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power system by using the normal form technique in the control design of
the excitation system

Abstract
In this paper, a new approach is presented to reduce the nonlinear characteristics of a stressed power system
by reducing its second-order modal interaction through retuning some parameters of the generator excitation
system. In order to determine the second-order modal interaction of the system, a new index on nonlinearity
is developed using normal form theory. Using the proposed index of nonlinearity, a sensitivity function is
formed to indicate the most effective excitation system parameters in the nonlinear behavior of the system.
These dominant parameters are tuned to reduce the second-order modal interaction of the system and to
reduce the index on nonlinearity. The efficiency of the proposed method is validated using a four-machine
two-area test system. Simulation results show that a proper tuning of the excitation controller can reduce the
second-order modal interaction of the system and can even improve the transient stability margin of the
network.
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Abstract--In this paper, a new approach is presented to reduce 

the nonlinear characteristics of a stressed power system by 

reducing its second-order modal interaction through retuning 

some parameters of the generator excitation system. In order to 

determine the second-order modal interaction of the system, a 

new index on nonlinearity is developed using normal form 

theory. Using the proposed index of nonlinearity, a sensitivity 

function is formed to indicate the most effective excitation system 

parameters in the nonlinear behavior of the system. These 

dominant parameters are tuned to reduce the second-order 

modal interaction of the system and to reduce the index on 

nonlinearity. The efficiency of the proposed method is validated 

using a four-machine two-area test system. Simulation results 

show that a proper tuning of the excitation controller can reduce 

the second-order modal interaction of the system and can even 

improve the transient stability margin of the network. 

  

Index Terms—index of nonlinearity; modal interaction; 

nonlinear systems; normal form; transient stability. 

I.  INTRODUCTION 

Today Power systems are increasingly stressed due to the 

continuously growing load demand and less investment in 

system expansion. In such a stressed condition, conventional 

local linear model tested only at equilibrium points may fail to 

model the complete system characteristics or may reveal 

incomplete system performance. As the system become more 

stressed, complicated phenomena involving the interaction 

between the system modes may occur [1]. As discussed in [2], 

the interaction between modes plays an important role in the 

dynamic characteristics of the system and must be considered 

in comprehensive dynamic studies. 

In the late eighties, attempts to consider the nonlinear 

characteristics and modal interaction of the system were 

initiated. In [1] and [3], the Envelope Equation, which governs 

the aspect of the resonance between two modes, is presented. 

In [2], the inter-area mode phenomenon in stressed power 

systems following large disturbances is studied. The 

importance of adding second order terms using a time domain 

simulation is presented in [4]. In the same year, Normal Form 

(NF) theory is used as a tool to identify the nonlinear aspects 

of the modal interaction phenomenon [5]. 

Over the past few years, NF has been widely used to 

determine the effect of the modal interaction on controller’s 

performance of the system [6] - [8]. In [9] and [10], some 

guidelines were presented to design system controllers and 

reduce the inter-area oscillation of the system using NF. NF is 

also used to indicate the effect of modal interactions on 

machine states, system participation factors and eigenvectors 

[11]-[12], [13]. In a stressed power system, NF theory is used 

to study the nonlinear modal interaction [14] and its influence 

on system controller design and allocation [15]-[17]. Most 

recently, the effect of the modal interaction with higher than 

2nd order in small-signal analysis is investigated [18]. In [19] 

and [20], an attempt is made to derive the closed-form 

nonlinear solutions of torques and their modal interactions to 

nonlinear torsional dynamics. 

This paper investigates a new method to reduce the second-

order modal interaction of a power system by retuning the 

excitation system parameters. To determine the nonlinear 

characteristics of the system, a new index of nonlinearity is 

developed using the NF technique. The index is then used to 

determine the most effective excitation system parameters, in 

addition to the direction of their influence in the second-order 

modal interaction using a sensitivity function. Then these 

parameters are retuned in regards to their impact on the index 

of nonlinearity. The new parameters are shown to be 

successful in reducing the second-order modal interaction 

through a time domain simulation. The simulation results also 

show that the reduction in the second-order model interaction 

will increase the transient stability boundary of the network 

and improve its power transfer and generating capability under 

a stressed operating condition.  

The paper is organized as follows. Section II describes the 

second order solution of the system using NF theory. Section 

III presents the proposed method to reduce the second-order 

modal interaction using a sensitivity function. Section IV 

reports on further investigation and results, when the proposed 

method is applied on a four-machine two-area test system. 

II.  SECOND-ORDER SOLUTION USING NORMAL FORM 

Consider the following general nonlinear ordinary 

differential equation, 

 ( )x f x  

where x is the vector of system states [x1 x2 … xN]T and f is the 

real valued vector field.  

Let the system represented by (1) be locally approximated 

by the Taylor series expansion at the stable equilibrium point 
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xSEP as given in (2), 
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Where, xi is the ith state variable and represents the deviation 

from the equilibrium point.  

Each term of the Taylor series expansion, at the equilibrium 

point of the system, indicates a specific characteristic of the 

nonlinear system. Using more terms in the series provides 

more precise and detailed modeling of the nonlinear system.  

The abbreviated version of the Taylor series expansion is 

given by, 


2 3( ) ( )x Ax F x F x     

where F2(x), F3(x) and so on are the second, third and higher 

order terms of the Taylor series expansion. 

Considering the first and the second order of the Taylor 

series, (3) can be expressed as (4): 


1

2

T i

i ix A x X H X   

where Ai is the ith row of Jacobian, A, and Hi is the Hessian 

matrix in the equilibrium point of xSEP.  

Considering the matrix A as diagonalizable, and using U, 

the matrix of the right eigenvalues of A, (4) can be 

transformed to a Jordan-form frame using the similarity 

transformation X = UY as expressed in (5), 


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and V is the matrix of the associated left eigenvectors. If the 

non-resonance condition, λi ≠ λk + λl, holds for all eigenvalues 

of A, then the normal form transformation of (5) is defined by, 

 2 ( )y z h z   

where, h2 contains only polynomial terms.  

The elements of the second order transformation for a 

power network are given in [9] as expressed in (8), 

  2 2
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where hj
2kl is the corresponding element of h2 in (7) and 

defined by, 
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Here, if no resonance of the second-order occurs, all 

second-order terms may be eliminated using the second-order 

transformation. In other words, a system consisting of second 

and first-order terms is equivalent to a purely linear system, 

the z-coordination system (including the terms up to the 

second-order) [9]. In this coordination system, the second-

order system takes on the form presented in (10), 

 j j jz z  

where, zj is an element of the NF variable vector.  

Now, the second-order NF system has been divided into 

two parts; its dynamics, which are presented by a set of linear 

decoupled equations, and a second-order polynomial variable 

transformation. The solution to the NF differential equation is 


0( ) jt

j jz t z e


  

where, zj0 is the initial condition of the NF variable zj.  

This solution can be transformed back to the Jordan form as 

expressed in (12), 


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In (12), the first term represents the individual modes of the 

system, while the later one shows the system second-order 

modal interaction. The ratio of the second term magnitude to 

the first term can be used to express the impact of the second 

order modal interaction of the system as expressed in (13), 



2 0 0

1 1

0

N N
j

kl k l

k l

j

j

h z z

I
z

 



 

Hereafter, Ij is called the index of nonlinearity. This index 

approximates the nonlinear characteristics, besides the second 

order modal interaction of the system.  

As can be seen from (13) and (9), the index can be excited 

by three main factors as presented below: 

1. Initial conditions (the size of zk0zl0) 

2. A large value of Cj
kl that will cause large value in hj

2kl  

3. Eigenvalues of the system (λk + λi ≈ λj) 

The third factor (the location of eigenvalues in the s-plane) 

has a tremendous impact in the second order modal interaction 

excitation. 

III.  THE PROPOSED METHOD 

The significant influence of the system eigenvalues in the 

value of the index of nonlinearity is determined by (13), in 

which the value of the index of nonlinearity is proportional to 

the system eigenvalues. However, the location of the system 

eigenvalues in the s-plane is also highly influenced by the 

excitation system. So, the excitation system parameters play 

an important role in the nonlinear characteristics of the 

system. Fig. 1 shows the model of a classic excitation system. 

In this model, TR is the voltage regulator time constant, TC and 

TB are the compensator time constants, KA and TA are the 

amplifier gain and time constant respectively. VPSS is the 

auxiliary signal from power system stabiliser (PSS) and VOEL 

is the protective signal from the overexcitation limiter.  
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Fig. 1.  The classic excitation system model block diagram. 



 

In the proposed method, the main accessible parameters of 

the excitation system, KA, TB and TC are retuned to influence 

the nonlinear characteristics of the system in a way, which 

leads to the reduction of second-order modal interaction. To 

set the excitation model parameter efficiently, a sensitivity 

functions is defined by, 


AK j AS I K    


BT j BS I T    


CT j CS I T    

where, S is the sensitivity value and the ΔIj is the change in the 

index of nonlinearity.  

 Due to the dependency of the dynamic studies to the 

operating condition of the system, a set of the most probable 

operating scenarios must be considered. Fig. 2 shows the 

algorithm of the proposed method. 

Increase 

KA, TB, TC

System stable?

Perform participation factor analysis

Consider speed and angle related modes

Calculate Ij for each modes

Ij
Max

 > Ij
Threshold ?

Calculate

SKA, STB, STC

Reduce 

KA, TB, TC

Calculate and output Ij

Start

End
Yes

No

PositiveNegative

Consider a mode with max Ij

Yes

No

Consider a specific operating condition

 
Fig. 2.  Flowchart of the proposed method. 

 

In the first step, the rotor angle stability studies are 

performed, and if the system is stable, the next scenario will 

be implemented. In the case of instability, the participation 

factor analysis is performed and the speed and the rotor angle 

related modes are identified. The proposed index of 

nonlinearity is then calculated for these modes and the mode 

with the maximum index of nonlinearity is considered as Ij
max. 

In this step, a threshold value Ij
Threshold is set. If Ij

max < Ij
Threshold, 

this mode will be neglected because of its linear behavior; 

otherwise, it will be considered to be highly nonlinear. To 

reduce the nonlinear characteristics of these modes, the exciter 

system parameters are redesigned. A proper exciter system 

design is achieved by calculating the sensitivity of the index of 

nonlinearity to each parameter as expressed in (14), (15) and 

(16). If the sensitivity of a parameter is positive, the value of 

that parameter is decreased and, if it is negative, the value of 

the parameter is increased. 

IV.  CASE STUDY 

The developed method is applied to a two-area, four 

generator test system taken from [21], which is modified to 

consider different operating conditions according to [17]. 

These two areas are connected through two parallel 

transmission lines. Each transmission line transfers 400 MW 

of active power. Fig. 3 shows a single-line diagram of the test 

system. For this study, all generators are modeled by the two 

axis model and equipped with an exciter [22], and the nominal 

apparent power for each generator is assumed to be 900 MVA. 

The output operating voltage of each generator is 20 kV. The 

loads are modeled as constant impedances with no dynamics; 

moreover, the generators are equipped with the excitation 

system. As a disturbance, the generation outage at GEN4 is 

considered for 300 milliseconds. 
Area 1 Area 2

G1

G2

G3

G4

C1 C2L1 L2

1 2
5 6

4 3

 
Fig. 3.  Single line diagram of the test system. 

 

First, the linear and the nonlinear characteristics of the test 

system are investigated using a time domain simulation and 

then the second-order modal interaction of the system is 

reduced using the new parameters for the excitation system 

model.  

A.  Linear and Nonlinear Characteristics of the System 

The behavior of the linear and the nonlinear model of the 

test system, after the disturbance, is presented in Fig. 4. 

 
Fig. 4.  Rotor angle of the generators after the disturbance, (a) nonlinear 

system, (b) linear system. 

 

In Fig. 4, after the outage clearance, the rotor angles of the 

GEN1 and GEN3 rise significantly when using the nonlinear 

system model, but when using the linear system model, they 

are able to follow a stable route towards their initial value. 

This significant difference between the nonlinear and linear 
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modeling of the system arises from the influence of the 

second-order modal interaction on the nonlinear modeling. 

To determine the modes which are responsible for the 

second-order modal interaction in the nonlinear system, 

participation factor analysis is used. The participation factor 

analysis indicates the highest participation modes in both the 

speed and the rotor angle of generators. Table I represents the 

results of the participation factor analysis for the 3 modes with 

the highest values of participation factors. 

  TABLE I 
THE PARTICIPATION OF EACH GENERATOR IN ELECTROMECHANICALLY 

MODES OF THE TEST SYSTEM 

Mode # Eigenvalue GEN1 GEN2 GEN3 

1 -0.68 ± j6.68 0.25 0.60 0.47 

2 -0.67 ± j6.65 0.59 0.35 0.14 

3 -0.10 ± j3.24 0.27 0.033 0.49 

The results from Table I show that for the third mode, 

GEN1 and GEN2 have the highest participation factor while 

the participation factor of GEN2 is very small; so, mode 3 is 

originally generated from the interaction between GEN1 and 

GEN3. To verify this, the proposed index of nonlinearity is 

also used to indicate the nonlinear characteristics of the system 

with regards to the presented modes in Table I. Table II shows 

the value of the index of nonlinearity considering the 

mentioned electromechanical modes. 

TABLE II 
THE INDEX OF NONLINEARITY FOR THE SELECTED ELECTROMECHANICAL 

MODES 

jI  
0jz  Eigenvalue Mode# 

0.05 1.70 -0.68 ± j6.68 1 

0.05 2.07 -0.67 ± j6.65 2 

0.72 2.09 -0.10 ± j3.24 3 

The results from Table II verify the significant role of the 

mode 3 in the generation of the second-order modal 

interaction in the system; since mode 3 has the highest value 

of the index on nonlinearity. In other words, the second-order 

modal interaction between GEN1 and GEN3 increases the 

nonlinear characteristics of the system.  

B.  Reduction in the Second-order Modal Interaction  

To reduce the second-order modal interaction of the test 

system, the proposed approach is used to redesign the 

excitation system model parameters. In the first step, the 

sensitivity of each excitation system model parameter to the 

index of nonlinearity using (14), (15) and (16) is calculated. If 

the sensitivity of a parameter is positive, the value of that 

parameter is decreased, and in case of a negative sensitivity it 

will be increased. The magnitude of the change of a parameter 

is dependent on the sensitivity magnitude. The most sensitive 

parameter takes the most changes. Table III show the selected 

steps of the excitation system model parameter tuning in 

regards to reduce the second order modal interaction. In Table 

III, four sets of excitation system model parameters are 

provided. Table III shows the sensitivity of the parameters to 

the index on nonlinearity for GEN1 and GEN3 and the value 

of the index of the nonlinearity of the system after 

implementing the new parameters on the excitation system 

model.  

TABLE III 
EXCITER SYSTEM PARAMETER ALONG WITH THEIR SENSITIVITY AND INDEX 

OF NONLINEARITY IN FOUR EXCITATION SYSTEM MODEL PARAMETER 

SETTING 

Set# GEN# AK  
BT  

CT  
AKS  

BTS  
CTS  

jI   

Set I 
1 220 8 2 -0.0008 0.025 -0.10 

0.46 
3 210 9 1.5 -0.0000 0.002 -0.10 

Set II 
1 240 7 3 -0.0005 0.019 -0.04 

0.33 
3 210 9 2.5 0.0000 0.000 -0.00 

Set III 
1 250 6 4 -0.0003 0.016 -0.02 

0.27 
3 210 9 3 0.0001 -0.002 0.00 

Set IV 
1 250 5.5 5 - - - 

0.24 
3 205 10 3 - - - 

In this test system and the considered operating scenario, 

GEN1 and GEN3 are responsible for the second-order modal 

interaction. As a result, the excitation system parameters of 

these two generators are considered for retuning. Figs. 5 - 8 

show the rotor angles of test system generators for each set of 

the excitation system parameters. 

 
Fig. 5.  Rotor angle of the generators for the exciter system parameter set I. 

 

 
Fig. 6.  Rotor angle of the generators for the exciter system parameter set II. 

 

The time domain simulation results of the rotor angles of 

the test system generators presented in Figs. 5-8 show that 

changes in the excitation system model parameters using the 

proposed method significantly influence the characteristics of 

the system by reducing the second-order modal interaction of 

the system. As is evident from Figs. 5-8, as the index of 

nonlinearity reduces from set I to set IV, the nonlinear 

characteristic of the system reduces and the transient stability 

of the system improves.  
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Fig. 7.  Rotor angle of the generators for the exciter system parameter set III. 

 

 
Fig. 8.  Rotor angle of the generators for the exciter system parameter set IV. 

 

C.  Expansion in the Transient Stability Boundaries 

A time domain analysis is carried out to investigate the 

influence of the reduction in the second-order modal 

interaction on the transient stability of the system. In this 

situation, considering the same disturbance as that of the 

previous section, the rotor angle behavior for four different 

generating operating scenarios is simulated. Table IV presents 

the detailed information about the four selected operating 

scenarios. 
TABLE IV 

GENERATOR OUTPUT POWER (MW) AT THE SELECTED OPERATING SCENARIOS 

Scenario I  II  III  IV  

Case 1: conventional parameters 560 602 607 700 

Case 2: new parameters 560 665 700 707  

 

The studies are carried out for two cases with different 

excitation system model parameters. In case 1, the excitation 

system parameter of set I given in Table II is considered, in 

which the index of nonlinearity of the system is 0.46. In case 

2, the exciter system parameters of set IV given in Table II are 

considered, in which the index of nonlinearity of the system is 

0.24. Each scenario was obtained by changing the active 

power output of GEN1 and GEN3. In this study, the active 

power transfer between Area 1 and Area 2 remains constant; 

since the inter-area oscillation is heavily dependent on the 

power transfer between areas.  

Case1: In this case, the time domain simulation results for 

GEN1 and GEN3 equipped with set I excitation system model 

parameters after the disturbance are presented in Figs. 9 - 10. 

The system is able to remain stable for scenarios I and II but 

after 5MW increase in the output active power of both GEN1 

and GEN3 in scenario III, the system exceeds its transient 

stability boundary and becomes unstable. 

 
Fig. 9.  Rotor angle of GEN1 after the event for different active power output 

scenarios with conventional exciter system parameters. 

 

 
Fig. 10.  Rotor angle of GEN3 after the event for different active power output 

scenarios with conventional exciter system parameters. 

 

Case 2: In this case, GEN1 and GEN3 are equipped with 

the excitation system model parameters of set IV. These 

parameters are redesigned with the objective of reducing the 

second-order modal interaction.  

 
Fig. 11.  Rotor angle of GEN1 after the event for different output active power 

scenarios with new exciter system parameters. 
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Figs. 11-12 show that the transient stability boundary of the 

test system has been increased due to the reduction of the 

index of nonlinearity by using the new set of excitation system 

parameters. In other words, the transient stability margin of 

the system is improved by redesigning the exciter system 

parameters. 

 
Fig. 12.  Rotor angle of GEN3 after the event for different output active power 

scenarios with new exciter system parameters. 

 

For this test system, the transient stability boundary of a 

single generator is increased by about 100 MW. In other 

words, by using the new set of excitation system parameters, 

the power generation and transfer capacity of the system may 

increase by about 15%. 

V.  CONCLUSION 

In this paper, a new method is presented to reduce the 

second-order modal interaction of the system. A new index of 

nonlinearity is developed which can indicate the nonlinear 

characteristics of the system due to the interaction between 

two pairs of modes. It is shown that by retuning the adjustable 

parameters of the excitation system, this index will reduce 

significantly and the behavior of the system move toward 

linear characteristics. The proposed approach has been 

evaluated on a four-machine, two-area test system. Detailed 

numerical simulation results indicate that a proper tuning of 

the excitation system parameters can expand the transient 

stability margin of the system. 
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