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Reasoning about Temporal Properties of Rational
Play

Nils Bulling, Wojciech Jamroga, and Jiirgen Dix

Department of Informatics, Clausthal University of Technology, Germany
{wjamroga,bulling,dix}@in.tu-clausthal.de

Abstract

This article is about defining a suitable logic for expressing classical game
theoretical notions. We define an extension of alternating-time tempo-
ral logic (ATL) that enables us to express various rationality assumptions
of intelligent agents. Our proposal, the logic ATLP (ATL with plausibil-
ity) allows us to specify sets of rational strategy profiles in the object lan-
guage, and reason about agents’ play if only these strategy profiles were
allowed. For example, we may assume the agents to play only Nash equi-
libria, Pareto-optimal profiles or undominated strategies, and ask about
the resulting behaviour (and outcomes) under such an assumption. The
logic also gives rise to generalized versions of classical solution concepts
through characterizing patterns of payoffs by suitably parameterized for-
mulae of ATLP. We investigate the complexity of model checking ATLP
for several classes of formulae: It ranges from A¥ to PSPACE in the
general case and from A¥Y to A¥ for the most interesting subclasses, and
roughly corresponds to solving extensive games with imperfect informa-
tion.

Keywords: game theory, modal and temporal logic, reasoning about agents,
rationality.

1 Introduction

Alternating-time temporal logic (ATL) [2, 3] is a temporal logic that incorpo-
rates some basic game theoretical notions. In ATL we can express that a
group of agents is able to bring about 1), i.e., they are able to ensure a situation
where ¢ holds whatever the other agents might do. However, such a state-
ment is weaker than it seems. Often, we know that agents behave according
to some rationality assumptions, they are not completely dumb. Therefore
we do not have to check all possible plays - only those that are plausible in
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some reasonable sense. This has striking similarities to nonmonotonic rea-
soning, where one considers default rules that describe the most plausible be-
haviour and allow to draw conclusions when knowledge is incomplete.

In general, plausibility can be seen as a broader notion than rationality:
One may obtain plausibility specifications e.g. from learning or folk knowl-
edge. In this article, however, we mostly focus on plausibility as rationality
in a game-theoretical sense.

Our idea has been inspired by the way in which games are analyzed in
game theory. Firstly, game theory identifies a number of solution concepts
(e.g., Nash equilibrium, undominated strategies, Pareto optimality) that can
be used to define rational behaviour of players. Secondly, we usually assume
that players play rationally in the sense of one of the above concepts, and we
ask about the outcome of the game under this assumption.

Solution concepts do not only help to determine the right decision for an
agent. Perhaps more importantly, they constrain the possible (predicted) re-
sponses of the opponents to a proper subset of all the possibilities. For many
games the number of all possible outcomes is infinite, although only some of
them, often finitely many, make sense. We need a notion of rationality (like
subgame-perfect Nash equilibrium) to discard the less sensible ones, and to
determine what should happen had the game been played by ideal players.

1.1 Idea and Main Results

While ATL is already a logic that incorporates some game theoretical con-
cepts, we claim that extending ATL by other useful constructs not only helps
us to better understand the classical solution concepts in game theory, but
it also paves the way for defining new solution concepts (which we call gen-
eral). We extend ATL by the notion of plausibility, and call the resulting logic
ATLP. We claim that this logic is suitable to model and to reason about the
rational behaviour of agents.
In this article we discuss the following:

1. We recall from [5],30] that models of ATL, called concurrent game struc-
tures (CGS), embed extensive form games with perfect information in a nat-
ural way. This can be done, e.g., by adding auxiliary propositions to the
CGS, that describe the payoffs of agents. With this perspective, concur-
rent game structures can be seen as a strict generalisation of extensive
games.

2. We discuss informally how these more general games can be “solved”,
given an appropriate solution concept that defines which plays can be
plausibly expected.

3. We extend ATL to a new logic ATLP that allows to reason about what
agents can achieve under an arbitrary plausibility assumption. Analy-
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sis of this kind typically starts with assuming that agents are rational in
the sense that they only play strategies consistent with a selected solu-
tion concept (e.g., they can only play Nash equilibria, or undominated
strategies etc.). Then, we can ask which outcomes can be obtained by
whom under this assumption.

4. We extend the results from [45},[30], and show that the classical solu-
tion concepts (Nash equilibrium, subgame perfect Nash equilibrium, Pareto
optimality, and others) can be also characterized in the object language
of ATLP. That is, we propose expressions of ATLP that, given an ex-
tensive game, denote exactly the set of Nash equilibria (subgame per-
fect NE’s, Pareto optimal profiles, etc.) in that game. In consequence,
ATLP can serve both as a language for reasoning about rational play,
and for specifying what rational play is. We point out that these char-
acterizations extend traditional solution concepts to the more general
class of multi-stage multi-player games defined by concurrent game struc-
tures.

5. We also propose an alternative approach to defining solution concepts
for games that involve infinite flow of time. In the new approach, path
formulae of ATL are used to specify the “winning conditions” of each
player. This implicitly leads to a normal form game with binary pay-
offs, where the traditional solution concepts are well defined. We also
demonstrate how these “qualitative” solution concepts (parametrized
by ATL path formulae) can be characterized in ATLP.

6. We constructively show that several logics can be embedded into ATLP.
That is, we demonstrate how models and formulae of those logics can
be (independently) transformed to their ATLP counterparts in a way
that preserves their truth values.

7. Lastbutnot least, we investigate the model checking problem in ATLP.
We show that, for different subclasses of the new logic, the complexity
of model checking ranges from A -completeness to PSPACE-completeness.
We also argue that, when the number of plausible strategy profiles is
reasonably small, the model checking can be done in polynomial time.

1.2 Related Work

In our approach, some strategies (or rather strategy profiles) can be assumed
plausible, and one can reason what can be plausibly achieved by agents under
such an assumption. There are two possible points of focus in this context.
Research within game theory understandably favors work on characterization
of various types of rationality (and defining most appropriate solution con-
cepts). Applications of game theory, also understandably, tend toward using
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the solution concepts in order to predict the outcome in a given game (in
other words, to “solve” the game).

The first issue has been studied in the framework of logic, for example
in [4},/6},/41},142]; more recently, game-theoretical solution concepts have been
characterized in dynamic logic [21},20], dynamic epistemic logic [5}44], and
ATL [45}[30].

The second thread seems to have been neglected in logic-based research:
papers by Van Otterloo and his colleagues [50, 51,49, (48] are the only excep-
tions we know of. Moreover, every proposal from [50), (51}, (49} [48] commits
to a particular view of rationality (Nash equilibria, undominated strategies
etc.). In this paper, we try to generalize this kind of reasoning in a way that
allows to “plug in” any solution concept of choice. We also try to fill in the
gap between the two threads by showing how sets of rational strategy profiles
can be specified in the object language, and building upon the existing work
on modal logic characterizations of solution concepts (21,120}, (5} 44} 45} [30].

1.3 Structure of the Article

We begin by introducing some basic notions from game theory and the alternating-
time temporal logic (Section[2). In Section [3} we pave the way for Sections

and |5 We relate ATL and its semantical models to extensive games. Then

we do the same for an extension of ATL, called ATLI, which has been intro-
duced in [30] to characterize solution concepts in extensive games.

Section [4|introduces our logic ATLP: We extend ATL with a plausibility
operator. This constitutes the base language £53%¢,. The main syntactic nov-
elty are plausibility terms that refer to rational strategies. Then, we extend the
base language by allowing to specify sets of rational strategy profiles in the ob-
ject language. To do this, we need to define a language with a much richer
structure of terms as in £535¢,. We achieve this by describing strategy profiles
with ATLI formulae, and extending £53¢, so that the concepts presented in
Section[3.4]can be reused. Finally, we propose the full language L7.p where
ATLP characterizations of solution concepts are “plugged” into ATLP for-
mulae that describe the consequences of adopting this or that notion of ra-
tionality. Thus, we create a single language for both characterizing rational
behaviour and reasoning about its outcome. We define L7 p through a hi-
erarchy of sublanguages L%, ,, each allowing for more levels of plausibility
updates than the previous one.

Section|[3]lists our main conceptual results. We show how to embed several
logics in ATLP and how to express several classical solution concepts (such
as Nash equilibria and others) already in £}, ,. Our third result is the gen-
eralization of Nash equilibria, Pareto optimality, undominatedness and sub-
game perfect Nash equilibria as certain parameterized formulae in the lan-
guage of ATLP.

DEPARTMENT OF INFORMATICS 4
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Section [6] contains the results of our study on the complexity of model
checking in variants of ATLP. Finally, we conclude with Section |7}

Some results reported in this article have been already presented in a pre-
liminary form in several conference and workshop papers. A rough idea of
“ATL with plausibility” was proposed in 8} 25]. In [26], we studied a more
complex language of terms that would allow to specify sets of rational strat-
egy profiles in the object language; still, the language was not expressive
enough for our purposes. Some initial complexity results were also reported
in that paper. Finally, [11] put forward the idea that rationality specifications
can be written in ATLP itself, and nested in ATLP formulae. The idea of
“qualitative” solution concept was also introduced in [11].

2 Preliminaries

In this section, we introduce some concepts that are important for the rest of
this article. After recapitulating some machinery of game theory, together
with two running examples, we introduce ATL, which is the basis for our
new logic ATLP.

2.1 Concepts From Game Theory

We start with the definition of a normal form game, also called strategic game,
and use the terminology of [35].

Definition 1 (Normal Form (NF) Game) A (perfect information) normal
form game T, is a tuple of the form T = (P, Ay, ..., A, u), where

e P is a finite set of players (or agents), with |P| = k,
o A, are nonempty sets of actions (or strategies) for player i,

e u:P — (]_[f:1 A; — R) is the payoff function (which we also write
(B o))

A combinations of actions (resp. strategies, payoffs), one per player, will be called
an action profile (resp. strategy profile, payoff profile) throughout the paper.

Such games are usually depicted with a payoff matrix. For example, a game
with 2 players having 2 strategies each is represented by the matrix in Fig-

ure[Il

Example 1 (Classical NF Games) Some classical NF games with 2 players
and 2 strategies are shown in Figure 2] In the Matching Pennies game, player
1 wins when both pennies show the same side. Otherwise player 2 wins. In the
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1\ 2 a a3
a% <M1(a%va%)vﬂ2(a%va%)> (ul(a%,a%),uQ(a%,a%»
CL% <ll‘1(a‘%7a‘%)a”‘2(a‘%7a%)> <ll’1(a%aa%)7ll’2(a%aag)>

Figure 1: Payoff matrix for 2 players and 2 x 2 strategies

1\ 2 | Head | Tail 1\N2 C D
Head | (1,-1) | (-1,1) Cl1 @33 ©)9
Tail -1,1) | (1,-1) D| 6,0 @1

1\ 2 | Dove | Hawk
Dove | (3,3) | (1,4)
Hawk | (4,1) | (0,0)

Figure 2: Payoff matrices for Matching Pennies, Prisoner’s Dilemma, and
Hawk-Dove. Nash equilibria are set in bold font.

Prisoner’s Dilemma, two prisoners can either cooperate or defect with the police.
Finally, the Hawk-Dove game is similar, but the payoffs are different. The higher
the payoff the better it is for the respective player.

Definition 2 (Solution Concepts in Games) There are several well-known
solution concepts such as:

Nash Equilibrium (NE): A strategy profile such that no agent can unilaterally
deviate from her strategy and get a better payoff;

Pareto Optimality (PO): Thereis no other strategy profile that leads to a pay-
off profile which is at least as good for each agent, and strictly better for at
least one agent;

Weakly Undominated Strategies (UNDOM): These are strategies that are
not dominated by any other strategy, i.e., such that there is no strategy at least
as good for all the responses of the opponent, and strictly better for at least one
response.

We do not repeat the formal definitions here and refer to the literature [35]]. We
point out, however, that some solution concepts yield sets of individual strategies
(UNDOM), while others produce rather sets of strategy profiles (NE, PO).

DEPARTMENT OF INFORMATICS 6
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In the examples from Figure[2} there is no Nash equilibrium for the Match-
ing Pennies game, exactly one Nash equilibrium for the Prisoner’s Dilemma
(namely, the strategy profile (D, D)), and two Nash equilibria for the Hawk-
Dove game ({Hawk, Dove) and (Dove, Hawk)).

In NF games, agents do their moves simultaneously: They do not see the
move of the opponent and therefore cannot act accordingly. On the other
hand, there are many games where the move of one player should depend
on the preceding move of the opponent, or even on the whole history. This
ideais captured in games of extensive form.

Definition 3 (Extensive Form (EF) Game) A (perfect information) exten-
sive form game I" is a tuple of the form T = (P, A, H, ow, u), where:

e P is a finite set of players,
o A a finite set of actions (moves),

e H is a set of finite action sequences (game histories), such that (1)) € H, (2)
if h € H, then every initial segment of h is also in H. We use the notation
A(h) = {m | hom € H} to denote the moves available at h, and Term =
{h | A(h) = 0}, the set of terminal positions,

e ow : H — P defines which player “owns” history h, i.e., has the next move
given h,

o u: P x Term — U assigns agents’ utilities to every terminal position of the
game.

We will usually assume that the set of utilities U is finite.

Such games can be easily represented as trees of all possible plays.

Example 2 (Bargaining) Consider bargaining with discount [35] 37]. Two
players, 1 and 2, bargain about how to split goods worth initially wy = 1 EUR.
After each round without agreement, the subjective worth of the goods reduces by
discount rates &, (for player a1) and 5 (for player az). So, after t rounds, the goods
are worth (6%, 64), respectively. Subsequently, a, (if t is even) or as (if t is odd) makes
an offer to split the goods in proportions (z,1 — x), and the other player accepts or
rejects it. If the offer is accepted, then a; takes x6¢, and aq gets (1 — x)d%; otherwise
the game continues. The (infinite) extensive form game is shown in Figure[3| Note
that the tree has infinite depth as well as an inifite branching factor.

In order to obtain a finite set of payoffs, it is enough to assume that the goods are
split with finite precision represented by a rounding function r : R — R. So, after
t rounds, the goods are in fact worth (r(6%),r (%)), respectively, and if the offer is
accepted, then a; takes r(xd%), and ay gets r((1 — x)d5).

7 Technical Report IfI-08-03
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Figure 3: The bargaining game.

A strategy for player ¢ € P in extensive game I' is a function that assigns a
legal move to each history owned by i. Note that a strategy profile (i.e., a com-
bination of strategies, one per player) determines a unique path from the
game root (0) to one of the terminal nodes (and hence also a single profile of
payoffs). In consequence, one can construct the corresponding normal from
game NF(T') by enumerating strategy profiles and filling the payoff matrix
with resulting payoffs.

Example 3 (Sharing Game) Consider the Sharing Game in Figure [4A. Its
corresponding normal form game is presented in Figure [4B. Firstly, player 1 can
suggest how to share, say, two 1 EUR coins. E.g. (2,0) means that 1 gets two euro
and 2 gets nothing. Subsequently, player 2 can accept the offer or reject it; in the
latter case both players get nothing.

The game includes 3 strategies for player 1 (which can be denoted by the action
that they prescribe at the beginning of the game), and 8 strategies for player 2 (gen-
erated by the combination of actions prescribed for the second move), which gives
24 strategy profiles in total. However, not all of them seem plausible. Constraining
the possible plays to Nash equilibria only, we obtain 9 “rational” strategy profiles
(cf- Figure[dB), although it is still disputable if all of them really “make sense”.

A subgame of an extensive game I' is defined by a subtree of the game tree
of I'.

Definition 4 (Subgame Perfect Nash Equilibrium (SPN)) This solution

concept is an extension of NE: A strategy is a SPN in T if itis a NE in I" and, in ad-
dition, a NE in all subgames of T'.

DEPARTMENT OF INFORMATICS 8
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(A)

(0,0) (2,0) (0,0) (1,1) (0,0) (0,2)
1N\2 | nnn | nny | nyn | nyy | ynn | yny | yyn yyy
(B) (2,0) | (0,0) | (0,0) | (0,0) | 0,0) | (2,0) | (2,0) | (2,0) | (2,0)
(L1 00 | 60 | &L &LD]| 0,0 ] 00 1L | @11
(0,2) | (6,0) | (0,2) | (0,0) | (0,2) | (0,0) | (0,2) | (0,0) | (0,2)

Figure 4: The Sharing game: (A) Extensive form; (B) Normal form. Nash equi-
libria are set in bold font. A strategy abe (a,b,c € {y,n}) of player 2 denotes
the strategy in which 2 plays a (resp. b, ¢) if player 1 has played (2,0) (resp.
(1,1), (0,2)) where n refers to “no” and y to “yes”.

Example 4 (Sharing Game ctd.) Consider again the from Example[3] While
the game has 9 Nash equilibria, only two of them are subgame perfect ({(2,0), yyy)
and (1, 1), nyn)).

Example 5 (Bargaining ctd.) Consider the bargaining game from Example[7|
The game has an immense number of possible outcomes. Still worse, every strategy

profile

. | a1 always offers (x,1 — x), and agrees to (y,1 — y) fory > x
STl
ag always offers (x,1 — x), and agrees to (y,1 —y)iffl—y >1—=x

is a Nash equilibrium (NE): an agreement is reached in the first round. Thus,
every split (x,1 — z) can be achieved through a Nash equilibriumy, it seems that a
stronger solution concept is needed. Indeed, the game has a unique subgame per-
fect Nash equilibrium. Because of the finite precision, there is a minimal round T
with r(67') = 0 fori = 1 ori = 2. For simplicity, assume that i = 2 and agent
aq is the offererin T (i.e., T is even). Then, the only subgame perfect NE is given by

the strategy profile s* with k = (1 — 52)% + (6182) . The goods are split

(k, 1 — K); the agreement is reached in the first round.E]

1For the standard version of bargaining with discount (with the continuous set of payoffs
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2.2 ATL

Alternating-time temporal logic (ATL) [2,[3] enables reasoning about temporal
properties and strategic abilities of agents. Formally, the language of ATL is
given as follows.

Definition 5 (Larr) Let Agt = {ay,...,ar} beanonempty finite set of all agents,
and 11 be a set of propositions (with typical element p). We use the symbol a to de-
note a typical agent, and A to denote a typical group of agents from Agt. The logic
Larr(Agt, I1) is defined by the following grammar:

pu=ploplene| (A) Op| (A)De | (A)eip.

Informally, ((A)) ¢ says that agents A have a collective strategy to enforce
¢. ATL formulae include the usual temporal operators: O (in the next state),
O (always from now on) and U (strict until). Additionally, & (now or sometime
in the future) can be defined as G = Tl . Like in CTL [13], every occurrence
of a temporal operator is immediately preceded by exactly one cooperation
modality (this variant of the language is sometimes called “vanilla” ATL).
The broader language of ATL*, where no such restriction is imposed, is not
discussed in this article. It should be noted that the CTL path quantifiers
A, E can be expressed in ATL with ((0)), (Agt)) respectively. The semantics of
ATL is defined over concurrent game structures.

Definition 6 (CGS) A concurrent game structure (CGS) is a tuple: M =
(Agt, Q,II, 7, Act, d, o), consisting of: a set Agt = {ai,...,ar} of agents; a
set @ of states; a setII of atomic propositions; a valuation of propositions
m: Q — P(II); aset Act of actions. Function d : Agt x Q — P(Act) indicates
the actions available to agent a € Agt in state g € Q. We will often write d,(q)
instead of d(a, q), and use d(q) to denote the set d,(q) x - - - x di(q) of action pro-
files available in state q. Finally, o is a transition function which maps each state
q € Q and action profile @ = (ay, ..., ax) € d(q) to another state ¢' = o(q, @).

Remark 1 In the literature on ATL, the same symbols for agents (and groups of
agents) are used in the semantics and in the object language; we follow this tradi-
tion here.

A computation or path A = qoq1--- € Q¥ is an infinite sequence of states
such that there is a transition between each g¢;, ¢;+1.We define \[i] = ¢; to
denote the i-th state of \. A,; denotes all paths in M. The set of all paths
starting in ¢ is given by A/ (q).

Definition 7 (Strategy, outcome) A (memoryless) strategy of agent a is a
function s, : Q — Act such that s,(q) € d,(q). We denote the set of such functions

[0, 1]), cf. [35}[37]. Restricting the payoffs to a finite set requires to alter the solution slightly [40),
33], see also Appendix[A]

DEPARTMENT OF INFORMATICS 10
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by ¥,. A collective strategy s4 for team A C Agt specifies an individual strategy
for each agent a € A; the set of A’s collective strategies is given by ¥ 4 = [],c 4 Za-
The set of all strategy profiles is given by ¥ = X 4.

The outcome of strategy s 4 in state q is defined as the set of all paths that may
result from executing s 4 from state q on: out(q,s4) = {\ € Ayr(q) | Vi € NgFa =
(a1,... 1) € d(\[i]) Ya € A (aq = s4(N[i]) A o(A[i], @) = A[i + 1])}, where s
denotes agent o’s part of the collective strategy s .

The semantics of ATL can be given by the following clauses:
M,q [=p iffp € 7(q)
M,q = —p ift M,q E ¢
M,qE @Ay it M,q = pand M, q = ¢
M,q = (A) Oy iffthereisss € X4 suchthat M, \[1] | pforall A € out(q,s4)

M, q |E (A)Oyp iff thereis sy € ¥4 such that M, A[i] = ¢ forall A € out(q, sa)
and i € N

M, q E (A) U iff thereis s4 € ¥ 4 such that, for all A € out(q, sa), thereis
i € No with M, \[i] = v, and M, \[j] = ¢ forall0 < j <.

Remark 2 We somewhat deviate from the original semantics of ATL [2}13]], where
strategies assign agents’ choices to sequences of states (which suggests that agents
can recall the whole history of each game). While the choice between the two types
of strategies affects the semantics of most ATL extensions, both yield equivalent
semantics for pure ATL [38]].

3 Relating Games and ATL-Like Logics

In this section we present some important ideas that form the starting point
for later sections. (1) We discuss informally how the notion of strategic abil-
ity in ATL can be refined so that it takes into account only “sensible” be-
haviour of agents. (2) We look back on the logic of GLP [51] which imple-
ments the idea formally, albeit in a very limited way. (3) We summarize a cor-
respondence between extensive games and the models of ATL. (4) We recall
an extension of ATL, called ATLI (“ATL with Intentions”), which will later
serve as an intermediate logical framework and as a motivation for our logic
ATLP. We also demonstrate how several game-theoretical solution concepts
can be expressed in ATLI. (5) Finally we present our idea of qualitative so-
lution concepts, where ATL path formulae are used to define the winning
conditions.
Weillustrate the ideas with two examples from the previous section: Match-

ing Pennies and Bargaining with Discounts.

11 Technical Report IfI-08-03
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(A)

B < (N2 ][ sn | st ]
& B) 5, T1i]0.0

pD2
1202

st | 0,001

Figure 5: Asymmetric matching pennies: (A) Concurrent game structure M;. In
qo the agents can choose to show head or tail. Both agents can only execute
action nop (no operation) in states g1, g2, ¢g3. (B) The corresponding NF game.
We use sy, (resp. s;) to denote the strategy in which the player always shows
head (resp. tail) in ¢y and nop in g1, ¢2, and gs.

3.1 ATL and Rational Play

Example 6 (Asymmetric matching pennies) Consider a variant of the match-
ing pennies game, presented in Figure[SA. Formally, the model is given as follows:

My = {{1,2},{q0, 1,92, q3 }, {start, moneyy, money, }, 7, { head, tail, nop}, d, o)

where w is given as in the picture (r(qo) = {start} etc.), d(a,qo) = {head, tail}
fora = 1,2, and d(a,q) = {nop} fora = 1,2 and ¢ = ¢1, g2, qs. The transition
function o can also be read off from the picture. We use nop (no operation) as a
“default” action in states q1, q2, and qs that brings the system back to the initial
state. The intuition is that the game is played ad infinitum. Alternatively, one
might add loops to states q1, g2 and qs to model a game that is played only once.

If both players show heads in qy, both win a prize in the next step; if they both
show tails, only player 2 wins. If they show different sides, nobody wins. Note that,
e.8., M1,qo = (2)) O—money, because agent 2 can play tail all the time, preventing
1 from winning the prize. On the other hand, M, qo = —{(2)) Omoney,: Agent 2 has
no strategy to guarantee that she will win.

The concurrent game structure in Figure[S|A determines the set of available strat-
egy profiles. However, it does not say anything about players’ preferences. Suppose
now that the players are only interested in getting some money sometime in the fu-
ture (but it does not matter when and/or how much). The corresponding normal
form game under this assumption is depicted in Figure[SB.

Such an analysis of the game is of course correct, yet it appears to be quite
coarse. It seems natural to assume that players prefer winning money over
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losing it. If we additionally assume that the players are rational thinkers, it
seems plausible that player 1 should always play head, as it keeps the possi-
bility of getting money open (while playing tail guarantees loss). Under this
assumption, player 2 has complete control over the outcome of the game:
She can play head too, granting herself and the other agent with the prize,
or respond with tail, in which case both players lose. Note that this kind
of analysis corresponds to the game-theoretical notion of weakly dominant
strategy: For agent 1, playing head is dominant in the corresponding normal
form game in Figure 5B, while both strategies of player 2 are undominated,
so they can be in principle considered for playing.

It is still possible to refine our analysis of the game. Note that 2, knowing
that 1 ought to play head and preferring to win money too, should decide
to play head herself. This kind of reasoning corresponds to the notion of
iterated undominated strategies. If we assume that both players do reason this
way, then (s;, ;) is the only rational strategy profile, and the game should
end with both agents winning the prize.

3.2 Game Logic with Preferences

Game Logic with Preferences [S1] is, to our knowledge, the only logic de-
signed to address the outcome of rational play in games with perfect infor-
mation. Here, we summarize the idea very briefly.

The central idea of GLP is facilitated by the preference operator [a : ¢]. In-
terpretation of [a : ¢]y in model M proceeds as follows: if the truth of ¢ can
be enforced by a, then we remove from the model all the actions of a that
do not lead to enforcing it, and evaluate ¢ in the resulting model. Thus, the
evaluation of GLP formulae is underpinned by the assumption that rational
agents satisfy their preferences whenever they can. The requirement applies to
all the subtrees of the game tree, and it is called “subgame perfectness” by
the authors.

The scope of GLP, however, is limited in several respects. Firstly, the mod-
els of GLP are restricted to finite game trees. Secondly, agents’ preferences
must be specified with propositional (non-modal) formulae, and they are
evaluated only at the terminal states of the game. The temporal part of the
language is limited, too. Lastly, and perhaps most importantly, the seman-
tics of GLP is based on a very specific notion of rationality (see above). One
can easily imagine variants of the semantics, in which other rationality cri-
teria are used (NE, PO, UNDOM) to eliminate “irrational” strategies. Indeed,
a preliminary version of GLP was based on the notion of Nash equilibrium
rather than “subgame perfectness” [SO]. In this article, we want to allow as
much flexibility as possible with respect to the choice of a suitable solution
concept.
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3.3 Models of ATL vs. Extensive Games

In this section, we recall the correspondence between extensive form games
and the semantical models of ATL, proposed in [30] and inspired by [5}45].

We only consider game trees in which the set of payoffs is finite. Let U de-
note the set of all possible utility values in a game; U will be finite and fixed
for any given game. For each value v € U and agent a € Agt, we introduce
a proposition p} into our set I, and fix p} € 7 (q) iff a gets payoff of at least v
in ¢f7| States in the model represent finite histories in the game. In particu-
lar, we us ) to denote the root of the game. The correspondence between an
extensive game I and a CGS M can be captured as follows.

Definition 8 (From Extensive Games to CGS) A CGS M = {Agt, Q,1I, 7,
Act,d, o} corresponds to an extensive game T’ = (P, A, H, ow,u) if, and only if,
the following holds:

e Agt ="7P,
e )J=H,

o 11 and w include propositions p} to emulate utilities for terminal states in the
way described above,

Act = AU {nop},
do(q) = A(q) if a = ow(q) and d,(q) = {nop} otherwise,

e o(q,nop,...,m,...,nop) = q-m, and

e o(gq,nop,nop, ...,nop) = qforq € Term.
We use M (T") to refer to the CGS which corresponds toT.

Example 7 (Bargaining in a CGS) We consider the bargaining game from
Example[2} but this time as a model of ATL. The CGS corresponding to the game
shown in Figure[6] Nodes represent various states of the negotiation process, and
arcs show how agents’ moves change the state of the game. A node label refers to

the history of the game for better readability. For instance, { 1o | has the meaning

that in the first round 1 offered (0, 1) which was rejected by 2aIn the next round 2’s
offer (1,0) has been accepted by 1 and the game has ended.

Note that, for every extensive game I, there is a corresponding CGS, but
the reverse is not true: Concurrent game structures can include cycles and
simultaneous moves of players, which are absent in game trees. Note also
that, for those CGS’s that correspond to some EF game, we get an implicit
correspondence to a normal form game. We will extend this notion of cor-
respondence to all CGS’s in Section|[3.5]

2 Note that a state labeled by p! is also labeled by pY’ forall v/ € U where v’ < v.
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Figure 6: CGS M, for the bargaining game

3.4 ATLI and Solution Concepts

The correspondence between extensive games and (some) concurrent game
structures gives us a way of performing game-theoretical analysis on the lat-
ter. In particular, game-theoretical solution concepts become meaningful
for these CGS’s. This section illustrates how several important notions of ra-
tionality from game theory, e.g. Nash equilibria (NE), subgame perfect NE,
Pareto optimality etc. can be characterized in a suitable logical language. We
use the analysis from [30] where an extension of ATL, called ATLI, was em-
ployed for this purpose. We will later show how these characterizations can
be “plugged” into our new logic ATLP so that one can reason about the out-
come of rational play in a precisely defined sense.

We also point out after [30] that these characterizations give rise to gener-
alized versions of solution concepts which can be applied to all CGS’s, and
not only to those that correspond to some extensive form game.

Alternating-time temporal logic with intentions (ATLI) extends ATL with for-
mulae (str,o,)p with the intuitive reading: Suppose that player a intends to
play according to strategy o,, then o holds. Thus, it allows to refer to agents’
strategies explicitly via terms o,,. Let Stv = (J ¢ 5., ©tra e a finite set of strate-
gic terms. Gtr, are used to denote individual strategies of agent a € Agt; we
assume that all Gtr, are disjoint.

Definition 9 (Larry) Letp € 11, a € Agt, A C Agt, and o, € &tr,. The

language L1 1(Agt, IT, Str) is defined as:
0:=p|=0|0A0|(A)OO|(A)DO | (A)OUO | (straoa)f.

15 Technical Report IfI-08-03



Relating Games and ATL-Like Logics

ATLIModels M = (Agt, Q, 11, m, Act,d, 0,Z, Str, []) extend concurrent game
structures with intention relations T C @ x Agt x Act (Where gZ,« means thata
possibly intends to do action a when in ¢). Moreover, strategic terms are in-
terpreted as strategies according to function ['] : Str — [J, ¢4 2o such that
[0a] € X, for o, € Str, (remember that ¥, denotes the set of a’s strategies).
The set of paths consistent with all agents’ intentions is defined as

AT = {)\ € Ay | Vi3a € d(N[i]) (o(A[i], @) = Ali + 1] AVa € Agt A[i]Zaaq)}

We impose on 7 the natural requirement that ¢Z,« implies that « € d,(q) for
a € Agt; that is, agents only intend to do actions if they are actually able to
perform them.

We say that strategy s is consistent with A’s intentions if ¢Z,s%(q) for all
q € Q,a € A. The intention-consistent outcome set is defined as: out”(q, s4) =
out(q,s4) N AZ. The semantics of strategic operators in ATLI extends and
replaces the semantic rules of ATL as follows:

M, q = {(A) O6 iff there is a collective strategy s4 consistent with A’s in-
tentions, such that for every \ € out?(q, s4), we have that M, \[1] = 6;

M,q = (A)O0and M, q = (A)6UY: analogous;
M, q = (str,o)0 iff revise(M,a,[o]),q = 6.

The function revise(M, a, s,) updates model M by setting «’s intention rela-
tion to

T, = {{g,;54(q)) | g € Q},

so that s, and Z, represent the same mapping in the resulting model. Note
that a pure CGS M can be seen as a CGS with the full intention relation

7° = {{g,a,a) | g € Q,a € Agt,a € d,(q)}.

Additionally, for A = {a;,,...,a;, }andoa = (04, ;.- -, 04, ), wedefine: (straoa)p =
(stra, 0q; ) ... (stry, 04, )p. Furthermore, for B = {by,...,b;} C A we use
o4 |B] to refer to B’s substrategy, i.e. to (o4, ,...,0p,)

Example 8 (Asymmetric matching pennies ctd.) Coming back to our match-
ing pennies example from Figure[S} we have for instance that M, qo |= (str10){(2)) Omoney,
if the denotation of o is set to sy,.

With temporal logic, it is natural to define outcomes of strategies via prop-
erties of resulting paths rather than single states. The notion of temporal T-
Nash equilibrium, parameterized with a unary operator 7 = O, 0, <, _Up, YU _,
was proposed in [30]. Let o = (o1, ..., o) be a profile of strategic terms, and
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let T stand for any of the following operators: O, 0, <, U, yU_and let a be
an agent. Then we consider the following £47;; formulae:

BRI(0) = (strag(molbgt\{a}]) A (((a)T6}) — ((straola) (0)TP3))
velU
NE"(c) = /\ BRL(0)
acAgt
SPNT(s) = (0)ONET (o).

BRY (o) refers to o[a] being a T-best strategy for a against o[Agt\{a}]; NET (o)
expresses that strategy profile ¢ is a T-Nash equilibrium; finally, SPN7 (o)
defines o as subgame perfect T-NE. Thus, we have a family of equilibria: O-
Nash equilibrium, O-Nash equilibrium etc., each corresponding to a different
temporal pattern of utilities. For example, we may assume that agent a gets v if
a utility of at least v is guaranteed for every time moment (OpY), is eventually
achieved (¢py), and so on.

The correspondence between solution concepts and their temporal coun-
terparts for extensive games is captured by the following proposition.

Proposition 3 Let T be an extensive game. Then the following holds:
1. M(T),0 = NE®(0) iff [o]a(ry is a NEinT [30]F]
2. M(T'),0 = SPN° (o) iff[o]pry isaSPN inT.

Proof sketch

1. Since M(I") corresponds to an EF game, the “payoff” propositions p}
can only become true at the end of each path in M (T"). Thus, BRY (o) in
M (T), @ holds iff, whenever a can achieve the payoff of at least v against
o[Agt\ {a}] (by any strategy), it can also achieve that by using o[a]. That
is, a cannot obtain a better payoff by unilaterally changing her strategy.

2. M(T),0 = SPN®(o) iff M(T),q = NE®(0) for every g reachable from
the root @ (*). However, I is a tree, so every node is reachable from () in
M(T). So, by the first part, (*) iff o denotes a Nash equilibrium in every
subtree of I'. |

We can use the above ATLI formulae to express game-theoretical proper-
ties of strategies in a straightforward way.

Example 9 (Bargaining ctd.) We extend the CGS in Figure[6|to a CGS with
intentions; then, we have M, qy = NE® (o), with o interpreted in M, as s* (for
any x € [0,1)). Still, My, qo = SPN® (o) if, and only if, [o] a1, = s*.

3 The empty history () denotes the root of the game tree.
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We also propose a tentative ATLI characterization of Pareto optimality (based
on the characterization from [45] for normal form games):

PO ()= N\ N\ (((agt)T A\pi) = (straso) (T A\p) v (V- (@)700)))-

v’ st
’
v > vy

That is, the strategy profile denoted by ¢ is Pareto optimal iff, for every
achievable pattern of payoff profiles, either it can be achieved by ¢, or ¢ ob-
tains a strictly better payoff pattern for at least one player. Note that the
above formula has exponential length with respect to the number of pay-
offs in U. Moreover, it is not obvious that this characterization is the right
one, as it refers in fact to the evolution of payoff profiles (i.e., combinations of
payoffs achieved by agents at the same time), and not temporal patterns of
payoff evolution for each agent separately. So, for example, PO® () may hold
even if there is a strategy profile ¢’ that makes each agent achieve eventually
a better payoff, as long as not all of them will achieve these better payoffs at
the same moment. Still, the following holds.

Proposition 4 Let T be an extensive game. Then:
M(I),0 = PO® (o) iff [o] i (r) is Pareto optimal in T

Proof Let M(T), () = PO? (o). Then, for every payoff profile (vy, . . ., v;) reach-
able in I", we have that either [0] obtains at least as good a proﬁleE] or it ob-
tains an incomparable payoff profile. Thus, [¢] is Pareto optimal. The proof
for the other direction is analogous. [

Example 10 (Asymmetric matching pennies ctd.) Let M| be our match-
ing pennies model M, with additional propositions p! = money; (50, we assign to
money; a utility of 1 for i). Then, we have M}, qo = PO® (o) iff o denotes the
strategy profile (s, sp,).

3.5 General Solution Concepts

In this part we present an abstract formulation of our notion of general so-
lution concept. We will elaborate on it later in Section using our logic
ATLP.

We have seen in Section that some (but not all!) concurrent game
structures can be seen as extensive form games, which in turn defines their
correspondence to NF games. These CGS’s must be turn-based (i.e., play-
ers play by taking turns) and have a tree-like structure; moreover, they must

4We recall that A, p/" means that each player i gets at least v;.
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include special propositions that emulate payoffs and can be used to define
agents’ preferences. Now, we want to extend the correspondence to arbitrary
CGS’s. Our idea is to determine the outcome of a game by the truth of certain path
formulae (e.g., in the case of binary payoffs, we can see the formulae as win-
ning conditions). So, we give up the idea of assigning payoffs to leaves in a tree.
Instead, we see a concurrent game structure as a game, paths in the structure
as plays in the game, and satisfaction of some pre-specified formulae as the
mechanism that defines agents’ outcome for a given play.
Which formulae can be used in this respect?

Definition 10 (ATL Path Formulae) By ATL path formulae, we denote ar-
bitrary ATL formulae that are preceded by a temporal operator O, 0, U.

Given a CGS M and a path ) in M, satisfaction of path formulae is defined as
follows:

M XN Og iff MoAIL = ¢

M, \ E Qy iff M, \[i] E ¢ foralli e Ny

M, X = Uy iffthereisi € Nowith M, \[i] = v, and M, \[j] = ¢ forall0 < j <.
We propose that player ¢’s preferences can be specified by a finite list of

path formulaen; = (n},...,n!") (Where n; € N) with the underlying assump-
tion that agent i prefers n} most, n? comes second best etc., and the worst

outcome occurs when no 7}, ..., n!" holds for the actual play. Thus, n; im-
poses a total order on paths in a CGS.
For k players, we need a k-vector of such preference lists 77 = (1, ..., 7).

Then, every concurrent game structure gives rise to the strategic game de-
fined as below.

Definition 11 (From CGS To NF Game) Let M be a CGS, q € @, a state,
and 1 = (n,...,m) avector of lists of ATL path formulae, where k = |Agt|.

Then we define S(M, 77, q), the NF game associated with M, 77, and ¢, as the
strategic game (Agt, A1, ..., Ay, ), where the set A; of i’s strategies is given by &,
for each i € Agt, and the payoff function is defined as follows:

n; —j+1 ifn! is the first formula from ; such that M, \ = ]
wilar,...,a) = forall \ € out(q,{(as,...,a)),

0 no ! is satisfied

wheren; = (n},...,n'), 1 < j < n; and we write u; for ju(3).
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Below, we present the generalized version of temporal Nash equilibrium
and temporal subgame perfect NE.

BRJ(0) = (stragmolage\ {a}) A (((ahnd) = ((stracla)) \/ (0)n0))

NET(o) = J\ BRJ (o)
a€chAgt
SPN7(s) = (0WONET (o).

The case with a single “winning condition” per agent is particularly inter-
esting. Clearly, it gives rise to a normal form game with binary payoffs (cf.,
for instance, our informal discussion of the “matching pennies” variant in
Example[6). We will stick to such binary games throughout the rest of the
paper (especially in Section [5.3]|where general solution concepts are studied
in more detail), but one can easily imagine how the binary case extends to
the case with multiple levels of preference.

4 TheLogic ATLP

Agents have limited ability to predict the future. However, some lines of ac-
tion seem often more sensible or realistic than others. If a rationality cri-
terion is available, we obtain means to focus on a proper subset of possible
plays. In game theoretic terms, we solve the game, i.e., we determine the most
plausible plays, and compute their outcome. In game theory, the outcome
consists of the payoffs (or utilities) assigned to players at the end of the game.
In temporal logics, the outcome of a play can be seen in terms of temporal
patterns that can occur — which allows for much subtler descriptions. In
Section |3.4|we explained how rationality can be characterized with formu-
lae of modal logic (ATLI in this case). Now we show how the outcome of
rational play can be described with a similar (but richer) logic, and that both
aspects can be seamlessly combined.

Our logic ATLP (“ATL with Plausibility”) comes in several steps, based on
different underlying languages:

chase,: Sets of plausible/rational strategy profiles can be only referred to via
atomic plausibility terms (constants) whose interpretation is “hardwired”
in the model. A typical £53¢, statement is (set-pl w)Plp: Suppose that
the set of rational strategy profiles is defined by w - then, it is plausible to ex-
pect that ¢ holds. For instance, one can reason about what should hap-
pen if only Nash equilibria were played, or about the abilities of players
who play only Pareto optimal profiles, had terms for NE and PO been
included in the model.
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Lorrp: A mild extension of £53¢,. We allow some combinations of the con-
stants of £53%, to form more complex terms.

Lappar: Anintermediate language, where rational strategy profiles are char-
acterized by ATLI formulae.

Lk pt Here we have nestings of plausibility updates up to level k. It turns
out that £ 4qy parur is already embedded in £}y p.

Larrp: Unbounded nestings of formulae are allowed.

The language £53¢, is presented in Sections and Then, in Sec-
tion [4.3] we consider an intermediate step, namely plausibility terms writ-
ten in ATLI. They serve as a motivation to extend £33, to £}, », and, more
generally, to a hierarchy Lapp = limy_ o Efmp which we investigate in Sec-

tion[4.4l

4.1 The Language £}35¢,

We extend the language of ATL with operators Pl, , (set-pl w), and (refn-pl w).
The first assumes plausible behaviour of agents in A; the latter are used to fix
the actual meaning of plausibility by plausibility terms w. As yet, the terms

are simply constants with no internal structure. Their meaning will be given
later by a denotation function linking plausibility terms to sets of strategy
profiles.

Definition 12 (£533¢,) The base language £5%5¢,(Agt, 11, Q) is defined over nonempty
sets: I1 of propositions , Agt of agents, and Q) of plausibility terms. We use p, a,w to
refer to typical elements of 11, Agt, Q) respectively, and A to refer to a group of agents.
Larrp(Agt, I1, Q) consists of all formulae defined by the following grammar:

pu=pl-wlone| (A) Op | (A)Op | (A)eUep |
Ply o | (set-pl w)p | (refn-pl w)e,

Additionally, we define O as TUp, Pl as Plyg,, and Ph as Ply. We will often
use £585¢, to refer to the language if the sets are clear from the context.

Pl, assumes that agents in A play rationally; this means that the agents
can only use strategy profiles that are plausible in the given model. In par-
ticular, P1 (= Plag ) imposes rational behaviour on all agents in the system.
Similarly, Ph disregards plausibility assumptions, and refers to all physically
available scenarios. The model update operator (set-pl w) allows to define
(or redefine) the set of plausible strategy profiles (referred to by T in the
model) to the ones described by plausibility term w (in this sense, it imple-
ments revision of plausibility). Operator (refn-pl o) enables refining the set
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of plausible strategy profiles, i.e. selecting a subset of the previously plausible
profiles.

With ATLP, we can for example say that P1 ((()) O(closed A\Ph {(guard)) O —closed):
It is plausible to expect that the emergency door will always remain closed, but the
guard retains the physical ability to open it; or (set-pl wy )Pl (2)) Omoney,: Sup-
pose that only playing Nash equilibria is rational; then, agent a can plausibly reach
a state where she gets some money.

We note that, in contrast to [16)} [43], [9], the concept of plausibility pre-
sented in this article is objective, i.e. it does not vary from agent to agent.
This is very much in the spirit of game theory, where rationality criteria are
used in an analogous way. Moreover, it is global, because plausibility sets do
not depend on the state of the system. Note, however, that the denotation
of plausibility terms depends on the actual state.

4.2 Semantics of L5355,

To define the semantics of ATLP, we extend CGS’s to concurrent game struc-
tures with plausibility. Apart from an actual set of plausible strategies Y, a con-
current game structure with plausibility (CGSP) must specify the denotation of
plausibility terms w € Q. It is defined via a plausibility mapping

[1: @~ (2= P()

Instead of [¢](w) we will often write [w]? to turn the focus to the plausibility
terms. Each term is mapped to a set of strategy profiles. Note also, that the
denotation of a term depends on the state. In a way, the current state of the
system defines the “initial position in the game”, and this heavily influences
the set of rational strategy profiles for most rationality criteria. For example,
a strategy profile can be a Nash equilibrium (NE) in ¢y, and yet it may not be
a NE in some of its successors.

We will propose a more concrete (and more practical) implementation of
plausibility terms in Section 4.4

Definition 13 (CGSP) A concurrent game structure with plausibility (CGSP)
is given by a tuple

M = (Agt, Q,II,m, Act,d,0, T, [-])

where (Agt, Q, 11, m, Act,d, o) isa CGS, Y C X is a set of plausible strategy profiles
(called plausibility set); Q) is a set of of plausibility terms, and [] is a plausibility
mapping over Q) and .

By CGSP(Agt,I1, Q) we denote the set of all CGSP’s over Agt, 11 and Q. Fur-
thermore, for a given CGSP M we use Xy to refer to element X of M, e.g., Qn to
refer to the set Q) of states of M.
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Definition 14 (Compatible model) Given a formula ¢ € Lpp(Agt, 1, )
a CGSP M is called compatible with ¢ if, and only if, M € CGSP(Agt,II, Q).
That is, the model interprets all symbols occurring in . A model M is called com-
patible with a set L of ATLP formulae if, and only if, M is compatible with each
formula in L.

We will assume by default that, given a formula or a set of formulae, the model
we consider is compatible with it.

The formula P1{{A)~ implies that A can only play plausible strategies.
Thus, A’s part of the strategy profiles in Y is of particular interest which mo-
tivates the following definition.

Definition 15 (Substrategy) Let A, B C Agt be groups of agents such that
A C Bandlet sgp € X be a collective strategy for agents B. We use sp| 4 to denote
A’s substrategy t 4 contained in sp , i.e., strategy t4 € ¥ 4 such thatt = s% for
every a € A.E] For a singleton coalition {a}, we also write s |, instead of sp|{q}-

For a given set Pg C X of collective strategies of agents B, Pg| 4 denotes the set
of A’s substrategies in Pg, i.e.:

PB|A = {SA €Xa | HS/B € Pp (SIB|A = SA)}.

Often, we impose restrictions only on a subset B C Agt of agents, with-
out assuming rational play of all agents. This can be desirable due to several
reasons. It might, for example, be the case that only information about the
proponents’ play is available; hence, assuming plausible behavior of the op-
ponents is neither sensible nor justified. Or, even simpler, a group of (simple
minded) agents might be known to not behave rationally.

Consider formula Plg ((A))~: The team A looks for a strategy that brings
about -, but the members of the team who are also in B can only choose
plausible strategies. The same applies to A’s opponents that are contained in
B. Strategies which comply with B’s part of some plausible strategy profile
are called B-plausible.

Definition 16 (B-plausibility of strategies) Let A, B C Agt and sy €
Y 4. We say that s, is B-plausible in M if, and only if, B’s substrategy in s
is part of some plausible strategy profile in M, i.e., if salang € Y| anB-

By Y,,(B) we denote the set of all B-plausible strategy profiles in M. That is,
T, (B)={s€X|s|lg €7T,ls} Notethat s, is B-plausibleiff s4 € T ,,;(B)|a.

We observe that s 4 is trivially B-plausible whenever A and B are disjoint.

As mentioned above, if some opponents belong to the set of agents who
are assumed to play plausibly then they must also comply with the actual
plausibility specifications when choosing their actions; this is taken into ac-
count by the following notion of plausible outcome.

5 We recall that s% (resp. t%) denotes a’s part of sp (resp. ta).
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Definition 17 (B-plausible outcome) The B-plausible outcome, outys(q, sa, B),
with respect to strategy s 4 and state q is defined as the set of paths which can occur
when only B-plausible strategy profiles can be played and agents in A follow s 4:

outp(q,s4,B) = {X€ An(q)| thereexists a B-plausible t € 3 such that
t|a = sa andoutp(q,t) = {A}}.

Note that the outcome out s (g, sa, B) is empty whenever the (AN B)’s part
of s4 is not part of any plausible strategy profile in T,,. For example, assume
that all agents in B play only parts of Nash equilibria. Then for a given s4
there are two possibilities for the B-consistent outcome. Either it is empty
because (A N B)’s part of s4 does not belong to any Nash equilibrium, or it
consists of all paths which can occur when (1) A stick to s4, (2) B (including
A N B) play according to some Nash equilibrium, and (3) the other agents
behave arbitrarily.

The truth of ATLP formulae is given with respect to a model, a state, and
a set B of agents. The intuitive reading of M, q =5 ¢ is: “p is true in model
M and state ¢ if it is assumed that players in B play rationally”, i.e., by us-
ing only plausible combinations of strategies. No constraints are imposed
on the behaviour of agents outside B, but the plausibility operator Pl 4 can
be used to change the set of agents (viz A) whose play is restricted. The up-
date/refinement modalities (set-pl w)/(refn-pl w) are used to change the
plausibility set T',, in the model.

Definition 18 (Semantics of £835¢,) Let M € CGSP(Agt,11,Q)and A, B C
Agt. The semantics of ATLP formulae is given as follows:

M,q =g p iffp€n(q)andp € 11
M7q ':B P lﬁM7q l7éB 2
M,qEp AN iff M,q = ¢and M, q =g ¥

M,q Ep {(A) O iff there is a B-plausible s s.t. M, \[1] Ep ¢ forall X €
outM(q,sA,B)

M,q Ep (A)Oyp iff there is a B-plausible s4 s.t. M, \[i] Ep ¢ forall A €
outpr(q,sa,B)andalli € Ny

M, q =g (A)oUy iffthereis a B-plausible s 4 such that, forall \ € outa(q, sa, B),
thereis i € No with M, \[i] =g ¢, and M, \[j] Ep ¢ forall 0 < j <i

M,qEpPlag iff M,ql=a ¢

M,q Ep (set-plw)p iff M', q =5 © where the new model M’ is equal to M but
the new set Y, of plausible strategy profiles of M’ is set to [w]%,.
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M,q =g (refn-pl w)y iff M',q =5 © where M' is equal to M but Y ,,, set to
Ty O [wlis

The “absolute” satisfaction relation |= is given by |=y.

Definition 19 (Validity) Lety € Larp(Agt,II, Q) and M C CGSP(Agt,I1,Q).
Formula ¢ is valid with respect to I if, and only if, M, q = ¢ for every M € M
and state g € Q.

Note that an ordinary concurrent game structure (without plausibility)
can be interpreted as a CGSP with all strategy profiles assumed plausible,
i.e., with T = ¥, and empty set of plausibility terms €.

Let us clarify the semantics behind P1 5 {(A4))y once more. The proponents
(A) look for a strategy that enforces «; some of them (A N B) are assumed to
play a part of a plausible strategy profile while the others (4 \ B) can choose
an arbitrary collective strategy. Analogously, some opponents (B\ A) are sup-
posed to play plausibly (that complies to set T,, together with the strategy
already chosen by A N B), while the rest (Agt \ (A U B)) have unrestricted
choice. In particular, when B = A, only the choices of the proponents are
restricted; for B = Agt \ A plausibility restrictions apply to the opponents
only.

Remark 5 Weobserve that our framework is semantically similar to the approach
of social laws [39, 34} [46]]. However, we refer to strategy profiles as rational or
not, while social laws define constraints on agents’ individual actions. Also, our
motivation is different: In our framework, agents are expected to behave in a speci-
fied way because it is rational in some sense; social laws prescribe behaviour sanc-
tioned by social norms and legal regulations.

Example 11 (Asymmetric matching pennies ctd.) Supposethatitis plau-
sible to expect that both agents are rational in the sense that they only play un-
dominated strategies?| Then, Y = {(sn,sn), (sn,s:)}. Under this assumption,
agent 2 is free to grant itself with the prize or to refuse it: P1({(2))<" money, A
{(2)) O—money,). Still, it cannot choose to win without making the other player win
too: P1—((2))>(moneya A —moneys ). Likewise, if rationality is defined via iterated
undominated strategies, then we have T = {(sy, s)}, and therefore the outcome
of the game is completely determined: P1 {(())) O(—start — money; A moneys).

Note that, in order to include both notions of rationality in the model, we can
encode them as denotations of two different plausibility terms - say, wundom and
Witer, With [[wundom]]qo = {(Shv Sh)a (Sha St)}; and [[Witer]]qo = {(Slm Sh)}- Lt’tM{ be
model M, with plausibility terms and their denotation defined as above. Then,

6 We recall from Section that a strategy s, € X, is called undominated i, and only if,
there is no strategy s/, € X, such that the achieved utility of s/, is at least as good as for s, for
all counterstrategies s_, € g\ (o} and strictly better for at least one counterstrategy s_, €

agt\{a}+
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we have that M7, qo = (set-pl wyndom)P1({(2))Omoney, A (2))O-money,) A
(set-pl w;z.,)PL{(D) O(—start — money; A moneyy).

Out of many solution concepts, Nash equilibrium is the most widely ac-
cepted, especially for non-cooperative games. We briefly extend our working
example with game analysis based on Nash equilibrium. Note that, in this
case, it is not possible to define rationality with independent constraints on
agents’ individual strategies (like in normative systems). These are full strat-
egy profiles being rational or not, since rationality of a strategy depends on
the actual response of the other players.

Example 12 (Asymmetric matching pennies ctd.) Suppose that rational-
ity is defined through Nash equilibria. Then, Y = {(sp, s1), (st, s¢)}. Under this
assumption, agent 2 is sure to get the prize: P1 ((0)) O(—start — money,).

Moreover, by choosing the right strategy, 2 can control the outcome of the other
agent: P1({(2)) O(—start — money;) A {(2)) D—money;). Note that agent 1 can con-
trol her own outcome too, if we assume that the players are obliged to play ratio-
nally: P1({1)O(—start — moneyy) A {1))O-money;). This may seem strange,
but a Nash equilibrium assumes implicitly that the agents coordinate their actions
somehow. Then, assuming a particular choice of one agent in advance constrains
the other agent responses considerably, which puts the first agent at advantage.

Example 13 (Bargaining ctd.) Letwy g denotethe set of Nash equilibria (ev-
ery payoff can be reached by a Nash equilibrium), and wspy the set of subgame
perfect Nash equilibria in the game. Then, the following holds for every xz € [0, 1]:

Mé7q0 ’: 1-5 55(1—67)
(set-pl wnp)(1,2) O(pf A p; ) A (set-pl wspn ) (D) O(py ™2 Ap, 7).

where MY is given by M, extended by plausibility terms and their denotation as
introduced above.

Finally, we observe that the “plausibility refinement” operator (refn-pl -)
can be wused to combine several solution concepts, e.g.,
(set-pl wyg)(refn-pl wpp) restricts plausible play to Pareto optimal Nash
equilibria. We can also use (refn-pl -) to compare different notions of ratio-
nality. For example, (set-pl wyg)(refn-pl wpo){(Agt) OT can be used to
check if Pareto optimal NE’s exist in the model at all.

The base language £53%¢, allows to restrict the analysis to a subset of avail-
able strategy profiles. One drawback of £533¢, is that we cannot specify sets of
plausible/rational strategy profiles in the object language, simply because our
terms do not have any internal structure — they are just constants. Ideally,
one would like to have a flexible language of terms that allows to specify any
sensible rationality assumption, and then impose it on the system.
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Our first step is to employ formulae of ATLI and make use of the results in
Section The second step is to define a proper extension of £33, where
these concepts can be expressed, thus enabling both specification of plau-
sibility and reasoning about plausible behaviour to be conducted in ATLP.
The idea is to use ATLP formulae 6 to specify sets of plausible strategy pro-
files, with the intended meaning that Y collects exactly the profiles for which
¢ holds. Then, we can embed such an ATLP-based plausibility specification
in another formula of ATLP.

4.3 Plausibility Terms based on ATLI

Definition 20 (£ pyparr) LetQ* = {(0.0) | 6 € Larri(Agt, I1, {o[1],...,0[k]})}.
That is, Q* collects terms of the form (0.9), where 0 is an ATLI formula including
only references to individual agents’ parts of the strategy profile J.[ZI The language
of ATLP*™ s defined as £0%5,(Agt, TT, ).

The idea behind terms of this form is simple. We have an ATLI formula
6, parameterized with a variable ¢ that ranges over the set of strategy profiles
Y. Now, we want (¢.6) to denote exactly the set of profiles from ¥, for which
formula 0 holds. However - as o denotes a strategy profile, and ATLI allows
only to refer to strategies of individual agents - we need a way of addressing
substrategies of ¢ in 6. This can be done by using ATLI terms o[i], which are
interpreted as i’s substrategy in o.

For example, we may assume that a rational agent does not grant the other
agents with too much control overitslife: (0. A\ ,cq((straofa])=(Agt \ {a})) Odead,)).
Note that games defined by CGS’s are, in general, not determined, so the
above specification does not guarantee that each rational agent can efficiently
protect her life. It only requires that she should behave cautiously so that her
opponents do not have complete power to kill her.

Definition 21 (Denotation of ATLI-based plausibility terms) Let M
be a CGS of the form M = (Agt, Q, 11,7, Act, d, o) and Q* be as in Definition[20]
For each s € ¥ we define M* to be the following CGS with intentions:

M* = (Agt, Q,TI, 7, Act,d, 0,Z°, Gtx, [-])

with Gtr, = {oa]}, and [o[a]] = s[a]. We recall from Section[3.4|that I° represents
the full intention relation.
The plausibility mapping for terms from Q2* is defined as:

[c.0]" ={seX| M?°qf06}.

It is now possible to plug in arbitrary ATLI specifications of rationality,
and reason about their consequences.

7 o is the only variable in ¢ and refers to a strategy profile.
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Example 14 (Asymmetric matching pennies ctd.) Itseems that explicit
quantification over the opponents’ responses (not available in ATLI) is essential to
express undominatedness of strategies (cf. [45)] and Section[5.3). Still, we can at
least assume that a rational player should avoid playing strategies that guaran-
tee failure if a potentially successful strategy is available. Under this assumption,
player 1 should never play tail, and in consequence player 2 controls the outcome of
the game:

M, qo | (set-pl o. )\ . ((Agt) Omoney, — (strqofa]){(Agt)) Omoney,))
PI1 ({(2)) ©(money1 A money,) A ((2)) D= (money; A money>)).

where M/ is the CGS M, extended with propositions p! = money;, ATLI-based
plausibility terms, and their denotation according to Definition|[21]

Moreover, if only Pareto optimal strategy profiles can be played, then both players
are bound to keep winning money:

M}, qo |= (set-pl 0.PO° (o)) P1{(() O(—start — money; A money,).

Finally, restricting plausible strategy profiles to Nash equilibria guarantees that
player 2 should plausibly get money, but the outcome of player 1 is not determined:

MY, qo = (set-pl o.NE® (o)) P1({(0))O(-start — moneyy)
A=((@) Gmoney; A —((0)) D-moneys).

Example 15 (Bargaining ctd.) For the  bargaining  agents  and

k=(1- 62)% + (8165) 2, we have accordingly:

1. Mj,qo = (set-pl O"NEQ(U))PI (0 O(p’{ A p;7X) for every x;
2. Mj,qo = (set-pl o.SPN°(0))PL(W) O (pf A p5~");

3. M}, qo = (set-pl 0.SPN®(c))PL{D)O(—p;t A —py:) for every 1 # r and
o £ 1—kK

where M}, is the CGSP obtained from CGS M, by adding ATLI-based plausibility
terms and their denotation.

Thus, we can encode a game as a CGS M, specify rationality assumptions
with an ATLI formula 6, and ask if a desired property ¢ of the system holds
under these assumptions by model checking (set-pl ¢.0) in M. Note that
the denotation of plausibility terms in Q* is fixed. We report our results on
the complexity of solving such games in Section[6]

DEPARTMENT OF INFORMATICS 28



- 'l Clausthal

REASONING ABOUT TEMPORAL PROPERTIES OF RATIONAL PLAY

4.4 Language L pand L3 p

As we have already explained, our main idea is to use ATLP for both specifi-
cation of rationality assumptions and describtion of the outcome of rational
play. Thus, we need a possibility to embed an ATLP formula ¢ (that defines
the rationality condition) in a “higher-level” formula of ATLP, as a part of
plausibility term (set-pl o.¢). The reading of (set-pl o.p) is, again: “Let
the plausibility set consist of profiles ¢ that satisfy ¢; then, i) holds”. Apart
from the possibility of nesting formulae via plausibility updates, we also pro-
pose to add quantifier-like structures to the language of terms. Consider, for
example, the term o.(302)¢. We would like to collect all strategies s; such
that there is a strategy s, for which ¢ holds (we use o; to refer to s;). Thus,
o1.(302)¢ is supposed to act in a similar way as the first order logic-based set
specification {z | Jy : ¢(x,y)}. [tis easy to see that e.g. the set of all undom-
inated strategies can now be specified in a straightforward way.

As before, the new version of ATLP is given over a set Agt = {a1,...,ax}
of agents, a set IT of propositions, and a set Q2 of primitive plausibility terms
(cf. Section[3.4). In addition to these sets, we also include a set Var of strate-
gic variables. Variables in Var range over strategy profiles; we need them to
characterize specific rationality criteria, in a way similar to first order logic
specifications.

The definition of L4r;p is given recursively. In each step the structure of
plausibility terms becomes more sophisticated. At first, we only consider
terms out of ; their interpretation is given in the model. On the next level,
we also allow plausibility terms to be quantified ATLP formulae which con-
tain strategic variables and elements from (2. Plausibility terms of subsequent
levels can again be based on terms from the previous levels, and so forth. In
consequence, the core 0-level language of our new ATLP is almost the same
as the base language £53¢, defined in Section It extends it with simple
combinations of terms.

In general, all the levels of the language can be seen as containing ordinary
formulae of the original ATLP, the only thing that changes as we move to
higher levels is the complexity of plausibility terms. We begin with defining
simple combinations of plausibility terms, and then present the hierarchy
of languages L%, », with the underlying idea that £%., , allows for at most &
(k € Np) nested plausibility updates. The full language Larzp allows for any
arbitrary finite number of nestings.

Definition 22 (Strategic combination) Let Agt denote a set of agents and
X be a non-empty set of symbols. We say that y is a strategic combination of z if
it is generated by the following grammar:

yu=z |y, .,y | ylA]
wherex € X, (y,...,y) is a vector of length |Agt|, and A C Agt. The set of strate-
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gic combinations over X is defined by T(X). It is easy to see that operator T is
idempotent (T(X) = T(7T(X))).

The intuition is that elements of x € X are symbols in the object language
that refer to sets of strategy profiles, and the elements of 7(X) allow to com-
bine these sets to new sets°| Let = refer to a set of strategy profiles x C X.
Then, z[A] refers to all the profiles in ¥ in which A’s substrategy agrees with
some profile from y. Similarly, if z,...,z; denote sets of strategy profiles
X1,---5 Xk, then (z1, ..., ) refers to all the profiles that agree on a,;’s strategy
with at least one profile from y; foreachi =1,... k.

Definition 23 (L, p) Let Agt be a set of agents, 11 a set of propositions, 2 be
a set of primitive plausibility terms, and Var a set of strategic variables (with
typical element o). The logics Ef\TLP(Agt, I, Var,Q), k =0,1,2, ..., arerecursively
defined as follows:

o L p(Agt, I, Var, Q) = £58¢,(Agt, I1,Q),  where Qo = T(Q2);

o Lk o(Agt, 1L, Var, Q) = £5as¢,(Agt, T1,Qy),  where:
Q= T(_1 UQK),
OF = {61.(Q202) ... (Quon)p | neENVIi(1<i<n=
o; € Var, Q; € {¥,3},p € L5858 (Agt, TI, T(Qy_1 U {o1,...,00}))) }.

Thus, plausibility terms on level & (i.e., ;) augment terms from the pre-
vious level (Q;_1) with new terms QF that combine quantification over strate-
gic variables o1, . . . o, with formulae possibly containing these strategic variables.
Such terms are used to collect (or describe) specific strategy profiles (referred
to by variable o; which plays a distinctive role in comparison with the other
variables).

Definition 24 (Larrp) The set of ATLP formulae with arbitrary finite nesting
of plausibility terms is defined by

Lamp = L3 p(Agt, TT, Var, Q) = lim Ll p(Agt, T, Var, Q).
Definition 25 (k-formula, k-term) Formula ¢ € L35, p(Agt,II, Var, Q) is

called an ATLP"-formula (or simply k-formula) if, and only if, ¢ € Lk ,(Agt, 1, Var, Q).
Analogously, a plausibility term occurring in a k-formula is called a k-term.

Remark 6 We use the acronym ATLP to refer to both the full language L35, p
and the basic sublanguage L5,

8 This correspondence will be given formally in Deﬁnition(Section.
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Example 16 (Illustrating plausibility terms in £%,, ,) Below we present
some simple formulae illustrating the different levels of our logic.

chase: (set-pl wyp)P1{(A)~; group A can enforce ~ if only Nash equilibria are
played (we assume that wng denotes exactly the set of Nash equilibria in the
model).

Lorp: (set-pl (wng, . .., wnE))PL{(A)v; plausibility terms can be combined. Note
the difference to the previous formula, agents are assumed to play a strategy
which is part of some NE. The resulting strategy profile does not have to be a
Nash equilibrium, though.

Liqp: ¢ = (set-pl 0.301¢'(0,01))PL{(A)y where ©'(0,01) is a formula pos-
sibly containing operators (set-pl w) withw € T(Q U {0,01}); e.8. ¢’ =
(set-pl (0,...0,01,WNE))
P1{A)~'. We will have a closer look at the (set-pl -) operator in . The
operator collects all strategies o such that there exists another strategy profile
o1 for which P1{{A))~' holds if all but the last 2 agents play according to o,
the second to last agent plays according to o1, and the last one according to a
fixed strategy out of wng.

LApp: Consider the previous formula o again, but this time ¢'(o,01) can also
contain quantification; e.g. ¢' = ((set-pl (o, ... ,0,01,wng))PL{B)Y') —

(set-pl o' Ao " (o7, 01))PL{(A)~) where ©" (¢’ o)) is a base formula with
plausibility terms taken from T(Q U {d’, o1 }).

In the next section we show how the denotation of complex terms is con-
structed, and how it is plugged into the semantics of ATLP from Section 4.2

4.5 Semantics of L, and L5 p

£k » does not change the very structure of ATLP formulae, it only extends
£h3%¢ by more ornate plausibility terms. Therefore, it seems natural that the
plausibility mapping for theses terms is of particular interest; the denotation
reflects the construction of strategic combinations given in Definition[22]

Definition 26 (Extended plausibility mapping []) Let M € CGSP(Agt, 11, 9).
The extended plausibility mapping [-],, with respect to [-]ar is defined as fol-
lows:

—~q

1. Ifw € Qthen [w],, = [w]%,

2. Ifw = W'[A] then [[/w\]]L ={se¥ |3 e m;lu sla=¢al;
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3. Ifw = (w1,...wy) then [[Zu\]]i{ ={seX|I € [[:)T]]?V[,...,Etk € [[L;]]LW =
1,k sla; = tila;)}s

4. Ifw = 01.(Q20'2) A (Qnan)cp then

—~ q ) s
[[w]]M = {81 cx ‘ Q282 S Ea“-anSn €ex (Méhm’knvq ): 50)}’

where M1 js equal to M exceptthatwe fix Yy e,...en = 2, Qpgeroom =
QU {0'17 R 7Jn}, [I:O—i]]}]wsl,...,sn = {52}; and [[W]](]Zwsl ..... sn = [[(U]] for all
w # 04,1 <i<n,andq € Qu. Thatis, the denotation of o, in Mélv »Sn g
set to strategy profile sl[ﬂ

Consider, for instance, plausibility term o,.Voyp. The extended plausibil-

ity mapping [[Ul./Va\gga]] , collects all strategy profiles s; € X (referred to by o1)
such that for all strategy profiles s, € ¥ (referred to by o3) ¢ is true in model
M#152 and state ¢ € @, i.e. M52 g = pforall s5 € X.

Remark 7 Note that if the language includes a term w+ that refers to all strategy
profiles, then x[A] can be expressed as (w1, . .. ,wy), Where w, = z, fora € A, and
wa = wT otherwise. We also observe that in L%, ,, k > 0, wT can be expressed as
o.T.

In Definition [I8|we defined the semantics of the base language of ATLP.
Truth of £}, formulae is defined in the same way, we only need to replace
the previous (simple) plausibility mapping by the extended one in the se-
mantics of plausibility updates.

Definition 27 (Semantics of L%, p and LS5y p) The semantics for Larrp for-

mulae is given as in Deﬁnztzonwzth the extended plausibility mapping [[ 1, used

instead of [-]as- Le., only the semantic clauses for (set-pl w)p and (refn-pl w)p

change as follows:

M,q Ep (set-plw)p iff M', q =5 © where the new model M’ is equal to M but
the new set Y, ,, of plausible strategy profiles is set to [w] ?w'

M,q Ep (refn-pl w)p iff M',q =p © Where the new model M’ is equal to M
but the new set Y ,;, of plausible strategy profiles is setto T ,,; N [[w]]?w.

Remark 8 By a slight abuse of notation, we will refer to the extended plausibility
mapping with the same symbol as to the simple plausibility mapping, i.e., with [-].

We will discuss some important examples of £47;p formulae and terms (to-
gether with their interpretation) in Sections[5.2]and [5.3|where ATLP char-
acterizations of solution concepts are presented.

9 It should be emphasized that model M*1:-5n in which plausibility of profile s; is evalu-

ated does not presuppose any notion of plausibility, i.e., T, s,,...,s, = Z.

DEPARTMENT OF INFORMATICS 32



- 'l Clausthal

REASONING ABOUT TEMPORAL PROPERTIES OF RATIONAL PLAY

5 Properties of ATLP

This section contains our main conceptual results. We show:

1. That several logics can be embedded into ATLP by means of polyno-
mial translation of models and/or formulae (Section|5.1)),

2. That several classical solution concepts for extensive games (Nash equi-
libria, subgame perfect Nash equilibria, Pareto Optimality), can be chazr-
acterized in ATLP already in the language £}, , (Section[5.2),

3. That these solution concepts can be also re-formulated in a qualitative
way, through appropriate formulae of ATLP parameterized by ATL
path formulae (Section|5.3).

5.1 Embedding Existing Logics into ATLP

In this section, we compare ATLP with several related logics and show their
formal relationships. To this end, we first define notions that allow to com-
pare expressivity of logical systems. Embedding takes place on the level of
satisfaction relations (=): Logic L; embeds L, if models and formulae of L,
can be simulated in L, in a truth-preserving way. Subsumption refers to the
level of valid sentences: L, subsumes L if all the validities of L, are validities
of L, as well.

Definition 28 (Embedding) Logic L, embeds logic L, iff there is a transla-
tion tr of Ly formulae into formulae of Ly, and a transformation TR of L, models
into models of L1, such that M, q =, ¢ iff TR(M),q =, tr(y) for every pointed
model M, q and formula o of Lo.

Note that the translation of formulae and transformation of models are
supposed to be independent. This prevents translation schemes that trans-
form triples M,q E ¢ in Ly to M’,q = T, and triples M,q [~ ¢ in Ly to
M’,q £ L (with an arbitrary model M), that would yield embeddings be-
tween any pair of logics.

It is important to point out that all the transformation and translation
schemes proposed in this section can be computed in polynomial time and
incur only polynomial increase in the size of models and the length of for-
mulae. Thus, we are in fact interested in polynomial embeddings of logics in
ATLP.

Definition 29 (Subsumption) Logic L, subsumes logic L, iff the set of va-
lidities of L, subsumes validities of L.

Proposition 9 ATLP embeds ATL.
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Proof We use the identity translation of formulae: ¢r () = ¢. As for models,
TR(M) = M’ that extends M with an arbitrary set of plausible strategy pro-
files T. It is easy to see that the plausibility assumptions T will never be used
in the evaluation of ¢ since ¢ includes no P1 operators. Thus, the result of
the evaluation will be the same as for M, q = ¢. |

The above reasoning implies also that ATL validities hold for all ATLP
models.

Corollary 10 ATLP subsumes ATL.

The relationship of ATLP to most other logics can be studied only in the
context of embedding, as they use different modal operators (and thus yield
incomparable sets of valid formulae). We begin with embedding “ATL with
Intentions” [30] in ATLP. Then, we show that “CTL with Plausibility” from [10]
can be embedded in ATLP for a limited (but very natural) class of models. Fi-
nally, we propose an embedding of the two existing versions of Game Logic
with Preferences [S0, [51] which allow to reason about what can happen un-
der particular game-theoretical rationality assumptions.

Proposition 11 ATLP embeds ATLI.

Proof sketch For an ATLI model M = (Agt, Q,II, 7, Act,d,0,Z, Str, []), we
construct the corresponding concurrent game structure with plausibility TR(M) =
(Agt, Q, 11,7, Act, d,0, T, Q, [-]) with the set of plausible strategy profiles T =
{s € | sis consistent with 7}, plausibility terms Q = {w, | 0 € &tt} U{w~},
and their denotation [wr]? = ¥ and [w,]? = {s € X | s|, = [o]} for each
o € Gtr,.

For an ATLI formula ¢, we construct its ATLP translation by transform-
ing strategic assumptions (about agents’ intentions) imposed by (str,o) to
plausibility assumptions (about strategy profiles that can be plausibly played)
defined by (set-pl w,) and applying them to the appropriate set of agents
(i.e., those for whom strategic assumptions have been defined). Formally,
the translation is defined as tr(¢) = Pl tr(, .. ..)(p), wheretr, . ., isde-
fined as follows:

.

o,y (D) = D,
i) (C9) = Tt (9),
(g, (P1AQ2) = i) (01) ATy (92),
£ wr o) (AN O9) = (A) Otre,, ) (9);

(for ((A)) Oy and (A))p1U e, analogously)

7 (o) (SETa0)0) = (set-pl W)trg (),
where W (Wi, Wty W)
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Note that, for “vanilla” ATLI, ((A))~ holds iff v can be enforced against
every response strategy from Agt \ A. Thus, e.g., M,q E, (streo,){(A) Op iff
TR(M), q Eump Pl(set-pl (wT,...,ws,,...,wT)){(A)Op, and analogously for
the other cases. |

CTLP,i.e., “CTL with Plausibility” [10], is an extension of the branching-
time logic CTL with a similar notion of plausibility as the one we use here.
The main difference lies in the fact that CTLP formulae refer to plausible
paths rather than strategy profiles.

Proposition 12 ATLP embeds CTLP in the class of transition systems.

Proof sketch To transform models, we first observe that every transition sys-
tem M can be seen as a concurrent game structure that includes only a single
agent a;. Furthermore, we can transform M to a CGSP TR(M) by adding
T = Y and Q = @ (cf. Section[4.I). To translate CTLP formulae, we use the
scheme below:

tr(p) = T (set-pl 5.T) (©)
tro(p) = p tro(op) = 2tru(p),  tro(er Ape) = tro(e) Atre(e2),
ro(Ey) = (Agt)ira(y),
tr,(O¢) = Otry(p) (for Op and p1Up, analogously);
tr,(Ply) = (set-pl w)Plir, (),
tr,(Phy) = Phir,(p),
tro((set-ply)p) = tro(p),
where ' = o.(set-pl o)PL{(0)~.

NOW’ M7 q ):CTLP @ iff M? q ':AT]_P t/]"((p).
Note that we cannot use the above construction for arbitrary models of

CTLP, as not every set of (plausible) paths can be obtained by memoryless
strategy profiles. [ ]

Proposition 13 ATLP cannot be polynomially embedded in neither ATL, nor
ATLI, nor CTLP.

Proof Suppose that any of these logics polynomially embeds ATLP. Then,
the embedding provides a polynomial reduction of model checking from
ATLP to that logic. Since model checking of ATL, ATLI, and CTLP can
be done in polynomial deterministic time [3} (30} [10], we get that the prob-
lem for ATLP is in P, too. But model checking ATLP is A -hard already for
L£535¢, (see Section|6).

There is not much work on logical descriptions of behaviour of agents un-
der rationality assumptions based on game-theoretical solution concepts. In
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fact, we know only of one such logic for agents with perfect information,
which is GLP from [51]]. There, agents can be assumed qualitative prefer-
ences (i.e., a propositional formula ¢, that they supposedly want to make
eventually true). Moreover, they are assumed to play rationally in the sense
that if they have some strategies that guarantee ¢y, they can use only those
strategies in their play. Interestingly enough, the preference criterion was
different in a preliminary version of GLP [50], where it was based on the no-
tion of Nash equilibrium. Both versions of GLP can be embedded in ATLP.
One may embed game logics with other preference criteria in an analogous
way.

Proposition 14 GLP can be embedded in ATLP.

Proof sketch For the translation of models, we transform game trees of GLP
to concurrent game structures using the construction from Section 3.3} and
transform the CGS to CGSP by taking T = ¥ and Q = (. Then, we use the
following translation of GLP formulae:

tr(yp) Pl 7 (set-pl o.T) (¥)s
tro(p) = p, tro(p) =—tro(p), tro(e V) =tru(p) Vire (i),
tro(Opo) = (0)Owo,
tro(la: poly) = (set-plw’)try (),
where ' = o.Pl(set-pl w){(0) D(plausible(a) A prefers(a, o, goo))
plausible(c) = (refn-pl o){(Agt) OT
prefers(a,o,00) = {(a) Cpo — (refn-pl ola]) (D) Opo.

That is, with each subsequent preference operator [a : o], only those from
the (currently) plausible strategy profiles are selected that are preferred by a.
The preference is based on the (subgame perfect) enforceability of the out-
come ¢, at the end of the game: if ¢y can be enforced at all, then a prefers
strategies that do enforce it.

Now, we have that T' =, . ¢ iff TR(I'),0 |= o tr(0) [ [

Proposition 15 Preliminary GLP can be embedded in ATLP.

Proof Analogous to Proposition[14] The translation only differs in the char-
acterization of agents’ preferences. The agents are now assumed to stick to
their individual parts of Nash equilibria defined by a zero-sum game where a

10 Again, ) denotes the position with empty history, i.e., the initial state of the game.
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wins iff ¢, is enforced{]
W' = 0.30'Pl(set-pl w){(0)O
(plausible(o) A NE(c’,a, o) A coincides(o,0’, a))

plausible(c) = (refn-pl o){(Agt) OT
coincides(o,0’',a) = (set-pl ola])(refn-pl o'[a])(Agt) OT
NE(O',CLQO()) = /\ BRZ'(J, a, QO()),
i€Agt
(refn-pl o[Agt \ {i}]) (i) Oeo .
BRi(0,a, 00) — (refn-pl o) {(0) Opo fori=a

(refn-pl o[Agt \ {i}])((@) O
— (refn-pl U)<<®>>D—|<p0 i#a
[

A couple other logics were defined for various solution concepts with re-
spect to incomplete information games [49}48]. We do not study them here,
since our framework lacks the notions of knowledge and uncertainty - but it
seems a promising area of future research.

Remark 16 We have presented embeddings of several quite different logics into
ATLP, which suggests substantial gain in expressive power. Most of them (ATL,
ATLI, and CTLP) are embedded already in the lowest levels of the ATLP hierarchy
(i.e., L£53¢, or L7y » with no quantiﬁers). GLP formulae with at most k preference
operators are embedded in L%, ,, which is inevitable given their semantics that
combines model update and irrevocable strategic quantification (cf. the discussion
and the complexity results in [1,[7]]).

5.2 Classical Solution Conceptsin L)

In Section[3.3]we showed how extensive games I' (with a finite set of utilities)
can be expressed by CGS’s: each I' can be transformed in a CGS M (T") such
that they correspond (in the sense of Definition|g).

The following terms rewrite the specification of best response profiles, Nash
equilibria, and the specification of subgame-perfect Nash equilibria from Sec-
tion[3.4] Note that the new specifications use only ATLP operators.

BRT(c) = (set-pl o[Agt\ {a}])Pl /\( WTpY) — (set-pl a)<<®>>Tp;)

vel
NE"(c) = /\ BRL(0)
a€Agt
SPNT(s) = (0)ONET (o)

1 Note the similarity of the scheme below to the characterization of qualitative Nash equilib-
rium in Section[5.3]
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Recalling briefly the ideas behind the above specifications, BR! (¢) holds
iff o]a] is the best response to o[Agt \ {a}]. That is, after we fix the Agt \ {a}’s
collective strategy to o[Agt\ {a}], agent a cannot obtain a better temporal pat-
tern of payoffs than by playing o[a]. Then, ¢ is a Nash equilibrium if each in-
dividual strategy s[a] is the best response to the opponent’s strategies o[Agt \
{a}] (ct. [35]). The formalization of a subgame perfect Nash equilibrium is
straightforward: We require profile o to be a Nash equilibrium in all reach-
able states (seen as initial positions of particular subgames).

The following propositions are simple adaptations of the results from Sec-

tion[3.4]

Proposition 17 Let I' be an extensive game with a finite set of utilities. Then
the following holds:

1. s€[o.NE®(0)] iff s is a Nash equilibrium in T.

0
M(T)
2. s€[0.SPN°® (cr)]]a/[m iff s is a subgame perfect Nash equilibrium inT.

In Section|3.4{we defined a quantitative version of Pareto optimality formu-
lated in ATLI. However, as we pointed out, the ATLI formula had exponen-
tial length and some counterintuitive implications. Quantification allows to
propose a more compact and intuitive specification:

POT(5) = VU’PI( A\ ((set-pl o’)(0) Tp — (set-pl o)(B)TpY) v

ac€hAgt velU

\V V ((set-pl o) (@) Tp% A ~(set-pl ') () Tpy) ).

ac€Agt velU

This definition of Pareto optimality is more intuitive than the one given in
Section [3.4]because it does not focus on temporal evolution of whole payoff
profiles, but rather on the interaction between temporal patterns of individ-
ual patterns.

Proposition 18 Let I" be an extensive game with a finite set of utilities. Then:

s€ [[a.POO(a)]]?w(F) iff s is Pareto optimal in T

Let (z4, y*"\4) be a shorthand for the term (zy, ..., z;) with z, = 2 fora €
Aand z, = y otherwise. The following specification, formulated as an £}
formula, characterizes the set of strategy profiles that include undominated
strategies for agent a:

DEPARTMENT OF INFORMATICS 38



- 'l Clausthal

REASONING ABOUT TEMPORAL PROPERTIES OF RATIONAL PLAY

UNDOMT (o) = Vo Yo,303

PL( A ((set-pl (o{*), 55N (0) Tpy — (set-pl (o), 3=\ () (0) TpY)
velU

v\ ((set-pl (o), a5V () Ty A ~(set-pl (o), o5\ 0)) () Tp3) ).
velU

Proposition 19 Let I' be an extensive game with a finite set of utilities. Then
s € [o.UNDOM® (0)1%, ) ifF sla is undominated in T

5.3 General Solution Conceptsin L.,

In this section, we return to the idea of general solution concepts from Sec-
tion[3.5]and show how qualitative versions of NE, SPN, PO and UNDOM can
be captured in ATLP. Like for temporalized solution concepts, it turns out
that their qualitative counterparts can be already specified in £}, »(Agt, IL, 0).
That is, we need only one level of nested plausibility updates (and no “hard-
wired” plausibility terms) to effectively capture classical notions of rational-
ity and extend them to more general games that we study in this paper.

We only consider one “winning condition” per agent to represent agents’
preferences, but this view can be naturally extended to full preference lists,
as in Section 3.5. In what follows, let 77 = (11, ..., n:) be a vector of L47; path
formulae.

Definition 30 (Transforming a CGSP into a NF Game) Let M € CGSP(Agt, 11, Q)
and q € Qyr. The associated NF game S(M, 77, q) with respect to 7] is given as in
Definition[I1|with M interpreted as a pure CGS by removing Y and [-] from it.

Our aim is to define analogues of classical solution concepts (Nash equi-
libria and such) that are based on explicit “winning conditions” »; instead
of numerical payoffs. We can build on our results from the previous section;
we only need to replace temporal patterns of payoffs with the formulae 7;:

BR] (o) = (set-plolAgt\{a}])P1((a)n. — (set-pl o)(W)n.)

NE"(s) = antBRf(a)

SPN7 (¢) = (0)ONE7 (o)

POT(0) = Vo' PI( e/}gt((set'pl o) (), — (set-pl o) (O)n.) v
\/ ((set-pl o)(0) 1. A ~(set-pl o) (D). )

acAgt
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UNDOM7 (0) = Vo,Yoy303 Pl
(((set-pl (o1, 052 )) (O ma — (set-pl (o1, 0520 () ma)
v ((set-pl (o), =N D)) (), A ~(setpl (o1, o5 ) (0)na) ).

The intuitions behind these concepts are the same as in the quantitative
case. Note that we did not have to include the big conjunctions/disjunctions
over all possible utility values in the case of Pareto optimal and undominated
strategies. This is because the corresponding NF game can be seen as a game
with only two possible outcomes per agent.

The following proposition shows that NE7, PO7 ,and UNDOM 7 indeed
extend the classical notions of Nash equilibrium, Pareto optimal strategy
profile, and undominated strategy.

Proposition 20
1. The set of Nash equilibrium strategies in S(M, 7] , q) is given by [o. NE (o)]3,-
2. The set of Pareto optimal strategies in S(M, 7], q) is given by [0.PO™ (o) 4
3. Thesetof a’s undominated strategies in S(M, 7 , q) is given by ([o. UNDOM ™ (@)]%)a-

Subgame perfect Nash equilibria cannot be directly related to normal form
games, but we can state the following.

Proposition 21 Let ()’ be the set of states reachable from q in M. Then, [o.SPN" (o)1, =
ﬂqu, [o.NE"(0)]3,.

Example 17 (Extended matching pennies) In Figure[/|we consider a slightly
more complex version of the asymmetric matching pennies game presented in
Figure|S| The new game consists of two phases (played ad infinitum). Firstly,
player 1 wins some money if the sides of the pennies match, otherwise the money
goes to player 2. In the second phase, both win a prize if both show heads; if they
both show tails, only player 2 wins. If they show different sides, nobody wins.

We denote particular strategies as s.,.,, where a; is the action played at state
qo, and a4 is the action played at states q1, q- (it is not necessary to consider strate-
gies that specify different actions in ¢; and ¢z, since the outgoing transitions in
go are exact copies of those in g1). Note that every combination of strategies (i.e.,
every strategy profile) determines a single temporal path. For example, if agent 1
plays sy, and agent 2 plays sy, then they both ensure the (infinite) temporal path
909295909295 - - -

Let us additionally assume that the winning conditions are: n; = O(—start —
money; ) for player 1 and n, = Omoneys; for player 2. That is, agent 1 is only happy
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’771\772\\ Shh \Sht \ Sth \ Stt \
Spn |[1,10,0 10,1 0,1
(B)| snt 0,0 |0,1]0,1 (0,1
st ||0,1 10,1 11,1 0,0
sy (0,1 10,110,0 0,1

(A)

money; money;

money;

Figure 7: “Extended matching pennies”: (A) CGS Ms; again, action profile
xy refers to action z played by player 1 and action y played by 2. (B) Strate-
gies and their outcomes for n; = O(—start — money; ), 72 = Omoney,. Pareto
optimal profiles are indicated with bold font, Nash equilibria with grey back-
ground.

if she gets money all the time (whenever possible). Agent 2 is more minimalistic: it
is sufficient for him to win money once, sometime in the future. So, for instance, the
play that results from strategy profile (snt, si+) satisfies the second player, but not
the first one. This way, it is easy to construct a table of binary payoffs that indicates
which strategy profiles are “winning” for whom, like the table in Figure[7]B. Now, we
can for instance observe that profile (sp;, sit) is a Nash equilibrium (player 1 can-
not make herself happy by unilaterally changing her strategy), but it is not Pareto
optimal ((sph, spr) and (sip, si) yield strictly better payoff profiles). As before, the
CGS Mj in Figure[7JA can be seen as a CGSP by adding Y = % and Q = (). Now,
we have that:

o [o.NE™"(0)]5}, = {(shn,Snn), (Shn, Ste), (Shts Sht), (Shts Stt)s (Sthy Shi)s (Sths Sth ),
b
<5tt 5ht>7 (st 3tt>}; and

o [o. PO (0)]]‘11\?[3 = {(Shh, Shh), (Sth, Sth) }-

Suppose that agent 1 wants money always, and 2 wants money eventually, and
only Pareto optimal Nash equilibria are played. Then, agent 1 is bound to get
money at the beginning of each round of the game. Formally:

M3, qo = (set-pl o.NE"™"(c))(refn-pl 0.PO"™ " (c))P1 (start — (0)) Omoney;).

In ATLP, we can also describe relationships between different solution
concepts in a CGS. For example, in the “extended matching pennies” game,
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all Pareto optimal profiles happen to be in Nash equilibrium, which is equiv-
alent to the following formula:

(set-pl 0.PO™ " (o)) (refn-pl o.-NE™"(q))Pl={(Agt) OT,

and the formula does indeed hold in M3, qq.

6 Model Checking ATLP

In this section we discuss the model checking complexity of ATLP. The model
checking problem refers to the question whether a given formula holds in a
given model and state. The size of the input is usually measured in the num-
ber of transitions in the model (m) and the length of the formula (/). Note
that the problem of checking ATLP with respect to the size of the whole
CGSP (including the plausibility set T), is trivially linear in the size of the
model: The model size is exponential with respect to the number of states and
transitions. Hence, model checking CGSP’s does not make sense if the set
of plausible strategies is stored explicitly. The set should be stored implicitly;
for instance, by means of some decision procedure. We will assume through-
out this section that the plausibility set T does not discriminate any strategy
profiles (i.e., all strategy profiles are initially plausible), and actual plausibil-
ity assumptions must be specified in the object language through (simple or
complex) plausibility terms.

The same remark applies to the denotations of primitive (“hard-wired”)
plausibility terms. In this respect, we will consider two subclasses of CGSP’s
in which the representation of plausibility assumptions of plausibility as-
sumptions does not overwhelm the complexity of the rest of the input -
namely, pure concurrent game structures and so called “well-behaved” CGSP’s.
In pure CGS’s, plausibility terms and their denotations are simply absent.
In well-behaved CGS’s, we put a limit on the complexity of the plausibil-
ity check, i.e., the computational resources needed to determine whether a
given strategy is plausible according to a given plausibility term and plausi-
bility mapping.

Definition 31 (CGS as CGSP) As before, we will take each CGS to be an im-
plicit representation of CGSP where all strategy profiles are initially plausible (T =
) and there are no “hardwired” plausibility terms (Q = ().

Definition 32 (Well-Behaved CGSP) A CGSP M is called well-behaved
if, and only if,

1. T,, = X: all the strategy profiles are plausible in M;

DEPARTMENT OF INFORMATICS 42



- 'l Clausthal

REASONING ABOUT TEMPORAL PROPERTIES OF RATIONAL PLAY

2. Thereis an NP-algorithm (with respect to | and m) which determines whether
s € [w]i, for every state g € Qu, strategy profile s € 3, and plausibility term
w € Q.

Remark 22 We note that, if a list (or several alternative lists) of plausible strat-
egy profiles is given explicitly in the model (via the plausibility set Y and/or the
denotations of abstract plausibility terms w from Section ), then the problem of
guessing an appropriate strategy from such a list is in NP (memoryless strategies
have polynomial size with respect to m). Consequently, we assume that, if such a
list is given explicitly, that it is stored outside the model.

We begin our study with the complexity of model checking the basic lan-
guage £03%¢, in Section Then, we investigate the complexity for the in-
termediate language £ gy parur (Section[6.2). It turns out that the problem is
in both cases AF-complete in general, which seems in line with existing re-
sults on the complexity of solving games. In particular, it is known that if
both players in a 2-player imperfect information game have imperfect recall,
and chance moves are allowed, then the problem of finding a max-min pure
strategy is X5 -complete [31JE] That is, there are established results within
game theory which show that reasoning about the outcome of a game where
the strategies of both parties are restricted cannot be easier than X% (resp.
AY when nesting of game specifications is allowed). In the light of this, our
complexity results are not as pessimistic as they seem, especially as ATLP al-
lows specification of much more diverse restrictions than those imposed by
imperfect information in 2-player turn-based gamesE]

Moreover, we show in Sectionsandthat model checking £53%¢, and
L aqpparu is A -complete if only the proponents’ strategies are restricted. This,
again, corresponds to some well-known NP-hardness results for solving ex-
tensive games with imperfect information and recall [12} 17} 31].

Finally, in Section we study the model checking complexity of £5, ,
and L33, p. We summarize the results in Section[6.4]

6.1 Model Checking %356,

In this section we show that model checking £53¢, is A -complete in gen-
eral, and AF-complete when only the proponents’ strategies are restricted.
Moreover, model checking £53%¢, over rectangular models and models with
bounded plausibility sets can be done in polynomial time.

12Note that strategic operators can be nested in an ATLP formula, thus specifying a sequence
of games, with the outcome of each game depending on the previous ones—and solving such
games requires adaptive calls to a =¥ oracle.

13 In particular, imperfect information strategies (sometimes called uniform strategies) can be
characterized in ATLP for a relevant subclass of models, cf. Section
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function mcheckATLP(M, q, ¢);
Model checking ATLP: the main function.

m Return mcheck(M, q, ¢, 0,0);

function mcheck(M, q, ¢, W, B);

Returns “true” iff  plausibly holds in M, g. The current plausibility assumptions are specified by a sequence

—

assumed to play rational are denoted by B.

W = [{(w1,q1),--.,{wn,qn)] of plausibility terms with interpretation points. The set of agents which are

cases ¢ = p, p = ), ¢ = Y¥1 A2+ proceed as usual;

case ¢ = (set-pl w')y: return(mcheck(M,q,, (W', )], B));
case o = (refn-pl W)y : return(mcheck(M,q,v, @ @ (W', q), B));
case ¢ = Pl 49 : return(mcheck(M, q,, @, A));

case p = ((A) O, where ¢ includes some ((B)) : Label all ¢ € @, in which
M, q,v,w,B) returns “true”, with a new proposition yes. Return

mcheck(
mcheck(M, q, {A) Ovyes, o, B);

case p = ((A) O, where ¢ includes no (C)) : Remove all operators P1, Ph,
(set-pl -) from ¢ (they are irrelevant, as no cooperation modality comes fur-

ther), yielding +’. Return solve(M, q, {A) Ov’, &, B);
cases (A) Oy and (AU, : analogously ;
end case

function solve(M, q, 0, @, B);

Returns “true” iff ¢ holds in M, q under plausibility assumptions specified by @ and applied to B. We assume

that ¢ = ((A)) 0%, where v is a propositional formula, i.e., it includes no (B)), P1, Ph, (set-pl ).

m Labelall ¢ € @, in which 1 holds, with a new proposition yes;
m  Guess a strategy profile s;

m if plausiblestrat(s, M, @, B) then return( not

beatable(s|A], M, q, (A)) Dyes, &, B));
else return( false);

Figure 8: Model checking ATLP

6.1.1 Model Checking £53s¢,: Upper Bounds

Well-behaved CGSP. A detailed algorithm for model checking £53¢, for-
mulae in well- behaved concurrent game structures with plausibility is pre-
sentedin Figure Apart from model M, state ¢, and formula ¢ to be checked,
the input includes a plausibility specification vector & and a set B of agents
which are assumed to play rationally. The plausibility vector @ = [(w1,q1),. ..
is a sequence of plausibility terms together with states at which the terms are
evaluated; this is because we need to keep track of applications of the refine-
ment operators (refn-pl -). The intuition is that the vector represents the
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function beatable(sa, M, q, (A)~, &, B);
Returns “true” iff the opponents can beat s 4 so that it does not enforce v in M, ¢ under plausibility assump-
tions specified by & and imposed on B. The path formula  is of the form O+, O, ¥+’ with propositional
P,

m Guess a strategy profile ¢;

m if plausiblestrat(t, M, w,B) and t|4 = s then

— M’ := “trim” M, removing all transitions that cannot occur when | is
executed;

— return( mcheckerr(M', q,—AY));

else return( false);

function plausiblestrat(s, M, w, B);
Checks whether B’s part of strategy profile s is part of some profilein ), e [w]%,-
m return trueif s[z €, [w]4;|B; and false otherwise.

w,q)EW

Figure 9: Model checking ATLP

incremental plausibility updates. Moreover, by [(w1, ¢1), - .., {Wn, ¢n)] B (W, q)
we denote the vector [{(w1,q1), .- ., (Wn, qn), (W, q)]-

Since CTL model checking is linear in the number of transitions in the
model and the length of the formula [14] and as long as plausiblestrat(s, M, q,w, B)
can be computed in polynomial time, we get that mcheckATLP runs in time
AY i.e., the algorithm can be implemented as a deterministic Turing Ma-
chine making adaptive calls to an oracle of range X5 = NPNP. In fact, it
suffices to require that plausiblestrat(s, M, ¢, w, B) can be computed in nonde-
terministic polynomial time, as the witness for plausiblestrat can be guessed
together with the strategy profile s in function solve, and with the strategy
profile ¢ in function beatable, respectively. The intersection of plausibility
terms can also be neglected as the vector of plausibility terms can contain
at most [ terms (length of the formula). Schematically, we can describe the
main part of the algorithm by 3s—(3¢): s is guessed first, then ¢ is guessed (and
its answer is negated, so we have 3sVt). This schematic view will be useful in
Section[6.3]to give an intuition about the complexity of nested formulae to-
gether with quantification over strategic terms.

Proposition 23 Let M be a well-behaved CGSP, q a state in M, and ¢ a for-
mula of £5%¢,(Agt, I, Q). Then M,q = ¢ iff mcheckATLP(M,q, ). The algo-
rithm runs in time AY with respect to the number of transitions in the model and
the length of the formula.

Proof in Appendix
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Note that the requirement that the set of plausible strategies is given by X
is not a real restriction. Specific plausibility specification can always be set
using operator (set-pl -), by adding a new plausibility term that denotes the
desired set of strategy profiles. The only restriction is that inclusion in the
set must be verifiable in nondeterministic polynomial time.

Finally, we observe that the complexity can be improved if only the strate-
gies of the proponents are restricted.

Proposition 24 Let~ be an L%, path formula without cooperation modalities.
Then the model checking problem for formulae of the form Pl o((A)~y is in AY
(instead of AY).

Proof Sketch 'We consider the case ¢ = (A)) O, where v includes no (C)).
In solve a plausible strategy s4 for A is guessed (NP-call). Then, in function
beatable the model is directly trimmed according to s 4 (without guessing an-
other profile t) and the CTL model checking algorithm is executed. In this
case, function beatable can be executed in polynomial time. |

Corollary 25 Let ¢ € £has¢,. If for each cooperation modality ((A)) occurring
in o it is specified that only agents A’ where A’ C A play plausibly then model
checking is in AY.

Pure CGS. Thisisasomewhat degenerate case because in £33, only prim-
itive plausibility terms can be used. With no such terms, (set-pl ) and
(refn-pl ) operators cannot be used, so all strategy profiles will be consid-
ered plausible in the evaluation of every subformula. In consequence, model
£h3e (Agt, I1, () can be done in the same way as for ATL. Since model check-
ing ATL lies in P [3] we get the following result.

Proposition 26 Let M be a CGS, q a state in M, and ¢ € L£535%,(Agt, 11, 0).
Model checking ¢ in M, q is in P with respect to the number of transitions in the
model and the length of the formula.

Proof Remove all Pl, operators from ¢ and check whether M’q, =arL ¢
where M’ is the CGS obtained from M by leaving out 1, 2, and []. |

Special Classes of Models. We will now consider the special casein which
each plausibility term refers to at most polynomially many strategies.

Definition 33 (Bounded Models 91°) Given a fixed constant ¢ € N we con-
sider the class ¢ C CGSP(Agt,I1,Q) of models such that for all M < 0,
w € Qu, and g € Qu it holds that |[w]3,| < 1 - m® where [ (resp. m) denotes
the length of the input formula (resp. number of transitions of M ).
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Proposition 27 Let ¢ € N be a constant. Model checking £53¢, formulae with
respect to the class of well-behaved bounded models 9¢ can be done in polynomial
time with respect to the number of transitions in the model and the length of the
formula.

Proof in Appendix

Even with arbitrarily many strategies the complexity can be improved if
the set of plausible profiles has a specific structure, namely if the set can be
(and is) represented in a rectangular way. Intuitively, such a set of profiles
can be represented by behavioral constraints [46]. That is, we restrict the
actions that can be performed independently for each state and agent, and
then consider all strategy profiles generated from the constrained repertoire
of actions.

Definition 34 (Rectangularity, ™) Let S, C X, be a set of strategies of
agent a. We say that S, is rectangular if it is represented by a function d., : Qnr —
P(Act) such that for all states ¢ € Quy it holds that d/,(q¢) C d.(q); then, S, is
taken to be the set {s, € ¥, | Vg € Qs (s4(q) € d,(q))}-

A set of collective strategies (resp. strategy profiles) Sa C ¥4 is rectangular if it
represented as a collection of rectangular sets of individual strategies. Then, S 4 is
to the Cartesian product of the individual sets, i.e., Sa = [],c 4 Sa-

A set of plausibility terms ) is rectangular in a model M if all terms inw € )
have rectangular denotations [w]%,. Finally, we say that a CGSP M is rectangular
if the set T, is rectangular and terms ) are rectangular in M. We denote the class
of such models by ",

Note, for example, that each ¥ 4 is rectangular.

Proposition 28 Model checking £58¢, formulae in the class 9™ can be done
in P with respect to the number of transitions in the model and the length of the
formula.

Proof The algorithm is very simple; we present the procedure for ¢ = ((A)) O
being in the scope of (set-pl w) and P1 5. Other cases are analogous.

Firstly, we model-check (set-pl w)PI gt recursively and label the states
where the answer was “true” with a new proposition yes. Then, we take [w]%,
(recall that it is represented in a rectangular way, i.e., by function d’ : Agt x
@ — P(Act)), and replace function d in M by d” such that d"(a, q) = d'(a, q)
fora € B and d"(a,q) = d(a,q) for a ¢ B. Finally, we use any ATL model
checker to model-check ((A)) Oyes in the resulting model, and return the an-
SWer. [

We observe that strategic combinations of rectangular plausibility terms
are also rectangular. In consequence, the results extends to £, » in a straight-
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forward way, which will prove useful in Section|6.3]/™

Lemma 29 If S C ¥, (resp. S C 3 4) contains only a single strategy (resp. strat-
egy profile) then it is rectangular.

Lemma 30 Let Q be a rectangular set of plausibility terms, then 7(2) is rectan-
gular as well.

Corollary 31 Model checking LS+, » formulae in the class 9" can be done in P
with respect to the number of transitions in the model and the length of the formula.

6.1.2 Model Checking £533%,: Hardness and Completeness

Well-behaved CGSP. We prove A¥-hardness through a reduction of SNSATS,
a typical AF-complete variant of the Boolean satisfiability problem. The re-
duction is done in two steps.

1. Firstly, we define a modification of ATL;, [38], in which all agents are
required to play only uniform strategies. We call it “uniform ATL;,.”
(ATLY in short), and show that model checking ATLY. is A¥ -complete
by means of a polynomial reduction of SNSAT; to ATLY. model check-
ing.

2. Then, we point out that each formula and model of ATLY. can be equiv-
alently translated (in polynomial time) to a CGSP and a formula £53¢,,

thus yielding a polynomial reduction of SNSAT, to model checking

base
LATLP'

Parts of our construction reuse techniques presented in [19} 127,23} 28] .

In “uniform ATL;,.” (ATLY.), where we assume that all the players have
limited information about the current state, and each agent can only use
uniform strategies (i.e., ones that assign same choices in indistinguishable
states). The syntax of ATL}. is the same as that of ATL, only cooperation
modalities are annotated with additional tags ir and u to indicate the imper-
fect information and recall, and uniformity of all agents’ strategies. The se-
mantics of ATLY, is defined over concurrent epistemic game structures (CEGS),
i.e. CGS extended with epistemic relations that represent indistinguishabil-
ity of states for agents. Details of the semantics and more thorough presen-
tation can be found in Appendix Bl The following proposition summarizes
the complexity results from Appendix[B.2]

Proposition 32 Model checking ATLY. is AY -complete with respect to the num-
ber of transitions in the model and the length of the formula.

14 Recall, that £, , consists of all base formulae in which plausibility terms form 7(Q) can be
used (instead of plain terms from Q2 only).
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Remark 33 We have thus proven that checking strategic abilities when all play-
ers are required to play uniformly is AY -complete (that is, harder than ability com-
pared with the worst line of events captured by ATL;, formulae, which is “only”
AY-complete). We believe it is an interesting result with respect to verification of
various kinds of agents’ abilities under incomplete information. We note that the
result from [31)] for extensive games with incomplete information can be seen as a
specific case of our result, at least in the class of games with binary payoffs.

Now we show how ATLY. model checking can be reduced to model check-
ing of £53%¢,. We are given a CEGS M, a state ¢ in M, and an ATLY. formula
¢. Let % be the set of all uniform strategy profiles in M. We take CGSP M’
as M (sans epistemic relations) extended with plausibility mapping [-] such
that [w]? = X“. Then:

M, q ':ATL;‘T <<A>> ;Lr‘p iff Mlv q 'ZATLP (set-pl w)Pl <<A>> ©»
which completes the reduction.

Remark 34 We note in passing that, technically, the size of the resulting model
M’ is not entirely polynomial. M’ includes the plausibility set T, which is expo-
nential in the number of states in M (since it is equal to the the set of all uniform
strategy profiles in M). This is of course the case when we want to store Y explicitly.
However, checking if a strategy profile is uniform can be done in time linear wrt the
number of states in M, so an implicit representation of Y (e.g., the checking proce-
dure itself) requires only linear space.

As a result of this and Proposition[23} we obtain the following theorem.

Theorem 35 Model checking £5%¢, for well-behaved CGSP’s is AY-complete
with respect to the number of transitions in the model and the length of the for-
mula.

For the special case when only the proponents have to follow plausible
strategies, a reduction from model checking ATL,;, (instead of ATLY.) is suf-
ficient. Since model checking ATL;, is AY-complete [38}128], we get the fol-
lowing.

Theorem 36 Let L the subset of L55¢, in which every cooperation modality ((A))
occurs in the scope of Pl p with B C A. Then, model checking L in the class of
well-behaved CGSP’s is AS -complete.

Proof sketch The inclusion in A¥ has been already shown in Section m
We prove the lower bound by a reduction of model checking Schobbens’
ATL,, [38] to model checking of our sublanguage £. Let M be a CEGS, ¢
astatein M, and ¢ = ((A));,y a formula of ATL;,. Moreover, let 3% be the set
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of all strategy profiles in M that are uniform for A. We take CGSP M’ as M
(sans epistemic relations) extended with plausibility mapping [-] such that
[w]? = 2%. Then:

M, q Eppy,, (Ahay Mg gy p (set-plw)PL{A)7,

which completes the reduction. |

Pure CGS and Special Classes of Models. In order to show lower bounds
for model checking £53¢, for pure concurrent game structures, well-behaved
bounded models, and rectangular models, we observe that ATL is a subset of
£hase, even if the latter does not use plausibility terms - and model checking
ATL is P-complete [3]. Thus, we conclude with the following.

Theorem 37 Let ¢ € N be a constant. Model checking L£5%¢, with respect to
well-behaved bounded models 9, rectangular models ", and pure CGS’s is
P-complete.

6.2 Model Checking L, paru

Here, we show that model checking ATLP with plausibility terms based on
ATLI is also AF-complete. Note that the only primitive terms occurring in
formulae of ATLPA™ are used to simulate strategic terms of ATLI (which
denote individual strategies of particular agents. Thus, the results in this sec-
tion refer to model checking with rectangular CGSP’s.

6.2.1 Model Checking L, psru: Upper Bound

The algorithm in Figure 8| uses abstract plausibility terms but it can also be
used for ATLI-based plausibility terms presented in Section In [30] it
was shown that the model checking problem for ATLI is polynomial with
respect to the number of transitions and length of the formula. Thus, we get
another immediate corollary of Proposition 23]

Proposition 38 Model checking ATLP with ATLI-based plausibility terms in
rectangular well-behaved CGSP’s is in AY with respect to the number of transi-
tions in the model and the length of the formula.

In Section[4.4lwe have used £}, , formulae to characterize game theoretic
solution concepts. For this purpose it was not necessary to have hard-wired
plausibility terms in the language. Indeed, the absence of such terms posi-
tively influences the model checking complexity of higher levels of ATLP.
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6.2.2 Model Checking L,y parur: Hardness and Completeness

Like in Section [6.1.2] we show the lower bound by a reduction from model
checking ATLY,. That is, we demonstrate how uniformity of strategy profiles
can be characterized by formulae of ATLI for a relevant class of concurrent
game structures. The actual reduction is quite technical and can be found
in Appendix [C The following result is an immediate corollary of Proposi-
tion[50} presented in Appendix[C}

Theorem 39 Model checking £535¢, with ATLI-based plausibility terms is A -
complete with respect to the number of transitions in the model and the length of
the formula.

Moreover, if plausibility restrictions apply only to proponents, then the
complexity improves (the proof is analogous to Theorem[36).

Theorem 40 Let L the subset of L yppparu in which every cooperation modality
{(A)) occurs in the scope of Pl g with B C A. Then, model checking L in the class
of well-behaved rectangular CGSP’s is AY -complete.

Proof sketch We prove the lower bound (again) by a reduction of model check-
ing ATL;, to model checking £. The reduction is very similar to the one
shown in Appendix |C|except that only the “verifier” decides upon the val-
ues of the propositions (cf. [27]). [

6.3 Model Checking L%, p

In this section we present our results regarding the model checking complex-
ity of the full logic La7p. The complexity depends on both the nesting level
of ATLP formulae and on the structure and alternations of strategic quan-
tifiers. Before we state our results we introduce some additional definitions
needed to classify such complex formulae.

6.3.1 Classifying Larip Formulae: Some Definitions

The complexity of model checking formulae in £47p does not only depend
on the actual nesting depth of plausibility terms but also on the structure of
strategic quantifiers used inside (set-pl -) and (refn-pl -) operators. The lat-
ter structure is quite complex and cannot solely be described by the number
of quantifiers. Often, a specific position of quantifiers can be used to com-
bine two “guessing” phases, improving complexity.

Firstly, not the number of quantifiers is important but rather the num-
ber of alternations. We introduce function ALT : {3,V}* — {3,V}T which
modifies a word over {3,V} such that each quantifier following a quantifier
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of the same type is removed; for example, ALT(3VV¥V3V) = 3v3IV. Moreover,
existential quantifiers at the beginning and end of a quantifier series can,
under some conditions, be ignored without changing the model checking
complexity. For example, let us assume that the first quantifier is existen-
tial. Then it follows a guess of the proponents (resp. opponents) strategy
and both guesses can be combined. Analogously, an existential quantifier at
the end usually follows another existential guess. To take these issues into
account, we define function RALT : {3,V}™ — Z that counts the number of
the relevant alternations of quantifiers in a sequence:

n fALT(Q) = Q1...Qnand Q1 # 3 # Qu;

n—1 fALT(Q)=Q1...Qrand Q1 =3I x0r Q, = 3;
n—2 fALT(Q)=Q1...Qrand Q; =3I =@, andn > 2;
-1 else.

RALT(C_j) = %

Function RALT characterizes the “hardness” of the outermost level in a
given term. The next two functions take into account the recursive structure
of terms, due to possibly nested (set-pl -) or (refn-pl -) operators. Firstly,
UO(yp) returns the set of all the update operations (set-pl w) and (refn-pl w)
within formula . Secondly, gl takes a set of update operations and returns
the quantifier level in these operations as follows:

maxges ql({s}) if|S| >1

qlUO(¢")) it S ={(0p o.¢')}

RALT(Q1 ... Qn) + ql(UO(¢")) if S ={(0Op 0.Q101...Qnon¢)} and
ql(S) = (¢ & LG5 p(Agt, 1, Var, Var) or Q,, = V)

RALT(Q1 ... Qn) + IUO(Y) +1  if S = {(Op 0.Q101 ... Qnone')} and
¢ € L9 p(Agt, 11, Var, Var) and Q,, = 3
0 ifS=0or(S={(0Opw)}andw € Q)

where (Op ) is either (set-pl -) or (refn-pl -).

The intuition behind gl is that it determines the maximal sum of relevant
alternations in each sequence of nested update operators (set-pl -), (refn-pl -).
Intuitively, the nested operators represent a tree. Given an L%, formula
we add arcs from the root of the tree to nodes representing update opera-
tors operators in the kth level. Then, from such a new node representing
(set-pl w) or (refn-pl w), we add arcs to nodes representing update opera-
tors inside w (i.e., on the k — 1th level) and so on. Leaves of the tree consist
of nodes representing operators whose terms contain no further update op-
erators. Now, each node represented by e.g. (set-pl 0.Q101...Q,0,¢") is
labeled by RALT(Q; ... Q). Function gl returns the maximal sum of such
numbers along all paths from the root to some leaf.
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Given an operator (set-pl 0.Q101...Q,0,¢’) on the second to last level
without hard-wired plausibility term (i.e., for ¢’ € L%, p(Agt,II, Var, Var))
and which ends with an existential quantifier 3, the very operator @,, cannot
be ignored in the calculation of the characteristic number, as it is usually
done. The reason for that is that model chekcing ¢’ can be done in P (cf.
Corollary [31) and this does not allow to combine the existential quantifier
of the last strategic term with another one. This is reflected in the third case
of the definition of gl.

Definition 35 (Level i Formula) We say that ¢ is a level i formula iff
qlUO(p)) = i.

Example 18 Formula:
¢ = (set-pl 0.Yo,305303(set-pl oo 3o, To Vo)) PL{A) Op

is 4-level sinceUO(p) = {(set-pl o.Vo1Jo3303(set-pl o.¥o'|Io,3otNVo))) ")}
and ql(UO(p)) = RALT(V3I) + ql(UO(S)) = 1+ 3 = 4 where S =
{(set-pl o.No|IohIotVoy)"} and qgiUO(S)) = RALT(VITY) + ql(UO(")) =
3+ 0whereUO(o") = 0.

Moreover, (set-pl ¢.Vo,Joy303(set-pl 0.Vo|Iob VoIl )" PL{A) Opis a 4-
level formula as well.

6.3.2 Model Checking L), p: Upper Bounds

Plausibility terms are quite important for the base language £53¢,; it does not
make much sense to consider the logic without them. In fact, when £53%,
formulae are considered in the context of pure CGS’s, the whole logic degen-
erates to pure ATL. This observation does not apply to higher levels of ATLP
any more. Indeed, all characterizations of game theoretic solutions concepts
that we have presented are expressed as L}, , formulae without hard-wired
terms. Moreover - as we will see - not using hard-wired terms yields an im-
proved model checking complexity.

Below we state the main results of this section. The intuition is the follow-
ing. For each level i formula we have ¢ quantifier alternations; in addition to
that, in each level there can be two more implicit quantifiers due to the co-
operation modalities (there is a plausible strategy of the proponents such that
for all plausible strategies of the opponents ...). It must also be ensured that
the quantifiers of two nested levels are separated from each other, otherwise
they can be combined; the term max{0, k — i — 1} accounts for that.

Theorem 41 (Model Checking L%, » in Pure CGS) Fork > 1,i > 0let ¢
be a level-i formula of L%, ,(Agt, I1,0). Moreover, let M be a CGS, and q a state in

M. Then, model checking M, q = ¢ can be done in time Aﬁzkﬂimax{o’kfiil}.
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Proofin Appendix

Note, that the restriction to pure CGS is essential because defining a given
set of strategies T might require checking whether a strategy is plausible in
the final nesting stage. And that case the advantage of not having hard-wired
plausibility terms would vanish and the complexity would increase. So, if
plausibility terms are available the last level of an ATLP formula cannot be
verified in polynomial time anymore (according to Corollary[3I). The com-
plexity can increase as shown in the following result.

Theorem 42 (Model Checking L, » in Well-Behaved CGSP) Let o be
a level-i formula of L%, ,(Agt,I1, ), M a well-behaved CGSP, and q a state in
M. Model checking M, q |= o can be done in A,

i+2(k+1)+1—max{0,k—i}"
Proof in Appendix|[D.2.1}

6.3.3 Model Checking L%, ,: Hardness and Completeness

As it turns out, model checking £ 477 p, and even each Efmp for k > 1isin gen-
eral PSPACE-complete. To show the lower bounds for £%, , (with arbitrary
k > 1) we show that £}, , is PSPACE-hard, implying that all logics £, , (for
k > 1) are PSPACE-hard too. That the general model checking problem for
Larrp formulae is in PSPACE follows directly from the algorithm shown in
Figure[8]

The hardness proof, similar to the one for £ parur is rather technical and
can be found in Appendix[D.2.2] As a corollary of Proposition[52} we get the
following.

Theorem 43 (L%, p is PSPACE-complete) The model checking problems for
Larrp and for LYy, o (for each k > 1) are PSPACE-complete.

Proof Easiness is immediate since the model checking algorithm presented
in Figure 8 can be executed in polynomial space with respect to the input
(cf. Theorem [41]and Proposition [26). Hardness is shown by the polynomial
space reduction from QSAT (Proposition[52). ]

Finally, we turn to classes in which the number of alternations is restricted
by a fixed upper bound, and we conjecture that the model checking problem
for i-level formulae of L%, , is in fact complete in its complexity classes de-
termined in Theorems[@41]and

Conjecture 44 Let ¢ be a level-i formula of L%y p(Agt, IL,0), k > 1, i > 0.
Moreover, let M be a CGS, and q a state in M. Then, model checking M, q = ¢ is

P
Af 2kt 1-max{0 k—i—1}-Complete.
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Conjecture 45 Let ¢ be a level-i formula of L%, »(Agt, 11, Q), M awell-behaved

CGSP, and q a state in M. Model checking M,q = ¢ is A7 504 1)1 max{o ki)~
complete.

6.4 Summary of Complexity Results

Throughout Section[6] we have analyzed the model checking complexity of
Larip- The base language was shown to lie in AY with both abstract and
ATLI-based plausibility terms. We also proved that model checking both
logics is complete regarding this class. The complexity of model checking
Lk, » formulae was shown to depend on three factors:

1. The nesting level k. of plausibility terms;
2. the quantifier level; and
3. whether abstract plausibility terms were present or not.

The quantifier level is influenced by the number of alternations and with
which quantifiers - existential or universal - sequences start and end. In gen-
eral, an i-level £%, , formula without plausibility terms was shown to be in

P
Ai+2k+1—max{0,k—i—1}

where its counterpart with hard-wired terms was marginally more difficult
to check:

AP
i+2(k+1)+1—max{0,k—i}"

The results for formulae without (resp. with) primitive plausibility terms are
summarized in Figure[10|(resp. Figure|[TI).

Note that all our game theoretic characterizations could already be ex-
pressed by £}, , formulae without hard-wired terms.

7 Conclusions

We proposed a logic in which one can study the outcome of rational play
in a logical framework, under various rationality criteria. Although solving
game-like scenarios with help of various solution concepts is arguably the
main application of game theory, to our knowledge, there has been very lit-
tle work on this issue. We are not discussing the merits of one rationality cri-
terion or the other, nor the pragmatics of using particular criteria to predict
the actual behaviour of agents. Our aim was to propose a conceptual tool in
which the consequences of accepting one or another criterion can be stud-
ied.
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0 1 2 ) unbounded
s | P | - |- : :
L p - - - -
Limp | AF AY AY Af 4 PSPACE
Lorp AY AF A7 AL max{0.1-i) PSPACE
Lir | AP, | AP, | AP AP . PSPACE
is k41 k+2 k+4 k+6 i+2k+1-max{0,k—i—1}

Figure 10: Summary of the model checking results for pure concurrent
game structures (i.e., without hard-wired plausibility terms). All P, AY, and
PSPACE results are completeness results.

0 1 2 i unbounded
Loy | AF - - - -
Lirp A% - - - -
Lirrp AY Af AF Ailjr5,max{071,i} PSPACE
Lirp Ay A7 Ag A7\ max{0.2-i) PSPACE
i%u) Als | Akys | Ay Ail::t2(k+1)+17max{0,k7i} PSPACE

Figure 11: Summary of the model checking results in well-behaved CGSP’s.
All A¥ and PSPACE results are completeness results.
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We believe that the logic we propose provides much flexibility and mod-
eling power. The results presented in Sections|[5|and [6|also suggest that the
expressive power of the language is quite high. Our main technical results
are as follows:

ATLP: The very definition of the logic ATLP in Section [4/and the study of
its expressive power in Section

Classical Solution Concepts: There are several classical solution concepts
for extensive games: Nash equilibrium, subgame perfect Nash equi-
librium, undominated strategies, and Pareto optimality. We show, by
relating models of our logic (CGSP’s) to extensive form games, that these
solution concepts can be formulated as formulae in ATLP (in fact, al-
ready in £}, ). This is shown in Section 5.2

General Solution Concepts: While the classical solution concepts for games
are formulated using payoffs (which was the reason to extend models
by additional propositions), we propose to formulate generalized solu-
tion concepts as formulae in our logic ATLP. More precisely, we propose
to use Lap-path formulae 7; as winning conditions for agent i. Thus,
instead of computing payoffs in an extensive form game, we consider
CGSP models plus a vector of L7 -path formulae 7; (representing the
payoff for agent 7). We demonstrate £}, , formulae that correctly ex-
press in ATLP our generalized solution concepts. This is elaborated in
Section[3.5

Model Checking in ATLP: An extensive study of the model checking com-
plexity in several classes of models and variants of the language is pre-
sented in Section[6] On the way, we also define another interesting vari-
ant of ATL (where both proponents and opponents are required to use
only uniform strategies) and we establish its model checking complex-

ity.

Our ultimate goal is to come up with a logic that would allow us to study
strategies, time, knowledge, and plausible/rational behaviour under both per-
fect and imperfect information. However, putting so many dimensions in
one framework at once is usually not a good idea - even more so in this
case because the interaction between abilities and knowledge is non-trivial
(cf. [29],124,122])). In [10], we have investigated time, knowledge and plausibility.
In this article, we studied strategies, time and rationality. We hope to integrate
both views into a single powerful framework in the future.

We would like to thank two anonymous referees for pointing out several
issues that helped us to improve (and shorten) this article.
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Uniform ATL,;,
Appendix

A Bargaining with Discount

In Example[7|we presented bargaining with discount. After each round the
worth of the goods is reduced by §,. In round ¢ the goods have a value of
r(0!). Because we use a rounding function r, there is a minimal round 7' such
that (67 ™) = 0fori = 1 ori = 2. We can treat this case as finite horizon
bargaining game [40,[33].

Now, consider the case that a;’s opponent, denoted by a_;, is the offerer
in T It can offer 0 and «; should accept, because in the next round the goods
are worthless for a;.

On the other hand, if a; is offerer in 7" we have to distinguish two cases. If
r(éi-“) = 0 then following the same reasoning as before a; can offer0to a_,.
In the other case, namely (67 ') # 0, we consider the subsequent round
T + 1in which a_; takes the role as offerer and can successfully offer 0 to :.

Now, it is possible to solve the game starting from the end. Solutions for
01 = 09 can be found in the literature [33]. Here, we recall the idea for differ-
ent discount rates.

At first, let a; be the last offerer and (67 ™) = 0. This implies, that T
is even (the initial round is 0). In T', a; offers (1,0) and a, accepts. Knowing
this, in T'—1 agent a, can offer (4;, 1 —4;), since in the next round the value of
the good for a; would become reduced by 4. Following the same reasoning,
in T'— 2 a; could successtully offer (1 —d2(1 —d1), 62(1 — 01)). Finally, in round
t = 0 a; can offer (¢,1 — ¢) where

-1

¢:=(1-67) Z (6162)" 4 (6102)

=0

S|

1—(6105)%
1— 6,0,

T
2

= (1—d2) + (6162)

Secondly, consider the case in which ay is the last offerer in T'and (67 ™) =
0. This time 7" is odd but the reasoning stays the same. In round 0 a; can offer
(¢’,1 = ¢') where

(= (1-10)

B Uniform ATL,;,

In this section, we introduce and investigate the logic of “uniform ATL;.”
(ATLY). We use the logic only for technical reasons, namely it provides the
intermediate step in the completeness proof for the complexity of model
checking ATLP. Still, we believe that the logic can be interesting in itself.
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Moreover, the technique we use for proving the completeness is interesting
too (and gives insight into the complexity as well as the relationship between
the problem we study and known complexity from game theory).

The idea is based on Schobbens’s ATL,, [38], i.e., ATL for agents with
imperfect information and imperfect recall. There, it was assumed that the
coalition A in formula ({A));.¢ can only use strategies that assign same choices
in indistinguishable states (so called uniform strategies). Then, the outcome
of every strategy of A was evaluated in every possible behaviour of the re-
maining agents Agt \ A (with no additional assumption with respect to that
behaviour). In ATLY , we assume that the opponents (Agt \ A) are also re-
quired to respond with a uniform memoryless strategy. The syntax of ATLY. is
the same as that of ATL, only cooperation modalities are annotated with ad-
ditional tags ir and « to indicate the imperfect information and recall, and
uniformity of all agents’ strategies.

B.1 Semantics

The semantics of ATLY. can be defined as follows. Firstly, we define models as
concurrent epistemic game structures (CEGS), i.e. CGS with epistemic relations
~.C @ x @, one per agent. (The intended meaning of ¢ ~, ¢’ is that agent
a cannot distinguish between between states ¢ and ¢’.) Secondly, we require
that agents have the same options in indistinguishable states, i.e., that g ~,
¢ implies d,(q) = du(¢’). A (memoryless) strategy s, is uniform if ¢ ~, ¢’
implies s%(¢) = s4(¢') forall ¢,¢' € Q,a € A. To simplify the notation, we
define [¢], = {¢’ | ¢ ~4 ¢’} to be the class of states indistinguishable from ¢ for
a; [gla = U,ealdla collects all the states that are indistinguishable from ¢ for
some member of the group A; finally, out(Q,s4) = U,cq out(q, sa) collects
all the execution paths of strategy s 4 from states in set Q.
Now, the semantics is given by the clauses below:

M,qkE=p iffpen(q)
M,qFE—p iff M,q %o
M,qEoNy iffM,qEpand M,q |= 9

M,q = (AN O iff thereisauniform strategy s 4 such that, for every uni-
form counterstrategy tsg\ 4, and A € out([g]a, (54, tage\ A>)E] we have

Mﬂ\[l] ': ©5

M,q E (A)LO¢ iff there is a uniform strategy s4 such that, for every
uniform counterstrategy ¢\ 4, and A € out([g]a, (sa,tagt\4)), We have
M, \i] E pforalli =0,1,..;

15 Note that the definition of concurrent game structures, that we use after [3], implies that
CGS are deterministic, so there is in fact exactly one such path A.
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M,

&

Figure 12: CEGS M for o1 = ((z1 Axz2) V—y1) A(mx1 VY1), p2 = 21 A (521 V).

M,q &= (AU iff there is a uniform strategy s4 such that, for every
uniform counterstrategy tsg\ 4, and A € out([q]a, (54,tag\ 4)), there is
i € No with M, \[i] =, and M, \[j] = ¢ forall0 < j <.

B.2 Model Checking Complexity

We show the lower bound by reduction of SNSATS5, a typical Af-complete
problem. We recall the definition of SNSAT; after [32].

Definition 36 (SNSAT)) _ _

Input: p sets of propositional variables X) = {x{ ., ...,x] .} foreachj =1,... i
p propositional variables z,, and p Boolean formulae o, in positive normal form
(i.e., negation is allowed only on the level of literals). Each ., involves only vari-
ables in U_ijl X7 U {z1,.,2-1}, with the following requirement:
zp = AXIVXZAXE QX pr (2150 2p1, X}, ., XE) Where Q =V (resp. Q =
3)if i is even (resp. odd).

Output: The value of z),.

In this section we focus on SNSAT, where we set X! = X, = {1, ..., T}
and X2 =Y, = {y1r) .o, Ykr -

Our reduction of SNSAT is an extension of the reduction of SNSAT pre-
sented in [27,[28]. That is, we construct the CEGS M, corresponding to z,
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with two players: verifier v and refuter r. The CEGS is turn-based, that is,
every state is “governed” by a single player who determines the next tran-
sition. Each subformula x;,. ;, of ¢, has a corresponding state g;,. ;, in M,.
If the outermost logical connective of ¢, is A, the refuter decides at ¢o which
subformula y; of ¢, is to be satisfied, by proceeding to the “subformula” state
g; corresponding to x;. If the outermost connective is Vv, the verifier decides
which subformula x; of ¢, will be attempted at ¢o. This procedure is repeated
until all subformulae are single literals. The states corresponding to literals
are called “proposition” states.

The difference from the construction from [27, 28] is that formulae are
in positive normal form (rather than CNF) and that we have two kinds of
“proposition” states now: ¢;, _;, refers to a literal consisting of some z € X,
and is governed by v; g;, . ;, refers to some y € Y, and will be governed by r.
Now, the values of the underlying propositional variables x, y are declared at
the “proposition” states, and the outcome is computed. That is, if v executes
T for a positive literal, i.e. x;,. ; = z, (or L for x;,..;, = —x) at ¢, 4, then
the system proceeds to the “winning” state ¢r; otherwise, the system goes
to the “sink” state ¢, . For states g;,. ;, the procedure is analogous. Models
corresponding to subsequent z, are nested like in Figure “Proposition”
states referring to the same variable x are indistinguishable for v (so that he
has to declare the same value of z in all of them), and the states referring to
the same y are indistinguishable for r. A sole ATLY. proposition yes holds
only in the “winning” state ¢r. As in [27, 28], we have the following result
which concludes the reduction.

Proposition 46 Theabove construction shows a polynomial reduction of SNSAT,
to model checking ATLY. in the following sense. Let
O, = (v)i(—-neg)Uyes, and

r

O, = (v)i(-neg)U(yesV (neg A (@), O~®, 1)) forr=2,....p.

Then, we have 2, iff My, 4§ = 4qgu ®p-

As for the upper bound, we note that there is a straightforward Af al-
gorithm that model-checks formulae of ATLY. : when checking (A))¥ Ty in
M, q, it first recursively checks ¢ (bottom-up), and labels the states where ¢
held with a special proposition yes. Then, the algorithm guesses a uniform
strategy s and calls an oracle that guesses a uniform counterstrategy ¢\ 4.
Finally, it trims M according to (sa,tsg\ 4), and calls a CTL model checker
to check formula ATyes in state ¢ of the resulting model. This gives us the
following result.

16 All states in the model for z, are additionally indexed by .
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Theorem 47 Model checking ATLY. is AY-complete with respect to the number

of transitions in the model and the length of the formula. It is AY -complete even
for turn-based CEGS with at most two agents.

C From ATL! to ATLP with ATLI-Based Plau-
sibility Terms

The reduction of ATLY, model checking to model checking of ATLPA™ in
“pure” CGS is rather sophisticated. We do not present a reduction for full
model checking of ATLY.; it is enough to show the reduction for the kind of
models that we get in Appendix[B.2|(i.e., turn-based models with two agents,
two “final” states ¢, ¢, , no cycles except for the loops at the final states, and
uncertainty appearing only in states one step before the end of the game, cf.
Figure[12).

Firstly, we reconstruct the concurrent epistemic game structure M, from
Section so that the last action profile is always “remembered” in the fi-
nal states. Then, we show how uniformity of strategies can be characterized
with a formula of ATLI extended with epistemic operators. Thirdly, we show
how the model and the formula can be transformed to get rid of epistemic
links and operators (yielding a “pure” CGS and a formula of “pure” ATLI).
Finally, we show how the resulting characterization of uniformity can be
“plugged” into an ATLP formula to require that only uniform strategy pro-
files are taken into account.

Adding More Final States to the Model. To recall, the input of ATLY.
model checking consists in our case of a concurrent epistemic game structure
M, (like the one in Figure[12) and an ATLY. formula ®, (cf. Proposition [46).
We begin the reduction by reconstructing M, to M, in which the last action
profile is “remembered” in the final states. The idea is based on the construc-
tion from [19) Proposition 16] where it is applied to all states of the system,
cf. Figure

In our case, we first create copies of states g1, ¢, one per incoming transi-
tion. That is, the construction yields states of the form (g, a1, . . ., @), where
q € {qgT,q. }isafinal state of the original model M, and (a1, ..., oy) is the ac-
tion profile executed just before the system proceeded to g. Each copy has the
same valuation of propositions as the original state ¢, i.e., 7' ({q, a1, .. . , a)) =
7(¢). Then, for each action « € Act and agent i € Agt, we add a new proposi-
tioni: a. Moreover, we fix the valuation of i : « in M, so that it holds exactly
in the final states that can be achieved by an action profile in which i exe-
cutes « (i.e., states (q, a1, ..., a;, ..., a)). Note that the number of both states
and transitions in M/ is linear in the transitions of A,. The transformation

p
produces model M, which is equivalent to M, in the following sense. Let ¢
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<rej,set0> <rej,set0>
<réj,set]> <rej,setl>
<acc,set0> <acce,setl>

rej,set()

ace,setl)

rej,setl rej,setl

Figure 13: Memorizing the last action profile in a simple 2-agent system

be a formula of ATLY. that does not involve special propositions i : «. Then,
forallq € Q: My, q ':ATL;%T @iff M), q ':ATLZ-“T ©.

In M), agents can “recall” their actions executed at states that involved
some uncertainty (i.e., states in which the image of some indistinguishabil-
ity relation ~; was not a singleton). Now we can use ATLI (with additional
help of knowledge operators, see below) to characterize uniformity of strate-
gies.

Characterizing Uniformity in ATLI+K. We will now show that uni-
formity of a strategy can be characterized in ATLI extended with epistemic op-
erators K, (that we call ATLI+K. K,¢ reads as “agent a knows that ¢©”. The
semantics of ATLI+K extends that of ATLI by adding the standard semantic
clause from epistemic logic:

M,q = K,piff M, ¢ = ¢ for every ¢’ such that g ~, ¢'.

We note that ATLI+K can be also seen as ATEL [47] extended with inten-
tions.
Let us now consider the following formula of ATLI+Knowledge:

uniform(c) = (stro) ()0 /\ \/ K (0) Oi: a.

1€Agt aed(i,q)

The reading of uniform(c) is: suppose that profile ¢ is played (stro); then, for
all reachable states (((())0), every agent has a single action (A;cas Vacagig)
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that is determined for execution ({(0)) Oi : «) in every state indistinguishable
from the current state (K;). Thus, formula uniform(o) characterizes the uni-
formity of strategy profile o. Formally, for every concurrent epistemic game
structure M, we have that M,q =, 4 ;.x uniform(o) iff [o]a]] is uniform for
each agent a € Agt (for all states reachable from ¢). Of course, only reach-
able states matter when we look for strategies that should enforce a temporal
goal.

Note that the epistemic operator K, refers to incomplete information, but
o is now an arbitrary (i.e., not necessarily uniform) strategy profile. We ob-
serve that the length of the formula is linear in the number of agents and
actions in the model.

Translating Knowledge to Ability. To get rid of the epistemic opera-
tors from formula uniform (o) and epistemic relations from model M, we
use the construction from [23] (which refines that from [19] Section 4.4]).
The construction yields a concurrent game structure ¢r(M;) and an ATLI for-
mula ¢r(uniform(o)). The idea can be sketched as follows. The set of agents
becomes extended with epistemic agents e; (one per a; € Agt), yielding Agt” =
AgtUAgt®. Similarly, the set of states is augmented with epistemic states ¢° for
every ¢ € Q' and e € Agt®; the states “governed” by the epistemic agent e,
are labeled with a special proposition e,. The “real” states ¢ from the original
model are called “action” states, and are labeled with another special propo-
sition act. Epistemic agent e, can enforce transitions to states that are indis-
tinguishable for agent a (see Figurefor an example)E] Then, “a knows ¢”
can be rephrased as “e, can only effect transitions to epistemic states where
¢ holds”. With some additional tricks to ensure the right interplay between
actions of epistemic agents, we get the following translation of formulae:

tr(p) = p, forp eIl
tr(=p) = ~tr(e)
tr(p V) = tr(p) Vir(y)
tr((A) Op) = (AUAgt?) Olact Atr(p))
tr((A)8e) = (AUAgt")D(act Atr(p))
tr((A)eUy) = (AU Agt?) (act Atr(p))U(act Atr(y))
)

tr(K;p =(e1, .., ei)) O ( A {e1, ..., k>)O(act/\ﬁtr(ap))).

Note that the length of ¢r(y) is linear in the length of ¢ and the number
of agents k. Two important facts follow from [23], Theorem 8]:

Lemma 48 Forevery CEGS M and a formula of ATLY., that does not include the

17 The interested reader is referred to [23] for the technical details of the construction.
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act

Figure 14: Getting rid of knowledge and epistemic links

special propositions act, ey, ..., ex, wehave M, q |= sy 0 iff tr(M),q F yqqu
tr((p)' r r

Lemma 49 Forevery CEGS M, wehave M., q |= 41y 1. uniform(o) iff  tr(M)
tr(uniform(o)).

Putting the Pieces Together: the Reduction. We observe that ATLY.
can be seen as ATL where only uniform strategy profiles are allowed. An
ATLI formula that characterizes uniformity has been defined in the previ-
ous paragraphs. It can be now plugged into our “ATL with Plausibility” to
restrict agents’ behaviour in the way the semantics of ATLY. does. This way,
we obtain a reduction of SNSAT, to model checking of ATLPATH,

Proposition 50
zp Off tr(Mp),qq =

Proof. Wehave 2, iff M), ¢f Eyqqu Ppiff (M), a5 Fpqypu t7(Pp)
iff (M), g = (set-pl o.tr(uniform(c)))Plr(®,). n

ATLPATU (set-pl o.tr(uniform(c)))Pltr(Py).

ATLPATLI
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D Some Model Checking Complexity Proofs

D.1 Resultsin Section 6.1

Proposition Let M be a well-behaved CGSP, ¢ a state in M, and ¢ a
formula of £53%¢,(Agt,I1,Q). Then M,q | ¢ iff mcheckATLP(M,q,¢). The
algorithm runs in time AY with respect to the number of transitions in the
model and the length of the formula.

Proof Function mcheck is called recursively, at most [ times. All cases apart
from ¢ = ((A)) Oy where ¢ includes no ((C)) (analogously for the other
temporal operators) can be performed in polynomial time. Now, there is a
nondeterministic Turing machine A which implements function beatable:
Firstly, it guesses a strategy ¢ possibly together with another witness neces-
sary for plausiblestrat (by assumption the latter is in NP) and verifies if ¢ is
plausible, the verification can be done in polynomial time (by the same as-
sumption). Finally, if ¢ is plausible Ay has to perform CTL model checking
which lies in P.

It remains to show that there is a nondeterministic oracle Turing machine
Ag with oracle Ap implementing solve. (Formally, the machine requires two
oracles, one answering the question whether s is plausible, and the other is
given by Ap. However, the former is computationally less expensive then the
latter and can be ignored since we are interested in the oracle with the high-
est complexity.) Ag works as follows: Firstly, it guesses a profile s (again possi-
bly together with a witness for plausiblestrat); secondly, it verifies whether s
is plausible and then calls oracle A and inverts its answer. Altogether, there
are polynomial many calls to machine A2? ¢ NPNP. This renders the algo-
rithm to be in AE. ]

Proposition Let ¢ € N be a constant. Model checking £53%¢, formulae
with respect to the class of well-behaved bounded models 9t¢ can be done in
polynomial time with respect to the number of transitions in the model and
the length of the formula.

Proof sketch We modity the original ATL model checking procedure as fol-
lows. Consider the formula ¢ = {(A))y where ~ is a pure ATL path formula.
Let B be the set of agents assumed to play plausibly and let T # X be the
current set of plausible strategies described by some term and state. For each
sp € T|p weremove from M all transitions which cannot occur according to
sp,yielding model M#2, and check whether M*5 ¢ =arL (A))~y. We proceed
like this forall s € Y| (there are only polynomially many). This procedure is
incorporated into our ATLP model checking algorithm and applied bottom
up. [
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D.2 Resultsin Section
D.2.1 Upper Bounds

First, we recall a basic complexity result that will be used in the rest of this
section. Then, we present proofs of upper bounds for model checking L%,
for pure CGS’s and well-behaved CGSP’s.

Remark 51 A relation R C x"!'>* (k > 1) is called polynomial decidable

whenever there is a deterministic Turing machine (DTM) which decides {(z,y1 . .., yx) :

(x,y1...,yx) € R} in polynomial time; furthermore, R is called polynomial bal-
anced if there is a k € N such that for all (z,y; ...,yr) € R: |yi| < |z|* for all
i=1,.. .k

For a language L and k > 1 the following holds: L € Xf if, and only if, there
is a polynomial decidable and balanced (k + 1)-ary relation R such that L = {x |
I Vy2ys ... Qui ((x,y1...,yx) € R)} where Q = ¥ (resp. Q = J) if k is odd
(resp. k even) [36} Corollary 2 of Theorem 17.8].

Theorem [41} Let ¢ be a level-i formula of £ ,(Agt,IL0), k > 1,i > 0.
Moreover, let M be a CGS, and g a statein M. Then, model checking M, q = ¢

. . P
can be done in time Af 2k 1-max{0k—i—1}"

Proof By induction over k. In the following we restrict ourselves to (set-pl -)
without loss of generality.

Casek = 1. Let ¢ be alevel-i £}, formula, (set-pl w) an operator occur-
ring in ¢ such that I({(set-pl w)}) = iand w = 0.Q101Q203 ... Qnony’
where

@ e LY (Agt, IL, {0, 01,...,00}).

Note that M*51*» ¢ = ¢’ can be checked in polynomial time since all
constructible plausibility terms are rectangular and the representation
is directly given (see Corollary[3I). Moreover, let ¢’ denote the state in
which w is evaluated. W.l.o.g. we can assume that ¢ has the following
structure:

» = (set-pl w)P1 (A))Oyes

Now, ¢ is true in M and ¢ if and only if there is a plausible strategy
s4 for A and no plausible strategy ¢t with ¢|4 = s such that M’, ¢ =c1L
—AOyes where M’ is the trimmed model of M wrt ¢. In the following we
neglect the complexity needed to verify whether s, is plausible since
the method beatable also verifies this property and its complexity is as
least as high (cf. proof of Proposition[23). Thus, ¢ is true if, and only if

Isa—(3t (t € [w]" and R (M, q, 54,1, Dyes)))

iff s 4 (HthleQSQ o Qusp (M55 g = o' and R (M, q,s4,t, Dyes)))

iff 35 AVEQ151Q252 . .. Qusy (M1 ¢/ b ' or ~Ri_(M, q, s 4, t, Oyes))
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where R‘:(M, q,S4,t, Dyes) = true iff t|A = SA and Z\f’7 q ’:CTL —\ADyes
where M’ is the “trimmed” model of M wrtt, and @ is the dual operator
to Q.

Now, the latter conditions can be verified in polynomial time. We con-
sider the number of quantifier alternations. Subsequent strategies which
are quantified by quantifiers of the same type can be guessed together.
The same holdsif the sequence starts with existential quantifiers. These
strategies can be guessed together with strategy ¢. A quantifier level of
[({(set-pl w)}) = i denotes that it is sufficient to alternatingly guess ¢
witnesses. We obtain the following structure:

dsaVa, Az Vs ... Qx;
where @ = 3 (resp. Q = V) if i is even (resp. odd). Where z; denotes a
witness for a strategy or several strategies if guessing can be combined.

Thus, according to Remark |51| checking whether ¢ is satisfied can be
determined in time ¥, 5 and the complete model checking algorithm
for level-i L}, formula can be performed in time AF,_; (there can be
polynomial many such constructs).

Induction step: k — k + 1 (k > 1). Letpbealevel-i Lf‘}“LlP formula and letw
beatermin ¢ oftheformw = 01.Q101Q205 ... Q,0,¢’ such thati((set-pl w)) =
i. Furthermore, let RALT(Q; ... Qn) = j; then, I, = qlUO(¢")) =i —j
and ¢’ is an L%, , formula. Thus, by induction hypothesis we have that
¢’ can be model checked in time

AP, wherer :=ly + 2k — max{0,k — l,, — 1}.
Again, w.l.o.g. we can assume that ¢ has the following structure:
¢ = (set-pl w)P1{(A))Oyes.

We proceed as in case k = 1. Firstly, a profile s is guessed, then a profile
t and it is checked whether ¢ is plausible and coincides with s wrt A
and whether the trimmed model (wrt ¢) satisfies ~AOyes. We obtain
the following structure:

T4 (Ht (te[w]’ and R,:(M,q,sA,t,Dyes))>

iff Is4— | HQ151Q282 ... Qusn (M1 ¢/ = ¢’ and R (M, q,s4,t, Dyes))

€AF

cP

Since Mts1:5n ¢/ = ' is invoked by a nondeterministic polynomial
Turing machine we can assume that its model checking problem can
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be solved in =¥ instead of AF,,; the polynomial effort of the deter-
ministic machine can also be done by the invoking nondeterministic
machine. Hence to verify M5t ¢’ |= ¢’ witnesses according to

drVrodrs ... Q. x,

have to be guessed; then, the question whether ¢ is satisfied with re-
spect to the witnesses x4, . .., z,, can be solved in polynomial time.

Because RALT(Q1Q- ... Q,) = j it suffices to guess witnesses according
to the following structure:

Vay IaoVay .. Val.
If Q1Q2...Q, would start (resp. end) with existential quantifiers the
corresponding witnesses could be guessed together with the one for
profile ¢ (resp. witness 7). Putting things together the following wit-
nesses have to be guessed:

(%) IsaVay Ix)Vay3ay .. 3] Vo JeaVas . Q,xy

It remains to show that the number of alternations in (x) does never
exceed i +2(k + 1) — max{0, (k+1) —i—1}
We distinguish two cases (k+1) —¢—1<0and (k+1)—i—1> 0.

Case: £+ 1—1i—1<0. Thatis, k¥ < i. We are going to determine the
maximal possible number of alternations in ().
Firstly, assume that j > 1. That is the number of alternation is
givenby2+j+r =i+ 2k+1) — max{0,k — i+ j — 1}. This
expression is maximal whenever k —i+j — 1 < 0. Because of k <
this is always the case for j = 1. In this case the formula has at
most

i+2(k+1)—max{k+1—i—1} alternations.
For j = 0 there is at least one alternation less, since the witness x;

can be guessed together with ;.

Case: k+1—i—1>0. Thatis, k > 4. Firstly, we consider the case
j > 1. There are at most i+2(k+1)—max{0, k—i+j—1} alternations,
where the number becomes maximal for j = 1;i.e. we have at most

i+2(k+1) —max{k+1—i—1} alternations.

Now, we consider the case j = 0. In this case there are at most
i+2(k+1)—1—max{0,k—i—1} alternations. Because of k > i, we
have thatk—i—1 > 0and, hencei+2(k+1)—1—max{0,k—i—1}
isequivalentto: + 2(k + 1) — max{0,(k +1) —i — 1}.
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Thus, i +2(k+1) —max{k+1—4i—1} alternations denotes the max-
imal possible number of alternations which proofs our claim the model
checking algorithm for level-: Ef\}fp can be performed in time
2 —max —i—1} — AP
P=ir20a) (et = Ai+2(k+1)+1—ma,x{k+1—i—1}‘
[

Theorem[42} Let ¢ be alevel-i formula of £%, ,(Agt, 1, Q), M a well-behaved

CGSP, and gastatein M. Model checking M, ¢ |= ¢ isin AF 51 1)11 maxfox—i}-

Proof The proof is similar to the one of Theorem In comparison to the
claim of Theorem [41], 2k has changed to 2(k + 1) and max{0,k — i — 1} to
max{0,k — i}. The reason for this is that the final nesting (i.e. formulae in
£bhase ) might contain hard-wired terms and it can not be verified in polyno-
mial time anymore. This causes the change from £ to k+1 (it requires to guess
s4 and verify it against all responses t). However, now the complexity might
be increased too much since the final strategy s4 of A could be guessed to-
gether with the next to last strategy ¢’ of the opponents (3s/, —(3t'3s 4 —(3t)))
if there is no further alternation between ¢’ and s 4, caused by a plausibility
term. Such an “interfering” alternation is only possible if the given formula
is at least an level-k formula; this is reflected by max{0, k — i}. [

D.2.2 PSPACE-completeness of L/;; , Model Checking

We use quantified satisfiability (QSAT) to show PSPACE-completeness of model
checking L%, p and Larp.

Definition 37 (QSAT [36])

Imput: A boolean formula ¢ in conjunctive normal with i variables x1, . . ., x;.
Output: Trueif Ix,1Vxo . .. Q;x; ¢ is satisfiable, false otherwise (Where Q =V if i
is even, and Q) = 3 if i is odd).

Given an instance ¢ of QSAT we constructan £, , formula §, and a CGSP
M, (both are constructible in polynomial space regarding the length of ()
such that ¢ is satisfiable if, and only if, M,,qo = 6,. In the following we
sketch the constructions which are based on the reduction of SNSAT, to
model checking ATLY. proposed in Appendix and the translation of
ATLY, t0 L gy paru proposed in Appendix|[C|

Let ¢ = Jz1Vzs ... @z, ¢ be an instance of QSAT. Firstly, we sketch the
construction of the CEGS M/, which will then be transformed into a CGSP
M. In comparison to the construction in Appendix[B.2} we consider n agents
one for each quantifier (in fact, we consider max{2,n} agents; however, for
the rest of this section we assume that n > 2). The agent belonging to quan-
tifier ¢ is named «;. Except for the proposition states the procedure is com-
pletely analogous to the construction given in Appendix[B.2lwhere agent a
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Figure 15: Construction of the intermediate model M for ¢ =
E|.%‘1V3325|1‘3((331 AN l‘g) \ —\$3) A (_'1,‘1 V .133).

is considered as refuter and a4 as verifier. (Alternatively, two additional agents
could be added.) The procedure at the proposition states changes as follows:
In such a state, say ¢, referring to a literal /, say | = z;, agent a; can decide on
the value of z;. Note again that the agent is required to make the same choice
in indistinguishable states. In Figure[I5]the construction is shown for the for-
mula ¢ = 3z Veo3zs((x1 A 22) V —x3) A (—xq V x3). Finally, the model M, is
obtained from M, by following the same steps as described in Appendix
Secondly, we construct formula 6, from ¢ as follows:

0, = (set-pl 01.Yoo303 ... Qronx)Pl (Agt)) oT
where

/\ uniformiqrp(ci) | A (set-pl (o1[1],...,0,[n]))PL{0) Oyes.

i=1,...,n

=
If

Next, we will give the intuition behind 6,,. Firstly, itis easy to see that P1 (Agt)) O T
is true whenever the set of plausible strategy profiles is not empty. Hence, the
actual set of strategies described by the preceding (set-pl -) operator is not
particularly important, rather if some strategy is plausible or not.

Secondly, note that (set-pl (o1[1],...,0,[n])) in x describes a single strat-
egy profile and that all individual strategies can be considered independently
(the setis rectangular, cf. Deﬁnitionand Lemmal|29). Furthermore, an in-
dividual strategy is mainly used to assign T or L to propositional variables
in the proposition states. (Except for agents a; and a; which also take on the
refuter and verifier role; they can also perform actions in non-proposition

75 Technical Report IfI-08-03



Some Model Checking Complexity Proofs

states.) Hence, a given strategy profile can be seen as a valuation of the propo-
sitional variables.

Thirdly, we analyze y with respect to a given profile o := (01[1],...,0,[n])
taking into account the previous points. By formula uniform/ypyp(c;) it is
ensured that agent ¢ assigns the same valuation to propositions in indistin-
guishable states. Now, y is true if the “winning state” ¢t is reached by fol-
lowing the strategy described by o (it describes a unique path in the model).
In other words, x is true if, and only if, the valuation described by o satisfies
®. -

Finally, due to the previous observations, if [o;.Voo303 ... @0, X] is non-
empty it can be interpreted as follows: There is a valuation of z; such that
for all valuations of z, there is a valuation of x3, and so forth such that ¢ is
satisfied.

The following proposition states that the construction is correct.

Proposition 52 Let ¢ be a QSAT instance. Then it holds that o is satisfiable if,
and only if, M, qo = 0, where M, and 6., are effectively constructible from ¢ in
polynomial space with respect to the length of the formula .

Proof sketch Let ¢ be a QSAT instance. We use the construction above to ob-
tain M, and 0, where uniformjyyp(c) is obtained as follows: Firstly, we take
the ATLI +K formula uniform(o|;) (Where o|; refers to agent ¢’s startegy in
o) as described in Appendix [C} then, we use the polynomial translation to
change knowledge to ability, yielding a pure ATLI formula. Finally, we use
the polynomial translation from ATLI to ATLP given in Section (Proof
of Proposition to obtain a pure ATLP formula uniform’yp(c). Hence,
the latter formula is true if agent i’s strategy contained in the complete pro-
file ¢ is a uniform strategy. This shows that 6, can be constructed in polyno-
mial space.

Model M, is obtained from M/, by the same scheme. Firstly, the construc-
tion from [23] referred to in Appendix|C|is applied. Secondly, the resulting
CGS with intentions is transformed to a CGSP using the construction from
Section (Proposition again. The constructed model M,, is also poly-
nomial with respect to .

We get that ¢ is satisfiable if, and only if, M, qo = 0,,. ]
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