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Abstract

We study the existence and non-existence of classical solutions for inequalities of type
£Au > (W(lx)) xuP)ud  in RN (N >1).

Here, A™ (m > 1) is the polyharmonic operator, p, g > 0 and * denotes the convolution operator, where
W > 0 is a continuous non-increasing function. We devise new methods to deduce that solutions of the above
inequalities satisfy the poly-superharmonic property. This further allows us to obtain various Liouville type
results. Our study is also extended to the case of systems of simultaneous inequalities.
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1. Introduction and the main results
In this paper we are concerned with the following elliptic inequality
A" u > (W(|x]) *uP)u?  inRY, (1.1)

and its corresponding systems of inequalities, where N, m > 1 are integers, p,q > 0 and A™
denotes the m-polyharmonic operator. The function W satisfies

¥>0 and W(x)eCRN\{ohnL RY);

W(r) is non-increasing on (0, 00); (1.2)
lim rNU(r) = co.

r—>00

Typical examples of functions W include:

1
Y(r)=r" 0O<a<N or qr(r)zr—Nlog‘f‘(H—), I<B=N.
r

The operator * in (1.1) is the standard convolution operator, that is,

‘IJ(IXI)*MP=/up(y)‘l’(ly—XI)dy~
RN

By a non-negative solution u of (1.1) we understand a function u € C2(RN), u > 0, such that

/ u? (y)¥ (%) dy < o0 (1.3)
lyl>1
and u satisfies (1.1) pointwise.
Note that condition (1.3) is weaker than the condition 4 € L?(R"™) and that (1.3) is (almost)

necessary and sufficient in order to ensure that the convolution term W(|x|) * u? is finite for all
x € RV Indeed, for any x € R we have

W(lx]) *u? = / u?(MW(ly —xNdy + / u?(M)W(ly — xDdy

Iy|<2lx| [y[>2lx|
- P ? |yl
< max u(z) Y(|lyDdy + u?(MV| = )dy < oo,
|z]<2|x| 2
B3x| [y1>2]x]

by the fact that W(|x|) € L (R)is non-increasing and (1.3).

loc
We prefer to separate the analysis of (1.1) into two distinct inequalities as follows:

—(=A)"u > (W(x]) xu?)u? inRY, (1.4)
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and
(—=A)"u > (¥(|x]) xuP)u?  inRY. (1.5)
We study first the inequality (1.4). Our main result in this case reads as follows.
Theorem 1.1. Assume
N.m>1 and p+q=>2, (1.6)
or
N>2m and p=>1. (1.7)
Ifu € C*™(RN) is a non-negative solution of (1.4), then u = 0.

The above result is new even in the semilinear case m = 1.
We are next concerned with the inequality (1.5). The related semilinear problem

—Au> (Ix["**uP)u?  inRY (1.8)

was completely investigated in [20]. The equality case in (1.8) bears the name Choquard-Pekar
(or simply Choquard) equation and was introduced in [25] as a model in quantum theory. Since
then, the prototype model (1.8) has been used to describe many phenomena arising in mathe-
matical physics (see, e.g., [15,19,21] for further details). Quasilinear versions of (1.8) (including
the case of p-Laplace or mean curvature operator) are discussed in [2,9,10]. Also, singular so-
lutions of (1.8) are considered in [3,4,8,11,12]. It is obtained in [20, Theorem 1] (see also [9,
Corollary 2.5] for an extension to quasilinear inequalities) that if p > 1 and ¢ > 1 then (1.8) has
non-negative solutions if and only if

—o d n 2N —«o
an > .
pTq N_2

. N
min{p, q} > (1.9)

N -2

An important matter in the study of polyharmonic problems is whether non-negative solutions
of (—=A)™u > f(u) in RN enjoy the so-called poly-superharmonic property, that is, whether
(—A)j u>0in RN forall 1 < j < m. This has been shown to be true under some general
conditions for nonlinearities f(x) without non-local terms (see, e.g. [5,14,16,17,22]). In [14,17]
the authors use a contradiction argument and construct a suitable sequence of power functions
acting as lower barriers for the spherical average of the solution «. In turn, the approach in [5,16]
relies on a re-centering argument which at each step in the proof one brings forward a new center
of the spherical average of the functions (—A)/u.

In this paper we show that the poly-superharmonic property is still preserved in case of poly-
harmonic inequalities of type (1.5) in the presence of convolution terms. More precisely we have:

Theorem 1.2. Assume N, m > 1 and either p +q > 2 or p > 1.
Ifu € C¥*(RYN) is a non-negative solution of (1.5), then, for all 1 < j <m we have

(=AY u>0 inRVN.

801



M. Ghergu, Y. Miyamoto and V. Moroz Journal of Differential Equations 296 (2021) 799-821

Our approach is different from the methods already devised in [5,16,17,22]. More precisely,
if p + g > 2 we use a general integral estimate which we establish in Lemma 3.1 below. On the
other hand, if p > 1, we exploit the integral condition (1.3) to construct our argument.

Particularly useful are the integral representation formulae obtained in [1] (see also [6,7]) for
solutions of (—A)" = u in D'(RV), where u is a Radon measure on RV, N > 2m. Such an
approach was recently adopted in [24] for the polyharmonic Hardy-Hénon equation (—A)"u =
|x|°u? in RN, p > 1. We believe that this is still an underexploited direction of research in the
study of higher order elliptic equations and inequalities. We shall make use of these facts which
we recall in Proposition 2.3.

We next focus on Liouville-type results for the inequality (1.5).

Theorem 1.3. Assume N, m > 1 and let u € C*"(R") be a non-negative solution of (1.5).

Q) If1<N<2and(p>lorp+q=>2) thenu=0.
(i) If N > 2m and one of the following conditions holds:
(iil) (p=lorp+q=2)and / |y 7PNy )y = oo;

ly[>1
(ii2) p+¢q =2 andlimsupr?N~N=2MP+Dy () > 0;

r—0o0

then, u = 0.
In the case W(r) =r~%, o € (0, N), we obtain the following result.
Theorem 1.4. Assume N >2m, m> 1, ¢ € (0, N), p > 1 and q > 1. Then, the inequality
(=A)"u > (Ix|"**u?)u? inRY (1.10)
has non-negative non-trivial solutions if and only if

2N —«a
N —=2m’

min{p, q} > and p+q> (1.11)

N —2m

In the particular case m = 1, Theorem 1.4 retrieves the result in [20, Theorem 1] which yields
the optimal condition (1.9) for the existence of non-negative solutions of the semilinear inequality
(1.8).

We next discuss the corresponding systems associated to (1.5), namely

n
(—8)"u; = Y ey (Wi (e #uf? )l in RN, 1 <i < (1.12)
=1
and
n
(—8)"u; = Y ey (Wi (e +uf? )l in RN, 1 <i<n (1.13)

j=1
where N,m > 1, p;jj > 1, gij > 0 and (e;;) is the adjacency matrix, i.e., ¢;; satisfies
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eij=00r1 and eij =¢€jj fOfi,jE{l,...,n}.

By a non-negative solution of (1.12) (resp. (1.13)) we understand a n-component function
u=(uy,u, ..., uy) withu; € C*"(RN), u; > 0, such that

> / uj.’"f(y)\yij<|;—|>dy<oo (1.14)

=ly>1

and u satisfies (1.12) (resp. (1.13)) pointwise.
The main result for (1.12) is the following:

Theorem 1.5. Assume N > 2m, m > 1, and let (u1, ..., u,) be a non-negative solution of (1.12).
If there exist k, £ € {1, ..., n} (not necessarily distinct) such that

ee =eg =1,
Dkt +qke > 2, pek+qe =2, (1.15)

lim sup min {rZN—(N—ZM)(pkz-l-qkz)kae(r)’ r2N_(N_2m)(plk+q‘k)\IJgk(r)} >0, (1.16)
r—00

then uy =uy =0.

Theorem 1.5 states that if k is adjacent to £ and (1.15)-(1.16) hold, then u; = u, = 0. We
immediately obtain the following Liouville-type result:

Corollary 1.6. Make the same assumptions as in Theorem 1.5. In particular, suppose that (1.15)
and (1.16) hold for every pair (k, £) such that exy = eg = 1. If each connected component of
the network has more than two nodes, then the only non-negative solution of (1.12) is (0, ..., 0).
In particular, if the network has only one connected component and n > 2, then the only non-
negative solution of (1.12) is (0, ..., 0).

The main result regarding the system (1.13) is the following.

Theorem 1.7. Assume N > 2m, m > 1, and let (u1, ..., u,) be a non-negative solution of (1.13).
If there exist k, £ € {1, ..., n} (not necessarily distinct) such that

ee =eg =1,
Dkt qke = 1, peks qer = 1, (1.17)

and (1.16) holds, then uy =0 or ug =0 (or both).

Assume next that the adjacency matrix (e;;) is given by

i
P (1.18)
0 ifi=j.

From Theorem 1.5 and Theorem 1.7 we find:
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Corollary 1.8. Suppose N > 2m, m > 1 and that (e;;) is defined by (1.18).

(1) Assume (1.15)-(1.16). Then the only non-negative solution of (1.12) is

Wi, ...,un)=1(0,...,0).

(i) Assume (1.16)-(1.17). Then all non-negative solutions of (1.13) are of the form

Wi,...,uy)=1(0,...,0,u;,0,...,0) forsome je{l,..., n},
where (—A)"u; >0 in RV,
2. Preliminaries
In this section we collect some auxiliary results which will be useful in our proofs.

Lemma 2.1. Leta € (0,N), B> N —a and f € L} (RN), f >0, be such that

loc
fx)<clx|™  forallx eRYN \ B,

where ¢ > 0 and p > 1/2. Then, there exists a constant C = C(N, «, B, p) > 0 such that for all
x e RN\ By, one has

o x| NP ifB<N,
y _ .

mdysc Ix|"*loglx|  ifB=N,
RN x|~ if B> N.

Similar estimates are available in [10, Lemma 2.1], [20, Lemma A.1] (see also [11,13]).
Proof. We have

f» dy = / f» dy + / f» dy + / f» dy
lx — y|* lx — y|* lx — yl¢ lx — yl

RN Iy1=2lx| Lixl<lyl<2lx| IyI=<lxl/2

For |y| = 2|x| we have |x — y| = |y| — |x| = |y[/2, so that

/ |f(y)|ady§C / |T{*y+5 < Clx|N-B,
X =y y

[y1=2]x] [y1=2]x]

Similarly we estimate
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/ f()’) dy §C|X|_ﬁ / dy
|x — y|* lx — y[®

Llxl<lyl=2lx| Tlxl<lyl<2lx|
_ d o
<Clx|™# / Y _ OVt
lx—y
ly—x|<3x

Finally, if |y| < |x|/2 then |x — y| > |x| — |y| > |x|/2. Hence

/ IO _ 4y < el / FO)dy

lx — y|*
Iyl<lx|/2 Iyl<lxl/2

<Clx|™® / Fdy + / £y

[yl<p p<Iyl=Ix|/2

<cixi+c / Iy Pdy

p<lyl=lx|/2

|x|N—o—P if B <N,
<Clx|™*+C { |x|™%log x| if =N,

|x|7¢ if > N.

The result now follows by combining the above three estimates. O
Lemma 2.2. (see [23, Lemma 3.4]) Let u € C¥*(R"N) be such that u > 0 and (—A)"u <0 in
RN If

/udx:o(RN) as R — oo,

Bg

then u = 0.

A crucial result in our approach is the following representation formula for distributional
solutions of the polyharmonic operator.

Proposition 2.3. (see [1, Theorem 2.4]) Let m > 1 be an integer and N > 2m. Suppose L is a
positive Radon measure on RN and £ € R. The following statements are equivalent:

(i) ue Llloc (RY)Y is a distributional solution of

(=AN"u=u inDRY), 2.1)
and for a.e. x € RN we have
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1

liminf — — =0. 2.2

minf oy [ u() — tldy =0 22
R=|y—x|<2R

(i) uelL 110 . (RNY is a distributional solution of (2.1), essinfu = € and u is weakly polysuper-
harmonic in the sense that

/u(—A)i(p >0 foralll<i<m,peCPMRY), ¢>0.
RN

(iii) u € L} (RN) and there exists c = ¢(N, m) > 0 such that

loc

ux)=£+c /| M|(1)\]1)2m fora.e. x eRV.

Using Proposition 2.3 we deduce:

Lemma 24. Letve L lla . (RY)Y be a distributional solution of

(=A)"v=Ff inD'RY), N>2m,

where f € L} (RN), f >0, f #0. Assume that

loc
p 1yl
[v[7 (Y)W > dy < 00, (2.3)
[y|>1

where p > 1 and V is a function which satisfies (1.2). Then, essinfv = 0 and for some constant
¢ > 0 we have

)
v(x) = / x f |);v > dy forae. x¢€ RV, 2.4)
In particular v > 0 in RN and
v(x) > clx*" N in RN\ By, (2.5)

for some constant ¢ > 0.

Proof. We show that v satisfies condition (2.2) in Proposition 2.3 with £ = 0. First, if p > 1 by
Holder’s inequality and (2.3), for all x € RY we have
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orr=( [ o[ ey

R=<|y—x|<2R R<|y—x|<2R R=<|y—x|<2R
1—1
sc( [ wvrE(F)e)T
R<|y—x|<2R
1-1
=c( / \p—ﬁ('zgx')dz) ’
R<|z|<2R
(2.6)
Take R > |x|. By the property (1.2) on ¥ we have
1 __t /3R N
T ('Z;—x') <y (7) —o(R71) forall R < |z| <2R
as R — oo. Thus, we may further estimate in (2.6) to deduce
1
R / lv(y)|[dy =0(1) >0 as R — oo. 2.7
R=<|y—x|<2R

If p =1 we simply use the property (1.2) and (1.3) to estimate

wordy=s [ wone(S) e (S

2 2
R<|y—x|<2R R<|y—x|<2R

<w (3 / w2y

R<|y—x|<2R
3R
< C\IJ‘I(T) = o(RY)
for all R > |x| as R — oo. This shows that (2.7) also holds for p = 1. Hence, v satisfies the

condition (2.2) in Proposition 2.3 with £ = 0. The representation integral (2.4) follows by Propo-
sition 2.3 while the estimate (2.5) follows from [1, Lemma 3.1]. O

3. Proof of Theorem 1.1
We first establish an estimate which holds for the general inequality (1.1).

Lemma 3.1. Let ¢ € CSO(IRN) be such that supp v C B, 0<¢ <1, ¥ =1o0n By. For R > 2
define ¢(x) = 2" (x/R). Then, there exists C > 0 such that any non-negative solution u of (1.1)
satisfies

2
/ugadszR—N”m(/u#(pdx) . 3.1)
RN RN
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Proof. It is easy to check that

where C > 0 is a positive constant. This yields
C .
‘Am((pz)‘ < oo nEY.
We multiply by ¢2 in (1.1) and integrate. Using the above estimate we find

/(\P(|x|)*up)qu02§:l:/goz(Amu)zzl:/uAm(<p2)

RN RN RN
(3.2)
< A" 2| < L
= [ u|AT ()| = R | 4
RN Bag

We next estimate the left-hand side of (3.2). By inter-changing the variables and Holder’s in-
equality one gets

( /(\Il(lxl) * up)quozdx>2

RN

2 2
([ wox=siurcour e o)

RN xRN
=( [ vw s mdsa)( [ v - spurou g wdsdy)
RN xRN RN xRN
piq piq 2
= (] w0t ouF mewoeoiday)
RN xRN
2 ptq ptq 2
=war? ([ o ope0)dndy)
Bagrx Bar
=k 2 [ wou ¥ ewptdidy)
Barx Bag

where ¢ > 0 is a constant. Now, splitting the integrals according to x and y variables we deduce
N Ptq 2
/ (\I/(|x|) * up)uqu >cR ( / u 2 (x)(p(x)dx) .
RN RN
Using this last inequality in (3.2) we deduce (3.1). O
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Proof of Theorem 1.1 completed. We shall discuss separately the cases where (1.6) or (1.7)
holds.
Case1: N,m > 1 and p + g > 2. Let ¢ be as in Lemma 3.1. By Holder’s inequality we have

[ro= ([ ([ )

RN RN RN

< CRN“‘ﬁ)(/u"?qw)m.

RN

Hence,
( / M%ﬂ(p)z > CR_N(P‘HJ—Z)( / u(p)p+q.
RN RN
Using this last estimate in (3.1) we find
N— 2m
up <CR" rte-1 forall R > 2.
RN
In particular, since ¢ = 1 on Br we deduce
/udx:o(RN) as R — oo.
Bgr

By Lemma 2.2 it now follows that u = 0 which concludes our proof in this case.

Case 2: N > 2m and p > 1. We apply Lemma 2.4 for v = —u. It follows in particular that
v=—u>0whichyieldsu=0. O

4. Proof of Theorem 1.2

The proof of Theorem 1.2 follows from the result below which will also be useful in the study
of the system (1.12).

Theorem 4.1. Assume N,m > 1 and let ® and V satisfy (1.2). Suppose that (u,v) is a non-
negative solution of

(=A)"u > (P(|x]) * vP1)v!
inRV, 4.1)
(=AY > (W(|x]) * uP?)us?
where either

pi+q1=2 and pr+qr>2, 4.2)
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or

p1,p2> 1 4.3)

Then, for all 1 <i <m we have
(=A)'u>0 and (—A)v>0 inRV.

Proof. If u =0 (resp. v =0), then v =0 (resp. u = 0), otherwise

0> // B (x — yD? (u? (y)dxdy > 0

which is a contradiction. Hereafter we assume that u £ 0 and v £ 0. The proof is divided in two
steps.

Step 1: We have (—A)”" 1y >0 and (—A)" v >0in RV.

Assume by contradiction that there exists xg € R" such that (=AY u(xp) <0. Let u; =
(—=A)u and v; = (—A)'v, 1 <i <m and denote by i(r), v(r) (resp it; (r), v; (r)) the spherical
average of u and v (resp u; and v;) on the sphere d B, (xp), that is,

u(r) = ][ u(y)do(y) and u;(r)= ][ ui(y)do(y),

9B (x0) 9B (x0)

B(r) = ][ v()do(y) and  Bi(r) = ][ 0 (o (y).

9By (x0) 9B, (x0)
Then

—Aiu=uy, —Av =1y,

—Auy=uy, —AV; =1y,

—AUpy_2=Um_1,—AVy_2="0,_1,

—Aily_1 > ][ (CI)(|x|) * vpl)uqldo >0,
9B, (x0)

— A1 > ][ (W(|x]) % uP?)v®Pdo > 0.

9B, (x0)

4.4)

/
From (4.4) one has — Aii,,_ > 0 which yields —r!=V (rN’lﬁ;n_l) > 0 for all » > 0 and

tm-1(0) = (=A)""u(xo) < 0.
By integration one gets
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iy, 1(r) <0 and i1 (r) <ity—1(0) = um—1(x0) <0,
for all » > 0. We can rewrite the last estimate as
(=) Yi(r) < (=A)Y"'i@(0) <0 forall r > 0. 4.5)
Case 1: m is odd. From (4.5) one has
A" Vi) < A™0) <0 forall r > 0.
Integrating twice the above inequality we obtain

Am—l 0 2
A" 2i(r) < A™277(0) + # for all r > 0

and proceeding further we deduce

Ak (0) 2%

m—1
” i1 (0
Q) <a0+ Y T_ (/)N +2] —2)]

(4.6)

Since A" 17(0) = (—A)"Lu(xy) < 0, we deduce from (4.6) that
u(r)y > —o0 asr — o9,

which contradicts the fact that u > 0.
Case 2: m is even. Hence m > 2. From (4.5) we find

A" ) > A" 10) >0 forallr > 0.
In the same manner as we derived (4.6) it follows that for any 1 <i < m one has
i—1

A" () = AT a0) + )
k=1

AR (0) 2k
A [2H(NV +2j = 2)]

In particular, for i = m we find

m—1

a(r) =)+ Y

Ak (0) ”
r—.
5 _ [2))(N 42 —2)]

Since A"~ 171(0) > 0 and m > 2 it follows from the above estimate that
a(ry>Cr2m=Y _c, forallr >0, 4.7
for some constants C, Cp > 0.
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Case 2a: Assume that (4.2) holds. Let ¢ be as in Lemma 3.1. In the same way as in the proof of

(3.1) we have
N+2 z 2
/mpdxiCR7 +m</vf<pdx) ,

—N+2m g 2 '
vpdx > CR u2edx) ,
RN RN

where

t=p1+q1>=2 and 6O=pr+q>2.

By Holder’s inequality we find

(/U%godx>22CR7N(t72)</v(de)r,

RV BN
(/u%wdx)zzCR—Nw—z)(/wdx)"' (4.9)
RN RN

From (4.8) and (4.9) we deduce

/uwdeCR7N+2n17N(T72)(/ngdx)T’

RN RY (4.10)
) .

/vcpdeCR_NHm_N(G_Z)(/ugodx) .

RN RN

We use the second estimate of (4.10) in the first one to obtain
0
/ ugdx > CR—N+2m—N(r—2)—(N—2m)r—N(0—2)r( / dex) ’
RN RN
which we arrange as
2m(1+1)
CRN= o1 > /udx.
Bgr

Using (4.7) we find

R

_ 2m(+7) 1=

CRN~ Z/udx:aN/rN Yadr
Bg 0

> C3RNP2m=D _ c4,RY  for R > 1 large,
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where C3,C4 > 0 and oy denotes the surface area of the unit sphere in R". Comparing the
exponents of R in the above inequality we raise a contradiction, since C3 > 0. This finishes the
proof of Step 1 in this case.

Case 2b: Assume that (4.3) holds. From (4.7) one can find ro > 0 and a constant ¢ > 0 such that

2m—1)

u(r)y>cr for all r > rg. 4.11)

Using the fact that 7V W(r) — oo as r — 00, by taking ro > 1 large enough we may also assume
that

N r
r \1/(5) >1 forallr > ro. 4.12)

To raise a contradiction, we next return to condition (1.3) for u (in which we replace p with pj).
From (4.11)-(4.12), co-area formula and Jensen’s inequality we obtain:

00 > / upz(y)\l’<%|)dy=70/ um(y)\ll<%>d0(y)dr

[yI>ro ro |yl=r
o
;
_ o P2
—/\Il<2) / u??(y)do (y)dr
o [yl=r

o0
>opN /,,N—l\p(g),;m (r)dr
ro

o0
ZC/rzPZ(mfl)ferql(%)dr

ro

oo
> C/rsz(m_l)_ldr =00,

ro

which is a contradiction and concludes the proof in Step 1.

Step 2: We have (—A)m_iu > (0 and (—A)m_iv >0in R¥ for any 1 <i <m.

From Step 1 we know that (—=A)" 'u >0, (=A)""'v > 0 in RV. Letting u,,_» =
(—A)’”_Zu and v,y = (—A)’"‘2v we want to show next that u,,_» > 0 and v,;,_» > 0 in
RNV, Suppose to the contrary that there exists xp € RN so that u,_»(xg) < 0. We next take
the spherical average with respect to spheres centered at xo and proceed as in Step 1 by dis-
cussing separately the cases m is odd and m is even in order to raise a contradiction. Thus,
(=A)" "2 >0, (—A)" 2y >0in RY. We proceed further until we get —Au >0, —Av >0 in
RN, O
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Proof of Theorem 1.2. Let W = ® and (p1, q1) = (P2, q2) = (p, ¢). Suppose u is a nonnegative
solution of (1.5). If u = 0, then the conclusion clearly holds. If u % 0, then (u, u) is a non-negative
solution of (4.1). By Theorem 4.1 we see that, forall 1 <i <m, (—A)'u > 01in RN, O

5. Proof of Theorem 1.3

(i) By Theorem 1.2 we see that, for 1 < j <m, (—A)ju >0in RY. In particular —Au >0
in RN, Since N =1, 2, it is well known that a nonnegative superharmonic function is constant.
Thus, u = c in RY. By (1.5) it follows that (U(|x|) * u?)u? = 0 in RY . This clearly yields u = 0
in RY, otherwise there would exist xog € RY such that u(xo) > 0 and hence (W(|x|) * u?)ud > 0
at xq.

(iil) By estimate (2.5) in Proposition 2.4 we find u > c|x|?"~" in R" \ By, for some ¢ > 0.
Thus, by the hypothesis (iil) in Theorem 1.3 we find

[ arore(Byay=e [ aiay oo

[y[>1 |y|>1

which contradicts (1.3).
The proof of part (ii2) follows from the proof of Theorem 1.5. O

6. Proof of Theorem 1.4

Assume first that (1.10) has a non-negative solution u # 0. Then, by estimate (2.5) in Propo-
sition 2.4 we have u > c|x|2’"_N in RY \ Bj, where ¢ > 0 is a constant. It is easy to check that
the condition p > (N — «)/(N — 2m) and (1.11), follow from Theorem 1.3 with W(r) =r~%.

It remains to prove that ¢ > (N — «)/(N — 2m). If @ > 2m then this is clearly true, since
g > 1. Assume next that o < 2m.

For x e RN\ By and 1 < |y| <2 we have |x — y| < 3|x|. Thus,

|x|7% % uf >

f@)d . /’ u? (y) J

) x =yl lx — y[¢
RV I<|yl<2
P(y)d
> / iﬁiﬁzaﬂ”.
(3lx«
I<ly|<2

Thus, |x|~% % u? > C|x|~® for all x € RN \ By and u satisfies

(=A)"u>c|x|™%u? inRN \ Bi,
for some ¢ > 0. We know (see, e.g., [ 18, Example 5.2]) that the above inequality has no solutions
u>0,u#0,ifa <2mand 1 <g < (N —«a)/(N —2m). Hence ¢ > (N —«)/(N — 2m).

Assume now that (1.11) holds and let us construct a positive solution to (1.10). First, we write
(1.11) in the form

(N=-2m)(p+q—1)>N—a+2m (N-2m)p>N—-a and (N-2m)(g—1)>2m—a.
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Thus, we can choose x € (0, N — 2m) such that

k(p+qg—1)>N—oa—+2m,

N_ )
=N 6.1)
k(g—1)>2m—a,
pk # N.
For a > 0 we define
F(a,x)= (—A)’"{(a + |x|2)_K/2} for all x € RV \ {0}.
Then,
m .
F(a,x)=(a+|x/>)" 27" ij(a)|x|2f for all x e RV,
j=0
where b;(a) € R. In particular, for @ = 0 we find
mn .
F(0,x) = |x| < 4™ ij 0)|x[*  forall x e RN\ {0}. (6.2)

j=0

On the other hand, by direct computation one has
m
FO,x) = (—A)m{|x|_"} =11 [(K 42 —2)(N—k — 2j)]|x|_K_2m >0, (63)
j=1
since 0 < k < N — 2m. Comparing (6.2) and (6.3) we find b,,(0) > 0. By the continuous depen-

dence on the data, we can find now a > O such that b,,(a) > 0. Also,

F(a,x)

|x|—00 |)C|7k*2"1

= by (a) > 0.

Thus, there exist ¢ > 0 and R > 1 such that F(a, x) > c|x| 2" for x e R \ By.
Let now v(x) = (a + |x|?)™/2, where a > 0 satisfies b,,(a) > 0. By the above estimates we
have

(=A™ > c|x| 77" in RN\ Bg. (6.4)

Letg € CCI(RN), 0 < ¢ < 1 such that supp ¢ C Bog and ¢ =1 on Bg. For M > 1 define

dy forallx e RV,

3 _e»
Vx)=vx)+ My / x — y|N—2m
RN
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where yp > 0 is a normalizing constant such that
=)™ (ol ) =80 in D'RY),

and §p denotes the Dirac mass concentrated at the origin.
Thus, V € C?"(RV), V > 0 in R" and from (6.4) we have

(=A)"V >¢|x| ™72 in RV \ Bg. (6.5)
Also, by taking M > 1 large enough we have
(—A)"V =(-=A)"v+M >0 in Bg. (6.6)
Observe that for x € RV \ Bsg and y € Byg we have |x — y| > |x| — |y| > |x|/2. Thus,

e(y) _ e(y)

T ) oy

2R

< oN=2m PN / o) dy

Bar

S C |x |2m7N .
Using this estimate in the definition of V together with 0 < ¥ < N — 2m it follows that
V(x) < Colx|™ forallx e RV \ Bga, (6.7)

for some constant Cqy > 0.

We next evaluate the convolution term (]x| ™% V?) V7 and indicate how to construct a positive
solution to (1.10). Using (6.7) we can apply Lemma 2.1 for f = VP, B =kp > N —« and
p = R/2. 1t follows that for any x € R \ Bg we have

(x|~ %« VPYVT <c|x|™

RN

vy _ {|X|N_°‘_K(”+‘” ifkp <N,

X —=yl* 7 | x|Texe ifkp > N.

Using this last estimate together with (6.5) and (6.1)1, (6.1)3 we deduce
(=A)"V > C1(Jx|"* %« VP)VY in RN\ Bg, (6.8)

for some C; > 0. Since (—A)™V and (|x|™® x V) V¥ are continuous and positive functions on
the compact By (see (6.6)), one can find C, > 0 such that

(=A)"V = Co(|x|™*xVP)VY  in Bg. 6.9

Thus, letting C = min{Cy, C3} > 0 and U = CY/P+2=Dy it follows that U € C**(R"N) is
positive and that from (6.8)-(6.9) one has
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(=A)"U > (Ix|™*«UP)U? in RV,

which concludes our proof. 0O

7. Proof of Theorem 1.5 and Theorem 1.7

Proof of Theorem 1.5. Let L > 0 denote the positive limit in (1.16). Thus, one can find an
increasing sequence {R;} C (0, co) that tends to infinity and such that for all i > 1 one has

(7.1)

mln{RZN (N =2m)(pre+qie) (R, rAN—(V= znl)(p/k"—q(k)\ljek(R)] %

By Theorem 4.1 we deduce that u; and u, are poly-superharmonic. Further, by estimate (2.5) in
Proposition 2.4 there exists ¢ > 0 such that

ur (), ue(x) > clx)?" N inRV\ By. (7.2)
Let ¢ be the positive eigenfunction of —A in the unit ball B corresponding to the eigenvalue

A1 > 0. We normalize ¢ such that 0 < ¢ <1 in B and maxg, ¢(x) =1.Let g;(x) = (x/R;).
Multiplying by ¢; in the inequality of (1.12) that corresponds to u; we find

/ (Wre(Ix]) * ug) ul g < / (=A)"urg;i

Br.
0¢;
_ / (=) g (= A)gs + / N P

1
on
Bg, 3B,

i

)\,1 _1
3 / (=) g,

where we used (—A)" !y > 0 by Theorem 4.1 and that, by Hopf lemma, d¢; /dn < 0 on 0Bg;.
Proceeding further one finds

)\‘ m
/(‘M(IXI)*M””)M?“% = (R_12> /ukfpi- (7.3)

Brg. Bg.

i i

Let us next estimate the integral in the left-hand side of (7.3). If x € Bg,, then one has

W (x]) %l > / Wee(lx — yDul* (y)dy = W QR:) / WP ()dy.
Br R;

Thus, by the fact that 0 < ¢; < 1 one has

817



M. Ghergu, Y. Miyamoto and V. Moroz Journal of Differential Equations 296 (2021) 799-821

/(‘I’kz(lxl)*uf“)uz“%E‘I/kz(ZRi) /ufg’“%’ /u?‘ew . (7.4)

Bg, Br, Br,

i i i

Combining (7.4) with (7.3) we obtain

m
Al
Wie(2R;) /Mf“%' /uzuw < (F) /Mk‘/’i- (7.5)

Br, B, Bg,

i

Let t = pie + qre > 2. By Holder’s inequality we have

2
/ ujgi | < / uy" i / ug i (7.6)
Br; R; R;
Again by Holder’s inequality we derive
2 -2 2
: VO[3
ue; < U, Qi ¥i <CR, u; i |
B, Ri Br; Ri
and hence
T 2
N(t—2 3
/ug(p,- <CRNT? /u; oi | - (1.7)
Br Br

By (7.5), (7.6) and (7.7) we have

T

R?m_N(r_z)‘pké(ZRi) /Me(ﬂi SC/uk(pi,
BR-

R; i

1

which we write it as

T

2N—(N-2 2m(t—1
R; N2y 2R)) /Mefﬂi SCR,-'"(T )/Mk%'
Bg.

R; i

1
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Using (7.1) it follows that for i > 1 large enough we have

Pketqke
- /W(Pi SCR?M(ka-’_qk[_l)/ukgﬂi. (7.8)
Br; B,
Similarly, we have
DPek+qek
L 2m(pex+qee—1
5 /uk%‘ < CR"MParas=D [y g (7.9)
BR- BR~

i i

Multiplying (7.8) with (7.9) and using the fact that

/uk(pi /ug(p,‘ > 0 for large i,

Br, B,

1
we have

Pketqre—1 Pektqu—1
2m(pretare—1) p2m(per+qec—1)
/W(Di /Mk</7i <CR; R; .

B, B,

From here we deduce that there exists a subsequence {R;} (still denoted in the following by {R;})
such that”

Pketqie—1
e cither /”lfpi < CRiZm(pqukefl);
B,
Pektqec—1
e Or /uk(/)i < CRiZm(sz+qek—l).

Assume the second assertion holds. This yields

/ upp; < CRM™.
BR'

i

2 We make use of the following basic argument: if a; b; < x;y; then either a; < x; or b; < y; (we argue by contradiction
to prove this fact). Since i > 1 can be any (large) positive integer, along a subsequence we have either @; < x; or b; < y;.
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Using this last estimate in (7.3) we deduce (Wge(|x]) % u?*) uf** € L'(RY), and so
/ (Wre(Ix]) * ub®)ult ;i — 0 as i — oc. (7.10)

Br;\BR; 2

We may estimate the above integral as we did in (7.4) to obtain

Pkt 9ke Pkt ke
(Whelx]) #ug™) ug™ @i = Wie 2R:) / g™ pi / ug g
Br;\Bg; )2 R; \BR; /2 Br; \BR, /2

Finally, we use (7.2) in the above inequality to deduce
(Wre(lxl) # ul*) ulit = CRIN-N T2 WPRAad gy 0 Ry > CL > 0,
Br,\BR; 2
for large i, which contradicts (7.10) and concludes our proof. O
The proofs of Corollaries 1.6 and 1.8 (i) follow immediately.

Proof of Theorem 1.7. The proof of Theorem 1.7 can be carried out in the same way as above.
The only difference is that we cannot apply Theorem 4.1 to derive that u; and u, satisfy (7.2).
Instead, we apply Lemma 2.4 to deduce that uj and u, are poly-superharmonic. Further, by the
estimate (2.5) one has that (7.2) holds. From now on, we follow the above proof line by line. O

Proof of Corollary 1.8 (ii). Let (u1, ..., u,) be a nontrivial nonnegative solution of (1.13). As-
sume, without loss of generality, that 1 £ 0. Let i € {2, ..., n}. Since e;; = ¢;1 = 1, by Theo-
rem 1.7 we see that u; = 0. This indicates that u; = 0 for each i € {2, ..., n}. The conclusion
holds. O
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