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Analytical Channel Model and Link Design
Optimization for Ground-to-HAP Free-Space

Optical Communications
Hossein Safi, Akbar Dargahi, Julian Cheng, Senior Member, IEEE, and Majid Safari, Member, IEEE

Abstract—Integrating high altitude platforms (HAPs) and free
space optical (FSO) communications is a promising solution to
establish high data rate aerial links for the next generation
wireless networks. However, practical limitations such as pointing
errors and angle-of-arrival (AOA) fluctuations of the optical beam
due to the orientation deviations of hovering HAPs make it
challenging to implement HAP-based FSO links. For a ground-to-
HAP FSO link, tractable, closed-form statistical channel models
are derived in this paper to simplify optimal design of such
systems. The proposed models include the combined effects of
atmospheric turbulence regimes (i.e., log-normal and gamma-
gamma), pointing error induced geometrical loss, pointing jitter
variance caused by beam wander, detector aperture size, beam-
width, and AOA fluctuations of the received optical beam. The
analytical expressions are corroborated by performing Monte-
Carlo simulations. Furthermore, closed-form expressions for
the outage probability of the considered link under different
turbulence regimes are derived. Detailed analysis is carried out
to optimize the transmitted laser beam and the field-of-view of
the receiver for minimizing outage probability under different
channel conditions. The obtained analytical results can be applied
to finding the optimal parameter values and designing ground-to-
HAP FSO links without resorting to time-consuming simulations.

Index Terms—Angle-of-arrival fluctuations, atmospheric tur-
bulence, channel modeling, free-space optics, high altitude plat-
forms.

I. INTRODUCTION

Recently, high altitude platforms (HAPs) have received
considerable attention as a promising candidate to extend the
coverage of terrestrial networks by providing easy-to-deploy
and cost-effective links [1]. HAP systems are preferable for
providing broadband communications and wide-scale wireless
coverage for large geographic areas [2]. In particular, HAPs
can be used either as aerial relays to improve ubiquitous
connectivity of terrestrial wireless systems, or as flying base
stations (BSs) to provide reliable downlink and uplink com-
munications for ground users [3]. Free space optical (FSO)-
based front-haul/back-haul links are proposed as a promising
approach for the next generation of wireless networks to
confront the challenge of scarce radio spectrum resources
and to obtain high data rate transmission on the order of
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Gbps [4], [5]. To support FSO communications, as shown in
Fig. 1, HAPs can be considered as superior candidates. In
particular, unique capabilities of HAPs, e.g., maneuverability
and adaptive altitude adjustment enable them to effectively
establish line-of-sight (LoS) communication links that are
necessary for successful data transmission in an FSO link.
As examples, Google’s Project Loon and Facebook’s Internet-
delivery drone are the two recent projects that combines FSO
communications with HAPs [6], [7]1.

However, for successful implementation, FSO links suf-
fer from practical limitations. First, FSO communication is
sensitive to beam alignment from transmitter to receiver.
Therefore, it is essential to perform accurate beam pointing at
the transmitter side, and beam acquisition and tracking at the
receiver side. With an array of photo-detectors located at the
focal plane of the receiver, a spatial beam tracking method was
proposed for a ground-to-drone FSO link to tackle the effect
of hovering fluctuations of the receiver [10]. Moreover, there
exist accurate beam tracking methods based on mechanical
or piezoelectric equipment, e.g., gimbals and retro reflectors,
which are readily applicable for mobile FSO communications
[11], [12]. A recent comprehensive literature review [13]
discussed existing beam acquisition and tracking mechanisms
suitable for mobile FSO communications and categorized
these mechanisms according to their working principles, use
cases, their advantages and disadvantages.

Second, beam wander and scintillation due to inhomogene-
ity in temperature and pressure of the air can severely affect
the link performance [14]. To tackle the effect of atmospheric
turbulence, different fading mitigation techniques such as
novel sequence data detection algorithms [15], [16], temporal
and spatial diversity [17]–[19], aperture averaging, adaptive
optics, and adaptive channel coding [20] have been proposed
in the context of FSO. For instance, the authors in [15]
propose a Viterbi-type trellis-search sequence receiver based
on the generalized likelihood ratio test principle that jointly
detects the data sequence and estimates the unknown channel

1It is worth noting that, as proposed and implemented in [8], [9], there exist
spaceborne optical communication links (i.e., high data-rate bi-directional
optical communications between Earth and geostationary Earth orbit (GEO),
and low Earth orbit (LEO)) which employ adaptive optics (AO) to facilitate
coupling the received optical signal into a single-mode fiber. In this regard, the
AO system should be capable of coupling more than half the received signal
into the single mode fiber. Due its technical complexity and implementation
cost as well as it narrow scopes (which are mainly limited to deep space
communications), in this paper, we do not consider these types of FSO
communication systems which employ the AO subsystem in their links.
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Fig. 1. A typical illustration of a HAP-based FSO communication link. HAPs
are usually placed in the stratosphere layer where the thin air is relatively calm
and the wind speed is low, and thus, the link length is commonly larger than
17 km [1].

gain. The work in [17] considers a multiple-input multiple-
output with optical space shift keying signaling scheme and
employs receiver diversity to efficiently combat the turbulence
effects. Moreover, the authors in [18] utilize a distributed
photon-counting receiver array as a cost-effective and adapt-
able alternative approach to traditional large, single-aperture
receive elements. The work in [19] uses multiple transmitter
to compensate scintillation fades. Meanwhile, the authors in
[20] present adaptive coding and power transmission schemes
to tackle the effect of atmospheric turbulence in a practical
FSO communication system. The turbulence effect can also
be reduced by adaptive optics [21]–[23]. By this technique,
the distortion induced in the wave-front by the atmospheric
turbulence is reduced through the use of wavefront sensors
and deformable mirrors [24], [25]. However, the application
of this technique is very limited and it does not seem to be
of interest in commercial FSO systems due to its high and
unjustified implementation complexity and cost [24]. In addi-
tion, its effectiveness to compensate the effects of atmospheric
turbulence is practically limited to relatively short-range links
[25], [26].

Third, mounting the optical receiver on a HAP station can
cause the angle-of-arrival (AOA) fluctuations due to orienta-
tion deviations of the receiver, which in turn induce signal-
to-noise ratio (SNR) fluctuations and significantly degrade the
reliability of the system [27]. Indeed, such degradation factors
are distance-dependent and their effects are significant on long-
range FSO links, which is usually the case for HAP-based FSO

systems. Therefore, the impairments caused by these factors
should be taken into account when evaluating the performance
of such communication systems.

To assess the benefits of a ground-to-HAP FSO link, the
communication channel should be distinctively characterized
in terms of the receiver random vibrations due to hovering
fluctuations and optical beam propagation characteristics in
the atmosphere. Although, there has been a surge of recent
works on drone based FSO communications [4], [5], [28]–
[32], these prior works all assumed stable drones and did
not address the presence of AOA fluctuations and position
vibrations. Recently, studies have been reported on the effects
of random fluctuations in the aperture position and orientation
as well as atmospheric turbulence loss and attenuation. For
examples, a multi rotor drone-based FSO link was modeled
to take into consideration of the effects due to position
and AOA fluctuations [33]. However, the proposed model
is quite complex and not so tractable for further research
investigations. More recently, a simpler and tractable channel
model for the considered system model in [33] are proposed
in [34] over log-normal atmospheric turbulence environment.
However, the authors in [33], [34] ignored the effects of
the side-lobes of optical Airy pattern at the receiver which
result in an outage probability floor. Meanwhile, based on
the assumption of non-orthogonal incident beam to the photo
detector (PD) plane, a statistical model was proposed for
the geometrical and misalignment losses of the FSO channel
for unmanned aerial vehicles (UAVs)-based networks [35],
where the background noise was assumed as the dominant
noise source at the PD. However, in this noise regime, the
receiver field-of-view (FOV) was not optimized to mitigate
the effects of background noise and orientation deviations
of the UAV. In the aforementioned works, it is commonly
assumed that the transceiver has the same altitude (i.e., not a
slant path). In addition, the effect of beam wander is typically
neglected due to short link length (low-altitude assumptions),
and also the pointing error geometrical loss model is developed
based on Gaussian beam profile. However, this assumptions
may not hold for a HAP-based FSO system. Because the
transceivers in such systems do not have the same altitude,
and also the link distance is long. As a result, plane wave and
spherical wave models are more accurate optical wave models
than the Gaussian beam profile [14], [36] for presenting the
characteristic of beam profile at the receiver.

In this paper, we drive analytical channel models for ground-
to-HAP FSO links by taking into account the effects of
atmospheric attenuation and turbulence (both log-normal (LN)
and gamma-gamma (GG) turbulence models), pointing error
induced geometrical loss, and the effects of hovering fluctua-
tions of the HAP, i.e., position vibrations of the optical receiver
as well as the AOA fluctuations of the received optical beam.
We first consider optical beam profile at the receiver for a long-
range FSO link, and propose a new statistical model for point-
ing error induced geometrical loss. This model incorporates
the position vibrations of the receiver, pointing jitter variance
caused by beam wander, detector aperture size and received
optical beam-width. Using the developed pointing error model,
we drive closed-form expressions for the channel model of the
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considered link under different turbulence regimes, i.e., weak
and moderate to strong atmospheric turbulence conditions.
For FSO systems, the coherence time of the communication
channel is on the order of 1-100 msec which is significantly
greater than the typical nanosecond bit duration (or equally
Gbps transmission rate) [37]. Therefore, for such slow fading
channels, outage probability, which is the probability of the
event when the instantaneous SNR falls bellow a certain
threshold, is the most relevant metric to evaluate system perfor-
mance [24]. Accordingly, we derive closed-form expressions
for the outage probability of the considered link for both
LN and GG atmospheric turbulence models. Moreover, we
provide a detailed analysis for optimizing the transmitted laser
beam by tuning divergence angle of the transmitter and the
FOV of the receiver to achieve minimum outage probability
under different channel conditions. In particular, we show
that optimizing the beam-width of the transmitter calls for
balancing a tradeoff between the amounts of pointing error and
effective transmitter gain. Furthermore, when optimizing the
receiver FOV, a compromise is required between the amount of
undesired background power and mitigation of beam position
deviation, which is due to hovering fluctuations. Simulation
results are provided to validate the derived analytical expres-
sions of channel model and outage probability. Thus, from
the developed analytical expressions for channel modeling and
outage probability, performance evaluation of the ground-to-
HAP FSO links can be carried out without resorting to time-
consuming simulations.

The rest of the paper is organized as follows. Section
II presents the system model. In Section III, we introduce
the statistical model for pointing error induced geometrical
loss and derive channel distribution functions and outage
probability of the considered link. In Section IV, numerical
results are provided to demonstrate the need for optimizing
receiver divergence angle and transmitter FOV under different
channel conditions. Finally, we conclude the paper in Section
V.

II. SYSTEM MODEL

The schematic of the considered optical uplink is shown in
Fig. 2 where a ground station transmits optical signals towards
an aerial platform. We assume that the aerial-based receiver
is hovering at a distance Z from the ground transmitter. Also,
the mean position of the receiver is HR = (0, 0, 0), and
its location is known to the transmitter. Regarding HR, the
instantaneous position of the HAP is indicated by Hd =
(dx, dy, dz), where the independent random variables (RVs)
dx, dy , and dz denote random deviations along the axes of
coordinates. Since the link length Z is much larger than the
variance of RV dz , compared to the RVs dx and dy , one can
reasonably assume to neglect the amount of vibration along the
z-axis. In practice, due to the effects of hovering, the aperture
position and orientation can deviate away from their means,
causing fluctuations in the AOA of the received optical beam.
Accordingly, the independent RVs of orientation deviations
of the HAP are denoted by θRx and θRy in x − z plane and
y−z plane, respectively. We also assume that the instantaneous

𝑟𝑑

𝜃div

𝜃𝑑

𝑇𝑥 Beam propagation axis

Normal vector of the 

aperture plane 

𝐻 − ℎ0

𝑍

y-axis

𝜋

2
− 𝜁
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𝑟𝑎

Fig. 2. The schematic of the considered optical uplink. Link parameters are
defined as follows. Z is the link length, H is the HAP altitude, h0 is the
transmitter altitude, θdiv is the divergence angle of the optical transmitter, ζ is
the HAP zenith angle, rd denotes the separation distance between the center
of optical beam footprint and the center of the receiver aperture, ra is the
aperture radius, and wZ is the radius of the received optical beam at distance
Z. Also, the orientation deviations of the HAP are indicated by θRx and θRy

in x− z plane and y − z plane, respectively.

position and the orientation deviations of the HAP node are
Gaussian distributed [33], i.e., dx, dy ∼ N (0, σ2

d), and θRx,
θRy ∼ N (0, σ2

0). Moreover, at the receiver aperture, the
random displacements of the centroid of the propagated beam
due to beam wander effects along the x and y coordinates,
namely bx and by , are approximately Gaussian distributed with
mean zero and variance [32]

σ2
b = 2.07

∫ H

h0

C2
n (l) (Z − l)2

w
− 1

3

h dl (1)

where H , h0, and wl are respectively the HAP altitude, the
transmitter altitude, and the beam-width at distance l. The
propagation distance Z is given by (H − h0) sec(ζ), where
ζ is the HAP zenith angle1. Moreover, In (1), C2

n (l) is the
refractive-index structure parameter that describes the varying
strength of optical turbulence as a function of altitudes l, and
it can be obtained as [14, p.481]

C2
n (l) = 0.00594 (Vw/27)

2 (
10−5l

)10
e−l/1000

+ 2.7× 10−16e−l/1500 + Ste
−l/100 (2)

where Vw is the root-mean-square (rms) wind speed in meter
per second (m/s), and St is the nominal value of C2

n(0) at the
ground in m−2/3.

The incoming optical beam is focused onto the PD through
the lens. Due to the scattered sunlight, the PD inevitably
collects undesired background light. Assuming intensity mod-
ulation at the transmitter and direct detection at the receiver,
the PD converts the optical signal to an electrical current.
For the ith symbol interval, the output photo-current can be
obtained as [38]

r[i] = η h s[i] + n[i] (3)

where η, h, s[i], and n[i] are, respectively, the PD respon-
sibility, the channel coefficient, the transmitted symbol with

1Zenith angle is the angle between two straight lines from the ground
transmitter to the HAP and the zenith point.
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average optical power Pt, and the signal-independent zero-
mean Gaussian noise with variance σ2

n. Under the assumption
of background noise as the dominant noise source at the
receiver, the noise variance σ2

n can be expressed as [14]

σ2
n = 2eBeηPb (4)

where e is the electron charge, Be denotes the bandwidth of
the PD, and Pb is the power of background light. Also, we
have [14]

Pb = NbBoΩFOVAr (5)

where Nb denotes the spectral radiance of the background
radiations at wavelength λ2, Bo stands for the bandwidth of the
optical filter at the receiver, and Ar denotes the aperture area.
It is worth mentioning that, the spectral radiance of the sky,
Nb(λ), is measured for a rectangular portion of the horizon
sky under various weather conditions and at different solar po-
sitions [39]–[41]. Accordingly, it is a function of wavelength,
zenith angle, and azimuth angle between the telescope, the
target and the Sun, and is commonly derived by sequentially
measuring a set of directions in the sky (i.e., sky scanning).
Moreover, the sky radiance for different parameters has been
computed using MODTRAN, a worldwide computer program
designed to model atmospheric propagation of electromagnetic
radiation, and the results are provided in [42]. For instance,
from the result of [42] and for λ = 1500 nm, solar zenith
angle of 45◦, and azimuthal angle of 0◦, the spectral radiance
is equal to 10−3 W/cm2-m-srad.

Also, ΩFOV in (5) is the receiver FOV, i.e., the solid angle
through which the receiver can capture the transmitted laser
beam, and it is obtained in the spherical coordinate system as

ΩFOV = 2π
(
1− cos(θFOV/2)

)
(6)

where θFOV = 2 arctan(
rp
fc

), and where rp and fc are,
respectively, the radius of the circular PD and focal length of
the aperture. Furthermore, the instantaneous electrical signal-
to-noise ratio (SNR) is obtained as [14]

γ =
η2P 2

t h
2

σ2
n

. (7)

Since in FSO systems the coherence time of all different
channel variables are long relative to the bit duration (i.e., slow
fading channel), when no fading-mitigation technique such as
aperture averaging, diversity, or adaptive optics is employed,
outage probability becomes more meaningful for evaluating
the systems performance. [43]. Accordingly, the outage prob-
ability is defined as the probability that the instantaneous SNR
is less than a threshold γth, and it can be written as

Pout =

∫ γth

0

fγ(γ)dγ (8)

2We note that, for the considered HAP-based FSO link, the choice of
wavelength strongly depends on atmospheric effects, attenuation and back-
ground noise power, the availability of transmitter and receiver components,
eye safety regulations, and cost. Indeed, choosing the operating wavelength
requires balancing a tradeoff between the receiver sensitivity and pointing bias
due to thermal variations across the Earth’s surface. Thus, longer wavelengths
are preferred as they make reduction in solar scattering as well as solar
background from the Earth surface [25].

where fγ(γ) is the probability density function (PDF) of γ.
Since γ is a monotonically increasing function of h, the outage
probability can be also obtained as

Pout =

∫ hth

0

fh(h)dh (9)

where hth =

√
γthσ2

n

ηPt
, and fh(h) is the PDF of h.

III. CHANNEL MODELING

Four channel parameters are incorporated into h, i.e.,

h = halhathpl︸ ︷︷ ︸
hag

haf (10)

where hal, hat, hpl, and haf stand for the attenuation loss, the
atmospheric turbulence, the effective pointing error induced
geometrical loss, and the link interruption due to the AOA
fluctuations at the receiver, respectively. In the sequel, the link
interruption parameter haf takes two discrete values “1” or “0”
to indicate the presence or absence of received beam in the
receiver FOV.

A. Attenuation loss and Atmospheric Turbulence
For an optical link with length Z, the attenuation loss is

represented by the Beers-Lambert law as hal = exp (−Zξ),
where ξ is the attenuation coefficient related to the visibility
[44]. To model the atmospheric turbulence induced fading,
we consider both LN and GG atmospheric turbulence models.
Accordingly, the LN model is appropriate for weak turbulence
conditions whereas the GG model is a suitable statistical model
for moderate to strong atmospheric turbulence conditions [14].
The PDF of hat based on the LN model is obtained as

fLN(hat) =
1

2hat
√

2πσ2
Bu

exp

(
− (lnhat + 2σ2

Bu)2

8σ2
Bu

)
(11)

where σ2
Bu is the Rytov variance. Note that, the transceivers

in our setup are not located at the same height (i.e., a slant
path), σ2

Bu is obtained as3 [14]

σ2
Bu =2.25

(
2π

λ

) 7
6

(H − h0)
5
6 sec(ζ)

11
6 (12)

×
∫ H

h0

C2
n (l)

(
1− l − h0

H − h0

) 5
6
(
l − h0

H − h0

) 5
6

dl.

Moreover, the PDF of hat according to the GG model is
obtained as

fGG(hat) =
2(αβ)

α+β
2

Γ(α)Γ(β)
h
α+β

2 −1
at Kα−β(2

√
αβhat) (13)

3The Earth’s atmosphere is composed several distinct layers extends to
approximately 700 km above the Earth’s surface with the heaviest concen-
tration of particles in the first 40 km above the surface (also known as the
free atmosphere). In our work we rely on the proposed general profile model,
also known as Hufnagle-Valley model, in [14]. The H-V model is well suited
for gounod-to-air links and covers the link range of several tens of kilometers
(which is the case for the considered HAP-based FSO communications in this
work) [45]–[47]. It is worth mentioning that, standard atmospheric spectral
models are based on isotropic conditions throughout the free atmosphere.
However, there exists evidence that reveals the turbulence above the free
atmosphere is nonisotropic. For the communication links longer than 40 km,
this will affect the computations of outage probability and the other link
parameters.
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where Γ(·) is the Gamma function and Kν(·) is the modified
Bessel function of the second kind of order ν. Also, parameters
α and β denote the effective numbers of large-scale and small-
scale eddies, respectively, and they can be represented as [14]

α =

[
exp

(
0.49σ2

Bu

/(
1 + 0.56σ

12/6
Bu

)7/6
)
− 1

]−1

,

β =

[
exp

(
0.51σ2

Bu

/(
1 + 0.69σ

12/6
Bu

)5/6
)
− 1

]−1

. (14)

B. Effective Pointing Error

Considering a Gaussian optical beam at the transmitter, the
normalized spatial distribution of the transmitted intensity at
distance Z is given by [48]

I(ρ;Z) =
2

πω2
Z

exp

(
−2||ρ||2

ω2
Z

)
(15)

where ρ is the radial vector form the center of the optical
beam. Also in (15), ωZ is the beam waist at distance Z and
is approximately obtained as [43]

ωZ ≈ w0

[
1 + ε

(
λZ

πω2
0

)2
]0.5

(16)

where ω0 is the beam waist at Z = 0, and it is a parameter that
can be tuned at the optical transmitter by employing different
diameters for the aperture (or equivalently different divergence
angles). More precisely, for a transmitter aperture of diameter
D, w0 is equal to D√

2π
[49]. Also in (16), ε =

(
1 + 2ω2

0/ρ
2
0

)
,

and ρ0 =
∫H
h0

(
0.55C2

n (l)
(

2π
λ

)2
l
)− 3

5 dl is the coherence
length. Let rd denote the radial beam displacement vector,
i.e., the separation distance between the center of optical beam
footprint and the center of the receiver aperture due to pointing
errors. Therefore, for a circular receiver aperture with radius
ra and the collecting area Ar = πr2

a which is aligned at an
angle θd with respect to the arriving beam direction, pointing
error loss due to geometrical spread can be expressed as

hpl|θd =

∫
Ar

I(ρ− rd;Z) cos(θd)dρ. (17)

In the considered link, the receiver is located at a distance of
Z from the optical transmitter where ωZ � ra. In this regime,
the overall phase of the wave becomes constant and phase
difference between different parts of the optical wavefront at
the receiver can be ignored. Hence, the optical field at the
receiver lens maintains locally the plane wave nature [36],
[48]. Thus, when the aperture area is much smaller than
the beam waist, we can reasonably assume that the received
optical intensity over the aperture area is constant, and we
rewrite (17) as

hpl|θd ' 2

(
ra
ω2
Z

)2

exp

(
−2||rd||2

ω2
Z

)
cos(θd). (18)

As shown in Fig. 3, by taking beam wander effects and
instantaneous position of the HAP into consideration, we have

𝑥

𝑦𝑑𝑥 + 𝑏𝑥

𝑤𝑧

Receiver lens

Beam footprint

𝑟𝑎

𝑑𝑦 + 𝑏𝑦

𝒓𝒅

Fig. 3. Received optical beam footprint at the receiver aperture for a long-
range ground-to-HAP FSO link. Because of the effects of beam wander as
well as hovering fluctuations, the center of the beam is randomly deviated
from the center of receiver lens.

||rd|| =
√

(dx + bx)2 + (dy + by)2. Since dx and dy are zero-
mean Gaussian RVs with variance σ2

d, the RV rd = ||rd||
follows a Rayleigh PDF as

frd(rd) =
rd
σ2
r

exp

(
− r2

d

2σ2
r

)
, rd ≥ 0 (19)

where σ2
r = σ2

d + σ2
b . From (18) and (19), and after some

manipulations, the PDF of hpl conditioned on θd can be
derived as

fhpl|θd(hpl) = C−C3
1 C3hpl

C3−1 cos(θd) (20)

where C1 = 2
(
ra
ω2
Z

)2

, C2 = 2
ω2
Z

, and C3 = 1
2C2σ2

r
.

Furthermore, the PDF of hag = halhathpl conditioned on
θd can be obtained as

fhag|θd(hag) =

∫
fhag|θd,hat(hag)fhat(hat)dhat (21)

=

∫
1

halhat
fhpl|θd

(
hag
halhat

)
fhat(hat)dhat.

Substituting (13), (11) and (20) in (21) and after some manip-
ulations, we obtain the analytical expressions of fhag|θd(hag)
for low values of h and under both LN and GG atmospheric
turbulence models in (22), and (23), respectively, where C4 =
2C3(αβ)

α+β
2

h
C3
al Γ(α)Γ(α)

and C5 = α+β−2C3−2
2 .

C. AOA Fluctuations Due to Random Orientation Deviations

The converging lens focuses collected light to the surface
on a circular PD. However, due to the random orientation
deviations of an aerial node, the angle of arrival of the received
beam is deviated from the normal line to the detector area.
Indeed, it is crucial to compensate and stabilize the orientation
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fLNhag|θd(hag) =
C3C1

−C3hC3−1
ag cos(θd)

2hC3

al

√
2πσ2

Bu

√
8πσ2

Bu exp

(
8σ2

Bu

((
2C3 + 1

4

)2

− 1

16

))
. (22)

fGGhag|θd(hag) =
22C5+1C−C3

1 hC3−1
ag C4 cos(θd)

(4αβ)C5+1
Γ

(
2C5 + 2 + α− β

2

)
Γ

(
2C5 + 2 + β − α

2

)
. (23)

𝑥

≅ 𝜃𝑑𝜃𝐹𝑂𝑉
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𝑟𝑑

Normal vector to the receiver plane

Direction of beam arrival 𝜃𝑑 ≠ 0

Received optical 

beam
m

ain
 lo

b
e

Airy pattern

Fig. 4. Configurations of received beam and its diffraction pattern in the
presence of AOA fluctuations.

fluctuations of hovering aerial nodes for establishing reliable
ground-to-aerial FSO links. More recently, via fast and high
accurate stabilization and control systems, the degree of angu-
lar instability of the hovering aerial platforms has been shown
on the order of several mrad, [50]–[52]. Due to this pinpoint
accuracy, it is reasonable to assume that the instantaneous
misalignment orientations of the aerial platform, i.e., θRx and
θRy , are sufficiently small and these assumptions enable us to
employ small-angle approximation as tan (θRx) ' θRx and
tan (θRy) ' θRy [27]. Hence, the RV θd =

√
θ2
Rx + θ2

Ry is
approximately Rayleigh distributed with PDF [27]

fθd(θd) =
θd
σ2
o

exp

(
− θ2

d

2σ2
o

)
, θd ≥ 0. (24)

When an optical beam having small angle of deviation θd from
the normal vector of aperture plane is passed through a lens,
the outside angle of beam will be approximately unchanged
[36]. Therefore, as depicted in Fig. 4, AOA fluctuations cause
shifted diffracted patterns which can attenuate the amount of
received optical power at the PD.

For a circular shape aperture, Airy pattern at the PD consists
of a bright disc at the center of the pattern (main-lobe)
surrounded by concentric bright and dark rings (side-lobes)
[53]. Let haf denote the fraction of power collected by the
detector to the power incident in the aperture [27]. Therefore,
to calculate the amount of haf , it is essential to explore what
fraction of total incident power is contained within the main-
lobe and side lobes of the Airy pattern. Let L(ψ) be the
fraction of total power of the Airy pattern contained in a circle

0 3 6 9 12 15 18 21 25

0.75

0.8

0.85

0.9

0.95

0.975

0.9875

1

Fig. 5. The fraction of the power of Airy pattern at the PD contained in a
circle with radius ψ.

with radius ψ to the power incident in the aperture. From [53,
8.5 (18)], L(ψ) is obtained as

L(ψ) = 1− J2
0

(
πψ

λ

)
− J2

1

(
πψ

λ

)
(25)

where Jn(·) denotes Bessel function of the first kind with order
n. To obtain detailed insight into the distribution of the power
of Airy pattern at the PD, we plot L(ψ) versus ψ in Fig. 5.
As we can observe from this figure, more than 99 percent of
the power of the Airy pattern is contained within a circle with
radius 25λ, and it is much smaller than the conventional sizes
of a PD, which is typically on order of mm [36]. Therefore,
when the received laser beam lies inside the receiver FoV,
i.e., when θd ≤ θFOV , the total power of the incident beam
is captured by the PD. Meanwhile, as thoroughly discussed in
[27], ignoring the effect of side-lobes may lead to an incorrect
outage probability floor when the receiver FOV is not large
enough and the AOA lies outside of the FOV. Accordingly, an
accurate approximate expression was proposed for the fading
introduced by AOA fluctuations haf for a receiver with a
circular PD with radius rp as [27]

haf =

L(rp) θd ≤ θFOV,

rp
4rd

(
L(rd + rp)− L(rd − rp)

)
otherwise.

(26)
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fLNh (h) ' C3C1
−C3hC3−1

2hC3

al

√
2πσ2

Bu

√
8πσ2

Bu exp

(
8σ2

Bu

((
2C3 + 1

4

)2

− 1

16

))(
1− e−

θ2FOV
2σ2o

)
︸ ︷︷ ︸

f ′
h(h)

(31)

+ e
− θ

2
FOV
2σ2o δ(h)︸ ︷︷ ︸
f0
h(h)

.

From (26) and (28), the PDF of the considered ground-to-HAP
link is obtained as

fh(h) =

∫ ∞
0

haffhag|θd(h)fθd(θd)dθd. (27)

Nevertheless, the system model of [27] concerns terrestrial
FSO links with a narrow receiver FOV, i.e., 0.1 ∼ 0.2 mrad.
However, as we will show in the numerical result section, due
to the large effect of hovering fluctuations of the HAPs, the
optimal FOV for such receivers is on the order of several tens
of milli-radians. To make the analysis tractable, we make an
approximation to the values of haf by ignoring the effect of
sidelobes as follows

h̃af ' Π

(
θd

θFOV

)
(28)

where the gate function Π(·) is defined as

Π(x) =

{
1 if x < 1
0 if x > 1.

(29)

As it will be shown in the numerical results, the effect of
sidelobes is small in such cases as no error floors are observed
within the the range of interest of the system performance.
Therefore, eq. (28) is a reasonable approximation for systems
with large FOV which is the case for HAPs. Thus, eq. (27)
can be rewritten as

fh(h) =

∫ θFOV

0

fhag|θd(h)fθd(θd)dθd+δ(h)

∫ ∞
θFOV

fθd(θd)dθd.

(30)

Nevertheless, it can be cumbersome to evaluate the integral
equation in (30). To have a more tractable analytical channel
model, for small values of θd, we can use small angle
approximation as cos(θd) ' 1. Accordingly, for small values
of h, eq. (30) can be simplified as (31) under LN atmospheric
turbulence, and as (32) under GG atmospheric turbulence.
Furthermore, based on (31) and (32), closed-form expressions
for the outage probabilities are derived in (33) and (34),
respectively, for LN and GG atmospheric turbulence models.

IV. SIMULATION RESULTS AND ANALYSIS

In this section, we illustrate the analytical results derived
in the previous sections. We evaluate the link performance
in terms of the outage probability and study the impact of
different parameters, i.e., the FoV of the receiver and its orien-
tation deviations, and the beam spot size at the transmitter, on
the performance of the ground-to-HAP link. Meanwhile, the

TABLE I
NOMINAL VALUES USED FOR THE NUMERICAL RESULTS

Name Parameter Value

Optical wavelength λ 1550 nm

PD responsibility η 0.9

Optical bandwidth of the receiver Bo 10 nm

Receiver electrical bandwidth Be 1 GHz

Spectral radiance of
the background radiation at λ Nb(λ) 10−3 W/cm2-m-srad

HAP zenith angle ζ 40◦

Link length Z 20 km

The RMS of wind speed Vω 21 m/s

Electron charge e 1.6× 10−19

Refractive index structure
at the ground C2

n(0) 1.7× 10−13 m−2/3

accuracy of the derived analytical expressions is corroborated
by Monte Carlo simulations using over 4 × 106 independent
runs. Simulations are performed based on the practical values
of the parameters outlined in Table I [54]. Since the height
of the receiver, H , is much larger than the height of the
optical transmitter, h0, without loss of generality, we neglect
the height of the transmitter for calculating the link length Z
(i.e., we assume that h0 is equal to zero). We consider a strong
turbulence model for atmospheric turbulence, i.e., GG model,
however, the results and discussions can be readily developed
to weak turbulence scenarios by applying the LN model and
its related expressions in Section III.

First, we show in Figs. 6 and 7, respectively, the channel
distribution under both LN and GG atmospheric turbulence
for different values of wZ/ra. From these two figures we
observe that the accuracy of the derived analytical channel
model depends on the ratio of wZ and ra. Since aperture
radius in FSO systems is on the order of several centimeters
and also, for long-range ground-to-HAP links, wZ is on the
order of several meters, the proposed analytical expression
for the channel model of such links achieves acceptable level
of accuracy. Therefore, the system performance metrics for
a ground-to-HAP FSO link, e.g., outage probability, and bit
error rate can be analytically developed without resorting to
time-consuming simulations.

To broaden our understanding about the impact of orien-
tation deviations due to hovering fluctuations of the receiver
on the link performance, we plot outage probability versus
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fGGh (h) ' 22C5+1C−C3
1 hC3−1C4

(4αβ)C5+1
Γ

(
2C5 + 2 + α− β

2

)
Γ

(
2C5 + 2 + β − α

2

)(
1− e−

θ2FOV
2σ2o

)
︸ ︷︷ ︸

f ′
h(h)

(32)

+ e
− θ

2
FOV
2σ2o δ(h)︸ ︷︷ ︸
f0
h(h)

.

PLNout = e
− θ

2
FOV
2σ2o +

C3C1
−C3hC3

th

2C3h
C3

al

√
2πσ2

Bu

√
8πσ2

Bu exp

(
8σ2

Bu

((
2C3 + 1

4

)2

− 1

16

))(
1− e−

θ2FOV
2σ2o

)
.

(33)

PGGout = e
− θ

2
FOV
2σ2o +

22C5+1C−C3
1 hC3

th C4

(4αβ)C5+1C3
Γ

(
2C5 + 2 + α− β

2

)
Γ

(
2C5 + 2 + β − α

2

)(
1− e−

θ2FOV
2σ2o

)
. (34)

10
-3

10
0

10
1

10
2

Fig. 6. Channel distribution fh(h > 0), for different values of wZ/ra, under
Log-normal atmospheric turbulence.

Pt for different values of σ2
0 in Fig. 8. As shown, an exact

match between the analytical and simulation-based results
can be observed, which validates the accuracy of the derived
analytical expression for the outage probability. Also, as we
can observe from this figure, the performance of such links
largely depends on the AOA fluctuations due to random
orientation deviations of the HAP, and, as expected, the outage
probability increases when AOA fluctuations at the receiver
side is increased. However, such performance degradation
can be improved by increasing the receiver FOV. On the
other hand, an increase of FOV of the receiver also increases
the amount of undesired background noise, which adversely
affects the link performance. To study the inherent tradeoff

10
-4

10
-3

10
-1

10
0

10
1

10
2

10
3

10
4

Fig. 7. Channel distribution fh(h > 0), for different values of wZ/ra, under
Gamma-Gamma atmospheric turbulence.

in optimizing the receiver FOV, we plot outage probability
versus Pt for different values of the receiver FOV and for
σ2

0 = 15 mrad in Fig. 9. As shown, from Fig. 9, for given
values of AOA fluctuations, the link performance is sensitive
to the amount of the receiver FOV. Moreover, from Fig.
10, one can realize that increasing the amount of FOV does
not necessarily improve the system performance. Figs. 9 and
10 demonstrate the importance of designing optimal receiver
FOV to alleviate the impacts of AOA fluctuations on the
performance of the ground-to-HAP FSO links. The optimal
θFOV values to achieve minimum outage probability over the
considered ground-to-HAP FSO link for different values of
σ0 are provided in Table II. The analytical results of this table
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Fig. 8. Outage probability versus Pt for wZ/ra = 20, θFOV = 75 mrad,
σd = 0.4 m, and different values of the orientation deviations σ0.
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Fig. 9. Outage probability versus Pt for wZ/ra = 20, σ0 = 15 mrad,
σd = 0.4 m, and different values of the receiver FOV θFOV.

are obtained by differentiating (34) with respect to θFOV and
setting the result equal to zero. Meanwhile, Table II confirms
the accuracy of the proposed analytical expressions for outage
probability, making it easy to study and design such HAP-
based FSO communication links under the degree of instability
of the HAP (i.e., the amount of hovering fluctuations).

Figure 11 investigates the performance of the considered
link by presenting outage probability as the values of transmit
power Pt and the beam-width of the transmitter wZ vary. From
this figure, for a given variance of pointing error, it is clear
that the outage performance largely depends on the values
of wZ , and increasing wZ does not necessarily decrease the
amount of the outage probability. Indeed, the effect of wZ
on the outage probability is significant at low transmit power
Pt. Fig. 11 highlights the need to optimize wZ for improving
system performance by alleviating the impacts of increasing
irradiance fluctuations and beam wander on the performance
of the considered link. Accordingly, the optimal wZ values

10 20 30 40 50 60 70
10

-5

10
-4

10
-3

10
-2

10
-1

10
0

Fig. 10. Outage probability versus θFOV for WZ/ra = 20, σd = 0.4 m,
and different values of the orientation deviations σ0.

Table II
OPTIMAL VALUES OF θFOV TO ACHIEVE MINIMUM OUTAGE PROBABILITY

OVER GROUND-TO-HAP LINK FOR DIFFERENT VALUES OF σ0 .

Pt = 5 dBm, wZ/ra = 10, and σd = 0.2 m

σ0 (mrad) θFOV (mrad) Outage probability
Simulation results Analytical results

5 26 8.0× 10−6 2.3× 10−7

8 70 2.60× 10−5 3.76× 10−5

10 96 3.2× 10−5 2.00× 10−5

12 104 4.5× 10−5 6.01× 10−5

14 122 4.6× 10−5 6.51× 10−5

16 139 5× 10−5 7.5× 10−5

18 156 8.2× 10−5 8.00× 10−5

and the corresponding outage probabilities obtained from both
analytical and simulation results are shown in Table III for
different values of orientation deviations. These results can
be applied to find the optimal values of wZ for different
amount of orientation deviations. Our analytical approach
facilitates the design of ground-to-HAP FSO links without
resorting to time-consuming simulations. Moreover, in order to
have more intuition for link designing and carrying out some
tests on the considered link, we have provided the outage
probability curves versus SNR for different values of the
transmit divergence angle, θdiv, in Fig. 12. Again, the results
of this figure clearly show that choosing the optimal values
of θdiv can considerably help to mitigate the effect of AOA
fluctuations on the link performance. For instance, when the
transmit beam-width is not wide enough, i.e., θdiv 0.1 or 0.2
mrad, an outage probability floor can be noticed due to the
dominant effect of AOA fluctuations on the link.

Finally, by using the optimal values of wZ and θFOV
obtained from Tables II and III, we study in Fig. 13 the
effect of increasing irradiance fluctuations and beam wander
caused by increasing ζ (or equally increasing the link length
Z) on link budget. From Fig. 13 and under a given degree of
instability of the HAP, we can conclude that the same system
performance for different link lengths can be delivered by
employing optimal values for wZ and θFOV and also bearing
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Fig. 11. Outage probability versus Pt for ra = 5 cm, σd = 0.4 m, σ0 =
5 mrad and different values of wZ .
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Fig. 12. Outage probability versus SNR for ra = 10 cm, σd = 1 m, σ0 =
15 mrad, Z = 15 km, and different values of θdiv.

the cost of increasing the link budget. For instance, to have a
same value in outage probability, the change in ζ from 10◦ to
60◦ will increase transmit power by 2 dBm.

V. CONCLUSION

We studied the problem of integrating FSO communication
into HAPs for providing high data rate wireless connectivity.
To facilitate design of a ground-to-HAP FSO link, we pro-
posed simple and tractable statistical models for channel model
under both LN and GG atmospheric turbulence considerations.
The proposed models incorporate the combined effects of
position vibrations of the receiver, pointing jitter variance
caused by beam wander, detector aperture size, received
optical beam-width, the FOV of the receiver, atmospheric
attenuation and turbulence, and the AOA fluctuations of the
received optical beam. Subsequently, closed-form expressions

Table III
OPTIMAL VALUES OF Wz TO ACHIEVE MINIMUM OUTAGE PROBABILITY

OVER GROUND-TO-HAP LINK FOR DIFFERENT VALUES OF σd .

Pt = 5 dBm, θFOV = 45 mrad, and σ0 = 10 mrad

σd (m) wZ (m) Outage probability
Simulation results Analytical results

0.1 0.25 3.90× 10−5 1.13× 10−5

0.2 0.49 4.8× 10−5 2.84× 10−5

0.3 0.74 4.9× 10−5 4.04× 10−5

0.4 1.10 5.3× 10−5 4.06× 10−5

0.6 1.35 1.86× 10−4 1.03× 10−4

0.8 2.20 2.42× 10−4 1.2× 10−4

1 2.8 4.41× 10−4 3.10× 10−4

15 16 17 18 19 20 21 22 23 24 25

0.5

1

1.5

2

2.5

3

3.5

4

4.5
10

-6

Fig. 13. Outage probability versus Pt for σ2
0 = 10 mrad, H = 17 km, and

different values of the zenith angle ζ (for each ζ, wZ is chosen optimally to
achieve minimum outage probability).

are derived for the outage probability of the considered link un-
der different turbulence regimes. The developed models make
it possible to conduct detailed analysis towards optimizing
the transmitted laser beam and the FOV of the receiver in
terms of achieving minimum outage probability under different
channel conditions. We showed that the performance of such
links largely depends on the receiver FOV and the received
optical beam-width ωZ . Thus, the results of this paper can
be used for finding the optimal values of link parameters and
designing ground-to-HAP FSO links without resorting to time-
consuming simulations.
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