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ABSTRACT: Recently, various authors have proposed that the dominant ultraviolet effect
in the gravitational collapse of massive stars to black holes is the transition between a
black-hole geometry and a white-hole geometry, though their proposals are radically dif-
ferent in terms of their physical interpretation and characteristic time scales [1, 2]. Several
decades ago, it was shown by Eardley that white holes are highly unstable to the accretion
of small amounts of matter, being rapidly turned into black holes [3]. Studying the crossing
of null shells on geometries describing the black-hole to white-hole transition, we obtain
the conditions for the instability to develop in terms of the parameters of these geometries.
We conclude that transitions with long characteristic time scales are pathologically unsta-
ble: occasional perturbations away from the perfect vacuum around these compact objects,
even if being imperceptibly small, suffocate the white-hole explosion. On the other hand,
geometries with short characteristic time scales are shown to be robust against perturba-
tions, so that the corresponding processes could take place in real astrophysical scenarios.
This motivates a conjecture about the transition amplitudes of different decay channels for
black holes in a suitable ultraviolet completion of general relativity.
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1 Introduction

The construction of an ultraviolet completion of general relativity is expected to be es-
sential for our understanding of the physics of black holes. There is a large amount of
literature considering the possible ultraviolet effects in the gravitational collapse of mas-
sive stars to black holes; see [4] for a brief review and references therein. A possibility
that has been recently considered is that black holes are converted into white holes due
to ultraviolet effects, letting the matter inside them to come back to the same asymptotic
region from which it collapsed. Two great advances in understanding this transition have
been lately reported.

On the one hand, Héjicek and collaborators [5-7] considered the quantization of self-
gravitating null shells, which permitted them to study the quantum-mechanical modifica-
tions of the gravitational collapse of these shells. In the context of this exact model, they
have shown that a collapsing shell will bounce near r = 0 and expand after that. In princi-
ple, this expansion lasts forever, so that the black-hole horizon formed in the gravitational
collapse has to be somehow turned into a white-hole horizon, though the entire geometry
describing this process cannot be easily figured out within this model. Additionally, they
discussed the typical time for this bounce to occur [7, 8]. Their robust conclusion is that,
despite some subtleties that appear in this evaluation, these times are too short to make
this phenomenon compatible with the semiclassical picture of black holes, with long-lived
trapping horizons. This was considered by these authors to be an undesirable feature.

The transition between a black-hole geometry and a white-hole geometry was inde-
pendently motivated in a totally different framework in the work of Barceld, Garay and
Jannes [9]. More recently, a set of geometries describing this transition for a pressureless



matter content was constructed, in the short essay [1] and its companion article [10]. These
geometries can be understood as the bounce of the matter distribution when Planckian cur-
vatures are reached, and the corresponding propagation of a non-perturbative shock wave
that goes along the distribution of matter and modifies the near-horizon Schwarzschild ge-
ometry, turning the black-hole horizon into a white-hole horizon [4]. Remarkably, the time
scale associated with this proposal is the same as the one obtained by Ambrus and Héjicek
in [7]. That the same characteristic time scale can be obtained by following rather different
considerations is worth noticing. However, while in the work of Héjicek and collaborators
this was considered to be an objectionable result, in this approach these short times are
embraced as a desirable feature. The interest of this radical proposal lies in its inherent
implications for our current conception of black holes, as well as the possible phenomeno-
logical implications that would follow from its short characteristic time scale [4, 10]. In
particular, the black-hole to white-hole transition would correspond to a transient that
should lead, after dissipation is included, to stable (or metastable) objects that, in spite of
displaying similar gravitational properties to black holes, could be inherently different in
nature [11].

Similar geometric constructions (in the particular case of matter being described by
null shells) have been explored by Haggard and Rovelli [2], but with an essential difference.
Their justification of the process is of different nature, which has a huge impact on the
corresponding time scale: if the modifications of the near-horizon geometry are assumed to
come from the piling-up of quantum effects originated outside but close to the horizon, much
longer time scales are needed in order to substantially modify the classical geometry. Based
on these indirect arguments, these authors discuss the construction of geometries describing
a black-hole to white-hole transition, the characteristic time scale of which is much longer.
This would permit to reconcile the black-hole to white-hole transition with the standard
semiclassical picture of evaporating black holes. In consequence, this hypothetical process
is quite conservative, as it essentially preserves all the relevant features of the latter picture.

Given these disparate developments, it is tempting to ask whether or not there ex-
ist theoretical arguments of different nature that could help to select which one of these
processes, if any, can be realized in nature. In this paper we consider the role that the
well-known instabilities of white holes, first discussed by Eardley in [3], play in answering
this question.

2 Eardley’s instability

From a qualitative perspective, one may argue that the reason for the instability of white
holes to the accretion of matter is the following. White holes are compact gravitational
objects that attract matter in the same way as their black cousins. The accumulation
of the gravitationally attracted matter around a white hole provokes the bending of the
light cones in its surroundings. It is not unreasonable to imagine that this bending would
be similar to that occurring near a black hole. Then, matter going out from the white
hole can eventually be trapped by the gravitational potential of the accreting matter, thus



inhibiting the white-hole explosion and forming instead a black hole. In this section we
will describe the precise mathematics behind this qualitative picture.

The original Eardley’s argument [3] is formulated on the Kruskal manifold, the maximal
extension of the Schwarzschild geometry [12]. His pioneering work has been followed up by
a number of authors, adding new perspectives on his result, but leaving the main conclusion
unchanged [13-17]. Here we will also use the Kruskal manifold as the starting point though,
as we will see, only some of its local properties are really essential to the discussion.
Kruskal-Szekeres null coordinates permit to describe in a simple way the instability. These
are defined in term of the Schwarzschild coordinates (¢,7) for r > rg, with 75 := 2GM/c?
the Schwarzschild radius, as

U= — <7" - 1)1/2 exp ([r —ct]/2rs), V= <7" - 1) v exp ([r +ct]/2rs).  (2.1)

Ts Ts

They verify the useful relation

Uuv = (1 - :) exp(r/rs). (2.2)
S

There exists a different definition of these null coordinates for r < rg, but for our purposes it

will not be necessary to consider explicitly that region of the Kruskal manifold. The domain

of definition of these coordinates will therefore be given by V' € (0, +oc) and U € (—o0,0).

As usual, the hypersurface V = 0 would correspond to the white-hole horizon, and U = 0

to the black-hole horizon.

The actual mathematical result that is behind this instability is the following [17]. To
simplify the discussion we will use null shells to describe matter, a simplification that does
not change the relevant conclusions [18], and consider the geometry of an exploding white
hole. We should think about this geometry as the exact time-reversal of the gravitational
collapse of a null shell forming a black hole (see figure 1). The two parameters of the
geometry are the mass M of the exploding white hole and the value U = Ugy of the null
shell with mass M representing the outgoing matter. Now we will add to this picture an
ingoing null shell, located at V' = Vi, and with mass AM, representing the accretion of
matter (in particular, this implies that for the region V' > Vi, one shall use a different set
of null coordinates suitable glued at V' = Vi,, but the following arguments are independent
of these features).

Let us now consider the crossing between the outgoing shell and the ingoing shell. With
the help of the Dray-"t Hooft-Redmount (DTR) relation for crossing null shells [19, 20],
that follows from the continuity of the metric at the crossing point, one can show that
a black-hole horizon is formed if the crossing between these two shells occurs below their
combined Schwarzschild radius:

2G(M + AM
o= G M) (2.3)
If the crossing happens for r» = r. > r, the outgoing shell can reach null infinity, but if
re < rl it will be inevitably confined, whatever the value AM takes. This is the nontrivial



Figure 1. Diagrammatic portrayal of Eardley’s instability. The diagram on the left represents
the Penrose diagram of a white hole exploding at U = Uyy; it is the exact time reversal of the
gravitational collapse of a null shell to a black hole. On the center, the effect of an ingoing shell of
matter at V = V4, is depicted, in the intuitive situation in which the crossing between the outgoing
and ingoing shells occurs far from their combined Schwarzschild radius r,. Then, essentially the
entire amount of matter M reaches null infinity after the explosion, and a small black hole with
mass AM is formed. On the right, the behavior of the system when the crossing between these
shells occurs below 7/ is illustrated. In these situations a black-hole horizon is formed at U = Uy,
the explosion of the white hole is inhibited and the outgoing shell cannot escape from r7.

result that explains why the bending of light cones implies the formation of an event horizon
surrounding the white hole even if only small amounts of matter are being accreted.

In more detail, direct application of the DTR relation shows that the mass in between
the two shells just after the crossing is given by

— M + AM + 2Ar/2G
M(Ar) =
(Ar) AM + 2Ar/2G

AM, (2.4)

and the energy that escapes to infinity
Myo(Ar) := M + AM — M(Ar), (2.5)

where Ar marks the deviation from the value r = 7} at the crossing, namely r. = r + Ar.
For Ar > rl one has My, ~ M, which is the intuitive result one would expect on the basis
of Newtonian considerations. However, when Ar — 0 a genuine nonlinear phenomenon
appears: the value of the energy that escapes to infinity decreases continuously down to
zero. In this situation both shells, outgoing and ingoing, are confined inside a black hole
with Schwarzschild radius given by eq. (2.3). Note that the divergence on eq. (2.4) for
Ar —s —2GAM/c? is never reached, as the crossing between shells must occur outside
the white-hole horizon, implying Vi, > 0 or, what is equivalent, r. > rs. This result is
independent of the particular coordinates being used, as it can be rephrased in terms of
purely geometric elements: the event that corresponds to the crossing of both shells, and



the properties of the asymptotic regions of spacetime. That we are using Kruskal-Szekeres
coordinates is just a matter of convenience.

Let us make explicit how this phenomenon constrains the parameter Uy of this simple
geometry. Eq. (2.2) gives us the value of the null coordinate U = Uy, associated with the
would-be black hole horizon formed by the accretion:

1 AM

Uh:_ﬁ M

exp(l + AM/M). (2.6)

The DTR relation implies then that the explosion of the white hole can proceed if and only
if it occurs before the formation of the horizon, thus imposing a limitation on the possible
values of Ugyt:

Uout < Uh- (27)

It is interesting to appreciate how, in terms of these coordinates, this coordinate-invariant
phenomenon is naturally expressed in a quite simple way (this is, of course, partially
due to the consideration of null shells as the descriptors of matter). On the other hand,
when expressed in terms of the Schwarzschild coordinates, the time for the instability to
develop depends on the initial condition selected for the ingoing matter, but its order of
magnitude for small accreting mass, AM < M, is controlled by the typical time scale
rs/c ~ tp(M/mp) [16] (see the discussion in section 3.4).

This very phenomenon does not really require of a white hole, as it only depends on
the local properties of spacetime around the crossing point of the ingoing and outgoing null
shells. However, its consideration as an instability could depend on the specific situation
at hand. For instance, to consider a specific incarnation of white holes as unstable through
Eardley’s mechanism, it should combine two factors: on the one hand, white holes have to
be considered as objects that explode at some point in the future; on the other hand, the
matter inside the initial white-hole horizon has to be there accreting for a sufficiently long
time. It is the combination of a long-standing gravitational pull, and the property of the
white-hole horizon of being non-traversable from outside, that permits the accumulation of
matter around the white hole for arbitrarily long times. Eardley’s original consideration of
white holes did contain these two factors, as he considered white holes as delayed portions
of the primordial Bing Bang [3]. The discussion in the next section provides a different
specific realization of white holes, as the result of the gravitational collapse of massive
stars, for which the significance of the instability is even clearer.

To end this section let us mention that this classical phenomenon is not the only
instability that is present in white holes. For instance, the inclusion of quantum-mechanical
effects leads to further instabilities [15, 21]. For our purposes, it is enough to keep in mind
that the physical reasons behind these instabilities, and therefore the corresponding typical
time scales, are essentially the same as in Eardley’s. Indeed, all these phenomena can be
ultimately traced to the exponential behavior between the Kruskal-Szekeres and Eddington-
Finkelstein coordinates. These additional sources of instabilities pile up, thus making even
stronger the case for the unstable character of white holes.



Figure 2. Part of the Penrose diagram of the spacetime describing a black-hole to white-hole
transition that corresponds to the relevant portion for our analysis. The darkest gray region cor-
responds to the black hole interior, the lightest gray to the white hole interior. The intermediate
gray region is the non-standard region interpolating between them, that extends up to r =
(the intersection between V' = V;, and t = 0). Part of this region fades away, representing that
its explicit construction in terms of the coordinates being used is not relevant to the purposes of
this paper.

3 Black-hole to white-hole transition

3.1 The geometric setting

Let us briefly discuss the relevant properties of a specific set of time-symmetric geome-
tries describing black-hole to white-hole transitions in which matter is represented in terms
of null shells initially falling from null infinity. See [1, 10] for a more general discus-
sion, with matter following timelike trajectories and different initial radii for homogeneous
balls of matter. The purposes of this paper make it convenient to follow the construction
in [2], which uses Kruskal-Szekeres coordinates, though other sets of coordinates could be
used instead.

We will be interested in a specific region of these geometries that can be conveniently
described in terms of our knowledge of the relevant patch of the Kruskal manifold. Let us
consider an ingoing null shell with V' = V{; > 0 and mass M as representing the collapsing
matter, and another with U = Uy := —V} and the same mass M as representing its time-
symmetric bounce (that would be the analogue of U = Uy in the previous section). The
emphasis on the time-symmetric character of these constructions, as carried out in [1, 2], is
rooted in the fundamental properties of the gravitational interaction and the non-dissipative
character of the bounce; the hypersurface of time reversal is conveniently labeled ast =0 .
We are not interested here in the region under these two shells, which will be Minkowskian
except in some transient region. On the other hand, we will describe the region between



these two shells by means of Kruskal-Szekeres coordinates restricted to V' € [V, +00) and
U € (—o0,Up|. Most of this domain will correspond to a patch of the Kruskal manifold
with mass M. However, if the geometry were all the way down to r = rg equal to Kruskal,
the two shells will inevitably cross outside this radial position, not representing then a
bounce happening inside the gravitational radius. Therefore, if we want to describe a
black-hole to white-hole transition, there must exist a region in which deviations from
the Schwarzschild geometry, leading to an exotic matter content, are necessary [4, 10].
This region extends from the very internal region, where the classical singularity would
have appeared, up to a maximum radius r = ry, > rg (denoted by A in [2]). The present
knowledge of this region is quite limited, apart from the fact that it presents a physical (i.e.,
there is a real physical process behind it), continuous bending of the light cones in order
to continuously match the black-hole and white-hole horizons. The explicit construction of
this region of spacetime is crucial for some of the properties of the transition, but not for
the ones we will study here. It is interesting to note that, while using the Kruskal-Szekeres
coordinates might prove powerful to understand in a simple way the part of the geometry
that excludes this non-standard transition region, there are other choices of coordinates in
which the entire geometry can be constructed explicitly. We refer the reader to [4] in which
Painlevé-Gullstrand coordinates are used to construct the overall geometry, including the
non-standard region.

To consistently take into account that the bounce that turns the ingoing null shell into
an outgoing null shell occurs inside the Schwarzschild radius, we will impose the necessary
condition that ry, is greater than the crossing point between the two shells V' = 1} and
U = —V} determined through eq. (2.2) or, equivalently (see figure 2),

1/2
Vo < Vi = (rm - 1) exp(rm /2rs). (3.1)

Ts

Here Vi, marks the ingoing null shell that crosses r = r, at t = 0. What about the value
of r,? In principle it is an unconstrained parameter that has to be fixed by independent
considerations, though the natural value to consider is around r4. For instance, in [2] this
quantity is identified as marking the point in which the accumulation of quantum effects
outside the horizon is the largest, namely r,, = 7rs/6. On the other hand, geometries
in which the initial state of the matter content corresponds to a homogeneous star with a
finite radius r = r; can be explicitly constructed by identifying the parameter ry, with r; [4].
In astrophysical scenarios r; would be always close to, and never greater than several times,
rs. Therefore in all the situations we will consider, ry, = (1 + C)rs with C' a dimensionless
proportionality constant, which is essentially of order unity. This constant is bounded from
below by C' > #[ViZe ], where # [x] denotes the upper branch of the Lambert function
that inverts the equation # [x] exp(# [x]) = = and satisfies #'[x] > —1. None of the results
of our analysis depend on the specific value that is taken for C, as long as it satisfies these
loose constraints.

The horizon structure of the complete spacetime is shown in figure 2. The ¢ < 0 of
spacetime region contains a black-hole horizon that corresponds to a constant value of the
null coordinate U, while the ¢ > 0 region presents a white-hole horizon with constant V.



Note that the first trapped null ray that forms the black-hole horizon will cross the non-
standard transition region and reach the future null infinity (see also figure 3). The specific
matching between the null coordinates at both sides of the non-standard transition region
would need a specific ansatz for this part of spacetime (its explicit construction, in terms
of Painlevé-Gullstrand coordinates, has been recently carried out in [4]). Nevertheless, the
following discussion is independent of the fine details of the regularization that is taking
place around the bounce, meaning that it is independent of the specific form of the metric
in this region and the subsequent matching. Indeed, from all the properties of the non-
standard transition region, the result will only present a mild, and as we will see irrelevant,
dependence on ry, (or Vi).

For both fundamental and phenomenological purposes, the most relevant parameter
characterizing a member of the above family of spacetimes is V{;. This parameter controls
the time scale of the process for external observers. Let us consider an observer sitting
at rest at r = R > r, > rs. We define the characteristic time scale for the black-hole to
white-hole transition, ¢tg(R), as the proper time for this observer that spans between the
two crossings with the ingoing and outgoing shells of matter. A standard calculation of
this time using the definitions (2.1) shows that it is given by

t5(R) = im [R +rgln (R r_ TS) — 2, ln(VO)] . (3.2)

This function is non-negative by virtue of eq. (3.1). To simplify the structure of eq. (3.2)

without losing the physics behind it, we will restrict ourselves to the consideration of
observers that are far away from the Schwarzschild radius of the stellar structure, i.e.,
r = R > rg. The leading order in R is then given by

() = 2[R~ 2r, (V)] (3.3)

Now we will distinguish two situations:

e Short characteristic time scales: these situations correspond to values of the param-
eter Vp that make the time ¢tg(R) in eq. (3.3) correspond, up to small corrections, to
twice the traveling time of light from 7 = R to r = 0 in flat spacetime. This condition
restricts the values of the parameter Vj to

Vo=Vgi=(1—ld), e<L (3.4)

These were precisely the cases considered in [1, 10]. Under this condition, eq. (3.2)
is coincident with the scattering times that were obtained in a quantum-mechanical
model of self-gravitating null shells [7].

e Long characteristic time scales: if Vo < 1, there is a significant additional delay
given by
4rg
Atg(R) := —— In(W). (3.5)
c
It is quite important to notice that the logarithmic relation between Atg(R) and Vj
implies that the latter has to be extremely small in order to lead to long bounce times



for asymptotic observers. This observation is essential in the following. An upper
bound for the values of Vjy that are compatible with the time scales advocated by
Haggard and Rovelli is given [2] by

Vo = VOHR = exp(—M/2mp) < 1. (3.6)

Note that the only relevant time scale for the arguments in this paper is the one measured
by observers that are at rest far away from the center of the gravitational potential. For
other purposes, it could be interesting to evaluate the time that takes for the collapsing
structure to bounce out as measured by observers attached to the star, or by observers
that are located at r = 0 always. Let us only remind that, in order to properly evaluate
these quantities, it is needed to provide a specific realization of the metric of spacetime in
the non-standard transition region.

3.2 Accretion and instabilities

Now let us describe Eardley’s instability within this context. The geometries sketched
above describe in the simplest possible terms the relevant aspects of the collapse and
subsequent bounce of a certain amount of matter M and the corresponding black-hole to
white-hole transition. In the same way that we have described the collapsing matter by
null shells, we will describe the accreting matter by ingoing null shells with mass AM. An
ingoing null shell of accreting matter is placed at V' = Vj,, with Vi, in principle arbitrary
but always greater than V{. Let us nevertheless focus for the moment on the null shells that
do not traverse the non-standard transition region. Recall that the farthest radius reached
by the transition zone between the black-hole and the white-hole geometries is r = ry,.
Matter that reaches the point r = ry, just before t = 0 inevitably crosses the non-standard
transition region, so that its evolution is not known with complete precision. On the other
hand, matter that reach this point after t = 0 does not notice anything unusual and keeps
falling under the standard influence of gravity. Therefore, in order to guarantee that our
arguments are model-independent, we will take for the time being the value of the null
coordinates Vi, > V,, with Vj,, previously defined in eq. (3.1).

Now we can use eq. (2.2) to obtain the value of the null coordinate U that would
correspond to the new black-hole horizon:

1 AM

Uh:_ﬁ M

exp(l+ AM/M). (3.7)

The black-hole to white-hole transition is inhibited if and only if Uy > Uy which, taking
into account the relation Uy = —Vj, is expressed in terms of Vj and V;, as

1 AM
Vo < |Un| = —

T exp(l + AM/M). (3.8)

There are different ways of extracting the physics behind these equations. Let us
consider for instance an ingoing null shell, also with mass AM, located at V = Vi, = V¢



defined as the value of Vj, that saturates the inequality (3.8), therefore representing the
last shell that could inhibit the white-hole explosion:

1 AM
Vi = Vol exp(1 + AM/M). (3.9)

Now there are three disjoint situations concerning the closed interval [Vp,, Vf] in the real
line:

(i) If this interval is empty, namely [Vi,, V] = 0, no null shell with V4, > V},, could inhibit

the white-hole explosion.

(ii) If (Vin, Vi) # 0 there is a continuum of null shells with Vi, € [Vi,, V5] that inhibit the
black-hole to white-hole transition.

(iii) The marginal case corresponds to Vi, = V4, in which only a specific shell located at
Vin = Vin = Vi could forbid the transition.

The accreting mass threshold AM that guarantees the condition for the marginal case (iii)
to hold can be obtained by imposing V;, = V; and solving for eq. (3.9):

AM =MW e VoVi] - (3.10)

Again, #[x] denotes the upper branch of the Lambert function. For every value of Vj and
Vin this equation sets a mass threshold. For masses lower than this threshold one would
move to case (i), while for higher masses one would enter in case (ii).

Naturally, one can speak of an unstable behavior only in case (ii), and if the interval
[Vin, V| is big enough in some specific sense. In order to make this possible we must consider
masses AM that are larger than the threshold (3.10), which explains why this quantity is of
singular importance to the following discussion. To unveil an intuitive measure of the size
of this interval, let us rephrase the discussion in terms of a quantity with a direct physical
significance, namely the proper time AT that an external observer sitting at r = R > g
measures between these two shells, V' =V}, and V' = V}. Following the second of egs. (2.1),
this quantity AT is determined by means of the relation

% = exp(cAT/2r). (3.11)

m
Now in terms of AT, the three situations specified in the previous paragraph correspond
to (i) AT <0, (ii) AT > 0, and (iii)) AT = 0.
Using egs. (3.9) and (3.11) it is straightforward to obtain the following expression for
AT in terms of the parameters of the geometry and the accreting mass AM:

_2rg AM AM

AT = == |~ In(Vo) — In(V;n) +1n (M) + (1 + M)] . (3.12)

Note that AT increases when AM does.

In summary, we have obtained the interval of time AT in eq. (3.12), as measured in
terms of the proper time for asymptotic observers, that permits the inhibition of the white-
hole explosion by the accretion of null shells of mass AM. In terms of null coordinates,

,10,



this interval corresponds to [V, V¢] where V;,, marks the first ingoing null shell that does
not cross the non-standard transition region between the black-hole and the white-hole
geometry, and V¢ marks the last ingoing null shell that could inhibit the transition. To
guarantee that the open interval (Viy,, V5) is not empty, the mass AM has to be greater
than the threshold set by eq. (3.10). Let us analyze in the following the effect that con-
sidering very disparate values of V4 has in these expressions. The precise numbers are not
essential for the discussion, but the significant result is the dramatic discrepancy between
the situations with long and short characteristic time scales.

3.3 Long vs. short characteristic time scales

e Long characteristic time scales: the smallness of V = VR as given by eq. (3.6)
permits, at least for ry, < g In(VR)|, to use the Taylor expansion of the Lambert
function in eq. (3.10) to the first nontrivial order. Taking into account that # [x] =
x + O(z?), one has

(AM)HR ~ e~ v HRY, (3.13)

This threshold is absurdly small for any reasonable value of ry (or Vi) due to
the extremely tiny value of Vi®; for instance ViR ~ exp (—1038) for stellar-mass
black holes.

Now we can consider accreting masses that are several orders of magnitude higher
than this threshold in order to study the properties of the finite interval in which the
inhibition of the black-hole to white-hole transition could appear. For instance, we

can consider the conservative lower bound
(AM)PR > (VIR M = exp(—eM/2mp) M, (3.14)

where ¢ := 1073 for instance. This threshold is still ridiculously small: it is roughly
about eM/mp ~ 103 orders of magnitude smaller than the electron mass (or any
other mass scale we are used to), which clearly shows the unphysical nature of
these geometries.

Concerning the evaluation of AT in eq. (3.12), the term In (VOHR) is the dominant
one by construction (at least for ry < R < rg|In (V§R) |), thus resulting

2 M2
ATYIR ~ 281y (VHRY — 94 [ ) . 3.15
(AT) p n (Vo) P\ np (3.15)

This is true for a large range of the parameter space due to the occurrence of the rest
of parameters (namely 7,) inside logarithms. This time interval is indeed half the
characteristic time scale for the transition to develop:

(AT)HR ~ %tB(R). (3.16)

These equations illustrate our main result concerning the black-hole to white-hole
transition in long characteristic time scales: any imperceptibly small [that is, verifying

— 11 —



eq. (3.14)], accidental departure from the vacuum around these geometries that takes
place in the extremely long time interval given by eq. (3.15) makes it impossible for
the transition to develop. This is true for a wide range of masses that encompasses
both stellar-mass and primordial black holes, and independently of the unknown
details of these geometries concerning the regularization of the classical singularity.

e Short characteristic time scales: in this case the parameter Vo = V{ is restricted by
eq. (3.4). Though now the Taylor expansion of the Lambert function to the first order
is not particularly useful due to its argument being larger, we can use the lower bound

(AM* = MW [e 'V§Vi] > MW [e 1 (V])?]. (3.17)

In order to obtain this bound we have used eq. (3.1) as well as the property of
the Lambert function of being monotonically increasing for non-negative arguments.
Taking into account the corresponding value of the Lambert function #[1/e] ~ 0.28,
one has then

(AM)* 2 0.28M. (3.18)

The comparison between this result and eq. (3.13) shows a huge difference between
these two cases. Again, we must go to larger masses than eq. (3.18) in order to permit
a finite interval in which the white-hole explosion could be inhibited to exist but, in
doing so, we rapidly reach situations with AM ~ M. Of course, if there is essentially
the same (or even more) amount of matter going inwards that going outwards, it is
not surprising that the system would tend to recollapse at first. This is a completely
standard behavior that has nothing to do with an unstable behavior.

3.4 Extending the analysis to the non-standard transition region

Our discussion could stop here, as both situations with long and short characteristic time
scales have been considered on the same footing and have been shown to display very
different stability properties. For ingoing null shells that do not traverse the non-standard
transition region, transitions with long characteristic time scales are intrinsically unstable,
while transitions with short characteristic time scales do not suffer form this pathology. For
the sake of completeness we can anyway push further the discussion about the geometries
with short characteristic time scales, and consider additionally the possible inhibitions of
the white-hole explosion by means of null shells crossing the non-standard transition region
below r = ry, at ¢ = 0. A precise study of these trajectories would need using a specific
ansatz for this part of the geometry but, at least for our purposes, it is enough to consider
the local properties of the geometry around the white-hole horizon in order to settle the
stable or unstable behavior.

For continuity reasons only, given a smooth non-standard transition region there will
always be an ingoing null trajectory passing precisely through the white-hole horizon. A
specifically chosen null shell placed at an ingoing null trajectory that gets sufficiently close
to the white-hole horizon could therefore inhibit the explosion. Nevertheless, for short
characteristic time scales this would be true for a quite limited range of initial conditions,
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irrespectively of whether one is considering null shells that approach the white-hole horizon
from outside or from inside. The reason for this assertion lies both on the value of [, and
the exponential relation between the two pairs of null coordinates, Kruskal-Szekeres (U, V')
and Eddington-Finkelstein (u,v):

U = —exp(—u/2ry), V = exp(v/2rs). (3.19)

It is a well-known feature that ingoing geodesics in a white-hole geometry will pile up expo-
nentially on the white-hole horizon (the same occurs for outgoing geodesics in a black-hole
geometry). However, this accumulation is controlled by the typical scale 2rg that appears
in the coordinate relations (3.19). Indeed, in the white-hole geometry this accumulation
only appears when |U| < 1 or, in other words, u > 2rg. To explicitly show so we can use
the outgoing Eddington-Finkelstein coordinates (u,r) instead of the double-null Kruskal-
Szekeres coordinates. Ingoing null rays still correspond to constant values of V' which,
using egs. (2.2) and (3.19), is given in terms of these coordinates by

V(u,r) = exp(u/2rs) (: - 1> exp(r/rs). (3.20)
S

From this relation we can directly read that ingoing null shells approach r = ry exponen-

tially in terms of wu.

In the geometries describing the black-hole to white-hole transition the development
of the white-hole horizon is stopped by the emission of the outgoing null shell at U =
Uy = —Vp. This marks a stark difference between the situations with short and long
characteristic time scales, as In(V{) turns out to represent roughly a measure of the range
of initial conditions that inhibit the white-hole explosion. To realize so let us consider the

interval Au that goes between U = Uy, := —Vj, [defined by analogy to V4, in eq. (3.1)] and
U=-Vy
Vo
Au=—2rIn -2, 3.21
u rs In <Vm> (3.21)

This interval gives a natural measure of the duration of the white-hole horizon, at least
when 7y, is not far from r¢ as we have been assuming throughout all the paper. It is now a
matter of considering the different values of Vj for both situations as defined in eqgs. (3.4)
and (3.6); see figure 3 for a graphical representation. Let us first check that we obtain
the same conclusion when analyzing the geometries with long characteristic time scales.
The extremely large value of Au in these cases permits to fully develop the exponential
accumulation of ingoing null (as well as timelike) trajectories extremely close to the long-
lived white-hole horizon:

HR
(Au)HR = —92rIn (1/3) ~ —2rgIn (VOHR) > 2. (3.22)

m

In this way one will find all sort of lumps of matter at arbitrarily close distances to the
white-hole horizon, independently of their initial conditions, thus causing the unstable
behavior. On the contrary, geometries with short characteristic time scales do not permit
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Figure 3. Illustration of the behavior of ingoing null shells on the surroundings of the white-hole
horizon. On the left, the development of the exponential relation due to the extremely large value
of AuHR when compared to rg is depicted. Only part of the region of spacetime that contains both
the black-hole horizon (the vertical line enclosing the darkest region) and the white-hole horizon
(the vertical line enclosing the brightest region) is depicted. On the right, it is shown how much
shorter durations of the white-hole horizon do not permit this exponential relation to unfold. The
dotted lines represent the crossing between the ingoing and outgoing null shells describing matter
(which have been omitted to highlight the relevant details) and the null rays that form the trapping
horizons. The size of both diagrams is not commensurable; only the relation between the size of the
white-hole horizon (as measured by the Eddington-Finkelstein coordinate u) and the magnitude of
rs as marked in each of the diagrams is meaningful. The actual effect is qualitative similar much
more dramatic due to the extremely different values of In(Vj) between these two cases.

this accumulation or, in other words, the development of the standard exponential relation
between the affine coordinates at the horizon and null infinity:

V*
(Au)* = —2rgIn <V0> = —2rsIn (V) +rsIn (M> +7m < < 2. (3.23)
m Ts

In summary, it is clear from any perspective that the geometries with long charac-
teristic time scales cannot represent a black-hole to white-hole transition in physically
reasonable situations. The transition will be inevitably disrupted before being completed,
and this will happen for subsequent attempts of the matter distribution to bounce out.
Therefore, through all their evolution these gravitational objects will be indistinguishable
from black holes.
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On the other hand, for short characteristic time scales the inhibition of the white-
hole explosion can be fine-tuned, but this phenomenon is far from generic and therefore
we cannot speak about unstable behavior. Most importantly, even in the rare event of an
initial fine-tuned inhibition of the white-hole explosion, the chances that the next bounce is
also inhibited will be even more unlikely. Therefore one shall only need to wait for the next
bounce (taking place in a similar time scale) that will expel the total amount of matter,
both the original content and the accreted one, thus preserving the order of magnitude of
the short characteristic time scale.

Let us finish this section with a few words about the generality of our results. The
condition (3.8) follows essentially from the application of the DTR relation, which is valid
for null, spherically symmetric shells. However, it has been shown that the DTR relation
can be considerably generalized to consider timelike shells of matter in spacetimes without
spherical symmetry [22], and even massive shells [18]. Thus it seems quite safe to assume
that the arguments using the DTR relation will survive these generalizations. Indeed, it
is interesting to notice that essentially the same mathematics is behind the phenomenon
of mass inflation, which is considered to be a robust nonlinear effect [22-27]. As we have
explained, a complementary perspective on this phenomenon is offered by the exponential
relation between affine coordinates at null infinity and the white-hole horizon (which is a
local property ubiquitous to white-hole horizons even in the absence of spherical symmetry),
independently of the null or timelike character of the representation of the accreting matter.
All these are indications that point strongly to the robust character of the instability
of geometries describing the black-hole to white-hole transition with long characteristic
time scales.

4 Decay channels for black holes

In a suitable ultraviolet completion of gravity (or, at least, of the model of spherically
symmetric null shells considered here) the characteristic time scale for the black-hole to
white-hole transition to develop might be calculable. A quite interesting example is given
in [5, 6], in which the construction of a specific quantum-mechanical model of collapsing
null shells is detailed. The evaluation of the characteristic time for the transition was
carried out in [7, 8], supporting the scenario with short characteristic time scales; it is also
interesting to read the discussion concerning the intrinsic subtleties of this evaluation.

Even if a complete answer to this question will probably need to wait until our un-
derstanding of the ultraviolet properties of the gravitational interaction improve, there
is a particular approach that might lead to a partial answer in a simple way. Within a
quantum-mechanical framework, the modifications of the classical black-hole geometry may
be phrased in terms of the transition between states defining different classical geometries.
The initial state will be given by a black-hole geometry, and different end states will lead
to different decay channels, the transition amplitudes of which can be evaluated in prin-
ciple [28]. These transitions will have a characteristic timescale; for the purposes of this
article, we are interested in the following processes that have been proposed:

,15,



e The Hawking process [29, 30] consists in the evaporation of a black hole through the
emission of particles. In geometric terms, it corresponds to the transition from a
black-hole geometry to an empty (Minkowskian) geometry. The order of magnitude
of the characteristic time scale for this transition can be evaluated in a semiclassical

T6) ~tp <M>3. (4.1)

mp

framework to be:

This turns out to be the less efficient channel. Given its extremely long characteristic
time scale, it represents an ever present, but negligible evaporation that underlies
more efficient processes.

e The process described by Haggard and Rovelli [2] represents the transition between
a black-hole geometry and a white-hole geometry. These authors propose that this
transition is the result of the piling-up of tiny quantum modifications, close but
outside the horizon r = rg, on long enough time scales. The resulting order of
magnitude for the time in which this process may occur, assuming coherent additivity
(that leads to the shortest possible time), can be roughly estimated to be:

T ~tp (M)Q. (4.2)

mp

While this process could be allowed in perfect vacuum, we have shown that imper-
ceptibly small departures from the vacuum outside these geometries suffice to trigger
Eardley’s instability. The effect of this instability is the confinement of the matter
distribution into its Schwarzschild radius, inhibiting ad infinitum the black-hole to
white-hole transition.

e The works by Barceld, Carballo-Rubio, Garay and Jannes [1, 10] considered geome-
tries describing a black-hole to white-hole transition, but with a completely different
interpretation originally suggested in an emergent gravity context [9], which never-
theless stands on its own. These authors propose that the transition is caused by
the propagation, in the form of a shock wave, of non-perturbative quantum effects
originated near the would-be classical singularity » = 0. We refer the reader to [4] for
an in-depth justification of this interpretation. This realization leads to much shorter
characteristic time scales for the transition to develop. The relevant time scale is
essentially twice the time that light takes to cross the distance ry in flat spacetime:

M
T tp—. (4.3)

mp
This is by far the most efficient of all these decay modes. This process cir-
cumvents Eardley’s instability, so that the black-hole to white-hole transition can

unfold completely.

These leading orders for the transition times follow a compelling pattern, being all
of them of the form 7™ ~ tp(M/mp)" for n = 1,2,3 (note that different orders for
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quantum corrections would be in general classified in terms of powers of the dimension-
less quantity mp/M). These leading orders include possible logarithmic corrections, that
essentially preserve the order of magnitude. This leads us to the following conjecture in
the particular case in which we consider an ultraviolet completion of general relativity of
quantum-mechanical nature: these could be seen as different decay channels, corresponding
to processes with different efficiency. Their different efficiency is reflected in their various
characteristic time scales. The first possible nontrivial order for the black-hole to white-
hole transition will have a characteristic time scale of the order of eq. (4.3). Higher-order
processes could lead to the illusion that much longer characteristic time scales for this
transition, such as eq. (4.2), are possible in perfect vacuum. Nevertheless, we have shown
that this channel is not efficient enough to drive the black-hole to white-hole transition in
physically reasonable situations and is therefore forbidden in practical terms.

The most important consequence of this picture is that only in the case in which a
principle or symmetry exists forbidding the faster channel, the Hawking channel could be
the most relevant one. Indeed, following the standard lore in effective field theory that
all which is not forbidden will inevitably happen, it seems reasonable to assume that the
transitions with short characteristic time scales will generally occur, and therefore will
dominate the physics of extreme gravitational collapse, unless specific conditions are im-
posed to forbid it. These realizations have profound implications for black hole physics [4],
and clearly invite to revisit and look with a different light the pioneering calculations of
Ambrus and Héjicek [7, 8], that represent the only known evaluation up to date of the
parameters of the transition between a black-hole geometry and a white-hole geometry in
a (simplified) model of quantum gravity.

On the other hand, while it is not strictly mandatory that any ultraviolet completion
of general relativity (the nature of which does not even need to be inherently quantum-
mechanical) has to permit the occurrence of black-hole to white-hole transitions in short
characteristic time scales, this is indeed the only chance for this transition to take place.
Otherwise, black holes will certainly keep black, with just a tiny evaporative effect due to
the Hawking channel.

5 Conclusions

We have considered the extension of the well-known Eardley’s instability of white holes
to the recently proposed geometries describing black-hole to white-hole transitions. Our
main result is that the coordinate-invariant nonlinear gravitational effects encoded in the
DTR relation for crossing null shells lead to specific constraints on the possible values
that the parameters of these geometries could take, independently of the specific details
of the regularization taking place near the bounce. In particular, transitions with long
characteristic time scales, which essentially are compatible with the semiclassical picture
of evaporating black holes [2], have been shown to be pathological. In these cases, any
minimal amount of matter surrounding the compact gravitational object at a particular
given instant within an extremely long period of time suffocates the white-hole explosion:
the amount of matter corresponding to a single typical CMB photon serves to do the job,

,17,



though the critical amount of matter that is needed to trigger this instability is indeed very
many (more than 10%°!) orders of magnitude smaller. Therefore there will no explosion,
nor emission of matter to the asymptotically flat region of spacetime in these cases; indeed,
the bouncing distribution of matter will never be able to get outside the Schwarzschild
radius. On the basis of the local geometric properties of white-hole horizons and known
generalizations of the mathematical techniques being used, as well as previous work on
similar phenomena, we have argued that it is quite reasonable to expect this result to be
independent of the simplifications being considered (spherical symmetry and null character
of the shells describing matter), ultimately being a manifestation of the nonlinear character
of general relativity.

From a different conceptual perspective, one could understand the instability as the
result of the fine-tuning of the parameters of the geometries describing black-hole to white-
hole transitions to completely unnatural values. In particular, the pathological geometries
are those for which In(Vj) is taken to be extremely large, for instance of the order of
M /mp ~ 103 for solar-mass black holes, or M/mp ~ 103! for primordial black holes. This
extreme fine-tuning clashes with the rest of natural scales of the system, in particular with
the characteristic time scale of Eardley’s instability. When natural values are taken for
the logarithm In(V}) this tension is alleviated: in particular, logarithms are naturally close
to zero in strongly degenerate systems in which all the relevant energy scales are coinci-
dent up to small perturbations. Interestingly, this is the situation for short characteristic
time scales.

Our analysis singles out the geometries with short characteristic time scales [1, 4,
10] as the only reasonable candidates to describe physical processes. This offers clear
suggestions for ultraviolet completions of general relativity, regarding the fate of black
holes and the evaluation of the characteristic time scale for the black-hole to white-hole
transition, giving additional strength to the only known calculation of this quantity [7].
Lastly, the pathological properties of the corresponding geometries compel to critically
reconsider the possibility of measuring the phenomenology of hypothetical transitions with
long characteristic time scales [31-33].
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