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Abstract. The propagation of fast magnetoacoustic waves in a randomly structured solar corona is considered
in the linear and cold plasma limits. The random field is assumed to be static and associated with plasma
density inhomogeneities only. A transcendental dispersion relation for the fast magnetoacoustic waves which
propagate perpendicularly to the magnetic field is derived in the weak random field approximation. It is shown
analytically that the fast magnetosonic waves experience acceleration, attenuation, and dispersion in comparison
to the homogeneous case. These analytical findings are essentially confirmed by numerical simulations for a wide-
spectrum pulse, except that the waves were found decelerated. It is concluded that the coronal Moreton waves

can be applied to MHD seismology of the solar corona.
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1. Introduction

MHD waves play an important role in the dynamics and
formation of the solar corona as they are believed to be
associated with the long-standing problem of the plasma
heating and the solar wind acceleration. The EUV imaging
telescopes onboard SOHO (EIT) and TRACE spacecrafts
made it possible to directly observe the MHD waves in the
corona. In particular, compressive longitudinal waves were
detected in the polar plumes (Deforest & Gurman 1998;
Ofman et al. 1999). These waves were interpreted as slow
magnetoacoustic waves (Ofman et al. 1999; Ofman et al.
2000). Similar waves were detected in long coronal loops
(Berghmans & Clette 1999).

Recently, Thompson et al. (1999) reported observa-
tions of the so-called coronal Moreton waves (or flare
waves). These waves are seen as perturbations of the
EUV emission intensity, propagating predominantly ra-
dially from a flare site. Most probably, these waves are
fast magnetoacoustic waves because they are compressive
and they propagate essentially isotropically in the low-8
coronal plasma. They are believed to be a manifestation
of the waves which were discovered in the chromosphere in
the H, line (1961). These waves provide a unique tool for
MHD seismology of the solar corona. Indeed, measuring
parameters of these waves, e.g. the evolution of the wave
amplitude and speed as a function of the distance from
the epicenter, one can build up a map of the local Alfvén
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speed. However, application of this method requires a well-
developed theory of MHD wave propagation in the corona.

Theoretical analysis of MHD waves in the corona
shows that a key element of the coronal wave theory
is interaction of the waves with coronal structures (e.g.,
Roberts 1991; Roberts & Ulmschneider 1997) which af-
fect the MHD waves by a number of different ways: they
can guide the waves due to refraction and reflection, res-
onantly absorb the wave energy when the wave phase
speed coincides with local Alfvén or tube speeds, make
the waves dispersive, lead to linear coupling of the waves
and enhance efficiency of their nonlinear coupling. These
and other aspects of the interaction of MHD waves with
coronal structures are well-understood in the case of a de-
terministic structuring.

Recent interest in the effect of a random field on coro-
nal MHD waves is arising in connection with the sig-
nificant progress in the spatial and temporal resolution
of coronal observations. For a wide band of large-scale
wave motions, the coronal plasma is a randomly struc-
tured medium. Indeed, the typical scale of the inhomo-
geneity across the magnetic field is determined by the
cross-section diameter of coronal loops, which randomly
varies around a few Mm. This fact can dramatically af-
fect the MHD wave dynamics. In particular, a random
field leads to the attenuation of wave amplitude, disper-
sion, and to enhanced coupling of MHD modes. Valley
(1971, 1974) derived dispersion relations for MHD waves
propagating through plasma with a randomly structured
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magnetic field. He found that random irregularities in the
magnetic field strength lead to attenuation of the waves.
However, his choice of an analytically inconvenient cor-
relation function did not allow him to estimate the ef-
fect quantitatively (see the discussion at the end of his
Sect. V). Lou & Rosner (1986) reconsidered Valley’s re-
sults for damping of incompressible MHD (pure Alfvén)
waves in plasma with time-dependent fluctuations of the
magnetic and velocity fields. Li & Zweibel (1987) devel-
oped the previous studies by considering time-dependent
random irregularities. They found that as a consequence
of the random field, an efficient conversion of Alfvén waves
into compressive magnetoacoustic waves occurs.

This paper is organized as follows. The physical model
is described in Sect. 2. The dispersion relation is derived
and analyzed in Sect. 3. Numerical simulations for the
wave equation are described in Sect. 4. Possible implica-
tions of these studies for the coronal Moreton waves are
discussed in Sect. 5.

2. Physical model

We consider a fast magnetoacoustic wave that propagates
perpendicularly to the ambient magnetic field. As a con-
sequence of this we can assume that the coronal plasma is
cold. The fast magnetosonic waves are described then by
cold ideal MHD equations, viz.

S0tV (V) =0, (1)
o 2viwv.ovyv]=tBxwxB 2
GV VDV | =B x (VX B), 2

0

aB V x (V x B), (3)

V-B=0. (4)

Here, p is the mass density, V is the velocity, B is the
magnetic field, and p is the magnetic permeability.

The solar coronal plasma consists of randomly dis-
tributed coronal loops. Consequently, for the fast mag-
netoacoustic waves, the corona is a random environment
with a characteristic spatial scale (the correlation length
1) of a few Mm (the coronal loop cross-section diameter)
and a density ratio x < 10 (the density ratio inside and
outside the loop).

In what follows we assume one-dimensional motions
with 0/0x = 0/0y =0 and V, = V,, = 0 and consider the
equilibrium state, in which the magnetic field By points in
the x-direction and is uniform. The equilibrium quantities
are given by

0=00+0:(2), Vo=0, By= DBy, (5)

where g, is a random function of z such that < g,(z) >= 0.
Here, the symbol <> denotes the ensemble average. In
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this model, we neglected the effects of temporal variation
of p,. This assumption is justified, as typical times of the
temporal evolution of coronal loops are a few hours while
the wave periods are less then several minutes.

The standard linearization procedure of Egs. (1-4)
leads to the following wave equation:

0? 0?
(14 K()) 55V — Vo5V =0, (6)

where V, is the perturbed velocity in the direction of the
wave propagation, Vag = Bo/\/poo is the Alfvén speed,
and the density ratio x is defined as

_ol®) (7)
]

When the structuring is a deterministic periodic function,
Eq. (6) coincides with the magnetoacoustic wave equation
derived by Berton & Heyvaerts (1987) who showed that
periodic structuring leads to the appearance of wave dis-
persion and deceleration. In this paper we consider the
effects of a random field instead.

3. Dispersion relation

Following Howe (1971), we use the expansion

Vi(z,t) = < Vo(2,t) > +V/(2,1), <V!>=0, (8)

where the primes denote the perturbations of the averaged
state. Substituting this expansion into Eq. (6), we get

82
(14 9) 5
By taking the ensemble average of this equation, we obtain
the equation which governs the evolution of the coherent
field

2 282 2

An equation for the random field is obtained by subtract-
ing Eq. (10) from Eq. (9). The assumption of a weak ran-
dom field yields

82
(<Ve>+VD) = Vigg5(< Vo> +VD) - (9)

— <KV, > (10)

0? , 07 0?

@V’ VAOa 2‘// Ii@ < V > - (11)
Working out Eqgs. (10) and (11) leads to the dispersion
relation

W - ViR (12

e’} E _ L _
[T R
oo W2 = V3 k2

where w is the frequency, k is the wavenumber, and E(k)
is the Fourier transform of the correlation function

E(z — z2) = < k(z1)k(22) > (13)

of the density ratio k(z).

From the dispersion relation (12) it follows that the de-
pendence of the cyclic frequency w on the wave number &
differs from the coherent dispersion relation, wi = V3 k2.
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A random field leads to the appearance of dispersion. This
dispersion is described by the real part of w. As a conse-
quence of scattering by turbulent flow, the energy of the
fast magnetoacoustic wave is partially transformed into
the turbulent field. This phenomenon is associated with
the imaginary part of the frequency, Im(w).

We introduce dimensionless variables

l. _ E(k
K=kl,, Q= w, EK)= E) (14)
Vao L
and assume that the random spectrum is Gaussian, e.g.
2
B(K) = — exp(~K?), (15)

where o is the variance which represents a departure of
the local plasma density from the average value. In the
dimensionless variables, Eq. (12) can be rewritten as:

0.2

P -K*= - ——
2ym

D20 - K)+ Z(Q + K)], (16)

where

1 [ e
Z(a>:ﬁ/_w§——ad£’ Im(a)>0,

is the plasma dispersion function (Fried & Conte 1961).
In the case of a homogeneous medium, ¢ = 0, dispersion
relation (16) reduces to the fast wave dispersion relation
for the cold plasma, Q2 — K2 = 0. For finite structuring,
o > 0, the fast magnetoacoustic waves experience disper-
sion due to a non-zero righthand side of (16). For a more
detailed discussion of this dispersion relation see Nocera
et al. (2000).

In principle, one can consider solutions of Eq. (16)
in some limiting cases, applying asymptotic expansions
for the plasma dispersion function (Fried & Conte 1961).
However, in the general case, determination of the depen-
dency of the wave frequency 2 on the wave number K
requires numerical methods.

Figure 1 (top panel) displays the difference between
the real part of  that is evaluated from Eq. (16) and
Qp, as a function of the wave number K. A more intensive
random field (with a higher value of o) increases more sig-
nificantly the frequency of the fast magnetoacoustic wave
with respect to the homogeneous medium case. This in-
crease is also higher for higher values of K. For low values
of 0 and K the influence of the random field is negligible.
In the case of 0 = 0.2 and 0 = 0.4 the real part of the
cyclic frequency €2 departs significantly from €y for K > 4
and K > 2, respectively.

Figure 1 (bottom panel) illustrates the imaginary part
of the frequency Q. It is noteworthy that Im(Q2) always at-
tains negative values which correspond to the wave damp-
ing. A higher damping occurs for higher values of o which
represents a stronger random field. This result confirms
the qualitative conclusions of Valley (1971). It is interest-
ing that the damping decrement has a minimum value for
a certain value of the wave number K, prescribed by the
variance o. For a higher o, the minimum of Im({2), which
corresponds to the strongest damping, is shifted towards
lower K.
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Fig. 1. The difference between the real parts of the fast mag-
netoacoustic wave frequency for the random (2) and homoge-
neous (£20) media (top panel) and imaginary part of 2 (bottom
panel) as functions of the wave number K. Different curves cor-
respond to different variances: o = 0.4 (solid), o = 0.3 (bro-
ken), o = 0.2 (dash-dotted), and o = 0.1 (dash-dot-dot-dot).
The cyclic frequency 2 and the wavenumber K are shown in
units of I, /Vao and ., respectively

4. Numerical illustration for pulse propagation

To illustrate the theory developed above, we perform nu-
merical simulations of Eq. (6). Attention is paid to evolu-
tion of a wide-spectrum pulse. As different spectral com-
ponents of the pulse propagate with different phase and
group speeds, due to a dispersion brought by the random
field, the pulse shape evolves in time. Our aim is to deter-
mine a typical profile of the small-amplitude pulse which
interacts with randomly distributed coronal structures. A
typical profile of the Alfvén speed is shown in Fig. 2. The
average Alfvén speed is unity.

The numerical simulations are performed with the
use of the existing and well-tested solver to the prob-
lem (LeVeque 1997). The code utilizes the Godunov-type
method which yields accurate results near steep profiles
and complex flows. The computational domain has a typ-
ical dimension (0, 200!,) and is divided into a grid of at
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Fig. 2. A typical profile of the local Alfvén speed
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Fig. 3. The profiles of the fast magnetoacoustic pulses at
t = 190l./Vao. The solid line corresponds to o = 0.01, dot-
ted to 0 = 0.2 and dashed to ¢ = 0.3. The pulse amplitude is
normalized to the initial amplitude at t = 0

least 20000 cells. The boundaries of the simulation region
are set at z = 0 and z = 2001,. At the left and right bound-
aries free-streaming conditions are applied. Tests were per-
formed with larger domains and a finer numerical grid to
ensure grid convergence and to be sure that the accuracy
of the results was not being compromised by the grid size.
Initially, at t = 0, an impulse in the perturbed velocity V.
is launched at the initial position z = 5l, to excite waves
which propagate through the simulation region.

Figure 3 shows typical profiles of the initially Gaussian
pulse at the time ¢ = 190l,/Vao. In the case of almost
uniform medium (the variance of the random field is neg-
ligibly small, 0 = 0.01), the pulse approximately keeps
its Gaussian form and initial amplitude (solid curve). In
a randomly structured medium, the pulse is attenuated
and decelerated (dotted and dashed curves). The tails ap-
pearing behind the pulses are typical manifestations of the
effect of dispersion.
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Fig. 4. The delay (top) and attenuation (bottom) of the fast
magnetoacoustic pulse in randomly structured medium with
respect to the non-structured case for different values of the
parameter o. The crosses correspond to particular realizations
results. The ensemble averaged data is joined by the dashed
lines

The deceleration and attenuation of the pulse are ob-
viously proportional to the variance of the random field.
Figure 4 (top) shows the relative delay of the pulse, de-
fined as follows:

Zpulse(a = 0) - Zpulse(o')

x 100
Zpulse(g - 0) %,

where zpuise(0) is the coordinate of the pulse, deter-
mined as the position of highest amplitude, at the time
t = 1901, /Vao. The crosses represent results for particu-
lar realizations of the random field. The dashed lines join
ensemble averaged data. It is noteworthy that zpuise(o =
0) = 195l,. The relative delay grows with the strength of
the random field of the density, . In disagreement with
Fig. 1 (top panel), the random inhomogeneity of the coro-
nal plasma leads to deceleration of the fast magnetoacous-
tic waves. The reason of this disagreement is discussed by
Nocera et al. (2000).

The attenuation of the pulse due to a random field
is shown in Fig. 4 (bottom). The relative amplitude of
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the pulses is shown as a function of the variance o at
t = 190!,/Vao. The amplitude is normalized by the pulse
amplitude in the case of a homogeneous medium o = 0.
We see that a random field leads to very efficient attenu-
ation of the fast magnetoacoustic pulse amplitude, about
50% for o = 0.4.

5. Conclusions

We considered a simple 1D model of a perpendicular
fast magnetoacoustic wave interaction with randomly dis-
tributed coronal structures. Our findings can be summa-
rized as follows: a) even a relatively weak random density
field, with variance less than 0.5, leads to significant (up to
50%) attenuation of the fast wave amplitude. This effect
is stronger for wavelengths shorter than the correlation
length of the random field. b) Numerical results reveal that
fast waves are decelerated by random field. However, this
effect is less pronounced than attenuation. For ¢ < 0.5,
the deceleration can be about 25% for some Fourier com-
ponents. A total deceleration of the wide-spectrum pulse
is found to be 4% for o = 0.5. ¢) A fast magnetoacoustic
pulse experiences a dispersion that is introduced by the
random field.

Our results are in qualitative agreement with the nu-
merical findings by Shapiro & Kneib (1993) who have
shown that a random pulse experiences broadening, de-
caying, and its spectrum is shifted towards lower frequen-
cies as well as by Karweit & Blanc-Benon (1995) who have
observed retardation of random waves.

These results suggest that the theory of interaction
of MHD waves with randomly distributed coronal struc-
tures can be applied to seismology of the corona. Indeed,
observing the damping and attenuation of coronal waves
and applying the theory developed above, we obtain an
additional tool for the determination of physical param-
eters of the solar corona, such as the coronal loop filling
factor (associated with the correlation length [, and the
variance o).

There are several physical effects which have been left
out of the model: in particular, coupling of the waves with
slow and Alfvén modes and refraction. These neglected
mechanisms can also lead to deceleration of the fast waves
and the amplitude attenuation. However, consideration of
these effects has to be at least 2D and so requires a much
more developed technique. Also, any analytical treatment
of such problems does not seem to be possible. From this
point of view, this work can be considered as a first step
toward the construction of the theory for wave interaction
with a randomly structured corona.

One interesting application of the coronal MHD
wave theory is the explanation of the coronal Moreton
wave speed determined observationally as about 200-
600 kms™! (Thomson et al. 1999). As is discussed above,
these waves are believed to be fast magnetoacoustic waves.
In the low-8 coronal plasma, the fast magnetoacous-
tic wave speed has to be between the Alfvén speed V4o and
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2+ 2, depending upon the angle between the wave
vector and the local magnetic field. Here, ¢ is the sound
speed. So, the wave speed has to be slightly higher than
the Alfvén speed. But, according to accepted estimations,
the coronal Alfvén speed is over 700-800 kms~!, which
is supported by recent observational findings (Nakariakov
et al. 1999). As a consequence of that the coronal Moreton
waves propagate with speeds significantly lower than the
expected speed. This discrepancy is to be explained.

The numerical simulations presented above suggest
that the fast magnetoacoustic waves are indeed deceler-
ated in a randomly structured medium. These simulations
provide a qualitative explanation of the Moreton wave
speed. An extension of the simulations which allow the
quantitative comparison with the observations will have
to incorporate 2D effects such as a random orientation of
the magnetic field along the path of the wave.
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