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Introduction

The horizontal mean curvature flow is an evolution of a hypersurface, which
is interesting not only in a theoretical framework but also in applied science,
for example in neurogeometry and computer science (e.g. [13, 14, 15]). The
associated equation, roughly speaking, describes the motion of a hypersurface
embedded in a sub-Riemannian geometry (e.g. the Heisenberg group or a

Carnot group, see [4, 43]) in relation to its horizontal mean curvature.

A sub-Riemannian geometry is defined as a triple (M, H, g), where M is
a smooth manifold (usually RY), H is a distribution !, i.e. # C TM and
g is a sub-Riemannian metric defined on the fibres of H. In this kind of
geometries not all the curves are admissible. The admissible curves are the
curves 7 : [0, 7] — M absolutely continuous and such that (t) € H., for

almost every ¢ € [0, 7).

The presence of non admissible curves leads to some technical difficulties
at some points. In particular considering a hypersurface embedded in a sub-
Riemannian geometry, there are some points called characteristic in which the
horizontal normal (i.e. the renormalized projection of the Euclidean normal
onto the horizontal geometry) is not defined, even if the Euclidean normal is

well defined. In order to deal with these points, we introduce a Riemannian

In mathematics the word distribution has different meanings, depending on if we are
talking about, for example, a geometrical distribution, an analytical distribution or the
distribution of a (probabilistic) random variable

4
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approzimation of the sub-Riemannian geometry (M, #H, g), i.e. we complete
the distribution H with a suitable number of vector fields depending on a
parameter € > 0 to generate the whole tangent space at any point, in order to

obtain a Riemannian geometry.

Another problem that is present in the evolution of these manifolds is the
change of topological properties of the starting manifolds. To be more precise,
the surfaces which evolve by the mean curvature flow, even in the Euclidean
and Riemannian case, may develop singularities, as in the case of the dumbbell

(for further details [31]).

In order to deal with these singularities, we will consider the generalized
mean curvature flow and we will use the notion of viscosity solution (for further

details [17, 18, 19, 20]) in order to solve it.

There are two established approaches to solve mean curvature flow equation
(which is called level set equation for the evolution by mean curvature flow):
the approach of Evans and Spruck ([31]) is, roughly speaking, to complete
the equation using an approximation which depends on an € > 0 in order to
avoid singularities and, using the property of stability of viscosity solutions,
find a solution; the approach of Chen, Giga and Goto ([11]) is related to solve

in the viscosity sense for upper and lower semicontinuous envelopes of the PDEs.

Furthermore, Buckdahn, Cardaliaguet and Quincampoix ([27]) and, inde-
pendently, Soner and Touzi ([49, 52]) in 2001 found a stochastic representation
for the solution of the horizontal mean curvature flow, a result which was
extended to the sub-Riemannian case by Dirr, Dragoni and Von Renesse ([22])

in 2006.
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Using the Riemannian approximation it is possible to define the approxim-
ated Riemannian mean curvature flow. This is a different approach from the
one used in [22], to study the same equation and it was introduced by Citti

and collaborators (see e.g. [13]).

The aim of this thesis is to find the relation between the solution of
approximated mean curvature flow and the solution of the horizontal one as
e — 0T by using for the both cases the associated stochastic formulas. More

precisely, we define the function V : [0,7] x RV — R as

V(t,r) = inf esssup g("*(T)(w)), (1)
veA weN

where £5%" is the solution of the controlled dynamics
dgv™Y (s) = V20T (97 (s)) 0dB¥(s), s € (t,T],
dB"(s) = v(s)dBpn(s), s e (t,T), (2)
gr(t) =z,
with N dimension of the space and m (m < N) dimension of the distribution
‘H at every points and controls

A={v:[t,T] = Sym(m) | v >0, I, —v> >0, Tr(Il, —v*) =1},

and o(z) = [X1(2), ..., X;m(z)]T the matrix associated to the sub-Riemannian
geometry in which is embedded the hypersurface, i.e. Xi,..., X,, vector fields

spanning the distribution H. Similarly

VE(t,r) = inf esssup g(EX""(T)(w)), (3)
veA; we
where €2""' is the solution of a dynamics similar to (2) adapted to the

Riemannian approximation, and the controls are given by

Al ={v : [t,T] = Sym(N) | v >0, Iy —v* >0, Tr(Ixy —v?) = 1}.
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Since solving the minimization problem (1) is particularly difficult due to
the presence of an essential supremum, we consider the LP approximation of
value function (1) and (3) (see Definition 5.24 for further details). Therefore
we are interested in finding the optimal controls for the LP approximation in
the Heisenberg group and the approximated Heisenberg group and then in
using them to show the convergence between V¢ and V for a suitable ¢ = ¢(p).
This result implies that, even though the comparison principle is mostly still

open, the solution found in [8] is the same solution in [22].

The thesis is organized as follows:

e In Chapter 1 we introduce the sub-Riemannian geometries and their

properties looking in particular to the Riemannian approximation.

e In Chapter 2 we recall some stochastic tools, as the Brownian motion

and the stochastic integral, in both It6 and Stratonovich forms.

e In Chapter 3 we introduce the Euclidean mean curvature flow, the
definition of viscosity solution and we state shortly the result found in
[27] which connects this evolution with an associated stochastic optimal

control problem.

e In Chapter 4 we define the sub-Riemannian mean curvature flow and the

Riemannian approximated mean curvature flow.

e In Chapter 5 we prove that the V¢ as defined in (3) is the viscosity
solution of approximated Riemannian mean curvature flow. This result

is contained in the preprint [35].

e In Chapter 6 we find the asymptotic behaviour, for large p of the p-optimal
control for the stochastic dynamic associated to the Heisenberg group.

This result is contained in a published article in Nonlinear Analysis,
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in collaboration with N. Dirr and F. Dragoni ([21]). According to our

knowledge, this result was open even in the Euclidean case.

In Chapter 7 we generalise the results given in Chapter 6 and find
the asymptotic behaviour of the p-optimal control for the stochastic
dynamics associated to the approximated Heisenberg group. This result

is contained in the preprint [25] in collaboration with F. Dragoni.

In Chapter 8 we obtain a limsup estimate for V¢. We also briefly sketch
how to use the results contained in Chapter 7 to prove the corresponding
liminf estimate. This estimate is more technical and an improvement of
the results in [25] may be necessary. This part is still a work in progress

in collaboration of F. Dragoni.

In the Conclusion we sum up all the results found and we propose a short
plan of possible future research. At the end there is a short Appendix
containing some real analysis inequalities, used in the proofs of the main

results.



Chapter 1

Sub-Riemannian manifolds

In this chapter we introduce the main definitions related to sub-Riemannian
geometry. This type of geometries has found some applications in I'T and
neurogeometry (see [13]) and they are geometries in which not all the curves

on a manifold are admissible.

1.1 Riemannian manifold

A Riemannian manifold is a smooth manifold endowed with a metric which
allows us to measure the length of a curve on a manifold. We will start recalling
the definitions of topology and continuous function (for further details, see e.g.

[27]).

Definition 1.1. Let X be a set and 7 C P(X) a collection of subset of X

which respects the following azxioms:
e X Der.
o If{A,} €7 is a finite or countable collection of sets, then UA,, € T.

o [fA1,Ay €7 then AyNAsy €.
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Then (X, T) is called topological space and the elements of T are called open

sets. The complement of an open set is called closed set.

Example 1.2. Let X be a set. We take A C X and define T = {X, A, X\ A,0}.
(X, 7) is a topological space. We observe that A, X \ A are open and closed by

definition.

Definition 1.3. Let (X, 11) , (Y, 72) be two topological spaces and f: X —Y

a function. The function f is called continuous if and only if
Aerm= fﬁl(A) €T1.

Definition 1.4. Let (X,7) be a topological space and © € X. A subset
Z(z) C X is called neighbourhood of x if there exists an open set U (i.e.
U € 1) such that

zxeUCI(z).

Definition 1.5. Let X be a topological space, this space is called an Hausdorff
space if and only if

Vae,ye X st.x#y 3 ZL(x) and Z(y) s.t. Z(z) NZ(y) =0

where Z(x) is a neighbourhood of x and Z(y) is a neighbourhood of y.

Example 1.6. Every topological space X with the discrete topology is Hausdorff

because the points are open sets.

Counterexample 1.7. Fvery topological space X with the trivial topology
and at least two elements is not Hausdorff. In fact, considering two different
elements x,y € X it is not possible to find two distinct neighbourhoods by the

definition of trivial topology.
Counterexample 1.8. R with the topology

7={ACR| A= (a,+0) with a € R} where R =R U {400, —00}
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is not an Hausdorff space. We remark that the R and () are in the topology due
to the definition of R.

We now introduce the definition of the distance on a topological space.
Definition 1.9. Let X be a non empty set, then the distance is a function
d: X xX —[0,00)
such that it holds true:
e dz,y) =0 x =y,
e d(z,y) =d(y,z) Vx,yeX,
o d(z,y) <d(xz,z)+d(z,y) Vzx,y,z€X.

Remark 1.10. Every metric space (X,d) is Hausdorff because, assuming that
x # y, we can write I(x) = B(xz,|*5Y|) and and Z(y) = B(y, |*5%|) and so
Z(x) NZ(y) = 0 where B(z,r) ={y € X | d(z,y) <r}.

The definition of homeomorphism is crucial to understand how we can work

with topological spaces without transformations which can break or cut them.

Definition 1.11. Let (X, 1) and (Y, 72) be two topological spaces, a function
f: X =Y is called homeomorphism if and only if:

e f is a bijective function,
e f is a continuous function,
o =1 is a continuous function.

Example 1.12. Let (X, 7) be a topological space, then the identity on X is

trivially an homeomorphism.
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Example 1.13. Given the two intervals (0,1) and (a,b) where a < b and a,b €
R Let ((0,1),d), ((a,b),d) be two metric spaces with d the standard Euclidean
distance in R and (0,1) and (a,b) C R then these spaces are homeomorphic by

the following function
f:(0,1) = (a,b), t—at+0b(1l—1).

These are some properties which are preserved by homeomorphism between

two topological spaces, such as being connected and the compactness.

Definition 1.14. Let (X, 7) be a topological space. This space is called con-
nected if and only if the only open and closed sets are X and the empty

set.
Example 1.15. RY is a connected space with Euclidean topology.

Counterexample 1.16. Let (X,7) be a topological space where T is the

discrete topology. Then this space is not connected.

Definition 1.17. Let (X, 7) be a topological space. This space is called path
connected if and only if for every two points x,y € X there exists a continuous

function o : [0,1] = X such that «(0) =z and o(1) = y.
Remark 1.18. If a topological space is path connected then it is connected.

Definition 1.19. Let (X, 7) be a topological space. This space is called com-
pact if for every arbitrary collection of open subsets {Uy}aca of X where

A C N such that

x=JUa

acA
there is a finite subset J C A of elements such that

X:Um
ieJ

Now we are ready to give the definition of manifold.
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Definition 1.20. A set M is called N-dimensional topological manifold if
it is a Hausdorff space and every point x € M has a neighbourhood which is

homeomorphic to an open subset of the Euclidean space RY.

We introduce now the definition of homotopy and simply connected mani-

fold.

Definition 1.21. Let f,g : X — Y be two continuous functions from a
topological space to an other one. The homotopy is a continuous (in both

arguments) function H such that
H:Xx[0,1] =-Y, H(z,0)=f(z), H(z,1)=g(x), VzrelX.

Definition 1.22. A topological space X is called simply connected if and only
if X is path connected and for all p,q € X and for every pair of arcs (i.e
continuous function from [0,1] to X ) which start from p and ended to q there

exists an homotopy which transforms the first arc in the second one.

Example 1.23. RY with N € N and SN with N > 2 are simply connected.

Counterexample 1.24. S! and R?\ {(0,0)} are not simply connected.
Let us give now the definition of smooth manifold and diffeomorphism.

Definition 1.25. Let M be a topological space, U C M and V. C RN an open
set with respect to the standard topology of RN . An homeomorphism z : U — V
such that x(u) = (z1(u),...,xn(uw)) is called a coordinate system on U. Let
A CN. {Uy,xa}aca is called chart and 271 is called a parametrization. An
atlas on M is a collection of charts {Uqy, Tataca such that UneaUy = M and
the homeomorphisms x50 To : 3 (UgNUy) — x5(Us NUy) are the transitions

maps.

Definition 1.26. A smooth manifold M is an N-dimensional topological
manifold such that it admits an atlas {Us, ZaYacA, Za : Uy — RN, N € N and

all transition maps are C*° diffeomorphisms.



14 CHAPTER 1.

Example 1.27. S' is a smooth manifold. We can introduce two charts

on R = S and ¢g : R — S such that

2un u?\,—l
u%\,+1’u?\,+1

d)NI’LLN—><

and

2ug l—u?9
tug = | 5——, :
¢s :us <u2+1 Bl

We have Viy = R, Uy = S'\ {(0,1)}, Us = S*\ {(1,0)} and Uy NUg =
ST\ {(0,1),(1,0)}, and so we obtain

on' o ds R\ {0} — R\ {0, usﬂNzuls.

Definition 1.28. Let M7, My be smooth manifolds with dimension N and m.
A map ¢ : My — My is smooth if and only if for any p € My and for any
parametrization (V,y) at ¢(p) € Ma, there exists a local parametrization (U,x)

at p € My such that:
e ¢(z(U)) Cy(V),
ey logpox:UCRYN -V CR™ is a smooth map.

Example 1.29. The map exp : R — RT is a smooth map, in fact we can
take (R, Id) and (R*,Id) like charts and we can see that exp(R) = RT and

Id=' oexpold = exp is a smooth map.

Example 1.30. The stereographic projection from S?\ {(0,0,1)} to R?, i.e.

¢: 52\ {(0,0,1)} — R, (x,y,z)—)( r Y )

1—2"1—2

is a smooth function.

Definition 1.31. Let f: M7 — M, f is a diffeomorphism if and only if f is

a bijective map and f and f~! are smooth.
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Example 1.32. [t is possible to prove that the stereographic projection ¢ is a

diffeomorphism, in fact the invertible map is

2x 2y —1+ z? )

—1 2 2
ZR S 0,0,]. 5 5 9 9

which is smooth.

Counterexample 1.33. The function f : R — R, t — t3 is differentiable
but not a diffeomorphism because the inverse (i.e. f1: R =R, t— t%) 18

not a differentiable map.

Absolute continuity and curves on a manifold

Definition 1.34 (Absolute continuity). Let I C R, a function f: 1 — R is
absolutely continuous on I if for every positive number €, there is a positive
number § such that whenever a finite sequence of pairwise disjoint sub-intervals

(:ck,yk)]kvzl of I with xy, yr € 1

N N
Z lyr — xi] <0 = Z |f(yr) — fz)| < e.
k=1 k=1

Theorem 1.35 (Lebesgue’s theorem for absolutely continuous functions). The

following conditions for a function f : [a,b] — R are equivalent:
o f is absolutely continuous,

e f has a derivative f' almost everywhere, the derivative is Lebesque integ-

rable and
f@) = f@)+ [ 1t

for all x € [a,b].

e There exists a Lebesgue integrable function g on [a,b] such that

for all x € [a,b]. As consequence, it holds true g = f' almost everywhere.
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Definition 1.36. Let us consider a function v : [0,T] — M. We say that ~
is absolutely continuous if there exists a partition 0 =ty < --- <t, =T and
charts (Ui, ¢;) for 1 < i < mn such that y([ti—1,t:]) C U; and ¢; o 7|[ti717ti] 18

absolutely continuous.

Definition 1.37. Let M be a smooth manifold and I C R a real interval,
then any absolutely continuous map v : [0,T] — M is a curve on M. Let be
v(0) =p € M and D be the set of all the functions which are differentiable at

the point p, then the tangent vector is defined as

d(for)
dt

40):D =R, f—5(0):= (1.1)

t=0

Example 1.38. Given S%, an evample of a curve ~y : [0,27] — S? is

~(t) = (cos(t), sin(t), 0).

Example 1.39. Let T2 = S x S! be a 2-dimensional torus, this object can

be written in a 3-dimensional space as

x(0,¢) = (1 + cos ) cos ¢,
y(0,¢) = (14 cos ) sin ¢,
z(0,¢) = sinf
with 0, ¢ € [0,2n]. Then a curve on the torus may be
v 0,7 = T2, ~(t) = (x(t),y(t), 2(t)) = (2cost, 2sint, 0).

Counterexample 1.40. Given R, the function v :[0,1] — R

1, ifz€Qn]o,1],
v(t) =
0, if zeR\(QnNIO0,1]),

does not satisfy the Definition 1.37 because it is not continuous.

Definition 1.41. Let us consider the vector space V' over R, the dual space

V* is defined as the set of all the bounded and linear maps ¢ : V — R.
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Definition 1.42. We call tangent space to the smooth manifold M at a point
p the set of all the tangent vectors at the point p, i.e.

T,M = {3(0) | 4(0) satisfying (1.3) and 7(0) = p}.

Let M be a smooth manifold, we call tangent bundle of M the following

2N -dimensional vector bundle
TM ={(p,v) | pe M, veT,M}.

Remark 1.43 (Curves on a sphere). Let v : [0,T] — R3 be a curve. We
wonder when such a curve is a curve on a sphere. For this purpose we can

parametrize the sphere using the polar coordinates as

T = cosusinv,

y =sinusinwv,

Z = cosv,
with (u,v) € [0,27) x [0,7]. From the notions of differential geometry in R?
we know that the tangent space at a point p € S? is a plane which is tangent
in p. The plane is generated by (having called ¢(u,v) the parametrization of
the sphere)

¢y = (sin(u) sin(v), cos(u) sin(v), 0),
¢y = (cos(u) cos(v), sin(u) cos(v), — sin(v)),

and then, called v(t) = (x(t),y(t), 2(t)) a curve, we have that the curve is on
the sphere if and only if

#(t) = —asin(u(t)) sin(v(t)) + bcos(u(t)) cos(v(t)),
y(t) = acos(u(t))sin(v(t)) + bsin(u(t)) cos(v(t)),
2(t) = —bsin(v(t)),

with a,b € R.
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Example 1.44. TRY = U, pnT,RY = R?Y.

Example 1.45. TS5? = Upr52 that means that the tangent bundle of S? is,

roughly speaking, the union of all planes which are tangent to the sphere.

Definition 1.46. Let My, M be two different smooth manifolds, ¢ : My — My
a differentiable map, p € My and v € T,M;. Let us consider any curve
~v : I — M such that v(0) = p and ¥(0) = v. Let B : I — My such that
B := ¢o~. The differential of ¢ at the point p is the linear map d¢, defined as

d¢p : TpM1 — T¢(p)M2, V= d¢p(v) = 6(0)

These curves can be measured is some way, but before to do that, we have

to introduce a metric which allows us to define an inner product in every point

Definition 1.47. A Riemannian metric < , > on a smooth manifold M 1is
a smoothly chosen inner product < , >,: T,M x T,M — R on each of the

tangent spaces T,M of M. In other words, for each p € M:
o < u, v >p=<v,u >, for all u,v € T,M,
o <u,u>,>0 forallu e T,M,
o <u,u>p=0 1if and only if u=0.
Sometimes in the thesis we will use the symbol g, instead of <, >,,.

Definition 1.48. Let (M, < , >) be a Riemannian manifold and ~y : [0,T] —
M absolutely continuous curve, we call length of the curve M the real functional
1

T
)= [ <3040 >,

Let (M, < , >) be a Riemannian manifold and p,q € M, then the Riemannian

distance between these two points is defined as

d(p,q) = inf{i(v)|y a.c. curve on M joining p to q}. (1.2)
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Remark 1.49. Let us remark that d as defined in (1.2) is a distance because

e dlz,y) = 0= x =y for all z,y € M is true. In fact, we obtain by
definition

T . . 1 .
/ < (t),y(t) >$(t) dt =0=~(t)=0=~(t) =C €R,
0
where C is a constant.

o d(z,y) =d(y,z) for all z,y € M is true. In fact it is only necessary to
remark that we can define a curve y(t) = w(l —t), where w is a curve

which connects x to y.

o d(z,y) <d(x,z)+d(z,y) for all x,y,z € M is true. It follows from the
fact that

l(y) <) +1(B),

where o a curve which connects x to z and 3 a curve which connects z to
y and 7y the concatenation of a and 3. To finish to prove the inequality
we take the infimum before on the right hand side and then on the left

one.

Example 1.50. In RN with standard Euclidean metric the distance is given

by

d(p,q) = \/]331 - y1’2 +o T, yn‘Qa

where p = (x1,...,2y) and ¢ = (y1,...,Yn), because the shortest path between

two points is represented by the line which joins p and q.

Example 1.51. Let S! be the standard Euclidean sphere in R? and < , >
the Riemannian metric induced by the standard inner product in R? (i.e. the
restriction on < , > on the vectors tangent along S'), then the curve defined

on this manifold will be

v :10,27] — Sl st v(6) = (cos(8),sin(0)),
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and

Y(0) = (—sin(6), cos(0)),
and then < 4,4 >= 1 we have that the distance between g = q(61) and p = p(62)
s given by

d(q,p) = |01 — O2].
Definition 1.52. Let M be a smooth manifold, a vector field is a function
F:M—TM, p-—(pv)
such that the composition P o F' = Id where
P:TM — M, (p,v)— p.
Example 1.53. Given S and T'S', a vector field is, for t € [0,27]
F:S' - TS', p=(cos(t),sin(t)) = (p, (—sin(t), cos(t))T).

Definition 1.54. Let M be a smooth manifold, we call x(M) the union of all

vector fields, we define a covariant derivative as the function
Vix(M) x x(M) = x(M), (X,Y)—VxY

such that, given A1 and Ay scalar values and f1, fo smooth functions, the

following properties are satisfied
o Vx(AMY1 + Aa2Y2) = MiVxY1 + ViV,
e Vixitpx,Y = iV, Y + oVx,y,
o Vx(fY)=fVxY +YVxf.
Counterexample 1.55. Let the function be defined as
Vix(M)x x(M)— x(M), (X,)Y)—=>VxY=X+4+Y
then it is not a covariant derivative, in fact

VX()\1Y1 + AQYQ) =X+ (/\1Y1 + AQYQ) ;é MVxY] + A VxYs.
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1.2 Sub-Riemannian geometry

In Riemannian geometry all the curves on the manifold are admissible, this
is due to the fact that we use as tangent bundle T'M in the definition of the
admissible curves. Unluckily in some applications we ”lose” some curves (see
e.g. [13], [14]) and so we have to introduce a ”weaker” version of geometry
which however satisfies some regularity conditions which allow us to connect

always two points with a curve.

Definition 1.56. Let M be a N-dimensional smooth manifold, we define
for every point p a subspace of T,M called H(p). We define the associated

distribution as the subbundle of the tangent bundle given by
H={(p,v) | peM veHp)}

Example 1.57. For a Riemannian manifold it holds true H = T M.

Example 1.58. [I-dimensional Heisenberg group] One classical example of
distribution is the distribution associated to the Heisenberg group (which we

will indicate with H'), which is given by the following vector fields on R3

o yo 0 x0

= 9z 292 Y(x,y,z) =

X(z,y,2) 8y+§$'

In this case H = span(X,Y).

Definition 1.59. Let M be a smooth manifold and H C T M a distribution, a
sub-Riemannian metric on M is a Riemannian metric defined on the subbundle

H.

Definition 1.60. Let M be a smooth manifold and H C T'M a distribution and
g a Riemannian metric of M defined on the subbundle H. A sub-Riemannian

geometry is the triple (M, H,g).

Remark 1.61. All Riemannian manifolds are sub-Riemannian manifolds.
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Example 1.62. Let R? with the following vector fields

0 0
Xl(wvy):%v XQ(x7y):$7

and the standard Euclidean metric induced on H g ). (R2,H, g) generates a

sub-Riemannian geometry called the Grusin plane.

Next we give the definition of admissible curves which are in this setting

called horizontal.

Definition 1.63. Let (M, H, g) be a sub-Riemannian geometry andy : [0,T] —

M an absolutely continuous curve, v is an horizontal curve if and only if
Y(t) € Hog), for a.e. t €0,T],

or, equivalently, if there exists a measurable function h : [0,T] — RY such that

m

A(t) = > hi(D)Xi(y(t)), for a.e. t €[0,T],

i=1
where h(t) = (hi(t),..., hm(t)) and X1, ..., Xy, are some vector fields spanning
the distribution H.

Remark 1.64. We define a length-functional as

T
I(7) = /0 K@)yt

N

where ||5(t)[ly¢) = gy)(Y(#),¥(t))2. If X1,..., Xin are orthonormal respect to

sub-Riemannian metric and

then, by definition of orthonormality we have

T T
1(7)2/0 H;V(t)H'y(t)dt:/O [[R(8)]|dt,

where the norm of h is a standard Fuclidean norm.
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Remark 1.65. Let X4,...,X,, be orthogonal vector fields w.r.t. the sub-

Riemannian metric and let v and n two admissible curves such that

m m

A(t) =Y ai®)Xi(v(1) i) =Y i) Xi(n(D)).

i=1 =1
then we have

9(3(8),1(t)) =< a(t), B(t) >,

where < , > 1is the standard Euclidean inner product.
Example 1.66. On a Riemannian manifold all curves are horizontal curves.

Example 1.67. Let H' be the Heisenberg group of dimension 1, we can
construct a horizontal curve in this way: let p = (x1,y1,21) and ¢ = (x2,y2, 22)
be two given points of R3. Let F(t) = (x(t),y(t)) be a plane joining (x1,y1) to
(x2,y2). We assume T = 1, we can look only absolutely continuous curves with

constant curvature, i.e. we can assume that

v 1 [t . .
A vy = /0 et (1)t = /0 (£(t)i(t) — y(t)i(0))dt = C,

for some C € R. Then we can define a curve in R3, setting y(t) = (z(t), y(t), 2(t))

where the third coordinate is given by

() = 21+ 5 [ (@(6)ils) = y(s)i(s))ds.

We observe that «y is absolutely continuous, z(0) = z1, 2(1) = z1 — C and

choosing C' = z1 — zo, then M joins p to q. Hence the curve will be in the form

3(0) = (olt). (0 2(0) = (09601214 [ 2(9i00) ~ a(0)ils)as)

and so, differentiating the curve v we obtain

3(0) = (4009000, 3()i(6) - 94505 ) = X130 + Xala ).

Hence, by definition, the curve is horizontal.
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Counterexample 1.68. We observe that v : [0,T] — H! s.t. y(t) = (t,t,1)
is mot an horizontal curve, in fact we obtain that X1(v(t)) = (1,0,—%) and
Xo(y(t)) = (0,1,%) and then we have to verify the definition of horizontal.
Then, considering a(t),b(t) € L*([0,T]) we obtain

t

310 = (1,1,1) = (a(0),00), 040) ~ a(0) 5 )

One sees immediately that such a(t), b(t) cannot exist.

Definition 1.69. We call sub-Riemannian distance (or Carnot-Carathéodory

distance) the function d : M x M — [0, +0o0] defined by
d(p,q) = inf{i(vy) | v horizontal curve joining p to q}.

Definition 1.70. A (minimizing) geodesic between two points x and y is any

a.c. horizontal curve which minimizes the length.

Definition 1.71. Let M be a manifold and X,Y two vector fields defined on
this manifold and f : M — R a smooth function, then we define the bracket
between X and Y as the vector field defined as

(X, Y(f) = XY (f)) = Y(X(F))-

Let us consider X = {X1,...,X\n} spanning some distribution H C TM, we
define the k-bracket as

P =[x, 7] | X e £* D v ey

with k > 2, 4; € {1,...,m} and LY = X. The associated Lie algebra is the
set of all brackets between the vector fields of the family
L(X) = {[Xi,XJ(k)] | X](k) k-length bracket of X1,... X, k € N} = U £®,
k>1
The definition of Héormander condition is crucial in order to work with

PDEs in sub-Riemannian setting, because it is a (weak) regularity condition.
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Definition 1.72 (Hoérmander condition). Let M be a smooth manifold and H
a distribution defined on M. We say that the distribution is bracket generating
if and only if, at any point, the Lie algebra L(X) spans the whole tangent
space of M at point p. We say that a sub-Riemannian geometry satisfies
the Hormander condition if and only if the associated distribution is bracket

generating.

Example 1.73. Let us consider the Grusin plane as in the Example 1.62. We
can compute [X,Y](f) with f smooth function

0 0 0 B )
(X, Y](f) = Txl <$18332f> — l‘la—@ (%f) = T@f’

and so the commutator spans a new vector field: Z(z1,x2) = (0,1). X and

Z generate T,R? = R? for all x € R?.

Counterexample 1.74. Let R? be the manifold and let the vector field
X (x1,22) = (0,1)T be the distribution. Trivially it does not satisfy the érmander

condition.

We now generalize the definition of gradient, divergence, Laplacian and

Hessian for the sub-Riemannian case.

Definition 1.75. Letu : M — R, v: M — R™ be a differentiable function and
X ={Xy,...,Xm} a collection of vector fields on M satisfying the Hormander

condition which spans a distribution H
e We define the horizontal gradient as
Vou = (X1u, ..., Xnu)t.
e We define the horizontal divergence as
divyv(z) = (Xqv1) + - + (Xpmom).
e We define the horizontal Laplacian as
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o We define the horizontal Hessian as the matrix

X2 = (XiXju)ij=1,..m-

Definition 1.76. Let X = {X1,..., X} be a family of vector fields defined
on a smooth manifold M and H the distribution generated by Xq,..., Xp,.
Given p € M we call step of the distribution H at the point p, and we indicate
by k(p), the smallest natural number such that

k(p)
U £iw) =T,M, Vpe M,
=1

where L1 = span({Z = X | X € H}), L1 = span({Z = [X,Y] | X € H and Y €
,Ci_l}).

Example 1.77. We call the 1-dimensional exponential Heisenberg group
or canonical Heisenberg group as in the Example 1.58 endowed with the
metric g such that X (x1,x9,x3),Y (x1,x2,23) are orthonormal between each
other. Computing as the previous example we can observe that Z(x1,x2,x3) =

[X,Y](21,22,73) = (0,0, )T and so we can write explicitly the subbundle as

H = {((x1, 22, 73), (v1,v2,v3)") € R® x T,R3|

v=aX(x)+ Y (2) = (o, B, ~ Za+ 52,

with o, B8 € R or, by a Cartesian representation

i) I
V3 = —?Ul + ?UQ.

We can compute the gradient

T
v()f = (Xf7Yf)T = (f:r - %fzg»fm + :Zlfxp,)

and the horizontal Laplacian is given by

2

2
X X
AOf = fw1x1 - x2fx1x2 + $1f$3$2 + fzgacz <41 - 42> fx3$3
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Example 1.78. Let R? x S', we consider the vector fields: X1(z1,x2,0) =
(cosb, sind,0)T, Xo(x1,22,0) = (0,0,1)T with the metric which induces the
standard Euclidean metric on R? x S'. This vector fields generates the roto-
traslation group which is closely related to Citti-Sarti visual cortex model (see
for further details [13, 14, 16]). We can observe that the distribution has step
equal to 2, in fact we have that X3(x1,z2,0) = [X1, X2] = (—sin6,cosf,0)7.
The subbundle is given by
H = {((z1,22,0), (v1,v2,03)) € (R* x 1) x T,(R* x )},
with
v=aX;+ X = (asin@,acosG,ﬁ)T,
or by a Cartesian representation
v1 = tan fvo,

and the gradient is given by
Vof = (X1f, Xaf)" = (cos O fz, +sin0fs,, fo)",
and the horizontal Laplacian is
Aof = cos? 0 f .z, + 2500080 fp,zy + SN2 0 frpry + fog-

Let us conclude this subsection by recalling a weak regularity condition

related to sub-Riemannian geometry.

Theorem 1.79. ([12])[Chow] Let M be a smooth manifold and H a bracket
generating distribution (see Definition 1.72) defined on M. If M is connected,

then there exists a horizontal curve joining any two given points of M.

1.3 Geodesics in different geometries

We wonder now how to find geodesics in different spaces, this question is
important to understand better the space in which we work; we will start from

the Euclidean case in order to arrive to the sub-Riemannian one.
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Euclidean spaces

This case is well-known. In Euclidean spaces geodesics exist, they are
unique and they are smooth (they are the segment of straight line which

connects p and q).

Riemannian spaces

In this case the situation start to be different because, in some cases, we
start to lose the uniqueness of geodesics (in some cases can be even infinite).

We state now a theorem of local existence for the geodesics.

Theorem 1.80. (/24], Theorem 1.17) Let M be a Riemannian manifold and
po € M, for any € > 0, there exists a neighbourhood U of pg such that for any
p € U there exists a unique (minimizing) geodesic, joining py to p with length
less or equal to . Moreover, if the Riemannian manifold M is complete (i.e.
every mazimal geodesic is defined on R), then there exists at least a geodesic

joining any pair of points.

Remark 1.81. This is not a (global) uniqueness theorem, for example we can
take S' and we can observe that there are at least two geodesics which connects

north pole and south pole.

Sub-Riemannian space

The sub-Riemannian space is the case where we ”lose” many curves and so

the result depends on the distribution. We can state the following theorem.

Theorem 1.82. ([42], Theorem 1.6.3 and 1.6.4) Let M be a smooth manifold

and H a bracket generating distribution. Then:

e local existence: for any p € M there exists a neighbourhood U of p such

that, for any q € U, there exists a geodesic joining p and q.
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e global existence: if moreover M is connected and complete w.r.t. the
sub-Riemannian metric induced by H, for any pair of points p,q € M

there erists a geodesic joining p and q.

Unfortunately, uniqueness does not hold in this spaces but there are some

results on regularity in [43].

Theorem 1.83. (/2//, Theorem 1.115) The geodesics of the canonical Heis-
enberg group (as stated in Example 1.58) starting from the origin can be

parametrized by

Y1 (t) = & sin(ct) — g(l — cos(ct)),
Ya(t) = %sin(ct) + %(1 — cos(ct)),

3(t) = S (et — sin(ct))

if c#£ 0, and by

7 (t) = at,
’)/Q(t) = bt,
v3(t) =0

if c=0 for any a,b € R.

1.4 Geometries without Hormander condition

We consider Hérmander as a (weak) regularity condition which allows us
to obtain 7}, M in every single point of our manifold by means of commutators.
We can consider now some examples in which Chow’s Theorem does not hold

due to the lack of the Hormander condition.

Example 1.84. We consider R? with the vector field X (z,y) = (1,0)T. We

can sketch this geometric object in this way
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We observe that the Chow’s Theorem in this case does not hold, in fact if we
consider, for instance, x = (0,1) and y = (3,4) we see immediately that these
does not exist any geodesics which connects these two points. For this reason

we have d(z,y) = +00.

However, the fact that the Héormander condition does not hold does not
imply that distance between two points is infinity, the following example is

important for this reason.

Example 1.85. Let R? be with the vector fields X (x,y) = (1,0)" and Y (z,y) =
(0,a(x))T where

1, if x >0,
a(r) =
0, ifx <0

and so we have

|
TH

8 16 14 12 1 08 06 04 -02 0 02 o4 08 08 1 12 14 1

?
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and as consequence we obtain a particular situation: the left part of plane
has not a "regular” geometry while the other part is locally like a Riemannian

manifold. We observe that there exists always a geodesics between two points

and the distance is described by the function

\/’$—y’2+’$,—y/|2, IBZO, $/>0,

|$|+|{L‘/|+‘yfy/|, .’E<0, IE,<O,
d(($’y)’($/7y/)) =

2|+ 2P+ y—y?, <0, 2'>0,

2’|+ VIz?+ly =2, >0, x<0.
\
However, this distance is not continuous w.r.t. the Euclidean metric

(i.e limy y(zr ) d(z,y) # 0), in fact if we consider two points with x' < 0
and r < 0 we have
lim o]+ [2f| + [y — y'| = 2|2] # 0.
(z,y)—= (' ,v")
The following Proposition is crucial to show that the distance d is continu-

ous.

Proposition 1.86. (/24]) Let d(z,y) be a sub-Riemannian distance defined
on a smooth manifold and satisfying the Héormander condition with step k.
Then, for any compact K C M, there exist two constants Cy = C1(K) > 0 and
Cy = Cy(K) > 0 such that

Cilz —y| < d(z,y) < Colz — y|+

for any x,y € K.
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Remark 1.87. Then it follows from elementary theorems on limits that

limg_,, d(x,y) = 0 w.r.t the Euclidean metric.

Lie groups and Lie algebras

The idea of Lie group is important because it connects geometry with
algebra and so we can work with manifolds with algebraic properties (for

further informations see [1], [29], [37]).

Definition 1.88. Let G be a smooth manifold. G is a Lie group if G is

endowed by a group structure and the following functions

x:GxG—-G, (r,y) > zxy,

165G, ax—ozt
are smooth.

Example 1.89. The group of SO(2) of matrices (with the operation of multi-

plication as composition)

cos¢ —sing
SO(2,R) = c ¢ €10,2m)
sing cos¢

is a Lie group.
We recall now shortly the definition of Lie algebra.

Definition 1.90. A Lie algebra is a vector space g over a field F (generally
R) with and operation [, ]: g x g — g called Lie bracket such that

o [t is bilinear, i.e. [ax + By, z] = alx,z] + By, 2| for all x,y,z € g and
a,B eF,

o [t is skew symmetric, i.e. [x,y] = —[y,x] for all x,y € g,

o [t holds Jacobi identity i.e. [x,y,z]] + [y, [2, z]] + [2, [z, y]] = 0 for all

x,Y,zcg.
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Definition 1.91. Let a € G, then we define the left translation as 7, : G —
G 74(x) = axx. The Lie algebra g of G is the set of the vector fields X,

which are left invariant, i.e.

(Xf)(7a(x)) = X (f 0 7a)(2)
for all z,a € G and for all f € C(G).

Proposition 1.92. (/1]) The set g of all the left-invariant vector fields is a

Lie algebra with [ , | the commutator for vector fields.

Proposition 1.93. (/1]) If X € g, then there exists a unique 1-parameter
subgroup ®x (t), called vector flux, defined on G, for all t € R by the system

LBy (t)]i=0 = X (Px (1)),

Oy (0) =e.

Definition 1.94. Let G be a Lie group , the exponential map is the smooth
function given by

exp:g—G, X — &x(1) (1.3)
where ®x : (R, 4+) — (G, *) is as in Proposition 1.93.

Example 1.95. The circle group T is the multiplicative group of all complex

numbers with absolute value 1, i.e
T={2e€C:|z| =1}

It is not difficult to observe that the inverse and the composition are smooth

function and, for this reason, T is a Lie group. The exponential map is given

by

0

0 — 2= e = cost + isind

i fact if 0 = 0 we have e = 1, if we derive we have the vector field of

multiplicative group.
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Definition 1.96. A group G is nilpotent if and only if its central series defined

as
G =G,

G+ = [G,GD] = {ghg~'h™' | g€ G heGD}, i>1

is finite, i.e. that there exists a k € N such that
GHD — e} £ G,
Example 1.97. An abelian group is nilpotent with k = 1.
Example 1.98. The direct product of two nilpotent groups is nilpotent.
Counterexample 1.99. The symmetric group Ss is not nilpotent.

Definition 1.100. A Lie algebra g is nilpotent with step equal to k € N if

and only if, setting

g(l) :g‘7
gith) = [g, g = {[X,Y] | X eg Y eg®}, i>1

there exists k € N such that gt = {0} # g,

Example 1.101. The Lie algebra defined by (RN, 4) is abelian and so it is

nilpotent.

Example 1.102. The vector fields of Heisenberg group are a nilpotent algebra,
in fact we have gV = {X,Y'} such that [X,Y] = Z, g = {Z} and g® = {0}.

Counterexample 1.103. Let the rototranslation algebra be given by the fol-
lowing g = {U1,Us,Us} defined by

U1, Us) = Us, [U2,Us] =Uy, [U1,Us]=0.

It is possible to observe that [g,g] = {U1,Us}, [g, (g, gl] = {U1,Us} and so this

Lie algebra is not nilpotent.
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Remark 1.104. Given a Lie group G, the associated Lie algebra is nilpotent
with step equal to k if and only if G is so.

Remark 1.105. A Lie group is nilpotent with step k if and only if the associ-
ated Lie algebra has a bracket generating sub-Riemannian structure with step

k.

1.5 Carnot group

Definition 1.106. A Carnot group is a Lie group, nilpotent and simply
connected, whose Lie algebra g admits a stratification i.e. there exist Vi,..., Vi
vector spaces such that

g=Vi® - ® V.

The value k € N is called step. Let us recall that with & we indicate the direct

sum of two vector spaces i.e. called A,B two vector spaces the direct sum is

given by A+ B={a+b|ac A bec B} such that AN B = {0}.

Example 1.107. The Heisenberg group is a Carnot group which can be written
as

H=VidV;

where Vi = span{ Xy, X2} , Vo = span{ X3} where X1, Xo and X3 are defined

as i FExample 1.58.

Counterexample 1.108. The Grusin plane (see Example 1.62) is not any

Carnot group because there is not a structure of group associated to it.

Carnot groups have good properties due to the stratification of its algebra.

This becomes clear from the definition of dilatation.

Definition 1.109. Let us consider a Carnot group G and its g associated Lie

algebra. For A > 0 we define a family of dilatations on g as a family of smooth
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maps Oy : g — g defined as
KNX)=XNX, if XeV,
Example 1.110. In H! the dilatation is
(X1, X2, X3) — (AX1, A\ X2, \2X3)
where X\ > 0 and X1, X2 and X3 are defined as in Example 1.58.

Definition 1.111. Let us consider a Carnot group G and its Lie algebra g.
We define the dilations for the Carnot group G, by setting 6 = exp~!§exp,
where § is as in Definition 1.109. For sake of simplicity, we will write ¢ instead

of 6.

Remark 1.112. Since the Carnot-Carathéodory distance is defined minimizing

the length functional over all the horizontal curves it follows immediately that

do(dx(x),0x(y)) = Adc(x,y)
for any x,y € G and A > 0.

Definition 1.113. Let us consider G a Carnot group and dc the associated
Carnot-Carathéodory distance. Hence the norm associated to the distance is
given by

zllc = de (0, ).

Proposition 1.114 ([43], Chapter 1, Section 7). Let us consider G a Carnot

group, g its Lie algebra and § the related dilatation. Then it holds true
o 6,x(x) =6,(0x(x)) for p, A>0 and x € G,

o dx(zy) = dx(x)ox(y) for A >0 and x,y € G.
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1.6 Riemannian approximation

Let H = {Xy,...,X;n} be a distribution of left-invariant vector fields on
RN . Tt is possible to extend this orthonormal frame to a new one by completing
it with N —m vector fields of the form € X, 41, ...eXy with € > 0 such that the
vector fields Xy (z), ..., Xm(z), Xmy1(x),..., Xn(x) are linearly independent
among each other for all z € RY. This is called Riemannian approzimation be-
cause it allows us to work in a Riemannian space rather than a sub-Riemannian
one. We define H* = {X1,..., Xy, X, | = eXpq1,..., X5 = eXn} as the
Riemannian approximation of H. It is possible to define on this manifold a
Riemannian metric g. and, consequently, a distance d.. We define g. in such a
way that the vector fields X7, ... X% are orthonormal, i.e.

N

gE(U, ’LU) = Z O‘iﬁia

i=1
where v = Zf\il o/Xf and w = Zf\;l ,Bin. To develop better some computa-

tions we define the following two matrices.

Definition 1.115. We write
o(x) = [Xl(:c),...,Xm(x)]T (1.4)

for the m x N matrix given by the vector fields of the sub-Riemannian geometry
and

o-(z) = [X1(2), ... Xp(2),eXrni1(2) ..., e Xn(2)]7, (1.5)

for its Riemannian approzimation. Furthermore, we observe that det(o.(x)) #
0 since Xi(x),... Xn(x) are linearly independent among each other for all

x e RV,

Example 1.116 (Riemannian approximation of H'). Let x = (x1, 2, 73) € R3.
We know that the one dimensional Heisenberg group is given by the manifold

R3 and the vector fields given by the Example 1.58. The matriz o(x) is given
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o(x) = . (1.6)
01 %

We observe that the Riemannian approzimation is given by X1, Xo and X5 =

eX3 = (0,0,)T where X3 = [X1, X2] = (0,0,1)T and so o.(z) is given by

10 -z
0-5(-'17): 0 1 %
0 0 e

It is possible to see that
(G,d.) — (G,d.) as € —0,

in the Gromov-Hausdorff sense (it will be explained in detail later in this
chapter), where G is a Carnot group (see [8] and [36]). We are interested in
the convergence of the distance of the approximated Riemannian geometry
and the Heisenberg group. The problem of convergence is discussed in [43]
and it is very technical, so we will focus on the geodesics in the Heisenberg
group and its approximation with a similar approach of [24]. We recall the

following theorem.

Theorem 1.117. (/24], Theorem 1.115) The geodesics of the canonical Heis-

enberg group starting from the origin can be parametrized as
Y1(t) = &sin(ct) — %(1 — cos(ct)),

Y2 (t) = bsin(et) + 2(1 — cos(ct)),

3(t) = S (et — sin(ct))

if c # 0 and by

7 (t) = at,
’yg(t) = bt,
v3(t) =0

otherwise.



1.6. RIEMANNIAN APPROXIMATION 39

g =il
15 4 .,\\\\
10 P e il \
5 : ) __R-HHH
e -_“-./y\
0 4 i | o e, ¥ \
-5 4 P s s =T /
g 2
-10 4 e i
15 H-x‘“—-_____ - ——_—— \

The curve of Theorem 1.117 fora =2, b=2,c=1

We wonder, using an approach based on the Hamiltonian and Hamilton’s
equations, if we can prove the convergence of d. — d locally uniformly. To
prove it we have to find the explicit form of the geodesics for the approximated

Heisenberg group.

Theorem 1.118. The geodesics of the approximated Heisenberg group starting

from the origin can be written as

Yi(t) = ¢sin(ct) — g(l — cos(ct)),

v5(t) = Zsin(ct) + %(1 — cos(ct)),

¢

v5(t) = “22?29 (ct —sin(ct)) + $et,

if c£0 and
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Proof. Firstly, we define the Hamiltonian in the approximated case as

x2

1 2 T \2 59
H(x1, 2, 23,p1,p2,03) = B <p1 - ?p?,) + (pz + ?p:’,) +&7p3

then, using the Hamilton’s equations we have
i1 =p1— 5ps,
To = p2 + Fps3, (1.7)
by =~ — o1+ a4 ah s,

and
p1=—L5 (p2 + %ps),
p2 =B (p1 — %ps),
p3 =0

It is immediate to observe that p3 = ¢ with ¢ € R and so

p1=—5 (P2 + §521) = — 5o,
5( Sz1) 5 (18)

(p1 = §2) = 5.

[\]le}

p2 =
differentiating (1.7) we obtain
I1=p1 — %20
Iy =p2 + Fc
and using (1.8) we obtain the system
i1 =—Fc— .70 = —cta,
562 = 7C+ 5 C= Ci?l,

hence

T1 + cxg = 0,
:7:‘2 - C.Cbl = 0.

Now we assume ¢ # 0 and we write m = & and n = g obtaining in this way
m+cn =0,

n—cm =0,
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and differentiating the first equation
m+ c2m =0,
and so the solution is
m(t) = ky sin(ct) + kg cos(ct).
Thus
n(t) = —ky cos(ct) + ko sin(ct).
Then considering #(0) = a and y(0) = b we write
#1(t) = —bsin(ct) + a cos(ct),
Z2(t) = bceos(ct) + asin(ct),
and, integrating we find
r1(t) = sin(ct) — %(1 — cos(ct)),
zo(t) = %sin(ct) + (1 — cos(ct)),

which implies
a? + b? c
i3(t) = 1— -2,
x3(t) 5 (1 — cos(ct)) + 1€

Hence we conclude integrating the previous formula

2 b2
z3(t) = %(ct — sin(ct)) + §€2t.

Meanwhile if ¢ = 0 we have that x1(t) = at, x2(t) = bt, which gives

bt bat
a @ _ .

xs(t):7—7

So the geodesics in this case have the form

z1(t) = at,
za(t) = bt,
x3(t) =0
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It is immediate to obtain the following corollary.

Corollary 1.119. Let . be a geodesic in the approrimated Heisenberg group
starting from the origin and v a geodesic of 1-dimensional Heisenberg group

starting from the origin then we obtain

lim e (¢) = ~(t)

e—0

pointwise in t.

Proof. For ¢ =0 is trivial the claim, for ¢ # 0 we have to observe that

lim v3(t) = y3(?).

e—0

and that 7§ = 1 and 5 = 7. O

1.7 Notions of convergence between metric spaces

Now we need to estimate the difference between different metric spaces
and their shapes, for this reason we have to introduce the notion of Hausdorff

distance.

Definition 1.120. Let (E,d) be a metric space and Ey,Fy C E, then the

Hausdorff distance between Eq, Ey is given by
HCLUSE(El,Eg) = inf{s > O|E1 C (EQ)E, FEsy C (El)z-:}

where (E;): = {z € E|d(z, E;) < €} and d(z, E;) = infzep, d(z,z) or, equival-

ently,

Hausg(FE1, Ey) = max{sup inf d(z,y), sup inf d(z,y)}.
z€F, yeFE> yEEs zeF

The following propositions are some examples which are useful to under-

stand how the Hausdorfl distance works.
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Proposition 1.121 ([40], Proposition 1, p.248). The Hausdorff distance

between two circles S, So C R? is
Hausg2 (51, 52) = d(c1, ¢2) + |ra — 71,

where c1, co are the centers and r, ro the radius and d the standard Fuclidean

distance.
(a)0<ry Sd=ry < (b)0=d-=-rz<rm <d+r:
e = <d=rg<0<r <d+ (d)d=rs < =rp <1 <dre

o O

All the possible position between two circles (images taken from [40]).

Proposition 1.122 ([40], Proposition 2, p.249). Consider two hyperspheres
SZN_l = {T € RN d(¢;,T) = r;} C RN, N > 3,4 = 1,2. The Hausdorff

distance between these two hyperspheres is
Hausgn (S 1, SN 1) = d(er, e2) + |2 — 1.
where d is the standard Euclidean distance.

Proposition 1.123 ([40], Proposition 3, p.251). The Hausdorff distance
between the segment L and a circle S1 in the plane is determinated by the

following expression

H(I’LLSR2(L, Sl) = maXﬂd(tva) - ’I"|, |d(t2,C) - 'l“|, f(cv C,7T7t1at2)}
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where

/ tic tity
fle,d ot ta) = dle,d)+r Srmy € 01]

min{d(c,t1),d(c,ta)} + 7, otherwise,

with t1, to are the two endpoints of the segment L, c is the centre of the circle

Sy and c is the orthogonal projection the circle on L.

Remark 1.124. From the Propositions 1.122, 1.123 we deduce immediately
that
d(A, B) # Hausz(A, B).

where d(A, B) = inf{dg(z,y)|z € A,y € B} and dg is the standard FEuclidean

distance.
Now we have to introduce some technical definitions.

Definition 1.125. Let ¢ : M — N be a smooth map between (smooth)
manifolds M and N, and suppose f : N — R is a smooth function on N.
Then the pullback of f by ¢ is the smooth function ¢ o f on M defined by
(po f)(x) = f(p(x)). To indicate a pullback we will use the symbol f*¢.

Definition 1.126. Let (M,g), (N,h) be two Riemannian manifolds. The
isometric embedding is a smooth embedding f : M — N which preserves the

metric in the sense that g is equal to the pullback of h by f, i.e. g = f*h, i.e
Yo, w € T, M it holds g(v,w) = h(df (v),df (w)).

We can introduce the definition of Gromov-Hausdorff distance which meas-
ure in a better way the difference of shapes between two sets using the Hausdorff

distance and isometric embeddings.

Definition 1.127. Let (X, dx), (Y, dy) be two metric spaces, then the Gromov-

Hausdorff distance between X, Y is given by

dea(X,Y) = inf Hausz(f(X),g(Y))
19,2
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where the infimum is taken over all metric spaces Z and f - X — Z,qg:Y — Z

are isometric embeddings.

Example 1.128. Let (S',dgs1) and (%Sl,désl) where dg1 is the geodesics
distance on S* and %S ! rescaled of % with d 1g1 the associated geodesics distance.
1t is clear from the Proposition 1.121 that the infimum is obtained when one
circle is concentric in the other (d(c1,c2) = 0) so, taking an isometric embedding

which make coincide these two centres, we have

1 1
1 — 1 = —
dGH<S,28) >

Graphic representation of Example 1.128.

Using this distance we can define a notion of convergence between metric

spaces.

Definition 1.129. A sequence of compact metric spaces (X,,)neny Gromov-
Hausdorff converges to a compact metric space X if dgg(Xn, X) — 0 as

n — 0.

Example 1.130. Following the Example 1.128 it is straightforward to show

that (#Sl,d%g) —G=H (Sl dg1) as n — co. Hence we have that the
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Gromov-Hausorff distance is

1 n 1y 1
dGH(S’TL—FlS)_TL—f—l’

which converges trivially to zero as n — oo.

Graphic representation of Example 1.130.

Unluckily the definition of Gromov-Hausdorff convergence works only with
compact metric spaces, for this reason we have to introduce a further general-

1zation.

Definition 1.131. Let us consider the metric space (X,d). We define the ball

of radius r > 0 and center x € X
BX('IaT) = {y € X|d($,y) < T}'

Definition 1.132 (Pointed Gromov-Hausdorff convergence). A metric space
is called proper if all the closed balls are compact. A sequence of pointed
proper length spaces (Xy,, dy,xy) converges in Gromov-Hausdorff to (X,d,x)
if the sequence of the balls By, (1, r) converges in Gromov-Hausdorff sense

to Bx(z,7).
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Now we have to focus on the compact metric space; we wonder if it possible
to write them without using the standard topological definition but in a simpler

way. For this reason we have to introduce the following definitions.

Definition 1.133. A metric space (X,d) is called complete if every Cauchy

sequence is convergent.

Definition 1.134. A metric space (X, d) is totally bounded if and only if for
every real number € > 0 there exists a finite collection of open balls in X of

radius € whose union contains X.

Example 1.135. The definition of completeness and totally boundness are
independent between each other, for example we can take QN [0, 1] with the
standard Fuclidean metric: it is totally bounded but it is not complete (because
Q is not complete). On the converse, R is complete with standard Euclidean

distance but it is not totally bounded.

The Example 1.135 suggests us that the compactness will be achieved if it
possible to complete that interval (i.e. putting the the irrational numbers in

the holes of the interval), for this reason we can state the following theorem.
Theorem 1.136. Let (X,d) be a finite dimension metric space, then
(X,d) is a compact space < (X, d) is totally bounded and complete metric space.

Definition 1.137. Let (X,d) be a metric space and v : [a,b] — X a curve.
We define the length of the curve

where the supremum is taken over all m € N and all sequences tg <t1 < --- <

tm C la,b]. If L(y) < oo then the curve is rectifiable.
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Definition 1.138. Let (X,d) be a metric space, the length metric associated
with d is the function d' : X x X — [0, 00| defined by

d'(z,y) = inf L(y),

where v is rectificable and v(0) = x and y(1) = y. We call (X,d) a length
space if d = d'. Furthermore we say that (X,d) is a proper length space if it

is a length space where all the closed balls are also compact.

Definition 1.139. Let d, d' be two different metrics on a metrizable space
X, we say that they induce the same topology if and only of for any x € M,
r > 0 there exists positive numbers r1, o such that B\D(z,ry) C B(d/)(x,r)
and B (z,r1) € B9 (z,ry) where B (z,r) is the open ball with centre ,

radius v induced by the distance d.

Example 1.140. Let RY be the standard set of the real and consider the

following distances

d(z,y) = V]z1 — 2+ + 20 — yal?,

d'(z,y) = |1 —y1| + - + |20 — ynl-

Applying the Definition 1.139 it is not hard to see that they generates the same
topology.

The next proposition is crucial to obtain the convergence in the sense of

Gromov-Hausdorff.

Proposition 1.141 ([9], Proposition 2.8). Let X be a set equipped with a
family of metrics (di)i=o generating a common topology. For K compact in X,

let us define

wi(e) = sup (de(z,y) — dite(2,y)) -
z,yeK,e>0

Assume that

e for each t > 0, (X,d;) is a proper length space (see Definition 1.138).
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e for fixred x,y € X, the function t — di(z,y) is non increasing.
e for each compact set K in X, wi(e) = 0 as e — 0.

Then (X, d;) converges in the sense of pointed Gromov-Hausdorff to (X, dy) .

1.8 Heisenberg approximation and the

convergence of the associated distances

In this section we will prove that the following theorem holds true.

Theorem 1.142. Let (H',d) be the 1-dim Heisenberg group and (R3,d.) its

Riemannian approximation, then
(RS, ds) _>E—>0 (H17 d)
in the sense of pointed Gromov-Hausdorff convergence.

The distance in this case can be written explicitly using Theorems 1.117

and 1.118 and so we have

d.(0,2) =

! a?+b? ¢ \?
/ (—bsin(ct)+acos(ct))2+(bcos(ct)+asin(ct))2+< 5 (l—cos(ct))+452> dt=
0

1 a? + b2\ 2 a? + b2 2

24 p2 _ 2 2, & 4

/O\/a +0b +< 9 > (1 —cos(ct))? + 1 c +16€ dt,

and

d(oa (E) =

! a’?+b? 2
/ (—bsin(ct)+acos(ct))2+(bcos(ct)+asin(ct))2—|—( 5 (l—cos(ct))) dt=
0

/ \/a2 + b2+ (a i > (1 — cos(ct))?dt,
0 2c

if ¢ # 0 and
1
d.(0, 2) = d(0, z) = / Ja® + 02,
0

if ¢ =0, where a, b, c € R are all constants. We observe that
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Lemma 1.143. (/25], Lemma 2.3) Let v be an horizontal curve with velocity
a(s) such that ¥(0) = = and (1) = y, then for all z € RN we have that
¥ = z o7 is an horizontal curve and 7(s) = a7(s) and ¥(0) = z oz and

(1) =zoy.
It is immediate to prove the following result.

Lemma 1.144. Let us consider G a Carnot group and d the Carnot-Carathéodory
distance defined on it. Hence it holds true that

d(z,y) =d(0,z7 oy) Vz,yeG.
We can easily check that the distance converges pointwise.

Theorem 1.145. Let us consider (H, d) and its Riemannian approximation.
It holds true

de (0, z) — d(0, z)
pointwise as € — 0.
Proof. Lemma 1.144 allows us to reduce to the case of the curves starting from
the origin.

If ¢ = 0 the thesis is trivial. If ¢ # 0, observing that the cosine is a bounded

function and that we can suppose € < 1. We have that

1 2 2\ 2 2 2 2
+b a’+b c

d:(0 < 24024+ a4 + + —dt.
5(,33)_/0 \/a ( c ) 4 16

The right hand side is constant (hence L*([0,1])) and, as consequence, we can

apply the Dominated Convergence Theorem and obtain the thesis. O
We conclude the section with the following result.

Theorem 1.146. Let us consider (H',d) and its Riemannian approzimation.
It holds true
d-(0,x2) — d(0,x),

locally uniformly as € — 0.
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Proof. We can write, using the identity (a? — b%) = (a + b)(a — b) and that,

( / 1 f(:v)dx>2 < | Py,

then we have |d2(0,z) — d?(0, )| < fol %82 + %€4dt then we obtain

using the inequality

Jo CHPE2 4 St
d-(0,2) — d(0,z)| < =>4 16
| E( ,.I‘) ( 71")‘ — |d5(0,$)+d(0,$)‘

By this estimate above it is possible to observe that we obtain |d.(0,z) +

d(0,z)| < Mt and so we obtain that, in a compact set

a?4b2 + ﬁEQ
sup ’ds(o,x) — d(o,x)| < 52¥,
zeKCR3 M

which gives immediately the uniform convergence. O



Chapter 2

Stochastic background:

Brownian motion and SDE

In this thesis we will use some tools related to stochastic control theory
and, for this reason, it is necessary to give a short introduction about some of
the most used topics in stochastic analysis. In this chapter we will start from
the axiomatic theory started by Kolmogorov at the beginning of XX century
(for further details see [5] and [39]) and then we will continue introducing

stochastic integrals and the definition of stochastic differential equation (SDE).

2.1 Basic notions of probability

Definition 2.1. Let Q be a set, a o-algebra (which we indicate with F) is a
collection of subsets of ) such that:

e Qe F,
o Let A C Q be a subset such that A € F, then A€ € F,
° LetA1,A2'”EFthenUé’ilAiE}_.

We indicate the power set of 2 with the symbol P(12).

52
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Definition 2.2. Let S C P(Q2) be a collection of subsets of 2, we call the

generated o-algebra the smallest o-algebra containing S, i.e.
Fs = {F|F o-algebra s.t S C F}.

Definition 2.3. Let Q be a set and F a o-algebra; a o-additive measure

measure is a function p: F — [0,00) such that:

o If {E,}ner is a collection of countable disjoint subsets, then, for E :=
UnEIEn;

W(E) = p (Z En> -

nel

Due to the fact that we are working on these spaces, we have to introduce

functions which allow to maintain the measurability.

Definition 2.4. Let us consider @ C RN, F a o-algebra defined on Q and p
a measure. A measure space is the triple (0, F,pn). Given (X, Fx,ux) and

(Y, Fy, ny) two measure spaces, a function f: X —Y is called measurable if

for all Ae Fy, f71(A) € Fx.

Example 2.5. Let ([0,T],F,p) be a triple such that F is the collection of
subsets generated by the countable union of open intervals and u the measure

defined as
w(at) =b-a
then ([0,T], F,un) is the measure space with u([0,T]) =T < oo. This is the

Lebesgue measure on [a,b].

The probability space and the random variable are basic definitions to work

in probability theory and these concepts are related to measure theory.

Definition 2.6. Let us consider (Q,F) and (RN, B(RY)). We say that a
function f : Q — RN is F|B-measurable if, for all E € B(RY) it holds
fYE)e F.
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Definition 2.7. A measure space (S, F,u) such that p(2) = 1 is called
probability space. We denote the measure of this space with by symbol P. Let
E € F be an event, then E happens almost surely if and only if P[E] = 1.

Definition 2.8. Let (2, F,u) be a probability space. A random variable is
a function & : Q — RN such that is F-measurable. We define the induced

probability measure as

where B C RN is a Borel measurable set. The measure with respect to this

random variable is called distribution of &.

Example 2.9. The simplest example to introduce a random wvariable is coin
toss: in fact there are two sides for a coin which we will call 0 and 1, so the
random wvariable £ can assume only these two values. We suppose that the
game is fair, so the o-algebra will be given by P({0,1}) = {0, {0}, {1},{0,1}}

the probability measure will be given by

Example 2.10 (Normal distribution). Let o, u > 0 be real numbers, we define
the normal distribution on (R, B(R)) by the Lebesgue density

1 _(z=p)?
f(z) = e 27,
2o

i.e. W(A) = [, fdp on (R,B(R)). It is possible to check that all the properties
of measures are satisfied and, in particular

1 © (@-w?
e 202 dx=1.
2ro

—0o0
We introduce now two standard notions in probability theory.
Definition 2.11. Let us consider (Q, F,P) a probability space and & : Q — RN

a random variable. If [, |&(w)|dP(w) < co, where w € Q, then we define the

expectation as

Blg) = [ ¢w)dPw) = | oduela).



2.1. BASIC NOTIONS OF PROBABILITY 55

Definition 2.12. Let us consider (2, F,P) a probability space and & : Q — RN
a random variable. If [, |¢(w)|?dP(w) < oo where w € Q we define the variance

of the random variable X as

Var(¢) == E[¢ — E[¢]].

Definition 2.13. Let (2, F,P) be a probability space. Two events A, B € F

are called independent if and only if
P(ANB)=P(A)P(B) VA,B € F.

A collection A = {A;|i € I} of families A; of measurable sets is independent if
and only if
P(A;, N NAy) =P(4;,)...P(4;,),

for all choices A;, € Aq,..., A; € Ag.
A collection of random variables {&; : 1 € I} is independent if the collection

generated by the o-algebras F¢, is independent.

We conclude this brief section stating some standard definition about the
convergence of random variables, which are necessary to define Brownian

motion and the It6 integral.

Definition 2.14. Let us consider a probability space (2, F,P) and let {&, }nen

be a sequence of random variables.

e The sequence {&, }nen converges in L2 if and only if
lim E[|&, — ¢[*] = 0.
n—oo
o The sequence {&, }nen converges in probability if and only if for alle > 0

lim P(lg, — & > <) = 0.
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e The sequence {&,}nen converges almost surely if and only if

IP’( lim gn:g> =1.

Definition 2.15. A (continuous-time) stochastic process is a parametrized

collection of random variables

{£®) >0

defined on a probability space (0, F,P) and assuming values on RN .

Notation: We will write £(t) = £(¢,w) if w is fixed.

2.2 Brownian Motion

We introduce now the idea of a Brownian motion. This stochastic process
was observed for the first time by the biologist Robert Brown during his
experiments and then it was studied in details by Albert Einstein in 1905
and Norbert Wiener. The study of this stochastic process is crucial in many

applications in applied science and in pure mathematics.

Definition 2.16. Let us consider a probability space (0, F,P). A real valued
stochastic process { B(t)}+>0 is called Brownian motion starting at x € R if the
following properties hold (we recall that, for sake of simplicity, we will consider

B(t) = B(t,w)):
e B(0) =1z a.s.

e the process has independent increments i.e. for all time 0 <t <--- <t,
the increments B(t,) — B(tn—1), ..., B(t2) — B(t1) are independent

random variables (as in Definition 2.13).

o Given 0 < s <t, B(t)— B(s) has a normal distribution with expectation

zero and variance \/t — s.
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{B(t)}+>0 is called standard Brownian motion if B(0) = 0.

Remark 2.17. [t is possible to prove that the function t — B(t) is continuous
almost surely due to the properties of the Brownian Motion and Kolmogorov

continuity theorem (see [51], p.51 for further remarks).

Theorem 2.18 ([41], Theorem 1.4, p.23). There exists a standard Brownian

motion in RV,

Sketch of the proof. The idea is to construct the right joint distribution of

Brownian motion step by step on the finite sets of the dyadic numbers, i.e.
D, = ke <k<2"
n =g 0<k<2"5.

We interpolate linearly the values on D,, and check that the uniform limit of
these continuous functions exists and is a Brownian motion. To do this let
us define D = U2 D, and let (2, A,P) be a probability space on which a
collection {§ (t):te D} of independent, standard normally distributed random
variables can be defined. Let B(0) = 0 and B(1) = £(1). For each n € N we
define the random variables B(d), d € D,, such that

e for all r < s < t in D,, the random variable B(t) — B(s) is normally
distributed with mean zero and variance t — s, and is independent of

B(S) - B(T)7
e the vectors {B(d) : d € D, } and {£(t) : t € D\ Dy} are independent.
Formally, we obtain

0, fort=0,
Fo(t) =€), fort=1,

linear interpolation between
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and
2-(+t1)/2¢(¢), for t € D, \ Dp_1,
Fa.(t) =10, for t € D,_1,
linear between consecutive points in D,,.

Hence these functions are continuous in [0, 1] by construction and we can define
for all n and d € D,
o0
B(d) = ZFi(d) = ZFi(d)
i=0 i=0
Then, by some technicalities, it is possible to prove that it converges to

Brownian motion (in law). O

From the standard Brownian motion we can obtain other Brownian motions

”zooming” the standard one or going backward w.r.t the time.

Lemma 2.19 ([41], Lemma 1.7). Let us consider (2, F,IP) a probability space.
Suppose that {B(t) }+>0 is a Brownian motion and let a > 0. Then the process

{&(t) }i>0 defined by £(t) = 2B(a?t) is a Brownian motion.

Theorem 2.20 ([41], Theorem 1.9). Let us consider a probability space
(Q, F,P). Suppose that {B(t)}+>0 is a standard Brownian motion, then the

process {£(t) >0 defined by
0, fort=20,
tB(}), fort>0
is also a standard Brownian motion.
Corollary 2.21 ([41], Corollary 1.11). [Law of large numbers] Let us consider

(Q, F,P) a probability space and {B(t)}+>0 a standard Brownian motion. Then

it holds almost surely lim;_, L =0.

Theorem 2.22 ([41], Theorem 1.12). Let us consider a probability space
(Q,F,P) and a standard Brownian motion {B(t)}t>o0 . There exists C > 0 real
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constant such that for all h > 0 sufficiently small and for all0 <t <1 —h,
such that

|B(t+ h) — B(t)| < C\/hlog(1/h)

almost surely.

Remark 2.23. An immediate consequence of Theorem 2.22 it that the Brownian

motion upper bounded in time.

An interesting fact of the Brownian motion is related to its regularity. In

fact we can see that this stochastic process is not differentiable anywhere.

Theorem 2.24 ([41], Theorem 1.13). Let us consider a probability space
(Q,F,P) and a standard Brownian motion {B(t)}+>0. Then for every constant

c < V2 and for every € > 0 there exist 0 < h < & and t € [0,1 — h] such that

B(t+h) - B(t)] > e/hlog(1/h),

almost surely.
Remark 2.25. From Theorem 2.2} follows that B(t) is not differentiable.

Theorem 2.26 (Modulus of continuity). Let us consider a probability space
(Q,F,P) and a standard Brownian motion {B(t)}t>0. It holds
|B(t+h) — B(t)|

limsup sup =1,
h—0 0<t<1—h 2hlog(1/h)

almost surely.

The Theorems 2.22, 2.24, 2.26 allow us to understand better regularity
of the Brownian motions, in particular we have to introduce the following

definition.

Definition 2.27. Let f : I — R be a function, the function is a-Holder

continuous (where 0 < aw < 1) if for C > 0 it holds true

[f(z) = f(y)] < Clz —y|%

forall x,y € I.
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By Theorem 2.26 we can prove the following result.
Theorem 2.28 ([41], Corollary 1.20). The Brownian motion is locally every-
where Hélder with exponent o < 1/2.

Remark 2.29. The Brownian motion is not Holder for a = %

We cannot expect more regularity than the fact the Brownian motion is

Holder due to the following theorem.

Theorem 2.30 ([41], Theorem 1.30). The Brownian motion is nowhere dif-

ferentiable almost surely.

2.3 It6 Integral and Ito formula

Now we want to compute the stochastic integral

b
/ ft,w)dB(t,w),

where f : [a,b] x £ — R is a measurable function. For sake of simplicity we

will write the integral as
b
/ F(O)AB().
a
Unfortunately the Riemann definition of integral leads to some problems, as

we can show in the following example.

Example 2.31. We use the definition of Riemann integral to compute the

integral
T
/ B(s)dB(s)
0

as counterexample. Firstly we observe that

E UOT B(s)dB(s)] = limE

> " B(tr)(B(ter1) — B(t))| =0
k
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due to the property of Brownian motion. However, using the definition of
Riemann integral we have and assuming that chain rule holds, i.e. B(t) is

differentiable

T 2
/ B(s)dB(s) = B(;)
0

2
and, recalling that E[%] = %, there is a contradiction. Hence we cannot use

the definition of Riemann integral to compute the integral.

Roughly speaking, we have to approximate the integral in a different way:

we consider the following sum such that
b
> fE)B(tirr) — B(t:)] —>/ f@)dB(t).

The convergence of the sum is in a weak sense and t7 € [t;,ti41]. If tf =¢;
then the integral is called It6 integral, meanwhile if t; = % then is called
Stratonovich integral. These two integrals give two different results but there

are some law which allows us to change one integral into the other.

Example 2.32. Now we compute explicitly the integral

T
/ B(s)dB(s),
0

following the definition of It6 integral. We can write

B = 5(Bltan) + B() = 5(Bltis) — B@))

and we have

SOB)(Bltin) ~ Blt) = 3 (Bltin) ~B(t)?)~ 35 (Bltin)~ B(ty)?

k<n k<n k<n
1
= -B(ti)* — Y =(B(tks1) — B(ty))?
(1)? — 35 (Bltier) — B(t))
k<n
The second term is composed by elements whose expectation is equal to %,
where At is the length of the interval [tg,tr11] and their variance %’52 Hence

2
the sums are "7& and % and so

Z %(B(tk’-i-l) — B(t))? — % as At — 0.

tn<T
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The result in this case is

T 1 T
/0 B(s)dB(s) = 5 B(T) ~ %

meanwhile using the Stratonovich definition we have

3 Bl S B0 () — ) = 30 Bl Z B0,
k<n k<n

Computing the series above, we obtain

B(T)?

T
/OB(s)odB(s): 5

Definition 2.33. Let B(t) = B(t,w) be a N-dimensional Brownian motion,
then we define F; = t(n) to be a o-algebra generated by the random variables
B(s) with s <t. In other words, F; is the smallest o-algebra containing all

the set in the form
{w : B(tl) e Fy,.. .,B(tk) S Fk}

where t; <t and F; C RN are Borel sets, j <k=1,...

Fi is increasing if and only if for s <t then Fs C F; and Fy C F.

Definition 2.34. Let {F:}i>0 be an increasing family of o-algebras of subsets
of Q. A process f(t,w) : [0,00) x Q@ — R™ is called Fy-adapted if for each t > 0
the function

w— f(t,w)
1s Fy-measurable.
Definition 2.35. Let V = V(S,T') be the class of functions
f(t,w) :[0,00[xQ2 — R
such that

o (t,w) = f(t,w) is Bx F-measurable, where B denotes the Borel o-algebra

on [0, 00|,
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o f(t,w) is Fi-adapted,
E[fd f(t,w)?dl] <

Definition 2.36. A function ¢ € V is called elementary if it has the form

P(t,w) = Z €j (W)X[t]-,tj+1[(t)-

J

Note that, since ¢ €V, each function e; must to be Fi;-measurable.

Definition 2.37. The Ité integral for an elementary function is defined as

/¢tww =3 e (@)B(t11) — BU))().

3>0

We consider w fixed for the next definitions and remarks.

Theorem 2.38 (It6 isometry for elementary functions, [45], p.26). If ¢(t,w)

s bounded and elementary then

E [(/ST ¢(t7w)dB(t,w)>2] = [/ST ¢(t7w)2dt] .

Now we can give a formal definition for the It6 integral.

Definition 2.39. Let f € V(S,T). Then the Ité integral of f is defined by

n(t,w)dB(t,w) F(t,w)dB(t,w), (2.1)
/. ol

where {¢n} is a sequence of elementary functions such that
T
B| [ 10w - sut)Pa] 0 22)
S
Remark 2.40. The limit (2.1) ezists and does not depend on the actual choice
of {on} as soon as (2.2) holds true.

Using the Definition 2.39 one can prove the following theorem which

generalizes Theorem 2.38.
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Theorem 2.41 (It6 isometry, [45], Corollary 3.1.7). For all f € V(S,T)

(/:f(t,w)dB(t,w)>2] =E [/ST f2(t,w)dt] :

Corollary 2.42 ([45], Corollary 3.1.8). If f(t) € V(S,T) and f,(t,w) €
V(S,T) forn=1,2... and E[f (fu(t) — f(t))?dl] = 0 asn — oo then

T T
/ Folt,w)dB(t,w) =L ® / F(t,w)dB(t,w),
S S

as n — oo where by L*(P) convergence we denote the standard L? convergence

w.r.t. the probability measure P.

It is interesting to observe that this theorem holds, which allows us to work

with the integral in a similar way to the Riemann integral

Theorem 2.43 ([45], Theorem 3.2.1). Let f,g€V and 0 < S < U < T, then

we have
o fs fdB(t) fs fdB(t +fU fdB(t),
N fs (cf +9)dB(t) —Cfs fdB(t "‘fs gdB(t),
e E [jSdeB(t)] =0,
o fg fdB(t) is Fp-measurable.
Definition 2.44. Let us consider {£(t)}i>0 a real valued stochastic process

defined on a probability space (0, F,P). Then the quadratic variation is the
quantity

e = lim Y (E(t) — &(te—1)),

P
I1Pll—0 £

where P ranges over partitions of the interval [0, t].

Theorem 2.45. ([45]) The following relation between the Stratonovich integral

and Ito integral holds true

/STfodB(t):/ FdB(t) /d<f, >,
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where the last term on the right hand side is defined as the following L*(P)
limit
N

T
/ d< £,B(t) >=L® tim S (F(tir) — F(t))(Bltinr) — B(t)).

S N—o0

=1

Definition 2.46. Let (Q, F,P) be a probability space and let & : Q — RN
be a random variable such that E[|¢]] < co. If J C F is a o-algebra then
the conditional expectation of £ given by J, denoted by E[¢|T] is defined as

follows:
o E[¢|T] is H-measurable,
o [LE[E|T]dP = [,&dP , forall J € J.

Definition 2.47. A filtration is a family M = {M;}i>0 of o-algebra My C F
such that
0<s<t=Ms;CM,.

An N-dimensional stochastic process {£(t)}i>0 on (2, F,P) is called a martin-

gale with respect to a filtration {M;}i>0 if
o £(1) is My-measurable for all t,
e E[§(t)]] < oo for allt,
o E[¢(s)|My] =&(t) for all s > t.

Theorem 2.48 ([45], Theorem 3.2.5). Let f € V(0,T). Then there exists a

t-continuous version of

/tf(s)dB(s); 0<t<T
0

i.e there exists a t-continuous stochastic process J(t) on (0, F,P) such that

P[J(t):/otde(s)} =1, forallO<t<T.
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Definition 2.49. Let V7 =V (S, T) be the class of functions
f(t,w) :[0,00[xQ2 — R
such that

o (t,w) = f(t,w) is Bx F-measurable, where B denotes the Borel o-algebra

on [0, 00|,

o There exists an increasing family of o-algebras Hy; t > 0 such that:
i) B(t) is a martingale (see Definition 2.47) with respect to Jy,
it) f(t) is He-adapted,

o E[fg f(t,w)?dt] < .

Let B = (By,...By) be an n-dimensional Brownian motion, we denote by
V7S, T) the set of m x n matrices v = [v;;(t,w)], where vij € V7. If

vE V?X"(S, T), using matrixz notation, we define

T T
/ vdB ::/
S s

as the mx 1 matriz whose i-th component is the sum of (extended) 1-dimensional

V11 ... VUln dBl

Uml .- Umnl| |dBn

1t6 integrals:
n_ T
Z/ vij(s)dBj(s).
j=175

Definition 2.50. We denote with Wy (S, T) the class of processes f(t,w) € R

satisfying the following conditions:

o (t,w) — f(t,w) is Bx F-measurable, where B denotes the Borel o-algebra

on [0, 00),

e There exists an increasing family of o-algebras J;; t > 0 such that:
i) B(t,w) is a martingale with respect to Jy,
it) f(t,w) is Ji-adapted,
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o P [fSTf(t,w)st < 00l.
We put Wz = (pso Wr(0,T).

Definition 2.51. Let B(t) be a 1-dimensional Brownian motion (2, F,P) An

Ité process is a stochastic process £(t) on (2, F,P) of form

£(t) = £(0) + /0 b(E(s))ds + /0 o(£(s))dB(s)

where o € Wy so that

t
P /0(3)2d3<oof07“allt>0 =1.
0

We also assume that b is Ji-adapted and

P —/Ot |b(s)|ds < oo for all t > O_ = 1.
Remark 2.52. Equz’v-alently an Ité process can be fz-um'tten as
dé(t) = bdt + odB(t),
£0) ==
and this is a first example of stochastic differential equation.
Unfortunately, the computation rules of classical analysis cannot be exten-

ded to stochastic differential but we can found different rules in case of Ito

integral which can allows us to compute explicitly the value of the differential.

Theorem 2.53 (1-dimensional It6 formula, [45], Theorem 4.1.2). Let &(t) be
an Ito process given by

d¢(t) = bdt + odB(t).

Let g(t,z) € C%([0,00) x R), then

¢(t) = g(t,&(1))

s again an Ito process and

1 9%

4c(t) = 22 (1,60t + 521, €)E) + 2 5 (1,60 (A1)’

ox
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where (d€(t))? = d&(t) - d€(t) is computed according to the rules
dt-dt =0, dB(t)-dt=0, dB(t)-dB(t) = dt.
Example 2.54. We want to estimate the integral
/Ot B(s)dB(s).
We choose &(t) = B(t) and g(t,x) = 322, then

(1) = olt, BH) = S B2

18 an Ito process. then we have

0 0 162
(1) = aidwﬁdm) 5 5.2 @B

= B(t)dB(t) + = ( B(t))? = B(t)dB; + %dt

- /OtB(s)dB(s) 41

Integration by parts still holds, as stated in the following theorem.

or, equivalently

Theorem 2.55 ([45], Theorem 4.1.5). Suppose f(s,w) = f(s) and so fis

continuous and of bounded variation in [0, ]

/ f(s)dB(s) = F()B(t) - / B(s)df (s).
0 0

Let B(t) = (Bi(t),...,Bmn(t)) be a m-dimensional Brownian motion. If
ui(t) and v;;(t,w) satisfy the conditions given in the definition of 1-dimensional

1t6 process, then we can write the n-dimensional It6 process as

d¢y = bidt + 011dBy + - - - + 01 d By,

d&p, = bpdt + 0p1dB1 + -+ - + 0pmd By,

or, in matrix notation, in a simpler way as

dE(t) = bdt + odB(t).
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Theorem 2.56 ([45], Theorem 4.2.1). Let
d¢(t) = bdt + odB(t)

be an n-dimensional Ité process and let g(t,w) = (g1(t,w),...,gp(t,w)) be a

C? map from [0,00) x RV into RP, then the process

(t,w) = g(t,£(t))

s again an Ité process whose component Yy is given by

n

0 0 0?2
dGy = g’“tfdt+2 % (1,6 (6))d&; + = Z Ao gy

’]_
where the product d§; - d§; following the rules dB; - dBj = d;;dt, dB; - dt =
dt-dB; =dt-dt = 0.

2.4 Stochastic differential equation

In many cases it is difficult to express explicitly the solution of an SDE
but the following theorem states that under certain conditions there is the

existence and the uniqueness of the solution for SDE.

Theorem 2.57 ([45], Theorem 5.2.1). Let T >0 and b: [0,T] x RN — RY,

o :[0,T] x RV — R™ ™ be measurable functions satisfying
b(t, )| + |o(t,z)] < CA+|z|), z=€RY, te[0,T]
for some constant C' (where |o|> =Y |0i;|*) and such that
|b(t, z) = b(t,y)| + |o(t,z) — o(t,y)| < Dz —y|, =,y R, te€[0,T]

for some constant D. Let ¢ be a random variable which is independent from

o-algebra fé;n) generated by B(s), s > 0 and such that

E[|¢]*] < o0
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Then the stochastic differential equation (SDE)

dg(t) = b(t,&(t))dt + o(t,£())dB(t), 0<t<T,
£00)=¢

has a unique t-continuous solution &(t) with the property that

X (w) is adapted to the filtration FZ generated by ¢ and B(s), s <t and

E [/OT|§(t)|2dt} < 0.

At this point it is important to define the difference between strong and
weak solutions. This distinction is important because allows us to work with
a weaker notion option of solution which is often used in stochastic control

theory.

Definition 2.58. Let {B(t)}:>0 be a standard Brownian motion on a prob-
ability space (Q, F,P) with an admissible filtration F = {F;}+>0. A strong

solution of the stochastic differential equation
dg(t) = b(t, &(t))dt + o (t,£(t))dB(t)

with the initial condition x € R is an adapted process £(t) = &¥(t) with

continuous paths such that, for all t > 0,

t t
&(t) :x—}—/o b(s,g(s))ds—{—/o o(s,&(s))dB(s) almost surely. (2.3)

Definition 2.59. A weak solution of the stochastic differential equation with
the initial condition x is a continuous stochastic process {(t) defined on some
probability space (2, F,P) such that for some Brownian motion B(t) defined
on this probability space and some admissible filtration F the process £(t) is

adapted and satisfies the Equation (2.3).



Chapter 3

Mean Curvature Flow and

viscosity solutions

A hypersurface embedded in RY may evolve in many different ways. One
of the most studied type of evolutions is according to its geometrical properties.
One of the most studied among these evolutions is the mean curvature flow
due to its applications not only in theoretical and applied maths but also in
physics and neuroscience. The main examples are the reconstruction of images
using the model of Citti-Sarti and the study of the visual cortex (see [13], [14]).
We say that a hypersurface evolves by MCF if it contracts in the direction of

its normal direction with a normal velocity proportional to its mean curvature.

In this chapter we will introduce the ideas of evolution by mean curvature
flow and of viscosity solution. In the end, we will state shortly a theorem
which connects stochastic optimal control and Euclidean mean curvature flow.

3.1 A general survey

We recall some standard definitions from [28] in order to introduce the

general equation in the Euclidean setting.

71
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Definition 3.1 (Evolution by mean curvature flow). A family of smooth
embedded hypersurfaces {T's}ier in RN moves by mean curvature if, for any

smooth curve y(t) : [0,T] — I'y such that y(t) € I'y it holds

LB 0) (31)

for y(t) € Ty and t € I, I C R an open interval. Here k(y) is the mean

curvature vector aty € I', i.e.

—

k(y) = k(y)ne(y),

where k(y) is the mean curvature at the point y € T' (defined as the divergence

of the Euclidean normal) and ng(y) the outer (Euclidean) normal vector.

From now we can consider the family of smooth embeddings F( ,¢) : TV —
RN+ with Ty = F(Ig,t) where I'g is an N-dimensional manifold. We can

rewrite the Definition 3.1 as

oF -
E(%t) = —k(F(x,t)), (3.2)

forxel'gand t € I.

Example 3.2. Let us consider an hyperplane in RN parametrized as a1z, +

-+ anyxy =0 where ay,...,ay € R. This implies that the equation (3.2) is
given by

oF S

g @t =0,

because trivially the curvature of the plane is k=0.

Example 3.3. Let us consider a sphere of radius r with the centre in the
origin of RN. As the mean curvature is everywhere equal to N/r and since
we choose the pointing inwards unit normal, the evolution equation is defined,
considering F(z,t) = r(t)Fy(x)

' (t)Fo(z) = %F(a?,t) = k(z,t)ng(z,t) = —NFy(x)/r(t),
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which is an ODE that can be integrated elementary (using the technique of
separation of variables) and we get r(t) = v/r? — 2Nt. We have a singularity
at the time Tyae = 12/ (2N) then we can write 7(t) = /2N (Tynaz —t). This

is the most simple example of homotetic solution (as stated in Definition 3.5).

Example 3.4. Let us consider a cylinder S =™(R) x R™. Similarly to the

Example 3.3 we have
(N —m)

r(t)

so we have as solution r(t) = \/r3 — 2(N — m)t.

r'(t) = —

Definition 3.5. We call the solution for mean curvature flow in the form

homotetic solution.

Example 3.6. The simplest example of a homotetic solution of mean curvature
flow is given by shrinking spheres (see Example 3.3 for further details), in fact

if the radius is r, these satisfies

'y =12 —2Ntl
1
for all t € (—o0, 55).

Not all the surfaces evolve smoothly, unfortunately there are some manifolds
which may develop singularities such as the dumbbell in R3. This fact changes
the topological property of the object which we are studying, for instance from
a connected manifold we can have two separate connected manifolds (see [28],

[31] for further details).

Theorem 3.7 (28], Theorem 2.5). For every smoothly embedded, conver and
compact hypersurface I'g the solution of mean curvature flow remains smoothly
embedded, compact until disappears into a point in finite time. In this process

the solution become asymptotically round.
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Proposition 3.8 (Sphere comparison, 28], Proposition 3.3.). Let {I';};>0 be

a solution of mean curvature flow, then

Ty C Br(.To) =TI C Bm(l’o),

and

Lo N By (z0) =0 = I's N B z—gng(w0) =0,

. 2
for allt € [0,T) with k < £%.

Definition 3.9. We say that a solution of mean curvature flow {T'¢}i<t,
reaches o € RN at the time tq if there exists a sequence (x;,t;) such that for

tn — to we have that x; € Ty, and x; — x.

Corollary 3.10 ([28], Corollary 3.6). Let {I't}t<t, be a solution of mean

curvature flow which reaches xg € RN at the time to, then for all t < tg,

d(T, w0) < \/2n(to — 1) (3:3)

Theorem 3.11 ([28], Proposition 3.7). Let {I't}+~0 be a solution of mean
curvature flow. If for 0 < 8 < N and some € > 0 the initial hypersurface
satisfies

Do {zeRY | (N—-1-p)2% > |z] -2},

where T = (x1,...,xn-1) then
Iy c{zeRY | (N-1-p)z% > |z| — 2 + 281},
fort < % as long as the solution stays smooth for this time.

Remark 3.12 ([28]). For = N and = N — 1 the Theorem 3.11 describes

comparison with shrinking spheres and cylinders. For 0 < 8 < N — 1 the

62

Theorem 3.11 implies that a singularity has to form at the latest at time 35
since the solution of mean curvature flow will then be forced to lie inside a

cone with the vertex at the origin.
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3.2 Introduction to viscosity solution

In this subsection we introduce the definition of viscosity solutions, which
are a generalization of a classic solution for certain type of PDEs. In particular
they are well suited for fully nonlinear PDEs. An important equation in
PDE theory is the eikonal equation, which represents some wave propagation

phenomena. The simplest example of eikonal equation is given by

|u,($)| = 17 US (_17 1)7

Unfortunately it is possible to see, using Rolle’s theorem, that it is impossible
to solve this equation finding a classical solution. To show this explicitly we
remark that, since the initial conditions are u(—1) = u(1) = 0 then there will
exists a point y € (—1,1) such that u/(y) = 0. Hence there will be a subset
(—a,a) C (—=1,1) (with 0 < a < 1) such that |[v/(z)| < 1 for z € (—a,a).

In order to solve this kind of equation we need a new class of solutions
which are called wviscosity solutions and were introduced by M.G.Crandall,
L.C.Evans and P.L.Lions in 1984 (see [17], [18], [19], [20]). We give the general

definition of viscosity solution for a second order differential equation.

Definition 3.13. Let F(x,u, Du, D*>u) = 0 be a partial differential equation

of second order and let u: Q C RN = R a continuous function

e u is a viscosity subsolution in zo € Q of F(x,u, Du, D*>u) = 0 if for any

¢ € C?(Q) such that u — ¢ has a local mazimum in xo we have

F(x,u, Dg, D*¢) < 0.

e u is a viscosity supersolution in xg € Q of F(z,u, Du, D*u) = 0 if for

any ¢ € C*(Q) such that u — ¢ has a local minimum in xo we have

F(z,u, D$, D*¢) > 0.
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e u is a viscosity solution if and only if it is (viscosity) supersolution and

subsolution.

2 4 08 08 -04 02 0 02 04 o6 o8 1 1

Graphic representation of a viscosity subsolution. The test function touches

above the viscosity solution

Graphic representation of a viscosity supersolution. The test function touches

below the viscosity solution

The definition of viscosity solution is particularly useful in order to deal

with a particular type of equations, called degenerate elliptic.

Definition 3.14. Let F(x,z,p, M) be a partial differential equation of order

two, this equation is degenerate elliptic if and only if
F(z,z,p, M) < F(z, z,p, M) if M>M (in the sense of matrices).

So we will consider from this point degenerate elliptic equations. The
following propositions can be proved easily using the property of viscosity

solutions (see [17], [18], [19], [20], for further remarks).

Proposition 3.15. Let us consider a degenerate elliptic equation F(x,u, Du, D*u) =
0 as in Definition 3.14. A classical solution of the equation is a viscosity solu-

tion.



3.2. INTRODUCTION TO VISCOSITY SOLUTION 7

Proposition 3.16. Let Q C RY an open set. Let u € C%(2) be a viscosity
solution of the degenerate elliptic equation F(z,u, Du, D*u) = 0, then it is a

classical solution.

Proposition 3.17. Let u be a viscosity solution of the equation F(x,u, Du, D*u) =
0 in an open domain then v(x) = —u(x) is the viscosity solution equation of

—F(x, —v, —Dv, —D?v) = 0.

We use viscosity solutions in particular because they have the stability

property under certain conditions, as stated in the following theorem.

Theorem 3.18. Let F. be continuous and converging (locally uniformly) to a

function F as € — 0 and let us be a viscosity solutions of
F.(z,u., DuE,D2u5) =0

such that ue — u (locally uniformly) as € — 0. Then u is a viscosity solution

of
F(z,u, Du, D*u) = 0.

In the end, we state a theorem of existence for viscosity solution.

Theorem 3.19. ([{6]) [Perron’s methods] Let F(x,u, Du, D*u) = 0 be defined

on an open set with a given condition on the boundary. We assume:

e If u is a subsolution and u is a supersolution which satisfies both the

condition on the boundary then we have

u<u onﬁ,

o There exist u subsolution and w supersolution which satisfies the boundary

condition.

We define

W(z) = sup{u(z) < w(z) <u(x)| wis a subsolution}.
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Then W is a viscosity solution of F(x,u, Du, D*>u) = 0 which satisfies the

boundary conditions solved by u and .

3.3 Level set equation: Euclidean case

We now focus our attention on the hypersurfaces which can be expressed

as level set equations, i.e.
Iy = {(z,t) € RY x (0,00)| u(z,t) = 0}.

We will obtain the equation of the evolution by mean curvature flow in this
case following [31]. We assume now that (heuristically) all the hypersurfaces
I'; are smooth and their spatial gradient does not vanish in some open region
called O of (0,00) x RV, Let ng = ng(z,t) the unit normal vector at the point
x and at time ¢. Hence the point x € I'y N O for a fixed ¢t > 0 evolves w.r.t. the
ODE

z(s) = —[div(ng)ngl(z(s),s), s>t

z(t) = .
Since z(s) € I's (with s > t) we obtain u(x(s),s) = 0 (s > t) and then,
differentiating, we have

d ou

0= £u(x(s), s) = —[(Du-ng)div(ng)|(xz(s),s) + —(x(s), s).

Setting s = t we obtain

ou

i (Du -ng)div(ng) at (x,t).

Then, recalling that for the level set it holds true ng = ‘B—Z‘ and considering

g : RY — R smooth function which represents the starting hypersurface I'y we

obtain finally

. 2
% = (Du-np)div(ng) = (5 — 2 2% /|Dul?) 52 (x,1) € BN x (0,00),

u(z,0) = g(x), on RN x {t=0}.
(3.4)
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With the help of the theory developed by Lions, Evans and Spruck ([31]) in

1991 we can define viscosity solutions for this equation in this way.

Definition 3.20. (/31]) A function u € C(RY x [0,00)) N L= (RN x [0, 00))
is weak subsolution of (3.4) if for each ¢ € C®°(RN*Y) such that u — ¢ has a

local mazimum at a point (xg,tg) € RY x (0,00) it holds

7? < (6i — Bi 83?;/‘D¢|2)8117ig;j7 at (xo,to) if D¢(xo,t9) # 0,
2 .
% < (6 — ﬁiﬁj)%, for m € RN with In| <1, D¢(xo,to) = 0.

Definition 3.21. (/31]) A function u € C(RY x [0,00)) N L= (RN x [0,00))
is weak supersolution of (3.4) if for each ¢ € C®(RN*1) such that u — ¢ has

a local minimum at a point (xg,tg) € RY x (0,00) it holds

0 o¢p O 92 .
a—‘fz(ai._aiﬁi/\pwz)axiatj’ at (zo,to) if  De(xo,to) # 0,

0 0 .
% > (5 — mm)wé’}j, for n e RN with [n] <1, Dg¢(xo,to) = 0.

Definition 3.22. A function u € C(RY x [0,00)) N L®(RYN x [0,00)) is a

weak solution if u is both subsolution and supersolution.

Another way to define a solution is given by Giga, Chen and Goto ([11]).
Before introducing this definition, we have to define what are the upper and

lower envelopes of a function.

Definition 3.23. Let X be a metric spaces and L. C X. Let h : L —
RU {400, —00} be a function then the upper semicontinuous envelope u* (resp.

lower) is defined by
h*(2) = lim sup{h(€) : € € By(:) N L}

and

h(2) = lim inf{h(€) : € € B(2) N L}

where z € L.
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Remark 3.24. If a function h(z) is continuous at the point z then h(z) =
h«(z) = h*(z).

Definition 3.25. Let Q be open set in RN and T > 0. Let O be an open set
n (0,T) x Q. Let F:[0,T] x Q2 x R x RN x Sym(N) — R continuous. Let
z = (t,x) then

e A function u: O — RU{—o00} is a viscosity subsolution of

0
8—1; + F(z,u, Du, D*u) = 0

i O if
1. u*(z) < oo for z € O,

2. If (¢,%) € C?(0) x O satisfies
mas(u* — ) = (u” ~ 6)(2)

then

00 + FEu(2), Do(z), D%(2) <0.

e A function u: O — RU{+o0} is a viscosity supersolution in O if

1. uy(z) > —o0 for z € O,

2. If (¢,%) € C?(0) x O satisfies

min(us — ¢) = (ux — ¢)(2)

(@]

then

%02 + Pz u.(), Do), D6(2) 0.

In this case F' is continuous but, unfortunately, in mean curvature flow equa-
tion there are some points of discontinuity (which represents the singularities)

so we have to adapt the Definition 3.25.

Definition 3.26. We suppose that the function F' is not continuous and

z=(t,x).



3.3. LEVEL SET EQUATION: EUCLIDEAN CASE 81

o Assume that F is lower semicontinuous in W = [0,T] x @ x R x RY x

Sym(N) with values in R U {—o0}. A subsolution of

0
6—1; + F(z,u, Du, D*u) = 0,

is defined as in the Definition 3.25.

e Assume that F is upper semicontinuous in W with values in R U {+o0}.

A supersolution of

(z;; + F(z,u, Du, D*u) = 0,

is defined as in Definition 3.25.

e Assume that F is defined only in a dense subset of W and that F, < oo,

F* > —oco in W. If u is a subsolution of

0
8—1: + F.(z,u, Du, D*u) = 0,

in O, then u is called a subsolution of uy + F(z,u, Du, D*u) =0 in O.

If u is a supersolution of

0
8—7: + F*(2,u, Du, D*u) = 0,

in O, then u is called a supersolution of us + F(z,u, Du, D*u) =0 in O.

This definition allows us to write a new form of viscosity solution using

the envelopes, in order to avoid some problems related to the continuity.

Remark 3.27. We can write the equation of mean curvature flow as
— + H(x, Du, D%u) = 0,
where

H(z,p,S)=-Tr(S) + <if’), |;> )
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If |Dul| # 0 then we observe that
H*(x, Du, D*u) = H(x, Du, D*u), H,(x, Du, D*u) = H(x, Du, D*u).
If |Du| = 0 then we observe that, after writing a = %‘, it holds

‘m|a)1< < Sa,a >= A\paz(9),

min < Sa,a >= Apin(9),

la|=1

and so we have
H*(z, Du, D*u) = —Tr(D*u) + Aaz(D?u),

and

H,(z, Du, D*u) = —Tr(D*u) + Apin(D?u).

Using the Remark 3.27, we can adapt the definition of viscosity solution

for mean curvature flow by level set.

Definition 3.28. e A viscosity subsolution (according to the Definition

of [11]) at the point (xo,t9) of a mean curvature flow is a continuous

function u such that if for any ¢ € C*(RN x (0, +00)) such that u — ¢

has a maximum in (zg,to) then

A¢+< ghe, ﬁ><o if |Du| # 0,
(D?u)

— Ad + Apin <0, if |Du|=0.

e A viscosity supersolution (according to the Definition of [11]) at the point

(zo,t0) of a mean curvature flow is a continuous function u such that if

for any ¢ € C2(RY x (0,4+00)) such that u— ¢ has a minimum in (g, to)

then

A¢+< ohe, ﬁ>>0 if |Du| #0,
A¢+)‘max( ) Zf |DU‘ =0.

e u is a viscosity solution (by Giga) if and only if is a subsolution and a

supersolution.



3.4. A STOCHASTIC APPROACH TO MEAN CURVATURE 83

3.4 A stochastic approach to mean curvature

In this section we state briefly a result obtained independently by Cardaliaguet,
Buckdahn and Quincampoix [27] and Soner and Touzi [49] in 2002 which con-
nects the Euclidean mean curvature flow with stochastic optimal control theory.

We define the following class of controls
V={veSym(N)|v>0, Iy —v*>0and Tr(Iy —v*) =1}.

Hence, the set of admissible controls V is the set of projection matrix of
codimension one. Now let By (s) and N-dimensional {Fs}-Brownian motion
on some complete stochastic basis (2, F, P, {Fs}s>0) . We denote with A =
A(Q, F,P, B) the set of all V-valued {F;}-progressively measurable processes
v. A process v € A is called admissible control. Then the following theorem

holds.

Theorem 3.29. (/27], Theorem 1.1) Let g : RN — R be a bounded uniformly
continuous function. Let T > 0 be fized and, for any initial condition (t,z) €

[0,T] x RN we write

veA wWEN

Vit,z) = inf ( supg(&t"”’”(T))(w)> |

where £ s the solution to

det® v (s) = 2u(s)dBy(s), s €[0,t),
LT (t) = .
Then V : [0,T] x RN — R is the viscosity solution of the equation of the

FEuclidean mean curvature flow

o) DV DV _ : N
_EV_AV+<D2VW’W> —0, m (O,T) x R s

V(T,z) = g(x), z € RV,

In particular, the function V' is continuous.
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Roughly speaking, the controls given in A constrain the stochastic process
in a subspace of Euclidean space RY and the value function (which solves in
viscosity sense the evolution by mean curvature flow) consists in the terminal
cost with an essential supremum in the space of probability. Hence the prob-
lem to find a viscosity solution of evolution by mean curvature flow becomes

a problem of minimization of a value function associated a stochastic dynamics.

We can give the intuition about the dynamic following the idea of [52]: the
Brownian motion moving on the tangent plane of a generic manifold, moves
away from the manifold in the normal direction with a velocity equal to the
half of its mean curvature. Then, going back in time, this means that if
the Brownian motion (multiplied by v/2) starts on the solution of the mean
curvature flow, called I'(¢), and diffuses on the tangent plane at all times, then
it will arrive I'(0) at time ¢. On the other part, the Brownian motion which is
moving on some other plane would go away from the manifold, and we could
never guarantee that it would return with probability one. For this reason we

choose the class of controls A.



Chapter 4

Horizontal Mean Curvature

Flow

In this chapter we generalize the definition of the mean curvature flow to
a generic sub-Riemannian setting. In this setting the equation associated to
the evolution is not defined in some points called characteristic points, i.e.
points in which the horizontal normal (defined as the renormalized projection
of Euclidean normal w.r.t. the distribution of sub-Riemannian geometry) is

not defined.

To avoid this issue, we will use the Riemannian approximation (as in-
troduced in Chapter 1) which allows us to recover a Riemannian structure
depending on a small ¢ > 0 and the approach of Chen, Giga and Goto for

viscosity solution as seen in Chapter 3.

4.1 Horizontal mean curvature flow

Geometric definition

We recall briefly the definitions of normal in a Riemannian and a sub-

Riemannian setting.

85
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Definition 4.1. Let I’ be a C' hypersurface embedded in RY, then the Fuc-

lidean normal at the point x is the vector ng(x) of length one such that
<ng(x),v >=0 forall veT,I.

This Euclidean normal can be reprojected on the horizontal distribution,

obtaining the horizontal normal.

Definition 4.2. Let T’ be a C' hypersurface embedded in RY, then the hori-
zontal normal at the point x € T is the renormalized projection of the Fuclidean
normal on the horizontal space, i.e.
no(z) = prune(z) 7
lpraune(z)lg
where ng(x) is the Euclidean normal, H the distribution of sub-Riemannian

geometry and g the associated metric.

Example 4.3 (Horizontal normal in H'). Let us consider the Euclidean normal
ne(z) = (ni(z),na(x),n3(x))? to a surface T', where x = (21,12, 23) € I' C R3,

then the projection to the horizontal space can be computed as

o -z i) @) - 2m@)] [
prunp(r) = na(z)| = = )
01 % (@) na(z) + Hnz(v) as ()
ns(x

w.r.t. the basis generated by X1 and Xs. The horizontal normal can be written

as

no(z) = e (n1(z) — Fng(x), na(z) + Gng(x))”
prune@ly /@) — Fua@)? + (n2(0) + 5 ns(@)?

The definition of horizontal normal leads to some technical difficulty because
at some points the horizontal normal is not defined meanwhile the Euclidean

one exists. These points are called characteristic.
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Definition 4.4. Let (RN, H, g) be a sub-Riemannian geometry and T C RY a
hypersurface, then we define characteristic points the points where the Euclidean

normal is perpendicular to the horizontal space, i.e.
char(T) = {z € RN|HT,I = H, RN},

where HT,T' represents the intersection of the Euclidean tangent space with the

horizontal space at the point x € I'.

Another important definitions are mean curvature and horizontal mean

curvature.

Definition 4.5. Let (RY,H,g) be a sub-Riemannian geometry, I C RN a
hypersurface. Let (RN, H.,g.) be a Riemannian approzimation of the sub-

Riemannian geometry.

e The mean curvature is defined as the divergence of the Fuclidean normal,
i.e.

k(z) = div(ng(x)),
where x € I' and ng(x) the Euclidean normal at z € T.

e The horizontal mean curvature is defined as the horizontal divergence of

the horizontal normal, i.e.
ko(z) = divyng(x).

where x € T, ng(x) the horizontal normal at x € T' and divy the horizontal
divergence as in Definition 1.75 (i.e. the horizontal divergence is computed

w.r.t. the family of vector fields X which spans H ).

Remark 4.6. It is not possible to define the horizontal mean curvature in

characteristic points since the horizontal normal is not defined.
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Formulation of the HMCF with level set

In this subsection we consider a manifold I' = {z € RY| u(x) = 0} which

is C1.

Definition 4.7. Let us consider I = {x € RY| u(z) = 0} C RY a C!
hypersurface, the Euclidean normal is defined as (if |Vu(z)| #0)

Vu(x)

") = Fula)

(4.1)

We can project the normal (4.1) in the sub-Riemannian setting, however in

some points this projection is not defined, even if we reparametrize the manifold.

Definition 4.8. Let (RN, H, g) be a sub-Riemannian geometry and I’ = {z €
RN | u(z) = 0} a C hypersurface, then the horizontal normal for level sets is

defined as

no(x) ==

Vou(z) _ Xqu(x) Xnu(x) !
Vou(z)], VI (Xu(e VYT X))

Remark 4.9. Let (RY,H,g) be a sub-Riemannian geometry, and I' = {z €
RN |u(x) = 0} a C! hypersurface, it holds true

x € ' characteristic point < Vou(z) = 0.

Example 4.10 (Horizontal normal for level set case in H'). Let us consider
now the level set T = {x € H' | u(x) = 0}. We assume that u : R> — R is

differentiable. Hence, the horizontal normal can be expressed as

Vou(r) _ (s (@) = BFuay(2), ey (2) + Fugy (@)
Vou(@)lg /(e () = Frtay (2))7 + (i, (2) + 5 thy (2))

Definition 4.11. Let us consider T = {z € RN |u(z) = 0} a OV hypersurface,

no(z) =

then the mean curvature in the point x € I' is defined as the divergence of the

Zaxz <|Vui |>

normal i.e.
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This operator can be projected in the sub-Riemannian space (except at the

characteristic points due to the fact that the horizontal normal is not defined).

Definition 4.12. Let (RN, H, g) be a sub-Riemannian geometry, andT = {x €

RN| u(z) = 0} a C! hypersurface, we define the horizontal mean curvature at

m Xiu(x)
ko(z) = ) Xi '
o(z) ZZ_; <\/Z;L(Xiu(a:))2>

Now it is possible to define the equation of evolution by horizontal mean

r el as

curvature flow.

Definition 4.13. LetT'; be a family of smooth hypersurfaces in a sub-Riemannian
geometry. We say that 'y is an evolution by horizontal mean curvature flow of
Lo if and only if T' = Ty and for any smooth horizontal curve z : [0,T] — RY
such that x(t) € T'y for all t € [0,T], the horizontal normal velocity vy (as
defined in the left part of (4.2)) in is equal to minus the horizontal mean

curvature, i.e.

vo(x(t)) = ga(r) (£(t), no(2(t))) = —ko(z(t)), (4.2)
where no(x(t)) and ko(x(t)) as defined in Definitions 4.2 and 4.5.
Remark 4.14. The Equation (4.2) is never defined at characteristic points.

Furthermore, recalling [22], we know that the associated PDE to the
evolution by horizontal mean curvature flow of a level set I’y = {(¢, x)|u(t,z) =
0} is given by

L Xu Xu

wy = Tr((X%u)*) — )y
T - () e

Remark 4.15. We recall that Ay  is the generalization in sub-Riemannian
setting of the infinite horizontal Laplacian. In the Fuclidean setting, the infinity
Laplace equation was derived as the limit as p — oo of the FEuler-Lagrange

equation

div(|DulP~2Du) = |DulP~?Au + (p — 2)|DulP~* < D*uDu, Du >= 0.
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Then, dividing all for (p — 2)|DulP~2 and taking p — oo we obtain the infinite

Laplacian in the Euclidean setting.

4.2 Approximated Riemannian mean curvature

flow

Let us start generalizing the definition of horizontal normal and horizontal
mean curvature to the Riemannian approximation. In this way we will avoid

the problems generated by characteristic points.

Definition 4.16. Let (RN, H,g) be a sub-Riemannian geometry, I' C R" a
hypersurface. Let us consider (RN, H®, g.) a Riemannian approzimation of
the sub-Riemannian geometry. Then the approximated Riemannian normal is

given by
prysng(x
ne() = (x)

_ PruenBE) o ih z e,
[prysne(x)],.

where ng(x) is the Euclidean normal, H® is Riemannian approximation of the

distribution of sub-Riemannian geometry and g is the associated metric.

Example 4.17 (Approximated Riemannian normal for H'). We compute the

approximated Riemannian normal for the 1-dimensional Heisenberg group. We

compute
L 0 =2 |ni(x) ni(x) — Fnz(w) a1 (zx)
prusnp(z) =10 1 24 na(z)| = |n2(z) + Fng(z)| = | az(z) |
00 ¢ n3(x) eng(x) eas(x)

and so the approrimated Riemannian normal can be written, due to the ortho-

gonality of the vector fields X1, Xo, €X3

ne(z) = pru.ne(z)
lpra.ne(z)],.
_ (n1(x) — Bna(x), na(x) + Gna(x), ena(z))”
V(@) — Zng(2))? + (na() + Snz(2))? + (ens(z))?
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Definition 4.18. The approximated Riemannian mean curvature s defined
as

ke(z) = divyene (),

where x € T, n.(x) the approzimated Riemannian normal at x € T' and divye
is as in Definition 1.75 (i.e. the horizontal divergence is computed w.r.t. to

family of vector fields X. which span H. ).

The previous two definition may be adapted for the level set equation as

follows.

Definition 4.19. Let (RV,H,g) and T' = {x € RY | u(x) = 0} a C hyper-
surface. Let us consider (R™,H., g.) the Riemannian approzimation of the
sub-Riemannian geometry. Then the approrimated Riemannian normal can be

expressed as
(L Xw  Xzul)
VEN (zu@)? /SN (Xu())?

Definition 4.20. Let (RN, H,g) be a sub-Riemannian geometry, and T' =
{x € RN| u(z) = 0} a C' hypersurface and let us consider (R™,H.,g.) the

ne(x)

Riemannian approximation of the sub-Riemannian geometry. We define the

approrimated Riemannian mean curvature as

N Xfu(x)
k() =)  X{ :
2 VI (Xu(e)?

Example 4.21. Let us consider I' = {x € R3|u(z) = 0}. The approzimated

Riemannian normal for the 1-dimensional Heisenberg group is given by
_ Veu(=)
|v€u($)|g£
(uivl (33‘) - %ufm (l‘), Ugy (1‘) + %u% (ZL'), ElUgg (x))T

V(e (2)) = Friay (€))7 + (uay (@) + Gty (2))2 + e2ul, ()

We give the definition of approximated Riemannian mean curvature flow.

ne(z)
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Definition 4.22. Let H® be a Riemannian approximation of H and g. the
associated Riemannian metric, we say that I'y is an evolution by the Riemannian
mean curvature flow of the hypersurface Uy if and only if ' = Ty and for any
smooth curve z. : [0,T] — RY such that z.(t) € Ty for all t € [0,T)], the
approzimated Riemannian normal velocity is equal to minus the Riemannian

curvature, i.e.

Ve (1)) = ety (@e(t),ne(ze(t))) = —ke(2: (1)),

where ne and k. are the Riemannian approzimated external normal and the
Riemannian approximated curvature of I'y and the tangent vector to curve is

given by

where o. is defined as (1.5).

In order to find heuristically the PDE associated to approximated mean
curvature flow we will proceed as did in [22]. Let T'y = {u(x,t) = ¢} be a level
set where the function u is smooth, then the approximated horizontal normal

of T'y) is given by

S (XFulw () X5 (= (1)
VEN (Xfulac(1)))?

Since z(t) is horizontal and smooth then we have to use the property that

ne(z:(t)) =

{X£}N | is orthonormal w.r.t. g.

Ze(t), = ,
1= (2

where Xou = (Xyu,..., Xpu, X5, qu,..., X5u) are the components of the

S (X u) X5 (x) <a£(t) x5u> |
N

approximated Riemannian gradient, then we have that the approximated
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horizontal normal velocity can be written as

e 0 melee) = ("0 o)

={af 706(3:)Du = X" (& U
~ (. ZEHT )~ Al 0. Dy (4

We observe now that z.(t) € I'; if and only if u(¢,z.(t)) = c. Hence, we can

take the derivative in time and then we have

ur(t, xe(t)) = — < 2(t), Du(t, z-(t)) >N
= —|Xu| < (), ne(t) >4.= |Xeulko(2(2)).

Xfu(ze (1))

We recall that k. (z:(t)) = Zfil X7 ( Aol

) then we have, observing that

XEXFu|Xou| — X

N
S () =% Z =
- ENESY 4 | Xeul? 7

gu(% Zle(Xf(X§U)+X§(XfU))Xf“)

i=1 i=1
hence
Xou  Xu
k:X—lTXQ*_XQ*e €
= e (o) - (L T ).
where
X (X5u) + X5( XS u
(A = 2 AT (45)

and finally we have

. Xeu  Xou
’Xauv | Xzl

up = Tr((X2u)*) — <(X3u) > = At — Ag o U, (4.6)

where A. is the Laplace-Beltrami operator of the approximated Riemannian
geometry and Ag . the infinite approximated Riemannian Laplacian. We

observe now that we can write the equation (4.6) as
ug + F.(z, Du, D*u) = 0, (4.7)
with

F.(z,p,S) = —Tr(o.(x)Sol (z) + Ac(x,p))

2SoL (2 T o-(x)p o (x)p
(o)t a) +dcten) ZEER PR ) 49
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and we can take the equation found by Dirr, Dragoni and Von Renesse in [22]

F(z,p,S) = —Tr(c(x)SoT (x) + A(z, p))

, @ olap
# (00" @)+ o) e T,

where
1
Ac(z,p) = 3 < Vxe Xj(x) + Vx:Xi(z),p >
and

1
A(z,p) = 3 < Vx, Xj(z)+ VXin(x),p > .

We observe that the equation F(x,p, S) is well defined and continuous outside
the characteristic points. We define V = {(z,p) € I' x T,I" | o(x)p = 0} (see

Definition 4.4). In this way we observe that the definition of F is
F:(R*N\ V) x Sym(N) = R
while the definition of F;, due to det(o.(x)) # 0, is
F.:RY x (RN \ {0}) x Sym(N) — R.

We can compute the envelopes that are for F;

(S 4 (5. o el
Tr(Se) + (Sezes g ) - el # 0

FrapS)={ a
_TT(Ss) + )\maw(Ss)y ’p| = 0:

and

Q T oe(@)p  oe(x)p
_TT(S€)+<S€|as<x)p\’ \aa<x>p|>’ [pl # 0,

—Tr(?s) + )‘min(gs)a lp| =0,

Fs*(:r,p, S) =

where S. = o.(z)Sol (z) + Ac(z,p) With Ay and Ay, the maximum and

the minimum eigenvalues of the matrix S, and

—Tr ? + ga(z)pa o(z)p , |olx)p 7& 07
F*(.Tlf,p,S): ( ) < |o(z)pl |U(x)p\> ’ ( ) |

~Tr(S) + Amaz(S), lo(x)p| =0,



4.2. APPROXIMATED RIEMANNIAN MEAN CURVATURE FLOW 95

and

_ < Go(@)p o(x)p
Tr(S) + <S|g(m)p‘7 |U(x)p‘> , |o(z)p| # 0,

_TT(F) + )‘min<§)a ’U(Z’)p‘ =0,

F.(x,p,S) =

where S = o(2)So T (z) + A(z, p) with A\pee and Ay, the maximum and the
minimum eigenvalues of the matrix S. In order to compute upper/lower we

use the remarks made in [27], proof Theorem 1.1.

Remark 4.23. We observe that |o.(z)p| > |o(z)p|. We can write them

explicitly as

o=(@)pl = \| >_(Az()p)”.

o (2)pl = | Y (Ai(z)p)?
where A; are the row of the matrices and then the thesis is trivial.

Taking S. = (X?u)* and o.(z)p = X.u we can extend the definition of

viscosity solution for approximated horizontal mean curvature flow.

Definition 4.24. Let Ty = {x € RN | u§(z) = 0} be hypersurface in RY.
We say that T¢(t) = {x € RN | ws(t,x) = 0} is a generalized evolution by
approximated horizontal mean curvature flow if u®(t,z) satisfies the initial
condition u®(0,z) = uf(x) and it is a viscosity solution of the approximated
horizontal mean curvature flow in the sense of Giga, that means u® is a

continuous function and

e for any ¢ € C%((0,+00) x RY) such that u® — ¢ has a local minimum at
(to, o) then

bt — Acp+ Do ooed > 0, at (to, xo) if Do(to, z0) # 0,

Gt = Acd + Anaz((X2¢)*) > 0, at (to, o) if Do(to,z0) =0
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o for any ¢ € C%((0,4+00) x RY) such that u¢ — ¢ has a local mazimum at
(to, o) then

Ot — Ded + Ao <0, at (to,xo) if Dp(to, z0) # 0,

Ot — A+ Amin((‘/"‘}52(?)*) <0, at (tOw%'O) if D¢<t07 xO) =0.

4.3 Remarks on H!

In this subsection we introduce some properties of the Heisenberg group.
These remarks allow us to simplify the problem of the evolution by horizontal

and approximated Riemannian mean curvature flow.

Remark 4.25. We observe that the drift term in the approximated Heisenberg
group s equal to zero, in fact we can take as wvector fields which give the
distribution X{(z) = (1,0,—2)T, X5(z) = (0,1,2)T, X5(z) = (0,0,¢)7,

where © = (1,79, x3) € R3, and then we observe that

XiXi(r) = X53X5(2) = X5 X5 () =

XiX5(x) = X5X5(2) = X5X5(x) = X3X5(2) =0

and
10 10
! 2($) 2 a.rg’ 2 1(1’) 2 01‘3
Hence the drift term 1is Zijzl Vx, X; = —%% + %8%3 = 0, in this way we

can observe that the Stratonovich integral coincides with the Ité one.

We make another interesting remark about the fact that ¢ and o, are

globally Lipschitz.

Lemma 4.26. The matrices 0. and o are globally Lipschitz, in particular the

Lipschitz constant is %
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Proof. Recalling the matrix norm [|A|| = Z?:l 25:1 la;j|, we obtain by com-

putation
1 0 0 1 0 0
IIGa(w)—aE(az’)II:H 0 1 0ol—-]l0 1 0 H

and
1 0 1 0
ua(m)—a(x’n:H o 1l-]o 1 H
_ @ oz _ah @
2 2 2 2

—_

< 51— 24| + oz — @] + |23 — 3)).
O

Unfortunately, the matrices ¢ and o, are not globally bounded but only

locally.

Lemma 4.27. Let x € Bg(0) C R3 where R > 0, then o(x) and o-(x) are
locally bounded.

Proof. Recalling the matrix norm [|A|| = 33, Z;’:l la;j| and that x € Br(0)

then we have
|zi| < R, 1=1,2,3
and so we have
1 0
Ha(af)H:H 0 1 H§2+R

&
|8

and

Q
~

S
P

Il
[a) —
— )
@) (@)

H§2+R+a

|
&4
N

m
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O

It is possible to show that compact surfaces in the Heisenberg group have
at least one characteristic points (see [22]), as, for example, in the case of the

Fuclidean sphere which has two points.

Example 4.28. The classical Fuclidean sphere has two points which are
characteristic. In order to find them we recall that, S? := {(x1,22,13) €

H! | w(zy, 22, 73) = 2% + 23 + 2% — 1 = 0}, then

Z2

char(X) = {x = (1,29, 23) € S? ‘ (uml(:n) - ?ums(x))2+ (U:vz(ff) + :UluxS(ZL‘))Y:O}

= {(9617562,933) € S?

(34 23)(4 + 23) = 0}.

Hence the characteristic points in this case are (0,0,1) and (0,0, —1), i.e. the

north and south pole.

Remark 4.29. We observe that the Fuclidean sphere is a reqular surface in
Euclidean setting, in fact called S? := {(z1,x2,73) € R3 | 23 + 23 + 2% = 1}

the surface we have that the gradient is
Vu = (2x1,2x9,2x3)

which cannot be equal to zero because (0,0,0) does not belong to the sphere.



Research part

The next chapters are the research part of this thesis. The choice of
maintaining the chapters self-contained is in order to simplify the reading
of the results obtained. However, there are some references to the previous
chapters, whenever this may be useful.

We recall briefly the structure of this second part of the thesis:

e In Chapter 5, we find the stochastic representation of the solution of the

approximated Riemannian mean curvature flow, see preprint [35].

e In Chapter 6 we find the asymptotic behaviour for large p of the p-optimal
controls for the stochastic dynamics associated to the Heisenberg group,

see [21] (published paper).

e In Chapter 7 we find the asymptotic behaviour for large p of the p-
optimal controls for the stochastic dynamics associated to the Riemannian

approximated Heisenberg group, see preprint [25].

e In Chapter 8 we obtain a limsup estimate for the function V¢, with
respect to the function V', and we give some ideas on how we intend to
approach the corresponding liminf estimate, necessary to conclude the

convergence. This is a work in progress.
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Chapter 5

Stochastic representation of

Approximated MCF

5.1 Introduction

The evolution by mean curvature flow (MCF) has been studied extensively
and it has many applications in image processing and neurogeometry (see e.g.
[13]). We say that a hypersurface evolves by MCF if it contracts in the normal
direction with normal velocity proportional to its mean curvature see e.g. [28]
for further details. It is well-known that this evolution may develop singularities
in finite time in the Euclidean and Riemannian setting (as in the case of the
dumbbell, see [28] for further details). To deal with such a singularities,
many generalised approaches to study this evolution have been developed.
In particular in 1991, Chen, Giga and Goto [11] and, independently Evans
and Spruck [31] introduced the so called level set approach, which consists
in studying the evolving hypersurfaces as level sets of (viscosity) solutions
of suitable associated nonlinear PDEs. In this paper we are interested in a
degenerate version of such an evolution, namely evolution by horizontal mean
curvature flow (HMCF) and its Riemannian approximation: we consider a

hypersurface embedded in a sub-Riemannian structure (Carnot-type geometry),

100
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then the evolution contracts in the direction of the so called horizontal normal
proportionally to its horizontal curvature (see Section 2 for details). We
consider the level set approach which is now associated to a parabolic PDE far

more degenerate than in the standard case.

The following stochastic approach was developed by Cardaliaguet, Quin-
campoix and Buckdahn in [27] and contemporaneously but independently by
Soner and Touzi [49] for the standard (Euclidean) case and generalised then
by Dirr, Dragoni and von Renesse in [22] for the case of HMCF, that there is
a connection between this equation and a suitable stochastic optimal control
problem. In the Euclidean setting the dynamic can be expressed using the
definition of the Ito integral while in the sub-Riemannian case we have to use
the definition of the Stratonovich integral. Roughly speaking, in the last case
the dynamic is far more complex because we have a deterministic part (related
to first order derivatives induced by the chosen geometry) and a stochastic one
(related to some second order derivatives induced by the chosen geometry).
However, as in the case of the Heisenberg group, sometimes it is possible to find
some simplification of this dynamic as remarked in [21], making the dynamic
similar to the Euclidean one. It is well known that it is possible to generalize

this equation using a Riemannian approximation, as e.g. in [13].

The aim of the chapter is to find a stochastic representation of the viscosity
solution of approximated Riemannian mean curvature flow, generalizing the

result obtained by [22].

5.2 Preliminaries

We now briefly recall some basic geometrical definitions which will be key
for defining the evolution by HMCF (for further details see Chapter 1). For

more definitions and properties on sub-Riemannian geometries we refer to [42]
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and also [4] for the particular case of Carnot groups.

Definition 5.1. Let M be a N-dimensional smooth manifold, we can define
for every point p a subspace of T, M called H,.. We define the distribution as
H={(z,v)|pe M, veH,}

Definition 5.2. Let M be a manifold and X,Y two vector fields defined on
this manifold and f : M — R a smooth function, then we define the (Lie)
bracket between X and Y as [X,Y](f) = XY (f) - YX(f).

Let us consider X = {X1,...,Xm} spanning some distribution H C TM,
we define the k-bracket as L) = {[X,YV]|X € L&V v € LW} with i; €
{1,...,m} and LY = X. The associated Lie algebra is the set of all brackets
between the vector fields of the family

L) = {1X5, XNXP k-length bracket of X1, ... Xm k € N}.

The definition of Hormander condition is crucial in order to work with
PDEs in sub-Riemannian setting, because it allows us to recover the whole

tangent space for every point.

Definition 5.3 (Hoérmander condition). Let M be a smooth manifold and H a
distribution defined on M. We say that the distribution is bracket generating
if and only if, at any point, the Lie algebra L(X) spans the whole tangent space.
We say that a sub-Riemannian geometry satisfies the Hormander condition if

and only if the associated distribution is bracket generating.

Definition 5.4. Let M be a smooth manifold and H = span{Xi,...,Xmn} C
TM a distribution and g a Riemannian metric of M defined on the subbundle

H. A sub-Riemannian geometry is the triple (M,H,g).

Definition 5.5. Let (M, H,g) be a sub-Riemannian geometry and ~y : [0,T] —
M an absolutely continuous curve, we say that v is an horizontal curve if and
only if

Y(t) € Hog), for a.e. t€0,T],
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or, equivalently, if there exists a measurable function h : [0, T] — RN such that

m

J(t) =Y hi®)Xi(y(t)), for a.e. t € [0,T],

i=1
where h(t) = (hi(t),..., hn(t)) and X1, ... X, are some vector fields spanning
the distribution H.

Example 5.6 (The Heisenberg group). The most significant sub-Riemannian
geometry is the so called Heisenberg group. For a formal definition of the
Heisenberg group and the connection between its structure as non commutative
Lie group and its manifold structure we refer to [4]. Here we simply introduce
the 1-dimensional Heisenberg group as the sub-Riemannian structure induced

on R3 by the vector fields

1 0

Xi(x) = 0 and Xo=| 1|, V= (x1,x,23) R
_a2 z1
2 2

We observe that the associated matriz is given by

1o =%
o(x) = . (5.1)
01 =

The introduced vector fields satisfy the Hormander condition with step 2: in
0

fact [X1, Xo](z) = | 0| for any x € R3.
1

The Hormander condition is crucial to state the following theorem.

Theorem 5.7. ([12])[Chow] Let M be a smooth manifold and H a bracket
generating distribution defined on M. If M is connected, then there exists a

horizontal curve joining any two given points of M.
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Carnot type geometries

From now on we consider only the case where the starting topological
manifold M is the Euclidean RY. Moreover, in this paper we will concentrate
on sub-Riemannian geometries with a particular structure: the so called

Carnot-type geometries.

Definition 5.8. Let us consider (M, H, g) a sub-Riemannian geometry. We
say that X1,...,Xm, m < N, are Carnot-type vector fields if the coefficients
of Xi are 0 for j € {1,...,m} \ {i}, the i-component is equal to 1 and the

other m — N components are polynomial in x.

The previous structure allows us to consider an easy and explicit Rieman-
nian approximation. Nevertheless the approach apply also to the case where
this additional structure is not fulfilled. This structure applies to a large class
of geometries. The Heisenberg group introduced in Example 5.6 is obviously a
Carnot-type geometry. Carnot groups (see [4] for definitions and properties)
are a very important class of sub-Riemannian geometries with in addition a
non commutative Lie group structure associated.

For later use we also introduce the matrix associated to the vector fields

X1, ..., X, which is the N x m matrix defined as
o(z) = [X1(2),..., Xpn(@)]T.

Example 5.9. In the case of the Heisenberg group introduced in FExample 5.6,

the matrix o is given by

10 -2
_ 2 _ 3
o(x) = , Vo= (z1,22,23) € R”.
01 %

In general, for Carnot-type geometries, the matrix o assumes the following

structure:

o(2) = (L Al )] (5.2)
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where the matrix A(xq,...,2y) is a (N —m) x m matrix depending only on

the first m components of x.

We now want to introduce the Riemannian approximation, which will be
crucial for our results.
Let us consider a distribution H spanned by the Carnot-type vector fields
{X1,..., Xy} defined on RY with m < N and satisfying the Hormander
condition. It is possible to complete the distribution ‘H by adding N —m
vector fields X,,+1, ..., Xy in order to construct an orthonormal basis for all

z e RN, ie.
Span(X1(2), ..., Xim(2), Xpny1(2), ..., Xn (7)) = TLRY =RV, vz e RY.
The geometry induced, for all € > 0, by the distribution
He(w) = span{X1(x), ..., X (2),eXmi1(2), ..., eXn(z)}, Vo e RN

is called Riemannian approximation of our starting sub-Riemannian topology.

The associated matrix is now
o-(z) = [X1(), ... Xp(x), eXni1(2) ..., e Xn(2)]". (5.3)

Note that det(o-(x)) # 0.

Note that, in the case of Carnot-type geometries, we can always choose
Xi(z)=e;, Yi=m+1,...,N VzeRY,

where by e; we indicate the standard Euclidean unit vector with 1 at the i-th

component.

Example 5.10 (Riemannian approximation of H'). In the case of the Heisen-
berg group introduced in Example 5.6, the matriz associated to the Riemannian
approximation is for every point x = (x1,x2,x3) given by

10 —%

o-(z) =10 1 %

0 0 e
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This technique is called Riemannian approximation since, as € — 0T, then
the geometry induced by Riemannian approximation converges, in sense of
Gromov-Hausdorff (see [36] for further details), to the original sub-Riemannian

geometry (as shown, as example, in [13]).

5.3 Horizontal mean curvature evolution

Given a smooth hypersurface I', we indicate by ng(x) the standard (Euc-
lidean) normal to the hypersurface I' at the point z. Since the family of vector
fields X, = {X1,..., Xon,€Xmi1, .. .,X N} span the whole of RV at any point

of T', then ng(x) can be written w.r.t. such a basis, i.e.

Doy () X ()
AR D

where X7 are the elements of A.. The following definitions will be key for this

ng(z) =

paper (see Chapter 4 for further details).

Definition 5.11. Given a smooth hypersurface I', the horizontal normal is

the renormalized projection of the Fuclidean normal on the horizontal space

H, i.e.

a1(2) X1 (x) + . .. () Xon ()
Voi(@) + -+ ag, ()

With an abuse of notation we will often indicate by no(x) the associated m-

€ H, c RV,

no(z) :=

valued vector

no(z) = (0‘21 (@) (@) o pm (5.4)
\/041(55) + 4 ag,(2)
The main difference between the horizontal normal and a standard normal
is that the first may not exist even for smooth hypersurfaces. In fact at some

points the horizontal normal is not defined while the Euclidean one exists.

These points are called characteristic points.
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Definition 5.12. Given a smooth hypersurface I, characteristic points occur
whenever ng(x) is orthogonal to the horizontal plane H,., then its projection

on such a subspace vanishes, i.e.
2 2 _
Oél(I) +F Oém(.CL‘) =0.

Note that these points do not exist in the associated Riemannian approxim-
ation, in fact whenever I' is smooth the normal is defined at any point, which

means
N

Za?(m) #0, Vzel.

i=1
We recall that, for every smooth hypersurface, the mean curvature at the

point z € I' is defined as the Euclidean divergence of the Euclidean normal at
that point. Similarly, for every smooth hypersurface, we can now introduce

the horizontal mean curvature.

Definition 5.13. Given a smooth hypersurface I' and a non characteristic point
x € I, the horizontal mean curvature is defined as the horizontal divergence
of the horizontal normal, i.e. ko(x) = divyno(z), where no(x) is the m-
valued vector associated to the horizontal normal (see (7.3)) while divy is the

divergence w.r.t. the vector fields X1,..., Xm, i.e.

_owm@) )y x| om®)
m m
ity o (@) >ty o (z)
Obviously the horizontal mean curvature is never defined at characteristic

points, since there the horizontal normal does not exist.

Definition 5.14. Let T'; be a family of smooth hypersurfaces in RN . We say
that I'y is an evolution by horizontal mean curvature flow of I' if and only
if Tg = T’ and for any smooth horizontal curve v : [0,T] — RN such that
~(t) € Ty for all t € [0,T], the horizontal normal velocity vy is equal to minus

the horizontal mean curvature, i.e.

vo(Y(8)) == —ko(v(£))no(¥(2)), (5.5)
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where ng(y(t)) and ko(v(t)) as respectively the horizontal normal and the
horizontal mean curvature defined by Definitions 5.11 and 5.13 at the point

v(t).

Note that Definition 5.14 is never defined at characteristic points.
In this subsection we consider a level set manifold I" which is smooth. We
now compute the horizontal normal and the horizontal curvature for smooth

hypersurface expressed as zero level set, i.e.
r={ze R u(z) = 0},

for some smooth function u : RN — R. Then the Euclidean normal is simply

ng(r) = %, which implies that the horizontal normal can be expressed as

o) <\/Z:n1(XzU($))2, ’ \/2?11(X1u(:£))2> o0

Note that (Xju,..., Xu) € R™ is the so called horizontal gradient.

Similarly we can then write the horizontal mean curvature as

) =2, % (@&(xiu(mw) >0

=1
Let Ty = {(z,t)|u(x,t) = 0} where u is C2. Applying (5.6) and (5.7) to
the Definition 5.14 we obtain that u solves the following PDE, which is

(5.8)

ug = Tr((X%u)*) — <(X2u)* Xu Xu >

| Xul” | Xu|

where Xu is the so called horizontal gradient, that is
Xu = (Xu,..., Xpu)?

and (X2u)* is the symmetric horizontal Hessian, that is

This equation follows from the definition of horizontal mean curvature flow

and that the horizontal normal can be expressed as
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) N XZXZu|Xu] —Xiu(l Zj:l(Xl(XJ )+XJ(X7. ))Xz )

Z 2 [Xu|
| Xul?

i=1

2\ ]
=1
hence

ke = | Xl (w((x%)*) - <(X2u)*|;§z|, ;Z“» |

We consider the equation found by Dirr, Dragoni and Von Renesse in [22],

ug + F(x, Du, D*u) = 0
where
F(z,p,S) = 7TT‘(O'(SU)SO’T(CC) + A(z,p))
T o(@)p o(z)p
#{C@so" @+ aen) FERZER) 69)
where

1
A(z,p) = 5 < Vx, Xj(w) + Vx, Xi(z),p > .

We observe that the equation F'(x,p, S) is well defined and continuous outside
the characteristic points and we define V = {(z,p) € I' x T,T'| o(z)p = 0}. In

this way we observe that
F: (RPN \ V) x Sym(N) — R.

We remark that the function F' has some points in which is discontinuous, As
consequence, in order to work with viscosity solutions, we have to compute the
upper and lower envelops of this function (for further details about envelopes

see Chapter 3).

Definition 5.15. Let us consider a locally bounded function u : R x[0,T] — R.
e The upper semicontinuous envelope s defined as

u*(t,x):=inf{v(t,z)| v cont. and v > u}

=limsup{u(s,y)lly — x| <7 [t —s| <7}
+

r—0
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e The lower semicontinuous envelope is defined as

uy (¢, ) := sup{u(t,z)| u cont. and v < u}

=liminf{u(s,y)|ly — x| < r |t —s| <r}.
r—0t

Remark 5.16. If the function u : RN x [0,T] — R is continuous then it holds
true

us(t, x) = u(t,z) = u*(t,x), forall (t,z)€[0,T] xRV,

Remark 5.17. Applying the Definition 5.15 to the function F as defined in
(5.9) we obtain

~Tr(S) + (12, 298 ) lo@pl #0,

F*(mvpv S) -
—Tr(S) + Amaz(S), o (2)p| = 0,
and
_Trg—i_ gm’m , O’I‘p?éo’
F.(z,p,S) = (5) < o (z)p] \o(m)p\> |o(x)pl

—T7(S) + Amin(95), |lo(z)p| =0,

where S = a(x)SoT (z) + A(z,p) with Apaz and Apmin the mazimum and the
minimum eigenvalues of the matriz S. In order to compute upper/lower we

use the remarks made in [27], proof Theorem 1.1.

5.4 Approximated Riemannian mean curvature

flow

The Equation (5.8) can be approximated to a Riemannian mean curvature
flow using the Riemannian approximation (as seen in Chapter 1). This leads the
following generalizations of the definitions of horizontal normal and horizontal

divergence (see Chapter 4 for further details).

Definition 5.18. Given a smooth hypersurface I', the approximated Rieman-

nian normal is the renormalized projection of the Euclidean normal on the
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horizontal space Hs, i.e.
Sty (@) Xi(x) + e 30 (@) Xa(2)

€ H, CRY.
\/oc%(x) + -t a2 (@) +e2a? q(x) + -+ 203 (x)

ne(z) :==

With an abuse of notation, we will often indicate by n.(z) the associated

N -valued vector

(al( ) .. 7am($)>5am+1(x)v s >5aN(x))T

wl + 02, (z) + 202, 4 (z) + -+ + 203 ()

Definition 5.19. Given a smooth hypersurface I' and a point x € I, the ap-

eRY. (5.10)

proximated Riemannian mean curvature is defined as the horizontal divergence
of the approxzimated Riemannian normal, i.e. ke(x) = divy=n:(x), where ns(x)
is the N-valued vector associated to the horizontal normal (see (5.10)) while
divy is the divergence w.r.t. the vector fields X1,..., Xm,eXm+1,-..,eXN,

i.e.

3

a;i(z)

X;
; \/Z] 1a +522k i1 O (T)
N
+e Y X cail@) . (5.11)
i%l \/Zj 104 ) + €2 Zk mt1 0 (2)

Remark 5.20. In this setting we do not have characteristic points on the

hypersurface T'.
We define now the approximated Riemannian mean curvature flow.

Definition 5.21. Let Ty be a family of smooth hypersurfaces in RN. We say
that T'y is an evolution by approximated Riemannian mean curvature flow of
I if and only if To =T and for any smooth horizontal curve . : [0,T] — RN
such that v(t) € Ty for allt € [0,T], the horizontal normal velocity ve is equal

to minus the horizontal mean curvature, i.e.

ve(7(1)) 1= —ke(7e(t))ne(Ve(1)),

where ne(x(t)) and ke(x(t)) as respectively the horizontal normal and the

horizontal mean curvature defined by Definitions 5.18 and 5.19.
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Developing all the computations following the example of [22] (see also
Chapter 4, Section 4.2 of this thesis) we obtain the following partial differential

equation

ug = Tr((X2u)*) — <(X52u)* teu | Aeu > = Asu — Ag oo U, (5.12)

| Xou|” | Kol o
where
. Xi(XGu) + XG5 (Xu)
(Xs2u)ij = : 5 2 . (5.13)

We observe now that we can write the Equation (5.12) as
ug + F.(z, Du, D*u) = 0, (5.14)
with

F.(z,p,S) = —Tr(o.(x)Sol (z) + A(z,p))

Oc (X UT X X O—é(x)p O—E(x)p
#(loarsl @)+ adan) PEERLEER) 69

with
1
(Ac)ij(w,p) = §<VX§X§ +Vx: X7, p).

Remark 5.22. Applying the Definition 5.15 to the function F; as defined in
(5.9) we obtain

~Tr(Se) + (SeZeiely, e ol #0,

€ loe(z)pl’ |oe(z)pl

F*(xap7 S) == - N
—Tr(Se) + Amaz(Se), ip| =0,
and
— S G o:(z)p  oe(x)p
F*(.Z‘,p, S) — TT(SE) + <Ss |oe(z)p]? ‘Ua(x)p|> 5 \pI 7& 0,

7TT(SE) + )\mzn(ss)v ‘p| =0,

where S. = o.(z)Sol (z) + Ac(z,p) Wwith Amaz and Apin the mazimum and the
minimum eigenvalues of the matriz S.. In order to compute upper/lower we

use the remarks made in [27], proof Theorem 1.1.
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The approximated Riemannian stochastic control problem

Let us consider a family of smooth vector fields X = {X1,... X,,} and its

Riemannian approximation X. = {X1,..., X;n, e Xpmt1, ..., XN}

Definition 5.23. We define the horizontal Brownian motion the solution of
the process
m
d¢ = Xi(¢) 0 dBy,,
i=1
where By, is a m-dimensional Brownian motion, o the Stratonovich differential

and X; the vector fields of X which span the distribution H. We define the

Riemannian approximated horizontal Brownian motion as

N
¢ =) X7 (&) 0 dBy
=1

where By is an N-dimensional Brownian motion and X; the vector fields of

X. which span the distribution H..

Let (Q, F,{Ft}t>0,P) be a filtered probability space, B; is a j-dimensional
Brownian motion adapted to the filtration {F;};>0 with j = m, N, we recall
that a predictable process is a time-continuous stochastic process {£(t)}i>0
defined on the filtered probability space (2, F, {F:}+>0,P), measurable with
respect to the o-algebra generated by all left-continuous adapted process. Given
a smooth function g : RN — R (which parametrizes the starting hypersurface

at time ¢ = 0) we introduce £%" the solution of the stochastic dynamic
d§ho (s) = V20T (€47 (s)) 0 dBy(s), s € (1, T],
dBY,(s) = v(s)dBm(s), (5.16)
gt = a,

where the matrix o is defined in (5.2), o represents the differential in the sense

of Stratonovich and

A= {v:[t,T] = Sym(m) predictable |[v > 0, In—1v?>0, Tr(l, —v?) = 1}
(5.17)
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and the function V : [0, 7] x RY — R defined as

V(t,z) := inf esssup g(&""(T)(w)). (5.18)

veA weN

Similarly, for £ > 0 fixed, we introduce €™ the solution of

de™" (s) = V2oL (&7 (s) 0 dBY (s), s € (8,77,
dBY (s) = v1(s)dBn(s), (5.19)
€ (1) = 1,

where o, is the matrix defined in (5.3) and

A = {1/1 : [t, T] — Sym(N) predictable | 14 > 0, IN—12 >0, Tr(In—12) = 1}
(5.20)
and the function V¢ : [0,T] x RY — R defined by

VE(t,xz) := inf esssup g(&&"" (T)(w)). (5.21)

veA weN
It is possible to show that the function V solves in the viscosity sense respect-
ively the level-set equation for the evolution by HMCF (see [22]).
Note also that the sets of controls (5.17) and (5.20) can be rewritten

respectively as
A={*lve A} =Co{ln—a®al a €R™, |a] =1},

and

Al ={V|vie A} =Co{ly —a@alacRY, |a=1},

where Co is the convex hull (see [27] for more details).

Next we introduce the p-regularising approximation of the functions V' and

Ve

Definition 5.24. For p > 1, the p-value function associated to the value
function (5.18) is defined as

Vylt,a) = int Ellg(€""")(T) ()], (5.22)



5.4. APPROXIMATED RIEMANNIAN MEAN CURVATURE FLOW 115

and, similarly, we can introduce the following e-p-regularising function, that is

the p-value function associated to the value function (5.21),
Vilt.) = inf Bllg(€l™ )(T)(w)P)P. (523)
V1

Definition 5.25. We define the Hamiltonian associated to the horizontal

stochastic optimal control problem (5.16) the function

H(z,p,S) = SuE — Tr(o(z)Sol (2)v2(s)) + Z (V2(S)),~j<VXin(x),p> :
ve ij=1

where o is defined as in (5.2), p € RY and S € Sym(N).

Definition 5.26. We define the Hamiltonian associated to the approximated

stochastic optimal control problem (5.19) the function

N
H.(xz,p,S) = VSEE —Tr(o.(x)Sol (x)V?(s)) + Z (V%(s))ij<VX§Xj(x),p> .

ij=1
where o is defined as in (5.6), p € RN and S € Sym(N).

Remark 5.27. The function V), solves in viscosity sense PDE:

—(Vp) + Hyla, DVy, D*V,) =0, t€[0,T), x € RY,

(5.24)
V};(T,.%) :g(x)a z e RN
where
Hy(x,q, M) :=sup | — (p — V)r " Trivwlqq"| + Trivv” M|, (5.25)
veA

(see [27] for further details).

Remark 5.28. Similarly to Remark 5.27, for € > 0 and p > 1 fized, the
function V7 solves in the viscosity sense the PDE
—(Vi) + H5(x, DV, D*VE) =0, t€(0,T), z € RY,

(5.26)
V;(T, x) = g(x), z e RN



116 CHAPTER 5.

where

Hy(x,r,q, M) := Hy(z,r,qe, M) = sup —(p—l)r1TT[VVTq5qET]+TT[1/1/TM€]],
veA;
(5.27)

where A is given in (5.20) and, for allqg € RN and M = (Mij)Z]'szl € Sym(N),

q1
qm
qe *=
Eqm+1
L €N ]
and
[ M11 Mlm Ml(m+1) EMlN 1
Mml . Mmm EM(erl)m ce EMNm
Me := 2 2
EMm+11 - eEMupmitym € Mminym+1) -+ EMminn
L EMlN EMmN EQM(m+1)N 52MNN

5.5 V¢ as viscosity solution

In this section we will prove the main result of this paper, but before doing

it, we have to introduce some technical lemmas.

Lemma 5.29 (Comparison Principle). Let us consider 0 < e < 1 fized. Let
g1, g2 be continuous functions on [0,T] x RN with g1 < go and VF(t,z) for

i =1,2 as defined in (5.21) with terminal costs g; then it holds true
VE(t, ) < Vs (t,x) on [0,T] x RN,

Proof. 1t follows from the assumption ¢g; < g2 and from the properties of

infimum and essential supremum. O
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Lemma 5.30. Let us consider 0 < € < 1 fized. Let g be a bounded and
uniformly continuous function on [0,T] x RN and let VE(t,z) be defined as
in (5.21) with g as terminal cost. Let us consider ¢ : R — R continuous and

strictly increasing. Then
o(Vy (t,x)) = qu(g) (t, ).

Proof. Since ¢ is an increasing and continuous function, we remark that
¢(inf A) = infp(A) where A C R. Then, for every measurable function

f:Q — R it is easy to see that

¢(esssup f) = esssup(¢(f)),

and so we can conclude the proof. ]

Remark 5.31. Lemmas 5.29 and 5.30 allow us to conclude that the set
{V(t,x) < 0} depends only on the set {g(x) < 0} and not on the specific form
of g. Furthermore we will show that VE(t,x) solves (in the viscosity sense) the

level set equation for the evolution by horizontal mean curvature flow for a

fized 0 < e < 1.
We state now the main theorem of the paper.

Theorem 5.32. Let us consider 0 < € < 1 fized. Let g : RN — R be globally
bounded and Lipschitz function, T > 0 and

oo(x) = [X1(2), ..., Xpn(2),eEmy1(2), ..., eEn(2)]T,

a N x N matriz obtained from the Riemannian approximation of the m X
N Hérmander matriz o(z) = [X1(x), ..., X;m(2)]T with m < N and smooth
coefficients and E; = (0,...,0,1,0...,0)" where 1 is in the i-th component.
Assuming that o and v.(z) = Zfil Vx: X5 (x) are Lipschitz (in order to have
non-explosion for the solution of the SDE), then the value function VE(t,x)

defined by (5.21) is a bounded lower semicontinuous viscosity solution of the
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level set equation for the evolution by approximated Riemannian mean curvature

flow, with terminal condition V¢ (T, z) = g(z).
Remark 5.33. VE(t,x) is a lower semicontinuous function.

In order to prove the Theorem 5.32 we have to introduce the half-relaxed

upper-limit.
Definition 5.34. We define the relaxed half-relaxed upper-limit of V5 (¢, z)

VEE(t ) = limsup  V;(s,y).
(s;y)=(t,x) p—oo

This lemma allows to use the definition of upper half-relaxed limit instead

of the definition of upper envelope.

Lemma 5.35. Let us consider 0 < € < 1 fized. It holds true
VEE(t,x) = V*E(t,z)  for all (t,x) € [0,T] x RN

where they are defined as in Definitions 5.15 and 5.34.

Proof. We observe that V¢ > V¢ and V%€ is upper semicontinuous function.
Then, since V*¢ is the smallest upper envelope it holds V#¢ > V*¢. On the
other hand, recalling that V7 (t,x) < V=(¢,z) for any ¢,r, and p > 1 and € > 0
fixed, then taking the limsup in ¢,z and p we obtain that V#¢ < V*¢ and as

consequence the result follows. O

Another important observation is related to the LP-norm related to V(¢, z),
i.e. V;(t,x) as in Definition 5.24.

We obtain the following result for 0 < € < 1 fixed.

Lemma 5.36. Let us consider 0 < € < 1 fized. Under the assumptions of

Theorem 5.32, we have

VE(t,x) = lim V5 (t,x) for all (t,z) € [0,T] x RY,

p—o0

as pointwise convergence.
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Proof. As the LP norm are bounded by essential supremum and increasing we

obtain immediately for each fixed control and £ > 0
VE(t,z) > Vi (t, o).

The other inequality will be proved as in [22]. Let us consider ¢ > 1, then by

the property of the infimum we can find a control v, such that

me%“@my§wwm+;

The controlled SDE (5.19) has a drift part which depends on the control only
through v? (we recall by assumption that € > 0 is fixed) and our control set
is convex in v7. Proceeding as [22], we obtain that there exists a probability
space (Q, F,{Fi}i>0,P, By,v1) such that for a subsequence g the process

t7 k) —
fgx hak converges weakly to £%*1 and so for any fixed g > 1

Q=

k—o0

nm@w@WWﬂwi(mwwwmQ

Since the L9 is non decreasing in ¢

SIS

T g

(Bl )" < tim Vi(e.0)
Finally, using the convergence of L? norm to L we obtain

VE(t,z) < lim V7(t, 2).

q—o0

O]

In order to prove that V¢ is a viscosity solution of approximated Riemannian

mean curvature flow we have to recall a further lemma.

Lemma 5.37 ([27]). Let S € Sym(N) such that the space of the eigenvectors
associated to the maximum eigenvalue is of the dimension one. Then, S —
Amaz(S) is O in a neighbourhood of S. Moreover, D\yqr(S)(H) =< Ha,a >,

for any a € R™ eigenvector associated to Apmaz(S) and |a] = 1.
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The Theorem 5.32 is the consequence of the following theorem.

Theorem 5.38. Let us consider 0 < e < 1 fized. Let g: RN — R be a globally
bounded and Lipschitz function, T > 0 and o.(x) a Riemannian approrimation
of the m x N -Héormander matriz o(x). Since the comparison principle holds (see
[8]), then the value function VE(t,x) is the unique continuous viscosity solution

of approximated Riemannian mean curvature flow, satisfying VE(T,z) = g(z).

Proof. We divide this proof in two steps: we prove that V¢(t,x) is a viscosity

supersolution and V#(¢, x) is a viscosity subsolution.

e V¢ is a wiscosity supersolution: Let us consider ¢ € C1([0, T]; C?(RY))
such that V¢ — ¢ has a local minimum at (¢, z). Two cases are possible:

if Xzp(t,z) # (0,...,0) we have to verify that
_(bt(ta (L') - A6¢(t7 1’) + A67OO¢(t7 1') Z 07

where the equation is given as in (5.12).

If X.¢(t,z) = (0,...,0) we have to verify that
_¢t(t> :E) - AE¢(t7 iL’) + )\max((ngqb)*(ta .%')) > 07

where (X2¢)* is defined as (5.13).

For any p > 1 there exists a sequence (p,xp) such that V, — ¢ has a
local minimum at (¢, z,) and (t,,zp) — (t,x) a p — oco. In fact, we
can always assume that (¢,x) is a strict minimum in some Bg(t, z) (to
obtain this it is sufficient to substitute a generic test function ¢ with the
test function ¢ + |z — x,|*). Set K = m, the sequence of minimum
points (tp,zp) converge to some (£,7) € K. As V* is the limit of V;
as p — oo (see Lemma 5.36) and lower semicontinuous, therefore by a

standard argument yields that (¢,7) is a minimum, hence it equals (¢, ).

Then it holds true

—¢t(tp, ¥p) + He(p, (p — 1)‘/;:_1D¢(D¢)T + D2¢)(tp7mp) > 0.
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If o.(x)Do(t,x) # 0, we can write the Hamiltonian in a more explicit

way. Set
S1= (p— D)V, (Xed(tp, 2p)) (Xetp(tp, 1)) 7,
and
So = (X2¢)* (tp, xp),
then

H.(xp, S1,52) = =Tr(S1 + 52) + Amaz(S1 + S2)
= —Tr(S1) — Tr(52) + Amaz(S1 + S2)
= —(p = D(V;) " (tp, 2p)| X, )|
— Acp(tp, Tp) + Amaz(S1 + S2), (5.28)

since the trace operator is linear and 77 ((X:d(zp)) (X-0(xp))T = | Xeop(xp)]?.

Now we use the Lemma 5.37 in order to expand \;,q,. We consider the

matrix
g Aot 2)(Xeo(t,2))"
Ve(t,x) ’
for which A\paz(S) = % and where a = ﬁ%ﬁ since Xz¢(t, ) #

0 (see [27] for further remarks). Let us consider

(Xep(tp, xp)) (Xep(tp, ‘Tp))T
‘/ps(tp’ Tp) ’

Sp =

it is immediate to observe that S, converges to S as p — co. By Taylor’s

formula we know that there exists a 6, € (0,1) such that

CXEQZ))*W) = )\max(Sp)

)\max
(5 22

1 0 o :
L DA (8 L (X200 ) ) (20013,

Using the fact that e is C' in a neighbourhood of S and Sp — S to

get

(X3¢)* (tp, zp)

)\maa:
(5 + 2

)—AWA%>

1 1
b D ()20 (1) + 0 (1),
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where po(1/p) — 0 when p — co. As consequence we obtain
p—1
< (X29)*(tp, xp) Xet(t, ), Xeg(t, ) >
(p — D(Xe0)(t, 2)[? ’

then, expanding the p-Hamiltonian (5.28) we obtain immediately the

)\max (Sp +

= Amaz(Sp) +

inequality, If Xz¢(t,x) = 0 then we use the subadditivity of S — Apaz(S)

and remark that, since V7 is supersolution

0 < —¢ + He(wp, Do, (p — 1)(Vy) "' DH(D¢)" + D*¢)
< —¢r — (p = V)(Vy) A = Tr((X26)")
+ Amaz (p = D)(Vg) "' Xep(Xe0) T + (X26)7)
< —¢p = (p = D)(Vy) X0 = Tr((A26)")
+(p = D(Vy) XS + Aaw (X2 0)

= _¢t - TT((X52¢)*) + )‘max(){gd))*
In the end, we can conclude now that V¢ is a supersolution.

V*¢ s the subsolution: As consequence of Lemma 5.35 we can write
Ve = VEe Let ¢ € C1([0,T]; C?(RYN)) such that V¥ — ¢ has a strict
maximum at (to,zg). Let us consider a sequence of maximum points of
V; — ¢, we can find a subsequence converging to (t,z). Since V, is the

solution of
—(Vp)i + Ho(2, DV, (p — 1)(Vg) ' DV (DVE)T + D?Vs) = 0
r€RN, tel0,T),

Vi(T,x) = g(x), r € RY,
(5.29)

then we have that

0< —¢¢ + He(z, (p— 1)(V;) "' Dp(Dg)" + D*¢) (5.30)
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at the point (¢, z,). We define for any 2z > 0, z,d € RVand any N x N

symmetric matrix S
Hj(z,2,d,5) = —(p_zl)|aa(x)d|2 —Tr(ol (2)So.(z) + Ac(z, d))
+Amaz ((p;l)(ae(x)d)(ag(m)d)T + ol (z)So.(x) + A(x, d)>

and

+<<az<x>5ae<x> A, d)) §§§>
(He)*(z,d, 5) = ld| # 0,

~Tr(cl(x)So.(z) + A(z,d))

+FAmaz (0L (2)Soe(x) + Ac(z,d)), |d| =0,

and, as stated in [22], we can observe that
Hy(z,2,d,5) > (H)"(z,d, S).

We remark that for |d| = 0 is immediate, for |d| # 0 we observe that

Ama < (p—1) (oo (z)d)(0-(2)d)T + ol (2)So.(z) + Ac(, p))

(p—1)

> ’UE(x)d’2 + /\maz(UZ(w)SUs(x) + Ac(2,p))

and, called S, = ol (z)So.(z) + Ac(z, p)

Amaz(Se) = |m|a>1< < S.a,a >,
al=

we obtain immediately the inequality. Let us consider € > 0, set z =
¢ Lty xp) >0, d = Do(tp, ), S = D?¢(tp, ), then taking the limsup
of (5.30) we obtain for p — oo and recalling that, by definition, (H.)* >
(H:). we obtain

0> ¢ + (Hz)+(z, Dp, D*¢)

at (t,z). The result follows immediately.
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O

Now, in order to prove the main theorem of this section, we need a further

lemma.

Lemma 5.39. Let us consider 0 < ¢ < 1 fived. For any x € RN, VS4(T,x) <
g(x).
Proof. By contradiction, we assume that it is not true and that there exists a

point xg such that V(T x) > g(zq) + J, for 6 > 0 sufficiently small. We use

as test function
9 0
B(t,) = aT )+ Bl — ol +glr0) + 5.

with a > —C3, with C a constant depending just on the data of the problem

and the point xg and § > 1 sufficiently large. We remark that
¢t(t’x) = G, D¢(t7 J") = QB(CE - 350), D2¢(t7$) = 2ﬁld

We can find a sequence (tx,zr) — (T, x0) and pp — oo as k — oo such that
V.. — ¢ has a positive local maximum at some point (s, yx), for any k£ > 1. To
obtain the contradiction we use the fact that V; is solution of the Equation
(5.29) in order to obtain a + Cf < 0. We observe that the functions V;
are bounded uniformly in p and ¢ is fixed so, by the growth of |z — xg|, the
maximum points are such that yi € m =: K with R independent of k.

In the point (sk,yg) it holds true

0> o~ He(yx, (p — )¢~ DO(D)" + D?¢)
> o — QﬁTr(aa(yk)UeT(yk) + Ae(Yr, Yk — 70))

+ 28X min (0= (Yk) oL (yx) + Ac(Yrs Yk — 20))-
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Then recalling that there is a compact set K such that y, € K for all k, by
continuity, we get 0 > o + C3, with
- _ T _ —
C= glez}%(Tr(aa(x)as (x)) max Ac(z,x — )

. A T : , _
+ min Amin(0=(x)o; (x)) + min Amin(Ae(z, 2 — x0))

with such estimate we obtain the contradiction, i.e. the thesis. O

Corollary 5.40. Let us consider 0 < € < 1 fized. Let g : RV — R be bounded
and Hélder continuous, T > 0 and o-(z) a N x N-Hérmander matriz like in
Theorem 5.32. Since the comparison principle holds (see [3]), then the value
function VE(t,x) is the unique continuous viscosity solution of the level set

equation (5.12), satisfying VE(T,x) = g(x).

Proof. We have already shown that V&*(t,2) = VS#(t,x) is a viscosity sub-
solution while VE(t,z) = VE(t,z) is a viscosity supersolution of (5.12) with
initial condition g. For Lemma 5.39 we know that V=#(t,z) < g(z) and
V(T,z) = g(z) so, by comparison principle, it holds V&#(t,z) < V(t, ).
By definition of limsup we have V&% (t,z) > V&(t,z) i.e. VE(t,x) is upper
semicontinuous. Since V(¢,x) is also lower semicontinuous we can conclude

immediately stating that V¢(¢, ) is continuous. O



Chapter 6

Optimal control for the

p-Hamiltonian in H!

6.1 Introduction

The evolution by mean curvature flow is a geometrical degenerate PDE
broadly used in mathematics, see e.g. [13], [28] and references in them for
an overview on the subject. Roughly speaking this describes the motion of a
hypersurface contracting in the normal direction with (normal) velocity equal
to the mean curvature at that point. Unfortunately, even smooth surfaces
evolving by mean curvature flow can develop singularities in finite time, so a
weak notion for this evolution is necessary. The notion that we are considering
here follows a nonlinear PDE-approach, based on Chen-Giga-Goto [11] and
Evans-Spruck [31]. Roughly speaking, the idea consists in associating a PDE
to a smooth hypersurface evolving such that the function which solves this
PDE has level sets which evolve by mean curvature flow. Then one can define
the solutions of the “generalized evolution by mean curvature flow” as the
zero-level sets of the viscosity solution of this PDE. This, so called, level
set approach requires to solve (in the viscosity sense) a degenerate parabolic

PDE. In the last decades this evolution has been generalised to the case of

126



6.1. INTRODUCTION 127

sub-Riemannian geometries, i.e. to the study of hypersurfaces evolving by
the so-called horizontal mean curvature flow (see [8, 22] and others). This
is partially motivated by the sub-Riemannian modelling of the visual cortex
applied for example to the study of image processing, developed by Citti-Sarti
and al. (see e.g. [13]).

Sub-Riemannian geometries are degenerate manifolds where the Rieman-
nian inner product is defined just on a sub-bundle of the tangent bundle.
To be more precise, we will consider X7, ..., X, smooth vector fields on R"
and a Riemannian inner product defined on the distribution H generated
by such vector fields. Then it is possible to define intrinsic derivatives of
any order by taking the derivatives along the vector fields X7, ..., X,,. That
allows us to write differential operators like Laplacian, infinite-Laplacian etc,
using intrinsic derivatives. In particular we can write the level-set equation
associated to evolution by horizontal mean curvature flow. Even if different
authors have studied this geometrical evolutions, many questions remain open
due to the high degeneracy of the associated PDEs (see e.g. [8, 22, 32]).
To keep the computation easier and more explicit, in this paper we will fo-
cus only on the specific case of the Heisenberg group, which is the main
model for a sub-Riemannian geometry. Still the approach works in the general

case of Carnot-type vector fields, which in particular includes all Carnot groups.

A connection between certain stochastic control problems and a large class
of geometric evolution equations, including the (Euclidean) evolution by mean
curvature flow, has been found by Buckdahn, Cardaliaguet and Quincampoix in
[27] and Soner and Touzi in [49, 52]. The control, loosely speaking, constrains
the increments of the stochastic process to a lower dimensional subspace of
RY, while the cost functional consists only of the terminal cost but involves
an essential supremum over the probability space. It turns out that the

value function solves the level set equation associated with the geometric
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evolution. Moreover, one can show that the set of points from which the initial
hypersurface can be reached almost surely in a given time by choosing an
appropriate control coincides with the set evolving by mean curvature flow. This
stochastic approach generalizes very naturally to sub-Riemannian geometries
by using an intrinsic Brownian motion associated with the sub-Riemannian
geometry.

This approach can be used to obtain certain existence results in general
sub-Riemannian manifolds. In particular, the value function may be used for
defining a generalized flow. More precisely, the value function V' associated to
this stochastic control problem is defined as the infimum, over the admissible
controls, of the essential supremum of the final cost g (at some fixed terminal
time T' > t), for the controlled path £4% starting from x at the time . We can
show that u(t, z) := V(T —t, x) is a viscosity solution of the level set equation of
the evolution by horizontal mean curvature flow. So I'(t) = {z € RN |u(t,z) =
0} is a generalized evolution by horizontal mean curvature flow in general
sub-Riemannian manifolds. This approach has been successfully used to study
the evolution by horizontal mean curvature flow in general sub-Riemannian
geometries by two of the authors, together with Max von Renesse in [22]. In
that paper, following the approach in [27], the authors introduce a suitable
p-regularising stochastic optimal control problem, which does not degenerate
when the (horizontal) gradient vanishes. The value functions u, associated to
the p-problem do not converge as p — 400, but their p—th roots ué do, in
a similar way as the LP-seminorms of a measurable function converge to the
essential supremum. This limit of ug can be shown to solve in the viscosity
sense the level set equation for the horizontal mean curvature flow in general
sub-Riemannian geometries.

The aim of this chapter is to understand better, at least at a formal level,
the asymptotic behaviour of the optimal controls of these approximating control

problems.
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For stochastic control problems, the optimal control is of feedback form.
This means that there exist a function, depending on the value function and
its derivatives, which selects the optimal control depending on the state of the
system. This function is obtained by a point-wise optimization over the control
space which, in the simplest case, is just the Legendre transform connecting
Lagrangian and Hamiltonian, for details see e.g. [33].

For standard control problems, it is possible to define a forward-backward
system of stochastic ODEs which yields the path associated with the optimal
control, see e.g [10]. This approach does not need the derivatives of the value
function, the price to pay is that we have a system which is forward-backward.
In principle this would allow to reduce questions regarding the convergence of
value functions to convergence of a family of systems of stochastic ODEs.

Unfortunately, in the case here, the value functions does not converge,
only their p-th roots do. Re-writing everything depending on the p-th root of
the value function would lead to a system of ODEs that still depends on the
(in principle unknown) value function. The good news is, however, that the
convergence of the value function has been shown in [22], but without rate.
Therefore our approach of studying the convergence of the Hamiltonian in p
nevertheless is able to shed some light on the behaviour of the approximating
optimal controlled paths near characteristic points of the limit problem.

This result gives also an idea on the structure of the optimal controls for
the p-problem, which is crucial for showing the convergence of the stochastic
approach for the Riemannian approximation to the value function solving the
level-set equation in the horizontal case. These results will be contained in two

follow-up papers in preparation.

6.2 Preliminary

In order to prove our main result, we have to recall briefly the basic defini-

tions about sub-Riemannian geometries. For further remarks and definitions
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on this topic we refer to [4] and [42] (and also Chapter 1).
Let M be a N-dimensional smooth manifold, we recall that a distribution is a

subbundle of the tangent bundle, i.e. as vector space
H:={(z,v)[xreM veH,}

where H, is a subspace of the tangent space T, M at every point z € M.
Given two vector fields X,Y defined on a manifold M, we can consider the
bracket between X and Y, that is the vector field acting on the smooth

functions f : M — R as
(X, Y](f) = XY(f) = YX(f).

Let us now consider a family of vector fields X := {X1,..., X, }, we define

the set of all the k-brackets of X as
LB (x) = {[X,V]|X e L5V (x), vV eLD(a)},

with L) (X) = X. The associated Lie algebra is the set of all brakets between
the vector fields of the family

£(x) = {[X:, X")|xM e LW (%), k e N}.
We can now recall the Hormander condition.

Definition 6.1 (Hérmander condition). Let M be a smooth manifold and H
a distribution defined on M and let X be a family fo vector fields spanning H.
We say that the distribution is bracket generating if and only if, at any point,
the Lie algebra L(X) spans the whole tangent space at that point. Moreover
we say that the family of vector fields X satisfy the Hormander condition
if and only if there exists r € N such that T,M = J,_, Span(ﬁ(k)(é\,’)(x));
in this case the natural number r is called step of the group. The space

Hy = Spcm(Xl, . ,Xm) (x) is usually called horizontal space at the point x.

In this setting not all the curves on the manifolds will be admissible.
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Definition 6.2. Let M be a smooth manifold and H a bracket generating
distribution defined on M and generating by a family of vector fields X =
{X1,...,Xm}. Consider an absolutely continuous curve v : [0,T] — M, we

say that v is a horizontal curve if and only if
Y(t) € Hy), for aete[0,T]
or, equivalently, if there exists a measurable function h : [0,T] — RN such that
500 = S (DX (1), for et € 0,T]
i=1
where h(t) = (hi(t),..., hn(t)).

In the next example we will introduce the most significant and famous

model in this setting: the Heisenberg group.

Example 6.3 (The Heisenberg group). For a formal definition of the Heisen-
berg group and the connection between its structure as non commutative Lie
group and its manifold structure we refer to [4]. Here we simply introduce the

1-dimensional Heisenberg group as the geometries induced on R? by the vector

fields

1 0

Xi(z) = 0 and Xo=| 1|, V= (z,223) R’
_z2 z1
2 2

The horizontal space in this case is given by H, = Spcm(X1 (:L’),XQ(.I')),' 80 in
particular at the origin the horizontal space is the plane x3 = 0.

Note that the above vector fields satisfy the Hormander condition with step 2:
0

in fact [X1, Xo](x) = | 0 | for any x € R3.
1

From now on we consider only the case where the starting topological

manifold M is the Euclidean RY.
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For later use we also introduce the matrix associated to the vector fields
X1,...,X,,, which is the N x m matrix defined as

o(x) =[X1(z),... ,Xm(x)]T.

Example 6.4. In the case of the Heisenberg group introduced in the Example

6.3, the matrix o is given by

10 -2
o(x) = *|, Va=(z1,22,23) € R, (6.1)
01

Moreover, in this paper we will concentrate on a sub-Riemannian geometries
with a particular structure: the so called Carnot-type geometries. In general,

for Carnot-type geometries, the matrix ¢ assumes the following structure:

o(z) = | Thxm A(xl,...azm)]7

where the matrix A(x1,...,2y) is a (N —m) x m depending only on the first
m components of x.

All Carnot groups are Carnot-type geometries (see e.g. [4] for definitions and
examples of Carnot groups). The previous assumption on the structure of
the vector fields will allow us to consider an easy and explicit form fort the
Riemannian approximation. Nevertheless the approach introduced apply also

to the case where this additional structure is not fulfilled.

6.3 Horizontal mean curvature flow

Given a smooth hypersurface I' on RY (or more in general on a N-
dimensional manifold M), we indicate by ng(x) the standard (Euclidean)
normal to I' at the point x. We now consider the vector fields Xi,..., X,
introduced in the previous section (i.e. spanning a bracket-generating distribu-
tion H,), and we look at the unit vector obtained projecting the Euclidean
normal on the distribution H, generated by Xi,...,X,,, see the following

definition (see Chapter 4 for further details).
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Definition 6.5 (Horizontal normal). Given a smooth hypersurface I' on RN
and a family of vector fields X1, ..., Xy, satisfying the Héormander condition,
the horizontal normal ng(x) is the renormalized projection of the Fuclidean

normal ng(x) on the horizontal space Hy = Span(X1(x), ..., Xm(z)).

Since ng(z) € Span(Xi(z),..., Xm(z)) and the Riemannian inner product
is introduced in such a way Xi,..., X, are orthonormal, then, whenever the
projection of ng(z) onto H, does not vanish, there exists hq, ..., hy, measurable

functions such that

hi(z) X1 (z) + - - + hn(2) Xpn (2)
VR (@) + -+ h2,(x

no(z) = cH, cRY, zel.

With an abuse of notation we sometimes identify ng with the associated

m-valued vector

T
hi(x) fim (2) "
= (\/h%(x)+--~+h3n($)7m’\/h%($)+"'+h?n($)> -
(6.2)

The main difference between the standard normal and the horizontal normal is
that the second may not exist even for smooth hypersurfaces. In fact whenever
the Euclidean normal is orthogonal to the horizontal plane H,, then the
horizontal normal cannot be introduced. The points where this happens are

called characteristic points, see the definition below.

Definition 6.6 (Characteristic points). Given a smooth hypersurface T' on RY,
the characteristic points occur whenever ng(x) is orthogonal to the horizontal

plane Hy, then its projection on such a subspace vanishes, i.e.
hi(x) + -+ h2,(x) = 0.

We recall that for every smooth hypersurface the mean curvature at a point
is defined as the divergence of the Fuclidean normal at that point. Similarly,
for every smooth hypersurface, we can now introduce the horizontal mean

curvature.
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Definition 6.7 (Horizontal mean curvature). Given a smooth hypersurface T’
and a non characteristic point x € I', the horizontal mean curvature is defined
as the horizontal divergence of the horizontal normal, i.e. ko(x) = divyng(x),
where ng(x) is the m-valued vector associated to the horizontal normal defined

in (7.3), while divy is the divergence w.r.t. the vector fields X1,..., Xm, i.e.

@ N (@
Doty hf(m) Doty h?(ﬂf)

Obviously the horizontal mean curvature is never defined at characteristic

points, since there the horizontal normal does not exist.

We can finally introduce the main definition of this section.

Definition 6.8 (Evolution by mean curvature flow). Let 'y be a family of
smooth hypersurfaces in RN, depending on a time parameter t > 0. We say
that I'y is an evolution by horizontal mean curvature flow of some hypersurface
I if and only if o = T and for any smooth horizontal curve v : [0, T] — RN
such that v(t) € Ty for allt € [0,T], the horizontal normal velocity vy is equal

to minus the horizontal mean curvature, i.e.

vo((t)) := —ko(7(t))no(7(2)), € [0,T], (6.4)

where ng and kg as respectively the horizontal normal and the horizontal mean

curvature introduced in Definitions 6.5 and 6.7.

We recall that (6.4) is not defined at characteristic points, then the need
to develop a generalised notion of evolution by mean curvature flow which can
deal with characteristic points and general singularities, as we will do in the
next section following some very well-known approaches, already used to deal

with singularities in the Euclidean case.
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6.4 The level-set equation: a stochastic approach.

In this section we introduce the level set equation for the (generalised)
evolution by horizontal mean curvature flow, and a stochastic representation
for the viscosity solutions of that equation.

The level set approach for the Euclidean evolution was introduced by Evans
and Spruck in [31] and Chen, Giga and Goto in [11]. We briefly recall this
approach directly for the horizontal evolution introduced in (6.4), for more
details see [22] and [8]. The basic idea starts by parametrising all (smooth)

hypersurface involved as zero level sets, i.e.
I'=Ty={zeRy(z) =0} and TI;={zeR"ut,z)=0},

for some smooth function u : [0, +00) x RY — R. From now on, we indicate

the points x € I'; as x(¢). Then the Euclidean normal is simply ng(z(t)) =

Vu(t,z(t))

Nata )]’ where the gradient is done only w.r.t. the space variable x, for

C
all z(t) € T'y. This implies that the horizontal normal (at non-characteristic
)

points) can be expressed as
Xqu(t,z(t)) Xpmu(t,z(t))

no(z(t)) = <¢Z”Xum ST (Kol w()»)eRm,
(6.5)

(where above we have simply identifies the normal with its coordinate vector

in R™). Note that Dyu = (Xju,...,X;»u) € R™ is the so called horizontal

gradient, then ng = |g ] and by | - | we indicate the standard Euclidean norm
in R™. Similarly we can then write the horizontal mean curvature given in

(6.3) as

Ui Xiu(t,z(x))
ko(x = Xi . .
o(el®) =2, (@&(Xiu(t,x(t)))?) (66)

Applying (6.5) and (6.6) to the Definition 6.8, we obtain that, whenever I';
satisfies the evolution (6.4) and |Dxyu| > 0, then u solves the following PDE:

DXu D)c'u >
|Dxul|’ |Dxul

we = Tr((D3u)") - <<D%(u>* (6.7)
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where (D%u)* is the symmetric horizontal Hessian, that is

(D)) o= FE ),

(see Chapter 4 for further remarks about the derivation of the PDE (6.7)).

Remark 6.9. We remark that, given u: R — R smooth function, then the
symmetrized horizontal Hessian (D3u)* has only second order derivatives (see

Subsection 4.3, Chapter 4 for further remarks).

Equation (6.7) was introduced and studied in [8] and [31]. Different ap-
proaches lead to different ways to interpret the singularity |Dxyu|, which
happens even if the surface is smooth in the Euclidean sense. To see this, con-
sider the unit sphere in three dimensions centred at (0,0, 1). In the Heisenberg
geometry, the horizontal gradient to any level set function vanishes in the point
(0,0,1). This example will be used for some numerical illustrations in the final
chapter.

Equation (6.7) is very degenerate and in general the solutions will need to
be interpreted in the sense of the viscosity solutions (see [17], for a definition
and properties).

Uniqueness of viscosity solutions is in full generality an open problem due
to the presence of points where |Dyu| vanishes, i.e. characteristic points. In
fact these points makes difficult to find a general comparison principle for
horizontal mean curvature flow. However, in some cases it is possible to have
it under certain conditions (see e.g. [8], [32]).

Here we concentrate on the stochastic approach initiated independently
by Cardaliaguet, Buckdahn and Quincampoix in [27] and by Soner and Touzi
in [49]. The same approach was later generalised by Dirr, Dragoni and von
Renesse in [22] to cover the horizontal case considered in this paper. Roughly
speaking the idea consists in expressing the viscosity solution of the level set
equation as value function of suitable associated stochastic controlled systems.

This is made more precise in the following result.
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Theorem 6.10 ([22]). Let (Q, F,{Fi}t>0,P) be a filtered probability space and
B be an m-dimensional Brownian motion adapted to the filtration {F}>o.

Let g : RN = R be a bounded and Hélder function. Let us consider T > 0.
For any (t,z) € [0,T] x RN, we define

V(t,z) = inf esssup g(¢-*"(T)), (6.8)
veA Q
where
A={veSym(m)|v>0 I, —-v>>0, Tr(l,—v*) =1}, (6.9)
and %Y are the solution of the stochastic controlled dynamics

dgh™¥ (s) = V20T (€57 (s)) 0dBY(s), s € (1,7,
dB(s) = v(s)dBm(s), s e (t,T), (6.10)

LTV (t) = .
Let also us assume that the matriz o is an m x N Hérmander matriz with
smooth coefficients and that o and Y ;* | Vx,X; are Lipschitz functions. Then
the value function V defined in (6.8) is a viscosity solution of the level set

equation (6.7). Here o denote the Stratonovich differential.

The approach to prove the theorem above is classical and follows the
ideas introduce in [27] for the standard (Euclidean) evolution, which means
that require to first consider a more regular problem known as p-regularizing
problem, which we introduce in the next section.

At characteristic points, (i.e. |Dxyu| = 0) the approach in [22] yields a
discontinuous nonlinearity (different for sub and supersolutions): for subsolu-
tions we get that u; equals the minimal eigenvalue of the horizontal Hessian,
while for supersolutions we get the maximal eigenvalue. The corresponding
control would be a projection on the respective eigenspace. One result here
(see Remark 6.24) is a refinement of this conclusion: the optimal control is
not unique if both eigenvalues are equal, otherwise it is the projection on the

eigenspace of the mazimal eigenvalue.
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6.5 The p-regularizing problem.

To show directly that the value function V' defined in (6.8) is a viscosity
solution on Equation (6.7) is extremely hard, the two main difficulties being
that the PDE is highly degenerate and the value function is a L°°-norm.
The idea from [27] is to consider the value function associated to LP-norm
approximating (at leats on bounded sets) (6.8), which we indicate by V,,, and
show that this new value function solves in the viscosity sense the corresponding
PDE. Then we can recover the result given in Theorem 6.10 by a limit-argument
as p — +oo. Note that the p-problem associated to the new value function V),
is far more regular than the level set equation (6.7) i and in fact the associated
p-Hamiltonian has no points of discontinuity. For all 1 < p < +o00 we define

the p-value function as

hSA

Vyltw) = inf Elg?(€h(T)))5. (6.11)

where £ and A are defined as in Theorem 6.10. Then one can show (see

[22]) that V}, solves in the viscosity sense

—(Vp)e + Hy(Vp, DV, D*V,) =0, z€R", t€0,7T),

(6.12)
Vp(T,z) = g(z), r € R,
where the p-Hamiltonian H,, is defined as
Hy(r,q, M) :=sup | — (p— l)r_lTr[l/quqT] + TT[VVTM] , (6.13)

veA
and ¢ € R™ and M € Sym(m) where o is the matrix in (6.1).
The aim of this article is to find information on the structure of the optimal
control for the p-Hamiltonian associated to the p-Hamilton-Jacobi equation
regularising the the level set equation for the evolution by horizontal mean
curvature flow.

For sake of simplicity, we now introduce the following function

hy(r,q, M,v) :== —(p — l)r_lTr[VquqT] + TT[I/VTM], (6.14)
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so that the p-Hamiltonian can be rewritten as
H,(r,q, M) = sup hy(r,q, M,v). (6.15)
veA
Remark 6.11. Without the Remark 6.9, the function in (6.14) would have
another term which will depends on v and a second vector d. This term may

lead some additional difficulties to search the optimal control.

As proved in [49], finding the infimum of the optimal controls for the
solution V), is equivalent to optimise the supremum of the Hamiltonian as
defined in (6.13). Then we will concentrate in finding the structure of the
optimal controls giving the supremum in (6.15), for p large enough.

We conclude this section with the following two remarks, which will be very

useful for the later results.

Remark 6.12. It is possible (see [27]) to rewrite the set of admissible controls
as

A=Co{v=1,—a®a,|a e R", |a|=1} (6.16)
where with Co we mean the convex hull.

Remark 6.13. Note that it is possible to consider r > 0. As we are not
interested in the value function itself, but only in its level sets, we can use
as initial datum a positive function, e.g. ug(z) = 1+ tanh(dist(x,Xy)). By
the comparison principle, this will remain positive. Note that the level of
interest here will be the 1-level set, not the zero level set, which is empty. For
comparison principles for a large set of hypersurfaces in the Heisenberg group

we refer to [32].

6.6 Optimal control for the p-Hamiltonian in H!

In this section we will prove the main results of the paper. We will focus on

the optimal control for the p-Hamiltonian defined in (6.13) and, in order to keep
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the computations easier, we will consider only the case of the 1-dimensional
Heisenberg group, introduced in Example 6.3. We will divide our investigation
in two separate cases: the case ¢ # 0 and the case ¢ = 0. Remember that
the case ¢ = 0 corresponds to the case when the horizontal gradient vanishes,
which is associated to the characteristic points introduced in Definition 8.11.
Let us recall that, in the case of the 1-dimensional Heisenberg group, N = 3
and m = 2.

Next we introduce the main idea: note that it is possible to express any
admissible control as v = Iy —a ® a with |a| = 1 (see (6.16)). Moreover a
generic unit vector a can be expressed by rotating any given fixed direction.
Therefore, fixed an initial direction, to maximise the supremum in (6.13) on
the set of all admissible controls A can be reduced to maximise the same
function h, among the rotational angle 6 € [0, 27), which will be much easier.
Since this can be done starting from any fixed direction, we will rotate exactly
the direction which we know to be associated to the optimal problem for the
limit case p = 400, that is I%\’ (remember ¢ is the gradient variable). For
more details on the optimal control in the case p = +o00 we refer to [22]. This
of course cannot be done whenever ¢ = 0, then we will treat that case later,

rotating a different starting direction.

Case ¢ # 0: non-characteristic points.

Now let us fix the variables r,q,M with ¢ # 0. For sake of simplicity we

also assume that M is a diagonal matrix, i.e. there exist A\i, As € R such that

A1 0
M = . (6.17)
0 Ao
In the next remark we highlight that the assumption above on M is indeed

not restrictive.

Remark 6.14. This optimisation is taken at a fized point x and depending on

variable v, q, and M. When writing these quantities explicitly, i.e. by specifying
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their entries, we implicitly refer to a coordinate system on R%. We may choose
an orthonormal coordinate system at this point. For simplicity we choose it in
such a way that the symmetric matriz M s diagonal. Note that for hy, as in

(6.14) it holds that
hy(r,q, M,v) = hy(r, Og, OMOT, Ov)

for any orthonormal matriz O, i.e. such that OOT = I For two vectors v and

vy we have

Ovy (Ov)T = O (v OT,

and for two matrices A and B we have
Tr((0OAOT)(OBO™)) = Tr(O(AB)OT) = Tr(OTO(AB)) = Tr(AB).
We now introduce the following unit vector in polar coordinates:

q COS v
Noo 1= — = , (6.18)
[ sin a

for a suitable associated angle o € [0, 27) fixed. We now express any admissible

control v € A as

v=1y € A<= 1y =1 — ng Qnyg, (6.19)
where
cosf —sinf| |cosa cos(f + o)
ng = Rogneo = = , for 0 € ]0,2m).
sinf  cosf sin « sin(f + «)
(6.20)

Using (6.19), we can rewrite all the admissible control v € A as

sin?(0 + ) —sin(f + a) cos(0 + «)
vg:=Is —ng@mng =
—sin(0 + «) cos(0 + ) cos?(0 + )

(6.21)
Moreover vy = vgyr, then we can restrict our attention to 6 € [0, 7).

It is also easy to check that vy is indeed an admissible control-matrix, in fact
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it is a symmetric projection matrix, in fact: vy = 1/9T , which trivially implies

I/ng = Vg. Moreover for any generic vector ¢ € R?, we have

2
viq = ve(q —ng < ng,q >) = vgq— < ng,q > (ng — ng < ng,ng >) = 4.

Given a diagonal matrix M as in (6.17), and using that vy is symmetric and a

projection matrix, then
Tr(vgvd M) = Tr(viM) = Tr(veM) = M\ (vp)11 + A2(v0)22, (6.22)

where by (v9);; we indicate the coefficient in position (4, j) of the matrix vy.

The next remarks will be useful for the later proofs of the main results.

Remark 6.15. Given any admissible control vy, expressed by (6.21), for every

given vector q € R?, we have
Voq =q —ng < Ng,q > .
Remark 6.16. For all ¢ € R?, we deduce
Tr(vpvg qq") = Tr(veg @ voq) = veq|*. (6.23)
Remark 6.17. Given any q € R? and by using (6.23), we have
weql?=|ql>—2< q,ng >< q,n9 >+< q,n6 >>= |q*— < q,ng >>.
We can now find the structure of the optimal controls for large p.

Theorem 6.18. Let us consider the p-Hamiltonian H), introduced in (6.13).
Fized r, ¢ and M and assume that ¢ # 0 and that M is a diagonal matriz as
in (6.17). Then, for large p, the optimal control is U = vy, where vy is defined
in (6.21) and

H—C;+O<;>, (6.24)
with C = %, C1 = (M —A2)sin 2a, « is defined in (6.18), and Cy = 2r~Y|q|? >
0.
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Proof. By (6.22) and Remark 6.17 we can rewrite the function h, introduced
in (6.14) as

hp(T7QaM7 V@) = _(p - 1)r_1(|Q‘2_ < gq,nyg >2) (625)

+ M (v0)11 + A2(vp)22, (6.26)

where vy is any admissible control expressed as in (6.21). We observe that the

first term in (6.25) can be written as
~(p = Dr 7 (lal*~ < ng,q >?) = —(p = 17 Mg (1= < np, no >?),

where no is the vector introduced in (6.18) (remember that n., depends on

the fixed vector ¢). Then h, becomes
hy(z,r,q, M,vg) = (p — 1) g|*(1— < ng, noe >2) 4+ A sin?(a + 0) + Mg cos®(a + 0).

Recalling the definitions of ne and ny, given respectively in (6.18) and in

(6.20), we compute

< Ny, Moo >2 = (cos(a 4 0) cos a + sin(a + ) sin a)?

2 2

= (cos? avcos @ — sin «v cos asin 6 + sin o cos asin @ + sin? o cos 6)

2

= (sin® a + cos® )% cos? 6 = cos? 6.

Thus 1— < ng, ne >2= 1 — cos?# = sin?#, and the function hy, simplify as

below:

hy(z,7,q, M,vg) = —(p — 1)rt|g|* sin® @ + A1 sin?(0 + @) + Mg cos*(0 + a).
(6.27)
We need to find the supremum of h, among all the admissible controls, i.e.
among all # € [0, 7), hence we look at the stationary points.

For sake of simplicity, fixed x,r, q, M, we introduce the following notation:

fp(e) = hp(xv rq, Ma VG)-
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Taking the derivative, we find

fo(0) = —2(p - 1)r~Yq|*sinf cos 6 + 2(A\; — A2) cos(a + 6) sin(a + )
=—(p—1)r Ygl*sin20 + (A1 — Az) sin(26 + 20v).

Note that for large p the stationary points occur for  near 0 or 6 near 7.
Looking at the function f, we can see that for § ~ 0 we get the maximum
while for 0 ~ 7 we select the minimum. To find the zero of fz’, we introduce
a suitable linearisation for the derivative function f,. The previous remark

suggests us the following ansatz:
o="
p

'2 as p — +00,

cos <ﬁ> = 1+O<12) and sin (ﬁ) :9—|—O<13).
b p b p

Using the ansatz 0 = and the above Taylor’s expansions, f’ can be rewritten

We are now going to use the Taylor expansion of cos = > 5 and sin

10 === Yal* (0 +0 (1/p"))
+ (M = X2) (sin2a (1 + O (1/p?)) + cos2a (6 + O (1/p?)))

1
=—Clp—-1)0+ (M —)\g)sin2a++9c032a+0<2>,
p

where C' = r~!|g|?. Then, for p large, f;(0,) = 0 if and only if

(A1 = Ag)sin2a 1
9p_C(p—1)—cosQa+O p?)’

Now, we set C1 = (A1 — A2) sin2a, Cy = C = r~Y¢|? and C3 = —2C — 2 cos 2a,

then we can rewrite 6, in the following more compact form:

0 — Ch _ Cy Gy 1
P Cop+ Cs Cg(%p—!— 1) e C2p—|—1

(6.28)

Finally set x = 02 , to conclude we need to need only to apply the Taylor’s
C3p
1

expansion, near x = 0, for the function T o 7 (that is ;55 =2+ O(z 2)),
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then (6.28) can be rewritten as

& low o)) =25+ o(s)
0,= L= 10(=)|=C-+0(=),
POy [ Cop p? p p?
with C' = &t 805:C+O<;>.

O]

Let us now make a few remarks on the previous result on some special

cases.

Remark 6.19 (Case \; = \2.). Note that \y and )y are the eigenvalues of

the matriz of the second order derivatives. Whenever A\ = Ay =: A, then
fo(0) = —(p — 1)r~*|g|*sin® 6 + A,

the obuviously, for all p > 1, the maximum is attained for 6 =0, This implies
that in this case, at non characteristic points (i.e. |q| # 0), the optimal control
for the p-problem is actually the same of the optimal control for the limit
problem p = 400, i.e.

v = Iy — ng ® no,
where ng is the horizontal normal, see [22] for more details for the case p = +00.

Remark 6.20 (Case a =0or a=7.). Ifa € {0, %} again the mazimum s
attained in 0 = 0. Remember that the case o = 0 corresponds to the case case
where the horizontal gradient in R? point is (1,0)!, then the horizontal normal
points in the direction of the first vector field X1, while in the case oo = 3 the

horizontal normal points in the direction of the second vector field Xs.

To conclude this section let give the general result, removing the additional

assumption of M diagonal.
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Theorem 6.21. Let us consider the p-Hamiltonian H), introduced in (6.13).
Fized r, q and M and assume that ¢ # 0. Then, for large p, the optimal control

is U = vg, where vg is defined in (6.21) and

+ o<12>, (6.29)

p

0=C

with the constant C depends only on the variable r, q¢ and the eigenvalues
of the matriz M. Note that the expansion is only valid for plq|? large. For
plq* = O(\1) see Section 7.

Proof. This follows immediately by Theorem 6.18 and Remark 6.14. O

Case ¢ = 0: characteristic points.

In the case that ¢ = 0 the function h,, is simplified and it does not depend

on p. In fact it has the form
hy(r, 0, M, v) = h(M,v) = Tr[vw’ M].

Furthermore we observe that we can generate a general admissible control
starting from the rotation of a generic unit vector. For sake of simplicity (see

Remark 6.23 later) we fix as starting vector

1
Noo 1= ,

0

and we rotate it by a rotation matrix R(#) as follows:

cosf —sinf| |1 cosf
ng := R(0)n = = ,
sinf cos@ 0 sin 6

where 6 € [0,27). We define the admissible control as

sin? @ —sinfcosf
vg =1 —ngQng = . (6.30)
—sinfcos @ cos2 0

Then, by recalling that vy is a projection matrix we obtain immediately

hy(r,0, M, vg) = M\ sin? 0 4+ \g cos? 6.
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Theorem 6.22. Let us consider the p-Hamiltonian introduced as in (6.13),
vy defined as in (6.21) and fixred v, ¢ and M. Let us denote by A, A2 the
eigenvalues of M. Assume that ¢ = 0. Then, for all p > 1, the optimal control
for the p-Hamiltonian is independent on p and it is given by v = v5 where the

control is defined in (6.30) and

0= g whenever Ay — Ay > 0,

0 =0 whenever \j — Xz <0,

while for \i = Ag =: A, hy(r,0,M,vg) = X is constant so all possible angle 0

are assoctated to optimal controls.

Proof. First recall that by Remark 6.14 we can assume that M has the diagonal
form given in (6.17). For fixed  and m and denoting h,(r,0, M, vy) =: f(6),
we look at the stationary points for the case A\; # Ao. Taking the derivatives,

we have

f(0) =2\ sinf cos O — 2Xgsinf cos § = 2(\; — A2)sinf cos @

= ()\1 — )\2) sin 26. (631)

If Ay = Ay we obtain that f/(#) = 0 for all 6 € [0,27), i.e. the function f is

constant. If \; # Ao we note that
. km .
sin20 =0 <=0 = - with k € {0,1,2,3}. (6.32)

In order to find the maximum values for A\; # Ay we can easily compute the

second derivatives, that is
17(0) = 2(A1 — X2) cos 26. (6.33)
so the stationary points in [0,7) are § = 0 and 6 = 5. Then

1. for Ay — A2 > 0 it holds true f”(5) = —2(A1 — A2) < 0.
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2. for Ay — A2 < 0 it holds true f”(0) = —2(A; — X\2) <0,

and this concludes the proof.

O

Remark 6.23. An easy computation shows that the optimal control is inde-
pendent on the choice of the staring vector nso. In fact, choosing a generic unit
vector N, = (cos a,sina)” we would have got the control in the form given in
(6.21) and the same results found in Theorem 6.22 for the angle 6 + «, then

the optimal control would be exactly the same.

Remark 6.24. [t is instructive to compare this with the formula derived in
[22], i.e. v = Iy —a® a where |a| = 1. There, in characteristic points,
we get a projection on the on the eigenspace of the minimal eigenvalue for
subsolutions and on that of the mazimal eigenvalue for supersoutions. Here
we see: The optimal control in a characteristic point is not unique if both
etgenvalues are equal, otherwise it is the projection on the eigenspace of the

maximal eigenvalue.

6.7 Numerical computations and illustrations

In this section we give some computed examples for the optimal control
to illustrate the behaviour of the controlled random walk, in particular in the
vicinity of critical points.

Consider the m-periodic function f, from (6.27). First note that ¢ and p
appear only as plq|?, so f, can be expressed as a function of p|g|®. This means
that in the following graphs the limit p — oo corresponds to a scaling in the
|g|-direction. Moreover |g| — 0 means moving towards a characteristic point,
p — oo away from it. As r~! appears only multiplying p, we see that local
convergence does not depend on the choice of the level set function. This is to

be expected, as the limit evolution is geometric. Moreover, note that r, the
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Figure 6.1: f1(f) for p = 10 and o« = 0.

value function, is constant on a level set. First let us consider Figure 6.1, which
plots f, for p =10, « =0, A\ =1, Ay =0 and r = 1. The ¢;-axis points in the
direction of eigenvector corresponding to the eigenvalue A;. Geometrically this
means that the projected horizontal eigenvector points exactly in the direction
of the largest eigenvalue of the horizontal Hessian. In this case we see that for a
distinct value of ¢ the maximum jumps from 0 to 7/2, corresponding to either
maximizing the second term in f,, i.e. making |sin(#)| = 1, or maximizing the

first term, making sin(6) = 0.
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Figure 6.2: f199(0) for p = 100 and a = 0. We remark that the function goes
faster to —oo.

Figure 6.3: On the left f19(0) (i.e. p = 10) for a = 0, on the right for o = 7/4,
the branch of maximizing 6 is in both cases in blue. Note that the maximising
angle is discontinuous in the left picture and continuous on the right picture.

For o # 0, however, there is a continuous branch of maximizing angles. The

situation is illustrated in Figure 6.2.

It turns out that the case on the left, where the g-vector points in the dir-
ection of the eigenvector with the largest eigenvalue of the horizontal Hessian,

is the only case where such a singularity occurs. Here, in the limit p — oo,
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for the critical point, the optimal control is projection on the eigenspace for
the maximal eigenvalue, i.e. parallel to ¢, while immediately away from the

critical point the optima control projects orthogonally to q.

We see in Figure 6.3 that this vortex-like discontinuity occurs for @« = 7

(equivalent to o = 0) for small (non vanishing) |q|.
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Figure 6.4: Direction of optimal control (i.e. allowed direction of motion of

the controlled process) for p = 10, M

diag(1,0). Note the singularity when

1. In this regime, the asymptotic expansion of Section 6 is

A= Ao =

lq|*p
not valid.

For A\; = A9, this discontinuity is moved into the characteristic point, see below

the case of the unit sphere (see Figure 6.5).

Finally, in order to illustrate the convergence of the optimal control, we

plot in Figure 6.4 for the same parameters an entire period for both p = 10

and p = 50.
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0.5 0 0.5 1 15 2 25 3 3.4 0.5 0 0.5 1 15 2 25 3 3.5
lal lal

Figure 6.5: Direction of optimal control (i.e. allowed direction of motion of
the controlled process) for M = diag(1,0), i.e. Ay =1 and Ay = 0. On the left
picture: p = 5; while on the right picture: p = 30.

Let us apply this to two specific surfaces, the unit sphere centred at (0,0, 1)
and and ellipsoid with same center, but given by 222 + y? + (z — 1)? = 1. Due
to the lower symmetry, the singularity of the control field for the ellipsoid is
moved away from the characteristic point and clearly visible. We have plotted
the horizontal normal as dashed line and the control field as solid line, both in a

3-dimensional perspective and the projection of the vectors on the x — y-plane.
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Figure 6.6: Direction of optimal control (solid) and horizontal normal (dashed)
for the unit sphere with characteristic point (0,0,0). On the left these vectors
are represented in 3D, while on the right we see their 2D-projection on the
x — y-plane (for p = 5).

0.06
0.05
0.04
0.03
0.02

0.01

0.3

Figure 6.7: Direction of optimal control (solid) and horizontal normal (dashed)
for the ellipsoid 222 + y? + (2 — 1)? = 1 with characteristic point (0,0,0).
On the left these vectors are represented in 3D, while on the right we see
their 2D-projection on the x — y-plane (for p = 5). The arrow points out the
singularity. At this point, the horizontal normal points in the direction of an
eigenvector of the horizontal Hessian.



Chapter 7

Optimal controls for the H!

approximated

7.1 Introduction

The evolution by mean curvature flow (MCF) has been studied extensively
and it has many applications in image processing, see e.g. [13]. We say that
a hypersurface evolves by MCF if it contracts in the normal direction with
normal velocity proportional to its mean curvature. It is well-known that
this evolution may develop singularities in finite time. To deal with such a
singularities, many generalised approaches to study this evolution have been
developed. In 1991, Chen, Giga and Goto [11] and, independently Evans and
Spruck [31] introduced the level set approach, which consists in studying the
evolving hypersurfaces as level sets of (viscosity) solutions of suitable associated
nonlinear PDEs. In this paper we are interested in a degenerate version of
this evolution, called evolution by horizontal mean curvature flow (HMCF):
we consider a hypersurface embedded in a sub-Riemannian geometry, then
the evolution contracts in the direction of the so called horizontal normal
proportionally to its horizontal curvature. We consider the level set approach

which is now associated to a parabolic PDE, which is far more degenerate than

155
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in the standard case. The approach here is to interpret the solution of the
level set equations as value function of suitable associated stochastic control
problem: this approach has been developed by Cardaliaguet, Quincampoix
and Buckdahn in [27] and contemporaneously but independently by Soner
and Touzi [49] for the standard (Euclidean) case and generalised then by Dirr,
Dragoni and von Renesse in [22] for the horizontal mean curvature flow in
general sub-Riemannian structures. The horizontal mean curvature flow is
a generalisation of the Euclidean mean curvature evolution to hypersurfaces
embedded in sub-Riemannian structure. This evolution has been studied
with different approaches by several authors. In particular in this chapter
we focus on the stochastic approach in [22] together with the Riemannian
approximation approach used e.g. in [13], [14]. In this chapter we will study
the optimal control of approximated Riemannian problem and we will look the
relation which exists between these controls and the sub-Riemannian ones in

the Heisenberg group.

7.2 Preliminaries

The Heisenberg group

We briefly recall some basic geometrical definitions, which are key for the
purpose of the paper. For more definitions and properties on sub-Riemannian
geometries we refer to [4], and to [42] for the specific case of Carnot groups (see

Chapter 1 for further details). We start giving the definition of the Heisenberg
group.

Definition 7.1 (Heisenberg group). The 1-dimensional Heisenberg group is
the sub-Riemannian structure induced on R3 by the vector fields

1
Xi(z)=1 0 and Xo(x)=| 1|, Va=(x1,12,23) R

e}

S
ol
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For a formal definition of the Heisenberg group and the connection between its

structure as non-commutative Lie group and its manifold structure we refer to

[4]

For later use we also introduce the matrix associated to the vector fields

Lo -y :
o(z) = , Va=(r1,x9,23) € R". (7.1)

01 o

We now introduce the Riemannian approximation of the Heisenberg group,
which is crucial for our results (see [4] for further details). It is possible to
complete the distribution H by adding a vector field X3, so that X7, Xs and
X3 together generate the whole R? at any points. The geometric structure
induced on the (Euclidean) R? by the vector fields X1, X5 and ¢ X3 for all
€ > 0 is called Riemannian approximation of the Heisenberg group: in this
case

X3(z) = (0,0,1)7, VazecR?

and the associated matrix is

1 0 —%
oe(z)= (0 1 & |, Vo= (2,223 € R3. (7.2)
0 0 =«

This technique is called Riemannian approximation since, as ¢ — 0, then
the geometry induced by Riemannian approximation converges, in sense of
Gromov-Hausdorff (see [36] for further details), to the original sub-Riemannian

geometry (as showed, as example, in [13]).

Evolution by horizontal mean curvature evolution

Given a smooth hypersurface I' C R3, we indicate by ng(x) the standard

Euclidean normal to I" at the point x (for further details see Chapter 4).
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Definition 7.2. Given a smooth hypersurface I', the horizontal normal for
the Heisenberg group is the renormalized projection of the Euclidean normal
on the horizontal space, i.e.

a1 () X1 (x) + ag(z) Xa(x) ‘

af(z) + a3 (x)

no(r) = (7.3)

The main difference between the horizontal normal and the standard
Euclidean normal is that the first may not exist even for smooth hypersurfaces:
in fact at some points the horizontal normal is not defined meanwhile the
Euclidean one exists. These points are called characteristic points (see e.g.
[22] for further details). All compact hypersurfaces in the Heisenberg group
have at least one characteristic points, so such points are unavoidable.

We recall that for every smooth hypersurface the mean curvature is defined
as the divergence of the Euclidean normal. Similarly, for every smooth hyper-
surface, we can now introduce the horizontal mean curvature as the horizontal
divergence of the horizontal normal.

Obviously the horizontal mean curvature is never defined at characteristic
points, since there the horizontal normal does not exist. It is possible to
adapt the definition of mean curvature flow as stated in [28] to the case of
Carnot-type geometry (for further information we refer to [22]). The evolution
by horizontal mean curvature flow (briefly HMCF') describes the motion of a
hypersurface contracting with normal velocity proportional to the horizontal
mean curvature. Exactly as for the corresponding Euclidean motion, this
evolution develops singularities and needs to be interpreted also at points
where the horizontal mean curvature is not defined. For sake of simplicity in
this paper we focus only on the case of the 1-dimensional Heisenberg group, so
all definitions and notions are written adapted to this simpler case. Consider

a hypersurface I' parametrized as zero level set, i.e.

I = {z € R¥g(z) = 0},
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for some continuous function g : R? — R. We say for ¢ > 0 a hypersurface I';
is a generalised evolution by horizontal mean curvature flow of I' if I'g = I°
and Ty can be parametrized as the zero-level set of a (continuous) function
V [0, +00) x R3 — R which solves in the viscosity sense

V= Tr(@V)) = (VY S T )

_— 7.4
AV AV (74)

where X'V is the so called horizontal gradient, that is
XV = (X1V, Xo V)T
and (X2V)* is the symmetrized horizontal Hessian, that is

((XQV)*)ij — Xl(XJV) ;XJ(XZV)

with 4,j = 1, 2.

Similarly one can introduce the same evolution and the corresponding level set
approximation for the Riemannian approximation of the Heisenberg group: in
that case one has to replace in the PDE (7.4), the horizontal gradient and the

symmetrized horizontal Hessian, respectively, by
XV = (X1V, XoV, e X3V)T

and
Xf(XJ?V) + X;(XfV)

2
with X7 = X1, X5 = X5 and X§ = X3, for every ¢ > 0.

(X=2V) )y =

with 4,j = 1,2,3,

Associated stochastic control problem

As proved in [27] [48], [49] for the Euclidean and Riemannian cases and
in [22] for the horizontal (sub-Riemannian) case, it is possible to connect the
evolution by mean curvature flow to the value function of suitable associated
stochastic optimal controlled dynamics. This allow to find a stochastic rep-
resentation for the viscosity solution of horizontal mean curvature. Next we

recall the main ideas of such approach. Let (Q, F,{F;}i>0,P) be a filtered
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probability space, B; is an i-dimensional Brownian motion adapted to the
filtration {F;}1>0 with ¢ = 2,3, we recall that a predictable variable is a time-
continuous stochastic process {&; }+>0 defined on the filtered probability space
(Q, F, (Ft)e>0,P), measurable with respect to the o-algebra generated by all
left-continuous adapted process. Given a smooth function g : R® — R (which
parametrizes the starting hypersurface at time ¢ = 0) we introduce the function

V :[0,T] x R?® — R defined as

V(t,x) := inf esssup g("""(T)(w)), (7.5)

veA we

and 4" is the solution of the stochastic dynamic
g™ (s) = V20T (47 (5))v(s)dBa(s), s € (1,71,
ghev(t) =,
where the matrix o is defined in (7.1) and
A={v:[t,T] = Sym(2)|v >0, I —v* >0, Tr(l —v*)=1}.  (7.6)
Similarly, for € > 0 we introduce the function V¢ : [0,7] x R?* — R defined by

VE(t,z) := inf esssup g(&L""(T)(w)), (7.7)
veA; we

taw :
where £ is the solution of

dé,ﬂ:,l/l(s) — ﬂag(éé’z’yl (s))vi(s)dBs(s), s € (t,1],

ST(t) = =,
o¢ is the matrix defined in (7.2) and
Ay ={v : [t,T] = Sym(3)|v >0, I3 —v*> >0, Tr(ls —v*) =1}. (7.8)

It is possible to show that the functions V and V¢ solve in the viscosity sense

respectively the level-set equation for the evolution by HMCF and the level set
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equation for the Riemannian approximation of the HMCF (see [22, 26]). Note

also that the sets of controls (7.6) and (7.8) can be rewritten respectively as
A={lve A =Co{lb—a®a|lacR?® |a] =1},

and

A= {2 e A}y = Co{ls —awal aecR® [a =1},

see [27] for more details.
Next we introduce the p-regularising approximation of the functions V' and

Ve

Definition 7.3. Forp > 1, the p-value function associated to the value function

(7.5) is defined as

Vylt,@) = inf E[lg(6"™")(T)(w)/"].

and similarly we can introduce the following e-p-reqularising function, that is

the p-value function associated to the value function (7.7),
— 1 t7 ) 1
Viltw) = inf Ellg(el ) (T)(w))F.
The function V), solves in viscosity sense the following PDE:

(7.9)
V(T z) = g(), zeR3
where
Hy(z,q, M) :=sup | — (p— V)r TrivvTqq"] + Trivv" M]|, (7.10)
veA

see [27]. Similarly for e > 0 and p > 1 fixed, V;; solves in the viscosity sense

_ € € € 217€) — 3
(Vy) + Hy(z, DV, D*V;) =0, t€(0,T), x € R", (7.11)

Vo (T, z) = g(x), zeR3
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where

H;(x,r,q, M) := Hp(x,r,qc, M.) = su}l) —(p—1)r Y TrvvT qq |+ Tr[v™ M|,
veAr
(7.12)
where A; is given in (7.8) and, for all ¢ = (q1,¢2,¢3)7 € R3 and M =
(Mij)zg,jzl € Sym(3),

a My Mg eMs
ge 1= Q2 and Mg = M12 MQQ EM23 . (713)
£q3 eMyz Mz *Mss

7.3 Optimal controls for the s-p-regularised mean

curvature flow

In this section we want to study the e-p-Hamiltonian (7.12), which is an
approximation of the Hamiltonian studied in [26, 21]. The aim of this paper is
to find the asymptotic structure for the optimal controls of the e-p-Hamiltonian
H;, for large p and small €. For sake of simplicity we focus on the following

specific subsequence

1
e’ In(p)p*(p— 1)

e=¢(p) = (7.14)

Remark 7.4. The reason of such a choice for e(p) is that we want to use
the asymptotic results proved in this paper to show the convergence of the
Riemannian approximating value function V¢ to the value function V solving
the horizontal mean curvature flow, see [26]), where the same exact subsequence
is introduced. For all the results (both in this paper but also in [26]) this
particular choice of €(p) is not relevant and the proofs work for any e = £(p)

as soon as

lim e(p)%(p — 1) = 0.

p—0o0

We remark that £(p) in (7.14) satisfies this condition.
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‘We now introduce the function

hy(z, 7, q, M,v) := hp(x, 7, qe, Meyv) = —(p — Dr " Trivvt goqf |+ Trlvv? M,
(7.15)
where ¢. and M, are defined in (7.13). The e-p-Hamiltonian introduced in

(7.12) can be rewritten as

Hy(z,r,q, M) = Vseufl hy(z,7,q, M, v). (7.16)

Remark 7.5. Trivially, for q1, q2, g3 € R and € > 0
P =d+@+a@#0 = el =dq +a+G#£0.

To find the asymptotic structure of the controls we need to consider the

following three different cases:
Case A: ¢ +¢3 #0,
Case B: ¢? + ¢3 =0 and g3 # 0,
Case C: ¢i + 5+ q3 = 0.

Note that the case B corresponds to the case of characteristic points for the
horizontal problem, which are not degenerate for the correspondent Rieman-
nian approximation; see [22] for more details on the optimal controls for the

horizontal problem and the behaviour at characteristic points.

Case A: ¢ +¢2 # 0.

Let us recall that, given any generic vector g = (q1, q2, O)T € R3, we can

associate to it an unit vector

q1

q%-i—q% COoS
oo
Neo i= — = | —2__ | = |sina 7.17
7 Jgool a;+a3 7 (7.17)

0 0
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for some suitable « € [0, 27).

Since ¢ is the variable associated to the gradient, the vector ns corresponds to
the optimal control for the case p = 400 and € = 0 (see [21] and [22] for more
details on this claim). In order to express a generic admissible control, we can

rotate the vector n, thus we can write any generic unit vector in R? as

1 0 0 cosf —sinf 0| |cosa cos(0 + o)
0 cos¢ —sing| [sinf cosf 0 |sina| = [cospsin(f+ a)| =: Ngp-
0 sing cos¢ 0 0 1 0 sin ¢ sin(f + «)

(7.18)
Note that we use the notation ny ¢ to highlight the dependence on the rotational
angles 6 and ¢, while « depends on the gradient variable via (7.17). Using the
approach first developed in [22] for the horizontal case, we are ready to prove

a first asymptotic result for the optimal controls of Hj.

Theorem 7.6. Fized p > 1 and ¢ = <(p) as in (7.14), and consider the
Hamiltonian H, introduced in (7.16) with r € R, ¢ = (q1,92,q93)7 € R? and
M € Sym(3). Assume that g3 + g5 # 0. Then, for p sufficiently large, the
)

optimal control of Hg(p is given by v, = V3,3, with

5= C+ o(;)
(7.19)

5,=0( )

where C' is a constant depending only on r, q, and M.

Proof. Without loss of generality, we can assume that the matrix M is diagonal,

i.e. there exist A1, A2, A3 € R such that

A 0 0
M=1]10 X 0], (7.20)
0 0 X3

see Remark 6.1, for details on this claim. This trivially implies that M, is

diagonal as well (see (7.13)). Recall that the admissible controls are projection
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matrices, thus by using the previous rotation argument to express all unit

vectors in R3 by (7.18), we can deduce that
veAi = vge=1I3—ny9Qngy (7.21)
for some 6 € [0,7) and ¢ € [0,27), which implies
(Vos)11 = 1 — cos?(6 + @), (Va,p)22 = 1 — (cos psin(0 + a))?,

(v9,4)33 = 1 — (sin ¢psin(f + a))Q,

where by (19,4)i; we indicate the coefficient in position (4, j) of the matrix vg 4.

Moreover, for any generic vector ¢ € R3, we have

(v9.6)°0 = vo,6(q — no.p < Mg, q >) = Vo,64.

By using the diagonal matrix structure of the matrix M., and that vy 4 is a

symmetric projection matrix, we can easily deduce

Tr(vg, v o Me) = Tr((vo,p)* M) = Tr(vpeM.)

(7.22)
= M (Vo,6)11 + A2 (vg,0)22 + €2 A3 (vg,6) 33
Let us recall that the vector g. can be written as
cos 3 cos «
¢ = |cosfsina | |g| = nilal, (7.23)
esin g

g3

where « is defined by (7.17) and $ is associated to the third component ol

Note also that

<Ny, Ngp > = esinfsin ¢ sin(d + «) + cos Bsin a cos g sin(f + a)

+ cos S cos acos(f + a), (7.24)
Recalling that (7.15) can be rewritten as

hy(r, g, M, vg) = —(p—1)r " (|ge |- < ges no.g >2HA1 (V.6) 11002 (V) 22t A3 (V.0) 33,



166 CHAPTER 7.

which implies, recalling (7.23) and (7.24)

hi (7,0, M, v.9) = —(p = D)r~g|*[(cos® B + £” sin” )

— [e(sin Bsin ¢ sin(f + «)) + cos B sin a cos ¢ sin(f + a) + cos B cos acos(h + a)]?
+A1(1 = cos?(6 4 ) + Ao (1 — (sin(f + ) cos $)?) + £2A3(1 — (sin sin(0 + a))?).
Following the approach in [21] we compute the stationary points which are
indeed the points realising the supremum (see [21] for more details on this

claim). Let us define the function f;(0,¢) := hy(r, q, M vy ¢), for r, ¢, M fixed.

In order to computing the gradient we have to compute the partial derivatives

of f7(6,9):
8f;§(§Za ?) =2(p — 1)r~tiq|? ((5 sin B sin ¢ sin(f + «) + cos [ sin a cos ¢ sin( + «)

+ cos Bcosavcos(f + a))) (sin Bsin ¢ cos(f + ) + cos Bsin a cos ¢ cos(6 + )
— cos S cos asin(f + a))) + 2(=A1 4 Ag cos? ¢ 4+ Aze?sin? ¢) cos(f + ) sin(f + a),
and

9f5(0,9)

¢
+ cos 3 cos a cos(0 + a)) (6 sin B cos ¢ sin(f + «) — cos S sin asin ¢ sin(0 + a)))

=2(p—1)r g <(€ sin B sin ¢ sin(f + «) + cos Ssin a cos ¢ sin(6 + «)

+ 2(=A2 4 £%)A3) sin ¢ cos ¢ sin? (04 ).
Since we are looking for the supremum of the Hamiltonian (7.16) as p — oo,
we need

Tim ( — pr g2 (ISP < i, o > )) > oo,
which, by using r~!|q|? > 0, implies

nSl? =< ni.nse >,

ie.
cos? B+ e?sin® B = (cos B cos acos(f + ) + cos Bsin a cos ¢psin(f + a))?
+ 2¢(cos S cos acos(f + a) + cos fsin acos ¢psin(f + «))(sin B sin ¢ sin(6 + «))

+ £%(sin Bsin ¢ sin(f + a))?.
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Taking ¢ — 0T, we can deduce
cos? B = (cos B cos acos(f + a) + cos Bsin acos psin(f + a))?,

which is verified for ¢,0 = 2km and k € N. Since 6 € [0, 7) and ¢ € [0,27), we
can conclude 0, ¢ = 0. This justifies the following ansatz:
9 =21 and o= é, where v and 0 are parameters independent from p.
! g (7.25)
For further discussion on the previous ansatz see also [21]. This simplifies
the computation to find the stationary points for H;. Recall the well-known
Taylor’s expansion of cosine and sine for % and % + «, centred respectively at

0 and a, i.e.

cos<5> —1—|—O<12>, sin<5> —5+O<12>,
p p p p p
cos (7+a> :cosa—sina7+0<12),

p p p
sin <V+a> :sina+cosa7+0<12>.

p p p

Using the ¢ = &(p) given in (7.14), we can drop the dependence on the

parameter € and introduce the notation:

7,(0,6) = £2P(0,6) = —(p — 1)r~"|q|? [(Cosgﬁ N sin? 3 2>
(erp*(p — 1) Inp)

_ (sinfsindsin® 1 o) + cos B sin accos ¢ sin(f + «) + cos B cos acos(f + ) 2
e’p?(p — 1) Inp 1
A3(1—(sin ¢ sin(6+a))?

(erp?(p — 1) Inp)?

+A1(1—cos?(0 + a))+ a2 (1—(sin(f+a) cos $)?) +
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The linearised partial derivative of ?p w.r.t. # can be written as

af, (0,

00

=0 (s (70 (p)
(simatcosaZ +0(5) ) +eossina(1+0( ;)
(sina—&-cosa;-i-O( ))+cos/3cosacosa_smap+o(p12))
i (5 +0) ) (e - nad ()
+cos5sina<1+o<p12)><cosasina;+o(p12))
_cosﬂcosa<sino<+coso¢;+O<plz)>)
+2A1(_(cosa_sma;+o(;2))<sma+cosa;+o(p12))
eon( ool +0( ) (1+0(35) )

(= (oo —medso(5)) (1+0(5))

N @Iy ot (5 +0(5)) (s +eosad +0(5))
(O R C e )
oty (s 5 0 1)) (smpmna? 0 1)
+2)\1<—cosasina+6082a; 0<p2)>

1
+2)\2<cosasinac082a7 +O(2)>
p p

=2(p — 1)r~*|q|? cos? B cos 2a — 2A1 cos asin o + 21 cos 201
p p

V)

1
4+ 2)Xg cos asin a — 25 cos 2041 + O<2>
p p
= <2(p — 1)7Yq|? cos? B cos 2a + 2)1 cos 2a — 2); cos Qa) J
p

1
+2(Ag — Al)cosasina—l—O(pz).
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Similarly one can compute the linearised partial derivative w.r.t. ¢, that is

af,(0.9)
B

_ 1 . .0 1 1
=2(p—1)r 1q|2<epln(p)pQ(p_1)<smﬁsmozp+O<pz>>+cosﬁ+0(p))
Lpln(p);z(pl)(sinﬂsina—i-sinﬁcosaz—|—O(p12)) — cos fsin? a— —i—O(pl)]

.9 0 1 23 .9 0 1
—|—2)\2(—sm ap+0<p2)> + (epln(p)pQ(p—l))Q(Sm ap—i—O(p2))
2(p1)r1q|2<c085+0<12)>(cosﬂsin2a5+0(12)>

p b b
+2)\2<—sin2a5+0<12>>+0<12>
p p p

J J 1
= —2(p — 1)r Yq* cos? Bsin? a— — 2z sin” a— + O <2>
p p p

) 1
= ( —2(p — 1)r*q|? cos?® Bsin® a — 2, sin® a) -+0 (2>
p p
Hence the stationary points can be found as solutions of the system
<2(p — 1)r~Yq|? cos? B cos 2a + 2\ cos 2a — 25 cos 2a> 2

+2(A2 — A1) cosasina + 0<p12) o,

which gives, recalling the ansatz (7.25)

(2(1) — 1)r~Y|q|? cos? Bsin® o — 2\ sin? a) % + 0(1}2) =0,
_ (Aa—X1)sin2
917 — 2r—1¢|2(p—1) cos22 Bcloss;;+o;()\1—)\2) cos 2a +0

)
o)

Set A = (Mg — A\1)sin2a, B = 2r7t|q|?cos? Bcos2a and D = 2(A\; — A\3) cos 2a —

LI

2r~Yq|? cos? 3 cos 2a, and applying Bp% =4( 5

, we can set x = BAP. Applying

Bp+1
the Taylor’s expansion for —75 near 0, that is .75 =z + O(x 2), we conclude
v A[D 1 A 1
—=—|=—+0| = 0] .
p D [Bp i (pQH By O\
Finally by taking C = 4 = QT,(l)‘lr‘;l;);))sti;f; 55, we get (7.19). O

Corollary 7.7. Let us consider the e-p-Hamiltonian Hy introduced in (7.16)
and firr €R, ¢ = (q1,q2,q3)" € R? and a matriz M € Sym(3). Assume that
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@+ q2 #0 and ¢ = &(p) is given in (7.14). Then, for p sufficiently large, the

optimal control V), is given by

51n2a—§51n2a+0(p) 551n2a—|— 0052a+0<12> OE;Q
0]

%)

Up = 251n2a+cos2a+0(12) cosla+ & Sln2a+0(12) 0]
1
(#) o) e
where « is the direction associated to the vector q by (7.23).

Proof. Let us consider a generic function f : R — R such that f(p) = O <p12>

as p — 400, then by using standard theory of limits, it holds true that,

im0 W = 1, which means that it is possible to expand the sine as

sin <O <p12)> = O<p12>, and, in a similar way, cos (O <p12>> =1- O(p12>.

By using the standard trigonometric identities for sin(f + «) and cos(f + «)

n(§e0f3))-er(5) o),

we obtain that

and
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This implies that

n9P7¢p =
1 cos(i—kO(pl2 —8111(2—&—0(;2)) 0
=10 1- sin<g+0 p% cos<§+0<p12>> 0
0 0 0 0 1
1 cos % +O(pl2 —sin (g) +O<p12> 0
_ {0 1- .
= sin % + O(pl2 Cos (g) + O(plz) 0
0 0 0 0 1
c < o) % 0
S\ p p) + p CcoS &
= |sin % > +O<p12> 0<plz> sin o
) o) el
I C o 1
cos(a+ cosaf;sma+0 >
= |sin (a + sina + % cosa+ O p% ) (7.27)
o(#)

which concludes the proof by simply computing the corresponding control in

the form introduced in (7.21). O

We next investigate the case q% + qg = 0, which corresponds to the charac-

teristic case for the limit problem.

Case B: ¢ +¢3 = 0 and ¢3 # 0.

We now look at the case where ¢? + ¢2 = 0 but |q| # 0, i.e. ¢ is not a
degenerate point for the approximated e-problem (as p — oo and for € > 0
fixed) but it is characteristic for the correspondent horizontal problem (as
p — 400 and € = 0). For more details on the case of characteristic points we
refer to [21]. The difficulty here is that now we cannot anymore use as starting

unit vector % (in fact |goo|? = 0, then the unit vector is not defined). We
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instead rotate a generic 3-dimensional unit vector such that the projection on

x3 = 0 does not vanish, i.e.

cos «
No = |sina |, for some generic a € [0, 27). (7.28)

0

Similarly to the previous case, we can write all the unit vectors in R3 as

rotation of nee, i.e.

cos¢p 0 sing cosf sinf Of [cosa cos ¢ cos(f + )
N0 = 0 1 0 —sinf cosf 0O [sina| = sin(f + «)
—sing 0 cos¢ 0 0 1 0 —sin ¢ cos(0 + «)
(7.29)

for ¢ € [0,7) and 0 € [0,27). Note that now « is an additional parameter for
the problem even if we do no highlight this dependence in the notation and it
does not depend on any fixed variables for hg, i.e. it is independent of 7, g, M.

Then all admissible controls in A can be written as

1—(ngg)i  —(noe)i(nog)2 —(nog)i(neg)s
Vog =13—no6Qngp = | —(ngg)i(nog)a 1 — (neg)3 (19,6)2(n0,6)3 | >

—(no,6)1(no.g)s —(nog)2(neg)s 1 —(ngg)3
(7.30)

for § € [0,7), ¢ € [0,7) (here we have used that vp4 = Vg1 ¢ in order to

restrict to 6 € [0, ) since a priori 6 € [0,27)).

Remark 7.8. The choice of using a generic vector ny is coherent with the

fact that, at characteristic points, the optimal control is given by

sin? o —sin o cos «

—sin o cos « cos? a

for all « € [0,27), i.e. every admissible control is optimal, see [22] for further

details on this point.
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We are now ready to prove the following result.

Theorem 7.9. Let us consider the Hamiltonian H, introduced in (7.16) and
firr €R, ¢ =(0,0,q3)7 € R® with g3 # 0 and M in the diagonal form given
in (7.20). We assume that € = &(p) satisfies (7.14). Then the optimal control

v can be asymptotically expressed, for p large enough, as follows

1. If A1 > 0 and Ao > 0, we have

1 0 0
v=101 0 (7.31)
_O 0 0_
2. If M1 > Ao and Ao < 0, we have
1 0 0
7=10 0 0 (7.32)
0 0 1]
3. If A\ < Ao and A\ < 0, we have
0 0O
7=10 1 0 (7.33)
0 0 1
4. Finally, if \1 =X =X <0,
sin?(6 + «) —sin(f + a)cos(fd +a) 0
V= |—sinfcos(d + «) cos?(0 + «) 0 (7.34)
0 0 1

Note that in the case A1 = Ao = A < 0, the optimal controls are not

unique (see later Remark 7.10).

Proof. By assumption (7.20), we deduce M. = diag(A1, \2,e2)3) for some
A1, A2, A3 € R, which implies

h;(r, ¢ M,vg ) =—(p— 1)7“_1526]%(1 — sin? d>cos2(9 + a))

+ M (Vo)1 + X2 (Va.g)a2 + €2 X3 (Ve.¢)33, (7.35)
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where hj, is defined as in (7.15). By using (vgg)11 = 1 — cos? ¢ cos? (6 + ),

(Vg,p)o2 =1 — sin?(6 + o) and (Vo,6)33 =1 — sin? ¢ cos?(0 + a), we can deduce
hs(r,q, M,vge) = (A3 — (p — 1)r~'q3)e*(1 — sin® ¢ cos®(0 + o))
+ A1(1 — cos® pcos?(0 + ) + Aa(1 —sin®(0 + ). (7.36)

Fix a and ¢ and let us define f5 (0, ¢) := hi(r, q, M, vy ). To find the stationary

points we need to compute the partial derivatives:

af;a(z’@ =2\ —(p— 1)r‘1q§)52 sin? ¢sin(0 4 ) cos(f + )

+ 2X1 cos(8 + a) sin(f + a) cos® ¢ — 2o sin(f + a) cos(6 + a)
= (()\3 —(p— 1)7"_1q§)52 sin® ¢ + A cos® ¢ — )\2) sin2(6 + «),

and

W;{;Z,@ = —2(X\3 — (p — 1)r~'¢3)e? cos ¢ sin ¢ cos® (0 + )

+ 2\ cos ¢sin ¢ cos? (6 + a)

= <((p —1)r g3 — )\3)62 + )\1> sin(2¢) cos? (0 + ).

To find the stationary points is equivalent to solve the system 015 (00) _ 0 and

a0
913 (6,9)

e = 0. We first focus on the first term in 8f”8(2’¢). By using assumption

(7.14), one can easily show that, for p large enough,
(p—1)r~'e%(p) + M — £°(p)As # 0.
In fact limy,_ oo ((p — 1)r7Le?(p) + A1 — €2(p)A3) = A1, and this implies
(i): if Ay > 0, there exists p > 1 such that for all p > p we have
(p—1)r'e%(p) + M — £2(p)A3 > 0.
(ii): if Ay < 0, there exists p > 1 such that for all p > P we have

(p—1)r'e®(p) + M — 2(p)As < 0.
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(iii): if Ay =0, then (A3 — (p—1)g3r~H)e* + A1 = (A3 — (p—1)r~'¢3)e?, hence
there exists p > 1 such that A3 — (p — 1)q§r*1 < 0. Therefore the term

is strictly negative, i.e. in particular it is non vanishing.

Using the above remark, the system for stationary points can be simplified as

follows
<()\3 —(p—1)rtq3)e?sin® ¢ + A cos® ¢ — >\2> sin(f + «) cos(0 + a) = 0,
sin(2¢) cos?(6 + a) = 0.
(7.37)
The solutions of (7.37) are:

(1): If cos(0 + a) = 0, then 6 + o = § + k7 for k € N, which in our domain
means 0y = 5 — a. Note that in this case the second equation of (7.37)

is satisfied for all values ¢ € [0,7). Hence the stationary points are:
™
P = (2 - a,gb), for all ¢ € [0, 7).

(2): If sin(d + o) = 0, then 6 + o = k7 for k € N, which in the given domain
implies fy = —a. Recall also that sin(f + ) = 0 = cos?(§ + a) = 1. To
solve the second equation in (7.37) we need sin(2¢) = 0, which means

¢ =0 and ¢ = 7. Hence the other stationary points are

Py, =(—a,0) and P3= (—a, 72T>

(3): If2(p)(—(p— 1)r1g2 + A3) — A1) sin® ¢+ A\ — Ag = 0.

(3)-(a): Suppose that \; # 0, this implies

AL — Ao
(p—1)r—1e2¢2 + A\ —e2)3’

sin? ¢ = (7.38)

Let us recall that we have chosen ¢ = &(p) such that £2(p)(p—1) — 0,
as p — oo (see assumption (7.14)), that implies, for p large enough,

that
AL — Ao A9

-2 _
sin” ¢ ~ N N
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By definition of sine, it has to be 0 <1 — i—f < 1 that means

A
1< —72 < 0 which implies A; > Ay > 0 with \; #0
1

otherwise the equation (7.38) is impossible at least for large p.
Nevertheless also in the case when the identity (7.38) gives some
solutions, we get back points already considered in case (1) (for non
trivial solutions ¢ # 0) or in case (2) (for the trivial solution ¢ = 0).

Thus this subcase of case (3) can be ignored.

(3)-(b): Suppose that A\; = 0, then we get £2(—(p—1)r"1g3+)3)) sin? p—
A2 = 0. We observe that, whenever ¢ = ¢(p) satisfying (7.14), we
have

lim (sz(p)(—(p —1)r g3 + A3))sin? ¢ — )\2> = —\a.

P—00

Hence, in this case, stationary points can be found only if \; =
A2 = 0, which implies £2(—(p — 1)r~1¢2 + A3) sin® ¢ = 0. For p large
enough —(p — 1)r*1q§ + A3 < 0, so the previous identity is satisfied
only for sin? ¢ = 0, i.e. (in our given domain) ¢ = 0. Therefore in

the case A\ = A2 = 0, we find also the following stationary points:
Py =(6,0), forall 6¢€[0,n).

Hence, computing the values of the function h;, at the stationary points found
in (i)-(iii), we have to consider

s

Li(p) : = fp <2 - ¢>> =\ +e2(—(p—1)r g3 + \3) cos® ¢,
Lo(p) : = f(=,0) = da + *(=(p — 1)r~ g5 + A3),

Lg(p)::f;<—a,ﬂ-> =\ + g,

2
Li(p) : = f5(0,0) = *(—(p— 1)r~'q5 + A3), for the case \; = Ay = 0.
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For sake of simplicity, let us denote f,(0,¢) = ;(p)(g, ¢) and C(p, A3, g3, 7) =
e2(p)(—(p — 1)r~Lgs + A3), remark that

lim C(p, A3, ¢3,7) = 0. (7.39)

p—o0

Note also that

L1(p) — La(p) = A1 — A2 — C(p, g3, A3, 1) sin” ¢,

and

lim (L1(p) — La(p)) = A1 — Ao (7.40)

p—o0
Depending on the sign of \; — Ay we can deduce the sign of Li(p) — La(p) for

p large enough.

Case A: Assume Ay — Ag > 0, then there exists p > 1 such that, for all p > p, we

have

Li(p) > La(p)-
Hence it remains to check the sign of L3(p) — L1(p). We observe that
L3(p) -1 (p) = A2 — C(pv )\37 g3, T) COSQ ¢

and lim,_,oo(L3(p) — L1(p)) = A2. As consequence we have to check the

following three subcases:

A.1: If Ay > 0, then there exists p > 1 such that for all p > p, we have

Ls(p) > L1(p), which, together with L;(p) > La(p), implies

max{L1(p), L2(p), L3(p)} = L3(p).

Hence the maximum is attained at the point (—a, g), the associated

unit vector is (0,0, —1)7 and the optimal control is given by

0 0 100
v=IL—|0|®|l0o|=101 0
-1 -1 000
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A.2: If Ay < 0, there exists p > 1 such that for all p > p, we have

Ls(p) < L1(p), which, together with Lq(p) > La(p), implies

max{Li(p), L2(p), L3(p)} = L1(p).

Hence the maximum is attained at the point (g — a, gb), the as-
sociated unit vector is (0,1,0)7 and the optimal control is given
by

0 0 1 00

v=I3— |1|® 1| =10 0 0

0 0 0 0 1
A.3: If Ay =0 we cannot deduce anything from the limit, but, recalling
that L1(p) < A1, L2(p) < A2 and that, since p > 1, g3 # 0, and r > 0
(see [21] for details on r > 0), we can deduce C(p, A3, ¢3,7) < 0.

that implies

max{L1(p), L2(p), L3(p)} = L3(p)-

Hence the maximum is attained at the points (—a, %), the associated

unit vector is (0,0, —1)7 and the optimal control is given by

0 0 100
v=I3—|0|®|0|=1]010
-1 -1 000

Case B: Assume A — Ay < 0, there exists p > 1 such that, for all p > p, we have

Li(p) < La(p). Similarly the previous case, it remains to estimate

L3(p) - L2(p) = )‘l + C(pa AS»QBW)-

By using limit (7.39), we know that

lim (Ls(p) — L2(p)) = A1

pP—00

Therefore we need to consider the following three subcases.
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B.1:

If A1 < 0, there exists p > 1 such that, for all p > p, we have

L3(p) < La(p), which implies

max{L1(p), L2(p), L3(p)} = La(p).

Hence the maximum is attained at the points (—a, 0), the associated

unit vectors is (1,0,0)7 and the optimal control is given by

1 1 0 00
v=IL—10/®|0l=10 1 0
0 0 0 01

: If Ay > 0, there exists p > 1 such that, for all p > p, we have

L3(p) > La(p) which implies

max{Li(p), L2(p), L3(p)} = L3(p).

Hence the maximum is attained at the point (—a, %), the associated

unit vector is (0,0, —1)7 and the optimal control is given by

0 0 100
v=I3—|0|®|0]|=l010
-1 -1 000

: If A\; = 0 we cannot deduce anything from the limit but, recalling

that Li(p) < A1 and La(p) < A2, we deduce C(p, A3, g3,7) < 0, that
implies L1(p) < La2(p) < Ls, i.e.

max{Li(p), L2(p), L3(p)} = L3(p).

Hence the maximum is attained at the point (—a, g), the associated

unit vector is (0,0, —1)7 and the optimal control is given by

0 0 100
v=IL—|0|®|l0o|=101 0
-1 -1 000
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Case C: Assume A\; = A2 =: A. In this case we can rewrite the values L;(p) for

1=1,2,3,4, as follows
1) = £5(§ - 0.6) = A+ Cluwanrip)
Lo(p) = £;(0,0) = A+ C(A3,g3,7,p),
Ly(p) = f;‘( -a, g) =2\,
Ly(p) = f;(0,0) = C(A3,q3,7,p), for the case A = 0.
We remark, recalling that C(As, ¢3,7,p) < 0 for all p > p, and that
Li(p) = La(p) < A for all p > p.

Hence we can divide this case in three subcases.

C.1: If A > 0, for p large enough, we have
Ly (p) = L1(p) < Ls(p),
which implies
max{L1(p), L2(p), Ls(p)} = Ls(p)-

Hence the maximum is attained at the point (—a, g), the associated

unit vector is (0,0, —1)7 and the optimal control is given by

0 0 1 00
v=DL—-|0|®|l0o|=101 0
-1 -1 000

C.2: If A =0, for p large enough, we have

Ly(p) = L1(p) < L3(p),

which implies

max{L1(p), L3(p), La(p)} = L3(p).
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Hence the maximum is attained at the point (—a, g), the associated

unit vector is (0, 0, —1)T and the optimal control is given by

0 0 100
v=I3—|0|®|l0o|=101 0
-1 -1 000

C.3: If A <0, for a p large enough, we have

Ls(p) < L1(p) = La(p),
which implies
max{L1(p), L2(p), L3(p)} = L1(p) = La(p).

Then the maximum is attained at the point (6, 0) which is associated

to the unit vector (cos(f + a),sin(f + ), 0)T, so the optimal control

is given by
cos(f + «) cos(0 + o)
v=1I3— [sin(f +a)| ® |sin(f + «)
0 0
sin?(6 + «) —cos(@ + a)sin(0+a) 0
= | —cos(0 + o) sin(0 + «) cos?(0 + a) 0
0 0 1

F—a, (b) , which

The maximum could also be attained at the point (
5 —a.

is just a particular case of the case above for 6 =

O]

Remark 7.10. Note that, even if the optimal controls for the case Ay = Ay = A

are not unique, the value of the function (7.35) associated for all controls (7.31)
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does not depend on the angle 0 + «; in fact:
hy(r, g, M, D)

= ¢? ()\3 — (p— 1)r g5 (1 — sin® p cos®(0 + a))) + Asin?(0 + a) + Acos? (0 + )

2 (Ag ~(p = Dr g3 (1 = sin® peos”(0 + a>)> o

Case C: ¢} + 2+ ¢35 =0

It remains to consider the case of |¢| = 0, i.e. ¢1 = ¢2 = g3 = 0. Under this

assumption (8.23) can be rewritten as

H(r,0,M,v) = Hy(M,v) = Seu}l) Trivvi M,]. (7.41)
v 1

Similarly to case B, we know from [22] that also in this case any admissible
control is optimal in the limit case, so we will use a similar strategy for the

proof.

Theorem 7.11. Let us consider the Hamiltonian H, introduced in (7.41) and
fiz and M € Sym(3) in the diagonal form given in (7.20). We assume that
e = ¢e(p) is given in (7.14). Then the optimal control for the Hamiltonian H;

can be asymptotically expressed, for large p, as
1. If one of the following holds true:

CL) A1 >0, Ay >0,
b) M >0, do =0 and A3 <0,
C) A2 >0, A1 =0 and X3 <0,

d) )\1:/\2::)\§0 and)\gzo,
then the p-optimal control is

1 00
v=10 1 0
000
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2. If one of the following holds true:

a) A1 > Ao and Ay <0,

b) )\1>0,/\2:0and)\320,

then the p-optimal control is

1 00
v=10 0 0
0 01
3. If one of the following holds true:
CL) A< A and A\ < 0,
b) )\2>0, A =0 and/\gzo,
then the p-optimal control is
0 00
v=10 1 0
0 01

4. If \p = Ao =: A <0 and A3 <0, then the p-optimal control is given by

sin?(6 + «) —sin(f + a)cos(fd +a) 0
V= |—sinfcos(d + «) cos?(0 + «) 0] - (7.42)
0 0 1

Note that in this last case the optimal controls are not unique, see Remark

7.12 later, for more details on this case.

Proof. We consider, as in the Case B, the vector ng g as defined in (7.29)
(where 0 € [0,7) and ¢ € [0, 7)) and its associated general admissible control
Vg, By assumption (7.20), we deduce M. = diag(A1, Az, £2)3) for some Ap, Ao,
A3 € R, that implies recalling (7.41)

R (rq, M, vg.g) == M (vg.9)11 + A2(Vo,g)22 + €2 A3(v9,6)33- (7.43)
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Recalling (v9,4)11, (v9,4)22 and (vg,4)33 as in Theorem 7.9 we can rewrite (7.43)
explicitly as
h;(r, ¢, M,vge) = M(1— cos? gzbcos2(¢9 + a))
+ Ao(1 —sin?(8 + a)) + 2 X3(1 — sin? pcos? (A + a)). (7.44)
Let us fix a and ¢ and recall the notation f;(0,¢) = hy,(r,q, M, vy ), to find

the stationary points we compute the partial derivatives: proceeding as Case

B we obtain

%’E (6, ¢) = 2X\; cos® ¢sin(6 + «) cos(f + )
— 2)\gsin(f + a) cos(f + ) + 2e? A3 sin? ¢ cos(f + ) sin(f + «)
= </\1 cos® ¢ — g + %\ sin? ¢> sin2(6 4 «) (7.45)
and
ofs

96 (0, ¢) = 2)1 cos ¢sin ¢ cos? (0 + a) — 262 \3 cos Psin ¢ cos? (6 4 )

= ()\1 - 52)\3> sin(2¢) cos?(6 + a). (7.46)

Let us remark that, choosing ¢ = £(p) such that £2(p)(p — 1) — 0 as p — oo,

we have
lim ()\1 — 62(]?))\3) = )\1.
p—oo
This leads to
1. If Ay > 0 then, there will exist a p > 1 such that for all p > p we have

A1 —e%(p)As > 0.
2. If Ay < 0 then, there will exist a p > 1 such that for all p > p we have
Al — 62(])))\3 < 0.

3. If A\; = 0 there will exist at last one p > 1 such that £2(p)A3 > 0 if A3 > 0

(or €2(p)As < 0if A3 < 0), then for all p > p we have

e*(p)As # 0.
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Hence, in order to find the stationary points, we have to find the zeros of the

following system (recalling (7.45) and (7.46))

<)\1 cos? ¢ — Mg + £2)\3 sin’ ¢> sin(f + «) cos(f + a) = 0,

sin(2¢) cos?(6 + a) = 0.

To do it we will do the following remarks

(i) Points P, = (5 — a, ¢) for all ¢ € [0,7), P2 = (—a,0), Ps=(— o, F)

are obtained as in Theorem 7.9.

(ii) If (2

(ii)-(a)

(iii)-(b)

(p))\g — )\1) sin? ¢+ A1 — Ay =0.

We suppose that A\; # 0. This allows us to write

AL — A

2,
sin® ¢ = pATmyW (7.47)

Proceeding as Theorem 7.9, as p — oo (see assumption (7.14)), we

obtain, for p large enough, that

M=o e
A1 A1

sin? ¢~
And, recalling the same computation in Theorem 7.9, we have
A1 > Ay >0 with A\; #0

otherwise the equation (7.47) is impossible. Nevertheless also in
the case when the identity (7.47) gives solution (that one can find
explicitly inverting in the corresponding domain sin?) we get back
points already considered in case (i) (for non trivial solutions ¢) or
in case (ii) (for the trivial solution). Thus this subcase of case (iii)

can be ignored.

We suppose now that A\; = 0, then we get £2(p)A3sin? ¢ — Ay = 0.
We observe

lim (e2(p)Azsin? ¢ — Aa) = —Ao.

P—00
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Hence we deduce that in order to find stationary points, we obtain

A1 = A2 =0, then
(£%(p)As)sin ¢ = 0 < sin® ¢ = 0 = ¢ = 0. (7.48)

Therefore in the case \y = Ao = 0, we find also the following

stationary points:
P, =(0,0), forall 6¢]0,m).
Hence we obtain

Li(p) :== ;(;r - a, <I5> =\ + &% )3sin? ¢,
Ly(p) :=f5(—a,0) = Ao + £° A3,

s
Lo =1 a5 ) =+ e

Ly(p) :=1;(0,0) = )3, in the case A\; = Ay = 0.

Let us define f,(0, ) := f3*)(6,¢) and C(p, A3) := £2(p)\3. We remark also
that the sign of C(p, A3) depends on A3 and that

lim C(p, A3) = 0. (7.49)

p—00

Let us remark that
Li(p) — La(p) = A1 — A2 — C(p, As) sin® ¢
and
Jim (Li(p) = La(p) = A1 — o (7.50)

Hence we obtain three subcases which have to be studied

Case A: Assume \; — A9 > 0: there will exist a p > 1 such that p > p

Li(p) > La(p).
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Hence we have to check now the sign of

Ls(p) — L1(p) = X2 — C(p, \3) sin® ¢,

and

lim (L3(p) — L1(p)) = A2,

p—o0

hence we have three more subcases.

A.1 If Ay > 0 then as in Theorem 7.9 (A.1) we have that the maximum
is attained at the point ( —a, g), then the associated unit vector is

(0,0, —1)T and the optimal control is given by

0 0 100
v=I3—|0|®|l0o|=101 0
-1 -1 000

A.2 If Ay < 0 then as in Theorem 7.9 (A.2) we have that the maximum
is attained at the point (% — a, (;S), then the associated unit vector

is and (0, —1,0)7 and the optimal control is given by

0 0 1 00
v=I3— |-1|®|-1| =10 0 0
0 0 0 01

A.3 If Ay = 0 then we have A\; > 0 and we cannot deduce anything from
the limit but we have to check the sign of C'(As,p).

i. If A3 > 0 then, for a p large enough, it holds true

La(p) < L3(p) < L1(p)

which implies

max{Li(p), L2(p), L3(p)} = L1(p).
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Hence the maximum is attained at the point (g — a, (;5), then

the associated unit vector is (0, —1, O)T and the optimal control

is given by
0 0 1 00
v=1I3— |-1|®|-1| =0 0 0
0 0 00 1

If A3 < 0 then, for a p large enough, it holds true
Ly(p) < L1(p) < Ls(p)
which implies
max{L1(p), L2, L3(p)} = L3(p)-

Hence the maximum is attained at the point ( - a, g), then

the associated unit vector is (0,0, —1)” and the optimal control

is given by
0 0 1 00
v=DI—-|0(®|[0]|=1]0 10
-1 -1 000

If A3 = 0 then, for a p large enough,, it holds true

La(p) < Ls(p) = L1(p)
which implies

max{L1(p), L2(p), L3(p)} = L1(p) = L3(p).

Hence the maximum is attained at the point (% — a, ¢), then
the associated unit vector is (0, —1,0)” and the optimal control
is given by
0 0 1 00
v=I— |-1|®|-1|=1]0 0 O
0 0 001
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or at the point ( - a, g), then the associated unit vectors are

(0,0, —1)T and the optimal control is given by

0 0 1 00
v=IL—|0|®|0|=101 0
-1 -1 000

Case B: Assume \; — Ay < 0, there exists a p > 1 such that p > p

Li(p) < La(p)

Hence we have to check now the sign of

L3(p) — La(p) = A1 — C(p, A3)-

We remark that
lim (L3(p) — La(p)) = M1

p—o0

so we have to check the different subcases related to the sign of A;.

B.1 If A\; <0, as in Theorem 7.9 (B.1) we have that the maximum is
attained at the point ( -, O), then the associated unit vector is

(1,0,0)” and the optimal control is given by

1 1 000
v=I3—|ol®|0o|l=10 1 0
0 0 0 0 1

B.2 If A\; > 0 then as in Theorem 7.9 (B.2) we have that the maximum
is attained at the point ( —a, %), then the associated unit vector is

(0,0, —1)T and the optimal control is given by

0 0 100
v=DL—-|0|®|0|=1{0 10
~1 ~1 000
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B.3 If A\ = 0 then A2 > 0 and we cannot apply the theorem of the
previous points, hence we have to study the sign of C(p, A3) which

depends on Ag

i. If A3 > 0, then, for a p large enough,
Ls(p) < L1(p) < La(p)
which implies
max{L1(p), L2(p), L3(p)} = La(p).

Hence the maximum is attained at the point ( —a, 0), then the

associated unit vector is (1,0,0)” and the optimal control is

given by
1 1 00 0
v=DL—-(0o|l®|0l=]|0 1 0
0 0 00 1

ii. If A3 < O then, for a p large enough,
La(p) < L1(p) < Ls(p)
which implies
max{Li(p), L2(p), L3(p)} = L3(p)-

Hence the maximum is attained at the point ( — a, g), then

the associated unit vector is (0,0, —1)7 and the optimal control

is given by
0 0 1 00
v=IL—10|®|0|=1]01 0
-1 -1 0 00

iii. If A3 = 0 then, for a p large enough,

Li(p) < La(p) = Ls(p)
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which implies

max{Li(p), L2(p), L3(p)} = La(p) = L3(p).

Hence the maximum is attained in the point ( —a, O), then the
associated unit vector is (1,0,0)7 and the optimal control is
given by
1 1 000
v=1I3—|0|®|0|l=1]0 1 0
0 0 0 01
or at the point ( - «, %), then the associated unit vectors is

(0,0, —1)7 and the optimal control is given by

0 0 1 00
v=L—|0|®|[0]|=(0 10
-1 -1 0 00

Case C: Assume A} = Ay. Recalling the stationary points found in Case A and

Case B and the associated values function, we have

Li(p) := fp<72r - a, qb) =X+ C(p,\3)sin® ¢
La(p) := f,(6,0) = A2 — cos®(0 + o) — sin®(6 + a)) + C(p, As) =\ + C(p, A3),
L) = T, ~ o ) =20

Ly(p) = £,(6,0) = C(p,A3), in the case \; = Ay = 0.

Let us remark that C'(p, A3) < 0if A3 < 0 and C(p, A3) > 0if A3 > 0 and

that the case (—«,0) is considered in the case (6,0).

C.1 If A > 0 then, as in Theorem 7.9 (C.1), we have that the maximum
is attained at the point the maximum is attained at the point

(— @, %) then the associated unit vector is (0,0,—1)" and the
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optimal control is given by
0 0 1 00
v=IDLB—-—10|®|0|=1]0 1 0
-1 -1 0 00

C.2 If A < 0 then we obtain that for a large p

i. IfX3>0

ii.

Li(p) > La(p) > Ls(p)

which implies

max{L1(p), L2(p), L3(p)} = L1(p).

Then the maximum is atteined at (g — a, c;S), with associated
unit vector (0, —1, O)T and then the associated optimal control

is

0 0 1 00
v=I3— |-1|®|=1| =10 0 0
0 0 00 1

If \3 <0

La(p) > Li(p) > L3(p)

which implies

max{L1(p), La(p), L3(p)} = A1(p)

Then the maximum is attained at (6,0) which is associated to

the unit vector (cos(f + a),sin(f + a),0), hence the optimal
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control is given by

cos(f + a) cos( + )

v=1I3— |sin(f0+a)| ® |sin(d + a)
0 0
sin?(6 + «) —sin(d + a)cos(f +a) 0
= | —sin(f + a) cos(f + o) cos?(0 + ) 0] -
0 0 1
iii. If A3=0

Li(p) = La(p) > L3(p)

which implies

max{L1(p), La(p), L3(p)} = L1(p) = La(p)

Then the maximum is attained in (6,0) which is associated to

the unit vector (cos(f + «),sin(f + a),0)”, hence the optimal

control is given by

cos(0 + «) cos(0 + «)

v=1I3— |sin(@+a)| ® |sin(d + )
0 0
sin?(0 + ) —sin(d + a) cos( +a) 0
= | —sin(f + a) cos(f + o) cos?(6 + «) 0
0

0 1
The maximum can be attained also at (g

- q, qS) and the
associated optimal control may be seen as a particular case of

the found optimal control in this case.
C.3 If A =0 then we have for a large p

i IfA3>0

Ly(p) < L1(p) < L3(p)
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which implies

max{Li(p), L3(p), La(p)} = L3(p)-

The maximum is attained at the point ( - a, g), then the

associated unit vector is (0,0, —1)7 and the optimal control is

given by
0 0 1 00
v=Is—|0|®|0]|=1]0 1 0
-1 -1 000

ii. If A3 <0

Ly(p) > L1(p) > Ls(p)

which implies

max{Li(p), L3(p), La(p)} = La(p)-

Then the maximum is attained at (¢,0) which is associated to
the unit vector (cos(f + «),sin(f + a),0)”, hence the optimal

control is given by

cos(0 + ) cos(f + «)
v=1I3— |sin(f +a)| ® |sin(f + a)

0 0
sin?(0 + «) —sin(f + a) cos(fd +a) 0
= |—sin(f + o) cos(f + «) cos?(0 + ) 0
0 0 1

ii. If A3 =0
Li(p) = Ls(p) = La(p)

which implies

max{L1(p), L3, L4(p)} = L1(p) = L3(p) = La(p)
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Hence the maximum is attained at every stationary points that

we have found before and so the non unique optimal control is

given by

cos(f + «) cos(0 + )
v=1I3— [sin(f +a)| @ |sin(d + a)

0 0
sin?(0 + ) —sin(f + a) cos(fd +a) 0
= | —sin(f + a) cos(0 + «) cos?(0 + ) 0
0 0 1

The maximum can be attained also at (g —a, gb) and ( —a, g)
and the associated optimal controls may be seen as a particular

case of the found optimal control in this case.

Remark 7.12. Proceeding as in Remark 7.10, even if the control with A\ =

A2 = X is not unique, the value of the function (7.43) associated for all controls

(7.42) does not depend on the angle 6 + «; in fact:

hy(r,q, M,v) = £2X\3 + Asin?(0 4+ a) + Acos?(0 + a) = 23 + A



Chapter 8

Convergence of Riemannian
approximation for stochastic

representation

8.1 Introduction

The evolution by mean curvature flow (MCF) has been studied extensively
and it has many applications in image processing (see e.g. [13]) Roughly
speaking we say that a hypersurface evolves by MCF if it contracts in the
normal direction with normal velocity proportional to its mean curvature see
e.g. [28] for more details. It is well-known that this evolution may develop
singularities in finite time. To deal with such a singularities, many generalised
approaches to study this evolution have been developed. In particular in
1991, Chen,Giga and Goto [11] and, independently Evans and Spruck [31]
introduced the so called level set approach, which consists in studying the
evolving hypersurfaces as level sets of (viscosity) solutions of suitable associated
nonlinear PDEs. In this paper we are interested in a degenerate version of

such evolution, namely evolution by horizontal mean curvature flow (HMCF):

196
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we consider a hypersurface embedded in a sub-Riemannian structure, then
the evolution contracts in the direction of the so called horizontal normal
proportionally to its horizontal curvature (see Section 2 for details). We
consider the level set approach which is now associated to a parabolic PDE,
far more degenerate than in the standard case. Here we are going to study a
Riemannian approximations similarly to what is done in [8], still the approach
is very different since we interpret the solution of the level set equations as
value function of suitable associated stochastic control problem, following the
approach developed by Caradaileguet, Quincampoix and Buckdahn in [27] and
contemporaneously but independently by Soner and Touzi [49] for the standard
(Euclidean) case and generalised then by Dirr, Dragoni and von Renesse in
[22] for the case of HMCF. We will show that under suitable conditions that

there exists a subsequence of (p) with p positive parameter such that it holds

lim sup Vps(p)(t, x) < V(t,x) where e(p) — 0 as p — oc.
p—r00

where V7 : [0, 7] x RN — R is the solution of approximated mean curvature
flow and V : [0,7] x RY — R the solution of horizontal mean curvature flow.

Then we will give an idea to approach in the Section 8.5 the inequality

lim inf Vps(p) (t,z) > V(t,z) where e(p) — 0 as p — oo.

p—0o0

From these estimates we will obtain that, even though the comparison principle
is still an open question, the solution found by Citti and Capogna [8] are exactly
the same found by Buckdahn, Cardalieguet and Quincampoix [27] and by Soner
and Touzi [48] which was generalized by Dirr, Dragoni, Von Renesse [22].

8.2 Preliminaries

We briefly recall some basic geometrical definitions which will be key for
defining the evolution by HMCF'. For more definitions and properties on sub-
Riemannian geometries we refer to [42], and also to [4] for the particular case

of Carnot groups (see Chapter 1 for further details).
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Definition 8.1. Let M be a N-dimensional smooth manifold, we can define
for every point p a subspace of T,M called H,. We define the distribution
associated to M as the subbundle of the tangent bundle H = {(p,v)| p € M, v €

Definition 8.2. Let M be a manifold, X,Y two vector fields defined on M
and f : M — R a smooth function, the braket between X and Y is the vector
fields acting on smooth functions as [X,Y](f) = XY (f) = YX(f).

Let us consider X = {X1,...,Xm} spanning some distribution H C TM,
we define the k-bracket as L% = {[X,Y] | X € £+ D, v e LMW} with
ij € {1,...,m} and LY = X. The associated Lie algebra is the set of all

brackets between elements of X, i.e.
L(X) = {[XZ-,X](.'“)] | X k-length bracket of X1,..., Xm, k € N}.

Definition 8.3 (Hérmander condition). Let M be a smooth manifold and H
a distribution defined on M and X o family of vector fields on M generating
the distribution H. We say that the distribution is bracket generating , at
any point, the Lie algebra L(X') spans the whole tangent space. We say that a
sub-Riemannian geometry satisfies the Hormander condition if and only if the

associated distribution is braket generating.

Definition 8.4. Let M be a smooth manifold and H = span{Xi,...,Xn} C
TM a distribution and g a Riemannian metric of M defined on the subbundle

H. A sub-Riemannian geometry is the triple (M, H,g).

Definition 8.5. Let (M, H, g) be a sub-Riemannian geometry and v : [0,T] —

M an absolutely continuous curve, we say that v is an horizontal curve if and

only if
Y(t) € Ho), for a.e. t€0,T],

or, equivalently, if there exists a measurable function h : [0,T] — RY such that

J(t) =Y hit)Xi(y(t), for a.e. t € [0, T,
=1
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where h(t) = (h1(t),..., hn(t)) and X1,..., Xy, are vector fields spanning the
distribution H.

Example 8.6 (The Heisenberg group). For a formal definition of the Heisen-
berg group and the connection between its structure as non commutative Lie
group and its manifold structure we refer to [4]. Here we simply introduce the

1-dimensional Heisenberg group as the sub-Riemannian structure induced on

R3 by the vector fields

1 0

Xi(x) = 0 and Xo=1|1|, Vz=(r1,22,23) € R3.
_ 2 z1
2 2

The introduced vector fields satisfy the Hormander condition with step 2:
0

in fact (X1, Xo](x) = | 0 | for any x € R3.
1

From now on we consider only the case where the starting topological
manifold M is the Euclidean RY. Moreover, in this paper we will concentrate
on a sub-Riemannian geometries with a particular structure: the so called

Carnot-type geometries.

Definition 8.7. Let us consider a sub-Riemannian geometry (RN,H, <, >y
) such that H is generated by m wvector fields Xi,...,X,,. We say that
X1,..., Xm, m < N, are Carnot-type vector fields if the coefficients of X; are
0 for j € {1,...,m}\ {i}, the i-component is equal to 1 and the other N —m

components are polynomial in x1,...,Tm.

The previous structure allows us to consider an easy and explicit Rieman-
nian approximation. Nevertheless the approach of this paper applies also to
the case where this additional structure is not fulfilled. This structure applies

to a large class of geometries. The Heisenberg group introduced in Example
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8.6 is obviously a Carnot-type geometry but more in general all Carnot groups
are Carnot-type geometries (see [4] for definitions and properties).
For later use we also introduce the matrix associated to the vector fields

Xi,..., Xy, which is the N x m matrix defined as
o(z) = [X1(2),..., Xpm(@)]L. (8.1)

For Carnot-type geometries for later we introduce the matrix ¢ associated

to the vector fields, i.e. 0 = [X1,..., X};,] that takes form

0(2) = Lo Alwro-.. )] - (8.2)

where the matrix A(x1,...,2y) is a (N —m) x m depending only on the first

m components of x.

Example 8.8. In the case of the Heisenberg group introduced in Example 8.6,

the matrix o is given by

10 —%
o(z) = 2|, Va=(x,z,13) € R3
01 %
2
We now want to introduce the Riemannian approximation, which will be
crucial for our results.
Let us consider a family X = { X7, ..., X,,} of Carnot-type vector fields defined

on RV, with m < N, satisfying the Hérmander condition. It is possible to

complete the distribution H by adding N — m vector fields X,,+1, ..., Xn, i.e.
Span(X1(2), ..., Xim(2), Xpny1(2), ..., Xn(2)) = LRY =RV, Vo e RY.
The geometry induced, for all € > 0, by the distribution
He ={X1,. .., Xm,eXmst1,.--,6XN}

is called Riemannian approzimation of the sub-Riemannian topology induced

on RN by H. The associated matrix is

oo(x) = [X1(2), ... X (2), eXonp1 () ..., eXn(2)]T. (8.3)
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Note that det(o-(x)) # 0.

In the case of Carnot-type geometries, then we can always choose
Xi(x)=¢;, Vi=m+1,...,N, VxecRY,

where by e; we indicate the standard Euclidean unit vector for the i-th com-

ponent.

Example 8.9 (Riemannian approximation of H'). In the case of the Heisenberg
group introduced in Example 8.6, the matriz associated to the Riemannian

approximation 18

1o %
oe(x) =10 1 2L Vz = (1,22, 23) € R3.
0 0 ¢

This technique is called Riemannian approximation since, as ¢ — 0%, then
the geometry induced by Riemannian approximation converges, in sense of
Gromov-Hausdorff (see [36] for further details), to the original sub-Riemannian

geometry (as showed, as example, in [13]).

8.3 Horizontal mean curvature evolution

Given a smooth hypersurface I', we indicate by ng the standard (Euclidean)
normal to I' at the point x. Since the vector fields
X1(2), ..., Xpm(x), Xme1(x),. .., Xn(x) span the whole of RV at any point,

then ng can be written as

Soimy @) Xi(x)
ARRIHED

The following definitions will be key for this paper.

ng(x) = (8.4)

Definition 8.10. Given a smooth hypersurface I', the horizontal normal s

the renormalized projection of the Euclidean normal on the horizontal space
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ar(2) X1 (z) + - + o () X ()
Vai(z) + -+ a2 (x

no(z) := € H, CRY,

With an abuse of notation we will often indicate by ng the associated m-valued

vector
_ (al(x),.‘.,am(:r))T m
IR G

The main difference between the horizontal normal and a standard normal

no() (8.5)

is that the first may not exist even for smooth hypersurfaces. In fact at some
points the horizontal normal is not defined meanwhile the Euclidean one exists.

These points are called characteristic points.

Definition 8.11. Given a smooth hypersurface I', characteristic points occur
whenever ng is orthogonal to the horizontal plane H,, then its projection on

such a subspace vanishes, i.e.
of(z) + -+ ap(2) =0,

where a;(x) are the coordinates of ng(x) w.r.t. the basis Xi,..., Xy as in

(8.4)

Note that characteristic points do not exist in the associated Riemannian
approximation, in fact, whenever I' is smooth, the normal is defined at any

point, which means
Za?(@ #0, Vrel.

(further details in Chapter 4). We recall that for every smooth hypersurface the
mean curvature is defined as the divergence of the Euclidean normal. Similarly,
for every smooth hypersurface, we can now introduce the horizontal mean

curvature.

Definition 8.12. Given a smooth hypersurface I' and a non characteristic point

x € I, the horizontal mean curvature is defined as the horizontal divergence
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of the horizontal normal, i.e. ko(x) = divyno(x), where no(x) is given (8.5)

while divy is the divergence w.r.t. the vector fields X1,..., Xm, i.e.

EC N DA (T
>y af(x) Doty af(x)

Obviously the horizontal mean curvature is never defined at characteristic

k‘o(l‘) = X1

points, since there the horizontal normal does not exist.

Definition 8.13. Let I, be a family of smooth hypersurfaces in RN depending
on a positive parameter t > 0. We say that I'y is an evolution by horizontal
mean curvature flow of I' if and only if U'o = I' and for any smooth horizontal
curve v : [0,T] — RN such that v(t) € Ty for all t € [0,T], the horizontal

normal velocity vg is equal to minus the horizontal mean curvature, i.e.

vo(Y(8)) == —ko(v())no(¥(2)), (8.6)

where no(x(t)) and ko(xz(t)) as respectively the horizontal normal and the

horizontal mean curvature defined by Definitions 8.10 and 8.12.

Note that (8.6) is never defined at characteristic points.
In this subsection we consider a smooth hypersurface I' parametrized as
zero level set
I'={zeRu(z) =0},

for some smooth function u : R — R. Then the Euclidean normal is simply

ng(x) = %, which implies that the horizontal normal can be expressed as

Xqiu(zx Xnu(x

no(x):< — (z) e — (z) 2). (8.7)
VL (Xiu(z)) V2L (Xiu(x))

Similarly we can then write the horizontal mean curvature (HMCF) as

R ‘ Xiu(zx)
fole) = 2, % (Jzz’;l(Xium)?) | o

i=1

Let us consider

I = {(x,t) € RN x (0,00)| u(z,t) = 0}. (8.9)
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Applying (8.8) to Definition 8.13 we obtain that u solves the following PDE

Xu Xu>

uy = Tr((X%u)*) — <(X2u)*Xu|, ] (8.10)

where < , > is the standard Euclidean inner product, Xu the horizontal
gradient

Xu = (X1u, ..., Xu)T

and (X2u)* is the symmetrized horizontal Hessian, that is

Xi(X; X (X;
(X%u)*)5 = il Ju); s(Xiw) where i,7 =1,...,m.

Definition 8.14. Given I'g = {z € R¥|u(z) = 0} we say that Ty = {(z,t) €
RN x (0, 00)|u(x,t) = 0} is a (generalized) evolution by HMCF iff To =T and
u is an solution of (8.10) (see [22] for further details).

Equation (8.10) can be approximated to a Riemannian mean curvature
flow using the Riemannian approximation as seen in Section 8.2. This leads

the following generalizations of horizontal normal and horizontal divergence.

Definition 8.15. Given a smooth hypersurface I', the approximated Rieman-
nian normal s

Yy ai(@)Xi(@) + e 3L, ai(@) Xi(@)
\/a%(x) + -t a2 (@) + 20k, 4 () + - + 2k (@)

ne(z) = € H, C RV,

Definition 8.16. The approximated Riemannian mean curvature is defined

the divergence w.r.t. Xi,..., Xm,eXm+1,---,EXN 0N ng.

Definition 8.15 allows us to introduce the approximated Riemannian mean
curvature flow. For sake of simplicity we write that directly for hypersurface

in level set formulation for I';.

Definition 8.17. We say that 'y = {(z,t) € RV x (0,00)|u(z,t) = 0} is a
(generalized) evolution by approximated Riemannian mean curvature flow if

and only if I'o = T' and is viscosity solution of

. Xeu  Xou
|X5u]’ | Xzul

ug = Tr((X2u)*) — <(X62u) > = Au — Ag oo, (8.11)
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where
Xou = (X, ..., Xpu,eXppiu, ..., e XNu)
and
X (X5u) + X5( XS u
(X2u)y; = ) 5 J), (8.12)

The approximated Riemannian stochastic control problem

Let us consider a family of smooth vector fields H = {X1,... X,,} and its

Riemannian approximation H. = {X1,..., Xm,eXm+1,-.-,6XN}.

Definition 8.18. We define the horizontal Brownian motion the solution of

the process
m

d¢ =" Xi(¢) o dBy,,

i=1
where By, is a m-dimensional Brownian motion and o the Stratonovich differ-

ential. We define the Riemannian approximated horizontal Brownian motion

as

N
d&* =) X;(¢°) o dBy

i=1

where By is an N-dimensional Brownian motion.

Let (Q, F,{Fi}t>0,P) be a filtered probability space, B; is a i-dimensional
Brownian motion adapted to the filtration {F;}+>0 with ¢ = m, N, we recall
that a predictable variable is a time-continuous stochastic process {&}+>0
defined on the filtered probability space (2, F, {F:}¢>0,P), measurable with
respect to the o-algebra generated by all left-continuous adapted process. Given
a smooth function g : RN — R (which parametrizes the starting hypersurface
at time ¢ = 0) we introduce the function V : [0,T] x RY — R defined as

V(t,x) := inf esssup g("""(T)(w)), (8.13)

veEA weN
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and £5%" is the solution of the stochastic dynamic

dgb™¥ (s) = V207 (€977 (s)) 0 dBy(s), s (t,T),
dBY, (s) = v(s)dBm(s), (8.14)
€t,m,u(t) =z,

where the matrix o is defined in (8.1) and
A={v:[t,T] » Sym(m)|lv >0, I, —v*> >0, Tr(l, —v*)=1}. (8.15)
Let us observe that it is possible to rewrite (8.14) explicitly

dgh v (s) = V20T (€57 (8))dBum () + 32075 1 (v3(5))i; V x, X5 (647 (s)), s € (,T],

gt,x,u(t) =z,
(8.16)

i.e. the SDE can be written as a sum of a stochastic term and a drift term.

Similarly, for € > 0 we introduce the function V¢ : [0,7] x RY — R defined by

VE(t,x) := inf esssup g(&-"" (T)(w)), (8.17)

veA, we

taw .
where £ is the solution of

4 () = VBT (€ () 0 B (s), s € (1T,
dB]lG (s) = 1(s)dBy(s), (8.18)
) =

0e is the matrix defined in (8.3) and
Ay = {1 [t,T] = Sym(N)| v1 >0, Iy —vi >0, Tr(Iy —vi) = 1}. (8.19)

It is possible to rewrite (8.18) explicitly as did with (8.14). It is possible to
show that the functions V and V¢ solve in the viscosity sense for equation
for the evolution by HMCF as introduced in Definition 8.14 and the level set
equation for the Riemannian approximation of the HMCF as introduced in

Definition 8.17 (see [22, 35] for further details).
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Note also that the sets of controls (8.15) and (8.19) can be rewritten

respectively as
A= {1 veAy=Coll,, —a®al a € R™, |a| =1},

and

Ar = {12 v € A1} = Co{ly —a®al a e RY, [a| =1},

where Co is the convex hull (see [27] for more details).
Next we introduce the p-regularising approximation of the functions V' and
Ve

Definition 8.19. For p > 1, the p-value function associated to the value
function (8.13) is defined as

D=

Vy(t, ) = ink Ellg(€"*)(T)@)P]7, (5.20)
and, similarly, we can introduce the following e-p-reqularising function, that is
Vi(t,x) = inf Elg(€b")(T)(w)[?)7. (8.21)
vieA
Remark 8.20. The function V), solves in viscosity sense the following PDE:

VP(Tvx) =g(z), zeR?
where
Hy(z,q, M) :=sup | — (p— V)r TrivvTqq"] + Trivv" M]|, (8.22)
veA

see [27]. Similarly for e > 0 and p > 1 fired, V}; solves in the viscosity sense

2 _ N
—(Vy) + Hy(x, DV, D*V5) =0, te(0,T), x € RY,

VE(T,x) = g(x), z e RV
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where

Hy(z,r,q, M) := Hy(x,7,qe, M) = sup —(p—1)r Y TrvvT qq |+ Tr[vT M|,
veA,
(8.23)

Ay is given in (8.19) and, for all ¢ € RN and M = (Mij)%-:l € Sym(N),

q1
qm
Qe = (8.24)
€Qdm+1
L €4N |
and
[ M11 Mlm €M1(m+1) EMlN 1
Mml N Mmm EM(m+1)m ‘e EMNm
M, = ) )
EMmin1 - eEMumitym EMminym+1) - EMminn
L €M1N 5MmN 52M(m+1)N 52MNN |

8.4 Some properties of o,

Next we show some properties for the matrices o and o, defined as in (8.1)

and (8.3).

We will consider the following assumptions.
The hypersurface I' is smooth. (A1)

The matrix o is 0. are globally Lipschitz and bounded. (A2)

Vx,X; and Vx: X5 are globally Lipschitz and bounded for all i,5 € {1,..., N}
(A3)

We recall that the structure of o, is given by
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Lo Az
o (z) = . (=) , (8.25)
Omx(N=m) EL(N—m)x(N=m)
where the matrix A(z) is composed by smooth and globally bounded
coefficients and that the norm of a m x N matrix A is
m N
Al =305 Jagl. (8.26)
j=1i=1
For all o associated to Carnot-type vector fields geometry (see [4] for further

details), we introduce the following extended N x N matrix

Lsom, A
o) == * (=) . (8.27)
Omx(N—m)  O(N—m)x(N—m)

We start proving the following technical lemmas.

Lemma 8.21. Given o bounded and associated to a Carnot type geometry as

n (8.1) and o. defined as in (8.25), then, for all € > 0
loell < llofl + (N —m). (8.28)

Proof. We recall that the matrix o, has components

,

5ij7 for i,j=1,...,m,
ajj(x), fori=m...N, andj=1,...,m,
(0c)ij(z) = (8.29)
0, fori=1...m, and j=m,...,N,
€dij, for i,j=m-+1,..., N,

By assumption that ¢ is bounded, i.e. there exists a C,; > 0 such that
lofl < Co,
hence by (8.29) we deduce

loell < [lofl + (N =m) < Co + (N —m).
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Lemma 8.22. Given the matrices o and o, defined as in (8.2) and (8.25), if
o 1is globally Lipschitz, then o. is globally Lipschitz and

Lip(oc) = Lip(o).

Proof. For any z,y € RN

||Us(ﬂc)as(ll)||_H[ o o ][ o v ]H

O(N—m)xm EL(N—m)x(N=m) O(N—m)xm EL(N—m)x(N=m)

_ H [O Omxm @) = AW) H — @) - A(y)] < Lip(A)la - .

mXx(N—m) O(N—m)x(N—m)

where Lip(A) = Lip(o) and so Lip(oe) = Lip(o). O
We conclude with an estimate about the difference between o, and @.

Lemma 8.23. Given o. and & defined as in (8.25) and (8.27) , then
|oo(z) —T(x)|| = (N —m), forall x€RY.
Proof. We can deduce immediately that

. Om m Om N—m
uaa@:)—o(x)rr:H - <(N=m) H

(N—m)xm EL(N—m)x(N—m)
= el lN—myx(N—m) | = (N —m).
]

We recall that it holds true ||A| = [|AT]|, where A € My n. Therefore

it is possible to apply the properties of Lemmas 8.21, 8.22 and 8.23 to the
transpose of o and o.
Convergence in the case of vanishing drift

In this section we prove the convergence of V¢ to V up to a subsequence

e = e(p) — 0 depending on p.
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Theorem 8.24. Assume (A1) and (A2), and let g : RN — R be a globally
Lipschitz function and consider V, as defined in (8.20) with £ solution of
(8.14) and, for e >0, V;; defined in (8.21) with e solution of (8.18). Then,
there exists a sequence £(p) — 0, as p — oo, such that

lim sup Vl'f(p) (t,z) < V(t, ).

p—o0

Before proving the theorem, we need the following lemmas.
Lemma 8.25. Let v € A be an admissible control, then

V(s Opx (N—m
vi(s) == (=) XN=m s e o, 7. (8.30)
ON—m)xm  L(N—m)x(N-m))

is an admissible control for A;.

Proof. Since v € Sym(m), trivially v; € Sym(N) and 4 > 0. It remains to
check that Iy —v? > 0 and Tr(Iy — v?) = 1. At this purpose, we explicitly
compute

Iy —v OmX(N—m)

In — 1/% =
Omx(N=m) O(N—m)x(N=m)

Thus, recalling that I,,, —v? > 0 and Tr(I,, — v?) = 1, the result follows. [

Lemma 8.26. Let us consider a family F of vectors v € RN such that the
elements v € F are uniformly bounded by a positive constant, i.e. |v| < C Vv €

F, then the family of matrices
A, =1, —v®v
is uniformly bounded by a constant depending only on C and N.

N 2

Proof. Recall that (v ® v);; = v;v; and ) ;" ; v; < C which implies that

lv;)] <VC forall i=1,...,N.
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Thus |(v ® v);j| = |vi||vj| < C which implies ||[v ® v|| = Zz]‘szl lvi|[v;| < N2C.

Hence we can conclude that
Iy —v @ || < |[In] + v @v| < N + N2C.
O

Remark 8.27. We can apply Lemma 8.26 to all the admissible controls in Ay
and A. Note that in this case |v| < 1 which implies ||v| < N + N2.

Lemma 8.28. Given a control v € A and the corresponding v, € Ay defined
by (8.50), we consider 4%V solution of

4 (5) = V30T (€07 (5))(5)dBin(s), 5 € (8,T],
g ) =
where o is as in (8.2) and Et’x’yl solves
dg""" (s) = V2T (€ (s))ma(s)dB(s), s € (t,T],

gt,a),ul (t) — 7,

—=t,x,v1

where & is defined in (8.27). Then 45" = & for a.e. s € (t,T).

Proof. First, we write the trajectory solution of the two dynamics in integral

form, i.e.
€V (s) = 2 + V3 / T (€ (1) (r)dBn(r),
and
£ () =+ V2 / T ) )dB ().
Note that
FE S ey = | e e

A(f o (5)) O(N—m)Xm O(N—m)xn I(N—m)

v 0m><(N—m)
AE " ()W O ) (N )

)
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which implies

(€ (s))vi(s)dBn(s) = o7 (€ (s))w(s)dBm(s).  (8.31)

So, by using (8.31), we obtain

e (s) € 0 =V [ ( (& (r) )—oTWM(r»)u1<r>dBN<r>,

which implies
Bjebe (5) 8" (s) QEH’ (e o= € o) ) e) }
(8.32)

Applying It6’s isometry to the right side of (8.32) we get
—t s 2
E[|¢h5 (s)=€""" ()] = 2E[/ dr].
t

Then, by using that o is globally Lipschitz (by assumption (A2)) and v; is

<UT<ng”<r>>—aTW“ <r>>>'f1<r>

bounded (by Lemma 8.26), we deduce

Efjeb (s) — 8 (5)]?] < 2(Lip(o) E{/ € (1) ””1<>|2dr]
—2(Lino)0P | [ Bl ) - € 0 ar

where C' > 0 is a real number. Applying Gronwall’s Lemma with u(s) :=
E[\ﬁt’“’”(s) — Et’m’yl(s)\Q] and observing that the inequality is in the form
)< C ft 7)dT + 0 we obtain (see Appendix A for further details)

E[|¢"27 (s) — €477 (s)P] < 0,
which implies that 6% = £6%¥1 for a.e. s € [t, T). O

We are able to prove now Theorem 8.24.

1
Notation: In the proof we write E[[f]p]% meaning ([, | f?)?.

Proof of Theorem 8.24. Let v, be the optimal control realizing the infimum in

Vp(t, z). We define the associated control vy := v1(1,) as in (8.30) (omitting the
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dependence on p in the notation). By Lemma 8.28 we know that %> = Et’x’yl.

Using the Minkwoski’s Inequality for LP norms and the assumption that g is

globally Lipschitz we obtain

VE(t, @)= V(t, ) = E[lg(€b™) (T)P)r —E[|lg(¢>%)(T) ]
E[lg(€5%" ) (T)P]7 —E[lg@" " )(T)F]r < E[lg (€5 )(T)—g" (€ )(T)|7]
< Lip(g)B[|€L™ (T) =€ (T) 7.

—=t,x,1

For sake of simplicity, we write &:= ™" and € := £ """ We recall that, by

applying the It6’s Lemma to the differentiable function G(x) = |z|P, we have

E[|€(T) — &(T)]

—[ [ en-Enrietr (T £-(r)r) " € () B (7]
vz /tTp<p—1>|5€< P T(( aT@(r)))m(T))
(o7 et - T €t >) )d] (3.33)

The first term on the right side of (8.33) vanishes because the expectation
of an It6 integral is always zero. For the second term we recall that trivially

Tr(SST) = ||S||%, and that

lo (&(7)) =" €O)II* = llof (&) £ o (€(7)) =T €T (8.34)

Applying the triangular inequality and the inequality (a+ b)? < 2a? +2b? with
a = [lol(&(r)) — oL (€(T)), b= llol (€(1)) — " (€(7))]| we obtain

loZ (€-()) £ 02 (€(7)) — " (E(m)|I?
< 2|07 (&:(7)) = o2 (€(T))|I* + 2|0 (§(7)) = 7" (€(r)]I*.

Recalling that, by assumption, o is a globally Lipschitz matrix and by applying

Lemma 8.23 we have

loZ (€-(m)) = (€()I* < 2Lip(0)?|&(7) — E(T)* +26*(N —m)*. (8.35)
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Thus, by combining the estimates (8.33) and (8.35) we deduce
E[lg-(T) = &(T)I"]
T
< E[/t p(p = DCIE() — E(m)[P~2(2Lip(0)? |6 (1) —E(T)|* + 262(N—m)2)d7}

T
=E[/ 2p(p—1)Lip(0)20|€a(7)—€(7)p+252(N—m)20p(p—1)|§s(7)—§(T)|Hd7}-
t
(8.36)
Set Cy := C1(m, N) = 2(N—m)?C, applying Young’s inequality with exponents

a:]%andﬁz§weﬁnd

ol — 1CE p— _
Pp(p— 1)Ci[eu(r) — Enp-2 < EPP =D 222 ) -
2

(8.37)

The estimate (8.37) implies that the inequality in (8.36) can be rewritten as
E[l€(T) = &(T)"]

Tl o p—2 i L o E%2p(p = 1)Ch)B
SE[ / (2L2p<o> Crlp—1)+ 2= )cm) gl +2 S DA,

T 2,00 2
~(ctatorerto -1+ Ye| [ e -gmprar | +2EHEUA (g,

(8.38)
Applying Gronwall’s Lemma to (8.38) we obtain

E[|&(T) — E(T)P) < 2(*p(p ; 1)C)

_ (@2 — 1)C)
p

ya
(T 1)l 2Linte Cotp1) s

[SS]

(T — £)e2Lip(@)*Colp—D)+ E2)(T—t),

(8.39)
We now recall that 0 < T —t < T. Then, considering (8.39), taking the p-root

and recalling that the expectation of a constant is the constant itself, we obtain

£ 5 1 (e - 1)C % ip(0)2C(p—1)+252 1
B{le.(T) - ED)) < 23 CPR VA et iy,

pP
. 1 . =2 . 1 . 1
Note that lim, oo T'7 = 1, limy, ;oo € »* =0, limp 0o 27 = 1 and lim,_,oc pr =
1. Thus, taking for example £(p) = —————— the result follows immediately.
ePy/p(p—1)Inp

O]



216 CHAPTER 8.

Remark 8.29. Theorem 8.24 holds true for every choice of (p) such that

pli_}rglo €(p)m = 0.

8.5 The liminf estimate: an ongoing project

In this section we sketch briefly the technical difficulties related to obtain

the missing estimate, i.e.

liminf VE®)(t,2) > V (L, 2).

p—0o0

This estimate is crucial to obtain the convergence result we aimed to. We

consider v, as the optimal control for the function V7 found in the Chapter 7,

l.e.
) o 1 1. c 1 1
sin a—;sm2a+0 ;ﬂ) 281n2a+pcos2a—|—0<pz> O 7
vy = §Sin2a+§cos2a+0(1}2) cosQa+§sin2a+O<plQ> 0] p%

o2 () o)

where o € [0,7) and C € R fixed while we define 7, as an admissible control

for horizontal case obtained, roughly speaking, by a ”projection” of v, i.e.

2 c

sin® o — = sin 2« %sin?a—i— %COS20¢ 0
Up = |4sin2a+ %005204 cos? o + %sin2a 0
0 0 1
We remark immediately that |7, — v, = O(Z%) where the norm || || is defined

as (8.26).

Assumption: In Carnot group it holds true ||7, — 1| = O(I%). This
extends the result obtained in Chapter 7 for the Heisenberg group.
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We obtain, by using Lemma 8.28, the Minkwoski’s inequality and the
assumption that g is globally Lipschitz, that

Vy(t, ) — VE(t,x) = E[|g(€""7) (T)|P]» —E[|g(€-™" (T))|7)»

<E[|g(€""")(T))[P]7 —E[lg(e-™" ()P <E[lg(E" (T))—g(t™" (T))P]»

. —=t,x,v T, Vp 1
< Lip(g)E[IE""" (T) — & (T) ). (8.40)
We define the associated control v; := v1(vp) as in (8.30) (omitting the
—=t,x,v1

dependence on p in the notation). For sake of simplicity, we write £ := £
and & = fé’m’l’p . Applying the Itd’s Lemma to the differentiable function

G(z) = |z]P we obtain
B[E(T)—€&.(T))

_E[

we|( [ oo~ DE) - P2 (@ Era(r) = o7 (€ ()

(@ @ (r) = T (6wl ar . (5.41)

The first term vanishes because the expectation of an Ito integral is always
zero. For the second term we recall that it holds true T7(SST) = ||S||2. Then,
summing and subtracting the quantity & (£(7))v,(7) and applying the trivial
inequality (a + b)? < 2a® + 2b%, we obtain

[57 (E(T) (v1(7) = vp(7) + (@ (€(7)) — 02 (& (7)))vp(T)|I?
< 2[5 (€(7) (1 (7) = vp(D))|I? + 21| (@ (€(7) — o2 (&c()))wp(T)I. (8.42)

Recalling that 7 is globally bounded and applying Lemma 8.26, we get

l57 (€(7)) (w1 () = vp(7)) + (@ (€(7)) — o (&(7)))vp(7)|I?
< 2| (1) —vp(T)PCFH2[| @ (€(7)) £ (@ (& (7)) =02 (E(M)))IIP(N+N?)?,

We define now M; := N + N2. Recalling that o is globally Lipschitz, applying
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Lemma 8.23, we get

[ (€(7)) (w1 (7) = vp(7)) + (@7 (E(7)) = oL (&(7)))vp(7)]”

<2|[v1(7) = vp(7)[IPCF + 2(26* (n — m)? + 2Lip(0) [€(7) — &(7)*) M7
(8.43)

Using (8.43) we obtain that (8.41) can be estimated as

E[JE(T) - &(T)
T J—
guz[ / p(p — DIET) (T2l — 1y)C2

PN )+ 2Lin(o)E(r) ~ ()P

T
:E[/ 4p(p—1)Lip(a)>ME|E(T) —E(T)|P
t

+ (2C3||v1 — vp||* + 4e* (N — m)*)p(p — 1)5(7)—58(7)]’2} - (844)

Applying Young’s inequality with exponents o = § and 3 = 1)%2, we obtain

(2C2|v1 = vyl +4e*(N = m)*p(p = D)[E(T) — &(7)P2
< (@3 =l + 42N = m))plp — 1)F p;‘ﬂg@ ()P

2

and so, we can rewrite (8.44) as

E[[E(T) - &)
<k| [ (4w~ ninoar? + 22 i) - P

(2C2v1 = vy + 422N —m)?) Ep(p — Har

+ p
2
_ . 2 p—2 Tz
~(106p = in(oar + 222 [TBIE(T) - er)lar
(G2 = wlf + 42 = )l - )% 515

4

2
We have assumed that the difference between controls is independent from 7.

Applying Gronwall’s Lemma to (8.45) and recalling that the expectation of a
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constant is the constant itself, we have

E[[(T) — &(T)P]

- 2C2n — |2+ 42N — m)plp — 1))
— b

(T — t)eftT 4p(p_l)Lip(U)2M12+p’%2dr

2

_ 2C3v — vl + 4> (N —m)*p(p — 1))* (T — ) (-1 Lip()* ME+252) (T—)
< . .

2

Taking the p-root of the estimate above, we conclude

E[[E(T) — &(T)[P)»
< (2C2 | — vp|* + 4€2(N — m)?p(p — 1))* (T — t)e(@—l)up(a)?Mf#p—a?)<T—t>.

(2)7

(8.46)

So, [[r1 — vl = O <plQ> seems to do not converge to 0 fast enough as p — oo

to balance the exponential term in (8.46).

To control the term ~ e“P we need to find a better estimate for Vp SO
that [lv1 — v = O(ﬁ). This needs to improve the results in Chapter 7
by considering a Taylor’s expansion in € and p simultaneously, which should
allow us more flexibility in the choice of €(p). This will be the object of future

research.



Conclusion

Here we state shortly the results obtained in the thesis and the future plan

of research. To sum up, the main results of this thesis are:

e In Chapter 5 we generalize the results in [22], obtaining the stochastic
representation of the solution of the approximated Riemannian mean

curvature flow.

e In Chapter 6 we found the asymptomatical behaviour, for large p, for the
p-optimal controls for the stochastic dynamics associated to the horizontal
mean curvature flow, in the 1-dimensional Heisenberg group. Furthermore
we develop some numerical simulations, in order to understand better
the behaviour of the optimal controls. This result was open even in the

Euclidean case

e In Chapter 7 we found the asymptomatical behaviour, for large p, for
the p-optimal controls for the stochastic dynamics associated to the
approximated Riemannian mean curvature flow for the 1-dimensional

Heisenberg group.

e In Chapter 8 we prove the following lim sup inequality:

limsup VP (¢, 2) < V(t,2),

p—o0

by using real analysis tools (see Appendix for further details) for any

choice of e(p) such that lim, % = 0. In the last section of the
p(p—
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chapter we explain some of the technical difficulties we have to overcome

to obtain the corresponding lim inf inequality:

lim inf V;(p) (t,x) > V(t,z).

P—00

Roughly speaking the asymptotic behaviour for V7 found in Chapter 7
seems to give us not enough information to control the constants coming from
the application of the Gronwall’s Lemma. Therefore we plan to improve the
result in Chapter 7 by using an asymptotic expansion in € and p, simultaneously

in order to find a better ¢(p) to conclude the minimizing liminf estimate.



Appendix

In this appendix we will recall some standard results about classical real
analysis, in particular about the LP spaces and some inequalities which are
often used in this thesis (for further details, see [47]). We start with a very well
known inequality which has been used to find the estimates for the convergence

results.

Lemma 8.30 (Gronwall’s Lemma). Let I = [a,b] C R where a < b and let
a, B and u be real-valued functions defined in I. Assume that 8 and u are
continuous and that the negative part of « is integrable on every closed and

bounded subinterval of I

e If B is non negative and if u satisfies the integral inequality

u(t) < aft) +/ B(s)u(s)ds, Vtel,
then

) < a0+ [ asrenn ([ s ).

a

e [If, in addition, the function o is a non decreasing function then
t
u(t) < at)exp </ ,B(s)ds) i
a

Next some basic definitions and properties of measure spaces and LP spaces.

Definition 8.31. Let (Q,B,u) be a measure space and f : Q@ — R be a

measurable function.
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e [f0 < p< oo we define the LP norm of the function f as

1= ([ \f|p)’1’.

o [f p= o0 we define the L* norm as

| flloo = Inf{C > 0]| f(z)| < C almost everywhere}.

Theorem 8.32 (Jensen’s inequality). Let (2,8, 1) be a meausure space such

that u(QY) = 1, if g is an integrable function on  and ¢ a convex function,

¢</diu>§/g¢09du-

Theorem 8.33 (Young inequality). Let a,b,€ R and p,q > 1 such that

then it holds

1,1 _
>te= 1
al b
ab < —+ —.
p q
Theorem 8.34 (Holder inequality). Let (X, B, u) be a meausure space and
1 < p,q < oo such that
1 1
42 =1
p q

and let f € LP(X) and g € LY(X) then we have that fg € LY(X) and

1fglly <[ fllpllgllq-

Theorem 8.35 (Minkwoski inequality). Let f,g € LP, then f 4+ g € LP and

1+ glly < [1fllp + llgllp-

The Holder inequality gives us an important corollary about the spaces of

finite measures.

Corollary 8.36. Let (2, B, 1) be a finite measure space. Then, for every

1 <p<q< oo it holds true

LYQ, B, i) C LP(Q, B, ).



224 CHAPTER 8.

Theorem 8.37. For all 1 < p < 0o and positive measure p we have that

LP(Q, B, 1) is a complete metric space.

Theorem 8.38. If 1 < p < oo and {f,} is a Cauchy sequence in LP(Q), B, 1)
with limit to f, then there exists a subsequence which convergence pointwise

and almost everywhere to f.

To conclude it is possible to prove that the space L?(€2, B, ;1) with the inner

product
— du

is an Hilbert space (i.e. a space with the norm inducted by the inner product

which is complete).
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