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Conic Optimisation for Electric Vehicle Station
Smart Charging with Battery Voltage Constraints

Thomas Morstyn*, Member, IEEE, Constance Crozier, Student Member, IEEE, Matthew Deakin, Member, IEEE,
and Malcolm D. McCulloch, Senior Member, IEEE

Abstract—This paper proposes a new convex optimisation
strategy for coordinating electric vehicle charging, which ac-
counts for battery voltage rise, and the associated limits on
maximum charging power. Optimisation strategies for coordi-
nating electric vehicle charging commonly neglect the increase
in battery voltage which occurs as the battery is charged.
However, battery voltage rise is an important consideration,
since it imposes limits on the maximum charging power. This is
particularly relevant for DC fast charging, where the maximum
charging power may be severely limited, even at moderate state
of charge levels. First, a reduced order battery circuit model is
developed, which retains the nonlinear relationship between state
of charge and maximum charging power. Using this model, limits
on the battery output voltage and battery charging power are
formulated as second-order cone constraints. These constraints
are integrated with a linearised power flow model for three-phase
unbalanced distribution networks. This provides a new multi-
period optimisation strategy for electric vehicle smart charging.
The resulting optimisation is a second-order cone program, and
thus can be solved in polynomial time by standard solvers. A
receding horizon implementation allows the charging schedule
to be updated online, without requiring prior information about
when vehicles will arrive.

Index Terms—Battery modelling, DC fast charging, electric
vehicle, second-order cone programming, smart charging.

I. INTRODUCTION

HIS paper proposes a new optimisation strategy for

coordinating electric vehicle charging in distribution net-
works. The proposed strategy accounts for battery voltage rise,
and the associated limits on maximum charging power, while
retaining a computationally scalable formulation.

Bloomberg estimates that electric vehicles will make up
55% of new global car sales and 33% of cars on the road
by 2040 [1]. Electric vehicle adoption is being driven by the
falling costs of lithium-ion batteries, and by government poli-
cies aiming to address air quality in cities and decarbonisation
[2].

Without active coordination, electric vehicle charging is
expected to require costly reinforcements of power system
infrastructure. For example, it has been estimated that in
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the United Kingdom (UK), converting private vehicles to
electric would increase peak demand by approximately 33%
[3]. In addition, the My Electric Avenue project estimated
that transport electrification would require reinforcements for
around 32% of UK low voltage distribution feeders, even if
only low power (3.5 kW) home charging is considered [4].

Currently, most electric vehicle chargers use a constant
current—constant voltage (CC—CV) charging profile [5]. Under
CC-CV charging, a battery is charged at its maximum current
limit, until it reaches its maximum voltage limit. Once the
voltage limit is reached, it is maintained by gradually reducing
the charging current. CC—CV charging maximises the charging
speed of a battery given a current limit and voltage limit
specified by the manufacturer.

CC-CV charging results in varying upstream power de-
mand, with a peak in demand just before the CV region is
reached [6]. This is a challenge for electric vehicle chargers
that are limited by an upstream power limit. For electric
vehicle chargers with an individual upstream power limit,
constant power—constant voltage (CP-CV) charging can be
used [7]'. In this case, the electric vehicle is charged according
to the upstream power limit, until the maximum voltage limit
is reached.

When groups of vehicles are charged at a site with a shared
maximum power limit, a smart charging strategy is needed
to coordinate the charging times and powers of the electric
vehicles, so that the maximum power limit is not violated
[8]. Smart charging strategies are also relevant for groups
of electric vehicles embedded within a distribution network,
where charging needs to be coordinated to prevent network
constraints from being violated [9].

Electric vehicle smart charging strategies can be broadly
divided into the following categories:

1) Convex optimisation strategies, which use a linearised
battery state of charge model [10]-[18].

2) Non-convex optimisation strategies, which use a nonlin-
ear battery state of charge model [19], [20].

3) Problem-specific heuristic strategies, including rule-based
control [21], fuzzy expert systems [22] and stochastic
algorithms [23].

4) Metaheuristic strategies, including particle swarm opti-
misation [24], [25], ant colony optimisation [26] and

'Tt should be noted that although related, constant current battery charging
and constant power battery charging are separate concepts to constant current
loads and constant power loads from power system analysis. In particular, they
refer to the charging current/power of the battery rather than the current/power
drawn from the network.



evolutionary algorithms [27].

A common approach to obtain a computationally scalable
optimisation problem for electric vehicle smart charging is to
use a linear model for the relationship between battery charg-
ing power and state of charge [10]-[18]. Generally, this allows
smart charging to be formulated as a convex linear program
(LP), for which fast and robust solvers are readily available
[28] (e.g. to achieve objectives such as maximising energy
delivered to vehicles, or minimising peak demand). Linear
battery models can be combined with a convex power flow
model to incorporate electric vehicle charging into strategies
for distribution network management [10].

A limitation of using a linear battery model is the implicit
assumption that battery voltage remains constant. In reality,
battery voltage increases at higher state of charge levels, and
at higher charging powers [29]. An important implication is
that at high state of charge levels, adhering to the battery
voltage limit specified by the manufacturer will constrain the
maximum charging power [30]. Optimisation strategies based
on a linear battery model are suitable while batteries are
charged in the CP region. However, once batteries reach the
CV region, a smart charging strategy that does not model
battery voltage rise will overestimate upstream power demand,
and will underestimate the time required to reach full charge.

In [31], the nonlinear relationship between battery state of
charge and maximum charging rate is identified as an under-
explored aspect of electric vehicle charge scheduling. In [32],
the impact of CC—CV electric vehicle charging on distribution
network voltages is investigated considering nonlinear battery
models, but coordinated scheduling is not considered. Opti-
mal charge scheduling across multiple vehicles, considering
their nonlinear battery characteristics, can be achieved us-
ing dynamic programming [19]. However, the computational
complexity grows exponentially with the number of storage
systems, limiting scalability [33]. Heuristic approaches have
been proposed to find approximate solutions to nonlinear
smart charging problems, including rule-based control [21],
fuzzy expert systems [22], particle swarm optimisation [24],
[25], ant colony optimisation [26] and evolutionary algorithms
[27]. Limited scalability with increasing problem dimension
remains a concern for heuristic strategies [34]. In [20], smart
charging for an electric vehicle fleet is formulated as a
mixed-integer nonlinear program, and solved using an iterative
cutting-plane algorithm. The strategy accounts for the nonlin-
ear relationship between battery state of charge and maximum
charging power, but does not address internal battery resistance
and charging losses. The smart charging strategy in [23] uses
a stochastic algorithm to approximately flatten load between
vehicles with fixed charging profiles that can be scheduled in
time, but not reshaped or interrupted. However, this does not
consider the potential for controlling vehicle charging power.

The reduction in maximum charging power that occurs as
battery state of charge increases is particularly relevant for DC
fast charging, due to the high power levels involved. Currently,
DC charging standards offer charging between 50 kW and
200 kW, and there is a trend towards higher power levels
[35]. Revised Combined Charging System and CHAdeMO
standards are under development, which aim to support 350

kW to 400 kW charging for 800 V to 1000 V battery vehicles
[36]. It has been recognised that although a significant amount
of electric vehicle charging can be completed at low power,
DC fast charging is a critical component of transport elec-
trification policies for overcoming both perceived and actual
range barriers [37]. The importance of effectively utilising the
power capacity of expensive DC fast charging infrastructure
motivates need for computationally scalable electric vehicle
smart charging strategies that can account for nonlinear battery
characteristics.

In this paper, a novel convex formulation for the electric
vehicle smart charging problem is proposed which accounts
for the nonlinear relationship between battery voltage, state
of charge and maximum charging power. Compared with
standard convex strategies that rely on a linear battery model,
the proposed strategy is able to schedule charging profiles
across groups of vehicles that can be closely followed without
violating battery voltage limits. This allows for improved
utilisation of upstream network capacity, while the strategy
remains computationally scalable. A reduced order nonlinear
battery circuit model is developed, and using this model, limits
on the battery voltage and charging power are formulated as
second-order cone constraints. These constraints are integrated
with a linearised power flow model for three-phase unbal-
anced distribution networks, to provide a new multi-period
optimisation strategy for electric vehicle smart charging. The
resulting optimisation is a second-order cone program (SOCP),
and thus can be solved in polynomial time by standard solvers
[38], [39]. A receding horizon implementation allows the
charging schedule to be updated online, without requiring prior
information about when vehicles will arrive. The advantages
of the proposed SOCP are demonstrated by comparing it with
an LP formulated using a linear battery model.

The rest of this paper is organised as follows. In Section
II, the second-order cone constraints for battery voltage and
charging power are derived. Section III presents an LP and the
proposed SOCP for smart charging in unbalanced distribution
networks. Section IV presents simulation results demonstrating
the performance of the proposed smart charging strategy.
Section V concludes the paper.

II. BATTERY MODELLING

For the smart charging strategies considered in this paper,
V = {1,...,N,} is the set of electric vehicles and 7 =
{to+1,...,t9 + T} is the optimisation time horizon.

A standard linear discrete time battery state of charge model
is given by [12],

Ny A1
V03 Chi

Si<t) = Si(t — 1) + pm‘(t), for poi<t) >0. (D
For vehicle ¢ € V and optimisation interval t € T, s;(t) is the
state of charge (ratio between 0 and 1), p,;(t) is the charging
power (W), Cy; is the battery charge capacity (As), 0,; is the
nominal battery DC output voltage (V), 7, is the nominal
battery charging efficiency (ratio between 0 and 1) and A is
the optimisation interval duration (s).

The linear model does not account for the battery voltage
increasing with state of charge and at higher charging powers.
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Fig. 1. (a) The multi-timescale nonlinear battery circuit model from [40]. The open circuit voltage vp; and R, C values are 6th order logarithmic-polynomial
functions of the state of charge s; (ratio between 0 and 1). v,; is the output voltage at the DC terminals of the battery (V), p,; is the charging power at
the battery terminals (W) and py, is the internal charging power (W). (b) The proposed reduced order nonlinear circuit model. The open circuit voltage is a
linear function of the stored energy E; (Ws), and the output resistance R; is a fixed value (£2).
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Fig. 2. Comparison between the high order battery model from [40] and the
proposed reduced order model for a 40 kWh battery under CP-CV charging,
with a power limit of 50 kW, a maximum voltage of 415 V and an initital
state of charge of 10%. Profiles are shown for the (a) charging power, (b)
state of charge and (c) battery output voltage.

To address this, nonlinear battery circuit models can be used
for more accurate dynamic simulation. Battery circuit models
include an inner voltage source to model the open circuit
voltage, and series RC circuit elements to model the output
impedance. These models incorporate the state of charge
dependence of the open circuit voltage and output impedance
by making the inner voltage source and circuit element values
functions of the state of charge. In particular, [40] presents
a multi-timescale validated model of this type with param-
eters for a lithium-ion battery cell used for electric vehicle
applications. The model is shown in Fig. 1a. The open circuit
voltage vp; and R, C elements are each modelled as 6th order

logarithmic-polynomial functions of the state of charge, with
form,

2(51) = exp [Yp_y Ok log, (s;)F 2)

Note that equivalent functions for the open circuit voltage
and R,C elements, in terms of stored energy, F; (Ws), can
be obtained numerically.

The high order battery circuit model would give a non-
convex optimisation formulation. To address this, the reduced
order model shown in Fig. 1b is proposed. The open circuit
voltage is modelled as a linear function of the stored energy,

Ubi (t) = ayi A7 ZtT:to-i-l DPui (T) + Voi, 3)
V0i = i Ei(to) + by;. 4

poi is the charging power excluding losses (W), F;(to) is the
initial stored energy (Ws) and a,;, b,; are model coefficients
(V/Ws), (V).

Since the battery voltage limit is mainly of concern at the
final state of charge, the output impedance is modelled by
a single fixed resistance R; (1), equal to the total series
resistance at full charge. For the battery cell in [40], between
10% and 100% state of charge the total series resistance varies
between 135 m(2 and 160 mS2.

To compare the high order battery model and the proposed
reduced order model, Fig. 2 shows output power, state of
charge and output voltage profiles for each, for CP-CV
charging of a 40 kWh battery with a maximum power limit
of 50 kW. The battery is made up of 50 parallel x 100
series, 3.7 V nominal, 4.15 V maximum, 2.2 Ah cells, with
parameters from [40]. Note that 50 kW is a common charging
power for DC charging at CHAdeMO and Combined Charging
System stations [41]. From 10% to 100% state of charge, the
maximum absolute error between the high order and reduced
order models is 2.65 kW for the charging power, 1.4% for the
state of charge and 2.57 V for the battery output voltage.

If 9,; is the maximum output voltage at the DC terminals
of the battery (V), then the maximum voltage constraint for
t € T is given by

vpi(t) +

Rpl”) Voi &

1Ub

vbz( ) S ’Dozvbz( ) Rzpbz(t) (5)

Since vp;(t) > 0 and Tovp(t) — Rippi(t) > 0, this is
equivalent to the following second-order cone constraint (see



Section 2.3 on hyperbolic constraints from [38]),
2(Atippi + voi)
(Doi Ari + Rief )poi + Toivoi — 1|,
< (DoiAsi + Rie] )pvi + Doivo; + 1, (6)
Poi = [pvito + 1) -~ poito + )],
Ay = aviAT[lz—to 0}'—+to—t]'

1, and 0, are vectors with length x and all entries equal to
1 and O respectively. e; is a vector with a 1 at position ¢ — #g
and zeros elsewhere (i.e. Ay;py; = @i AT Zi:toﬂ ppi(7) and
el poi = pui(t)).

For a maximum charging power p,; (W), the power con-
straint for ¢t € 7T is given by

2
poilt) + BB < Poi

Ripg; () < vi; (8)(Boi — pui (1)) @)
This is not a second-order cone constraint, but a conservative
approximation can be obtained by replacing the right-hand

side of the inequality with vo;vp;(¢)(Do; — pui(t)), since vg; <
vp; (t). The new conservative constraint is,

2v/Rie/ pyi
e Pvi — Poi + v0i(AtiPri + voi) 9
< Poi — €/ Pvi + voi(Atipyi + vo;), 3

III. ELECTRIC VEHICLE SMART CHARGING

In this section, optimisation strategies are formulated for
electric vehicle smart charging at a set of charging stations
within an unbalanced three-phase distribution network. For
comparison, both an LP and the proposed SOCP are presented.

The objective of the charging stations is to maximise the
energy that is delivered to electric vehicles, with priority
given to vehicles with earlier arrival times. For commercial
charging of private vehicles, arrival and departure times are
likely to be unknown ahead of operation. To address this,
the smart charging strategies here schedule charging based on
the vehicles which have already arrived at a station, and are
updated online with a receding optimisation horizon, so that
the charging schedules are adjusted as new vehicles arrive. It
is assumed that once vehicles arrive and plug-in, users provide
their planned departure time (e.g. via a mobile app or parking
meter). If vehicle arrival information was available ahead of
operation, this information could be directly incorporated into
the smart charging strategies.

In addition to the individual vehicle battery voltage and
charging power constraints from Section II, the smart charging
strategies need to consider the maximum import power of the
stations and the distribution network voltage limits. For ease
of presentation, it is assumed that the electric vehicles are
charged at stations with balanced three-phase grid connections.
The model can be straightforwardly generalised to the case
where electric vehicles are charged with single phase connec-
tions. The proposed objective addresses fast charging within
network and station constraints, but other objectives could be
considered for different applications, such as minimising peak
demand while meeting minimum vehicle energy requirements.

A. Distribution Network Model

The distribution network has buses N' = {0,..., N},
where bus 0 is the slack bus, and the others are modelled as
P(@ buses. The network has three phases {a, b, ¢}, which may
have unbalanced loads. Let K be the set of electric vehicle
charging stations, and let Vi, C V be the subset of vehicles
that charge at station k € K.

Electric vehicle charging station k € K is located at bus
ly, € N\ {0}. To obtain approximate network voltage
constraints for the smart charging strategies, the fixed point
linearisation from [42] is applied for each interval of the op-
timisation time horizon, ¢t € 7. The network power flows are
linearised around the power injections on each bus, excluding
the electric vehicles.

Let Y € C3(Ve+1)x3(Ne+1) pe the three-phase admittance
matrix of the distribution network (£2). The admittance matrix
can be partitioned into Ypg € C3*3 Yy, € C3*3Ne v €
C3Nex3 and Yy, € C3Nex3NL | where, YV = [}fzg 2,/2?}

For interval ¢t € T, let the nominal wye and delta connected
complex power injections (VA) be given by

s (t) = [s{(t) sp(t) sp(t)]T, )
sY(t) =[s7 (t) - sn, (D], (10)
s (t) = [s7°(t) sy°(t) sp ()] " (11)
s2(t) = [sD(t) -~ sn, ()] (12)

The complex phase voltages for bus [ are given by v;(t) =
[va(t) v2(t) vE(t)]T (V). It is assumed that the slack bus has
a fixed balanced voltage, vo/|vo| = [1 e 75 e/%]T. For
a set of nominal bus power injections 3" (t), 5* (), nominal
bus voltages ©(t) = [01(t)---On, (t)]T for the linearisation
can be calculated using the Z-Bus method [42]. This involves
iteratively applying the following fixed-point equation to con-

vergence,
Uik (1) = Y 1 (diag (0 (£) '™ (
+ H "diag(Hop () s2(t)) — Y/ Yiovo, (13)

(

1-1 0
H:blockdiag([ 0 1—1]).

-1 0 1

)" sT (1)
)~

t
t

Let py, () be the total load (W) for electric vehicle charging
station £k € K at interval ¢ € 7. Let the maximum and
minimum distribution network phase voltage magnitudes be
given by |v] and |v| respectively (|V|). It is assumed that each
charging station is wye connected and balanced, and that the
charging stations have unity power factor. Therefore, approx-
imate linear constraints on the phase voltage magnitudes are
given by [42],

—py, (1) N _
|Q|13NL < K;)/(t) Z %ka + |U(t)| < ‘U|13NL7
kex
(14)

K (t) = diag(|o(t)|)~'Real{diag(d(t)*) Y diag(d(t)*) "'},
Ty, = [Oér(lvkq) 15 O;)F(erv,c)]T

o(t)* is the complex conjugate of the nominal bus voltages
0(t). zy, is a vector linking the load at charging station
k € K to the phases of bus [y, . The matrix KZ models the



relationship between wye-connected real power injections at
each phase and the phase voltage magnitudes (|[V|/W).

B. Linear Program

First, an LP for the proposed smart charging application is
formulated based on the linear state of charge model in (1).
This is similar to standard linear optimisation strategies from
the literature, with two new application specific elements: (i)
the objective function is designed for fast-charging vehicles
at charging stations, prioritised according to arrival time; and
(ii) network voltage constraints are included for a three-phase
unbalanced distribution network. The LP is given by

max Yot 2iev(T Hto+ 1 — Tai)NiDoi (t) (15a)
st AT Y e Poi(t) + Eilto) < B, (15b)
0< %poi(ﬂ < Pei (15¢)
poi(t) = 07 te T\ [Taia Tdi] (15d)
Py (t) = Yiev, "5 poilt), (15¢)
v, (t) < Dy, (15f)

—Py, (1)

[oltan, < K (8) Epex —3— 2w + [0(0)] < [P[Lsn,

(15g)

Each electric vehicle i € V has a battery pack, with n,;
parallel strings, each made up of ng; series cells. It is as-
sumed that each pack has cell balancing electronics, so a
single cell state of charge model can be used. The decision
variables that are calculated by solving the LP are the battery
cell charging powers for each vehicle, for each interval of
the optimisation time horizon, p, = [Po1-:-Pon,], Where
Poi = [Poi(to + 1) -+ - poi(to + T)] T (W).

The objective function (15a) is formulated to maximise the
energy delivered to the vehicles, weighted according to arrival
time, so that vehicles that arrive earlier are given priority
for charge scheduling. The energy delivered to vehicle i is
weighted by (T + to + 1 — 74;), where 7,; is the arrival time
interval. To prioritise charging according to departure time,
(T +to+1—7,;) can be replaced by (7; + 1 — 74;) in (15a),
where T, = max{74|i € V}. Constraint (15b) specifies that
for each electric vehicle 7 € V), the total battery cell energy
over the time horizon must remain below the maximum cell
energy level E; (Ws), where E;(to) is the initial cell energy
(Ws).

Constraint (15¢) limits the maximum charging power of
each vehicle to the charger power limit p.; (W). A fixed
efficiency value, 7.; (ratio between 0 and 1), is used to model
converter losses. Since power converter modelling is not the
focus, the standard assumption of constant efficiency used for
linear smart charging strategies is adopted (see e.g. [12]).
In reality, converters have reduced efficiency away from a
nominal operating point [43]. However, the high efficiency
operating range is topology dependent and can be extended,
for example by using parallel converter modules [44].

Electric vehicle ¢ € Vj arrives and plugs in at charging
station k£ € K at time interval 7,;, and departs after time
interval 74;. Constraint (15d) ensures that the vehicles are only

charged between their arrival and departure times. Constraint
(15e) introduces variables, py, (t),t € T, which are equal
to the total load of charging station k at each time interval.
Constraint (15f) limits the total charging station load to py,,
and constraint (15g) addresses the distribution network phase
voltage magnitude limits at each bus.

C. Second-Order Cone Program
The proposed SOCP for smart charging with battery voltage
awareness is given by
max Yover 2oiev(T +to+ 1 — Tai)pui(t)
st A7 crpni(t) + Ei(to) < Ej,
(15¢), (15d), (15e), (15%), (15g),

2(Avipy; + voi)
(ToiAsi + Rie )pui + Doivoi — 1,

< (DoiAvi + Rie] )ppi + Doivo: + 1,

2VRie] py;
e/ (Dvi = Poi) + v0i(Atipbi + v0i) |,

< e (poi — Pvi) + voi(Arippi + voi)-

(16a)
(16b)

(16¢)

(16d)

The SOCP has additional decision variables, p, =
[pv1--pon, ], where po; = [pyi(to + 1)+ pei(to + T)]7
(W). The objective function (16a) and constraint (16b) are
equivalent to (15a) and (15b) from the LP, but formulated
in terms of the p, variables, rather than the p, variables.
Constraints (15¢)—(15g) are taken directly from the LP.

The reduced-order battery model from Section II is impor-
tant for formulating the optimisation problem, since it allows
the maximum voltage limits of the electric vehicle battery
cells to be approximated by second-order cone constraints on
the charging power decision variables. In particular, constraint
(16¢) limits the battery voltage of each vehicle ¢ € V to ng;0y;,
and constraint (16d) enforces the relationship between the py;
and p,; variables.

D. Receding Horizon Implementation and Local Battery Volt-
age Regulation

It is assumed that the charging stations do not have prior
information about when vehicles will arrive. To address this,
the LP and SOCP smart charging strategies are implemented
with a receding optimisation horizon [45]. Let V be the set of
vehicles which will arrive at a charging station at some point
in time. At optimisation time interval £g:

1) The optimisation problem ((15) or (16)) is formulated for
to, based on V, the set of vehicles which are at a charging
station, where V = {i € fi|7'm- <to < Tai}-

2) The optimisation problem is solved to obtain a set of
charging power references p,; (t) for each electric vehicle,
¢ € V and each interval of the time horizon t € T.

3) For each electric vehicle 7 € V, the charging power refer-
ence for the current time interval p,;(to) is implemented
for the duration of the optimisation interval A

4) The optimisation horizon recedes to the next interval,
to < to+ 1.



TABLE 1
CASE STUDY PARAMETERS

V| 50 T 24 A7 5 min
E; 814Wh Cp 22Ah Toi 415V
Ngi 100 np; 25,50 or 75 Nbi 0.91

Nei  0.95 DPei 50 kW Py 120 kW
R; 148 mQ  ay; 6792 mV/Wh by, 3592V
|o] 1.05 pu |v] 0.95 pu |lvp|  1.00 pu

Both the LP and the proposed SOCP provide charging
power references p,;(tg) for each electric vehicle, i € V,
at each optimisation interval. The smart charging strategies
are both formulated based on approximate models (the LP
is based on the standard linear battery model in (1) and
the proposed SOCP is based on the reduced-order battery
circuit model in Fig. 1b). Since the smart charging strategies
are based on approximate battery models, it is possible that
directly implementing them would result in the battery voltage
limits being violated. To address this, it is assumed that each
vehicle charger has a local controller which operates at a fast
timescale, and implements the charging power references from
the optimisation strategy by adjusting the vehicle’s charging
power in 1% increments, ensuring the battery output voltage
does not exceed the upper limit.

In this paper, it is assumed that the electric vehicle chargers
have been designed with appropriate filters so that network
harmonics are minimal and do not limit the number of vehicles
which can be charged at once (see e.g. [46]). If this was not
the case, an additional constraint could be added to the smart
charging strategies to limit the maximum number of vehicles
which could be charged simultaneously. Since the proposed
SOCP smart charging strategy only adjusts the charging power
references on a slow timescale (every 5 minutes) relative to the
fundamental 50 Hz network frequency, it will not significantly
impact the harmonics which would be present under a different
smart charging strategy.

IV. RESULTS

Case study simulations are presented to demonstrate the
operation of the proposed strategy for electric vehicle smart
charging. The proposed SOCP (16) is compared with the LP
(15) for scheduling multiple electric vehicles at a charging
station, which is embedded within an unbalanced three-phase
distribution network. Results are also included for the case
without coordination, where vehicles operate under CC-CV
charging, without considering the combined impact on the
upstream power demand and network voltages.

The electric vehicles in the case study have a mix of 20,
40 and 60 kWh lithium-ion batteries, made up of 3.7 V
nominal, 4.15 V maximum, 2.2 Ah cells. Verification of the
impact the output power references generated by the LP and
SOCP on battery state of charge and voltage is obtained by
applying them to the high fidelity 6th order multi-timescale
battery model (2) from [40], with a simulation time-step of
6 seconds. The impact on distribution network power flows
and voltages are obtained using the nonlinear unbalanced three
phase power flow Z-Bus method from [42]. The simulations

Main Grid
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Fig. 3. The IEEE 13 Node Test Feeder which has been adapted for the case
study. The connected phases for each line and load are indicated (e.g. abc
for three-phase connection), as well as the connection configurations for the
loads (Y for wye and A for delta).

were completed using Python. Table I provides the case study
parameters.

Smart charging with the LP and the proposed SOCP are
compared for an electric vehicle charging station embedded
within a three-phase distribution network. The smart charg-
ing strategies are formulated to schedule individual charging
power profiles for each electric vehicle at the station, subject
to the vehicles’ individual constraints, as well as collective
constraints on the charging station’s maximum power and
the voltage limits throughout the distribution network. The
objective of each smart charging strategy is to maximise the
energy delivered to the vehicles, weighted so that vehicles with
earlier arrival times have priority.

The electric vehicle charging station has a total maximum
import limit of 120 kW. The station offers vehicles 50 kW
DC charge points. 50 vehicles arrive between 6 am and 6
pm, and they each remain at the charging station between 15
minutes and 4 hours. Of the 50 vehicles, 20 have 20 kWh
batteries, 20 have 40 kWh batteries and 10 have 60 kWh
batteries. Vehicles arrive with state of charge levels between
10% and 40%. The arrival times, durations spent plugged-
in and initial state of charge levels are generated randomly
from uniform distributions. A longer optimisation horizon will
increase performance, but also increases the computational
burden. In [47], a horizon greater than the settling time of the
plant under control is recommended. Based on the charging
time observed in Fig. 2, a 2-hour duration optimisation horizon
has been selected. 5-minute duration intervals are selected to
match the resolution of the distribution network load data.

Fig. 3 shows the IEEE 13 Node Test Feeder [48], which
has been adapted for the case study. The IEEE 13 Node
Test Feeder is a three-phase 4.16 kV distribution network.
It is appropriate that the charging station is placed at the
distribution network level since standard distribution network
transformers have power ratings between 100 kVA and 2.5
MVA [49]. The following changes have been made to the IEEE
13 Node Test Feeder: (i) The electric vehicle charging station
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Fig. 4. The total charging power of the electric vehicle station, when vehicles
operate individually under CC-CV charging without coordination, and when
the vehicles are scheduled by the LP and the proposed SOCP. The 120 kW
limit is not violated under either smart charging strategy. Without coordination
the maximum power demand is 257 kW.
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Fig. 5. The minimum phase voltage magnitudes across the distribution
network buses, when vehicles operate individually under CC-CV charging
without coordination, under the LP and under the proposed SOCP.

has been added with a wye connection at bus 634. Bus 634
was selected since it is the only low voltage bus in the network.
(ii) The loads have been replaced with 5-minute resolution 24-
hour load profiles. Three-phase substation load data collected
during August 2014 by the Customer Led Network Revolution
trial was used for this purpose [50]. The total distribution
network load across the three phases varies between 925 kW
and 2250 kW, and the power factor varies between 0.88 and
0.97. The maximum real power load imbalance between any
two phases is equal to 12% of the total load across the three
phases. (iii) To demonstrate the ability of the proposed smart
charging strategy to be used for voltage regulation, we have
removed the voltage regulator normally between bus 650 and
bus 632. For the case study, it has been assumed that the grid
connected bus, bus 650, has a balanced fixed voltage with
magnitude 1.00 pu, and that the distribution network has a
lower phase voltage magnitude limit of 0.95 pu and an upper
limit of 1.05 pu [51].

Fig. 4 shows the total charging power of the electric
vehicle station, when vehicles operate individually under CC-
CV charging without coordination, and when vehicles are
scheduled by the LP and the proposed SOCP. CC-CV charg-
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Fig. 6. The minimum phase voltage magnitudes for each distribution network
bus over the case study, when vehicles operate individually under CC-CV
charging without coordination, under the LP and under the proposed SOCP.
(Note that not all buses have all three phases connected, as indicated by the
missing values).
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Fig. 7. The final state of charge reached by each of the 50 electric vehicles
under the LP and the proposed SOCP.
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Fig. 8. The cumulative average state of charge of the 50 electric vehicles
under the LP and the proposed SOCP.

ing gives the fastest charging rate for each vehicle without
violating their individual current limits and voltage limits.
However, the combined power demand reaches 257 kW, which
violates the shared 120 kW charging station power limit.
Under the LP and the proposed SOCP, individual vehicle
charging power references are calculated that respect both
individual and shared constraints, and these references set the
CP-CV charging power limit. This gives slower charging, but
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Fig. 9. The average additional per-vehicle final state of charge under the
proposed SOCP compared with the LP, for cases with different sized vehicle
batteries, and when charging is prioritised either based on vehicle arrival time
or departure time.

the total output power remains below the charging station’s
power limit. Compared with the SOCP, the LP results in a
lower utilisation of the charging station power limit, since it
does not account for battery voltage rise. For batteries with
high state of charge levels, the LP schedules charging powers
which need to be reduced to ensure the battery voltage limits
are not violated. Considering the hours when vehicles are
plugged in, the average utilisation of the charging station’s
120 kW power limit is 70.3% under the LP and 87.4% under
the proposed SOCP.

Since the distribution network does not have embedded
generation, the lower voltage limit is of main concern. Fig.
5 shows the minimum phase voltage magnitudes across the
distribution network buses, without coordination, under the
LP and under the proposed SOCP. Fig. 6 shows the minimum
phase voltage magnitudes over the case study for each of the
distribution network buses. Without coordination, the phase B
voltage reaches 0.945 pu, violating the 0.95 pu lower bound.
Under the LP and the SOCP the lower voltage limits on phase
B are reached, but not exceeded by more than 2 x 10~* pu
(these slight violations are due to the linearised power flow
model).

Fig. 7 shows the final state of charge reached by each of
the 50 electric vehicles prior to departure under the LP and
the proposed SOCP, and Fig. 8 shows the cumulative average
state of charge of the electric vehicles for each. The average
final state of charge is 83.1% under the proposed SOCP, 11.8%
higher than under the LP which gave a average final state of
charge of 71.3%. In addition, 90% of the vehicles reach a
higher individual final state of charge under the SOCP. Of the
vehicles that finish with a lower final state of charge under
the SOCP, their average final state of charge is only 0.8%
less than under the LP. When the vehicles operate individually
under CC-CV charging without coordination, the average final
state of charge reached is 95.2% (12.1% higher than under the
proposed SOCP). This comes at the cost of the power demand
limit and network voltage limit violations shown in Fig. 4 and
5.

Additional studies were completed with all vehicles having
either 20, 30, 40, 50 or 60 kWh batteries, and with the smart
charging strategies prioritising vehicles according to arrival
time, or modified to prioritise charging according to departure
time. Fig. 9 shows the average additional per-vehicle final state
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Fig. 10. The computation time for the LP and proposed SOCP, for problem
instances with a 2-hour optimisation horizon, 5-minute intervals and different
numbers of electric vehicles.

of charge under the proposed SOCP compared with the LP for
each case. The proposed SOCP is able to deliver more charge
than the LP in all cases. The SOCP makes the most difference
when the vehicles have 30 kWh batteries. Above 30 kWh, the
battery voltage limits are reached at a higher state of charge,
reducing the importance of accurate voltage modelling. Below
30 kWh, the total energy which needs to be delivered to the
vehicles is reduced, which means that the performance of the
LP is not impacted as much by its tendency to overestimate
the power that can be delivered to vehicles with high state of
charge.

Fig. 10 compares the computation time of the LP and the
proposed SOCP for different sized problem instances up to
500 vehicles, solved using CPLEX running on a 2.2 GHz
Intel Core i7 CPU with 8 GB of RAM. As expected, the
computation time increases more quickly for the SOCP than
the LP, but not at an exponential rate.

V. CONCLUSION

A new convex optimisation strategy for electric vehicle
smart charging has been presented, which accounts for the
nonlinear relationship between battery state of charge, voltage
and maximum charging power. This is particularly impor-
tant for coordinating DC fast charging, where the maximum
charging power is limited by battery voltage constraints even
at moderate state of charge levels. Using a reduced order
nonlinear battery circuit model, the problem is formulated as
a SOCP, which means it can be solved in polynomial time
by standard solvers. The proposed strategy provides improved
performance over a strategy which is formulated using a
linear battery model, since it schedules reference charging
profiles that can be closely followed without violating battery
voltage limits. This is particularly valuable when coordinating
vehicles that share an upstream power limit. A receding
horizon implementation allows the charging schedule to be
updated online as new vehicles arrive.
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