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ABSTRACT

In this thesis, we study singular pseudo-differential operators defined by groupoids
satisfying the Lauter-Nistor condition, by a method parallel to that of manifolds
with boundary and edge differential operators. The example of the Bruhat sphere
is studied in detail. In particular, we construct an extension to the calculus of
uniformly supported pseudo-differential operators that is analogous to the calculus
with bounds defined on manifolds with boundary. We derive a Fredholmness criterion
for operators on the Bruhat sphere, and prove that their parametrices up to compact
operators lie inside the extended calculus; we construct the heat kernel of perturbed
Laplacian operators; and prove an Atiyah-Singer type renormalized index formula

for perturbed Dirac operators on the Bruhat sphere using the heat kernel method.



1. INTRODUCTION: FROM SINGULAR TO GROUPOID

PSEUDO-DIFFERENTIAL CALCULUS

Traditionally, the way to study singular pseudo-differential operators involves
studying underlying manifolds with embedded boundaries or corners. These bound-
aries are always defined by the zero set of some functions (known as the boundary
defining functions p), with non-vanishing differentials near the boundary. As a con-
sequence, a neighborhood of the boundary oM is of the form [0,1) x OM (with
the closed interval [0,1) parameterized by p). Then, one would typically consider
the calculus of pseudo-differential operators whose kernels have poly-homogeneous
expansions in p near the boundary (see [23] and the reference there).

The use of groupoids for studying the geometry of manifolds with boundaries (or
corners) was a much later development. Early use of groupoids in pseudo-differential
analysis include the convolution algebra defined on the holonomy groupoid of a
regular foliation by Connes et. al. (see [8] for a review). The notion of pseudo-
differential operators on a groupoid was developed by Nistor, Weinstein and Xu
[29]. Subsequently, Monthubert [26] showed that the b-calculus is, indeed, the vector
representation of pseudo-differential operators on some groupoids. The theory is
further formalized by Ammann et. al. into so called Lie manifolds, or manifolds
with Lie structure at infinity [2, 3, 5].

Despite the development of the groupoid theory, most, if not all analysis was done
on examples very similar to the manifold with boundary case.

In this thesis, we study the analysis of pseudo-differential operators in a system-
atic way parallel to that of singular pseudo-differential operators on manifolds with
boundary (i.e. [25] etc.). Our work is motivated by the study of the Poisson (co)-
differential operator and its homology. These invariants are difficult to compute. The
only attempt to develop any form of machinery seems to be [35], and the Laplacian
defined there is not elliptic in the usual sense. Also it is clear that the singularities
are not explicitly defined by any boundary defining function. Moreover, even if the
homology is computed directly, the result is often infinite dimensional, and therefore
not very meaningful. For this reason, we consider renormalized index theory, which
gives finite results.

The approach in this thesis is based on the principle that all singular pseudo-
differential operators are defined by vector representations of operators on the
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groupoids. Therefore instead of studying the calculus of singular pseudo-differential
operators, one only needs to study non-singular pseudo-differential operators on the
groupoid. The main part of this thesis, Sections 2-5, is an account of the technical
details on how this principle is implemented, particularly to the example of the
Bruhat Poisson structure on the sphere CP(1).

Here, we shall give an overview of our approach. In Section 2, We collect together
background material from several standard sources, which is needed for the thesis.
We begin with reviewing the well known formalism of uniformly supported groupoid
pseudo-differential operators by Nistor et. al. [29]. The uniformly supported calculus
is comparable to the small calculus in manifolds with boundary. We shall also
define the notion of a Dirac operator on a groupoid. Then we shall introduce some
examples, most notably the symplectic groupoids of the Bruhat Poisson structure
on flag manifolds, where the Bruhat sphere is the simplest case.

Section 3 focuses on two questions, which are exact counterparts of [25, Chapter
5]:

(1) What (elliptic) pseudo-differential operator on a groupoid has Fredholm vec-
tor representation?

(2) What does the parametrix of a Fredholm operator on a the groupoid defining
the Bruhat sphere look like?

Lauter and Nistor’s [18] theory gives a quick answer for (1), namely, if an operator
is invertible on all the singular leaves, then its vector representation is Fredholm. In
the simple case of the Bruhat sphere, question (1) therefore immediately reduces to
checking the invertibility of the operator over the only singular leaf. Due to some in-
variance properties, the natural way to proceed is by Fourier-Laplace transform. We
remark that our approach is again parallel to the indicial family formalism for man-
ifolds with boundary (recall that given a partial differential operator ¥, the indicial
family is defined to be the family of differential operators (e ~%PWe®r)|5, & € C,
see [19, 25] for detailed definitions). Indeed, it can be said that Fourier-Laplace
transform s the right definition for indicial family. We then turn to describe the
parametrix of Fredholm operators on the Bruhat sphere, using the fact that the in-
verse of a properly supported, invariant pseudo-differential operator is an invariant
pseudo-differential operator with exponential decaying kernel. We then generalize
the notion to groupoids with sub-exponential growth, and prove that the resulting

calculus has a composition rule similar to that of calculus with bounds.
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In Section 4, we turn to the heat calculus of Laplacian operators. The treatment
here is very different from that of [1, 25], and much simpler. That is not surprising
because the source fibers are just non-singular manifolds with bounded geometry,
and the heat kernel is essentially the leaf-wise heat kernel. Therefore the classical
construction suffices. Perhaps the only unexpected result is the proof of transverse
smoothness, which requires additional growth conditions on the differential of the
product map. We shall leave the technical details to Section 4.2.

Given a perturbed Dirac operator that is Fredholm (one satisfying the conditions
in Section 3), it is natural to seek an Atiyah-Singer type formula for its Fredholm
index. That is the theme of Section 5. Again the technique we use is parallel to that
of [1, 19, 25], and is fairly standard. We use the stereographic coordinates on the
open leaf of the Bruhat sphere to define a renormalized trace. The we derive the
local index formula. We do have to fall back to the machinery of [1] to describe the
long time behavior of the heat kernel. However, it can be said that the ‘cheating’
occurs already when we use the stereographic coordinates, which effectively serves
as a boundary defining function. Nevertheless, our result is stronger than that of [1]

in the sense that we are able to derive an explicit trace defect formula.



2. LIE GROUPOIDS AND PSEUDO-DIFFERENTIAL OP-

ERATORS

2.1. The differential geometry of Lie groupoids. We begin our technical dis-
cussion with the basic definition of a Lie groupoid. Our definition follows the con-
vention of [22], but with the source and target maps denoted by s and t instead of

« and .

Definition 2.1. A Lie groupoid G = M consists of:

(1) Manifolds G and M;
(2) A unit inclusion u: M — G;
(3) Submersions s,t : G — M, called the source and target map respectively,

satisfying

sou=idy =tou
(4) A multiplication map m : {(a,b) € G x G :s(a) = t(b)} — G, (a,b) — ab that
is associative and satisfies

s(ab) = s(b), t(ab) =t(a), a(uos(a))=a= (uot(a))a;

(5) An inverse diffeomorphism i: G — G,a + a~!, such that s(a™!) = t(a),
t(a!) = s(a) and

Remark 2.2. In this thesis, we assume that the groupoid G is Hausdorff. This extra
assumption is clearly satisfied in all of the examples we shall shortly see. Note that

many important groupoids, like holonomy groupoids of foliations, are not Hausdorff.

Notation 2.3. For simplicity we shall denote a Lie groupoid G = M by G and call
it a groupoid; Also, with an abuse in notation we consider M as a subset of G via

the unit inclusion u. For each x € M, we write
G, :=s ().

Definition 2.4. We say that a groupoid G is s-connected if G, is connected for all

x € M.
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Definition 2.5. Let G be a Lie groupoid and a € G. The right translation is the

diffeomorphism:
R, :s Y(a) = t71(a),b— ba,b € G.

Definition 2.6. A right-invariant function on G is a smooth function f such that
f(ba) = f(b), Vaeg,be s_l(a);

A right-invariant vector field on G is a vector field X such that dsX =0 (i.e., X is
a vector field along the s-fibers) and

dR,(X (b)) = X (ba), Va € G,be s~ (a).

From the definition, one immediately observes that any right invariant function

f € C*(G) can be written in the form
(1) f=t"1f, where f := u*f € C>(M).
2.1.1. Lie algebroids and singular foliations.

Definition 2.7. A Lie algebroid A is a vector bundle over M, together with a Lie
algebra structure [-,-] on the space of smooth sections I'*°(A), and a bundle map

v: A— TM satisfying
V([X7 Y]) = [V(X)’V(Y)]’ and [X) fY] = f[Xv Y] + ('SV(X)f)K
for any X, Y € I'°(A), f € C(M).

Example 2.8. Let (M, IT) be a Poisson manifold [37]. Denote the contraction with
the Poisson bi-vector field IT by IT : T*M — TM. Define the bracket

[w1,wa] := d(w1 Awe(IT)) + T (wy) 02 = () L5

w2)
for any 1-forms wy,ws. It is easy to check that T*M is a Lie algebroid using IT as

the anchor map.

In many ways the Lie algebroid plays the role of tangent bundle in our study. For

example we have:

Definition 2.9. [11] Let E be a vector bundle over M. An A-connection on E is a
differential operator VF : T®(E) — I'*(A’ ® E) satisfying the relations

Vixu = fViu

VS (fu) = fViu+ £,xu,



for any X € I'*(A), f € C*(M),u € I'*°(E).

Example 2.10. As in the case of Riemannian manifolds, given a metric gg4, i.e.,
a positive definite symmetric bi-linear form on A, one can define the Levi-Clivita

A-connection V94 on A by the formula
294(VIY, Z) =g A(IX, Y], Z) — ga([Y, Z), X) + ga(1Z, X],Y)
+ £,x)94Y, Z) + £,3v194(Z, X) — £,2)94(X,Y),
for any XY, Z € I'*°(A).

It is well known that every Lie groupoid G determines a Lie algebroid: Define the

vector bundle
A={XeT,G:x e M CG,ds(X)=0}.
It is clear that restriction gives a 1-1 correspondence between I'*°(.4) and the space of

right invariant vector fields on G. Define [+, -] to be the Lie bracket between invariant

vector fields, and define
(2) vi=dt|g: A— TM.
It is straightforward to check that A is a Lie algebroid over M.

Definition 2.11. A Lie algebroid defined by some Lie groupoid as above is said to
be integrable.

Note that not all Lie algebroids are integrable. See [9] for details.
For any Lie algebroid A — M, the family of vector fields

F={vX): Xel*A}.

defines a (singular) integrable foliation on M in the sense of Sussmann [36]. We de-
note the leaf space of F by M/F. For each 2z € M, we denote the leaf of F through
x by F,. Note that the leaves may be non-embedded sub-manifolds of M. Given a
singular foliation F defined by an integrable Lie algebroid A, the following proposi-
tions, both are direct consequences of the results in [11] (in particular Theorem 1.1),

describe the leaves of F.

Proposition 2.12. Let G = M be a Lie groupoid. For each x € M, the map

tlg, : G — M is a submersion onto its image.
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Proposition 2.13. Let G be an s-connected Lie groupoid. Then for each x € M,

one has
t(Gy) = Fo; and  Fp=G./G%,
where G¥ is the Lie group G := {a € G : s(a) = t(a) = x}, known as the isotropy

subgroup.

2.1.2. Riemannian geometry of the s-fibers. Let G = M be a Lie groupoid
over a compact manifold M. Let A — M be its Lie algebroid. Fix a metric g4 (i.e.
a symmetric, positive definite bi-linear form) on A. For each x € M, g4 defines a

Riemannian metric on the s-fiber s7!(x) by
9s(X,Y) 1= ga(t(a))(dRa(X), dRo(Y)).
Observe that gg is right invariant in the sense that the right translation
Ra i Gga) = Ys(a)y Va€G,X,Y €146,
is an isometry for any a € G. As a direct consequence of the assumptions, one has

Lemma 2.14. For each x € M, the Riemannian manifold (G, gs) is a manifold

with bounded geometry (see Appendiz A.3).

Proof. Consider the A-Levi-Civita connection:
294(VXY, Z2) :==ga([X, Y], Z) — ga([Y; Z), X) + ga(Z, X],Y)
+ L£,x)9AY, Z) + £,vy94(Z, X) — £,2)94(X,Y),

where XY, Z € T°(A). Let RA be the curvature of VA,

Consider V% Y, where X,Y are right invariant vector fields, and V9 is the Levi-
Civita connection of (G,,gs) for each x € M. Write X := X|y,Y := Y|y, then
X,Y € T°°(A). Then for any right invariant vector field Z,a € G, one has

2gs(a)(Vf~§(“>f”7 Z) = 295(a)((dRa)((VH,Y)(t(a))), (dRa)(Z(t(a)))).

It follows that for any X,Y right invariant, the vector field a — V%“)f/(a) is also
right invariant. Furthermore, V%(“)Y/(x) = V4Y(x) for any z € M.
By similar arguments, for any X, Y, Z right invariant, R(X , Y)Z is right invariant

and one has

R(X(a),Y (a))Z(a)) = RA(X(t(a),Y (t(a)))Z(t(a))
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for any a € G. Clearly, the right hand side R4(X (t(a), Y (t(a)))Z(t(a)) is bounded
since M is compact. Formulas for higher covariant derivatives also follow from these
arguments.

Finally, to prove that the s-fibers have positive injectivity radius, observe that M
is compact. It follows that there exists rg > 0 such that eXpVA is a diffeomorphism
form the set

Ay = {X € A:ga(X,X) <13}
onto its image. In proof of boundedness of curvature above, we saw that the Levi-
Civita connection is obtained by right translating VA. Therefore, for any X €
TuGstaya € G,
exp¥ " X = (dRy) 0 exp”” o(dR:) X,
It follows that the injectivity radius of Gg(q) > 7. O

The bounded geometry of the s-fibers means that the notion from manifolds of

bounded geometry applies. In particular, we say that

Definition 2.15. A function u € C*°(G) is said to have bounded (fiberwise) deriva-

tives if for any « € M, u|g, has uniformly bounded covariant derivatives.

2.1.3. Examples of Lie groupoids. We give some examples of Lie groupoids rel-

evant to Poisson geometry.

Example 2.16. Let M be a manifold. The pair groupoid over M is the manifold
G := M x M together with the operations:
source and target maps: s(z,y) =y, t(z,y) =z, V(z,y) € M x M,
multiplication: m((x,y), (y,2)) = (z,2), V(z,y),(y,2) € M x M,
inverse: i(z,y) = (y,x), VY(x,y) € M x M,
unit: u(z) = (x,z), Vae M.
The anchor map is the identity on T'M. If, in addition, w is a symplectic 2-form on

M, then (M x M, pjw — piw) is the symplectic groupoid of (M,w), where p1, po :

M x M — M is the projection to the first and second factor respectively.

Example 2.17. (See Lu and Weinstein [21]) Let g be a complex semi-simple Lie
algebra, let £ be a compact real form of g. Let 6 be the Cartan involution on g

fixing €. Let a be a maximal Abelian subalgebra of i¢. Then h = a + ia is a Cartan
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subalgebra of g. Let g = h @ > . ga be the root space decomposition. Choose a
set of positive roots AT and let n = Y acat 8a- Then g = €@ a ®n is an Iwasawa
decomposition of g (see [15, Chapter IV.4]).

Let (-,-) be the imaginary part of the Killing form. Then (g,¢,a+n,(-,-)) is a
Manin triple (see [37, Chapter 10]). Its corresponding Poisson Lie group structure
can be written as

1
Ik(g) := 9 Z (dRg)(Xa AYa) — (dLg)(Xa AYa), g €K,

aceAt

where
Xy :=E,+0E,, and Y, :=iE, —i0(E,) € t,a € A",

and Ly, R4 denotes the left and right translation by g respectively.
We turn to construction of the symplectic groupoid. From the construction of
Iwasawa decomposition of Lie algebra above, one gets the Iwasawa decomposition of

Lie group:
G = KAN.

Take G := G as a manifold. Define:

source and target maps: s(g) := k,t(g) := k', where g = ank = k'a'n’
is the (unique) Iwasawa decomposition;
multiplication: m(g1,g2) 1= g1(s(g1)) ' ga;
inverse: i(g) := k(n') "1 (d) "t = n"ta K
unit: u(k) ==k GDOK.
Example 2.18. [20] Let G = KAN be the Iwasawa decomposition as above. Let

T C K be the maximal torus with t = ¢a. Then the Poisson bi-vector field [Tk on K

is T-invariant. Hence one has a well defined Poisson manifold
(T\K, dpr(Ilk)),

where pr : K — T\K is the natural projection onto coset space. This Poisson
structure is known as the Bruhat Poisson structure.

Define the left action of T on K x N by

g-(k,n):=(gk,gng™t), V(k,n) cKxN,geT.
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It is easy to see that the projection onto
T\(K x N)
is a submersion. Define the groupoid operations on G := T\ (K x N) = T\K:
source and target maps: s(t(k,n)) = vk, t(v(k,n)) ;== vk,
where nk = k'a’n’ is the (unique) Iwasawa decomposition;
multiplication: m(r(k1,n1), v(k2,n2)) := 1(k2, n112),
provided one has Iwasawa decomposition noks = k1a'n’;
inverse: i(t(k,n)) := p(k',n1),
where nk = k’a’n’ is the (unique) Iwasawa decomposition;
unit: u(rk) := v(k,e),e € N.
2.2. Uniformly supported pseudo-differential calculus on a Lie groupoid.
In this section, we review the standard theory of pseudo-differential calculus devel-

oped by Nistor, Weinstein and Xu [29]. We refer to Appendix A.2 for notations on

pseudo-differential operators (on ordinary manifolds).

Definition 2.19. A pseudo-differential operator ¥ on a groupoid G of order < m is
a smooth family of pseudo-differential operators {¥, },en, where ¥, € ¥™(G,), and

satisfies the right invariance property
le(a) (RZf) = R;"*pt(a) (f)7 Vaeg, fe Ot(:)o(gs(a))

If, in addition, all ¥, are classical of order m, then we say that ¥ is classical of order

m.

Definition 2.20. For a pseudo-differential operator ¥ = {¥, } on G. The support
of ¥ is defined to be

Supp(?) = | J Supp(%.).
zeM
The operator ¥ is called properly supported if the set

(K x G) (") Supp(¥)

is compact for every compact subset K C G; The operator ¥ is called uniformly
supported if the set
{ab™" : (a,b) € Supp(¥)}
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is a compact subset of G.

We denote the space of uniformly supported pseudo-differential operators (resp.
classical pseudo-differential operators) on G, of order < m, by Wj*(G) (resp. \llﬂn] (G)).

The way to define the total symbol for ¥ € ¥>°(G) is similar to that of an ordinary
pseudo-differential operator. Fix an A-connection V (say, VxY := V“V“( X)Y for some
usual connection V). Then there is a neighborhood of the zero section Q C A such
that the exponential map expy : 2 — G is a diffeomorphism onto its image. Fix a
smooth function x(g) supported on the image of expy and equal to 1 on a smaller

neighborhood of M. Define O(g, h) := x(g) expgl(g).
Definition 2.21. [29, Equation (16)] Given ¥ € U*°(G). Define o € C*°(A*) by
0(¢) = Wy (¢MOIN())(2), Ve eMCG.Ce A

The function o is called the total symbol of ¥ with respect to (V, x).

As in the case of manifolds, if there exist homogeneous symbols o,,, 01, - -, of
orders m,m — 1,--- respectively, such that
N-1
o— Z Om_1 € SN (M)
=0
for N =1,2,---, then we say that ¥ is a classical pseudo-differential operator on G.

In this case, we define the principal symbol of ¥ as
Otop(¥) 1= O

As in the case of manifolds, we denote the space of uniformly supported classical

pseudo-differential operator of order m by \II,W (G).

Definition 2.22. A classical pseudo-differential operator ¥ & \I/,[T](g) is said to be
elliptic if

Ttop(¥)(X) # 0
for any X # 0 € A*.

A pseudo-differential operator ¥ € U>°(G) acts on C*>°(G) by

lp(u) (a) = l*ps(a) (u‘sfl(s(a)»'

It is easy to see that the composition @ o ¥ is well defined as long as either @ or ¥

is uniformly supported. Furthermore, the composition respects the grading;:
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Lemma 2.23. Let ¥ € U"(G), & € WI™(G) be such that either ¥ or & is properly
supported. Then & oW e WMTm](g).

2.2.1. Example: Dirac operators on a groupoid. In this section, we briefly
describe the Dirac type operators on a groupoid G [18, Section 6].

We begin with recalling the notion of Clifford algebra, following [7, Chapter 3].
Let V be a finite dimensional vector space over R or C. Let B(-,-) be a symmetric
bi-linear form on V. Then the Clifford algebra of (V, B), denoted by CI(V, B), is the
algebra generated by V with the relation

vw + wv = —2B(v,w).
The algebra Cl(V, B) is Zo-graded by
CI(V, B) = span{l,v;, - - vi,; 1 j = 1,2+ - } @ spanf{v;, - -0y, 15 =0,1,2--- },

where {v;} is any basis of V.
A Clifford module of C1(V) is a Zo-graded vector space E = ET @ E~ such that
the Clifford action v : Cl(V) — End(E) satisfies

7(CI*(V))E* C E*
7(CI7(V))E* C ET.

Example 2.24. Let B be an inner product on V. Then A*V = (,_,A*V) &
(B,_o A**1V) is a natural C1(V, B) module, with action defined by:

VW =V AW =gy w, YvEV,weA'V,

where ¢ denotes the contraction. It is easy to verify that such an action of V extends
to CI(V).

Example 2.24 also provides a canonical bijective map between CI(V) and A®V as

vector spaces, namely,
(3) v (V)1 v e ClIV),

where 1 is the identity in the exterior algebra A®*V. It is easy to see that the Zo
splitting of A®V into even and odd orders gives a Zo grading of the Clifford algebra
CL(V).
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Example 2.25. Let V be an even dimensional vector space with inner product B.

Let ey, e9, -+, e9, be an orthonormal basis of V. Define
P := Span{eg;_1 +iey :i=1,---,n} CV®C.
Then P ® P = V ® C. Define the action of V® C on S := A®P by

v AW, Vv e P
(4) Ys(v)w == _
LB(v,)W; YU EP.

The Clifford module S is known as the spin representation of the Clifford algebra
CL(V).

Here, we list some basic facts about Clifford modules. See [7, Chapter 3] for

details.

Lemma 2.26. Let V be an even dimensional vector space over R.
(1) The complexified Clifford algebra C1(V) @ C is isomorphic to the matriz al-
gebra End(S), where S is the spinor module;
(2) The spinor module S is the only irreducible representation of C1(V);
(8) For any Clifford module E, End(E) = CI(V) ® Homcy)(CLI(V),E), with
isomorphism given by v @ T +— T'(v).

We turn to consider bundles of Clifford modules. Let G = M be a groupoid. Let
A — M be the Lie algebroid of G, equipped with a metric g4. Abusing notation we
also use g4 to denote the inner product on A’. Then we define the Clifford bundle,
to be the vector bundle

ClA) == | CUA,, ga(=)).
€M

Note that C1(A’) is also Zo-graded and we write
ClA") == ClA)T @ Cl(A))~.
Analogous to the case of Clifford algebras, we define:

Definition 2.27. A (bundle of) Clifford module is a Zs-graded Hermitian vector
bundle E = ET @ E~ over M, with an action map vy € I'*(A® E ® E’), such that
(1) For any € € A" € CI(A"), v(§) : E — E is skew-symmetric;
(2) Each E,,x € M is a CI(A})-module.



14

A Hermitian A-connection V¥ is called Clifford if for any X € I'®(A),¢ €
> (A),u e T*(E),

VE(v(©u) = (&) Viu + 7 (VEu,

where V94 is the Levi-Civita connection. It can be shown that Clifford .A-connections
always exist (see [18, Section 6]).

Consider the pullback bundle t~'E. Any A-connection V¥ on E uniquely deter-
mines a right-invariant family of connections, still denoted by V¥ for simplicity, on

the s-fibers of G by requiring that
V%(t_lu) =t~ 1(VEu),

for any right-invariant vector field X with X|y = X, and u € T°°(E). Furthermore,
if E is a CI(A)-module, then t~'E|g, is a C1(T*G,)-module for each x € M, and VF*
is a Clifford connection in the usual sense.

The curvature of any even rank Clifford A-connection V¥ decomposes under the

isomorphism End(E) = CI(A’) ® Endgng ciay (E) as
Y(R) + FP5,

where R is the Riemannian curvature of A, considered as a section in T™°(A%A’ ®
CI(A)) with v acting on the CI(A) factor, and F¥/S € I°(A2A ® Endcary(E)) is

known as the twisting curvature.

Definition 2.28. A (groupoid) Dirac operator is a differential operator from t~'E
to itself of the form

0=(t""9) 0 V",

where V¥ is a right-invariant, Clifford connection on the s-fibers of G; A perturbed

Dirac operator is an operator of the form
0+ V¥ eV,(G,E),
where 0 is a Dirac operator, and ¥ is an odd degree operator in \I';OO(Q , E) satisfying
(o™t = (¥(a))*, Vaeg.

It is easy to see that all Dirac operators are symmetric, hence essentially self
adjoint. From our definition, it is also clear that any perturbed Dirac operators are

also essentially self-adjoint.
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2.2.2. The reduced kernel and convolution product. Let G = M be a groupoid
with compact set of units M. Recall that we fixed a fiberwise metric g4 on the
Lie algebroid A and extended it to a Riemannian metric on each s-fiber by right
translation. Hence, one has a family of Riemannian volume densities p,, on s~!(x).

We shall also regard pu € T°°(] AP Ker(ds)|).

Definition 2.29. For any pair of functions f,g € C*°(G), such that f(b)g(ab™!) €
Ll(gs(a), Is(a)), Va € G, the convolution product f o g is defined to be

fogla) = / F(ab™)g(b) sy (D).
b€Gs(a)

In particular, the convolution product is well defined for any pair f,g € C°(G),
and fog € C(G). The resulting algebra (C2°(G),0) is known as the convolution
algebra of G.

The convolution product can also be defined for sections of vector bundles. Let
E, F be vector bundles over M, f € It 'E®s 'E),g € T*(t'E ® s~ 'F). Since

one has natural identifications
(tTE@sTE) g1 & Eyq) @t 'Ef), and (t7'E@sT'F), & By © Fygp,
the point-wise multiplication
flab™hg(b) € tT'E@sT'F),

is well defined for each a € G,b € Gg(4), using the pairing between E;(b) and Eg ).

Hence the convolution product can be defined as:

Definition 2.30. For any f € I*°(t 'E® s 'E/),g € [*(t'E ® s7'F), such that
f(b)g(ab™1) is a Ll(gs(a), Is(a)) section with values in Eyq) @ Fg(q) for all @ € G, then
the convolution product f o g is defined to be

fog@i= [ Flab () mo(®) € T (e E@sIE)
b€Gs(a)
Alternatively, consider the set

G :={(a,b) €G xG:s(a) =s(b)}.
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On G one defines the natural maps

G
g

s?:6—-M, sP(a,b):=s(a)=s(b)
G, w(a,b)=ab t.

Note that G is just the fibered product groupoid of G, with source and target maps

§,t. Using the relations
tom=tot, som=tos, and sot=s!
one naturally identifies the bundles (over G):
m tT'Ees'E) 2t tT'E) o s (tTIE)
sleot ' Ees™iF) 251t 7IE) @ t7i(s7IF).
Hence, one can rewrite Definition 2.30 using the language of Appendix A.1 as

5) Fogla)= [ (R0 oW D)D)

1

where i € I'°(| A'P ker(ds)|) is defined by ji = pu at $7(V)

as a family of measures (densities) on the fibers.

s~!(s(b)), regarded

Definition 2.31. For any ¥ = {¥,},em € ¥*°(G). The reduced kernel of ¥ is
defined to be the distribution

Ky(f) = /M uw (W f)) () pu(z), [ e CF(9),
where i and u denote respectively the inversion and unit inclusion.

Observe that, if ¥ € U~°(G), then Ky € C*°(G), i.e., there exists Kk € C*(G)
such that

Kol = | N ( / NG i*us(b)> i,V € CR(G),

and one can recover ¥ by the formula:
P10 = [ ) F0) i 8
s(a)

Remark 2.32. In [29], the authors defined the reduced kernel canonically using 1-

densities.



17

One particularly important property of the reduced kernel of a pseudo-differential

operator on a groupoid is the following:

Lemma 2.33. [29, Corollary 1] For any ¥ € U*°(G), the reduced kernel is co-normal

at M and smooth elsewhere.

2.2.3. Some representations of ¥>°(G). In this section, we recall some homomor-
phisms from \Ilff(g) to other spaces of operators. The materials in this section can
be found in [18]. Let G == M be an s-connected Lie groupoid. Let A be the Lie
algebroid of G.

Definition 2.34. Given any ¥ € W, "~ 1(G), define the 1-norm of ¥ by (see [18,
Equation (16)])

(©) 1] = p{/ @ldas(a). [ Il )},

where k(a) is the reduced kernel of ¥. Note that s is continuous because ¥ €
\I,;n—l(g)
Next, we define the full norm of any ¥ € @2(9) by

(7) 1@} = Sup (&) |,

where || -||g1 is just the operator norm, and the supremum ranges through all bounded

representation p of \Ilg(g) on H satisfying
o)l < [Z[l, V& € W)(G).
We denote the closure of \Ilg(g) under || - || by
U(9),
and the closure of ¥ °°(G) under || - || by

" (G) C W(G).

Another important homomorphism is the so called vector representation, which
defines the class of (leafwise)-differential operators on a manifold that we are inter-

ested in:

Definition 2.35. The vector representation is the homomorphism defined by v :
V32 (G) — End(C*>(M)),
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Remark 2.36. Equivalently, one can define (v(¥))u to be the (unique) function on

M satisfying (v(¥))uot =¥(uot)

Remark 2.37. Observe that if X € I'°(A) is regarded as a differential operator on G,
then the vector representation of X is just v(X), the image of X under the anchor
map (regarded as a differential operator on M), so there is no confusion using the

same notation for both.



3. ELLIPTIC AND FREDHOLM OPERATORS

Using the same arguments as in the construction of parametrices of elliptic pseudo-

differential operators on a manifold, one has:

Lemma 3.1. Let ¥ € \IJBTL}(Q) be elliptic. Then there exists an operator Q) €
\I/,[;m] (G), known as the parametriz of ¥, such that

(8) Ri=V¥oQ—id and Ry = Qo V¥ —id
are elements in W,°°(G).

If G is the pair groupoid over a compact manifold, then all elements in ¥~°°(G)
are compact. It follows from Equation (8) that all elliptic operators are Fredholm.
Unfortunately, in general, elements in \I/;OO(g) are not compact operators. In the
following section we review a Fredholmness criterion given by Lauter and Nistor [18].

Here, we first recall the notion of an invariant sub-manifold.

Definition 3.2. Let G = M be a groupoid. A proper sub-manifold Z C M is
called an invariant sub-manifold if s='(Z) = t~1(Z). For an invariant sub-manifold,
we denote Gz := s~ 1(Z). It is clear that Gy is a groupoid over Z by restricting the
groupoid structure on G. Also, for any ¥ = {¥, },em € U°(G), define the restriction
of ¥ to be the operator

Uz = {Vs}rez € ¥(Gz).

3.1. Lauter and Nistor’s Fredholmness criterion. Let G = M be a groupoid
with compact units M. Assume that the anchor map v : A — TM is an isomorphism
when restricted to some open dense subset My C M. Then one can also define the

metric
oy (X, Y) = ga(v X, v7Y), VX,Y € T,My,x € M.

By definition, it is clear that t|g, : Go — My is a local isometry.

Following [18], we shall make the following assumptions:

Definition 3.3. An s-connected groupoid ¢ = M is said to be a Lauter-Nistor
groupoid if
(1) The unit set M is compact;

(2) The anchor map v : A — TM is bijective over an open dense subset Mg C M;
19
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(3) The Riemannian manifold (Mo, gn,) has positive injectivity radius and has
finitely many connected components Mg =[], Ma;

(4) As a groupoid, Gm, =[], Ma X Mg, the pair groupoid.

Note that condition (2) implies the Lie algebroid is integrable, using the following
result from Debord [10].

Theorem 3.4. Let A be a Lie algebroid over M, with anchor map v : A — TM.
Suppose that there exists an open dense subset U C M such that v is injective on

Aly. Then A is integrable.

Indeed, we shall mainly be studying examples where the groupoid is explicitly
given.

The following lemma is useful for verifying assumption (4).

~

Lemma 3.5. If all connected components of My are simply connected, then Gy, =
[, Mq x M.

Proof. Observe that, for each x € My, G, is a covering of F,, the connected compo-
nent in Mg containing z. If all connected components of My are simply connected,
then G, =2 F, for all x € My. It follows from Proposition 2.13 that the isotropy

subgroups G are trivial for all z € My. Hence the assertion. O

Since the Riemannian curvature is a local object, it follows that (Mo, gm,) is a
manifold with bounded geometry. Also, it is easy to see that for any vector bundle
E — M, the restriction E|y, — My is a vector bundle of bounded geometry. Hence
one can consider the Sobolev spaces W!(My, E) for any [ € R.

Let ¥ = {¥,} € \I’Lm](g,E). For any = € My, assumption (4) enables one to
identify

Gz = Ma,
where M, is the connected component of My containing xz. Hence one identifies

' (M, E) 2 T°°(G,,s 'E). Under such identification, one has

(9) v()(f) Mo = Y (flMa ),

for any f € T'°(M,E). Since ¥, is a pseudo-differential operator of order < m,
Equation (9) enables one to extend the vector representation v(¥) to a bounded
map

v (W) : WMy, E) - W™ (Mg, E),
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for any [ > m. In particular, if ¥ € ¥, (G, E), then 1(¥) is just the smoothing

map

(10) wol(@)f (x) = / o, @) W), f € LAOLE),
yeMq

where 1) € TS°(G,t7'E ® s7'E') is the reduced kernel of ¥, and we have used the
identification G, =2 [[, Ma x Ma.

Recall that we defined 4U(G) and €*(G) to be the closure of \Ifg(g) and ¥ >°(G)
under the full norm || - || respectively. We shall denote J := €*(Gyy,) (the closure of
pseudo-differential operators of order —oo on the groupoid over My). The importance
of J lies in
Lemma 3.6. For any ¥ € J, the vector representation v(¥) is a compact operator

on L2(Mp).

Proof. If ¥ € ¥,*(Gn,), then Equation (10) says that v(¥) is just a properly
supported, smoothing operator on My, which is well known to be compact. The

assertion follows by taking limits. O

One remarkable fact about these spaces is the following lemma:

Lemma 3.7. [17, Lemma 2] One has short exact sequences
0 — € (Gry) =3 — €(G) = € (Guyny) — 0
0 — U(Gm,) — U(G) — U(Gmy) — 0.

Another useful fact about Lauter-Nistor groupoids is that their vector represen-

tation is faithful. In other words:
Lemma 3.8. [28] The map v : U°(G,E) — End(T°(t7'E)) is injective.

Proof. Let ¥ = {¥y }zem € V°(G,E) be such that v(¥) = 0. First consider ¥, for
arbitrary € My. For any u € T°(t"'E|g,), let % € I'°(E) be the extension of u
by 0. Then

@, () = () (@) g, = 0.

Therefore ¥, = 0 for any z € My. Now consider z € M \ My. For any u €
I'e(t1E|g,), let 4 € T°(t'E) be any extension of u. Then one has

(1) =0
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on Gy, , because ¥, = 0 for any x € M. Since ¥ () is continuous and Gy, is dense

in G, it follows that ¥,(u) = 0 everywhere, hence ¥ = 0. O

In the following theorem, let A be any fixed elliptic (pseudo)-differential operator
of order k > 0. (One can take A to be, say, a Laplacian operator in Definition 4.1).
Then (id +A*A)7ﬁ is well defined by functional calculus. Moreover, by [18, Theorem
4] and its corollaries, v((id —i—A*A)%) : W™(My, E) — WY(Mj, E) is bounded for all

m. With these preliminaries, the main result of Lauter and Nistor can be stated as:

Theorem 3.9. [18, Theorem 7] For any ¥ € W(G), or W € WIM(G) elliptic self-

adgjoint, the spectrum and essential spectrum of v(¥) satisfy
(11) o(v(¥)) C oyg)(¥) and o(v(¥)) C oy/3(¥).

In particular, for any ¥ € \If,[fﬂ (G) such that W(id +A*A) "% is invertible in then
U(G) /3, v(¥) extends to a Fredholm operator from W™ (Mg, E) to L2(Mg, E); if
W(id+A*A)"2 € 3, then v(¥) : L2(My, E) — L2(My, E) is compact.

Proof. By definition, for each A € C\ oy g)/3, there exists @ € (G) such that
(Sp — )\)Q — idu(g), Q(Sp — )\) — idu(g) €J.

Since v maps J to compact operators, it follows that v(¥) is Fredholm, hence A\ €
C\ o¢(v(¥)). The second inclusion follows by contra-positivity. The first inclusion
is similar (with J replaced by {0}).

To prove that v(¥) is Fredholm (resp. compact) from the hypothesis, observe
that v(¥) = v(¥(id +A*A)~ 2 )u((id +A* A) 2t ), and use the well known fact that the
composition between a Fredholm (resp. compact) operator and a bounded invertible

operator is Fredholm (resp. compact). O

Using the injectivity of the vector representation, and the fact that injective homo-
morphisms of C*-algebra preserve the spectrum [6, p.12], the inclusion in Equation

(11) can be sharpen to an equality. In particular:

Theorem 3.10. [18, Theorem 8] Suppose the groupoid G is Hausdorff. Then, for
any ¥ € VO(G), or ¥ € \I/[ml(g) elliptic self-adjoint, the spectrum and essential
spectrum of v(¥) satisfy

(12) o(v(¥)) = oyg)(¥) and o°(v(¥)) = oy/;3(¥).
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Suppose that M\Mj is a disjoint union of closed immersed invariant sub-manifolds
k
M\Mg = {_J Z.
j=1
Then the hypothesis of Theorem 3.9 can be made more explicit by

Theorem 3.11. [18, Theorem 10] For any ¥ € $U(G), the spectrum ¥ +3 in 4(G)/J

can be written as a union

Tug)/3(¥ +3) = a5 (T10p(#)) U TG, ) (lz,),

where oop(¥) is the principal symbol of ¥.
Proof. 1t suffices to prove that the homomorphism
V43 0top(V) OV |z, - DYz,

is injective. That is true because oyop(¥) = 0 implies ¥ € C*(G), and the first exact
sequence of Lemma 3.7 implies ¥ € J. O

Combining Theorem 3.9 and Theorem 3.11, we get

Corollary 3.12. [18, Theorem 10| Given an elliptic operator ¥ € \I/[m] (G),m > 0.
Suppose for all invariant sub-manifolds Z;, there exist &; € W~ (Gz,,Elz,) (N U(Gz,)
such that

(Wz,)®; = @;(¥|z,) = id,

then v(¥) is Fredholm.

3.2. Application: Fredholm operators on the Bruhat sphere. In this section,
we study the Bruhat sphere CP(1) in greater detail.

3.2.1. The Bruhat sphere and its symplectic groupoid. The Bruhat Poisson
structure is obtained by taking G = SL(2,C),K = SU(2), and AN = set of upper
diagonal matrices in Example 2.18. It is well known that the Bruhat sphere has two
A-leaves: Te and its complement. As we have seen in Example 2.18, the symplectic
groupoid over the Bruhat sphere is T\(SU(2) x N). Here, we describe the groupoid

structure in greater detail.
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Notation 3.13. Let o, 3,w € C,|al? 4+ |3]?> = 1. Then we write
= ((%52).(3%)) T€g =T\(SU@) x N).
Also, recall that one can define stereographic coordinates

z=x+wy+— [z,1 €CP(1) - [1,0], z,yeR

i=d 4 [1,3 € CP(1) —[0,1), & 9€R.

Then the source submersion s can be trivialized as

r w

x(z,w) := W=z -, ! 1] , zweC.
|(T+ [0 —22)2 (1+|w—z2[)2 ¢
B . . w

X(2, 1) = -l c 1] . s eC.
L2+ |20 =112 (122 + |20 = 1]7)2 | ¢

For any k = <f‘5 g) € K,n = ({¥%) € N, one has the Iwasawa decomposition

nk = k'a’n’, where

k’:< ai Bl)GK,o/: o~ of -0 = 5 T
3 & (182 + |a — wp|?)2 (1612 + |a — wp?)2

Hence, one can easily write down the source, target and inverse maps

(13) s([a, B]7) = [, 5]
t([ov, B%) = [ — 0}, ]
B a—wp p b
([ 1) = X :
[, 7 (182 + o — @B12)2 (182 + o — @BI2)2 | 1

It follows that in the x and x coordinates s(x(z,w)) = [z, 1], s(%(2,w)) = [1, 2]. The

inverse can also be written down:
([L0]) ™" = ([L,0):*), (x(z,w)) ' = x(z + w,~w), Vz,we C.

Remark 3.14. Tt is clear that the symplectic groupoid defining the Bruhat Poisson
sphere is a Lauter-Nistor groupoid. Indeed, many Poisson homogeneous spaces con-
structed by Lu (see [20]), with open symplectic leaves, have symplectic groupoids
satisfying the Lauter-Nistor conditions. Finally, note that we shall not use the sym-

plectic structure in this thesis.
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The Poisson bi-vector field can be also be explicitly written down [31]. On the

stereographic coordinate patch excluding re, one has
= (1422 + 90 A Oy;
On the opposite coordinate patch one has
T = (2% +9*) (1 + &% + §°)9: A 0y,

As an illustration, we describe the metric on the open leaf induced by the Poisson

bi-vector field. For simplicity, take the round metric on the sphere
(1+ 2% +y*)2(da® + dy?),
and the dual metric on A =T*CP(1):
ga =1+ +y°)%((0:)* + (9y)%).

Then the metric on the open leaf CP(1) — {re} is defined by

9A(W ™05, v710:) = ga((1+ 2% +y°) Ty, (1 + 2 + %) "ldy) =1

=ga(v™19y,v719,),
ga(v 1o, v19,) =0,

where v(w) := 1,11, Yw € T*CP(1) is the anchor map

Remark 3.15. Here, we observe that the metric we obtained is just the Fuclidean
metric on R2. On the polar coordinates (7,1) ).((7"6“'9), the metric gy, is just
P ldi? + d¥?. A metric of this form is known as ‘scattering metric’ in the edge
calculus literature (see [1]). We shall use this fact later in Section 5. However, it is
important to note that the compactification to the Bruhat sphere is not the same as

the standard compactification to the disk with boundary.

3.2.2. Inverse and the Laplace-Fourier transform. Observe that, over Te, one
has

s H(re) =t (re) = N = R?

as a Lie group. Therefore, given any pseudo-differential operator ¥ = {Wx}xecp@),
it follows that ¥ is an operator on R? that is invariant under translation. As we
shall see in this section, the simple structure on R™ enables one to study inverses
through the Laplace-Fourier transform, which in turn gives a simple Fredholmness

criterion.



26

Set V be the usual flat, translation invariant connection on R", x = 1 on R" x R™.
One can regard R" as a groupoid over a one point space. Recall, from Definition

2.21, the total symbol of any properly supported ¥, € V5°(R") is defined by

(14) o(C) == (Wye)p(e P,
By virtue of Lemma A.15, one has
(D) = [ a(Qev9fQ) de
CeRn
It would be useful to consider ¥ as convolution with a distribution. Define

V= SCO = [ o©) [ e s(a) dadc

so that one has
Tre(f)(p) = vo(f(p — q))-

Note that 1 is just the reduced kernel in Definition 2.31, regarding R" as a groupoid
over a point.

Assume that one has the estimate
CA+1ch™ = 1o(Q) = C'(A+[¢h™ >0

for some constants C,C’ > 0 (which implies that ¥ is elliptic of order m). It is
straightforward to check that (o(¢))~! is also a symbol. Since the symbol map is a

homomorphism, it follows that the inverse of ¥ is given by
(15) v W = [ O ac
e n

Next, we describe the kernel of ¥ ! in greater detail. Note that Equation (14) is
still valid for ¢ € C™. Such extension is known as the Laplace-Fourier transform and

shall be denoted by 6(¢) or F(f) if f € C(R™). Indeed, one has

Lemma 3.16. For any properly supported, invariant pseudo-differential operator ¥

on R™, the Laplace-Fourier transform &(¢) is a holomorphic function on C™.

In the case when ¥ is a differential operator, it was shown in [32, Chapter 4.2] that
the reduced kernel of ¥ ! decays exponentially, depending on the zeros of 5(¢), i.e.,
the poles of 5(¢)~!. Here, we prove a similar result for general pseudo-differential

operators.
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Proposition 3.17. Let $ be a holomorphic function on the strip
So :=A{(C1,++-Gn) € C : [Im(G)| < 0, Vi,

and satisfies the estimate

(16) 0r9(O] < Cr(L+[¢h™ M, (€ S,

for each multi-index I and some C; > 0, m € R. Let k be the distribution

K(f) = 9(O)f(Q) d¢,  feCEmM).

CER™

Then k is C* on R™\{0}. Furthermore, for any 0 < e < 0, one has
H‘R\{O} = e—£\p|F7 V’p‘ >1
for some smooth function function F with bounded derivatives.

Proof. First of all, since ¢(¢),¢ € R™ is a symbol, it is well known that x is C*° on
R™\{0}, and for any natural number N and multi-index I, there exists Cyny > 0
such that

(17) 10rk(p)] < Crn(1+|p))Y, V¢eR™ [p|>1.

By the well known Paley-Weiner theorem, §(f) is holomorphic on C for any f €

C2°(R™), and for any natural number N, there exists constants Cy such that

F(w)(Q)] < Cn(1+ 1)~V

for any ¢ € Sp. Using Equation (16) in the hypothesis, the integrand

fJ(i(*’fﬂgv”' 75)+<) Xg(f)(i(&“,é‘,--- 7€)+C)7 CERn

lies in L(R™) for any 0 < ¢ < §. Therefore we can use Fubini’s theorem to compute

the integral

s dc= [+ [ ( / sﬁ(C)S(f)(C)dﬁ) 0y - - dC,.

CERn

We then use the Cauchy integral formula to shift the contour of (j-integration to

1 +ieg, & € (—00,00).
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The integral becomes

// </5(51 b Gy, 7%)/6—i<(i€+Cl,427"‘Cn)"1>f(q) dqd&) ¢y -+ d¢,

:// </5§(§1 + e, (o, - - - 7Cn)/6—1‘((51,42...,Cn,q>(esqlJc(q))dqd@) dcs -+ dCpdéy
S — /57)(51 +ig,& +ig, -, Ep +i€) / e—i<(§17§2,~~-§n)7Q>ea(q1+...+qn)f(q) dgd¢

by using Fubini’s theorem and Cauchy integral formula repeatedly.

Define the distribution

Fe(g) = / (&) +ie, & +ie, -, &y + i€) / e & 828n)0) (g dgde.

Since $(&1 + ig, & + ig, -+, &, + i€) is a symbol for £ € R™ by assumption, using
Equation (17) again, one conclude that & is C*° on R™\{0}, and for any natural

number N and multi-index I, there exists C; x > 0 such that
01R(p)] < Crn(1+ )Y, VYCeR™|p| > 1.

Furthermore, by uniqueness of kernel, it follows that

(prt+pn) & (

Kk(p) =€ =(p)

on R™\{0}. Since p1+- - -+pn—(—|p|) is bounded above on the subset {p1, p2, - - - pn <

1}, one can write

k=e PR
for some smooth function F satisfying Equation (17) on the subset
{Ipl > 1} {p1,p2, -+ .pn < 1}
Repeating the arguments by considering the contours
(& tie, § £oie, -+ &y Lie),

one gets a similar estimate on each quadrant. The assertion follows by combining

these estimates. O

Remark that the assumption of Proposition 3.17 is very mild. For example, one

has
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Lemma 3.18. Let P be a polynomial of order n, Piop be its highest order part. Let
f be a compactly supported function on R™. Suppose that Piop|rn is elliptic, and
P+3(f) #0 onR™. Then P+3F(f) # 0 on some strip Sy, 0 > 0, and (P +F(f))~*

satisfies the assumption of Proposition 3.17

Also, we recall the following well know fact about the obstruction to existence of

invertible perturbations (see, for example, [8] for an overview of the subject):

Lemma 3.19. For any properly supported, invariant, elliptic pseudo-differential op-
erator ¥, € \IIE,OO} (R™), there exists K € W,*°(R") such that W, + K is invertible if
and only if the K-theoretic analytic index

indapa (%) € KY(C(R™),0)
vanishes. Here, o denotes the convolution product on C2°(R™).
Finally, we end up with:

Theorem 3.20. Let ¥ = {¥, },ccp(2) € \IJEH](SU@) x N/T) be elliptic. Let 6(¢) be

the Laplace-Fourier transform of ¥ .. Suppose o(() satisfies the estimate
CA+ K™ =) = C'(1+[ch™
for some C,C" > 0, on some strip ( € Sy for some 6 > 0. Then ¥ is Fredholm.

Proof. Given any ¥ as in the hypothesis. Let 6(¢) be the Laplace-Fourier transform
of U .. Putg¢ := &1, Then ¢ satisfies the hypothesis of Proposition 3.17. Hence

¥-! has a reduced kernel of the form

b= IEQ)

on R™"\{0}, where F(p) € C>(R™\{0}) satisfies Equation (17).

We need to prove that W;el € U(Gre). To do so, write ¥ := 1), + 1b, where 9,
is compactly supported and ¢, € C°°(R"), 1 = 0 on a neighborhood of 0. Let ¥,
and ¥, be the corresponding pseudo-differential operators. Then ¥, € @L‘m}(gTe).
It remains to consider .. Since ¥, decays exponentially, it is clear that one can find

a sequence {k;},j =1,2,--- in C°(R") such that

[1e — kjllLimny — 0.
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Let K; € \I/ljoo(gT) be the corresponding invariant pseudo-differential operators.
Then by Definition 2.34,

I¥e = Kjlli — 0.

It follows from Definition 2.34 of the full norm that K; — ¥,.. Hence ¥, € U(G,.) as

well. The result follows from Lemma 3.12. O

Proposition 3.17 and Theorem 3.20 not only give a criterion for an operator v(¥),
where ¥ € \Ilfo} (G) to be Fredholm, they also give a more precise description for the

parametrix of v(¥) modulo compact operators.

Theorem 3.21. Let ¥ € \Ilgn]g be an elliptic operator satisfying the hypothesis of
Theorem 3.20. There exists operators Q € \I/;[m](g), and S € T®(t 'E®s™'E)
(regarded as a reduced kernel in W=>°(G)) of the form

S(a) = e=Ues@) g eg,

for some € > 0, where d is a smooth function on G? satisfying d—d < 1, and

ket 'E®s 'E) such that
v(@)r(Q+S) —id
18 a compact operator.
Proof. By standard arguments one can find Q € \I/;[’”](g) such that
vQ—id= Ry, R eV,>(G).
On the other hand, Proposition 3.17 implies that one has
W) =0+ o—cd(as(@) fp

for some F € T°(t 'E® sflE\gTe) with bounded derivatives. Since both Q..,Q

are properly supported parametrices of ¥, it follows that
(LpTe)_l — Qre = Spe

for some Sp. € T®(t™'E ® s7'E[g-1(,)) of the form
S.ela) = e—cd(as(@) .

Let U C M be a local trivialization of s around e, i.e., U x G, = s 1U. Fix

any function x € C2°(U) such that x = 1 on a smaller neighborhood of re. Define
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a section S(a) € I°(t~'E @ s~ 'E) as follows: If a € s7'(U), a is identified with a
point (z,p) € U X G, and we define

Otherwise, we define S(a) := 0. By the computations in the proof of Lemma 4.16,

S satisfies the estimate
S(a) = e—edlas@)

where (a) and x(a~!) are both sections of bounded derivatives. Moreover, it is
=9

obvious that S |gTe) re- 1t follows that

R:=9(Q+S)—ide & >(G)

satisfies R.. = 0. By Corollary 3.27 below, it follows that that v(R) = v(¥)v(Q +

S ) —id is a compact operator. O

3.3. Exponentially decaying kernels. Inspired by the results of Proposition 3.17
and Theorem 3.20, we construct the pseudo-differential calculus with bounds, in
parallel with the theory of poly-homogeneous distributions for manifolds with corners
(see [25, Chapter 5]).

First, let G = M be a Lauter-Nistor groupoid. We say that

Definition 3.22. The groupoid G is of sub-exponential growth if for any & > 0,
/ e—ad(x,a)’um(a) <C
a€s—1(x)

for some constant C' independent of x € M; it is of polynomial growth if for some

integer N and constant C,

/ pa(a) < CriY.
a€B(x,r)

Clearly, polynomial growth implies sub-exponential growth.

Example 3.23. Since each s-fiber of the symplectic groupoid over the Bruhat sphere
is quasi-isometric to the Euclidean space R?, the groupoid T\(SU(2) x N) is of

polynomial growth.

Recall that in Section 2, given a Hausdorff groupoid G, we defined the groupoid
G = {(a,b) € G x G :s(a) = s(b)}. Also recall that for any X € I'*°(A), X
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determines a right invariant vector field X® € I'°°(Ker(ds)). Here, we furthermore

define vector fields on Q~ by
X®(a,b) :=(XR(a),0) € TuG x Ty(G) € TG
X%(a,b) :=(0, X?(b)),

for any (a,b) € G. Similarly, given any vector bundle E — M, and .A-connection

AVE on E, right translation defines a connection Vt'E on t71E — G, for each

z € M. We shall consider the family of pullback connections V& (¢ 'E)@t 1 (t7'E)
on 5 1t'E)@t ' (t 'E) - G, x G, CG.

Fix a Riemannian metric g4 on A, which in turn determines a metric on each of
G,. For each (a,b) € G, define d(a,b) to be the Riemannian distance on Gg,) = Gs ()

between a and b.

Definition 3.24. For each £ > 0, the e-calculus of order —oo, V7°°(G, E), is defined
to be the space of sections 1 € I'*°(t 'E®s™'E’), regarded as reduced kernels, with
the property that there exists some &’ > ¢ such that for all (a,b) € G,m =0,1,2--- ,

A1

esld(a’b)(vs (t_lE)®E_l(t_lE/))k(Iﬁ_1¢)(a, b) < Cy

for some constants Cj > 0.
For each m € Z,e > 0, the (classical) e-calculus of order m is defined to be the
space

\IIa[tm](gﬂ E) = ‘I’,[In](ng) + \Ijgoo(ng)

As in the case of manifolds with boundary [23, 25|, we need to compute the

composition rule of the calculus.
Lemma 3.25. For any e1,e9 >0

—00 —00 —00
\Ijal © ‘1[62 < ‘Ilmin{al,ag}'

Proof. For simplicity we only consider the scalar case. It suffices to consider the
convolution product uy o ug for any uy € V_*(G),uz € V_*°(G). In view of the

formula
uy o uz(a) = / ur (b~ )ua(b) ps(ay (b) = / ur (¢ Mua(ca) pyay(c),
begs(a) CESfl(t(a))

one can without loss of generality assume €1 < g5. Then by definition one has the
estimates u;(a) < e E14@8@)C yy(a) < e~2Ues@)C7 for some &) > e1,eh > 3.

One may further assume that ¢} < €5,.
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The hypothesis implies for any a € G

iy 0 un(a)] <Cy / i@ g=ehdlbs) )
bEGs(a)

<C, / e la5(@) A0SO - d0s®) , p)
b€Gs(a)

—c, / ¢ eAdlas(@) o~ (E-eDA0SO) ()
beB,

Lo / e1es(@) o= (5 4e)dbs0) (1),
bZBa

where B, denotes the set {b € Gy, : d(b,s(b)) < d(a,s(a))} for each a. Hence for

the first integral, one has

/ ¢ ehdlas@) o~ (Eh=ea0S0) () e=hales)
bEB,

_ chd(as(a) o (Eh—<h)d(bs(b))
beEB,

< o—cid(as(a) / e_(eé_sll)d(b’s(b)),us(a)(b)’
bEGs(a)

Hs(a) (b)

and the last integral is finite and only depends on s(a). As for the second integral,

write

eld(a,s(a))— (g5 + £1)d(b, (b))
= — e1d(a,s(a)) + 2¢1(d(a, s(a)) — d(b,s(D))) — (g2 — €1)d(D, s(D)).

Since d(b,s(b)) > d(a,s(a)) for any b ¢ B,. It follows that the second integral is
again bounded by

o< d(a,s(a) / R RO NG
b€Gs(a)

Adding the two together and rearranging, one gets eallds(a)(ul oug)(a) is a bounded
function, as asserted.

To prove the assertion for derivatives, observe that by right invariance of p,
(1 0 u)(0,) = [ (e ua(eh™ s (),
for any (a,b) € G. It follows that for any X,Y € T'™(A),

Ssz m* (Ul o UZ)(G7 b) = / 2)(7? (ﬁl*ul)<a7 C)(ﬁl*UQ)(C7 b)lu’s(a) (C)

SYE m* (Ul o U2)(a7 b) = /(fﬁ*ul)(av C)£x7€ (ﬁl*UQ)(C7 b)ﬂs(a) (C)
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(here, note that £, zm"u;(a,c) only differentiates in the a-direction), and so on for

higher derivatives. O

Note that the vector representation v is well defined on ¥-*°(G, E) because of the
sub-exponential growth assumption.

To apply the results of Section 3.1, we first verify that
Proposition 3.26. For any e > 0,
Uo* C (G, E),
where €*(G,E) is defined in Definition 2.3/.

Proof. Let {¢p,} € C*°(R) be a series such that 0 < ¢, < 1, ¢, = 1 on [0,n),
and ¢, = 0 on [n + 1,00), and define x,(a) := ¢p(ds(a)) € C°(G). Given any
K € UZ2(G,E), Write x(a) = e*%(@y(a), where u(a) is bounded.

Consider Ky, 1= xnk € I'2°(G, E) = ¥7°(G, E). For any € M,n € N, one has

/ I — o (@) 1) = / =) (1~ ) [ul (@)1 (a)
aes~1(z) a€Gy\B(M,n)

_&en

<e 2 eigds(a)(l — Xn)|u|(@)piz(a),
ang\B(M,n)

where B(M,n) :={a € G : d(a,s(a)) < n}. By the sub-exponential growth assump-
tion, the integral is bounded by some constant C, independent of z. It follows that
Supgem |[F—FnllLi(s-1(2)) — 0 asn — oo. Also, observe that k(a™1) = e %@y (g~ 1)
(since ds(a~!) = ds(a)). Applying exactly the same arguments to x(a~!) one arrives

at

Ik — knll1 — 0.

Hence k € €*(G,E). O
Combining the above Proposition 3.26 with Lemma 3.7, one has:

Corollary 3.27. For any ¢ > 0, ¥ € V_*°(G,E) such that Y|z, = 0, for any

invariant sub-manifolds Z;, then vo(¥) : L?(Mg) — L2(My) is a compact operator.

As a simple application of the calculus with bound, we can rewrite Theorem 3.21

as
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Corollary 3.28. For any ¥ € \Il,[fn}(g, E) satisfying the hypothesis of Theorem 3.21,
there exist Q € xp[;m](g, E) such that

v(@)Q —id € ¥=l(G E)

18 compact.



4. THE HEAT CALCULUS

4.1. The heat kernel of perturbed Laplacian operators. In this section, we
construct the heat kernel of some second order pseudo-differential operators on a
groupoid G = M with M compact.

Given a vector bundle E over M, fix an A-connection V¥ on E. Then the pull-back
defines a (family of s-fiberwise) connection on the bundle s™'E — s~1(z),z € M,
which we shall still denote by VF. Also, recall that we fixed a metric on .4, hence
a Riemannian metric on the fibers s~!(z),z € M, which we shall still denote by g4.

We define the Laplacian by taking the trace of the square of V¥. More precisely:

Definition 4.1. The Laplacian A® € ¥2(G) is the family of operators {A}},em,

where
n

A7 =) (VXVX — Ver x,);
i=1 ‘

and X; is any local orthonormal basis of T'G,..

Note that AF is elliptic, and its principal symbol does not depend on the chosen
connection VF.

We consider an operator of the form
(18) AP+ F 4 K,

where F' € I°(t7'E ® t 'E), considered as a differential operator of order 0; and
K € ¥,%(G,E). We shall denote the reduced kernel of K by k.
Since the restriction of t~'E to each s-fiber G, is a vector bundle with bounded

geometry, we have the Sobolev norms || - || defined by Equation (39). For u €
I'*°(t~'E), we define

[ull == sup{[|uls-1(z)[loc,i}-
zeM

Denote by t 'E®s ™ 'E’x (0, 00) the pullback of t 'E®s~'E’ — G by the projection
G x (0,00) — G.

Definition 4.2. A (groupoid) Heat kernel of A¥ + F + K is a continuous section
QeI (tT'E®s™'E x (0,00)),

such that Q(a,t), Q(a~!,t) are smooth when restricted to all G, x (0, 00), and satisfies:
36
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(1) The heat equation
(0 + AP + F + K)Q(a,t) = 0.

Here, we use the fact that s™'E'|g, = G, x E., and let AF + F + K to act
on the t'E factor of Q(a,t)|g, € Tt 'E® s 'E) =2 E, x I*°(t"'E) for
each t fixed;
(2) The initial condition
lim Qou=u, YucIP(t 'E),

t—0t

where o denotes the convolution product.

Let @ be a groupoid heat kernel. Then it is clear that for any x € M, (a,b) €
Ge X Gy +— Q(ab™ 1, t) is a heat kernel of (A¥ 4+ F+ K), on the manifold with bounded
geometry G,. Using the uniqueness of the heat kernel on manifolds with bounded

geometry, it is clear that:
Lemma 4.3. A groupoid heat kernel Q of A + F + K, if it exists, is unique.

4.1.1. The formal solution. Before we start, we need to define some notation.

Recall that there exists ry > 0 such that exp" is a diffeomorphism from the set
Ay = {X € A:ga(X,X) <13}

onto its image. For each x € M, we denote the polar coordinates on A,, the fiber
of A over x, by (r,79). The image of A, under exp" is denoted by B(M,rq). Note

that since
d(expv(r, 9),x)=r,

therefore B(M,r9) = {a € G : d(a,s(a)) < ro}, as expected. The exponential map
also defines a local trivialization of t "'E: For each a = expY X € B(M,rq), E € Eq(a)
where X € Ay, define T'(a)(E) € t7'E, to be the parallel transport of E to a
along the curve exp¥ 7X,7 € [0,1]. Hence T is a map from the set {(a,E) : a €
B(M, 1), E € Egq)} to tflE\B(Mﬂ,O), and we denote its inverse map by 7. When
restricted to t71E|g, for some z € M, the image of T~!, lies in E,. In that case we
shall still denote the restricted map by 77! : t_1E|gI N BM,ro) — Ea-

Lastly, we let .J := det(dexp")o(expY)~! to be the Jacobian, and V := d(a, s(a))x
dexpV (9,) be the radial vector field.
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Consider a kernel of the form
q(a,)®(a,t) e Tt 'E®@ s 'E x (0,00)),
where g : B(M,rg) x (0,00) — R is the Gaussian function
q(a,t) == (4mwt)"2 e_w

A straightforward calculation shows that:

Lemma 4.4. One has

LyvJ

(D0 + A" + F)g(a,1)®(a, 1) = g(a, 1) (0 + A"+ F +17'Vy + T

)P (a,t).
Lemma 4.5. There exists a formal power series
o0 .
O(a,t) =Y t'®i(a), ®; €T™
=1

satisfying the equation

LvJ

E —1vE
(19) (O + A"+ F+t'Vy+ 5]

)®(a,t) = 0.

Proof. Equating coefficients one gets

VE(J20,) +id; = — (0, + AP+ F)®;_q, i=1,2-
These are simple ordinary differential equations, with explicit solutions
By (exp X) =J 2T (exp X)
O;(exp X) = — J%T/1 J2T (0 + AP + F)®;_1 (exp 7X))r ! dr.

0
U

Fix a cutoff function x supported on B(M,ry) such that x = 1 on the smaller set
B(M, %) :={ac§:d(a,s(a)) <2} Write

N
Gn(a,t) = x(a)q(a,t) Y _t'®i(a), t€ (0,00).
i=1
Then one has

Lemma 4.6. For any N > 7,
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(1) For any k,l € N, there exists a constant Cy; such that
108 (@1 + A + F)Gx)e < CratV=37475;
(2) For any ty > 0, the map
ur— Gn(-,t)ou,0 <t <ty
is a uniformly bounded family of operators on T'(t™'E), and for any u €
r(tE),
lim |Gy ou —ul[; = 0.
t—0t
Proof. On B(M, %), from the proof of Lemma 4.5, one has
(0 + AF + F)Gn(a) = t"q(a,t)®n(a)
d(a,s(a))

= (4m) 2tN"2e” @ Dy(a).

. _das(a)? .
It is elementary that e t is bounded for any a,t, and ®p is smooth and
d(a,s(a))

hence has bounded derivatives. On G\B(M, %) observe that e~ 4 ~ and all its

derivatives decay faster than any powers as ¢ — 0. That proves (1) in the case [ =
k = 0. Other cases follow from a similar argument, with the additional observation

that

2 2 2
Bre~ ' = — t_l(y?)e_yT — o™
2 2 2
dye~ T =— t—%(%)%e—% — Ot %)

To prove (2), write for any a € G,

G oula) = /g G (@b~ ()t (1)
s(a)

= / GN(cfl)u(ca),ut(a)(c) (using the right invariance of p)
s71(t(a))

N
R (R 1() i _
= /t( )(47rt) 2e 4 x(c 1)(5 t'®,(c 1)>u(ca),ut(a)(c).

1=0

By right invariance and symmetry of the distance function d(-, -), one has d(c!,t(c))
et t(e))? d(c,s(e))?
4

= d(c,s(c)). Hence x(c™') = x(c), and e~ 4 = e 4t . Therefore the inte-

grand is supported on B(M, ) and the integral can be computed by a change of
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variable ¢ = exp¥ X, X € At(a), 9a(X, X) < E

N
_no_deThaen? P
/ (4nt)”ze at x(c 1)(Zt D,(c 1))u(ca),ut(a)(c)
s~1(6(a)) —
ey X9\ e ) JuletIt(a) 1

= / (4rt)~2e” @ x(exp¥ X)
XEAt(a>

(Zt’ (expV )_1))u((expv X)a) det(dexpV)(X) dX.

It is clear that the last expression converges to

x(exp" 0) Ztl ((exp¥ 0) 1)) u((exp 0)a)(det(dexp)(0)) = u(a),

n A(X,X)
since (47t) " ze” I s just the Gaussian heat kernel on the usual Euclidean space.

g

4.1.2. From parametrix to heat kernel. In the last section we constructed an
approximate solution to the heat kernel. In this section we use the method of Levi

parametrix to construct a heat kernel. We turn to operators of the form
AP+ F+ K.
For each N > %, define the sections RrRP e I~(t'E® S_lE,[o,oo)):
RV := (8, + A" + F + K)Gx

k) /RN t—T)OR(k 1)( T)dT

/ / w(ab 1t = )RV (b, 7) gy (b)dr
s=1(a)
0,

t
le\;) = / Gn(,t—T)o RS\I;)(-,T)LZT, k> 1.
0
Then one has the estimates

Lemma 4.7. Let N > ”TH There exists constants C;,1 € N such that

n+l

IR®C, 1)l < COEME (1 4+ eV M 1 (k= 1))~



41

Proof. Using the same arguments as in the proof of (2) Lemma 4.6, one has KGy =
k(-)oGn(-,t) — k in the ||-||;-norm as t — 0. Therefore K G is a continuous section
over G x [0,00), and its [-partial derivatives extends continuously to ¢ € [0, c0).
Combining with (1) of Lemma 4.6, it follows that the integrand is a continuous
section on G x [0, ], so the integral exists (and is finite).

Combining (1) of Lemma 4.6 and the boundedness of K to obtain for each [,
~ _n4l
1Bl = 110+ AP 4+ F + K)Gn (-, 8) < Cul1 + V)

for some C; > 0. Expand R* as a multiple integral:

R - |

0<t_1<--<t1<t /bhbz,'“bkles_l(a)

RV (aby! t — t)RY (biby 'ty — o) - -

XR%)(bkqul, lg—2 — tkfl)Rg\}) (br—1, tr—1)pu(b1) - - - pu(br—1)-

Next, consider the domain of integration. Since both Gy and k have compact
supports, R%) is compactly supported for each ¢ > 0. In particular, there exists
p > 0 such that Rg\l,)(clcz_l,t) = 0 for any c1,c2 € G such that s(c;) = s(c2) and
d(c1,c2) > p. Using the bounded geometry property of the s-fibers, we take

M = sup/ Hs(e) < 00
ceG J B(a,p)

Then it follows that the volume of the domain of integration is bounded by

/ / / ps(ay (b1) -+ ps(ay (br—1) < M*71,
bi€B(a,p) Jb2€B(b1,p) br_1€B(br_2,p)

By elementary calculation, one also gets

/ dtydty - dtj_y = t* (k- 1)) 7L
0<tp<--<t1<t
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Finally, one has for any a € G,

R® (a,0)); < / RO (abyt e — 1),

0<tp_1<-<t1<t /bhbm"'bk—ﬁsl(a)

< |RW (b1by ' 1 = ta)lo -+ [ R (b1t ' tha — t—1)]o

x [RY (b1t 1) lotts(a) (B1) -+ - fis(a) (Br—1)

0<tp_1<--<t1<t Jbi€B(a,p) Jb2€B(b1,p) bp—1€B(bx_2,p)

5 e il
CiCy (L + Y72 ) pig(ay(b1) -+ - prs(a) (br—1)

< COEMFR1 (1 + Nk — 1))
The assertion follows by taking supremum over a € G. O

Lemma 4.8. Assume that 1l > 1,2N > n +1.

(1) There exists constants C] such that
1QW (1)l < CIEEMP (1 + V=3 e (k)L
(2) The kernel le\;)(a,t) is continuously differentiable with respect to t and
0+ AF + F+ K)QW¥ = RV + RY.
Proof. Define the section
B(a,t,s) := (Gn(-,t —s) ORE\I;)(',S))(G,), Va € G,t € [0,00),s € [0,¢].

Since Gn(-,t — s) is C! by our construction, by (2) of Lemma 4.6, one has for any

0<s<t,

t
1b(- .8 < C" /0 IRD (- s)]uds
t
<C'CEM* (1 + th2+l)k/ sPH(k— 1)) tds
0

< C'CEME(1L + V=" YRk (1)1,
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from which (1) follows. To prove (2), one has

(0, + AF —|—F+K)(/OtB(a,t,s)ds)(a,t)
= B(a,t,t) + /t(8t+AE+F+K)GN( t—s) OREI\;)(.ys)dS

at /R t—s) R()( s)ds

R(k)(a t)+ R¥ D (a,1).

Finally, we can construct the heat kernel

Lemma 4.9. For any l, N with 2N > n+ 1+ 1, the series

ST DRV (L)

00
k=0

converges to a limit Q(-,t) € T't 'E® s™'E’ x (0,00)), independent of N, in the

| - |l norm. Furthermore,

(1) The section @Q is the heat kernel of 0; + A¥ + F + K ;
(2) Gn approzimates Q in the sense that

1Q — Gnlli = O(t)
ast — 0.

Proof. From (1) of Lemma 4.8, one has Qg\’;) < 2% for sufficient large k. Convergence
of the series Z,?;O(—l)kQS\]f) follows from the comparison test. Assertion (2) follows

from Q —Gn =D 12, Qg\lﬁ), and implies the initial condition of (1), i.e
l —uli =0,
Jm |Qou—wull

since

[Qou—ul| <[(Q—Gn)ouli+[|[Gnou—ul — 0.
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To show that (9; + AP+ F + K)Q = 0, observe that ||(0; + AP + F 4+ K) 5@”1 <27k

for sufficient large k. Therefore one has

(—1)%(@, + AP + F + K)QWY

Mg

O+ AP+ F+K) (-
k=1

=
Il
—

|
2 —~~

+§: RED)

k=2

I
e

g

Notation 4.10. We shall denote the heat kernel of the Laplacian AF + F + K, as

constructed above, by

ft(AE+F+K) — Q( t).

Remark 4.11. Alternatively, let e 42 "+F) he the heat kernel of AE + F constructed
using the same method as above. Then a heat kernel of A¥ + F + K is given by

) N 00 S g

where

QW .= / e_t(AE+F)(-,Tot)O/-;oe_t(AE"’F)(-,Tlt)o;-;o- . ~o;@oe_t(AE+F)(-,Tit),
0<Tp<--- <<

and the integration is over the Lebesgue measure.

As in the case of manifolds with bounded geometry, the heat kernel of Laplacian

on groupoids satisfies the following ‘off diagonal’ estimate:

Proposition 4.12. Fiz e > 0 such that for any a € G, k(ab™') = 0 and Gy (ab™1, 1)
= 0 for any t, whenever b € Gyq)\B(a,€). Lett > 0 be fized. For any X\ > 0, there
exists C' > 0 such that

(21) |e_t(AE+F+K)(a,t)| < Ce s yg e G d(a,s(a)) > 2,

and Q(a™,t) € L'(Gy(a))



45

Proof. Let I € N be such that Ie < d(a,s(a)) < (I + 1)e. Then leg)(a,t) = 0 for
any k < I. Therefore one has

1Q(a, t)|€)\d(a,s(a)) < ZeA(IJrl)sCéé(l)ng(l +tN7%)ktk(k;!)*1
k=I
_ A GoCeMI (1 4+ V) SN CEME (1 + V2 )Rk

Il 2 &+ 1)!

It is clear that the last expression goes to 0 as I — oo, so Equation (21) is proved.

From Equation (21), one has
Q((I_l,t) < Ce—)\d(a’l,t(a)) _ Ce—)\d(a,s(a))‘

It follows that Q(a™',t) € L'(Gy(,)) because Gy(,) has at most exponential volume
growth. O

4.1.3. The heat kernel of the vector representation. We turn to study the heat
kernel of v(9; + VE + F + K), where v is the vector representation. The construction

becomes very simple, once we know the heat kernel of (9; + VF + F + K).

Theorem 4.13. If Q is a heat kernel of 0; +V* +F + K, then v(Q) is a heat kernel
of v(0y + VE + F + K) in the sense that

(22) V(O +VE+ F+ KWw(Q)f =0, Vt>0
Tim (@) — 1] =0
for any f € T°(E).
Proof. By Proposition 4.12, vQ is well defined for each ¢ < 0. By definition one has
t (w0 + VE+F+ K)w(Q)f) = (8 + VE+ F+ K)Q(t™'f) =0.
The second equality follows by a similar argument. O

One important observation from Theorem 4.13 is that the heat kernel of the vector
representation is not a smoothing operator. However, if G = M is a Lauter-Nistor

groupoid in the sense of Definition 3.3, then for any f € I'>°(E|y, ), one has

(28)  WE)()) = / (e () (o) = /  Klgw, (@9 Wi,
acGy, yeMqy

where M, is the connected component of My containing x and we have used the

identification Gy, = [, Ma X Ma.
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4.1.4. Application: Heat kernel in edge calculus. As an application of our
construction, we give a simple proof to Albin’s conjecture on generalization of [1,

Theorem 4.3]. We refer to the same paper for details.

Theorem 4.14. A Laplacian operator on any manifolds M with iterated complete

edge has a heat kernel.

Proof. By [3], the pseudo-differential calculus is defined by a groupoid G over the
compactification M of Mg. In particular, any Laplacian on My is the vector repre-
sentation of a Laplacian operator on G. The lemma follows from our constructions

above. O

4.2. Transverse regularity of the heat kernel. In the last Section, we proved
that the series > po(—1)* S\lf)(-,t) converges to the heat kernel Q(-,t) in the || - ||;
norms. It follows that () is smooth on each s-fiber. In this section, we consider the

problem of regularity of the heat kernel Q.

4.2.1. Riemannian metrics and connections on the groupoid G. Let G be a
groupoid with compact units M, let s be the source map. As in the beginning of this
section, we have already fixed an invariant metric g4 on the foliation ker(ds) C T'G.
We shall extend g4 to T'G. Fix a distribution H C T'G complementary to ker(ds).
Then the differential ds identifies H = s~!TM. It follows that any metric on M
defines a metric g5 n H. We define the metric gg on G by taking the orthogonal
sum of H and ker(ds).

The distribution H canonically induces a splitting
TG = ker(ds) & ker(dt) & H?,

such that H = {d$(X) : X € H®} = {at(X) : X € HP} (see [13]). Indeed, one

can write down H?) explicitly:
H® = (H x H) ﬂTQ
Also, note that the relation s = sot = s 0§ implies
ker(ds?) = ker(ds) & ker(dt).

Given any metric gg as above, the splitting TG = ker(ds) @ ker(dt) ® H?) defines
a metric on G, which shall be denoted by Jc-
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Next, we equip TG with a special connection, following [13]. Recall that one
has identification TG = Ker(ds) @ s~'T*M. Denote the orthogonal projection onto
Ker(ds) by PY. Take the Levi-Civita connection V79 on (G, gg). Then V79 induces

a connection on V := Ker(ds) by
VXY = PYVI9Y VX € TG,Y € T™®(Ker(ds)) C I™(TG).
We define the connection VY®™ on T'G by taking the direct sum of VY and s 71V,

4.2.2. The regularity theorem. In this section, we state and prove our transverse
regularity theorem. Let G = M be a groupoid with M compact. We shall assume
that the Lie algebroid A is orientable. Let p be the s-fiber-wise invariant Riemannian
volume form.

Recall that G := {(a,b) € G x G : s(a) = s(b)} and m(a,b) = ab~!, V(a,b) €G.
Also, we write m, to denote the differential of m, regarded as a bundle map, i.e.
m € I'°(Hom T(G, m~'TG)); and £™y to denote the m-th Lie derivative of p. (see
Appendix A.1).

Theorem 4.15. Assume that

(1) The source map s : G — M is a fiber bundle;
(2) For each m € N, there exist constants Cyy, e > 0 such that

9

|(VHomT(g~,ﬁ1’1Tg))ml:ﬁ*’(b/’ b) < Cmeem(ds(b’,s(b’))—i-ds(b,s(b)))
(3) The Lie derivatives of p satisfy the estimate
|£(m)M(Xf’ e ’Xzz)(b" b)| < Cmesm(ds(b’ﬂs(b’))+ds(b,S(b)))|X1| [ Xl
Then for any F € T*(t'Exs™'E), K € U, (G, E), the heat kernel e HAPHFHK) o
e,

Proof. Recall from Lemma 4.9 that the heat kernel is defined to be the sum

e—t(AE—i-F-‘rK) _ Z(_DkQ(k) ’
k=0

where, using Equation (5), the Q) have the form:
Q(O) (av t) =GN (a7 t)

t ~
Q¥ (a,t) = / / m Gy, bt — )8 REV®W b, 7)a(b)dr,
0 J( ’,b)ef*l(s(a))
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where RE\’;) is defined by taking convolution product of Rg\}) = (O + AP+ F+K)Gy
with itself k-times.

Fix a connection VE on E — M. We denote by V¢ 'E®S™'E’ {5 be the tensor of the
pullbacks of V¥ by s and t. Hence V¢ 'B&'E' i 5 connection on G. Pulling-back
again by t, one has the bundle t~!(t'E ® s~'E’) over G, and the corresponding

. To1(4—1 i
connection V¢ (t7 E@sTE),

We begin with estimating the covariant derivatives of RE\P. Taking covariant

derivative throughout the proof of (2) of Lemma 4.6, one gets
vt_1E®S_1E/(I€ ° GN) N vt_1E®S_1E/GN,

as t goes to 0. Modifying the arguments of the proof of (1) of Lemma 4.6 in the

same manner, one gets the estimate

Combining the two, it follows that

n+l

2 —m+1)

(v EET MR p)lo < OV

for some constants 05,1) independent of ¢.

Next, we estimate the derivatives of Rg\l;). Write

t
RY(a,t) = / / m R (W, byt — )5 RV (Wb, 1) AV, b)dr.
0 J b)es1(a)
Then the corollaries of Lemma A.3 imply for any (local) vector field X on G,
(VtilE@SilE/R%))(a t)

X
t ~ , .
= / / Ve s ) (RO b, ¢ — 7)5 T RETV (W b, 7)) (X i dr
0 Jb)e

5-1(a)
+/ﬁ/ W RY Vbt — )8 RY V(0,7 (S (X)) dr
0 J(b)es—1(a)
where X™ € T(H) C T(TG) is the horizontal lift of X. Observe that for all £ > 0,
Rgp(-,t) is supported on a set of the form {a € G : ds(a,s(a)) < p} for some p > 0.
It follows that REI\;_I) is supported on the set {a € G : ds(a,s(a)) < (k— 1)p}; and
I?l_le\}) (t/,b,t — 7) is supported on the compact set {ds(b’,b) < p}. Hence, for each

a € G fixed, the domain of integration can be re-written as
Bla,p) = {b € G : s(b) = s(a), ds(a,b) < p},

and whose volume is bounded by some constant M independent of a.
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Expanding the first integrand using Leibniz rule, one gets:

v BT ) (RO bt — )5 RETV @ 0, 7)) (XY
( it IE®s™ 1E’) ~ ,1R(1)(b/’ b, t— T)(Xﬁ))éflR(k_l)(b/, b, 7_)

L ROW, byt — 1) (V5 6T BT B gD gy g o ()
:((ﬁl_lvt_lE®s_lE/R§\1[)(b, b, t— T))(Iﬁ*XH))é—lR%ffl)(b/’ b7 7’)
R (1, b, 1 — 1) (57T RV, b, 7)(X)),

where the last line follows from of Equation (35) and the observation that ds(X 7;f) =

X. Using hypothesis (2), one has for any (b',b) € G,

(@ vt EEs T RO m, X )| (1, b, 7)

SHVt*E@s”E’R%)( ol X (b~ )‘C e0(ds(V',s(V'))+ds (b,s(b)))

<C(1)(tN——— + 1)|X(b/ )|C eeo(ds(b’ s(b'))+ds (b, s(b)))

Now, one can estimate HVFIE@S_IE/REI\;)HO. For any a € G,
-1 —1g/ k
VR R (0.

/ / Coeo2he| vt Bes T ROt — 1 |[o[| RS ™ (-, 7) lops(b) dr
B(a,p)
+/ / IR (-t — ) [lol|VE B2 T RED () ou(b) dr

0 €B(a,p)

t
+/ / 5 IR (-t — ) o [|IRE (-, 7)o Coe™  p(b) dr,
€B(a,p

where we used hypothesis (3) to estimate the last term,

/ / OV (1 + (¢ — )N ) Cpesoe
beB(a,p)
x CE2ME=2(1 4 7N Rk =2 (ke — 2)) " pu(b) dr

t
*/ / L G- )N EEs T E RETD () lopu(b) dr
€B(a,p

t
+/ / Co(1+ (t — 1)N="3")
0 JbeB(a,p)

x CE2ME=2(1 4 7N~ 1k =2 (k= 2)) 71 Cpe0 P pu(b) dr
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t
< / Co(2+ V"5 ) M|Vt B RETI (1) g dr
0
+ (O + Co)Ch2M*1 G0 (2 4tV Yok (e — 1))

Using an induction argument, it is straightforward (but tedious) to obtain the fol-

lowing estimate for any N > & +m + 1:
24)  [VEETE RW gy < kCEMEe 0o (N5 )kl (() — 1))

for some constant C;.
It is straightforward (if not tedious) to repeat the same arguments above to get

estimates for higher derivatives:
(25) (V" BT EY RO p)llo < k7O MEe (N TE )R (k- 1)),

for some constants Cp,, e’ . Finally, arguments similar to the proof of (1) Lemma

4.8 gives the estimate
—1 —1v k —
IV 5 QR (@, t)lo < kO H (k — 1)) 7.

It follows that ZZOZO(—l)kQEI\;) converges uniformly in all derivatives up to order
m, provided N > 5 + m. Since N is arbitrary, it follows that e~ HAPHFTK)
It 'E®s™E). O

4.2.3. Example: the Bruhat sphere. We again look at the example of the Bruhat
sphere. We shall explicitly define a metric on the groupoid G = T\(K x N). Observe
that G is an associated bundle over K = CP(1). It is well known that one has

identifications as vector bundles

TG = (TT)\(TK x TN)
Ker(ds) = T\ (K x TN).

Observe that G = T\ (K x N) is an associated bundle of the principal bundle K —
T\K, hence the arguments in [16, Section 11] can be used to fix a complementary
distribution to Ker(ds). Fix an ad K-invariant metric g¢ on K, the Lie algebra of K.
Let t- be the orthogonal complement of t C €. Define T to be the distribution on
K

T+ := {dRN(X): ke K,X e t'} C TK,
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and the distribution on G
H = {dpr(X,0) € T(T\(K x N)) : (X,0) € T+ x TN},

where p denotes the projection onto he coset space. It is easy to see that H is a
distribution complementary to ker(ds) = T\ (K x TN). To define a metric on H, one
simply takes the pullback of the round metric g on T\K, more explicitly,

gn(pr(dRy (X1),0), pr(dRy (X2),0)) := ge( X1, Xa).

Finally, we define a metric gg on G = T\(K x N) by taking the orthogonal sum of

gs and gx.
In our special case G = T\(K x N), G®? is diffeomorphic to T\(K x N x N),

where T acts on K by right multiplication and on N x N by conjugation, and the

diffeomorphism is given explicitly by
1(k,n1,n2) > (v(k, 1), 1(k,n2)) € G x G 2 G,
Consider the map m : G2 G,m(a,b) := ab=1. One has the commutative

digram

KxNxN SLLLEEN K xN
(26) l l

G ~T\(KxNxN) —2, ¢=T\(K x N),
where m : K x N x N — K x N is defined to be the function
m(k,ni,ng) = (K',niny ).

We verify that the metric we constructed satisfies the assumptions of Theorem

4.15. Hence the heat kernel of a Laplacian operator on the Bruhat sphere is smooth.

Lemma 4.16. For each m € N, there exists a polynomial p,, on N x N = R? x R?

such that, for any v(k,n1,n2) € G& X € TT(,WM)Q@),

‘(vHomT(g,ﬁmfng))mﬁ?l(XHgg < lpm(n1, m2)l1X] -

Proof. We prove this lemma by direct computation. First, one obtains a formula for
m using Equation (13). Namely, for any k = <f% g) ,M = ((1) “1’/) ,ng = (3¥), one

has

/

O[—ﬁ)ﬂ ﬂ ]ww
)2 '

m(r(k,n2,n2)) =

)

(182 + a —@B2)2 (|82 + |a — P2

T
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First consider the H-component. Any vector X € T+ can be written in the form

X = at’tzo (ket(—ov g>,n1,n2> , wveC.

Then, dm(X) is by definition:

- _ t( Oiv>
dm(X) = 8t’t_0m e —v0 k7n17n2 -

(812 —o|?) (o v—wot)+|wa |* (aBv—30) v
2Q Q B 0
_u (181 =|o?) (w2v—w20) —|w2|? (afv—a30) ’ ’
Q 2Q

where we denoted @ := |B|*> + |a — w2B8]%. It follows that

di(dprp(X)) = édm(X)-

Similarly, one has

ﬁt}t:Or/ﬁ(k‘,wl + z1t,we) = (0, 21,0)

&g }tzorffl(k, w1, W2 + Zzt)

(a—w23)Bz2—(a—w2)Bzs —18[*z2
== 20 > Q = k‘l —2Z22
18|12 22 —(a—w23)Bz2+(a—w25)Bz2 ’ ’

Q 2Q

We estimate a lower bound for ) in terms of w. Since it is clear that Q) # 0, we may
without loss of generality assume that |ws| > 1. Suppose |3] < ﬁ < . Then the
relation |a|? + || = 1 implies |a| > 2. It follows that |a — wgB|> > (3 — 3)2 =1 >
W' Hence |B8> + |a — wf|* > ﬁ in both cases.

Finally, from the above computations, we observe that the coefficients of the m-th

covariant derivatives of m are of the form
Q_mp](aa O_éa /87 B: W, @)7
where p; are polynomials. The assertion follows. O

It is easy to see that the s-fiber-wise Riemannian volume form p also satisfies

similar estimates. Therefore we conclude that

Corollary 4.17. For any vector bundle E — CP(1), any Riemannian metric g4 on
A FeT(E®E) and K € V,;*(G,E), the heat kernel

e UATHFHE) e oot 1E @ 57 1E & (0, 00)).
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4.3. Short time asymptotic expansion of the heat kernel. Let G = M be
a groupoid with M compact, and the Lie algebroid A — M of even rank . Let
VE be a Clifford A-connection and & be the corresponding Dirac operator. Then a

straightforward calculation shows that
1 -~
9% = AF + (;R+ FB/5),

where R is the scalar curvature and F®/5 is the twisting curvature. Therefore the
construction of the heat kernel above applies.

Before stating our main result Lemma 4.18, we first need to define some notation.
Let C*** be the set of all matrices with coefficients in C. Given any power series
h:Ck<*k - C

W(Zij) = h(0) + Y hiZr,

I
where the sum is over all multi-indexes I = {i1J1,42j2, - ,ipjp}, and Z1 := Z; j, Ziyjs
- Zi,j,- Let (wij) € AV’ be a matrix of 2-forms on some vector space V. We define

h(wij) to be the polynomial
(wij) = h(0) + ) " hwr € P AV,
1 l even
where wr 1= Wi j; A Wigjy Ao AWij,-

In particular, take h to be the Taylor series expansion of

A A
Z +— /det (g(sinh 5)_1> :C** — C,

where Z — %(sinh %)_1 : C** — C”*” is defined by the power series of z —

Z(sinh £)7' : C — C. Define the A-genus by
(27) A := h(R).
It is straightforward to check that A € I (AA’) is a well defined section.

Lemma 4.18. The heat kernel e € T (s 'E®@t " E' x (0, 00)) has an asymptotic

expansion
o0
2 n n
e (w,t) = (4m) "2 ) T 2Qu(x), Yz eMCQ,
i=0

for some Q; € T (CI(A") ® Endgya)(E)). Furthermore
(1) The coefficient Q; € Cla;(A’) ® Endgy ) (E);



54

(2) One has
(str Qg),UA = order »x component off& A exp FE/S,

Proof. Regarding all operators involved as families of operators along the s-fibers,

the heat kernel of O[g-1(,) is just

Qz(a,b) == Q(ab™1),s(a) = s(b) = .

The computations of the asymptotic expansion of Q,(a,a) = Q(x) is very standard.

See, for example, [7, Chapter 4]. a

For convenience, we denote the order s component of AA exp F®/S by Q%(& A
exp FE/8).
It is easy to compute the asymptotic expansion of the heat kernel of the operator

0% + K. From Equation (20), the heat kernel of 8% + K can be written as
e*t(82+K) (a’ t) — 67t62 (CL, t) + Z(_l)ZtZQ(l) (a7 t),
i=1

where @ is the heat kernel of AE, and Q) := f0<70<__<n<1 Q(, Tot) 0 K © Q(-,Tlt) o

KO--+0KO Q(, 7;t). Since Q(i)(~, 0) are smooth, it follows immediately that
Corollary 4.19. The heat kernel e '@ +EK) ¢ T(s"1E @ t1E/ x (0,00)) of the
Laplacian 8* + K has an asymptotic expansion
o
2 n n
e = (4m) 72 Y T2 Qi(x), Ve eMC,

=0

for some Q; € T (CI(A") ® Endgya)(E)). Furthermore

(1) The coefficient Q; € Cla;(A’) ® Endgy ) (E);
(2) One has

(str Qg)MA = Q%(,& A exp FE/S).



5. THE RENORMALIZED TRACE AND INDEX THEOREM

Consider a Fredholm operator on I'>°(E) of the form v(0 + ¥), where 0 is a Dirac
operator and R € ¥, (G, E).

We saw that the heat kernel is not a smoothing operator in general, and the usual

| i)

cannot be applied. Instead, one need to consider an extension of the trace functional,

trace formula

known as the renormalized trace.

5.1. The renormalized integral. We shall only consider the case of the Bruhat

sphere. In this case, one has the two stereographic projection coordinates
re i [re™ 1] and 7" — [1,7e" "),

and one can consider the cutoff integrals

; o1
/ / F(lre? 1))rdddr = / / F([L 7o) = dodi
r<rg J0<9<2r %2% 0<9<27 r

for any f € C*°(CP(1)) as rg — oo. Using standard arguments reviewed in [30], one

has:
Lemma 5.1. For any k = 1,2,---, and F € CX(R), one has the expansion as
To — OO
k-1
/ FxRdx =" Cjr) + Rlogro + Co + O(rg ')

1

o J=1
for some constants Cy,--- ,Cj, R. In particular, the constant term Cqy is given by

the formula

k: 1

1
Co=05"'F(0 ;+ _1 / IXF(N) log Add := / F)AFa.
=1

.

We return to the case of the Bruhat sphere. Given any section w € I'(A2A'),
such that w is two times differentiable on CP(1) and three times differentiable on
CP(1) \ {re}, we define:

Definition 5.2. The renormalized integral of w is the number

o ol

where w = fug, and pg is the volume form defined by the round metric. Here, note

that (7,9) — f ox(re”™) is two times differentiable on the whole R?-space.
55
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Remark 5.3. We may choose other volume forms instead of the round one, and the
result depends on our trivialization. This discrepancy is well known. See [30] for a

review.

5.2. The renormalized trace and trace defect formula. With the renormalized

integral defined, it is natural to define the renormalized trace.

Definition 5.4. Let E be a Zs-graded vector bundle over M. Let p be a fixed
s-fiberwise volume on G identifying ¥=>°(G,E) 2 I'°*(t"'E ® s 'E’). For any K €
U~°°(G,E) with reduced kernel x € I'°(t7'E ® s™'E’), the renormalized (super)-
trace of K is defined to be

rStr(¥) := /str(fi]M)u.
R
In this section, we compute explicitly

/ (f 0 9(x) — g0 F(@)) o (),

R
where for simplicity we assume f,g € C*°(G) and ¢ is compactly supported (hence
the convolution products are well defined). In general, the expression is non zero.

Hence proving that the ‘renormalized trace’ is not a trace.
Theorem 5.5. One has the trace defect formula

/ (f o g(x) — g 0 £(2)) o ()

R
== [ (re(w)0s + im(u')2y) (4110 )o([1.01™)) .

Proof. By Definition 2.29, the convolution product f o g, written in Notation 3.13,

is given by the formula

As in Lemma 5.1, we need to consider
[ [t —w)gtoxew)lduPidsf
2€B(0,r0)

as rg — o0o0. Performing the z-integral first and changing variable 2/ = z — w,w’ =

—w, the integral becomes

/ / P ) g(x(2 + @ —w'))|d=' 2| duw 2.
z’€B(—w’,ro)
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On the other hand, one has

/ go fldz]? = / / Fx(z00))g (= + B, —w)|dz | du
z€B(0,r0) z€B(0,ro)

Combining the two integrals, one gets

/ fog—go f i (2)
z€B(0,r)

_ / / F (2, w))g(x(z + @, —w))|dz[2|duw]?
z€B(—w,ro)\B(0,r0)

- / / F(x(2,0))g(x(z + @, —w))|dz[|dw|?
z€B(0,r9)\B(—w,ro)

after canceling the common domain. In order to compute the integral, one needs
to parametrize the domains B(—w,r9)\B(0,79) and B(0,79)\B(—w, o). For each

w € C, consider the sets

P T T
5+;:{_T°e AT -~ < <7’0<)\<1}
w ] Wimg=¥P=0=As
_ roe’Pw T 3
S, ::{— — A= < <7,0<)\<1}
w ] Wig=v=7ni=as

It is elementary to see that
SI\S,, = B(—w,r0)\B(0,70) and S;;\ S = B(0,70)\B(—1w, o)

modulo sets of measure 0. With these natural parametrizations, one has

/ (Fog—gof) |dP
2€B(0,r0

)
-[[7] 1f(X(—T°|iUTw i w))

Next, we approximate f by its Taylor series at s~1([1,0]) as ry — co. More precisely,

define the trivialization
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Write 2 = &4+ iy,w = w410, &,9y,4,0, € R. Using the change in coordinate formula
x(z,w) = %x(2, %w) and the expansions

-

LTI W roeiPw roet?

|w]

+ O(r()—?))

roe—% £ Al =e“"Yw + 2ie smgoT +O0(r=°),

one gets

O D)

re(e ¥ w) , im(e=“w)

9y ) F([1,005"°")

X
ro|w| ro|w|
2\ |w| sin
+ | | 90(

. im(e2°m)d; — re(w?*m)dy) f([1,005 ™) + O(ry?).
0

Combining with a similar expression for g, the integrand has an expansion:
10,7 10,7
f(x<77“oe v AzD,w))g(x( e (1 - XNw, fw))
|w] |w]

= F([1,008)g([1, 07" ™)

(28) — (re(eisow)a_ n im(eisow)ay> (f([l, 0]%2ivw)g([1, O]?inw))

rolw| ° To|wl

2(1 —\)|w|sing
T

+ /([ O]fcf?i(/:w)( ) (im(e?w)dy — re(wm)dy) (1,005 ™)

_e2iegp 2\ |w| sin
(o (Pl e

+ O(T‘O_Q).

) (im(e**w)0y — re(w®*w)dy) f([1, O]eTm“_’)

7o

We compute the (renormalized) integral of each terms in Equation (28). First con-

sider the last term:

/1 /2ﬂ/g([1,0]552ww)<w> (im(e%w)d; — re(®®w)d;) f([L, 017
o Jo Jc -

x1o|w| cos @|dw|?dpd\
1 pr2nm N
= [ [ [ ot o) (im(eew)o. ~ ve(etew)on) £ (1,005 )
0 0 C
X 2‘w/‘2ASiHQOCOS@‘dw/‘ngpdA’

by changing variable w’ := e?*w. The integral vanishes since fo% cos psin pdy = 0.

Using the same arguments the integral of the first and the third term are both 0. It
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remains to consider the second term. Again we change variable w’ := e**w to get:

/ /% / re(e_uf) _ww x+im(T;Tw/)ay)(f([l,o]%')g([l,o]%w'))

X |w \cos o|dw'|Pded.

Applying the identities f027r cos @ sin pdy = 0, f027r cos? pdp = 7, one finally obtains:
[ (Fost@ =g @)
== [ (re(w)0s + im(u')2y) (4110 Do([1.01™)) .

g

5.3. The McKean-Singer formula and index formula. We recall the derivation
of index formulas using the McKean-Singer formula.

Fix a Riemannian metric g4 on A. Denote the invariant s-fiberwise Riemannian
volume form by p. Let E be a Cl(A’) module, and (0 + ¥) be a perturbed Dirac

operator. Consider

(29) tlim RStr(e*t(éw)z) — lim gStr(e —t(B+0)? / O rStr(e —t(0+0)? )dt.

t—0t+

For the right hand side, one has
O RStr(e—t(BJrW)Q) _ RStr(Bte_t(5+“7)2) — WStr(B+ v, (5 + W)e—t(fi—i-y'/)Q]).

One can then use the trace defect formula in the last section to compute gStr([0 +
@, (0 + w)e “O+¥)]). The actual calculation is very complicated. Nevertheless we

denote the result by
N0+ ) = / RStr([0 + @, (3 + W)e OH?)) at.
0

It remains to study the limits lim, o+ RStr(e*t(aﬂLWV) lim; oo RStr(e*t(E”W)Q).

Much work have already been done. We first consider the t — 07-limit.

Proposition 5.6. For the t — 0 limit, one has

(30) lim RStI‘(e_t(a—Hp)Q) = /Q%(A A exp(—FE/S)),
R

t—0t+

Proof. Recall that, by Lemma 4.18, one has the asymptotic expansion

=0
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Since str Q; = 0 for any i < § = 1, it follows that

(31) lim (47)72 Y 72 str(Qs(x)) =(4m) ' str Qu (x)
=0

t—0t

—(am)! Q(A A exi(—FE/S)) |

by (2) of Lemma 4.18. Since M is compact, the convergence in Equation (31) is

uniform in all derivatives. Since Definition 5.2 of the renormalized integral only
involves integration and evaluation of the derivatives of the integrands, it follows

that

lim str e ~{(O+9)? (z,t)p = (4m) ™1 /Q%(& A exp(—FF/9))
t—0t R R

as well. ]

As a direct consequence of Proposition 5.6, one has

Theorem 5.7. For any perturbed Dirac operators 0 + W, not necessary Fredholm,

one has

(32) }E;Rsu&f“mwf>=<@w‘l(/fnx&Aemx—FEﬁ»-+n®—%wx

R

provided the limits on both sides exist.

We turn to study the behavior as t — oco. Let 0+, be a perturbed Dirac operator.
Note that 0 + ¥ is essentially self-adjoint. In addition, we assume that 0., + R ¢ is
invertible. It follows from Corollary 3.12 that v(0 + ¥) is Fredholm. Since one has
Gm, = My x My, it follows that 0 is (at most) an isolated point of o (0, + R,) for

x # te. Our last objective is to study the behavior of the renormalized integral

/str e—t(6+u7)2%
R

as t — oo.

From our assumptions, it is clear that the null space Ker(v(( + ¥)?)), is finite
dimensional. Denote by P the projections onto Ker(v((0+¥)?)). Let uy,--- ,un €
L?(My, E) be any orthonormal basis of Ker(v((d + ¥)?)). Then PY has a kernel

N
> uily)uiy),  (y.y) € Mo x Mo = G-
i=1

Consider the regularity of u;. Applying the parametrix formula

v (Q1)vo(¥) —id = vy(Ry)
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to u;, where Q1 € \IJL_m] (G,E), By € ¥,;*°(G,E), one has
u; = vo(Ry)uy,

for each i. Using Lemma A.25, it follows that u; € W (M, E).

By the identification v((d + ¥)?) = (0 + ¥)2,z # 7e, Ker((0 + ¥)2) is finite
dimensional and consists of elements in W(G,,t~'E). Denote the projection onto
the kernel of (3 + ¥)2 by Py (note that P2, = 0 since (0 + ¥)2 is invertible). Then,
using again the fact that 0 is at most an isolated point of o2 ((d + ¥)2), one has

the following well known variation of [34]:
Lemma 5.8. There exists some XA > 0 such that for each x € M,

(33) lim e (et @) — POy =0

t—o0

i all Sobolev norms.

Unfortunately, we do not know any direct way to prove that
Rstr(e_t(m_lp)Q) — RStr(PO)

as t — oo. Instead, we observe that v((D + ¥)?) can be identified with an edge
operator on Mg = R?, studied in [1]. From Lemma 4.14, the heat kernel e~ t(B+Y)?
coincides with the heat calculus constructed in [1, Section 4]. Furthermore, it is
easy to see that Definition 5.2 coincides with [1, Equation (6.1)], for the heat kernel.

Therefore, by [1, Lemma 6.1], one has
(34) Jlim RStr(e ") = LStr(PY) = ind(v(8 + ¥)).
—00

Note that the last equality follows from the fact that str(P°) is an integrable function
on Mg, hence the renormalized integral coincides with the usual integral, which
turns out to be ind(v(d + ¥)) because P? is just the projection to the null space of
v((0+w)?).

Finally, combining Equations (32) and (34), and results in Section 3, one gets

Theorem 5.9. For any self adjoint perturbed Dirac operator 0 + W € w;(g,E) on
the symplectic groupoid G = T\(SU(2) x N) of the Bruhat sphere, such that the
Fourier-Laplace transform §((0 + ¥)..) is invertible on a tubular neighborhood of
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the real axis, vo(0 + ¥) : WYHE) — WO(E) is Fredholm; and its Fredholm index is
given by the Atiyah-Singer index formula:

ind (v (3 + W) = ()" /Q%(A A exp(—F®/S)) + (3 + ).
R



6. CONCLUDING REMARKS

In this last section, we make some remarks and highlight some open problems.

Our first objective in generalizing the calculus on manifolds with boundary was to
extend the uniformly supported pseudo-differential calculus to include the parametrix
of Fredholm operators. We did so for the Bruhat sphere case in Section 3, where we
used the exponentially decaying calculus. In the general case, one would derive an
invertibility criterion on the s-fibers over the invariant sub-manifolds. That involves
understanding the representation theory of the isotropy subgroup G¥ on sections
over the GZ-principle bundle s™1(z). It is known that the kernel of inverse of an
uniformly supported pseudo-differential operator on a manifold with bounded geom-
etry has exponential decay [33]. The only remaining problem is whether one can
use a tubular neighborhood theorem to extend the fiber-wise inverse to the whole
groupoid. In the same vein, Medadze and Shubin [24] proved that the space of
pseudo-differential operators on an unimodular Lie group with exponentially decay-
ing kernel is closed under functional calculus. It would be interesting to prove an

analogue for Lie groupoids. More precisely:

Conjecture 6.1. Let G = M be a groupoid with compact units M and polynomial
growth. Then the exponentially decaying calculus

SR ()

e>0

is closed under holomorphic functional calculus.

The main difficulty in proving the conjecture lies in proving that the inverses of
a smooth family of pseudo-differential operators is still a smooth family. Such a
result would enable one to construct, say, complex powers of elliptic operators in a
framework more concrete than the axiomatic approach of [4].

The discussion on extended calculus cannot be complete without mentioning what
is missing in our construction, compared with the case of edge manifolds. In the latter
case, one can construct a ‘very residual’ calculus, consisting of functions (sections) on
Mg x Mg with poly-homogeneous expansions near the singularities. The full calculus
is formed by adding the residual calculus to the decaying calculus. Then it was shown
that the full calculus contains the generalized inverses of (semi)-Fredholm operators.
The proof of these results uses order-by-order cancellations of the boundary defining

function near the singular leaves. It is not clear what analogue should be used for
63
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groupoids. However, the techniques used in [2, 5], and the occurrence of stereographic
coordinates (which just measures the distance from the opposite of the singularity)
in Section 5 might offer a strong hint.

Our next task was to construct the heat kernel of perturbed Laplacian operators
on a groupoid in Section 4. The proof of existence is fairly classical. The mystery
lies in the proof of transverse smoothness of the heat kernel, which requires con-
sidering a (rather arbitrary) transverse metric and bounding the derivatives of the
multiplication operator. At this point, we conjecture that a transverse metric satis-
fying the hypothesis of Theorem 4.15 exists for all Hausdorff groupoids, and can be
constructed by gluing exponential coordinates (as in Nistor [27]).

We went on to derive an Atiyah-Singer type index formula on the Bruhat sphere in
Section 5. We cheated by using the stereographic coordinates on the Bruhat sphere
to define the renormalized integral. Therefore the arguments cannot be easily gen-
eralized beyond the flag manifolds. We further cheated by using known results from
edge calculus to show that the renormalized trace converges to the Fredholm index.
We expect a direct proof of Equation (34) would be possible by better understand-
ing the resolvent and/or null space projection of the Laplacian operator, that would
involve results in functional calculus or residue calculus, as described earlier. One
immediate observation form the renormalized index theory is that the renormalized
index, as well as the K-theoretic index, of an elliptic (pseudo)-differential operator
are well defined even for non-Fredholm operators. We have not studied the connec-
tion between the two, but the arguments involved should be straightforward (see,
for example, [17, Proposition 3]).

On the side of generalizing the renormalized trace, we think one possible way to
proceed is to use the Q-weighted trace machinery developed by Paycha et. al. (see
[30] for an introduction), but that is more speculation than educated guess...

And the thesis ends here. However, the work in this thesis is just the beginning of
a vast subject concerning singular pseudo-differential calculus defined by groupoids.
In the limited space and time we had, we were only able to achieve some success
in the simplest case, namely the Bruhat sphere; but the potential of the techniques

illustrated here, is unlimited.



APPENDIX A. SOME PRELIMINARIES ON DIFFEREN-
TIAL GEOMETRY AND PSEUDO-

DIFFERENTIAL CALCULUS

A.1. Notes on submersions and pullback vector bundles. In this section, we
define some notations concerning pullback of vector bundles and recall some basic
facts. Let Bi,Bo be manifolds, 7 : B — B; be a smooth map, and E be a vector

bundle over B;. Denote the bundle projection by p : E — Bj.
Definition A.1. The pullback bundle is the vector bundle over Bo:
7B = {(z,e) € By x E: 7(x) = p(e)},
with bundle projection 7~ 1p(x,e) := z and the fiber-wise linear operations.

One has a natural map 7g : 7 'E — E determined by the commutative diagram

_ R
B /-

! |

B2 L B1

Consider the particular case E = TB;. One has 7rp, : 7 1TB; — TB;. On other
hand, one also has the differential dw : TBy — TBy, These two maps determine a

bundle map 7, € I*°(Hom(T By, 7~ 'TB1)) by
(X)) = (z,dn (X)), VX € T,Bo.

Also recall that one can “pullback” a section to a section of the pullback bundle,

i.e., one has the naturally defined map 7' : T®(E) — I'®(7~'E),
(m5' f)(z) = f(r(x)), VfeT®(E),z€B,.

Given any connection V¥ on E, recall that the pullback connection V™ E g a

connection on 7~ 'E characterized by
Tr’1 —
(VT B)x(n7 1 f)(@) = (2, Vi) f(m(2))),
for any = € Bo, X € T, Bo. It follows, by using the canonical identification

Hom(7'TBy, 7 'E) 2 77! Hom(TBy, E),
65
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that one can write

(35) VT ( 71f) ( Hom(TB1 (vEf)) O Ty,

for any section f € I'*°(E). Moreover, applying covariant derivatives to Equation

(35) and using the Leibniz rule, one gets
(V ) ( 1f) vHom (TB1®@7~ )VW_IE(TFglf)
om w1 —
=y iom(The E)((WHém(TBl,E)(VEf)) 0 Ty)
-1 Hom (T B1,E)«—E
:((WHom(TBl,HomT(TBl,E))(v Y f)om)om,
- om a1
t (Wom(rpy gy (V) 0 (VHomT B2 7 )
=(m H;m(TBl®TBl7E)(VE)2f) o (s ® Ty)
- om m1
+ (Mgt 5y (V) o (VHORTBT B0 )
and so on for higher derivatives.
Suppose, furthermore, that one has a fiber bundle structure Z — By — B;. Since
7 is now a submersion, V := ker(dmr) C TBy defines a (regular) integrable foliation.
We shall assume that V is orientable. Hence all fiber 771(p) = Z are orientable.

Fix a complementary distribution H to V. For any (local) vector field X € I'(TB,),
denote the horizontal lift of X by X™.

Definition A.2. Given any w € I'°*(A*)), the Lie differential (with respect to H )
is the section £"w € I'°(Hom(H, AV')),

(36)  LMW(X)(V1, Vo, Vi) (p) = L (w(Va, Va, -+, Vi) ) ()

for any X € T,Ba, where X is any local extension of dr(X).

Let s be the rank of V. For any p € I'°(A*V), consider point-wise average
(uy € C°(By), defined by

m@:/ il
en1(p) (»)

Lemma A.3. For any vector X € T,B1,p € By, one has the formula

Sxme = [ o
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Proof. First consider the trivial case B 2 U x Z, U C R™ and H be the distribution
along U x {z}, z € Z. By linearity, one may assume that X = 0;. Fix a volume form
on Z and denote by ug its pullback to U x Z by the projection map onto Z. Then
one can write . = f(p, z)po for some f € C2°(By). Differentiating under the integral

sign, one gets
ext = [ 0,50 alo)

It is clear that £%pg = 0. It follows that £%u(9;) = (9;f(p,2))po(2), and the
assertion follows.

Let ‘H' be any other complementary distribution. Then one has for any vector
field X, X" = XM 4+ XV for some vector field XV € I'*°(V). Using the definition,
it is easy to check that

(XM — (XM = Exvp,

where the right hand side is just the Lie derivative on the integrable foliation V.

Integrating fiber-wisely, one gets

/ e (x™M) :/ eHu(x™) +/ Lxv .
zer—1(p) zen—1(p) zer—1(p)

The second term on the right hand side vanishes by Stoke’s theorem. Therefore one

still gets
/ (XM = Lx ().
zem—1(p)

Finally, the general case follows because the assertion is local and one can always

restrict to local trivializations. O

We shall briefly describe several obvious generalizations to Lemma A.3. Fix a
connection V7Bt on By. For any w € I'®(A*V), define £™w € T (Hom(&"H, AFV))
inductively by

for any Xo, - - - Xy, € Hyp, where X, is any local extension of dr(X;). Then a straight-

forward computation using the Lemma A.3 and the definitions gives
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Corollary A.4. For any p € T2 (A*V), X1, -+, Xy, € T,B1,p € By, one has
V() (X1, X)) () :/ LM (X X (),
zem—1(p)

where X; is any local extension of X,;.

Lemma A.3 can also be generalized in a different direction Let E be a vector
bundle over By. For any f € I®°(r'E), u € T*°(A*V), define
!

(fu)(p) =) {fim)(p)ei(p) €T¥(E), peBy,

i=1
where ey, -+ , ¢ is any local basis around p and f = Zézl fim~Y(e;) on 7~ 1(p). The
definition is independent of choice of a local basis. Let VF be any fixed connection

on E. Then a simple application of Lemma A.3 leads to

Corollary A.5. Given any f € T°(r7'E), u € T*°(A*V). Then for any vector field
X €I'*°(TBy),p € By,
V() (X)(p) =/ | )(W_I(VE)f)(XH)M(fC) + FE (X)) ().
xem— H(p
A.2. Preliminaries on pseudo-differential calculus. In this section, we recall
some basic definitions and results about pseudo-differential calculus. All materials

in this section are classical and can be found in, say, Hormander [14].

A.2.1. Distributions and kernels. Let 2 C R be an open subset. We denote by
C2°(92) the space of smooth compactly supported functions on §2. The space CS°(2)
is equipped with the C'°°-topology:

Uy — uif sup |0 (u, —u)| — 0,
zeK

for any compact subset K and any multi-index 1.
A distribution (on ) is a continuous linear map ¢ : C2°(2) — C. We shall denote
the space of distributions by
C ().
For any open subset U C €, the restriction of ¢ to U is defined to be the restriction of
¢ to C°(U) (extended to C°(€2) by 0). The support of ¢, denoted Supp(¢) , is the
collection of points x € €2 such that the restriction of ¢ to any open neighborhood

of x is non-zero. We say that ¢ € C*°(Q) if there exist k € C*°(Q) such that

o(u) = /QI{(ZU)U(ZL‘) dx, Yue€ C(Q).
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Note that such k, if it exists, is unique.
The most important result about distributions is the Schwartz distribution theo-

rem:

Lemma A.6. For any continuous map A : C°(M) — C°(M)’, there exists a unique

continuous linear functional K : C°(M x M) — C such that
(Af)(g) = K(f(z)g(y)), Vf,g€CZM).
A.2.2. Pseudo-differential operators on a manifold.

Definition A.7. Let Q be an open subset on R", and m € R. A symbol of order
< 'm is a smooth function o(z,() € C*°(2 x R™) such that for any compact K C
and multi-index I, J, there is a constant C}f 7 such that

m—|J|

010 o (2, Q)| < CF,(L+[¢?) 2 VzeK.

The set of symbols on €2 of order < m shall be denoted by S™(£2); and define

S™®(Q):= (] 8™(©).8*(Q) == | s™(Q).

meR meR

Definition A.8. A symbol o; € S{(9) is called homogeneous of order I, if
o1z, X)) = No(z,¢0), YeeQ, |\>1,[¢>1

A symbol o € S™(£2) is said to be classical of order m, m € Z if there are homoge-

neous symbols ¢y, 01, - -, of orders m, m — 1, - - - respectively, such that
N—-1
o — Z Om—1 € Sm_N(Q)
1=0
for N=1,2,---.

The set of classical symbols of order m € Z is denoted by SI™ ().

Definition A.9. Let M be a manifold. A function o € C*°(T*M) is called a symbol

of order < m if for every coordinate patch (U,x),
oo (x*) € S"(x(U)).

Here, we have identified 7%(x(U)) = x(U) x R™. The symbol ¢ is said to be homo-

geneous (resp. classical) if o o (x*) is homogeneous (resp. classical).
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The set of symbols of order < m (resp. classical symbols of order m) is denoted
by S™(M) (resp. SI™(M)).

Definition A.10. A pseudo-differential operator on 2 C R"” of order < m is a linear
operator ¥ : C°(U) — C*°(U) of the form

@@ =0 [ ] o od g ay e, we e,

for some symbol o € 8™(Q). If ¢ is classical, i.e., o € SI™(Q), m € Z, then we say

that ¥ is a classical pseudo-differential operator of order m.

Definition A.11. A pseudo-differential operator on a manifold M of order < m is
a linear operator ¥ : C°(M) — C°°(M) such that for any coordinate patch (U, x),

the induced map
we (X7 (P(x"),  ue CF(x(U))

is a pseudo-differential operator on x(U) C R™ of order < m.

The set of pseudo-differential operators on M, of order < m (resp. classical pseudo-
differential operators of order m), is denoted by ¥(M) (resp. ¥[™(M)). We also
define

TO(M) = (] OT(M), TM) = | (M),
meR meR

Note that T=°(M) = (,,cz TI™/(M).

Definition A.12. Let ¥ € ¥*°(M) be a pseudo-differential operator with distri-
butional kernel x(z,y). The support of ¥, denoted Supp ¥, is defined to be the
support of k. The operator ¥ is said to be properly supported if for any compact
subset K C M, the set

(K x M) ﬂ Supp(¥)

is a compact subset of M x M.

We denote the space of properly supported pseudo-differential operators of order
< m by U(M). It is clear that a properly supported ¥ € ¥>°(M) extends uniquely
to a linear operator from C°°(M) to itself. It follows that the composition of two
pseudo-differential operators ¥ o @ is well defined whenever one of them is properly

supported.
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A.2.3. The symbol of a pseudo-differential operator. Fix a connection V on
M. Then there is a neighborhood of the zero section 2 C T'M such that the expo-
nential map expy : 2 — M x M is a diffeomorphism onto its image. Fix a smooth
function x(z,y) supported on the image of expy and equal to 1 on a smaller neigh-

borhood of the zero section. Define O(z,y) := x(,y) expg’ (z,y).
Definition A.13. Given a ¥ € V™ (M), m € R. Define o(¥) € S™(M) by
o(0)(¢) = w(" O\ (@, ) (x), ¢ € TyM.

The function o(¥) is called the total symbol of ¥ with respect to (V, x).

If the total symbol o(¥) is classical, i.e., there exists homogeneous symbols o,

Om—1,"*+, of orders m,m — 1, --- respectively, such that
N-1
o— Z Om_i € S"TN(M)
1=0
for N =1,2,---, then we say that ¥ is a classical pseudo-differential operator on M.

In this case, we define the principal symbol of ¥ as

Otop(¥) 1= O
We denote the space of classical pseudo-differential operators on M by plml (M).

Remark A.14. Tt can be shown that if the total symbol with respect to some (V, x)
is classical, then the total symbol with respect to any set of (V’, x’) is classical. Also,

it is well known that the principal symbol is independent of V and .

The following lemma asserts that a pseudo-differential operator ¥ can be recovered

from its total symbol, up to a smoothing operator.

Lemma A.15. [12, Proposition 3.1] Any pseudo-differential operator ¥ on M can

be written in the form

(37) u(z) = /

" / o(Q)e I (o yuty)dyd + / (e, y)uy) dy,
€Ty ye

yeM

for some k(x,y) € C°(M x M).
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A.2.4. Pseudo-differential operators between sections of vector bundles. It
is straightforward to generalize the notion of pseudo-differential operators to sections
of a vector bundle: Let E — M be a vector bundle of rank k. Let (U,x) be a trivial
coordinate patch. Then any smooth section s € I'°(E|y) can be regarded as a CF-
valued smooth function on x(U). We say that a linear map ¥ : I'?(E) — I'°(E), is
a pseudo-differential operator if for any pair of standard basis vectors of C*, e; and

ej,i,j =1,---  k, the induced map
ui (e, (X7 (U (xuey)), ue CF(x(V)),

is a pseudo-differential operator on x(U) C R".

We denote the set of pseudo-differential operator, of order < m, on E — M by
U™ (M, E), and so on.

It is clear that the notion of (total and principle) symbol of an element in ¥(M, E)
can be generalized in a similar manner. However, in this case, the symbol is an

element in
(e " (ExE)),

where p : T*"M — M is the natural projection. Likewise, an operator ¥ € U™ (M, E)
is said to be elliptic if its principal symbol o () is invertible (as a matrix) whenever

¢ #0.

Finally, note that a smoothing operator on I'°(E) is of the from
u— Kz, y)u(y)dy,
yeM

where (z,y) € T*(E; ® E}), and the integrand is considered as a map from M to

E,, for each z € M.

A.3. Manifolds with bounded geometry. In this section, we a study special class
of manifolds, namely, manifolds of bounded geometry in the sense of Shubin [33].
Our objective is to define various Sobolev spaces, which would serve as the natural
domain for the pseudo-differential operators. We shall refer the general theory to
[18].

Definition A.16. A Riemannian manifold M is said to have bounded geometry if
(1) M has positive injectivity radius;

(2) The Riemannian curvature R of M has bounded covariant derivatives.
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A.3.1. Basic properties. Here, we recall some basic results concerning manifolds

of bounded geometry.

Lemma A.17. [33, Lemma 1.2] There exists ¢y > 0 such that for any 0 < e < &,
there is a countable set {xo} C M such that the balls B(xq,¢€) is a cover of M, and
any x € M belongs to at most N balls B(xq,2¢), for some N independent of x.

Recall that for every point x in a Riemannian manifold M, the exponential map is
a homeomorphism from an open neighborhood of 0 € T;M to an open neighborhood
of x. Tts inverse thus defines a local coordinate patch, known as the (geodesic) normal

coordinates (around x).

Lemma A.18. Let {(B(za,€),Xa)} be a cover by normal coordinates patches, such
that the conclusion of Lemma A.17 holds. Then there exists a partition on unity 0,
subordinated to { B(xq,€)}, such that for any k € N, all k-th order partial derivatives

of 0, are bounded by some CYy, independent of «.

Definition A.19. Let M be a manifold with bounded geometry. A vector bundle
E — M is said to have bounded geometry if for any k € N, there exist C > 0 such
that for any trivial normal coordinate patches, the all k-th order partial derivatives

of the transition function is bounded by Cjy.
A.3.2. Sobolev spaces.

Definition A.20. Let E be a vector bundle of bounded geometry. Fix a normal
coordinates cover {(Ua,Xs)} of M such that E|y, is trivial, and a locally finite
partition of unity {6,} subordinated to {U,}, as in Lemma A.18. Regard 6,s as a
smooth vector valued function on R™ through local coordinates.

On I'*(E), define the oo-norms
(38) Islloc.s = sup{|0"0as(z)| : & € Ua, |1 < 1}

for each [ € N. We say that a section s € I'*°(E) has bounded derivatives if ||s|o0; <
00.

For each m € R, define the 2-norms

1
(39) Isllzm := (D 10as3ymer,))

where W™ (U,,) is the m-th Sobolev norm on U, C R"™. We denote the completion
of I'°(E) with respect to || - ||2,,m by W™ (M, E).
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Observe that, since all transition functions are uniformly bounded, the equivalence

classes of these norms are independent of the choices made.

Remark A.21. For m € Z, W™(M) can be equivalently defined by the collection of
distribution u € C2°(M)’ such that £x,Lx, --- £x,,u € L>(M) for any collection of
vector fields X1, -+, X,;, with unit length.

As in the case of R™ one has the Sobolev embedding

Lemma A.22. For any integer m,l such that m > 1+ 3,
W™ (M) C Cy(M).

Furthermore, there exists a constant C, depending only on m,l,n, such that
[ullog < Cllull2m

for any u € W™(M).

Corollary A.23. Let u € W™ (M), where m > 1+ § for some integer |. Fiz any
point xg € M. For any € > 0, there exist integer Ny such that for any integer
N > Ny,

sup |u(z)|; <e.
xZB(zo,N)

Proof. Fix smooth functions x;, j € N such that 0 < x; <1, x; = 0 on B(xg, j), and
x; = 1 on M\B(zg,j + 1). Since x; — 0 as j — oo, it follows that ||x;ul/2,m — 0.

By the previous Lemma, one has

sup  [xj(@)u(@)|i = [Ixjullog < Cllxjull2,m.

xZB(x0,5)

The assertion follows because

sup  Ju(z)li= sup  |xj@)u(@))i < sup |xj(@)u(@)),
g B(zo,j+1) g B(xo,j+1) zZB(z0,5)
for all integer j. g

On a manifold with bounded geometry, a class of ‘uniformly bounded’ pseudo-
differential operators can also be defined. Fix any covering {U,, X} of M by normal
coordinates. Let ¥ € ¢"(M). Recall that (x,!)*yx}, is a pseudo-differential operator
on U,. Let 0, € S™(U,) be the total symbol of (x;!)*1x*. Then we say that

Definition A.24. The pesudo-differential operator ¥ is uniformly bounded if
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(1) The support of ¥ is contained in the set
{(z,y) e Mx M :d(z,y) <r}

for some r > 0;
(2) For any multi-indexes I,.J, there exists a constant C7;, independent of «,
such that
010 0] < Cro(1+ ¢,

We denote the set of all, uniformly bounded pseudo-differential operators of order

< m by U™(M).

Finally, we can state the main result on boundedness of pseudo-differential oper-

ators on Sobolev spaces.

Lemma A.25. For any ¥ € V*(M,E),u € W/ (M,E), ¥u € W (M,E). Fur-
thermore, the map u — ¥(u) is a bounded map from W{(M, E) to W!=™(M, E).
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