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Agents, Beliefs, and Plausible Behavior in a Temporal
Setting

Nils Bulling and Wojciech Jamroga

Department of Informatics,
Clausthal University of Technology, Germany
{bul l'i ng, W anr oga} @ n. t u-cl aust hal . de

Abstract

In this paper, we add a notion pfausible behaviotto the branching-time logic
CTL so that we obtain a language to reason about what can (st) rplausibly
happen. Moreover, we propose a non-standard notion offgelidich is defined

in terms of epistemic relations and plausibility — and weestigate properties of
plausibility, knowledge and beliefs in this new framewohi.particular, we show
that knowledge is still ar55 modality, and that beliefs satisfy axionfs45 in
general, andX D45 for the class of so called plausibly serial models. Finally,
we show that the relationship between knowledge and betefglausibly serial
models is very natural and reflects the initial intuition kvel

Keywor ds: multi-agent systems, temporal logic, plausibility, bidie

1 Introduction

Notions like time, knowledge, and beliefs seem to be veryartgnt for analyzing the
behavior of agents and multi-agent systems. Modal logie® paoved successful in
providing a natural and intuitive theoretical frameworkwhich these (and other) no-
tions can be modeled and investigated. In this paper, waéxtedal logics of time and
knowledge to consider a conceptméusible behaviarTo this end, we add the concept
to the models and language of CTLKT11], which is a straightird combination of
the branching-time temporal logic CTLI[3, 2] and standaristenic logic [6]. In our
approach, plausibility is seen as a temporal property odbielns. That is, some behav-
iors of the system can be assumed plausible and others igilpleuwith the underlying
idea that the latter should be perhaps ignored in pract@aaoning about possible fu-
ture courses of action. Moreover, behaviors can be formailyerstood as temporal
paths in the Kripke structure modeling a multi-agent systémconsequence, we ob-
tain a language to reason about what can (or must) plausdgpdn. We propose a
non-standard notion of beliefs (inspired y1[12]), defineddrms of epistemic rela-



Branching Time and Agents’ Knowledge

tions and plausibility. The main intuition is that beliefedactsthat an agent would
know if he assumed that only plausible things could happen

We imply that humans use such a concept of plausibility amdctical beliefs” quite
often in their everyday reasoning. Restricting one’s raagpto plausible possibilities
is essential to make the reasoning feasible, as the spatigoftsibilities is exceedingly
large in real life. We investigate some important propsrtieplausibility, knowledge,
and beliefs in this new framework. In particular, we showt tkeowledge is anS5
modality, and that beliefs satisfy axion#s45 in general, and< D45 for the class of
plausibly serial modelsFinally, we show that the relationship between knowledye a
beliefs for plausibly serial models is natural and reflebtsinitial intuition well. We
also propose how plausibility assumptions can be specifiéitki object language via a
plausibility update operatqrand we study properties of such updates.

2 Branching Time and Agents’ Knowledge

In this paper we build a framework for agents’ beliefs abootvithe world can (or
must) evolve. Thus, we need a notion of time and change, phatian of what the
agents are supposed to know in particular situations. Tgie lof CTLK [IL1] seems
to capture both dimensions in a natural way, and we will uses ithe basis. CTLK is
a straightforward combination of the computation treedo@iL [3,[2] and standard
epistemic logicl[5]. CTL, on one hand, includes operatorgdémporal properties of
systems: i.e., path quantifieks(“there is a path”) and\ (“for every path”), together
with temporal operators) (“in the next state”)[] (“always from now on”) and/
(“until”).d Every occurrence of a temporal operator is preceded by lgxaice path
qguantifier in CTL (this variant of the language is sometimadted “vanilla” CTL). The
broader language of CTL*, in which no such restriction is os@d, is not discussed
here in order to keep things simpler. Epistemic logic, onatieer hand, uses operators
for representing agents’ knowledgl;, ¢ is read as “agent knows thatp".

LetII be a set of atomic propositions with a typical elemgrandAgt = {1, ..., k}
be a set of agents with a typical elemenihe language of CTLK consists of formulae
®, given as follows:

pu=p|l@|lpANp|Ey|Ay ]| Kup
vu=0O@ | Oe |l .

We will sometimes refer to formulage as (“vanilla”) stateformulae and to formulae
as (“vanilla”) pathformulae.

The semantics of CTLK is based on Kripke modais = (Q, R, ~1, ..., ~, 7),
which include a nonempty set of stat€s a state transition relatioR C @ x @,
epistemic indistinguishability relations,C @ x @ (one per agent), and a valuation of

1 An additional operatot) (“sometime”) can be defined ds¢ = TU .
2 We do not consider collective knowledge operators for ttke sd simplicity.

DEPARTMENT OF INFORMATICS 2



.'NJ Clausthal
AGENTS, BELIEFS AND PLAUSIBLE BEHAVIOR

propositionsr : II — P(Q). We assume that relatioR is serial and that all-, are
equivalences. Aath ) in M refers to a possible behavior (or computation) of system
M, and can be represented as an infinite sequence of statésllihatrelation R, that

is, a sequenceyqigo... such thaty; Rq;+1 for everyi = 0,1,2,.... We denote théth
state in path\ by A[i]. A ¢-pathis a path that starts from i.e., A\[0] = ¢. The set of all
paths inM is denoted by », and the set of alj-paths byA ,((¢) (if the model is clear
from the context M will be omitted). Now, the semantics of CTLK can be defined as
below:

M,qEp iff ¢ € m(p);

M, q ¢ iff M, q & ¢

M.glEeNy  iff Mg pandM,q =

M,q EEQyp iffthereis ag-path) such thatM, A[1] = ¢;

M,qEEOp iff there is ag-path\ such thatM, \[:] = ¢ for everyi > 0;

M, q = EplU ¢y iff there is ag-path A and: > 0 such thatM, A[i] &= ¢ and
M, A[j] E ¢ forevery0 < j < i;

M, q E Kup iff M, q = ¢ for everyq’ such thay ~, ¢'.

The semantics of the universal path quantifies defined analogously.

3 The Concept of Plausibility

In this section we discuss the central concept of this papethe concept of plausibil-
ity. First, we present related worlk [5,112.110]. Next, we datuce our own approach.

3.1 Friedman and Halpern: Plausibility Spaces

The work of Friedman and Halperil [5] extends the conceptsofkedge and belief
with the notion ofplausibility; i.e., some worlds can be more plausible for an agent than
others. To implement this idea, Kripke models are extendiid function P which
assigns @lausibility spaceP(q,a) = (2(4.4), =(4,q)) t0 every state; € @ and agent
a € Agt. The plausibility space is just a partially ordered subgettates; that is,
Q(q,a) € Q, and=(, < Q x Q is a reflexive and transitive relation. L8t7T C
Q(4,a) be finite subsets of states; ndivjs defined to belausible givenS with respect
to P(q,a), denoted byS — p(, o) 7', iff all minimal points/states i’ (with respect to
=(q,a)) @re also i’

Thelanguage of knowledge and plausibilisydefined by the following grammar:

pu=plonp| oo | Kip|p —a e,

where the semantics of all operators exceptis given as usual, and formulae—,
have the meaning thdtis true in the most plausible worlds in whighholds. Formally,
the semantics for-,, is given as:

Ma q ': ¥ ~a w iff Slﬁ(q,a) _)P(Q;a) Sl’l/;(q#l)’

3 Technical Report Ifl-06-05
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@ (=], )

—man, err man, err man, —err___—man, —err

Figure 1: Kripke model for a communication domain.

whereS¢ ) = {¢' € Qqga) | M, ¢’ |= ¢} are the states i), ) that satisfyp.

The |<§ea of defining beliefs is given by the assumption thaagentbelievesin
something if heknows that it is true in the most plausible worlds(af, .,; formally,
this can be stated d@,p = K.(T —4 ¢).

Remark 1 Note that:

M, q | Bapift M,q |5 Ko(T —4 ¢)
iffVg € Qg~ad = M, d ET —a )
iff Vg' € Q(q ~a ¢’ = Spiy.a) = P(g'0) St )
iff¥g' € Qg ~a d' = Uga) = P(a'ia) oy a)):

The last line has the interpretation that all minimal poilgtéth respect to<,/ ,)) in
Q(q',a) Must be inS“j_f,(q, o) for all statesq’ with g ~, ¢'.

We will provide an example to clarify the idea behind this cejpt.

Example 1 Consider an agent who can receive messages. Using a check digit, he is
able to recognize whether a received message contains@n(@mpositionerror) or

it is error-free Gerror). An error can have two sources. First, the message coule hav
been manipulatedr(an) by someone, or second, the error might have occurred becaus
of an inaccurate transmissionran). Agenta cannot distinguish between these two
possible causes. Note that, even if the check digit is OK, arsimtruder could have
manipulated the message (whereas a faulty transmissiorpissisible in the case of an
error-free message).

Let M; be the model shown in Figuké 1. The epistemic relation isrgle~,=
{(a1, 1), (a2, a2), (a3, a3),

(qa,94), (q1,92), (g2, q1), (g3, 94)(qa, q3) }. Suppose now that agemtreceives a faulty
message. In this case the current statg isr ¢» (as the agent cannot distinguish be-
tween these states). Obviously, the agent does not knowifitssage was manipulated
or not; i.e.,q1 = K,man andgs [~ K,man.

We now define the plausibility spad&(q:, a) = (24, 4), =(41,4)) fOr Stateq;. Sup-
pose that messages are transmitted through a network withwih error correction
mechanism. Then, bad transmission can be considered lagsilge than manipu-
lation by an intruder. That is, we havg <(4, ) @1 for Q, o) = {q1, ¢} (state
g2 i1s more plausible than statg). On the other hand, if the message is all right, it

DEPARTMENT OF INFORMATICS 4
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is not plausible that someone did manipulate it becausegate encryption soft-
ware is used. In this case we define the following plausyb#ipace for states:
P(qg,a) = (Q(q&a), j(qg,a)) with Q(q&a) = {Q3,Q4} and 44 <(qs,a) 93- Finally,
we define the plausibility space fas by P(¢2,a) = P(¢1,a) and for stateg, by
P(qs,a) = Plgs.a).

With these plausibility orderings the agent believes tlmheone manipulated a
faulty message, but he but does not know it; i.e.,

E (err — (Bgman A =K,man)).

In the same way, he believes that an error-free message maropulated (but he but
does not know it):

E (—err — (Bg—man A =K,—man)).

This is because only the most plausible worlds are considerebeliefs.

Friedman and Halpern have shown that i&45 axioms are valid for operatds,
if plausibility spaces satisfgonsistencyfor all statesg € @ it holds thatQ, ,) €
{d € Q|q~adq })andnormality (for all states; € @ it holds that, .y # 0 A
They also extended the language with time, using the ineggdrsystems approach

developed in[[i7.14].

3.2 Suetal.: KBC Logic

Su et al. [T2] have developed a multi-modal, computatigngtounded logic with
modalities K, B, andC' (knowledge, belief, and certainty). The semantics is given
by an extension of interpreted systems. The computatiopdefconsists of (global)
statesy = (¢V**, ¢, ¢P°", QP'*) where the environmentis divided into a visibig¢)

and an invisible part(™?), andqgP*" captures the agent’s perception of the visible part
of the environment. External sources may provide the agghtimformation about the
invisible part of a state, which result in a set of staf@®° that are plausible for the
agent. Given a global state we additionally definé’is(q) = ¢“**, Inv(q) = ¢,
Per(q) = ¢*°", andPls(q) = QP'.

A K BC systemR is given byruns where a rurnr : N — @ is a function from
time moments (modeled hy) to global states, and point (r, ) is given by a time
pointi € N and a runr. An interpreted K BC' systemM = (R, ) is given by a
systemR and a valuation of propositions. K BC formulae are defined ag ::=
p|—e|eAe| Kp| Be|Ce. The epistemic relatior,;, is captured in the following
way: (r,1) ~yis (r,4") iff Vis(r(i)) = Vis(r'(i')). The semantic clauses are given
below:

3 Note that this “normality” is essentially seriality of statwrt plausibility spaces.
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M,ri=Dp iff p e Iandp € 7(Vis(r(z)), Inv(r(i)))

Mr i - iff M,r il

MriilE Ny iff M rilEeandM,r il

M riE K iff M,r",i" =@ forall (+,i") with (r,i) ~yis (7,7)

M, ri = By iff M,r',i" E ¢ forall (+/,i") with Vis(r/'(i'))
Per(r(i)) andInv(r'(i")) € Pls(r(i))

M, rji = Co iff M,r',i" | ¢ forall (+'(i')) with Vis(r'(i')) =
Per(r(i))

Thus, an agent believes thatif, and only if, ¢ is true in all statesvhich look like
what he sees now and seem plausible in the current.s@eetainty is stronger: if an
agent is certain about, the formula must hold in all states with a visible part e¢oal
the current perception, regardless of whether the in@gplalrt is plausible or not.

The logic does not include temporal formulae, although it ba easily extended
with temporal operators, as as time is already present in KBQels.

3.3 Moses and Shoham: Beliefs as Conditional Knowledge

In [B, [12], as well as in our approach (which will be introddde Sectiol314), plau-
sibility is used as a primitive semantic concept that hetpddfine beliefs on top of
agents’ knowledge. A similar idea was introduced by Mosesb Simoham in[[I0]. In
fact, their work preceded bothl[5] arld]12] — and although &oand Shoham do not
mention the term “plausibility” in their paper, it seems eapgriate to summarize the
idea here.

In [I0], beliefs are relativized with respect to a formulgwhich can be seen as a
plausibility assumption expressed in the object languadé)js concept is expressed
via symbolsB{ ¢; the indexi € {1, 2,3} is used to distinguish between three different
implementations of beliefs. The first version is given By = K(a — gp)ﬂ A
drawback of this version is that i is false, then everything will be believed with
respect too. The second version overcomes this probleBfy = K(a — ¢) A
(K—-a — Kp); now g is only believed if it is known thap follows from assumption
a, andy must be known if assumptiamis known to be false. Finaly3g¢ = K(a —
©) A ~K-a: if the assumptiony is known to be false, nothing should be believed
with respect tor. The strength of these different notions is given as foltows§' ¢
implies BS ¢, and B implies B{¢. In this approach belief is strongly connected to
knowledge in the sense that belief is knowledge with resjgegtgiven assumption.

3.4 Our Approach: Plausibility as a Temporal Property

Plausibility can serve as a primitive concept that helpsfiné the semantics of beliefs,
in a similar way as indistinguishability of states (represe by relation~,) is the

4 Unlike in most approachedy is interpreted oveall worlds and not only over the indistinguishable
worlds.

DEPARTMENT OF INFORMATICS 6
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semantic concept that underlies knowledge. In this sensework follows [4,[12]:
essentially, beliefs are what an agent would know if he tadly plausible options into
account.

The work in [8,[T2], however, attributes plausibility to t&ta (possible worlds).
[5] assumes orderings on worlds, ahdl[12] provides ageritsadiditional assumptions
about the “invisible part” of each state. Thus, plausipiiit [5, [1d] is astatic property
of states In our approach, plausibility is seen aseanporal property That is, we do
not consider states to be more plausible than others bugrrdgfine some behaviors
to be plausible (and others implausible). Moreover, as we@se in Sectiofil4, behav-
iors can be formally understood as temporal paths in thekiérgiructure modeling a
multi-agent system.

An actual notion of plausibility (that is, a particular séptausible paths) can emerge
in many different ways. It may result from observations aathing from the environ-
ment; an agent can learn from his observations and see speaiferns of events as
plausible (“a lot of people wear black shoes if they wear 8)sU{nowledge exchange
is another possibility (e.g., an agedtcan tell agent that “playerc always bluffs
when he is smiling”). Last but not least, folk knowledge isiarportant source of
plausibility-related classifications of behavior (“plag@ormally want to win a game”,
“people want to live”).

We (i.e., the authors) point out that we (i.e., humans) use(thr a similar) concept
of plausibility quite often in our everyday reasoning. Oficge, we know that people
do commit suicides, that players may sometimes be indifteoe even want to lose,
and that there are some guys who really wear white sport sfeoassuit — but we
usually disregard these possibilities when analyzingm@koutcomes of our actions.
Restricting the reasoning to plausible possibilities iseesial to make the reasoning
feasible, as the space all possibilities (we call them “physical” possibilities ineh
rest of the paper) is exceedingly large in real life. A moréeasgive analysis must
be conducted only in emergency, e.g. when our plausibiguaptions do not seem
accurate any more (“my girlfriend looks depressed, I'ddretthke more care of her or
she might do something bad to her”), or when the cost of inatessumptions can be
too high (like in the case of high-budget business deci$iofsd even in these cases,
we do not get rid of plausibility assumptions completely —amdy revise them to make
them more cautiou.

To formalize this idea, we extend models of CTLK waats of plausible pathesnd
add plausibility operatorBl1 ,, physical paths operat@h , and belief operator8,, to
the language of CTLK. Now, it is possible to make statememas tefer to plausible
paths only, as well as statements that regard all paths thgtaocur in the system.

5 That is, when planning to open an industrial plant in the UK, will probably consider the possibility
of our main contractor taking his life, but we will stitiot take into account the possibilities of: an invasion
of UFO, England being destroyed by a meteorite, Fidel Cdstomming the British Prime Minister etc. Note
that this is fundamentally different from using a probaitii model in which all these unlikely scenarios are
assigned very low probabilities: in that case, they alsetaavery small influence on our final decision, but
we must process theholespace of physical possibilities to evaluate the options.

7 Technical Report Ifl-06-05
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For instance, we may claim it is plausible to assume that @ shalosed after the
opening hours, though the manager may be physically ablepénm @ at any time:
P1,AO (late — —open) A Ph EQ (late A open).

Finally, we want to point out that we see plausibility asubjectiveproperty; i.e.
every agent has his own notion of plausibility encoded in @eho

4 Extending Time and Knowledge with Plausibility and
Beliefs

In this section, we extend the logic of CTLK with the notiorpddusibility. We will call
the resulting logic CTLKP. To implement our concept, we atilisible path operators
P1, andphysical path operatoPh to CTLK. FormulaPl ., has the intended mean-
ing: according to agent, it is plausible thatp holds formulaPh ¢ reads asy holds

in all “physically” possible scenariogi.e., even in implausible ones). The plausible
path operator restricts statements only to these pathshveni defined to be “sensi-
ble”, whereas the physical path operator generates statsrabout all paths that may
theoretically occur. Furthermore, we define beliefs on tbplausibility and knowl-
edge, as the facthat an agent would know if he assumed that only plausibleghi
could happen

4.1 CTLK with Plausibility
Formally, the language of CTLKP is defined as:

pu=p|loo|eANp|Ey|Ay[Plap |[Pho | Koo | Bap
vu=0Op | Oe| ol .

For example, we can now express the property that it is giéausd expect that an
agent will not commit suicide; on the other hand, an ageralisgys) physically able
to commit that, and it is also plausible to expect that he hizgahysical ability:

P1 A0 —suicide A AOD Ph E¢ suicide A P1 ,AQ0 Ph E{ suicide.

The semantics of CTLKP extends that of CTLK as follows. Fikge augment
the models withsets of plausible pathsA model with plausibilityis given asM =
(Q,R,~1,.cc,~k, L1, ..., Ty, m), where(Q, R, ~1, ..., ~, ) is a CTLK model, and
T, € A is the set of paths itM that are plausible according to agentlf we want
to make it clear thal’, is taken from mode/M, we will write T2. It seems worth
emphasizing that this notion of plausibility sibjectiveand global. It is subjective
becausé, representagenta’s subjective view on what is plausibleand indeed, dif-
ferent agents may have different ideas on plausibility, (e, may differ fromY,). It
is global becaus& , represents agents idea of the plausible behaviof the whole
system(including the behavior of other agents).

DEPARTMENT OF INFORMATICS 8
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Second, we use a non-standard satisfaction relatign which we callplausible
satisfaction Let M be a CTLKP model an@® C A4 be an arbitrary subset of paths
in M (not necessarilyf). =p restricts the evaluation of temporal formulae to the
paths given inP only. The “absolute” satisfaction relati¢a is defined ag=, , ,.

Let O(P) be the set of all states from which at least one pattPirstarts, i.e.
I(P) = {¢g€ Q|3Ixe PA0]=q)}. Now, the semantics of CTLKP can be given
via the following clauses:

M. q=pp iff ¢ € 7(p);

M, qEp g iff M, q P ¢;

MiqgEp oAy  iff M,qEp pandM,q =p ;

M,ql=p EQp iffthereis ag-pathA € P such thatM, A[1] Ep ¢;

M, q Ep EOy  iffthere is ag-path\ € P such thatM, \[i] =p ¢ for every
i > 0;

M, q Ep EpU ¢ iffthereis ag-path\ € P andi > 0 such thatM, \[i] E=p v,
and M, \[j] Ep ¢ for every0 < j < i;

Maq ):P PlaSO iff Maq ':Ta Ps

M,qEpPhy  iff M,q ¢

M, qlEp Koo iff M, q = ¢ for everyq’ such thayy ~, ¢';

M,q Ep By iffforall ¢ € 9(Y,) withq ~ ¢’, we have thai, ¢’ =r_ ¢.

Again, the semantics of the universal path quant#ies defined analogously. One
of the main reasons for using the concept of plausibilith& tve want to define agents’
beliefsout of more primitive concepts — in our case, these are @ditgiand indistin-
guishability — in a way analogous to]12]. If an ag&nbwsthatp, he must be “sure”
about it. Howeverbeliefsof an agent are not necessarily about reliable facts, and the
can obviously be wrong. In spite of that, they should makessda the agent; if he
believes that, then the formula should at least hold in all futures thatindésages as
plausible. Thus, beliefs of an agent may be seehiags known to him if he disregards
all non-plausible possibilities

We say thatp is M-true (M = ¢) if M,q E ¢ forall ¢ € Q. ¢ is valid
(= o) if M = ¢ for all modelsM. ¢ is M-strongly true(M £ ¢) if M,q Ep
pforallg € Qp and allP C Apnq. ¢ is strongly valid (E ) if M ¢ for all
models M. Ultimately, we are going to be interested in normal (nobisgy) validity,
as parameterizing the satisfaction relation with aBds just a technical device for
propagating sets of plausible paflis into the semantics of nested formulae.

Proposition 2 Strong truth and strong validity imply truth and validityespectively.
The reverse does not hold in general.

Proof. Strong truth and validity holds especially fé* = A. For the reverse implica-
tion, see e.g. the proof of Axiof in TheoreniB. [ ]

9 Technical Report Ifl-06-05
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COOPc,,c;,banke,

COOPc, c;,5ate,

sate;,Cape,,c, @ B @ bankc4
banke, c,

----------------------------- imp,bank,,cape, sate,
imp,control ... imp,banke, {b '

Figure 2:CT LK P model, where all paths which do not contain a dotted lineasgnt
plausible paths of; and the grey areas model incomplete information,of

Corollary 3 If ¢ is not valid, thenp is not strongly valid, and if» is not M-true, then
© is not M-strongly true.

Example 2 Figure[2 shows CTLKP modeM, which represents the following sce-
nario. Company; is insolvent and firmss, cs, ande, are interested in taking over.
To this end¢; andes may cooperate; on the other hamgcan impend the other com-
panies to prevent their cooperation. All firms need add#iononey for the takeover.
Companye; has incomplete information about the world, modeled byti@ta~..,. The
set of plausible path¥' . , according to company, is given by all (infinite) paths that
donotcontain a dotted edge, e.@.q2q - - HBThe following propositions are used:

sat;; companyi is satisfied

bank;;: companies, j get money from the bankj (s optional)

coop; j: cooperation ot andj.

capij: companies, j capture (take over) compaay (j is optional)

imp: companyt, impends the cooperation of andes (e.g. by dumping prices against
co andcs)

control: companieg; andes consult a control instance to check the conduetde.g.
check on violations of market rules)

In ¢1, companyc, is satisfied because it remains the biggest company if ngthin
happens. Iz, c2 andes have cooperated and borrowed money from the bank. Because

6 Note that in general it is not possible to use this (finite)respntation to capture an (infinite) set of
plausible paths because plausibility of a transition oftepends on previous transitions.

DEPARTMENT OF INFORMATICS 10
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the manager of company does not like the newly created cooperation, he may decide
to impendc, or ¢3 so that they will break up their joining (this leads to statgnote
that this course of events is implausible according;jo The threatened company can
decide to consult a control instance to check for violatibmarket rules, which is
modeled by states;. Then, the control instance has to deliberate about thebeasaise
it is not so obvious that a violation of the law occurred, betrec, becomes unsure
of its possibly dubious acting, so all parties decide togtirabout everything” which
results in a transition tg; (and, again, only company is satisfied).

Note that, for example, formula

Pl EQ A (sat, V sate,)

is true inM but
PhEQ A (sat, V sate,).

is not. We will carefully show these properties for ang Q:

M, q EPL. EQ AO (sat, V sat,)
iff there isA € T, (¢) andi € Ny
such thatM, Afi] |=r A (sate, V sate,)

iff there isA € T, (¢) such thatforal\" € T, (A[i]), i € Ny,
and for allj € Ny we havesat., € m(\'(j)) orsate, € 7(\ (5)).

On the other handAO (sat., V sat,) is plausibly satisfied in stateg, ¢7, andgs.
Furthermore, it is easy to see that from all states Q\{q-} there is a plausible path
from ¢ to g3 or ¢s, and ing; the only plausibley;-path isq7q7q7 . ... In the case of
all possible scenarios, states in whighor ¢, are satisfied can always be left, and
thereforePh EQ AOJ (sat, V satc,) is not valid.

Another interesting property is that companyis always physically able to impend
the cooperation of, andc3, but it is not plausible that, would ever impend the
cooperation according t@'s view of plausibility:

= AO Ph (coope, ¢, — EO imp) A PL,, (mimp — A —impend).

Furthermoreg; — having been captured lay — believes that, will always be satisfied,
but does not know it for suré= (cap., — Be, A sat., A =K., A sat, ).

4.2 Defining Plausible Paths with Formulae

So far, we have assumed that sets of plausible paths are sang@ren in a model. In
this section we present a dynamic approach where an acttiahrad plausibility can

be specified in the object language. Note that we want to §pgsually infinite) sets

of infinite paths, and we need a finite representation of tesetures. One logical so-
lution is given by using path formulag These formulae describe properties of paths;
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therefore, a specific formula can be used to characterizé @f paths. For instance,
think about a country in Africa where it should never snovertiplausible paths might
be defined as ones in which it never snows, i.e., all pathssttafy[] —snows. For-
mally, we defing~| ¢ to be the set of paths that satisfy path formyla model M
(when the model is clear from the context, the subscriptlvéglbmitted):

O¢lm = {XMA] E o}
Delm = {NVi (M, = »)}
lorh alp = N[ F(MAG] E 2 AVF(0 < j<i= MA[J]E 1))}

Moreover, we define theplausible paths model updatas follows. Let
M=(Q,R,~1,...~p, Tq,...., T, m) be a CTLKP model, and leP C A, be a
set of paths. ThetM®? = (Q, R, ~1,...,~k, T1,.... Ty_1, P, Ty iy, ..., Ty, ) de-
notes model\M with a’s set of plausible paths reset #& Note that the set of all paths
remains the same in both models because the transitioioretides not change, i.e.,
A = Apgarr.

Now we can extend the language of CTLKP with formu(aet-pl, v)¢ with the
intuitive reading: “suppose thatexactly characterizes the set of plausible paths, then
o holds”, and formal semantics given below:

M, q [=p (set-pl, 7)giff M@ g =p .
We observe that this update scheme is similar to the one pealia [8].

Remark 4 Note that the set of paths with which the satisfaction relatis anno-
tated does not change after a plausible path update. Conside€TLKP modelM =
(Q,R,~1,...,~p, Yq,...,T,,m) and statement

M, q =p (set-pl, 7).

The semantic rules transform the formula into the equiviaietation

M%l’y‘v q ':P ©-

But the set of path®, with which the satisfaction relation is indexed, is stietsame

as before. If we want séf{l‘/‘a"” to be referred to, plausible operat®l , must occur
within formulac.

Example 3 Consider the scenario from Example 2. Suppose that it besonmpausi-
ble (according t@:;) that companies, andcs will ever cooperate. Moreover, it is not
likely thatc, may impend another company (there is no reason féor such an action
any more). Thus, the plausible paths (fren's perspective) can be now described by
the path formulay; = O (—coop,,, A —imp). Under this assumption: i, is satisfied
now, then it will be always either satisfied or have a way ofdmeing satisfied in the
next moment. That is, formulgset-pl, v1)Pl ., (sat,, — AO (sat., V EOsaty,)) is
true in the model from Fidl2.
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4.3 Plausible Paths: Discussion

So far, we did not assume anything about plausibility setseedevery set of plausible
paths make equal sense? Probably not. Here, we are goingdesthat there should
be at least one plausible path starting in each state of #tersy In fact, it is hard to
imagine a situation with no outgoing plausible paths bee@uwgould mean that, if such

a situation occurs, the agent will see plausible future at allEven when we consider
a state which does not seem to plausibly happen from the g@&tigp of our current
state (that is, a stat¢ which is not reachable via a plausible path from the current
stateq): still, there should be a plausible path going out;of Though it seems now
incredible thaty’ ever occursif this does happerit should be accepted as a fact, and
some outgoing paths should be seen as more plausible thathies. \We formalize
this restriction through the notion pfausible serialityof models.

A CTLKP model isplausibly serial(or p-seria) if every state of the system has
an outgoing plausible path, i.é)(T,) = Q. As we will see in Sectiofll5, a weaker
requirement is sometimes sufficient. We call a madehkly p-serialf every state has
at least one indistinguishable counterpart from which agitde path starts, i.e. for
eachg € Q thereis &’ € @ such thay ~, ¢’ andq’ € 9(T,). Obviously, p-seriality
implies weak p-seriality.

5 Investigating Plausibility, Knowledge, and Beliefs in
CTLKP

In this section we study some relevant properties of plalitgitknowledge, and beliefs;
in particular, axiomd<, D, T, 4,5 are examined.

5.1 Axiomatic Properties of Knowledge and Beliefs

We start with a slightly non-standard characterizationcpfiealence relations.

Lemma 5 Relation~ is an equivalence relation (i.e~ is transitive, reflexive, and
symmetric) if and only if it is reflexive, symmetric, and @edn. Moreover, an equiv-
alence relation is serial.

Proof. We show that equivalence relatienis also euclidean. Let ~ y andz ~ z.
Symmetry ¢ ~ y = y ~ z) and transitivity {{ ~ z Az ~ z = y ~ z) implies that
Y~z

Now, we assume that is reflexive, symmetric, and euclidean. Let~ y and
y ~ z. This implies transitivity (i.e.x ~ z), because we havg~ x (symmetry) and
y~zxAyAz=z~ z(euclidity).

Seriality follows from reflexivity. [ ]

Now, the following result can be proved.
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p q

Figure 3: Model in which axiom T is not strongly valid.

Theorem 6 AxiomsK, D, 4, and5 for knowledge are strongly valid, and axiofis
valid. That is, modalitieds,, form systemS5 (in the sense of normal validity; and
K D45 in the sense of strong validity).

Proof. Let M be a CTLKP modelP C A, andq € Q.

AxiomK: EK,p A K,(¢ — ¢) — Ka1. We have to show thaM =p K,p A
K.(p — ¢) impliesM Ep K, AssumeM,q Ep Koo AN Ko(p — 1);
it holds if and only ifYg’ € Q(q¢ ~u ¢’ = (¢ E pandd = ¢ — o)) if
Ve € Qg ~ad = d E)iff ¢ =p Ku1).

Axiom D: E K,p — —~K,—p. SupposeM, q =p K,p. We have to show thaly’ €
QOm(g ~a ¢ N¢ E p); thisis true for¢’ = ¢, due to the assumption and
reflexivity of ~,.

Axiom 4: = K,p — K,Kqp. SupposeM, q =p K,p. We showthatq’ € Qa(q ~a
¢ = Vq" € Qum(d ~a ¢" = ¢" = ¢)). Because of transitivity, we have
q ~q ¢, and because of the assumption, we ob#dif= .

Axiom 5: E-K,p — K,~K,p. SUpposeM, ¢ = =K, ¢; thatis,3¢" € Qum(q ~q
d Nq ¥ ¢); letq = ¢ be such a state. Then, we hawg € Qui(q ~a ¢ =
37" € Qm(d ~a ¢" ANq" [~ ¢)) because of euclidityg( ~, ¢* andg ~ ¢
impliesq’ ~ ¢*).

Axiom T: |= Ko — ¢. SUpposeM, q = Kup; i.e.,Y¢ € Qum(q ~a @' = ¢ ).
Because of reflexivity, we have~, ¢, and thusM, ¢ = .

A counterexample againstrongvalidity of 7" is given in Exampl&}4.
[ |

Example 4 Consider CTLKP modeM 3 shown in Figurgl3, with the epistemic relation
~o={(q1,q1), (¢2,¢2) }, and any set of plausible paths. Axidfis not strongly valid
if there is ag € Q¢ and a set of path® C A so thatg -p K. — . Thatis, if
q Ep K,p andq =p —¢ which is equivalent t&/q’ € Qum(q ~o ¢ = ¢ E ») and
q Ep —p. From the reflexivity of~, it follows thatq = ¢ andq =p —¢ must be
satisfiable. Lety = ¢1, P = {(¢1¢2¢2 - - - ), (¢242 - . . )}, andy = EOJ p. Then we have

aFEe and q F=p o,

soT is not strongly valid inM.
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A similar study for beliefs brings the following results.

Proposition 7 Axioms K, 4, and5 for beliefs are strongly valid. That is, we have:
E (Bap A Ba(p — 1)) — Bath, E (Bap — BaBay), and £ (mBuy — Ba—Bayp).

Proof. Let M be a CTLKP modelP C A, andq, ¢, q¢" € Q.

Axiom K: ¢ [=p BapABa(p — ) iff Vg’ € Q(q ~a N € O(T,) = ¢ Ex, oA
¢ Er, (p—)iff Vg € Q(q ~a ¢ A €0(Y,) = ¢ Fr, oNd Fx, ¥),
S0q ):P Ba"/}-

Axiom 4: Assumethay =p Bayp;i.e.Vq' € Q(q ~a ¢ N € 0(T,) = ¢ Ex, ¢).
We have to show that alsp =p B, B,y which is the case if and only g €
Q(g~ad N €d(X,) =" €Q(d ~ad"Ng" €d(Y,) = q" Ex, ©)).
This condition holds because ¢f ~, ¢ and¢’ € 9(T,) andq’ ~, ¢” and
q" € 9(Y,)then alsg; ~, ¢” (transitivity of ~,) and certainly stily” € 9(T,);
thereforeq” =y _ ¢ holds by the assumption.

Axiom 5: The proof is similar to the previous one. Assume thatp —B,y. Thisis
equivalenttodq’ € Q(q ~a ¢ Nq' € O(Y,) Nq' e, ¢); letq = ¢* be such
a state (there is such a state because we assumedBat holds). We have
to show that alsq =p B,~B,; i.e., the conditionVg’ € Q(q ~a ¢ N ¢ €
IY,)=3¢" € Q(d ~aqd’" N €d(Y,) A" 1, ¢)). We show thay* is
also such a required state for gl If ¢ ~, ¢’ and¢’ € 9(T,) then alsay’ ~,, ¢*
(because-,, is euclidean and we havge ~, ¢* andq ~, ¢'), and moreover,
q* € 0(T,). By the assumption, it follows that [~y for¢” = ¢*.
[ |

The next proposition concerns the “consistency” axibm B, — —Bg,—p. It
is easy to see that the axiom is not valid in general: as we hawestrictions on
plausibility setsT ,,, it may be as well thal’, = (). In that case we havB,p A B,—
for all formulaeyp, because the set of states to be considered becomes emptyvéto
it turns out thatD is valid for a very natural class of models.

Proposition 8 AxiomD for beliefs is not valid in the class of all CTLKP models. How-

ever, it is strongly valid in the class of weak p-serial maedgind therefore also in the
class of p-serial models).

Proof. Let M be a CTLKP modelP C A, andq,q € Q. First, letM be weakly
p-serial. Axiom D is strongly valid if, for all states in whicB, ¢ is true,— B, is
also true; hence, we assume that

q =P Bay; (*)
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i.e., forallg’ € Q withgq ~, ¢’ andq’ € 9(T,) it holds thatg’ =, ¢. Now, the
conclusion must be shown:
q Ep B,y iff notforall ¢ € Q with ¢ ~, ¢
andq’ € 9(Y,) we havey’ =y, —¢
iff there is aq’ € Q with ¢ ~, ¢’
andq’ € 9(Y,) andq’ =r, ¢.

()

Because the model is weakly p-serial, there is a gtatdth ¢ ~, ¢’ andq’ € 9(T,);
hence, because @i, it holds thaly’ =y ¢ and therefores().

Next, we show that the axiom is not valid in the class of all ®PLmodels. Lefl,
be empty. With this definitioii«) is true but(xx) is false. [

Moreover, as one may expect, beliefs do not have to be alwags t

Proposition 9 AxiomT for beliefs is not valid; i.e./- (B,p — ¢). The axiom is not
even valid in the class of p-serial models.

Proof. For a counterexample consider Figlile 3 once more. Letbe given as
{(q1q1 -..)}, anda’s epistemic relation as-,= {(q1,¢1), (¢2,42)}. Then we have
q1 = B,AO p but notg; = A p which contradicts the validity of axioff. [ |

All the above results are summarized in the next theorem.

Theorem 10 Belief modalitiesB, form systemi’'45 in the class of all models, and
K D45 in the class of weakly plausibly serial models (in the serisg®oth normal and
strong validity). Axioni" is not even valid for p-serial models.

An additional (but nevertheless interesting) property3gfis that an agent believes
that his beliefs are true:

Proposition 11 Formula B, (B, — ) is strongly valid.

Proof. The formula holds iff'g’ € Q(q ~. ¢’ A ¢ € O(T,) = (3¢" € Q¢ ~a
"N €0(T,)NG" W, ©) vV Er, ¢)) holds. Thisis certainly the case because
with ¢ ~, ¢" andq’ € 9(T,) we also have/ ~, ¢', and thereforeq’ [~£y ¢ or

q Er, ¢ m

5.2 Interaction between Plausibility, Knowledge, and Bebfs

First, we investigate the relationship between knowledue @lausibility/physicality
operators. Then, we look at the interaction between knaydehd beliefs, examining
some axioms presented [d [9].
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Proposition 12 Let be a CTLKP formula, andM be a CTLKP model. We have the
following strong validities:

(I) 'EP] Ko = Kap

(i) EPhK,p«— K,Pho — K,

Proof. Let P C A .

(i) It follows from the fact that the definition ok, “overwrites” the set of path#
with which the satisfaction relation is annotated.

(i) We have that:

M, qEp Ph K, piff M, qE K¢
iff for all M, q" € Q with ¢ ~, ¢’ it holds thatM, ¢’ |= ¢
iff M,ql=p Kap
iff for all M, q' € Q with ¢ ~, ¢’ itholds thatM, ¢’ =p Ph o
iff =p K,Pho.
|

We now want to examine the relationship between knowledgebafiefs. For in-
stance, if agent believes in something, he knows that he believes it. Or, ifrmawvs
a fact, he also believes that he knows it. On the other hanéhdtance, an agent does
not necessarily believe in all the things he knows.

Proposition 13 The following formulae are strongly valid:

(i) Bayp — K Bap (i) KgBaw — Bgyp (i) Ko — B K
The following formulae areotvalid:
(IV) Bu.p — BoKqp (V) Kyp — Bayp

Proof. Let M = (Q,R,~1,...,~k, T,,... T, m),andq, ¢, ¢" € Q.

(@ (i) Assume thaB,¢ holds; we show thal(, B,. The latter formula does not
hold iff 3¢/ (¢ ~a ¢’ A 3¢"(¢' ~a ¢" N q" € O(T,) Aq" Fer, ©)). But this
condition is never fulfilled becausedf~, ¢’ andq¢’ ~, ¢’ andq” € 9(T)
then alsg; ~, ¢” and by assumption it followg’ =y ¢.

(i) Assume thati, B,y holds;i.e., formul&/q’ (¢ ~, ¢ = Vq"(¢' ~a ¢"N" €
(Y,) = ¢" Ex, ¢)). Hence,B,y is true because otherwise there must
exist ag* with (¢ ~, ¢* A ¢* € O(T,) A q¢" [~Er, ). But this would
yield a contradiction, since, is reflexive (so the assumption would apply to
q" = ¢* and we would obtai’ =y ).

(iif) The same reason as for (i); 4f ~, ¢’ andq’ € 9(Y,) andq’ ~, ¢” then also
q ~a q”-
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(b) (i) Assume thatB,¢ holds. Thenyq' (¢ ~o ¢’ Aq' € O(Y,) = Yq" (¢ ~a
¢" = ¢" = ¢)) does not hold for all states becay$enay not be a beginning
of a plausible path so that the assumption does not se¢utey, » and
especially not” | ¢.

(i) See the counterexample in Examfle 5.
|

Example 5 FormulaK,p» — B,y has the meaning that everything that is known
should also be believed. In our approach this is not the cake.axiom would hold
if and only if the following statement would hold/¢’ € @ with ¢ ~, ¢’ it holds that
q' = pimpliesthatvq’ € @ with ¢ ~, ¢’ andq’ € 9(T,) we havey’ =y ». Because
generallyY, C A, there could be a path i\ T, so thaty is fulfilled on that path. We
will now specify ¢ and provide an example for our assumption.

Consider modeM 3 from Figure[B, and formule = EOJ p again. The agent knows
thaty is true ing; :

Mz, q1 | Kap

because only; ~, g1, andMs, g1 =4 EO p (note thap is true along path g1¢141 - - - ).
Furthermoreq; is in 9(Y,) = {q1,q2} but M3, q1 =, ECI p sincep does not hold
in g2, and the only plausible, -path isq1¢2q2 . . . . Thus,

Ms,q1 P Bap
which shows thaf{,¢ 4 B,p.

The last invalidity is especially important: it isot the case that knowing some-
thing implies believing in it. For example, we may know thatiavasion from another
galaxy is in principle possiblei{,E{ invasion), but if we do not take this possibility as
plausible £P1,E¢Q invasion), then we reject the corresponding belief in consequence
(—B.EQ invasion). This emphasizes that we study a specific concept of beimfs.
Note that this specific is not due to the notion of plausipitiself; the reason lies rather
in the fact that we investigate knowledge and beliafa temporal framework This
observation is formalized in the next proposition. Afteatthwe show how the rela-
tionship between knowledge and beliefs can be charactefarethe class of p-serial
models.

Proposition 14 Lety be a CTLKP formula that does not include any temporal opera-
tors. ThenK,p — B, is strongly valid, and in the class of p-serial models we have
even thate= K,p < Bgp.

Proof. Assume thatM, ¢ = K,¢ holds; i.e., for all’ with ¢ ~, ¢’ we have that
M,q" = ¢. We show thatB, ¢ also holds. First, let’ € 9(T,); then,q’ =y, ¢
holds because no temporal operator occuts fwhich makes the set of plausible paths
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irrelevant). On the other hand, if there is no stgteiith ¢ ~, ¢’ andq’ € 9(T,) then
B is trivially true.

In the class of p-serial models, we ha%€Y',) = @, and therefore, the condition
q € 0(T,) is always true for aly € Q. Furthermore, we have =y, ¢ if and only
if ¢ &= ¢ becausep does not contain any temporal operator (and therefore rfo pat
quantifier). [ ]

Theorem 15 The following formulae are strongly valid in the class ofydély serial
CTLKP models:

() KPl,p < By (i) Koo < B,Phop
Proof.
0)
M,qEp Bapift V¢ € Qg ~a ¢ Ng' € 0(Y,) = M, ¢ Er, ¢)
—_———
T

iff Vql S Q(q ~a q/ = ./\/l,ql ):A Pla(p)
iff M,qEp KPl, 0.

(ii)

M, qlp Kupift V¢ € Q(q ~a ¢ = M, ¢ = o)
iff V¢' € Q(q ~a ¢ = M, ¢ =y, Pho)
iff Vg' € Qg ~a d' Ng € 0(T,) = M, ¢ Ex, Phy)
—_———
T
iff M,q=p BsPhy

Note that this characterization has a strong commonsead&gebelieving is know-
ing thatp plausibly holdsandknowing is believing that it holds physically

Finally, we observe an important feature of our plausipitiperators. If a sequence
of plausibility operators occurs in a formula, then onlyrtlanly the last of them mat-
ters.

Proposition 16 =P1,Pl ;¢ < Pl ;¢ for any agents, j and formulagp.

Proof. Let M be a CTLKP modelP C Ay and M, q € Qrq. Then, we have:
M,q Ep PLiPLjpiff M,q =y, Plipift M,q =y, ¢iff M, q=p Pljep. L

Note also that the above feature does not extend to belief§4 B; B < B;.
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p q r

Figure 4: ModelM 4 with 3 states, and propositiops q, andr

5.3 Properties of the Update

The plausibility update influences only formulae in whichysibility plays a role, i.e.
ones in which belief or plausibility modalities occur.

Proposition 17 Let ¢ be a CTLKP formula that does not include operatis, and
B,, andy be a CTLKP path formula. Then, we hagey « (set-pl, 7).

Proof. Let M be a CTLKP modely € Qrs andP C A . Then, we haveM, q E=p
(set-pl, v)giff M>1 ¢ |=p . Because» does not contain thB, andPl1,, operator,
the sets of plausible paths in the models are irrelevans, tive haveM 1l ¢ |=p
iff M,qEp . [ |

What can be said about the result of an update? At first sigirhla(set-pl, v)P1,Ay
seems a natural characterization; unfortunately, it isvabtitl. In short, this is because,
by leaving the other paths out of the scope, we may changegiep of the paths that
used to satisfyy — in particular, they may cease to satisfyafter that. The next
example provides a more concrete argument.

Example 6 Consider modelM, from Figure[3. Lety = O EQq. The set of paths
described byy is {\ € A | Vi € Ng(M, A[i] EEOQq)} = {(¢iqiq1-..)}. This set

will become the set of plausible pathg*!’ in model M’ = M%!. Now, we can
show thatMy, ¢1 = (set-pl, v)P1,Ay:

My, q1 = (set-pl, v)Pl.Ay
it M, q1 Fyae Ay (WhereM! = My tnna-hy
iff VA € T (q1) it holds thatM’, A[i] =y EOqforalli € Ny
iff M’,q1 ':Tg/l’ EOq
iff I\ € Yo (q1) with M/, A[1] =y q
iff M',q1 ':Téw q
Clearly,q does not hold ir; which proves that the formula is not valid.

We propose two alternative ways out: the first one resttiestnguage of the update
similarly to [13]; the other refers to physical possibéii in a way analogous tol[8].
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Proposition 18 The CTLKP formuldset-pl,, v)P1 ,A~ is not valid. However, we have
the following strong validities:

() E(set-pl, 7.)Pl Ay, Wherey, is auniversalpath formula, defined as:
Yu 2= O | O u | puld u,
Pus=p| 7P| eu Npu | ouVou| Ay | Kapu.

(i) If ¢ is an arbitrary CTL formula, then:
= (set-pl, O@)P1,AO (Ph ),
E (set-pl, O ¢)P1 ,AC (Ph ), and
E (set-pl, p1d p2)PL,A(Ph 1)U (Phs).

Proof. Let M be a CTLKP modely € Qs andP C A.

(i) We will provide a proof fory,, = O ¢,,; proofs for the other temporal operators
are analogous. Lett’ = M*1l. M, q |=p (set-pl, 7,)Pl, Ay, holds if and
only if we have

VA € Aq)Vi € No(M, Ali] | pu = M A[i] E ).

The set of paths, with which the satisfaction relation isixetl, is only relevant if

o contains the universal quantifiér Note also tha’rrﬁ"' C A. In consequence,
if M,q E=y+m @, then alsaM, g =4 . Furthermore, the sets of plausible paths
TM TM inside models\i, M’ are irrelevant becausecontains neitheB, nor
Pl1,.

(i) We prove thatM,q =p (set-pl, O ¢)P1,A0 (Phe); proofs for the other
temporal operators are analogous. We have to show the falijpw

VA € A(q)Vi € No(M, ] | ¢ = MU = ).

This statement is true becausés just a CTL path formula; i.e., the set of plausi-
ble path in the model is irrelevant.
|

6 Conclusions and Further Work

In this paper a notion gflausible behaviors considered, with the underlying idea that
implausible options should be usually ignored in practicaboming about possible fu-
ture courses of action. In contrast to previous approadégl], we see plausibility
as a temporal property. We add the new notion to the logic dfkC[ILT], and obtain

a language which enables reasoning about what can (or masgilply happen. As a
technical device to define the semantics of the resultingcJoge use a non-standard
satisfaction relatior=p that allows to propagate the “current” set of plausible path
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into subformulae. Furthermore, we propose a non-standafdmof beliefs, defined
in terms of indistinguishability and plausibility. We alpoopose how plausibility as-
sumptions can be specified in the object language piaasibility update operatofin

a way similar to[[8]).

Next, we use this new framework to investigate some impogeoperties of plau-
sibility, knowledge, beliefs, and updates. In particulae, show that knowledge is an
S5 modality, and that beliefs satisfy axionA&.5 in general, ands D45 for the class of
plausibly serial modelsMoreover, we prove that, for plausibly serial moddis|iev-
ing thatp is knowing thaty plausibly holds andknowingy is believing that it holds
physically That is, for these models, the relationship between kndgdend beliefs is
very natural and reflects the initial intuition precisely.

In our opinion, this paper opens up several interestingctioes for further work:

1. In our discourse on knowledge and plausibility, we onlngidered individual
knowledge of agents. It can be interesting to consider ctlle knowledge
as well (e.g., mutual, common and distributed knowledgédu$ibility can be
treated in a similar way; i.e., we can think of “mutual”, “camon”, and “dis-
tributed plausibility” too. Consequently, these conceptsy be used to define

collective beliefs in terms of collective knowledge andediive plausibility.

2. Instead of specifying sets of plausible paths by “vahpkath formulae, one may
think of a more general (yet still finite) representation. t&lthat there is no
general solution to this problem, as CTL models usuallyudeluncountably
many paths.

3. Until now, we considered neither satisfiability checkiray model checking for
our logic. This is another interesting topic for furthereasch.

4. Alternating-time Temporal Logic ATL can be used (insted@TL) as the basis
for further studies on plausibility and beliefs. Some prétiary work on this
topic has been already reported lin [1]. In particular, we hdike to describe
and investigate various notionsmaitionality using this new framework.

5. Axiomatization of plausibility might also be studied hetfuture.

Finally, we would like to stress that we do not see this cbotion as a mere tech-
nical exercise in formal logic. In our opinion, human agemége a similar concept
of plausibility and “practical” beliefs in their everydagasoning in order to reduce
the search space and make the reasoning feasible. As a censegwe suggest that
the framework we propose may prove suitable for modelingigie and analysis of
resource-bounded agents in general.
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