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Abstract

The Liouville equation is of fundamental importance in the derivation of continuum models
for physical systems which are approximated by interacting particles. However, when particles
undergo instantaneous interactions such as collisions, the derivation of the Liouville equation must
be adapted to exclude non-physical particle positions, and include the effect of instantaneous
interactions. We present the weak formulation of the Liouville equation for interacting particles
with general particle dynamics and interactions, and discuss the results using an example.

1 Introduction

Many physical systems can be interpreted as a collection of interacting particles, for example inter-
actions in and between molecules [?], colloidal systems [?], or systems of granular media [?, ?, ?].
However, when considering a large number of particles, simulating such a system as a discrete set of
particles quickly becomes computationally intractable. In these cases, it is necessary to consider a
continuous approximation of the system. One of the most popular first steps to a valid continuous
model is the Liouville equation (when particle dynamics are deterministic) or the Kramers equation
[?] (when particle dynamics are stochastic).

We assume that a system of N particles in d dimensions with positions X (t) € R and velocities
V(t) € R at time t € R are governed by Newton’s equations:

dX(t) V() dv()

= g = GX®. V)., (1)

where G(X,V,t) incorporates external effects such as gravity and friction, and interparticle interac-
tions such as cohesion in granular media or intermolecular forces in molecular dynamics. Under the
assumption that the microscopic dynamics are smooth, associated with the microscopic dynamics is
the Liouville equation, a partial differential equation which determines the dynamics of the N-body
distribution function f(N)(X,V,t).

0 1
L= |5+ v Vx = Vv - GX Vi) | fY(X V) =0, (2)

*Corresponding Author: t.hurst@sms.ed.ac.uk.


mailto: th19@hw.ac.uk

For point-like particles and sufficiently smooth G, eq. fully describes the evolution of an initial
configuration of particles. However, when particles are of finite volume, adjustments have to be
made to the microscopic dynamics to avoid non-physical particle overlap. Under the assumption that
particles are spherical and of radius € > 0, and interact through pairwise collisions, a binary collision
rule can be introduced, which instantaneously changes the velocities of two particles so that they are
moving away from each other when they come into contact: if at time ¢, particles ¢ and j have positions
x;, x; and velocities v}", v} respectively, such that (v]* —vi")- (z;—x;) < 0 and ||z; — ;|| = €, velocities
are updated using:
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i.e. the velocity components in the direction of x; — x; are swapped and reflected.

At an informal level, the collisional effect is not recognised at the level of the Liouville equation, but
is derived in the BBGKY hierarchy [?, ?], for example as a consequence of additional assumptions on an
interaction force [?]. However, by instantaneously changing the velocities of two particles that undergo
a collision, a fundamental assumption in the Liouville derivation is no longer valid; the dynamics of an
individual particle are no longer smooth. We therefore cannot rely on the Liouville equation and must
resort to an alternative formulation to derive an equation for f(")(X,V,t). A suitable alternative is
the weak formulation of the Liouville equation [?].

In [?], a system of N = 2 spherical particles with diameter € > 0 and G(X,V,t) = 0 is fully char-
acterised, and, under no additional assumptions, it is shown that for all smooth, compactly supported
test functions ®, given initial data féQ) € C°(D) N LY(D), such that f(§2) integrates to 1 on the phase
space, and is always positive, there exists a unique f(2) € C((—o0, 00), L' (D)) which satisfies

// /OO [W+(V-VX)<I>(X,X/,1§) FOX,V, 1) dtdV dX
P JRE J—oc0

—/ //OO (X, V, ) fA(X, V)V - »(X)dt dV dH(X) (4)
oOP JRE J —oc0

and conserves linear and angular momentum, and kinetic energy. Here
e We define the spacial integral on P = {X € RS : ||z; — 22| > €}, as particles cannot overlap,

e D c R!? represents all possible configurations of positions and velocities, given that two particles
cannot overlap (X € P).

e The vector 7 € RS is the outward unit normal to the surface 0P,
e H(Y) is the Hausdorff measure [?] on OP.
In this case, we say that f(2) is a global-in-time weak solution of the Liouville equation:

af®
ot

+ (V- V) f® =[] (5)
where C[f?)] is determined in the weak sense against test functions ® € C}((—o0, ), D):
o) = [ [ fOX V0ROV iy dVan(y) ()
oP JRe

In contrast to other formulations, a collisional term C[F1] is derived at the level of the Liouville equation.
Furthermore, under the assumptions of molecular chaos, C[F] admits the elastic Boltzmann collision



operator [?, ?] in the first equation of the weak formulation of the BBGKY hierarchy, agreeing with
previous results. Under restrictions on initial data, for example on the particle density of the system,
an analogue to eq. should also hold in systems with more than 2 particles.

From this point, a clear question to consider is how more complicated dynamics, or other instan-
taneous interactions between particles, affect the derivation. In this paper, we construct the weak
formulation of the Liouville equation for two particles with general free dynamics (i.e. where there are
no instantaneous interactions between particles), and general instantaneous interactions. The micro-
scopic dynamics are first discussed in Section [2} which leads to the derivation of the Liouville equation
in Section[3] This careful examination of the dynamics provides useful insights for mathematical mod-
elling of materials approximated by hard particles, e.g. granular media. In particular the collision
operators (in both position and velocity) constructed at the level of the Liouville equation in the weak
formulation should be of interest.

Following this, we consider an example in Section [4] where collisions are inelastic and the free
dynamics are affected by external friction and a constant external potential. Upon careful consideration
of the weak Liouville equation, and the admissible initial data for the given dynamics, the example
leads to a modified collisional term at the level of the BBGKY hierarchy. We discuss our findings and
future directions for research in Section Bl

1.1 Set-up
1.1.1 Free particle dynamics

At a microscopic level, we consider the initial data of two particles. The first particle has initial position
2 € R and velocity v € R3, the second has initial position Z € R? and velocity © € R3, all defined at
time t = 0. When considering the initial position of particles, we refer to the position of their centres
of mass. It is useful to consider the concatenation of position and velocities as X = [z,Z] € R® and
V = [v,9] € RS. In some cases it may be useful to define Z = [X, V] € R'? in the same spirit.

One of the important requirements of our method is an understanding of admissible initial data,
i.e. initial data that produces a solution to eq. for all time ¢ € R. In this paper, we assume that the
admissible initial position data for the free dynamics encompasses the entirety of R®, i.e. any initial
positions can provide dynamics that are defined for all times t € R. However, the initial position data
X € RS may restrict the admissible initial velocity data to a subset of R®. Therefore for each X € RS,
we define V!(X) C RS to be the set of initial velocity data which produces a solution to eq. (1)) for all
times t € R, and take V € V!(X).

Many calculations in this derivation refer to relative differences of position and velocity of the two
particles, for example the binary collision rule eq. is used in the dynamics when (z —Zz)- (v—70) < 0.
Thus we introduce the following notation: for a vector A = [a,a] € RS, we write @ = a —a € R® as
its relative difference. Much of the intuition in the derivation can be considered in terms of relative
differences of particle data. For example, for the linear dynamics where G(X, V,t) = 0 where particles
are hard spheres with diameter €, we can rewrite the dynamics in terms of relative differences, which
effectively fixes one point at position 0 with radius €, and a collision is seen as a reflection of an
intersecting point-particle trajectory.

Given initial data X € RS and V € V{(X), we define the free particle flow maps for position and
velocity by @7 (X, V) and ®¥ (X, V) respectively, and assume that they satisfy the Newton equations

0Py (X, V,t) = @/ (X, V,t), 0P} (X,V,t) = G(PF(X,V,1), D7 (X,V,t),t). (7)
We write &, = [®F, PY] as the flow map for initial data Z € D. We also assume that the flow maps
produce unique trajectories for any given initial data.
1.1.2 Dynamics with instantaneous interactions

When instantaneous interactions are considered, a careful understanding of the admissible data is
required. Outside of the discrete set of interaction times the particles follow trajectories determined



by ®7 and ®}. In this section we will construct the flow maps U7 and ¥} that include instantaneous
interactions.

Admissible data In both of the examples we consider, the particles are hard spheres with diameter
€. The possible initial data for X is therefore restricted to the hard sphere table

P.={X =[z,7] €R®: ||l — 7| > &}. (8)
The subspace P is a real analytic manifold with boundary dP., which has unit norm vector

N 1 .
'= 75 [, 2] (9)
for X € 0P..

We assume that the motion of the spherical particles is non-rotational, i.e. we do not furnish the
equations of motion with an evolution equation for the angular velocity of the spheres. Adopting the
assumption of smooth spherical particles is very popular in the literature, the introduction of particles
which are non-spherical is also of interest and has been studied, for example computationally in [?].

The introduction of instantaneous interactions between particles will change what initial velocities
are admissible. We define the set of admissible velocity data for dynamics with instantaneous interac-
tions as V(X) for each X € P, which we assume has a piecewise analytic boundary. Furthermore, we
define C(X) C V(X) to be the set of initial data which leads to instantaneous interactions, and also
assume that OC(X) is a piecewise analytic submanifold of RS. We validate this in the two examples
considered.

We may consider additional interaction diameters Pz for € > €, e.g. square well interactions
discussed in [?], but importantly for X € R6\P., V(X) = 0.

We assume that the dynamics with instantaneous interactions have flow maps U7 (X,V) and
UY(X,V), defined globally in time.

Event times We will characterise each instantaneous event by an event time, an interaction diameter
and an event map that changes the particle velocities. As interactions are instantaneous, the event
times can be enumerated as a discrete set, which can be finite or infinite. We write the event times as
i€Rfori=-M,-M+1,..,-1,0,1,.... N = 1, N, where M = M(X,V),N = N(X,V) € NU {oc},
and

—00 = T,M(X,V) < T,M+1(X, V) < ... < TNfl(X,V) < TN(X, V) = 00, (10)

where we choose 7j to be the closest event time to time ¢ = 0. These events occur when particles reach
an interaction diameter. As particles may have many interaction diameters, to each event time 7; we
associate a particular interaction diameter ¢; for each i = 1,..., N — 1, and let

P = {X eP:||7] =ei}. (11)

Then each 7; can be defined as the first time the particles reach an interaction diameter after the
previous event.

Ti(X, V) ={s € (Ti—1, Ti1) : ©sr,, (VT,_, W7 _|) € OPi}. (12)
We will assume that there exists § > 0 such that for all:=1,..., N, 7, — 7;,_1 > §, and we have defined
two special event times 79(X,V) = —oo, 7n(X,V) = oo as the behaviour as t — co. Between each
pair of event times, the particle dynamics are determined by eq. . At each time 7;, the particles
experience an instantaneous change in velocity. For hard spheres, for example, this will ensure that
the two particles do not overlap.



Event maps At each time 7;, the velocities of the particles experience an instantaneous change. It
is necessary for the change in velocities to conserve linear and angular momentum, i.e. if an event
7(X,V),X € P,V € V(X) occurs at time ¢t = 0 (without loss of generality), then

v+ =v -+, (13)

and for all a € R?,

!/

(x—a)xv +(Z—a)x? =(@—a)xv+ (T —a) X0, (14)

where primed velocities denote post event velocities. In fact, to show conservation of angular momen-
tum one only needs to check eq. is satisfied for 4 values of a.

Proposition 1. eq. and eq. are true for all a € R® if and only if
(x —pi) XV + (T —p;) x0 =(x—p;) xv+(T—p;) X7, (15)
fori=1,....,4, where {p;}}_, C R3 are the vertices of a (non-degenerate) polytope in R3.

Proof. The necessity is a trivial result. For sufficiency, by eq. (13)) we may assume x = 0 without loss
of generality, and so for each p;, for all constants ¢; € R

—¢jp; x V' +¢;(T —pj) x V' = —¢;pj X v+ ¢;(T —pj) X T,
4 4 4 4

= —chpj X v’—i—ch(i—pj) X v = —chpj X v—i—ch(:f—pj) X .
j=1 j=1 j=1 j=1

If we now suppose that Z?zl ¢j = 1, then we have that eq. is satisfied for all ¢ in the set

4 4
C= Zijj ZZCJ':]. (16)
i=1 j=1

As C is a convex set in R3, we infer that C = R3, as required. O

Considering R® notation, the change in velocity is determined by a map o;(X, V) : RS — RS where
0i(X,V) € R® x R®. We have the following result on the form of o(X, V).

Theorem 1. Let X € RS and V € R®, and set X = [2,%],V = [v,0]. Assume that T # =, and set

NX)= — [o—z7—a] (17)

-z
Then the following are equivalent:

1.
o(X,V)=1-n(X,V)N(X)® N(X), (18)
for some n(X,V) : RZ = R.
2. The map o(X,V) satisfies linear and angular momentum:
(a) (COLM)

v+ =0+, (19)



(b) (COAM) For any a € R3

(x—a)xv+(T—a)x? =@—a)xv+(T—a) X (20)
where v' = (o(X,V)V)(1,2,3) and similar for v'.
Proof. We note that eq. can be written as Ao (X, V)V = AV, where
0 —z§ z§ 0 —z§
Ae=| 2t 0 —2¢ =z 0 —z¢), (21)
—z5  x 0 —-z5 z¥ 0

where we have written zf = z; — a.

e (1 = 2). This can be shown by a direct calculation. In short, we see that

A+ao(X,V) = A.(I —n(X,V)N @ N),
= A, — TI(X7 V)AaN(X) ® N(X),
= Aa7

where we have found that A, N(X) = (0,0,0).

(2 = 1). Before starting the calculation, we note that the matrix A, is rank 3 (by considering
its row-echelon form), and that it is enough to show that eq. holds for a = {a1,as,a3,a4},

if eq. holds.
We note that A,0(X, V)V = A,V for all V € RS implies that A,(o(X,V)V —V) = 0. Therefore
o(X, V)V =V € ker(A,) for all a € RS. Let Y = (o(X, V)V — V), then

—Yors + Yazy — Y575 + Ysz5 = 0,
leg — ngif(ll + Y4.’fg - Y@’f‘f = 07
—Yi25 + Yox{ — Y475 + Y527 = 0.

We consider the values

ay = (x1,2,23),
ag = (71,22, 73),
az = (21, %2, T3),
ay = (T1, T2, T3),

which form the four vertices of a tetrahedron, and result in

xr1 — I1
T — X2
. xr3 — T
Y =i(zv) | 20 0| =n(X, VN, (22)
ZEQ — T2
T3 — 3

where n(X, V) = ||z — Z||7(X, V), without loss of generality. We note, taking the dot product on
both sides of eq. with N(X) and rearranging, that

N(X) - (o(X, V) = V) = n(X),
= (I - N(X) ® N(X))o(X,V)V = (I - N(X) ® N(X))V,



i.e. 0(X,V) can only change the component of V' in the direction of N(X). Thus, if N (X
then V' is contained in the hyperplane orthogonal to N (X ), and we must have that o (X, V
)

Therefore, without loss of generality, for any V € R® we can take n(X,V) = N(X) - V(X,V),
and so
(X, V)V =(I—-nX,V)N(X)® N(X))V, (23)
which is as required.
O

Equations and are not enough to fully determine the map o (X, V'); an additional constraint
must be supplied. For example, in [?], it is shown that the Boltzmann (elastic) scattering map can be
determined by including the conservation of kinetic energy. In this case (X, V') is an involution, that
is 0(X,V)? = I. Alternative maps can be derived using different constraints on the Jacobian of the
scattering map (for inelastic Boltzmann scattering maps considered in Section, or on kinetic energy
(for boost or damping maps considered in [?]). We call this the event map constraint.

We define the forward time map aj' (X, V) as the map which takes pre-event velocities to post-event
velocities, and the backward time map o; (X, V) taking post-event velocities to pre-event velocities.
For the dynamics to be reversible we require o (X,V)o; (X,V) = I. Note that if we assume that
o; (X, V) =0/ (X,V) then n(X,V) =0 or n(X,V) = —2. The former value of (X, V) produces the
identity map, while the latter is the elastic Boltzmann scattering map.

We can fully define the flow maps for dynamics with instantaneous interactions, using @7, ®7,7;
and aii. We split the initial data into three cases.

No instantaneous events. If X,V are such that no instantaneous events happen, then M + N =1
and UX WY obey

KY(X,V) =27(X,V), (24)
BTV (X, V) = G(X,V,1). (25)

Instantaneous events. When X,V are such that instantaneous events occur in finite time, then

oY(X, V), Tiom1 St < Ty,
9,3 (X, V) = { Pt-r (VL (X, V), 0 (X, V)UL (X, V), Z:iﬁg TE_ 1 (26)
O (U (X V) o (Ve (), TS
and
G(X,V,t), Tig—1 <t < Ty,
ooy (X,v) = | GGV ) o (VWL (V)= m), L5 =T (27)
Ti-1 St < T,

T — v o
G2 (X,V),0; (X, V)U2 (X,V),t —75), i= (M +1),..., (1o —1).
where ig = 1 if 79 < 0 and p =0 if 79 > 0.

Note that free particle flow maps need not be defined globally to be used in these flow maps, if the
instantaneous interaction renders the trajectory admissible.
We now have all the necessary notation to state the main results of this paper.



1.2 Main results

Now that we have fully defined the dynamics of two particles, we are in a position to state the main
results of this paper. To do so, we state the following definition, which is generalised from [?].

Definition 1. (Global in time weak solutions of the Liouville equation) Suppose we are given an initial
condition fo € C°(D) N LY(D), such that

/ / fo(X,V)dVdX =1, fo(X,V)>0. (28)
P JIV(X)

Then f € C°((—o00,00), LY(D)) is a physical global in time solution of the Liouville equation
Of +V - Vx [+ Vv (GX,V.0)f) = Cx[fP] + Cy[f)] (29)

if and only if for all test functions ® € C}(TR® x (—o0,0))

/ / / T X VO0B(X, Vo) + V- V(X V1)
PJIV(X)J -0

LV - (GX,V,)B(X, V)] dtdV dX

—/ / / FX,V,0)®(X,V, )V - ox dt dV dH(X)
oP JV(X) -
L] X VOB VOGN Vi) by dedH(X,V) X, (30)
P Jov(x) J—oco
and f obeys the conservation of linear and angular momentum for all t € (—o0,00):
/ / (v—i—@)f(X,V,t)dde:/ / (v+70)fo(X,V)dV dz, (31)
P JV(X) P JIV(X)
// (mvarfx@)f(X,V,t)dde:// (xxv+Zx0)fo(X,V)dV du, (32)
P JV(X) P JIV(X)

and the microscopic dynamics satisfy the associated event map constraints.
With this, we state the main result of this paper.

Theorem 2 (Existence of weak global in time solutions to the Liouville equation). For any fo €
C%(D) N L (D), there exists a physical global in time weak solution to the Liouville equation eq. .

Before identifying important transport identities and proving Theorem [2| we make some remarks
on this result.

Firstly, we have made very few assumptions on the free dynamics of the particles; they can be
affected by external or interparticle forces. In Section 4] we consider inelastic collisions, but the same
formulation can be used to consider any interactions determined by discrete step potentials [?]. The
result is therefore quite general, and should be appropriate for a range of systems.

The Liouville equation is derived for a system of two particles. In principle, systems of many
particles may involve many body interactions. However, given the correct subset of initial data, which
ensures that all instantaneous interactions are pairwise, the equation eq. should also be accurate
for systems of many particles, and may be used to approximate systems where the initial data is not
so carefully constructed.

We can also state a general form of the BBGKY hierarchy. We start with a definition of global in
time weak solutions.



Definition 2. Let fo € C1(D) N LY(D) be symmetric in its particle arguments (i.e. [v,z] and [v, 7]

can be interchanged). We say that a pair of maps ( 51)7 éQ)) with membership

f € CO((—o0,00), LNTR?)), [P € C%((—00,00), L*(D)) (33)

s a global in time weak solution of the BBGKY hierarchy associated to the initial data
£ = / / fo(X,V)dvdz,  for all [x,v] € TR?, (34)
R3\Bc(z) JV(z,z,v)

and
P(X,V) = fo(X,V),  for all [X,V] €D, (35)

if and only if, for all test functions ¢ € C°(TR3 x (—o0, 00)),

/ / /OO (0 +v-Va)o(z,v,t) fD(z,v,t) dt dv da
R3 JR3 J -0

" /]R /R?’\Bs(m) /R /vm,v) /O; vy et

x fP(X,V,t)dt dv dv dz dz
= (36)

_% /]RS /S2 /V(X) /—OO ¢(m,v,t)f(2)([x,§: + En]v [Uaﬁ]’t)(v - 'D) ~ndtdV dndz

_ / / / T b0 ) fO (X, V.G(X, V.t - oy dEAH(V, X) dX, (37)
P Jov(x) J—cc

and f?) satisfies eq. .

After a straightforward partition of the phase space, the BBGKY hierarchy then follows as a
corollary of Theorem For more applicable results, one must have a good understanding of the
admissible data. For example, in linear elastic hard sphere dynamics this would result in the Boltzmann
collision operator on the right hand side of eq. [?7]. The following is a quick corollary of our main
result.

Corollary 1. For any fo € C°(D) N LY (D) there exists a global in time solution to the BBGKY
hierarchy given by Definition [3

Before formulating the Liouville equations we state and prove some microscopic properties that are
used in the derivation.

2 Microscopic properties

The proof of Theorem [2| relies on transport identities for 7;(X, V) and o;(X, V). These identities are
given in the case for linear elastic particles in [?]. Here we generalise to our case and interpret the
results physically.

We first consider the results for the free dynamics.

Proposition 2 (Transport Identity I). Given X € R® and V € V(X), let 7(X, V) be a particular event
time in the dynamics determined by $7 (X, V) and UY(X,V). Then for allt € (T,_1,Tit1), (omitting
flow map arguments for ease of notation)

[} - Vy + G(®F, @) - Vw]r (Y, W)y —wyw=wy = —1. (38)



Proof. For ease of notation, we omit the arguments of ®f and ®7. Firstly, we note that the event time
7(X, V) can be written as [?]

7(X,V) = argmin{s : &y (X, V) € OP;}.
We first consider 7 as a function of the data at time t, i.e.
T(U (X, V), ¥ (X, V) =7(X, V).
To construct the time derivative of 7, we use first principles. Let A > 0 and assume that h < §. Then
T(Wiip, Uiyy) =argmin{s € (r1,7i41) ¢ |95 (WE4, Uiyl = €}

=argmin{s € (Ti—1,Tiy1) : |95, (VF, ¥7)[| = €}

—argmin{s + h € (Ti_1,Tit1) : |PT(TE, WV)| =&}
We have assumed that there exists a unique value § for which this is true. It follows that

W W) = 7V W) = (5 — (5 1) = 1,

Using results from generator theory [?], we find that, for t € (7,1, Ti41):
Oy (Uy,VY) = [0:9F - Vy + 0: @) - Vw ] 7(YV, W)|y=ar w=ay-

By using the Newton equations for the free particle dynamics we arrive at the required result.
O

The time derivative of 7 offers an insight to the geometric meaning of the result; advancing forward
in time towards an event in the future decreases the time until the event proportionally. The second
transport identity of interest involves the event maps o4. We note that for linear dynamics eq.
reduces to

V.Vxr(X,V) = 1, (39)

which is the first transport identity given in [?]. We can also provide an analogous result to the second
transport identity in [?].

Proposition 3 (Transport Identity II). Given X € RS and V € V(X), let 0;(X,V) be a particular
event map in the dynamics determined by V¥ (X,V) and $Y(X,V). Then for all t € (Ti—1,Tit1),
(omitting flow map arguments for ease of notation)

Proof. Again, generator theory provides a link between the time derivative of ¢;(X, V) and the left
hand side of eq. . We note that, by shifting in time,

Oro(F, D7) =0 (@7, _,(VF, W), @7, (7, U7)] (N[®F, (], ¥})] @ N[ _,(¥7,97)])),
=0, (2%, ] N[@%] @ N[@2]) =0,
which completes the proof. O

The right hand side confirms that the scattering maps are not dependent on time; they depend
only on the instantaneous positions and velocities at the time of the interaction.
We can now use these microscopic properties to construct the Liouville equation in the next section.
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3 Liouville formulation

We consider the following three integrals

= ~ (2)

I(D) /P/V(X) /_Oof (X, V,1)0:®(X,V,t)dt dV d X, (41)
= T o) .

J(®) /73/\;()() [wf (X, V1)V -Vx®(X,V,t)dtdV dX, (42)
= ~ (2) .

K(D) /73/\)()() /_Oof (X, V,t)Vy - [G(X,V,t)®(X,V,t)] dt dV d X, (43)

which we call the time, space and velocity derivative terms respectively. The method to derive the
Liouville equation in both of our examples is similar to the method used in [?]: we wish to find weak
solutions £ to the equation

L] =clf),

where the operator L is the Liouville equation associated to our choice of dynamics, for point-like
particles. To derive the operator on the right hand side, we consider the Liouville equation on test
functions ® € C°(D x (—o0,00)), multiply by f) and integrate to find

/P/RG/_OO f(2)(X,V,t)£[<I>(X,V,t)]dXdth:0. (44)

We then separate the phase space into parts where f(2) is smooth, and evaluate each of the integrals
constructed. Surface terms that arise then contribute to the collisional term on the right hand side of
the weak Liouville equation.

3.1 The time derivative term

Using the flow maps U7, ¥, we can write the integral I(®) as follows:

(X,V) —Ti—1
PIVX) = _ap(x,vy Y T

On each interval (7;_1,7;) the flow is described by the free dynamics, so we may apply integration
by parts, keeping in mind that evaluating ¥;(X,V) at event times from the left or right provides a

different result, and using a compact function ® yields zero at 7_); = —00, 7y = 0,
N—1
2 2
= [ % {@(X,v,m( P, - 12w
PIV(X) j=—M+1

—Ti—1
- / (X, V, )0, £ (v*,,0,) dt} dv dX,

o
where

U = lim ¥;, ¥, = lim ¥,.
t—T1— t—Tt

meaning that the summation of the surface terms in this integral do not cancel (due the the application
of 0;(X, V) at each event time 7;). For each interval (7;,_1,7;), the flow maps U7, U} are determined
by the free dynamics ®7, U} with particular initial conditions. We apply the chain rule on each of
these intervals. For the second term in this result, we consider three separate cases.

11



If there are no particle-particle interactions for initial data X,V such that M + N = 1, we have
that

[0:0%, - Vy + 08", - VIS |y =a= , wav,,

(@Y, - Vy +G(X,V,~t) - Vw]féz)|yz¢it,wz¢zt,
=— [0, - Vx + G(X,V,—t) - Vy] (X, V,1).

A f§P (v, wv,)

For initial data which causes particle-particle collisions,

_[\Iﬂi VX +G(X7Va _t) vV]f(Z)(X"/’t)7 Tio—1 StSTz ’

t ° 0
v Y R (2) Ti << Tit1,

s (W, 0 ) = { [V Yy A GV, 00 (=) VP Won), T

T <t <Tit1,

_[gv v VY . (2)
[\Ij—(t—‘l') VY + G( —Ti ﬂUz l:[/—‘r I ( Tl)) VW}f (Y,VV,t), Z — —M + 17 . (ZO _ 1)’

where ig = 0 if 79 < 0 (4.e. the closest event to ¢t = 0 is in the past) and ig = 1 if 79 > 0 (the closes
event is in the future).
We partition the result into the surface terms and the new integrals:

T (2) Y @) .
1(®) _//V(X) 2 (X, Vi) (foo (U,-) — fo (V,+))dV dX, (46)

+1
L

3.2 The space derivative term

—Ti—1
/ (X, V, )0, £ (0, ¥¥ ) dtdV dX. (47)
i=—M41Y T

We write J(®) as a sum of time integrals, where for each integral the argument is smooth:

7(®) —//
V(X)

so that on each interval we can apply the following rule:

—Ti—1
/ @ (gr, vV Vxd(Z,t) dtdV dX, (48)

Ti

=—M+1

Dy .V =div(VPe) — oV - Vi £12. (49)

Then we have

N>

We then consider the first (divergence) term in J(®). We split this integral by the velocities V € C(X)
that cause interactions and V' € V(X)\C(X) that do not. For the latter case we have

// / div(V £ (@7, 8" )B(X, V. 1)) dt (51)
V(XO\C(X)

which then, by the divergence theorem

/_W div(VféZ)q))dt—/oo <I>(X,V,t)V-VXf(Q)(X,V,t)dt}. (50)

+1 —Ti —0o0

— = (2) D
M;(®) /W/(X)\C(X)/ (X, V) f X, V)V - 0(X,V)dt dV dH(X), (52)

12



where (X, V) is the outward unit normal of Jp.
For the collisional integrals, we use Reynold’s transport theorem [?] on each term in the sum to

[

—Tit1 ) )
div(V f{P @) dtdv dX

=M1
/ / divX/ L Ve(X, V0P (W) dtdV dX
oOP JC(X) i=— M+1 —T;
</, / (V- Vxr) (X, V) [fg7 (00) = 57 (W)} avaX. (53)
C(X) 4 M+1 ’ ’

Once again, we split the result J (<I>) into several parts:
1(®) ‘/ / (V- Vxr)®(X, V,m)[f§7 (0,-) = f§2(¥,.)]dV dX (54)
C(X) = M+1 ! !

= — . (2)
Ta(®) / /V N / B(X, V)V - Vx fO(X,V,8) dt dV dX, (55)

_ ~ (@) b
J5(®) /873/ \C(X/ (X, V,)fD(X,V,)V - o(X, V) dtdV dH(X)

—Ti—1

N
iv (2) —t .
+/8P/C( S d X/ VX, V1) P (U_,) dtdV dX (56)

X) =M1 =i

3.3 The velocity derivative term

The velocity derivative follows a similar argument to the one above; we use the following calculus
identity between each two event times, as in the spacial derivative:

fAVy - (GD) = divy (GfPd) — oG - Vy [P, (57)

It remains to consider the first term in eq. (57). First we consider the case of no interactions. As
we have assumed that for each X € P, V(X)\C(X) is a piecewise analytic submanifold of R®, the
divergence theorem provides us with the following result:

._ * & (2)
My (®) ._/P/VX\C( /_Oodv(G(X,V,t)«b(X,V,t)fO (®_;))dtdV dX,

_ / / / FOX,VA)B(X, V.G - iy (V) dt dH (V) dX. (58)
P JOV(X)\C(X)) J—0

For the collisional part, we have that, using the Reynolds transport theorem in an analogous fashion
to before, under the assumption that C(X) is an analytic submanifold of V(X):

/ / Z " divy (GOfP(W_y))dtdV dx

—M+1Y T
— —Tit+1
:// Zdivv/ GfA(Z,t)®(Z,t)dtdV dX
P JOC(X) 1 —Ti
w16 Vene @l v, ) - 17,V x, (59)
C(X) i i

13



We partition the result as follows:

- @) @)
ww=f [ 3@ FynIR A (0, ) — 57 ]V X (60)
_ - L @)
Ko (@) = /p/wX)/ooq)(X’V’t)G Vo FO(X, V1) dt dV dX, (61)

@)= [ [ [ 1PV VG i (V) dean(v) dx
P Jov(x\e(x)) J—oco

N-1 —Tit1
- / / > divy / GfP(Z,)®(Z,t)dtdV dX. (62)
P JaC(

X) =1

3.4 Combining all terms
We now combine all contributions into one equation. We note that, by proposition [2]
I(®) = = (J1(®) + K1 (D)), (63)

and so when combining all contributions, these terms disappear. By an application of generator theory
on U?*, U, [?], and the results of Propositions [2[ and |3| we see that

Ir(®) = = (J2(®) + K2(®)). (64)

The remaining terms J5(®) and K3(®) are surface terms in position and velocity phase space respec-
tively. By applying the dominated convergence theorem [?], and the divergence theorem, we find

_ ) 5

J3(®) /é)PA(X)/_wf (X, V.)O(X, V,O)V - o dtdV dH(X), (65)

Ky (@) = / / / T OX V08X, V.OG(X, Vi) - by (X, V) de dH(X, V) dX.  (66)
P JOV(X)J—o0

This concludes the proof of theorem

As previously noted, the results of theorem [2] are quite general. To provide more of an insight into
our methodology, we now consider an example of particle dynamics and interparticle interactions that
is of interest.

4 Dynamics with friction, gravity and inelasticity

4.1 Free dynamics

For some G = [g,9] € R® where g € R® and v > 0, we consider the following partial differential
equations:
do¥(X,V)
dt

dey(X,V
—onxy), PNy g (67)

Physically, these equations are used to model viscous drag and gravitational force. The resulting
equations of motion for free particles are well known and can be easily derived:

t 1 1
dT(X,V —X—G+(V+G) 1—e ), 68
F(X,V) SGt S S ( ) (68)

1 1
PYV(X,V) =— ;G+ <V + ,YG) e . (69)
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4.2 Inelastic Collisions

We consider these dynamics where collisions between particles are inelastic, so that the energy of the
system is reduced when two particles collide. To determine the associated scattering map, we include
the following additional condition on the forward and reverse event maps o (X, V):

Vyo (X, V)V]|=—-a, |Vyo (X,V)V|=— (70)

«
We give the following result on the form of the scattering map.

Lemma 1. Under the conditions eqs. , ) and ( ., under the additional assumption that n in
Theoreml is constant, the event maps o X V have the form

ot (X, V)=1-(1+a)N(X)® N(X),

o (X,V)=1— HSTO(N(X) ® N(X). (71)

Proof. From Theorem [I} we know that
oE(X,V)=T—-nN(X)® N(X).
Then
Vv (e(X,V)V)=1T-nN(X)® N(X).

It remains to solve eq. . As the determinant of a matrix is the product of its eigenvalues \;, we
have that

6 6
[N =-a [N =--
i=1 i=1

For both maps )\f =1for¢=1,...,5, by using the 5 independent eigenvectors which are perpendicular
to N(X). For o7 (X, V), the remaining eigenvalue, given by a vector parallel to N(X), must be —a.
Thus,

V 4+ (X, V)V = —aV.

Rearranging we find nV = (1 + «)V, which gives the required result. The result for ¢~ (X, V) is
analogous. O

We remark that upon relaxing the assumption that 7(X, V') is constant, the (first) Monge-Ampere
equation becomes

I - N(X) - VN(X)® Vy(nt(X,V)) —nT(X,V)N(X)® N(X)| = —a. (72)

In particular, this could result in physically valid non-linear scattering maps o (X, V) for a particular
event. Understanding this equation is an interesting topic for future work. In this section we focus on
the inelastic Boltzmann scattering maps defined in Lemma [I| and note that when o = 1 these reduce
to the elastic Boltzmann scattering map considered in [?].

4.3 Velocity cones and collision times

As the reduced difference dynamics ®¥ (X, V) follow straight lines (parametrised exponentially in —+t),
we see that two particles satisfying eqs. and can experience at most one collision. The initial
data can be partitioned into non-interacting, pre-collisional and post-collisional.
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For X € P and V € R%, we write L(X,V) C RS to denote the line

t 1
L(X,V):{X—g+(V—i—g)(l—e“):teR} (73)
v Y
and define the two infinite half lines
t 1
L(X,V){Xg+<V+g)(le”):t§0}, (74)
v Y
t 1
L*(X,V):{X_g+<v+g> (1—e'yt):t20} (75)
Yo Y
The velocity collision cone is then defined analogously
C(X)={VeR®:L(X,V)NOP # 0} (76)

And we can split this set into precollisional and postcollisional velocities respectively:

C(X)={VelX): LY (X, V)noP #0}, (77)
CT(X)={VeCX): L (X,V)NOP £0}. (78)

We note that a constant external potential G does not have an effect on the shape of the collision
cones, as it does not effect the dynamics determined by the relative distance of the particles. The
frictional constant v truncates the precollisional velocity cone (when compared to linear dynamics).
However, for these dynamics, for any given X € P, all initial velocities V' € R are admissible, and so
in particular the second surface term in the weak formulation of the Liouville equation disappears.

In this case we can analytically construct the unique event time 7(X, V).

Lemma 2 (Characterisation of the Collision Time Map for dynamics with gravity and friction). For
any X € P,

1. If Ve CH(X) then -9 >0 and

X, V) = _% log <1 T {a: T4 [@ 9 - (1l - 52)}%}) . (79)

2]

2. IfV € C(X) then —% (y(Jall? = %) + 125} <35 < 0 and

1 R . 1
7(X,V) = — log (1 + 2L {x - {(gz B2 - (1E)? - 52)} : }) . (80)
Y
Proof. The collision occurs when
T ~ L. —T
2 (X, V)P =€ = |z + ;(v)(l —e M) =€

By expanding the left hand side and rearranging, we have that if the particles collide, then 7(X, V)
must take one of the two following values

o) =-Log (14 2 {5 - @9 - g -] ).
X, V) = — %log (1+ ﬁ {gz.5+ [CROET —52)]"%}) .
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We note that the argument in the square root requires o < —(||Z||2—&2)2 or &-0 > (||Z]|2—¢2)2, and
if both 7% (X, V) exist, then 7~ (X, V) < 77(X, V). Assume now that V € C*(X), then 75 (X, V) < 0,
and so 7T(X,V) > 77 (X, V), so 7(X,V) = 7(X, V) is required. Furthermore,

~—

ol

o> 4 ((7-0)2— (|7)|? —2)7 > 0.

and so -0 > 0. Alternatively, if V € C~(X), 7(X,V) > 0 and so we take 7(X,V) = 77 (X, V). Thus

2 ol s - 1
o+ (@ 0)* = (|Z]* — €)=,
Squaring both sides and rearranging, we find
S L iz _ oy N9l
T-0>—= || —e¢ — .
5 (e -+ L2
O
The inequality in the pre-collisional case relates to the presence of friction in the dynamics; if
particles do not have enough energy in the direction & then the particles will never meet.
4.4 Flow maps

Given the free particle dynamics, the scattering maps, and a full characterisation of the admissible
data, we are now in a position to define the hard sphere flow maps 7;. We split into collision free and
collisional dynamics.

Collision free Dynamics If (X,V) € {X} x R®\C(X), then

xR (9

(L ®T)Z =X S 7( +7) (1 ) (81)
Iy 9 e,

(IL®T)Z = 7+< +7) (82)

Collisional Dynamics Firstly, if (X, V) € {X} x C~(X), then

T O A S
gr 1 g e gt —7)
o B (0]
71 Y Y ; ; 79 , if7r(X,V)<t<oo
] (e e LR )
y Y Y Y
(83)
and
24 (V+4L)e if —co<t<T(X,V
(H2®Tt)Z: Y ( ’Y) ( ) t ' (84)
7g+[a_(X,V) ((V+%)e*”f%)+%} e (X, V) <t < oo
If (X,V) e {X} x C*(X), then
[XgT+1(V+g>(1eVT)}9(tT)
77 5 gl . if —co<t<T(X,V)
(H1 ®Tt)Z = 4= {mr(X7 V) ((V+ g)e—vr _ g) + g} (1 _ e—w(t—f))
Y Y Y Y
X2+ 1(Ve)(1-e), if7(X,V)<t<oo
(85)
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and

12 ~24 [o+(X,V) ((V—i—%)e‘”—%)—i—%} e )i oo < t < 7(X,V)
e *ng(VJr%)e*'”, ifr(X,V)<t<oo

Bt
(86)
Finally, if X € 0P
X2y l(ypa)1—e), if —oco<t<O0
v Ty B!
(I, ® T})Z = oo ) , . (87)
—gt 1 07(X7V)V+7)(1—e ™), f0<t<oo
Y v R
and
_%4_ V_|_%)e_w7 if —co<t<0
e ®Ty)Z = (88)

-9+ a_(X,V)V—i—%) e if0 <t < oco.

4.5 The Liouville equation

Using theorem [2] as we understand the admissible data X,V for the particle dynamics, we can write

down the Liouville equation for these particular dynamics. For any féz) € CYD)NLY(D), there exists
a physical global in time weak solution of

0]
5 TV Vx =G Vv = Vv (V)| FAX, V1) = Cx[FP), (89)
where the scattering map defining collisions satisfies eq. .

4.6 The BBGKY hierarchy
We define f()(z,v,t) as in Corollary [1} which then satisfies (by using G = [g, g]),

/// (O +v-Vatg-Vy)o(x,v,t)fV(x,v,t)dtdV dX
P JRE J—co

:_%43/82 /Rﬁ/_O;¢(a:,v,t)f(2)([x,x+sn]7[v,v],t)(v—v)-ndthdnda:.

The collisional term C[f (2)] in the above equation can then be separated into a pre-collisional and a
post-collisional term:

(2):i - T, @ (lx, 2 +en], [v,0 v—7)-n ndzx
=5 [ L o e e 6] (0 o) - marav dnd

\2/1[&3 /S2 /C+(X) /O:C oz, v, 8) f P ([x, 2+ en], [v,9],t) (v — 0) - ndtdV dndz,

where

Ct(n)={VeR®: (v—-2)-n>0}
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and

O (n) ={V = [, 0] e RS : -2 ;7”'2

={V =[v,9] €R®: (v—10)-n <0},

<(v=1)-n<0}

where the lower bound has disappeared because we are considering X € 0P. We introduce the change
of variables for the post-collisional integral that is motivated by the backward time scattering map:

l+a
v (s e )
2a -n -n
This transform has Jacobian —1/a. We note that
(v, =) n=—=(v =),
where the primed values are determined by the backward time Boltzmann inelastic scattering map,
which in terms of v, ¥ is the inverse inelastic collision rule

v%zv—lia(n(v—i)))n, (90)
7 = v+ Y o — o)), (91)

and so we obtain the inelastic collision operator in the first equation of the BBGKY hierarchy:

/ / / O(X,V,t)F(X,V,1)V - o(Y)dtdVdY, (92)
op Jre J oo
il L)) ? *
=— O(z,v,y) | F*(y,v,y +en,v,t 93
\/i R3 JS2 JC—(n) J—c0 ( ) ( ) ( )
1
- QF(Q) (y,vh,y + En,v;,t)] (v —0)-ndtdV dndz. (94)

We note that, upon additional assumptions (i.e. molecular chaos), this is a weak analogue of the
inelastic Boltzmann collision operator.

5 Conclusions and future work

In this paper we have presented a weak formulation for particles under the influence of a general
dynamical form, with general instantaneous interactions. We have an example which is consistent
with results in the literature on inelastic collision operators in the BBGKY hierarchy, and generalizes
the Liouville equation. This shows the potential of the results for more complicated particle systems.

In the future, we wish to extend these results to include interactions modelled by general step
potentials, and investigate the entire space of admissible initial data. From here we can consider
homogenisation procedures to construct an effective potential term for particles with interactions
based on step potentials, which can then be incorporated into a modern computational model.

The results presented could also be extended to systems with additional degrees of freedom, for
example rotation or ‘colour’. Furthermore, by investigating systems of many particles we aim to see
what initial configurations can be modelled by the Liouville equation presented here. To do so, we
need to consider many body interactions and the effect of inelastic collapse.
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A Tensor Notation
In this paper, we also use tensor product in several calculations. Given A = (ai;)i=1,...n,j=1,..,m €

R™™ and B = (b;j)i=1,... k,j=1,....1 € RF*! the tensor product A® B € R™*™ ig given by the following
element-wise multiplication:

.....

a11b11 a11b12 . allbll e e almbll almblg e almbll
aiibor  aiibae ... anby ... ... aimbar Gimbaz ... aimby
allbkl allbkg e allbkl e e almbkl almbkg e almbkl
A9 B = : : . . : : : (95)
an1bi1 apibiz ... apiby ... o0 @pmbin Gumbiz ... apmbu
Gpibo1  apibaz ... apiby .. 0 Gumbai Gpmbaz . Gnmby
an1bgr  anibre ... apibe ... .0 Gumbkl Gnmbr2 .. Gnmbi

We extend the tensor products to vectors A = (a;)i=1
A® B € R"™™ where

------

a1b1 albg . albm
a2b1 agbg . agbm

A®B=| . . (96)
anbr apbs ... apbn,

Tensor product notation is particularly useful when considering multidimensional derivatives of vectors
in this paper; for A € R™ we and a differentiable function F': A — R™ we define V4 F(A) € R™*™ as

VaF(A) = (aal Ouy - -- 5'%) ® F(A) (97)
For example,
1 0 0
0 1 0
- 0 0 1 1

Vxi=| 1 o o |= <_1) ® I3 (98)
0o -1 0
o 0 -1
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where I3 € R3*3 is the identity matrix. Derivations also involve matrix vector products, and to avoid
ambiguity, for a vector a € R™ and matrix b € R"*", we define a - B and B - a elementwise by

(a-B); = Z a;Bji,
j=1

(B . a)i = ZajBij, (99)

j=1

fori=1,...,n.

B One dimensional solutions to the Monge Ampere equations

In section [4| we introduced an event map constraint in the form of a Monge-Ampere equation eq. .
Under the additional assumption that 7(X,V) is a constant, we find n7(X,V) = —(1 + «) and
n(X,V) = —(1;:—0‘). It is unclear whether other (non-linear) solutions to eq. 1' exist. In this
appendix we produce a non-linear solution in one dimension. Firstly, in one dimension,

N(X) = %[1, L1, N(X)® N(X) = % (11 ‘11) .

and so
1+i(v-v)0,,m+1 Lv—0)0ym—1
Do(X,V)V|= 2 A 2 2 -y 2 . 100
[ Do Vi ’(—;(v—v)am—g 1+3(v—0)0m+ 1 (100)
Thus, after some cancellations we have that
2n+ (v—"0)(0y — O5)n = —2(1 + ). (101)
Here upon assuming that 7 is constant we see that the unique solution is n = —(1 4+ «). If we write
U(Xa V) = 77({))7 then
n+00;n = —(1+ «). (102)
Then for any ¢ € R,
c
1=<-(+a), (103)

is a solution of eq. (72). As we require 0~ (X, V)o*(X,V) = I, we have that

v

(X, V)=--(1+a), n (X,V)=

~ 1 (104)

c— av

ST oY

We note that if 0 = ¢/a, n7 (X, V) is not defined, so these scattering maps can only be applied on a
restricted set of initial data. However, existence of a non-linear solution to eq. encourages further
investigation.
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