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1 Introduction
Recall that if f : D — X is a function from a set D, endowed with a filter base B, into a

topological space X, then

lim := limf(B) (1.1)
= {xeX: N, 2 T(f(B)} (12)
= {x € X:VYU € N, 3A € B such that f(A) C U} (1.3)
= {xeX:VU e N, 3A € Bsuch that A € f~'(U)} (1.4)
= {xeX:VUeN,f(U) e T(B)}, (1.5)
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where AN, is the filter of neighborhoods of x, 7 (f(B)) is the filter of X generated by the
filter base f(B), and J(B) is the filter generated by the filter base B. Notice that if B; and
B, are filter bases and By C B, then f(B;) C f(B>) and J(f(B1)) € J(f(B2)), and hence

l}gmf =1limf(B;) C limf(B,) = l}gmf.

The usual convergence of nets is in fact defined in the previous way. Indeed, if f is a net,
then D is a directed set and B is the filter base associated with D, thatis, B:= {1d :d € D}.

The convergence given by Equation (1.1) can also be expressed in terms of ideals. Recall
that an ideal is the dual concept of a filter. As a matter of fact, if F is a filter (base) in a
nonempty set D, then Ir := {D\ A: A € F} is an ideal (base) on D, and conversely, if  is
an ideal (base) of D, then F; := {D\ A : A € I} is a filter (base) in D. In this sense, the limit
through an ideal base B is defined as the limit through the associated filter base F. In
other words, if B is an ideal base in D, then

limf = Timf
= limf(Fp)
= {xeX: N S T(f(Fp)}
= {x € X:VU € N, 34 € Bsuch that (D \ A) € U}
= {xeX:YU e N, 3A € Bsuch that D\ A S f(U)}
= {xeX:VU eN,3A e Bsuchthat D\ f(U) C A}
= {x € X:VYU € N, 3A € Bsuch that f (X \ U) C A}
= {xeX:VU e N, f'(X\U) € Z(B)},

where as expected Z(B) is the ideal generated by the ideal base B.
In the case of sequences we obtain the usual notions of convergence. Indeed, in this case
D =N, and if B is a filter base in N, then
lim(x,) = {x € X:VU € N, {neN:x, € U} € T(B)},
and if B is an ideal base in N, then
litgn(x,,) = {xeX:VUe/\/x (neN:x, ¢ U} eI(B)}.
If X is a metric space, then the previous sets can be rewritten as
x = lilgn(x,,) & Ve>0 {neN:d(x,x) <e}eT(B)
for B a filter base and

leién(xn) & Ve>0 {neN:d(x,,,x)ze}eI(B)

for B an ideal base. Finally, notice that the Frechet filter of N, Fy := {A € N: N\ A € ¢o(N)},
is precisely the filter of reduced neighborhoods of co in the one-point compactification of
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N, N := NU {00}, where ¢(N) is the family of finite subsets of N. In other words, N (N) =
Fn. This means that the usual convergence of sequences coincides with the convergence
through the Frechet filter of N. On the other hand, it is clear that Fy @ = Fy and Ir =
do(N). As a consequence, if F is a filter of N containing the Frechet filter or I is an ideal of
N containing ¢ (N), then the usual convergence of a sequence implies the convergence of
that sequence through F or I, respectively.

The uniform convergence of matrices or sequences is described as follows: if A :=
(@ij)ijeixs is a matrix of index sets I and J in a topological space X and B is a filter base
in J, then

ulim(ay) := [xeX:VUeN,IBeBVieIBC {je] a;€ U}}.

Observe that ulimg(a;;) € limg(ay) forall i e I.

If X is a topological vector space, then an X-sequence space is simply a vector subspace
V of X" endowed with a vector topology for which the coordinate maps 8, : V — X are
continuous; in other words, the vector topology of V is finer than the initial topology
oWV, {8, : n € N}) of V generated by {3, : n € N}. Keep in mind that this initial topology
is precisely the inherited topology from the product topology on X", Notice that if X is
Hausdorff or locally convex, then X™ is Hausdorff or locally convex, respectively, therefore
oV, {8, : n € N}) is also Hausdorff or locally convex, respectively, and thus V is Hausdorff
or locally convex, respectively.

If (X;)ier is a family of topological vector spaces, then

{H u;: U EM(Xi)}

iel

is basis of zero neighborhoods for a vector topology on [],_; X; called the uniform con-

iel
vergence topology. This topology is clearly finer than the product topology, which is pre-
cisely the pointwise convergence topology. If X is a topological vector space and V is an
X-sequence space, then the uniform convergence topology on V is the inherited topology
on V from the uniform convergence topology of X". If X is a normed space, then the sup
norm on £, (X) precisely induces the uniform convergence topology.

A subset A of a topological vector space X is said to be bounded provided that, for ev-
ery zero neighborhood V of X, there exists « € K such that A C o V. Note that ¢ (X)
and ¢(X) stand for the vector space of bounded sequences on X and for the vector space
of convergent sequences on X, respectively. It is clear that every convergent sequence in
a Hausdorff topological vector space is bounded (due to the existence of a fundamental
system of balanced and absorbing neighborhoods of zero), therefore ¢(X) C £ (X).

Throughout this manuscript we rely on the categorical concept of injective object. We
recall this concept in the category of Banach spaces.

Let X be a Banach space and k > 1. A subspace Y is said to be k-complemented in X if
there exists a projection P : X — Y such that ||P|| < k. We also say that P is a k-projection.

Let k > 1. A Banach space X is called k-injective if it is k-complemented in every Y such
that X C Y.

In accordance with [9, p. 123], a Banach space X is k-injective if and only if it satisfies
any of the following (for all arbitrary Banach spaces Y, Z):
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e If X C Y and T : X — Z islinear and continuous, then there exists a continuous linear
extension S: Y — Z with ||S|| < k|| T|.
e f ZC Y and T : Z — X is linear and continuous, then there exists a continuous linear
extension S: Y — X with ||S|| < k|| T||.
o If T:X — Y is alinear isometry, there exists a continuous linear extension S: ¥ — X
such that ||S|| < k and S o T is the identity.
The 1-injective spaces are exactly the C(K) spaces for K extremely disconnected, that
is, the closure of every open set in K is open (see [17]). As a consequence, the reflexive
1-injective Banach spaces are precisely the spaces ¢ for n € N.

2 Filter convergence

2.1 Simple filter convergence

In this subsection we define the space of convergence associated with a free filter of N and
prove several properties verified by it.

Definition 2.1 Let F be a free filter of N or, equivalently, a filter of N containing the
Frechet filter. Let X be a normed space. We define the space of F-convergence as

¢r(X) 1= { (Ra)uen € €00 : Ilimx, |.
The F-limit operator is defined as

Flim: c¢r(X)— X,

(%) neny > Flimx, := limax,,.
F

As nontrivial examples of free filters of N, we can consider the sets with natural density
1, which yield the so-called statistical convergence [11, 20]. Recently, a generalization of
the concept of density was given by means of a modulus function f; in this case, a free
filter can be obtained by using the complements of sets with null f-density [4, 5].

For the upcoming lemma, it is important to bear in mind the following remark.

Remark 2.2 If F is an ultrafilter in a set A and f: A — B is a map, then J(f(F)) is an
ultrafilter in B.

Theorem 2.3 Let F be a free filter of N. Let X be a normed space. Then:
(1) cr(X) is a subspace of £ (X) containing ¢(X) and F lim is linear.
(2) If G is another filter of N containing F, then cr(X) C cg(X) and Glim | (x) = Flim.
(3) c(X) = cry(X) and Fylim = lim.

(4) | Flim| =1.
(5) If F is a free ultrafilter and X is finite dimensional, then c(X) = £oo(X).

Proof
(1) Letx:=limrx, and y:=limr y,. Let U be an open neighborhood of x + y. There are

open neighborhoods V; and V), of x and y, respectively, such that V, + V,, C U. Note
that {neN:x, e V,} e Fand {n e N:y, € V,} € F. In particular,

(neN:x,eVyandy, e V)}={neN:x, e V;}N{neN:y, e V,} e F.
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On the other hand,
(neN:x,eVyandy, e V,} S{neN:x, +y, e U},

which implies that {n € N: %, + y, € U} € F. This shows that x + y € limz(x, + y,,).
Since X is Hausdorft, we have that x + y = limz(x,, + y,). Now let A € K. Let U be an
open neighborhood of Ax. There is an open neighborhood V of x such that AV C U.
Observe that {# € N:x, € V} € F. On the other hand,

(neN:x,eV}C{neN:Ax, e AV} C{neN:ix, € U},

which implies {n € N: Ax, € U} € F. This shows that Ax € limz(Ax,,). Since X is
Hausdorff, we have that Ax = limz(Ax,,). Finally, let us prove that ¢(X) C cz(X). Let
(®4)uen be a convergent sequence to x € X. We will show that limr x,, = x. Let Fi
denote the Frechet filter of N. Since Fy C F, we know that

lim x, =limx, C limx,.
n—00 FN F

Since X is Hausdorff, x = lim z x,,.

(2) Simply observe that since 7 C G, we have that limr x,, C limg x,,, which implies that
cr(X) € cg(X). The Hausdorft character of X implies that G lim | - (x) = F lim.

(3) By (1) we have that ¢(X) C cr (X). Let (%4)nen € c7, (X). We know that
lim 7, %, = lim,,_, o %,;, which means that (x,),en € ¢(X) and Fylim = lim.

(4) Since Flim |cx) = Flim| £y x) = Fnlim = lim and || lim || = 1, we conclude that
[ Flim || > 1. Now, let (x,).en € Bo - (x)- Let x := lim £ x,,. Suppose that |lx| > 1. Let V/
be an open neighborhood of x such that V N By = @. Notice that
{neN:x, e V} e F. However, {n € N:x, € V} = & since ||x,|| < 1. This implies the
contradiction that @ € F.

(5) Let (x,)nen € €oo(X). Note that Bx (0, || (%) nen|l0o) is compact and
G:={{x,:n e F}:F e F}isafilter base in Bx(0, || (x,,)nen ]l 0o) Whose induced filter is
an ultrafilter in view of Remark 2.2. The compactness of Bx (0, || (%,)nen|lc0) allows
that lim(G) = lim(7(G)) # @. Finally, notice that limr x,, = lim(G). 0

Theorem 2.4 Let X be a noncomplete normed space. No free filter F of N verifies that
cF(X) = Loo(X).

Proof Fix a nonconvergent Cauchy sequence (x,),cn of X. Assume to the contrary that
there exists x := limr x,. We will reach the contradiction that lim,_ . x, = x. Let € > 0.
Fix n; € N such that ||x, — x| < 5 for all n,m > n,. Note that {n € N: |x, —x[| < 5} € F.
Furthermore, the previous set has to be infinite because F contains the Frechet filter of N.
Let ny := min{n € N : ||x,, — x[| < §}. Take ng := max{m, ny}. If n > ny, then we have two
possibilities:

o flxn—xll < 5 <e.

«+ Take m > n sufficiently large such that ||x,, — x| < % <e&. Then ||x, — x| < %, — Xl +

[l — x| < €.

This shows that lim,,_, o, x,, = x. O

Page 5 of 22
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The last result in this subsection shows the existence of unbounded sequences that are

F-convergent.

Theorem 2.5 Let X be any nonzero normed space. For every free filter F of N containing
strictly the Frechet filter of N, there exists an unbounded sequence (x,,),cn such that (x,),en

is F-convergent to 0.

Proof Since F contains strictly the Frechet filter of N, there exists A € F infinite whose
complementary N \ A is also infinite. Fix x € X \ {0} and define the sequence

0 ifneA,
Xy 1=
nx ifneN\A.

Observe that (x,),cn is unbounded. Now observe that if U/ is any neighborhood of 0, then
{neN:x,elU} DA and A € F, which implies that {n € N: x, € U} € F. This shows that
limrx, =0. O

2.2 Composed filter convergence
The following result is a generalization of [7, Theorem 1].

Theorem 2.6 Let X be a Banach space. Let F be a free ultrafilter in N. Let T : £ (X*) —
Loo(X*) be a linear and continuous operator. The operator

Tr: oo(X*) > X7,

(x:)neN = W* 11]1._11 T((x;:)nEN)

verifies the following properties:
(1) T is linear and continuous and | Tx| < || T||.
(2) If T(c(X™)) S c(X), then Tr|ex+) = limy— o0 T((x))nen)-

Proof
(1) Denote (¥%)uen := T((*%)4en). Note that By« (0, | T((x)sen) o) is w*-compact and

g::{{(yZ):neF}:Fe}"}

is an ultrafilter in By« (0, || T'((x})nen) lloo) in view of Remark 2.2. The
w*-compactness of By« (0, | T((x}),en) lloo) allows that w*lim(G) # @. Observe that
w*limr T((x})nen) = w*lim(G). This shows that T'r is well defined. Let us show
now that T'r is linear. Let x* := w*limz T((x})en) and y* := w* limz T((y})nen)-
Denote (a})nen := T((x})nen) and (%) ,en := T((x})nen). Observe that (a); + b})en =
(ﬂf,)neN + (b;k,)neN = T((xZ)neN) + T((y;)neN) = T((x;)neN + (y’;,)neN) = T((x;k, +yf,)neN)-
Let U be a w*-open neighborhood of x* + y*. There are w*-open neighborhoods V,«
and V= of x* and y*, respectively, such that V,« + V,» C U. Note that
(neN:a;eVy}eFand {neN:b} e Vy} e F. In particular,

[neN:a,eVeandb e Vp})={neN:a eV} n{neN:bleVy}eF.
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On the other hand,
{[neN:a}eVeandb) eV} S {neN:a+ b, e U},

which implies that {n € N: 4} + b}, € U} € F. This shows that

x" +_)/* ew' 1%71:_11 T((xZ)neN + (yZ)neN)'
Since the w*-topology on X* is Hausdorff, we have that
2 +y* =w*limz T((x}, + ¥%)nen). Now let A € K. Let U be a w*-open neighborhood
of Ax*. There is a w*-open neighborhood V of x* such that AV C U. Observe that
{neN:a; € V} € F. On the other hand,

[neN:a,eV}c{neN:ra,erV} c{neN:ra e U},
which implies {# € N: Aa}, € U} € F. This shows that

rx*ewt li}n(kaﬁ) =w' lim T(M(%)) ,en)-

Since the w*-topology on X* is Hausdorff,

rx* =w*limr(Aa)) = w*limr T (A(x])),en). Finally, let us show that || T#|| < ||T||. In
the first place, notice that if (x}),en € Be (x+), then

T((x)nen) € Brooxx) (0, 1 T (%) nen) loo) S Beoo x4 (0, I T']I). Now if we denote

(ﬂ;)neN = T((x::)nEN)r then

@l =< 1@ o <117

for every n € N. This implies that w* limz T((x}),en) € Bx+(0, || T'||) and hence
1Tl < T

(2) If (x})nen is convergent to some x* € X*, then T'((x}),en) is convergent to some
y* € X*. Therefore,

w lim T(x;) =w"lim T (%)) = w* lim T((x}), ) = lim T((x}), x)- O

FN n—00 neN n—00

Example 2.7 The Cesaro mean operator

T: Loo(X*) = Loo(X7),

* *

X1+t X

* 1 n
(xﬂ)nGN'_)< n > N
ne

is an example of the previous theorem. In fact, in [7, Theorem 1] it was proved that T'r is
indeed a Banach limit.

Recall that a sequence (x,,),cn C By is called a supporting sequence for an operator T €
B(X,Y) provided that || T(x,)|| — || T|| as n — oo.
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Example 2.8 Every continuous linear operator T : X* — X™* induces an operator

T: Coo(X¥) > €oo(XY),
() ey = (T665)) e

which verifies that T(c(X*)) € ¢(X*) and limoT = T o lim. In fact, | T#| = | T|l = IT|l.
Indeed, it is easy to verify that ||7"|| = ||T|. In view of Theorem 2.6, ||7"}-|| < ||7"||. Let
(x%)nen € By+ be a supporting sequence for T. Observe that

n

Tr(x;) = w'lim T (x;) = 7(x;)
for all n € N. Thus

|7+6)] = | 7)1
as n — oc. This shows that | T|| < || T#||.

Theorem 2.6 motivates the following definition.

Definition 2.9 Let F be a free filter of N or, equivalently, a filter of N containing the
Frechet filter. Let X and Y be Hausdorff topological vector spaces, and let VV and W be
X- and Y-sequence spaces, respectively. Consider T € CL(V, W). We define the space of
(F, T)-convergence as

e (X) = { @) €V MM T (), |
The (F, T)-limit operator is defined as

(F,T)lim: ¢rnX)—Y,

(xn)nEN g (]:) T) limx, := lg_n T((xn)nEN)'

In the previous definition, if F is the Frechet filter of N, then we remove the symbol F
and simply write cr(X) and T lim. Also, whenever V = W and T is the identity operator,
then we simply write ¢ (X) and Flim.

Theorem 2.10 Let F be a free filter of N. Let X and Y be Hausdorff topological vec-
tor spaces, and let V and VW be X- and Y-sequence spaces, respectively. Consider T €
CLWV,W). Then:

(1) ¢F1(X) is a subspace of V and (F, T)lim is linear.

(2) If W is endowed with the uniform convergence topology, then (F, T)lim is continuous.

(3) crn(X) = {(@n)nen € V: T((xn)nen) € cx(Y)} = T cx(Y)).

(4) If G is another filter of N containing F, then ¢ (r,1(X) C ¢g,1)(X) and

(G, T)lim ¢z 700 = (F, T) lim.

(5) Ifc(X) SV and T(c(X)) C c(X), then c(X) < cr(X) and T lim |y x) = lim o(T | 4x))-

(6) Ifc(X) CW and T~ (c(X)) C c(X), then cr(X) C ¢(X) and lim |¢,¢x) = T lim.

(7) If X and Y are normed, V C Lo(X) and W C £oo(Y), then ||(F, T)lim || < || T|.
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(8) If F is a free ultrafilter, X is normed, Y is finite dimensional, V = £ (X), and

W = oo (Y), then cir.1)(X) = £oo(X).

Proof
(1) Take (xn)neny and (Wy)pen in V. Denote y := limz T((%,)nen), 2 := limz T((Wy)nen),

(3)
(4)

(5)

(@n)nen = T((xn)nen), and (by)uen := T((Wy)uen)- Let U be an open neighborhood of
y+zin Y. There are open neighborhoods V,, and V; of y and z, respectively, such
that V, + V, C U.Notethat {reN:a, e V,} e Fand {neN:b, e V;} e F.In
particular,

(neN:a,eVyandb, e V,}={neN:a,eV,}N{neN:b, eV} e F.
On the other hand,
{neN:a,eV,andb, e V;} S{neN:a,+b,c U},

which implies that {n e N:a, + b, € U} € F. Then

y+zelimr T((%,)nen + (Wy)nen)- Since Y is Hausdorff, we have that

y+2z=lmz T((%)nen + Wn)nen). Now let A € K. Let U be an open neighborhood of
Ayin Y. There is an open neighborhood V of y such that AV C U. Observe that
{neN:a, € V} € F. On the other hand,

{(neN:a,eV}C{neN:ra,e AV} C{neN:ra, e U},

which implies {#n € N: La, € U} € F. This shows that

Ay € limz(Aa,) =limz T((Ax,)qen)- Since Y is Hausdorft, we have that

3y = limr T((A)ner):

Let U be a neighborhood of 0 in Y. Since all topological vector spaces are regular,
we may assume without loss that U is closed. Take W := UN N' W, which is a
neighborhood of 0 in W. Take V := T~}(W), which is a neighborhood of 0 in V. We
will show that (F, T)lim(V) € U. Let (x,)ueny € V. Then (¥)nen := T((%4)nen) € W.
Denote y:= limg y, = (F, T)limx,. Suppose that y ¢ U. Since U is closed, we can
find an open neighborhood A of y such that A N U = @. Note that

{neN:y, €A} e F.Since (y,)uen € W, we have that y,, € U for every n € N. Since
U NA =@, we conclude that {n € N:y, € A} = &, which implies the contradiction
that @ € F.

Trivial.

Simply observe that since F C G, we have that limz T((x,,)uen) C limg T (%) nen),
which implies that ¢(r,77(X) C ¢g,1)(X). The Hausdorff character of X implies that
(g, T) lim |C(]—',T)(X) = (]:, T) lim.

If (%4)nen € c(X), then by hypothesis we have that T'((x,),en) € ¢(X), so

nlingo T((xn)neN) = 1}__1;1 T((xn)neN) = Tlimx,,

which implies that (x,,),en € c7(X) and T'lim |y = lim o( T |¢(xy).



Garcia-Pacheco et al. Journal of Inequalities and Applications (2021) 2021:62 Page 10 of 22

(6) If (%p)nen € cr(X), then limr T((x,)nen) exists, but we know that
lim g, T((%n)nen) =1lim,_, oo T((%4)nen). As a consequence, T((x,)nen) € ¢(X). Then,
by hypothesis, (x,)sen € c(X) and lim |¢,x) = T lim.

(7) If (x,,)neN S Bem(x) ny= By, then

T((xn)neN) € BKOQ(Y) (O’ H T((xn)neN) ”oo) < BEOC(Y) (0’ I T”)’

which implies that limz T'((x,),en) € By (0, || T]|), and hence ||[(F, T)lim || < || T|.

(8) In the first place, note that if Y is a finite dimensional Hausdorft topological vector
space, then Y is normed. Let (x,,),eN € £oo(X). Note that By (0, || T((x4)nen) |l o) is
compact. Denote (a,,)en := T((%,)nen)- Then G := {{a, : n € F}: F € F} is a filter
base in By (0, || T((x,)nen) loo) Whose induced filter is an ultrafilter in view of
Remark 2.2. The compactness of By (0, || T((,)ren) | c0) @llows that
lim(G) =1im(J(G)) # @. Finally, notice that lim(r 1) %, = limz T((%,)nen) = lim(G).

O

Theorem 2.10(8) can be in fact proved easily by relying on Theorem 2.3(5). Indeed, by
Theorem 2.10(3),

cFnX) = {(xn)neN €leo(X): T((xn)nEN) € C}'(Y)} = T_l(C}'(Y))'

In the settings of Theorem 2.10(8), we have that cz(Y) = £5(Y) by virtue of Theo-
rem 2.3(5). As a consequence,

cFnX) =T (cr(Y)) = T (x(Y)) = Loo(X).
Definition 2.9 allows us to describe the vector space of Cauchy sequences.

Example 2.11 Let X be a normed space, and let us denote by X its completion. It is clear
that the vector space of Cauchy sequences on X is described by c(X) N £ (X). If we let
tx : Loo(X) = oo (X) denote the canonical inclusion, then Cy(X) = c(X) N Lo (X).

We will describe now the almost convergence in terms of the (F, T)-convergence.

Example 2.12 Let X be a Hausdorff topological vector space. The general k-Cesaro mean
operator is defined as

Ce: XN - XN,

n

e > i) = (B
neN

Observe that if X is locally convex, then G (£ (X)) C £ (X). The general uniform Cesaro
mean operator is defined as

¢ XN (XN)N,

(%) nen > <g((xrz)neN) = (Ck((xn)nEN))keN‘
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Observe that if X is locally convex and £, (X) is endowed with the uniform convergence
topology, then € (£oo(X)) C £oo(€oo(X)).

Connected with the previous example, note that applications of almost convergence to

nonlinear ergodic theory can be found in [8, 19].

Lemma 2.13 Let X be a Hausdor(f locally convex topological vector space. If £oo(X) is en-
dowed with the uniform convergence topology, then € (£oo(X)) C £oo(€oo(X)).

Proof Fix arbitrary (x,)uen € £oo(X). We will show first that (%hensl) v € £, (X). Let
V be a convex zero neighborhood in X. There exists « € K such that (x,),eny S V.
Since oV is convex, we have that (%==l) . C oV for all k € N. This shows that
(HHen=l ) N € £oo(X). Finally, let us show that ((¥2H=l), )i ey € Log (£oo(X)). Take
U a zero neighborhood in £, (X). Since £, (X) is endowed with the uniform conver-
gence topology, we can find a convex zero neighborhood V in X such that VN N £,,(X) C
U. Again, take o € K such that (x,),en € V. We know that (%—=He=l), o C oV
for all k € N, that is, (%=kn-l) € a VN N £o(X) € U for all k € N. Therefore,
(==l w)ken € ald. This shows that ((F=ke=l), )y € £oo(foo (X). O

Lemma 2.14 Let X be a Hausdor{[f topological vector space. Let (x,),cn be a sequence in X.
If there exists k € N such that 6r((xn)nen) is convergent, then 61((xy)uen) is convergent to
the same limit for all | € N. In particular, if € ((x,)nen) is pointwise convergent, then the

limit is a constant sequence.

Proof We will assume that k > 1 and show that %7 ((x,),cn) is convergent to the same limit.
Observe that

X1+ o+ Kppno1 k=1 x4+ +x N Kt Khanl
= +
k+n-1 k+n-1 k-1 k+n-1 n

(2.1)

for all n € N. If we let  — o0, then

k=1 x4+ +x

0
k+n-1 k-1 -

since k is fixed, which shows that

. X1+t K- . Xkt Xheyn-1
lim —M = lim ——8 .
1—>00 k+n-1 H—>00 n
Now that we know that €1 ((%,)sen) is convergent to the same limit, we will show that
6 ((x1)nen) is convergent to the same limit for all / € N. Fix arbitrary / > 1. By relying on

the same expression as in (2.1), we have that

X1+ + Kpp [-1 X+ -+ no X+ Xl

l+n-1 T l+n-1 -1 TTrn-1 n 22)

for all n € N. By isolating - *=*1=L from (2.2) we conclude that €((x,)uen) is con-

vergent to the same limit as 61 (%) nen)- (I

Page 11 of 22
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Theorem 2.15 If X is a Hausdor{f locally convex topological vector space and {(X) is
endowed with the uniform convergence topology, then ac(X) = c¢|, _ ,(X), where € |ox) is

the general Cesaro operator restricted to £ (X) with range in £ (£-o(X)).

Proof In the first place, since X is locally convex, we have that (£ (X)) C €0 (X) for all
k € N as we remarked in Example 2.12. Also keep in mind that, in view of Lemma 2.14, if
€ ((xn)nen) is pointwise convergent, then the limit is a constant sequence. Notice also that
£50(X) is endowed with the uniform convergence topology. With all these ingredients we

conclude that

CE oo (X { Xn)neN € Loo(X) : aggl(g((xn)nel\l)}

{(xn)neN €lo(X): ((xn)nEN) € C(ZOO(X))}
{(xn)y,eN € Loo(X) : Ix € X such that 11m C ((¥n)nen) = }

= {(xy,)y,eN € £oo(X) : Ax € X such that
lim KT et uniformly in k € N}
n—00 n

= ac(X). N

2.3 Multipliers

The concept of multiplier convergent series has been widely studied since the beginning of
this century and basically allows to describe the behavior of a series through a certain space
of sequences. We refer the reader to the magnificent book [21] on multiplier convergent
series. In [22] the vector-valued version of multipliers was introduced for the first time. For
recent developments on this topic, see [6, 15, 16]. Here we adapt it to our general method

of convergence.

Definition 2.16 Let G be a free filter of N. Let X, Y, and Z be Hausdorff topological vector
spaces. Let U, V, and W be X-, Y-, and Z-sequence spaces, respectively. Consider S €
CL(V,W). Then:
(1) The (G, S)-multiplier space associated with a sequence (T},),eny C CL(X,Y) is
defined as

gS)((T )neN) (Kn)nen €U : Z Ty(x,) € C(Q,S)(Y)}

n=1

and the (G, S)-summing operator associated with (7},),en is defined as

G,9) Z Ty MG (Twuer) = 2,
N (2.3)
(%n)nen = (G,S) Z T, (%)

n=1



Garcia-Pacheco et al. Journal of Inequalities and Applications (2021) 2021:62 Page 13 of 22

(2) The (G, S)-summability space associated with a subspace S C V is defined as
CLX,Y)S) = {(Tnen € CLAL Y)Y : S € MG 5 ((Tn)nen) -

In the previous definition, if G is the Frechet filter of N, then we remove the symbol G
and simply write M$*((T),)nen) and S Y oo, Ty, Also, whenever V =W and S is the identity
operator, then we simply write Mg ((T),)nen) and G Yoo T

Lemma 2.17 Let Z be a normed space. If (z,)nen is a Cauchy sequence in Z which is weakly
convergent to some z € Z, then (z,)nen is norm-convergent to z. In other words, c,,(Z) N
c(Zy) = c(Z), where 1z : £oo(Z) — Loo(Z) denotes the canonical inclusion and Z,, stands for
Z endowed with the weak topology.

Proof Notice that (z,),cy is also weakly convergent to z in Z. On the other hand, there
exists zg € Z such that (z,,),en converges to zj in Z. Then z = z and so zg € Z. This proves
the result. O

In the next result of this subsection, G will be the Frechet filter of N, Fy, X, Y, and Z
will be normed spaces and U := £5(X), V := £(Y), and W := £,,(Z), endowed with the

sup norm.

Proposition 2.18 Let X, Y, and Z be normed spaces and S € B(£oo(Y), £oo(Z)) such that
Sle,, (Y)) S ¢, (2). Let Z,, denote Z endowed with the weak topology, and let S,, denote S
seen as a continuous linear operator from £, (Y) to £s(Zy,). Consider a sequence (T})en S

BX,Y). If too(X) € MY (Tn)new), then MG (Tnnen) = MG, (Th)new)-

Proof Since the weak topology is coarser than the norm topology on Z, we have that
es(Y) € cs,(Y). Hence MG ((Ty)uen) © MG ((Th)nen). Conversely, take (x,)uen €
M ((Ty)nen)- By hypothesis, 3.2 T, (x,) € ¢, (Y) s0 S(O_2 Ty(xy)) € ¢, (Z). However,
SO°02 | Tu(x4)) € c(Z,). Finally, by Lemma 2.17, we conclude that S(3_2; Ty (x,)) € c(Z).
This shows that (x,,),en € MP(T)nen)- a

The following final lemma shows that the general Cesaro operator verifies the hypothesis
of the previous proposition.

Lemma 2.19 Let X be a normed space. Consider € |y, (x) the general Cesaro operator re-
stricted to £ (X) with range in £ (£oo(X)). Let (x,)yen be a bounded sequence in X. If there
exists k € N such that 6 ((xu)nen) is Cauchy, then 6)((xn)nen) is Cauchy for all | € N. In
particular, if (x,),en is a Cauchy sequence in X, then € ((x,),en) is Cauchy in € (X).

Proof Note that €;((x,).cn) is convergent in X. So if we apply Lemma 2.14 in X, then we
conclude that €((x,).cn) is convergent and thus Cauchy for all / € N. Now if (x,),cn is a
Cauchy sequence in X, then (x,).cy is convergent in X, so it is almost convergent in X,
that is, €' ((%,)nen) € c(£oo(X)), which implies that €'((x,,),cn) is Cauchy in £4(X). O

3 Convergence through operators
This section is strongly motivated by the vector-valued Banach limit theory, which can be
foundin [1, 2, 7, 13, 14].
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3.1 The set HB(lim)
Recall that if X and Y are normed spaces and S € B(W, Y) where W is a subspace of X,
then we can define the set

HB(S):={T € BX,Y): T|w =Sand |T| =S|I}
Following this notation we have that
HB(lim) := {T € B(€oo(X), X) : Tlex) = lim and || T|| = 1}.

If there is confusion with the space X, then we will use the notation 7By (lim). Notice that
‘HB(lim) is a convex subset of Sp(,,x)x) which is closed for the pointwise convergence
topology of B(£oo(X), X), that is, 0 (B(£oo(X), X), {8x,),.cn : Xn)nen € Loo(X)}).

Let us study the extremal structure of H3(lim). For this, we have to introduce a bit of

notation. We denote
LY ={T € B(tx(X), X) : co(X) € ker(T)}.

Notice that ,C?( is a vector subspace of B(£,,(X), X) which is closed for the pointwise con-
vergence topology.

Recall that, for every x € X, x stands for the constant sequence of general term x and X
means the space of all xs.

A subset E of a subset C of a real vector space X is said to be extremal if E verifies the
extremal condition with respect to C: if x,y € C and ¢ € (0,1) and tx + (1 — t)y € E, then
x,y € E. If C is convex and E is convex and extremal in C, then E is called a face of C. We
refer the reader to [3, 9, 10].

Theorem 3.1 Let X be a normed space with the Bade property, that is, Bx = co(ext(By)).
Then HB(lim) is a face ofBE())(.

Proof Let T,S € Bcg’( and ¢ € (0,1) such that t7T + (1 — £)S € HB(lim). If x € ext(By), then
x=(T + (1 -1)S)(x) = tT(x) + (1 — £)S(x), which implies that T(x) = S(x) = x. Since By =
co(ext(Bx)), we conclude that T(x) = S(x) = x for all x € X. Since T, S € L%, we conclude
that 7, S € HB(lim). O

In [14, Theorem 5.1] it was proved that if X has the Bade property, then the set of Banach
limits, 8.2 (X) := HB(lim) N Nx (see [7, Definition 2]), is a face of By;, , where

NX = {T € B(EOO(X):X) : T((xn)neN) = T((xn+1)neN) for all (x,),en € eoo(X)}

Notice that £ is a vector subspace of Ny, and Ny is a vector subspace of B(£x(X), X)
which is closed for the pointwise convergence topology. In [1, Lemma 2.2] it was proved

that the vector space of bounded sequences with bounded partial sums,

k
bpS(X) = {(xn)neN eXxM: (an)
n=1

€ Eoo(X)},

keN
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can be expressed as bps(X) = {(zu+1 — Zu)neN : (Zn)nen € €oo(X)}. As a consequence, Ny =
{T € B(lx(X),X) : bps(X) C ker(T)}. Since cgo(X) C bps(X), coo(X) is dense in ¢(X) and
ker(7) is closed, we conclude that Nx € £5.

Now, by bearing in mind the fact that if C is a face of By and Y is a subspace of X,
then CNY is a face of By, we have that [14, Theorem 5.1] is a direct consequence of our
Theorem 3.1.

Corollary 3.2 ([14]) Let X be a normed space with the Bade property. Then L (X) is a
face of By

Proof By Theorem 3.1 we know that H53(lim) is a face of B o Thus Z.Z(X) = HB(lim) N
Ny is a face of By, . O

We will prove next that, for certain Banach spaces, Ny C LY.
Theorem 3.3 Let X be an injective Banach space. Then Ny C L%.
Proof Fix x € X \ {0} and consider the map

coX) ®K((-1)"%), = X,
@nnen + A((=1)"x), > A,

Notice that

2] < sup [l + Ax|l < supa, + A(=1)"%| = || (en)ner + A((-1)"%), | .-

keN neN
This shows that the above operator has norm 1. By hypothesis, it can be extended to
the whole of £+, (X). This extension is clearly an element of £ \ N since ((~1)"x),en €
bps(X). a

A supporting sequence (x,),cn for an operator T of norm 1 is called self-supporting if
%, — T(x,) = 0as n— oo.

A convex component is a maximal convex subset (see [12]).

Theorem 3.4 Let X be a normed space. If there exists T € Gx \ {Ix} with a self-supporting
sequence (x,)yen C By, then HIB3(lim) is not a convex component of S X

Proof Fix arbitrary S € HB(lim). Notice that T o S € Sp.(x)x) \ HB(lim). We will show
that HB(lim) C co(HB(lim) U {T o S}) € Sp(..x).x)- We already know that HB(lim) C
co(HB(im)U{T oS}). Let R € HB(lim) and ¢ € (0, 1).Itis clear that tR+ (1—£)(T o S) € BL?('
Allis left to prove s that ||tR+ (1 -£)(T o S)|| = 1. Simply notice that (¢R+ (1 —£)(T 0 S5))(x,,) =
tx, + (1 - )T (xy,) = t(x, — T(x,)) + T(x,) for all n € N, which implies that

IR+ (X = )T 0 8))x)|| = | T ||| < [(£R+ QA = (T 0 9))(x4) — T(ex)

[£(%n = Txn)) + T(xn) = T |

t||x,, - T(xn)|| — 0.
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Since (|| T (x,)|)nen converges to 1, we conclude that ||(¢R + (1 — £)(T o S))(x,)|| — 1 as
n — 00, and hence [[tR + (1 —t)(T o S)|| = 1 and (X,).en is a supporting sequence for ¢R +
(1-£)(ToS). O

Corollary 3.5 Let X be a Hilbert space of dimension strictly greater than 3. Then H13(lim)
is a nonmaximal face B X

Proof It suffices to notice that X enjoys the Bade property and has a surjective linear isom-
etry T': X — X with a nonzero fixed point (and thus a self-supporting sequence). Now we
apply Theorem 3.1 and Theorem 3.4. d

3.2 The space c¢(X)
We will study in this subsection the space of convergent sequences through a set of oper-
ators in HB(lim).

Definition 3.6 (Convergence method) Let X be a normed space. Let C be a subset of
HB(lim). A sequence (x,)uen € £oo(X) is said to be C-convergent to x € X provided that
T((xy)nen) = x for all T € C, where x is called the C-limit of (x,),cn and is denoted by
Clim,_, » ;. The space

ce(X) = {(xn)neN € Loo(X) : (%)) nen is C—convergent}
is called the space of C-convergent sequences and the map

Clim: cc(X)— X,

(%n)nen = C lim x,
Hn— 00
is called the C-limit operator.

Example 3.7 (Banach limits) It was shown in [7, p. 316] that Z.%(¢;) = @ and in [7, Corol-
lary 2] that ac(X) C cz.2x)(X), where ac(X) is the space of almost convergent X-valued
sequences for X a normed space. In [18] Lorentz proved that ac(R) = ¢z« r®)(R). In [23]
it was shown that Z.Z(B(H)) # @ and ac(B(H)) C ca.2 @) (B(H)) for H an infinite di-
mensional complex Hilbert space.

Theorem 3.8 Let X be a normed space. Let C be a subset of HB(lim). Then:

(1) ccX)=U{ZCloeX): T,SeC=T|z=S|z} =N{ker(T -S): T,SeC} =
(ker(To - S): S € C} for each Ty € C. Thus cc(X) is a closed subspace of £eo(X).

(2) Ifdim(X) = 1 and there exists Ty € C for which span{To — S : S € C} is finite
dimensional, then dim(span{Ty — S : S € C}) = codim(c¢ (X)) in £oo(X).

(3) IfC <D < HB(lim), then cp(X) C cc(X) and Clim |. ) = Dlim.

(4) cc(X) = csov(c)(X) and €6 (C) lim = C lim, where w stands for the pointwise
convergence topology o (B(£eo(X), X), {8(x,) e : @n)neN € Loo(X)}).

(5) e(X) € cc(X).

(6) Clim |y = lim.

(7) |IClim | = 1.

(8) cc(X) = LX) ifand only if C is a singleton.
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Proof

(1)

(2)

(4)

Let (x,)nen € ce(X). If we take Z := {(x,,)en}, then T'|z = S|z forall T,S € C.
Therefore (x,)nen € (J{Z S loo(X): T,S € C = T|z = S|z}. Now let

(xn)ueny € UZ C LX) : T,S € C = T|z = S|z}. There exists Z C £o(X) verifying
that T'|z =S|z forall T, S € C and (x,)uen € Z. Pick any 7,5 € C. Then

T (%) nen) = S((%1)nen) SO (X4)nen € ker(T — S). The arbitrariness of T and S allows
us to conclude that (x,),en € ({ker(T - S): T,S € C}. It is trivial that
{ker(T - 8): T,S € C} S ({ker(To - S): S € C} for every T, € C. Finally, fix
arbitrary Ty € C, and let (x,),en € [{ker(To —S): S € C}. If S € C, then

S((®n)nen) = To((%n)nen) because by hypothesis (x,),en € ker(S — Tp). The
arbitrariness of S implies that (x,,),en € cc(X) and Clim,—, oo %, = To (%) nen)-
Recall first that if {z],..., z;} is a finite linearly independent subset of the dual of a
vector space Z, then codim(ﬂf:1 ker(z})) = k. By relying on this and on the first
isomorphism theorem, if {z :j € J} is a linearly independent subset of Z* such that
codim(ﬂie] ker(z})) is finite, then card(J) = codlm(ﬂ}g
hold that dim(F) = codim(( )« ker(z*)) for every vector subspace F of Z*. Indeed,

assume that Z is an infinite dimensional normed space of countable dimension, and

ker( *)) However, it does not

take F := Z*, which is a Banach space and thus it has uncountable dimension. Then
F separates points of Z by virtue of the Hahn—Banach theorem, and thus

(< ker(z*) = {0}, so codim(() .« ker(z*)) = dim(Z) < dim(Z*) = dim(F). Now, if
dim(span{Ty — S: T € C}) = n, then there exist S; € C for i = 1,...,n such that
{To—S;:ie{l,...,n}} is a linear basis. Then

ce(X) = (Ngec ker(To — 8) = M-y ker(To — S;) has codimension # in £oo (X).

If (x,)en € cp(X), then there exists x € X such that T((x,).en) =% forall T € D, in
particular the previous equality also holds for all T € C, therefore (x,).en € cc(X)
and x = Clim,,_, o, %,.

By (2), cc(X) 2 caowic)(X). Let (%) nen € cc(X) and T € €6”(C). There exists a net
(T?)ier < co(C) which is pointwise convergent to T'. For every i € I, we can write
Ti=MTj +--+ Ay lk,whereT eCand A;>0forallje({l,...,k} and
Ar+---+ A =1.Then

T((xn)neN) = lllgl Ti((xn)neN)

= hmz)" Tl (xn)neN

ki
=lim E A€ lim x,
iel n—00

=1imC lim x,
ie] n—oo

=C lim x,.

n— 00

This shows that (x,,),en € caow(c)(X) and

co”(C) lim x,, =C lim x,,.
n— 00 n—00
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(5) Let (%4)nen € c(X). For every T € C, since T'| (x) = lim, we have that
T((x)nen) = lim,_, o0 %,,. This shows that (x,,),en € co(X).
(6) Let (x4)nen € c(X). Fixany T € C. Then

C lim x, = T((*p)nen) = lim x,
n—o0 n— 00

since T'|¢x) = lim.
(7) Since Clim |¢x) = lim, we have that

[Clim || > [Clim ||| = | lim || = 1.
Now fix any T € C and any (x,)en € B, (x). Then

= | T(Gndnew) | < ITH] @adene]| < 1.

‘C lim x,
n— o0
(8) If there exists T € HB(lim) such that C = {T'}, then by (1) we have that

ceX) = {Z S X)) : TIz = TI2} = € (X).

Conversely, suppose that there are T, S € c¢(X). Then, by using (1) again, we have
that £ (X) = cc(X) C ker(T - S), which implies that T = S. 0O

3.3 c(X) as cc(X)
Recall that if X is a normed space, then we let X denote its completion and if x € X, then

x stands for the constant sequence of general term x.

Theorem 3.9 Let X be a normed space. Let C be a subset of HI3(lim). Then X is complete
if and only if so is cc(X).

Proof 1f X is complete, then so is £, (X) and hence so is c¢(X) because it is closed in £, (X)
in view of Theorem 3.8(1). Conversely, suppose that c¢(X) is complete. Let (x,),cn be a
Cauchy sequence in X. Let y € X be the limit of (x,),cn. Note that (x,),cy is a Cauchy
sequence in c¢(X), so there exists a sequence z := (z,),en € cc(X) such that (x,),en con-
verges to (z,)nen. Since cc(X) € ce(X) and (xn),en converges to both y and z in c¢(X), we
obtain that z = y, and thus z, = y for all # € N concluding that y € X. O

Our next results show that if X is a noncomplete normed space, then there does not
exist C C HB(lim) for which ¢(X) = c¢(X).

Lemma 3.10 ¢(X) is dense in c¢(X).

Proof Let (y,)nen € ¢(X) and fix arbitrary & > 0. For every n € N let x, € X such that ||y, —
%u|l < /2. Take ny € N such that 1/ny < /2 and ||y, — y,Il < &/2 for all p,q > ny. Then

(X15%2, + « o> Xng—15Xngs Xng» Xngs - - - ) € €(X) and

“(xl:xZ: o3 Xng—15Xngr Xngs Xngr + + ) - (yn)neN “oo <&
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since

& &
6 = 3l < Wy =gl + Wy = ll < 5 + = =

for all n > ny. a

It is easy to check that ¢(X) is never dense in £+, (X). When X =R, a separability argu-
ment can be applied. In general, one can see that a sequence like ((—1)"x),cy can never be
approximated by convergent sequences in the sup norm if x # 0.

Theorem 3.11 The following conditions are equivalent for a normed space X:
(1) ¢X) N Leo(X) = c(X).
(2) c(X) is a closed subspace of £so(X).
(3) X is complete.

Proof
1 = 2 Immediate if taken into account that c(X) is closed in £, (X) since X is complete.
2 = 3 Note that ¢(X) N £oo(X) is a closed subspace of £+,(X) containing ¢(X). In view
of Lemma 3.10, we have that ¢(X) is dense in ¢(X), therefore ¢(X) N £oo (X) = ¢(X)
by hypothesis. Consider now a Cauchy sequence (x,),eny C X. It is obvious that
(Fn)nen € ¢(X) N Loo(X) = ¢(X). SO (%) e is convergent in X.
3 = 1 Obvious since X = X. O

Corollary 3.12 Let X be a noncomplete normed space. There does not exist C € HIB(lim)
for which ¢(X) = c¢(X).

Proof Assume to the contrary that there exists C € HB(lim) for which ¢(X) = ¢¢(X). In
view of Theorem 3.8(1), we have that ¢(X) is a closed subspace of £,,(X). By applying
Theorem 3.11, we obtain that X is complete. O

Lemma 3.13 Let X be a normed space. Let (x,),cn € X be a convergent sequence to x € X
and (a,)nen € X be a nonconvergent bounded sequence with a w-convergent subnet (a,)ier
toa € X. Then

llx + Aall < sup [l + Aay,|l
neN

forall . € K. As a consequence, the operator

C(X) 5> K(ﬂn)neN - K;

Wnnen + M@n)nen — nlij;oyn +Aa
has norm 1. Also, (a,),en cannot be approximated by c(X).

Proof The net (x,;, + Aay,)ic; w-converges to x + Aa. The w-lower semicontinuity of the
norm implies that

llx + Aa|l < liminf||x,, + Aay, || < sup |lx,; + Aay, | < sup [lx, + Aa,||.
iel iel neN
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This shows that map (3.1) has norm less than or equal to 1. The fact that map (3.1) is
an extension of the limit function forces it to have norm 1. Finally, suppose that (a,)en
is approximated by c(X). Then (a,,),cn is convergent in X. As a consequence, (a,)eN iS

convergent in X to a € X, which means that (a,),.cy is convergent in X to a. O
Theorem 3.14 Let X be a reflexive 1-injective Banach space. Then c(X) = ¢y B(iim)(X).

Proof Suppose to the contrary that there exists (2,),en € crB(1im) (X) \ ¢(X). Since X is finite
dimensional, there are two subsequences (@, )ken and (a,,; )ren convergent to different

elements a and b, respectively. Now consider the maps

Sa : C(X) @ K(ﬂn)neN - K:

(xn)neN + )‘(dn)neN — lim Xn + Aa
and
Sp: X)) @ K(an)nen, — K,

(X)nen + Man)nen — nliflgoxn + Ab.

According to Lemma 3.13, ||S,]| = [ISpll = 1. Also, Salex) = Splex) = lim. Since X is 1-
injective, there are T,, T}, € HB(lim) such that T,|.x)eK @),y = Sa a0 T |e(x)@K (@) ey =
Sp. Now, by hypothesis, we obtain the contradiction that

a= Sa((ﬂn)neN) = Ta((ﬂn)neN) =Tp ((ﬂn)neN) = Sb((ﬂn)neN) =b. 0

3.4 Multipliers
This final subsection serves to define multipliers for the convergence through operators.

Definition 3.15 Let X and Y be normed spaces. Consider D € HBy(lim). Then:
(1) The D-multiplier space associated with a sequence (T},),en € B(X, Y) is defined as

MF((T)nen) = { @dnent € Loo(X) 2 Y Ty(xa) € en(Y)

n=1

and the D-summing operator associated with (T},),en is defined as

Dzl Tn : M%((Tn)neN) —Y,
" (3.2)
(xn)neN = DZ Tn(xn)'
n=1

(2) The D-summability space associated with a subspace & C £, (X) is defined as

B(X! Y)(S) = {(Tn)neN € B(X: Y)N :S - M%J((Tn)neN) }



Garcia-Pacheco et al. Journal of Inequalities and Applications (2021) 2021:62 Page 21 of 22

Recall that in [7, Corollary 2] it was proved that ac(X) € cz.#x)(X). This result allows
us to conclude the following.

Proposition 3.16 Let X and Y be normed spaces and (T,)nen € B(X,Y). Take €|y (v) :
Loo(Y) = Loo(£oo(Y)) the general Cesdro operator restricted to £ (Y). Then

%y(y)((Tn)neN) 2 M%?Voo(l/) ((Tn)nEN)'

Proof Simply observe that by combining [7, Corollary 2] with Theorem 2.15, we obtain

Fndnen € Loo(X) 1 Y T(a) € cpzpry(Y)

n=1

gg(y) ((Tn)neN)

(Fnnen € Loo(X) 1 Y Ty() € ac(Y)

n=1

19}

Fnnett € LooX) 1 Y Tl) € c), y, (Y)

n=1

= %9|ZDO(Y) ((Tn)nEN)' O

U
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