in A, i’s debt cannot exceed B. With a
similar argument Lemma 7 also shows that, necessarily, on almost every path in A the
asset’s rate of return after two dates in which the same state is realized, r(z)/q(z), must
be sufficiently larger than one—otherwise, after a sufficiently long string in which the
same state is always realized, ¢ will have fully repaid her debt which would then become
positive and remain so, once again contradicting Proposition 4.

Lemma 8, also stated and proved in the Appendix, draws out the following strong
implication of Lemma 7: given a state, except for an initial condition that is a single
point, B(z,z) < 0 where B (z,2') = —z (z’)/(;(—é)) - 1), if the given state is realized
repeatedly then either debt becomes positive or it violates the uniform lower bound. This
is because, given that (2)/q(z) > 1, either the outstanding debt exceeds B(z, z), in which
case it would be repaid in the event that a sufficiently long finite string of repetitions of
the state z were to occur, or the outstanding debt is lower than B(z, z), in which case,
since the agent’s endowment is bounded, i would not be able to repay the interest and
therefore the debt would explode towards —oo.

REMARK 6: Theorem 2 is proved under a condition on beliefs that is equivalent to
requiring that the agent places point mass on one matrix in a set of transition matrices.
It can be shown that the result holds more generally when the one period ahead conditional
probabilities induced by P;, where ¢ vanishes, converge to an .S x S transition matrix ﬁj.

Theorem 2 reinforces the contrast between complete and incomplete markets. Consider
the case where agent ¢ is less patient or has inaccurate beliefs while agent j’s beliefs are
accurate. In such a situation, Pareto optimality dictates that ¢ should vanish in every
complete market equilibrium. This happens even though ¢ has an endowment that is
uniformly positive. Yet, by Theorem 2, when markets are incomplete, ¢+ cannot vanish.
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6. EQUILIBRIA WHERE SOMEONE VANISHES

In this section we turn to our third main result. We will show that the property that
the example displays, namely, that some agent vanishes with probability one, is a robust
implication of market incompleteness. We do so by combining the following two results:
(i) for equilibria where 75 is a degenerate process, agent 2 vanishes almost surely, and (ii)
there exist endowment distributions for which one can construct equilibrium consumption
processes with the property that 75 is degenerate as in the example.

Section 6.1 develops the first result which uses the Strong Law of Large Numbers
for uncorrelated random variables with uniformly bounded second moments. Section
6.2 shows that it is possible to construct aggregate feasible consumption processes that
satisfy the Euler equations, that have summable supporting prices, and that induce a
degenerate process 75. Theorem 3 in Section 6.3 provides conditions that let us identify
IDC equilibria. Finally, in Section 6.4 we provide our result. In Theorem 4 we show
that for a continuum of endowment distributions, the processes that we construct are
the equilibrium consumption processes in a no trade IDC equilibrium; we also provide
a perturbation that leads to uniformly positive endowments but that is path dependent
and yet supports the no-trade consumption process obtained earlier but now as an IDC
equilibrium with asset trade.!” Corollary 2 summarises our findings by showing that in
an economy with a real bond in which the aggregate endowment has uniformly positive
conditional variance, there are IDC equilibria with uniformly positive endowments in
which agent 2 vanishes almost surely.

For the main results in this section we shall assume that beliefs are correct so P, =
P, = P; when some result holds more generally, we make the more general statement.

6.1 THE STRONG LAW ARGUMENT

As discussed in Section 3.1, for the analysis of survival it helps to know the behaviour
of the process [T, 7i+. By Proposition 1 we know that limg_, -, Ti+(w) exists Pi—a.s.
We would like to provide a condition that guarantees that limz_, Hthl Tit(w) = 0 P—a.s.
Assumption A.7 is the appropriate condition—it imposes the requirement that there is
variability in the tail of the process { Ep,[log 7; ¢|Fi—1](w)}.

It is important to note that A.7 is used only in Proposition 5; Corollary 2 provides
conditions on fundamentals that ensure that A.7 holds.

ASSUMPTION A.7: P{w:limsup + 3/, Ep,[log ;| Fio1](w) < 0} = 1.

17Tt is possible to show that around each no-trade equilibrium there is an open set of endowment
distributions that leads to an equilibrium that is weaker in that there may be no uniform bound across
paths on debt. This equilibrium concept requires maximization subject to a sequence of budget constraints
and a single transversality condition at date zero, and market clearing. It can be shown that such an
equilibrium concept does not permit Ponzi schemes. Santos and Woodford (1997) propose a notion of
equilibrium without uniform bounds for a much more general set-up. Blume and Easley (2006) provide an
example in which the equilibrium value of an agent’s debt diverges according to the agent’s subjectively
held belief.
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When 7, j # 4, is a degenerate process, A.7 amounts to the requirement that on
almost all paths, markets never become effectively complete so that complete risk sharing
remains impossible. Jensen’s inequality and Ep [7;¢|Fi—1](w) = 1 lead to the weaker
property where the set that appears in A.7 is defined with a weak inequality.

A.7 holds if the time average is uniformly below zero, a strong sufficient condition.
As we noted in Remark 2, A.7 holds in our leading example for + = 1. With A.7 we
are able to obtain the desired result by applying the Strong Law of Large Numbers for
uncorrelated random variables with uniformly bounded second moments. Define the set

= {w € Q: liminf 7; ;(w) = 0}. We have

PROPOSITION 5: Assume A.1, A.2, A3, A4 and A.7. Then []_, 7 (w) — 0 P —
a.s.w € 2/ A;. Furthermore, given _; and € > 0, there exists § € (0, 1) such that

B € (0B, Bi) = P({w log(3_ /5Z)+hmTﬂ, Zlogm <0}> = P(Q/A)—

REMARK 7: In the case where A.7 is strengthened to require

1 T
P{w : limsup T ZEH log 7 +| Fi_1](w) < e < O} =1,

t=1
the statement in the second part of Proposition 5 can be strengthened to:

given (_;, there exists § € (0, 1) such that
Ge@haf) = P ( { w log(B_/ ) Hlimy e - zlog Foalw) < 0 }) — P(Q/A).

The second part of Proposition 5 can be used to show that, at the margin, the turnpike
property fails when markets are incomplete since the less patient agent can survive as in
our leading example. However, we shall not proceed further with a formal analysis of that
case since we shall assume that gy < 3, as that lets us show that, when P, = P, = P,

P(A;) =0.

6.2 A CONSTRUCTIVE APPROACH TO EQUILIBRIUM
In this section we propose a methodology for constructing feasible consumption processes
that satisfy 79+(w) = 1 for every ¢t > 0 and all w €  in addition to satisfying the Euler
equations and having summable supporting prices.
Consider the function

fe-ty(N) = (B1/B2) - Epln %(Zt (1) (y A))

Tt

ftl]()

in the variable A. Lemma 11 shows that, for each value of the parameters (¢t — 1,w,y),
the function has a unique interior fixed point. For A = r; - u4(co4)/y—1 the fixed point

ri(w) - uy(cae(w))
Yi-1(w)

condition is

= (B1/B2) - Ep[re - wy(c1)| Fra](w)-
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It is obvious that ri(w) - uh(car(w)) is Fi—1—measurable, so that 754(w) = 1 for all w € Q,
and that the Euler equation holds for both agents. This is done in Lemma 12. A recursive
argument lets us construct consumption processes. Proposition 6 summarises the basic
properties of our construction.

PROPOSITION 6: Assume A.2, A.3, and A.4, and that P, = P, = P. For Z an aggregate
endowment process, consider ¢ € (0, Zyp(w)). Then there exists a unique pair of feasible
consumption processes, denoted {C; ;(w) }i>0,™® defined for all w € Q and with Cy o(w) = ¢
such that the following statements are true for t > 1 and all w € Q:

(i) Fop(w) = 1;
(il) yr—1(w) = (B2/B1) - Pre(w) - ye(w).

REMARK 8: It is possible to show that the construction satisfies the following additional
properties: it is monotone increasing and continuous in the initial condition, and it has
nice boundary behaviour with respect to the initial condition. These properties follow
since further analysis of the fixed point map allows us to show that if ;1 (w) > y;_; (w)
then the induced values satisfy y(w) > y;(w), and that y,(w) is a continuous function
of y;_1(w). These additional properties are useful in constructing consumption processes
that are equilibria when the notion of equilibrium is one other than IDC.

To apply Proposition 5 to conclude that in our solution agent 2 vanishes a.s. we need
to show that P(A;) = 0 where A; = {w € Q : liminf #; ;(w) = 0}. This is done by showing
that since the induced process y does not have zero as a limit point, neither does C have
zero as a limit point which implies that zero cannot be a limit point of 7.

PROPOSITION 7: Assume A.2, A.3, and A.4, and that 8y < 5y and P, = P, = P. Then,
in the proposed solution P(A;) = 0.

By combining Propositions 5 and 7 we can conclude that, when $; < 3, and P =
P, =Py, Y], logh(w) — —oo0.

We need to verify that the personalized prices (marginal utility valuations) that sup-
port the proposed allocation are summable. To do so we show that the one period undis-
counted intertemporal rate of substitution for agent 2 is uniformly bounded by M, the
number specified in A.6. Imposing A.6, oM < 1, completes the proof. We also show
that, under similar conditions, the consumption paths that we construct produce finite
lifetime discounted utility when u(c) = cll%:, a > 1, or u(c) = logc as in our example.

PROPOSITION 8: Assume A2 A3, A4 and A.6, and P, = P, = P. Then

: e | 4ilCid) ui(Cir)y _
(i) 0 < limp o Zﬁ [ G )1 <1/(1—fBy'M) and limy_ . (] -Ep {m} =0,
(ii) limp_e S5, Bpr [u; (Cip)] > if w; (c¢) =loge or w;(c) = cll ~ where a > 1.

18 Although the construction is parameterised by the initial value ¢, we do not make that dependence
explicit in the notation.
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6.3 IDENTIFYING EQUILIBRIA

We turn to a result that lets us identify allocations as IDC equilibria. We provide
two sets of sufficient conditions which we shall refer to as Theorem 3A and Theorem 3B;
in order to avoid repetition a composite result is presented, Theorem 3, within which a
distinction is drawn between the assumptions that change across the two sets of conditions.

With a single good and a single asset, given ¢ and z;, each ¢; determines one and
only one 6; that satisfies every spot market budget constraint. Formally, given ¢;, 6; is a
supporting portfolio process at the prices ¢ and endowment process z; if

(i) i, € U Vt>0and
(i) V>0, cit(w) + @(w) - O 1(w) = zi1(w) + 11 (w) - 0;4-1(w) for all w € Q.

THEOREM 3:'° Assume A.2, A.3 and that beliefs are correct, P, = P, = P. Consider
consumption processes ¢;, ¢ € Z, and a price process ¢ such that (i) (¢;,¢) are feasible,
and, for each i € Z, (il) limy_ 0o S1—g B¢ Ep[ui(€is)] > —o0, (iii) ¢ is supported by the
portfolio 6; at (7, Z;), and (iv) ¢; is an Euler process at prices §. Then (51,52,51,52,@
constitute an IDC equilibrium if either of the following conditions also hold:

(v A) limy o0 87 Epluf(@ir)| =0 and (viA) -6 € ¥,
or

(v B) limy o S, B¢ - Ep [u;(@t)} < oo and

(vi B) limy_ o 8 - Ep [u;(EzT) - qr - @ﬂ]—}} (w) =0 for all £ > 0 and for all w € Q.

Theorem 3A is proved by first showing that (ii) and the first order conditions, (iv),
together with an appropriate transversality condition are sufficient to identify a maximiser,
Lemma 19. It is then shown that conditions (v A) and (vi A) together imply that the
required transversality condition holds. By (i) and (iii) the consumption processes are
budget feasible. (v A) is implied by the fact that marginal valuations are summable.

Theorem 3B is proved by showing that (ii) and the first order conditions, (iv), together
with summability, (v B), and a transversality condition at date 0, (vi B) at date 0,
are sufficient to identify a maximiser on an appropriate budget set, Lemma 20, 21, and
22. That and (i) and (iii) allow us to conclude that we have an equilibrium with a
transversality condition at each node, as defined in Magill and Quinzii (1994). The proof
is concluded by invoking Theorem 5.2 in Magill and Quinzii (1994) to show that any such
equilibrium is also an IDC equilibrium.

Condition (ii) in Theorem 3 is implied by strengthening A.3 to include the condition
that u; is bounded below. There are cases in which condition (ii) can verified and our
results hold even when u; is unbounded below—Proposition 8 provided some examples.

6.4 THE RESULT
We turn to our third main result which restricts attention to the case where both agents
have correct beliefs and shows that the phenomenon exhibited in the leading example and

9 Theorem 3 can be generalized to the case with nonhomogeneous beliefs.

28



identified in Theorem 1 (ii), wherein an agent vanishes almost surely, occurs robustly.

Theorem 4 invokes Theorem 3 to conclude that quite generally an economy has an
IDC equilibrium with consumption specified as in our construction. The conditions in
Theorem 4 (i) include the special case where agent 2 has a logarithmic Bernoulli function
and an endowment at only date 0. The element that is new in Theorem 4 (i) is a proof
of the fact that under the conditions specified, a transversality condition can be shown
to hold at every date and event, Lemma 23 and Lemma 24. Theorem 4 (ii) shows that
there are a continuum of endowment distributions that are no trade IDC equilibria with
consumption specified as in our construction (footnote 18 noted that the construction
is parameterised by an initial value). Theorem 4 (iii) provides a mild condition (which
must hold if 2 vanishes) under which each endowment distribution identified in Theorem
4 (ii) can be perturbed to produce uniformly positive endowments while maintaining
consumption at (C7, Cs) to induce an IDC equilibrium with trade.

THEOREM 4: Assume A.1-4, A6, B < (1, and P, = P, = P. Also assume that
limp oo 31 BYEP [u; (C;4)] > —oo. In each of the following cases an IDC equilibrium
exists with (C1, Cy) as equilibrium consumption processes:

(i) the economy is such that, V¢ > 1, ub(Cs(w))- (ZQ’t((JJ) —C’27t(w)) =y forallw e

2 and ub(Cop(w)) - (zzo(w) - 6’270(w)) = —Limy o 31, 7 - Cosr,

(ii) (21, 22) = (C1,C2) so that there is no trade in equilibrium,

(iii) there exists 7 (w) such that 0 < Cy; (w) < @ for all £ > 7 (w), in which case
the endowment could be any one of a continuum of perturbations of (Cy, Cs).

We remind the reader that Proposition 8 (ii) provides sufficient conditions on para-
metric Bernoulli functions that guarantee the condition in Theorem 4 and Corollary 2
which requires that the utility from C;, limy o Y1 B Ep [u; (Ci)], is bounded below.

The condition in case (i) holds if us(2) = log x and 25 ;(w) = 0 for ¢ > 1. So the leading
example generalizes to arbitrary nonnegative asset payoffs and arbitrary characteristics for
agent 1. Case (ii) guarantees that our construction is not vacuous. Case (iii) clearly shows
that our construction can go through even though endowments are uniformly positive;
however, the date beyond which the endowment is pertubed is path dependent. The
perturbation is easy to construct: for € > 0, decrease agent 2’s endowment at date T (w)
by € > 0 and increase it at each subsequent date by € [(rt(w) / qz‘fl(w)> - 1} (agent 1 faces
the symmetric change). This ensures that there is a portfolio, f2;(w), that costs € at each
t > T(w), i.e. 2 borrows the initial decrease in her endowment and then repays only the
interest. The “predeterminedness” property, Proposition 6 (i), and the mild hypothesis
on the tail behaviour of Cs;(w), suffice to identify an open subset of possible values for €.

Corollary 2 summarises our findings. It shows that in an economy with a real bond
and uniformly positive endowments, there are IDC equilibria in which agent 2 vanishes
almost surely if the aggregate endowment has uniformly positive conditional variance.
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COROLLARY 2: Assume A.1-3, A.6, ri(w) = 1forallt > 0 and w € Q, var [Z;|F, 1] (w) >
e >0forallt >0and P-as. we€Q, By <[, and P, = P, = P. Also assume that
limp oo Y1 BYEp [u; (Ci4)] > —o00. Then there exists an IDC equilibrium where agent 2
vanishes P—a.s. w € ().

The result follows from the fact that when the asset is a real bond, 72;(w) = 1 implies
that cq; is F;_;—measurable so that conditional variability in the endowment guarantees
that 7, - u)(Z; — co4) is nondegenerate, i.e. A.7 holds. By Theorem 4 we have an IDC
equilibrium in which 75 ;(w) = 1. Since A.7 holds, by Propositions 5 and 7, 2 must vanish
on almost every path.

REMARK 9: One expects that a continuity argument can be used to provide an analogue
of Theorem 4 in the case where 3; < 5 but sufficiently close; this generalizes a property
that the example in Section 3 displayed.?’

7. CONCLUDING REMARKS

We showed that, asymptotically, equilibrium consumption in an infinite horizon econ-
omy with incomplete markets with two agents and one good must exhibit very special
behaviour: either one of the two agents will eventually cease to consume, or the equilib-
rium is complicated in the sense that the consumption of both the agents is arbitrarily
close to zero infinitely often. We also provided two robustness checks: for most economies
where individual endowments follow a finite state time homogeneous Markov process and
an agent’s endowment is uniformly positive, her consumption can converge to zero only
on a set of paths that has measure zero, and for a distinct robust class of economies there
are equilibria in which an agent’s consumption is zero eventually with probability one
even though she has correct beliefs and uniformly positive endowments.

Our results help to disentangle the role played by the heterogeneity of beliefs from
that played by the market structure in determining the fate of an agent since we show
that even when beliefs are homogeneous, the fact that markets are incomplete could imply
that an agent vanishes. Evidently, the MSH and the Ramsey conjecture can hold in a
robust sense only if the equilibrium allocation is Pareto optimal.

When utility is unbounded below, Theorem 1 (ii) implies that the continuation utility
is arbitrarily low infinitely often. This can be interpreted as showing that the implicit
punishment required to ensure that an agent continues to participate in the market is the
confiscation of her entire endowment, i.e. the maximal possible punishment.?!

We believe that Theorem 1 holds in a wide class of models where markets are in-
complete and the Euler equation always holds with equality. Since the result is based
on pairwise comparisons of the agents’ marginal rates of substitution, we conjecture that
with any finite number of agents and goods, and numeraire assets, such that some asset
has strictly positive returns in at least two states, at most one agent’s consumption can

20We face a technical diffculty when 31 < B since in that case Proposition 7 does not go through.
21'We are indebted to Emilio Espino for this observation.
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be uniformly bounded away from zero eventually. Generalizations of Theorems 2 and 4
will require a different approach since the current proofs use the fact that there are only
two agents.

Our approach does not cover models where the Euler condition holds as an inequality.
Given the prevalence of such models in the literature on computational general equilibrium
and macroeconomics, it would be useful to characterize the asymptotic properties of
consumption in such models; perhaps our techniques can be adapted to such situations.

31



APPENDIX

PROOF OF PROPOSITION 1
That Ep, [f;:|Fi—1](w) = 1 follows from the definition of the process 7;. The rest of the
proof follows from Lemma 2 and 3. Lemma 2 shows that if the asset’s return is positive
and the one period ahead conditional probability that state s occurs is uniformly positive,
A1, then 7 4(w) is positive and uniformly bounded above. Lemma 3 uses the martingale
convergence theorem to show that limy o [T, 7;¢(w) is P,—a.s. finite.

LEMMA 2: Assume A.2, A3 and r > 0. Then 0 < 7 4(w) < 1/P;+(w). Hence, under A.1,
A2, A3, and A4, 7 < oco.

PROOF: Under A.2 and A.3 u}(c;(w)) is uniformly positive. So r > 0 implies that
Tit(w) > 0. It follows that

Pi,t(w) < R-¢(w) 4 ZwEQ((st l(w))/Q(et(w)) Py (@) re(@)wilein) (@) Ep, [reug(ci )l Fr—1]w) 1

ri(w)-ui(ci,e(w)) o re(w)ug(eie(w)) o Pi(w)”
The proof is completed by invoking A.l. .

LEMMA 3: Assume A.3 and r > 0. Then there is a random variable R} that is nonneg-
ative and a.s. finite with Ep, [R}] < 1 such that R} (w) = limy o [[ 7is(w) Pi—a.s.

PROOF: Under the stated condition, {IT/_, 7} is a positive martingale since Ep, [;¢|F;_1] =
1. Since supys; Ep, [TIZ, 7] = 1 < 400, the Martingale Convergence Theorem applies.

PROOF OF PROPOSITION 2
(i) Since, by hypothesis, ¢; satisfies the Euler equations for ¢ at ¢, we have

_ g . Balre uilcid|[Fia)(w) 2w Bi - ri(w) - uilcig(w))
4-1w) = f ui(cip-1(w)) & Tulw) = Q-1 (w) - u(cit—1(w))
g T+1 W Heiner(w d T14(w)
= Hﬁt =3 u(ng( 1_[0< q(w) >

t=
(ii) By Proposition 1, under A.2, A.3, and A.4, we have 7;;(w) > 0. Since

Brre(w)-ug (c1,t(w) uj (c1,t(w))

. )
Pa(w) _ aa@wena@) _ A weww) _ P y1i(w)
)

Py (w) o L@ up(earw)) B, wlenemiw) 52' y(w)

qi—1(w)uy(c2,i—1(w)) uy(c2,t—1(w))

It follows that
L) () Banla )
7 I, (mm) ” Pa 1= 71e(w) Yot

7ot (w)

(iii) Finally, by rewriting the first property in (ii) we have

B2 B e ml Foa) @)

Fon () 1 (@) = 2o @) @) B arves| Fal(w) = -

A
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and the first result in (iii) follows by using the fact, noted in Proposition 1, that Ep, [ +|Fi—1](w) =
1. The second result in (iii) is proved in a similar manner. n

LEMMA EBC
For F € F an event, let 1 denote the indicator function. Recall that if {€2;}°, is a
sequence of events, then {Qt i.o.} = {w 3 1o, (w) = —i—oo}.

LEMMA EBC: Let {€;}2, be adapted to the filtration {F;}{2,. Then,
YN>1 > 1g(@) =400 P—as we {w (Y P (U Fien) (w) = —i—oo} :
t=1 t=N

PROOF: For {€;}2, a sequence of events adapted to the filtration {F;}2,, and N > 1,
define OV as

N = {w: i P(Q| Fin) (w) = —I—oo}.

t=N

We proceed inductively. For N = 1 the result is Levy’s conditional form of the

Borel-Cantelli Lemma and this follows from a more general result due to Freedman (1973
Proposition 39). Suppose that the result holds for n, that is

Y 1o, (@) =400 P—as weQ
=1

To show that it also holds for n + 1, that is
> 1, (@) =+00 P—as.@e Q"
t=1

it suffices to show that SEQ P—asdeqt

and, as we show at the end of the proof, for that it is sufficient that
P (| Fien) (@) > p" io. P—as.weQ"

a claim that we now prove.
If & € Q™" then there exists a subsequence {¢;},;-, such that

P (Qu| Fipniny) @) > 0
and it follows by assumption A.1 that
P (th| ftk—(nﬂ)) (@) > p"*h.
Therefore,
E[P(Q| Fop- )| Foo-nin| @) = E|E(la, | Fion)| Fro-tmin)] @)

= B (1th ﬂk—(ml)) (@)
= P2 Fy-iuin) @) 2 9,




where the first equality uses P (€, | Fi,—n) (@) = E (].th
uses the law of iterated expectations. It follows that

}}k,n) (@) and the second one

P [P(th| "ftk—n) > _n+1‘ ~/Ttkf(n+1)] (@) >0
and so, by assumption A.1,
PP (] Fipn) > 0| Fouuin)| @) = s

and, since P (Qy, | F, ) (©) > p™™! > 0, it follows, once again by assumption A.1, that

{w . P<th‘ ‘Ek*n) (w) > pn+1} = {w P (th| f-tk*n) (w) > ]_7”} :

Thus,
P[P (Q] Fipn) > 1"| Fouuin)] @) = p. (1)

Now consider the event Qf = {w P (Quin| Fr) (w) > Q”}. Let t}, =ty — n. It follows
from (1) that
P(ap

f;f;c—1> (@) >p

and

S P (] ) @) = 3 P (98| Fy ) @) = 400 YD e @,
t=1 k=1

We can invoke Lemma EBC with n = 1 to conclude that

o
> lop (@) = +00 P—as @€ Q"
t=1

By the definition of Qf it follows that
P (| Fion) (@) > p" o, P—as. e Qv

It remains to show that the last statement implies that @ € Q*. For P —a.s. w € Q"1
there exists a subsequence {¢}};-, such that P (th .7-}%,”) (@) > p"™. Then,

S P (U Fin) @) = D P (Qu| Fiy) (@) = 400 P—as. &€,
k=1

t=1

which is the desired conclusion. n

PROOF OF THEOREM 1
(i) By definition, on the set 1}

D) o) p [Pt
Pl,t(w) Yr—1(w) Py yia

ft_l} (w)] _0.

1imt
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Equivalently, using Proposition 2 (ii),

Poy(w) Top(w) E [& Tag
Pri(w) 7ie(w) Py Ty

So there exists a process { A }1>0 such that \; is F;— measurable and for every € > 0 there
exists t(€,w) such that ¢ > t(e,w) implies ‘ Doalw) | o) )\, (w )‘ < e. It follows that

Pri(w) 71 t(w)
t>tle,w) = (Mo1(w)—€)-Pry(w)r4(w) < Pg t( ) T27t( ) < (Mm1(w)+€)-Pry(w) 7 e(w).
Since A\, is F;_1—measurable, we have t > t(e,w) implies
(A—1(w) =€) - Epy [Fre|Fi1](w) < Ep, [Fas|Fia](w) < (Aema(w) +€) - Ep [P1[ Fra](w).

Since Ep, [ +|Fi—1](w) = 1 and € > 0 is arbitrary, we have lim;\; ; = 1 P—a.s. w € Vj.

Poi(w)  _y(w) ) _
Pl,I(W) ytil(W)) =1

limt =0.

Fia|@)

It follows from an application of Proposition 2 (ii) that lim, (

(ii) We first put bounds on the conditional probability with which there is variability in

Pot |y
Py oyia1”

LEMMA 4: Assume A.1. Then

(i)VtEl,P{%-ytlzl'ﬂ 1}(w)22>0andP%-ytl_ ‘Ftl] w) >p >0,
Vwel
(ii) var ]P;ft i\ Fie 1} (w) > € > 0 implies that

Pt

1,t Yt—1

e
t Yo

J-"tl]( )>p>0 OR P[ >1+—'.7-"t 1] W) >p> 0.

(iii) Assume A.2. If var ?t, - }“t_l] (w) > € >0 and y_1(w) > y, there exists v > 0
such that
P P:
P{1—7>ﬁ 2 F 1}( )>p>0 AND P[ 2t Yt >1+7']-“t 1] w) >p>0.
Lt Yi-1 Lt Y1 -

PROOF: (i) Suppose P{sz > 1 ‘ EI] (w) < p for some w on a subset of () with

o E)

Pr(a) e 1<)<1f01rallw€Q( (w)).

By Proposition 2 (ii), ( Y (@) /yr—1 (@ )) = (r2t( )/P1e(@ )) Hence, Ep, [Fo4]|Fi-1](w) <
Ep, [f14]Fi-1](w) = 1. Since for all ¢ > 1 and for all w € , Ep, [f;¢|Fi—1](w) = 1 for all
1 =1, 2, a contradiction is reached.

\_/

positive measure. Then, it follows by A.1 that

\_/

P _L<1’_7-}1}(w)22>0for all w € Q.

An analogous argument shows that P s <

(ii) Suppose
Ve Py ’ }
pli- Y2t U g VE 1.
[ 2 = Pl,t Yi—1 - Fe-1 )

Then,

g [P




and so

[& Yt o8 [PQ,t' Yt

Pl,t Yt—1

implying that

Py }
var | —= - — | Fi_1 | (w) < €.
[PLt Yt—1 t1<)

a contradiction.
(iii) By (ii)

P P.
pl1-¥e s oo e ftl]( )>p>0 OR P{ 2, Yt >1+—'J—"t 1] W) >p>0
2 7 Pty Lt Yi—1 -
Without loss of generality suppose
P
Plpt 14 Y F @ zp>0 (2)
P17t Yi—1 -

and let ¢ (€,y) be the unique solution (by A.2) to

M% ﬁ).L

) (c) 2 ) 1-p

2 Y
Suppose there exists w’ € Q (s (w)) such that ¢;, (w') < ¢ (e,g). Then

Py () ) 17p pe) _1-2p 1 w(4W)—o: W)

Pi(w) y1 ()~ p y p oy uj (c1 (W)

2%

where the first inequality follows by A.1 and the last inequality follows by A.2 and the
assumption that ¢, (w') < ¢ (e,g).

Suppose ¢4 (W) > ¢ (e y) forallw € Q (s"! (w)). By Proposition 2 (ii), (yt(@)/yt,l(@)) =
(fg (@) /714 (@ )) for all @ € Q. By (2) there exists w’ € Q (s*~! (w)) such that
Doy (W) 7o (W) Ve

(w

= > 14+ —=.
Pl,t /) Tl,t (CL),) 2

Let Sy — {w € Q (s (w)) : ?Z(%::Egg < 1}. Note that S; # 0 by (i). Then,

S Py (@) For (@) = 1= > Py (@) oy (@)

wES] GEQ\S&

<l ¥ @@= (14 ) Pl i)

DEQ\ St wAwW
Ve

= Zplt )P (@ )—T'Pl,t(wl)‘fl,tW’)
wGSl
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where the first and third lines use the fact that Ep, [, |Fi—1] (w) = 1. It follows that

“ - € ~
S Py (@) far (@) = 3 Pra (@) - i1a (@) < LS. Py () - s (&)

A 2
wEeS] wGSl

and so there exists w” € Q (s' (w)) such that

R . € ) € .
Pay (&) g ()= Prg (") () < — =Y Py ()i () < — L Py, (o) s ()
2. 49, 2.9

and then

Py (W) Fou (W) _ ) Fie (W)
Pl,t (w”) 7A"1’t (w”) 2- S P1 t (LL)”) fl,t (LL)”)

P ey @)
= 1= 2.5 l—g'u’l(cu(w”))
_ Ve p e

where the second inequality follows by the definiton of #; , while the third follows by A.2
and the assumption that ¢4 (@) > ¢ (e ) for all @ € Q (s (w)).

—min e Ve, 2w
Now let v = mln{ 225 T3 w(e(ew) )} The desired result follows by A.1. u

The gist of the argument underlying the proof of Theorem 1 (ii) was given in Section
4.2. We present the formal details.

Fix the values of €, T, n, A, and X\. Without loss of generality we identify agent 2 as
j. We need to prove that

limsup, ci4(w) <1/n P—as we VpNLxN{w:liminf; cyp(w) > 1/n}

= P({w tlimsup, ¢14(w) > 1/n} NV N Ly 5N {w : liminfy cpp(w) > l/n}) =0
< liminf;cp4(w) <1/n P —as w e Vp.NLyxN{w:limsup,ci¢(w) > 1/n}.
We will prove the last statement.
Sety = (ué(? - 1/n)/u’1(1/n)) and 7,, = (ug(l/n)/u’l(f - 1/n)) Also fix the value
of v > 0, identified in Lemma 4 (iii) and induced by € and y = (A/X) ry, > 0. Let T,(v)
satisfy A-y - (1+ 7)) > X.7 . Note that for w € L, 5, there exists T2*(w) such that

A< G2 < Xfor all £ > T2 (w),
For 7 2 land t > 7-T, where T' > 1, define the event

Cri(w) > 1/n, IP;jZE:; ' yzti(l“(’()d) >1VHE =tg+1,-- ¢,

Poi(w) | _yr(w)
P1Z( ) Z/tt1( ) 2 1_}_/-}/’

. P. /(w /() B
#{pfi,(w RS =14y, =t 1, t—1}_T_1,
where t — 1>ty >t—7-T

2
=3

Il

&
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For w € QO ;, Y1, (w) >y and

APy (w) 1 Lo P (W) ye(w)
——— y(w) - — = : : > (1+7)"
APy (w) % g (W) kzl;lﬂ P (W) yr-1(w)

Also,w € Lysand tg > T’ A’X( ) implies that &% > ). Combining the above, we have

dP27t (LL))

SHALNSY) d ty> T2 2o\
w e NLyx and o> (w) Prs (@)

where, using the definition of T},(7), the last term exceeds A -7,. But then, since ¢t > to,

we have
wEQT”(vﬂL/\; and to > T“() = y(w) >7,,

ie. forw e Qlt( N L5 and tg > T2 (w) we must have ¢y, (w) < 1/n.
It follows that

{Qi’;(y) i.o.} NLy5 C{w:liminf; cp4(w) < 1/n}.
We will show that
{Qi’?’;(v) i.o.} NLy5 occurs P —as.w € VpNLyxN{w:limsup;ci(w) > 1/n}
so that
liminf; cou(w) <1/n P —as. @€ Vr N LxN {w:limsup, c14(w) > 1/n}
as required.

The proof will be by induction on 7. To ease the burden of notation, define C}"" =
{w : ca(w) > 1/n} so that {C’l’" i.o.} DO {w : limsup, c;+(w) > 1/n}. Also define

N _ By oy () / _ .
W={w: Bl B 2LV =t 1Nt

The following two facts are used. Fact 1 says that if we consider a path & € QQTt/ NVre,

SO that ;L is at least one on exactly 1" dates starting with t = ¢} +1 — 7 and ending

with ¢ = t .., then there is some date ), between ¢t} +1 — 7 and ¢} such that P2 : ZEL is at

least one for ¢, — (¢}, +1 — T) =t —1—(t}, — T) periods followed by a date tk, at which

the conditional variance of %& y—ytL at tr, — 1 exceeds e. The proof follows directly from
ke tg
the fact that, in any span of 1" periods, the conditional variance must exceed € at least

P2t LUt

once and that - is at least one at every date in that span of T" periods.

FACT 1. If @ € Q%, N Vre then, necessarily, w € Q;ktkl 1( -7) N {w : var[ﬁj?c .

_ ]( ) > e} for some t;, € {t,—(T'—1),- -, }. This can be proved by noting that
(i) by the definition of T', for every ¢, there necessarily exists ¢, € {t}, — (T'—1),---,t,}
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Doty
Pre. oy,

such that w € {w : var{

1—(# -T
W E Q;ktk 1(’“ )

}(w) > e}, and (i) w € Q;t; implies that
also for tj, — (T' — 1) <ty <t

Fact 2 uses Fact 1 to note that if we consider a path w € QI% _rN Qg’t; NVreN LA,X’

Zﬁi: -y with no downward moves are followed by T periods

Py
where P

ahead variability, then there is a date t;, that satisfies the conditions in Fact 1, such that

%’Z . ﬁ is at least 1+ v with conditional probability at ¢, — 1 that is at least p.

FACT 2: By convention, Qf , = P and 9, = Q. For & € Qu' TﬂQg’t;ﬂVT,eﬂL&;, there
is t, > t}, such that © € Q7 TmQ’;’;kl 1 ( T) N {w V&I‘[iz - -yft’“l ]:tk,l} (w) > e} NL, s,

ko Yt &
and if ¢} > T2*(@) then, by Lemma 4 (i),

. j% is at least one and in at least one of those periods there is one period

APy, —1(w) < AP 1(@)

> Yt >Ay Sy, (@) > (A/A):
dPl,tkfl(UJ) Yty 1( )— dpltofl(w) Yt 1( ) ‘Y., Yy, ( ) ( / )Qn

)

X'ytk—l ((D) >

|

and so, by Lemma 4 (iii),

PQ,tk . y

>1+
Pl,tk Yt —1 7

g

Fo 1]<~>2p>0.

So in particular, on any w € {Qit i.o.} N L, 5, there is a subsequence of dates beyond

which the hypothesis of Lemma 4 (iii) is satisfied.

We turn to the first step in the proof by induction. Consider & € {Ctl " i.o.}. By

Lemma 4 (i), there exists a sequence {t;},-, such that P{C’;}C’ZTﬂQ;tk ’.Ek_T] @) > (E)T7
and so, by Lemma FBC,

Zl 1anT =+o00 P —as. wG{C’tl’"i.o.}.

Therefore, for P-a.s. @ € {C'tl o } there exists a sequence {t} },-, such that & €
C’tl ek I So, for P-a.s. @ € VT@ NLxN {C’t i } there exists a sequence {t} },-,
such that @ € Ctl;C’T_LT N Q;t;ﬁ NVreNLys It follows from Fact 2 that for P-a.s. @ €
Vre N Lyx N { s i.o.}, there exists a v > 0 and a subsequence {t;},-, such that

&€ Cy N, 40 0, 5% A Ly and P[jﬁjz M > ] yﬂ“] @) > p.
k k— -
.7-},9,1} (W) = 400 and, therefore, by

Therefore, >.2°, {Q%t .7-},1] (@) > ¥, {Qitk
Lemma EBC, 3372 11 (W) = 00 P-as. w € Vp NLyxN {Ctl" i.o.}. Finally, since
w e LA,X’ we have 7

{Qit i.o.} NLyx occurs P—as.w€ VrNLyxN {C’tl’" i.o.}.
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We turn to the second step. So suppose it is true that for some 7
{Qit i.o.} NLyx occurs P—as.we Vr.NLyixN { L i.o.}.

such that P[QT~ N

Then, using Lemma 4 (i), there exists a subsequence {t;}:o . Tt

Qg’{k)‘?ﬁrT} (@) > @)T for all £ > 1. By Lemma EBC,

Z a7, N ;t W) = 400 P—a.s.@eVT,eﬂLA;ﬂ{ tl’”i.o.}.

Therefore, for P-a.s. w € Vp NLy 5N { s } there exists a sequence {t} },-; such that
wey N Qz% and so there exists a sequence {t} },-, such that @ € Oy 0 QQ’% N

VreN L&;. It follows from Fact 2 that for P-a.s. w € VN LAX N {C’l’" i } there exists

a v > 0 and a subsequence {;},-, such that @ € C’tl e 08y o0 Q;ktkl 1 I n Lyx

Poy | v >14+7 ~7'—tk—1] (W) > p. Therefore,

Pri, oyt

and P

S PorA )@ = Y Plap
k=1

t=1

_ = [P _
Fua] @) =Y P [‘pz’tk > 1+7‘ftk—1} (@) = +00
k: 17tk ytk—l

and it follows from Lemma EBC that 272, lﬂﬁl(@) = t+o0o P-as. w € Vp.NLyxN
{ L i.o.}. Finally, since @ € L, 5, we have

{QTH } NLy5 occurs P—as.@ €V NL5N {C’tln i.o.}.

This completes the induction on 7.
Hence, for every 7 > 0,

{Qﬁrl j,o.} NLyyx occurs P—as.we VprNLixN {C’tln i.o.};
in particular,
{QI’;(V) i.o.} NLyx occurs P—as.w€ Vp.NLyxN {w : limsup, ¢; s(w) > 1/n}
as required since, as already noted, {C’tl " i.o.} O {w: limsup, ¢14(w) > 1/n}.
PROOF OF COROLLARY 1
Since P, = P, = P and 3, = (2, Theorem 1 implies that for P — a.s. w € Vp,, where
T < oo and € > 0, y(w) has zero and/or infinity as limit points. Also, by Proposition 1

Htil Tit(w) — Rf(w) P—as., since P, = P. Therefore, by Proposition 2 (ii) and 8, = fa,
we must have R (w) =0 P —as. w € Vp, for some i. The argument is completed by
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noting that under A.2 and A.3, uj(c) is bounded below and so, by Proposition 2 (i),

z" 0 Bi ;:z;j)(w) —0 P—as we VT,e- )

PROOF OF PROPOSITION 3
For € > 0, define the set

Ac={{w:lg (W) =g (Z ()] >} io }NA (3)
Onw € A, ¢j; (w) — Z; (w) and so there exists 7" (w) such that if ¢ > T'(w) then

(z

~

1-4-2-59 .
_ e Y\ U w
57 W 7
Notice that
uj (1) U (Zen)
— 4 (Z () =B; - Ep, | |2 | F
00 = () =y B | () - 2 A )

and so (3) and assumption A.1 imply that there is a subsequence {¢;},-, with ¢; > T (w)
such that

[( Cytk+1 B (Ztk+1)> > =
(i) ;(Ztk) § Bi

ftk‘| (w) >p forall k>1

8 G~ aay) e <l e e
SUppose P [( z C’c;’:l ?Zkt:;)) Tl > B—Ej‘ ftk} (w) > p for all k£ > 1. Then there is
W' € Q (s (w)),

0 (o @) (Zyn @) e
o0 @) @) B (@)
W (i (W) . W) (Ziyr (&)
< 4G )~ B )G W)
W (e ) (Zos (o)) c d(Z W)
< G (o @) (Zo @) (ﬁ @) W (Zopia <w/>)“>
W (e ()t (eyn, (&) AN
T W @) (Zy @) (5 @) W (Zyon <w'>>“>

and since t; > T (w), it follows from (4) that there is w’' € Q (s (w)) such that,
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u;(2)

Defining &’ = % . % . E/(%) > 0 one concludes that
uj (Cjtt1)
Pl 2= > 14| F, | (w)>p forevery k >1onw € A.. (5)
U (Ztk+1) -

Suppose P [(ug,(?’t“;) — ug,(f;ﬁ;)) T < B_E' ]—}k] (w) > pfor all £ > 1. Then there is
’LLJ i uj th J -

4 (G (@) (Zys (@) e
wj (Cjgy, (W) ui (Zy, (W) Birs (W)
R o M e R
- N e e o)
o Bt e )
© et <reor U-m0)

wleen @) 1 e w@
i o @) < T2 B G
One concludes that
/ .
[M<1—6' Ftk] (w)>p forevery k>1on we A.. (6)
U; (Ztk--l-l) N

Conditions (5) and (6) imply that for each w € A, either

= W (o 41)
Flw > p| L1222 s 144
t]( ) Z [u; (Ztk+1)

Ek] (w) = +00

or

Al S e[t

42



Since uj is continuous (by A.3), (7) implies ¢;; (w) does not converge to Z; (w) P—a.s.
w € A.. Since A. C A then P (A.) =0, as desired. .

PROOF OF PROPOSITION 4
First we show that on paths on which an agent vanishes, the rate of return violates
any prespecified bound. This is done in two steps.
Define the event 2} as

[ (Zeaw)
y ‘{ AL 7wy 2

LEMMA 5: Assume A.1, A.2 and A.3. Then, P—a.s. w,
we{Qy io.} foralln e {1,2,3,---}.

PROOF: From the Euler equation of agent j # ¢, in the economy where only j consumes,
and the law of iterated expectations, it follows that

u; (Zy) _ = r(Z.4)
R ( Zy M

and then by A.3

o (L5

T=t—n qj

Zin=2|(w)= E forall z € Sandn > 1,
Bi

— z) (w) > 4 () . (%) forallz€ Sandn > 1.

J

It follows that

Pj< tﬁ 7 (Zr41) > u; (%) .

T=t—n qj (ZT} u;

and so, assumption A.1 implies that

(55 =40-()

T=t—"n qj

Therefore,
P (] Zin=2)(w) > (p)" >0forall z € Sandn > 1,

where the inequality follows by A.1, and it follows by Lemma EBC that w € {Q} i.0.}
for P—a.s. w. "

LEMMA 6: Consider an IDC equilibrium. Assume A.1, A.2, A.3 and A.5 holds. Then,

P—as weEA,
1\"] .
. <—> } 1.0.} foralln € N,.
B;




PROOF: By Proposition 2 there exists 7}, (w) such that for all ¢t > T,, (w),

AL e 2 Az w)

By Lemma 5, P—a.s. w € A, there exists a subsequence {t;},-, such that

T'r+1 (w) 1 75—1_[1 T+1( )

tﬁl r(Zrn (W) _u
T=t—"n q; (ZT (W)) u

Then, there exists &’ such that ¢t > T), (w). It follows that for all & > &’
te—1

H Tr+1 (w) 2

T=tp—"n 4r (O.))

We proceed with the proof of Proposition 4.
From agent i’s sequential budget constraint it follows that

1 1
@) [Cir1 (W) = 2ip1 (W)] + ) B (w) = B (w) .

qt(w) qt(w)

Solving forward, we have that

_ G (W) = Zigia ( Cigtrrs ( ) Zitts (W) Bisr (@)
Bi,t (w) = ) —|— Z e 1 _ ) + t+T-1 ) . (8)
) 1 —;féw) )

Let K = —2;— By A.4 and since z; > 0, Proposition 3 implies that, P—a.s. w € A,

min: 4;(2)

there is T' (w) such that

1 1 Z;
R [Citr1 (W) — zizi1 (W)] < —3 — =—K foreveryt>T (w). 9)
qt(w) min. g;(z)

By the uniform bounds condition, there exists U > 0 such that B; ;.7 (w) < U for all

T > 1. Since 8; < 1, there is n such that % . %,% . (Bi)n > 2- % and by Lemma 6 there
J\= J

is {t},}7—, with ¢ > T (w) + n such that

t—1

11 L(w)>2.£ forevery k > 1 P —as. w € A (10)
T=t} —n qr <w> K

For each k € {1,2,...}, set tx = t}, — n. Then, (8), (9) and (10) imply that

K K
Bmk(w)g—K—i—?:—5<0 P—as weA.
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Therefore,

K
liminf B;; (w) < 5 < 0 P—as weA.

PROOF OF THEOREM 2
Before proving Theorem 2, we show that the debt of the agent who vanishes cannot
have a nonnegative accumulation point and that the limiting asset return when a state is
repeated exceeds one for every state (Lemma 7). We then show that these two facts have
the following strong implication: given a state, except for an initial condition that is a
single point, if that state keeps repeating then either debt becomes positive or it violates
the uniform lower bound (Lemma 8).

LEMMA 7: Consider an IDC equilibrium with implicit bound U > 0. Assume A.1, A.2,
A.3, A4 and A.5 hold and z; > 0. Then,

(i) limsup B;; (w) < 0 for P—a.s. w € A.

(ii) If the set A has positive measure, then (( )) >1+1 zl 2 forall z € S.

PROOF: Define A, = AN{w: ¢ (w) — ¢ (Zt (w))} By Prop081t10n 3 it suffices to show
that the Lemma holds for P—a.s. w € A,;. Suppose w € A,. Then there is T (w) such
that z; 111 (w) — ¢ 41 (w) > 0 for all ¢ > T (w). Therefore, for every t > T (w),

repp (w rivq (w
Bi,t+1 (w) = ﬁ . B@t (w) + Zit+1 (LU) — Cit+1 (LU) > t/q:l((fj)) . Bz',t (w) .
It follows that,
Bit(w)>0 and t>T"(w) = Bjr(w)>0 foralk>1. (11)
Recall that B(z,2) = — rf;f)zl and define B = max, s {B(z,2'): B(z,2') <0}.
a;(z)
Consider B such that B < B < 0 and 2,2’ € S. Suppose first that % —1 < 0. Since
B < 0, then (% —1) - B+ z; (2') > 0. Suppose now that T(’(Z)) 1 > 0. Since B < B, it

2

- < B and we conclude that
1

q;(z

B

follows from the definitions of B (z,2’) and B that—-

T

3

N

/
B<B<0 = <;<(ZZ§—1>-B+m(z’)>o forall 2,2 € S. (12)
J

(12) implies that, for every w € A,, there exists ¢’ > 0 and 7' (w) > T™* (w) such that
for allt > T (w)

B<B<0 = (TZIH(LC;) — 1) B+ 2111 (W) — iy (W) > g >0. (13)
t
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Also, for w € A,, T(w) > T*(w) can be chosen so that for all t > T'(w) and z € S,

i 2 (2) > i (W), (14)

r@) 1)

T (W) 12 (z)
qj (2) 2 U '

and Zyy(w)=Z(w)=2 = @) 1—1—5 U

Consider A" C A,. If one were able to show that, P—a.s. w € A’, there exists a date
t > T (w) such that B;;(w) > 0 then it would follow from (11) that, P—a.s. w € A',
liminf B;; (w) > 0 and by Proposition 3 one would conclude that A" has zero measure.
To show (i) we argue that for P—a.s. w € A, N {limsup B;; (w) > 0}, there exists a date
t > T (w) such that B;; (w) > 0. To show (11) we argue that if T(Z) <1l+1% ZZ ) for some
z € S, then for P—a.s. w € A, there exists a date ¢t > T' (w) such that th( ) > 0.

(i) Suppose w € A, N {lim sup B;; (w) > 0}. Since limsup B;; (w) > 0 > B, there
exists 7 > T'(w) such that B < B;, (w). If B;, (w) > 0 then we are done; so assume that
B, ; (w) < 0. Since

(15)

Buys () — By () = (%ﬁj")) - 1) Bug (@) 4z (@) — e ().

(13) implies that
Biri1(w)—Bir(w)>e >0 and Bi,ir(w) > B, (w)+T-¢.

Since B;, (w) > B > —oo, there exists ¢t > T (w) such that B;; (w) > 0 as we wished to
prove.

(ii) Suppose J(( )) <1l+4 Z’(z for some z € S. Consider an w € A, such that for some
t>T(w), Zyi1 (W) = Zs (w ) =z and B;; (w) < 0. Then, on w € A,, conditions (14) and
(15) imply that

B )= Buel) = (1) B ) #2100 )~ 6 0

4 (w)
> (%g;)—l)~3@t(w)+g'zi(z)
ren @) N iy a3 L
> —%z,(z)—f-%zl(z)zzziz) (16)

For € > 0, let N, = be the smallest positive integer such that IV - # > U + . Define
the event

QZVZ:—{w Z:(w) =2z for t—Nzyggrgt}.
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N ~
It follows by A.1 that P (Qt -

N ~
E_N) (w) > (Q> = and so by Lemma EBC one con-

N ~
cludes that, P—a.s. w € A, w € ¢, > io.;. So, P—a.s. w € Ay, there is a subsequence
{tr};—, where t; > T (w) + N.zand Z; (w) = z for all t, — N,z < 7 < #; and for all
k > 1. It follows by (14) and (15) that, P—a.s. w € A,, either there exists some 7 such
that t), — N,z <7 <t —land B;; (w) >0 or

tp—1
Biy, (w) = Big-n W)+ D [Birn (W)= Bir (w)]
’ T:tk_Nz,:
te—1
> U+ >, [Birn(w)— Bir ()]
T:tk—N27;
zi(2) _ -
> -U+N,; 1 >e>0,
where the inequality in the last line follows from (16). It follows that, P—a.s. w € A,
there exists a date ¢t > T' (w) such that B;; (w) > 0. 0
For z€ S, >0,and N € {0,1,2,---}, define
Qf (z,e, N)={we A:B(z,2) +e < Biy n(w) Zin(Ww)=- =2 (w) =2z}
Q (z,e,N)={we A: By n(w)<B(2,2) —¢ Zy(w)="-=2Z(w) =z}

LEMMA 8: Consider an IDC equilibrium. Assume A.1, A.2, A.3, A4 and A5, z; > 0

and let z € S be such that ;((zz)) > 1. Then, for every ¢ > 0

(a) limsup B;; (w) > 0 P—as. w € {Qf(z,s,O) i.o.},
(b) liminf B;; (w) < —U P—a.s. w € {Q{(Z,E,O) i.o.}.
PROOF: (a) Let A, = AN{®:¢ (@) — ¢; (Z:(@))}. Throughout the proof, z is an

element of S such that Z2L > 1.
q;(2)

By the definition of B(z, z), (% - 1) - B(z,2) + zi(2) = 0. So, for € > 0, we have

(T(Z) _ 1) (B(z,2) +¢) + 2(z) > 0.

q;(2)

Therefore, for w € A, there is T (w) and ¢ > 0 such that if w € Qf,(z,¢,1) for some
t+1>T(w) then

Biii1 (W) — Bt (w) = [%Lw)) — 1] - Bit(w) + zipr1(w) = Cipyr (w) > € > 0.

If the initial condition is appropriate and the state z is realized at consecutive dates,
then the argument may be applied repeatedly. Formally, by iterating the argument, if
t+1>7T(w) then, for N =1,2,3,--

AN x(z6,N) € A0 (N, Qf(2,6,1))
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so that if w € A, N Q. n(2,6,N) and t + 1 > T'(w), then

t+N—1

Biyin (W) = )+ Z Bir41 (W) — Bir (w)] > B(z,2) + N - €. (%)

T=t

Let N, be the smallest positive integer such that B (z,z) + N, -¢' > 0. By (*), if
we AN v (z,e,N,) and t +1 > T(w) then B yn, (w) > B(z,2)+ N, - > 0.

So, to show that limsup B;; (w) > 0 for P—a.s. w € {Qz“(z,s, 0) i.o.}, it suffices to
show that for P—a.s. w € {Q;r(z,e,O) i.o.}, we AN {Qz“(z e,N,) i.o. }

By hypothesis, for each w € {Qz“(z, ,0) 1i.o. } there exists {¢}, },-, such that B (z, z)+
e < Biy (w) and Zy (w) = 2 for all k¥ > 1. Given a positive integer N, define ¢, =t} + N.
Therefore, for w € {Q;L(z,g,()) i.o.} and any positive integer N, there exists {tx},-,
such that

f:op (O (.6, N)| Fin] (w) > ZP (O (2,6, N)| Fip v (w)

— ZP[ZtkH,N (W) =... = Z;, (w) = 2| F,_n] (w) = 400

k=1
where the last equality follows by A.1. Lemma EBC lets us conclude that for every
positive integer N, P—a.s. w € {Qf(z,s,O) i.o.}, w € {Qf(z,s,N) i.o.}. In par-
ticular, since P(A/A,) = 0 by Proposition 3, P—a.s. w € {Qz’(z,e,O) i.o.}, w €
AN {Q (z,e,N,) i.o.}. That is the desired result.

An analogous argument proves (b). .

We proceed with the proof of Theorem 2. By way of contradiction, suppose that
P(A) > 0, where A is the set on which i vanishes. Then, by Lemma 7 (ii), on A, for every
state z, ﬁ(% > 1. By Lemma 8, when such a state z keeps repeating, the only stable
point is the value B(z,z). We now show that transitions across states do not restore
stability except under the exacting conditions ruled out in the statement of the theorem.
Let A* C A be the set of paths with each of which is associated a z*(w) with the property
that the smallest accumulation point of debt on the path coincides with B(z*(w), z*(w))
(which, by Proposition 4, must be negative). We first show that P(A) = P(A*) and so
P(A*) > 0. We then show that if the condition in Theorem 2 is violated, then, on any
path w such that the value of debt is at or near B(z*(w),z*(w)) infinitely many times,
there will be infinitely many periods in which both B(z, z) is not hit and z is realized,
where z # 2*(w). On any such path, by Lemma 8, either B;; has a positive accumulation
point or the lower bound on debt is violated infinitely often. Since we are at an IDC
equilibrium, and invoking Lemma 7 (i), both are impossible. Since the conditioning event
contains A*, it follows that A* must have zero measure thereby providing a contradiction.
But then A must have zero measure as claimed.

We turn to the details of the proof. Suppose that A has positive measure. By Lemma

7 (ii) we know that ;j((i)) > 1 for all z € S, equivalently, B(z,z) <0 for all z € S.
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Step (i) Let
A" ={w e A:liminf B;; (w) = B[z" (w), 2" (w)],some z* (w) € S}.
We now show that A\ A* has P—measure zero. It suffices to show that for every ¢ > 0,
A. ={we A: liminf B;; (w) — B(%,2)| > &,VZ € S}

is a P—measure zero subset of A. Consider z € S. By Proposition 4, for P—a.s. w € A,,
there exists {t} },_, such that z, = z and either B (z z)+e < By (w) <0or Biy (w) <
B(z,z) —e for all k > 1. Since we know that — ( ) > 1, by Lemma 8 P—a.s. w € A,
either limsup B;; (w) > 0 or liminf B;; (w) < U By the uniform bounds condition and
Lemma 7 (i) we conclude that A. is a P—measure zero subset of A.

So if A has positive P—measure then A* must have positive P—measure.
Step (i) For z € S and n € N, consider the set A, ,, defined as
2 }
> — .
n

r(2)
¢ (=" (W)

By the hypothesis of Theorem 2, A* = Upen Uzes A, . Notice that for each w € A, ,,

there exists > 0 such that, for z # z*(w),

Azn_{weA*' Bz" (w),z" (w)] + 2 (2) — B(z,z)

|IB—B(z"(w),z" (w))| <6 = (17)

3

Consider the event
1
Qf’n = {w . |Bi,t (UJ) — B(,Z’Z)| > %, Zt (w) = Z} .

If for P—a.s. w € A, , one could find a subsequence {t; } -, such that P ( f};’il‘ Ek) (w) >
p for every k, then it would be the case that

o0

P9 Fir) (@) 2 3 P (95754] 7o) (@) = +o0.
t= =1

Therefore, one would be able to invoke Lemma EBC to argue that, P—a.s. w € A,,,
w € {Q7" io.}. By Lemma 8, one would conclude that, P—a.ss. w € A,,, either
limsup B;¢ (w) > 0 or liminf B;; (w) < —U. Since the latter is a violation of the uniform
bounds condition, we would conclude that, P—a.s. w € A, ,, limsup B;; (w) > 0 which
implies that, P—a.s. w € A*, limsup B;; (w) > 0. But then Lemma 7 (i) would let us
conclude that A* has P—measure zero.

Step (iii) We now show that indeed, P—a.s. w € A,,, there is a subsequence {tx};-,
such that P (ka’il‘ .7-},9) (w) > p for every k.

By Proposition 3 and the uniform bounds on debt, P—a.s. w € A,

<m1 (W) 7 (Zea (W)
@ (W) g (Z(w))
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so that
rer1 (W) r(Zi41 (W) )
- B (w)+ % (Z w — | —————= - B (w)+ 2z (Z w — 0.
(2 B+ sz ) - (DT )+ 2 )
Also, on w € A,
T (W
B (w) — ( 1 () B (W) + 2i (Zia (W)) = —Ciyy1(w) — 0.
gt (w)
It follows that P—a.s. w € A, there exists 7' (w) such that for every ¢t > T (w),
r (Ziy1 (W)
B; == B i (Z
) = (S B )+ 5 (s )
In particular, since A,,, C A* C A, (18) holds for P—a.s. w € A, .
A straightforward application of Lemma EBC' together with Lemma 8 (b) implies
that, P—a.s. w € A*, there is a subsequence {#;},-, such that Z; (w) = 2* (w),
|Bit, (W) — B[z* (w), 2" (w)]| <4, and ¢, > T (w) for all & > 1. By the triangular
inequality and (18), P—a.s. w € A, ,, for every k > 1 it must be the case that

< (18)

S

Bupor () — B (22)] > (% mk<w>+zi<ztk+1<w>>)—B<z,z>—

oy (T @) g o

Buir )~ (S0t ) B ) 450 ()
r (Zy+1 (W) W) 4 2 o) — Bz -

> ( qj(z*(w)) B%tk( )+ Z(Ztk+1( ))) B( ’ )

and since w € A, ,, and | By, (w) — B[2* (w), 2" (w)]| < 0, it follows by (17) that, P—a.s.

w € A, p, one has

Y

P( fﬁl’ftk) ) > P(Zyy1 (W) = 2| Fy,) (W) > p

for every k£ > 1, as desired.

Step (iv) To complete the proof of Theorem 2 note that Steps (ii) and (iii) prove that
A* has P— measure zero, while Step (i) proved that if A has positive P—measure then
so does A*. So our initial hypothesis about A is contradicted and we can conclude that
A must have P— measure zero as asserted in Theorem 2. "

PROOF OF PROPOSITION 5
Let ¢ = 1. This is without loss of generality.
Let us define a sequence of truncated processes parameterized by € > 0 by setting
95 +(w) = log (max {71, (w), e}) and By, = {w : limsup + Y/ Ep [¢5 | Fi1](w) < 0}
(2 can be partitioned into three sets: U,>1B81,1/n, A1, and Q/(A1U(Up>1B11/,)), where
A; = {w € Q: liminf 74 4(w) = 0}. We first show that under A.7 the third set is null.

LEMMA 9: Assume A.7. Then Q/A; C Uy>1B1,1/n, where A; = {w : liminf 7 ¢(w) = 0},
so that for all w € /A, there exists e(w) such that w € By ()
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PROOF: Consider @ € Q/A;. So liminf 7, ;(©) = 2 - ¢(@) > 0 and there exists t(&) such
that t > t(0) = 714(®) > e(@). Since, by A.7,

. 1 & . -
limsup (T > Ep[log rl,t|ft1](w)> <0,
t=1

there exists € (@) < 0 such that

limsup( E:EP1 log 71 4| Fy—1](@ )) < €(@).

So for every sequence {7} }?2, there exists k' such that for all £ > £/,

T,

T Z:Ep1 log 71 4| Fi1](@) < €'(D).

Clearly, for each such sequence, there also exists k such that for all k > F,

1 t(@) ~
> Ep log | Fia)(@) >

k‘tl

A,

It follows that, for every sequence {71} }52,, for all k > max{k’, k},

. T, ) ) 1 I ) tH(®)
T Y. Epllogiy|Fa@) = T > Ep[log iy Fioi)(@) T D Ep[log 1| Fi (@)
Fi=t(@)+1 k=1 b
3
< ZEI((IJ)
We conclude that
1 T
limsup (— Z Ep, [log 721,t|«7'—t—1](@)) <0.
T G+

But then we must have

5> Erllog (max {F1., @) Fin1](3) ) < 0.

) 1
limsup (—
t=t(@)+1

Since limsup (T e Ep1 [log (max {71 4, €(@ )})|.7-}_1](LD)> = 0, and, for arbitrary sequences
{an} and {b,}, limsup (a,, + b,) < (limsup a,,) + (limsupb,),

. 1/ .
hmsupf (ZEH glt ’}_t (@ )) <0
t=1
so that W € By () as required. "

We continue with the proof of Proposition 5.
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Since € < € = ¢, (w) < gf(w) Vi Vw, it follows that € < € =
Bie C Bie. So Biim C Biijm+) C -+, and we set Big = Up>1B811/n. It follows
that P;(Bi1/,/A1) increases monotonically to P1 (Bio/A1). So for all p > 0, there exists
e(p) such that Py (Bi )/ A1) > Pi(Bio/ A1) —

For fixed p and corresponding €(p), con81der the truncated process {gu 1% defined
earlier. It is uniformly bounded below and, under A.1, A.2, A.3, and A.4, by Lemma 2,
it is also uniformly bounded above. Hence the process { Ep, [gi(f )yﬂ_l]}i;g is uniformly
bounded below and above.

Define

517 (@) = P @) = Bry (910 1Fia) ().
It follows that the process {g; t) 1% is uniformly bounded above and below. Furthermore,
Ep [gl(t gi(f+k|]-} 1] =0forall k > 1, for all t > 0. Therefore, by the Strong Law of Large

Numbers for uncorrelated random variables with uniformly bounded second moments
(Chung 1974, page 103),

lmy oo = Zgi f) =0 P, —as.

= hmsupTZgl ) < limsup — ZEPl glt ‘ft 1] (w).
t=1

Since w € Bi )/ A1 implies limsup % >/, Ep, [glt | Fi1](w) < 0, it follows that Vw €
Bie(p)/ Ar, T giff) (w) — —o0 so that Yw € By /A, ST log 714(w) =— —o0 since
Y logi(w) = Y gt (w) < L 1g€(p)( ) — —oo. The proof of the first part is
completed by noting that as p goes to zero, we approximate the set B;o/A; and, by
Lemma 9, that set coincides with 2/A;.

For the second part we set C; 5 = {w € Q : limsup 7 >/, log 1 ,(w) < log 61N (Q2/A;).
Clearly, §" < " implies that Cy 5 C Cy 7. It follows that U,>1Ci11-1/n = /A1 and hence
that P;(Ci1-1/5) increases monotonically to P;(£2/.A;) so that for all € > 0, there exists
d =1—1/n such that P;(C15) > Pi(Q2/A)) — €. .

PROOF OF PROPOSITION 6
We give an outline of the proof. In Lemma 10 we show that one can work with the
process c; and the process y interchangeably. Lemma 11 is the crucial step in which we
study the parameterized fixed point of a special one dimensional map. Lemma 12 takes
the fixed point found in Lemma 11 and deduces properties induced by it on consumption,
marginal utility, Euler equations, etc. A recursive application of Lemma 12 going forward

leads us to the properties listed in Proposition 6.

For Z > 0, let the function Yz : (0, 7Z) — (0, 00) be defined by Vz(c;) = Elzu(,z(;—c)l)
1\¢1

LEMMA 10: Assume A.3. ) is increasing in c¢;, it is onto, and continuous with a
continuous inverse.
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PROOF': The result is a consequence of A.3; in particular, we use the fact that u; are
strictly concave, continuously differentiable, and satisfy the Inada condition at c=0. =

Given Z and feasible consumption processes, by Lemma 10, for any (f,w) we have
Ye(w) = Yz, (c14(w)). The inverse of Yy is denoted (V) '(y); by Lemma 10, it is well
defined and continuous.

Proposition 6 is proved by using a recursive construction in the variable y;(w) which,
by Lemma 10, is equivalent to using the variable ¢; ;(w). However, to establish the basic
properties of the construction, it is easier to work with the variable A\ = r - u)(c2)/y.
Lemma 11 studies the existence and some properties of the fixed point in A of a special
function.

LEMMA 11: Assume A.2, A3, and A4. Fort > 1 and w € €, and y > 0, define

At — Lw,y) = maXyeq(st-1(w) M and consider the function fi_q1,., : [A(t —

l,w,y),+00) = [(£1/B2) - 1 - uj(Z),+00) in the variable A defined by

ft—17w7y()\) = (51/ﬁ2) -Ep [Tt ) Ull (Zt - (Ulg)fl (%ﬁ)) |ﬂ—1] (W)
Then (i) f;—1.4, has a unique fixed point denoted \*(t — 1,w, y),
(i) A*(t = 1,w,7) > max,eqqe1 () L 2EED and M(t—1,w,y) > (Bi/B) -1+ w4 ().
PROOF: Evidently, the domain of the function f;_ ., and the function are both F;_; —measurable.
(i) Under A4, r > 0s0 A(t—1,w,y) > 0. It can be verified that f;_1,.,(A(t —1,w,y)) >
(B1/B2) - p-r-uy(0) = oo, where we use the Inada condition; furthermore, f;_1., is
continuous and strictly decreasing. Under A.2 and A.3 (f,/f2) - 7 - u}(Z) < oo; therefore,
Limy oo fi—1wy(A) < 00. It follows that fi_; ., has a unique fixed point.
(i) As noted at the beginning of the proof, f;_1.,, is F;_1—measurable and, therefore,
also the fixed point \*(t — 1,w, y) is F;_;—measurable. Since f;_1,.,(A(t —1,w,y)) = oo,
we must have \*(t — 1,w,y) > A(t — 1,w,y). The second part follows from the fact that
fi—1w,y is strictly decreasing. .

The next result induces values for consumption at the fixed point identified in Lemma
11 and specifies the implications on intertemporal marginal utilities induced by those
values.

LEMMA 12: Assume A.2, A3, and A4, and P= P, = P,. Let y,_1 : 2 — R, be an
F;_1—measurable function. Set

() (y V(= 1w, g1 (W)

co(w) = (uy .
t

), 1a6) = Zi(w)—eas(@), (@) = Vo (era@)).

Then (i) ¢;4(w) > 0 and is F;—measurable, (i) 22D — (8 /6,). Ep[ry-u) (c1,0)| Fi1)(w)

s0 1i(w) - uh(cat(w)) is Fy—1—measurable and 75+(w) = 1 for all w € Q, and (iil) y(w) =

53



PROOF: (i) As per the definition in the hypothesis \*(t — 1, w, y;—1(w)) = relw)up(e2e@))

yr—1(w)
So using Lemma 11 (ii) we have A\*(t — 1,w, -1 (w)) > A(t — 1, w, yr—1(w)

> 1) Bl W) > b Zw))

yt—1(w)

ri(w) - uy(ca(w))
yt—1(w)

=

so that using the fact that uy is concave we can conclude that co;(w) < Zi(w) so that
c14(w) > 0. The Inada condition guarantees that co;(w) > 0. Since the measurability
property is evident, the proof of (i) is complete.
(ii) Follows from the fixed point property since

ri(w) - uh(ca(w))
Y1 (w)

= )‘*<t - 17w7yt*1(w)) - ftfl,u),ytfl(w)<)\*<t - 17w7yt*1(w)))

= (B1/B2) - Eplre - uy (c1)| Fral ().

This shows that ri(w) - u5(cat(w)) is Fi—1—measurable and so 79 (w) = 1 for all w € Q.
(iii) By manipulating the fixed point condition, we obtain

dhen(w)) B Ealrue)|Fdw) H 1
den@) Y B T @ @) © W T ey @)
where we invoke P = P, proving (iii). .

Proposition 6 is proved by recursively applying Lemma 12. For existence we assume
that we are given a pair (y,w) € R4 X, we set yo(w) = y and treat it as a parameter and
apply Lemma 12 (i) to induce a unique process for {y;(w)}+>0 and for all w € 2. By Lemma
10 this is equivalent to starting with a pair (¢,w) € R, x £ with the additional condition
that ¢ € (0, Zp(w)), setting ¢10(w) = ¢ and treating it as a parameter and generating a
unique pair of processes ¢; that are feasible and solve the fixed point problem at each date
t > 1 and for all w € .

The notation {C;(w)}+>0, where the process is defined for all w € 2, was introduced
in the statement of Proposition 6.

PROOF OF PROPOSITION 7
The proof follows from Lemma 13-15.

LEMMA 13: Assume A3, r > 0, 55 < 31, and P = P, = P,. In the proposed solution,
P{w : liminf y;(w) = 0} = 0.
T
PROOF: Since yp(w) = <%> : ﬁ -yo(w) and since, by Lemma 3, we know that
t=1 [Tt
[T, [f1.+(®)] is a.s. bounded, we conclude that liminf y7(w) > 0 a.s. 0

LEMMA 14: Assume z > 0, r > 0, A3, B3 < (1, and P = P, = P,. In the proposed
solution, P(C;) = 0 where C; = {w € Q : liminf C; ;(w) = 0}.
PROOF': Given yg, choose K > 0. For any such K let cx > 0 solve the equation
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up(z = ex) = uy(ex) - yo(@)/ K.
For any @ € C; and such a K there exists a sequence {tX} of periods such that
Cux < e 50 Y (W) < yo(@)/ K. Then Lemma 13 implies that P(C;) = 0. .

LEMMA 15: Assume A.2, A3, 7 >0, 5, < 5; and P = P, = P,. In the proposed solution
P(A;) =0.

PROOF: Since z < oo, if, for some @, liminf 7 ;(@0) = 0 then, since the numerator of 7;;

is strictly positive, limsup Ep[r; - v (c14)|Fi-1](@) = co. We shall argue that if such an

event occurs in the proposed solution, necessarily liminf C ;(&) = 0 which, by Lemma 14,

is a zero probability event.

So suppose @ is such that limsup Er; - v} (Cy )| Fi-1](®) = oo and liminf C' 4(©) = 2¢
for some € > 0. It follows that there exists ¢ such that for ¢ > ¢, Cy 7(@) > e. Choose d(e)
to satisfy u)(z—d(€)) < (u’l(e)/ué(é)) -ub(d(€)). Since limsup Ery-u) (Ch4)| Fi1] (@) = o0,
necessarily, for some ' > ¢,

Elry - uy (Crp)|[Foa](@) > 7

' u2(5(€))7 (*)

and in the solution proposed
re(w) - up(Cop(w)) = = - ,—) FElry - uy (Crp)[Fra](w)

so that for (@,t)

ru(@) - uy(Cop (@) = == - CElry - uy (Cr) [ Fr ] (@)

since By < f1.
Since r¢(w) - uh(Cat(w)) is Fi—1-measurable,

ro (W) - uh(Cop (@) > 7 uh(6(e) o € Q((s"7H@)).

So Cop(w') < d(e) for all W' € Q( % ) and therefore, by feasibility, C} »(w') >
Zu(w') = 8(e) for all w' € Q((s"71(@)). Tt follows that
Elry - uy (Crp)|Foa](@) <7 - uiy(z — 0(e))

which, using the definition of §(€), contradicts (). We have shown that liminfr, ;(0) = 0
implies that @ € C;, a set that has measure zero according to Lemma 14.

PROOF OF PROPOSITION 8
The proof follows from Lemma 16-17 and Lemma 18.
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LEMMA 16: Assume A.2, A.3, and A.4. Then, for the solution proposed

u,2<02’t+1<w)) < M = max {F a(2/2) ; éf lz/?) }

su SUPue 7 7~ 7 0 > z) "’ zZ
Pi>0 SUPyen uhy(Car(w)) r-uy(Z) By r-uy(Z)

PROOF: If not then there is a pair (£,&), such that

rip (@) uy(Copn (@) T - up(2/2)
up(Cy (@) up(z)

As shown in the proof of Lemma 12 (ii),

rean(w) - uy(Coun(@)) B Eplreqs - uy (Cran)|F](w)
TG (Cw) T B G (Cra@)) ’

so we must also have

51 EP[T£+1 'U'1(01,£+1)|-7:E] (@)

B (@) - uh(Crp(@))
@ . EP[TEH ’ U/1(C1,£+1)|‘7:£](@) e Bi7 - (2/2)
Bo rpa (@) - ui(Crp(@)) By r-ui(2)

so that, since ' 7(©) < Z and uf < 0,
Belrssy i (Cop) 1) _ 7 -14(2/2)
T (@) - ui(2) r-ui(z

= Eplri - uy(Czo0) | Fil (@) > 7 - uy(2/2)

> M

=

~—

since r < r7,;(@). It follows that for some W' € Q(s*(@)),
ug.(cl,£+1(w/)) > u&(g/2) =% Cl,t+l( ) < 2/2 < Zt/2

& Copn(W)>2/222/2 = rpa(W) - uy(Copa (W) <T-up(2/2)

i (W) - uy(Coppa (W) < T uy(2/2)
u5(Z) up(z)
But, using the fact that uj(Cy7(@)) > us(Z), the last inequality contradicts the fact

that 7 (w) - u5(Cayr(w)) is always F;_i-measurable since, according to (*), we must have
Tf+1(®)‘“’2(02,f+1(‘:’)) 7ub(z/2)
uy(Cy (@) uy(2)

LEMMA 17: Assume A.2, A.3, A4, and A.6, and P = P, = P,. Then, for the solution
proposed

=

U%(Ci,t)

T
0 35t Er[ G

t=0

|<ya-g-m.
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PROOF: We prove the result for ¢ = 1 since it is trivial for ¢ = 2.
Since, by Proposition 6, in the proposed solution

WW:(&):j_l %mmw»_<&y&Llf (ool

) Toi@ ™ 7 ) - &) T @] G

= 0< ) Bi-Ep

L us(Coy)
TH:1 1l Ué(Czo)}

<Y 8- (M) Ep[ ] [14]] = z@

t=0 =1
where we use the fact that Ep [Fo4|Fi—1](w) = 1, that P = P, = P, together with the law
of iterated expectations. The result follows by taking the limit. "

Finally, we verify that, for the proposed allocation, the payoff is finite if w; is in the
CRRA class of functions with coefﬁcient greater than or equal to one. As the proof makes
clear, the key condition is oM« < 1 which is implied by A.6 when a > 1. Since it is
an open condition, the result is also true for some values of a € (0, 1).

LEMMA 18: Assume wu; (c) =loge or w;(c) = 11 where a > 1, and also assume A.2,
A3, A4, and A.6. Then limy o, Y5 Bt Ep [u; (C’Lt)] > —00.
PROOF: First, we consider agent 2. By Lemma 16,

u/Q(CQ t+1(("’)) ul2 (02 t (“)) t
’ Z < \4 <‘;> u — " 77 <
SUP;>0 SUPyecn u,2<02,t< )) = SUDP,en u/2 (0270( )) > M

a 1
= inf,ecq (Cz’t (w)) > L & infuen (CQ’t (w)) > (L)a ,  where a > 0.

Copo(w) Mt Cop(w) Mt
Then,
r (Cagla)'™® | i 85 - () = (Caole) ifatl
> B up (Cop(w)) = 7
t=0 log Cop(w) + t; B - log (027()(&)) Mt> ifa=1
and it follows that
1-a
lim7_, 0 iﬁ;Ep [ug (Cay)] > { 1(02‘01(02) : 1752]1\4(1771 ifa>1
=0 ’ Oglc_z’ﬁoz(w) + (1%2)2 -log (%) ifa=1
since for M > 1 and a > 1 we have M“a < M so that, by using A.6, S, M < 1, while
for a = 1 we use t; (B -t) = (1f;2)2‘
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Now consider agent 1. By construction

) )
I GGty ~ 2 L@l a3

and so, for a > 0,

i (e) - (ne) HEty

It follows from Lemma 16 that, for a > 0,

o) = Cuate) (211 @(%) > Cuate) (2 )(H )

=1 Uz =1
and so
M (a—1)t a—
Cro(w)—*- (%) ° -Ep|i= (HT—l 721,7) ‘ ] ifa#1
Ep[uy (Crp)] > t
log C o(w) —t - log /32—]1\4 — Ep | log f“LT] if a =
T=1
Cq ()(w)lfa Ba M (atzl)t .
S Bz e () 7 ifazl
log C o(w) — ¢ - log % if a =
a—1
where the first line uses Jensen’s inequality and the fact that the function = is convex
for a > 0, and both lines use the conditional mean one property of 7 ;.
Hence,
Cro)' = ( Eog, )Y if a# 1
5{ . EP [Ul (Cl,t)] Z 1—a 51 (62 ) y 7é
Bi -log Cro(w) — B - t - log 2= ifa=1
and it follows that
(Crow)™™® . —! ifa>1
. T " l1—a 17,316(52 M) a;l
limp_,o Z B1 - Eplui (Cryp)] >
t=0 log C1,0 BaM 8 e
1-81 log ,?31 ’ (lfﬁll)2 ifa=1

a—1

1
where we use the facts that 3f - (52 - M)« < 1 whenever fo-M < 1 and a > 1, and that
S t. 4 B
t§1( 0 t) o= .
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PROOF OF THEOREM 3A
First we state and prove Lemma 19.

LEMMA 19: Assume A.3. Given prices ¢, let ¢; be (i) a budget feasible consumption
process, ¢; € BC(q; z;), supported by the portfolio process 6; at (g, z), (ii) an Euler
process, so that the first order conditions hold, and (iii) let limy_ o0 Sf—o B Ep,[ui(cis)] >
—oo hold. If for every 0; that supports a ¢; € BC (¢; z;) the transversality condition at
date 0 holds,

limy o0 3] Eb, [U;(CzT) “qr (ézT - ez',Tﬂ >0,
then ¢; is the maximiser on BC/(q; 2;).

PROOF: Using the budget constraints, which may be assumed to hold with equality since,
by A.3, u; is strictly increasing,

Gip(w)=Cip(w) = (200 () F72(@) B 1 (@)= (W) ;0 (W) ) = (200 (W) F72(w) i1 (W)= (w)-Bi0 ()
we obtain
Zﬁt Ep, [uj(cig) - (10— cia)] = Zﬁt Ep, ui(cia) - (re Ose1 = 0ig1) = go - (Big — 0:))]
= Ep,[uj(cio) - (ro- (61— 0,-1))]
3B B B [(Bus) i) )] (s =0,
— B Ep|ui(ciz) - ar - (B — bir)|

which, upon using the condition §i7_1(w) = 0; _1(w), and the first order conditions,
becomes

Zﬁt Ep, [ (Cig) - (Ei,t - Ci,t)} = — ] Ep, [u;<CzT) “qr - (ézT — 9¢,T)}-

Since ¢ € BC(q; z;) and ¢ € BC(q; z;), both are uniformly bounded. The same is true of
q-0 and q- 6. So if we let T'— oo both the terms have limits.
Since for f a C'' and concave function,

Df(y)-(x—y) > f(x) = fly), Va4,

we see that

Mﬂ

— B Ep, [U;(Cz',T) “qr - (ézT - )} [Uz Ciyt ] Zﬁ Ep, [Uz Czt)}

=O

By A.3 and the fact that ¢; is uniformly bounded, the second term on the right hand
side either has a limit or diverges to —oo; by limy .o Sfo 8 Epfui(cis)] > —oo the
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latter is ruled out. By hypothesis, limy_ o 5! Ep, [u;(czT) “qr (9~1T — 0¢7Tﬂ > 0. So, by
rearranging,

T T
limy_.00 Y 53; Ep, {uz(czt)} > limsup;_,_ o, > 05 Ep, [Ui(éi,t)}v
t=0 t=0

so that ¢; is a maximiser on BC(q; 2;). By strict concavity of u;, it is the unique maximiser.

PROOF OF THEOREM 3A: Recall that 6; is the portfolio that supports ¢; at the price
process ¢ and endowment process z;. Since the consumption processes are aggregate
feasible we have ¢; € ¥, so that, by conditions (iii) and (vi A), ¢ € BC(q;z;). Again,
since the consumption processes are aggregate feasible, (iii) implies that at every ¢ > 0,
517t(w) +§27t(w) = 0 for all w € Q where we use the fact that, since u; is strictly increasing,
the spot market budget constraints are satisfied with equality. It remains to verify that
¢; is also the maximiser on the budget set BC(g;2;). Condition (vi A) implies that
q- (9~Z — @Z) € U, so that it is uniformly bounded, where 6 is a portfolio that supports the
budget feasible consumption ¢; € BC;(q; z;). That, together with condition (v A), implies
that the transversality condition specified in Lemma 19 is satisfied for both the agents,

limy o 3 Ep [Ui(@T) “qr- (ei,T — ng)} =0,
and therefore ¢; are indeed maximizers. "

PROOF OF THEOREM 3B
Given ¢;, define the personalized supporting price process for agent ¢, denoted pf, by

pip(w) = B - uilcin(w)/ui(cio(w))-

For p € x2 W' with limy_, 4o ZtT:o Ep [pt} < oo, and z; € U, define

BCAD(p§ Zz) = {Ei € W, limp o Ztho Ep [pt : Ez;t} < lim7_, 400 ZtT:() Ep [pt : Zi,t] }

LEMMA 20: Assume A.3 and that P, = P, = P. Consider a consumption process ¢;, SO
ci € W, such that limy o, 7 B¢ Ep,[ui(cis)] > —oo, and pf satisfies limp ., o, 21 Ep [pgt} <
oc. If z; € Uy and limp_ o Y7, Ep [p;?’t (cit — zi,t)} = 0, then ¢; is a maximizer for i
on the set BCAP(pS; z;).
PROOF: Since limy_, | o Zfzo Ep [pgt} <ooand z; € U, limp_, ZtT:o Ep {pf,t‘zi,t] <
o0. Since limy 4o Sro Ep {pf}t (i — zzt)} =0, ¢; € BCAP(pg; 2).
Define p; = u}(c;o(w)). p; > 0. Clearly, ¢; is the unique solution to the system of first
order conditions S} - u;(ci(w)) = ps - p§(w). Also, the Lagrangean function

T T
im0 { Z Ep {ﬁf . ul(ém)] + p; - Z Ep {p;t Gy — Zzt):|}

t=0 t=0

is strictly concave in ¢; and is well defined at the point ¢;. It follows (e.g. Luenberger
(1969) Theorem 1 in Section 8.4 and Lemma 1 in Section 8.7) that the first order conditions
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are sufficient to identify a global maximizer and ¢; maximizes the Lagrangean function.
Therefore c; solves the constrained optimization problem. .

Given a price process ¢, the set of Arrow price processes is defined as
Plg) = {p € XX V>0, p(w)- @w)=Eppr - ra|Flw) YVwe Q}
Clearly, if ¢; is an Euler process at the price process ¢ then p§ € P(q). Define
Plq) = {p € Plq) : limr— o XL Ep[pi] < o0}

the set of Arrow price processes that are summable.

LEMMA 21: Assume A.3. Given ¢ let p € P'(q). Let z; € ¥, and let the portfolio 0;
supports ¢; at (g, z;). Then, given w, ¢; satisfies limy_, o Sry Ep [pt (ciy — zzt)} =0if
and only if limy_, . Ep {pT - qr - Gi,T] =0.

PROOF: Since 6; supports ¢; at (g, z;), we can write

T T
hmTﬂ+oo Z Ep [pt : (Ci,t - Z'Lt)} = limTH+oo Z Ep [pt : (Tt : ei,tfl — Q- ez‘,t)]
t=0 t=0
Since p is an Arrow price process we may use the argument given in Lemma 19 to reduce
the right hand side to a single term. By doing so we obtain

0=1limy_ 0 S, Ep {pt (e — Zzt)] = limy_ ;oo EP{ —pr-qr- Qi,T}- u
Given ¢ and p € P(q), define

BCTC(q,p; z) = {ci € U, : there exists ¢;, with 0;; € U* V¢ > 0, such that
Vit >0, cip(w)+q(w) 0 (w) < zip(w) +1(w) b1 (W) YweQ,
liminfr_ o Ep [PT “qr - Qi,T} >05.

LEMMA 22: Assume A.3. Given ¢ and any p € P1(q), if z; € ¥, then BCTC(q,p; 2) C
BCAP(p; z;).

PROOF: Consider ¢; € BCT¢(q, p; z;) and let #; denote the supporting portfolio process.
We would like to show that

T T

lim7_, 1 Z Ep [pt : Ci,t} < limp_ Z Ep {pt : Zzt}
t=0 t=0

Using the sequence of budget constraints in the definition of the set BCTC(q, p; 2;), we
have

ET: Ep {pt (cig — Zi,t)] < i Ep {pt (ry - Oip1 — @ - Qi,t)}-
=0 =0

By the argument already used in Lemma 19 and 21 we conclude that for all 7" > 0 we

have
T

Z Ep [pt (cip — Zzt)} < EP[ —Dpr-qr- Qz’,T].

t=0
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The right hand side of the inequality is nonpositive since ¢; € BCTC(q, p; z;) implies that
liminfr_ o Ep {pT qr - Qi,T] > 0. Also the left hand side has a limit since p € P*(q) so
p is summable while ¢; € U, and z; € U, so that (¢; — 2;) is uniformly bounded. We can
conclude that ¢; € BCAP(p; ;). -

PROOF OF THEOREM 3B: We shall use a result from Magill and Quinzii (1994). We
establish that our construction satisfies their definition of an equilibrium with a transver-
sality condition at each node. Then we invoke their Theorem 5.2 to conclude that such
an equilibrium is also an IDC equilibrium.

Magill and Quinzii’s definition of an equilibrium with transversality conditions requires
that, in addition to feasibility, the following five conditions hold (a) 0; supports ¢; at (q, z:),
(b) p; € PLG), (c) & is a maximizer on BCAP(p;; 2;), (d) a transversality condition holds
at each node, and (e) ¢; is also a maximiser on the budget set defined by the first two
conditions. As we now show, all five of thses requirements are met under the hypotheses
of Theorem 3B.

Recall that 6; is the portfolio that supports ¢; at the price process ¢ and endowment
process z; so (a) holds. To simplify the notation we set p; = pi’. By hypothesis (iv) of
Theorem 3, ¢; is an Euler process at ¢ and so p; € P(q); by hypothesis (v B), summability,
p; € PY(q) so (b) holds. Hypotheses (iii), supportability, (iv) and (v B) let us invoke
Lemma 21 and Lemma 22. By hypotheses (i), feasibility, (ii) and (v B), Lemma 20
holds and so ¢ is a maximiser on BCAP (pi; ;) if z; € U, and limp_ o ZtT:o Ep [@',t .
(Cir — 2”)} = 0. The latter requirement follows from Lemma 21 and hypothesis (vi
B), transversality conditions, at date ¢ = 0 so (c) holds. Lemma 21 also lets us claim
that ¢; € BCT(q, py; 2;) while, by Lemma 22, BCTC(g, p;;¢;) € BCAP(p;; 2;) so that ¢
is a maximizer on BCTC(q, ps; %;). If, in addition, hypothesis (vi B) holds then ¢; is a
maximiser on a budget set where a transversality condition holds at each node so (d) and
(e) hold.

Since the consumption processes are aggregate feasible, (iii) implies that at every
t>0, @Lt(w) + §2¢(w) = 0 for all w € Q where we use the fact that, since u; is strictly
increasing, the spot market budget constraints are satisfied with equality. To complete
the proof, notice that preferences with discounted additively separable expected utility
representations satisfy the assumption of uniform impatience and so, by Theorem 5.2 in
Magill and Quinzii (1994), we can conclude that there is a uniform bound on the value of
debt. It follows that ¢; is a maximizer on BC(q; z;) and we have an IDC equilibrium. =

PROOF OF THEOREM 4
By Lemma 12 (ii), in the proposed solution, for all ¢ > 1

Eplr; - ui(Cr4)| Fia](w)
uy (Crp1(w))

Eplr; - u;(027t)|ﬂ—1](w)
uy(Cop-1(w))

Bi - = [ forall w € €.
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Define an asset price process ¢

Elry - ui(Ci)|Fea](w)
u;(Cip1(w)) '

It follows that the consumption processes satisfy the Euler equations with the price process

C]t—l(w) =G~

q. Also, Proposition 8 holds. Using the spot market budget constraints with asset prices
g and consumption process C;, we can construct the supporting portfolio 6;.

To complete the proof of Theorem 4 we shall apply Theorem 3B for case (i) and
Theorem 3A for cases (ii) and (iii).

For Case (i) we will apply Theorem 3B and so we need to verify (vi B), that a transver-
sality condition is satisfied at each node. Lemma 23 and Lemma 24 provide the required
verification.

LEMMA 23: If ¢; is an Euler process at ¢ and 6; is a supporting portfolio then

Bi - uilcir(w)) - gr(w) - Oir(w) = B - uileir(w)) - (Zz‘,T(w) - Cz‘,T(W))

+§¥ﬁwmww»(iﬁaﬂwﬁ-@AW—@AW)

where 7; is the process induced by ¢;.
PROOF: By Proposition 1 (i),

H TS+1(W) = B;T ' (31—17—721784_1(&))) . u;(CZ7T(W) )

s Gs(w) uj(cir(w)

~— | —

The spot market budget constraints, which, by wu; strictly increasing, hold as equalities,
are

Cit(W) + @w) - ;1 (w) = 2z (W) + 1 (w) - 0; -1 (w).

Iterating on the equation we obtain

qr(w) - bir(w) = zir(w) — cir(w) + i ( 1:_[ 7‘5+1(w)> : (zin(w) — ci,T(w))

=0 S=T qs (w)

After carrying out the substitution we can evaluate

Bl uicir () - gr(w) - bir(w) = B - wi(cir(W)) - (zir(w) — cir(w))
#3207 i) ( I ) - (10600 = ). .

LEMMA 24: Assume that the economy is such that in the proposed solution, V¢ > 1,
uh(Cop(w)) - (22715((/.)) — 02715((,())) =y forallw e Q and Cg,o(w} solves

y(Cop()) - (220(w) = Cag(w)) = —Limr 100 3 57 - Carr.

T=1
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Then, for every ¢ >0, Limy_o E[B] -u}(Cir) qr-0i7|F](w) =0 for all w € Q2 and
the transversality conditions for both the agents are satisfied.

PROOF: Consider i = 2. Since 79;(w) =1 V¢ >0 P — a.s.w, the expression obtained
in Lemma 23 takes the form

By - uy(Cor(w)) - qr(w) - Gor(w 2{:52 uy(Cor (w ))'(ZZTQU)—‘CE;(W))
= éﬁ;  Gar + 1up(Coo(w)) - (220(w) — Cap(w)).
So BT - ub(Cor) - gr - 027; is a deterministic quantity, and by the hypothesis
Limy 00 Ep[B7 - uy(Cor) - qr - Oo7| F](w) = 0.

Note that 81 - ub(Cor) - gr - o0 = — 321 1133 - Ca.r, & deterministic quantity.
We turn to agent 1. In the proposed solution 6 +(w) = —0(w) for all £ > 0 and for
all w € €. Since 794(w) = 1, by Proposition 1 (ii),

1) = (2) e o GG (B 1y ) (G

It follows that
Limp_, o Ep[ﬁlT i (Crr) - qr - 07| Fl(w)

) T L uy(Cro)
= —Limr_ oo Ep |8y - [ [F1] - 7= - us(Cox) - ar - Oo0|Fi | (w)
e u5(Ca,0)
. uy (C , r
= —Limyp_ }1( 1’0) . BQT . u2(Cz7T) -qr - 92,TE [H 71 8 ft]
5 (Ca0) 5=
Since 0
By - ub(Cor) - qr - Oor = — > B3 car
=T+1
= Limp o E[BIT . U/1<01,T) -qr - 07| Fi)(w)
) uh (C > _ oo
= —Lim7p_ ;1 ,1( 10) ( - Z B - 02,7) -Ep [ H 71,6 Ft] (w)=0
5 (Cay0) r=T+1 s=1

where we use the fact that E [f;¢|Fi—1](w) = 1 together with the law of iterated expecta-
tions and the fact that Limy_oo 2272, 33 -2 = 0. u

That completes the proof of Theorem 4 in case (i).

In case (ii) the asset is not traded and so it suffices to note that, by Proposition 8,
condition (v A) in Theorem 3A is satisfied and that completes the proof of Theorem 4
(ii).

We turn to case (iii), the case with an endowment perturbation. We show that there
is an endowment perturbation for which (Cy, Cs) and the associated supporting portfolios
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continue to satisfy the conditions in Theorem 3A thus proving that we have an IDC
equilibrium.

For the consumption processes C;, let the personalized supporting price process for
agent ¢ be

pir(w) = B - ui(Cia(w)) /ui(Cio(w))-

For some ¢ € (0, Zp(w)), consider the economy with endowment distribution (Cy, Cy).
By (ii) there exists a no-trade IDC equilibrium (cf, ¢3, 65,05, ¢*) such that ¢ = C; and
07, (w) = 0 for all + > 0 and i = 1,2. Notice the following three properties of our
construction:

(a) Py (W) - T;ﬁg)}) =p§,; (w) for all £ > 0 and w € Q.

(b) T;}Eé‘;) = Biﬁzégﬁ:g)&)) > leM >1forallt>0andw e

(c) There exists M < 400 such that %‘(f)) < M forallt>0and w € Q.

Property (a) restates the Euler equation for 2 using the definitions of p§ and 7, and

the fact that in our construction 7, (w) = 1 always. Property (b) follows by property (a)
and Lemma 16. Finally, property (c) follows from the Euler equations of the agents

uy (Crpn (W) -ren (W) W) = Ep [re - uy (Cre)| F] (W)
GG @)y k=0 7 (Crr(@))

and the fact that assumption A.3 implies that the numerator is bounded below by r-u (Z),

o (19)

which is bounded away from zero by assumptions A.2 and A.4. Indeed, if property (c)
were not true then one could find a path w where ¢ (w) is arbitrarily close to zero. But
then, (19) would imply that both C}; (w) as well as Cy; (w) are arbitrarily close to zero
which would contradict feasibility since Z; (w) > z > 0 for all ¢ > 0 by assumption A.2.

Now we construct an alternative endowment distribution by perturbing the no trade
endowment distribution (C4, Cy). By hypothesis, there exists 7 (w) such that 0 < Cy; (w) <
Zt—éwl for all t > 7 (w). Set T'(w) = max{1,7 (w)}. By Lemma 16 one has that

0 (i @) € Mt (Coyy (W) < Mo <§)

and it follows that ,

Co ey (@) 2 (W) <M o (3))
Pick 0 < € < min {02,07 (u)" (M - (g/Q))} so that z - (M - 1) < z/2. Tt follows that
0<e< 02 T(w) (w)
Define perturbed individual endowments (Z1, Z2) as follows:
017,5 (W) if Z:< T (CU)

214 (w) = Cl,f(w) (w) +2 ift=1T(w)
Cry(w) —2- _relw) 1] otherwise

qzﬁfl (W)
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Cot (w) ift<T (w)

Cy7y @) —F it t =T (w)

227t (W) =
Cop(w)+E- [ rew) 1} otherwise

qz‘il(w)

It follows by properties (b) and (c) above, and our choice of g, that (Z;, Z2) is feasible and
that Z;+ (w) € (0, Z; (w)) for all ¢ = 1,2. Now, consider portfolios (;,6) where 6; = —6,
and

0 if t < T (w) —1
Oz (W) =1{ 6@ it =T()
7 [ 1]+ ) othervin

Then, it is easy to verify that for every agent ¢ = 1,2, portfolio #; supports consumption
process C; at prices ¢* since by construction

Zit(W)+r(w) 01 (W) — g (W) - 0ip (W) =Cip(w) forallt>0andw e

and that |¢f (w) - 0,y (w)] <E< Zforallt>0and we Q.

Since (C1,Cy) are feasible consumption processes, (61,0,) supports (C,Cy) at the
price process ¢*, |qf (w) - ;¢ (w)| < 2 for all ¢ = 1,2. This shows that condition (vi A)
in Theorem 3A is satisfied. By Proposition 8, condition (v A) in Theorem 3A is satisfied

and that completes the proof of Theorem 4 (iii).

PROOF OF COROLLARY 2
By construction 79,(w) = 1. Since r(w) = 1 for all £ > 0 and w € €, then A4
holds and by Lemma 1 and Proposition 2 (ii), agent 2 vanishes on w if and only if
[T-, #14(w) — 0 on w. By Propositions 5 and 8, [T, 71 +(w) — 0 P—a.s. w if A.7 holds.
So it suffices to show that
1T
P(w : limsup T > Epllog 14| Fia](w) < O) =1.

t=1

Let AS-1 = {p c Ri % pe = 1 and p > Q}. For any p € A1 let Z,. be a

2
subset of [z,Z] with S elements satisfying >-.c,  p. - (z — Yez, D5 5) > €, i.e. the
variance is at least €. Let z7 . be the smallest element in Z, .. Let

uy(z —c)

Ve = MaX,cas—1 MaAXz, [z MaxX p. - log —
P p€ CG[O,Z;,E] ze%_’e ZZGZEE p/; . ull (Z — C)

and let p., Z, . and ¢, be the maximizers.??

22Note that w (o) is well defined for all ¢ € [O zh ], p € A Land Z,. C [27], it is

~ 9
5€Zp,c pz-uy(2—c) bre

non-negative, bounded and continuous in its arguments.
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Note that there exists 21, 22 € Z), . such that 2 > 2 + \/% . Note also that

/ _ / _ /
o M) wee) (o)
Zzezpm De,z - ul(z - Ce) z:zeZp&E De,z - Ul(Z’ - Ce) Uy (Z2 - Ce)
/
> lo iz = e >0

and it follows by the strict concavity of the function log x and Jensen’s inequality that

uy(z — ce)

Ve= > Pe:-log <0.

2E7p.c ZZGZW Pz ui(Z — c)

Notice that since P, (w) € AL Z, € [2,7], var [Z]| Fi1](w) > € > 0, coy (w) = oy (@)
for all @ € Q (5" (w)) and ¢y (W) < Mingeg(e-1(,)) 12: (@)}, then

. W Zy —
Epllog | Fit]() = B [mg ( iy _1]) ‘ m] (@) <.

It follows that for every T" and every w

1 & X
T > Epllog 4| Fea](w) < ve < 0.

t=1

Therefore, P—a.s., limsup + Y/, Ep[log#1¢|F—1](w) < ve < 0. n
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