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PREFACE “y

This thesis was written over three years, from May 1990 to May 1993; at the
Economics Department of the European University Institute in Florence. The order of the
chapters reflects, accidentally, more or less the order in which they were written, even though
later corrections and amendments render a dating imprecise and perhaps uninteresting. .

The thesis was written under the supervision of Louis Phlips"who'g geserves grateful
acknowledgement for the abundant time he has invested in readmg, discussmg and criticizing
the essays. If they are readable, he is to thank. He is the co- authgpr of two'of th‘é essays, Oil
Futures and Strategic Stocks at Sea (Chapter 2) and Oil Stockf cf’,s ‘a Squeeze Preventing
Mechanism (Chapter 3). The former appeared in a book edited by Louis Phhps and Lester D.
Taylor: Aggregation, Consumption and Trade - Essays in Honor of H.S. Houthakker that was
published by Kluwer Academic Publishers in Dordrecht in 1992. The latter is a working paper
of the Economics Department of the European University Institute. For the thesis, I rewrote
the introduction and made small changes.

Chapters 3 and 4 were to a large extent written while I was a visiting student at the
Department of Economics at Stanford University. This visit was most kindly made possibie
by Peter J. Hammond who also provided extensive comments on different versions of Chapter
4. For this and for his hospitality he receives many thanks.

The final version of the thesis benefitted substantially from the many comments I
received from Ronald Harstad and Stephen Martin.

Valeria Fichera provided data and information for Chapter 3: Grazie.

Dorothea K. Herreiner provided many valuable comments on Chapters 1, 3 and 4 at
early stages when the notation was not yet comprehensible: Mange tak.

Mrudula Patel deserves warm thanks for chastising me into better performance on
Chapter 3 and for her "constant comments."

Chapter 4 on Bargaining and Efficiency in a Speculative Forward Market has a very
long history and innumerable commentators are thanked. The paper was presented in an
extremely preliminary version in the first EUI workshop on price formation mechanisms on
11 June 1991. A more developed version was then presented in the EUI Students’ Workshop
on 10 December 1991 and a still incomplete draft in the Students’ Workshop during "Summer
in Tel Aviv", July 1992. Participants in all these workshops are thanked for comments and
discussions as are Jgrgen Rugholm Jensen, Alan P. Kirman, Mordecai Kurz and Robert
Waldmann. Ronald Harstad and Ebbe Hendon deserve special thanks for extensive comments
on different drafts. '

[ have enjoyed the collaboration of the Oxford Institute for Energy Studies where
especially Paul Horsnell and Cristina Caffarra provided data and clarifying explanations at
various stages.

Last, but not least, Jochen P. Lorentzen is thanked warmly for good company during
four years of studying in Villa Schifanoia and for the running, hiking and ‘solving-the-
world’s-problems' that has made this less of a tedious undertaking,.

Badia Fiesolana, May 1993
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Essays on.the Determination and Formation of Prib}és in

European Crude Oil Markets

Un’Opera in Quattro Alti /
di Ty

A ¥ 4 }t}:
H. Peter Mpligaard Ay,
Overture

1. Crescendo Storico

The exploration and development of the Brent field and other fields in the North Sea
commenced in the late 1960s as a response by the major oil companies and by Western
governments to the cartelization of the petroleum exporting countries. This process was
spurred by the first oil price shock in 1973. The first oil was produced in 1975. At that time
there was no tradition for trading crude oil on markets. The majors and OPEC were used to
post prices, and so there was no obvious organization for selling new non-OPEC oil and
indeed it was not obvious that the oil should be marketed at all, given the dominance of
integrated oil companies.

Yet a very peculiar market for Brent - the 15-Day market - developed over the years.
Starting from occasional forward trading, a highly developed, organized forward market
institution emerged. Its functioning resembles that of a traditional futures market except for
the decentralized and non-regulated nature of trading. Compared to the standard model of
futures trading, this particular market diverts in at least three important ways:

1. The spot market is highly concentrated and major oil companies trade in the market
so the spot price can be manipulated;

2. There are frequent squeezes in the market: another example of manipulation;

3. Trading in the market has proved highly speculative.

Later again, in the mid-80s, a futures market, the International Petroleum Exchange
of London, was in fact introduced. This market only gained importance as the Gulf crisis of
1990 evolved. At that time Brent had become an internationally important marker alongside
with West Texas Intermediate and Dubai. .

Today we have a unique situation of coexisting forward and futures markets for the
same good. Including the spot market this makes three markets for the same good: Rather
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than having a ‘missing market' there seems to be one market too many.

2. Allegro Cantabile

The following four "acts" deal with these issues. In the first act, “Strafegic inventories
in Two Period Duopoly", the backdrop is entirely theoretical and 51 legmottf is 1n§roduced that
is going to reappear in different forms in the following two act‘f ,l/n concentrated markets,
how does the ability to store goods affect pricing? How can prices be mampulated" The main
players are rival producers that use inventories in playing games with each other. Stocks make
competition fiercer by providing a vehicle for committing to raise second-period output in the
Cournot case or to lower the price in the Bertrand case. If the firms were to cooperate, they
would not hold strategic inventories in this act.

The second act, "Oil Futures and Strategic Stocks at Sea", takes a broader view on the
scenery including all three markets on three stages. Stage 1: The International Petroleum
Exchange performs like a thick futures market which can be used to hedge against extrinsic
uncertainty but also agalnst the intrinsic uncertainty that is created by the forward market on
stage 2. The forward market (the 15-Day market) is a small club of speculative traders,
including the producers, that enter forward contracts knowing that this will affect the storage
decision on stage 3. On stage 3, the spot market, we hear the leitmotif from the first act
performed as a duet by a Cournot duopoly. As the act finishes we are left with a better
understanding o_f' how futures positions, forward contracts and stocks can be used to
manipulate spot :p_ri'ceé and how a foreseeing speculator knowing this will trade on the futures
and forward market. The overall system is characterized by a good deal of complexity and
certam themes need to be developed and enlarged. This is done in the last two acts.

In the thlrd act "Oﬁ Stocks as a Squeeze Preventing Mechanism”, we concentrate on
the f_orward and spot markets and introduce a new player: The squeezer. The leitmotif is now
played in a completely different key and in a certain sense backwards compared to act one.
We recogniZe the protagonists: The producers. The plot is as follows: Squeezes are registered
occasionally on the 15-Day market. The squeezer accumulates forward contracts and creates
artificial scarcity by refusing to close out, exploiting imperfections in the decentralized market
clearing. The artificial demand in turn creates a price surge and the possibility of a squeeze
thus introduces additional uncertainty about the spot price. Squeezes therefore render the
market institution less palatable to other market participants (traders and refineries) who may
find other ways of accomplishing the economic functions of the forward market (for example
an organized futures market). The producers thus have a long term interest in keeping market
clearing smooth, for example by supplying stocks to squeezed traders. The extent to which
such self-regulatory stocks should be held is analysed in the context of a repeated game and
the conclusion is that unless the probability of a squeeze _IS_-_YC!_')(-__ srn_ali,__ self-regulation is
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possible. This shows that there is a réle for inventories if firms cooperate contfa%;y to the
result of the first act.

The fourth and final act is played by a set of players that we only met briefly in the
second and third act: The traders. Here producers are ignored completely as the focus is on
the process of trading in the forward market. The 15-Day market is predominantly
speculative, a fact which contradicts the assumptions that lead to zeto spécu]atlon theorems.
We therefore set up a stochastic game model of a market with a smal} nun}ber of speculative
traders that differ only with respect to the expected spot price anftl; ( QSSlbly) with respect to
risk aversion. Confracting is done after pairwise negotiations in ran” m mal’cfhes The Markov
perfect equilibrium of the model can mimic the 15-Day market and need not be efficient in
the sense that it belongs to the bilateral core.

The third and fourth act show that the 15-Day market is very imperfect and that the
~ organization of this market leads to more uncertainty than necessary. The point that was made
in the second act is therefore emphasized: Trading in this peculiar forward market creates
intrinsic uncertainty that could be avoided with a different organization of trade (for elxamp]e
an emerging regulated, centralized futures market). Considering these imperfections, it is
~ remarkable that Brent is used as an international marker, i.e. in the price formation of a host
of other crudes all over the world.

3. Staccato or: The Road to Hell is Paved with Good Intentions and Good Inconsistencies

If all the above sounded as bel canto to you, dear reader, this is where the dissonances
-appear: Once upon a time, when I embarked on this project, [ thought the way to model the
. European oil markets using game theory would be to do bits and pieces in every chapter and
-then collect these bits and pieces to solve the puzzle in the end, with a grand final model

encompassing all the other, preliminary studies. Dear reader, this isn’t it! Rather, the different
chapters provide different and somewhat contradictory views on the 15-Day market. Let me
. use the next few lines to point out the inconsistencies to you.

1. In Chapter 2 on price determination, it is taken for granted that the forward market
leads to an efficient outcome. In Chapter 4 on price formation, this event is shown to
happen with a positive probability (if time allows), but not with certainty. As already
mentioned, this only emphasizes one point that is made in Chapter 2: Agents on the
real futures market (the International Petroleum Exchange) may take positions partly
as a hedge towards the uncertain outcome of the forward market.

2. In Chapter 2 the speculator is risk neutral, whereas in Chapters 3 and 4 speculators
are risk averse. I think the latter is a more realistic assumption, although the risk
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neutral speculator has a long tradition in financial economics. Traditionally, suppliers
and demanders are seen as more risk averse than speculators, and the formulation
where the former are infinitely risk averse and the latter risk neittral takes this view
to its extreme (bar for risk loving speculators). Empirically, the magnitudes of risk
aversion coefficients are under discussion and it is dlfflcult 1o, see why integrated oil
companies should be more risk averse in their trading strategi‘es than big Wall Street
trading houses. The results in Chapter 2 are qualitatively rg)bust [fo th}g, introduction of
risk aversion in the speculator’s utility function, f’j?{;’; quantltles and prices in
equilibrium will of course change accordingly. ;
3. In Chapter 2 the producers are assumed to engage in Cournot behaviour, which is
somewhere in the middle of the scale between pure cooperation and pure competition.
in Chapter 3 it is shown that the producers should cooperate albeit this emerges as the
~result of an infinite repetition of non-cooperative stage games. The two studies
emphasize different aspects of oil stocks and should be seen as complementary. Maybe
the reason why producers do not cooperate on squeeze preventing stocks is that the
non-cooperative strategic stocks dominate. However, it does not seem quite reasonable
to assume a non-cooperative business environment for the market. This connects us
back to the theoretical discussion in Chapter 1 which analyses the strategic effect of
stocks as a function of four different paradigms reflecting the assumed interaction
b_etwecn_' producers_:-Competition,_ Bertrand, Cournot and Cooperation. Note that the
discussion of stocks is theoretical by force: European producers are very secretive
when it comes to-the size of their stocks - remarkably so, when compared to the
_excellent . statistics. available for American oil stocks. This shows that market
participants-attach importarice to these statistics and therefore that they are important
strategic variables;. but it is at odds with the informational assumptlons of the games

we have analysed.

4. One inconsistency that is running through the thesis is the simplicity of the modelling
compared to the complex real world. This is not a theme that will be elaborated here.
Any theory needs some level of abstraction and I have tried to make reasonably
realistic assumptions that are discussed throughout. This procedure has at times
rendered the models more complex than they would have been if they were there as
an intellectual exercise alone. The partial equilibrium approach: is. not without its
pitfalls: In practical terms we have treated the system of North Sea oil markets as a -
more or less closed system ignoring possible effects from the world supply and
demand for crude oil. This criticism bears particularly on Chapter 2 on the short run
price determination that is supposed only to depend on factors within the market. This
ignores that the price level of North Sea crude oil depends on a great many external
factors.

uropean Crude Oil Markets
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5. In the last three essays it is assumed that spot prices follow a normal distribution. The
advantage of this is that the distribution can be fully described by two parameters,
mean and variance. Combined with an exponential utility function, the agents’
preferences can then be represented by a function that is linear in mean and variance.
This formulation is widely used, especially in financial econ0m1cs because of its
simplicity. A drawback is that since the support of the normal dlStleﬂthIl includes the
entire real line, there is a positive probability that realized Jprices b@come negative —
an obvious nonsense. The results carry through with moré fa;ablc dlstributlons eg.
a log-normal, but at an increase in complexity. The Judgmpﬁt was that since the use
of the mean-variance model is well-known, the reader couid be’ spared the extra
nuisance implied by more complicated distributions.

4, Formazone Determinata

What is the difference between ‘price determination’ and ‘price formation'?

To me, price determination is the ascertainment of the forces that determine
equilibrium prices. In the game models of Chapters 1, 2 and 3, equilibrium is essentially a
matter of consistency of beliefs at some level or other. No out-of-equilibrium dynamics are
specified and therefore we are not informed how this equilibrium could be reached. The multi-
stage models we concoct for this purpose have simultaneous move stage games. What we get
is in-formazione determinata: equilibrium prices depend in this and that way on stocks,
demand, the number of rivals and so forth.

Price formation, to the contrary, explains what prices you observe out of equilibrium
and where dynamics take prices. This approach is taken up in Chapter 4 where we construct
a bargaining type model with this in mind. At each stage, moves are sequential. We consider
a truly dynamic model which is an extension of the usual steady state models of bargaining
in markets. Market participants meet in random, pairwise matches. The state of the market
evolves according to a Markov process that players can control only partly. If one expects a
tatbnnement leading to equilibrium we may disappoint. What we get is formazione in-
determinata: the dynamic Markov perfect equilibrium may and may not take the market to
the static equilibrium. The static equilibrium will only obtain after certain fortunate histories.
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A Reader’s guide

Each chapter has a breakdown into an introduction, sections on modeliing and a
concluding section that puts the modelling into perspective. References are found at the end
of the thesis. The page before each chapter contains an outline of that

pter and an abstract.

It is beyond the scope of the thesis to give a comprehensive descrgiptive account of the
North Sea crude oil markets. A main source has been The Mdrket foriNorz,‘h Sea Crude Oil
from the Oxford Institute for Energy Studies (Mabro et al. (1%%@) ‘and the’ reader is referred
to that and to the other references made in the text for further parﬁcu]ars However in
Chapters 2 through 4, the empirically relevant characteristics of the market are outiined {and
stylized). This way I hope that the reader is not left with the feeling that something important
is untold.

Microeconomics employs one vocabulary, game theory another, futures markets a third
and the North Sea crude oil sector seems to have developed its own lingo. The latter is
explained (I hope) to those who understand the three former. One question I am always asked
is: Why on earth is it called the 15-Day market? “The answer, my friend, is blowing in the
wind." — (Or see footnote 1 on:page 67).
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Strategic Inventories in Two Period

Oligopoly
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ABSTRACT: A general model of two-period duopoly is set up and it is shown how
inventories can serve a strategic purpose, for example by providing a commitment to raise
second period output. The strategic effect of inventories depends on the convexity of the cost
function, on the cost of storage and on whether the "business regime" is competitive,
Bertrand, Cournot or cooperative. [t is shown how the model encompasses e'xi's'ting models
in the literature. A closed form of the strategic inventories is then found for a parametrized -
two period, n-firm oligopoly

& Qil Markets
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0. Introduction

This chapter is concerned with strategic inventories in two period oligopoly. By
inventories I mean finished goods made to stock and stored at the manufacturer s level. These
inventories typically account for around thirty percent of all manufacturers stocks (see Phlips
(1983) p. 68). This definition leaves out stocks of raw materials and- goods in- profgress as well

“as inventories of goods made to order. /’ b W

As to the motives for carrying inventories, the hteratur f fypicéﬂy ‘distinguishes
between three such: the speculative motive, the precautionary motive (buffer stocks) and the
transaction motive which leads to the familiar production smoothing. In addition to this,
Phlips and Richard (1989) are concerned with the intertemporal discrimination motive in a
dynamic oligopoly model with demand inertia, where the price a firm sets in one period
affects the demand for its products in the next. Intertemporal price discrimination arises
because firms equalize discounted marginal revenues over time.

Inventories are said to serve a strategic purpose if they are held with the explicit
purpose of affecting the rival’s decisions in later periods. As it will turn out, these strategic
inventories are closely related to the convexity of the cost functions and cannot for that reason
be studied independently of the transactions inventories. For the sake of realism and for com-
pleteness we will also include buffer stocks, but typically treat them as constant in which case
they do not matter much. The speculative motive is completely ignored.

We solve our models using non-cooperative game theory and only shortly touch on
the cooperative case in Section 1.5. On the other hand, we shall assume a "friendly
environment” in the sense that firms are not actively trying to drive each other out of
business, to merge or to take over. It may make most sense to think of the two firms and the
two periods as a going-concern situation. We thereby disregard the strategic purpose of inven-
tories in entry deterrence emphasized by Ware (1985). Ware shows that inventories can be
used as a credible threat by the incumbent to dump prices below marginal costs in the post
entry game since the opportunity cost of supplying a unit of inventory is zero.

In Section 1 we put forth a generalized framework of a duopoly with inventories and
show how these can serve a strategic purpose. The generalization lies in the general treatment
of the demand and cost function and in the way different "business regimes” are included by
means of conjectural variations. Conjectural variations allow us to discuss the model under
four different "business regimes™: Competition, Bertrand price setting, Cournot quantity
setting and Cooperation. We then show how this model encompasses existing models that
typically assume Cournot conjectures, ie. a regime of non-cooperative quantity setting.

Section 2 parametrizes the general model by postulating linear, homogeneous demand
and quadratic cost functions, but generalizes the analysis to n-firm oligopoly to find closed
form strategic inventories. Section 3 concludes.
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1. Two Period Duopoly with Inventories

The purpose of this section, which constitutes the core of the paper, is to set up a
general framework to analyse the strategic role of inventories in duopoly and to present a
number of results under different assumptions about firms’ beliefs. mgardmg their rival’s
behaviour and the cooperative or non-cooperative character of the game

We shall require our solutions to be subgame perfect epd solve the g;xme backwards,
starting with the subgame in period two. This first step h:ghhgj‘i}? fhe comparatlve statics of
a duopoly with inventories. We make use of the concept of reaction fﬁnctlons to set up a
rather general static second period game. |

Treating inventories in a static framework is, of course, a contradiction in terms.
Inventories should be treated as a state variable that implies that decisions on production and
sales in the first period affect the outcome in the second.! We therefore move backwards one
period and study the sales and production decisions of the first period.

It should be emphasized that inventories are the only source of dynamics in this
model. In particular, demand is assumed to be intertemporally separable and independent in
the two periods. This is not nécessarily a natural assumption in a dynamic model with a
storable good for at least three different reasons. First, if the good is durable, a high demand
in the first perlod will tend to lower demand in the second period. Second, since the good is
storable, consumers (WhICh could be other flrms) might find it worthwhile to carry out the
storage themselves.’ Third; consumers  might respond to price differences between different
suppliers with a lag-as-in Phlips and Richard {1989).

The sections are organized as follows: In 1.1 we set up the model and develop a
general notation. Section 1.2 describes the sales game of the second period in general terms.
Section 1.3 describés the Nash and Stackelberg equilibria, and shows how asymmetry in the
ability of firms to hold inventories can yield the Stackelberg outcome as a Cournot-
equilibrium. Section 1.4 then describes how firms divide their period-1 production between
sales and inventories and illustrates the strategic effect of stocks implicitly. Section 1.5 shows
how our model is related to other non-cooperative models in the literature and comments on
a cooperative model.

1.1 A General Two Period, Two Firm Model

This subsection provides a generalized framework for discussing the two period
duopoly. Variables can have two subscripts: The first identifies the firm and the second

! Kirman and Sobel (1974) set up an oligopoly model as a stochastic game with Markov
strategies.

10
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denotes the period. Firms are indexed by i and j where i, j = 1, 2, i = j. Time is indéxed by
¢ = 1,2. Subscript "+" symbolizes an aggregator.” The model consists of a set of demand
functions, a set of cost functions regarding production, a set of identities connecting sales and
production in the two periods, and a set of functions for the cost of storage.

The (inverse) demand for the goods of firm i is given by g

P, = P,(49,,9,) >0 with

op, .
it S
<0 , T (1)
d 9, f'gl-/"' ; ! ‘Jf;{
j’f’:“ {{‘/ . Vs
. ie. the price of firm ’s product, p,,, is assumed to be a downward sloping function of the
- firms own sales, g;,. The products are assumed to be substitutes so that

NOPYY )

In many applications it is assumed that goods are homogeneous in which case the demand
system can be written

p-,: = P-,t(ql,t - qz,:) (3)
0
TPucy. )
dq,,

The cost functions are supposed to depend on contemporaneous output only. We shall

generally assume that variable costs, C,

.» are an increasing, convex function of the amount

produced, x;:

Cu = Cr‘,a(xi,r) (5)
dcC,

¢, = —"=0 (6)
: dx,
,  d<,

¢, = 2"‘ z 0 (7N
dx.«',r

? By this I mean a broadly defined aggregator: it can be used 1) as a placeholder; 2) to
symbolize a sum over periods or agents; or 3) to symbolize a Cartesian product.

11
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C.(0)=0. (8)

Inventories, S, , are related to sales and production through the identity:

®)

Si,x N Sz‘,r} = X, T4, t=1,2 »

Foliowing Phlips and Thisse (1981) we assume that initial St@cks Si06 an(il‘,termlnal stocks,

S, 2, take the value, S at which cost of storage is minimal, ﬂ,h@ reason for such an S to

]

exist is that in general it is neither costless to carry inventories; nor to % cxper:ence stockouts.
For a more elaborate argument, see Phlips (1981) pp. 106-7. The following change of
variables will prove convenient:

S = Si,z - §_i . (10)
Identity {9) can then be written:
S B X T4y, (11)
92 = X2 7 S

Again following Phlips and Thisse (1981) we assume that the cost of storage, I, ,, can be
described by a positive, strictly convex and twice continuously differentiable function which
takes its minimum for s5; ; = 0, i.e.

L, =Ifs,) >0 fors, = -S (12)
s dI-.. < <
I, = L =0 fors,, =0, (13)
ds,, > ’ >
d’I
i/= _ 20 >0 for 5., 2 -5, (14)
dsf, [

Equations {1-14) constitute the basic model of the duopoly. To find a solution to the system,
we superimpose a game structure. This structure can be cooperative, but most of the time we
shall assume it to be non-cooperative. In any case, firm i basically has four decisions to make:
how much to produce and how much to sell in either period. A strategy for firm { thus in
general consists of a vector
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G, =14, Xip o i xi.z) . .‘ (15)

For a strategy to be feasible it has to satisfy non-negativity of all amounts and the identities
(11). Given inventories in period 1, firm i thus only has one decision to make in period 2, and

a feasible strategy can be represented by a three element vector: /% 9

- _ : /é.- ' , 1
O; (xi,l’ si,}’xi,z(\si,l)) = (0’ Qj,O), tg;!’.f_;‘,;lfz' ‘ ¥4 (1o
’ féﬁyfﬁ‘ {;{/ FE
T .ﬁr
Let the set of feasible strategies for firm i be called Z,. Pay-offs are fotal, discounted profits.
For each of the players, profits in the two periods are given by:
Ty = Pl = Sy Xop T S0, - 8,)

(17)
- Ci,I(xi,I) - FE,I - Ii,I(Si,I)

T, = pi,z(xz,z TS Xt 32,1)(xi,2 - Si,l)

(18)
- i,z(xi,z) - Fi,z ,

where F;, represents "fixed costs," ie. costs that do not vary with the level of output or
inventories. The pay-off of firm { is then

‘=&, COW (19

where §; is firm {’s discount factor. The game is now given by I' = (Z], , ;. W, )

In the non-cooperative game, the firms strive to maximize x,, given some beliefs’

regarding the reaction of the other firm on the market. Such beliefs, or conjectural variations,
were introduced by Bowley (1924). Following Dixit (1986) we formalize these conjectural
variations by

dq;, , v (20)

v; , thus tells us how firm i believes that firm j will react on a given change n its own sales.
Four standard cases are readily interpreted as different specifications of the conjectures, v, :

* or expectations: thus superscript e.
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_dp,,/agq,,

a. Competitive Conjectures: v, T —
api.:/aqj,;
. ap. loq,
b. Bertrand Conjectures: v, = —M
' ap],10q;, (21)
¢. Cournot Conjectures: v, = 0,’ 4?'0) 1
/ﬂg)f "‘:';' P
d. Constant Market Shares: v, = 7 22
' 9,

Competitive conjectures are derived from requirement that { believe that her own price will
not change if she changes sales. Taking account both of the direct effect and of the indirect
effect via the rival’s expected reaction yields (21.a). Bertrand conjectures (21.b) are derived
from the requirement that i believe j’s price to be independent of her price. In the case of
homogeneous goods both competitive and Bertrand conjectures are -7, so i expects j to match
a change in output with an offsetting change keeping prices constant. Cournot conjectures are
zero (21.c) and with constant market shares (21.d), firm i expects firm j to match any
percentage change in output one to one. Note that the conjectures are listed in order of
increased implied collusion. Furthermore it should be noted that if both firms hold constant
market shares conjectures, the outcome will be identical to the outcome of the cooperative
joint profit maximizing game if the demand functions satisfy Slutsky symmetry, ie. if
op,,/dq;, = dp,; /dq,,. Slutsky symmetry is trivially satisfied with homogeneous goods.
In general conjectures could be constructed and combined in any conceivable way, but
they are best interpreted "as if:" under the assumption that both? players hold competitive
conjectures, the model produces an outcome as if there were a reason for the players to end
up in competitive equilibrium. Given a small number of players, this may not be a natural
assumption, but it serves as an illustration just as an Edgeworth box can be used to illustrate
a competitive equilibrium of an exchange economy. In a one shot game, the natural
assumption is Nash conjectures and that amounts to Bertrand conjectures if both firms are
price setters or to Cournot conjectures if they are quantity setters. There is reason to be
particularly wary of using combinations of conjectures, e.g. one player holding Cournot
conjectures and the other consistent conjectures (¢f. later), this leading to the Stackelberg
outcome, since it forces a fundamentally sequential play into the strait-jacket of a
simultaneous move game. Finally, constant market shares conjectures are not nice either, since
we want to model an inherently non-cooperative environment and the story needed to achieve
cooperation would invoive infinitely repeated play - at odds with the assumption that there

* Read: all players in the n-person game.
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are only two periods. Having said this, we continue using conjectural variatiohs;“-without
further excuses but limit all interpretations to the four cases mentioned above where we can
postulate that the model works "as if" and where we can use well developed intuition.’

These are the basic game theoretical settings. We will generally assume that the
decision process of the firm can be described in the following way: In J;)erlod 1 firm i decides
on how much to produce in this period, i.e. on x;;, and on how much to“sell in this period,
i.e. on g;;, or equivalently, on how much to store for sale in the next perjod, j.¢. s;;. These
decisions then become common knowledge. In period 2, the onf ;lemsmn to’ ifnake is how
much to produce, since the inventories carried over from period fa’?e gnvén In each period
decisions are taken simultaneously. For behaviour to be subgame perfect, the game should be
solved backwards thereby ensuring that the second period solution is consistent with any first
- period outcome. The next section thus solves the sales game of period 2.

1.2 The Period-2 Sales Game
The probiem that firm 1, say, faces in period 2 is a purely static one:

Max m, 2( X1, 2’x2 25,05, 1) (22)

{x, ,}
where x,, denotes firm 1°s beliefs with respect to the output of firm 2. The perceived first

order condition is

o, _ |l 9P . 3p,, 445,
0x,,  \9q,, 94, dq,

(23)

X, * S),:) =P " ¢, =0

In the case of an interior solution, sales increase with production at the margin so dg,,/dx;,
= 1 and (23) can be written

Jx d d
L2 _ pI,2 + PI,Z v]'z ('x].z + SJ,I) - pT,Z - CI,Z = 0 .
dx, , daq,, aq,,

(24)

To the contrary, in the case of a corner solution dg;,/dx;, = 0 and

° Note, however, that there is a conceptual difference between the empirical use of
conjectural variations to measure the degree of imperfect competition in an industry and the
theoretical use of the concept to model beliefs. See Tirole (1989) pp. 244-245 and Bresnahan
(1987).
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=g, <0, (25)

1,2

dx

since increased production only increases variable costs, not sales revenue. The profit
maximizing production is then zero and the perceived profit maxzimigji‘,pg, decision is to sell
out of inventory alone. The corner solution obtains when, Vx',,'% >0,

) . _ e - ,_1,5, ., ) N
pz,z(sr,v QZ,Z)SI,; FI,Z > nz,z(xf,zi X7,z Stﬁ;”‘;’,&z;: L
H P

This can happen if the firm’s own level of inventory is very high, if the sales of the other
firm is expected to be very high or if marginal costs are very high. Without further specifi-

(26)

cation of the demand and cost functions we cannot say anything precise about the intervals
for which the corner solution obtains.

Arvan (1985) shows that in a Cournot duopoly of identical firms producing a
homogeneous good and facing a strictly concave inverse demand function, an upper level of
inventories exists such that for all levels of inventory above this level, sales are equal to
inventory and production thus zero.’

Here we concentrate on the case of interior solutions for both firms. The second order
condition for firm 1 then is

azn"z =aq,,+b v <0 where (27)
3 1,2 n2Y12 ’
0x; ,
-2 ap 1.2 ap 12 / a’p 1,2 d°p 12 ap;,9v,, (28)
a,, = * Vio =~ €2 T 4, 3 + Vi, ™
9 9, 8q,, 04;; aq 1,26 43 04,, d 42
and
b = ap 12, &°p 2, azpi.z _ op,, 9v,, (29)
1.2 12 1,2 :
aq,, d q:,za 932 d qi 5 d 4, a 9

Observe that a; , is the first partial derivative of the perceived marginal profit function w.r.t.
q; (x,,) and b, , similarly the first partial derivative w.r.t. g,, (x,,). The slope of the "best

¢ Arvan (1985) also shows that an even higher level exists such that for all levels above
this level it does not even pay to sell the whole inventory. Since we assume that the demand
functions are known and that producing and holding inventory are costly activities this cannot
maximize profit. We therefore disregard it.
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A

response function” or reaction curve of firm 1 is then given by

r,.= ~_12 | ‘ (30)

Of course, firm 2’s behaviour can be described by a set of equations like {27 29). Consistent
conjectures can now be defined as v,, = r;, and v;, = r,,. Note- that here "consmtency is
meant in terms of an untold dynamic story about how cquﬁ:bnupj 1% achlé:ved ,}In terms of
a one shot game, only Nash conjectures (i.e. Bertrand or Copfgpi) are, consistent and
consistency is indeed the main virtue of Nash conjectures. Inconsistency 1s seen only from
‘the point of view of the untold dynamic process.’ |
| In the case of homogeneous goods and linear demand that we are going to investigate
in Section 2, it can be shown that -1 < r, , < 0 for both Cournot and Bertrand/Competitive
‘conjectures.

Now, totally differentiating the first order conditions (24) we get the following set of
equations:
12y - 1,2 * cf/,Z b},z = (3])
b 2 @ ? b, - !

where dx, , = (dx, 2dx, 5 T and ds,, = (ds dsz_f)T. The solution is

L

I
1 a1, T4 262, 2 ) (32)

.2 ?‘2 2(12 ZC]’Z 01.262,2

where E is the 2x2 identity matrix and D, , is the determinant of the left-hand side matrix
in (31). Stability conditions imply that a,, < 0 and D, , > 0 (see again Dixit (1986)). The
diagonal elements of the matrix in (32) will therefore be negative. If b;, < 0, the off-diagonal
elements will be positive and the reaction functions downward sloping (this is the "normal”
case with Cournot conjectures, cfr. later).

Interpreting (32) is straightforward. An increase in the inventory level of, say, firm 1
by one unit leaving firm 2’s inventory constant (i.e. ds, =1 and ds,,=0), ceteris paribus
decreases the production of firm 1 by one unit because of the identity

7 A serious discussion of this interesting problem will take us too far from the main
argument as it would involve (i) the literature on consistent conjectures (e.g. Breshnahan
(1981) and Ulph (1983)), (ii) the literature on quantity vs. price competition (e.g. Kreps and
Scheinkman (1983), Kiemperer and Meyer (1986) and Benoit and Krishna (1987)) and at the
limit; (iii) the literature on equilibrium selection (e.g. Harsanyi and Selten (1988)).
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dq,, = dx, - ds

[Y

The second term of dx;, , /ds,, can be written

/
[ g
IS (34)
(am + b :

12722 ,

This term arises because inventory does not imply mcreaseﬁ/ élargmaif cost since inventory
costs are sunk in period 2, whereas production does. Note the similarity between the denomi-
nator in this expression and the second order condition (27). The denominator expresses the
change in marginal profits as a result of a change in sales under consistent conjectures. The

inverse of this multiplied by the second order derivative of the cost function, c;_ ,, then

expresses the change in the profit maximizing sales in equilibrium given that output is
lowered by one unit. This effect modifies the direct effect. In this sense, the derivative

dx. ’
xl,z -7 - Ci2 > -7 .i,j =1,2 i;.gj’ (35)
d_gi a.+ b r

i2 62,2

shows that the relative advantage of additional inventories lies in second order gains seen
from a period 2 perspective.
The effect on firm j’s output of a change in firm i’s stock is seen to be

B o Ttz (36)
ds. b r. »? ds.

iT i,2" j,2 i1

This will be negative in the case of a downward sloping reaction function (b,, < 0). The story
is much the same. We do not, of course, get the direct effect, but only the indirect effect via
the change in the sales of the goods of firm 1.

As to the effect on prices, it follows directly that

dpi,z - op;, .y op,, _cif2

’ Lj=1,2im]. (37
ds, ag,, “oq,)a,* b,

il i2 52712

In general we cannot say anything about the sign. In the homogeneous good case we see that
if r;; > -1, the effect will have the expected negative sign. In the homogeneous good case
with linear demand, the effect on the price is thus negative for both Cournot and
Bertrand/competitive conjectures.

The next section explores the comparative statics of inventories in the homogeneous
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good case under the assumptions of well-behaved Cournot reaction functions. i

1.3 The Period-2 Game: Nash and Stackelberg Solutions

Consider the case of a homogeneous good, ie (3) and (4)’2‘“"'2’1‘[)!%7{'3!"5 A sufficient

condition for the existence (and stab1]1ty) of a unique Cournot equxhbrlum s that the inverse

demand function be strictly concave,® i.e. A ds N

f“gif:‘# /9

r
&

82
Pz oy, ’ (38)

aQ'-Z,;z

~If the two firms are identica) with zero inventories, the Cournot-Nash equilibrium has v,, =
- 0 for i = 1,2, and the situation can be characterized by

d 87
a, = 2 P2 + X, P.: -c,<0
” aq-z ’ aq:?z |
3 32 (39)
b, = Pz qsz‘—:;’i <0
' aq-,l ’ aq.,z

O>r_ > -1
iz

Reaction functions are thus well behaved and the unique Nash-Cournot equilibrium can be
found as the intersection (N) of the two best response functions in Figure 1.

A Stackelberg equilibrium obtains in the case where the market behaves as if e.g. firm
1 has consistent conjectures (v;, = r,,) and firm 2 has Cournot conjectures (v,, = 0). This
Stackelberg equilibrium is point S, in Figure 1. The Stackelberg leader earns higher and the
follower lower profits in §, compared to N.

Now, assume that for some reason which is exogenous to the game, only firm 1 has
the opportunity of carrying inventories. It can use this to shift its reaction curve to the right

fromR,,to R ,/, » thereby obtaining the Stackelberg outcome, S, as the Nash equilibrium. This

is certainly profit maximizing in the second period subgame given that costs of producing and
carrying inventory are sunk. Whether it will be profit maximizing in the overall game depends
on whether the discounted increased second period profit is greater than or equal to the extra

¥ To be more precise, the sufficient condition is that the inverse demand function is
strictly positive on an interval (0,X) on which it is twice continuously differentiable, strictly
decreasing and concave, and that p, = 0 elsewhere. See Saloner (1987) p. 184.
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- TE,

Figure 1 Nash and Stackelberg Equilibria (N and §;)
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cost incurred in the first period to which we now turn.

1.4 The Period-1 Game: the General Case

The result of Section 1.2 was basically that in period-2 equilibrium, the optimized profits (the
value functions) were seen to be a function of the two commonly known inventory levels, ie.

JI:;.2 u!,z(sl.f’ Sz,r) (40)

nZ,Z(SI, 1? SZ, 1‘) )

Tz, 2

We assume that an interior solution exists for any inventory vector (s, ;,5;;) that may
result from the first period game. This may sound a bit heroic, and we shall discuss the
assumption in Section 1.5. The reader will not have difficulties in verifying that a unit change
in the inventory of firm 1 will affect its second period profit by
In period 1 the firms have to maximize overall profits by a simultaneous choice of production
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a2'2 B
(r2,2 - v1,2) D Crz ™ €y . (41)

and inventories:

n
1, 1,1 bt Vs o ) { , (42)
{5, %, 1} et A
| A .
. ‘“An interior solution will, if it exists, have to satisfy the first order "bbnditioﬁs
aﬂ:]}_ - 63121,1 _ 51 d.TL'I,z -0 (43)
ds, , as, , ds‘,,]
am ks
and he= Mg (44)
ax, , 99, ,

““A similar set of equations exists for firm 2, and the subgame perfect equilibrium of T is fully

characterized by the set of strategies ((ql‘,,,s,‘,, ) » (g3,;,5; ;) that simultaneously solve this

_system, provided that the second order conditions are satisfied:

d°m
2’, a4t v)',]b],] - CI/,I <0 (43)
dx; ,
2 2
o =a v, .b i 6dx”<0 (46)
3 L1 INLSW 11 1 ;
where
- Zapi,l . ap,, . azpl,] . azpt,,r _ op,; v, (47)
a1 = 3 ) Ve T 4, > 3 3 Vi1 3 3
q;, q;,; dq; ; q;,94;,; 4 949,
and
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ap, . q azpm . ap,, 9v,, (48)
L )
aq, 9q,,94, dq,, 9q,,

L1

Note that fulfilled second period second order conditions (27) help. fulfil (46).
Subtracting the first order condition for s, , from that for g, , we get a condition that
the solution must satisfy: A B

(49)

This equation shows the strategic effect of inventories: if the only purpose of inventories were
to minimize overall costs, the condition would be that discounted marginal costs be equalized,
or equivalently, that the left hand side of (49) be equal to zero.

Assuming stability conditions satisfied, this strategic term is seen to be positive only
if (r,; - v;y) > 0, ie if v;, < r,,. But in general the term can have either sign. Under
consistent conjectures, strategic considerations regarding inventories have zero effect since
the firm can correctly manipulate the rival’s sales using output from the second period. In this
sense, the strategic stocks are seen to be based on inconsistent conjectures when these are
deemed inconsistent with an unspecified dynamic process. However in a one shot situation
it is perfectly legitimate for conjectures to be inconsistent. In general the term is therefore
different from zero and is seen to depend on the curvature of the second period cost function,

/ . - / . s - . .
¢; ;- In fact, with constant marginal costs, c;, » = 0, the strategic incentive to make inventories
deviate from S ceases to exist.

—t

We now turn to different special cases found in the literature in order to shed light on
different aspects of the model.

1.5 Special Cases: A Survey of the Literature

Almost all studies of inventory in two period, two firm models under certainty can be
seen as special cases of the model put forth in the preceding sections. We briefly review them
and comment on them. As it turns out, the bulk of the studies assume Cournot behaviour.

Arvan (1985) provides in many ways the most complete and the most general study
of dynamic Cournot duopoly with inventory. His focus is, contrary to ours, on the corner
solutions in the second period game. As a result of the existence of corner solutions, the Nash
value functions (i.e. (39) with v, ; = v,, = 0) need not be concave in the inventories, but will
typically experience a discontinuity for certain levels of s,; and s,,. In this case, the first
order conditions of the second period are not fulfilled, and the use of (40} in (42) is not valid.
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. Arvan next considers the case of entirely symmetric firms with identical éost and
demand functions in the two periods. In the case of constant marginal costs he then argues
for non-existence of equilibrium in a symmetric model with inventories:’

"If there were a symmetric equilibrium where both firms carried inventory from the first period to
the second, then both firms would be using inventory to act as a leader! This igshots ‘;)OSSLbie when
the firms do not produce in the second period, either when inventory is exhiustéd” “of when it is
redundant. It is also not possible when there is production in the second penod since marginai cost
is constant. This rules out symmetric equilibrium with inventory." (Arvgn (1985) p "574‘)(”

. A 1;5 "o,
“'This citation deserves a remark: We saw in Section 1.3 and Figure ¥ that If,;'for some reason,

“only one of the firms were able to carry stocks from the first to the second period, it would
1se this opportunity to act as a leader. We also wondered whether this would be profitable
“in the overall game. In Arvan’s model nothing prevents both firms from trying to act as
leaders. However we also know that if marginal costs are constant, the strategic motive for

" holding inventories vanishes. Indeed if cf, 2 =0,8,=1and ¢, = c,, it follows from (45-48)
that i,=0, but (13) then implies that s, ,=0 or that inventory does not deviate from S . So with

constant marginal costs there will be no strategic inventories.
We therefore need cost functions to be convex. Arvan conjectures that

"[i]n this case it is conceivable that symmetric equilibrium exists where both firms utilize inventory
and also produce in period 2. For such an outcome to occur, costs must be sufficiently convex ...
that there are ampie leadership opportunities to cover storage cost” (Arvan (1985} p. 574, footnote
7).

We have shown that with with convex costs and ‘inconsistent conjectures' his conjecture is
true and that it generalizes: with competitive, Bertrand and Cournot business environments
symmetric firms hold strategic inventories. We provide examples in Section 2.

Two other studies, Saloner (1987) and Allaz (1991), both assume Cournot conjectures
and that sales do not take place in the first period. The focal points of the two studies are,
however, widely different.

Saloner (1987) shows that under assumptions that normally lead to uniqueness of
equilibrium, the existence of two production periods where first period productions become
common knowledge in between the two periods leads to a continuum of possible equilibria.
Saloner uses a parable, the origin of which is attributed to J.W. Friedman: Two competing
fishermen go out in their boats and bring their catches back to the shore. There they observe
the catch of their rival, and are allowed to go on another fishing trip before the market opens.
Saloner does not use the term "inventory", but one would hope that first-period fish are stored
in a cool place until the market opens! Storage costs are assumed zero and marginal cost

* In our model this should read "with deviations from S ."
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constant. The inverse demand is assumed to satisfy all conditions for unique and’stable single
period Cournot equilibrium to occur.

Under these conditions, the fact that first period productions become common
knowledge is shown to imply that any point on the outer envelope of the reaction functions
between (and including) the two lowest Stackelberg equilibria may be a subgame perfect Nash
equilibrium. Nothing more specific can be said. The range of pos?slb!é ‘eluilibria is illustrated
in Figure 2. v, F},

T

Figure 2 A Continuum of Equilipﬁf%' 3

T P

P
3

Allaz (1991) studies a model where each firm has two decision variables in the first
period: futures and inventories. Futures are shown to serve a strategic purpose much in the
same way as do inventories. Thus even under perfect foresight, firms could take positions on
the futures markets in order to affect the outcome of the sales game in the second period.
Furthermore it is shown that if futures trading is costless, strategic behaviour will be carried
out using futures whilst cost minimization is achieved by means of inventories.

A study which is somewhat more remotely related to ours is that of Saloner (1986).
In fact, in a certain sense, it turns our model on the head. Production only takes place in the
first period, but sales can take place in both periods. The price in the second period is,
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)

however, determined by technical terms (obsolescence) and treated as a paranie}ter. The
assumption is that the firms can sell whatever they like at this technical price. The decisions
of the first period are assumed to be made sequentially: Initially firms choose outputs, which
then become common knowledge. Thereafter the sales decisions are made.

The model exhibits two interesting features: First, since the discounted second period

price net of inventory cost is assumed to be less than (constant) margm;l ‘cist, supply of an
additional unit for sale in the first period for a given level of prodpctlon is, less, ost]y”’ than
an additional unit of production. For a given production this allow&ahy flrms to’ pursue a more
aggresive strategy on the market, thereby shoving the reaction funélém out’yards. This more
aggressive reaction function however experiences a kink at the actual ‘production. The
subgame perfect Nash equilibrium is the same as the equilibrium of the one shot game with
the important qualification that conjectures are locally consistent which one may find a nice
feature of the model. On the other hand, equilibrium inventories are zero so the only effect
" of introducing them as a strategic decision variable is to render conjectures consistent.
: Second, it is shown that if one firm has a first mover advantage at the production
stage, it will not achieve the Stackelberg equilibrium because it cannot commit itself to sell
everything it produced in the first period. Instead it will end up at a point between the Nash
and the Stackelberg equilibrium, with the Stackelberg equilibrium arising at the limit, when
storage costs are prohibitive or when the decline in the price due to obsolescence is very
large. Storage costs thus provide a commitment not to hold inventory, but rather to sell what
it produced. This is a problem of time consistency: Producing the Stackeiberg output does not
commit the firm to actually sell it. If it reoptimizes it will sell less depending on the storage
costs.

The cooperative study provided by Rotemberg and Saloner (1985) deserves a
comment. Recall that if both firms share constant market shares conjectures and if Slutsky
symmetry is satisfied, then the outcome will be collusive in the sense that joint profit will be
‘maximized. In this sense, our model also encompasses the cooperative case. Rotemberg and
Saloner see inventories as a means of punishing a deviator from a collusive understanding in
a repeated game setting. The problem is to sustain collusion in the first place by threatening
to revert to Cournot behaviour if the rival deviates. Again, inventories allow firms to employ
a more aggressive strategy since costs are sunk, thus making the threat more credible. On the
other hand, the higher the inventory, the higher is also the firms own incentive to cheat on
the rival. The incentive constraints then imply two critical values of inventory: if the level of
inventory falls between these two values, collusion can be sustained. If it falls outside the
range, there is an incentive to deviate.

3
i ' In terms of opportunity costs.
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2. Two Period Linear-Quadratic Oligopoly with Stocks

In this section, a closed form of the strategic stocks is found for an n-firm oligopoly.
We parametrize the model by postulating homogeneous goods, linear demand and quadratic
cost functions. By setting n = 2, an example of the general model.of, Sectlon 1 is achieved.
The Cournot, Bertrand/competitive and cooperative equilibrium stocks are calculated in a
closed form. I show how stocks vary with the level and the’ S]ope of tdcmg«nd the cost of
storage, the number of firms and the concavity of the cost funlgfi;pg

)

EH i

2.1 The Parametrized n-person Model

I retain the notation of Section 1 with suitable extension of the definitions to a general
oligopoly. The set of players is N = {1,2, ..., n}. The inverse demand function is the same in
both periods and linear in total sales:

p.,=0o-fq, withqg, = 3g,. (50)

YieN

Cost functions are identical across all firms and periods and quadratic in current production:
I 2
L =X, Y >0 (51)
Storage costs are linear in the amount stored and identical across firms:"

I, = I,‘sl.,]| . (52)

Discounting is ignored: §, = 1 for all { in N. We thus have a completely symmetric oligopoly
with profit functions:

W =P9 ~ Ci,; = Ii,r

ni,«? = po,zqi,z - C.',z ViEN (53)

'' This formulation is an approximation of (12-14). The second derivative is zero and
though continuous, the function is not differentiable at 5; ;, = 0, so care has to be taken to use
the right derivative around zero. Alternatively on can think of the formulation as one in which
S, = 0, for all i, in which case (52) is just a linear storage cost curve.
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2.2 Cournot Conjectures"
The Period-2 Sales game:

The first order conditions can be written

o (54)
o :
A g i g xﬁ:

“where M i1s an nxn matrix with 2’s in the diagonal and 1’s elset%’éffé; I'4s an nx1 vector
- ¥ #

al - (M + yE)X, , 2

- BMS,

:-'of I’s and E is the nxn identity matrix. X, , and §, , are the nx] vectors of x;,’s and s,,’s
'-f.fespcctively. Let A= @B -v(B +y + fBn). (BM + )" is then an nxn matrix with

Ay * fr)/A in the diagonal and -f/A off the diagonal. Manipulating the first order
* conditions leads to the following period-2 production decisions:

@ - ﬁ s —ﬁs

xi2= i7 o] (55)
c pn=D) sy By A

from which it is seen that an increase in own stocks decreases period-2 production at least
twice as much as an increase in rivals’ stocks:

Wir _ BB +27) Pz BV ey (56)
ds, , A dsj,] A

Substituting (55) into the profit function (53) and taking the derivative with respect to the

firms own decision variable, s,

,s» the marginal unit of inventories is seen to affect optimal

second period profits by

dm.
2 = LBy 280~ BB~y (n~1)+2Bn)s,, G7)
1,1

= BL(B-Y)(1 +ny)-(y~fn)(1 +nf3)]Sa,:] :
The Period-1 Production and Storage Game:

Subtracting the first order condition for s;, from that for g;, we get an expression
similar to (49) that can be rearranged to yield

> The duopoly model with Cournot conjectures, linear demand and quadratic costs
provides the basis for the model in Chapter 2.
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A

dn; ,
dsi, 1

x, =21 (58)
oy

1 .
_ L] = _y_[,uua THS MRS v,

where ¢, u, and u, are the respective coefficients to @, s, , andss #:in (57). Plugging this
: X S

I
expression into the first order condition for x,, and rearranging gives an equation in the s;,’s:

¥ 1

FE

4
v
MO - frv = mys,, - nfsi,:'"/j;’}’fé,{;&’, (59)
.r‘"' ’

where the n’s are the resulting coefficients:

B(n + 1) +yu, - ¥
By -w - B (60)
n, =By - oy, P (n+ Du,

Na
";

The » equations (59) define a system in the s,’s similar to (54):
m,a - Bnyl = Ms, , (61)

where M is an nxn matrix with 1, + m, on the diagonal and 7, off the diagonal. M isannxn
+(n - In. ' -1,

n. - ), on the diagonal and 0

_ Tl.("'].* ”7],-) TI-(T‘- * n'l’][.)
solution to (61) is readily found to be

matrix with off the diagonal. The

. n,o - fm
S ¥ — m
T, t nm, (62)
_é v(y + 2B)(y -~ nf)a - nfAc Yi € N,
i =
where
0<E=1 - (63)

Yi(n+1)+ny (B+y+Br)l(B~y)*~Py(n-1)-26%n} - B(Br~y (B+y)(1 +yn) ~(y+Pn)(1 —ﬁn))] :

Note that the first part of (62) could be found directly from (59) by postulating that since the
oligopoly is completely symmetric, we must have S.; TS, m, ViEN. The strategic stocks

are seen to depend positively on the demand intercept:
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ds; - Ay(y « Bty - 28) 0 (64)
dao o s

- and negatively on the cost of storage:

‘ A
ds; ; _ P’ < 0. Lo “
" ) //"T;( 4 { | ’f
/J; j’if @ y
N £

23 Bertrand or Competitive Conjectures

The Period-2 Sales Game:

The firms’ production is optimal when price equals marginal cost or

VX, = P, (66)

so total supply is

g, =np., N - s, (67)

Whilst demand is found by inverting the inverse demand curve (50). The market clearing price
is"then

Ly & B (68)

which depends negatively on stocks. Interpreted as Bertrand price setting this means that the
behavmur will be more aggressive and competition fiercer since the cost of producing
mventones is sunk (as is the cost of storage). In other words, the marginal cost of supplying
a unit from inventories is zero. Interpreted as competitive behaviour according to which the
firms supposedly are price takers, (68) in principle just gives the market clearing price but
in the period before they know that they can affect prices through inventories. This is
- somewhat paradoxical and one may therefore favour the Bertrand explanation, in which case
(68) is the subgame perfect price.
Equilibrium profits depend on stocks as follows:

dn.
we _ Y . B _ _ 69
= —— [(1 - ﬁn) o - fis, ) f)‘sl. ,} . (69)

iHi

The derivative is positive in symmetric equilibrium unless firms’ inventories are very large
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s

compared to demand in which case a corner solution obtains anyway." Noté that the
derivative (69) goes to zero as the number of players goes to infinity: In perfect competition
where players form an atomistic supply side, there is no scope for strategic stocks.

e =
P
I R

The Period-1 Production and Storage Game:
-/‘{v ;o 7
The first order conditions for period 1 require that the rﬁ;g‘t‘fgjig,al cost of storage should
.
equal the marginal gain from inventories or v = dnm;,/ds, . Trom this we get optimal

inventories:

_ 10y - B - Diyo -y + pafy (70)
VB iy - B(n - Din - (v - Bn)

that again depend positively on demand (o) and negatively on the marginal cost of storage

(1)

2.4 Cooperation

If the firms cooperate they will not hold inventories in our model: s, = 0. This is

so since demand and cost functions are the same in the two periods and since storage is a
costly undertaking. Everybody' is better off not engaging in the costly and unproductive
storage activity. This result highlights two important points: First, if the firms are involved
in Cournot or Bertrand competition then the possibility of carrying stocks leads to lower
profits than if storage were not possible. The strategic weapon cannot be ignored once it is
there and so competition gets fiercer than would otherwise be the case leading to a prisoners’
dilemma and an inferior equilibrium. Second, in the cooperative equilibrium of Rotemberg
and Saloner’s (1985) repeated game (cf. Section 1.5), inventory is held in order to make the
threat fiercer. This effect is lost in our simple two period model where cooperative behaviour
is imposed exogenously on the model. In other words, our model does not explain how
cooperation comes about.

" To be precise: if 5, , < noy -pm -1 _a (1 - M) Vi € N, then
’ Byn-1) -fin B Yy -8

the derivative (69) is positive, but in the converse case prices are negative.
' j.e. among producers - not among consumers!
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3. Conclusion

We set up a fairly general model of two period duopoly and showed how inventories
can serve a strategic purpose. With Bertrand or Cournout conjectures, inventories provide a
vehicle for committing to sell more in the second period. This renders comgetmon fiercer and
in the end the rivals end up in a suboptimal equilibrium as in the prisoriers" dilemma. The
strategic effect of inventories depends crucially on three factors:

, b

. . . o ¥ .

1) convexity of the production cost function; ¢ tju W i
220
2) the cost of storage; o ,

3) the competitive regime as expressed by the conjectures.
We discussed four different such regimes: Competition, Bertrand price setting, Cournot
quantity setting and Cooperation.

We then proceeded to give a closed form example of strategic inventories in a
. parametrized model with linear, homogeneous demand and quadratic cost functions. Whiie
 this set-up is more special, the model was rendered more general by treating an n-firm
oligopoly rather than only duopoly. We found strategic inventories to be a linear function of
_ the level of demand and of the unit cost of storage, and in addition to depend on the number
of firms, the slope of the demand function and the convexity of the cost function. This applies
-~ to both Bertrand (competitive) price setting and to Cournot quantity setting. A cooperative
" ~oligopoly would avoid the cost of storage and not keep inventories for strategic purposes.
. In the parametrized model with identical cost and demand functions in the two periods,
the only reason to hold inventories is strategic. This therefore nicely iliustrates that it is a

costly option for non-cooperative rivals but also an option that they cannot afford to ignore
once it is there. Cooperative players will ignore it.
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CHAPTER 2:

Oil Futures and Strategic Stocks at Sea
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ABSTRACT: A theoretical model explaining the determination of prices in the markets for
North Sea crude oil is set up. Three markets are analysed in a three-stage game in which
market concentration increases by each stage: In. the first stage, the International Petroleum
Exchange is modeled as a thick futures market. This market is also used to hedge against the
uncertain outcome of the 15-Day forward market, modeled in the second stage. There, a small
club of traders enter futures contracts knowing that this will affect the storage decision and
thereby the spot price profile. The third stage models the spot-market as a two-period duopoly
with inventories. The strategic effect of, and interaction between, inventories and futures
positions is investigated.
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0. Introduction ;,

In his The World Price of Oil (1976), Henk Houthakker wondered why there existed
no futures market for oil. Qil is a relatively standardized rcommodity that is stored under the
ground or the sea by Mother Nature and storable above the ground and _»@t §pa A standardized

- futures contract is easy to design. Let us quote (p. 2):

"For oil, there has been nothing like the Chicago wheat market, where piF are set daily ﬁy the
offers of producers and the bids of consumers, with considerable partlci nén y mgr«chants and
speculators,

Why does petroleum lack such a central market? In common with most cornmodities that
are traded on futures markets, petroleum is storable. While not as homogeneous as copper, it is not
more heterogeneous than wheat, and a serviceable standard contract would not be hard to design.
Although transportation costs are relatively more important than for most centrally iraded
commodities, this would not seem an insuperable obstacle either. Perhaps the main reason for the
failure of a central market is that for many years the industry has been dominated by integrated
companies that handle oil from the well to the gasoline pump. Merchants, brokers, and other
intermediaries are relatively unimportant; as a result, arm’s length transactions have traditionally
been less prevalent in petroleum than in many other raw materials. The significance of this point
is that the integrated companies appear to be losing much of their control over crude oil, so that
arm’s-length transactions will become more common. In due course, an central market may
emerge.”

: In the eighties, Houthakker’s forecast became reality. In the US, the Nymex crude oil
‘contract for West Texas Intermediate (WTI) was successfully launched in 1983, as a result
-of the increased volatility of oil after the Iranian revolution. In the meantime, North Sea oil
was discovered. The need for "forward” trading of Brent oil was felt for the same reason and
“led (around 1986) to a standardized contract for Brent crude oil, on what began to be called
'_._the "Brent 15-Day market". Initially, the pairwise contracts were "forward" in the strict sense
cof the word, that is, the particular seller had to deliver to his particular trading partner.
. Gradually, this market developed into a futures market, that is, a market where a large
.proportion of the trade was for hedging and speculation purposes only. On top of it, the
-International Petroleum Exchange (IPE) launched - with mixed success - a classic crude oil
futures contract’, copied from the Nymex contract, in 1983. Today, two futures markets for
Brent crude exist on top of each other: the 15-Day and the IPE. The latter has a centralized
open outcry exchange, a clearing house and a growing number of participants, including the
-majors, oil traders and locals. The Brent 15-Day market, to the contrary, is in the hands of
a club of producers and traders.

The emergence of these markets motivates the present chapter, which tries to
simultaneously model the oligopolistic interplay of the majors who produce North Sea oil, for
whom stocks at sea have a strategic role, and the presence of two futures markets for Brent
crude on which these majors are also in a strategic situation, given their size and small

! Its modifications are described in Phlips (1992).
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number. To put is simply, this paper is an attempt to combine the modelling of strategic
stocks from Chapter 1 with an effort to give a game-theoretic explanation of how two futures
markets for the same natural resource work when the corresponding spot market is controlied
by a few producers. The basic approach is the one developed by Phlips and Harstad (1990
and 1991). -

We confine the analysis to the minimum oligopoly model that allows for strategic
interaction between suppliers, that is, a duopoly. The gam?pr;)ceeqs in ,ﬁt}]ree stages. In the
first stage, the producers meet with an anonymous futur{':éf:" arket, which is supposed to
mimic the characteristics of the IPE. Having determined thé,ﬁﬁﬁresiﬁriée and positions, we
mode] the 15-Day market as the second-stage subgame, where oil companies trade bilateral
futures contracts among themselves and with a speculator. These 15-Day contracts will
depend on the positions already taken on the IPE. In the third stage, the companies then play
a two-period extraction game. They each have a known total to extract over the two periods,
but can use stocks of crude oil at sea and the extraction profile to manipulate prices so as to
render their IPE and 15-Day positions more profitable. This comes about because the maturity
futures price 1s taken to be the second-period spot price.

Time plays a role only in the two periods, 1 and 2, of the extraction game of the third
stage. The two previous stages modelling the two futures markets allow the producers to
precommit themselves to certain sales {(or purchases) in the second period of the third stage.
One can imagine that the IPE (in the first stage) opens and closes in period -0 leaving enough
time for the producers to sell or buy IPE futures as they wish. When the IPE has closed, in
period +0 the three market participants agree on their 15-Day contracts (in the second stage).
When the 15-Day market closes, the extraction game of the third stage takes place. At this
stage, the two producers decide on the optimal extraction, sales and storage profiles over the
two periods. Only after this third stage will the stochastic demand be revealed and it is in this
sense that time does not play a role in stages one and two modelling the futures markets: No
relevant information is revealed during or between these two stages. This assumption allows
us to focus on the strategic and speculative motives of futures market trading. We shall return
to the interpretation of time in relation to the real world markets in section seven.

The rest of the chapter is organized as follows: Section 1 introduces the necessary
notation for the spot market, which is described as a fairly traditional duopoly extracting an
exhaustible resource. Everything is kept nicely linear or quadratic but the results carry through
if these assumptions are substituted by appropriate convexity conditions. The following four
sections then unravel the game backwards. Section 2 solves the Cournot duopoly for the
extraction game. The production schedule is unaffected by the futures markets while the sales
depend on the net position taken by the producers on the two futures markets. To close this
gap, inventories must necessarily depend on these same net positions. Section 3 analyses the
strategic use of stocks by changing the basic model of the spot market slightly so as to
highlight the strategic effect of holding inventories. These strategic inventories are also found
to depend on the futures positions as well as on the producers’ beliefs regarding the future
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spot price. Section 4 then recedes to the second stage, modelling the 15-Day market.The set
of contracts that are mutually beneficial to the market participants (i.e. the (bilateral) core)
is characterized. This will be a large set depending on price expectations and the futures
positions taken on the IPE. Section 5 takes us back to the first stage where the producers’
optimal positions on the IPE are modelled. Given the potential multiphclty of outcomes of
the imperfectly organized 15-Day market, the IPE serves as a vehlcle fot “the producers to
speculate and hedge not only against the uncertainty on the spot market byt alsg, against the

4 N
ﬁiff W

T £

non- -uniqueness of the 15-Day market.

. Setting the Stage: Duopoly, Storage and Futures

Since the play of all three stages focuses on the cash market we shall begin our story

-there Two companies, A and B, supply a homogeneous product, crude oil, to a spot market.
'Extraction takes place in two periods, 1 and 2, but each extractor (i=A,B} has a known

‘maximum x,.” First-period production can however be stored in tankers rather than being
sold immediately.

_ Let the first (alphabetical) subscript refer to the companies and the second (numeric)
to the period. ¢ denotes sales and x production. We impose the constraints

QG " Gy T Xy Xy =%, i=AB (1)

that is, for i = A,B
S, =X T4, @)
9z = Xip * Sp )

so that the tankers have to be delivered in the second period.
_ Production and storage are not costless activities. We assume that production costs,
C, are convex and, for simplicity, that they are quadratic in the number of barrels pumped:

% In the North Sea, the maximum production of Brent blend is approximately 21 million
barrels per-month for technical reasons. Each producer is entitled to a certain predetermined
fraction of this according to ownership and participation. Thus, the maximum production is
for this reason given in the short run. What determines capacity in the long run is a different
matter which will not be pursued here.
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C. = -é—C,x.-z. (i=AB; t=12). 4)

The cost of storage, I, is taken to be linear in the number of barrels stored,

L’ = jSi (i = A,B; ]20)3 ' ' K (5)
:ﬂ Fa ) ! s"(
and the profit of company i thus becomes «‘;;,f - i
T
I, = p,g, + P,q, - (C;; —Cy, + 1) ~(B" - p)IN,, (©)

where p, and p, are the spot prices in the two periods and p© and N, are the futures price and
the net position resulting from the two first stages of the game.

To complete the description of the spot market, we propose linear inverse demand
functions® to determine the spot prices:

p, = -bg where g =gq,, q,, t=12, (7)

and where the strength of demand, @, is a stochastic variable which is perceived by the agents

as being distributed normally with unknown mean & and known variance Var(a) = I.

a ~ N(&,1) . (8)
The participants on the futures markets hold different beliefs F(a) on &: they assign
probability one to their own belief (their subjective probability distribution) and probability
zero to the beliefs of the other players. We are thus in a situation of inconsistent prior beliefs

* In earlier papers [Brianza, Phlips and Richard (1990); Phlips and Harstad (1991 and
1990)] the specification g, = o’ - fp, leading to the inverse demand curve

o’ 1

P ¢ ﬁ ﬂqt ?
was chosen. While this gives us a natural interpretation of o’ as the level of demand, the
notational simpler version with o = a/8 and b = 1/8 has been chosen here. The ’strength’
of demand o and the ’level’ of demand o are related through a = ab.
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&

in the sense of Selten (1982).* i
The risk averse producers’ ex ante payoffs are modelled according to the mean-
variance model: -

W, = E(IL) - ~iVar(II ©)
where K; measures constant absolute risk aversion’. "' o fﬁ/
The expected profit is readily found by taking i’s expectat‘;ﬁ%[@f (6) The variance of
.. the profit can be shown to be #
Var(IL) = (x, - N, . (10)

- We shall leave the modelling of the 15-Day market and the IPE for Sections 4 and 5. Here
we follow many a good theatre play and first offer the solution to the final stage in which the
- strategic effects of stocks are highlighted.

2 Stage Three: Cournot Duopoly and the Extraction Game

First note that the variablitiy of profits arises from the unhedged part (x, - N)) of total

extraction. It is unaffected by the time profile of sales or production. In order to decide on
hese time profiles, the companies maximize W, with respect to x,, g, Xz, g, and s, which
amounts to maximizing expected profits subject to the constaints (1-3).

Manipulation of the first order conditions leads to the following extraction schedule:

* It will take us too far from the main argument to discuss the origin of the differences
in beliefs. We take it for an empirical fact that traders act on differences in subjective
probability distributions (agreeing to disagree) even if they hold the same information (which
they thus interpret differently), optimism and pessimism being inexplicable motivations for
trading. Everyday futures and financial markets are crowded with busily trading agents that
share the same information, thereby rejecting any zero-trade theorem. On optimistic and
conservative standards of behaviour, see Greenberg (1990). On rejecting the rational
expectations hypothesis, see Lovell (1986). On informational differences leading to different
positions, see Stein {1987) and p. 27.

5 This follows automatically if the underlying preferences are represented by a utility
function that is exponential in profits and if profits follow the normal distribution. See for
example Newbery and Stiglitz (1981), pp. 74-75. This utility function is used repeatedly in
Chapter 3 and, especially, Chapter 4.
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c, _ 29 — 27 .
x, = .2 X, - J_ = d,x, - = i=A,B (11)
€, * c, ¢, ~ ¢, c, - C, (
c, _ ; _ i .
X, = ! X, -~ 2'] = f)zx, + '—'—-——-2] # ‘«‘t}:r -_;{A)B (] 2)
G TG € TG €, .6 T
. . 4 7
where the first term represents cost smoothing: At A
I,&?éﬂ’f’ it
c c,Xx = Cix g
%, = - N : T3 ;: I zl (13)
C}. + CZ C]x + sz ?crx + _z_czx
1. .2
c C, X Sl
5. = 1 = ! - 2 (14)
e +e c.X ~ C,X Tex? « e x?
I 2 i 2 S6x S6*

The chosen quadratic form of the cost function implies that comparing the total cost of
producing a given quantity, x, in one period to the total cost of producing the same amounts
in both periods is equivalent to comparing the marginal cost, ¢, in this period to the sum of
marginal costs and again equivalent to just comparing increments, ¢, in the marginal cost. At
any rate, (11) has the natural interpretation that the higher the cost of production in the second
period is (the higher §,), the more should be produced in advance in period 1. Vice versa for
second-period production: the higher the cost of first-period production is, relatively speaking,
the more of it should be postponed to the cheaper second period. The second term of (11) and
(12) compares the costliness of storage to that of production. As in Chapter 1, we find that
the higher the cost of storage, the less should be produced in advance and the more should
be postponed to the second period. Note that the optimal extraction policy does not depend
on the futures position taken.
The sales schedule for company A, say, is found to be

1]

q,, = _ExA - _5’71\{1 - ._6_NB + =5 and (15)
1- 1 1 Ij

I A A (19

and its stocks of crude oil can therefore be expressed as®

® Using (2-3), (1) and (15).
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o

oo 1 1 1., )
s, = EAE)xA - §NA - ENB - Ey], where w (17)
¢, - ¢
Ad =29, -9, = : d and S (18)
¢~ LW
1 12 syt A
y=ooe —— gy, (19)
b (¢, +c) . ,

~ That sales depend on the net short futures positions in the manner shown in equations (15-16)
is in perfect concordance with the findings in Phlips and Harstad (1991) (see their equation
| (6)). In addition, we find that sales depend on the term j/b which relates the marginal cost of
storage to the slope of the inverse demand curve, and thus to the marginal revenue of the
operation. We see that higher marginal cost of storage yields lower stocks and thus lower
second-period sales. First-period sales will be correspondingly higher.
The size of inventory holdings is given by (17). The first term shows the cost-
“smoothing purpose of stocks. If ¢, > ¢, so that Ad > 0, a part of second-period sales should
 be produced in the first, less costly period and stored. This operation should take the cost of
| storage into account, as indicated by the fourth term, from which it is seen that higher cost |
_of storage lowers the optimal level of stocks, as should be. The second term of (17) shows
":'that if producer A has precommitted herself by taking a short position on the futures markets
'(NA > 0), then part of this quantity will optimally be met by sales from stocks. If the rival
takes a similar position (N, > 0), this lowers the profitability of the operation, thereby also
'”'!owering the optimal level of stocks for company A. Aggregate stocks (s, + sp) depend
 positively on the aggregate net position (N, + Ny).
Before discussing the strategic use of stocks, let us examine the expected spot prices:

s 1 1.
E(p,)=p+gb(NA+NB)—..§J (20)

| .1 1.
E(pz) =p - ‘gb(NA + NB) - "§] (2])
ﬁgd—%b(iAw*EB). (22)

£ is the price that would be obtained in both periods if the futures markets and the storage
facility did not exist. Net short futures positions (N, > 0) represent a binding commitment to
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furnish the second-period cash market with a certain amount of crude, and to the &xtent that
this amount is already sold at the price p", the companies have a common interest to
manipulate prices by lowering p, (and therefore raising p,).

7Oy

3. The Strategic Use of Stocks D
/ Y/

The strategic use of stocks is in many ways similar to thh‘}@é {;‘y}urgsj positions. Indeed,
by undertaking a larger production in the first period and storing some of it for sale in the
second period, the companies incur the extra cost of production and the cost of storage in the
first period. In the second period these costs are sunk and the supply from stocks is costless.
Stocks therefore represent a credible commitment to raise second-period sales, thereby
offering a potential position as a Stackelberg leader.

In a more general model, the strategic effect of inventories would imply that total
production were increased and that the average price were lower than if storage were
impossible’. The producers are trapped in a suboptimal Nash equilibrium because both are
trying to position themselves as leaders. Most of this strategic effect is so far lost in our
model since the oil companies are required to produce and sell a given total (see (1)). What
is left is the direct effect of storage on prices, whereby higher cost of storage discourages
holding inventories and leads to higher immediate sales.

To illustrate this point we change the model slightly for the sake of this section. It 1s
crucial that the companies be allowed to determine the size of total production. We therefore
abandon the second equality of constraint (1) and only require total production to be sold by
the end of period 2. To keep things simple we also assume that demand only materializes in
the second period, which implies that everything that is produced in the first period is stored:

X, =5, (23)

(24)

The situation is more complicated than before since uncertainty now not only pertains to the
average price that results from a known total production, but involves the determination of
this total itself.

Maximization of W, with respect to x;, results in the following sales for company A:

7 See Allaz (1991) and Chapter 1.
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T

g, = s, + %{b[A(a) < by = BN - KyfsyoNp - Ky, N oo

- (bre, K [Ep() - b(s,*s,) - (b + A)(NA—SA)J}

~where D = (2b + ¢, + K)(2b + ¢, + Kp) - b* > 0, A(q) is the differef;ée:?fﬂ ‘opinion (E,{a) -
~Eg(a)) on &, (sp - s,) is the difference in stock levels and (N - NA)/‘IS S1mllquy tpﬁ difference
n futures positions. (s; - N)) represents the unhedged part of stock%f?p ,,that Ehe t"wo last terms
n the first square brackets represent the different risk valuation of;unhedgﬂd stocks.

_ The effect of an increase in the stocks of company A is seen to increase its own sales
by
dq,,
ds

A

- _l%cz(Zb ve,+K) >0, (26)

whereas it will decrease company B’s sales by

d
qBZ - _iczb < 0 , (27)
ds D :

'_o_ that total production and thus total sales are-increased

dq 1
-2 =_¢(b-¢, -K)>0, 28
dSA D 2( 2 b) ( )

while the spot price at maturity is lower,

d
P2 o dpe b, Ky <0, 29)

ds, D

han would otherwise be the case.

The expressions for the sales quantities (25) can be substituted back into the payoff
_functions (9) which then can be maximized to find the subgame-perfect first-period production
(or, equivalently, stocks). These will depend on the beliefs about the strength of demand and
- on the futures positions taken at an earlier stage:

Sa = VaEM0) = 0,Ehf0) + YN, + o N, (30)

s, = O,E (@) - v,Efa) + o,N, - y, N, @n

where the coefficients v, ¢,, V; and w; depend on the original parameters of the model, b, ¢,,
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¢,, K, and K, as reported in the appendix.® g

The main difference in comparison with the solution to the model where total
production is given (see (11-19)) is that the beliefs regarding the strength of demand enter the
production/storage/sales decisions explicitly (see (25)); Intuition suggests that production
depends positively on the agent’s own expectations regarding the st;g,fng}? of demand (i.e. v,
> 0) and negatively on the rival’s (i.e. ¢; < 0) but this may not be true*for all parameter
constellations. Another difference is that risk aversion affec‘jtts‘ c}.ecisicpn ‘m?;‘aking at the
production level. This was not the case when total production w:i%"?%_vfgn, be{caﬁs’e in that case
uncertainty regarding the strength of demand only affected pl‘OfitS:;tli:}i‘O‘llgﬂ"thC average price
p that pertained to the given quantity (see (20-22)), whereas here the total quantity can also
be chosen freely. This renders the decision process much more complex. In a sense, the effect
of changing the model to allow for strategic stocks has been to replace x, and x, in (11-16)
by E,(0) and Ep(a) in (25) and (30-31), and to render the corresponding coefficients more
complex.

Summarizing, we have found that the production, sales and storage decisions of the
two rivals of the duopoly cash market depend on the futures positions taken in advance. If
there is a constraint on total production, then this enters the decisions, and storage mainly
serves as a cost smoothing device. If the decision is not present (or not effective) then the
agents’ beliefs regarding the strength of demand are important, and the inventories serve a
strategic purpose (in addition to the cost smodthing). The two companies are trapped in the
non-cooperative Nash equilibrium of the prisoner’s dilemma type: The effect of
simultaneously positive stocks of crude oil will raise total production (30-31) and lower the
spot price at maturity (29). The cooperative outcome, obtained if both agree not to store,
would yield higher profits, but then each company has an incentive to defect (26), thereby
making the other firm worse off (27). Since both firms simultaneously try to act as
(Stackeiberg) leaders by precommitting themselves to higher sales through inventories, a sub-
optimal Nash equilibrium results.’

We now move on to describe the futures markets and find the futures positions that
are so crucial for the sales, storage and production schedules.

f We subsume the cost of storage in the cost of production of the first period. Since first-
period production is not sold, the storage and the production decisions are essentially one and
the same.

” The incentive to try to act as a leader depends crucially on the convexity of the cost
functions (i.e. on ¢, and c,) as also noted by Arvan (1985). The more convex the cost function
is (the higher ¢, and c, are), the higher are the strategic inventories. For this reason it is
difficult to separate the cost smoothing and the strategic motive for holding stocks.
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4. Stage Two: The 15-Day Market 2

As mentioned there are two futures markets for North Sea crude oil: the IPE and the
~'15-Day market. The 15-Day market, which is the subject of this section, is characterized by
+there being only few big participants in the market. The functioning of tt;e n;larket is described
in Mabro et al. (1986), ch. 12, in Phiips (1992) and in Chapter 4. It is gl informal, self-
-i___regulatmg club of North Sea producers, oil traders, refiners and br@kers, each 01;,wh1ch is in
. thie market for a variety of reasons" (Mabro et al. (1986), p. 169). ‘;E’pe&: market participants
argain about standardized forward contracts via telephone and the aagreed upon contracts are
hen telexed. This bargaining can only be realistically modelled at the cost of a considerable
ncrease in complexity’®, We shall refrain from this here and simplify the model to highlight
he rble played by our two producers, A and B.

i To be specific we assume that only three agents take part in the 15-Day market: A,
 and an oil trader, S, who is not interested in the crude oil per se but only in buying
éelling) crude oil on the 15-Day market with the expectation of being able to sell (buy) it on
he spot market at a higher (lower) price. In the literature, such agents are referred to as
peculators or, in a somewhat imprecise choice of words, as arbitrageurs. Here we call them
peculators.

So far the two futures markets have been described crudely by an aggregate futures
rice p© and the quantity, N,, by which a producer i (i = A,B) is net short. We now have to
e more specific. Let F; denote the net position of player i on the IPE and f; the net position
n.the 15-Day market, Le.

N, =F +f i=A,B,S. (32)

We concentrate on the 15-Day positions in this section. Each of these f’s results from
. potentially four different contracts

fi=Ffi - fi+ i = fa (33)
where i = A,B,S, i=j j=k i=kandall f=0

and where f; signifies that i is selling to k. In our model, agents are trading on differences

in beliefs regarding the future spot price. This being the case it will never happen that two
contracts are set up where an agent { both sells to and buys from another agent at different
prices, ¢f. Lemma 1 of Chapter 4. If the futures price is equal in the two contracts it will only
be the net position that matters anyway. We shall therefore let the signed quantity

' This is the topic of Chapter 4.
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L

-

L=t " (39)

denote the net position of i vis-a-vis j. f; > 0 implies that i takes a short position (sells

= 0. Then note that

futures) in the contract with j. We take this to mean that f: = f; and JZ&:

fi = -f; = f;» so that net positions on the 15-Day market can be .\i\frittén’:J:i;:fg -
"o :
fo= s fjf;;; ¥ i A @)
fo = ~fap = Jas | (36)
f5 = ~(hs = Jos) (37)

where f; > 0 if the player is net short in total on the market. Note that f, + f, + f; = 0.

The three agents, A, B, and S, trade on the expected spot price in period 2 and they
all know that the spot price is formed according to (21-22}. That is to say, they know that the
producers’ net positions will influence the spot price or, to put it more polemically, that the
producers will manipulate the time profile of spot prices, raising the first-period price where
all sales are cash and lowering the second-period price where part of the sales have been
made in advance (assuming that they are net short, i.e. that N, + Ny > 0). All this is common
knowledge for the market participants and it will not discourage the speculator from trading
on the market. What the market participants do not agree upon is the mean value of a. Each
has his firm opinion E{a} on this. They thus expect three different mean spot prices E(p,)
= p} according to their different beliefs on & and according to (21-22). It follows from (8)
that they perceive p, as being normally distributed with mean p; and unit variances.

4.1 The speculator’s payoff

We assume that the speculator is risk neutral'’ and thus maximizes expected profit:

ES(HS) = (P; - P;fs)f;_s - (st - péi)fgs (38)

where pij is the price of the contract that S agrees upon with i. A contract is fully described
I5

by the pair (p;}, f;). The expected profit can be rewritten using (21-22):

" To assume that he is risk averse does not change the analysis substantially.
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A

~E(IL) = |pg - %bF N %j]fs - Pﬁﬁts * p’;-sngS (39)

where
b, = Eg(@) - Lb(%, + %,) (40)
Ps = Bs(®) = Sbixy = %, Pl
. " » AP
and F = F, + Fy is the producers’ joint net position on the IPE. {fej "{
: ,é l,i{' f}f‘»f, e

"_4.2 The two producers’ payoffs

; The producers’ payoffs from trading on the futures markets are found by substituting
“(15-16) and (20-22) into (9) and subtracting the profit that would have been made on the spot
~market in the absence of the futures markets. This leaves us with the following expressions

K, _
W = (pFp N, « L[b(N, +NB)2-;'(7NA—2NB)]—_2’1(xA—NA)2 (41)

1
=l
FUT _ o, F 1 i Ko = v @2
W™ = (p —pB)NB+7§[b(NA+NB) —](ZNA—7NB)]—_5(waNB).

he first term on the r.h.s. of these expressions illustrates the immediate gain from having a

futures market: p” is the average futures price and p, is the spot price that i would expect in

he absence of futures markets. If p© > p. then A should, ceteris paribus, take a net short

osition N, > 0. The third term indicates the advantage of hedging the uncertain profit. In the
-case of complete hedging x, = N, and the term is effectively optimized. The second term
hows the strategic effect on the spot market profits of having a futures market. This term
"_;'o'ccurs because taking futures positions provides a credible vehicle for precommitment of spot
_"'sales or purchases. Note that, for example, A’s payoff varies proportionally with

(N, - N,J? - Jg(mA - 2N,) (43)

and that the futures markets affect A’s output even if he does not participate, namely via the
rival’s net position on these markets. Indeed, if N, = 0, W™ varies in proportion to

N+ Z%NB : (44)
B’s net position will always affect A’s payoff positively in the absence of costly storage (j=0).
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This comes about because a producer with zero position responds to the rival’sf"position by
shifting sales to the period with a higher price. If storage is possible at a cost this is no longer
true for all values of N, as illustrated by Figure 1.

Figure 1 The effect of a unilateral futures position on the rival’s profit

LA

N&+2jNe/b

~2i/b 0

If B is long in the range

0>N, > —.2-’3 (N, =0), (45)

then A’s optimal response on the spot market is to shift sales (see (15-16)) with N /b from
period 1 where the price is then low (see (20)) to period 2 where the price is higher (21).
Since the optimal extraction is independent of the futures positions (11-12), this operation can
only be done by means of increased inventories (17). But increasing stocks has a cost, and
so for small, long positions, B forces A to incur a loss since the cost of increasing the stocks
dominates the extra expected revenue.'

The producers of course realize the strategic interdependence of their futures positions
- an interdependence that stems from the effect of these positions on the equilibrium spot

2 Note, however, that this result may be sensitive to the specification.
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prices and quantities. Indeed, when taking positions on the futures markets, the producers
weigh the speculative, the strategic and the hedging motives according to (41-42).

The payoffs of the two futures markets can be split up according to-the market that
gives rise to them, or, put differently, we find the subgame perfect equilibria by maximizing
the payoff of the second stage, the 15-Day market, for given posmol}s on the IPE, before
solving the first stage. iy

The ex-ante payoff stemming from the 15-Day market (mclqdlng this marpl;et s effects

. on the spot market payoff) can be written: b:i"{ i‘;”
x/
W,' = (pas ~ Py + (Pas — P)fos = T (f -ff)“'
A Par ~ Pyllip as ~ Pallas 1Uas ~ Ips/
K, ) (46)
TZA];S * Tszs * tmfw B T(f:w N fAS) s
Wa' = (By ~ Panfus * (Pas — Polfys * Tlfis *+ fos)?
K, , (47)
* 'ij:,‘s M ngfss B twﬂw B T(fﬂs - f:w) ’
- where
. =1b>0 (48)
"_ 18
v, = 5bF - Zj + K(x, - F); i=AB (49)
T, = L(bF - j) | (50)
T, = ~2j - K(x,-F); i=AB 1)

In the following, superscript "15" is used to indicate that the variable has to do with the 15-
Day market.

4.3 The contract curves

Now, what can we say about the solutions to the 15-Day stage, without imposing
further structure on the game? We require that any contract (p}},f,) belongs to the contract
curve between i and j, i.e. it must be true that MRS(p}.f;) = MRS (p, },f,j ), where the marginal
rates of substitution are given implicitly by (46-47) for the producers and (39) for the
speculator. For example, the contract between the two producers should obey
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oW, oW,
a 15 3 a 15 .
mis? = 2P0 S s ypga (52)
oW, OPsz oWy
afAB af;\B 4 iﬁ’ LT
These requirements are fulfilled if f; = 0, that is, if the, part101pan@§ do not enter a

”f‘

contract. Less trivially, if f; = 0, (52) leads to '

KB)f:ﬁB * Af.:\S - st;as = (ﬁﬂ_ﬁA) N KA(EA_FA) B KB(:{B_FB) (53)
“Kfys - (Kyw2b)fyg = 2bfys = (Bupy) - K,(%,-F,) - L(bF+j)  (59)

”Kgf;\g - %bﬂs + (KB';;‘b)st = (ﬁs_ﬁg) - KB(EB_FB) - 'j—g(bF+])’ (55)

which apply to the contracts (p13,fs ), (Pi3.fis) and (phs,fss ), repectively. Phlips and Harstad
(1991) use an equivalent approach and find a similar system of equations.” The main
differences are that the producers’ positions on the IPE, F, and F enter on the r.h.s. because
they too can be used for hedging purposes; that their joint position on the IPE (F) enters
because of the strategic effect of futures on the spot market (a feature which the two markets
share); and that the cost of storage shows up since taking a futures position (on either market)
changes optimal inventories (17).

The equational system (53-55) cannot be solved to obtain a unique set of three 15-Day
contracts. There are two reasons for this. The first reason has to do with the fact that
individual rationality points to a range of possible prices depending on the quantities. The
second reason arises because (53-55) only determine the net positions f}, fz and f; uniquely,
not the decomposition on the three quantities f,5, f,s and fz. We discuss each point in turn.

4.4 Individual rationality

First, note that the futures prices, p}J, do not appear in (53-55). All we can say about
these prices is that they should be individually rational according to (39) and (46-47).
Individual rationality simply states that any contract should contribute a non-negative amount
to each player’s payoff since a zero contribution can always be achieved by not entering the

" See their equations (13). In Chapter 4, Section 4.1 we discuss a simplified version of
their model.
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contract. This requirement puts the following bounds on the prices: For the (pl3 .f.) contract:

” - 1 .
Py~ KA(xA ~Fy - s - '2“fAB) - %f

<P (56)
Py - KB(EB il st * ";“L\B) * "IZ“J for fp >,;0’ .
, 4: 4
for the (pi3,fis) contract: ; ,
"’iﬁa f ‘ ‘ifg
A K, Iy Iy = '. f”'f 7.
Py {7 - 0 Ms - SHE  fes) - KA(xA - F, %{fwl )
= ph = ' (57)
Bs ~ 2b(F + 2fis - fog) » 2i for fis > 0
and finally for the (pl3,f,s) contract:
Bo - IBF + £+ |5 - Lhlr - Ky, - Fy o+ f) < L
57 as) < 75 Vas ai%n g " danl T 33d (58)

< Pgs s
Ps - %b(F ~fus * Zfas) - é] for fps > 0.

Note that the above three inequalities are true under the condition that f,5, f,s and fz be
strictly positive. For each of them the inequality is reversed if the sign of the quantity is
reversed. Observe also the following: The range of futures prices that are acceptable for the
two players involved in a contract depends on the futures positions taken by the producers
on the IPE, on the quantities of the other 15-Day contracts, on the expected spot price and
on the cost of storage. This range may or may not be empty, depending on the values of these
variables. In case the range is empty, this corresponds to the players agreeing on the contracts
(pﬁf,ﬁ-,—) = (0,0} which is always a possibility. This just means that these two players do not
find it profitable to enter a contract.

: Equation (56) says that if A is selling to B (f,; > 0) then A will require a higher
minimal sales price

| 1) the more she has already hedged on the IPE (F,),

2) the more she has already hedged in a contract with the speculator (f,¢),

3) the higher is her spot price expectation (p,), and
4) the higher is the cost of storage ().

Buyer B will accept a higher maximal buying price

1) the more he went short on the IPE (Fp),
2) the more he went short in a contract with .S (f5),
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3) the higher is his expected spot price (p,), and
4) the higher is the cost of storage (§).

Note that the cost of storage raises the minimal selling price and the maximal buying
price by the same amount, thus preserving the spread. Further, observe:that the minimal
selling price is increasing and the maximal buying price is dccreasiné in the quantity f, of
the contract. This ensures that the individually rational contract mu]s’t ir;voive a ﬁi}}fte quantity.
Indeed, it can be shown that the contract must satisfy either ' ,af}iysf /S ‘

. .

&

2
K, K,

0 < fop < (ﬁB—ﬁA * KA(;A“FA”-&S) - KB(EB_FE_ES)) (59)

in the case of A selling to B, or

2

0> ﬁm > (ﬁB_ﬁA * KA(J_CA_FA_J:&S) - KB(EB_FB_fBS)) (60)

+
A B

when B is selling to A.

The analysis of the contracts where the producers are selling to the speculator (57-58)
follows the discussion above with the following two qualifications: Firstly, increased storage
costs increase the producers’ minimal selling price a bit more than the speculator’s maximal
buying price. Secondly, if K, /2 < 1,, the minimal selling price will be falling in the size of
the contract. However, the speculator’s maximal buying price will decrease at a much faster
rate in f, thus still ensuring finite positions. The equivalents of (59-60) are

0 [ﬁs_ﬁa ~ T (F ) + K((x,~F,~f,) - TI;;]]
< |fis| < O, (61)
L+ =
2 18

[ﬁs_ﬁa - T(Ffg) KB(EB_FB-'_-);B) B %f]

K
_B+ib
2 18

0< |st| < (62)

Equations (56-62) all imply individual rationality by securing that each contract adds
positively to the payoffs. Each player can, however, secure himself a minimum payoff without

participating in the 15-Day market at all. Individual rationality then implies that payoffs
should satisfy:
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W = 'c]fés + T fps (63)

W, 2 Tfis + T,f, (64)
E(IL) = 0 . ’ (65)
‘.'/f‘j{‘wj # ‘ .;.’ff,;.
Note, though, that the minimal payoff of producer i may become ,%é:{’fiye if: the rival & takes

a position f; € JO, -2(F + j/b) [, where ] and [ are used to indicaté that thévinterval is open.

4.5 Net 13-Day positions

The second observation on the system (53-55) is that it exhibits linear dependence in
fim fus and fpe implying that the quantities of the contracts are indeterminate. This can be
remedied partly by manipulating the system (53-55) using the identities (35-37) to find the
net positions:

= @[Kﬁ(ﬁs - By - 2b(by - B,) - (KK, + 2bK)(X, - F,)

W3 | (66)
- -.abKB(xB - FB) - —l'é— B(bF + .I):|
fi = O[K,(Bs = By) = 3b(Py = £ - (KKy + SVK) Gy = Fo) o
- 2bK,(%, - F,) = LK, (bF + j)]
£ = 0K, (By - By) - Ky(bs - Ba) + K,K,y(%, + T, - F) (68)
- (K, + K,)(bF + j)]
e’ =KK, + %b(KA - Ky) )

Net positions are thus uniquely determined by the parameters of the spot market, the
speculations about the spot price and the positions aiready taken on the IPE during the first
stage, but the distribution on individual contracts cannot be found.
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4.6 The bilateral core L,

The set of contracts described by equations (53-69) consists of those contracts that are
individually and coalitionally rational at the same time and is thus basically the (bilateral)
core. By substituting {66-69) into (53-55) the core can be describ%g as the set of contracts
(O3 fi0) (P13 fish (DL fos)} that satisfy the following equations simultafieSusly:

fap *fas =14 ,(?‘5'2%;' # ! f”{ (70)
At
7 g
- fAB * st = fa | 1)
_(f;as * fss) = fS (72)
g~ %KA-&B < P;ﬁ; <g*t %KBfAB if fip >0 (73)
g - ‘%(KA - %b)qu <pis<g’+ %b-&s if fis >0 (74)
8 - LK, - Lh)fos < prr < g+ Lbfy if fs > 0 )

where

g = ®[%b(KBﬁA - K,p,) + KAKBpS] - 20bK,K,(%, + X, - F)

. . (76}
- .HGKAKB(IJF -J)+ 5
g'=9 %b(KBﬁA * Aﬁﬂ) * (KAKB * —;-(KA * Kﬁ))ﬁs] (77
~5ObKKy(x, - x, - F) + 2O(KK, - 5(K, + K,)})(bF +j) - _bF
g’ = ®[éb(KBﬁA - K,py) + (KAKB - _;'(KA - Kﬂ))ﬁs] (78)

- .;.@)bKAKB(EA - X, - F) + w55;.@)1)(1<_*A + K J(bF + j) - %bF

The linear system for the quantities (70-72) has one degree of freedom implying that
the quantities will be uniquely determined once one quantity is known. (Fix for example f,,.
Then (70) uniquely determines f,,, whilst (71) uniquely determines f,. These quantities will
be consistent with (70).)

Once the quantitites are known, (73-75) determine the ranges of prices acceptable.
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2

Note that each of the inequalities is reversed if the corresponding quantity becomes negative.
Also note that the lower bound appears to be decreasing and the upper bound increasing in
the quantity. This somewhat surprising result has to be interpreted in the light of the
“constraints on quantities: If a contract becomes larger (say f,;) and the price "spread"
if__therefore increases then the other contracts become correspondingly srnr%:l]g;_(ﬂas decreases and
‘fps increases one-to-one with f,; but f,, and fps have opposite signs in B’§'péyoff function).

: The three ranges that bound prices are determined by the grs glven in eq ations (76-
8). The first term in each of these consists of a weighted av%/}fa e of the' fiiree agents’

xpected prices, ,, p, and pg, the weights being functions of K;KB and b. The second

erm depends on the degree to which the producers have hedged their productlon on the IPE.
n case they hedged fully on the IPE (x, + x; = F), the term drops out. In case they hedged
c_sé on the IPE, the bounds on prices will be lower, implying that it will be more costly for
he. producers to hedge on the 15-Day market. The last two terms of the g’s depend on the
roducers’ IPE position and on storage costs and basically incorporate the strategic effects of
utures and storage on spot prices.

_ This core is never empty and always non-unique (in fact: infinitely large). We will not
laborate on the solution to the 15-Day stage here (that is done in Chapter 4), but simply note
h:'at, a priori, there is no means to pointing out a subset of the core as being more likely as
solution.

Stage One: The International Petroleum Exchange

y The IPE, as described in the introduction, is a formal futures market with an open
utcry exchange and a clearing house. We therefore assume that a single price, p”*, will be
etermined on this market. The question then is what positions F, and F; the producers
hould take.

" The expected payoffs arising from the IPE are'

* Using (41), (42), (32) and (9). Recall that F is the joint position on the IPE. The ©’s
are given by (48-51).
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W." = (p"™ - p,)E, - v, F - _j(7F, - 2F,)

i - 2 15 (79)
- ?KA(XA - ‘4)" - EA(WA (FA,'FB))

Wy = (p" - py)F, ~ T,F - Lj(2F, - 7F,)
- % B(ig B 3)2 + EB(W,;S(FA’FB))J:';'{ ’ i ‘5{
' B .

where E(W,’(F,,Fy)) and Ex(W,(F, Fy) are the payoffs that A and B expéct to gain from

the 15-Day market depending on what solution they expect to prevail. This could be

formalized by claiming that they hold one subjective possibility distribution, k,, on what the

size of, say, f,; will be and other subjective distributions, 1%, #%°, A% on what the price will

be, conditional on the quantities. These probability distributions could be thought of as
representing the way in which agents think the 15-Day market works.

A’s expected value of f,, will then be

L oag

(80)

Ey(fu) = [fishy dfys (81)

and her expectations with respect to the two other 15-Day quantities therefore

Eyfos) = [15:(FuFy) - fuglhy df,, (82)
and

E,(fys) = f[fg' (F,Fy) + folh, df,, - (83)

Her 15-Day price expectations will be,
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K,
8- —his

Eply fw) = | bl dpl | (84)
3';—-&3
ot
LR
BV otfi fin) : '
E\(pas fu) = Pas dBf T ] (85)
8 K, IB) i ) ;,ff'f e
and ’
8 2lfafya)
E,(pss fup) = s b dpgs - (86)

g - Ky b))

Note that the net positions on the 15-Day market f; depend on the position taken on on the
IPE, so that the limits of the integrals in (84-86) depend on F, and F.

The expected value to A of the 15-Day transactions can be found by taking the
ex Iﬁectation of (46) using (81-85) and (66-69). This will give the payoff E (W (F,,F,)) which
occurs in (79). A similar exercise can be done for B by substituting (k, k25, h%5H55) by
'B,hgﬁ,h‘,f,kﬁs) in (81-86) and taking the expectation of (47). This will identify (W WiF)
'”':8'(}) If the two sets of subjective probability distributions are common knowledge (to be

recise: if A knows B’s and B knows A’s probability distributions and this is commonly
nown) and if the two players take the IPE positions simultaneously, a subgame perfect Nash
juilibrium will result where A maximizes W™ with respect to F, and B W™ with respect

. Note that when the two producers take positions on the IPE they do this for the same
.'_g‘._ motives as applies to the 15-Day market: A speculative, a strategic and a hedging
_Iyé are at play in (79-80) that readily compares to (46-47). In fact, the four first terms of
80) capture exactly these effects. But according to the fifth term, the producers realize
t the position they take will have an effect on the unknown solution to the 15-Day game.
this adds another motive for trading on the IPE to the three well-known: optimization

_I_q_rig_ the non-unique outcomes of the 15-Day game into account.

The Model and the Oil Markets

The model that was put forth above is based on several abstractions compared to the
al world. One important abstraction is related to the treatment of time. The model can be
een. as a snapshot in a sense that will soon-be made precise. The real world is rather a
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continuous series of roliing and overlapping snapshots. This section discusses how the model
could be interpreted and what would be necessary to create a moving picture.

The interpretation of our game in terms of real world actions starts with the
observation that the 15-Day market requires the producers to give the purchasers a 15-day
notice before delivery. This notice specifies a three day range within fvgfh ;g?h delivery will take
place. The oil traded thereby goes from being undated to being dated: from being traded
forward to being traded spot. These fifteen days correspond to our period 1 of the extraction
game since the future and the forward markets for oil to be delivé’:ifg' _- ifp this pét‘l%d are closed.
Cargoes that are lifted but not sold during this period represent an ;gé}éaséﬁn stocks that can
be sold in period 2. '

In order to make period 2 of the extraction game correspond to the real world we
adopt a strong abstraction: Assume that all cargoes of a given month are lifted within a given
delivery range. In other words, the delivery month is collapsed into this range. Assume for
concreteness that all September oil is to be delivered between the first and third of September
of a given year. Period 2 of the production game could be interpreted as this period
(September 1-3). This then would correspond to the maturity of the 15-Day contract. The
fifteen days prior to September 1st (i.e. August 16th-31st) would constitute period 1.

The two futures markets are collapsed into points in time. We can interpret this by
assuming that on the 15th of August the 15-Day market opens. This is technically the last day
that forward oil can be traded for delivery on September 1-3. So the market closes before
August 16, and will not reopen until period 2 where, by definition, the maturity price is
identical to the spot price.

The IPE closes the trading of paper barrels referring to a given delivery month in the
middle of the previous month, that is to say, well before the 15-Day market stops trading this
delivery month. In fact, what is the first forward month on the IPE is normally the second
forward month of the 15-Day market, and the maturity price of the IPE is the 15-Day price
on the closing day. The latter fact is ignored in the model and the maturity price on both
futures markets is chosen to be the spot price of the second period of the extraction game.
The first feature is however modelled by letting the IPE precede the 15-Day game. In other
words, we assume that the IPE opens and closes only once prior to maturity, on the 14th of
August. .
In reality, of course, the oil markets are much more dynamic than our model allows
for. First, a sequence of extraction games are played and stocks are increased or decreased
between them. Stocks therefore serve as a state variable in a dynamic game. This may change
the strategic effect of inventories since it is no longer true that everything that was produced
but not sold in one period has to be sold in the next. As mentioned in Chapter 1, Rotemberg
and Saloner (1985) see inventories as a means to sustain high collusive prices by threatening
to flood the market if a rival deviates.

The two futures markets are treated as one-shot situations in our model. In the real
world, these markets are open every day and trade different contracts (up to six months
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-ahead) simultaneously. This implies that there may be much more dynamic interaction going
on than presented here. For example, informational intricacies have been ignored by assuming
that the subjective probability distributions and all strategic features are common knowledge.
This leaves the difference in subjective probability distributions unexplained. A natural
explanation of this involves differences in information (asymmetric inf{#);;r_rlg}ion or incomplete
knowledge) or optimistic/pessimistic behaviour as noted in footnote 3. Affiedel of a futures
market for a storable good explaining the reasons for existence ,as well as the effects of
asymmetric information is found in Stein (1987). His model, howe, ,eif,f does n‘of;analyse the
strategic aspects of inventories and of futures but concentré%;g/ fff"b‘n risk sharing and
" informational externalities. t
Lastly it should be noted that the structure of the three markets has been simplified
in the model. Obvious examples are the lack of explicit modelling of refineries, of
intermediate products and of vertical integration. We are concerned with these problems in
our current research.
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Appendix to Section 3: Strategic Stocks

This appendix is offered as an aid to the reader who wants to obtain a full
understanding of the model demonstrating the strategic use of stocks. Recall that we made
the following assumptions: G e

(A.1) There is no exogenous upper bound to production, i.e. no{j%i,' é’.: 'A,B. p}’

/;ﬁ' ,Z;ff S

(A.2) There is no demand in the first period, implying that the production.of the first period
has to be stored, and that sales (in the second period) equal total production over the two

periods, ¢f. (23-24).

The profit functions are given by

IL, = (s, -~ %, - NJp, - *Cg““sj - “;isz - pFNA ’ (87)
Iy = (sy - x5, - Ny)p, - %S‘é - %sz ~p'Ny, (88)

Note that the cost of storage is subsumed in the period 1 cost function: The decision to
produce in period one is essentially the same as the decision to store, and we do not need two
cost variables to describe the decision. All other assumptions remain unchanged, i.e. the
demand curve is stochastic, linear and downward sloping (7-8) and the producers’ utilities
from profits follow the mean-variance model (9).

The last decision the producers take regards second-period production: They take this
decision by simultaneously maximizing their payoffs (9) with respect to their respective
decision variables (x,,x;,) taking the stocks (s,,s) and the net futures positions (V,,Ny) as
given. This results in the following second-period production for A (the expression for B is
similar):

b i
X, = T)_[A(OL) * b(sg=s,) - b(Ny-N,) + Ky(s,-Ny) - K, (5,~-N,)
89
b+c,+K, . 9
+ ———E_{EA(C() - b(s,+s5) - (b+K,)(N,~s,)
which is comparable to (25) and where
D =(2b+c,+K,)(2b+c, + Ky - b o0
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Afa) = E,(a) ~ E (o) o1

The multipliers (26-28) follow directly from (89} and (29) follows with the additional use of
(7).

The second-to-last decision the producers take regards how rnvvf-cl‘r’:,tc)}g produce in the
first period or, equivalently, how much to store. Substituting the optimized second-period
productions into the payoff functions and performing a sunultanep s ;maxdmzatzﬁm of these
with respect to the stocks (taking net futures positions as given), @pbtam,.f

s, =v,E (a) + ¢,E (a) - YN, + mANB » (92)
5 = O E (o) + vpE (0) - w,N, + Y, N, (93)
where
Vo = (P, ~ 85, MDYy = (8,0, — 0405 )/D (94)
b, = (pg,0,, — 8,0, 0/ 2 5 §p = (0,04, ~ P00 (95)
p, = (pgjaNA - 6}319;\1‘)/2 5 W = (6A]pN P.; N)/D ; (96)
W, = (pBIé‘N,, B 6BIpN")/P_ s Wy = (6AprA - pr)NA)/Q ; (97)
D =p,,05 = g0, (98)
b2

pﬁ\}:—(q1 —Cz)D+c§(2b+c2+KB) 1 +_‘~5 (99)

2
Pg; = (2b + Ky - sz_)bcz (100}

' D

b2
P = (20 — ¢, - K)|I + 51> 0 (101)
b2
= =bc, |1 + —|<0 (102)
pBu. 62( D) |
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" h2
Py = (2 + ¢, + K)(b ~ KA)(I - %) - c,b? > 0 (103)
b2
Py, = ~be(b - K1 + 5/ < 0 wg; (104)
VTN
2 [ » *
8,, = bc2(2b - K, - Cz%) f‘ffr’ﬁ/” s (105)
2 : .
8y, = —(c, + ¢,}D - c;(2b - ¢, + KB)(I + %) (106)
6Aa = pBa < 0 (]07)
2
8y, = ¢, (2b + ¢, + KA)(I + %) > 0 (108)
bz
d, = -be,(b + K )|I - 5/ < 0 (109
b2
8y, = ¢,(2b - ¢, + K )(b - K)|1 + % - c,b? >0 . (110

The signs of the parameters are indicated where possible. The sign of the most important
determinant, D, is however undetermined but will generally be positive. Sufficient, but not
necessary, conditions for non-negativity of D are, for example, that simultaneously ¢, > I and
(c; + ¢;)°D > bcy(1 + b*/D). But these requirements are not easily interpreted.
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CHAPTER 3:

Oil Stocks as a Squeeze Preventing

Mechanism:

Is Self-Regulation Possible?
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ABSTRACT: Squeezes are registered occasionally in the forward market for Brent crude oil.
The squeezer accumulates forward contracts and creates artificial demand by refusing to close
out, exploiting imperfections in the decentralized market clearing. The artificial demand in
turn creates a price surge and the possibility of a squeeze thus introduces uncertainty about
the market outcome. Squeezes therefore render the market institution less palatable to other
market participants (traders and refineries) who may find other ways of accomplishing the
economic functions of the forward market, so the producers have a long term interest in
keeping market clearing smooth by supplying stocks to those squeezed short. The extent to
which such self-regulatory stocks should be held is analysed in the context of a repeated
game. Unless the probability of a squeeze is very small, self-regulation should be possible.
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0. Introduction

A squeeze is, broadly defined, a market manipulation in which a market participant
obtains market power by accumulating a position in forward trading that is large compared
to supply in the underlying spot market. A corner is defined as the acqqﬂsm,pn of one hundred
percent {or more) of the supply. Kyle (1984) distinguishes between the two concepts by
arguing that corners lead to the exertion of monopoly power on xthe spot mar}et whereas
squeezes exploit deficiencies in the clearing of forward tradmg/f' jOF the purpose of this
chapter the distinction is 2 matter of degree, and as Kyle mentions i d we §ha11 argue later,
it is of little importance for results whether manipulation occurs in forward trading or on the
spot market.

Squeezes and corners are concepts that are normally brought to bear on futures
markets where they are made possible by two features of the market:

* Trading is anonymous;

* The volume of trading is huge compared to that of the underlying spot market.

These features allow the squeezer to quietly build up a substantial long position that they then
refuse to close. By threatening to take delivery the squeezer drive up prices from the
competitive level at which the futures were bought, thus rendering the whole operation
" profitable (see Anderson & Gilbert (1991) and Telser (1992)).

The same two features are also what makes futures markets an attractive way of
trading by providing low transaction costs and high liquidity (c¢f. Telser (1981)), so futures
exchanges have tried to regulate markets in order that squeezes not destroy these advantages.
Regulatory measures include:

1) Delivery options, i.e. the possibility to deliver substitutes thereby expanding the size
of the underlying spot market (see Duffie (1989) pp. 323-4);

2) Cash settlement, ie traders have the right (or obligation) to settle by a purely
financial transaction (see Telser (1992) and Kyle (1984));

3) Position limits, i.e. the position of a single trader must not exceed a certain limit (See
Kyle (1984));

4) Additional supply, i.e. somebody holds regulatory stocks that are sold in case of a
squeeze.

Kyle (1984) concludes that cash settlement only transfers the problem from the futures market
to the spot market in that the settlement price is related to the realized spot price and that the
imposition of position limits is vulnerable to agents colluding in the squeeze. Delivery options
and regulatory stocks seem to be the most effective ways of reducing squeezes in futures
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markets. Both expand supply and render a squeeze more costly and/or less likely.

Weiner (1992) reports on the infant oil futures markets in the United States in the 19th
century. Interestingly, he notes that there were frequent squeezes even before the futures
markets were organized as such: '

"While it is difficult to gauge the extent of trading of ‘futures’ before the advent of
futures exchanges, it must have been extensive, judging from the reporting in the trade press on
‘corners’." (Weiner (1992) p. 7) M’] ; ¢ ?}f

P,
This shows that the existence of a futures exchange is not a necessgggg 'ijzonditfion for squeezes
to occur. There being forward trade is, to the contrary, a necessary condition, but not all
forward trading allows for this: for a squeeze to occur it has to be the case that the volume
of the forward market exceeds the volume of the underlying spot market (Telser (1992)).
In 1949, Working predicted that the era of squeezes would soon be over:

"Corners are, or were, consequences of an excessive freedom of enterprise which seems
largely a thing of the past in American futures markets. The British grain trade has never permitted
cither corners or significant squeezes in its futures markets. Squeezes continue to occur in
American futures markets, though they can and should be eliminated.”" (Working (1949))

But recently the organized British forward market for crude oil has permitted
significant squeezes. On the 11th of January, 1988, the Weekly Petroleum Argus (WPA)
reported:

"Someone has got a lot of January Brent unscld. The name most frequently mentioned
in this connection is Transworld Oil [TWQ], a Netherlands based trader presided over by the
buccancering John Deuss who also owns a refinery in Philadelphia. Who if anyone is behind Mr.
Deuss is a matter of speculation and Argus can report only that two traders out of three think there
is an Arab Gulf state in the background.

The story begins at the end of November when TWO begins to accumulate claims to
Brent for January lifting. That seemed odd at the time. The Opec ministers were about to meet and
it would have been hard to find anyone in the oil industry optimistic about the outcome. To take
a long position in crude to be lifted after the ministers had finished their deliberations appeared
foolhardy. [...]

There was a precedent. In April TWO had succeeded in cornering 15-Day Brent for hfting

at the end of the month and had collected a premium of up to a dollar and a half over dated crude.
That manoeuvre was clearly profitabie in itself. [...}
When the manoeuvre was repeated in December the major Brent producers, Esso and Shell, let it
he known that they would do ali in their power to frustrate it. Some cargoes were released from
their corporate sysiems and other similar North Sea crudes, together with Nigerian, were made
available. But they failed 10 prevent a serious distortion from developing in the spectrum of oil
prices."

‘This chapter is an attempt to understand the economics of self-regulating duopoly. The
basic question is whether and to what extent oligopolistic producers will carry reguiatory
stocks in order that a squeezer not create artificial scarcity on the spot market. The last

66

Mollgaard, Peter (1993), Essays on the Determination and Formation of Prices in European Crude Oil Markets
European University Institute ’ DOI: 10.2870/54657




paragraph of the quotation from the WPA suggests that this type of self-regulation does not
work.

Let us begin by explaining the jargon used in the quotation. First of ail, "Brent"
designates Brent Blend, a mixture of the production from seventeen separate oil fields in the
North Sea. Much of the Arabian oil imported in Europe is priced with reference to the price
of Brent, which explains why Arab states may have an interest in pushmg {"mes price up. Esso
and Shell, who control the production of Brent, have a long-term ml;erest in keeplfg the Brent

market liquid. A g

On any given day, there are two prices for Brent. The "datéA” "%hce 1’11 for a cargo that
is lifted or to be lifted into a vessel on a particular date: the dated price is thus what is called
the spot price in standard literature. A "15-Day" price is for a "paper" cargo and can be "first-
month" (for delivery on an unspecified date next month), or "second-month" (for delivery in
the second month to come), etcetera. A paper cargo is a claim to 500.000 barrels of Brent to
be lifted at an unspecified date in a particular month to come. Dates of lifting must be
determined 15 days in advance.' For April liftings, these dates can thus be determined up to
the 13th of April.> Consequently, during the first two weeks of April there exists
simultaneously a 15-Day April price (for still undated April cargoes) and a dated April price.
A premium for 15-Day April Brent over dated crude is thus the (positive) difference between
the price of a paper April cargo and a dated April cargo.

Section 1 gives the evidence on the price distortions that resulted from the April 1987
and January 1988 squeezes and three subsequent squeezes. The distortions occurred on the
15-Day forward market and implied huge premia of first-month Brent over both second-month
Brent and first-month West Texas Intermediate (WTI). The latter is an American crude that
is a substitute for Brent and is traded on the New York Mercantile Exchange (NYMEX).

Section 2 sets up a model of a market with a potential squeeze. In Section 2.1 we
examine the incentive to squeeze and for the producers to prevent the squeeze under the
assumption that the producers coordinate their effort by setting up regulatory stocks. The
opposing interests of the players are: Short-term profit to the squeezer against long-term profit
to the producers. The question is whether and to what degree it pays to prevent a squeeze.
In Section 2.2 we then analyse whether the oligopolists’ decision to keep regulatory stocks
is any different from the monopolist’s (it is not) and whether this affects the scope for
cooperation in the repeated game (it does).

Section 3 concludes by pondering why regulatory stocks are not held even though this
study indicates they should be. The realism of the assumptions of the model is discussed, as

' To give the buyer time to charter a tanker and send it to Sullom Voe (Shetlands) where
the loading takes place. Hence the name "15-Day market".

? Since a loading date is in fact a three-day period. With 30 days in the month, the last
loading period starts April 28 and 28-15=13.
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are variations of the model.

1. Squeezes on the 15-Day Brent Market
This section illustrates the price effects of the two squeezes méntioned in the
introduction and gives an account of the major squeezes on the 15-Day 'market'&gince then.

;r:éf?ﬁj” )
Figure 1: The April 1987 Squeeze”
(10th of March to 15th of April 1987)
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Source: Platt's and Nymex

Figure 1 covers the period from 10 March to 15 April 1987 and represents® the
premium of first-month Brent-over second-month Brent and the premium of first-month Brent
over first-month WTI. From mid-March the premium of first over second-month Brent started
to climb up to § 0.50. In the first week of April, it suddenly increased to $ 1.60 within 5

* The sources are Platt’s for Brent prices and Nymex for WTI prices. Note that for Brent,
the months change as of the 10th of any particular month. Until 9 March, the first month is
March. From 10 March to 9 April, the first month is April, and so on. For WTI, the first
month is April until 20 March. As of 23 March, the first month is May.
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days. That this was due to a squeeze and not to market fundamentals is confirmed by’the fact
that the premium of first-month Brent over first-month WTI followed the same pattern,
although WTI is a close substitute to Brent.

How does such a squeeze arise? To close out a position on the 15-Day market, there
are two possibilities. The first is a "bookout" whereby a number oﬁgﬁ pﬂtieipants agree to
cancel their contracts with a cash settlement. These participants have cofitracts that can be
arranged 1n a chain starting and ending with the same participant. A squeezer h'il; never sold
forward and thus will not appear in a bookout. The contracts th#fﬁg;a 'é’}[cieared' Hy a bookout
are not pertinent to the squeeze. ?‘;{’-‘ ’;‘

The second way of closing out a position is to pass on a 15-day notice to take delivery
along a "daisy chain". The chain starts when a seller with entitlements to Brent serves a 15-
day notice to take delivery to those who have buying contracts with him for April delivery.
A buyer who receives such a notice can either accept it or pass it on to somebody who bought
from him. The squeezer accepts the notice and thus builds up his stock of claims to Brent for
April lifting.

What happens if a participant cannot close his position?' If a participant without
entitlement to Brent has sold a contract to the squeezer on the forward market and if the
squeezer refuses to construct a bookout by selling the contract back to the participant, then
the participant has a legal obligation to deliver Brent to the squeezer in April. The participant
must buy a cargo on the spot market thereby creating an artificial demand for spot Brent. The
squeezer has bought a significant amount of the entitlements to April Brent and thus more or
less controls supply. With an inelastic supply and an artificially increased demand the spot
price goes up. The other possibility is that the squeezer agrees to sell a paper cargo back to
the short participant so that a bookout can be arranged. This time the squeezer sets the terms
of the paper trade. This leaves the spot price unchanged but raises the 15-Day price. A
mixture of these two types of squeezing is of course also a possibility.

The squeeze results from the fact that the market participants (apart from the squeezer)
on average are net short and the squeezer is very long in the market. In case of a corner, the
squeezer has complete control over the dated April cargoes, so that the sellers have to buy
from him at a premium. Implicit in all this is the idea that the integrated producers are not
willing to supply cargoes from the stocks they hold for refinery (or other) purposes.*

* Tax considerations may be involved: individual producers may have preferred to retain
oil on their hands rather than selling it at arms-length at a higher price since they are taxed
on the average of prices from the first day of the month preceding delivery (here 1st March)
and ending on the middle day of the month of delivery, (WPA, 1st June 1987). This reasoning
ignores the effect of producers’ sales on the price, which is central in the analysis of section
2.
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Figure 2: The January 1988 Squeeze
(10th of December to 15th of January)
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In late november 1987, TWO. began buying January cargoes at a price at parity or
even at a discount to February cargoes. On 10 December 1987 (see Figure 2) a new price
squeeze started, pushing the premium of first-month (January) over second-month (February)
up to $ 1.37 within fifieen days. During the same time span the premium over first-month
WTI climbed to $ 1.66, while dated Brent remained at a discount of about 50 cents per barrel.
It is only in the second week of January that dated cargoes were sold at a small premium. So
the squeeze happened on the 15-Day market, not on the spot market.

Figures 3-6 give detailed evidence on the daily deals of the January 1988 squeeze as
published by the Weekly Petroleum Argus.” TWO is reported to have had control of aimost
all dated January cargoes in the second half of December. (Around the 10th of January it also
owned the majority of the remaining undated January cargoes). Intuition suggests that TWO
built up its long position at a time other longs were selling. Figure 4 shows that the majority
of trading took place in the first three weeks of November. On one particular day, more than
50 deals were reported. This alone exceeds a month’s production. Since the second half of
December, that is, once the dating of January cargoes started, almost no deals were reported.
That is the period during which, supposedly, TWO squeezed by refusing to close the market’s
open interest. '

’ Similar data do not exist for the April 1987 squeeze.

70

Mollgaard, Peter (1993), Essays on the Determination and Formation of Prices in European Crude Oil Markets
European University Institute " DOI: 10.2870/54657




i
Figure 3: The January 1988 contract
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Figure 4: January 1988 contract
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Figure 5: February 1988 contract
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Figure 6: February 1988 contract
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Figure 3 shows that the period of active trading in November was also a périod of
moderately decreasing prices. On a given day the differences in price for deals made were of
moderate size reflecting a near concurrence of spot price expectations. Figures 5 and 6 show
similar data for the February 1988 contract. This pattern of trade is typical for the 15-Day
market. The important thing to note is that a squeezer can easily hide lll}hls kind of data: The
trading is decentralized and nobody keeps track of the traders’ positions, 36 the squeezer can
quietly buy up contracts from different traders each of whom has a, moderage short position.

In the first week of January the premia were falling (See’ Bigh u,re 2). By’the 11th of
January the squeeze was over. The fall of the premia may have be re]atdd o some extent
to Esso’s and Shell’s announcement that they would supply stocks from their corporate
systems. At any rate, TWO had to take delivery of 41 out of the 42 cargoes produced in
January and did not push the dated premium to high levels.

It is worth noting that Esso in March 1988 proposed to its trading partners that sellers
be given the option in the standard contract of substituting a number of other grades of crude
oil from North Sea fields for Brent, in an attempt to deter a repetition of the squeeze.
Substitution would incur a premium of 30 cents per barrel. Delivery options of this kind are
as mentioned a standard way of avoiding squeezes in futures markets. After some discussion
the proposal was not accepted. This alternative squeeze preventing proposal suggests that Esso
had abandoned the idea that the main producers could deter squeezes by threatening to make
stocks available, '

Figure 7 shows how the differential between Platt’s quotations of the average price
of paper barrels for delivery in the first and second-month evolved from 1987 to 1991. The
six peaks that can be identified (marked [-V1) are potential candidates for squeezes and in fact
five of them (I-1V and VI) were. The huge peak between V and VI was caused by the Gulf
Crisis that led to a maximum differential of 3.1 $/bl on 17 September 1992. The maxima of
the six potential squeezes are given in Table 1.

TABLE 1: Five Squeezes

Peak Date Maximum Differential Differential
2nd-Month
I 08/04/87 1.60 $/bi 8.9 %
I 31/12/87 1.37 $/bl 8.1 %
It 03/08/89 0.75 $/b} 4.6 %
v 06/11/89 1.53 $/bl 8.1 %
vh 10/01/90 1.17 $/bl 58 %
VI 12/04/91 0.90 $/bl 4.7 %

1} Due 10 unexpectedly strong demand for heating oil, cfr. text.
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Figure 7: Five Squeezes in the 15-Day Market
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The two first peaks (I and II) are the two squeezes that were mentioned above and
they both led to price surges that reached maxima of more than eight percent (measured as
the differential over second-month price).® The third and fourth squeezes were supposedly
carried out cither by a Wall Street refiner or by a trading house. Weekly Petroleum Argus
wrote about [V:

S e
ad LA
S

"The premium for November 15-Day Brent over December widened from 40 ¢/bl between
Friday morning and Thursday evening.

This premium has talked wider all week [27/10 - 2/11/89] bat in such se (g t])at it appcarcd an
attempt to force up the November quotations and price reporting se eé felt manlpulated
However both numbers given above were confirmed and there is conjectufe that oné’ party sold
short in expectation that the spread would close in. But it was eventually forced to cover at almost
double the premium at which it bought [sold?}". (Weekly Petroleum Argus, 6/11/89 p. 8)

And: .. The price of North Sea crude is blurred by the pressure on November Brent which some feel
is Tubbing off on December prices. The possibility that an extra Brent cargo may be fitted into the
November programme helped reduce November prices slightly but they remain out of line with the
rest of the market. The monthly recurrence of so called squeezes since the summer, partly due to
the reduction in Brent production, is angering traders who feel the future of the 15-Day market in
jeopardy, ... (Weekly Petroleum Argus 13/11/89 p. 8).

The quotes show two important effects of a squeeze: first, a market participant that
for speculative reasons had taken a short position had to cover at a large loss; and second,
market participants are getting discontented with the market because of squeezes. Furthermore
it shows that the possibie availability of an additional cargo reduced the effect of the squeeze.
These observations constitute a crucial part of our modelling of the market in Section 2.

Occurrence V was as mentioned not a squeeze. This can be seen from the fact that
spot prices rose even more than first-month prices, and the cause of this was an increase in
the demand for heating oil. Platt’s Oilgram Price Report of 2/1/90 noted:

"... With Brent now turning wet into the second-half of Jan, and with the absence of any squeeze-
related play in Jan Brent, paper and wet Brent are acting in unison."

Thus there seems to be general agreement that this was not a squeeze.

Occurrence V1 was a squeeze that was carried out by a large, Chinese trading house.
The story was however not commented by the Weekly Petroleum Argus, nor by any other
commentator that we know of and we are relying on confidential information in this case.

Summing up, we have identified five major squeezes in the 15-Day market for Brent
crude oil in the period 1987 - 1991. The immediate effect of squeezes is that some market
participants incur losses out of line with normal speculative gains and losses. The long-run
effect is that market participants are worried to a degree where they feel that the future of the
entire market is at stake. Finally, if extra cargoes (read: regulatory stocks) were available, the

® This measure may overestimate the size of the squeeze Shghtly if the market is in
backwardation initially.
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effects of squeezes could be dampened if not eliminated.

2. A Squeezer Round the Corner?

In this section we propose a model that captures the ideas that'were presented above.
We first model how the squeeze affects the market and what it c/:psts_ to p;,rev?:%‘b a squeeze
given that the producers can cooperate on holding regulatory Sté:g;}fﬁg-. We t!}en‘ move on to
determining under what circumstances such regulatory stocks canféé sustained in a non-
cooperative repeated game. |

Two points should be borne in mind throughout. The chapter is about regulatory
stocks, and that only. This means that the only reason to hold stocks is a potential squeeze.
In particular, the producers face no other uncertainty than that arising from the squeeze so
buffer stocks are ruled out; the price that the producers receive is constant before and after
a squeeze so speculative stocks are ruled out; the marginal cost of production is constant
(zero) so there is no incentive to hold transaction stocks; the time horizon is infinite so
strategic stocks in the sense of Chapter 2 are not an issue either.

The second point is that in this framework production always equals sales except in
the period where a squeeze occurs in which case sales equal production plus stocks.

2.1 The Squeezer’s Game

We ignore the presence of integrated oil companies and assume that the market
participants belong to at most one of four groups:

1. refineries
2. traders

3. producers
4. squeezer.

The final demand for crude oil arises from the refineries, who buy the crude on the
spot market. The producers hedge their entire production by selling it forward. The traders
serve as intermediaries and buy forward from the producers to sell on the spot market. Thus,
to simplify matters, we assume that the spot market consists of refineries, traders and possibly
a squeezer, whereas the forward market consists of producers, traders and possibly a squeezer.
Section 3 comments on the fact that integrated oil companies operate in the market.

Assume that the refineries’ demand for crude oil takes a form that allows us to write
the (inverse) demand that traders face on the spot market as a random variable that is linear
in quantity, x.: '
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- (4-RP) - x,, o

where G, ~ N(a,v) with o, > 0 and RP is some positive constant to be determined later. We

have E(}5 ) =P =0 +RP - x. P canbe thought of as the "market expectatlon of the
spot price. Traders are risk averse profit maximizers. In particular their uﬁhty function may
be negatively exponential in profits (u(m) = -e*") implying, smce T ﬁoll()\}/.,s a normal
distribution, that they maximize E(n} - AVar(m)/2. Their expecte%ﬁf,ayoff is thiis
1 :;’
d(P, - p) - dZEVarP, =dP, - p, - d_z_v), 2

where p, is the forard price, A is the Arrow-Pratt coefficient of constant absolute risk aversion
and d is the net long position of the trader (d for "deals"). A trader’s participation constraint
is thus:

P -p = d%v = RP. (3)

As long as the participation constraint holds with inequality, there are payoffs to be made
from trading in forward contracts, so the market should attract more traders implying that the
forward price p, be competed up to equality of (3). But this argument holds for a fixed d and
the right hand side of (3) is minimized for d = I (given that a deal is indivisible and that d
> (), so it is in the interest of the producers to have at least as many traders in the market as
the number of deals so that each of the traders buys one forward contract from the producers.
Seen from the producers’ point of view, the risk premium they have to pay - the cost of
hedging - is decreasing in the number of traders in the market.” Note that (3) basically
assumes a situation of normal backwardation in which the producers are so risk averse that
they hedge completely. Given their (now certain) demand curve, they can go on and maximize
profits in the usual way.

Equality of the constraint (3) with d = 1 implies that the producers face a certain
demand function on the forward market of the simple form:

p,=P -RP=q -x,. 4
in this subsection we assume that the producers can sustain a cooperative outcome in

a non-cooperative repeated game (which we then study in Section 2.2). We also assume that
the marginal cost of production is constant and normalized to zero. The » producers therefore

7 A similar point is made in Working (1953). See especially the section entitled "The Cost
of Hedging".
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share monopoly profits in each period. The equilibrium is summarized in (5).

Monopoly outcome
with no stocks

Quantit o,

uantity: x = _¢

Pri a, S

rice: p, = — , | |

2 f
Profit: = ﬁ}’?;,# .
t 7 . .

The model above can explain a volume of trade on the forward market equal to the
volume of production and it does not allow for squeezes since all traders are net long. As a
matter of fact, the volume of trade on the 15-Day forward market is typically ten-fold the
volume of production and squeezes do occur. It is argued in Chapter 4 that the volume on the
forward market can be explained predominantly by speculation, implying that different traders
enjoy different spot price expectations. This also explains why some traders short-sell
contracts and thus how a squeezer can build up a large long position. We shali not pursue the
issue of speculation here, but note that it may reduce the traders’ aversion fo risk that the
market is liquid (has a high volume), since they can then, at any time, free themselves from
whatever contract they have engaged in, incurring a moderate loss. Thus, the traders, as do
the producers, favour a high number of trades.

The implicit assumption that we make and - more importantly - that the traders make,
is that the market’s open interest at maturity is cleared by financial transactions using the spot
price which is determined by the (known) production and the realization of the refineries’
demand curve (1). The traders do not expect a squeeze.

A sgqueezer is indistinguishable from a normal trader. The squeezer uses imperfections
in the clearing of the forward market strategically to squeeze a temporary profit out of the
markets. As mentioned, the volume in the forward market is bigger than the volume of the
spot market, but the difference is normally closed by financial transactions in a bookout or
a daisy chain as maturity approaches. However, in the 15-Day market, no participant is
legally obliged to enter in the clearing and the squeezer uses this opportunity to squeeze the
market: By offering a price in the high end of the spectrum, the squeezer obtains legal rights
to a substantial part if not all of the physical cargoes. Those who sold cargoes forward
without having them (everybody but the producers) and who therefore are genuinely short of
oil are put in a difficuit situation: they have to buy either on the spot market thereby
crowding out the usual buyers or take the squeezer’s terms on the forward market. This idea
is modelled by assuming that a squeeze of size o' equal to the open interest of the market at
maturity affects the inverse demand in the following way:
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(6)
P =0 -o-x +RP =p +(«=RPY ; o >0

!

Here the assumption is that if the traders have to buy up paper cargoes on the forward
market (from the squeezer) at a premium in order to satisfy their contraetual obligations, they
reduce their own risk premium (that may become negative): -

s ' .
RP* = RP - o R A €)
LI

P

In this case we say that the squeeze was entirely on the 15-Day rr:arkct, since we will note
a price surge only on the 15-Day market as the traders close their positions.

The alternative is that the traders decide to deliver the oil, buying it on the spot
market. This will raise the spot price by o and will in the end have the same effect on
traders’ profits, but this time the spot price is affected and so we say that the squeeze is on
the spot market. Indeed, it is this possibility of buying spot oil that puts a limit on the terms
that the squeezer can set if the squeeze is settled in terms of paper cargoes. One could, of
course, imagine a combination: the squeeze could be settled partly in paper barreils and partly
in wet barrels, but this does not affect the analysis. Note that, since the producers sold their
entire production forward, their immediate profit is not affected.

To summarize: Within each period ¢, the producers first sell their production on the
forward market to the traders. Some traders also sell forward contracts to other traders
expecting financial settlement at maturity. The squeezer possibly buys a substantial number
of forward contracts. Then the spot market opens. If the squeezer does not show up, those
who bought forward from the producers clear the spot market with the refineries, and the
resulting spot price is used in financial settlements of the remaining open interest on the
forward market. If the squeezer does show up, short traders may appear on the spot market
in desperate search for a possibility to fulfil their legal obligation. This would drive up the
spot price. Alternatively, the short traders may seek a settlement with the squeezer on the
forward market and this would drive up forward prices.

in the normal mode of functioning there is a friendly competitive environment on the
forward market: friendly meaning that the imperfections of the clearing mechanism are not
exploited in a squeezing game. When a squeeze occurs, an aggressive environment results:
the imperfections of the clearing mechanism are exploited, traders and/or refiners are trapped
and have to pay more for the crude oil than they expected and thus observe reduced profits
or even losses.

A successful squeeze therefore results in a general dissatisfaction among the refiners
or the intermediaries because of the malfunctioning and unpredictability of the market. They
will tend to organize trade outside the market or in other markets or they get more averse to
risk. After all, the squeeze proved that spot prices were more volatile than they thought
initially and so a higher risk premium is required.
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We assume (for simplicity of notation) that when a successful squeeze occurs aiid if
it occurs on the spot market, o’ squeezed refineries leave the market in the following period
to never come back, or, if the squeeze is on the forward market, that the traders require a risk
premium that is o’ higher. One could again imagine a hybrid case, but the important thing
to note is that in all periods following a squeeze, the producers are left w1tJ; 3 ,demand curve
with an intercept that is o lower. The inverse demand curve in all perlods “following a

squeeze is: ; :
St 1
£ ‘ﬂ ] ; g
= - - _ - ¢
Py = %y Xy T (az o X1 ";‘6/ /! ®
é

The producers then have a long-run incentive to prevent a squeeze in order to keep
the price of their hedged production from falling in the future; to keep the market liquid. They
can achieve this by keeping stocks in order to match a squeeze if it occurs, i.e. by keeping
stocks s = o’. The idea is that if the squeezer squeezes, then the producers throw their stocks
on the market at the normal price to meet the artificially created demand. In a sense, the
producers always keep a physical position of size ¢’ to match the squeezer’s long paper
position. We assume that the cost of storage is the interest r per $ per barrel per period.

If they hold stocks to prevent a squeeze, i.e. s = o, they have to subtract the interest
on the value of the stocks ra’p, from revenue in each period and reoptimizing we find that
compared to (5) the producers raise output and lower price a bit to take the cost of storage
into account:

Monopoly outcome
with stocks
. o - ora’
Quantity: x, = —
I ®

- o - ra

Price: p, = 3
. a - ro

Profit: T, = (_’_2__)2.

If they fail to prevent a squeeze in period ¢ (not holding stocks), profits will be
(o,-0%)*/4 in all future periods instead of (o/2)*> The discounted loss of not preventing a
squeeze is therefore

(2a, - o)’

loss = —— (10)
4r

where we assume a discount rate of I/(I+r) and that the effect of a squeeze in period ¢
manifests from period #+/ onwards. The (reasonable) assumption underlying this modeling
is that the producers’ output is inflexible in period ¢ so that production is decided upon before
the squeezer reveals himself. Additional supply therefore has to come from the stocks if they
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exist. These stocks are supposedly made available immediately.
The price in case of a successful squeeze is the price of equation (6) taking the
monopely ocutput as given:

p - % o =p - o (11)
B s

so a price surge of size o will occur on the forward market towavds ématumty 1§,the squeeze
is happening there or on the spot market if that is where the sngﬁzp Pops up

The (gross) payoff of a squeeze to the squeezer is the sizes of his long position, o,
times the price difference between selling and buying, p - p, = o, i.e. (¢*)°. In the case of
a squeeze, the squeezer has to dispose of the acquired oil elsewhere and he therefore suffers
a loss, ©, of squeezing independently of whether the squeeze is successful or not.

The payoffs are summarized in Table 2. The producers’ payoff are reported as

deviations from an eternal monopoly profit, with the value ((r+1 )/r)(c:f/ti) today.

The producers” entry in the lower, right corner of the matrix is due to the assumption
that if the squeezer squeezes and if the producers sell their stocks, the squeezer cannot
squeeze again since he has now been identified as such and so the producers do not need to

Table 2: Payoff Matrix for Squeezer vs. Producers

Squeezer\Producers No stocks Stocks=a"
No squeeze (0,0) _
(1+r)a’Co -rac)
' 4
Squeeze ()-8, (-,0'p,)
(2o -ad)a’
4r

hold stocks any longer. On the other hand, the producers earn an additional profit (a’p,) from
satisfying the extra demand the squeezer has created.

There is no Nash equilibrium in pure strategies: if the producers do not carry stocks
the squeezer will squeeze; if the squeezer squeezes, the producers will carry stocks; but then
the squeezer will not squeézc and thus it does not pay for the producers to carry stocks.

Letting stocks be a continuous variable allows s to take a value above zero but below
o'. What happens if s takes an internal value? In the case of a squeeze, a number of the
squeezed traders can fulfil their obligation by buying the producers stocks at price p, and
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£

delivering to the squeezer. This modifies the squeeze to one of size (a’-s) and thus affects
prices by (o’-s) and so the squeezer’s profit, A(s}, becomes a quadratic function of the stocks:

1]

A(s)

(12)
A(s)

v-v-( "”

(o - 5)? - @

0<$s=§=(1’~\/é—

Observe that the squeezer’s profit takes the value zero for s=s < o if the cost, ©, of
squeezing is strictly positive. The square root of © translates the 9bst of squeezzl;ng into an
equivalent number of cargoes. The presence of a cost of squee;{f}g jthus ;neans that by
keeping stocks equal to o the producers commit overkill, since stocks aré costly and a

squeeze will be unprofitable even if stocks are reduced by V’G)—.

Now we exogenize the squeezer and assume that the producers perceive that there is
an exogenous probability, o, of a squeeze of size ¢’ in each period. This means that the
producers do not try to influence the squeezer’s behavior strategically, but that they rather
observe the possibility of a squeeze and take it into account.

We choose a simple model of a squeeze probability: Assume that there is probability
o of a squeeze until the squeeze has occurred (if ever) whereafter the squeezer is identified
and a squeeze cannot occur again.

Production can be changed from period to period and before a squeeze occurs it is
chosen to maximize expected single period profit:

E, (x;0,0,ns) = (I - o)(e, - X)(x - rs) - ofo, - X)(x - 5) . (13)

The first term says that if a squeeze does not occur (an event that happens with probability
1-0), stocks are held in vain and the producers have to pay the cost of storage, prs. The
second term says that if a squeeze does occur, the producers’ sales are increased by the size
of the stocks at the going price.

The equilibrium that obtains before a squeeze is therefore

x = 'é;(a; - ys)
p = é(a, + ys) (14)
EM) = Lo, + vy
wherey =g - (I - o)r.

Ify>0,ie if o> , then the quantity is lower and the price is higher than in the

1+r

situation in which a squeeze cannot occur, see (5). Conversely if y < 0.
In the period after a squeeze, i.e. once uncertainty has been resolved, production is
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chosen to maximize

Hx;o,as) = (-~ o + 5 - x)x,, (15)

since the new demand intercept is

a,=0o -(« -s), Vi>0. woat (16)
. . A o ¥
The solution that obtains after a squeeze is therefore ‘r/:,j’:*"r )
r"i:{‘ - Y
T '
X = %(al - as _ S)
- 2, - o - (17)
P = E(a, a S)
I-I/‘ - 1 s _ 2
- E(a, - S) .

Seen from period ¢, the producers’ expected, discounted profit takes the form of a

complex, geometric progression:

E(TY) = E(T1,)

L a-0Em) + oy
I+r

1

(11

{(1-0)’E(L,) + o(1+(1-c)Il]
. (18)
1

(1-r)

[(1-0)E(T1) + o(1+(I-0)~(1-0)’)IT]

_ ]ﬂ‘E(Hl) L, Olre
o+r r o-r
The first term in the square brackets multiplies the probability that a squeeze has not occurred
up to a certain period with the expected stage game profit before a squeeze. The second term
similarly multiplies the cumulated probability that a squeeze happened in a given period or
before with the after-squeeze profits.
For later convenience, define
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K(s;a,a'%0,r)

4[EL) ~ %H"]
(19

(0, = ys)* + ..‘;i(a, - o+ s

i
[

and observe that K is proportional to E(IT) and that these expressions ;herefore‘ cnjogx the same
functionai characteristics. f‘j{,
We employ the following assumptions in the sequel:

Assumption 1 is hardly controversial. Assumption 2 is a joint assumption: Firstly it
means that a squeeze raises prices by two hundred percent at the most, which does not seem
restrictive given the size of the squeezes reported in Table 1. Secondly it implies that the
market does not vanish completely in the periods following a squeeze if the squeeze is
completely unprevented (s = @) so that the problem is still well defined after a squeeze.
Assumption 3 requires stocks to be non-negative and not to exceed o'. (If s > o, a,,; = @, -

(o’ - 5) > o, which is not a tenable assumption.)

Let s denote optimal stocks. We immediately get the result that if a squeeze is totally

unlikely to occur, it does not pay to hold stocks:

Proposition 1 (Certainly No Squeeze): 0 = 0 = s = 0.

Proof: K(s;0,a’,0,7) = (a, - rs)’ takes a global minimum = 0 for s = a/r > 0.
K(s) is real valued and continuous in s. The restriction of K{(s) to [0;a’]
therefore takes a maximum on this set. K is convex in s and the maximum thus
is at s = 0 or s = . K(0;0,0,0,r) = o > K(a®;0,0%0,r) = (a, - o'r)? if a, >
o'r/2. But if o'r/2 > a,, the corresponding price is negative, which does not
make economic sense.

Remark: Given Assumption 2, non-negativity of prices is only an issue for

interest rates above 200 per cent. More general comments about non-negativity
of prices are found in the Appendix.
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Proposition 2: A sufficient condition for s" = o' is 0 > _"_.

I-r
Proof: 6 > 1 = v>0= KO o vs = Ko > K0)®
I+r s e
- . oot H
Remark 1: An equivalent formulation of Proposition 2 has r < £ Fradit 2
[r “ i
T i
Remark 2: _'_ is the inverse of the present vatue of an eternal sequence of I’s. In other

+r

words, the condition in Proposition 2 compares the probability of a squeeze with time
preferences.

Corollary (Certain Squeeze): o =1 = 5" = o'

Proof: Trivial: Ir <I,V¥r=z0.2
+r

The necessary and sufficient conditions for s = o and the complementary conditions
for s = 0 are given in Proposition 3 of the Appendix. It is clear from the proof of Proposition
3 that the maximum must be obtained at s = § or at s = o’ since K is convex in s and since
the domain is restricted to [0;a’]. Here we just indicate in Figure 8 the values of the
parameters o and r for which the necessary and sufficient conditions will always be fulfilled,
where they can never be fulfilled and where the restrictions on o' and a, compared to o and
r are effectively binding. We have here chosen what we consider a normal range for r,
namely r € [0;0.5]. We think of our basic unit of time as one month, and month-to-month
interest rates very rarely exceed one, let alone fifty, per cent. The conclusion is that only for
small squeeze-probabilities and (very) high interest rates is it the case that a monopoly will
not hold stocks.

To give an idea of the content of the Appendix (See A.1), let it suffice to be said that

the parameter space is four dimensional and for each vector (a,o',r,0)€ RIx[0;1] it is

possible to check whether stocks will equal zero or o’. However, it turns out that the
conditions can be expressed in terms of an inequality relating (o’/a,) to some function of o

X
and r, and so the problem is reduced to three dimensions: (.(.lm,o,r)E[O;I xR , where we
o

1

have used Assumption 2. The general necessary and sufficient condition for optimal stocks
tobes=a'is
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\ 2
Figure 8: Regions of the Parameter Space
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a

!

where the functional forms of # and v are given in the Appendix (See A1), Zero stocks are
preferred whenever the inequality is reversed.

This finalizes the discussion of the profitability of stocks given that the producers
cooperate, We now lurn to a discussion of whether such cooperative oulcomes is sustainable
in a non-cooperative repeated game featuring squeezes and regulatory stocks.
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2.2 The Producers’ Repeated Game

It 1s well known from the literature on repeated games with observed actions that
cooperative ontcomes can be sustained as subgame perfect equilibria of repeated games, this
leading to payoffs over and above the equilibrium payoffs of the stage ﬁggame cf. for an early
example Friedman (1971). These results are known as ’folk theorems: and roughly maintain
that any outcome that all players prefer to a Nash equilibrium ofthe stage game can be a
subgame perfect equilibrium of the repeated game if the interest l‘é}ﬁ is sufficiently low. The
cooperative behaviour is sustained by the threat to revert to the Na équ;hb’mum of the stage
game if a deviation occurs and to play this equilibrium forever after. ThlS punishment strategy
is in itself (trivially) subgame perfect and it is thus a credible threat to lower the payoff of
the deviator (and everybody else) in all periods following the deviation. If a potential deviator
cares sufficiently about future payoffs, ie. if she has a sufficiently high discount rate or a
correspondingly low interest rate, then deviation is deterred by the threat. The deviator
compares the immediate gain from deviating with the discounted loss from the eternal
punishment starting the following period. There will be a threshold of the interest rate such
that for all values below it, cooperation can be sustained. The questions that are treated in this
section are whether a duopoly would hold stocks and how this and the possibility of a squeeze
affect the scope for cooperation.

The analysis of the n-firm oligopoly case in which a squeeze may occur and stocks
can be held follows similar considerations but gets somewhat more intricate because the
interest rate and the probability of a squeeze enter the profit functions in a non-linear manner.
- Before a squeeze, the firms® profits are

E(TI(s))

(1-o)fo, - x)x, - rs) - ofo, - x)x, +s) 1)
(o, — x)x, +vs), {=12..n

n L
where x, = } x,,s;is firm {’s stock (s = ZS:‘)’ and equilibrium profits turn out to be

i=1 i=]

o+ s 22
Emﬁ) - ] Y , Vl ( )
n+]
After a squeeze, maximized profits are
a - (o - § 23
m o= |2 E Iy @)

1 n+1

where we have used that the demand intercept equals «, - (o' - 5) after a squeeze of size o’
that was met with sales, s, of stocks.
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Importantly we get

Proposition 7: In equilibrium, the profits of the producers in n-firm oligoply do not depend
on their share of overall stocks (i.e. on s,), only on overall stocks, s.

Proof: See (22-23).H

Proposition 7 means that if non-cooperative oligopolists agreé ﬁl*gtya certam fevel of
stocks would be optimal to (partially) prevent a squeeze, then it does notr matter whether they
split the stocks equally or whether, say, one of them holds all stocks. This is so, because in
equilibrium (before a squeeze) prices are set to balance the cost of holding stocks with the
possible gain from holding these stocks should a squeeze occur.

Furthermore, the producers will agree on the optimal level of stocks and that level will
coincide with that of the monopolist:

Proposition 8: In equilibrium, a certain level of stocks, s, is optimal to a non-cooperating
oligopolist if and only if it is optimal for the monopolist.

Proof: Expected, discounted profits are

E(H) - I+r 1 ((xt _ YS)z + E—((I‘ - o+ 5)2
‘ o+r (n+])? r
- 1 1 K(s;a,a0,r), Vi
o+r (n+1)2

i.e. proportional to the K(s) used to determine optimality of s for the monopoly
(see {19)).@

Remark: For a given s, single firm oligopoly profit is the fraction (2/(n+1 1) (n = 1) of the
monopoly profit both in the short run (stage game) and in the long run (expected discounted
profit).

Proposition 8 means that the oligopoly will hold either zero stocks or stocks equal to
o, depending on the values of r and o and possibly also of o'/o,, exactly as would the
monopoly, so Figure 8 and the analysis in the Appendix can be applied without modification.

The question that now comes to mind is whether the possibility of a squeeze and the
ability to hold stocks change the firms’ incentive to deviate by increasing production. It does
and quite significantly so. Observe that the profits mentioned in the proof of Proposition 8
are the result of the Nash equilibrium of the stage game. Thus if a deviator deviates from a
situation of cooperation at time ¢, she will expect these profits from #+1. Since the discount
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rate is 1/(1+r), the discounted value at ¢t is (o+r) ' (n+1)?K(s). This is the threat that'may or
may not prevent deviation, depending on s, o, &, o and r.

To get a bench-mark, firstly consider the standard model without the complications
arising from squeezes and stocks. There is an incentive to deviate iff

r> i = Cg(n)r - i:: K3 (24)
m

e g
where m = (n-1)?/(4n). The critical value of r, Cy(n), decreases fr&/ﬁf/ 89 fo,r;n = 2 to .49 for
n = 6 to .33 for n = 10, as also seen in Table 3. g

TABLE 3: Critical Values forrwiths = =oc =10

n Cy(n) Cy(n)
2 8/9 .89
3 3/4 5
4 16/25 64
5 - 5/9 | .55
6 24/49 49
7 716 44
8 32/81 40
9 9/25 36
10 40/121 33

In 1984 the concentration in the market for Brent has been calculated to correspond
to 4.4 equal sized firms as measured by the inverse of the Herfindahl index (see Mabro
(1986) pp. 40-45). The similar numbers for the British part of the North Sea and for the entire
North Sea (i.e. including Norway’s part) were 5.66 and 8.23 respectively. Since 1984, the
Brifish National Oil Corporation has been abolished and the Brent Blend has been redefined
to include oil from other fields. Both of these events tended to decrease concentration
(increase the equivalent number of equal sized firms) and for this reason, we have set n = 6

8%

Mollgaard, Peter (1993), Essays on the Determination and Formation of Prices in European Crude Oil Markets
European University Institute - DOI: 10.2870/54657



£

in the ensuing analysis. Note that a too high » tends to favour a non-cooperative outcome by
lowering the critical value whereas a too low n has the opposite effect. The degree to which
the critical value is over- or undervalued is indicated by Table 3. The critical value Cy(6) =
24/49 = .49 can be thought of as a benchmark in the following.

Now consider the incentive to deviate starting from a situatign Mhere a monopolist
(and an oligopoly) would choose 5 = 0. In this case, we require §;, = =0 for all I firms and
assume that each firm produces I/n’th of the monopoly output: "l;here is argmcentlve to

r:l

deviate if . X’,? G

l‘\_ {‘
E e

= C(0,kn;5=0),

-B - \VB? + 4oki(m-1)*/m
2(m-1)

r> (25)

where B = mo - ok’ - 1 + 1/m and where k = is the percentage of the market that

1

remains after a squeeze. Critical values for r, C(o,k,n=6; s = 0) are found in Table 4 below.
It is seen that the possibility of an unprevented squeeze reduces the scope for cooperation
unless either the probability or the size of the squeeze is zero (k = 1). It is not surprising that
the first row of Table 4 falls rapidiy to zero as o increases, since a possible squeeze of size
o = o, eats away the entire market and all future profits. In the last row, the size of the
squeeze is zero and its probability does not matter, wherefore we get the no-squeeze critical
value of 24/49. The same applies for the first column where the probability is zero and the
size does not matter. In all other cases, the value is lower than the benchmark value of 0.49.
For a given size of the squeeze (a given k), the critical value of r falls dramatically as the
probability of the squeeze increases - more so for big squeezes (small k’s) than for small
ones. Similarly, for a given probability of a squeeze, the critical value falls off rapidly as the
size of the squeeze gets bigger (k goes from 1 to 0).

For 0 = 0.4 and k = 0.5 we have the (six) oligopolists deviating if r > 0.143. But for
this value of o and for all » between 0 and 1.3973,° that is for interest rates up to 139.73
per cent, the oligopolists should hold stocks, s = o, according to the necessary and sufficient
conditions and in this case Table 5 is the one to look at. In Table 5 the critical value is found
to be C(0.5,0.5,n = 6; s = o) = 0.435, so that the duopolists should cooperate if the (month-
to-month) interest rate does not exceed 43.5 per cent.

8 That is for r such that o = g, = 0.5, see the appendix.
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TABLE 4: Critical Values for r with s = 0, n = 6. 11 %

kio 0 0.2 0.4 06 |, 08 ' | # 1
Ly

0 0.49 0.098 0 0 U (R 0

0.1 0.49 0.109 0.007 0.004 0.004 0.003
0.2 0.49 0.135 0.026 0.017 0.015 0.014
0.3 0.49 0.168 0.056 0.039 0.034 0.031
0.4 0.49 0.205 0.095 0.071 0.062 0.057
0.5 0.49 0246 | 0143 0.112 0.099 0.093
0.6 0.49 0.289 0.199 0.164 0.148 0.139
0.7 0.49 0.335 0.261 0.228 0.210 0.200
0.8 0.49 0.384 0.331 0.303 0.287 0.277
0.9 0.49 0.436 0.407 0.390 0.380 0.372
1 0.49 0.49 0.49 0.49 0.49 0.49

LLEGEND TO TABLES 4 & 5: The tables show the critical value C(o,r, n=6 ; s) for the
interest rate: if » is greater than the value in a cell, there is an incentive to deviate and
cooperation can not be sustained. k is the percentage of the market that would be left after

k)

!

a[

a squeeze if the squeeze were unprevented, k = . 0 is the probability of a squeeze.
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TABLE 5: Critical Values for r with s = o, n = 6.

klo 0 0.2 0.4 0.6 ok, f | ¥
bt L

0 0.49 (1.95) 0.366 0.200 0126 | “0.003
0.1 0.49 (2.12) 0.380 0217 0.143 0.103
0.2 0.49 (2.32) 0.395 0.236 0.159 0.117
0.3 0.49 0.682 0.409 0.258 0.179 0.133
0.4 0.49 0.614 0.422 0.282 0.202 0.153
0.5 0.49 0.577 0.435 0.309 0.229 0.178
0.6 0.49 0.551 0448 | 0339 0.262 0.210
0.7 0.49 0.531 0.459 0.373 0.303 0.251
0.8 0.49 0.515 0.470 0.409 0.353 0.306
0.9 0.49 0.501 0.480 0.448 0.414 0.382
1 0.49 0.49 0.49 0.49 0.49 0.49

LEGEND TO TABLE 5: The incenttve to deviate describes a fourth-degree polynomial in r,
which typically (but not always) has one negative and three positive roots. The numbers in
Table 5 are the lowest of the positive roots. Numbers in parentheses correspond to the third

positive root in that for these values of k and o, there were two complex roots. See also text
after (26).
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If s = o, the producers will deviate iff

T
(M)(a,wa*)z L1y > Ll
in /- o-r (n-15 - no+vrd

The first term is the deviator’s expected profit in the period in which ,Qevaatlon takes place.
The second term is the discounted value of the ensuing sequence of non-cooperatlve profits.
The r.h.s. is I/n’th of expected discounted monopoly profits. (26) ’i’.w;h equahty,;iescnbes a
fourth degree polynomial in r (remember that y is a function of olyﬁ‘;;}i;r) where in general,
there is one negative root and possibly three positive roots. A general analyhcal solution to
(26) was not found and numerical methods were applied to generate Table 5, which gives the
first (lowest) positive root with n = 6. For interest rates above the first positive root and
below the second, cooperation cannot be sustained, but if the interest rate is between the
second and the third positive root cooperation is again sustainable. For interest rates above
the third positive root deviation is to be expected again. Only the first positive root is tabled
here since the second and the third root both are well above 1. As an example take &k = 0.5,
o = 0.4 and n = 6. Then the first positive root is 0.435 as seen in Table 5, the second is 2.698
and the third is 4.948.

In Table 5, the critical value of r is seen to vary much more with o than with k: the
size of a squeeze attempt matters less now that it is prevented.

Comparing Tables 4 and 5, it can be concluded that for all probabilities and all sizes
of the squeeze, the case for cooperation is stronger with than without stocks. This follows
partly from the fact that K(0) < K(o’) for most of the reported values of o unless r is very
high, so that future profits are worth more with than without stocks. In fact, if the interest rate
is below the critical values in Table 5 (ignoring the o = 0 column), then in all but five cases
the oligopolists should hoild stocks. The five cases are the five first entries of the 0 = 0.2
column. In these cases, if r < 0.5196,” producers will hold stocks and will cooperate. The
general conclusion from this analysis is that if the producers cooperate, they should also hold
stocks. In a few cases the converse is true: if they hold stocks, they should also cooperate.

A caveat is necessary here: Table 5 and inequality (26) are only valid in the
completely symmetric case where the producers produce I/n’th of monopoly output and hold
1/n’th of the stocks each. Only if the latter is also the case will each producer’s expected
profit be I/n’th of expected monopoly profit. At first sight this may seem at odds with
Proposition 7. This, however is not the case: Proposition 7 describes a situation of Nash
equilibrium in the stage game, whereas (26) describes the incentive to deviate from the
cooperative scenario. Under the restriction that the n firms’ stocks sum to ¢, the asymmetric
case adds the following term to the right hand side of (26):

® r such that o(r) = 0.2.
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s, is the potential deviator’s stock. (27) is the effect on cooperatlon of asymmetric stocks. If
the effect is negative, deviation is more likely to occur. The term in the—fsqqare brackets can
be shown to be positive for all values of s, between 0 and o’,' so the effect shares the sign
with (s, - o’/n): If a producer holds s, < o'/, he is less likely to cogbeuate, W‘h]lst,ﬁ producer
that holds s, > o'/n is more likely to do so. In particular, if one gﬁ;lﬂcer ho]ds all of the
stocks, he is less likely to deviate but all the other producers would'be moré inclined to do
so. Whether they would in fact do so, depends on k, g, r and n."

Deviating by increasing production may not be an issue in the Brent market, where
one producer (Shell UK) is in charge of organizing liftings (see Phlips (1992)). A production
schedule is compiled well ahead of time and is negotiated and approved by the other
producers. Production is thus "observed before it happens" and the response to a deviation
could therefore be simultaneous rather than delayed a period, thus further discouraging
deviation.

The overall conclusion of Section 2 is that unless the probability of a squeeze is very
small or the (month-to-month) interest rate very high, self-regulation by means of squeeze-
preventing stocks should be possible.

3. Conclusions and Extensions

The first four squeezes mentioned in Section 1 (see Table 1) occurred within a time
range of three years (1987 - 1989), i.e. thirty-six months. A crude estimate of o in this period
is therefore 4/36 = 1/9 = (.11. For there to be any doubt that the producers should hold
stocks to prevent the effects of a squeeze, the (month-to-month) interest rate should have been
at least 33 pct. according to Proposition 4 of the Appendix.'? According to the sufficient
condition (see remark to Proposition 2), r < (1/9)/(8/9) = 0.125 is a sufficient condition for
5" = o’. This condition was definitely met in the mentioned period. (A 12.5 pct. monthly
interest rate corresponds to an interest rate of approximately 310 pct. on a yearly basis). So
why did the producers not introduce regulatory stocks (or other squeeze-preventing
mechanisms, for that matter)?

' We assume that the price is positive so a, + yof > 0. Then note that y < I and (n-
1)/(4n) < 1/4 for all n = 1. The second, negative term takes its minimum for s, = o, but for
this value it is a matter of manipulation to show that the entire expression is positive.

" For a more general treatment of asymmetric oligopolies, see Waldmann (1992).
12 §f » = 0.332215, o,(r) = 0.111111.
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One partial answer is that they actually did release some cargoes in the December
1987 squeeze and a singie cargo in the November 1989 squeeze was potentially made
available, but these efforts were far from efficient - they "failed to prevent a serious distortion
from developing in the spectrum of oil prices". '

Another answer may be that the model may favour the incentive to keep stocks (or
the model may be correct, but the producers do not realize this). "’"’f L

One feature of the model that may seem too strong is the assumptlon that (o’ - s)
market participants (namely the squeezed traders/refineries) ]eavef/‘the'f marKet 1rtﬁ'nedlateiy
after a squeeze has occurred. In reality, they might leave (or re éié ‘the amount traded)
gradually over time because it takes time for traders to develop other markefs to work in or
for refineries to find other crudes to substitute Brent. It may also very well be that the market
participants get uptight about the market immediately after a squeeze and contemplate to leave
it for a while, but then relax and continue trading. Indeed, it seems boundedly rational that
the same company can squeeze twice within eight months: the traders, knowing the squeezer
from the first squeeze, should think that trading with him again may well mean trouble. At
any rate, if the producers think that the market will not lose "customers," their incentive to
assuage the effects of a squeeze is of course non-existent.

On the other hand, the increasing popularity of the International Petroleum Exchange
(IPE) of London may be a response to the malfunctioning of the 15-Day market. The IPE
trades futures in units of 1.000 barreis of Brent blend, Le. 1/500°th of the size of the 15-Day
contract. The IPE is a traditional futures market and thus features all the regulations you
expect from such a market. The producers have traditionally favoured the 15-Day market -
but maybe their customers more and more prefer to trade on the IPE?

Further to this, our model supposes that a squeeze can only happen once. It actually
happens frequently. Inciuding this in the model would require a genuinely dynamic model (the
demand intercept would be a non-increasing stochastic variable), but ceteris paribus our one-
squeeze model would tend to underplay the role of stocks compared to a frequent-squeeze
model.

Another feature of the model that may seem to favour stocks is the cost of storage.
We have assumed that this cost only arises from the interest on the value of the stocks - what
it costs to keep the crude off the market. In the real world, there may be substantial costs to
keeping cargoes afloat or to renting tanks in Rotterdam. This would reduce the incentive to
hold stocks. Stocks are furthermore used for a variety of other purposes, including strategic
motives in games between the producers {on this, see Mgllgaard and Phlips (1992)), and
producers seem to be secretive about the size of their stocks. (Our model actually requires that
the size of the stocks be common knowledge).

Finally, an argument that weighs against self-regulation is that some major producers
are part of integrated oil companies: Squeezes may hurt independent refineries without
affecting integrated refineries. In the long run, this will reduce competition among refineries
and benefit "survivors": the integrated companies.
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7

The model presupposes that the size of a potential squeeze and the probability of a
squeeze are known. In reality, there might be more uncertainty involved. Introducing
probability distributions over squeezes of any size (non-negative numbers of cargées, say),
would not alter the conclusions qualitatively. -

The real world is of course much more complex and dynamic than, thg model of
Section 2: demand and interest rates vary with time; the producers do not form & Syinmetrlc
oligopoly; integrated oil companies complicate matters further. Howevcr, it 1s our pehef that
the model and the surrounding analysis shed light on the problem. The’ %éycgusmn‘ isClear:

Self-regulation is possible. o
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Appendix: Necessary and Sufficient Conditions, Parameter Space and Non-Negativity

s" designates optimal stocks.
Proposition 3: Necessary and sufficient conditions:

T =0 e val +ruo =0 A N
s"=0 < vo'+ua =0 (A1)
where v = ¥’ - o and u = 2(yr ~ o)ﬁl;_l 4

Ml
T p

Proof: K(s) is globally convex in s:

2
K _ 52O 50 Yor > 0. (A-2)
ds? r

Thus it suffices to compare the values of K(s} at the lower and at the upper bounds for s, i.e.
K(0) and K(c'). It is easily checked that

va' +ua, > 0 = K(o') > K0) = 5" = o, and s° = o = K(oF) = K(0) = vo' + ua, = 0.
va' +uo, < 0= K@) <K@) = s =0;ands =0 = K(o') s K(0) = vo© + pa, = 0.
vat + e, =0 =>K(a) =K(O) = {s’=0vs =c'}. B

We state the following three lemmas without proof. (A parenthical remark on notation: ¢ =
ofr) is taken to mean that (r,0) = (r,0(r)). Similarly, o € Jo(r), ofr){ is taken to mean that
(r,0). o(r) < 0 < Ofr).

Lemma 1: {0 = 0, Vo = 6} « v = 0, where

_1+2r2—2r3—\/1+4r2+4r3

o, =
(1 + r)? (A3)
o = 1+2r2—2r3+\/E4r2+4r3
2 2r(l + r)?
r2
Lemma2: 0 =0, < u =0 whereo, = — .
1-r -1

o} < Ho 1, where
v

Lemma3: {o = o, Vo
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—.I_—r+r3~— +r o+t - sy
o= _2 A
4 2
rd - 1) (A4)
I | P
-~ -r+r- s r+rr-rr o
\ .
.= Iy .
5 ! i
rd - r)? Ayt ¥
N
T s

>0,>0,>0,>0;, Vr>0

Lemma 4: o, >

(See Figure A.1)
Proof of Lemma 4:
1) o, > r/(1+7):
r>0
=1 -1 - 42« 4 >0
= ] + 22+ 2r —\/1 +4rt - 47 > 2r1 + 1)

Y
=0, > —— O

1-r

2) r/(14r} > O
r>0
=>(1—r—r2)2‘-=1 +2r—3r2+2r3+r“'>_i_+r~r2+r3+r = q
=]+r-risya
=rl -r>-1-r+r - ya

r
= >o, O
1 +r

3) o, >0y

d.3, 3
2 2 2

all - r + ri’

+ rJ + r4)2

Let b

and ¢
It is easily checked that

>0 = c>b>0 = Je > b = ag,>o, O

4) o, > g;: Follows from expanding the expressions and cancelling terms.
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B

5) 0, > o

&

, 1 :
r>0 = [ +p? - r- |=-~r+rt+p
4
=1 + 2k + 2r' -1 +4r? -4y’ > -1 -2r~2r -2. _ ~r~#rwr+r

\ 4

f 3
/-j;;f g Y
11
T 'y

=g, >0, O

Transitivity of > completes the proof of Lemma 4. B

Figure Al: The (r,0)-Plane

Ir
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ri(1+r)
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g
0.4 t y
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Proposition 4: Division of the Parameter Space (See Figure A.2)

VYo € [o,;1], 5" = o , (0
Yo € Jo,;0,], O0<-£s] <« {5' = e ls-£ s =0e" z«f—%ﬂ*}{ (I
f.ﬁ{':,‘, § ! "‘!f
Yoz0 o€fo,,0,], s" = 0. Af;@"’ » (1
T i

Vo0 o€[0;0,], Os-Fs 1 < {s-' c e ek s =0 e S —:‘_} av)
v (1' A

Proof: The proof follows the division (I, I, 11l and 1V) of the Proposition.

(I) We divide this region of the parameter space into two sub-regions:
(l.a) o € [o, ; r/(1+r)] '
(ILb) o € [ri(l+r) ; 1].

In region (L.a),y< 0 ,v< O, u>0and - u/v = 1. The necessary and sufficient condition
(A.1) for stocks (i.e. s° = @) becomes

of
< -2
Qt v

But the left hand side is by Assumption 2 smaller than or equal to one and the r.h.s. greater
than or equal to one so the condition is always met.

Region (I.b) is exactly the sufficient condition of Proposition 2.

(ID) In this region we have y < 0, v < 0, u > 0 and 0 < - y/v = I and so the necessary and
sufficient condition is binding.
() We divide this region into two subregions:

(IlL.a) o € fo, ; ©,]

(llb)yo € [os; o,f .
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. '5’%

%

(I1l.a): Here we have v = 0, 4 = 0 and the necessary and sufficient condition for's” = o'
becomes

aS
—_< - <0
al

<l®

i

for v < 0 (off 0,) and u = 0 for v = 0 (on ©,), both of which are imszsinalef So we have s~
=0. P 1

; :{.(@ . ;
(T1Lb): In this region v > 0 , # < 0 and - /v = 1, so the necessary‘and sufficient condition
for s = o' is a’/a, > -u/v, which is impossible by Assumption 2.

(IV):v>0,u<0and 0 s - u/v = 1, so the necessary and sufficient condition for 5" = o’ is
o'/, > -u/v, which is binding. Note, however, that s* = o gives rise to a negative price, cf.
below. @

Remark: The reader may by now wonder what happened to ©,. 1t is hidden in region (I.b):

Vosl: o€fo,1], v > 0, 4 > 0 and vo' + ua,

will always hold true. For ¢ € [r/(1+r); o, we have v < 0, u > 0 and -u/v > 1 so the
condition for s* = a’ is always satisfied.

Remark: The function -u/v = f{r,o) has singularities along o, and o,, where v = 0. Fix r at,
say, r = 3, and consider the function as g goes from 0 to I (See Figure A.3): As o goes from
0 to o, f(3,0) goes from 2/3 to 1. As o goes from o; to o,, f(3,0) goes from I to x. As ¢
goes from o, to 03, f(3,0) goes from - to 0. As o goes from o, to g, f{3,0) goes from 0 to
1. As o goes from o, to G,, f goes from I to . Finally, as ¢ goes from o, to I, f goes from
-0 to -4,
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Non-Negpativity:

Proposition 5: Production is always positive.

Proof:
1
x=§((1‘—\{s)>0 < A >y <« 0-05s> (]—_G)rs
: 7 s f;

IR o
but the Lh.s. is always positive and the r.h.s. always non- posmve H L
1 {" # it

Lemma 5: V(o,r)E[0,1]xR , y < -1: 1 < -£ ’4?‘;/ “

Y v ’

Proof: {y<—1 « 0(7‘-]} = >0 ,u<0} = {—_1_ < - o n < y,u}
n

r+ Y

2

o< 7 = yr-20<0 = y@yr +20) >0 > -0 = yu>n.
2+r-r?
_ 2
But the condition was that ¢ < .- 1 < r , which then proves sufficient. B
r-1 24p+p?

Proposition 6: In region (IV) (ie. {(0,r)€[0;1]x[2;%]: & = o(r)}), s = o implies a
negative price.

Proof: By Proposition 5 we have that s” > of <« = > -# Non-negativity of prices
a n

I

p= ..‘é.(ut rye) > 0= < —i (y <0), but by Lemma 5 we have 1 < -# . s0 prices
a ¥ Y n

1

. . a.’f
are negative if — > - m
Q, M

Remark: The reason for this oddity is that the expected sales less the expected real cost of
storage become largely negative due to very high interest rates (r > 200 %) and very large
stocks. Multiplied by a negative price, profits become positive. The choice of s = ¢ always
leads to positive prices, quantities and profits.
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CHAPTER 4:

Bargaining and Efficiency in a Speculative

Forward Market
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ABSTRACT: The 15-Day forward market for Brent crude oil is predominantly speculative.
Transactions on this market thus contradict the assumptions that lead to zero speculation
theorems. We set up a stochastic game model of a market with a small number of speculative
traders that differ only with respect to the expected spot price and (possibly) with respect to
risk aversion. Contracting is done after pairwise negotiations in random matches. The Markov
perfect equilibrium of the model can mimic the 15-Day market and need not be efficient in
the sense of belonging to the bilateral core.
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0. Introduction

How do the participants in the 15-Day market for Brent blend crude oil get to agree
upon forward contracts?
homogeneous commodity is traded forward. The main purpose of this chapE:r 4s to model the
trading procedure and to assess whether the outcome of this procedure is eff1c1ent in a sense
to be made precise). ,“;. !

There are other market institutions that could serve the same pfurposés The standard
futures market is a case in mind. In contrast to the 15-Day market, this market institution is
centralized. It is a priori more likely to lead to efficient outcomes since market clearing is
made easy by the presence of a clearing house and since information is conveyed on a
continuous basis. The International Petroleum Exchange (IPE) of London enjoys these
characteristics but trading of Brent blend stops too soon before maturity to be a good
substitute for the forward market. This problem could certainly be remedied as has been the
case eisewhere and for other commodities. (In)divisibility is also an issue: The 15-Day market
operates in terms of cargoes of a standard size of 500,000 barrels, whereas the IPE contracts
are specified in lots of 1,000 barrels.

Here the focus is on the trading procedure of the 15-Day market institution. The
institutional features of this market will help specify a realistic model. These features are
outlined in Section 1, which also illustrates a typical market outcome. We proceed by
specifying the main characteristics of an oil trader in Section 2. Section 3 discusses a very
simple model of two such traders to give us the feel for the problem. Section 4 goes on to
the more complicated three person version of the game in which the problems of the general
n-person model can be illustrated and exemplified. Section 5 generalizes to an nz2 person,
finite time horizon game of pairwise bargaining after random matches and analyses whether
efficiency can be achieved under the more realistic specification of bargaining options.
Section 6 concludes by discussing convergence to efficiency and by comparing the
decentralized forward market with a centralized futures market.

The main conciusion is that the model catches some important circumstances affecting
15-Day traders and that it can mimic the observed outcome of the 15-Day forward market.
The outcome is inefficient compared to a centralized market institution, but there is
convergence to the efficient outcome as the time horizon gets longer. Measured against the
standard model of a futures market, the 15-Day institution is inferior. Since a futures market
(the IPE) exists and since the futures market institution has long been a well known way of
organizing the economic functions that the 15-Day market accomplishes, it remains a paradox
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that the market participants accept such an inferior market institution.'

1. The Characteristics of the 15-Day Market cx

Traditionally thought of as London-based, the 15-Day market cj'{ant be said ;;) have
a proper home. However, many traders have their offices in London aan;ﬁpﬁt price reporting
services are located there. The early development of the markets for Ndrth Sea<rude oil is
described in detail in Mabro et al. (1986).

For the purpose of this chapter, a short account of the salient features of the 15-Day
market institution will suffice: '

1) Finite time horizon: A contract for oil to be delivered in a given month® can only be
traded during a given time interval. In order not to go into the complicated details regarding
the timing of forward and spot transactions (on this, see Phlips (1992)), as a good
approximation it is assumed that a given forward contract is traded during the last two and
a half months prior to delivery. This allows around fifty trading days.

2) Limited number of players: "Though the number of market participants in 1980-85
exceeded 110, we found that the number of continually active players was of the order of 30-
35, and that the 10-15 top participants accounted for most of the activity. The top five
participants comprised four oil traders and one major oil company" (Mabro et al. (1986) p.
XX).

3) Pairwise negotiations: The 15-Day market does not exist physically, but consists of a
network of market participants trading via telephone.

4) Standard contracts: The contract is of a type where the quantity is prespecified (500.000
bl’s) so that the contractors only have to fill in the agreed price. For each matching of two

' One explanation may be that the forward market automatically becomes the spot market
in the sense that assignment of physical cargoes is done via chains of contracts that are left
open when the forward market closes. This function could however be carried out in other
ways. A centralization of this function would seem to make life easier for everybody involved
in the market.

* The timing of delivery is not further specified. Only when the spot market opens will
the delivery be known with more precision (namely within a three day delivery range). It is
this assignment of different buyers to different slots that would be made easier with a
centralized agency (cf. note 1).
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traders this reduces the dimension of the bargaining problem from two to one: from {price x
quantitity) to (price). The contract is binding in the sense that once it is telexed and therefore
legally confirmed, the contractors cannot undo it before maturity and may thus end up with
obligations to buy or sell oil on the spot market of the relevant forward month.*
T

5) The clearing mechanism is important for the same reason and mwﬂveS two types of
transactions: bookouts and daisy chains. A bookout is a situation where a nqmber of players
(at least two) can construct a circle of contracts (A sells to B, B- fa, ;L 1o, "to A) and
decide to close out by purely financial transfers. A daisy chain is sm;i’far but the cham is not
closed to a circle: a cargo is passed on along a chain of traders and the last trader in the chain
takes delivery. A daisy chain thus involves a cargo of physical oil at the end.

In addition to the institutional features we note that there is a great deal of speculation
going on in the market. Bacon (1986) notes that:

"this market has been de facte dominated by speculative deals” (p.5)
and

"[a]n important factor is the dispersion of expectations held by traders: if expectations about price
movements are widely spread then the number of deals can be high" (p. iii).

"All this activity (...) was greatly amplified by the involvement of speculators in the market who,
by taking views on likely future prices, tried to make a margin on buying or selling short and then
covering their positions at a later date, ... [T}here was also considerable variation in the total
amount of trading month by month. We have suggested that an important part of this volatility in
quanlity was related to changes in the dispersion of expectations held by those speculating in the
market. When there was consensus on the likely price outcome the opportunitics for trading
decreased and when views were very disparate the number of deals increased." (pp. 48-49).

Take this as sufficient evidence that

' 2) d1fferances in expectahons dnve zhe speculatwe trade

; '-";;3) spcculatlve trade dommates the IS-Da -market

7
£

The assumption that differences in expectations drive speculative trade is in straight
contradiction with the zero-speculation or zero-trade theorems (see Milgrom and Stokey
(1982) and Tirole (1982) or for a survey Geanakoplos (1992)) that follow from the rational

* This feature is what leads to the frequent occurrence of squeezes, ¢f. Chapter 2.
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expectations hypothesis or from an assumption about common knowledge of common priors.
That differences in expectations drive speculative trade therefore needs justification which is
given in Mgllgaard (1993). For the purpose of this chapter, first note that the typical real
world speculator seems to be much more confident about his own expectation (opinion) than
game theory with common priors allows him to be. Second, even if Rg;og,!e have the same
information, this need not span a unique probability distribution leadingto urflque spot price
expectation (see also Kurz (1991)). ’ ;

To characterize the forward market as entirely speculative’ lgif?n,fobwous Abstraction.
In reality, there are four types of market participants, viz. non- mtegrated producers non-
integrated refineries, integrated oil companies and oil traders, but only the two first types of
agents can be trusted to enter the market primarily for hedging purposes, and their overall
significance is fairly limited. The physical production of Brent blend during a normal month
is forty-two cargoes and hence hedging can explain no more than forty-two contracts®. The
turnover on the 15-Day market is typically ten times this number. Integrated companies
speculate about the future forward price and trade accordingly for tax purposes.” Qil traders
live from speculation, so it is a fair claim that the forward market is predominantly
speculative. '

A typical outcome of the 15-Day market in terms of the number of contracts traded
and the corresponding prices is illustrated by the trading of the September 1991 contract.
Trading took place in the period from 21 June to 30 August 1991, see Figures 1 and 2. Figure
1 shows the price range of concluded deals on the different days of trading, while Figure 2
indicates the number of deals (each for a cargo of half a million barrels) on the same days.
Needless to say, when only one deal was concluded on a given day, only one price obtained.
This price 1s indicated with a dot in Figure 1. Figure 3 shows the price and the quantity
(number of cargoes) traded on two consecutive trading days, july 24 and 25. The dataset does
not provide an identification of the traders involved in any deal and it is thus difficult to
know whether two cargoes sold at identical prices on a given day represent one or two trades.

The figures confirm the impression that when a lot of trade is observed, then the price
dispersion is also large. Note that no causality is implied, a priori, in this statement. However,
in the model that follows, a wide dispersion of spot price expectations across traders will
cause them to trade larger quantities on the forward market. Because of the decentralized
nature of trading in the 15-Day market, this leads to a wider range of forward prices being

* This argument ignores possible hedging of other crudes for which Brent is a substitute.
To a certain extent forward markets for other North Sea crudes exist, but they are relatively
unimportant. It is well known from the theory of futures markets that you can hedge
imperfectly in forward contracts for an imperfect substitute.

* See Bacon (1986) and Mabro et al. (1986) for a discussion of this. Clubley (1990, p.
33) notes that it is well known that the majors are speculative traders.
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Figure 2: Number of September Deals
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Figure 3: September contracts on
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observed.

To capture the aforementioned features our model of the 15-Day market should include
a finite number of players (traders/ speculators) that get matched pairwise and then bargain
about the price of a unit of an indivisible good. They are only matched a finite number of
times and since they are speculators they will want to close whatever open position they
might have at maturity.

The model is built up step by step increasing the number of interacting agents from
one to two to three to n.

2. A Simple, Speculative Oil-Trader

Assume that the entire forward market is speculative. This means that no market
participant has any interest in obtaining the underlying good, but only in buying cheap
contracts on the forward market in order to sell them later at an expected higher price, or
conversely, in selling expensive contracts to buy later at an expected lower price. Speculation
is thus "sell high, buy low" with either happening first. Through most of the chapter, it is
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C
P
aassumed that the forward market clears at maturity using the realization of the spot price.
Accordingly, in this model, all contracts are supposed to be held till maturity. Some important
problems regarding the clearing mechanism at maturity will be discussed later.

We employ two further assumptions of a technical nature: 1) The trader perceives the
spot price as a normally distributed random variable; and 2) she is risk averse. To be specific,
assume that her preferences can be represented by a utility functié% Fhat is (negative)
exponential in profits. The joint assumption of a normal spot price and an exponential utility
function allows us to express the objective function according to thc rhean- vanaﬁce model.

Thus the spot price, p°, has a "subjective mean" p, and is a@@lﬂed torhave a known
variance 0% = I (this allows us to concentrate on differences in oplmon about first order
moments):

p*~ Np,1) (1)

Trader I's expected profit from a forward transaction in period ¢ is

= (g, ~ P, 2

where g,, is the price of the contract and f;, the quantity sold. The expected profit from a
given contract ¢,, = (g,,f; ) is positive if the forward price is higher than the mean spot price
(g;, > p) and if the trader sells forward (f;, > 0). Conversely, if the forward price is lower
than the expected spot price, the expected profit will be positive only if the trader goes long
(i.e. buys forward: f, < 0).

Let A,(t) = (C,;p €50 = €,) be trader I's history of trades from the first day of

trading (¢+ = I) up to and including day t. The expected profit that arises from this history is
simply the sum of the single-deal expected profits, given that the trader’s spot price
expectation does not change over time:

nhfv) = X (q, - p)f, = V(k(v) - pF(h(T) <)

where V(h(t)) = Z:} g, fm is the (known) book value of the trader’s forward position and

F(h(t)) = 2’_} f, , is the trader’s net position. We consider a trading period short enough for

discounting to be ignored. Given our assumptions, the objective function at time v can be
written

Glhy(x);A,,p,) = m(hy(x) ~ ZF(h(t) )
where A, is the Arrow-Pratt measure of absolute risk aversion, here assumed to be constant.

The trading stops at a known date T (=) and the trader’s objective (TO) is thus:
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Ma‘x{h,(T)} G(h(T);A,p,) (5)

Summing up, this section proposed the following assumptions:

Al The typical forward market participant is a speculator. "
. B R e : AR A A

A2 The forward market clears using the realization of the spot pricc{: at maturity.
ariable with mean

I_A_@Th ader hasnsk- ,
-which is--egpcj)nential:

From these four assumptions we derived the trader’s objective function which is quadratic in
the net position F and we formulated the trader’s objective (TO).

3. Two Traders with Differing Beliefs

Assume for the purpose of this section that the forward market consists of two traders.
If they trade, it must be with each other. When they agree to a contract, they know that their
spot price expectations differ. If they have identical spot price expectations, they do not want
to trade since trading would expose them to a risk. We thus assume that agents are endowed
with different spot price expectations. Given expectations and expected utility maximization,
they will want to trade if expectations are sufficiently diverse. In the following, different
"solutions" to the two players’ problems are examined.

3.1 Axiomatic Approaches

Name the two agents I and J. Agent I expects the spot price to be p, and J expects p;;
assume these expectations to be common knowledge. I and J agree that the spot price
variance is one. They have risk preferences A, and A, respectively. Since they are the only
two on the market, what one trader sells, the other must buy and we shall take f to signify
I’s short position (signed) which then is J’s long position.

Arbitrarily assume p;>p,, set T=1 andfor suppress the time-index. The two TO’s
thereby become
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2

Max, (q - p)f - A7 (©)

2
Max, -(q - p)f - —= - ™)
2 P
where ¢ = (g,f). j-’f. N 1

7 ‘

If I and J were price-takers, ¢ would be exogenous to the tgéj’ vs and, ;.hou}d somehow
adjust to clear the market. Then the competitive equilibrium would be obtained, with

Ap, v Ap, P, - P . (8)
A; - AJ , A: B AJ’

Here 7 buys from J a position that is proportional to the difference in spot price expectations
at a price that is a weighted average of their price expectations, the weights being the risk
aversion constants: If I is more risk averse, J’s spot price expectation gets a higher weight
and vice versa. The competitive equilibrium is illustrated in Figure 4.

With only two traders, or in general as long as the number of players is so small that
any player perceives that she can influence the market outcome, price taking appears to be
a highly artificial constraint on behaviour and the competitive solution does not carry much
appeal, so we discard this approach.

Let us instead turn the problem upside down: Just studying the traders’ objectives and
without imposing further structure on the problem, what can be said about the set of contracts
that they would agree to?

The minimum requirement on any contract must be that it contributes non-negatively
to the contractors’ payoffs, that is, that it be individually rational (IR) for both.° This
condition is satisfied by contracts in the set

{q0} U (q,ﬁ.-f<o,p,-gifsqsp,+gf} ©)

which is the vertical axis plus the big triangie in Figure 4. Any contract interior to the triangle
is strictly preferred by both parties to no trade. A contract on the vertical axis trivially
contributes zero to the expected payoff of both traders (zero volume, zero trade). A contract
on the upper line (g = p, + /24, /) of the triangle would contribute zero to I’s expected payoff,
whilst a contract on the lower line (g = p, - %24, f) gives J zero expected payoff. We shall
require that any contract be individually rational to both. This only amounts to saying that a

% Or participation constrained.
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Figure 4: Competitive Equilibrium,
IR Contracts and Bilateral Core
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trader only contracts if she finds it advantageous, which seems a natural and minimal
requirement.

A stronger requirement would be that the outcome belong to the bilateral core. This
will be our qualitative efficiency measure throughout the chapter. The idea is that
independently of the organization of the market, in order for the market outcome to be called
efficient, it should belong to the bilateral core.

Definition: The bilateral core is the set of contracts that is coalitionally rational, where the
set of permissible coalitions is restricted to all singletons and all pairs.

in other words, the bilateral core is the set of contract allocations that cannot be blocked by
coalitions of one or two agents and that satisfy participation constraints. Note that in general
this is a different requirement than Pareto efficiency. In the two-person case the bilateral core
is identical to the core and a strict subset of the Pareto efficient allocations. For now it
suffices to note that individual rationality of an outcome means that no singletons can form
a blocking coalition and our two person case therefore reduces to finding the contract curve
in the set of IR contracts. This can be done by equalizing the marginal rate of substitution
between price, g, and quantity, f, for the two players. The bilateral core in the two person case
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is:

P, — D ‘AJ A;
c.) = ——, - e = = -
f A by 2f q=p 2f

(10)

It is illustrated in Figure 4 as the vertical bar in the triangle. The quaﬁﬁtgﬁsﬂhe same as that
of the competitive solution, but the price can be anywhere in the injerval be‘tween the seller’s
(J’s) reservation price and the buyer’s (I’s) reservation price.  #j * .

The question is whether we can rely on economic princip]éygr {i‘)ﬁrestricj:t the solution to
the bilateral core. This is one of the recurring issues of the chapter, so we should not expect
an easy answer. Note that the competitive equilibrium belongs to the core, as should be.
Another solution concept that has been applied to a problem of this type (see Brianza, Phlips
and Richard (1990) p. 13) is the Nash-Bargaining point. Provided that the disagreement event
is taken to be that no contract is telexed, the generalized (asymmetric) Nash bargaining

solution which assigns weight ("bargaining power") a to I (a&/f0;1]) can be written as

- Py B 11

(af) = [w,p, T WPy m} ( )
1] 4, 1l 4 : . , .

where w, = = - (I-o)|and w, = — - o |. This generalized solution contains
21A A, 21AA,

the original Nash point as the special case where a = %

- (3A,+A)p, ~ (3A,A)p,
4(A,+A,) '

(12)

q

where the price expectation of the less risk averse agent gets the higher weight. This price
will coincide with the competitive price (8) only if A, = A,. Otherwise, the difference between
the competitive price and the symmetric Nash bargaining price will be:
%(p, - pJ)H >0 iff A >4, (13)
so that the seller (J) is better off with competitive pricing than with Nash bargaining if she
is more risk averse than the buyer (/) and vice versa.

The generalized solution (11) belongs to the bilateral core (10). Indeed, the bilateral
core is equivalently described by (11) letting a run from zero to one.

The weights in w, and w, in (11) have the following interpretation in addition to what
was said about (12): The stronger I is (i.e. the higher o is), the closer is the price of the
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contract to J's reservation price as given by (10). Conversely, the stronger J is, the closer q
gets to I’s reservation price. Generally, the stronger an agent is relative to the other, the more
the forward price will reflect the other’s spot price expectation. :

Since the Nash bargaining approach is axiomatic, the solution by construction enjoys
some nice properties: it is invariant to equivalent utility representations; it is symmetric if the
problem is symmetric; it is independent of irrelevant alternatives; ’éééh&f-ﬁf‘it-ais Pareto efficient.
The joint effect of these four axioms is even a unigue outcome, but for our purpose we cannot
use the approach since we would then assume what we wapft; t& show (eff iciency of the
outcome). Axiomatic approaches are silent on matters of tmﬁ[ g ‘and procedures and we
therefore adopt a non-cooperative strategic bargaining approach to ana}yse whether and under
which conditions the outcome of the given market institution is efficient.

3.2 Two Traders Bargaining Strategically

The strategic bargaining model as treated in Osborne and Rubinstein (1990) assumes
that the players haggle over the price of a fixed quantity, taking turns in offering a price to
the other and rejecting or accepting this offer. In the terminology of Rubinstein (1992), they
attempt to partition a pie of a given size and once they agree on a partition, the game is over.
Thus in our model, if the players are allowed to enter precisely one contract with a
prespecified quantity, then the traders only haggle about the price. Given the finite time
horizon, the price will either equal the seller’s reservation price if the buyer is the last to
make an offer, or the buyer’s reservation price if the seller offers last. The one to make the
final offer is the winner, and the winner takes all. It is a general feature of strategic
bargaining models, that the offerer skims the cream off by making an offer equal to the
receiver’s reservation value (appropriately defined), leaving the receiver just indifferent
between accepting and rejecting. This feature is exploited repeatedly throughout the chapter.

However, the Osborne/Rubinstein (1990) approach is not immediately applicable to
the problem at hand. First, contrary to Rubinstein’s model and many other models, it is
assumed here that players are infinitely patient but that the game has a finite time horizon.
More importantly, we introduce indivisibilities and multiple trades: A contract ¢, has a
prespecified quantity. We take this as the indivisible unit for which the traders try to establish
a price, and assume that in each period, a trader can enter at most one contract so that

I if I sells a contract to J at ¢
f, =10 if I and J cannot agree at t (14)

-1 if I buys a contract from J at t.
Accordingly, if the two traders want to achieve a forward position of a given size, FzJ, at T,
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they will have to trade in at least F periods.

At any period, T, agent I enters the period with accumulated expected payoff
G(h(t-1);A,;,p,;) and exits with accumulated payoff G(h,('c) :A;,p, ), SO the incremental single
period expected payoff is

g(h](t);App[) = .ﬁ{fL - Pj - ‘;iﬁ; - A]F;(h;(T_I))?T: :jﬁ:; g (}5)

i
which depends on history only through the accumulated net posmo{‘ng} no contrac{mg is done

in period T, then g(h(t);A,p) = 0. If a contract is sold (f. = /) or bg ght (fT = -1), the price
must be individually rational, ie.

kY

f
£,

1 =gq =2p -2 +AF(h(t-1)) = RS(v)
+ AF(h(t-1)) = RB(v).

(16)

H

—]=>q{sp‘,—

YN |

We shall use RS,(t) and RB,(t) as a convenient short-hand for I's myopic’ reservation prices
as a seller and as a buyer, respectively, and bear in mind that they evolve over time,
depending in the shown way on I’s forward position in the preceding period. If the trader is
already net short (F(h,(t-1)) > 0) this raises the selling reservation price but it also raises the
maximum price at which she is willing to buy. This is so, since an additional unit sold
increases the riskiness of the overall position, whilst buying a unit reduces the short position
and thereby the risk exposure. Figure 5 illustrates this for trader I and for a given 1 the
intercept of the line with the g-axis is p, + A, F(h(t-1)}. Only when F(h(t-1)) = 0 will the
intercept equal the trader’s spot price expectation.

The intercept and the two vertical lines indicate the set of IR contracts to [ given the
indivisible unit. A convenient fact is

RS(t) = RB(v) + A,, i€ {LJ}, Vu a7

The following lemma commands full generality (that is to say it applies to all versions
of the game independently of the number of players):

Lemma 1: RS(t) = RB,(t) => RS)(t) > RB/(T).

Proof: Follows directly from (17): RS(t) = RB(t) + A;sRS(v) = RB,(T) - A
=RS(t) z RB(t) + A, - A, >RB(r) &

7 Myopic since it does not take future payoffs into account. A forward looking reservation
price would do this and thus require backward recursion or, equivalently, subgame perfection.
The price (20) is a forward looking reservation price in the two-player case.
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Lemma 1 simply states that if there exists a contract where 7 sells to J that both
players find IR, then there does not at the same time exist a contract where J sells to 7 that
both players find IR. The next lemma gives a dynamic extension of L.emma 1:

Lemma 2: Assume that two players, I and J, are matched in period t-1. Then RSft-1) =
RB (t-1) => RB/(x) = RS,(%).

Proof: If the two players do not enter a contract at t-1, then RS,(t) = RS,(t-1) and RB,(1) =
RB,(t-1) (because F(h,(t)) = F(hy(t-1))) and the conclusion follows directly from Lemma 1
(with strict inequality). If the players do enter a contract at t-1, then F(h(t-1)) = F(h{t-2))
+ 1 and F(h(x-1)) = F(h,(t-2)) - 1, so RS(t) = RSz-1) + A, and RS,(x) = RS,(t-1) - A,.
However, from (17) it then follows that RB{t) = RS(t-1) and RS,(x) = RB,(t-1). Since the

condition of the Lemma is a weak inequality, the conclusion will also be a weak inequality. @

Lemma 2 states that if, in period <-1, there are gains from a trade where I sells to J,
then there cannot be gains from a trade where J sells to [ in period T, given that the two
agents are matched in t-I. If they were not matched in t-1 they could be matched to other
agents in T-/ and enter contracts that would disturb the conclusion. Here we concentrate on
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the two player case, where I and J are matched with each other in every perlod

Remark: In the two player case, Lemma 2 implies that, in general, trade betwee.n. I énd J
always goes in the same direction: [ sells to J if p, < p, and J sells to [ if p, > Py

Corollary: If RS,(t-1) = RB,(t-1) and I and J enter a contract at 1-1 :’rthe&n RB{1) = RS,(v) =
RS,(x-1) = RB(1-1) = it = 9o - .
fﬁ b ! : ' E’F

Remark: If, in the two player case, the situation of the coro]lar& ‘ééf{l_»emma 2 occurs, then
T 5
the net positions in t-2 and t-1 are

b, — P 1 Py Py 1
Fhfx-2)) =~ — - Z and Flh(t-1)) = — "~ + =
! A+ 4, 2 A -A, 2

which must both be integers. In this case, the agents can cycle back and forth between these
two positions (recall I’s position is always the negative of J’s), each time trading at the
competitive price and each trade adding zero to both trader’s expected payoff. In fact, the two
positions are defined by requiring that the marginal trade adds zero to both players expected
payoff.

Generically, the positions mentioned in the remark will not be integers, and we have
the following proposition determining the maximum value of the open interest which is then

the maximum number of deals (ND) (/x. denotes the integer part of x):

Proposition 1: Assume without loss of generality that p, > p,. Generically, the upper bound
on the open interest is

;_pJ+1

_P__._ 2| = ND. (18)
A +A 2

F(h(v) = ~F(hfv) =

Proof: Define 8 = u+£ - f_’___*”j,+i , 0€/0,1), and assume that the number of
A -A 2 A + A,
FLIE o N

contracts already exchanged is F(h(t)) = - & , which is then an integer. In

1
A +A 2

I J

this case, RS,(t+1) = g + (I-8)A, > RB/(t+]) = g - (I-0)A, and

RS,(v+1) = g + 84, = RB,(t+]) = q - 8A,,
where g is the competitive price defined in equation (8) of Section 3.1. Only if =0 can there
be any trade. This is the special case discussed above. Otherwise, we have RS(t+l) >
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RB,(t+1) and no trade is possible in T+ or thereafter, which implies that all gains from trade

have been expioited. B

Now we complete the description of the rules of the game by the assumption that
when I and J are matched in period t, I makes an offer to J with pr‘obﬂblll?’ 1/2 and J makes
an offer to I with probability 1/2. An offer takes the form of a contract;. i.e: é’SSenrzaHy a price
at which the offerer is willing to buy or sell one unit. The receiver of the offer can take it or
leave it; accept it or reject it. Then the game moves on to period's, 1t .

The following proposition outlines the backward recursmé%rmcqﬂfe by which the
game at hand can be solved by studying the effect of all possible actions in T on current
period payoffs and on continuation payoffs (i.e. the expected value of the ensuing subgame)
and letting the agents maximize over these actions:

Proposition 2: Let p, > p, and suppose that expected continuation payoffs are of the same
form

A -A
v(t+l) = é(p, -p, - (A, - AJ)(F(hJ(r))w»%) = ’4 J (19)

for both players. Then, if I is chosen to make an offer at T, she will offer to buy a contract
from J at the price

A + A
= RS(t) + m{.__i“f., (20)

which J will accept. If J is chosen to make an offer, she will offer to sell a contract to I at
the price
A +A
g, = RB/(v) - —’-2——1 (21)

which 7 will accept. Thus, in both cases F(h,(t)) = F(h/(t-1))-1 and F(h,(t)) = F(h(t-1))+1.
Ex ante, ie. seen from period t-1, the expected payoff to both players will then be

® In terms of expected utility, the effect of the assumption that in any match either of the
two agents has probability 1/2 of proposing to the other is the same as that of assuming Nash
bargaining between the two agents in the match. This holds true also for the n-person game
of Section 5 if the threat points are defined to be the continuation value to each of the agents
of negotiations breaking down.
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vy = %(p, “p, - (@4, - A,)(F(h,(z—z))*é». 22)

Proof: v(t+1) = (A, + A;)/4 implies that F(h,(t)) s j: LB

I o
-1, wb1clf€ensures that there

! J

are IR contracts to be made in period t. Consider the case in wh&ﬁc Fis chosen‘fto make an
offer to J. If J accepts, F(h,(t}) = F(h,(x-1)) + 1, if she rejects; F}{/}IJ(T))& F(h;(tr-1)). By
hypothesis, J’s expected continuation payoff in the case of acccptance is

a 1
VD) = S, - by ~(A, - AJF-D) - 1 ¢ 3)),
whilst in the case of rejection it is
1 1
vit+l) = —2—(P, - p, ~(A - AYF(h(t-1)) + 5))-

J then loses Vvi(t+1) - v*(x+1) = (A, + A})/2 in terms of future payoff by accepting and I’s offer
should compensate J for this loss in order to induce acceptance. This can be done by offering
a contract price such that glhft)) = (AF+A)/2 => q, = RS,(D)+(A+A)/2 => glh(z)) =p, - p,
+ (A, + A)F(h(t-1)) - 1) = 0 by the assumption that v(t+I) = (A, + A)/4. This last
‘assumption implies that it is not optimal for the offerer to construct an offer that is certain
‘not to be accepted and wait for the other to make an offer. The case where J is chosen to
make an offer to [ follows a similar argument.

This shows that, seen from period -1, with probability 1/2 a player will expect to get
pr-p;+ A+ A)F(h(t-1)) - 1) = 0, and with probability 1/2 she will get (A+4,)/2 summing
to:

Eg(h(v) = (p, - py + (A, + A)(F(h,(v-1)) - 1/2)))2

-';whlch is the same as (20) because F(h,) = -F(h,). R

:Remark: The expected period-t price will be:

+

. A - A
Eqry = 20 2 {(F(hy(v-1)-2). (23)

If A, = A, the expected price will be identical to the competitive price. If A, = A, the
expected price will show a trend, that will be positive if A, > A, and negative in the other
case. Particular realizations of the price wilf be as indicated in Proposition 2.

Equilibrium in this model is a situation in which 7 and J maximize G(h,(T)) and
G(h(T)) respectively. If the agents follow the recursive formula of Proposition 2, then
equilibrium will be subgame perfect. There are two cases to be considered: If T < ND, there
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are not enough periods to aliow the agents to reach the upper bound on the open interest, ND:
They have to stop trading before all gains from trade are exploited. On the other hand, if T
= ND, they can exhaust the gains from trade (under the restriction. imposed by the
indivisibility of a contract). The following lemma shows that they must exhaust all gains from
trade if they can:

Lemma 3: Let p, > p, and assume that 7 = ND. Then F(hJ(T)) = ND is (genencally) a
necessary condition for equilibrium. A

Ifi"f” e )

Proof: First assume that F(h,(T)) < ND. Then F(h(T)) = %ngi - _;_ - &, where we used
7 J

the fact that F is an integer. If § = 0, this implies that RS(T) < RB(T) so that a contract could

be set up which would give a non-negative incremental payoff to both traders and a strictly

positive payoff to at least one, in contradiction with optimality. If 8 = 0, we could have the

special case where the marginal contract gives both zero incremental profit. In this case

F(hy(T}) = ND - 1, is a necessary condition for equilibrium.

Hence F(h,(T)) = ND. By Proposition 1, F(h(T)) s ND, so we have F(h,(1)) = ND. &

Proposition 3: Let p, > p,. Then a subgame perfect equilibrium exists in which I and J
maximize G(h(T)) and G(hy(T)) respectively. If T = ND, in the first T - ND periods
equilibrium has

F(h,(t)) = 0 = F(h,(v)) (24)
vit) = 0 ‘ (25)
Eg(t) = Undefined (26)

For both T < ND and T = ND, define u =t - max{T - ND , 0}. For t =2 max{T - ND , 0} (i.e.
u = ), equilibrium has

F(h(v) = ~u = -F(h,(t)) @7

W) = _;.((p! : .’;) - {p, - *‘7) - (u - DA, - AJ)) (28)
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- A - A
Eg(t) = P’2P"' —— "(u - i) (29)

Proof: We need to prove that we can apply to both cases the back vard recursion of
Proposition 2 by showing that in period T we get continuation payoffs ef tﬁe form (19). If this
is the case, then Proposition 2 showed in (22) that continuation payoffs in gny e {rller period
take the same form. The rest of the proof follows from forward re(/:f: flpn from penod 1 with
Fh(0)) = '

First c0n51der the case in which T = ND. By Lemma 3 we know that F(hy(T})) = ND.
The trading must take place in the last ND periods. Before this, any trader can reject an offer
hoping to become the first person to have an offer accepted sometime later, without
sacrificing continuation payoffs, so it must be the case that F(h,(7-1)) = ND - 1. Then
reservation prices are RSHT) = ¢ - 84, and RB(T) = g* - 84, In period T, there is no
continuation to worry about, so the winner takes all. Seen from period 7-1, both players then
expect to gain

A - A

Fl

L(RBT) - RS(T)) =

If & = 1/2 this satisfies the condition of Proposition 2 that vit+1) = (A; + A)/4. If & < 1/2, we
regress one period. By assumption we have F(h,(T-2)) = ND - 2, so T-1 reservation prices are
RS(T-1) = q - A1 + &) and RB(T-1) = q" + A1 + 8). In case of rejection, the reservation
prices remain unchanged in period T where the winner takes all, so in order to induce
acceptance at T-1, the offerer should compensate the other with the amount
L(RB(T-1) - RS,(T-1)) = (I - 8)(4, + A,),
which will then be the T-7 incremental payoff to the acceptor. The offerer gets the same (the
other half). Seen from period 7-2, the continuation payoff is thus
_ 1 A, ~ A,
v(T-1) = E(I - 8)(A, - A,) > —

so we can unravel the game from 7-1 backwards.
We next consider the case in which T < ND. We then have F(h(T-1)) = T-1, so RS,(T)
=p, + AT - 1/2) and RB(T) = p, - A(T - 1/2). Seen from T-1, continuation payofis will be

WD) = Lo, - b, - 4, - ANT - Dy,

wWT) =z (A, +A)/4 it T < (p, - p)/(A, + Ay, but this follows by the assumption that 7 < ND. &

The equilibrium that is outlined in Propositions 1 through 3 can be interpreted as a
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Markov Perfect Equilibrium:® If we take as state variable (i) the forward positions of the
previous period, T-1, (ii} the realization of who nature chooses to make an offer in the current
period, T, and (iii) time, T, itself, then those are sufficient to determine what offer the agent
should make and whether to accept or reject it in period T, taking the expected value of future
actions into account. Indeed, the payoff relevant history is summarized by F(h(t-1)) = -
F(h,(x-1)). Given a realization of the state variable, the offerer propﬁ%e@aﬁcontract chosen
such that the price exactly compensates the receiver for the loss ir} contim‘;ation payoff and
leaves the receiver indifferent between accepting and rejecting. Egtilibrium then‘frequires her
to accept. This is the essence of Proposition 2. Proposition 1 defi fﬁf’ﬁ% ergadic states of the
Markov chain that the Markov perfect equilibrium can be seen as: If the market reaches a
state in which F(h(t}) = ND, then the two traders have no further gains from trade and will
stop trading, so all possible future states will have this quality. Lemma 3 says that if possible
(T = ND), the Markov chain should end up in an ergodic state. Proposition 3 then states that,
if possible, the market ends up in an ergodic state, exhausting all gains from trade. This will
happen in the last ND periods, so in the first T-ND periods, nothing happens: The forward
positions stay zero, there are no realizations of the price since all offers are rejected without
any loss of continuation payoffs. In the last ND periods, the J’s forward position is increasing
by one contract each period (and /’s is similarly decreasing) thus reaching ND when the game
stops at T. This quantity is efficient, ie. in the bilateral core, given the indivisibility. Prices
are evolving around a trend (see (23)) if A, = A, or take values randomly above and below
the competitive price if A, = A,. All realized prices have to be individually rational, so the
equilibrium is efficient for T = ND. If T < ND, there is a trade in each period, so at the end
of the game F(hy(T)) = T and prices evolve as in the other case. This equilibrium can by
construction not be efficient, but given the time constraint the players get as close to
efficiency as possible.

In short, the two trader game yields a unique Markov perfect equilibrium that is as
efficient as possible given the time constraint. In this model the only uncertainty stems from
who is going to make an offer in each period. The identity of the opponent is known with
certainty. This is not the case with three or more players.

4. Three Traders with Differing Beliefs

This section extends the two-player results to three players as an appetizer to the n-
person game. While the extension of the axiomatic approaches is relatively straightforward,
the extension of the strategic approach to a dynamic, stochastic game proves to be trickier.

* See Definition 4 and Proposition 7.
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4.1 Axiomatic Approaches and the Phlips-Harstad Model

It is a matter of simple algebra to extend the static analysis of Section 3.1 to a three
trader market, thereby obtaining a simple version of the model in Phlips and Harstad (1991):
In our model the traders on the forward market have no power in the spot market, whereas
in the Phlips/Harstad model they do. However, this simplification hag"hdimportance for the
discussion of the efficiency of the forward market.

A straightforward extension of the notation is needed: Thﬂ grziders are cﬁ led 1, J and
K and f;, i=1,J, j=J,K, i=j, denotes the amount that i sells to j at pn&ﬂ}q Ifff s negative, then
i buys from j as before. Suppressing the time dimension, the payof% functlon for, say, I now
reads

G(;Aup) = (9, =~ Py + Gy - P - ';J'(fu N fm)z' (30

The competitive equilibrium is readily found to be

g = A, + AAD, + AADD
J = Ao - B) = Adp, - pID
5 = Adp, - p) * Aoy - pIID (31)
fx = Afp, - py) + Afp, = p)D

where D=A,AK+A1AJ +AA,

The set of contracts that are individually rational for any two players, say [ and J, is
described by

(@) 1,50, b, = 20,50 = 0, 2 p, = 20,10}V

A (32)
{(qu’fu)! fu<0 y Py ‘"2“1'(f1 +fJK) =4q,=p - %(fr +fﬂ<)}U

{(q!.f’ U) j}JﬁOlf !

where f; = f;, + f, and f; = -f,, + f,.. As before, this set describes a triangle with the g-axis.
The three subsets are mutually exclusive (either f;, <,> or = 0) so a given contract can belong
to at most one of them. The new feature is that the sides of the triangle are subjected to
parallel shifts by A, f,. and A, f, respectively that is, the quantities of the two other contracts
matter, because they enter jointly with f;; in the respective agents’ risk evaluations. This
requires that any trade with K be common knowledge, or, in other words, that the three
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contracts be coordinated.
Solving for the bilateral core we find that the quantities should satisfy the following

system:
A +A

A -A

Py P iz P (33)
pepl = A AFA, A |fl ¢ T
P _
K Fj AJ AK AJ+AK JK /: . i éf
My

This system exhibits linear dependence with one degree of freedom and the profile (f,,f,.f5x)
is thus left undetermined. The three traders’ net positions are, however, uniquely determined
and equal to the competitive quantitics above:

fi= fy+ I
£= b fus (34)
fi = ~fix = Fx
and prices should satisfy
. AJ N Al
{(qrﬁfu) fu> 0, 9 + 'Q“f:u 24,24 - "5'fufl U
A A (35)
{(qu’fu) fu<0’ q * 7qu =4q, = q - 7lfufl U

@ f ) £,=0}

Note that if one quantity is fixed, say f,,, then the two other quantities are uniquely
determined by (34) and the IR requirements on forward prices are uniquely given by (35) and
similar expressions for g, and g.

Phlips and Harstad (1991) propose a relatively simple non-cooperative game and show
that the solution will satisfy (34) and (35). However, their game exhibits a continuum of
subgame perfect equilibria and does not explain how the agents achieve coordination to pick
one profile of three contracts that will satisfy (34).

4.2 Strategic Bargaining
The extension of the strategic bargaining game of Section 3.2 from two to three

players is as follows: In any period T, there is probability 1/3 that any two players are
matched excluding the third from playing in that period. In each match, each of the two
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Ry,

similar expressions for g, and g.

Phlips and Harstad (1991) propose a relatively simple non-cooperative game and show
that the solution will satisfy (34) and (35). However, their game exhibits a continuum of
subgame perfect equilibria and does not explain how the agents achieve coordination to pick
one profile of three contracts that will satisfy (34).

4.2 Strategic Bargaining (;f Y 1
ﬁf 1’5/ Lo,

The extension of the strategic bargaining game of Section 3.2 from two to three
players is as follows: In any period T, there is probability 1/3 that any two players are
matched excluding the third from playing in that period. In each match, each of the two
players then have probability 1/2 of being the one to make an offer, which the other can
accept or reject. The game then moves on to period t+1.

This is a stochastic game: the history at t, h(t-1) = (h(t-1),h(t-1},hy(T-1)} can be
summarized in a state variable, k(t) (as will be shown in due course}:

k(t) = (F(h(t-1) , offerer , receiver , idle , 1),
where F(h(x-1)) = (F(h(t-1)), F(h(t-1)), F(hy(t-1)))

(36)

k(t) consists of the profile of net-positions of the preceding period, F(h(x-1)), the identity of
the agent who is chosen to make an offer, together with the identity of the player who is
chosen to receive the offer and the player that is idle at T. It also includes time, <, explicitly
since the number of periods left may be important for the strategies. Note that there are
redundancies in the state variable, since

S Fhf-1) = 0 , Vr, (37

and since the identity of the idle player is known by exclusion, but the notation (36) is
maintained since it appears more intuitive and more symmetric. Expected payoffs at T, g(t)
= (g(h(t-1)),8(h,(v-1)),g(h(t-1))}, depend on k(t) and on current actions, these being a
contract offer, acceptance/rejection and a void action for the unmatched, idle player.

The state follows a Markov process in that the probability distribution on k(t+1) is
determined by k(1) and the actions taken at T. For example, assume that the state 1s

k(t) = (F(h(x-1)) , I, K, J, 1), (38)

and that I offers to buy a contract from K in period 1. If K rejects (r), then k(t+1) will be one
of the following six states, each of which has probability 1/6:
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. (Flh(t-1))ij k0 } (39)
(k(.t 1) ;k(T)’(C;‘Tsr)) e {Vl,j,E{I,J,K},I#]#k

in that the profile of net-positions remains unchanged in case of rejection. If K accepts (a),
then F(h(t)) = (F(h/(x-1)) - 1, F(hy(x-1)), F(hi{t-1)) + 1} and the state willmge%%ng to:

45y

. (F(h(v),i, kv } 40
(k(T 1) ik(t)) (C;,! ’ a)) & l,],kE{I,J,K}, i#jﬁk ld‘; P { gf/( )
it

with transition function Pr(k(x+1)| k(v), (c;,a)) = 1/6. In the example the players’ action
spaces are S,={c,,} (the right to propose a contract), Sy = {a,r} (the right to accept it or reject

it) and S, = & (the right to remain silent). In general, we have the following definition:

Definition 1: {Action Spaces) In any state k(t) = (F(h{t-1),i,j,kt), the action spaces are S, =
{c.}» 5 = {ar}, S = &, (ijk) is any permutation of {IJ,K}. Let § = §x§xS,, with

s(v)=(s(t),s(t)s(v) € S.

In principle strategies could depend on the entire history of the game. However, for
any subgame starting in some period T, only k(t) matters. To show this, we adapt the
following definitions from Fudenberg and Tirole (1991) (pp. 514-5): The future at T is the

current and future actions ®@(t) = (s(t), s(t+l), ..., s(T)) € S following choices of i, j and

k by nature. In the following, & and h’ denote two different histories.

Definition 2: (Sufficient Partition of Histories) A partition {H'()}._,  is sufficient if V1 and
Vh(t-1),h'(t-1): H'(h(t-1)) = H(h'(x-1)), the subgames starting at date t after histories
h(t-1) and h'(z-1) are strategically equivalent, i.e.

(1) The action spaces in the subgames are identical: ViE(LJ,K), Vi>0 and V s(t+t-1),
S(h(t-1),5(t),...,s(T)) = S h'(x-1),5(x),...,s(T}).

(ii) The players’ payoffs conditional on h(t-I1) and h’(t-1) are representations of the
same preferences.

Definition 3: The Payoff-Relevant History is the coarsest sufficient partition.
From these two definitions we obtain Lemma 4:

Lemma 4: The payoff relevant history is summarized by F(h(t-1)).
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i
Proof: The claim is that a partition, /", of histories leading to the same F(h(t-1)) is sufficient.

Let A(t-1) and h'(x-1) be two histories for which F(h(t-1j) = F(h (z-1)). The action spaces
are time invariant, so the first condition is satisfied. We now need to show-that the payoffs
conditional on any two histories that lead to the same profile of net positions at 1-1 represent
the same underlying preferences. The original preferences, ufmn) = . -exp( -Agt), are von
Neumann-Morgenstern, so unique up to a linear transformation. What we né’ed to show is thus

that Vi) 3N, u,) = (M [h@-1),0'(-D] , w,[h(x- Dk A, e > ) such that
Yd(r), Glh(t-1),®(t)) = NGh(t-1),d () ~ K, “‘?" o

By the definition of G(-; 3§, we have G(h(t-1),®(t)) = V(h(t-1})) + V(1)) -
piF(h(t-1)) + F(®x))) + (A/2) (F(h(x-1)) + F(®(t)))*, where we abuse the notation slightly,
so that V(®4t)) and F(®(t}}) denote respectively i’s book value and her (change in) net

position arising from a given future ®(x). It is easily seen that g fh(zt), h'(t), ) = Vih(t-1)) -
V((h;(x-1)) and AM(h(r-1),h (x-1)) = 1, so the payoffs conditional on any history that leads
to F(h(x-1)) represent the same underlying preferences:

G(h(v-1),®(t) = G(h/(x-1)D() + V(hfr-1)) - V(h'(x-1)).m

Remark: The proof shows that payoffs after any two histories that lead to the same positions
only differ with respect to the book value of the previously concluded contracts, which has
no impact on future reservation prices and hence does not affect strategies in future subgames.

Definition 4: A Markov perfect equilibrium (MPE) is a profile of strategies s~ that is a
subgame perfect equilibrium (SPE) and depends on only the payoff relevant history, ie.

H(h(x-1)) = H(h'(x-1)) => Vi, s, (h(x-1))=s, (h'(x-1)).

In view of Lemma 4 we can let strategies depend on the profile of net positions, so
that an MPE is a strategy profile s* that is an SPE and that is measurable w.r.t. F(h(t-1)):

s, = s;(F(h(x-1))), Vi

Let Kft) denote the set of feasible states after a history leading to a set of forward
positions, F(h(t-1)). We have existence of MPE in the game:

Proposition 4: There exists a Markov perfect equilibrium for the game I; =
(N = {I1J,K}, ©=1,.,T, k{t)EK(), s(v)ES, Prik(t-1) k(t),s(1)), {G(h(T))}y.cn)

Proof: The proof will be a special case of the n-person game of the later Section 5.2.H

Having claimed existence of equilibrium, we characterize the equilibrium as far as
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i

possible without knowing the essential parameters, T and (A;,p; ), i € {IJ,K}. In three
propositions we show the counterpart to Proposition 1 for the two player case: there is a

(generically unique) F(h(t-1)) in the neighbourhood of (f/.f;.f) such that in all states after

a history leading to F(h(t-1)), there will be no trade. These absorbing states are in other
words uniquely determined by a single combination of net positions that,determme how close
the players can hope to come to efficiency.

7 i {,
ra N
ey . . Py .
Proposition 5: Trading stops if the game reaches a state where Jf ,/” L
i 5

Fh(t-1)) = f; + 8,
F(h(x-1)) = f; +98, (41)
F(h(t-1)) = fx - (8, - d)

where (0,0,) satisfy the following six inequalities:

Aj*A, AA
Sl s AR - AP,

K 42)

AI ‘AK Al
s AAYY, - AB, s

A A,+A
S S A - (A A, s

Proof: If RB(t) < RS/(t), Vij, i=j, there are no further gains from trade. Manipuliation of
this system of inequalities yields (41) and (42). &

Remark: Generically, all states like the one mentioned in the proposition are ergodic
(absorbing): Once that kind of state has been reached, the market stays in it in all subsequent
periods.

Remark: The proposition shows how close the market can get to the bilateral core: only if

f; and f; are integers can the ergodic states be efficient (§, = 8, = 0).

Figures 6.a and b show the range of (9,,8,) that satisfy the six inequalities for the two
cases when A, = A, = A, = A (Figure 6.a) and A, = A,/2 = A,/3 = A (Figure 6.b). Note that
it is not always the case that there is a non-binding inequality.
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5

Figure 6A: The arca where the requirements (42) are met for A, = A, = A,
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Proposition 6: The only ergodic states (F(h(t-1),i,j,k} are those that satisfy Proposition 5.

Proof: In order for a state to be ergodic at date T = T, we need RB(t) = RS, (1), Yij, i=j.
This leads to the following set of inequalities:

p-p - L sAF -AF sp -p, + P
&
A +A A+A L
Pr = Py - IZKSAKFK_AIFJSPJ J‘fy—” (43)
A4 ArAy

TARET
Py ~ Py~ 3 sAF -AF, sp, - p+ 5

where (F,£, ) are net positions at ©-] (F+F+F=0). Let F, = f; = 8, and F, = f; - &,
where the only restriction on the §’s is that when they are added to the corresponding
efficient positions, the result be an integer. Combining (33) and (34), we get

AF, - AF =p -p - A} +~ AR,
Ay —AF, =p, - pe — (AFAYD, - AR, (44)
AFy ~AF, = p, - py = AR, - (ARAYD,

which combined with (43) gives the desired result.l

Proposition 7: The positions in the ergodic states are (generically) unique.

Proof: Let F(h(z-1)) = (F,F,F;) be fhe forward positions of an absorbing state. The pair (F,
,F, ) thus satisfies

A+A, AA
SAIFJ“A,F]sp,—pJ+ 2

There are six candidates for ergodic positions in the neighbourhood of F(h(z-1}), namely
(F,F,Fy) + x where x € {(1,-1,0),(-1,1,0),(1,0,-1),(~1,0,1),(0,1,-1),(0,~1,1)} . Take the first
element. If A,F, - AF, <p, - p, + (A, + A))/2, we have A(F-1) - AfF+1) <p,-p, - (A, +
A))/2,s0 (F,F,F,) + (1,-1,0} is not an ergodic position. If A,F, -AF, =p,-p, + (A, + A))/2,
we have A, (F,-1) - A(F+1) = p, - p, - (A, + A)/2, so (F,F,F,) + (1,-1,0) is also an ergodic
position, and there can be a cycle back and forth between the two, this adding nothing to the
expected payoffs of I and J. The argument for the other five candidates is similar.H

Py p ..

135

Mollgaard, Peter (1993), Essays on the Determination and Formation of Prices in European Crude Oil Markets
European University Institute DOI: 10.2870/54657



4.3 An Example of a Markov Perfect Equlibrium
To get a feel for the nature of the Markov perfect equilibrium, consider the following
simple numerical example. Assume that the basic parameters of the model are chosen to be:
Spot price expectations: p,“= 200, p,;=190, p.=1807,

Risk aversion constants: A, = 02,  A;,= 04, Ax= 06
Time horizon: ~~ ~ . T=3 ' _

"ﬁjf

The competitive equilibrium is found to be:

. 213 4 < e opr 2 10 ., 3
qg = = 19 s (ﬁ’:ﬁf’f!{) = (*3 s—"'")2

11 11 111111
and the positions in the ergodic states are (F, F, Fy) = (-3,1,2) (i.e. (6,,8;) = (2/11,1/11)).
The case fits Figure 6.b. By trading with each other, the three players can reach thirty-seven
different combinations of forward positions at T = 3. These are illustrated in Figure 7.

The game starts with F(h(0)) = (0,0,0) and can go to seven different "nodes" at t =
1: (0,0,0), (0,-1,1), (-1,0,1), (-1,1,0}, (0,1,-1), (1,0,-1) and (1,-1,0). From these an additional
twelve nodes can be reached at ¥ = 2 and further eighteen can be reached at v = 3 when the
game ends. Each arrow represents a possible transition and to be complete the figure should
include semi-circular arrows representing the possibility of remaining at each node. The MPE
assigns equilibrium probabilities to each arrow conditional on being at a given node at a given

)

1. Many of these probabilities are zero in equilibrium.

The MPE is shown in Figure 8. All arrows there have probability 1/3 representing the
probability of a match between I and J, [ and K, and J and K at each node (after each payoff
relevant history). At (0,0,0) there is thus probability 1/3 that I buys from J leading to (-1,1,0).
From there, the probability is again /3 that I buys from K leading to (-2,1,7) and from this
node, the probability that 7 can strike another deal with K leading to the ergodic state (-3,1,2)
is again /3. The probability of this path is (1/3)’. There are two other ways to get to (-3,1,2),
so the overall probability of ending up in the desired node is /9. But the market can end up
rather far from it also: If J and K are matched three times (an event that happens with
probability 1/27), the outcome will be an initial trade to (0,-1,1) whereafter trading stops. This
is because the gains from trade between J and K are exhausted after only one trade: All paths
in Figure 8 include at most one horizontal arrow.

The expected payoff at v = 0 is (0.6282, 0.3065, 0.5125) compared to (1.0124, 0.1653,
1.5496) in the competitive equilibrium.
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Figure 7: Markov Lattice

Markov
chain
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/\/\/\ \

Horizonal arrows: Trade between J and K. Left-down/Up-Right Arrows: Trade between ! and K; Right-Down/Up-Left Areows: Trade hetween f and J.
137

Mollgaard, Peter (1993), Essays on the Determination and Formation of Prices in European Crude Oil Markets
European University Institute DOI: 10.2870/54657



Figure 8: MPE
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5. n Traders

We now turn to the n=2 player case. A typical player is called I, IEN={1,2,....,n}. As
in the two preceding sections we first treat the axiomatic approaches in which the time
dimension is suppressed and find the competitive equilibrium (the futures market equilibrium)
and the bilateral core (the efficiency standard). We then move on to a Tull scale strategic
bargaining model with a proof of existence of equilibrium in the n-person game and a
characterization of the ergodic states. f‘:fq g ‘

il

r i

5.1: Axiomatic approaches: Futures market equilibrium and bilateral core

As a benchmark, first assume that.the players form a standard futures market which
is assumed to be competitive, yielding a single market clearing price, g'. Also assume that
their different price expectations are common knowledge. Each player’s payoff is then given
by

A
G(;A,,p,) = (@ - p)f, - —21122 : (45)

If ¢ is taken as given, the agent only optimizes with respect to the net position, f, and
the (futures) market equilibrium is given by

n

fa P TATERT R ey g
A! n Al i=1 A,.
-
q- - l:f A.’ - ﬂ _i.— , (47)

where A” is the harmonic mean of the risk aversion coefficients (I/A™ is the arithmetic mean
risk tolerance). A,/A™ is the individual risk aversion relative to the market risk aversion. The
market clearing price is fully revealing in the sense that it is the weighted mean opinion of
the spot price, the weights being the agent’s risk tolerance relative to the sum of the risk
tolerances. This is the "market’s spot price expectation” and it fully reflects the market
participants’ opinions weighted by their willingness to bet on them.

Now assume that the market is one in which the participants enter bilateral contracts,
but still disregard the time dimension. The payoff function then becomes
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A
G(l"AI’p!) = Z (qn - pl)fﬁ - _If!z
ViEN{I} 2 \_ (48)
where f, = 3 f, JVIEN.
ViEN I}
o
LR
To belong to the bilateral core, the quantities have to fulfil
s { {
- At B
p, - p, AL - AJ YiIJ, 44%/” . (49)

¢
#

which is satisfied only by f;, VI. Prices should satisfy individual rationality given these

quantities, i.e. contracts should belong to

@) £y>0 @ - 2= a2 07 - Hf U

A _ 50
@ty <0 @ v Y= 20 - S U oY

{(a;.f) f; =0 Vij € N, i=j.

‘The bilateral core thus consists of n contracts where the quantities and prices satisfy (46) and
(50). Note that the market equilibrium (46-47) belongs to the core.

5.2 Strategic bargaining: the decentralized market game

The stochastic game I, is deﬁned by
@aset of p]ayers, N = {1, ,n} | ______
; 1 1: 1, ,T
" @aset of states k(x) EKM)
© a set of actions s(t) € S(‘l:) ‘ R
@ a transition function: Pr[k(t+1 )] Prlk(x+1 ) l k(t) s(t) ]

| @ a payoff funcnon for aach I E N: G(h,(f), A,,p,)

© a tlme horizon T:ix

The state variable k(t} consists of an n-vector of forward positions, F(h(t-1)), a
realization of the matching technology M(x) and the time index, t:
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k(t) = (F(h{x-1)), M[N](v), ©) , (51)

and K(t) is the set of states that is feasible after any history leading to a given F(h(t-1)).
The vector of forward positions for the » players at the beginning of period T is

defined in an obvious extension of the notation for the three player cage:,,
51

F(h(x-1)) = (F(h,(t-1), ..., F(h (x-1))). (52)
b
The matching technology is called M and a particular realization art:ﬁ;(&’yré}-'c 1s denoted by M(t).
Let <O,R> denote an ordered pair and let S be a set of integers wiﬁ; #S = ’l’:)K, where x is a
positive integer. Finally, let M denote the set of K ordered pairs exhausting S, i.e. an element

H € M;is a collection {<O,R,>, <O,R,>, ..., <O R >}suchthat O,R, €S, Vi = 1, ., k,
O;j=0;and R, =R Yi,j=1 ., x w i=jandO;=R, Vi,j =1, ., x.

If n = #N is even, the matching technology simply maps from the set of players to a
set of n/2 ordered pairs:

M: N —= M, . (53)

In other words, an outcome of the matching technology chooses n/2 matches and in each
match, m (m € u € M,), the identity of the offerer, O,,, and of the receiver of the offer, R,,.
It n is even, an outcome of M becomes M(t) = (<OLR;>, <O,R,>, ..., <O,,R,,>) with O,
RENIi=1.,n0=0,R = R, Vij=1.,n/2,i=], and O, = R, YV ij. In the "even"
case, the matching technology maps from the set of players to the set of possible two-
permutations of this set. The probability of a particular outcome of the map is

M) = uem,)| = O ;;2)! ) n(n{ ] &9

since all outcomes are equally likely by assumption.
If n = #N is odd, M maps from N to the space of (n-1)/2 ordered pairs plus the identity
of the idle player:

M:N—>M N . (55)

N!{ldle}x
An outcome of the matching technology now determines the identity of the idle player and
(n-1)/2 matches exhausting the n-I non-idle players and within each match, m

(meuc MNI{ldfe}

n odd, an outcome of M becomes
M('t) - (ﬂ’ Idle) = ({<OI’R1>’ <02R2>, reuy <O(ﬂ-’)f2’R(H‘f);'2>}’ Idle).
The probability of a particular outcome of the map, M, is

), the identity of the offerer, O, and of the receiver of the offer, R,,. For
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i -3 I
PriM(t) = (u,Idle) € My, xN| = i e e T

since for each player there is probability I/n of being idle at © and for the n-I remaining
players, there are (n-1)!/(n-3)! two-permutations. o
Given an outcome of M, in each match m € u, the offerer, O, has “4ction space S, =

{c,, }, that is, she can propose to buy or sell a contract at a prlce of her :choxg; or she can

choose not to propose a deal, so S, = {(g_,1), (q,,-1), (q_,0): qgf@/ﬂ }. The receiver in m

can accept (a) or reject (), so Sz = {a,r}. A possible idle player has S, = @. The strategy
space of a player thus depends on whether the outcome of the macthing technology makes
her offerer, receiver or idle. In any state k(t), action spaces for the market in that state are

S =(8, x 8)? if # is even -
n-1

S =S, xS)T x @ if n is odd.

Given today’s state, k(t), and today’s actions, s(t), a new profile of net positions
appears: F(h(t)). Given this, the probability of a state

k(t+1) = (F(ht), M(x-1) = u, t-1) (58)

will be (n-2)!/n! if n is even and (n-3)//n! if n is odd. These are the transition probabilities.
When the players have chosen the trades leading to a new F (the first element of the state
variable at T+, then nature chooses a new outcome of the matching technology, M(t+1) (the
second element of the state variable), and one period has passed so ¢ = T+I (the third entry
of the state variable). The sequence of events in each period T is as follows:

0. The reahzatmn of k(‘t) (F ( h(T'I)) M("’)’ B becomes common knowledgc (e

1. The Offerers simultaneously propose a contract (nof c.k.).

2. The Recewers mmultaneously accept or reject (not c.k.).

3. The Idle player (simultaneously with 1 and 2} does nothing (c.k.).
4. The actions in 1, 2 and 3 lead to F(h{t)). |
5. Nature chooses M(x+1) and k(v+1) = (F(h(v)), M(v+1), ©+1) becomes c.k.
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af

Lemma 4 still applies: the payoff relevant history is summarized by the forward
positions at the beginning of the period, F(h(t-1)). Indeed, the proof is independent of the
number of players. We can also extend the essential proof of existence for the three person
game, I';, to the n-person game, I',;:

Proposition 8: There exists a Markov perfect equilibrium for the gafffe Lol

Proof: If the set of actions S were finite, the proof would be a‘t»rg, 18l ada‘ptiorl‘fto I, of the
more general Theorem 13.2 in Fudenberg and Tirole (1991} (p. fﬁy .’2H0wgver there are no
restrictions on the price an offerer can propose apart from positivrity, so 8, is infinite. But
there are restrictions on the quantities that the offerer can propose, viz. to buy one unit, to sell
one unit or not to do anything, and thus S, = {¢, | g, € R A f € {-1,0,1}}. This means
that there is a finite number of feasible states that can be reached during the game and
subgame perfect equlibrium requires that the strategy be optimal at any state, be they reached
or not.

At T, in any feasible state (T}, O,, will propose a contract to R,, that either is equal
to R,’s reservation price if there are gains from trade to be made and which R, then will
accept or is IR to O, if not, and then R, will reject. Reservation prices are functions of the
state via F(h(T-1)).

At T-1, the subgame starting there can be solved with knowledge of what is going to
happen at T in each of the states possible at T and of the transition function Prk(T) |k(T-1),
s(T-1)). Continuing the backward recursion, an MPE appears.®

We also get the n-person equivalent of Propositions 4 - 6 establishing existence and
(generic) uniqueness of the absorbing states for the three person game:

Proposition 9: Trading stops if the game reaches a state in which

F(hfx-1)) = F; + &, Vi€EN, - (59)
where Vi,j the d,’s satisfy
A A,
S P N S S YL (60)
2 A AT A AT 2
and
b, = 0. (61)
YieEN
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Proof: If RB(t) s RS, Vi,j € N, i=j, there are no further gains from trade. Solving this
system of inequalities yields the desired result. @

Remark: The 6,’s are again to be understood as the real numbers that when added to the
respective efficient quantities of the bilateral core yield integers. Weighed by the relative risk
aversion the difference between the &’s of any two players should. numencally be less than
1/2.

/' ; P Ef

Proposition 10: The only ergodic states k(t) are those that satxs’fj/ prOpdSltan 9.

Proof: In any ergodic state we need RB(t) < RS,(t) and RB,(t) s RS,(t) for all i and j. This
leads to the following set of inequalities:
A+ A A - A

P~ p - i2 jsAjF‘j—AEFISPivpj~ ‘2 ! (62)

where F = {F,, F,, .., F;, ..., F,} = F(h(t-1)) is the profile of net positions at 7-1. Let
F, = F, +0, Y i€& N where the only restriction on the &’s is that when added to the
respective efficient position, the result must be an integer. From (49) we then get

AF -AF =AF -AF +AQ3 -Ad =p, -p -Ad -AjJ,
which combined with (62) gives the desired result.®

Proposition 11: The positions in the ergodic states are (generically) unique.

Proof: Let F(h(x-1)) = (F,, ..., F,) be the forward positions of an ergodic state. F(h(t)) thus
satisfies (62) for all ;,j € N. Let x be an n-vector of integers such that e x = 0 where e =

(1, 1, ..., 1) is an n-vector too. Let x = @. There must then be at least one element of x that
is positive and at least one that is negative. Pick a positive element, x,, and a negative, x;, with
the indices, { and j corresponding to the "name" of the agent. We have x; = 7 and x; < -1, and
now have to show that F(h(t-1)) cannot be an ergodic state. From this state we have

AJ.(FJ. - x) - A(F, +x) = AJ.FJ. -AF, + (Aj.x}. -Ax). We know that
Ax, - Ax s (A, ~ A, so if we have strict inequality of (62), then

A, . -
A(F; - x) - A(F, - x)<p, - p; - _‘_2_1, so F(h(t-1)) + x is not ergodic. If we

have equality of (62) by coincidence and if (x;,, x; ) = (I, -1), then

7

A A
AF, -x) -A(F, -x)=p, -p, - '2 ., so the state may still be ergodic.®
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A Markov perfect equilibrium of I', can be interpreted along the lines of the two and
three person markets, I', and I';, which indeed are special cases. But for n > 3 a new feature
appears: the possibility of multiple Markov perfect equilibria stemming from the possibility
of multiple Nash equilibria at each state: when there is more than one simultaneous match in
a given period, optimality of a decision within a given match may hinge on the outcome of
other matches at that time. The outcome of the matching technology i}‘é”"‘”’céj‘“ﬁi]r,pon knowledge,
but the actions are not, and since the play across matches is simu}ﬁtaneous, problems of the
following sort may arise: The optimality of any pairs’ decision hinges ¢n whit thefentire trade
vector looks like. A trade vector is an n-vector of possible {-7, Oﬂgﬁ/ “where the sum of the
elements is zero. The entire vector determines the state in the next periofi, which. in turn
determines expected continuation payoffs. So it may be optimal for one pair of agents to
agree on a contract if and only if another pair agrees on a contract, and vice versa.

Whether multiple MPE occurs is a matter of choice of parameters, but in general the

set-up allows for that."

This introduces the possibility of coordination failure (failure to
coordinate on the same Nash equilibrium) on top of the other inefficiencies of the market
(stemming from indivisibilities and from not being able to control the matching process). The
next section looks at whether one can expect convergence of the process to the efficient

outcome as one parameter, the time horizon, T goes to infinity.

6. Convergence and Decentralized vs. Centralized Trade

In this section we first (6.1) discuss convergence of the Markov perfect equilibrium
of T, to the ergodic states, which is the closest the market can come to efficiency. Then (6.2)
we compare I, to other models of decentralized trade and conclude (6.3) with a comment on
forward markets compared to futures markets.

6.1 Inefficiency and Convergence to Efficiency

Compared to a competitive standard, the outcome of ', (n > 2) is inefficient: there is
always a positive probability that the game ends with a set of forward positions that does not
belong to the ergodic states. The heuristic proof of this point is simple: re-order the players
from 1 through n according to the value of p,/A, so p,/A, is lowest and p, /A, is highest. The
event that 7 and 2, 3 and 4, ..., n-1 and » (or if n is odd: n-2 and n-I) are matched in every

' It would seem that for n = 4, the game generically possesses multiple equilibria, so that
the parameter space in terms of {A,, p;} and T for which this happens is topologically large.
How to show this formally is not clear to me.
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period T = I, ., T has a positive probability (that is decreasing in T, however). Obviously to
be efficient, the long positions at T should be concentrated at high values of i (i € {1,.,n})
whereas short positions should be concentrated at low values of i. However, this is impossible
given the outlined event. '

Generally, there are several sequences of matchings in t = I, ,I" that can lead to
efficient outcomes (as in the three trader example of Section 4.3) but. alsfg several sequences
for which the efficient positions can not possibly be reached. What the probabilities are and
how close the market can get to the efficient positions depends o /gow large thése positions

are and how they are distributed, ie. on {p,A;} (Vi € N), on; é one hand and on the
matching probabilities (i.e. on n) and the time horizon, T, on the other. Indeed, one would

expect the following conjecture to hold true:

In a Markov Perfect Equilibrium of T, the efficient positions
are reached almost surely as T -> .

A very rough and heuristic proof of this goes as follows:'" we have already shown that there
is a generically unique set of ergodic states for a given T."? If the process converges to
anything, it must be to the ergodic states. To show convergence implies to show that the
process 1s a contraction - but it must be, since any trade reduces the aggregate gains from
trade left for the future. '

For any given 7, the MPE of T, describes a Markov chain. The reason why standard
techniques of showing convergence of Markov chains do not work here is that as T increases,
the transition probabilities among existing states may change and the size of the state space
increase: there are a number of new feasible states that were not reachable for a smaller T.
As T -> o, the state space becomes infinity too (and actually this happens at a faster rate),

At the risk of belabouring the last point, the problem is that even though for any
(finite) T the state space is finite, if a period T+! is introduced, this increases the number of
feasible states by more than one to one. To see this, consider the example of Section 4.3 and
Figure 8: if a period T=4 is introduced, twenty-four new feasible profiles of forward positions
pop up. For the three person case, the number of feasible nodes as a function of T is:

" Another argument is that Gale (1987) gets convergence to the competitive equilibrium
in a somewhat similar set-up. The difference is that Gale has an infinite time horizon and that
he then studies convergence of equilibrium as a function of parameters like the time
preferences (as the traders get more patient, the equilibrium converges to the competitive
equilibrium).

2 Jgnoring that all states that are reached at T are ergodic in the sense that the game ends,
so the probability of getting out of such a state is trivially zero.
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1-6)"0 (63)

which clearly increases six times faster than 7. In the more general n-person game, each node

that is reachable at 7-7 has number of neighbours: -
N 1

ni2

! jIN2
g mﬁ(%) 941/ 4 ! p,‘f (64

for n even and i ‘

-

X e (65)

-1
=}

for n odd. For example, if there are twenty players (n = 20) each node reachable at 7-1 has
377,379,368 neighbours! For a larger number of players, the state space increases faster than
for the three player case, thus emphasizing the point that the number of states grows rapidly
as T -> oo,

The conjecture is so much more remarkable considering that it requires the equilibrium
to be a contraction in an expanding state space. The reasoning behind this is that the agents
will not use the extra states (given that the ergodic states were already reachable), but will
rather use the extra time available to get to more attractive nodes (forward positions) among
the already existing ones: returning to the example and Figure 8, in the three player case
F(h(3)) = (0,-1,1) could be an equilibrium outcome if J and K are matched for three
consecutive periods. This event has probability (1/3)° = 1/27 ex ante. If the transition
probabilities that are indicated in Figure 8 remain the same as T increases, then the ex ante
probability of this deadlock decreases rapidly (exponentially) with 7. The conjecture thus
implies that when T increases, there will be few or no new nodes in Figure 8 and some nodes
may even drop out because the probability of getting to a more attractive state increases. In
other words, as the state space ramifies, Markov perfect equilibria effectively prune away new
branches.

6.2 Models of decentralized trade

The model presented in Sections 2 through 6 is one of decentralized trade. It obviously
has links to other models of decentralized trade. This section seeks to make the connection
and to show the differences.

Gale (1988) makes an important distinction between models of ex ante pricing where
all prices are posted and known by all relevant parties before the agents get together to trade,
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and models of ex post pricing where the agents get together before prices are quoted. Our
model belongs to the ex post category in that the players are matched before contracts are
proposed. :
In the framework of ex ante pricing, three papers by Ostroy and Starr (1974) and Starr
(1976; 1986) treat points similar to ours: in a general equilibrium setting, the question
addressed is whether a competitive equilibrium can be implemented bfkﬁa Hecentralized trading
process. The equilibrium prices (and quantities) are determined by a Walrasmn auctioneer, but
the agents are not allowed to hand the net trade vector over to thq éuct:oneer %o there is no
centralized clearing. Instead, the agents have to sort the equ lléhum out themselves in
pairwise meetings. In each round of trading, every trader meets every other trader in an
arbitrary order, so the only uncertainty is with respect to the order of matches, not with
respect to whether they get matched or not. Within this set-up, Ostroy and Starr show that in
a barter economy it is in general not possible to find a decentralized procedure that achieves
the competitive equilibrium, but in a monetary economy such a decentralized mechanism
exists. Starr (1976) then shows that if barter trading can implement the competitive
equilibrium, then there is a monetary trading procedure that does this a good deal faster. In
fact, the non-monetary procedure may take forever to converge. Finally, Starr (1986) allows
for ‘short sales' and discusses convergence in different credit economies (commodity credit,
trade credit and bank credit). None of these institutional set-ups do as well as the monetary
economy in terms of convergence and even existence of a convergent procedure.

Our model could be seen as a monetary economy with one good (a contract) and with
ex ante pricing and indeed with the Ostroy and Starr matching technology and trading
procedure, the competitive equilibrium could quickly and certainly be obtained in
decentralized trading. Another way of re-interpreting our model in terms of Ostroy and Starr

is that potentially there are Z(n—z') =n? - Zi different goods in the forward market: a
i=] i=f

contract between 1 and J is different from a contract between / and K and both are different
from a contract between J and K and so forth. This is especially important for the clearing
procedure in the 15-Day market, where having a long contract with one trader and a short
with another does not mean that these trades net out: A trader may still have to honour both
contracts and may thus have to bother about taking and arranging delivery. This is why most
traders in the 15-Day market close their positions in book-outs and in daisy chains and it is
also why the assumption that the forward market clears at maturity is not realistic for this
market. Maturity (in the spot market) is not a point in time but rather a whole month and
traders want to realize gains and losses before maturity in order not to deal with probiems of
delivery. This renders the market even more inefficient seen from the traders’ point of view.
The point that is made here, is that not only is the trading on the forward market
decentralized, but so is the ‘clearing at maturity' which forces the traders to clear before
maturity! Clearly a centralization of this clearing mechanism along the lines of a clearing
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house in a futures market is both feasible and more efficient. Note that the market is only one
step short of this, since one major producer organizes the liftings (actual deliveries) for the
entire market. :

In the framework of ex post pricing, there is a huge and growing literature on strategic
bargaining applied to markets. An unsurpassed treatment is Osborne and Rubinstein (1990).
That our model is inspired by, and in line with, this literature, \r’\"?ﬁlffb@ clear from the
following quote:

"Bargaining theory provides a natural framework within which to study p,ﬁf‘g formatibn in n{arkets
where transactions are made in a decentralized manner via interactions ’ *)}vgcn pairs of agents
rather than being organized centrally through the use of a formal lradifr{g institdfion like an
auctioneer. One might describe the aim of investigations in this area as that of providing "mini-
micro” foundations for the microeconomic analysis of markets and, in particular, of determining
the range of validity of the Walrasian paradigm. Such a program represents something of a
challenge for game theorists in that its success will presumably generate new solution concepts for
market situations intermediate between those developed for bilateral bargaining and the notion of
Walrasian equilibrivm." (Binmore, Osborne and Rubinstein (1992)).

The original paper in this strain of literature is Rubinstein and Wolinsky (1985) in which
steady states of a market are investigated. The market is partitioned into buyers and sellers
and they are matched in a stochastic process that renews the pairings every period and that
is not in the control of the agents. The matching technology of our model can be seen as a
special case of this. In the Rubinstein/Wolinsky framework, every seller has one unit for sale
and each buyer wants one unit. Once a match has concluded a deal, the pair leaves the market
and is then replaced with a new pair, thus keeping stocks of agents constant. The time horizon
is infinite, but traders have impatient von Neumann-Morgenstern utility functions and thus
an incentive to conclude a deal rather sooner than later. An important conclusion that arises
from this model is that the market equilibrium of the decentralized market need not be
competitive. That is, a model that (contrary to the competitive equilibrium) explains the
formation of prices in equilibrium does not necessarily support a competitive outcome. This
result has triggered a number of studies of when and why convergence to the competitive
equilibrium arises (notably Gale (1986a,b; 1987) and McLennan and Sonnenschein (1991)).

Contrary to these studies an important feature of our model is the finite time horizon,
imposed since the forward contracts eventually mature and since this is clearly perceived by
the traders. On the other hand, time preferences are not important (traders are infinitely
patient), so the incentive to conclude deals is that time runs out. A third difference is that our
equilibrium is inherently dynamic,” whereas most other models of bargaining and markets
concentrate on steady states.

1 This is also the case in Gale (1987) and in Binmore and Herrero (1988) but they work
with an infinite time horizon.
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6.3 Forward vs. Futures Markets - and the Future

The model that was presented in this paper describes a decentralized, speculative
forward market and compares the market equilibrium with that of a centralized, competitive
market that can be thought of as a futures market. It was shown that the decentralized market
is inferior to the centralized market in that the random matching; "akes it difficult to
coordinate on an efficient outcome: There is aiways a positive probablhty of not reaching the
efficient outcome but this probability drops as the traders get mate f;me fo coffxplete their
affairs. Wiyt ‘!

Matching is not entirely random in reality, but it is not ent:rcly under the control of
the traders either. Endogenized matching would lead to more complicated transition
probabilities since matching behaviour should be explained by equilibrium strategies (cf.
Herreiner (1993)). It is not clear how this would affect Markov perfect equilibrium, but a
conjecture is that, given the assumption of common knowledge of different priors, there
would be faster convergence to the efficient outcome, since traders with very different beliefs
have a common interest in getting together.

The informational requirements that underlie both the model of decentralized trade and
that of centralized trade are very severe: we have a game of complete information, so the
different spot price expectations and the different risk aversions are common knowledge. In
reality, agents face incomplete information. This leads to problems for the agents such as
identifying who the optimists are (¢f Harstad and Phlips (1993)) and, without further
specifications of the agents’ knowledge, almost certainly to results of (generic) non-existence
of Markov perfect equilibrinm or to a situation in which any outcome can be rationalized as
the MPE for appropriate choices of beliefs. Subgame rationalizability may be all one can hope
for. The way to model this may be to let strategies be part of a controlied process in which
the traders try to learn the spot price expectations of the other traders and to make money at
the same time. This is a standard learning problem, but with a finite time horizon.

Another informational intricacy stems from the once-and-for-all nature of the spot
price expectations. New information is likely to appear during trading so agents change their
mind while trading, revaluing the book value of completed contracts and of future strategies.
This could be modeled within the framework of common knowledge of different priors by
exposing the whole vector of price expectations to (e.g. additive or multiplicative) random
shocks, thus generating the erratic behaviour observed in Figures 1 and 2.

While these modifications {endogenized matching, incomplete information and
continuous information on spot prices) are interesting in their own right, it should be clear
that these problems by no means are assuaged by decentralized trading. It is easier to see how
an equilibrium with incomplete, imperfect information and a continuous flow of data can lead
to an efficient outcome in a centralized futures market than in a decentralized forward market
- and in a futures market, matching is not an issue. It therefore remains a paradox that the
participants in the 15-Day market accept such an inferior institution.
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