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Abstract We have investigated properties of the tidally-induced bottom boundary
layer (TBBL) in a shallow sea under a surface heating, by scale argument and
DNS (Direct Numerical Simulation) experiment. Applying the existing scalings of
the boundary layer, it is found that the height of TBBL Hy,; and the efficiency
of tidal mixing ¢ are scaled to (uiH/|o + f\Bs)l/?’ and Hp, o, /Hipp, Tespectively,
where uy is the friction velocity, o the tidal frequency, f the inertial frequency
(the Coriolis parameter), Bs the surface buoyancy flux, H the water depth, and
Hypom = usx/|o + f| the height of TBBL in a homogeneous ocean. Results of DNS
experiment agree with these scalings for fairly wide ranges of u« (or tidal amplitude
Utide)s H, Bs, and |0/ f|. In exceptional cases with slower Earth’s rotations, weaker
tidal flows, and shallower water depths, turbulence occurs intermittently and the
scaling underestimates Hy,; and e. The efficiency of tidal mixing e varies from less
than 1% to 7% for the experimental range. This variation can partly explain the
reason why the critical value of Simpson-Hunter parameter which is an index of

the position of tidal mixing front is different from place to place around the world.

Keywords Tidally-induced bottom boundary layer - Turbulence - Tidal mixing

front - Scaling argument - DNS

1 Introduction

Tides and tidal current are predominant phenomena in shallow coastal seas to
control physical and biochemical environments (e.g. Simpson and Sharples, 2012).
Their roles includes not only the horizontal transport such as water exchange
between coastal open seas through a narrow channel (e.g. Awaji et al., 1980), but

also the vertical mixing which essentially controls the primary production.
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Scalings of the tidally-induced bottom boundary layer 3

While a summer heating stratifies the water column against tidal (wind) mixing
in some regions, stronger tidal mixing keeps its vertical homogeneity against the
heating in other regions. The so-called tidal mixing front formed in between is
considered to play a crucial role in enhancing the primary production. Since it
was first reported in the Irish Sea by Simpson and Hunter (1974), similar features
have been detected in coastal regions throughout the world (e.g. Garrett et al.,
1978; Pingree et al., 1978; Lie, 1989; Yanagi and Tamaru, 1990; Glorioso and
Flather, 1995; Kobayashi et al., 2006).

Simpson and Hunter (1974) proposed an index of the location where the tidal
front is formed, based on the energetic balance that the potential energy loss due to
a surface heating is just canceled by the turbulent kinetic energy due to tidal flow

at the front. That is, the front is formed along isolines of the following parameter,

H  8Cpkep

U3~ 3magQ’ (1)

where H is the water depth and U the amplitude of tidal current (depth-mean tidal
velocity), @ the surface heat flux, Cp, the specific heat of seawater, a the thermal
expansion rate, g the acceleration due to gravity, & a constant in the quadratic
friction law, and e the efficiency of the energy conversion from the turbulent kinetic
energy to the potential one (efficiency of tidal mixing).

Provided that parameters on the right-hand side of Equation (1) are constant
at least regionally, the logarithm of H/U? which is called Simpson-Hunter (strati-
fication) parameter (SH parameter) is a useful index for the position of tidal front.
However, its value at the front varies by location around the world over the range
of 1.0~2.5 (e.g. Simpson and Hunter, 1974; Garrett et al., 1978; Pingree et al.,

1978; Lie, 1989; Yanagi and Tamaru, 1990; Glorioso and Flather, 1995; Kobayashi
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4 Akitomo et al.

et al., 2006). This implies that SH parameter may not be a universal index for the

location of tidal mixing front.

To consider this problem, turbulent properties of the tidally-induced bottom
boundary layer (TBBL) is a key factor because whether a tidal front is formed
or not depends on whether the TBBL reaches the sea surface or not. Executing
a DNS (Direct Numerical Simulation) experiment, Sakamoto and Akitomo (2006,
2008, 2009) found that the efficiency of tidal mixing e is not constant but varies
depending on the tidal amplitude, frequency, and Earth’s rotation as well as the
height of TBBL itself although their experiment was done in a deep sea with an
initially-stratified condition. On the observational side, recent advances in obser-
vation technologies have allowed us to measure fine structures of turbulent field in
coastal seas (e.g. Tsutsumi and Matsuno, 2012). Nevertheless, we still know little
about properties of TBBL because fine-scale observations as well as model studies

of turbulent tidal flow are not enough.

In this study, therefore, we investigate how properties of TBBL such as its
height and the efficiency of mixing are determined in a shallow sea under a surface-
heating condition with scale argument and DNS model experiment. We first seek
for appropriate scalings of the TBBL applying the existing scaling argument in
Section 2. After that, DNS experiment is carried out to validate them in Section

3, and we summarize and discuss findings of the present study in Section 4.
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Scalings of the tidally-induced bottom boundary layer 5

2 Scalings of the TBBL
2.1 Height of the TBBL

As for the height of the turbulent boundary layer in oceans as well as the atmo-
sphere, scaling argument has been often used under neutral and stable conditions
(e.g. Zilitinkevich et al., 2007; Yoshikawa, 2015). According to Zilitinkevich et
al. (2007), for example, the height of the planetary boundary layer hg in the
atmosphere is determined through the linear interpolation among the squared re-
ciprocals of three fundamental scales, hr, hon, and hyg,

1_1.1 1
%R Wy

(2)

Ms
hg is the height of the turbulent boundary layer under a neutral condition, hopn

that under a stable one with the background stratification N2, and hyg that under

a stable one with the buoyancy flux Bs(=—aQg/pCp), defined as follows.

2

U
and hyg = CNSW’ (3)

u u
hR:CRﬁa hen :CCNW7

where wus is the friction velocity, f the Coriolis parameter, and Cgr, Con and
Cpns are empirical constants. In the actual situation, hg is determined by the
smallest one (or smaller ones) of these height depending on background conditions.
Analyzing the global dataset, Yoshikawa (2015) found that the surface mixed layer
thickness in the ocean is scaled by the first and third terms during a spring heating
season.

Similar scaling argument must be valid for the TBBL. Executing numerical
experiments with a DNS model, Sakamoto and Akitomo (2008, 2009) comprehen-
sively investigated turbulent properties of the TBBL including its height. Accord-

ing to them, the tidally-averaged height of the TBBL under a neutral condition
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6 Akitomo et al.

Hyp o0 is given by

Usx
Hpom = CHW» (4)

where us is the tidally-averaged friction velocity, o the tidal frequency and Cg
the empirical constant (~0.7). They advanced their research to the TBBL in an
initially-stratified deep ocean to suggest that the efficiency of tidal mixing ¢ may
change depending on the ratio of Hy,,, to the height of TBBL.

The difference of the TBBL under a heating from other boundary layers, such
as wind-driven surface mixed layers in oceans and planetary boundary layers in
the atmosphere, is that the buoyancy forcing acts on the top boundary of the
water column while the energy source of turbulence is located near the bottom
boundary on the opposite side. In this situation, all the imposed buoyancy energy
is not necessarily offset by the turbulent mixing. That is, when the TBBL does
not reach the sea surface, only a part of the imposed buoyancy energy balances
the turbulent mixing in the TBBL and the remaining is used to stratify the layer
above the TBBL. This is a great contrast to other boundary layers where sources
of buoyancy and turbulence are usually located on the same side of the fluid layer
and directly compensate each other in an equilibrium state.

To seek for scalings appropriate to the TBBL in such a situation, we consider
a simple model as follows (Fig. 1). Tidal current with an amplitude of Uyqe,
or its friction velocity u«, flows over the insulated flat bottom under a constant
surface heating (buoyancy flux Bs). After turbulent stirring is in equilibrium with
the buoyancy input to the TBBL on the tidal average, we can consider that the
vertical profile of buoyancy is unchanged whereas the total buoyancy increases

with time. In this equilibrium, the tidally-averaged height of the TBBL Hypy; is
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Scalings of the tidally-induced bottom boundary layer 7

also kept constant and the vertical buoyancy flux linearly decreases from Bjs at
the sea surface to zero at the bottom. Then, we can define the effective buoyancy

flux B} at the top of the TBBL by

B; = BsHyy /H, (5)

where H is a constant water depth. Substituting this expression into Equation (3)

with N = 0 and replacing hr with Hy,,,, the following relation is obtained,

Hyppy = u*/\/CEQ(U + f)2 + Cn%lo + fIBsHypy /Hu?. (6)

Solving this equation in terms of Hypp;, we can get the scaling of the TBBL height.

Instead of doing so, we simplify this equation by estimating magnitudes of the
two terms in the square root of the denominator on the right-hand side. Consid-
ering a shallow sea at mid latitudes, the factor |o + f| is the order of 107% s7!
for semidiurnal tides, and the factor Bsthbl/Huz is the order of 10 =2 s~! with
Bs ~ 1078 m?s73 (Q ~ 20Wm™2), us ~ 1073 ms ™!, and Hyyy,/H ~ 1. Using these
scales with the empirical constants Cy and Cyg of nearly unity (e.g. Sakamoto
and Akitomo, 2008; Zilitinkevich et al., 2007), the second term in the square root

must be two orders of magnitude larger than the first one. Thus, neglecting the

first term and solving Equation (6) in terms of Hy, we obtain as the scaling of
Hyppr,

4 1/3

uxH

H. = C ( = ) )

tbbl tbbl EES2
where Ctbbl = CJQV/SS

It should be noted that this scaling includes the water depth H in the numerator

of the cubic root. This is because the effective buoyancy flux Bj decreases with

H (see Equation (5)), and such dependency never appears in the scaling for other
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8 Akitomo et al.

boundary layers. The buoyancy flux imposed at the sea surface becomes difficult
to reach a deeper layer as H increases, and then turbulent mixing can reach the
level farther from the bottom. It is also worth noting that Equation (6) includes
the scaling for the homogeneous ocean (Hp,,,), when Bs = 0, or, in the limit of
H — oo.

Another scaling is possible using the buoyancy frequency N in the stratified

layer formed above the TBBL. That is,

Hyg = /[ C(o + )2 + C3|( + FN]. (8)
This expression is similarly approximated to,

CCNU* (9)

Hyppy =~ |(a n f)N\l/Q'

Although N is not an external parameter but determined as the result of interac-
tion of buoyancy flux and tidal stirring, this scaling has the advantage that N can
be easily estimated from hydrographic observations. We will evaluate this scaling

as well as Equation (7) by DNS experiment in Section 3.

2.2 Efficiency of the energy conversion

Based on the scaling of the TBBL height (Equation (7)) with scalings of the
production rate of turbulent kinetic energy (P’-term) and the conversion rate from
the turbulent kinetic energy to the potential energy (Bi-term), we can obtain a
scaling of the efficiency of tidal mixing e(= Bi-term/P’-term) in the TBBL. Note
that P’- and B'-terms here are vertically-integrated positive amounts (tagged by

superscript (i) ), which are different from those in Section 3. Using basic scales
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Scalings of the tidally-induced bottom boundary layer 9

such as H, ux, Bs, and Hyyp with constants Cp and Cg, the P'- and B’-terms are

formally scaled by,

_ , . B.H}
P’ — term = C’pu?< and B* —term = CgBi Hypy = 03%,(10)
and the efficiency e is given by the ratio of these terms as,
B.H}
e (11)

ulH ’
where CPT = Cp/Cp. With the aid of Equation (7), the Bi-term and e are rewrit-

ten with external parameters as,

i o Bguf )1/3 _ /( Bs )1/3
B* —term = Cp (7H|a e and e=C, wiHo 17 .(12)

where Cf = CBCfbbl and C. = CBCthbl/Cp. This equation shows that the ef-
ficiency € is not constant but increases with Bs and decreases with us«, H, and
lo+ fl.

Another expression of € is possible with Hy,,,, and Hyy as

Hhom
¢ = O, Lhom 13
< Hyppl (13)

where Ce = C’fbblC 'B/CHCp. This scaling indicates a very simple relation that the
efficiency e is proportional to the ratio of the TBBL heights between a homogeneous
and surface-heated oceans. It may be a merit in evaluating e from hydrographic
observations. Sakamoto and Akitomo (2009) suggested the similar dependency on
the ratio Hpom, /Hepp by DNS experiment although their experiment was executed
in a deep sea with an initially-stratified condition.

When the TBBL reaches the sea surface (i.e., Hyp = H), Equation (13) says

that the efficiency € is proportional to Hp,,,/H. It is this expression that must
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10 Akitomo et al.

appear on the right-hand side of Equation (1) which defines SH parameter. Ac-
cordingly, the critical value of SH parameter may change depending on the variable
efficiency e. It is interesting that the efficiency increases with ux« when the TBBL
reaches the sea surface whereas it decreases with us when it does not (Equation
(12)). In next section, we will examine validity of the scalings obtained here, per-

forming DNS experiment under a constant heating for wide ranges of parameters.

3 Validation with DNS experiment

3.1 Model configuration

To validate the scalings obtained above, we execute three-dimensional experiment
with DNS (direct numerical simulation) model which is the same as in Sakamoto
and Akitomo (2008, 2009). The model basin is rectangular as shown in Figure 2,
and the coordinate system (z, y, z) is set for the z-axis upward. The governing
equations are the momentum equation in the rotating frame, the continuity equa-
tion, and the advective-diffusive equation of buoyancy for a Boussinesq fluid under

the rigid-lid approximation. That is,

a—u—ku-Vu—l—kau:—in—l—bk—FuAu (14)
ot PO
Vou=0 (15)
b
o 4w Vb= kAb (16)

where u = (u,v,w) is the velocity vector, p the pressure, f the Coriolis parame-
ter, v viscosity (10 *m?s™1), and & diffusivity (10"*m?s™!). k is the unit vector
directing upward, and V and A are the three-dimensional gradient and Laplacian

operators, respectively. Buoyancy b is defined by —pg/po where pg is reference wa-
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Scalings of the tidally-induced bottom boundary layer 11

ter density (1.027x10% kgm™3), p the deviation from it, and g the acceleration
due to gravity (9.8 ms~2). Although it has been reported that the horizontal com-
ponent of Earth’s rotation causes temporal change of turbulent properties of the
TBBL within a tidal cycle (e.g. Wakata, 2013), we do not take it into account here
because we focus on the tidally-averaged statistics of turbulence which are said to
be not affected by the horizontal component of Earth’s rotation (Sakamoto and
Akitomo, 2008).

The model domain is periodically connected in the horizontal direction (z=0,
Lz and y=0, Ly), and no-slip and free-slip conditions are imposed at the bottom

(2=0) and the rigid sea surface (z = H), respectively. That is,

u=v=w=0 at 2z2=0,

ou _  Ov __ _ _
vy =V, =w=0 at z=H.

For buoyancy, no-flux condition is imposed at the bottom, and constant flux Bs

at the sea surface, given by,

m%:o at  z=0,

n%:BS at z=H.

As is the same in Sakamoto and Akitomo (2008, 2009), the background tidal
current ugge = (Utides Viide,0) is imposed as the model forcing instead of sea
surface elevation. Assuming the temporally oscillating pressure gradient in the
z-direction, we analytically determine wu;q. in order that it should turn to the
major axis at every half tidal cycle (see Appendix and Sakamoto and Akitomo
(2006, 2008) for the detailed derivation). wus;qe is characterized by the amplitude

Uy;ide, the frequency o, and the vertical scale of the viscous bottom boundary layer
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12 Akitomo et al.

Hy;qe which is given by

2v
Hiige = ma (17)

for the anti-clockwise tidal ellipse in the present experiment (positive o and neg-
ative f).

The horizontal lengths of the model domain, L, and Ly, are 128 in terms of
Hy;qe while the depth H is 10 and 20. The horizontal grid sizes, Az and Ay, are 1.0
in terms of Hy;q. (128 grids) and the vertical one, Az, changes from 0.02 near the
bottom to 0.17 at the surface (128 grids). Time integration has been continued till
the tidally-averaged statistics are unchanged under a constant heating (typically 30
tidal cycles) after several-cycle integration without heating. The last three cycles
are used for analysis.

With constant ¢ of 1.45x10™* s~ (the period of 12 h), 42 cases are car-
ried out changing 4 parameters, Uy;q. (0.0850~0.256 ms™ 1), H (11.7~33.2 m), Bs
(0.117~2.33x10™® m?s™3; equivalently, 5~50 Wm™?), and f (-0.364~-2.91x10~*
Sfl)7 shown in Table 1. Note that U4, always represents the major-axis length
of tidal ellipse.

The Reynolds number Re and the temporal Rossby number Ro; which are

defined by

Re = Utide Htide and ROt

: -[3) s

range from 1410 to 4000, and from 0.5 to 4.0, respectively. Due to limited com-
putational resources, the range of Re is rather small compared to the real oceans
(Re = 10° ~ 10°). Nevertheless, we believe that fundamental properties of the
turbulent TBBL can be reproduced because basic properties of turbulent bound-

ary layers such as mean currents and stresses become approximately independent
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Scalings of the tidally-induced bottom boundary layer 13

of Re when its value exceeds 10 (Coleman, 1999). The ellipticity of tidal current,
which is defined here by the ratio between the major and minor axes, changes with

Rot. It is 2 when Rot = 2 and 0.5, and 4 when Ro¢ = 4.

3.2 Results

After time integration of 30 tidal cycles under a constant heating, the turbulent
kinetic energy and potential energy (buoyancy anomaly) fields get into a steadily-
oscillating state (not shown). Figure 3 shows the vertical (z—z) section of buoyancy

anomaly by (z,y, z,t) after 30 cycles in case 12, which is defined by

1
bV:b——/de,
VV

where V' is volume of the model domain (= LyLyH). Note that by represents
only the deviation from the volumetric mean which linearly increases with time.
Hereafter we use by as buoyancy. Till this time, turbulent motion vigorously stirs
the lower half to form the TBBL while strong stratification is established in the
upper half. Undulations of isopycnals with a dominant horizontal scale of 10~20 m
indicate that internal waves are excited by turbulence in the TBBL to propagate
upwards.

To compare with the scalings obtained in Section 2, the statistic properties of
the model TBBL are defined as follows. For a variable X(z,v, z,¢), its temporal

mean X (z,y, 2) is defined by the last 3-cycle average of X,

., 1 to+3Tyide
X' = X dt, 19
3Tide /to (19)

where Ty;q. is the tidal period (27/0) and to an arbitrary time after the steady

oscillation is established (typically 27 cycles). The horizontal mean XY (z, ¢) and
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14 Akitomo et al.

the deviation from it X'(z,vy, z,t) are defined by,

<z, 1 [Pypte / Y
XM= X dedy and X =Xx-X"" (20)
=Yy Jo Jo

Further, the horizontal and temporal mean Yw’y’t(z) is calculated by,

—— 1 to+3T%ide LypLy
X" = X dzdydt. 21
TyiaeLaly /t /0 /0 ’ 2!

Figures 4a and 4b show the vertical profiles of the production rate of the
turbulent kinetic energy, P-term, and the conversion rate of the turbulent kinetic

energy to the potential one, B-term (solid line), in case 12, respectively, which are

defined by,
. _ Ouave — 7Y OVave ﬁvaJ) !
P term—p()( 5, W v , (22)
B — term = —pob@w’xvy{ (23)

where (uave, Vave) = (ugige +T°Y, viige +°Y). The P-term is dominant in the
thin layer near the bottom the thickness of which is characterized by the laminar
(viscous) bottom boundary layer thickness Hy;qe (~1.7 m in this case). This reflects
that the turbulence is mainly produced in the viscous bottom boundary layer
associated with the strong vertical shear of the background tidal current. On the
other hand, the B-term increases upward from the bottom to have the maximum
at z ~ 9 m, and decreases toward the top of the domain after that. The weak local
peak appearing near the top (z ~ 15 m) is probably due to breaking of internal
waves excited by turbulence in the TBBL.

Corresponding to these profiles of the P- and B-terms, buoyancy anomaly
Ez’y’t(z) is nearly constant below the height where the B-term has the maximum

and increases upward till the top of the domain (Fig. 4c). Therefore, it is reasonable



271

272

273

274

275

276

277

278

279

280

281

282

283

284

285

286

287

288

289

290

201

292

Scalings of the tidally-induced bottom boundary layer 15

to define the height of TBBL Hy, by that where the B-term has the maximum
(indicated by cross in Figure 4), as in Sakamoto and Akitomo (2009). Figure 4b
also shows the total buoyancy flux multiplied by po, By (dashed line),

Br = —onbl Yt by "V
¢ = —pobf,w tporg= (24)

It decreases almost linearly with depth, validating our assumption for the present
scaling (Equation (5)).

Figure 5a shows Hy,, for all cases against the scaling given by Equation (7)
with Cypp; =0.383, where the friction velocity ux is estimated from the last 3-cycle
average of the bottom stress (Table 1). (The friction velocity us is not exactly pro-
portional to Ugqe, but it decreases with Bs by up to 25% (Table 1; see subsection
3.3), showing that some attention is needed to use Uy;4. as a velocity scale.) As
seen in this figure, a good agreement between the experiment and scaling (corre-
lation coefficient of 0.98) proves that the scaling by Equation (7) is valid for the
height of the TBBL although it slightly underestimates Hyy,; in some cases with
Rot =4 and H = 10H;4. = 11.7 m (solid red symbols in Fig. 5a).

The scaling based on the buoyancy frequency (Equation (9)) also exhibits a
fairly good agreement (correlation coefficient of 0.92; Fig. 5b), where the buoyancy

z,y,t

frequency N? is estimated from the profile of by 7" (2) as,

—T,Y,t T—,y,t
by (H) — by (Hy)

N? =
H — Hyppy

(25)

Whereas the agreement means validity of Equation (9) on the whole, close exam-
ination shows that the model results lie on the two different lines depending on
whether the water depth H is 10H;4. (solid symbols) or 20H;4. (open symbols)
, implying the systematic change of the buoyancy frequency with H. Indeed, be-

cause the buoyancy flux balance of kN2 = Bsz/H is expected to be established in
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the stratified layer, the buoyancy frequency nN2* averaged over the stratified layer,

which is evaluated by,

H
5 1 / Bsz, _ &(1 n thbl) (26)
Hipol

T H — Hyy, wH 2% “H
decreases with the water depth H. It is consistent with the model result in Fig.
5b that the scaling (9) predicts larger Hy,y, as H increases.
Figure 6 compares the energy conversion rates, P’- and B’-terms, and the
efficiency of tidal mixing ¢ between the model result and corresponding scaling
(Equations (10), (11), and (13)). The P’- and B'-terms in the model are evaluated

by the integration of Equations (22) and (23) over the TBBL, namely,

) Hipp t
PZ — term = PO/ (Mu/w/%y + lew/«ryy) d27 (27)
o 0z 0z
; Hyppy . —
B* — term = —pg byw' T dz. (28)
0

As seen in Figs. 6a and 6b, the model Pi-term agrees with its scaling Cpu? with
Cp = 11.6 and the model Bi-term does with its scaling CBBSHfbbl/H with Cg =
0.468.

The efficiency of tidal mixing e calculated by Bf-term/P’-term in the model
experiment is plotted against the scaling (11) with CBP = Cp/Cp = 0.0403 in
Fig. 6¢. Though slightly underestimating the model results for larger Rot (2 and
4) and lower Re (less than 2000) with H = 10Hy;4, (solid black and red symbols),
the scaling (11) shows a fairly good agreement with the model result on the whole.

On the other hand, Figure 6d compares the model € with the scaling (13) us-
ing Ce (3.24x1073) evaluated by the best fitted values of C (0.7), Cp (11.6), Cp
(0.468), and Cypy; (0.383) for the scalings (4), (10), and (7). The model result is

more scattered against the scaling (13) than the scaling (11). More specifically,
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whereas the scaling well agrees with the model result when H = 20Hy; 4, it signifi-
cantly underestimates the model result when H = 10H};4., particularly for Rot=4
(solid red symbols). This underestimation appears to be related with the fact that
the scaling of Hyy, (7) is smaller than the model result (Fig. 5a). Indeed, the scal-
ing (11) using the model Hyyy gives the better agreement with the model result.
Further discussion about discrepancies between the model result and scaling will

be given in next subsection.

3.3 Discussion

Examining Fig. 6 carefully, we can find that the P’-term is small when the scalings
of € (11) and (13) underestimate the model result (red and black solid symbols).
It indicates that the smaller P’-term is a possible cause for the underestimation
of ¢, and then we investigate the reason why the Pi-term is smaller in these cases.
Figure 7 compares the time evolutions of vertical velocity variance (Wzy) and
buoyancy anomaly by between case 12 with (Rog, Bs)=(2, 1.40x10~% m?s~3)
and case 21 with (4, 2.33x107% m?s™3). Note that Re= 3000 and H = 10H,;4. in
both cases. While the model € (1.7%) is comparable to the scalings (1.6% by (11)
and 2.0% by (13)) in case 12, it is larger in case 21 (4.9%) than the scalings (3.9%
by (11) and 1.4% by (13)).

In case 12 (Fig. 7a), turbulent motion begins to develop before the background
tidal current directs to the major-axis at every half tidal cycle such as 30.0, 30.5,
31.0, and so on, and it continues till the current direction turns to the minor-axis.
This long-lived turbulence satisfies the prerequisite to apply the scale argument

to the model result on the tidal average.
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In case 21 (Rot = 4; Fig. 7b), to the contrary, onset of vigorous turbulence is
delayed to the time when the background current turns from the major axis to
the minor one such as 21.2, 21.7, 22.2, and so on. Turbulence temporarily becomes
much more intense than in case 12, but decays in a short time. Such intermittent
and short-lived turbulence which makes the P-term smaller inherently avoids the
scaling based on the tidal average. The P'-term in case 21 (4.95x10"*Wm™2) is
less than one third of that in case 12 (17.6x10~*Wm™2) while the Bi-term is
almost the same (2.44x107% Wm™2 and 2.95x10"°Wm™? in cases 21 and 12,
respectively). It follows that decreased Pi-term may be a major factor to increase
the efficiency € in case 21. Similar tendency is found in cases with the short-lived
turbulence.

There are some possible reasons why turbulent motion is short-lived, or the
Pi-term is smaller, in case 21 and others. Higher ellipticity of the background tidal
current, i.e. the ratio of the major and minor axes which is equivalent to Ro in
the present study, can reduce turbulent intensity when the current directs to the
minor axis. The shallower water depth H as well as higher surface heat flux can be
another factor. As H decreases, the effective buoyancy flux B} increases (Equation
(5)), and stratification is enhanced in the upper layer (e.g. Equation (26)). These
factors effectively suppress turbulent motion, or the P’-term, in the TBBL.

On the other hand, it should be noted that enhanced stratification also act to
increase buoyancy anomaly b,. Therefore, the Bi-term is less reduced or unchanged
in cases with the short-lived turbulence although vertical velocity w’ is suppressed.

Although the model Pi-term is small on the tidal average in case 21, the in-
termittent turbulent motion itself is much stronger than the long-lived turbulent

motion in case 12 (Fig. 7). Indeed, isolines of by abruptly rises by more than 1
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m synchronously with the intermittent turbulence (Fig. 7b) whereas its rise is at
most a few tenths of a meter in case 12. This may be a reason why the model Hypy,
is larger than that the scaling (7) predicts, particularly for Rot=4 and H = 10H ;4.
(solid red symbols in Fig. 5a). It follows that the scaling of e (13) underestimates
the model result.

Another difference is that the short-lived turbulence begins to develop when
the background tidal current turns from the major-axis to the minor whereas
the long-lived one begins with the increasing background current velocity. Close
examination reveals that the short-lived turbulence is excited by inflection point
instability which develops in the decelerating phase as in the Stokes flow which
is an oscillating flow without Earth rotation (e.g. Sakamoto and Akitomo, 2006).
Lower Re, higher Bs, and shallower H tend to make turbulence weaker, and finally
an inflection point appears in the vertical profile of the horizontal current when the
tidal phase proceeds from a flood (ebb) tide to a slack. This is a possible mechanism
of short-lived turbulence. Though, to our knowledge, this kind of turbulence has
not yet been observed in actual seas, it may be possible when Rot > 1, i.e. Earth
rotation is less effective.

Related to the intensity of turbulence in the TBBL, it is meaningful to point out
the fact that us« decreases with Bs, H, and Ro¢ even if U4, (or Re) is unchanged
(Table 1). For example, u. decreases from 5.83x107° ms™! to 4.48x107 ms™! (a
decrease of 25%) when Bj increases from 0.467x107% m?s™3 t01.87x10™8 m?s™3
(10 Wm™2 to 40 Wm™?2) in cases 34~37. This change is due to the short-lived
turbulence occurring more frequently in case 34 than in case 37 (not shown). On
the contrary, the decrease in us is only 5% in cases 11~14 where no short-lived

turbulence occurs. Nevertheless, the scaling law presented here is still valid when
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Usige is used instead of us although experimental results are somewhat scattered

against corresponding scalings on Figs. 5 and 6 (not shown).

4 Summary

We have investigated what determines the height of the TBBL Hyyy; in a shallow
sea under a constant heating by scale argument and DNS experiment. Different
from other boundary layers, it is peculiar to the TBBL that inputs of the buoyancy
and turbulent kinetic energy are located on the opposite ends of the water layer.
Because of this, the buoyancy flux at the top of the TBBL, i.e. the effective buoy-
ancy flux, is reduced by a factor of Hy,/H from that at the sea surface, where H
is the water depth (Fig. 1).

Taking it into account, we have obtained the scaling of Hy,; under a constant

heating Bs for the first time. That is,

Hiypp = U*/\/C§2(0+ )2+ Cylo + fIBsHypp /Hu?.

This scaling is reduced to that for a homogeneous sea Hp,py = Chus/|o + f]
(Sakamoto and Akitomo, 2008) when Bs is set to zero, or the water depth is
sufficiently large relative to Hj,,,. In a shallow coastal sea where the water depth
is usually much smaller than Hy,,,,, Hipp can be approximated to

uiH )1/3

Hypp =~ Cppl (m
S

where Cippi(= 0]2\,/5’) is the empirical constant. Hy, increases with H because
increasing H reduces the effective buoyancy flux by putting the top of the TBBL

away from the heating source at the sea surface. Using the scaling of Hypy;, we
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can obtain a simple expression for the efficiency of the energy conversion from the

tidal turbulent kinetic energy to the potential energy of the water column, ¢, as

H,
e=C. hom )
Hippi

DNS experiment exhibits a good agreement with these scalings of the TBBL
with Cypp; = 0.383, and the efficiency with Ce = 3.24 x 1072 although there are
some exceptional cases with slow Earth’s rotations (Roy=2 and 4), weak tidal
flows (Re< 2000), and shallow water depth (H = 10H;4.). In the exceptional
cases, the scaling argument fails because intermittent and short-lived turbulent
motion avoids assumption of tidal average. Therefore, the proposed scalings can
be good measures of turbulent properties of the TBBL under a surface heating
as long as the tidal average is physically meaningful. We expect that advanced
observation technologies will reveal fine-scale turbulent properties to validate the

present results.

When the TBBL reaches the sea surface, the efficiency e is given by Cec Hy o,/ H.
This means that the critical value of SH parameter log(H/U?) which is an index
of the position of tidal mixing front may increase with us (Uyq.) and decrease
with |o 4 f|] and H. The variation range of ¢ from less than 1 to 7% in the present
experiment implies that the critical value of SH parameter may differ by nearly one,
which is comparable to the observed difference around the world (e.g. Simpson and
Sharples, 2012). A comprehensive review of observational data should be needed

about variability of the efficiency of tidal mixing.

A diurnal variation of surface heating and the horizontal component of Earth’s

rotation (Wakata, 2013) may modify the present results by introducing temporal
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variations of turbulence within a tidal period. They will be important subjects in
a future study as well as the short-lived turbulence found in the present study.
Properties of the TBBL including SH parameter (position of tidal front) may
be affected by various topographic and/or geometric features of individual coastal
regions (e.g. Takeoka et al., 1997; Sun and Isobe, 2008). A general circulation model
may be a promising tool to investigate such a problem. Indeed, recent advances
of modeling technology coupled with increasing computer resources have made it
possible to effectively calculate the global circulation including tides (Sakamoto
et al., 2013a, b), and it will follow in the near future that fine-resolution models
can reproduce the coastal processes in more detail than now. Nevertheless, it is
inevitable to parameterize the turbulent mixing processes even in such a model.
We hope that fundamental turbulent properties of the tidally-induced bottom
boundary layer obtained here will be helpful for improving reproducibility and

accuracy of parameterization of turbulence.

Appendix

The analytical solution of the tidal current (us;qe(2,t), vige(2,t)) as the forcing
is derived after Fang and Ichiye (1983) and Davies (1985). When an oscillatory
pressure gradient —1/pg - Op/Ox is imposed, the interior (inviscid) tidal current

(wint(t), vint(t)) with negative f is obtained as,

(wint (t), Vint (t)) = (=Utide cOS ot, —=Vy;qe sin ot) (29)

where U4, and o are the amplitude and frequency of the forcing, respectively,
and Vige = Ugge(f/o) is the amplitude of vine(t). Using complex number (i:

the imaginary unit), this expression is converted to a sum of clockwise and anti-
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clockwise components:
. _ p+ tot — —iot
Uint(t) + 0ine(t) = R7e"" + R e , (30)

where RT = —(Uyige + Viige)/2 (double-sign corresponds). Now, imposing equation
(30) as the boundary condition at z — oo while no-slip condition at the bottom,
we obtain the analytical solution of ug;qe (2, t) +ivgqe (2, t) for the viscous fluid with

constant v,

Utide (Z> t) + ivtide(zv t)

Rteiot (1 _ (_ (1+i)z )) R—e—iot (1 _ (_ (1+i)z ))
€ oxp 2v/(f+0) the oxp 2v/(f—0o)
when f+o0>0 and f—0>0,

+ iot 7 (492 — —iot 7 _ (1-i)z
fire (1 exp( \/2V/(f+o))) e (1 exp( \/ZV/(f—o))>
when f+o0>0 and f—0<0,

+oiot (1 _ (7 (1—i)z )) — —iot (1 -~ (7 (1+i)z ))
R7e ( exp TS + R e exp 2 o)
when f+o0<0 and f—0>0,

+ iot _ __ (A-i= — —iot _ I € SOk
fre (1 eXp( \/2u/(f+cf)>) e (1 eXp( \/2u/(ffo)>>
when f+o0<0 and f-—0<0.
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Fig. 1 Schematic view of tidally-induced bottom boundary layer under a surface heating. See

text for detail.
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Fig. 2 Model domain and coordinate system with tidal flow as the driving force.
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Fig. 3 Vertical section of buoyancy anomaly b’v at y = 106 m on 30 tidal cycles. Contour
interval is 2.0 x 107° m s~2. The ellipse of interior tidal flow is shown as the forcing with the

vector pointing the flow direction.
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Fig. 4 Solid lines indicate vertical profiles of (a) P — term, (b) B — term, and (c) Em’y’t.

Cross (%) indicates the height where B — term reaches the maximum, or the height of TBBL,

Hyppy. Dashed line in (b) shows the horizontal and temporal average of the total buoyancy

flux, By.
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Fig. 5 (a) Hypp evaluated from model result against the scaling given by Equation (7) with
Ctpp; = 0.383, (b) same as in (a) but for the scaling given by Equation (9) with Con = 1.56.
Solid and open symbols represent cases with H = 10H};4. and 20H};4., respectively; black,
green, and red ones do cases with Rot=2, 0.5, and 4, respectively; diamond, circle, triangle,

and square do cases with Re=1410, 2000, 3000, and 4000, respectively.
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Fig. 6 (a) P’-term evaluated from model experiment against the scaling given by Equation
(10) with Cp = 11.6, (b) Bi-term evaluated from model experiment against the scaling given
by Equation (10) with Cp = 0.468, (c) € evaluated from model experiment against the scaling
given by Equation (11) with CBP = Cp/Cp = 0.0403, and (d) same as in (c) but for the
scaling given by Equation (13) with C. = C3,,,Cp/CyCp = 3.24 x 1073, Symbols are same

as in Fig. 5.
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Fig. 7 Time evolution of variance w2 '~ (colors) and buoyancy anomaly by Y (white con-
tours). (a) Case 12, and (b) case 21. Contour intervals are shown in each panel. Note that

color contour interval in (b) is doubled that in (a).
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Table 1 Experimental cases
Case  Utide  Htide H Bs f Re Roy Us
(ms™1)  (m)  (XHgae) (x1078m2s73)  (x107%s™Y)  (UgaeHpige/v) (lo/f]) (x1072ms™1)
1 0.0850 1.66 10 1.87 -0.727 1410 2 0.248
2 0.0850 1.66 10 1.40 -0.727 1410 2 0.252
3 0.0850 1.66 10 0.933 -0.727 1410 2 0.257
4 0.0850 1.66 10 0.467 -0.727 1410 2 0.268
5 0.0850 1.66 10 0.233 -0.727 1410 2 0.275
6 0.0850 1.66 10 0.117 -0.727 1410 2 0.289
7 0.121 1.66 10 1.87 -0.727 2000 2 0.300
8 0.121 1.66 10 1.40 -0.727 2000 2 0.326
9 0.121 1.66 10 0.933 -0.727 2000 2 0.340
10 0.121 1.66 10 0.467 -0.727 2000 2 0.365
11 0.181 1.66 10 1.87 -0.727 3000 2 0.534
12 0.181 1.66 10 1.40 -0.727 3000 2 0.543
13 0.181 1.66 10 0.933 -0.727 3000 2 0.550
14 0.181 1.66 10 0.467 -0.727 3000 2 0.557
15 0.241 1.66 10 1.87 -0.727 4000 2 0.677
16 0.241 1.66 10 1.40 -0.727 4000 2 0.679
17 0.148 1.35 10 1.87 -0.364 2000 4 0.304
18 0.148 1.35 10 1.40 -0.364 2000 4 0.301
19 0.148 1.35 10 0.933 -0.364 2000 4 0.334
20 0.148 1.35 10 0.467 -0.364 2000 4 0.369
21 0.222 1.35 10 2.33 -0.364 3000 4 0.392
22 0.222 1.35 10 1.87 -0.364 3000 4 0.390
23 0.171 1.17 10 1.87 -2.91 2000 0.5 0.575
24 0.171 1.17 10 1.40 -2.91 2000 0.5 0.579
25 0.171 1.17 10 0.933 -2.91 2000 0.5 0.582
26 0.256 1.17 10 2.33 -2.91 3000 0.5 0.785
27 0.256 1.17 10 1.87 -2.91 3000 0.5 0.790
28 0.181 1.66 20 0.933 -0.727 3000 2 0.554
29 0.181 1.66 20 0.467 -0.727 3000 2 0.553
30 0.181 1.66 20 0.233 -0.727 3000 2 0.551
31 0.241 1.66 20 1.87 -0.727 4000 2 0.685
32 0.241 1.66 20 1.40 -0.727 4000 2 0.687
33 0.241 1.66 20 0.933 -0.727 4000 2 0.687
34 0.222 1.35 20 1.87 -0.364 3000 4 0.448
35 0.222 1.35 20 1.40 -0.364 3000 4 0.486
36 0.222 1.35 20 0.933 -0.364 3000 4 0.568
37 0.222 1.35 20 0.467 -0.364 3000 4 0.583
38 0.295 1.35 20 1.87 -0.364 4000 4 0.713
39 0.295 1.35 20 1.40 -0.364 4000 4 0.725
40 0.256 1.17 20 1.87 -2.91 3000 0.5 0.789
41 0.256 1.17 20 1.40 -2.91 3000 0.5 0.790
42 0.256 1.17 20 0.933 -2.91 3000 0.5 0.790




