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Abstract

Economies with asymmetric information are encompassed by an extension of
the model of general competitive equilibrium that does not require an explicit
modeling of private information. Sellers have discretion over deliveries on con-
tracts; this is in common with economies with default, incomplete contracts or
price rigidities. Competitive equilibria exist and anonymous markets are vi-
able. But, for a generic economy, there exist Pareto improving interventions via
linear, anonymous taxes.

Key words: asymmetric information, competitive markets, equilibrium.

JEL classification numbers: D50, D52, D82.



1 Introduction

Asymmetric information plays a substantial role in the allocation of resources.
The implications of moral hazard and adverse selection have been analyzed
extensively from a game theoretic perspective, which has clarified the nature
and implications of principal-agent relations, signaling, and contracts. This
analysis has been confined, however, to situations that involve a small number
of individuals, which both limits its relevance and deprives it of the advantages
of anonymous trade.

The model of general competitive equilibrium allows, even requires, that in-
dividuals be many; it imposes no restrictions on their heterogeneity; it limits the
information of individuals to their characteristics and not those of others; and
it postulates, even explains that their behavior, deriving from their rationality,
is not strategic: it describes competitive markets.

Economies with asymmetric information are encompassed by an extension
of the model of general competitive equilibrium that does not require an explicit
modeling of private information. The modifications include, in the description
of the economy,

- the exchange of commodities indirectly, through the exchange of contracts
that pay off in multiple commodities,

- the ability of individuals to exercise discretion on the deliveries on con-
tracts, which derives from their private information, and

- the access of individuals to technologies that transform their endowments
prior to trade,

and, in the definition of equilibrium,

- the pooling of the deliveries of sellers and their distribution to buyers in
proportion to their purchases.

The main feature of models of asymmetric information, whatever the specific
nature of informational asymmetries, including both moral hazard and adverse
selection, is the discretion of sellers over deliveries on contracts. The pooling
of payoffs guarantees equilibrium in the market for commodities when prices
attain equilibrium in the market for contracts; this was noted first in Dubey,
Geanakoplos and Shubik (1990, 2005).

Deliveries on contracts remain under private control, while trades in con-
tracts take place in large anonymous markets and are publicly observable.

The appropriate notion of constrained efficiency restricts interventions to
lump-sum transfers and the taxation of trades in contracts. Indeed, for a generic
economy, equilibria are not constrained efficient; this confirms an insight by
Greenwald and Stiglitz (1986).

An alternative approach to markets with asymmetric information was pi-
oneered by Prescott and Townsend (1984). It studies the implementation of
incentive-constrained efficient allocations as decentralized equilibria. To this



effect, the notion of equilibrium must be adapted by adding appropriate restric-
tions on individually feasible trades. Without these restrictions, equilibria are
not in general incentive-constrained efficient . This is in line with our result,
which focuses on the polar case of large, anonymous markets.

2 The economy and equilibrium

Individuals are i € Z = {1,...,I}.

Commodities, are | € £ = {1,...,L}; a bundle of commodities is?> z =
(...,(El,...)/.

Commodities are exchanged indirectly, through the exchange of contracts.

An individual is described by his consumption set, X%, a set of bundles of
commodities, his utility function over consumption bundles, u?, with domain
the consumption set, and by his endowment, €?, a bundle of commodities.

Contracts are me M ={1,..., M}.

A portfolio of contracts sold, short positions in the market for contracts,
is ¢ = (...,dm,...) > 0; a portfolio of contracts purchased, long positions
in the market for contracts, is 6 = (...,0,,,...)" > 0. The sale of ¢,, units
of contract m constitutes the obligation to deliver a bundle of commodities,
Omdm = (.., dmdim,...), where dy, = (..., dim,...)" > 01is also chosen by the
seller. On the other hand, the purchase of 6,, units of the contract constitutes
the right to receive the bundle of commodities 0,7, = (..., 0mT1m, - ..)’, where
Tm = (cooylm,-..) > 0 equals the average deliveries made by sellers on the
contract.

The specification of each contract is thus given by a pair®,

- D,, C Rﬁ, that describes the restrictions on the per unit admissible de-
liveries on the contract: d,, € D,,, and

- ®,, C [0, 00), describing the restrictions on admissible sales of the contract:
d)m E (I)7n~

The payoff, r,,, to buyers of the contract is then endogenously determined
at equilibrium by the average deliveries made by sellers within the set D,,.

The set D,,, of deliveries on a contract need not be a singleton: the con-
tract need not specify exactly the delivery of a seller; this gives individuals
discretion on the bundle of commodities to deliver. Private information over
the characteristics of commodities delivered or, more generally, restricted con-
tractual enforceability are encompassed by appropriate specifications of the set
of deliveries on the contract. For example, a set of deliveries of the form

IHammond (1987, 1989), Cole and Kocherlakota (2001), Citanna and Villanacci (2002),
Golosov and Tsyvinski (2007), Panaccione (2007), Fahri, Golosov and Tsyvinski (2009).

24 denotes the transpose.

3« RE”denotes the Euclidean space of dimension K, and “Rf”and “Rer”the non-
negative and the strictly positive orthant, respectively; for K = 1, it is simpler to use the
notation “R,” “Ry”and “Ryy.”



Dy, = {dm : diym + digm = L,dim = 0,1 # lq,l2} prescribes the delivery
of either one unit of commodity Iy or I3, at the discretion of the seller. Symmet-
ric information and full contractual enforceability correspond to the case where
the set of deliveries on each contract is a singleton.

The set ®,,, of sales of the contract need not coincide with the non - negative
real line: it need not allow arbitrary sales of the contract. If the set of sales of
the contract does coincide with the non-negative real line, individuals face no
constraints in the purchase of the contract and pricing is linear. Alternatively,
non-linearities in the pricing of a contract are encompassed by the specification
of different contracts, my : k = 1,..., with identical sets of deliveries, D,,, =
Dy, , but different sets of restrictions on sales, ®,,, : arbitrary non-linear prices
can be encompassed with each ®,,, identifying a range of transactions over
which pricing is linear.

Aggregate deliveries on each contract are pooled and distributed as payoff
to buyers in proportion to their purchases of the contract, thus determining the
per unit payoff of the contract, exogenous for buyers:

T Y 0k, = dih, =0, me M.

i€L €L

Restrictions on the sales and deliveries on a contract, (dp,, dm) € Dy X Py,
are described independently of the characteristics of other contracts, and they do
not vary with the individual who sells the contract; this permits anonymity and
decentralization in the exchange of contracts. Joint restrictions on the deliveries
on a contract and the sales on the contract are encompassed by enlarging the
set of contracts.

Across contracts, the set of admissible sales of portfolios of contracts is ® =
X memPm; the set of admissible deliveries on contracts sold is D = X e m D -

For a commodity, the deliveries on contracts are Dy = (..., d; m,...); across
contracts and commodities, the deliveries on contracts are

D=(...dm,..)=(...D,...).

For a commodity, the payoffs of contracts are By = (..., 7, ...); across
contracts and commodities, payoffs of contracts are

R=(..,tmy...)="(..,r,...)".

A commodity, I*, can be traded directly if there exists a contract, m* = [*,
with deliveries given by the singleton set consisting of the unit vector + 1L and
sales that coincide with the non-negative real line. If a commodity is traded
directly, one does not distinguish between the contract and the commodity.

Commodities | € £ C L are not subject to resale; for these commodities
deliveries can only be made out of individuals’ initial endowments. This is
appropriate for commodities whose characteristics are private information of

4“1£<”den0tes the k-th unit vector of dimension K; “1%”denotes the vector of units of
dimension K;



individuals endowed with these commodities. Even though the set of deliveries
on a contract is specified independently of the individual who delivers on the
contract, for commodities I € £ C £ not subject to resale, the endowment of an
individual may effectively reduce the set of admissible deliveries. On the other
hand, for the commodities [ € £\ £ agents can make deliveries also out of the
bundles obtained as payoff of contracts traded and hence can exercise greater
discretion on the delivery on contracts.

An action by an individual, at payoffs of contracts R, is a’ = (2%, 0%, ¢*, D'¢?),
such that

-2t =¢e' + (RO — Di¢t) € XY,
- (¢',D") € ® x D,

- el —Di¢" >0, leLl, and
- 600 >0.

Prices of contracts are ¢ = (..., Gm, .. .).
At payoffs of contracts purchased R and prices of contracts ¢, the budget set
of an individual is

r=¢'+ RO — Do,
B(¢;R) = { (x,0,6,D¢): ($,D) € & xD,

e —Dip>0, lelL,

0> 0.
The optimization problem of an individual is

max u'(r)

st (2,0,9,D¢) € B (q, R).

Across individuals, a profile of actions is a = (...,a’,...).

A state of the economy is (R, a), payoffs of contracts and a profile of actions;
it is feasible if ‘ o
T Y06, =Y di¢h, =0, meM.
i€T €T
A weaker feasibility condition requires that

RY 6'—> D'¢' =0.

1€L 1€L



At a feasible state of the economy, markets for commodities clear for each
contract, as aggregate deliveries are pooled and distributed as payoff for each
contract. The weaker feasibility condition allows deliveries to be pooled across
contracts.

Assumption 1. For every individual, the consumption set is the set of non-
negative bundles of commodities: X' = {x : x > 0}; the utility function, u', is
continuous and non-decreasing; the endowment is non-negative : e* > 0.

This is standard.

Assumption 2. For every individual, the utility function is strictly monoton-
ically increasing in commodity I* : ui(x +k 1£) > u'(z), for all z € X' and
all k > 0; the endowment is strictly positive in commodity I* : el. > 0; and
commodity I* is traded directly: the per unit delivery on contract m* =1* € M
is one unit of commodity I* and 0 of every other commodity: Dy~ = {llL*}, and
sales of the contract m* are not restricted: ®p,~ = [0,00).

This eliminates local satiation and minimum wealth points: the per unit
payoff of the contract m* sold or purchased coincide, while the utility functions
of individuals are strictly monotonically increasing, and the endowments of in-
dividuals are positive in the payoff of the contract; the price of the contract
is positive, and, for no individual is the endowment a minimum wealth point.
More generally, we could specify contract m* as paying off in many commodities.

Commodity [* can be interpreted as a consumption commodity available
at contracting, which is exchanged directly; strict monotonicity of the utility
function and positivity of the endowment in commodity [* are then natural.

Assumption 3. For every contract, 0 € ®,,; moreover, there exists an individ-
ual who can sell the contract: €' > dyydm, for some (dpm, dm) € Dy X Py, with
¢m > 0.

This guarantees that the budget set of every individual is non-empty, and
that every contract is, effectively, in positive aggregate supply.

Assumption 4. For every contract m € M\ {m*}, both the set of deliveries
on the contract, D,,, and the set of sales of the contract, ®,,, are compact.

Compactness ensures that unbounded arbitrage opportunities do not arise;
with deliveries partly at the discretion of the sellers, there may be arbitrage
opportunities at all prices.

Assumption 5. The economy is convex:

(i) for every individual, the utility function, u®, is quasi-concave, and

(ii) for every contract, the set of per unit deliveries on the contract, D,,, and
the sets of sales of the contract, ®,,, are convex.

The model described above and satisfying Assumptions 1-5 is the leading
model; it encompasses both the standard competitive equilibrium models as
well as economies with private information, default or price rigidities.



An economy is
E={Z,L,L,M, (X' v e):iecL,(Dy, ®p):me M}

Definition 1. A competitive equilibrium is (¢*, R*, a*), prices of contracts and
a state of the economy, such that

1. for every individual, the action a®™ = (x¥*, 0%, ¢™*, D¥*¢'*) is a solution to
the optimization problem at prices and payoffs of contracts (q*, R*),

2. the payoffs of contracts lie in the set of deliveries of contracts: R* € D,

3. the state of the economy (R*,a*) is feasible, and

4. the market for contracts clears: Y ;.7 0™ — >, .7 ¢™ =0

If all commodities are traded directly, this is the definition of a competitive
equilibrium of Arrow and Debreu (1954) and McKenzie (1954), for an exchange
economy.

If the sets of deliveries on all contracts are singletons, while no sales restric-
tions are operative, this is the definition of a competitive equilibrium with an
incomplete asset market as in Radner (1972).

The feasibility condition (3) only restricts the payoff to buyers for traded
assets; condition (2) then imposes the rather mild requirement that payoffs
of non-traded assets lie in the set of admissible deliveries on contracts, which
eliminates trivial no-trade equilibria, as long as 0 € D,,.

Proposition 1. Competitive equilibria exist.

Proof The set of prices of contracts is ® @ = AM—1,
The action correspondence of an individual, o, is defined by

a'(g, R) =
{(x,0,¢9,D¢) € B(q,R) : (2/,0",¢',D'¢") € B(q, R) = u'(z') < u(z)};

the set a(q, R) is the set of actions that maximize the utility function of the
individual over the budget set.
The compensated action correspondence of an individual, &*, is defined by

a'(g,R) = {(=,0,6,D¢) € B(q,R) :
(#,0,9,D¢) € B(g, R), and ¢(0 — ¢) < 0= ui(2) < u(x)};
the complement of the set &*(q, R) with respect to the budget set is the set,
ai(g, R) = {(x,0,¢, Do) € B(q, R) :

Ui (&) > u(x), for some (&,0,p, Dd) € B(q, R), such that ¢(d — ¢) < 0},

5«AK»Jenotes the simplex of dimension K.



of actions that are budget feasible but yield lower utility than some action that
satisfies the budget constraint with strict inequality.

For n = M + 1,..., the truncated set of prices of contracts is Q,, = {q €
AM=1: g > (1/n),m € M}.

There exists a non-empty, compact, convex set A% | such that a’(q, R) € A,,
for (¢, R) € Q,, x D; across individuals, A, = X;erA%.

For (¢, R) € Q,, x D, the budget set, 3(q, R), is non-empty and compact.
Since the utility function is continuous, the set a(q, R) is non-empty and closed,
and, hence, compact; since a*(g, R) contains o‘(q, R), it is non-empty, and, since
its complement, &’ (g, R) is an open set, it is closed and, hence, compact.

The set (g, R) is convex: if d4,a € a‘(g,R), and 0 < X\ < 1, then a =
Ai + (1 — A)a € @'(q, R). This follows from the quasi-concavity of the utility
function, as long as a € (g, R); but this is the case: it suffices to set ¢, =
A 4+ (1 = N)o,,, and dpy, = M/ bm)dm + (1 - A)((bm/qu)dm.

The compensated action correspondence, &', defined by &'(q, R), is upper
hemi-continuous on Q,, x D. If a sequence ((¢,R)x € Q, xR : k = 1,...)
converges: limg (¢, R)r = (¢, R), an associated sequence of actions (ar =
(2,0,6,Dd), : k = 1,...) is bounded and, without loss of generality it con-
verges: limg ,ooar = a = (x,0,¢,D¢). If a ¢ a'(q, R), then there exists
a = (#0,0,D¢) € Bi(q,R), such that q(§ — ) < 0, and w(z) > u(z). If the
sequence (a}, = (&g, 0,0, ﬁ([)) :k=1,...)is defined by &}, = e’ + R0 — Do, by
the continuity of the utility function, there exists k, such that u’(ix) > u'(xy),
for k = k,.... Since ai, € &' (qx, Ry), qk(é — (ﬁ) > 0, and, as a consequence,
q(é — (Z)) > 0, which contradicts q(é — ngS) <0, fork=kF,....

The correspondence ¥, = (1}, 12, 13), with domain and range Q,, xDx A,,
is defined component-wise, by

Un(g.Roa) = argmax{q(} ez 0'(0: R) — Xz ¢'(¢, R)) : g € Qu},
mm (@ Ra) = (Ciez((1/n) + 3,) " Eiez din(1/n) + 61),
m e M,
Un(a, Ra) = xierd'(q R);

in particular, ,Ql)m*(q7 R,a) = 1L since d,,. = 1L,

The correspondence v, is non-empty, compact, convex, valued and upper
hemi-continuous, and, therefore, admits a fixed point, (¢*, R*,a*),.

The sequence of fixed points ((¢*, R*,a*), : n = M + 1,...), converges:
lim, o0 (¢*, R*,a*), = (¢*, R*,a*).

From the monotonicity of the utility function in the payoff of contract
m™*, the value of the sales of contracts coincides with the value of the pur-
chases of contracts for every individual, and summation across individuals yields
that ¢} (3 ,;c7 0™ — > icz ¢™*)n = 0. From the definition of ¥}, it follows that

(> ier 0% — 2 ic7 9 )n = 0, for all ¢ € Q,, and, in particular, for ¢ =



(1/M, ..., 1/M), which implies that > > 70 < >0 > icr O o
since the sales of contracts lie in a compact set, without loss of generality, for
individual 4, portfolios of contracts purchased converge to 6. This, in turn,
implies that the consumption bundle converges, to z%*. The sequence of actions
(af :m=M+1,...) thus converges: lim,, o al = a*.

At the proﬁle of actions a*, markets for contracts clear. Taking limits,
(X ier o — doicr ™) < 0, for all ¢ € Up=pry1,...9Qy, which implies that

(iez 0" = Yier ¢™) < 0. 1If, for some contract, (3 ,c7 0 — > ;cz dim) <0, a
modification of the demand of some individual, to 0% — (3,7 05 — > ez dh)

assures market clearing.
The state of the economy (R*,a*) is feasible. At a fixed point,

o = Q_ (L) +0 )Y dit n(U/n) + o5 ), L€ Lym e M\ {m™ )

i€l i€l

By direct substitution,

doair => e =Ry (D0 = 6+ Y (D — Ry)1M(1/n),

i€L i€L €L i€L i€L

and the right hand side converges to zero.

For every individual, a™* = (z%*, 0%, ¢™*, D*¢™) € ai(q*, R*). If a' € B*(q*,
R*) is such that v’ (&) > u’(z™), while ¢* (" — ngSl) < 0,then by the continuity
of the utility function, there exists n, such that u & ) >u ( *), for n > 7. The
sequence (a%, : m = M + 1,...) defined by ! = e’ + R 6t — Digi converges:
lim,, oo 28, = &% by the continuity of the utihty function, there exists m, such
that u?(2%) > u'(z? ’), for n > 7. Since @, € @' (q:, RY), ¢ (6" — ¢) > 0, which
contradicts ¢*(0" — ¢*) < 0.

The price of contract m* is positive: g¢,. > 0. If ¢};,. = 0, there exists
a contract, m € M\ {m*}, with positive price: ¢} > 0. Either, for every
individual, ¢%* = 0 or, for some individual, i, ¢§;’; > 0. Since the utility function
of every individual is strictly monotonically increasing in the payoff of contract
m*, u'(x™ + 15L) > u'(z™). Since ¢ > 0, there exists 7, such that, for n > 7,
u' (2™ +1k —d;’;(l/n)) > uf(z™); but ¢* (1. —121(1/n)) < 0, which contradicts
ai* € (Sz;(q*7 R*). If, for every individual, (bf;‘fb = 0, a contradiction follows, since
there exists an individual who can sell the contract 7 : €' > dy, ¢, for some
(dm,d)m) € Dy, X Doy, with ¢, > 0.

For every individual, a** = ( g qb“‘ D”d)’*) € a'(q*, R*). The action
at = (&1,0°,¢%, D™*¢Y), with &% = € +R*01 D”qﬁz 0' =0, and ¢' = 1Ml
satisfies a* € B%(¢*, R*) and q ( i ¢l) = —qf,.el. < 0.1fa” € Bi(q*, R*) is such
that u(z") > u’(x%™), then setting a} = (1 — A\)a” + Aa’, for 0 < A < 1, by the
continuity of the utility function, contradicts a®* € a*(q*, R*), for X sufficiently
small. 0

The scope of the analysis is enlarged by allowing individuals access to private
technologies, ' C R x RE, that can be employed to transform endowments
prior to exchange.



Assumption 6. For every individual, the technology YV is convex and compact;
it does not allow for the transformation of commodity I* : if (¢',y*) € V¢, yi. =
€.

An action by an individual, at payoffs of contracts R, is a’ = (x%,%, 6%, ¢,
D*¢"), such that

- o' =y + (RO — Di¢f) € X,
- (ei7yi> € yi7

The definition of a competitive equilibrium for the model with production is
a standard extension of the previous one. The existence of competitive equilibria
follows by an immediate generalization of the earlier argument.

2.1 Examples

The model encompasses instances of economies with asymmetric information,
as well as economies where the discretion over deliveries is generated by lim-
ited commitment, as in models of default, price rigidities or incompleteness of
contracts .

In simple economies, one commodity, “money” or consumption at the con-
tracting stage trades directly; it corresponds to commodity [* in the formal
model and is often not mentioned explicitly. Also, when all other commodities,
usually [ = 1,2, trade through a single contract, the index ”m’ that identifies
contracts is omitted.

Adverse selection occurs when the privately observed, but fixed characteristics of
the sellers, preferences or endowments, determine their deliveries on contracts.
In the market for ”lemons” in Akerlof (1974), each seller is endowed with
and can deliver either a car of high quality, commodity 1, or a car of low quality,
commodity 2.
A contract for the sale of a car is described by the delivery set

The constraints ) o
e —dig* >0,

e5 — dyp' > 0

imply that the informational advantage of sellers pertains exclusively to the
cars in their endowment: individuals are not distinguished by their ability to
recognize the quality of the engines of cars traded in the market. Sellers with
endowments e, = 0 are only able to sell cars of high quality.

Similarly, in the insurance market in Rothschild and Stiglitz (1976), com-
modities 1 and 2 represent “future consumption at state 1”7 and “future con-
sumption at state 2,” respectively. State 1 occurs with high probability, 7 >

(1/2).



Damage payments on insurance contract are restricted to the set

Individuals who suffer a loss at state 2, make premium payments at state 1,
which occurs with higher probability; they represent “good risk.”

Moral hazard occurs when unobservable choices by the seller, rather than his
characteristics, determine deliveries on contracts.

In the insurance market in Grossman and Hart (1983) deliveries on contracts
are restricted to the set

D:{dZOZdl—FdQ:l},

where, again, commodities 1 and 2 represent “future consumption at state 1”
and “future consumption at state 2,” respectively, and state 1 occurs with high
probability, m > (1/2).

Here, however, individuals are endowed with a technology,

Y={(es,y1) >0:y1 =kes },

that transforms a third commodity, ”leisure,” into units of consumption at the
high probability state.
The conditions

el = dig 20
eb —dspt >0
guarantee that deliveries must come out of the endowments of individuals, as

transformed by the production activity, and hence depend on production choices
of sellers.

FEzclusive contractual relationships in an insurance market with moral hazard or
adverse selection allow contracts to be differentiated according to the quantity
traded. There is a large number, k € I = {1,..., K}, of contracts; all contracts
have the same set of deliveries

D={d>0:dy+dy =1}
they are distinguished by their sets of admissible sales
ok = {0,k}.
Across contracts, the set of admissible sales of portfolios is

d={pexpex®:0"=k = ¢ =0, for j #k}.

10



The specification, which violates the product structure of the general specifi-
cation, implies that individuals can only trade a non-zero amount of only one
contract.

In this set-up, the pricing of contracts is effectively non-linear.

Though the set of equilibria can be large, refinements, as in Dubey, Geanako-
plos, Shubik (1990, 2005) or Gale (1992)) yield the same set of equilibria as in
Prescott and Townsend (1984).

Default is possible when sellers of a contract have the option of exchanging
utility penalties for payments of debts, as in Dubey, Geanakoplos and Shubik
(1990, 2005). If payments are denominated in commodity 1, while penalties are
denominated in commodity 2, the set of deliveries is

D:{d20d1+)\d2:1},

where A > 0 measures the severity of the penalty; utility penalties are possibly
paid by debtors in a commodity whose consumption is of no interest to creditors.

In the case of collateral, as in Dubey, Geanakoplos and Zame (1996), creditors
derive utility from the consumption of the penalty commodity.

Signaling occurs in a market with adverse selection, when sellers of a commodity
of high quality or good risks are the only individuals endowed with a third
commodity, the "ability to acquire education,” as in Spence (1974). A contract
with signaling requires the delivery of the signaling commodity, 3, and

D:{d>01d1+d2:1,d3:1}.

Ownership and control, following Grossman and Hart (1986) may influence the
nature of contracts. Commodity 1 is the consumption good and commodity 2
is the collateral good. There are two possible states of uncertainty. Contract
(m, s) accounts for the direct trade of commodity m in state of the world s. The
relative price of the collateral good in state s is qiz . Control rights are allocated
to the seller if , as before, the set of deliveries of a collateralized debt contract
is

D= {(dlsadQS)S:&,ﬁ Z Ov dls + >\d2s - 1}
When control rights are allocated to the buyer,

D = {(dis, dos)s—ap > 0: dis + Adas = 1, dag > 0 if =2 > A}

q
qis

The buyer accepts the delivery of the collateral good only in the state of the
world in which such good is worth more than the exchange rate implicit in the
contract, A.

11



The possibility of renegotiation, as in Hart and Moore (1988), can be simi-
larly dealt with in this set-up.

Price rigidities and rationing occur when the price of a commodity, 1, is required
to equal the price of another commodity, 2. Buyers receive a given composition
of commodities 1 and 2 and are typically rationed in the commodity of most
desired quality.

3 Efficiency

A state of the economy, (R, a), is Pareto superior to another, (R, a), if u(z") >
u'(2?), for every individual, with strict inequality, u’(z?) > u(2?), for some.

A feasible state of the economy is Pareto optimal if no feasible state is Pareto
superior.

The determination of the payoffs of contracts by the choices of sellers at
equilibrium creates an externality, which is a source of inefficiency.

A state of the economy, (R, a), is incentive-compatible if, for every individual,
ul(e'+RO'—Di¢') > ui(e'+RO'—Dg?), for all D such that (e!+RO'—D¢?) € X,

A feasible and incentive-compatible state of the economy is incentive-efficient
if no feasible and incentive-compatible state is Pareto superior.

Prescott and Townsend (1984) showed that incentive-efficient allocations
obtain as equilibria with appropriate restrictions over trades.

Incentive-efficiency restricts attention to interventions compatible with the
discretion of sellers over deliveries on contracts; but it requires full controllability
of individual trades, which is not satisfactory when trade takes place on large,
anonymous markets.

Greenwald and Stiglitz (1986) proposed the taxation of contracts and anony-
mous, lump-sum transfers as the appropriate intervention in a market economy
under asymmetric information and incentive compatibility constraints; it does
not require the trades or characteristics of individuals to be observable.

A fiscal authority imposes ad-valorem taxes on the sales of contracts, t =
(-.ytm,...), and redistributes revenue, T, to each individual.

At prices of assets and taxes (g,t,T"), the budget constraint of an individual
is

g0 — (g +t)p =T <0;

the budget constraint of the fiscal authority is
ty ¢'+IT <0.
i€T

A competitive equilibrium with taxation is (¢*,t*,T*, R*, a*).

Taxation implements a state of the economy, (JA%, a), if there exist prices of
assets and taxes, (4,1, T)7 such that (g, t, T, R, @) is a competitive equilibrium
with taxation.
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Definition 2. A competitive equilibrium is constrained suboptimal if there is a
Pareto superior state of the economy (R,a), implementable by taxes (¢t,T).

It is simpler to consider economies with adverse selection, in which the de-
liveries on contracts, D?, are an exogenous characteristic of each individual.

The argument for constrained inefficiency follows the argument in Citanna,
Kajii and Villanacci (1998) or Geanakoplos and Polemarchakis (1986) for econ-
omies with an incomplete asset market.

In recent work, Geanakoplos and Polemarchakis (2008) showed that the
taxation of exchanges implements Pareto improvements in abstract economies
with externalities, while Citanna, Polemarchakis and Tirelli (2006) obtained an
analogous result for economies with an incomplete asset market.

Assumption 7. For every individual, the utility function, u®, is twice con-
tinuously differentiable on the interior of the consumption set; Du® is strictly
positive, while D?u' is negative definite on the orthogonal complement of Du';
the endowment, €', is strictly positive and strictly preferred to any consumption
plan on the boundary of the consumption set.

With taxation, the first order conditions for an interior optimum of the
individual optimization problem are

Du? — ' =0,

Ry =g\ =0,

=D 4 (¢' + ')A\ =0,
—2' + et + RI* — D¢’ =0,
-0+ (g +t)¢" +T =0,

where p' = (..., i, ...) are the strictly positive Lagrange multipliers associated
with the constraints —z + e’ + Rf* — D¢’ = 0, and A’ is the positive Lagrange
multiplier associated with the constraint ¢f° — (¢ + t)¢* — T = 0.

The market clearing conditions are

Ziel’(éi - ¢i) =0,
Ziel’ R — Ziel’ D = 0,
tzz‘ez¢i +IT =0,

where 6§ = 0i,...,0%, 1), P = (B8, sy 1) P is an (LM x LM) diagonal
matrix with elements é}m,lm = ¢l R and D' are LM-vectors (s Ty -+ ),

(o oy dimy - ).
Differentiating the above equations one obtains, by repeated substitution,
that
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> Bt =Y S 68 B, =
= = D O X A0+ X s X 0 (3 Bl )

A necessary condition for a Pareto improvement to exist is that this sum be
different from zero. It is immediate that this necessary condition is violated if,
at equilibrium, the normalized gradients of the utility functions of individuals
are collinear or if the delivery choices of individuals are similar, so that

Du'
;j @ =g, foralli,jand m.

Thus, for Pareto improvement it is necessary that individuals be sufficiently
diverse in their deliveries, in a sense to be made precise, while the market is
sufficiently incomplete.

The way to an improvement is via changes in the matrix of payoffs, R,
induced by changes in the supplies of sellers, ¢* — the externality discussed
earlier. Even if the deliveries of individuals are different, aggregate payoffs can
be modified in sufficiently many directions by taxes and transfers only if the
reactions of sellers to changes in taxation do not offset each other. For this,
it is necessary to perturb the second derivatives of utility functions around the
equilibrium.

Assumption 8. For every individual, everywhere in the interior of the con-
sumption set and for every b, # 0, the subspace®

[Di (D3 ju'by)y : D2 u'y = 0],
has full dimension, L.

This ensures that, at an interior allocation, it is possible to perturb fully the
matrix of second derivatives of the utility functions of individuals, while leaving
the first derivatives unaffected, as perturbations along the set of competitive
equilibrium prices and allocations require; Citanna, Kajii and Villanacci (1998)
developed the construction in full.

An economy is described by w = (..., (e*,7%),...), where 4¢, a vector of
dimension, I'* parameterizes the utility function of agent i; v = (...,~%,...),

and ' =3, I'?. The set of economies is an open set, €2, of dimension IL +T.

64 ]” denotes the subspace spanned by a collection of vectors or the column span of a
matrix.
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The function G is defined by

F'i
G(&vTv w) = )

E

where & = (..., (2% 0%, ¢, u*, \Y),...,4, R), a vector of dimension n = I(2L +
2M +1)+ (M —1)+ LM, and 7 = (£,T), a vector of dimension M. The equations
F* = 0 are the first order conditions for a solution to the individual optimization
problem, while £ = 0 are the market clearing conditions at a competitive equi-
librium with taxation. The analogous function without taxation, where 7 = 0,
and the last equation in E is dropped, is G(&,w).

Interior competitive equilibria, &, of an economy, w, are solutions of G(£,w) =
0, with all variables in the interior of their domain of definition.

A regular competitive equilibrium is interior and such that dim[DgC;’] =n.

In a partly similar setting, with short sales constraint and endogenous asset
payoffs, Geanakoplos, Magill, Quinzii and Dreze (1990) studied the existence
and regularity of interior equilibrium.

Definition 3. An interior competitive equilibrium, &, for an economy, w, dis-
plays sufficient diversity of individuals if

1. for every individual, dim[R, D] = 2M;

2. for every contract, dim[B; ; = 64, I;\’jj [P —di) s (i,5) €T xI) =1.

The first condition implies that, at the competitive equilibrium, deliveries
made by individuals are sufficiently different so that they are never collinear
to average deliveries, while the second requires that there be sufficient diver-
sity among individuals. In particular, if gradients were collinear, (Du’/\) =
(Du®/X%) or if deliveries were not differentiated, d’ = d*, the elements j3; ; would
be null.

Proposition 2. If

1. M >1,L>2M, and

2. for an open set of economies, competitive equilibria are reqular and display
sufficient diversity of individuals,

then, for an open and dense subset of economies, competitive equilibria are con-
strained suboptimal.
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Proof The function H is defined by
G(&w)
H(&b,w) = | Der(G(E,0,w),U(E0,w))'d) |,
1ol —1

where b = (..., (b, b, bfz), bf“ by),...,bg, bR, br, ..., bi, . ..) is of dimension n +
1+1, while U(&,0,w = (..., u’(x?),...). If the function H is transverse to 0, the
result follows. This is the case since, for a given w, the number of equations,
(n+ (n+ M)+ 1), is greater than the number of unknowns, (n+ (n+ 1+ I)).
As a consequence, if H is transverse to 0, for a generic set of w there is no (&, )
at which H(&,b,w) = 0; that is, at an equilibrium &, the ((n+ 1+ 1) x (n +
M)) matrix D¢ -(G,U) has full row rank. In particular, a Pareto improving
intervention exists; again, Citanna, Kajii and Villanacci (1998) developed the
construction in full.
The function H is transverse to 0 if the Jacobian matrix

DG 0 DG
DH = | D¢(Der(G,U)b) De (G,U) Dy(Der(G,U)b)
0 b 0

has full row rank whenever H (¢, b,w) = 0.

The columns of D, G that correspond to derivatives with respect to v are
D, G} the only non-zero elements are Dilul Similarly,. ip D, (D¢ -(G,U)'D),
the only non-zero elements are D.: (Di,wuzb;) and Dgﬁ Lu'b;,. Under assumption
8, one can restrict attention to perturbations such that, for every individual,

2 i
Dw’xuz =0. A

At a regular equilibrium, D¢G has rank n. The problem then reduces to

showing that, whenever H (£, b,w) = 0, the matrix

Der(G,U)" Dy(De,r(G,U)'D)
K =
v 0

has full row rank, where the columns of D, (D¢ .(G,U)'b) corresponding to
7" are of the form D.:(D¢,(G,U)'d) = (0,...,0,D.:i(D3 ,u'b:),0,...,0)" =
(0,...,0,N%b),0,...,0).

For full row rank of K, it suffices that any z = KA can be generated by an
appropriate choice of

A= (o (AL AL AL ALALY), Ay Ag, Ag, AL,
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explicitly,

215 = D2*utAl — IMAI'L + DutA! + Ni(b)Afy,

2 = RAL—g¢A +IVMA,,

zZ34 = fD"’AfA +q A — fMAq + (R — Di/)AR,

205 = —IMAL 4+ RAy — D'Al,

z5i = —qA)+qAl,

% =~ Nier(NAY) + e (MAY) = 3,67 = ¢1)A),
a1 = Nier MY+ 1O7A + 3, OV AR,

8 = D AlAfb + 2 iz OAL + D ier ¢'AS,

zg = ZieI Af\ + IA7,

210 = Douer A+ bgAg +brAR 4+ brAp + 3,7 UL AL,

where I™ is the (M x (M — 1)) matrix obtained by adding a last row of ze-
ros to the (M — 1)-dimensional identity; A’ is the transpose of M multiplied
by the scalar \i; M® is an (M x LM) matrix whose m-th row is of the form
(0,...,u", ...,0), with non-zero elements corresponding to the m-th block of
columns; ©° is an (L x LM) matrix whose m-th block of columns is the L-

dimensional identity times the scalar § ; R is an (LM x M), block diagonal
matrix whose columns are of the form (0, 71, 72m. - - -, "Lm, 0), and similarly for
D

If bi # 0, one can restrict attention to perturbations such that N?(b) =
D.: D2 ,u'bl, has full rank, L, so that the elements z;; can be controlled by A?.
If, on the other hand b, = 0, the matrix N?(b) vanishes, and perturbation of v*
have no effect.

First, bl # 0, for all 4.

The first seven elements of z can be controlled using ((A%);er, Ay, Ag), be-
cause the corresponding matrix of coefficients is the Jacobian Dgé which has
full rank n at a regular equilibrium. The problem then reduces to showing that
the remaining three elements can be controlled independently.

To control zg, one uses the first (M — 1) elements of Aé. This upsets zg
and the elements z41 and z5.1, corresponding to individual 1. One uses AéM
to readjust z5.1, and Ai to readjust z4.1. This last move upsets z7.1, but Nl(b)
has full rank L and one can adjust Al. To readjust z one uses the first (M —1)
elements of Aé. This again moves 241 and z5.1, which can be undone as before.
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But it also moves z7. To undo this, one needs to use AR , which upsets z3;
for all i. Here there is a problem: to adjust these elements one should use AL
which moves z5; and z7 itself (and z7;, but this can be undone by A?Y) One
needs an argument to show that one can move A/, and Ag jointly to control
Zz04, 234 and z7. At a regular equilibrium, this is true. One considers the
(2M I + LM)-dimensional subsystem of equilibrium equations

—x' 4+ e’ + RO — D¢’ =0,

Yier @R =3 OD =0,
where, of the first equations, one keeps only those corresponding to 2M linearly
independent rows of [R, D?]. Taking derivatives with respect to ((6%, ¢%, e?);cr, R)
one obtains a matrix of full row rank. But then, for generic endowments, the
(2M I + LM) square matrix of derivatives with respect to ((6%, ¢%);ez, R) is full
rank. This is exactly the matrix that allows one to jointly control z5;, z3; and
z7.

To finish the argument, zg can be controlled by Ap (this upsets zg, which
can be readjusted as before), and 219 by A corresponding to b, # 0 (this
upsets z1;, to be readjusted by A;) That a b, # 0 exists follows from the fact
that, if for all ¢ b%, = 0, then D¢ ,(G(£,0,w),U(&,0,w))'b = 0 and regularity of
equilibrium imply b = 0, which is impossible at a zero of H.

Second, for some, i b’ = 0.

For any one of the (finitely many) possible cases, a perturbation argument
similar to the one above is possible.

At a zero of H, it cannot be the case that for all i bi = 0. The equations in
H = 0 corresponding to D¢ ,(G(&,0,w),U(§,0,w))'b) = 0 are

D?u'bi, — IMb], + Du'b}, = 0
RV, — q'by + 1M b, -0
—D"b, + ¢'by — IMby+ (R = D")bp = 0
—IMbL + Rbj, — D'V, =0
—qbj + qbg =0
Ziez Ai(bfb - bé) - Ziez(éi - él)bf\ =0
Dier MUy + 35z O7b, + Xier Qb = 0
Yier Aibfp + 2 ier le(bf\ +b7) = 0
> ez (b +br) = 0.
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If b; = 0, the fourth equation and dim[R, D] = 2M immediately imply

b= ¢ = 0. From the second, third and seventh equations, and the first order
conditions,one obtains that, for all ¢ and all m,

this implies b}, = 0 all 4. But then, substitution in the above equations yields
b = 0, which is impossible at a zero of H.

If b = 0 for i € Ty, a subset of individuals, then by = b}, = 0, for all
i € Ij.. Moreover, from the second equation above and the first order conditions,
Aibi, — b = 0. One can then write a new system of equations Hy = 0, in
which, for each i € 7, one adds these L 4+ 2M + 1 equations and drops those
corresponding to z2;, 23.;, 24.;and z5;. The number of equations is unchanged,
but now the elements in z = KA corresponding to i € 7y, are

210 = DAL — IMAL + DuAl
224 = ?)’

234 = AZﬂ

244 = A;a

s = MNAL— AL

The perturbation argument then goes by noticing that, for i € Iy, we
can control z;; with AL (this affects z7 , but now Ag can be moved without
interfering with zo; and z3 ;, for i € Zy)

For at least one i, b%, # 0. This individual allows one to perturb zg. For the
individuals in Z\ Zj, whose elements 25 ; and 23 ; are perturbed by Ag but for
whom we can use the Afy, the argument is exactly the same used above.

For each possible Zj, an application of the transversality theorem gives a
dense subset of the set of economies O, in which it cannot be the case that
Hj;, = 0, that is it cannot be the case that H = 0 and bé =0 for all i € 7.
Openness of the sets follows from standard arguments. The intersection of these
finitely many sets is a dense set of economies in which it cannot be the case that
H=0. ]

4 Extensions
The convexity of the sets of sales of contracts and of the deliveries on con-

tracts as well as the quasi-concavity of the utility functions of individuals that
characterize a convex economy fail in important cases. For instance, possible
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non-linearities in the pricing of contracts are captured, as already argued, by a
nonconvex trading set ®.

A large economy allows for competitive equilibria in non-convex environ-
ments.

The access of individuals to private technologies that allow the transforma-
tion of endowments prior to exchange also expands the scope of the model.

Individuals are ¢ = (t,n) € Z = T x N, where T = {1,...,T} is a non-
empty, finite set of types, and A/ = {1,...} is a countably infinite set of names
of individuals.

A type is described by the consumption set, Xt the utility function, u?, the
endowment, ef, and the technology, V¢, a set of pairs of bundles of commodities.

Assumption 9. For every type, the technology V! is compact, and does not
allow for the transformation of commodity I* : if (et,yt) € V', yho =el..

An action by an individual of type ¢, at payoffs of contracts R, is a®" =
(mt,n7yt,n’ ot,n’ ¢t,n’ Dt,n¢t,n)’ SIlCh that

_ xt,n —_ yt,n 4 (Ret,n o Dt,n¢t,n) c Xt,
_ (et7yt,n) c yt,

- (¢, D) € (#,D),

-y = DiMetn >0, le L,and

- 6bm > 0.

Commodities [ € £ C £ are not subject to resale.

At payoffs of contracts R, a simple distribution of actions of individuals of
type t is a pair (\!,~%), where \* = (..., \** ...) is a probability measure on
a finite set, and v* = (...,a"*,...) associates an action of individuals of type t
with every element of the support of the measure A!. For type ¢, the aggregate
portfolio of contracts purchased is

0t = Byt

the aggregate portfolio of contracts sold is
¢' = Exco"",

and the aggregate delivery on contracts is
Ey DUF gtk

Across types, a profile of simple distributions of actions is (\,7) = (..., (A},

t
¥, ).

A state of the economy is (R, A\, ), payoffs of contracts and a profile of simple
distributions of actions; it is feasible if

rm Y 0, — > ExediFehl =0, meM.
teT teT
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A weaker feasibility condition requires that
RY 0" =3 ExD"Fett =0,
teT teT

For economies that are not convex, additional assumptions are required to
eliminate minimum wealth points.

Assumption 10. For every individual, for consumption bundles x and &, x;« =
0 and 2 > 0 = u'(2) > u'(x). For contracts m € M\ {m*}, d,, € D,, =
di+ m = 0.

A consumption bundle with zero consumption of commodity {* yields lower
utility than any bundle with positive consumption of the commodity, and con-
tract m* is the only contract that effects exchanges of the commodity [*.

The economy is

£ = {T,L, 0, M, (X' ul e, Y1) it € T, (Dyn, @) : m € M.

At payoffs of contracts purchased, R, and prices of contracts ¢, the budget
set of an individual of type t is

Q(9_¢) <0,
r=y+ RO — Do,
(¢,D) € (®,D),
Bt(Q7R> = (xayaead)?D(b): ~
yw—Dip>0, €L,

(e',y) € V',

6> 0.
The optimization problem of an individual of type ¢ is

max u'(x)

st (z,y,0,¢,D¢) € B*(q, R).

Definition 4. A competitive equilibrium for the large economy model is (¢*, R*,
A*,v*%), prices of contracts and a state of the economy, such that

1. for every type of individuals, every action, abF* = (xbF* ytkx ghke ptkx
D¥F* bR in the support of the measure \t*, is a solution to the opti-
mization problem at prices and payoffs of contracts (¢*, R*),

2. the payoffs of contracts lie in the convexr hull of the set of deliveries of
contracts’: R* € ConD,

7« Con”denotes the convex hull.
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3. the state of the economy (R*, \*,~*) is feasible, and

. the market for contracts clears: Eye- 8% — Eyo-¢b* = 0.
4 teT teT

Proposition 3. In a large economy, competitive equilibria exist under Assump-
tions 1-6, 9, 10.

Proof The action correspondence of an individual of type ¢ is af(g, R); the
compensated action correspondence is &*(g, R). Since the convex hull of an upper
hemi-continuous correspondence is upper hemi-continuous, an argument as in
the proof of proposition 1 yields a pair (¢*, (R*,a”*), of prices of contracts and
a feasible state of the reduced economy with a representative individual for each
type, such that a'* € Con a'(¢*, R*), for every individual.

For K = 2L +2M + LM + 1, there exists a simple distribution of actions of
individuals of type ¢, (A, y%*), with A = (..., \6F* ) 4t = (L. abP ) L),
such that a®** € ot(¢*, R*), for k= 1,..., K, and a’* = Eyt-a"**.

The state of the economy (R*, A\*,v*) is feasible: markets for commodities
clear.

As in proposition 1, ¢} > 0.

For every type of individuals, and for every element of the support of the
measure \**, the action a®** is a solution to the optimization problem at prices
and payoffs of contracts (¢*, R*). If not, there exists a € 8(¢*, R*) with u’(z) >
u'(xt**). The only way to exchange commodity [* is through contract m* :
Ty = ey + O — G+ If £« = 0, then, by the strong desirability of commodity
[*, j. = 0, which is not possible: from the endowment, the individual can
reduce net sales of m* and still be strictly better off than at x*, a contradiction.
If 2+ > 0, then the individual can increase net sales of contract m*, and find an
action a € B(¢*, R*) with u!(2) > u'(z"**) and ¢* () — ¢) < 0, a contradiction.
O
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