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Rayleigh waves are well known to attenuate due to scattering when they propagate
over a rough surface. Theoretical investigations have derived analytical expressions
linking the attenuation coefficient to statistical surface roughness parameters, namely
the surface’s RMS height and correlation length, and the Rayleigh wave’s wavenum-
ber. In the literature, three scattering regimes have been identified - the geometric
(short wavelength), stochastic (short to medium wavelength) and Rayleigh (long
wavelength) regimes. This study uses a high-fidelity two-dimensional finite element
(FE) modelling scheme to validate existing predictions and to provide a unified ap-
proach to studying the problem of Rayleigh wave scattering from rough surfaces, as
the same model can be used to obtain attenuation values, regardless of the scattering
regime. In the Rayleigh and stochastic regimes very good agreement is found between
the theory and the FE results, both in terms of the absolute attenuation values and
for asymptotic power relationships. In the geometric regime, power relationships are
obtained through a combination of dimensional analysis and finite element simula-
tions. The results here also provide useful insight in verifying the three-dimensional

theory, since the method used for its derivation is analogous.
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I. INTRODUCTION

Elastic waves guided on the surface of a solid are well known to attenuate if the surface is
not perfectly flat, due to scattering'. The attenuation of Rayleigh waves from rough surfaces
has been described analytically but experimental validations have proved difficult to achieve
over a wide range of parameters of the roughness. One reason is that mathematical models
are valid in regions that are difficult to replicate in practice since they either require very low

roughness, or predict high attenuation values, which would render the waves undetectable.

Early work to describe the attenuation of Rayleigh waves resulted in the derivation of
expressions for waves on flat surfaces of solids whose material properties induced attenuation.
For instance, Maris” derived expressions for the attenuation of Rayleigh waves on a dielectric
crystal with arbitrary crystallographic orientation, where temperature and viscosity were
also considered. Their work followed the experimental results of Salzmann et al.® who used
lasers to measure the effect of the temperature and the frequency on the attenuation of
Rayleigh waves propagating along quartz crystals. These early studies considered specific
attenuation cases related to material properties, but did not take into account the roughness
that unavoidably exists on all surfaces and which causes attenuation even when the waves
propagate on perfect lossless elastic materials; the attenuation occurs by partial scattering

of the waves from the geometric features of the roughness'.

Some of the first analytical expressions for the attenuation of Rayleigh waves from rough
generalised surfaces were derived by Maradudin & Mills*, and Urazakov & Fal'kovskii®.

The rough surface was described using two statistical parameters - the root mean squared
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(RMS) height, §, which describes the amplitude of the peaks and troughs of the roughness,
and the correlation length, A, which is a measure of the spacing of those peaks. Urazakov
& Fal’kovskii used the Rayleigh method for their studies. This method solves the Rayleigh
wave equation, which predicts the creation of Rayleigh waves on a stress free boundary®,
but was extended by the authors to apply that stress free surface condition across the rough

surface.

Maradudin & Mills used a Green’s function approach to solve the relevant equations.
Both approaches predict that for the three-dimensional case, when the roughness is low (for
instance, 0/A < 0.3) the attenuation coefficient is proportional to the fifth power of the
wave’s frequency, f, in the region where the Rayleigh wavelength, Ag, is much greater than
A. Maradudin & Mills also demonstrated that the attenuation coefficient is proportional to
52. Subsequently, Eguiluz & Maradudin” published an updated version of their derivations
in which the additional scattering of the Rayleigh waves to bulk waves was considered. The
new results also demonstrated a proportionality of the attenuation coefficient to f°, as well

as a new result of a proportionality to the ratio §2 /A%

Following the work by Eguiluz & Maradudin, de Billy et al.,* completed some experi-
mental work to verify the theory derived in”. In their work, attenuation measurements were
taken for rough duraluminium and titanium samples, and the effect of varying Az on the
attenuation measurements was investigated. The authors found good agreement between
their experimental results and the f° relationship predicted by the theory at the long wave-
length limit, however, they observed that this 5" order proportionality did not hold true
at smaller \p values. More recently, Kosachev & Gandurin’, studied the dispersion atten-

4
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uation of Rayleigh waves on statistically rough hexagonal crystals, to expand the work in”.
In their work, the scattering from the rough surface of an anisotropic hexagonal crystal was
theoretically studied, with the authors deriving an expression for the attenuation coefficient
when the scattering occurs at a generalised crystal orientation. Their expression reduces to
the same f° relationship derived in’, for the isotropic case in the long wavelength region.
Finally, Chukov'” used the Rayleigh-Born approximation to derive similar relationships to’
for the isotropic case, arriving at the same power relationships. In addition, Chukov derived

expressions for 2D roughness which are discussed in more detail below.

However, the theory is restricted to specific §/A and Ag combinations. In particular, a
large proportion of the theory has been derived in the Rayleigh regime - this is a region
where A\gp > A, which is a very low frequency regime. Therefore, the above-mentioned
considerations motivate two research problems which this paper attempts to solve - firstly,
to create a finite element (FE) model to validate the existing analytical expressions in
the Rayleigh region, and secondly, to extend the results, by FE modelling, to other more

practically relevant regimes.

To obtain a representative attenuation value for a combination of 4, A and f, from nu-
merical modelling, it is necessary to average over a sufficiently large number of attenuation
values obtained from individual surfaces characterised by those specific statistical parame-
ters. It is also necessary to have a model sufficiently large to accommodate a representative
scattering distance. The implementation of a 3D model would incur significant computa-

tional burden and run-times for such a wide range of parameter values and so this paper
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conducts a comprehensive 2D analysis. The validation in 2D also infers validation in 3D, as

the same theoretical approach has been implemented for the derivations in both cases.

In addition to the 3D case discussed above, Chukov demonstrated that for 2D the atten-
uation coefficient is proportional to f*, 62 and A in the Rayleigh region in comparison with
the f562A2 which has been derived for 3D roughness. Identical power relationships were also
derived by Huang & Maradudin'’, using the same small perturbation method implemented
in the 3D analysis” ,and the f* relationship was observed experimentally in®. These are the
proportionality relationships which this paper validates. In addition to this, Maradudin &
Eguiluz” and Huang & Maradudin'' have also derived an expression which gives quantitative
values for the attenuation coefficient — the results from the FE simulations in this study are

also compared against this expression.

Following this validation, this paper looks into the attenuation coefficient’s behaviour in
regimes outside the Rayleigh region. More specifically, both the stochastic (Ag < A) and
geometric (Ag < A) regimes are investigated. It is worth noting that in the literature, these
scattering regimes are studied separately, or under different assumptions. In our study, the
same approach was used across all three scattering regimes, creating a unified method for
studying the scattering of Rayleigh waves from rough surfaces, regardless of the scattering

regime.

Analytical expressions for the attenuation of Rayleigh waves from statistically rough

surfaces are, to our knowledge, very limited in both the geometric and stochastic regions.

l'12

However, a useful analogous problem has been studied in detail by Van Pamel et al.’*. In

their study, the authors investigated wave scattering within heterogeneous media - where the
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wave’s propagation was impeded by the presence of grain boundaries within a material. In
the Rayleigh regime, the authors found a reduction of the attenuation coefficient dependence
by one power of frequency between the 2D and 3D scattering - this is consistent with the
reduction of the proportionality from f° to f* in 2D, for roughness scattering, derived by'’
and!'!. The same fourth power proportionality between the attenuation coefficient and the
frequency has also been derived by Kaganova & Maradudin for the scattering of surface
waves in a polycrystalline material'®. Additionally, it was found that at large A\r values,
belonging to the stochastic region, the attenuation coefficient is proportional to the same
powers of §, A and f, regardless of the number of dimensions. Therefore, for the problem
studied here, the same power relationships derived for the 3D case, by Kosachev et al.'*

can be suggested to hold true in 2D. Regarding the geometric region, the authors in'? and'®

state that the attenuation coefficient is independent of f.

This paper is split into the following sections. The theory and analytical results are
discussed in more detail in Section II. The process of setting up the FE model is described
in Section III. The results from the FE simulations are presented and discussed in Section

IV, and finally, Section V concludes the work.

II. THEORY

This section presents the theory related both to the generation of rough surfaces, and
to the power relationships between the attenuation coefficient and the different parameters

which characterise the incident wave and the rough surface. The analytical expressions for
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calculating the attenuation coefficient, «, along with a brief derivation are also presented

and discussed.

A. Rough Surfaces

The weighted moving average method described in' and!® was implemented to generate
the rough surfaces. An important parameter that characterises a rough surface is its RMS
height, 0. This is a measure of the height of the surface’s peaks and troughs, relative to
a reference surface, whose RMS height is zero. Let x be the direction in which the rough
surface lies, and z the direction perpendicular to x. Now, let A be the distance between the
z = 0 line and a point on the rough surface. Using these definitions, the rough surface’s

height profile can be described by

z = h(x). (1)

For the rough surfaces used in this study, the mean height of the rough surfaces was set to
be 0, i.e. < h >= 0, where the angled brackets denote the ensemble average value of the

quantity. Under this assumption, J is given by:

§=V<h?>. 2)

A second parameter typically used when describing a rough surface is the correlation
length, A. This can be considered a measure of the spacing between the peaks and troughs
of the surface, in the x direction. Mathematically, it is defined as the distance over which

the correlation function, C'(R) drops to 1/e from its initial value, for two points separated

8
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by a distance R, where the correlation function is defined as follows:

C(R):<h(x>h§f+R>>. 3)

In this study, a Gaussian C'(R) was chosen:

C(R) = exp (-%) . (4)

Gaussian roughness was selected for this study, as it has been widely studied and is also
well understood™'%!7. Additionally, it has been shown that Gaussian roughness can occur
naturally, as reported in'® and'’, where real fatigue cracks and real surfaces were found to
follow a Gaussian roughness profile. Therefore our choice does not restrict the analysis to
an idealised domain.

To create the rough surfaces, initially a set of random numbers was generated. Then,
equations (2) and (4) and the moving average approach described in'® were implemented,
to transform this set of random numbers to a set of correlated numbers, corresponding to

the values in the h(z) function.

B. Power Relationships

The usual dispersion relationship for a Rayleigh wave travelling on a flat surface is
W= CR% (5)

where w is the Rayleigh wave’s angular frequency, C'y is the propagation velocity and g is the
wavenumber. Although in most modern work, the wavenumber is denoted by k, the use of ¢

here is in alignment with Maradudin’s notation, and facilitates the comparison between our
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results and previous work. When the Rayleigh wave encounters a rough surface, equation
(5) becomes’

w:CRq+AW, (6)

where Aw is a complex angular frequency perturbation, arising from the presence of the
rough surface.
Eguiluz & Maradudin” have shown that the attenuation length [, which is the length over

which the Rayleigh wave’s energy falls to 1/e from its initial value, can be calculated via

1 52
[T =2 e qua, (7)

where ws is a function encapsulating the effect of the roughness on the Rayleigh wave. It can
be then shown that for Az > A (Rayleigh region) wy oc (wA)?*, for 3D roughness, and hence,
ZQSR o f?52A?, where the subscripts 3D and R denote the presence of three-dimensional
roughness, and the Rayleigh region respectively.

An analogous analysis in'' and?’ showed that for 2D roughness, the w, function is pro-
portional to the third power of w and A, in the Rayleigh regime. The derivations were
performed using similar methods to those in”, which allows w, to be directly substituted
into the right-hand side of equation (7). Therefore, the theory predicts that Iy o< f46%A,
where the subscript 2D denotes the case of two-dimensional roughness.

For the stochastic region, in an inhomogeneous medium in 3D, where A\ < A, it has
been shown analytically in'? that there is no difference in the power relationships in 3D and
2D, between (7! and the relevant parameters - this observation was subsequently verified
numerically by the authors. In this study'?, the authors derived this theory for the atten-
uation arising from inhomogeneous media - however, their analysis used similar metrics to

10
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ours. The size of the “obstacle” causing the attenuation was characterised by its correlation
length, and the stochastic regime was defined as the region where gA > 1. We can therefore
suggest the independence of the attenuation length, with respect to dimensionality, to hold
true in our case as well, i.e. the same power relationship exists between [=! and §, A and f
in both 3D and 2D roughness. Kosachev et al.'* have derived an analytical expression for
the stochastic region for 3-dimensional roughness - therefore based on their derivation, we

expect that l;ﬁs x f252A71, where the subscript S denotes the stochastic region.

In order to present power relationships relating to the geometric regime, it is first nec-
essary to introduce the dimensional analysis associated with the asymptotic study of the
attenuation coefficient. The asymptotic study is based on the principle of similitude, which
stipulates that the study of different phenomena can be treated using equivalent equations,
if they can be described by the same dimensionless variables’. For studying attenuation phe-
nomena, an equivalent mathematical analysis can be implemented if roughness parameters

(0 and A) and the loss in energy («) are normalised by the Rayleigh wavelength.

More specifically, the asymptotic approximations usually take the form of products of

powers for the dimensionless normalised attenuation coefficient, «,,:

Qi X O ATA (8)

where «,, = aAg, 6, = §/Ar (normalised RMS height), A,, = A/Ar (normalised correlation
length) and ms and my are the powers of d,, and A, to which «,, is proportional. Given
that unperturbed Rayleigh waves travelling on a smooth flat surface are non-dispersive, the

frequency is inversely proportional to the wavelength, and therefore equation (8) can be
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rewritten as:

Q, oC MIA™A friatma (9)
or equivalently,
a o< OMIATA f (10)
where
mf:m5+mA—|—1. (11)

Equation (11) holds true regardless of the number of dimensions and the scattering
regime - this can also be confirmed by observing both the 3D and 2D power relationships
demonstrated in the previous paragraphs, which all obey equation (11). In the geometric
regime, the scattering is independent of the frequency'. Therefore, from equation (11),
ms, = —1 — my,, and l;DlG oc 0™éa A~ where the subscript G denotes the geometric
regime. Here, the power coefficients relating to 6 and A will be treated as unknowns to be
found, and the independence of the attenuation coefficient on f will be validated by the FE
model.Finally, it is worth noting that for all the theoretical derivations, it was assumed that
0 < A, which follows numerous studies on rough surface scattering in the literature, such
5182123
In our analysis, we will be using a similar attenuation measure to [=!: the attenuation
coefficient v, which is defined as the inverse of the distance over which the amplitude of the
Rayleigh wave drops to 1/e from its initial value. Using this definition, in combination with

the fact that the energy of a wave is proportional to the square of its amplitude®, we can

12
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TABLE I. Expected asymptotic power relationships, between the attenuation coefficient and the
RMS height, correlation length and frequency. In this table, ¢ is the wavenumber, ¢ is the RMS

height, A is the correlation length and f is the frequency.

Regime Rayleigh Stochastic Geometric

Limits gd < qgAh <1 g6 <1< qA 1< g < gA
a(d,A, f) 52N [ 52N f2 §mic A~L-mag
B(0n, An) 5, A2 5 el MG

relate a to [ using the following equation:

A summary of the expected power relationships between o and 6, A and f is shown
in Table I. For ease and uniformity of presentation, we have introduced the dimensionless
notation d,, A,, a, and 3, where o, = aAg and 8 = «,A/d. The variable 3 is defined to
later allow us to generate a master curve where we plot the numerical results against a single
variable. If just the conventional normalised attenuation coefficient («ay,) is used, this yields
results which are functions of both ¢,, and A,,, making it impossible to plot all the results in
a single graph, as they are not functions of a single variable. The variable [ is defined such
that all the numerical results become a function of a sole variable (6,,), assuming that ms,

1S zero.
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III. SETTING UP THE FINITE ELEMENT MODEL

This section presents the method used to create the FE models, which were used in all sub-
sequent simulations. The purpose of the FE models is to allow us to study the phenomenon
of surface wave scattering from a large range of roughness parameters, meaningfully and
efficiently. Therefore, the necessary steps were taken to minimise the model’s size and to
ensure that the surface wave was of good quality, with minimal noise. The process to achieve
these properties, as well as the method used to calculate the attenuation coefficient, and the
computational resources used, are presented below.

Despite the rough surfaces being characterised by their RMS height and correlation
length, each surface has a unique h(x) profile. In order to obtain a meaningful value for
attenuation, it was necessary to perform Monte Carlo simulations, and average over a suf-
ficient number of realisations for each § and A, to ensure the statistical stability of the
result. The simulations were conducted using the high-fidelity, GPU-based FE software
package Pogo, which is an explicit time domain finite element solver and visualised using
PogoPro?” Following the discretisation of the domain, Pogo uses the well-known finite differ-
ence method, with the aid of a stress-free boundary condition, to obtain the displacement at
each node. If we denote the displacement, velocity, and acceleration matrices of the nodes

in the model by U, U and Ij, the equation for elasticity theory becomes:

MU + CU + KU =F, (13)

where M, C and K are the mass, damping and stiffness matrices, and F is the applied
force matrix. By implementing the finite difference method, and assuming a model with no

14
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Un+1 o 2Un Un—l
Mo S KU =F, (14

where the superscript n denotes the corresponding matrix at the n'* time step, and At is
the duration of that time step. By rearranging Equation (14), the displacement at the n+ 1
time step can be found, using the values for the displacement at the previous two time steps.
The approach described here follows closely the approach taken by other high-fidelity FE

studies for elastic wave propagation®—2%.

Inconel 718 was used in all simulations (Young’s modulus, E = 208.73 GPa, Poisson’s
ratio, v = 0.303 and density, p = 7800 kg/m?). For a given material, the Rayleigh wavespeed

Cg, can be calculated approximately by the following formula®’:

~0.862 + 1.14v

CR - 1+ CS) (15>

where C'g is the shear wave speed. For the material parameters defined above, C'r was found

to be 2892 m/s.

Each rough surface was inserted to form the lower boundary of a 2D rectangular FE
domain with the specified material parameters. The length of the rough surface was set to
be at least 50A, to ensure statistical and ergodic stability'!. A Tukey window was applied
the rough surface, to ensure a smooth joining with the main material and avoid generating
additional artificial attenuation. The Tukey window function, w(z), was of the following

15
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0 || >

Nl

w(@) =41 2| < (16)

Nl
£

d

L
: [1 — cos (27TT2)] otherwise,

\

where L is the length of the rough surface, and [, is the length of the window tapering.

L

For our simulations, [,, = {5 was used. The windowing was implemented by multiplying

w(z) with h(x) - this has the effect of smoothing the edges of the surface, while leaving the

rest of it unaffected. A schematic of the FE model is shown in Figure 1. Two-dimensional

@ Material

' Absorbing layers

# Monitor nodes

® Source nodes
Original rough surface
(prior to insertion)

-- Rough surface used in the FE
model (Tukey window applied)

Source Line  Monitor A \ A\ N Monitor B

FIG. 1. (Colour online) Schematic of the FE model. A Tukey window is applied to the original
rough surface, generated using the method described in subsection ITA (in yellow), before it is
inserted to form the lower boundary of the FE domain (in red). The scale of the rough surface is

exaggerated for better visualisation.

triangular elements were used in generating the mesh. The mesh size, Az, was set to be
approximately equal to Ar/25, where A was calculated from the central frequency of each
simulation, for all models - this is necessary to avoid errors in the elastic wave speed, and
ensure the numerical stability of the model, which are issues that might arise if the mesh is

16
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too coarse, as described in®’. A similar approach for the mesh size has been used in studies

related to ours®'. A typical model size was of the order of 2 x 10° degrees of freedom.

An example of the lower portion of the FE domain, after the rough surface was attached
to its lower boundary, is shown in Figure 2. There are two interesting features in Figure 2,
firstly, the ability of Pogo to mesh efficiently can be observed, as the irregular mesh only lies
close to where the rough surface is located, while the mesh efficiently reverts to a regular
form in the main bulk of the material as the distance from the rough surface increases.
Secondly, the smooth joining of the rough surface to the FE domain can also be seen. Here,
it is worth acknowledging that rough surfaces can be described by fractals®?, with past
roughness studies using the Weierstrass function®®, which exhibits self-similarity, to model
them. Meshing unavoidably truncates this fractal feature. However, it is expected that the
absence of this fractal nature will not affect the result, as geometrical features significantly

smaller than the wavelength can not be resolved by the wave?>**,

In the FE model, the input signal used was a 5-cycle Hann windowed tone burst. The
absolute value of signal’s amplitude was arbitrarily selected, since the simulation is linear,
and we are concerned about ratios of measured results, and not their absolute values. A
source line, comprised of multiple source nodes, was located to the left of the rough surface.
For each simulation, the size of the source was set to be equal to three Rayleigh wavelengths,
calculated from the simulation’s central frequency. To obtain a Rayleigh wave travelling
towards the rough surface, a phase delay was applied to each node, such that constructive
interference from the signal from each node occurred in the desired direction. This method

was implemented as follows:

17
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FIG. 2. (Colour online) Detail of the FE domain’s meshing, after the Tukey-windowed rough

surface has been applied to its lower boundary.

204 e Two sinusoidal time-domain signals were created, with a 90° phase shift between them.

205 e Pogo provides the ability to assign each source node a unique amplitude, which scales
206 the time domain signal assigned to that node accordingly. Therefore, the amplitude
207 at each node was selected in a way such that a clean Rayleigh wave, with the correct

208 amplitude and phase was created by the interference of the signal from all the nodes.

th

200 e The complex amplitude assigned the ¢*" source node, a;, located at the x; position in

300 the model is given by:

— -
1—cos (2 min el 17
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where, x,;, is the position of the leftmost source node, x,., is the position of the
rightmost source node and j is the imaginary unit. The collective use of a unique
amplitude at each node, according to equation (17), results in the constructive inter-
ference of the signals from all source nodes, in the correct direction, which generates

a clean Rayleigh wave.

e The first signal was applied to the i*" node with a weighting of [Im(a;), -Re(a;)] and
the second signal with a weighting of [-Re(a;), -Im(a;)], where the two entries in the
previous vectors denote the x and z direction respectively, and the notations Re()
and Im() denote the real and imaginary part of their argument respectively. The
amplitudes of the x and z components of the Rayleigh wave are arbitrary since one
is interested in the ratio of the amplitudes before and after the rough surface, rather

than the absolute values.

An example of a Rayleigh wave created using the method described above is shown in
Figure 3. As shown in the figure, a pure Rayleigh wave is created by implementing this
method. The minimal secondary waves which exist in Figure 3, just above the right-hand
end of the Rayleigh wave, lie away from the rough surface and therefore do not interfere

with the attenuation measurements.

In order to obtain the information required to calculate the attenuation coefficient, two
monitor nodes were used in the model, one on either side of the rough surface. The Rayleigh

wave’s z-amplitude was measured at each monitor node. The attenuation coefficient was then
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FIG. 3. (Colour online) Example of a Rayleigh wave field, travelling in the positive z-direction
created using the method described in this section. The colour scale in the figure represents the
absolute magnitude of the displacement at each node. The Rayleigh wave’s centre frequency is

6MHz and the rough surface has §=25um and A=50um.

calculated by our definition of a:

oL (), 9

where A; and Aj are the amplitudes of the Fourier transforms of the Rayleigh wave before
and after the rough surface, and z, is the distance between the locations at which A; and

Ay were obtained.

Finally, in order to avoid unwanted noise from the source, or scattered waves interfering
with the attenuation measurements, absorbing layer regions were applied to the top, left
and right sides of the FE domain. These regions are defined by material parameters whose
damping gradually increases, leading to attenuation rather than reflection of the waves®.
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The addition of absorbing layers in similar setups has proven to be beneficial in related
rough surface studies®.

For each Monte Carlo simulation, 100 unique surfaces, and hence FE domains, were
generated. Using 1 Nvidia GTX 1080Ti with 11 GB of memory, each set of 100 models takes
about 1.5 hours to complete. This efficiency allowed one to run several statistically stable
sets of simulations, covering a wide range of roughness, which better validates the theoretical
models. A 3D approach would not have been able to achieve such wide variety of simulation
parameter values due to computational limitations. The 2D study presented here provides
useful and meaningful insight in the verification of the existing 3D theory, as the 2D!
and 3D” theory have been derived under the same assumptions and using similar methods.
Additionally, the 2D work here identifies the most important regimes 3D investigations may
be conducted. It is also worth noting that the same method described here was used to
generate all the FE models required for our study, regardless of the scattering regime. This
strengthens the universality of our findings, as it has eliminated the need to study each

regime separately, which is often the case in the literature.

IV. RESULTS & DISCUSSION

This section presents the results from our FE simulations, and is split into three parts.
In the first part of this section, our FE results are compared quantitatively with equation
(7), in order to investigate the agreement between the theory and the FE model. After this
agreement is established, the second part of this section presents the results relating to the

power relationships presented in Table I.
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The initial roughness statistical parameters, used for the Rayleigh regime, were selected
to reflect values of roughness which can be found on metal parts created by additive man-

ufacturing. More specifically, values of § in the range of 10um-25um?™ >’

were chosen. The
correlation length values were then adopted such that they fulfilled the 6 < A condition,
as required by the limiting conditions in Table I. When the investigation relating to the

Rayleigh regime was completed, we explored the stochastic and geometric regimes by ex-

panding our initial selection of  and A values.

Each surface realisation, despite being characterised by its 6 and A values, has a unique
profile, due to the inherent randomness of roughness. It is therefore necessary to average
over a sufficient number of realisations to get results which are statistically meaningful. Each
datapoint in all the figures in this section, is an ensemble average « value, obtained from
the Monte Carlo simulation of 100 realisations. This number of realisations lies within the
range of 50-200 which has been used in similar studies®**%*!, but has also been verified for
its statistical stability for our specific study, by conducting a convergence analysis, similar
to that of'’. An example of the convergence plots, for three roughness cases, is shown in

Figure 4.

As shown in Figure 4, the number of realisations required to obtain a converged « value
is a function of the surface roughness. For the case with the longest correlation length in
Figure 4 |, the a value converges after approximately 15 realisations, while for the other
two cases, where the correlation length is shorter, and therefore the peaks and troughs of

the surface are closer together, a higher number of realisations is required for convergence.
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FIG. 4. (Colour online) Variation of the attenuation coefficient, as the number of realisations

increases, for three roughness scenarios, at f = 10MHz.

sn However all cases converged before the 100 realisation limit was reached, further supporting

sz our choice.

373 Finally, following the verification of the quantitative and asymptotic results, the last part
s of this section presents a “master” attenuation curve, on which attenuation values from
;s various 0, A and f combinations are plotted, as a method to further verify the agreement
s of the FE and the theory, over a wider range of parameters. A summary of all the power

sr7 - relationships obtained by FE modelling is also given.

378 A. Quantitative Results

379 A comparison between the theoretical o and the values predicted by combining equations
30 (7) and (12) is shown in Figure 5. The statistical parameters used to obtain this figure were
s 0 = 200pum, A = 800um, and the frequency was varied from 0.4MHz to 1.75MHz.
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FIG. 5. (Colour online) Comparison of theoretical o values with FE results. The attenuation
coefficient is plotted against the dimensionless quantity gA, which is analogous to plotting against
frequency. The theoretical predictions of the model of'! are shown using the curve, and the FE

results are plotted as x.

In the horizontal axis of Figure 5, the dimensionless quantity gA is plotted - this is analo-
gous to plotting against frequency, as in all simulations A was fixed, and the wavenumber ¢
varies linearly with frequency. Presenting the results as such also follows the work of Huang
& Maradudin'!, who also plot against gA. The mean attenuation coefficient value is plotted

as x, and the plot includes error bars whose length is equal to £+ 2 standard errors (SE),

where SE is defined as:

SE = % (19)

In Equation (19), o is the standard deviation, and n is the number of realisations.

It is clear that the FE results follow the curve predicted by the theory. The agreement
is also evident in more than one of the scattering regimes described in subsection IIB,
since Figure 5 contains results for gA values both greater and smaller than 1, which is
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defined as the value at which the scattering behaviour changes from the Rayleigh to the
stochastic regime. Using the definitions in Table I, the results of Figure 5 cover the Rayleigh
and stochastic regions, with some of the points at higher gA values lying in the transition
region between the stochastic and geometric regimes. It is worth noting that there are
some very small discrepancies between the theoretical attenuation coefficient and the FE
results. However, we are looking at differences between two approaches here, so it would
be inappropriate to view this as errors in the FE simulation not matching the theory. We
believe there are three possible sources of discrepancies — approximations in the theory,
errors in the FE simulations and insufficient convergence of the attenuation coefficient at
100 realisations. The outcome of recent studies using high-fidelity FE analysis is that the
results from FE modelling are highly accurate. The authors in?° 2% discuss in detail the high
degree of accuracy achieved through FE, hence the error associated with the FE approach
here is expected to be very small. Regarding the insufficient convergence issue, the results
in Figure 4 show good convergence, hence we expect this error to also be small. Therefore,
it is possible, indeed likely, that the approximations in the theory are a bigger contributor
to the differences between the theory and the FE results. This confirms the validity of our

FE model and allows us to proceed with a deeper analysis of each scattering regime.

B. Power Relationships

In this section, we present the results relating to the power relationships in Table [. In
order to calculate the power relationship between o and the variable of interest, the sought

power coefficient was determined numerically by a least squares regression analysis and the
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results are plotted on a log-log scale where the power coefficient of the best fitting power
function is represented by the slope of the regression line. Similarly to Figure 5, standard

error bars have been added to all the plots relating to the power relationships.

1. Rayleigh Regime

The results relating to the Rayleigh region are shown in Figure 6. We are plotting
against the characteristic parameters f, §,, and A,, respectively, which are the frequency and
normalised RMS height and correlation length respectively, as defined in subsection 11 B.
According to the theory presented in subsection 11 B, we are expecting a oc f46%A in the
Rayleigh regime. Figure 6(a) shows the simulation data, relating to the f* relationship. To
generate the datapoints in Figure 6(a), the rough surfaces were defined to have § = 10 pm
and A = 20pum. The frequency was varied from 1.75MHz to 2.25MHz, and at each frequency
point, a Monte Carlo simulation of 100 realisations was completed. The gradient of the best

fit line in Figure 6(a) is 3.77, which is close to the expected value of 4.

Figure 6(b) shows the simulation results, relating to the §2 relationship. To produce
Figure 6(b), the frequency of the simulations was set to 0.5MHz (Ag = 5800um), and A was
set to 80um. Then, § was varied from 30pum to 80um. The gradient of the best fit line in
Figure 6(b) is 1.77, which is fairly close to 2. It is worth noting that the power relationship
here is calculated for a,,(d,), however, it holds true against J as well - this is because the
simulations were completed at a fixed frequency (hence wavelength), and therefore the values
in Figure 6(b) have been normalised by the same scalar.
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FIG. 6. (Colour online) FE results, relating to the Rayleigh regime. The figure shows the FE
results, plotted as x, and the line of best fit through them. The gradient of the best fit line, m, is
also shown on the figure. Values of the attenuation coefficient (either absolute or normalised) are

plotted on the vertical axis, while the variable whose power relationship is investigated, is plotted

on the horizontal axis.
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Figure 6(c) shows the simulation results relating to the A relationship. To produce Figure
6(c), the frequency of the simulations was set to 0.5MHz (Ag = 5800um) and § was set to
20pum. Then, A was varied from 50um to 90um. The gradient of the best fit line in Figure
6(c) is 0.94. Again even though the power relationship has been calculated for a,(A,), it
remains the same for against A, for the same reason explained in the previous paragraph.

It appears that our FE results match the expected power relationships presented in
Table | very closely. The power relationships can be explained as follows: The analysis in
Maradudin & Huang'' demonstrated that the w, function is proportional to (wA)? as gA
tends to 0. When this is substituted into equation (7), it yields the o o< f45%A relationship,
demonstrated by our FE results here. Physically, the attenuation coefficient tends to zero at
low frequencies, because the Rayleigh wavelength becomes so long relative to the statistical

parameters characterising the surface, that the surface appears flat to the wave.

2. Stochastic Regime

The results relating to the stochastic region are shown in Figure 7. Based on the theory
presented in subsection 11 B, a proportionality of o to f202A~! is expected in the stochastic
regime.

Figure 7(a) shows the FE results relating to the f? relationship. For this set of simulations,
0 was set to 200um and A was set to 800um. The gradient of the best fit line is 1.94. To
produce Figure 7(b), the frequency of all simulations was set to IMHz (Ag = 2900um), and
A to 800um. Then, ¢ was varied from 100um to 400um, satisfying the stochastic region’s
condition. The gradient of the best fit line was found to be 2.15. Finally, Figure 7(c) was
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FIG. 7. (Colour online) FE results, relating to the stochastic regime. The figure shows the FE
results, plotted as x, and the line of best fit through them. The gradient of the best fit line, m, is
also shown on the figure. Values of the attenuation coefficient (either absolute or normalised) are
plotted on the vertical axis, while the variable whose power relationship is investigated, is plotted

on the horizontal axis.
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generated by setting the frequency again to 1IMHz. Then, J was fixed to 200um, and A was

varied from 400pm to 1600um. The gradient of the best fit line was found to be -1.25.

Overall, it appears that our FE model follows the already established theory in the
stochastic region well. The power relationships here can be again explained by the behaviour
of the w, function in the stochastic region. As has been demonstrated in'!, in the stochastic
region, wo o< wA. When this relationship is substituted in equation (7), it yields the f2§2A~!

proportionality predicted by the theory and supported by our FE results.

3. Geometric Regime

The results relating to the geometric region are shown in Figure 8. The geometric region
is a region where the RMS height is greater than ’;—T’f, as per the definition made in Table I.
Therefore, the frequency in this set of simulations was set to 5MHz (Ag = 580um). Then,
0 was set to 200pum and A was varied from 800um to 1600um. The gradient of the best fit

line in Figure 8 is -0.83.

The attenuation coefficient can be seen to be decreasing with an increase in frequency in
Figure 8. Physically, in this region the wavelength has become so small compared with the
correlation length, that the roughness does not impede its motion - the wave travels along
the peaks and troughs without being scattered. Additionally, from the dimensional analysis
presented in Section II B, the fact that m,, is approximately equal to 1 implies that ms,
is approximately equal to zero in the geometric regime. This is further investigated and
validated in the next subsection.
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FIG. 8. (Colour online) ay, vs A plot, geometric regime. The figure shows the FE results, plotted
as X, and the line of best fit through them. The gradient of the best fit line, m, is also shown
on the figure. Values of the attenuation coefficient (either absolute or normalised) are plotted on
the vertical axis, while the variable whose power relationship is investigated, is plotted on the

horizontal axis.

C. Summary of results

In Table I, we have also introduced the generalised attenuation coefficient, 5. Using
this allows us to further verify the validity of the theory in the stochastic and geometric
regions, plotting a wider range of Monte Carlo results, against only the variable 9,. As
shown in Figure 9, the results follow the asymptotic approximation lines, independently of
which parameter was the variable in each FE Monte Carlo set. Additionally, the transition
between the stochastic and the geometric region can clearly be seen at 0, = 1/27. This is
the expected location of the transition, and can be derived by identifying that in Table I,
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FIG. 9. (Colour online) 3 vs §,, master plot. Here, generalised attenuation coefficient values are
drawn for a large combination of frequencies and roughness parameters. The datapoints cover both
the stochastic and geometric regions, where the above proposed ad hoc approximation predicts that
B o< 6, and B o 6, ! respectively, with the transition occurring at the &, = 1/27 point. The Monte
Carlo results with a fixed A (= 800um) are plotted as X, the results with a common f (=1MHz)
are plotted as o, and the results with a fixed 6 (= 200um) are plotted as <&. The dashed black
lines show the asymptotic approximation for both scattering regimes, while the red dashed line

indicated the transition point between them.

the transition point between the stochastic and geometric regimes is defined to be where

qo = 1.

It is now worth noting that the gradient of the asymptote on the right hand side of
the plot, which corresponds to the geometric regime, is equal to -1. Therefore, from our
dimensional analysis and the values in the last row of Table I, ms, is again found to be
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equal to zero, since m;,-1 = -1. This also confirms both that m,, = —1, demonstrated by
our FE results, and also the independence of the attenuation coefficient to the frequency in
the geometric regime, since my, must be approximately equal to 0, from equation (11). A
summary of the power relationships obtained from FE results, in all scattering regimes is

shown in Table II.

TABLE II. Expected asymptotic power relationships, between the attenuation coefficient and the
RMS height, correlation length and frequency. In this table, ¢ is the wavenumber, ¢ is the RMS

height, A is the correlation length and f is the frequency.

Regime Rayleigh Stochastic Geometric
Limits qo < qgh <1 g0 <1< qgA 1< ¢d < gA
a(& A, f) 51A77A0.94f3.77 52.15A—1.25f1.94 A—0.83

Comparing Tables I and II, it is clear that there is good agreement in the asymptotic
power relationship coefficient, across all scattering regimes. This has two implications -
firstly, we have managed to verify the well-established theory regarding scattering in the
Rayleigh regime, both quantitatively and asymptotically. Secondly, our FE model was
able to also verify the asymptotic in the stochastic and geometric regimes, confirming the

applicability of assumptions from scattering'?, to our study.
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V. CONCLUSION

A comprehensive study of the attenuation of Rayleigh waves from 2D statistically rough
surfaces, using FE modelling has been presented. Three distinct scattering regimes have
been identified from the literature - the Rayleigh (low frequency), stochastic (low to medium
frequency) and geometric (high frequency) regimes. Analytical formulae, predicting attenu-
10,11

ation values, have been derived in the past'!, as well as asymptotic power relationships

between « and 9, A and f.

Here, we attempted to validate the existing theory using FE analysis, and extend the
results to regions where the theory is less established, or obtain results with a wider combi-
nation of 9, A and f values. We have found good agreement between theory and FE results
in all three regimes - in the Rayleigh and stochastic regimes, good agreement was found
both quantitatively and asymptotically and the f* relationship between o and frequency in
the Rayleigh regime was also observed. For the geometric regime, power relationships were

derived by a combination of FE modelling and dimensional analysis.

The FE model’s ability to follow the theory creates a plethora of useful implications.
The theoretical formulae rely heavily on the wy function, which is a complicated function
comprising multiple sub-functions, many of which have a different form depending on the
region of interest, meaning that calculating ws is far from straightforward. The ws function’s
validity is also limited in terms of the roughness parameters for which it can produce results
(0/A < 0.3) and its behaviour has not been studied extensively in the literature in the
geometric regime. FE modelling removes the necessity to obtain this function, and allows for
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direct calculation of the attenuation coefficient. Additionally, the FE models can potentially
be extended to regimes where the literature is more limited, such as the geometric regime,
and can also simulate 6 and A parameters outside the theory’s region of validity. Finally,
the use of FE has provided a more unified approach to the study of rough surface scattering.
In the literature, each scattering regime is largely studied in depth on its own, while the FE
approach here has been able to verify the theory in all three regimes, by always implementing
the same method.

Finally, it is worth noting that despite the results here being obtained from 2D simu-
lations, they are still relevant for the 3D analytical formulae. The mathematical approach
used to derive the 3D7 and 2D'' theory is analogous - therefore, the FE validation of the
2D theory in our study provides important insight for 3D theory, indicating that it will also

hold true for FE simulations and experimental scenarios.
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TABLES

TABLE I. Expected asymptotic power relationships, between the attenuation coefficient and the
RMS height, correlation length and frequency. In this table, ¢ is the wavenumber, ¢ is the RMS

height, A is the correlation length and f is the frequency.

Regime Rayleigh Stochastic Geometric
Limits qd < qA <1 qd <1< qA 1< ¢d < gA

a8, A, f) §2A f4 S2A1f2 gMég A~ LMo

B(6n, An) 5 A2 5 I W

TABLE II. Expected asymptotic power relationships, between the attenuation coefficient and the
RMS height, correlation length and frequency. In this table, ¢ is the wavenumber, § is the RMS

height, A is the correlation length and f is the frequency.

Regime Rayleigh Stochastic Geometric
Limits qd < qh <1 qd <1< qgA 1< g < gA
01(5 A f) 51'77A0'94f3'77 52'15A_1'25f1'94 A—0.83
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LIST OF FIGURE CAPTIONS

Figure 1. (Colour online) Schematic of the FE model. A Tukey window is applied to the
original rough surface, generated using the method described in subsection ITA (in yellow),
before it is inserted to form the lower boundary of the FE domain (in red). The scale of the

rough surface is exaggerated for better visualisation.

Figure 2. (Colour online) Detail of the FE domain’s meshing, after the Tukey-windowed

rough surface has been applied to its lower boundary.

Figure 3. (Colour online) Example of a Rayleigh wave field, travelling in the positive z-
direction created using the method described in this section. The colour scale in the figure
represents the absolute magnitude of the displacement at each node. The Rayleigh wave’s

centre frequency is 6MHz and the rough surface has §=25um and A=50um.

Figure 4. (Colour online) Variation of the attenuation coefficient, as the number of

realisations increases, for three roughness scenarios, at f = 10MHz.

Figure 5. (Colour online) Comparison of theoretical o values with FE results. The
attenuation coefficient is plotted against the dimensionless quantity gA, which is analogous
to plotting against frequency. The theoretical predictions of the model of'! are shown using

the curve, and the FE results are plotted as x.

Figure 6. (Colour online) FE results, relating to the Rayleigh regime. The figure shows
the FE results, plotted as x, and the line of best fit through them. The gradient of the best
fit line, m, is also shown on the figure. Values of the attenuation coefficient (either absolute
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or normalised) are plotted on the vertical axis, while the variable whose power relationship
is investigated, is plotted on the horizontal axis.

Figure 7. (Colour online) FE results, relating to the stochastic regime. The figure shows
the FE results, plotted as x, and the line of best fit through them. The gradient of the best
fit line, m, is also shown on the figure. Values of the attenuation coefficient (either absolute
or normalised) are plotted on the vertical axis, while the variable whose power relationship
is investigated, is plotted on the horizontal axis.

Figure 8. (Colour online) a;, vs A plot, geometric regime. The figure shows the FE
results, plotted as x, and the line of best fit through them. The gradient of the best fit
line, m, is also shown on the figure. Values of the attenuation coefficient (either absolute or
normalised) are plotted on the vertical axis, while the variable whose power relationship is
investigated, is plotted on the horizontal axis.

Figure 9. (Colour online) 3 vs d,, master plot. Here, generalised attenuation coefficient
values are drawn for a large combination of frequencies and roughness parameters. The
datapoints cover both the stochastic and geometric regions, where the above proposed ad
hoc approximation predicts that 3 o 6, and 8 o §,! respectively, with the transition
occurring at the §, = 1/27 point. The Monte Carlo results with a fixed A (= 800um)
are plotted as x, the results with a common f (=1MHz) are plotted as o, and the results
with a fixed § (= 200um) are plotted as <. The dashed black lines show the asymptotic
approximation for both scattering regimes, while the red dashed line indicated the transition

point between them.
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