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Abstract

We investigate the normaliser problem, that is, given G, H < S,,, compute Ng(H).
The fastest known theoretical algorithm for this problem is simply exponential, but
more efficient algorithms are known for some restriction of classes for G and H. In this
thesis, we will focus on highly intransitive groups, which are groups with many orbits.
We give new algorithms to compute Ng, (H) for highly intransitive groups H < S,, and
for some subclasses that perform substantially faster than previous implementations in

the computer algebra system GAP.

1ii



iv




Acknowledgements

General acknowledgements

My greatest gratitude goes to my two supervisors, Christopher Jefferson and Colva M.
Roney-Dougal, who have tirelessly put up with my many shortcomings and patiently
guide me in my development. Needless to say, the thesis would not exist without their
expert guidance. I would also like to thank my examiners Alexander Hulpke and Peter
Cameron, for their comments and discussions on the thesis. Additionally, I would like
to thank Sergio Siccha for the many discussions on computing normalisers.

Furthermore, I am grateful to the CIRCA members, the Constraint Programming
group, the GAP community and the St Andrews-Halle Permutation Algorithms group
for the advice and discussions. I would also like to thank the administrative teams in
the School of Computer Science and the School of Mathematics and Statistics for their
help and organisation. I appreciate all those who have kept me sane these few years,
with office talks, long lunches and the much-needed coffee and tea breaks. To those
who had to listen to my rants, a massive thank you.

The last round of thanks is reserved for my partner’s and my families, whom I love
dearly, and who have supported and encouraged me throughout the years. This thesis
is dedicated to Dun for empathising and reasoning with me on the countless times I

wanted to quit.

Funding

This work was supported by the University of St Andrews (School of Computer Science
and St Leonard’s College Scholarship).

Research Data/Digital Outputs access statement

Research data underpinning this thesis are available at https://doi.org/10.17630/
710d£d8d-356b-4080-b2ad-c6791b7c21fe [Cha2l].


https://doi.org/10.17630/710dfd8d-356b-4080-b2ad-c6791b7c21fe
https://doi.org/10.17630/710dfd8d-356b-4080-b2ad-c6791b7c21fe

Candidate's declaration

I, Mun See Chang, do hereby certify that this thesis, submitted for the degree of PhD, which
is approximately 39,000 words in length, has been written by me, and that it is the record of
work carried out by me, or principally by myself in collaboration with others as
acknowledged, and that it has not been submitted in any previous application for any
degree. | confirm that any appendices included in my thesis contain only material permitted
by the 'Assessment of Postgraduate Research Students' policy.

| was admitted as a research student at the University of St Andrews in September 2016.

| received funding from an organisation or institution and have acknowledged the funder(s) in
the full text of my thesis.

Date 12/4/2021 Signature of candidate

Supervisor's declaration

| hereby certify that the candidate has fulfilled the conditions of the Resolution and
Regulations appropriate for the degree of PhD in the University of St Andrews and that the
candidate is qualified to submit this thesis in application for that degree. | confirm that any
appendices included in the thesis contain only material permitted by the 'Assessment of
Postgraduate Research Students' policy.

Date 13/4/2021 Signature of supervisor

Permission for publication

In submitting this thesis to the University of St Andrews we understand that we are giving
permission for it to be made available for use in accordance with the regulations of the
University Library for the time being in force, subject to any copyright vested in the work not
being affected thereby. We also understand, unless exempt by an award of an embargo as
requested below, that the title and the abstract will be published, and that a copy of the work
may be made and supplied to any bona fide library or research worker, that this thesis will be
electronically accessible for personal or research use and that the library has the right to
migrate this thesis into new electronic forms as required to ensure continued access to the
thesis.

I, Mun See Chang, confirm that my thesis does not contain any third-party material that
requires copyright clearance.

The following is an agreed request by candidate and supervisor regarding the publication of
this thesis:


msc2
Typewritten text
12/4/2021


Printed copy

No embargo on print copy.

Electronic copy

No embargo on electronic copy.

Date  12/4/2021

Date 13/4/2021

Signature of candidate

Signature of supervisor


msc2
Typewritten text
12/4/2021


Underpinning Research Data or Digital Outputs
Candidate's declaration

I, Mun See Chang, understand that by declaring that | have original research data or digital
outputs, | should make every effort in meeting the University's and research funders'
requirements on the deposit and sharing of research data or research digital outputs.

Date  12/4/2021 Signature of candidate

Permission for publication of underpinning research data or digital outputs

We understand that for any original research data or digital outputs which are deposited, we
are giving permission for them to be made available for use in accordance with the
requirements of the University and research funders, for the time being in force.

We also understand that the title and the description will be published, and that the
underpinning research data or digital outputs will be electronically accessible for use in
accordance with the license specified at the point of deposit, unless exempt by award of an
embargo as requested below.

The following is an agreed request by candidate and supervisor regarding the publication of
underpinning research data or digital outputs:

No embargo on underpinning research data or digital outputs.

Date 12/4/2021 Signature of candidate

Date 13/4/2021 Signature of supervisor


msc2
Typewritten text
12/4/2021


msc2
Typewritten text
12/4/2021


Contents

Abstract

Acknowledgements

Introduction

1 Permutation Groups

1.1
1.2
1.3
1.4
1.5

Group actions . . . . . . . ..o
Constructing groups from groups . . . . . . . . . . ... ...
Normal subgroups and normalisers . . . . . . . ... ... ... .....
Structure of intransitive groups . . . . . . ...

Base and strong generating sets . . . . . .. ... ..

2 Permutation Group Algorithms

2.1
2.2
2.3
2.4

Polynomial time algorithms . . . . .. ... ... ... ... .. .....
Problems not known to be in polynomial time . . . . . . . ... ... ..
Backtrack search in permutation groups . . . . . .. . ... ... ...

The normaliser problem . . . . . . .. ... ... ... ... .......

3 Disjoint Direct Product Decomposition

3.1
3.2
3.3
3.4
3.5

Background and preliminaries . . . . . . . ... ..o oL
Disjoint direct product decomposition . . . . . . ... .. ... ... ..
Algorithm . . . . . . . . .
Experiments . . . . . . . ..

Conclusion and future work . . . . . . . . . ... ...

4 Normalisers of Highly Intransitive Groups

4.1
4.2
4.3
4.4
4.5

Equivalent orbits . . . . . . ... oo
Disjoint direct product decompositions . . . . . . .. ... ... ... ..
Permutation isomorphism of projections . . . . . . ... ... ... ...
Algorithm . . . . . . . . .

Results and discussion . . . . . . . . ... L

X

ii

iii

10
12
16



CONTENTS

5 Normalisers of Groups In Class In(C))
5.1 Normaliser of H € In3(C,) and code automorphisms
5.2  Complexity results
5.3 Pruning techniques
5.4 Algorithm
5.5 Extension: Groups in class Jn®(Dy))
5.6 Results

6 Normalisers of Groups In Class In3(7)
6.1 Polynomial time library
6.2 Structure of subdirect products of 7%
6.3 Normalisers in polynomial time
6.4 Isomorphisms induced by conjugations
6.5 Algorithm
6.6 Extension: Groups in class Jn'B(S,,)
6.7 Results

Conclusion

Bibliography



Introduction

Groups are algebraic objects that arise from the symmetries of combinatorial structures.
Permutation groups, which are groups consisting of permutations (bijections of a set),
are the oldest and most well-studied types of groups. The area of computational group
theory studies algorithms for groups. In this thesis, we will focus on permutation group
algorithms.

Given permutation groups G, H < S, the problem of computing the normaliser
Ng(H) == {g € G | g7'Hg = H} is called the normaliser problem. Normalisers are
important for analysing group structures and have been used intensively in group con-
structions. Hence it is important to have algorithms with reasonable runtimes. However,
there are currently no known polynomial time algorithms to solve the normaliser prob-
lem in general. The fastest known bound for this problem in general is simply exponen-
tial [Wiel9|. Better bounds are known for various cases: for example, quasipolynomial if
H is primitive [RDS20], and polynomial if G has restricted composition factors [LM02].

As a consequence of Babai’s quasipolynomial solution to string isomorphism [Bab16],
the intersection of permutation groups can be computed in quasipolynomial time. So,
with a quasipolynomial cost, it suffices to compute Ng, (H), then N¢(H) = Ng, (H)NG.

More specifically, we shall focus on the following special case of the normaliser problem.
Problem 0.0.1 (NORM-SYM). Given H = (X) < S,,, compute Ng, (H).

We shall assume that a group H < S, is given by a generating set X. Since
permutations in S, are stored as a list of images of {1,2,...,n}, we therefore have an
input size of |X|n. In general we will measure complexity in terms of input size. It is
well known that in time O(|X |n? 4+ n®), we may replace X with a generating set of size
at most n (see for example [Ser03|). Therefore, we may assume that the generating set
X has size at most n and we shall measure complexity in terms of n.

In [Luk93], Luks shows that the graph isomorphism problem is polynomial time
reducible to NORM-SYM, which is a special case of the normaliser problem. However,
not much more is known about where NORM-SYM fits into the complexity hierarchy.
In particular, we do not know its relation with the string isomorphism problem and
the intersection problem. To better understand its worst case complexity, it is helpful
to study the case where the problem seems to be the hardest. In this thesis, we will
consider highly intransitive groups. More specifically, we compute Ng, (H) of a given

group H < 5, with many orbits.
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For H < S, wesay H = H| x Hy X...x H, is a disjoint direct product decomposition
of H if it is a direct product decomposition of H and the factors H; have pairwise
disjoint supports. If H has a non-trivial disjoint direct product decomposition H =
Hy x Hy x ... x H, where r > 1, then computing the normaliser Ng, (H) is reduced
to computing the normaliser Ngyu(supp(s,))(Hi) for each 1 < i < r and solving the
conjugacy problem for each distinct pair of the factors H; and Hj;. Disjoint direct
product decompositions also have many applications beyond computing normalisers, in
permutation group algorithms and beyond. The first result of this thesis is to show
that the finest disjoint direct product decomposition of a group H = (X) < S, can
be computed in polynomial time. As we shall see in the chapter, the algorithm only
manipulates certain strong generating sets, so is very efficient in practice, once the
required strong generating set is obtained.

The fastest implemented algorithm for computing the normaliser Ng (H) in general
is a backtrack search algorithm. In practice, this algorithm is efficient in many classes of
H. One objective of this thesis is to identify classes of H such that computing Ng, (H)
is slow in the backtrack algorithm. Two permutation groups H; and Hs are said to be
permutation isomorphic if they are “the same up to the labelling of points”. The nor-
maliser Ng, (H) permutes the H-orbits on which the projections of H are permutation

isomorphic. Therefore we consider the following class of groups.

Definition 0.0.2. Let A < S, be a transitive group. Let IJnB(A) be a class con-
sisting of all groups H < S,, with k orbits 1,Qa,...,Q; and each projection H|q, is

permutation isomorphic to A.

There are many practical algorithms to solve special cases of the normaliser prob-
lem Ng(H). For example, Holt gave methods for the case H is regular [Hol91], Hulpke
considered the case where H is elementary abelian and produced new methods us-
ing invariant sets [Hul08|, and Miyamoto gave new methods using association schemes
[Miy06]. For the NORM-SYM problem, certain structures of H can be used to prune the
search tree. In general, these structures should be efficient to compute and preserved
under conjugation.

A group H < S, with orbits €21, Qs, ..., Q can be regarded as a subdirect product of
Hl|q, xHlq, x...x H|g,. Goursat’s lemma dictates that a subdirect product is uniquely
identified by k& normal subgroups of the H|q, and k£ homomorphisms [Sch94, BSZ15].
Using these structures and the aforementioned disjoint direct product decomposition,
we formulate new pruning techniques to compute the normalisers Ng, (H) of intransitive
groups H. In an effort to focus on the hardest case, we identify the two classes of H
such that the current techniques do not yield much pruning.

In the first case, we have H € In(C)), where C), < S, is the cyclic group of prime
degree p. We believe the class In®B(C)) of H is likely to be one of the hardest cases of
the NORM-SYM problem, as the implementation in the computer algebra system GAP
|GAP20] is very slow in solving the NORM-SYM problem for groups in JnPB(Cp). We
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will show that the NORM-SYM problem for H € JnB(C),) is polynomial equivalent to
computing the monomial automorphism group of a code over IF,. Using methods for
computing automorphisms of linear codes, we give a new faster algorithm for solving
the NORM-SYM problem for H € In3(C),), and demonstrate that our new algorithm
performs far better than the one currently implemented in GAP. The fastest imple-
mented algorithm to compute Ng,(H) has a run time of 20(*1°8™)  Using methods
based on coding theory, we shall bound the complexity of the NORM-SYM problem for
H € In3B(Cp) by min (20(%1Og %),20(2%1%”)), and give an algorithm that performs
efficiently in practice.

The second case that was thought to be hard is where H is in the class In3(7),
where T < S, is a transitive non-abelian simple group. As a consequence of the
Classification of Finite Simple Groups (see |Gor82, Gor83, ALSS11]), many properties
of a non-abelian simple group are known. Using the fact that |Out(T')| is polynomially
bounded, Luks and Miyazaki showed that the NORM-SYM problem for non-abelian
simple groups H can be computed in polynomial time [LLM02|. We shall show that the
NORM-SYM problem for H € InB(T") can also be computed in polynomial time.

With a little extra work, our algorithms are generalised to compute the normalisers
Ng, (H) for other classes of H < S,,. We shall show how we can adapt our algorithm
to the case where H € In(Dy,), the class of groups with intransitive projections
permutation isomorphic to dihedral groups of order 2p, where p is an odd prime, and
also to the case where H € InB(S,,), that is the class of groups with intransitive
projections permutation isomorphic to the symmetric group of degree 5 < m # 6.

The thesis is structured in the following way. We start with some background mate-
rials on permutation groups in Chapter 1. Section 1.4 is of significant importance, as it
gives certain structures of intransitive groups which we will use throughout the thesis.
In Chapter 2, we will present a polynomial time library and describe some problems
in the Luks hierarchy. We will also describe backtrack search in groups, and present
some literature review on computing normalisers of permutation groups, in terms of
theoretical complexity as well as some practical approaches. In Chapter 3, we will show
that the finest disjoint direct product decomposition of a given permutation group can
be computed in polynomial time. We return our focus to computing normalisers in
Chapter 4, where we give several pruning methods for computing normalisers of highly
intransitive groups using some properties preserved under the conjugations. In Chap-
ter 5, we will consider the groups H < S, in class In3(C,). As mentioned earlier, we
will show that we can compute the normaliser Ng, (H) for H € JnB(C)) by comput-
ing certain group of automorphisms of a linear code. Using this alternate viewpoint,
we give a faster algorithm to compute the normalisers Ng (H) of groups H < S, in
this class. We will also see how we use similar methods to improve the normaliser
computation for groups in In3(Dsay,) for p an odd prime. In Chapter 6, we consider
the groups in class In3(T"), where T is non-abelian simple. We will show that we can

compute the normalisers Ng (H) for the groups H < S, in this class in polynomial
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time, and give an algorithm that also performs competitively in practice. Lastly, we see
how these methods generalise to computing normalisers of groups in class InB3(S,,) for
5 < m # 6.



Chapter 1
Permutation Groups

In this chapter we will give some elementary concepts and results we will be using in
the later chapters. Most of the results in this chapter can be found in Chapters 1-4 of
[DM96].

Definition 1.0.1. Let 2 be a set. A permutation is a bijection from 2 to itself.
The symmetric group on € is the group consisting of all permutations of §2, denoted by
Sym(Q). If @ ={1,2,...,n}, we write Sym(Q2) as Sp.

A permutation group is a subgroup of a symmetric group.

Throughout the thesis, we write permutations as products of disjoint cycles. All
groups considered in the thesis are finite and all permutation groups are acting on finite
sets.

1.1 Group actions

Definition 1.1.1. Let G be a group and let €2 be a non-empty set. Let £ : G x Q@ — Q
be a mapping, where we denote the image £(x, @) by o*. Then the mapping defines an

action of G on Q if
1. a' = o for all a € Q, where 1 is the identity element of G; and
2. a®) = ()Y for all a € Q and z,y € G.

If such a ¢ exists then we say that G acts on €.
Group actions are closely related to permutation representations.

Definition 1.1.2. A homomorphism p : G — Sym(2) is called a permutation repre-

sentation of G on €.

An action of GG on a set € gives a permutation representation of G. Conversely every

permutation representation corresponds to some action.
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Proposition 1.1.3. 1. Let G be a group acting on a set Q. For each g € G, let
g:Q — Q be defined by v — 9. Let p: G — Sym(Q) be defined by p(g) = g.

Then p is a permutation representation of G.

2. Let p : G — Sym(f) be a permutation representation. Define a mapping & :
G xQ— Qby(g,a)— a9, Then ¢ defines an action of G on Q,

1

Proof. Part 1: For g € G, the map g is a bijection since g~ maps o9 to 99" = a. So

g € Sym(f2). The map p is a homomorphism as

a9l = (o) — @90 — (oP9))P(M) - forall a € Q and g,h € G.

Therefore p(gh) = p(g)p(h).
Part 2: Let & : G x Q — Q be defined by (g,a) — a9 . As homomorphisms send the

identity to the identity, £(1, ) = o) = a and
a9l = £(gh,a) = aPlgh) — (p(9)p(h) — (§(g,a))p(h) — (ag)p(h) =¢(h,af) = (ag)h‘
O

The degree of the action of G on 2 is ||, and the kernel of the action is the kernel
{9 € G| ¢(g) = 1} of the corresponding permutation representation ¢. We say an
action is faithful if its kernel is trivial, or equivalently, if the corresponding permutation
representation ¢ is injective.

We use permutation equivalence to compare group actions and the corresponding

permutation representations.

Definition 1.1.4. Two permutation representations p : G — Sym(f2) and ¢ : G —
Sym(I") of G are equivalent if there exists a bijection A :  — I" such that

MDY = \a)?9) foralla € Qand g € G, (1.1)

and we say A is a bijection witnessing the equivalence. Two actions are said to be

equivalent if the corresponding permutation representations are equivalent.

Equivalent permutation representations should not be confused with permutation
isomorphism, which captures the permutation groups that are “the same up to rela-

belling of points”.

Definition 1.1.5. Let G < Sym(f2) and H < Sym(A). Then G and H are said to be
permutation isomorphic if there exist a bijection ¢ :  — A and a group isomorphism
¥ : G — H such that

(o) = ¢(a)¢(g) for all o € Q and g € G, (1.2)
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and we say ¢ and v is a bijection and an isomorphism witnessing the permutation

isomorphism.

Example 1.1.6. Let G = Cy x Cy and with elements (1,1), (1,a), (a,1), (a,a) where
aa =1. Let p: G — Sy4 defined by (1,a) — (1,2) and (a,1) — (3,4) be a permutation

representation of G.

1. Let 0 : G — S4 defined by (1,a) — (3,4) and (a,1) — (1,2) be a permutation
representation of G. Then p and ¢ are equivalent permutation representations of
G as the bijection A : {1,2,3,4} — {1,2,3,4} defined by 1 +— 3,2+ 4, 3 — 1
and 4 — 2 satisfies Equation (1.1).

2. Now let 0 : G — Sy defined by (1,a) — (1,2) and (a,1) — (1,2)(3,4) be another
permutation representation of G. There are no such bijection A as it would require
A3) = A1) = A(3e((@a1)) = \(3)7((@D) = \(3)(12)B4) S p and ¢ are not

equivalent permutation representations of G.

However, in both cases, p(G) and o(G) are permutation isomorphic (they are indeed

the same group).

Observe that two permutation groups on the same set {2 are permutation isomorphic

if and only if they are conjugate subgroups of Sym(2).

Proposition 1.1.7. Let H,G < Sym(Q2). Then H and G are permutation isomorphic
if and only if H and G are conjugate in Sym(€2).
Furthermore, if ¢ : Q@ — Q is a bijection witnessing the permutation isomorphism from

H to G, then H® = G.

Proof. =: Let ¢ : Q@ — Q and v : H — G be a bijection and an isomorphism that
together witness the permutation isomorphism between H and G, as in Definition 1.1.5.
We shall show that H? = G.

Let h € H and let 8 € Q. Then there exists a € Q such that ¢(o) = 5. Then

B(hd’) — q® the _ he _ p(al) = ¢(a)w(h) — gv),

Hence h? = ¢(h) and so H? < (H) = G.
«: Let 0 € Sym(Q2) such that H = G. Let ¢ = o and let ¢p : H — G be the
isomorphism defined by 1 (h) = h? for all h € H. Then for all h € H and o € Q, we

have
9(a”) = o = (a7)7 " = §(a)"" = ().

O

For a group G acting on a set €1, each point o € €2 is moved by elements of G to

other points of €). These images of a form the orbit of « under G.
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Definition 1.1.8. Let G be a group acting on 2 and let o € 2. The orbit of a under
G is the set a® = {a9 | g € G} of images of o under G. We call the set of all orbits of
«a € Q under the action of G the orbits of G.

Two orbits of G are either disjoint or equal [DM96, Theorem 1.4A], so the orbits of
G form a partition of 2. We say that a group G is transitive if G has one orbit 2 and
intransitive otherwise.

We may sometimes want to exclude points that are fixed by an element or a subset

of G. Hence we introduce support and fixed points.

Definition 1.1.9. Let G be a group acting on €2, and let ¢ € G. The support of
g is the set Supp(g) = {a € Q| a9 # a} and the fized points of g form the set
Fiz(g) ={a € Q| a? = a}.

Let S be a subset of G. The support of S is the set Supp(S) = UsegSupp(s) and the
fized points of S form the set Fix(S) == NsegFiz(s).

The dual concept to an orbit is the point stabiliser.

Definition 1.1.10. For a group G acting on a set €2, the stabiliser of a € Q in G is
the set G, ={g € G| a9 = a}.

Proposition 1.1.11 ([DM96, Theorem 1.4A]). Let G be a group acting on 2 and let
a,B8€Q and g € G. The following hold.

1. If a9 = B, then Gz = G%.
2. (Orbit-stabilizer property) |a%| = |G : Gql.

The action of G on € is regular if G is transitive and G, = 1 for all o € 2. By the
orbit-stabiliser property, if G is finite, then the action is regular if and only if |G| = |©].
In terms of stabilisers of a set, we differentiate between the pointwise and the setwise

stabilisers.

Definition 1.1.12. Let G be a group acting on  and let A C Q. The pointwise
stabiliser of A in G is the subgroup Ga) = {g € G | a9 = aforalla € A}. The
setwise stabiliser of A in G is the subgroup Gyay = {g € G| a? € A for all « € A}.

A group G acting transitively on 2 may preserve an (unordered) partition of €,

which will give blocks of imprimitivity.

Definition 1.1.13. Let G be a group acting transitively on 2. Then A C Q is a block
for G if for every g € G, either AY = A or ANAY = ().

If A is a block then the set {AY | g € G} is a partition of Q, called a system of blocks
for G.

The set of singleton subsets of €2 forms a system of blocks of imprimitivity for G.
Similarly, €2 is a block for G. We call these blocks trivial blocks. A transitive group is
said to be imprimitive if it has non-trivial blocks, and is said to be primitive otherwise.

Finally observe that the orbits of a normal subgroup give a system of blocks.
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Proposition 1.1.14 ([DM96, Theorem 1.6A]). Let G be a group acting transitively on
Q and let N < G be a normal subgroup of G. Then the orbits of N form a system of
blocks for G.

1.2 Constructing groups from groups
We begin with the product of subgroups.

Definition 1.2.1. Let G be a group and let H and K be subgroups of G. Then the
product of subgroups H and K is the set HK = {hk | h € H and k € K}.

The set HK need not be a subgroup of G, but it is if either H or K are normal in
G. If G = HK, we say that K is a supplement of Hin G. f G=HK and HNK =1,
we say that K is a complement of Hin G. f G=HK, HNK =1 and both K and H
are normal in G, then G is the (internal) direct product of H and K.

Definition 1.2.2. Let G and H be groups. Then the direct product G x H of G and H
is the group with elements {(g,h) | g € G, h € H} together with the component-wise

binary operation.

The direct product defined above is an external one. Note that for each external

direct product there is a corresponding internal direct product.

Remark 1.2.3. Let G and H be groups and let K :== G x H. Then G = G x 1 and
H =1 x H are normal subgroups of K with trivial intersection and any element %k of
K can be written uniquely as a product k = gh, where § € G and h € H. So K is an
internal direct product of G and H.

Associated to direct products are the projection maps.

Notation 1.2.4. Let G1,Ga,...,Gk be groups and let G = G; X G2 X ... X Gx. We
denote by m; the projection of G onto G;. So for g = (91,92,...,9x) € G, we have
Ti(9) = ;-

For I C {1,2,...,k}, wedenote by II; the projection onto I, so I1;(g) = (iy, Jiss - - - » Gi,.)s

where 41,19, ...,%, are the elements of I in the natural ordering.

The projection maps are homomorphisms. The surjectivity of the projections m;

gives the definition of a subdirect product.

Definition 1.2.5. Let G1,Ga,..., Gy be groups and let G = G; x Go X ... x G. A
subgroup H of G is a subdirect product of G if the projections m; : H — G are surjective
forall 1 <i¢<k.

Therefore we may regard an intransitive group as a subdirect product of the direct

products of the projections on its orbits.
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Proposition 1.2.6. Let H < S, and let Qq,Qo, ..., be the orbits of H. Then H is
a subdirect product of H|q, X H|q, x ... x H|q,, where we identify the direct product as
a subgroup of Sy,.

We will further discuss the structure of intransitive groups in Section 1.4.

A generalisation of direct product is the semidirect product.

Definition 1.2.7. Let H and K be groups and let H act on K. The (external) semidi-
rect product of H by K is the group K x H = {(k,h) | k € K and h € H} where the
products are defined by

-1
(K1, h1) (ke ha) = (kiki  hyho)

for all k1,ky € K and hy,ho € H.

Example 1.2.8. Let H < G and K <G such that G = HK and K N H = 1. Then any
element g of G can be written as kh, for some k € K and h € H. Since K = K9 = K*",
we have K" = K. So H acts on K by conjugation. Let g; = k1h1 and go = koho
be elements of G, then g1go = ki1hikahs = klhlehl hiho = kle h1h2 Therefore
G=K x H.

Finally, a wreath product is a special case of a semidirect product.

Definition 1.2.9. Let K, H be groups and let H act on a non-empty finite set I'. Let
L = KTl be the direct product K; x Ky X ... X K| of |I'| copies of K. The wreath
product K v H of K by H is the semidirect product L x H, where the action of H on
KT is defined by kf' = k;,-1 for all h € H and k; € K;.

The subgroup L of Kr H is called the base group of the wreath product. We denote
the case where H is given as a permutation group in Sym(T') simply as K ! H instead
of K H, which we call the standard wreath product.

The wreath product is strongly connected to imprimitive groups. For groups K and
H acting on A and I' respectively, the wreath product K { H acts imprimitively on

A x T". Conversely, any imprimitive group can be embedded into a wreath product.

Proposition 1.2.10 (|Cam99, Theorem 1.8|). Let G < Sym(2) be imprimitive with
blocks A1, Ao, ..., Ar. Let K < Sy be the group induced by the action of G on the A;.
Then G can be embedded into the wreath product G{A1}|A1 LK.

Note that K r H also acts (primitively) on the cartesian product of |T'| copies of A.

This action is called the product action of the wreath product.

1.3 Normal subgroups and normalisers

In this section we give some elementary results relating to normal subgroups and nor-

malisers.
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Definition 1.3.1. Let G be a group. A minimal normal subgroup of G is a non-trivial
normal subgroup N of G such that there are no non-trivial normal subgroups K of G
such that K & N.

Lemma 1.3.2 ([DM96, Theorem 4.3A]). Let G be a finite group. Let K be a minimal
normal subgroup of G and let L I G with K # L. Then either K < L or (K, L) = K x L.
Hence if L is also a minimal normal subgroup of G, then (K,L) = K x L.

The socle of a group plays an integral role in understanding primitive groups.

Definition 1.3.3. Let G be a group. The socle of G is the group soc(G) generated by

all minimal normal subgroups of G.
Proposition 1.3.4 (|[DM96, Theorem 4.3A]). Let G be a non-trivial finite group. Then

1. There exist minimal normal subgroups N1, Na,..., Ny of G such that soc(G) =
N1 XNQX...XNk.

2. If N is a minimal normal subgroup of G, then N is a direct product of simple

normal subgroups of N which are conjugate in G.

We now turn our attention to normalisers of groups. For G, H < S,,, we denote by

N¢g(H) the normaliser of H in G. We prove the following elementary but useful lemma.

Lemma 1.3.5 ([Ser03, Lemma 6.1.7]). Let H < Sym(S2). Then Ngymq)(H) permutes
the H-orbits.

Proof. Let g € Ngym(q)(H). Let a, 3 € Q be points in the same H-orbit. Then there
exists h € H mapping « to 8. So A’ := hY is an element of H and (a9)" = @99 he = B9,
Therefore of and (9 are in the same H-orbit. Similarly, g maps points in different orbits

to points in different orbits. O

The normaliser of H is closely related to the automorphism group of H.

Definition 1.3.6. For a group G, the automorphism group Aut(G) of G is the set of

all isomorphisms « : G — G under composition of maps.

An automorphism o € Aut(G) of G is an inner automorphism if it is induced by
the conjugation by an element h € G. That is, there exists h € G such that ¢® = g"
for all ¢ € G. Otherwise « is said to be an outer automorphism of G. The inner
automorphism group Inn(G) of G is the group consisting of all inner automorphisms of
G, and is normal in Aut(G). The outer automorphism group of G is the quotient group
Out(G) = Aut(G)/Inn(G).

We prove the following well-known theorem. Note that since g¥ € G for all g € G

and v € Ng, (G), the element v induces an automorphism of G.



12 Chapter 1: Permutation Groups

Theorem 1.3.7. Let G < S,,. Let ¢ : Ng, (G) — Aut(G) be such that p(v) = U, where v
denotes the element of Aut(G) induced by conjugation by v. Then ¢ is a homomorphism
with Ker(¢) = Cg, (G). Hence Ng,(G)/Cs, (G) is isomorphic to a subgroup of Aut(QG).

Proof. The map ¢ is a homomorphism as g?(*172) = g(11r2) — (g¢()yv2 — GE(1)o(v2) for
all v1,19 € Ng, (G) and g € G. To show Ker(¢) = Cg, (G), observe that v € Ng, (G) is
in Ker(¢) if and only if ¢(v) = 1. That is, for all g € G, we have ¢ = ¢**) = ¢, which
is the condition for v to be an element of Cg, (G). O

Definition 1.3.8. Let G be a group. A characteristic subgroup H of G is a subgroup
H < @ where all automorphisms o € Aut(G) of G map H back to itself. That is,
H* = H for all o € Aut(G).

If H < G is a characteristic subgroup, each element v of Ng, (G) induces an auto-
morphism 7 of G, and so H” = H” = H. Therefore the normaliser Ng, (G) is contained
in Ng, (H). Note that as automorphisms of G permute the minimal normal subgroups
of G, the socle soc(G) is a characteristic subgroup of G.

Lastly, we show how certain automorphisms of G can be used to generate Ng, (G).

Lemma 1.3.9. Let G < S,,. Let R be a transversal of Inn(G) in Aut(G). For each
w € R, if there exists x € S, such that h = h* for all h € G, let x,, be one such

element, and let X be the set of all such elements (at most one x,, for each w). Then
N5, (G) = (Cs,(G), G, X).

Proof. >: Certainly Cs, (G) and G are contained in Ng, (G). Let z, € X and h € G.
Then h* = h* € G. So z,, € Ng, (G).

<: Let ¢ : Ng,(G) — Aut(G) map each v € Ng, (G) to the element 7 of Aut(QG)
induced by conjugation by v. By Theorem 1.3.7, ¢ is a homomorphism with kernel
Cs, (G).

Let v € Ng,(G). Since ¢(v) € Aut(G), there exists ¢« € Inn(G) and w € R such that
¢(v) = w. We denote by ¢~ (R) the set {¢~1(r) | r € R}, where ¢~ 1(r) is an element
n of Ng, (G) such that ¢(n) = r. Since Ker(¢) = Cs, (G), we have

v € (¢~ (Inn(G)), ¢~ (R), Cs, (G)).

By the definition of ¢, we have ¢(G) = Inn(G), so ¢~ (Inn(G)) = (G, Cs, (G)). Simi-
larly, #(X) = R, so ¢~ 1(R) = (X, Cs,(G)). Hence, v € (Cs, (G), G, X). O

1.4 Structure of intransitive groups

This thesis will focus on computing the normalisers of intransitive groups. Recall from
Proposition 1.2.6 that an intransitive group can be regarded as a subdirect product of
its transitive constituents. Theorem 1.4.1 is commonly known as Goursat’s lemma. It
describes the subgroups of a direct product and appears in the literature in various

places, including, for example, [Sch94, PS18§].
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Theorem 1.4.1 ([Gou89|). Let G1,G2 be groups. Let H be a subdirect product of
G1 X Gy. Let my : H — G1 and my : H — G be the projection maps of H onto G
and G respectively. Let Ny = m1(Ker(m2)) and Ny = mo(Ker(my1)). Then the following
hold.

1. N1 <Gy and Ny < Go.

2. G1/Ny is isomorphic to Go/Na, with isomorphism 6 given by N1hy — Noho where
(hl, hg) € H.

Let R; and Ry be transversals of N7 in G7 and Ns in (G respectively. Let 0
Ry — Ry be a map induced by 6, where é(rl) = ro if §(Nyr1) = Narg. Then letting
G ={(r,0(r)) | r € R}, we have H = (G, N x 1,1 x Np).

For subdirect products of the direct product of more than two groups, we use an

asymmetrical version of Theorem 1.4.1.

Proposition 1.4.2 (|[BSZ15, Theorem 2.3|). Let G1,Go be groups. Let H be a subdirect
product of G1 X Ga. Let my : H — G1 and mo : H — Ga be the projection maps of H
onto G1 and Go respectively. Then the following hold.

1. Let Ny = ma(Ker(m1)). Then No < Gs.

2. Let 0 : G1 — Ga/Ny be defined by hy — Nahgy for all (hi,he) € H. Then 0 is a

surjective homomorphism.

3. Let Ry be a transversal of No in Gy. Then by letting G = {(g1,72) | g1 € G1,72 €
Ry such that 6(g1) = Nara}, we have H = (G, 1 X Na).

We shall denote the set {1,2,...,i} by i. Let Gy,Ga,...,Gy be groups. Now,
consider a subdirect product H of G1 x Ga X...x Gy. For a subset I = {iy,i9,...,i,} C
k, we use II; to denote the projection map of H onto Gi; x Giy X ... x G;,, as in
Notation 1.2.4.

By iteratively considering IT;77(H) as a subdirect product of TI;(H) x G, we get
the following result. Since we will be using this result repeatedly, we present the proof

here. Theorem 1.4.3 will be referenced in many places throughout the thesis.

Theorem 1.4.3 ([BSZ15, Theorem 3.2|). Let G1,Ga,...,Gy be groups. Let H be a
subdirect product of G1 X Ga X ... X Gi. Then for 1 <i <k —1, the following hold.

1. Let Niyq = mip1(Ker(Il;)) = {mit1(h) € Giy1 | h € H and IT;(h) = 1}. Then
Niy1 2 Gija.

2. Let 9@ : H;(H) — Gi+1/Ni+1 be deﬁned by H;(h) — Ni+17ri+1(h). Then 01 1S @

surjective homomorphism.
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3. Let Riy1 be a transversal of Nijy1 in Giy1 and let

i - H*(H) — H;(H) X Ri+1

(3

Hf(h) — (Hf(h),’l") if Ql(H{(h)) = N7, with r € Ri1.

7 (2

Then Hm(H) = (@i(II;(H)),1 x ... x 1 xNjj1).
i times

Proof. Part 1: Let n € N;11. Then there exists hy € H such that II;(h;) = 1 and

n = mit1(h1). Let g € Gi4+1. Since w41 is surjective, there exists ho € H such that

mi+1(he) = g. Then Hg(h}f?) =1,s0n9 = 7Ti+1(h}112) € Niyq.

Part 2: First we show that 6; is well-defined. Let h; and hs be elements of H such
that TI;(h1) = M;(h2). Then H;(hihy') = 1, and so mip1(hihy') € Nipq1. Since
Ti+1 is a homomorphism, it follows that 6;(IL;(h1)) = Nip1mit1(h1) = Nigamig1(ho) =
0i(I;(ha)).

To show that 6; is a homomorphism, let hq, ho € H. Then

0;(Iz(h1)IL;(h2)) = 0:(Iz(h1h2)) = Niyimip1(hihe)
= (Nip1mip1(h))(Niy1miy1(h2))
= 0;(II;(h1))0i(Iz(h2)).

To show that 6; is surjective, observe that since H is a subdirect product, for each coset
Nit19, there exists h € H such that m;11(h) € Nit19. Therefore the image 6;(II;(h)) is
Niyimir1(h) = Nij1g.

Part 3: >: Let n € N1, then there exists h € H such that II;(h) = 1 and 711 (h) = n.
So (1,...,1,n) € ll;z5(H) and hence 1 x ... x 1 xN;y1 < Il (H).
i times

Let g € ¢;(II;(H)). Then there exists hy € H and r € R;41 such that g = (II;(h1),7)
and 6;(II;(h1)) = Nijp1r. Let ho € H be such that II;(hy) = II;(hg). Then

H(he) ' = (1,rmis1(he) ™) <1 x...x1xNipq < I (H).
9177 (he) (1,7rmip1(he)™) < X +1 < (H)

1+1
% times
<: Let h € H. Let K = (p;(II;(H)),1 x ... x 1 xNj11). Let r € R;y1 be such that
1 times

Ni+1’l” = NZ'+17TZ'+1(h). Then (H{(h),?”) S gOl(Hz(H)) C K and

Hm(h)(ﬂ;(h),?")_l = (1,7T1'+1(h)7‘_1) elx...x1 XN,L'+1 < K.
7 times
We require that we always have 1 € R;y;. We use Proposition 1.2.6 and Theo-

rem 1.4.3 to describe the structure of intransitive groups.
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Corollary 1.4.4. Let H < Sym(Q) and let Q1,Qa,...,Q be the orbits of H. For
1<i <k, let A; =U;j<iQ. Then for 1 <i <k —1, the following hold.

1. Let Ni+1 = (H(A'L))|QZ+1 Then Ni+1 | H|Q

141"

2. Let 0; : H|n, — (Hlq,,,)/Niy1 be defined by h|a, — Nit1(h|a

Then 0; is a surjective homomorphism.

for all h € H.

i1)

3. Let Riy1 be a transversal of Niy1 in Hlg By considering Sym(A;) and

i+1°

Sym(Q;11) as subgroups of Sym(A;11), let

@i Hla, — Sym(Ai1)

h‘Ai — h‘AiT ifr e Riy1 and Hi(h‘AJ = Nip17i+1-

Let Njyq1 denote the subgroup of Sym(A;y1) with support ;1 such that
Ni+1|Qi+1 = Niy1. Then H|A¢+1 = (pi(H|a;)s Nit1)-

Since the preceeding theorem is rather technical, we give an example.

Example 1.4.5. Let z1 = (1,2,3)(7,9,8)(10,12,11), z2 == (4,5,6)(7,8,9)(10,11, 12),
z3 = (5,6)(8,9)(11,12) and z4 := (7,8,9)(10,11,12). Let H = (z1,x2, x3,24) < Sio.
Then Q; = {1,2,3}, Qs = {4,5,6}, Q3 = {7,8,9} and Q4 = {10, 11,12} are the orbits
of H. For 1 <i <4, let G; = H|g,. Then H is a subdirect product of G1 x G2 x G3 x Gy,
where we identify the direct product as a subgroup of Sis.

For 1 <i <4, let A; := Uj<;)j. Then Hp,) = ((7,8,9)(10,11,12)). Let N3 be as in
Corollary 1.4.4, we see that N3 = ((7,8,9)) is normal in Gjs.

Let 02 : H|a, — G3/N3 be as in Corollary 1.4.4. Then 02(x1|a,) = 602((1,2,3)) =
O2(x2|a,) = 02((4,5,6)) = N3 and 02(x3]a,) = 02((5,6)) = N3(8,9). So 62 is surjective.
Let Rg == {(),(8,9)} be a transversal of N3 in G3. Let 2 be as in Corollary 1.4.4.
Then p2(H|a,) = ((1,2,3),(4,5,6),(5,6)(8,9)), and one could check that indeed we
have (p2(H|a,), 1A, X N3y = H|a,.

Lastly, note an elementary corollary of Corollary 1.4.4.

Corollary 1.4.6. Let H < Sym(Q2) and let Q1,Qa,...,Q be the orbits of H. Let
1<i<k-1.

1. ]f (H(Ai))‘QH-l = H‘QH—I’ then H|Az’+1 = H|Ai X H|Q
direct product as a subgroup of Sym(A;11).

11, where we identify the

2. If (Haylos, =1, then Hla,,, = {W'6;(') | I € h|a,}.

i+1
Proof. Part 1: Using the notation of Corollary 1.4.4, we have N;y1 = Hlg,,,, and so
Im(6;1+1) = 1. Then by taking R;+1 = {1}, the image p;(H|a,) has support A;. So
iv1(H|a;) = H|a,. Therefore H|a,., = (H|a,, H|o
1 =H|a, x Hl|g,, .
Part 2: This follows from Corollary 1.4.4 since N;y1 = 1. O

11)- Since H|a, and Hl|g, , have

disjoint supports, we have H|a
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1.5 Base and strong generating sets

The base and strong generating set of a permutation group G are important for com-
puting with G. In fact, many permutation group algorithms start with computing a
base and a corresponding strong generating set. In this section, we introduce some basic
definitions. We will see how bases and strong generating sets can be used to compute

with permutation groups later in Chapter 2.

Definition 1.5.1. Let G < Sym(Q2). A base B of G is a tuple (51, 52,...,Bm) € Q™
such that the pointwise stabiliser G (g, ,.....3,,) = 1. A base is said to be non-redundant

or irredundant if each G(g, 3, . ) is a proper subgroup of G g, g, .. 3,)-

SBit1
Let g € G. The base image of g relative to a base B is the tuple BY == (37,55, ...,8%).

If two elements g,h € G have the same base image then gh~! fixes B and so is
trivial. Therefore the base image BY of g uniquely determines g € G. This means that
elements of G can be represented by |B|-tuples over €.

A base of G defines a subgroup chain of G.

Definition 1.5.2. A stabiliser chain defined by a base B = (1, 82,...,0m) of G is a
subgroup chain
1=cmtl<giml < <gll <gll =g,

where each Gl = G(8,,8,...,5;_1) 18 the pointwise stabiliser of the first s — 1 base points.

A strong generating set is a special type of generating set where the elements that
lie in the stabiliser Gl form a generating set for Gl!!. Therefore we may extract the

groups in the stabiliser chain from a strong generating set.

Definition 1.5.3. A generating set S of G < Sym() relative to a base B is called a
strong generating set if (SN GM> =Gl for1 <i<m+1.

We call the orbits BZG " the fundamental orbits of G. For each point in the orbit, it
is often useful to store an element in G which maps §; to that point. These elements
form a transversal R; for G+ in G, Each transversal R; is stored in a structure

called a Schreier tree.

Definition 1.5.4. A Schreier tree of G < Sym(2) rooted at o € Q is a directed tree
with root «, where its vertices are labelled by elements of the orbit a“. Each edge is
directed from a point v € € at depth m to some point 8 € 2 at depth m — 1, and is
labelled with a group element g € G such that v9 = 3.

Let «, 8 € Q be distinct points in the same orbit of G. Let T be a Schreier tree of G
rooted at o and let g be the product of the labels of the path from § to o in T'. Then
g~ ' is an element of G’ which maps « to 3.

We will see in Theorem 2.1.7 that a base and strong generating set of a group can be

computed in polynomial time, which requires polynomial time construction of Schreier
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trees. In Section 2.1.2, we shall see how the polynomial time computation of base and
strong generating sets leads to other polynomial time algorithms. Then in Section 2.3,
we shall see how the base and strong generating sets give us means to systematically

search in a group.
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Chapter 2

Permutation Group Algorithms

In this chapter, we will introduce some permutation group algorithms. In Section 2.1,
we will present some elementary polynomial time results. In Section 2.2, we state some
problems that have no known polynomial time solution and present the complexity hi-
erarchy of these problems. In practice, we solve these problems using backtrack search,
which we shall describe in Section 2.3. Lastly, in Section 2.4, we consider the nor-
maliser problem and discuss the problem in terms of its complexity and its practical

computation.

2.1 Polynomial time algorithms

In this section, we present some polynomial time results we will use in later chapters.
We will assume that any permutation group G < S, is given by a generating set X of
G. This gives an input size of O(|X|n)!, so a polynomial time algorithm should have

complexity O((]X|n)¢) for some constant c.

Theorem 2.1.1 ([Ser03, Theorem 10.1.3]). Let H = (X) < S,,. Then we may replace

X with a generating set of size at most n in time O(|X|n? + n®).

Therefore we may assume that all given generating sets have size at most n and
measure complexity in terms of n.

Recall base and strong generating set from Definitions 1.5.1 and 1.5.3. Many per-
mutation group algorithms require the computation of a base and a strong generating
set relative to it. We start by giving some polynomial time results which do not require

a base and strong generating set.

Proposition 2.1.2 ([Ser03, Theorem 2.1.1], [Atk75]). Given G = (X) < S, then in

polynomial time, we can

1. compute the G-orbits;

2. decide if G is primitive and if not, output a non-trivial block system.

We follow the convention in [Ser03] where we do not count the O(logn) representation of integers
i <n.

19
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2.1.1 The sifting procedure

Recall the definition of a Schreier tree from Definition 1.5.4. Let G < Sym(f2) and let
B = (p1,582,-..,0m) € Q™ be a base of G. Recall from Definition 1.5.2 the subgroups
Gl forall1 <i<m+1. For 1 <i <m, let R; be a transversal of Gt in GlJ, Then
the Schreier tree of Gl rooted at §; can be used to compute R;. These Schreier trees

can be computed in polynomial time.
Theorem 2.1.3 ([BCFS91, CF94]). Let G = (X) < Sym(Q) and let a € Q. Then

1. there exists a deterministic algorithm which computes a Schreier tree of depth at
most 21og |G| for the transversal of Gy, in G in O(nlog? |G|+ |X|n) time, and

2. there exists a randomised algorithm which, with probability at least 1 — ]aG\*O'QQC,

computes a Schreier tree of depth at most 2log |aC| + 4 for the transversal of Gy,

in G using c(81log |a®| + 16) random elements, where ¢ > 1.

The Schreier tree is useful in testing if a given permutation h € S, is in a group
G < S,. First observe that any element g € G can be uniquely written as a product
g = "mTm—1...71, where each r; € R;. These r; can be determined by a procedure

called sifting.

Definition 2.1.4. Let h be a given permutation in S,. The sifting of h by G is as
follows. We initialise g1 := h. For 1 < ¢ < m, we recursively find r; € R; such that

B = B, and setting gi11 = gir; ! The procedure terminates when either
1. 1 < s <m and there are no ry € R, such that g7 = 9 or
2. s =m+ 1 and we have computed gs.

In both cases, g5 is a siftee of h by G.

We may conclude that h € G if we get a siftee g+1 = 1. Observe that for 1 <14 <

s — 1, the permutation g;1 fixes 8;. Then as §; is fixed by all R; for j > i, a siftee

—-1,.-1
gs = grqy o ..

We give an example of the sifting procedure. In the example, we will write bases

-1
T3, also fixes ;.

with square brackets to differentiate between bases and permutations.

Example 2.1.5. Let X = {(1,2,3,4,5),(2,5)(3,4)} and G = (X). Then X is a
strong generating set of G relative to base B = [1,2]. Let R; := {1,(1,5,4,3,2),
(1,4,2,5,3), (1,2)(3,5), (1,3,5,2,4)} and Ry := {1,(2,5)(3,4)} be the transversals for
Gy in G and for G(;9) in G(y) respectively. Consider sifting h = (1,2,4,5) by G.
Initialise g1 :== h. Then r; := (1,2)(3,5) is an element of R; mapping 1 to 19* = 2. So
go = glrfl = (2,4,3,5). Now there is no ry € Ry mapping 2 to 292 = 4. Therefore we
get a siftee (2,4,3,5).

Lastly we show that we can determine if a given tuple is a base image in polynomial

time.
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Lemma 2.1.6. Let G = (X) < Sym(Q2) and let B = (51, P2,...,5m) be a base of G.
Given a tuple A = (a1, 9, ..., ap) € Q™ in polynomial time, we can determine if A

s a base image of B in G and if so, output g € G such that B9 = A.

Proof. For 1 <i < m, let R; be a transversal of Gl in Gl which can be computed
in polynomial time by Theorem 2.1.3. Find r; € R; such that ﬁ{l = a1 and set g1 = 1.
Then for 2 < i < m, recursively find r; € R; such that 8,""' = o; and let g; = r;g;i—1,
or return fail if such an r; does not exists. Then g,,, = rmrm—_1...71 is an element of

G. Since each r;11 fixes each of 81, s, ..., B;, we have
™mT™m—1---TiGi— T:9i—
/Blg'm — ﬁzm m—1 i9i—1 — /Bizgz 1 _ a;,

for all 1 < i < m. Therefore B9 = A. If we fail to compute g, then there isno g € G
such that A9 = G. Since each |R;| < |Q|, the algorithm runs in polynomial time. O

2.1.2 Schreier-Sims algorithm and its consequences

The Schreier-Sims algorithm computes a irredundant base and corresponding strong
generating set of a given group G < S;,. We will not describe the Schreier-Sims algorithm

here, but note that it has polynomial time complexity.

Theorem 2.1.7 ([Ser03, Theorem 4.2.4|). Let G = (X) < S,. Then a base and
a strong generating set for G can be computed in O(n®log® |G| + |X|n?log|G|) time
using O(n?log |G| + | X |n) memory. Alternatively, a strong generating set for G can be
computed in time O(n®log® |G|+|X|n®log |G|) time using O(nlog? |G|+ |X|n) memory.

A Monte Carlo algorithm is a randomised algorithm that will produce a wrong
answer with a small probability, while a Las Vegas algorithm is a randomised algorithm
that will always output the correct results but may fail. In practice, implementations

of the Schreier-Sims algorithm use the randomised version.

Theorem 2.1.8 ([Ser03, Theorem 4.5.5]). Let G = (X) < S,. Then there exists a
Monte Carlo algorithm for computing a base and a strong generating set for G in time
O(nlognlog? |G| + |X|nlog|G|) and space O(nlog|G| + |X|n), with a probability of

error less that 1/n?, for a constant d.

As a consequence of a polynomial time computation of bases and strong generating

sets, we get the following polynomial time results.

Theorem 2.1.9. Let G = (X) be a subgroup of Sym(Q2) where |Q2] = n. Let B € Q™

be a base of G. Then the following can be done in polynomial time.
1. Compute the order |G].

2. Given h € S, compute a siftee of h by G, and decide if h € G.

3. Given A C €, compute the pointwise stabiliser G a).
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Let ¢ : G — Sym(A) be a map given by the images of X.
4. Decide if ¢ defines a homomorphism.
5. Decide if ¢ defines an isomorphism.
6. Decide if ¢ defines an automorphism.
Let ¢ : G — Sym(A) be a homomorphism given by the images of X.
7. Compute Ker(yp).
8. Compute p(g) for a given g € G.
9. Find g € G such that ¢(g) = h for a given h € Im(yp).

For Part 1, let B be a non-redundant base of G. Then by repeated application of the
orbit-stabiliser theorem, |G| = [[;%; |G(s,,..8._,) : G(a,...5,)|- Part 2 is in polynomial
time by using the sifting procedure described in Section 2.1.1. Parts 3, 4 and 7 to 9
are discussed in [Ser03, Sections 5.1.1 & 5.1.2|. For Part 5, ¢ gives an isomorphism if
¢ defines a homomorphism and |Im(¢)| = [(¢(x) | € X)| = |G|. For Part 6, we check
that ¢ defines an isomorphism, and that ¢(z) € G for all z € X.

2.1.3 Equivalent orbits and centralisers

It is well known that the centraliser Cg, (G) of a group G < S,, can be computed in
polynomial time [CFL89]. In this section, we will introduce orbit equivalence, which
plays a crucial role in computing centralisers of intransitive groups. We will see how
equivalent orbits can be used for normaliser calculations in later chapters. For the rest

of the section, we will take the natural inclusion of Sym(A) into Sym(£2), for all subsets
A of Q.

Definition 2.1.10. Two orbits £2;,€); of H < 5, are equivalent if there exists a bijection
Y : Q; — Q; such that for all h € H and 6 € Q;, we have ¥(6") = ¥(5)". We denote
this by €; =, €1;, and say that 1 witneses the equivalence.

Let €; and Q; be H-orbits. By taking p and o in Definition 1.1.4 to be the restric-
tions of H to ; and Q; respectively, we see that €; =, €); if and only if the actions of

H on €); and (); are equivalent.

Notation 2.1.11. Let ¢ : ); — €1; be a bijection for some 1 <1, j < k. We denote by
® the involution ¢ in S,, with support €; U Q; such that a? = ¢(a).

We will often use the following result to detect equivalent orbits.

Lemma 2.1.12. Let Q; and Q; be orbits of H < Sym(Q2). Then ; =, Q; if and only
if there exists an involution g € Sym(§) with support Q; U Q; such that

hla, = (hlo,)? for all h € H, (2.1)
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where we identify Sym(§Y;) and Sym(Q;) with subgroups of Sp.

Proof. =: Let ¢ : Q; — £, be a bijection witnessing ; =, ©;. Then by letting g = 1),
Equation (2.1) holds.

<: Let ¢ : Q; — Q; be defined by 9(0) = 7 for all § € ;. Then for all h € H and
6 € Q; we have

W) = 69" = §9Wle;) _ s9(97 (hle,)9) — s(hle)g — sha — W(sM).

O

Observe that =, is an equivalence relation. Proposition 2.1.13 describes the rela-

tionship between equivalent orbits and the centraliser of intransitive groups.

Proposition 2.1.13 (|Ser03, Lemma 6.1.8]). Let H < S,, be an intransitive group with
orbits 21,9, ...,Q. Let B1,Bo, ..., B; be the =,-classes of the H-orbits. For1 <1i <t,
let B; == {1, 2, ..., Qp,1}. For 1 <i <t and 2 < b < (B, let iy : Qin — Qip be a
bijection witnessing the orbit equivalence. Let B; == (1 | 2 < b < |By]), where 1, is
the involution in Sy, as in Notation 2.1.11. For 1 <1i <k, let C; be the subgroup of Sy,
with support Q; such that Ci|q, = Csym(Qi)(H‘Qi).

Then

(H) = (CixCyx...xCk, By X By x...xBy)

t
= HCSym(Qil)(H‘Qﬂ)ZS\Bﬂ-
=1

A permutation group algorithm with input H = (X) is in nearly-linear time if it
runs in time O(n|X|log®|G|). To obtain the polynomial time computation of Cg, (H),

we first state the nearly-linear time centraliser computation for transitive groups.

Theorem 2.1.14 ([Ser03, Theorem 6.1.6]). Let G = (X) < Sym(Q) be transitive.
Then given an irredundant base B of G and a strong generating set S relative to B, the

centraliser Csym(Q)(G) can be computed in nearly linear time.

Next we show that we can decide if two orbits are equivalent in polynomial time.
Recall the notation of Fiz(H) from Definition 1.1.9.

Lemma 2.1.15 ([Ser03, Lemma 6.1.9]). Let Q; and Q; be H-orbits of equal size and
let € Q;. Then Q; =, Q; if and only if Fixz(Ha) N Q5 # 0.
Hence for two distinct orbits Q; and Q; of H, in polynomial time, we can decide if

Q; =, 8 and if so, exhibit a bijection ¢ that witnesses it.

Proof. The first part of the result is shown in [Ser03, Lemma 6.1.9]. The last assertion
follows since point stabilisers and their fixed points can be computed in polynomial
time. O
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Therefore we get a polynomial time result for computing centralisers in the sym-

metric groups.

Theorem 2.1.16. Let G = (X) < Sym(Q). Then Cgymq)(G) can be computed in

polynomial time.

Proof. By Theorem 2.1.7, a base and a corresponding strong generating set of G can
be computed in polynomial time. Then the result follows from Proposition 2.1.13,
Theorem 2.1.14 and Lemma 2.1.15. O

2.1.4 Other polynomial time algorithms

We end this section by giving some other polynomial time results we will be using later

in the thesis.

Proposition 2.1.17 (|[BKL83, KL90|). Let G = (X) < S,,. Then we can compute the

socle soc(G) of G in polynomial time.

Proposition 2.1.18 ([Kan85|). Let G = (X) < S,, and let p be prime. Then a Sylow

p-subgroup of G can be computed in polynomial time.

Next, we show that we can decide if an isomorphism between two subgroups of S,
is induced by conjugation in polynomial time. Since the proof in [LM11]| aims only to
prove the theoretical time complexity and we are also interested in a practical algorithm,

we give an alternative proof for the result here.

Lemma 2.1.19 (|[LM11, Lemma 3.5|). Let G = (X) and H = (Y') be subgroups of Sy,
given by their generators. Let ¢ : G — H be an isomorphism, given by the images of
X. Then in polynomial time, we can decide if there exists ¢ € Sy, such that o(g) = ¢°
for all g € G and if such a c exists, output one such c.

Hence, given an automorphism ¢ of G = (X) by the images of X, in polynomial time,
we can decide if there exists ¢ € Sy, such that ¢(g) = g¢ for all g € G and if such a c

exists, output one such c.

Proof. By Part 5 of Theorem 2.1.9, we can check if ¢ is indeed an isomorphism. Let
d € Sy, be an involution such that {1,2,...,m}¥ = {m +1,m +2,...2m}. Consider
the group G = {g¢(9)? | g € G} < Som.

We first show that there exists a ¢ € Sy, such that ¢(g) = ¢¢ for all g € G if and only
if there exists a b € Cg,, (Go) such that {1,2,...,m}* ={m+1,m+2,...,2m}.

= Consider ¢ as an element of S,, with support contained in {1,2,...,m}. Let b =
cdc™t. Then {1,2,...,m}* = {m+1,m+2,...,2m}. We shall show that b € Cs,, (G2).
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Let go(g)? € Go. Then g € G and

(g0(9)D) ™ = (99" since p(g) = ¢°
= (9°%°H)% " since ¢ pointwise stabilises Supp(g°?)
= (g':dgc)f1 since d is an involution
= g%

Finally, since Supp(g°?) and Supp(g) are disjoint, g°¢ and g commute, so

(9p(9)H) " = g*lg = gg°* = gio(g)”.
Hence b = cdc™t € Cs,, (Ga).

< Let gp(g)? € Ga. Then gp(g)? = (90(9)")" = g°¢(9)
Supp(p(g)®) are subsets of {1,2,...,m} and Supp(p(g)?) and Supp(g®) are subsets of

4 Since Supp(g) and

{m+1,m+2,...,2m}, we have g* = p(g)?. Then gb‘r1 = (g). So ¢ is induced by

conjugation by ¢ := bd 1.

To test whether such a c¢ exists, we construct G2 and look for a centralising element
b that maps {1,2,...,m} to {m + 1,m+2,...,2m}. Let O; be the set consisting of
all orbits of Gy contained in {1,2,...,m}. Similarly, let Oy be the set consisting of all
orbits of Gy contained in {m+1,m+2,...,2m}. As a consequence of Proposition 2.1.13,
a centralising element that maps {1,2,...,m} to {m+1,m +2,...,2m} exists if and
only if there exists a bijection 7 : O1 — Og such that w =, y(w) for all w € O;.

We attempt to construct such a -y by considering each wy € O in turn, setting y(wq) =
wo if we find an orbit wy € Oy equivalent to wq, and the procedure fails if no such
wy exists. Since the orbit equivalence is an equivalence relation, we would never have
to backtrack. By Lemma 2.1.15, deciding if two orbits are equivalent can be done in
polynomial time. As there are polynomially many pairs of orbits, deciding the existence
of such a v can be done in polynomial time. Furthermore, if such a 7 exists, by
Lemma 2.1.15, in polynomial time, we can compute a centralising element b € Cg,, (G2)
such that {1,2,...,m}’ ={m+1,m+2,...,2m}. O]

2.2 Problems not known to be in polynomial time

In this section, we will introduce some permutation group and combinatorial problems
with no known polynomial time solution, and describe the relationship between these
problems. In particular, we will describe parts of the complexity hierarchy from [Luk93].

We start with the graph automorphism problem and Babai’s quasipolynomial time
solution for it. A graph T is a pair (V, E') where V is a set and F is a set of 2-subsets of V.
We call V and E the vertices and the edges of graph I' respectively. The automorphism
group Aut(I') of T" consists of all permutations a of V' such that {v*, w®} € E for all
{v,w} € E.
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Problem 2.2.1 (GRAPH-AUT). Given a graph I' = (V| E'), compute its automorphism
group Aut(T").

Theorem 2.2.2 (|Babl5]). GRAPH-AUT (Problem 2.2.1) can be computed in time

90 (log* |V|), for some constant c.

Next we introduce three problems in permutation groups and see how they are
related to GRAPH-AUT. For the rest of the section, we will assume each permutation
group is given by a generating set, and we measure complexity of permutation group

algorithms in terms of degrees.

Problem 2.2.3 (SET-STAB). Given G < Sym(f2) and A C Q, compute the setwise
stabiliser Gyay.

Problem 2.2.4 (CENT). Given H,G < Sym(f2), compute the centraliser Cq(H).
Problem 2.2.5 (INTER). Given H,G < Sym(f2), compute the intersection G N H.

The graph automorphism problem is polynomial time reducible to each of the (poly-

nomial time equivalent) problems above.

Theorem 2.2.6 ([Luk93]). 1. GRAPH-AUT (Problem 2.2.1) is polynomial time re-
ducible to SET-STAB (Problem 2.2.3).

2. SET-STAB, CENT and INTER (Problems 2.2.3, 2.2.4, 2.2.5) are polynomial time

equivalent to each other.

Babai, in [Bab15], gives a quasipolynomial solution to the string isomorphism prob-

lem (Problem 2.2.7), which gives quasipolynomial time solution to SET-STAB.

Problem 2.2.7 (STRING-ISOM). Let G < Sym(£2). Let X be a finite alphabet. Given
functions z : @ - Y and y : Q@ — X, find {g € G | 29 = y}, where the action of G on

functions is defined by 2z9(a) = z(a9 ") for all functions z : @ — ¥ and a € €.

Note that since {g € G | 9 = y} forms a coset of the stabiliser of the string z, the
output of Problem 2.2.7 can be expressed as a generators of such a stabiliser together

with a coset representative, hence Problem 2.2.7 has a polynomial size output.

Theorem 2.2.8 ([Babl15]). There exists a constant ¢ such that the string isomorphism
problem (Problem 2.2.7) can be solved on 20008(12)%)

Corollary 2.2.9. SET-STAB, CENT and INTER (Problems 2.2.3, 2.2.4, 2.2.5) can be

solved in quasipolynomial time.

Proof. We show that SET-STAB is a special case of the string isomorphism problem,
then the result follows from Part 2 of Theorem 2.2.6 and Theorem 2.2.8.

Let A C Q and let ¥ := {0,1}. Let 2 : Q@ — ¥ be defined by z(a) = 1 if & € A and
z(a) = 0 otherwise. Let g € G. Then 29 = z if and only if z(af ') = z(a) for all
«a € Q. This is equivalent to A9 = A. Hence the solution of the string isomorphism

problem for z and y := z is the setwise stabiliser G(a}. O
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A permutation group problem that is believed to be strictly harder than SET-STAB

is the normaliser problem.
Problem 2.2.10 (NorRM). Given H,G < Sym(f2), compute Ng(H).

Theorem 2.2.11 (|Luk93]). SET-STAB (Problem 2.2.3) is polynomial time reducible to
NORM (Problem 2.2.10).

It is unknown if NORM is polynomial time reducible to SET-STAB. In Section 2.4
we will present some complexity results for different classes of input groups for NORM,
as well as how we solve the problem in practice. Recall that we measure complexity in
terms of the degree.

A special case of NORM is the NORM-SYM problem.
Problem 2.2.12 (NORM-SYM). Given H < Sym(Q2), compute Ngymq)(H).

It is clear that NORM-SYM is polynomially reducible to NORM. However, we do not
know its relation to SET-STAB. It is however at least as hard as GRAPH-AUT.

Theorem 2.2.13 (|Luk93]). GRAPH-AUT (Problem 2.2.1) is polynomial time reducible
to NORM-SYM (Problem 2.2.12).

In terms of complexity, we now know that it is simply exponential.

Theorem 2.2.14 ([Wicl9]). NORM-SYM (Problem 2.2.12) can be computed in time
20(1€)

Next we give the decisional variants of the problems we have mentioned so far.

Problem 2.2.15 (GRAPH-ISOM). Given graphs I'y = (Vi,E1) and I'y = (Va, Es),

decide if Iy and I's are isomorphic.

Problem 2.2.16 (SET-TRANS). Given G < Sym(Q2) and A, Ag C , decide if there
exists g € G such that A = A,,.

Problem 2.2.17 (ConJ-ELT). Given G < Sym(2) and z,y € Sym(2), decide if there
exists g € G such that z9 = y.

Problem 2.2.18 (DC-EQ). Given G,H < Sym(f?) and z,y € Sym(?), decide if
GzxH = GyH.

Problem 2.2.19 (CoNJ-GROUP). Given G, H,K < Sym(2), decide if there exists
g € G such that HY = K.

Theorem 2.2.20 ([Luk93]|). 1. GRAPH-ISOM (Problem 2.2.15) is polynomial time
equivalent to GRAPH-AUT (Problem 2.2.1).

2. SET-TRANS (Problem 2.2.16) is polynomial time equivalent to SET-STAB (Prob-
lem 2.2.3).
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3. CoNJ-ELT (Problem 2.2.17) is polynomial time equivalent to CENT (Problem 2.2./4).
4. DC-EQ (Problem 2.2.18) is polynomial time equivalent to INTER (Problem 2.2.5).

5. CoNJ-GROUP (Problem 2.2.19) is polynomial time equivalent to NORM (Prob-
lem 2.2.10).

We do not know the decision problem equivalent to NORM-SYM. The most obvious
choice is CONJ-SYM.

Problem 2.2.21 (CoNJ-SyM). Given H, K < Sym(f2), is there g € Sym(€2) such that
HI = K?

CONJ-SYM is polynomial time reducible to NORM-SYM but we do not know if the
converse is true.

Recall that computing the centraliser in the symmetric group can be done in poly-
nomial time, whereas CENT is at least as hard as the graph isomorphism problem. In
the case of computing normalisers, we do not know if NORM is strictly harder than
NORM-SYM.

GRAPH-ISO
GRAPH-AUT

CONI- SYM

SET-TRANS SET-STAB
DC-EQ INTER
CONIJ-ELT CENT

l

CONJ-GRQUP
NORM

NORM SYM

Figure 2.1: Summary of Luks’ hierarchy

2.3 Backtrack search in permutation groups

In this section, we will describe backtrack search in permutation groups, which can
be used to solve permutation group problems with no known polynomial time algo-
rithms. These include all the problems that are shown to be at least as hard as graph
isomorphism (see Section 2.2).

Let G < S, and let Q = {1,2,...,n}. Suppose that we want to compute elements
of G satisfying a given property P. We will assume that we can check if an element
g € G satisfies P in polynomial time. In general, these elements form a subgroup or
a coset of a subgroup of GG. For simplicity, we shall assume that these elements form
a subgroup G(P) of G. Let B := (51,52, ..,0m) be a base for G. To systematically
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search through G, we shall define a search tree of G consisting of partial base images of
B.

Definition 2.3.1. Let B := (f51,02,...,0m) be a base for G. Let g € G. The partial
base image for g of length r < m with respect to base B is the tuple (57,35, ...,57).

Definition 2.3.2. Let G < S, and let B := (31,52, . ..,0m) be a base for G. The search
tree T' of G with respect to the base B is a tree of depth m defined as follows.

1. The root of T is labeled by the empty list [].
2. A node at depth d < m is labeled by a partial base image [ag,q0, ... ,aq4] of B.

3. Let t be anode labeled by [aq,a2, . .. ,aq4] for d < m, then its children have the form
[a1,0, . ..y, agyq], for all distinet agqq in {/BgJrl | g € Gand 8/ = a; for 1 <
i < d}.

4. Furthermore, we set the left-most node at depth d to be labeled by the partial
base points [31,82, . . . ,4]-

For a search tree T' of G with respect to base B, consider the map ¢ mapping each
node t of T" to the elements represented by the leaves under the subtree rooted at t. We
denote the power set of G as §(G).

Definition 2.3.3. Define a mapping ¢ : T — £(G) by:
(1,00, ...,aq) = {g € G| B! =a; for all 1 <i<d}.

Let t = [a1, @2, ..., 4] be anode at depth d. Then ¢(t) forms a coset of G'(g, 3,.... 5,)
containing all elements of G that map ﬁig = q; for all 1 <4 < d. In particular, if ¢ is
the leftmost node at depth d, then ¢(t) is the point stabiliser G, 3,
that if ¢ is a leaf of 7', then ¢(¢) contains a unique element g € G.

Ba)- Also note

-----

We can find a representative 7 of ¢(t) using the transversals of Gg, 5, .3, in

G (8, Bo,....5;_1) for 1 < i < d. Observe that [a1,02, ... ,a4, g4 1] is a child of [a1,s, . . . ;a4]
if and only if there exists gr € G(g, g,.... 3,7 such that 37, = aqy1. Therefore the chil-
dren of [a,q, . .. ,a4] are all [ag,a9, . .. ,aq, ag+1] where (oedH)”fl is in the fundamental
orbit 3y f172ra)

We compute G(P) using Algorithm 1, gathering the elements of G satisfying prop-
erty P as S. We initialise S as the identity group and traverse the search tree depth-first.
When we reach a leaf node ¢, we check if the permutation g in ¢(t) satisfies property
P. If it does, we update S as (S, g), else we backtrack and continue with the search.
At the end of the search, we shall have G(P) = S.

Remark 2.3.4. The runtime of the backtrack search is correlated to the number of nodes

in the search tree we visited. There are two ways we can reduce this:
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Algorithm 1 Backtrack search - main
Input: G < S, base B = (81,02, ...,0m) of G, property P
Output: G(P)

Initialise S =1

RECURSESEARCH([])

return S
procedure RECURSESEARCH([a1, ag, . .., aq))
if d = m then
LEAFCHECK([aq, g, . . ., ag))
else
for each possible image agy1 of 8441 do
RECURSESEARCH([a, a2, . . ., Qg41])
end for
end if

end procedure

procedure LEAFCHECK([ag, aa, . . ., aip))
Get g € G such that Bf = o, for all 1 <i <m
if g satisfies P then
S« (5,9)
end if
end procedure

1. If there exists a proper subgroup U of G containing G(P), then search in U

instead.

2. If we can deduce that ¢(t) N G(P) C S or ¢(t) N G(P) = 0, then we can skip

traversing the subtree rooted at ¢.

Reducing the search tree by Part 1 of Remark 2.3.4 is usually problem specific. The
methods used for the normaliser problem are discussed in more detail in Chapter 4.
We can reduce the search space by deducing that ¢(t) N G(P) C S using the following

lemma.

Lemma 2.3.5. Lett be a node of depth d in the search tree T. Let G4+ = G(81,82,....8)
Suppose that we have computed R = GUTU N G(P). Let g € ¢(t) N G(P), then
o(t) NG(P) € (R, g).

Proof. Let h € ¢(t) N G(P). Since h € ¢(t) and g is a coset representative of ¢(t),

we have h € Gl¥1g and so hg! € G, Then as h,g € G(P), we have hg~' €
G+ N G(P) = R. Therefore h € (R, g). O
Suppose that we are at a node in the subtree rooted at [51, o, ..., B4—1, 4], where

g # By Since we traverse the search tree by depth-first search and the left-most nodes
are labelled by partial bases, at this point of search, we have traversed the subtree rooted

at [f1, B2, ..., 4], and so we have computed Gg, 3, 3,) N G(P). Hence we may use
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Lemma 2.3.5 to skip traversing the rest of the subtree rooted at [f1, f2,. .., Ba—1, ad)-
Therefore, we may replace the LEAFCHECK procedure with LEAFCHECKWITHBACK-
TRACK in Algorithm 2.

Algorithm 2 Procedure at a leaf node t = [a,a, ... 0]

procedure LEAFCHECKWITHBACKTRACK ([a1, ag, . . ., tuy))
GetgGGsuchthatﬁf:ai foralll1 <:<m
if g satisfies P then
S+ (S, 9)
Find the largest r such that o; = §; forall 1 <¢ <r
if r is defined then
Backtrack to node [a1, ag,. .., o]
end if
end if
end procedure

Reducing the search space by Part 2 of Remark 2.3.4 is called the pruning of the
search tree. There are some problem-independent and problem-dependent pruning

methods. For example, the orbits of S yield a problem-independent pruning method.

Lemma 2.3.6. Suppose that S = G(g, 3, ., ) VG(P). Let agy1 and oy, be points
in the same orbit of S. Then there exists g € G (g, ,...3,) VG (P) such that ﬁgﬂ = Qg+1
if and only if there exists g' € G, ,.... 3, N G(P) such that 53;1 =l

Proof. Let g € Gg, s,,..3,) N G(P) such that 5(?“ = ag41. Since agqy and ay,, are
in the same S-orbit, there exists s € S such that aj, | = o 41~ Then gs is an element
of (S,g) € G(P) that fixes each of B1, B2, ..., 84 and maps B441 to ) ;. The converse
follows by symmetry. O

Suppose that we have just traversed the search tree rooted at [S1,[2,...,B4+1]
and have backtracked to [51, B2, ..., 84). Then we are now considering branching to a
node [B1, B2, ..., Ba, ag+1] where agi1 # Bar1. Observe that at this time, S is exactly
G (8,,82,...80.1) 1 G(P). Then by Lemma 2.3.6, we only branch on [81, Ba, ..., B4, 1]
if aig41 is the smallest point in its orbit under S. Note that this is a simplified version
of some methods in [Ser03, Section 9.1.1].

Pruning methods for the normaliser problem will be discussed in more detail in
Chapter 4. For methods for the centraliser, intersection and the setwise stabiliser prob-
lem, we refer the reader to [Ser03, Section 9.1.2]. In general, we use a series of boolean

functions called pruning tests.

Definition 2.3.7. A boolean function & : T' — Bool is a pruning test if J (t) = FALSE
implies that ¢(t) N G(P) = 0.

So at node ¢ in the search, if 7 (t) = FALSE, we backtrack. If 7 () returns TRUE, no
deductions about ¢(t) N G(P) can be made, so we continue the search. Here we would
like to stress that 7 (¢t) = TRUE does not imply that ¢(t) N G(P) # 0.
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The pruning tests are what make backtrack search a practical solution to problems
with no known polynomial time algorithms. A good pruning test should return FALSE
as much as possible. In particular, the shallower ¢ is, the bigger the subtree we can skip
over if 7 (t) = FALSE, and hence the more time we can save. Since we are computing
J(t) at every node t that we visit, the function should also be quick. In particular, it
should be computable in polynomial time.

If ¢(t) N G(P) # B, we may still use an approximation of ¢(t) N G(P) for search
space reduction. Hence we are also interested in another type of function which we will

call refiners.
Definition 2.3.8. A function & : T — ©(G) is a refiner if ¢(t) N G(P) C R (1).

Note that the image % (t) of a refiner & at the root node t = [] gives a subset of G
containing ¢(t) N G(P) = G(P). Hence if R (t) is a group, we may search in a smaller
group % (t) instead of G. Note also that for a refiner function %, the boolean function
f:T — Bool defined by

f(t) = FALSE if and only if % (t) = ()

is a pruning test.

Refiners are useful, as even when 7 (t) = TRUE, we may get a smaller approximation
of ¢(t) N G(P), hence reducing the search space. For more information on how such
approximations % (t) can be represented, see Sections 2.3.1 and 2.3.2.

Lastly, note that we need not fix a base B of GG prior to the search. As we always
begin the search by iteratively fixing more base points of G, we may choose new base

points based on the anticipated deductive power of such a base point.

2.3.1 Connections to constraint programming

A constraint satisfaction problem is a type of problem which has the following as inputs

1. a set of decision variables x1, 3, ..., Tm,
2. a set domain D; for each variable z;, and

3. a set of constraints on the variables,

and outputs an assignment or all assignments of the variables using the domains that
satisfies all of the given constraints, or show that no such assignment exists.

The decision variables represent the choices we can make. The domain D; of a
variable x; is the set of values the variable is allowed to take. Each decision variable x;
is assigned a value from the domain D;. Each constraint specifies which assignments of
the decision variables are allowed. For more examples of constraints, see [Dem].

A constraint satisfaction problem can be solved by backtrack search. The backtrack
search for constraint satisfaction problems works similarly to that for groups. We sys-

tematically and iteratively make some assignments of variables, backtracking when we
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deduce that the constraints cannot be satisfied under the current variable assignment.
If the solutions of the problem form a group, we may use methods in [PJ08| to obtain
a generating set for the solutions.

By using the constraints, we can sometimes deduce that the current assignment of
variables will cause some other assignments of variables to be non-viable. If we deduce
this, we can then remove some values from the domains of some unassigned variables,
and hence reduce the search tree. This process of reducing the domains is called pruning.
In turn, together with the constraints, pruning may trigger more deductions. This is
called constraint propagation [Bes06]. Good constraint propagators are central in having
efficient solutions, and much effort has been made in giving powerful propagators for a
large variety of constraints. Note that at any stage of the search, the domains give an
approximation to our solution set under the subtree rooted at the current node.

Now we return to the problem in Section 2.3. That is, given a group G < S, and a
property P, we want to compute the subgroup G(P) of G consisting of all elements g € G
satisfying P. Then computing G(P) is a constraint satisfaction problem in the following
way. Let G < S,. Let B = (1, B2, - .., Bm) be a base of G. Since elements of G are fully

identified from their base images, a solution in G(P) is equivalent to an assignment of

the images of 81, o, ..., Bm. We set the decision variables be x1, o, ..., Zm, each with
domain {1,2,...,n}. The constraints are as follows.
1. For all 1 < i < m, let a; be the value assigned to z;. Then (a1, 2,..., ) is a

valid base image of G.

2. The element g € G such that 8/ = «; for all 1 < i < m (if it exists) has to have
property P.

We want to find all assignments of the variables which satisfy the constraints.

For a tuple to be a valid base image of GG, the entries of the tuple must be pairwise
distinct. Hence the variables x1, xo, ..., x; must have pairwise distinct assignments.
This is what we call an ALLDIFFERENT constraint, and can give strong deductive power.
For more information on the propagation of such a constraint, we refer to [GMNOS].
However, since we are working with groups, the group structure can be exploited to
give us even stronger deduction power. These are the aforementioned pruning tests and
refiners (Definitions 2.3.7 and 2.3.8). In this thesis, we will focus on using the group
structure to prune the search tree. However, note that integrating better propagators

into backtrack search for groups has the potential to speed up calculations.

2.3.2 Non-traditional backtrack search in groups

In [MP14], McKay gives a practical solution to the graph isomorphism problem using
ordered partitions. In [Leo91], Leon introduced similar techniques for solving the permu-
tation group problems in Section 2.2. This method by Leon is called partition backtrack

and it remains as the state-of-the-art method to solve these problems in general. In
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partition backtrack, the domains are represented as a pair of ordered partitions over
), which gives efficient implementation methods. We will not give the implementation

details here.

As before, let G < Sym(2) and suppose that we want to find the subgroup G(P)
of GG containing all elements which satisfy a given property P. The partition backtrack
method represents the domains using pairs of ordered partitions (P, Q) of 2, where the
sizes of the i-th cell of P and the i-th cell of () are the same. The algorithm starts with
P and @ being the trivial partitions of {2 with one cell. As in traditional backtracking,
at each search node ¢ := [a1, g, ..., aq], we have fixed some images of the base points
B1, B2, ..., B4 t0 be aj, s, ..., aq respectively. Let (P, Q) be the current pair of ordered
partitions of €2. Then for 1 < ¢ < d, the pair §; and «; are correlated singleton cells
of P and @ respectively. Let ¢(t) be as in Definition 2.3.3. The pair (P, Q) of ordered
partitions give an approximation A(P,Q) = {g € G | P9 = Q} of ¢(t) N G(P). If we
find that A(P,Q) = 0, we backtrack. If |[A(P,Q)| = 1 and the element g € A(P,Q)
satisfies property P, update S as (5, g). If |[A(P,Q)| > 1, we continue the search.

An important part of partition backtrack is the refiner process. At each node t, we
use partition refiners to get partitions P’ and @', each finer than P and Q) respectively,
to obtain a tighter approximation of ¢(t) N G(P).

A set V together with a set E of tuples in V' x V is a directed graph. The induced
action of H < Sym(2) on © x € gives rise to certain directed graphs called the orbital
graphs. More specifically, an orbital graph of H is a directed graph with vertices (2
and edge set an orbit of the action of H on 2 x . Then the normaliser Ngy, (o) (H)
permutes the orbital graphs of H. Theiften in his thesis gives refiners for the normaliser
problem using orbital graphs [The97|. Then in [JPW19], Jefferson et. al. extend the use

of orbital graphs as refiners to other permutation group problems.

An advantage of partition backtrack over the traditional backtrack is its ability
to choose its next base point on the left-most branch. Consider the left-most node
t = [B1,B2,...,04] of depth d. Then ¢(t) stabilises a partition P where each §; is in
a singleton cells. Refinement of the partition may fix more points, resulting in more
singleton cells. So we choose our next base points to be some points not in singleton

cells. Eventually this gives the base of G(P), which is also known as the R-base.

Another different paradigm for backtrack search in groups is the graph backtrack
[JPWW19]. The main idea is that rather than translating the orbital graphs into a pair
of ordered partitions, we keep the graph and use its structure to refine our assignments
in search. So the approximation of ¢(¢)NG(P) is an approximation of the automorphism
group of some graph. This gives a closer approximation of ¢(t) N G(P) and is shown to

be able to greatly reduce the size of the search tree.
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2.4 The normaliser problem

Recall Problem 2.2.10, which is also called the normaliser problem. In Section 2.4.1, we
will list some complexity results for the normaliser problem for some restricted classes
of H and G. Then in Section 2.4.2, we present some existing techniques for computing

N¢(H) in practice.

2.4.1 Complexity of the normaliser problem

Let H,G < S,,. Recall from Theorem 2.2.14 that Ng, (H) can be computed in simply
exponential time. Then by Corollary 2.2.9, we can also compute Ng(H) = GNNg, (H)
in simply exponential time. We start by presenting some polynomial time normaliser
results by restricting the class of G. Recall that all groups are given by their generating

sets.

Theorem 2.4.1 ([KL90, LRW94]). Let H < G < S,,. In polynomial time, we can test
if G is nilpotent, and if so compute Ng(H).

Theorem 2.4.2 ([LM11]). Letd € Z*. Let Ty be the class of finite groups, all of whose
non-abelian composition factors embed into Sgq. In particular, this includes all solvable
groups. Then, given G, H < Sym(Q2) such that G € Ty, the normaliser Ng(H) can be

computed in polynomial time.

Theorem 2.4.3 (|Kan90]). Given K <G < S,, and a Sylow p-subgroup P of K for a

prime p, then Ng(P) can be computed in polynomial time.

Now, consider instead the NORM-SYM problem of computing Ng, (H) of a given
group H < 5.

Theorem 2.4.4 ([LM11]). Let H < S,, be simple, then Ng,(H) can be computed in

polynomial time.

Theorem 2.4.5 ([RDS20]). Let H < S,, be almost simple, then Ng, (H) can be com-

puted in polynomial time.

Theorem 2.4.6 ([RDS20]). Let H < S,, be primitive, then Ng, (H) can be computed

mn time 90(log®n)

Theorem 2.4.7 ([Sic20]). Let H < S,, be a primitive group with non-regular socle, then

Ng, (H) can be computed in polynomial time.

The proof of Theorem 2.4.6 in [RDS20] uses the following result for transitive groups

H. Here we note that it is also true for intransitive groups H.

Lemma 2.4.8. Let B be a base of H = (X) < S,,. Then Ng,(H) can be computed in
20(IX||B|logn)
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Proof. Let X = {x1,x9,...,24} and let |B] = m. We will consider all possible A €
{1,2,...,n}™ and all possible I; € {1,2,...,n}" for 1 < i < d. For each such tuple
t = (A1I,Is,...,1;), if Aisa base of H and each I; is a valid base image of A, we
attempt to define a map ¢, : H — H by: for z; € X, let the image ¢;(z;) be the element
of H mapping A to I;. If ¢¢(x;) is an automorphism and is induced by conjugation in
Sn, using Lemma 2.1.19, we find a witness g € S,,. We gather all such witnesses in a
group G.

We claim that Ng,(H) = (Cs, (H),G). The backward inclusion is clear. For the
forward inclusion, let v € Ng, (H). Let A .= BY and I; := (B*)" for 1 < i < d.
Note first A is a base of H since H4) = H(pv)y = (H(py)” = 1. Secondly, note that
AT = pwlziy — pmiv — I; for all 1 < i < d, so the I; are valid base images of A.
Hence, by letting t :== (A, I, Io, ..., 14), the map ¢; is defined. Since the base images of
each element of H are unique and both ¢;(x;) and =¥ map A to I;, we have ¢y (x;) = x¥
for 1 <1i¢ < d. In particular, ¢; is an automorphism induced by conjugation in .S, and so
there exists g € G such that ¢y(z;) = :Uf for all 1 < i < d. Therefore, for all 1 <7 < d,
we have z/ = 2. Hence vg~! € Cg, (H).

For the complexity result, note first that there are O(n(@+DIBly = O(n/XIIBl) choices of
t = (A IL,1I,...,1;). By Lemma 2.1.6, we can check if the I; are valid base images
of A in polynomial time. By Part 6 of Theorem 2.1.9, we can check if ¢; induces an
automorphism in polynomial time. Then by Lemma 2.1.19, in polynomial time, we can

decide if ¢; is induced by conjugation in S,, and if so output a witness g. O

So if a group G < S, has base B and generating set X where |B| and X are of size
O(logn), then Ng, (H) can be computed in time 20(10g”n)

2.4.2 Computing normalisers in practice

In general, we compute normalisers via backtrack search (see Section 2.3). In this
subsection, we will first present some elementary results used for pruning tests and
refiners (Definitions 2.3.7 and 2.3.8) for the normaliser problem.

For the rest of the subsection, let H,G < .S, and suppose that we want to compute
Ng(H). Let Q ={1,2,...,n}. Let B = (51,52,...,0m) be a base of G and let T be
the search tree of G with respect to the base B. Let P be the property “conjugates H
to H”. So G(P)={9€ G| H9=H} = Ng(H).

The following result is frequently used for pruning.

Lemma 2.4.9. Let g € Ng(H) such that (61,02, ..,0k)9 = (71,72, --,Yk) for some k.

Then (H(61762776k))g = H(’Ylv'YZ:-~~7’Yk)'
Proof. Let h € Hs, 5,...5,)- Then h? fixes the v;, so h? € H( . The reverse

inclusion follows from symmetry. O

Suppose that we are at node t = [a,9, . . . ,ayq] in the search three T. Then we wish

to backtrack when Hy, a,...a,) and Hg, g, ., are not conjugate in G. Hence we
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want our pruning tests and refiners to return FALSE and () respectively if H (a1,02,..s00q)
and Hg, 5, . 3, are not conjugate in G. However, deciding if two groups are conjugate
in G is difficult, even when G is the symmetric group. So instead, we identify and
compute properties of groups that are preserved under conjugation, and use them to

construct pruning tests and refiners.

Definition 2.4.10. Denote by S(S,) the set of all subgroups of S,. A conjugacy
invariant function ¥ is a function with domain S(S,) such that if K, L < S, are
conjugate in S, then U(K) = ¥(L).

Example 2.4.11. Let ¥; and ¥y be functions with domain §(S,,) defined by
1. ¥ (K) = |K]|.
2. Wy (K) gives the multiset consisting of the sizes of the orbits of K.

Then since conjugation preserves size and orbit sizes, W1 and Ws are conjugacy invariant

functions.
We can use a conjugacy invariant function to prune our search tree.

Lemma 2.4.12. Let U be a conjugacy invariant function. Define a function I : T —
Bool by

TRUE  if Y(Hg, g,...5,) = Y(Har,a0,....00));

FALSE otherwise.

T (Jor,a2, - .. ,aq]) =

Then I is a pruning test for computing the normaliser Ng(H).

Proof. Let t := [a1,a2,...,0q4] € T such that J(t) = FALSE. Then W(Hg, 3, . 3,)) 7
V(H(q, as,..,0;))- By the definition of a conjugacy invariant function, Hg, g, . 3, and
Hay 00, 00)
v € Ng(H) < Ng,(H) such that (51,52,...,84)" = (a1,02,...,a4). In other words,
Ne(H) N o(t) = 0. O

are not conjugate in S,. Then by Lemma 2.4.9, there does not exist

Similarly, we define conjugacy invariant refiners which will give refiners for the nor-

maliser problem.

Definition 2.4.13. Denote by S(S,,) the set of all subgroups of S,,. A conjugacy in-
variant refiner ® is a function with domain S(Sy,) x{1,2,...,n} such that for subgroups
K, L < S, for which there exists g € S,, such that K9 = L, we have ®(K, o) = ®(L,a¥)
for all a € Q.

Example 2.4.14. Let ® be a function with domain S(S,) x {1,2,...,n} such that
®(K, ) returns the size of the K-orbit containing . Then since g maps a K-orbit to

a K9-orbit of the same size, ® is a conjugacy invariant refiner.
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Lemma 2.4.15. Let ® be a conjugacy invariant refiner. Define a function R : T —

P(G) by
%([alva% s 7ad]) = {g €eG | (I)(H(Bl,...,ﬂd)ay) = (I)(H(al,...,ad)afyg) Jorall1 <~ < n}

Then R is a refiner for computing the normaliser Ng(H).

Proof. Let t = [a1,00,...,aq] € T. To show that ¢(t) N Ng(H) C R(t), let g & R(1).
We show that g & ¢(t) N\ Ng, (H). If g & ¢(t) then we are done. Suppose that g € ¢(t).
Since g & % (t), there exists v € Q such that ®(Hg, 3, . 8,):7) 7 ®(H(a1,00,...0,)s77)
Then by the definition of a conjugacy invariant refiner, (Hg, 8,....8:)) # H(a1,a0,...01)"
So by Lemma 2.4.9, g € Ng, (H). O

Butler in [But83] used the orbit structure of groups as a conjugacy invariant function
(see Example 2.4.11), and Theifen in [The97| uses the orbital graphs as conjugacy
invariant refiners. We will present other conjugacy invariant functions and refiners in
Chapter 4.

In addition to Lemma 2.4.9, the following lemma can be used in conjunction with

the conjugacy invariant functions and refiners to prune and/or refine the search tree:

Lemma 2.4.16. Let Ay and Ay be unions of H-orbits. Let g € Ng(H) such that
A{ = Ay. Then (H|a,)? = H|p,.

Proof. Since the support of (H|a,)? is Ay and H9 = H, we have (H|a,)? < H|a,. The

reverse inclusion follows from symmetry. O

Suppose that we are at a node of the search tree labeled by t = [aq,a9, ... ,aq)].
Let A be the union of H-orbits fixed pointwise by H(g, 3,3, Then (£1,52,...,84)
forms a base for H|a, and so (aq,9,...,a4) forms a base for H|as for some union A’

of H-orbits. Then we may use conjugacy invariant functions and refiners to prune and
refine the search tree as before.

We end the section with some existing techniques for improving the computation of
N¢g(H). Holt in [Hol91] introduced two pruning tests. Firstly, we can prune using the
orbit sizes of the stabilisers of the partial base points and base images. This is equivalent
to the combination of Example 2.4.14 and Lemma 2.4.15. Secondly, he observed that
the normalising elements induce an automorphism of H. In particular, if H is regular,
choosing the base image of two points fully determines the image of each element of H,
as in Lemma 2.4.8. Also if H acts faithfully on a set A, then once the image of A is
determined, we have obtained an automorphism of H, defined on the generators. This
helps with the pruning of the search tree.

Holt’s result works well for regular groups, but not on elementary abelian groups
that are neither regular nor the intransitive direct product on disjoint sets. Hulpke

in [Hul08] tackles this situation by also using the fact that each normalising element
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induces an automorphism of H. Let A be the subgroup of Aut(H) induced by the con-
jugation action of Ng(H). Let C be the maximal subgroup of Aut(H) which preserves
equivalence classes induced by the cycle structures of elements of H. Since conjugation
preserves cycle structures, we have A < C. By considering C' as a permutation group
in Sym(H), we perform a backtrack search in C to find A and hence compute Ng(H).

Let H < S, be intransitive and suppose that we are computing Ng, (H). In [Hul05,
Section 11|, Hulpke present methods of obtaining a proper subgroup S of S, containing
Ng, (H) by considering the permutation isomorphism classes of the projections of H
onto the H-orbits to construct conjugacy invariant functions. Much of the ideas pre-
sented in [Hul05, Section 11] will be restated in Section 4.3. Lastly note that for the
case when H is transitive but not primitive, Hulpke observes that similar methods can
be used by considering the H-blocks instead of the H-orbits.

Lastly, Miyamoto in [Miy06] uses association schemes to improve normaliser compu-
tations. Let H < S, be transitive and let A be the automorphism group of the orbitals
of H. Since Ng, (H) < A, a block A of A is also a block of H and of Ng, (H). Let H be
the action of H on the blocks. Then we have Ng, (H) < (Na,,2(H{ayla)? N4(H)),

so we may search in a smaller group instead.
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Chapter 3

Disjoint Direct Product

Decomposition

A direct product decomposition of a given group H is an expression of H as a direct
product of groups. The direct product decomposition is useful for understanding the
structure of the group, and to solve problems more efficiently. Hence, it is important to
find an efficient algorithm for computing such decompositions. Kayal and Nezhmetdi-
novi, in [KNO9|, give a polynomial time algorithm for computing a direct product
decomposition of a group H given by its multiplication table, which has input size | H|?.
We consider computing direct product decompositions of permutation groups given by
generating sets, which are usually much smaller than the order of the group. Wilson,
in [Will2] gives a polynomial time solution to such a problem. However, as far as we
know, this algorithm has not yet been implemented.

In this chapter, we will consider a particular type of direct product decomposition
for finite permutation groups, which we will call a disjoint direct product decomposition,
which are direct product decompositions of permutation groups where the factors have
disjoint supports. We will give a polynomial time algorithm for finding disjoint direct
product decompositions of a permutation group given by a generating set and also
demonstrate the practical efficiency of our algorithm. In this chapter, we will regard
the direct product of groups with disjoint supports as a subgroup of the symmetric

group on the union of the supports of the direct factors.

Definition 3.0.1 (Disjoint direct product decomposition). Let H < S,,. We say that
H = H; x Hy X ... x H, is a disjoint direct product decomposition of H if it is a direct
product decomposition of H and the groups H; have pairwise disjoint supports.

If there exists a disjoint direct product decomposition H = H; x Hy X ... X H, of H
with > 1, then we say that H is d.d.p. decomposable, otherwise we say that H is d.d.p.
indecomposable.

A disjoint direct product decomposition is finest if each factor is d.d.p. indecomposable.
Since the disjoint direct product decomposition is more restrictive than a more gen-

41
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eral decomposition, it can be computed much faster and has many useful applications.
As we will demonstrate in Section 3.4, the disjoint direct product decomposition of
a permutation group can be used to greatly speed up various other calculations with
permutation groups. Furthermore, calculations that previously could not be completed
in a reasonable time frame can be solved very quickly using the disjoint direct product
decomposition to subdivide the computation into smaller pieces.

Another important application of disjoint direct product decompositions lies in other
areas of computer science, where groups arise from symmetries of combinatorial objects.
To reduce the computation time, groups are used to eliminate the symmetries of the
objects through a process called symmetry breaking |GPP06].

Donaldson et. al. [DMO6] use the disjoint direct product decomposition to improve
the performance of detecting symmetric states in model checking and Grayland et. al.
[GIMRDO09, Theorem 10| uses the disjoint direct product decomposition when generat-
ing symmetry breaking constraints for symmetric problems. Grayland et. al. gives an
algorithm for symmetry breaking which uses the disjoint direct product of two symmetry
groups |GJMRDO09| but otherwise does not consider general direct product decompo-
sitions. In both of these applications, disjoint direct product decompositions lead to
significant speed-ups.

For these applications in both computational group theory and otherwise, the time
saved depends on the number of factors in the decomposition. Hence we are interested
in an algorithm that always computes a finest disjoint direct product decomposition.
By the Krull-Schmidt theorem, any finite group has a unique finest direct product
decomposition [Hun74, Theorem 3.8], up to isomorphism. In Proposition 3.2.2, we
show that the finest disjoint direct product decomposition of a given finite permutation
group is unique.

The main result of this chapter is to provide an efficient algorithm to compute the
finest disjoint direct product decomposition of a given permutation group, and hence

prove the following.

Theorem 3.0.2. Let H < S, be given by a generating set X. Then the finest disjoint

direct product decomposition of H can be computed in time polynomial in | X|n.

Our algorithm behind Theorem 3.0.2 manipulates a strong generating set and there-
fore is fast in practice once a base and strong generating set have been found. Finding a
base and strong generating set is an initial part of most permutation group algorithms.
Hence, finding a disjoint direct product decomposition will not add significantly to the
runtime of these algorithms.

The structure of this chapter is as follows. In Section 3.1, we present some related
work in the literature, and the definitions, notation and background knowledge we use
later on. In Section 3.2, we present the theoretical framework which we use for the
algorithms we present in Section 3.3. Also in Section 3.3, we prove Theorem 3.0.2.

Lastly, in Section 3.4, we demonstrate how the algorithm can be used to speed up
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computation in some permutation group theoretic functions in GAP.

3.1 Background and preliminaries

If G is a direct factor of H, then G < H. So a naive approach to finding its disjoint
direct product decomposition is to consider all normal subgroups N of H, check if there
exists K such that N x K = H, then recursively try to decompose N and K. While it
is possible to optimise this approach, it has worst-case exponential complexity, since it
requires considering all normal subgroups of H, and there can be exponentially many
of them.

Wilson’s polynomial time algorithm in [Will2] computes a finest (not necessarily
disjoint) direct product decomposition of a given permutation group H. As far as we
are aware, the algorithm has yet to be implemented. We show that it is substantially
easier to compute the finest disjoint direct product decomposition than the finest direct
product decomposition.

Donaldson and Miller in [DMO09, Section 5.1| present a polynomial algorithm for
computing a disjoint direct product decomposition by considering only the generators.
They use the observation that, if H = (X) and there exists S C X such that the
support of S and the support of X\ S are disjoint, then H = (S) x (X\S) is a disjoint
direct product decomposition. The method by Donaldson and Miller is a subprocedure
of the algorithm we present in Section 3.3. However, note that the method in [DMO09]
does not guarantee that the decomposition is a finest one as different choices of X
may produce different decompositions. Donaldson and Miller reported that using the
generators computed from the graph automorphism program they used, this method
seems to almost always produce the finest decomposition. We hypothesise that these
programs almost always produce separable strong generating sets, which we shall define
in Definition 3.2.8.

In [DMO09], Donaldson and Miller also present an exponential-time algorithm to
compute the finest disjoint direct product decomposition of H. The algorithm involves
recursively computing disjoint direct product decompositions with two factors. To con-
struct such a decomposition of H, they consider all partitions of the H-orbits with two
cells Cy and C5. Letting Ay == UQieCl Q; and Ag == UQiGCQ Q;, they test if P gives rise
to a disjoint direct product decomposition by checking if H = H|a, X H|a,. They also
made a significant improvement to their algorithm by first considering the projections
onto pairs of orbits and deciding if they are d.d.p. decomposable.

We would like to draw the reader’s attention to an elementary result, which we shall

repeatedly use later.

Lemma 3.1.1. Let H be a subdirect product of the external direct product G1 X Gs.
Then H = G X Go if and only if 1 x Go < H.

Proof. The forward implication is clear. For the backward implication, for all (g1, ¢g2) €
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H, since (1,92) € H, we have (g1,1) € H. The projection of H onto G; is the whole
G1, s0 G1 x 1 < H. Now since G; x 1 and 1 x G2 generate G; X (Go and are both
contained in H, we have H = G x Gs. O

Recall that we regard a direct product of groups that have disjoint supports as a
subgroup of the symmetric group over the disjoint union of the supports of the factors.

For the rest of the chapter, we will use the following notation.

Notation 3.1.2. Let H < S5,,. Let Q1,Q9,...,Q; be the H-orbits. For 1 <i < k, let
G, = Hlq,. We consider H as a subdirect product of G .= G; x G2 x ... X G}, < S,,.
For 1 <i <k, let m; : G — G; be defined by h — hl|q,. For a subset I of {1,2,...,k},
let II; : G — H|y, 0, be defined by h — hly, ;.
Forall 1 <i <k, let A; == J Q.
J<i

Let ¢ denote the set {1,2,...,i}.

It is important that the naming of the H-orbits are fixed in our algorithms. We
maintain such consistency by fixing an order on the H-orbits. The choice of how we
order them is unimportant. In our experiments, we chose to order the orbits by their

smallest elements.

3.2 Disjoint direct product decomposition

In this section, we will first show that H < S, has a unique finest disjoint direct
product decomposition. For 1 <i < k — 1, let N;;1 and 6; be as in Theorem 1.4.3. In
Section 3.2.1, we will see how the computation of disjoint direct product decompositions
can be reduced to computing the N;;1 and the kernels of the #;. We then show that
the N;11 and Ker(6;) can be efficiently computed in Section 3.2.2.

Definition 3.2.1. We say that two disjoint direct product decompositions H = Hj x
Hoyx...x H.and H=Ky x Ko x...x Kgof H<S, are equivalent if the sets of sets
{Supp(H;) | 1 <i<r}and {Supp(K;) |1 <i< s} are the same.

Proposition 3.2.2. Up to equivalence, there is a unique finest disjoint direct product

decomposition of H.

Proof. Let H=Hi1 x Hy x ... x H. and H = K7 X K9 X ... X K4 be two inequivalent
finest disjoint direct product decompositions of H. Since {Supp(H;) | 1 < i < r}
and {Supp(K;) | 1 < i < s} forms partitions of Q, for each H;, there exists at least
one K; such that Supp(H;) N Supp(K;) # 0. Now since the two decompositions are
inequivalent, there exist 1 <4 < r and 1 < j < s such that Supp(H;) # Supp(K;)
and Supp(H;) N Supp(K;) # 0. Let I' :== Supp(H;) and A = Supp(K;). We will show
that H; = Hi|p\a X Hilrna is a disjoint direct product decomposition of H;, which
contradicts the fact that H = Hy x Hy X ... x H, is a finest decomposition. Since H; is

a subdirect product of Hi|r\a X Hi|rna, by the backward implication of Lemma 3.1.1
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it suffices to show that H;|rna X Ina < H;. We do so by showing that for all h; € H;,
there exists hj € H; such that hj|rna = hilrna and hijpa = 1.

Let h; € H;. Let h; € S, satisfy ﬂz]r = h; and ﬁi|ﬁ\p = 1. By the forward implication
of Lemma 3.1.1, igz € H. Similarly, since Kj is a disjoint direct factor of H, there exists
h € H such that hlma = f;i\ﬁ\A and h|a = 1. Then &’ := h;h~! is an element of H
such that

Wlrna = (hilrna) (Y rna) = hilrna = hilraa,
- N . ~ 1
Wlma = (hilma) (B ma) = (ilma) (b Ima) =1,

and h'[mp = 1. Therefore, h'[r is an element of H; such that A'[rna = hilrna and
]’L/’F\A - 1 D

3.2.1 Computing the disjoint direct product decomposition

Recall Notation 3.1.2 and recall that we denote {1,2,...,i} by i. We will compute the
finest disjoint direct product decomposition of H by iteratively computing the finest
disjoint direct product decomposition of II;(H) for 1 < ¢ < k. In this subsection, we
show for 1 <4 < k, how we can compute the finest disjoint direct product decomposition
of Tl;7(H) using the finest disjoint direct product decomposition of II;(H) and the
groups N;11 and homomorphisms 6; from Theorem 1.4.3.

Since the support of each disjoint direct factor of a group is a union of (some of) its

orbits, we will be computing certain partitions of ¢ for each 1 < i < k.

Definition 3.2.3. For 1 < i < k, let P; = (Cy | C3 | ... | C,) be the partition of i
consisting of cells C; C ¢ for 1 < j < r such that II;(H) = I, (H) x He, (H) X ... X
IIc, (H) is the finest disjoint direct product decomposition of II;(H).

Observe that trivially, P; = ({1}). Proposition 3.2.4 describes how we can compute
P;41 using P; for 1 <4 < k. To simplify notation, from now on, for subsets I, J C k and
for h € H, we denote by II;(h) x 1 the element b’ € T ;(H) such that I1;(h") = I1;(h)
and II;(h') = 1. Similarly, for S C H, we denote by II;(S) x 1; the set {II;(h) x 1; |
h e S}.

Proposition 3.2.4. Let1 <i < k. Let Py = (C1 | Ca | ... | Cy) be as in Definition 3.2.3
and let 0; be as in Theorem 1.4.3. Let

S ={C; |1l (H) X L, € Ker(0;), for 1 <j <r}
and let C' = UCjeS C;u{i+1}. Then

I (H) = e (H) x X g (H) (3.1)
;¢S

is the finest disjoint direct product decomposition of Il (H).
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Hence the partition Piy1 from Definition 3.2.3 is the partition of i + 1 consisting of cell
C and all other cells C; of P; such that C; & S.

Proof. We will first show that Equation (3.1) is a disjoint direct product decomposition
of Il;(H ), and then we will show that it is the finest disjoint direct product decom-
position. The statement on P;;1 will then follow from Definition 3.2.3.

Since the factors in Equation (3.1) move disjoint sets of points, we show that Equa-
tion (3.1) is a disjoint direct product decomposition of Il;5(H), by showing that it
is a direct product decomposition. Observe that II;;(H) is a subdirect product of
IIo(H) x Xeses Hg;(H). Then by the backward implication of Lemma 3.1.1, it suf-
fices to show that 1o x X¢ g, (H) < Ij(H). We will do so by showing that
e, (H) x i, < ;7 (H) for all cells C; of P; such that C; ¢ S.

Let C; ¢ S. Then 6;(Il¢; (H) x 1;\03_) = Niy1. Take R;1; = {1} and let ¢; be as
in Theorem 1.4.3. Then ;(Il¢; (H) x 12\Cj) = Mg, (H) x L, < ;7 (H). Hence,
Equation (3.1) gives a disjoint direct product decomposition of Il(H).

We will now show that Equation (3.1) is the finest disjoint direct product decompo-
sition. As Cj ¢ S are cells of P;, the groups Il (H) for C; ¢ S are d.d.p. indecom-
posable, so it remains to show that IIo(H) is d.d.p. indecomposable. Observe that
for Cj ¢ S, since Ilg;(H) is a finest disjoint direct factor of Il (H), each C; ¢ S
is a cell of P;;1. We proceed as follows. We first show that C' is a union of some of
U :={C,Cy,...,Cp,{i + 1}} and then show that C; € S is in the same cell of P;q
with {i + 1}, from which we deduce that C is a cell of P;y; and so IIg(H) is d.d.p.
indecomposable.
To prove the first claim, we show that for all u € U such that uNC # ), we have u C C.
This is trivially true for u = {i+1}. Let C; be a cell of P; such that C;NC # . We have
shown that Equation (3.1) is a disjoint direct product decomposition, so the projection
IIg(H) is a disjoint direct factor of Izx(H), so Ho(H) X 1gq o < Igg(H). Then
He,ne(H) x 1ope < g, (H). Since e, (H) is d.d.p. indecomposable, C; N C = Cj,
so Cj C C and therefore C' is a union of some of U.
Lastly, we show that each C; € S is in the cell of P;;1 containing i + 1. Let C; € S.
Aiming for a contradiction, suppose that C; and ¢ 41 are in different cells of P;;1. Let
i be as in Theorem 1.4.3 and consider L := ;(Il¢; (H) x 1;\0],) C j7(H). Let D be
a cell of Piy1 containing Cj. Then Hp(L) x 17, p < Hp(H) X 1, p is contained in
;7 (H). Since i + 1 & D, it follows that

II:(L) x 1341 =Ip(L) x Inp < = (H).
Now since both L and II;(L) x 1;11 are contained in Il;77(H), the set 1; X m;41(L) is also
contained in Il;77(H ). Therefore 7;1(L) € N;jy1 and hence 6;(Ilg; (H) x li\Cj) = Niy1,
a contradiction to the fact that C; € S. O

Proposition 3.2.4 will be used as the core of our algorithm for finding the finest
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disjoint direct factor decomposition in Section 3.3.

3.2.2 Orbit-ordered base and separable strong generating set

In this subsection, fix 1 < i < k and let N;41, 6; and ¢; be as in Theorem 1.4.3. We will
see how we can use some fundamental data structures associated to permutation groups
to compute the N;y; and find the cells C; of P; such that ch(H) X IE\CJ- ¢ Ker(6;).
Recall the definitions of base and strong generating sets from Definitions 1.5.1
and 1.5.3, and recall the sets A; from Notation 3.1.2. We will be using bases that

are orbit-ordered.

Definition 3.2.5. A base B := (01, 52, ..., Om) of H < S, is orbit-ordered with respect
to the ordering 21,9, ..., Qi of the H-orbits if there exist 1 < j1 < jo < ... <jr <m
such that for all 1 <14 <k, we have Hg, py...5,) = Hay-

Remark 3.2.6. Recall from Notation 3.1.2 that we fixed an ordering €y, Q9, ..., O of
the H-orbits. Then the concatenation of Qi,9,...,Q is a (redundant) orbit-ordered
base of H.

We can compute N;41 from a strong generating set of H relative to an orbit-ordered

base.

Lemma 3.2.7. Let B = (f1,52,...,8m) be an orbit-ordered base of H < S, with
respect to the ordering 1,Qs,...,Q;. Let X be a strong generating set of H with
respect to B. Then Nit1 = (miy1(z) |2 € X N Ha,) for all 1 <i <k.

Proof. Since B is orbit-ordered, there exists 1 < j < m such that Hg, s, . 5,) = H(a,)-
As X is a strong generating set relative to B, we have H(a,) = (X N H(a,)). The result
follows since N1 = miv1(Ha,))- O

Recall that we compute the P; iteratively. At the i-th iterative step, we will produce

a strong generating set for H that is i-separable.

Definition 3.2.8. Let P; be as in Definition 3.2.3. A strong generating set X of H
with respect to an orbit-ordered base B is i-separable if for all x € X with non-trivial
projection Il;(z) , there exists a unique cell C; of P; such that Il;(x) € Il¢, (H) x Le,-
We say that X is separable if it is k-separable, where k is the number of orbits of H.

Note that since we have fixed an ordering of the H-orbits, by Proposition 3.2.2 the

partitions P; are unique, so i-separability depends only on .

Example 3.2.9 (running example). Let H be as in Example 1.4.5. Recall that we order
the H-orbits by their smallest elements, so we have an ordering €21, (9, 23, 4. Then
B = (1,4,5,7) is an orbit-ordered base since Hia,) = H(1), Ha,) = Haap), Hiay) =
Ha,) = H@asr)- The generating set X = {x1,x9, 3,24} is a strong generating
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set of H with respect to the base B. So lI5(H) = ((1,2,3), (4,5,6), (5,6)) and hence
Py = ({1} | {2}). Then X is 2-separable since

Hg(:cl) S 7T1(H) x 1o and Hj(xg),ﬂj(xg) €17 x 7T2(H) and Hj(le) =1.

Similarly, we can show that P3 = ({1} | {2,3}). The set X is not 3-separable since
m1(z1) and Iy 31(z1) are both non-trivial.

For each cell C; of P;, we may compute 0;(Il¢c; (H) x 1E\Cj) using an i-separable

strong generating set of H.

Lemma 3.2.10. Let X be an i-separable strong generating set of H. Then for each cell
C; of Pi, we have

0; (I, (H) x 1€\Cj) = (Nipimit1(x) | © € X such that lg, (x) # 1).

Proof. Since X is i-separable, Il¢, (H) x 15\0], is generated by the II;(x) where x € X
such that I, (z) # 1. So the result folllows from the definition of 6;. O

Recall the sifting procedure and the definition of siftees from Definition 2.1.4. Note
that gs is a product of g and an element of H.

Lemma 3.2.11. Let g € S, and let ¢’ be a siftee of g by H. Then there exists h € H
such that g = ¢'h.

Proof. Let B and the R; be as in Definition 2.1.4. Then there exist 1 < s <m + 1 and
r; € R; for all 1 < i < s — 1 such that ¢ = grflrgl...rill. Since the R; C H, the

s

result follows. ]

Recall from Section 1.5 that a base B = (31, 532, .., 8m) of H defines a subgroup
chain HY > HEI > > HM™*U called a stabiliser chain, where HU = H and
HI = Hpg, gs,...5,_1) for 2 < i < m + 1. The siftee of g € S, by H obtained from
a sifting procedure is not unique: it depends on the choice of the base B and the
transversals R; associated to the stabiliser chain defined by B.

In our algorithm, we will be sifting elements of H by stabilisers H(a,). Let B =
(81, B2, - - ., Bm) be an orbit-ordered base of H with respect to the ordering 1, Qq, ..., Q.
Then there exists 1 < j < m such that (8j11,8j+2,...,8m) is a base of Ha,), with
associated stabiliser chain HU+1 > HU+2] > ... > H[m+1], which is a subchain of the
stabiliser chain of H defined by B. Whenever we sift an element h € H by a stabiliser
Ha,), we sift using the partial stabiliser chain defined by an orbit-ordered base B of
H.

Definition 3.2.12. Let B := (51, 02,...,5m) be an orbit-ordered base of H and let
1 < j < m such that (8j11,8j+2,--.,8m) is a base of H(a,). For h € H, a siftee of h
by Hp,) is a siftee obtained by the sifting i using the stabiliser chain defined by base

(Bjs1:Bjg2s -2 Pm)-
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For z € X, we will be deciding whether 7;;1(z) € N; 41 by considering a siftee of =
by Ha).-

Lemma 3.2.13. Let B be an orbit-ordered base of H < S, with respect to the H-orbit
ordering Q1,Qs,...,Q. Let v € H and x’ be a siftee of x by Ha,), where the sifting
procedure uses the partial stabiliser chain of H defined by B, as in Definition 3.2.12.
Then miy1(x) € Nit1 if and only if mipq1(2') = 1.

Proof. <: By Lemma 3.2.11, there exists h € H(a,) such that x = 2'h. Since m;y1(h) €
Niy1 and 741 (2') = 1, we have 741 (2) = w41 (2" )mig1(h) € Niy.

=1 Since B is orbit-ordered, there exist 1 <t <wu < m such that Hg, g, . 5,) = Ha,)
and Hg, g, ., = Ha, 1) S0 (Bi+1, Bevas-- -, Bu) is a base of mip1(Ha,)) = Nit1.
Since 7;11(x) € Nitq1, the sifting procedure does not terminate until after we have
considered the image of 5,. More specifically, there exists u < s < m+ 1 and r; € R;
forall 1 < ¢ < s—1 such that 2/ = acr;rllr;rlQ .rt. Hence 2 fixes (Bir1, Beat, - - -5 Bu)-

Therefore m;11(2’) is an element of N;;1 fixing the base of N;y1, so mi11(2') =1. O

3.3 Algorithm

In this section, we present an algorithm to compute the finest disjoint direct product
decomposition of a given permutation group H = (X) < S, and show that it has
polynomial time complexity in terms of | X|n.

Recall Notation 3.1.2. For 1 < i < k, let P; be as in Definition 3.2.3. As the base
case, we begin with P; = ({1}) and we will compute P;;; iteratively using Proposi-
tion 3.2.4.

Our algorithm to compute the finest disjoint direct product decomposition is pre-
sented in Algorithm 3. This algorithm computes a base and an initial strong generating
set for H and then calls DDPD from Algorithm 4 repeatedly to calculate the P;.

Algorithm 3 Finding the finest disjoint direct product decomposition of H
Input: H < 5, by a generating set X
Output: Py

1: Fix an ordering €21, s, ..., of the H-orbits

2: Find an orbit-ordered base B of H with respect to the ordering of H-orbits
3: Compute a strong generating set X; of H relative to B

4: Initialise Py = ({1})

5. fori e [1,2,...k—1] do

6: Xi+1,'Pi+1 — DDPD(i, B,Xi,PZ‘)

7: end for

8: return Py

We give an example for Algorithm 4.

Example 3.3.1 (running example). Consider H in Example 3.2.9. We have seen that
Py = ({1} | {2}) and X is 2-separable. To compute Ps, initialise S := {}. Observe
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Algorithm 4 Finding the finest disjoint direct product decomposition of Tl;(H)
Input: Integer 1 < i < k, base B of H, partition P; = (C; | Cy | ... | C}) of
{1,2,...,k} and an i-separable generating set X; of H

Output: P;;1 and an (i + 1)-separable generating set X;;1 of H

1: procedure DDPD(i, B, X;, P;)
2 S+ {}

3: Xi+1 — {}

4: for x € X; do
5

6
7

if x ¢ H(Az) then
Find cell Cj of P; such that Il;(x) € Tl¢, (H) x Lic,
x’ < siftee of x by H, () using the partial stabiliser chain defined by B
> see Definition 3.2.12

8: Add 2’ to Xiv1

9: if 7T7;+1($,) 7& 1 then

10: Add Cj to S

11: end if

12: else

13: Add z to X1

14: end if

15: end for

16: C(—(U Cj)U{i+1}
cjes

17 Pit1 + the partition consisting of cell C' and all other cells C; of P; such that

C; &S
18: return X; 1, Py

19: end procedure

that Iz(71) € TIi(H) x 12 and 1 € Ha,). Sifting 21 by Ha,) gives us a siftee
(1,2,3). Similarly, Il5(w2) € H2(H) x 1 and 2o ¢ Ha,) with a siftee (4,5,6). Now
M5(x3) € TIa(H) x 11 and @3 € Ha,) has a siftee (5,6)(8,9)(11,12), which has a
non-trivial projection on 23 = {7,8,9}. So we add {2} to S. Since x4 € H(a,) We
add x4 to Xs3. Therefore, we set C = S U {3} = {2,3}, so P3 = ({1} | {2,3}) and
X3 = {(1,2,3), (4,5,6), (5,6)(8,9)(11,12), (7,8,9)(10, 11, 12)}.

Lemma 3.3.2. For 1 < i<k, the sets X; computed in Algorithms 3 and j are strong
generating sets of H with respect to the base B = (B1, B2, ..., m) defined on line 2 of
Algorithm 8.

Proof. We proceed by induction on i. Clearly X is a strong generating set of H with
respect to B. Suppose that X; is a strong generating set of H with respect to B.
First note that since each x € X; N Ha,) is also in X;11 and a siftee of 2 € X;\H(a,)
by Ha,) is not in Ha,), we have X; N Hp,) = Xit1 N Hip,). Let 0 < s < m and
consider HI5H1 = Hg, g,...3,)- Since B is an orbit-ordered base, either HisH Ha,)
or Hia,y € H+1 For both cases, we will show that HEH = (X;,; 0 HlsH),
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Suppose first that A1 C Hp,)- Then

XinHS Y = Xin Hoay nHEWY = X 0 Hiay N HETY = X0 0 BT
Since X; is a strong generating set, we have HS T = (X, 0 HIEH) = (Xx; ) n HlsH),
Suppose instead that Ha,) C HBH Certainly (X;41 N HBEHY < HIH To show
the reverse containment, since X; is a strong generating set, it suffices to show that
X, N HE € (X n HEM) Let o € X; N HEML If 2 € Hy,), then by the
construction of X;;1, we have z € X;y1, hence z € X;11 N HEH Else suppose
that z € (X; N H[S“])\H(Ai). Then there exists a siftee 2’ of 2 by H(a,) such that
x' € X1, By Lemma 3.2.11, there exists g € Ha,) < HU5H guch that o = #’g. Then
¢’ =xg~' € HBH and so 2/ € X;41 N HEH, Observe that

Hn,y = (XiNH,) since X; is a strong generating set
= (Xz'+1 N H(Al)> since X; N H(Al) = X;41 N H(Az)
C (X nHEFY since Ha,) C Hl+,

So g € (X1 N HEHY and hence x € (X4 N HEH), .

Lemma 3.3.3. Let 1 <i < k—1. Let X; be an i-separable strong generating set of H
and let P; = (C1 | Co | ... | Cy) be as in Definition 3.2.3. Let X;11 and Q be the output
of DDPD(i, B, X;, P;) from Algorithm 4. Then

1. Pip1 = Q.
2. Xi+1 is an (i + 1)-separable strong generating set of H.
Hence Algorithm 4 is correct.

Proof. Part 1: We show that the set S constructed from Algorithm 4 is the same as
the set in Proposition 3.2.4, from which the result will follow. Observe that we add C}
to S in line 10 if and only if there exists x € X; with non-trivial projection II;(x) such
that IT;(x) € Tl¢, (H) x 15¢, and mip1(2') # 1, where 2’ is a siftee of 2 by H(a,). Since
X; is i-separable, by Lemmas 3.2.10 and 3.2.13, such an x € X; exists if and only if
0;(Tlc,; (H) x Li¢,) # Nit1. That is, I, (H) X 15 & Ker(6;). The result then follows
from Proposition 3.2.4.

Part 2: Let y € X;11. We show that if TI;1(y) # 1, then there exists a unique cell ¢’
of Pit1 such that Iz (y) € e (H) X L o

By the construction of X1, either y € X; N H(a,) or there exists z € Xi\H(Ai) such
that y is a siftee of x by Ha,). Suppose first that y € X; N Ha,), so ;(y) = 1. If
;5 (y) # 1, then mi41(y) # 1 and so g(y) # 1, where C'is as defined in line 16. Since
i+ 1\C = i\C C i, we have I\ (y) = 1. So C'is the unique cell of Pty such that
Hm(y) =Tl (y) x 1z'-Tl\C e llg(H) x 11‘—Tl\C'

Suppose now that y is a siftee of some x € X;\Ha,) by H(a,). By Lemma 3.2.11, there

i
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exists g € H(a,) such that = yg. Then since II;(g) = 1, we have II;(z) = [I;(y). As

7

X is i-separable, there exists exactly one cell C; of P; such that
I3 (y) = y(z) € g, (H) x 15\(;]_.

If C; ¢ S, then Cj is a cell of P11 and so [l7+(y) € g, (H) x Iiq\¢,- Otherwise if
Cj € S, then Il (y) € g uqiv1y (H) x 15 ¢, In particular, since C; U {i+1} CC, we
have II;5(y) € le(H) X 177 ¢ O

Theorem 3.3.4. Given H < S,, by a generating set X, Algorithm 3 computes the finest

disjoint direct product decomposition of H in time polynomial in | X |n.

Proof. Let Q == (C1 | Ca | ... | C;) be the partition computed by Algorithm 3. Then
by Part 1 of Lemma 3.3.3, Q = Py, and so H =l (H) x I, (H) x ... x ¢, (H) is
the finest disjoint direct product decomposition of H.

It remains to show that Algorithm 3 runs in polynomial time. By Proposition 2.1.2 and
Theorem 2.1.7, lines 1 and 3 run in polynomial time. As in Remark 3.2.6, we can get an
orbit-ordered base in polynomial time. Since Algorithm 4 is called at most O(n) times,
it suffices to show that Algorithm 4 runs in time polynomial in | X |n.

By Parts 2 and 3 of Theorem 2.1.9, lines 5 and 7 can be done in polynomial time. Line
6 can be done by iterating through each cell C; of P; and checking if Tl¢, (z) # 1. Since
P; has at most k cells, this can be done in O(k) time. Therefore the result follows. [

Hence Theorem 3.0.2 now follows.

3.4 Experiments

In this section, we will investigate the practical performance of our algorithm for finding
the finest disjoint direct product decomposition of a permutation group. As well as
showing the performance of our algorithm, we will show how it can be used to improve
the performance of a range of important group-theoretic problems. Our algorithm is
implemented in GAP 4.11 [GAP20] L.

We will test our algorithm on randomly created groups. The creator we use in this
chapter is very straightforward and does not claim to produce all groups with equal
probability. It is costly to attain better distribution as we require random normal
subgroups and isomorphisms, hence this method is chosen for its simplicity and speed.

The creator takes three parameters, a transitive permutation group G and two
integer constants r and s. The algorithm will produce a permutation group which
is the disjoint direct product of r groups. Each of these direct factors is a subdirect

product of G* that is d.d.p. indecomposable. The algorithm runs in two stages.

!The implementation for the experiments in this section is done by Dr Christopher Jefferson, which
better exploits the stabiliser chain data structure in GAP. An independent implementation by the
author is included in the supplementary files. The difference in terms of the runtimes of the two
implementations is minor.
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The first stage is implemented by a function MAKESUBDIRECT(G, s) which pro-
duces a random subdirect product of s copies of G that is d.d.p. indecomposable.
MAKESUBDIRECT(G, s) works by taking a random integer ¢ € {2,3,...,s} and then
taking the group H generated by ¢ random elements of G®°. If H is d.d.p. indecompos-
able, and its projection onto each of the s copies of GG is surjective, then it is returned,
else this procedure repeats.

The second stage simply runs MAKESUBDIRECT(G, s) r times, and takes the (dis-
joint) direct product of these r groups. Finally, we conjugate this group by a random
permutation on the set of points moved by this group, so the decomposition does not
follow the natural ordering of the integers.

Our algorithms are split into two sections. Firstly we compare our algorithm against
the algorithm of Donaldson and Miller [DM09]. Secondly, to demonstrate that our
algorithm has immediate practical value, we show how a few functions in GAP can

easily be sped up by the knowledge of a disjoint direct product decomposition.

3.4.1 Comparison to Donaldson and Miller

We first compare to Donaldson and Miller’s algorithm. Donaldson and Miller present
two algorithms, an incomplete algorithm and a complete algorithm. We will not compare
against their incomplete algorithm, as it is extremely fast but requires separable strong
generating sets. Donaldson and Miller were unable to find a graph where the generating
set of the automorphism group produced by Nauty [MP14] is not separable. We were
able to find graphs where Nauty does not produce a separable generating set 2. Also, the
most advanced graph automorphism finders, such as Traces [MP14], perform random
dives which produce random automorphisms. This means that generating sets produced
by Traces will not, in general, be separable.

When implementing Donaldson and Miller’s complete algorithm, we were forced to
make some implementation choices, the most significant of which is the ordering in which
the algorithm tries to partition the orbits (the first line of Algorithm 5 in [DM09]). We
implemented this by trying the partitions in order of increasing sizes of the smaller part
of the partition. This has the advantage that when the finest disjoint direct product
decomposition has a factor with few orbits the algorithm will run relatively quickly, but
it has no effect on the algorithm’s worst case complexity.

We gather our results in Figure 3.1. Each row of Figure 3.1 gives the result for
10 instances of H, created as above. Each instance of H has rs orbits with the finest
disjoint direct product decomposition consisting of r direct factors with s orbits each,
and each transitive constituent of H is permutation isomorphic to G. For each G,r
and s, we report the median time (“Median”) and the number of completed instances
(“4#7) of the 10 instances of H, using both Algorithm 5 of [DMO09]| (“Donaldson”) and
Algorithm 3 (“Our Algorithm”). The results are consistent with the theory. Since our

20ne example can be found in the supplemental file Chapter3-DDPD/nonSeparableExample.g.



54 Chapter 3: Disjoint Direct Product Decomposition

algorithm is polynomial, it scales much better than the algorithm in [DMO09].

G r s Donaldson Our Algorithm
Median # Median +#

Dy 4 0.04 10 0.00 10
Dy 4 0.16 10 0.01 10
Dy 4 0.54 10 0.01 10
Dg 10 4 2.18 10 0.02 10
Ay 4 2.47 10 0.01 10
Ay 4 1247 10 0.03 10
Ay 4 158.09 10 0.04 10
Ay 10 4 49054 5 0.05 10
Sy 4 3.37 10 0.02 10
Sy 4 1599 10 0.04 10
Sy 4 39386 8 0.06 10
Sy 10 4 N/A 0 0.07 10

Figure 3.1: Comparison of DDPD algorithms

3.4.2 Application to GAP

In this section, we will see how some functions in GAP can easily be sped up by the
knowledge of a disjoint direct product decomposition. This is not intended to be an
exhaustive list, but simply to demonstrate how, for a selection of common problems, cal-
culating a disjoint direct product decomposition can significantly improve performance.

We experiment on the following GAP functions.

DERIVEDSUBGROUP - The derived subgroup of a group H is the direct product of
the derived subgroup of each disjoint direct factor of H.

NRCONJUGACYCLASSES - The number of conjugacy classes of a group H is the

product of the number of conjugacy classes of each disjoint direct factor of H.

COMPOSITIONSERIES - A composition series of a group H can be constructed from

composition series of the direct factors of H.

MINIMALNORMALSUBGROUPS - If each disjoint direct factor of H is non-abelian,
the minimal normal subgroups of a group H is the union of the minimal normal

subgroups of each disjoint direct factor of H.

In our experiments, we run each row of our tables ten times. Each run is given a limit
of 10 minutes and 4GB of memory. We give the median time in seconds (or N/A when
less than 6 instances finished successfully). For the inner group G we consider the al-

ternating group (A, ), symmetric group (S, ), dihedral groups (Da,,) of varying degree n,
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and also TRANSITIVEGROUP(16, 712) (Trans(16,712)) and TRANSITIVEGROUP(16, 713)
(T'rans(16,713)) from the Transitive Groups Library [Hull7].

Each row of the tables in Figures 3.2 to 3.5 gives the results for 10 random groups H,
each with rs orbits, where the projection of H onto each orbit is permutation isomorphic
to G, and H has the finest disjoint direct decomposition consisting of r direct factors
with s orbits each. The columns “Full Group” and “Decomposed Group” refers to the
computation with the original group H and the computation with the disjoint direct
factors of H respectively. The column “Decomposition” refers to the computation of
the finest disjoint direct product decomposition of H. For each of these columns, we
report the median time (in seconds) required to compute the specified problems of the
10 instances under the subcolumns “Median”, and the number of instances completed
within the time and memory limits under the subcolumns “#”.

Fro all of our experiments apart from COMPOSITIONSERIES, the time taken to find
the finest disjoint direct product decomposition and solve the problem on the decom-
posed group is always faster than solving the problem on the original full group. In the
case of DERIVEDSUBGROUP (Figure 3.2), we speed up performance by up to a factor
of 10. In the case of NRCONJUGACYCLASSES (Figure 3.3), COMPOSITIONSERIES (Fig-
ure 3.4) and MINIMALNORMALSUBGROUPS (Figure 3.5), we are able to solve problems

which previously ran out of memory or time, in under a second.

G r s Full Group Decomposed Group Decomposition

Median # Median # Median — #
Dg 12 4 033 10 0.00 10 0.20 10
Dg 16 4 1.07 10 0.00 10 0.55 10
Dg 20 4 253 10 0.00 10 1.20 10
Ay 12 4 234 10  0.01 10 0.28 10
Ay 16 4 7.53 10 0.01 10 0.66 10
Ay 20 4 1976 10  0.01 10 1.64 10
Sy 12 4 7.36 10 0.01 10 0.89 10
Sy 16 4 2789 10  0.02 9 2.34 10
Sy 20 4 658 10  0.02 10 5.37 10

Figure 3.2: Performance of DDPD for DERIVEDSUBGROUP

3.5 Conclusion and future work

In this chapter, we have shown that the finest disjoint direct product decomposition
of a given group can be computed efficiently and can be used to speed up various
permutation group problems. Moreover, as demonstrated in [DM09, Grall], the disjoint
direct product decomposition of a group has applications beyond computational group

theory.
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G r s Full Group Decomposed Group Decomposition

Median # Median +# Median +#
As 2 4 0.00 10 0.00 10 0.00 10
As 4 4 0.08 10 0.00 10 0.00 10
As 6 4  21.50 6 0.00 10 0.00 10
Dg 2 4 0.23 10 0.00 10 0.00 10
Ds 4 4 N/A 2 0.00 10 0.00 10
Dg 6 4 N/A 0 0.01 10 0.00 10
S4 2 4 5052 10 0.28 10 0.00 10
Sy 4 4 NJ/A 0 0.58 10 0.00 10
Sy 6 4 N/A 0 0.96 10 0.02 10

Figure 3.3: Performance of DDPD for NRCONJUGACYCLASSES

G r s Full Group Decomposed Group Decomposition

Median # Median + Median #

Ay 4 3 0.00 10 0.00 10 0.00 10

Ay 12 3 0.06 10 0.01 10 0.11 10

Ay 20 3 0.22 10 0.02 10 0.68 10

Sy 4 3 0.01 10 0.00 10 0.00 10

Sy 12 3 0.15 10 0.02 10 0.32 10

Sy 20 3 0.49 10 0.03 10 1.70 10

Dso 4 3 0.01 10 0.00 10 0.00 10

Dso 12 3 0.11 10 0.02 10 0.27 10

Dso 20 3 0.45 10 0.04 10 1.87 10
Trans(16,712) 4 3 0.02 10 0.01 10 0.03 10
Trans(16,712) 12 3 0.36 10 0.03 10 1.25 10
Trans(16,712) 20 3 1.52 10 0.06 10 8.72 10
Trans(16,713) 4 3 0.64 10 0.02 10 0.03 10
Trans(16,713) 12 3 80.49 10 0.07 10 1.32 10
Trans(16,713) 20 3 N/A 0 0.12 10 8.57 10

Figure 3.4: Performance of DDPD for COMPOSITIONSERIES
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G r s Full Group Decomposed Group Decomposition

Median # Median # Median #
Dg 4 1.88 10 0.03 10 0.00 10
Dg 4 N/A 4 0.04 10 0.02 10
Dg 4 N/A 0 0.06 10 0.12 10
Dg 10 4 N/A 0 0.07 10 0.35 10
Ay 4 1.60 10 0.23 10 0.01 10
Ay 4 6.49 10 0.50 10 0.02 10
Ay 4 2766 10 0.47 10 0.20 10
Ay 10 4 5710 10 0.55 10 0.39 10
Sy 4 4.59 10 0.40 10 0.01 10
Sy 4 2044 10 0.58 10 0.04 10
Sy 4 102.73 10 0.80 10 0.75 10
Sy 10 4 25437 10 1.23 10 1.09 10

Figure 3.5: Performance of DDPD for MINIMALNORMALSUBGROUPS

While we show the disjoint direct product decomposition can be extremely useful,
we are not suggesting it to be employed as an initial subprocedure of solving all the
problems we use in our experiments. This is because adding this subprocedure will
impose additional computation time on all calls of the problem that could be a waste
of time if the group is d.d.p. indecomposable. Using efficient heuristics to only add this
subprocedure for some groups still has the same problem with the added cost and raises
an issue of determining the heuristics. Therefore, we propose that the computation of
the finest disjoint direct product decomposition be available in GAP as a function, and
leave it up to the user to decide if the decomposition would help the problem in hand.

An obvious piece of future work is to determine other problems, group theoretic or
otherwise, that can benefit from the knowledge of its disjoint direct product decompo-
sition. We believe that the disjoint direct product decomposition has more potential in
groups arising from real world problems, as these are more likely to be highly intransi-

tive.
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Chapter 4

Normalisers of Highly Intransitive

Groups

In this chapter, we will compute the normalisers Ng, (H) of intransitive groups H < S,.
We will see how certain structures of H can be used to reduce the search tree for
computing Ng, (H). We do so in two ways: firstly we use the group structure to
create conjugacy invariant functions and refiners (see Definitions 2.4.10 and 2.4.13), and
secondly we see how these structures can be used to reduce the computation of Ng, (H)
into smaller problems. We will also give an algorithm for computing normalisers Ng, (H)
of intransitive H < §,, with pairwise permutation isomorphic transitive constituents.
The algorithm uses conjugacy invariant functions and refiners to produce a subgroup S
of S,, containing Ng, (H).

More specifically, the structure of the chapter is as follows. In Section 4.1, we
use the equivalence of orbits to give conjugacy invariant functions and refiners, and
then reduce the computation of Ng, (H) to computing the normaliser of a group with
a smaller degree. In Section 4.2, we first use disjoint direct product decompositions
to give conjugacy invariant functions and refiners. If H has a disjoint direct product
decomposition with more than two factors, we show that Ng, (H) can be computed by
computing the normaliser of each disjoint direct factor, and then solving the conjugacy
problem for each pair of the factors. In Section 4.3, we use the permutation isomorphism
classes of certain projections to give some conjugacy invariant functions and refiners.
We will introduce the class In3(A) consisting of groups whose transitive constituents
are all permutation isomorphic to a transitive group A < S, and then give a proper
subgroup of S,, containing Ng, (H) for H < S,, in class JnB(A). In Section 4.4, we
give an algorithm which uses the conjugacy invariant functions and refiners from the
previous sections to compute a group S < S,, containing Ng, (H), where H is in In3(A)
for some transitive group A, and so Ng, (H) = Ng(H). Lastly in Section 4.5, we show
that this subgroup S < S, can be used to speed up the computation of Ng, (H).

In this chapter, we will take the natural inclusion map of Sym(I") into Sym(A) for
all I' C A. For the rest of this chapter, let n be an integer and let Q = {1,2,... ,n}.

59
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4.1 Equivalent orbits

Recall the definitions of equivalent orbits and =, from Definition 2.1.10. In this section,
we show how we can use equivalent orbits to obtain conjugacy invariant functions and
refiners. Then we show how we can use the equivalent orbits of H < S, to reduce the
computation of Ng, (H) into computing the centraliser C'g, (H) and the normaliser of a

group with a smaller degree.

4.1.1 Pruning with equivalent orbits

We start by showing that conjugation preserves the equivalence classes under =,,.

Lemma 4.1.1. Let K,L < S,, such that L = K9 for some g € S,,. Then {§; | i€ I}
is an =,-class of K-orbits if and only if {Q | i € I} is an =,-class of L-orbits.

Hence the normaliser Ng, (H) permutes the =,-classes of H-orbits.

Proof. Let i,j € I. Then Qf and Q? are orbits of L. We show that QY =, Q‘? using
Lemma 2.1.12. Let [ € L and let k = 19
Lemma 2.1.12, there exists an involution v € S,, with support €2; U {2; such that for all

k' € K, we have k'|o, = (K'|q,)”. Then

€ K. By the forward implication of

-1y -1y v
(Uag)? = ((Kle))?)? " = (Kle,)™ = (Klo,)? = lag,

and (I|g9)9 "9 = l|qs similarly. Since v has support € U €, its conjugate v9 has
J 7

support QY U QY. Therefore, by the backward implication of Lemma 2.1.12, we have

Qf =, Q. The fact that inequivalent orbits maps to non-equivalent orbits follows by

symmetry. O

Therefore we may use orbit equivalence to obtain a conjugacy invariant function
and a conjugacy invariant refiner. Recall that we denote the set of all subgroups of S,
by S(Sy).

Lemma 4.1.2. For K < S, let Ex be the function from the set of orbits of K to IN
such that Ex(A) gives the size of the equivalence class [A]=

1. Let U be the function with domain S(Sy) such that V(K) gives the multiset
{Ek(A) | for all orbits A of K}. Then VU is a conjugacy invariant function.

2. Let ® be the function with domain S(Sy) x Q defined by (K, ) = Ex(A) where

A is the K-orbit containing . Then ® is a conjugacy invariant refiner.
We denote ¥ and ® by EQUIVORBSCIF and EQUIVORBSCIR respectively.

Proof. Let K, L < S, such that L = K9 for some g € S,,.
Part 1: By Lemma 4.1.1, g maps each =,-class of K-orbits to an =,-class of L-orbits
with the same size. Hence V(L) = ¥(K).
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Part 2: Let o € Q) and let A be the K-orbit containing a. Then AY is the orbit of
L containing of. By the argument in Part 1, we have Ep(AY) = Ex(A) and hence
O(K,a) = ®(L,a9). O

4.1.2 Degree reduction using equivalent orbits

In the last subsection, we saw how equivalent orbits are used to obtain a conjugacy
invariant function ¥ and refiner ®. In this subsection, we use equivalent orbits of
H < S, to show that if =, is not the equality relation then the normaliser Ng, (H) can
be computed by computing Cg, (H) and the normaliser of a group with no equivalent
orbits and a smaller degree. Hence when convenient, we may assume that H has no
equivalent orbits.

We start by constructing a partition of some H-orbits based on the sizes of the

=,-classes.

Definition 4.1.3. Let t, the B;, Q;, and ), for all 1 <i <t and 2 < b < |B;| be as in
Proposition 2.1.13. Let P.(H) be the partition of 11,Q091,...,Q such that €;; and
Qj1 are in the same cell if and only if |B;| = |B;|. Let T':== (J!_; Q1.

Definition 4.1.4. With the notation of Definition 4.1.3, let .S be the stabiliser of P.(H)
in Sym(I"). Let the maps ;5 : ;1 — €;; be as in Proposition 2.1.13, and let 1;; be the
identity mapping. Let 6 : Ng(H|r) — Sy, be defined by

L
for v € Ng(H|r), if o € Qy and Q] = Q;1, define W) = ¥ Vi ¢ Qjp.

One can check that the §(v) is indeed in S,,. Since the definition in Definition 4.1.4

is rather technical, we include an example here.

Example 4.1.5. Let H = ((1,2)(3,4),(5,6)(7,8)). Then Qq; := {1,2} and Qo :=
{3,4} are equivalent H-orbits, with the map 112 : Q11 — Q2 defined by 1 — 3
and 2 — 4 as a bijection witnessing the orbit equivalence. Similarly Q9; := {5,6}
and Qo9 := {7,8} are equivalent H-orbits, and the map 9o : Q91 — Qoo defined
by 5 + 7 and 6 ~ 8 witnesses the equivalence. So we have 12 = (1,3)(2,4) and
s = (5,7)(6,8).

Let I' = {1,2,5,6}, S = Sym(T") and H|r = ((1,2),(5,6)). So v := (1,6)(2,5) €
Ng(H|r). Let 0 : Ng(H|r) — Sp be as in Definition 4.1.4. Then §(v) maps 1 € Q5 to
10+16)025)+0 = 6. Similarly 2¢*) = 5, 59¢) = 2 and 67*) = 1.

Now consider 3 € Q5. Then () maps 3 to 3(L3EHL6)(25+(G.7)(68) — 8 Similarly
49W) =7 790) = 4 and 89™) = 3. So A(v) = (1,6)(2,5)(3,8)(4,7).

Lastly observe that 6(v) € Ng, (H).

Proposition 4.1.6. With the notation of Definition 4.1.3, let S be the stabiliser of
P.(H) in Sym(T"), and let 6 : Ng(H|r) — Sy be as in Definition 4.1.4. Then Ng,(H) =
(Im(6), Cs,, (H)).
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Proof. >: It suffices to show that Im(0) C Ng, (H). Let h € H and v € Ng(H]|r).

Since (h|r)” € H|r, there exists b’ € H such that h'|r = (h|p)”. We will show that

hw) =

We first show that h%®)|r = B/|p. Let Q% = Q;; and let o € Q1. Then o) =¥ €T

as ;1 = ;1 = 1. Therefore, h®) | = (h|p)” = I|r.

Let 1 <i<tand 2 <b<|B;|. Then by definition of vy,
W, = (o)™ = (o)™ = 1o,

as required.

<: Let g € Ng,(H). By Lemma 4.1.1, g permutes the equivalence classes of =,. By

Proposition 2.1.13, Cg, (H ) induces the full symmetric group on each equivalence class of

orbits. So, there exists ¢ € Cg, (H) such that gc fixes I' setwise. Then (gc)|r € Ns(H|r).

Let ¢’ == 0((gc)|r) € Im(0) and h € H. Then (h|r)% = (h|r)? and so h9¢ = h9'. Then

geg'~! € Cg, (H) and hence g € (Im(0),Cs, (H)). O

Hence, the computation of Ng, (H) can be reduced to computing Cg, (H) and the

normaliser Ng(H|r) and its image under the map 6.

4.2 Disjoint direct product decompositions

Recall the definition of disjoint direct product decomposition from Definition 3.0.1. In
this section, we use the disjoint direct product decompositions of groups to obtain a
conjugation invariant function and conjugation invariant refiner. We will also show
in Proposition 4.2.6 that we can compute the normaliser of a group with non-trivial
disjoint direct product decomposition by computing the normaliser of each factor and

solving the conjugacy problem for each pair of the factors.

4.2.1 Pruning with disjoint direct product decompositions

In this subsection, we see how the disjoint direct product decomposition gives us a

means of proving that two groups are not conjugate in a symmetric group.

Lemma 4.2.1. Let K, L < S, such that L = K9 for some g € S,. If K; is a finest
disjoint direct factor of K, then K! is a finest disjoint direct factor of L.

Proof. We first show that K7 is a disjoint direct factor of L. Since K; is a disjoint
direct factor of K, there exists J < K with support disjoint to Supp(K;) such that
K = K; x J. Then L = KY x J9. Since K7 and J9 have disjoint supports, this gives a
disjoint direct product decomposition of L. Hence K7 is a disjoint direct factor of L.

It remains to show that K? is d.d.p. indecomposable. Aiming for a contradiction,
suppose that K7 = J; x Jy is a disjoint direct product decomposition. Then K; =
J{fl X J2gil. Since J; and Js have disjoint supports, J{fl and sz1 also have disjoint
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supports. Therefore this gives a disjoint direct product decomposition of K;, which is
a contradiction to the fact that K; is a finest disjoint direct factor of K. O

Using the previous lemma, we get the following conjugacy invariant function and

refiner:

Lemma 4.2.2. Let N be the function with domain S(Sy) to N such that N(K) is the

number of orbits of K.

1. Let U be the function with domain S(Sy) such that V(K) is the multiset
{N(K;) | for all finest disjoint direct factors K; of K}.

Then V¥ is a conjugacy invariant function.

2. Let ® be the function with domain S(Sy) x 2 defined by ®(K,«) = N(K;), where
K; is the finest disjoint direct factor of K such that o € Supp(K;). Then ® is a

conjugacy invariant refiner.
We denote ¥ and ® by DDPDCIF and DDPDCIR respectively.

Proof. Let K, L < S, such that L = K9 for some g € S,,.

Part 1: Let K; be a finest disjoint direct factor of K. Then by Lemma 4.2.1, K7 is a
finest disjoint direct factor of L. Since conjugacy preserves orbit structures, the number
of orbits of Kj is equal to the number of orbits of KJ. Therefore ¥(K) = U(L).

Part 2: Let a € © and let K; be a finest disjoint direct factor of K such that o €
Supp(K;). Then a9 € Supp(K7) and by Lemma 4.2.1, K7 is a finest disjoint direct
factor of L. As in the proof of Part 1, K; and K7 have the same number of orbits,
therefore ®(K,a) = ®(L, a9). O

We may obtain stronger conjugacy invariant functions and refiners by having N (K)
return the multiset {|A| | for all K-orbits A}. We can also make the conjugacy invariant
refiner stronger by defining ® (K, o) to return a tuple (N(K;), s), where K is the finest
disjoint direct factor of K such that o € Supp(K;) and s is the size of the Kj;-orbit
containing «. Additionally, we may use the orders of the disjoint direct product factors
to obtain conjugacy invariant functions and refiners. None of these is included in our

implementation.

4.2.2 Computing normalisers using disjoint direct product decompo-

sitions

In the last subsection, we showed that disjoint direct product decomposition can be used
to prune and refine the search tree. In this subsection, we show that we can use the
disjoint direct product decomposition of H to reduce the normaliser computation into

polynomially many smaller problems. More specifically, we reduce the computation of
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Ng, (H) into computing the normaliser of each factor and solving the conjugacy problem
for each pair of factors.

For the rest of the subsection, let H < .S,, and let H = Hy X Ho X...x H, be the finest
disjoint direct product decomposition of H. For 1 < i < r, let A; = Supp(H;). We
will consider each H; as a subgroup of Sym(A;). Recall that we also identify Sym(A;)
as a subgroup of Sym(T") for sets I' containing A;. Let Q = U;_;A; be the support of
H. We start by showing that certain elements of Ng, (H) give the conjugacy of certain

pairs of disjoint direct factors of H, and vice versa.

Lemma 4.2.3. Let 1 < i,j < r and let A = AjJUA;. Then there exists v € Ng, (H)
such that AY = A; if and only if H; and H; are conjugate in Sym(A).

Proof. =: Let v € Ng,(H) such that AY = Aj;. Define g to be the involution in
Sym(A) such that o = o for all & € A;. We will show that HY = Hj.

Since Supp(H;) = A;, we have H} = HY. By Lemma 4.2.1, the group HY is a finest
disjoint direct factor of H” = H with support AY = A; = Supp(H;). Then by Propo-
sition 3.2.2, the finest disjoint direct product decomposition of a group is unique, so
H{ = H? < Hj. Similarly since (g7%)|a, = (v!)|a,, the group ng_l = H]’-f1 is a
finest disjoint direct factor of H” ~' = H with support Supp(H;), so H f o < H;. There-
fore HY = H; and hence H; and H; are conjugate in Sym(A).

<: Let g € Sym(A) such that H) = H;. Let ¢’ € Sy, be the involution with support A
such that o = a9 for all & € A;. Then the conjugation by ¢’ permutes H; and Hj, and
fixes all other Hy for s # 4, j. Therefore HY = H. Hence ¢ is an element of Ng, (H)
such that AY = A;. O

We gather the involutions witnessing the conjugacy of H; and H; in a group E. We
will show in Proposition 4.2.6 that £ and the Ngyma,)(H;) generate Ng, (H).

Definition 4.2.4. Let ~. be the equivalence relation on Hi, Ho,..., H, such that
H; ~. H; if H; and H; are conjugate in Sym(A; U Aj). Without loss of generality, let
[H1)~ws [H2]~yy - - - [Hi|~, be the equivalence classes of ~.
For all 1 < 4,7 < r such that H; ~. Hj, let ¢;; be an involution in S,, with support
A;UA; such that H;” = H;. We take ¢; = 1 for all 4.
For 1 <i<t, let E; = (c;j | Hj € [Hj]~.). Let E = (E; |1 <1i<1t).

We first show that the permutations of the disjoint factors H; induced by conjugation

by E form a direct product of symmetric groups.

Lemma 4.2.5. Let E be as in Definition 4.2.4. Then for v € Ng, (H), there exists
€ € F such that HY = H; for all1 <i <.

Proof. Let ~. be as in Definition 4.2.4. By the forward implication of Lemma 4.2.3,
conjugation by v permutes the finest disjoint direct factors. Therefore the permutation

o of the factors H; induced by v is an element of

D = Sym([Hi]~.) x Sym([Ha]~,) x ... x Sym([Hi]~.).
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Let 1 < ¢ <t and let E; be as in Definition 4.2.4. Since Sym([H;].,) is generated by
{(H;, Hj) | for all H; € [H;]~.} and each ¢;; induces the permutation (H;, H;) of the

disjoint factors, the permutations of the elements in [H;]~,. induced by the conjugation

of E; form the symmetric group Sym([H;]~,).
As F is generated by the F;, which have disjoint supports, the permutations of the
factors H; induced by the conjugation of F form the direct product D. Therefore, there

exists € € E such that HY = H{ for all 1 <¢ <. O

Lastly we show that to compute Ng, (H), it suffices to compute Ngyma,)(H;) for

each 1 < 4 < r and the group FE in Definition 4.2.4. We compute E by solving the
conjugacy problem for disjoint direct factors H; and H; for all pairs 1 <14,5 <.

Proposition 4.2.6. Let H < S,, and let H = Hy X Hy X ... X H, be the finest disjoint
direct product decomposition of H. For each 1 < i <, let A; := Supp(H;). Let E and
t be as in Definition 4.2.4. Then

Ns, (H) = (Ngym(a,)(H1) X Ngym(a,)(Hz2) X ... X Ngym(a,) (Ht), E),
where we identify the direct product as the corresponding subgroup of S,,.

Proof. >: As in the proof of the backwards implication of Lemma 4.2.3, each ¢;; is in
NSH(H), so B < NSn (H) Let v € NSym(Al)(Hl) X NSym(Ag)(HQ) X... X NSym(AT)(HT)-
Then

HY=HY xHy x...xH'=H; xHyx...xH.=H,

and so v € Ng, (H).

<: Let v € Ng,(H). Then by Lemma 4.2.5, there exists ¢ € E such that HY = Hf
for all 1 < i < r. Since ve ! fixes each A; setwise, we have Hi(wil)mi = H; for all i.
Therefore (ve™!)|a, € Ngym(a,)(Hi). Hence ve ' € Ngyma,)(H1) X Ngym(a,) (Hz) X
-oo X Ngym(a,)(Hy).

It remains to show that Ngyma,)(H1) X Nsym(a,)(H2) X ... X Ngym(a,)(Hr) is con-
tained in (Ngym(a,)(H1) X Ngym(a,)(H2) X ... X Ngyma,)(Hr), E). We will show that
Nsym(Aj)(Hj) < (Nsym(a,)(Hi), E;) for all Hj € [H;]~,. Let h; € H; and let ¢;; € E;
be as in Definition 4.2.4. Then there exists h; € H; such that hi” = h;. Let v; €
Nsym(a,)(Hj). Then hi7 = h?jcij € HJC” = H;. Therefore c;jvjcij € Ngym(a,)(H:)
and hence v; € (Ngym(a,)(Hi), Ei). O

4.3 Permutation isomorphism of projections

In this section, we first show how the permutation isomorphism classes of certain pro-
jections can be used to give conjugacy invariant functions and refiners for computing
Ng, (H). We then define the class Jn3(A) consisting of groups whose transitive con-

stituents are all permutation isomorphic to A. Lastly in Proposition 4.3.10, we give the



66 Chapter 4: Normalisers of Highly Intransitive Groups

unique smallest subgroup of S,, containing Ng, (H) for all H € In3(A) with k orbits.
Note that some results in this section generalise and describe some ideas presented in
[Hul05, Section 11].

4.3.1 Pruning with permutation isomorphism of projections

Recall the definition of permutation isomorphism from Definition 1.1.5. By Proposi-
tion 1.1.7, permutation isomorphism is preserved under conjugation. In this subsection,
we present some conjugacy invariant functions and refiners resulting from permutation
isomorphism classes of certain projections.

We will start by considering the projections of groups on their orbits. Recall that
we identify Sym(I") as a subgroup of Sym(A) for all sets I' and A such that I' C A.

Lemma 4.3.1. Let K and L be subgroups of S, such that L = K9 for some g € Sy,.
Let 1 and Qg be K-orbits. Then Klq, and Klq, are permutation isomorphic if and

only if Llgs and Llgg are permutation isomorphic.

Proof. By Proposition 1.1.7, K|o, and K|q, are permutation isomorphic if and only if
there exists o € Sym(€; U Q) such that (K|q,)? = Klq,. Then

“lg —1s o
(Llgg)? 79 = (Kl,)* 79 = (Klq,)” = (Klg,)? = Llgg.

Hence by the backward implication of Proposition 1.1.7, L\Qg and L\Qg are permutation

isomorphic. The converse follows similarly. O

So we may obtain a conjugacy invariant function and refiner using the permutation

isomorphism classes of the transitive constituents of groups.

Lemma 4.3.2. For K <5, let ¥ be the function from the set of orbits of K to IN
such that ¥ (A) is the number of K-orbits A’ such that K|a and K|ar are permutation

isomorphic.

1. Let U be the function with domain S(Sy) such that V(K) is the multiset
{r (A) | for all orbits A of K}.

Then VU is a conjugacy invariant function.

2. Let ® be the function with domain S(Sy) x Q such that U(K,«) = Y (A) where

A is the K-orbit containing . Then ® is a conjugacy invariant refiner.

Proof. Let K, L < S, such that L = K9 for some g € S,.

Part 1: Let A be a K-orbit. Then AY is a L-orbit. We shall show that ¢ (A) = 11 (AY),
from which the result follows.

Let A’ be a K-orbit. Then by Lemma 4.3.1, K| is permutation isomorphic to K| if
and only if L|a¢ is permutation isomorphic to L|ass. Thus ¥ (A) = 11 (A9).



4.3. Permutation isomorphism of projections 67

Part 2: Let a € {1,2,...,n} and let A be the K-orbit containing «. Then AY is the
L-orbit containing o9. By the arguments above, ¥ (A) = ¢ (AY) and so ¥(K,a) =
U(L,a9). O

Note that there is no known efficient algorithm to test permutation isomorphisms.
In practice, if the orbits are small, the GAP function TRANSITIVEIDENTIFICATION is
quick and can be used for permutation isomorphism testing. For a transitive group G,
the image TRANSITIVEIDENTIFICATION(G) returns an integer i such that G is permuta-
tion isomorphic to the i-th group in the transitive group library with degree |Supp(G)|
[Hull7]. Hence two transitive permutation groups H and G are permutation isomor-
phic if and only if |Supp(H)| = |Supp(G)| and TRANSITIVEIDENTIFICATION(H) =
TRANSITIVEIDENTIFICATION(G). However, note that TRANSITIVEIDENTIFICATION is
based on existing classifications of transitive groups, and so it is limited by the degree
of the input group.

Therefore the following result follows from Lemma 4.3.2.

Corollary 4.3.3. Let ¥ be the function with domain S(S,,) where ¥(K) is the multiset
of tuples

{(IT'|, TRANSITIVEIDENTIFICATION(K|r)) | for all orbits T of K}.

Then V¥ is a conjugacy invariant function.

For larger orbits, this method is not feasible. Since the order of two permutation
isomorphic groups is the same, we give the following conjugacy invariant function and
refiner. Note that the following result is elementary and it need not be proved via

permutation isomorphisms.

Corollary 4.3.4. For all subgroups K of Sy, let Vg be the function from the set of
orbits of K to IN such that 1 (A) is the number of K-orbits A" such that |A] = |A/|
and |(|K|a)| = |(K|ar)|. Let U and ® be as constructed in Lemma 4.5.2. Then V¥ is a

conjugacy invariant function and ® is a conjugacy invariant refiner.

In this thesis, we will mostly consider groups with pairwise permutation isomorphic
transitive constituents. So the conjugacy invariant functions and refiners above are of
no use to us. We will instead consider certain stabilisers of the projections onto the

unions of pairs of orbits to obtain a conjugacy invariant refiner.

Lemma 4.3.5. Let ¥ be as in Corollary 4.5.3. Let ® be the function with domain
S(Sp) X Q such that ®(K,«) gives the multiset of W-images of pointwise stabilisers
{V((Klau)@)) | 1 <Jj<kj#i}if a€Q;, where Qq,Qs, ..., Q are orbits of K.
Then ® is a conjugacy invariant refiner.

We will denote ® by PROJONORBITPAIRSCIR.
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Proof. Let K, L < S, such that L = K9 for some g € S,. Let Q1,Q9,..., be the
orbits of K. Let a € @ and let 1 < i < k such that o € ;. Let 1 < 5 < k such
that j # i. Then ((K|o,u0;)(q,))?! = (L|qus2§)(ﬂg)7 and so by Corollary 4.3.3, we have
V((Klaua,)@)) = U((Lloruas)02))-

Therefore the multisets

{(W((Kloue,)@)) |1 <5 <k, j# i} and {®((Llgguas) @) [1 <7 <k j # i}

are equal. Since Y is the orbit of L containing a, the multisets above are ®(K, ) and
O (L, a9) respectively so ®(K, o) = ®(L,a9). O

Note that we may also consider the projection on the unions of more than two orbits.

However this is not implemented.

4.3.2 Normalisers of H in IJn'B(A)

By Lemma 4.3.1, the normaliser Ng, (H) permutes the permutation isomorphic transi-
tive constituents of H. In this subsection we introduce the class InJ3(A) for transitive
group A < S,,,, which consists of all groups whose transitive constituents are all per-
mutation isomorphic to A. We will also give a subgroup of S,, containing Ng, (H) for
H € InB(A). Such a subgroup is used for computing normalisers in [Hul05, Section

11]. Here, we will give more details of the construction of such a subgroup.

Definition 4.3.6. Let A < S, be transitive. Let In3(A) be the class consisting
of all groups H < S,, with k orbits Qq,Qs,...,Q such that each projection H|q, is

permutation isomorphic to A. Notice that n = mk.

An alternative way of seeing the groups in Jn3(A) is as subdirect products of A*.

For the rest of the section, we will use the following notation.

Notation 4.3.7. Let H € InB(A) be a subgroup of S,,. For 1 <1i <k, let G; = H|q,.
For 2 <i <k, let ¢; : Q1 — €; be a bijection witnessing the permutation isomorphism
from G to G;. So G; is permutation isomorphic to A for all 4.

Let G = G1 x G X ... X Gy, identified as a subgroup of S,,. Then H is a subdirect
product of G.

Next we define a subgroup L < S, and analyse its structure in a technical lemma.
We will use this lemma later to show that L contains Ng_ (H). Recall that for all ' C A,

we identify Sym(T") as a subgroup of Sym(A) using the natural inclusion.

Lemma 4.3.8. Let H € InPB(A) with the notation from Notation 4.3.7, for 1 <i <k,
let N; = Ngym(q,)(Gi). For each 2 <i <k, let ¢; be the involution in S, with support
Q; UQ; such that ¢i(o) = a%i forall a € Q;. Let B := (N1, Na,...,Ng) < S, and let
K= ($;|2<j<k)<S, Let L:=(B,K).
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1. Let& : K — Sk be the permutation representation of K on {Q1,Qa, ..., Qr}. Then
& s faithful and K =2 Sy.

2. L is permutation isomorphic to N1 Sk in its imprimitive action.

3. Ns, (G) = L.

Proof. Part 1: The mapping £ is a homomorphism since for all k1, k2 € K and 1 <1 < k,
Qieteneten) = (Qieeen)™ = (7)™ = Q7" = Queteyey) -

For injectivity, let k € K such that {(k) = 1. Then Qf =, for all 1 <7 < k. We first
show that x fixes €; pointwise. Let o € ;. As K is generated by the ¢;, we can write &
as a product of the ¢;. Since for each 2 < i < k, the orbit €); is moved only by ¢;, there
exist (not neccessarily distinct) Iy, Ia,..., I, such that o = = ofn “ony b = ofnr .
Then as o € €y, the integer s is even. So o = a.

Let o € Q; for 4 £ 1. Then there exists 5 € € such that a®i = B. Since ¢; is an
involution, we have o = ﬁ"a = BE = a. So k also fixes Q; pointwise. Hence ¢ is
injective and is therefore faithful.

The mapping ¢ is surjective since &(¢;) = (1,i) forall 2 < i < k, and {(1,7) | 2 <i < k}
generates Si. Therefore K = Sj.

Part 2: We first show that the €2; form a block system for L. Since N; fixes €); setwise
and K permutes the €;, it suffices to show that L is transitive. Let a,8 € £ and
let 1 < 4,5 < k such that o € Q; and 3 € ;. Then aE, ﬁ‘z’iﬂ' € 1, therefore since
A is assumed to be transitive, there exists some g € G such that a9 = B(f’iﬂ'. So
@gd)ﬁ € (G,K) < L maps «a to j3, therefore L is transitive.

Consider the kernel J of the action of L on these blocks. Since K acts faithfully on
the blocks, J < (N, No, ..., Ni). Conversely, since each NN; fixes the blocks, the group
(N1,No,...,N) < J. So J = (N1, Na,...,Ni) = Ny x Ny X ... x Ni. Hence, up to
isomorphism, L < (N7 X Ng X ... X Ni) X Si. But as Sy &2 K < L, it follows that
L= (Nyx Ny x...xNg)xS;= NS

Part 3: We first show that G < L. Since G; < Ngym,)(G;) for all 1 < i < k, we
have G < L. To show that GG is normal in L, let ¢ € G. Then we can write g as the
product of g1, 9o, ..., gk, where each g; € G;. Let 1 <14¢ < k and let n; € N;. Then
there exists g; € G; such that g; = g;"*. Since n;lo; = 1 for all other j # i, we have
g =g1...9i-19,9i+1---9x € G1 X G2 x ... x G = G, and so G™ = G.

Let 2 < i < k. We now show that G = G. Since ¢; is a bijection witnessing the
permutation isomorphism between G; and Gj, as in the proof of Proposition 1.1.7,
G? = Gj. So there exists ¢) € G1 and g} € G; such that g, = 91 and g} = gZ Since
¢; fixes all points outside Q1 U §2;, we have that

¢1 =9 gg)z. g,fl =g192--9i-19:9i+1---gr € G1 x Go x ... x G = G.
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Since the n; and the ¢; generate L, we have G < L.

Lastly we show that Ng, (G) = L. >: Since G < L < §,, and Ng, (G) is the largest
subgroup of S,, in which G is normal, we have L < Ng, (G).

<: First observe that since L < Ng,(G), the normaliser Ng, (G) is transitive. Then
as G 9 Ng, (G), by Proposition 1.1.14, the orbits Q,9,...,Q; of G form a system
of blocks of Ng, (G). Let g € G, and let v € Ng,(G). Then v permutes the blocks
01,99, ..., Since the induced action of K on the €); is isomorphic to Sj, there
exists k € K such that QY = QF for all 1 < i < k. Then vk~ ! fixes each Q; setwise,
and so (vk~1)|q, € N; for 1 <4 < k. Hence vk~ ! € (N1, N, ..., Ni) = B. Therefore
ve(B,K)=L. 0

Let H € JnPB(A). We will show that L contains Ng, (H) in Proposition 4.3.10,

which is the main result of this subsection.

Lemma 4.3.9. Let T1,15,..., T be transitive groups with pairwise disjoint supports.
Let S be the symmetric group on the disjoint union of the supports of the T;. Let
T =Ty xTox ... xTy, identified as a subgroup of S. Let A be a subdirect product of T
and let C be a group such that T < C < S. Then Nc(A) < No(T).

Proof. Let v € No(A) and t = (1,...,1,¢;,1,...,1) € T for some 1 < i < kand t; € T;.
We show that t¥ € T'. Then as

{1,...;1,t;,1,...,1) | forall t; € T; and 1 < i < k}

generate T', we have v € N¢(T).

Since A is a subdirect product of T', the projection of A onto T; is T}, so there exists
(a1,a9,...,a;) € A such that a; = t;. Since Ng(A) permutes the orbits of A, there
exists 1 < j < k such that af € T;. Then

t"=(1,...,5La/,1...,1) el x...x1xTjx1x...x1<T.

O

Proposition 4.3.10. Let H be as in Notation 4.3.7 and let L be as in Lemma 4.5.8.
Then Ng, (H) < L.

Proof. Let G be as in Notation 4.3.7. As H is a subdirect product of G, by Lemma 4.3.9,
Ng, (H) < Ng,(G). Then by Part 3 of Lemma 4.3.8, Ng, (H) < L. O

Lastly, since L 2 Ny Sk, it is useful to think of a normalising element g € Ng, (H)

as an element of the wreath product.

Lemma 4.3.11. Let H = (X)) be as in Notation 4.3.7. Assume that we have B, K
and & as in Lemma 4.3.8. Let g € Ng, (H). Then in polynomial time, we can compute
v € B and k € K such that g = vk.
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Proof. By Proposition 4.3.10, we have g € L, so g induces a permutation of the orbits
01,Q9,...,9, of H. Let w € S; such that Qf = Qu for 1 <7 < k. Let £ be as
in Lemma 4.3.8. Then v := g¢!(w) fixes each H-orbits, so v € B. By Part 9 of
Theorem 2.1.9, £~ !(w) € K can be computed in polynomial time. O

4.4 Algorithm

Let H < S, be in class In3(A) for some transitive group A < S,,. Using some
of the conjugacy invariant functions and refiners defined in this chapter, we compute a
subgroup S of S,, containing Ng, (H), then Ng, (H) = Ng(H). We will demonstrate that
such an S can be useful for reducing the computation time for Ng, (H) in Section 4.5.

We start by showing how we can use a conjugacy invariant function to construct a

partition preserved by Ng, (H).

Lemma 4.4.1. Let H € InB(A) have orbits Q21,Q9,...,Q. Let ¥ be a conjugacy
invariant function. Let P be a partition of {1, ..., Q} such that Q; and Q; are in
the same cell if and only if W(Hq,)) = Y(H(q,)). Then Ng,(H) stabilises the partition
P.

Proof. Let ©; and §2; be orbits of H in different cells of P. Then W(H(q,)) # V(H(q,))-
By the definition of a conjugacy invariant function, W(Hq,)) and W(H, (Qj)) are not

conjugate in Sy,. Then by Lemma 2.4.9 there are no v € Ng, (H) such that Q¥ = Q;. O

Similarly, we can obtain a partition stabilised by Ng,_ (H) using a conjugacy invariant

refiner:

Lemma 4.4.2. Let H € InB(A), with H < S,,. Let ® be a conjugacy invariant refiner.
Let P be a partition of {1,2,...,n} such that o and 8 are in the same cell if and only
if ®(H,a) = ®(H,3). Then Ng, (H) stabilises partition P.

Proof. Let o and 8 be points in {1,2,...,n} in different cells of P. Then we have
®(H,a) # ®(H,[). By the definition of a conjugacy invariant refiner, there are no
v € Sy such that HY = H and o = . O

Let ® be the conjugacy invariant refiner PROJONORBITPAIRSCIR (Lemma 4.3.5),
EQuivORrBsCIR (Part 2 of Lemma 4.1.2) or DDPDCIR (Part 2 of Lemma 4.2.2). We

show that we can in fact obtain a partition of the H-orbits.

Lemma 4.4.3. Let ® be the conjugacy invariant refiner PROJONORBITPAIRSCIR,
EQUIVORBSCIR or DDPDCIR. Let K < Sy,. If a and B are in the same K-orbit, then
(K, ) = D(K. B).

Proof. If ® is the conjugacy invariant refiner EQUIVORBSCIR or PROJONORBIT-
PAIRSCIR, then the results follows from the definition of ®. Else let ® be as in
DppPDCIR. If o and 8 are in the same K-orbit, then they are moved by the same
disjoint direct factor of K. So ®(K,«a) = ®(K, ). O
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Corollary 4.4.4. Let H < S, with orbits Qq,Qs,...,Qk. Let ® be conjugacy invariant
refiner EQUIVORBSCIR, DDPDCIR or PROJONORBITPAIRSCIR. For 1 < i <k, fix
a point a; € ;. Let P be a partition of {Qq,Qa,...,Q} such that ; and Q; are in
the same cell if and only if ®(H, ;) = ®(H, j). Then Ng, (H) stabilises partition P.

Now let P be a partition of the H-orbits 1, Qq, ..., Q stabilised by Ng (H). Let
L = Ngym(,)(Hlo,) U Sk be as in Lemma 4.3.8. We will compute a subgroup of L
stabilising P which contains Ng, (H).

Lemma 4.4.5. Let P be a partition of the H-orbits Q1,Qq, ..., Qy stabilised by Ng, (H).
Let P’ be the partition of {1,2,...k} such that 1 <14,j <k are in the same cell of P" if
and only if Q; and Q; are in the same cell of P. Let U < Sy be stabiliser of P’ in Sk.
Let & and B be as in Lemma 4.5.8, and let S = (B,¢"Y(U)). Then Ng,(H) < S.

Proof. Let v € Ng,(H). Then by Proposition 4.3.10, the normaliser Ng, (H) is con-
tained in L = (B, £71(Sg)). Since Ng, (H) permutes the H-orbits, the element v induces
a permutation o € Sj on the Q;, where QY = Q;o. Then as Ng, (H) stabilises P, the
permutation o stabilises P’, therefore o € U.

Let s == ¢71(0) € S. Since s and v induces the same permutation o on the H-orbits,
we have vs~! fixes each ; setwise. Then for each 1 < i < k, the projection (vs~1)]q,
normalises H|q,, so vs~! € B < S. Therefore v € S. O

Hence, given a group H = (X) < S, in class IJnf3(A) for some transitive group
A < S, we may compute the normaliser Ng, (H) the following way:

1. Fix an labelling of the H-orbits 1,9, ..., Q.
2. Compute L = Ng, (A) ! Sk as in Lemma 4.3.8.

3. Using Corollary 4.4.4, compute partitions Py, P.o and P4 using the conju-
gacy invariant refiners PROJONORBITPAIRSCIR (Lemma 4.3.5), EQUIVORB-
SCIR (Part 2 of Lemma 4.1.2) and DDPDCIR (Part 2 of Lemma 4.2.2) respec-
tively.

4. Using Lemma 4.4.1, compute partitions P,; and P;; using the conjugacy invariant
functions EQUIVORBSCIF (Part 1 of Lemma 4.1.2) and DpPDCIF (Part 1 of

Lemma 4.2.2) respectively.
5. Compute the meet P of the partitions Peg, Pe1, Pio, Pg1 and Py,.
6. Compute the group S stabilising P as in Lemma 4.4.5, so Ng, (H) < S.

7. Compute Ng(H).
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4.5 Results and discussion

In this section, we compare the performance of the algorithm in Section 4.4 against the
generic normaliser computation function in GAP.

We consider groups in class IJnfJ3(A) for all transitive group A of degree between 2
and 10 inclusive. For each such A < S,,, we consider 10 random groups H < S, in
InPB(A) with 8 orbits and 10 random groups H < S,, in InP3(A) with 10 orbits. Each of
these H with k € {8,10} orbits is generated in the following way. Let G < S, be the
group in InYP(A) with orbits Qq,Qs,...,Q such that G = G|, X Glo, x ... X Glq,,
identified as a subgroup of S,;x. Choose a random integer s between 1 and k, and
generate a set S of random elements of G of size s. While (S) is not in In3(4), we add
more random elements of G to S. Lastly we set H = ().

For each H < S,,, we compute its normaliser Ng, (H) using both the NORMALIZER
function in GAP and the algorithm in Section 4.4, with a 10 minutes timeout. The
result is presented in Figure 4.1. For each method, we give the median, lower quartile
and upper quartile computation time for each H € In®3(A) with k& orbits. The results
are ordered independently by increasing median time for GAP and the new algorithm.
For each degree of A, we also report the ratio of the completed instances over the total
number of instances. Finally, we also give the scatter heatplots of the computation of
each Ng, (H) using the two algorithms.

Results show that the number of instances exceeding the timeout significantly de-
creases when using the new algorithm. Of the instances where the GAP function is fast
(< 10s), the new algorithm may be slower but remains quite fast. For all instances
where GAP requires more than 100s, the new algorithm always performs better. In
particular, there are many instances where GAP exceeds the time limits but the time
taken by the new algorithm remains quite low.

However, we have only experimented on groups with 8 or 10 orbits. It is unclear if
the initial computation of the overgroup of Ng, (H) will payoff for groups with a larger
number of orbits. On the other hand, we could use the conjugation invariant functions
and refiners during the search, as described in Section 2.4.2, instead of using them to
compute an overgroup of Ng, (H). We also note that there could be more sophisticated
methods for constructing the subdirect products H which are not implemented here.

For future work, it would be interesting to directly compare the effectiveness of these
conjugacy invariant functions and refiners against each other, and against the methods
implemented in GAP, such as those using orbital graphs. It would also be useful to
determine and characterise the properties of the intransitive groups H that give slow

normaliser computation, to obtain better global pruning methods.
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Figure 4.1: Computation time for computing normalisers of 10 random groups with k
orbits in class InP(G), for each transitive group G of degree between 2 and 10, with 10
minutes timeout.



Chapter 5

Normalisers of Groups In Class

InB(Ch)

In this chapter we will compute Ng, (H) for H € Jn3(C),), where C,, is the cyclic group
on p points. We believe the class In3(C)) is likely to be one of the hardest cases of the
NORM-SYM problem, as current methods are very slow. Indeed, the implementation in
the computer algebra system GAP |[GAP20] struggles to solve the NORM-SYM problem
for groups in JnPB(C)) even when H has a small degree (median time of more than 10
minutes for degree less than 30 and p = 2, see Section 5.6).

In terms of complexity, the decision variant of NORM-SYM, that is, deciding whether
two groups H, K € Jn(C)) are conjugate in Sy, is polynomially equivalent to deciding
whether two codes over F), are monomially equivalent (see Definition 5.1.12, Theo-
rem 5.1.15). This is known to be at least as hard as graph isomorphism [PR97]. By
[SS13, Theorem 1|, the monomial equivalence of codes of length k over IF), reduces to
computing the permutation equivalence of codes of length (p — 1)k over IF,,. By Babai’s
simply exponential bound on the permutation equivalence of codes [BCGQ11], deciding
the monomial equivalence of codes of length %k over IF, is bounded by 20((P=Dk) a5
suming constant time field operations. However, it is not known whether the conjugacy
problem in symmetric groups is polynomial-time equivalent to NORM-Sym [Luk93].
This chapter will focus on developing an effective practical algorithm to solve NORM-
SYM for groups in InP(Cy).

In this chapter, using methods for computing automorphisms of linear codes, we
give a new faster algorithm to solve the NORM-SYM problem for H € InB(C,). In
Section 5.6, we provide evidence that our new algorithm performs far better than the
one currently implemented in GAP. As the simply exponential algorithm in [Wiel9)]
is not implemented, the fastest implemented algorithm to compute Ng (H) is a back-
track search algorithm, and so has a runtime of 2°("1°87)  Using methods based on
[Feu09], we shall bound the complexity of the NORM-SYM problem for H € In(C))
by 20((n/p)log(n/p))  This gives a better complexity for the case when p is large, but

we will show our algorithm is better in practice for all values of p. Using dual codes

75



76 Chapter 5: Normalisers of Groups In Class In3(C))

(see Definition 5.2.1), we may bound the depth of the search tree in S,, by n/(2p), so
we get the following result, which will follow immediately from Proposition 5.2.3 and
Theorem 5.2.22.

Theorem 5.0.1. The NORM-SYM problem for H in class InPB(C)y) can be solved in
time min (20(% log ) 90(3; 1°g")> .

The chapter structure is as follows. In Section 5.1, we show that the NORM-SyM
problem for H € In(C,) is polynomially equivalent to the problem of computing
a certain group of automorphisms of a code over IF,. In Section 5.2, we shall prove
Theorem 5.0.1. In Section 5.3, we present several pruning techniques for computing
Ng,(H) for H € InP(Cp). We will describe our algorithm to compute Ng, (H) for
H € 3nwP(Cp) in Section 5.4. In Section 5.5, we shall see how the method can be
extended to compute the normaliser Ng, (H) for H € InB(Dy,), the class of groups
with intransitive projections permutation isomorphic to dihedral groups of order 2p,
where p is an odd prime. Finally, in Section 5.6, we will give the runtimes of our

implementations and the one in GAP.

5.1 Normaliser of H € Jn3(C},) and code automorphisms

Let p be prime. We will be computing Ng, (H) for H in class InPB(C)). First we show
that we can decide if a given group H < S, is in the class Jn'B(C)).

Lemma 5.1.1. Let H = (X) < S,,. Then in polynomial time, we can decide if H €
InP(Cy).

Proof. Let ©1,Qq, ..., be the orbits of H. Then H € JnB(C)) if and only if || =p
and H ’QZ has order p for all 1 < ¢ < k. Hence the result follows from Part 1 of
Theorem 2.1.9. O]

For the rest of this section, we shall assume the following.

Definition 5.1.2. Let n = pk and let H < S, be in class InP(C,). Let ©Q,Qp, ..., Q
be the orbits of H, where the orbits are ordered such that |H| = p* = [(H|y,-.0,)|-
For 1 <i <k, let G;:=H|g,. Let G :=G1 xGa x ... x Gy < S5,, called the ;nvelopmg
group of H.

Let g1 be a permutation in Sym(€2;) generating G, so G; = (g1). For 1 <i < k, let
¢i : 1 — §; be a bijection witnessing the permutation isomorphism between G and Gi,

as in Definition 1.1.5, and let g; = gfi, where ¢; is an involution as in Notation 2.1.11.

Finally note that the permutations g; and the maps ¢; can be computed in polyno-

mial time.

Lemma 5.1.3. Let H = (X) € InPB(Cp) with k orbits. Then in polynomial time,
we can compute a generating set {g1,92,-..,9x} of the enveloping group G of H and
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bijections ¢; for 2 < i < k witnessing the permutation isomorphism between (g1) and

(i)

Proof. For H-orbit Q;, we have H|qo, = ((z|q,) | € X), which can be computed in
polynomial time. As H|q, is cyclic, any non-trivial element of H|q, generates H|q,.
It is elementary that the conjugacy of two permutations in the symmetric group can
be computed in polynomial time, so the bijections ¢; can be computed in polynomial
time. O

Since we will mostly work with H as a linear code rather than as a permutation
group, in Section 5.1.1, we set up an isomorphism v from H to a linear code. Then
in Section 5.1.2, we show that computing Ng, (H) for H € In3(C),) is polynomially

equivalent to computing the monomial automorphism group of vy(H).

5.1.1 Representing H as a linear code

In this subsection, we will set up an isomorphism = between H and a subspace of IFI;.

Definition 5.1.4. Let G be the enveloping group of H, with generators g1, go, . .. gk,
as in Definition 5.1.2. For g € G, there exist integers 71,12, ... ,rk, where 0 <r; <p—1,
such that g = g7' g5 ... g;*. Let v be the isomorphism from G to (IE‘;‘)]f defined by

1 T2

V(91 957 - g") = (rira, . k).
Next we give some matrix notation which we will use throughout the chapter.

Notation 5.1.5. Denote the set of all s x k matrices over the field I, by M (s, k, ).
For M € M(s,k,Ip), we denote by M; . and M, ; the i-th row and the j-th column of
M respectively.

For a tuple I of distinct elements of {1,2,...,s}, we denote by My, the matrix of
dimension || x k such that the i-th row of My, is My, .. Similarly for tuple J of
distinct elements of {1,2,...,k}, we denote by M, ; the matrix of dimension s x |J|
such that the j-th column of M, ; is M, ;.

We denote the row space of M by (M).

A subspace of IF), can also be regarded as a linear code.

Definition 5.1.6. A linear code C of length k£ and rank s over I, is a subspace of
IE"; with dimension s, which we denote by C' < IF’;,. A generator matrix M of C is
a matrix in M(k,s,IF,) such that the rows form a basis for C. A generator matrix
M e M(k,s,F,) of C is in standard form if its first s columns form the identity matrix

I, of size s.

Remark 5.1.7. We shall assume that all linear codes are given by generator matrices.

Since we can row reduce a matrix in polynomial time [BF73] and the row space of
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a matrix remains the same after row-reductions, we may assume that any generator
matrix is row-reduced. Since the rank of a matrix M with k£ columns is at most k, we
shall also assume that a given generator matrix of a code has at most k rows. For more

information on linear codes, refer to, for example, [vI.99].

Note that y(H) is a subspace of v(G) = F¥, so y(H) is linear code of length k over
F,.

5.1.2 The normaliser of H as an automorphism group of a linear code

The main result of this subsection is Theorem 5.1.15, where we show that computing
Ng, (H) for H € 3uPB(C)) is polynomially equivalent to computing a certain group of
automorphisms of a code over I,

Denote by I, the multiplicative group of If,. We start by specialising Lemma 4.3.8
to H in InB(Cy).

Proposition 5.1.8. Let H and g; be as in Definition 5.1.2. Let L, K, B and the N;
be as in Lemma 4.5.8. Let v € Ity be primitive. For 1 <i <k, let ¢; € Sym(€;) such
that C;lgici =g;. Then B = (91,92, ...k, C1,C2,...,Ck) and so

Ng, (H) < L= (B,K)

<gl7927 e gk, C1,C2y . .. ,Ck,K)
(Cy % Cyp_1)2 Sk

1%

Proof. We will show that N; = (g;,¢;) and then the result follows from Proposi-
tion 4.3.10.

>: Since Gi < Ngym(q,)(Gi), we have g; € Ngym(q,)(Gi). By the definition of ¢;, we
have g;* € Gi < Ngym(q,)(Gi), and so ¢; € Ngym(,)(Gi).

<: Let v € Ngym(q,)(Gi) and let g; € G;. Observe first that since the elements in
Aut(G;) are fully defined by the image of g;, and there are p — 1 choices for this image,
|Aut(G;)| < p—1. Now since ¢; induces an automorphism « of G; of order p — 1, we
have Aut(G;) = (¢;) = Cp—1. Then there exists d € (¢;) such that ¢g¢ = g¥. Since
Csym(,)(Gi) = Gi, we have v € (g;, ¢;). O

Next, we define the actions of certain subgroups of GLx(p) on v(H), and set up

more notation we will be using later.

Definition 5.1.9. Let D and P be subgroups of GL(p) consisting of all invertible
diagonal matrices and permutation matrices of GLg(p) respectively. Let W := DP.
The groups D, P and W act on the vector space IF’; by right multiplication, and the

action of W is called the monomial action.

Observe that D = (IE‘;;)k, P =S, and W=D xP=TF; 5.
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Definition 5.1.10. We denote by diag(ti,ta,...,t;) the element of D with diago-
nal entries t1,ta,...,t € Fj. So for M € M(s,k,Fp) and 1 < j < k, we have
(Mdiag(ti,ta, ..., tg))x; = My jt;.

Let K = Si, be as in Lemma 4.3.8. Define a homomorphism p : K — P by p(k); j = 1 if
and only if Q; = QF. So for M € M(s,k,IFp) and 1 <14 < k, we have (Mp(k))+j = My ;
where ; = QF.

So the right multiplication of M by an element of W first multiplies each column of
M by some non-zero scalar and then permutes the columns of M. We may decompose

w € W as follows.

Lemma 5.1.11. Let w € W. Then in polynomial time, we can find d € D and g € P
such that w = dg.

Proof. For 1 <i <k, let t; be the non-zero entry of w; .. Let d = diag(t1,t2,...,tx) €
D. Observe that g :=d 'w € P, so w = dg. O

Definition 5.1.12. Let C' be a code of length k over IF,. A monomial automorphism of
C' is an element of W that setwise stabilises C'. The monomial automorphism group of
C' is the group of all monomial automorphisms of C', denoted by MAut(C'). Two codes
C,0" < IF'; are monomially equivalent if there exists w € W such that Cw = C”.

Recall the isomorphism ~ from Definition 5.1.4. We will show that computing
Ng, (H) is polynomially equivalent to computing the monomial automorphism group of
v(H).

Let L = B x K be as in Proposition 5.1.8. We shall show that the conjugation
action of L/G = Cp—1 1S, on G is equivalent to the action of W = Cj,_1 1 Sj on ]FI;.
Recall that for all subsets A of 2, we embed Sym(A) into Sym(2) by fixing all points
in Q\A.

Lemma 5.1.13. Let L = B x K < S, be as in Proposition 5.1.8. Let o0 : B — D map
v diag(ty,ta, ..., 1), where v gv = gfi for1 <i<k. Defineamap=:L—>W by

writing each | € L as vk for some v € B and k € K and mapping
l=vkw— o(v)p(k).

Then the following statements hold.

1. = is an epimorphism.

(1]

2. For all g € G and for alll € L, we have v(g') = v(g)Z(1).
3. Ker(E) = G.

4. Z(Ng, (H)) = MAut(y(H)), and so Ng, (H) is the full pre-image of MAut(y(H))

under =.
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Proof. Part 1: To show that = is a homomorphism, let [y = v1k1 and lo = okKo be
elements of L, where vq,15 € B and k1,k2 € K. Then

k! kL k!
E(lle) = E(nivy' kike) = o(vivy' )p(kike) = o(vi)o(vy' )p(k1)p(ke).

For 1 < j <k, let 1 <r <k be such that Q;”l = Q,, and let ¢, € IF;‘, be such that

o(v2), = t,. Then using the actions noted in Definition 5.1.10,

(Mp(k1)a(v2)p(k1) ™ s = (Mp(r1)o(v2))sr = (Mp(k1))este = Mt

—1 —1 —1 —1
. K1V2K V2K trk trk
Since g; ~ ' =g ' =g, ' = gjr ! we have

-1

(Mo(5" )y = Majo(5 )y = Mo gt = (Mp(s)o(wa)p(s) ™)

—1 _
So a(vy' ) = o(vp)PtF1) ' Therefore Z(l1l5) = o(11)p(k1)o(v2)p(ka) = Z(11)E(l2) and
hence = is a homomorphism. Since ¢ is an epimorphism, = is also an epimorphism.
Part 2: Let g € G and let | = vk with v € B and x € K. Then there exist r; € I, and
t; € Iy such that glo, = g;* and g = gii. Let QF = Q;. Then (Mle, = ((¢9)]e,)" =
(g,’fti)“. Let the maps ¢; : Q1 — §; be as in Definition 5.1.2, and let ¢; be as in
Notation 2.1.11. Since K is generated by the ¢; and the conjugation by ¢; swaps g;
and g;, we have gf = g;. So (9"%)|o, = g}, and y(¢"); = rit:.
On the other hand,

(V(9)Z21); = (V(9)aW)p(r)); = (V(g)o ()i = rit: = v(g");.

Part 3: <: Let [ = vk € L such that Z(I) is the k-dimensional identity matrix I}, where
v € Band k € K. Then p(k) = o(v)'2() =o(v) P € DNP =1. Sox =1 and
hence [ = v € B. For h € H, we have y(h!) = v(h)Z(l) = v(h), and so h! = h. Hence
l € Cg,(H). Now since | € B fixes the H-orbits and Cg, (H) < Cp 1 Sk, it follows that
led.

>: Let g € G < B. Since G is abelian, g 'g;g = g; for all 1 <i < k. So o(g) = Ix.
Part 4: Let h € H and let | € Ng, (H). Then by Part 2, v(h)Z(l) = v(h') € v(H) and
so Z(1) € MAut(y(H)). Conversely for a € MAut(y(H)), since Z is surjective, there
exists [ € L such that Z(I) = . By Part 2, v(h!) = y(h)a € v(H) for all h € H. So
h! € H and hence | € Ng, (H). Therefore Z(Ng, (H)) = MAut(y(H)). O

Lastly we show that the NORM-SYM problem for H € In3(C,) is polynomial time
equivalent to the MAUT problem, which we shall define now.

Problem 5.1.14 (MAuT). Let M be a generator matrix for a code C. Compute a
generating set of MAut(C).

Recall from Remark 5.1.7 that each code of length k is given by a generator matrix

with at most k rows. So the input size for MAut is polynomial in n/p, where we do not
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count the log p representations of each entry of the matrix.

Theorem 5.1.15. Fiz a prime p. Then the NORM-SYM problem for H = (X) €
InP(Cp) with H < Sy, is polynomially equivalent to the MAUT problem for C' < IE‘Z/p.

Proof. To show the forward reduction, let G be the enveloping group of H. Then by
Lemma 5.1.3, we can compute G and the maps ¢; in polynomial time. Hence we can
compute the map v : G — IF’;, as in Definition 5.1.4. Then we can obtain a generator
matrix M of y(H) in polynomial time by finding a basis for (y(z) | x € X). Assume
that we can compute a generating set Y for MAut(vy(H)). Since MAut(y(H)) < W
and W has a permutation representation in Sy, by Theorem 2.1.1, we assume that
Y| < pk = n. Then by Lemma 5.1.13, Ng, (H) = ({Z () | a € Y},G), where each
Z!(a) denotes an element | of L such that Z(I) = a. By Part 9 of Theorem 2.1.9,
Z () can be computed in polynomial time.
For the backward reduction, let C' < ]F;L/ P be a linear code given by a generator matrix
M € M(s,k,F,). Let g = (p(i — 1)+ 1,...,pi) € S, for 1 < i < n/p and let
G ={91,92,---,9k). Let v be as in Definition 5.1.4 and let H = (y "} (M;.) | 1 <i < s).
Assume that we have a generating set Y for Ng, (H). By Theorem 2.1.1, further assume
that the set has size polynomial in n. Then by Lemma 5.1.13, MAut(C) = Z(Ng, (H)) =
(ZE(g9) | g € Y), which can be computed in polynomial time by Part 8 of Theorem 2.1.9.
O

5.2 Complexity results

Let L = B x K be as in Proposition 5.1.8. In Section 5.2.1, we show that for
H € InwB(C)p), the normaliser Ng, (H) can be computed in time 2005 108m) - Thep
in Section 5.2.2, we give an efficient algorithm for computing the finest disjoint direct
product decomposition of a given group in class Jn3(C)), which underpins the proce-
dures in the later subsections. In Section 5.2.3, we show that for each non-trivial k € K,
if there exists v € B such that vk € Ng, (H), then we can find a witness v in polynomial
time. In Section 5.2.4, we first show that Ng(H) can be computed in polynomial time,
then we see how the results in this section come together to reduce the search space
by searching for normalising elements in K = Sy, instead of L = (C, x Cp_1) 1 Sk, and

hence prove Theorem 5.0.1.

5.2.1 Limiting the depth of the search tree

In this subsection, we show how we can reduce the depth of the search tree using a

possibly smaller group H=, which we shall define next.

Definition 5.2.1. The dual code C* of a code C over ), is the subset {z € ]F]; |z-c=
0 for all ¢ € C}, where ‘-’ denotes the standard dot product. Let H+ := v~ (y(H)') <
Sh.
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So for ¢ € FE, we have y~!(c) € H* if and only if y(h) - ¢ =0 for all h € H.
We shall show that there exists a bijection between Ng, (H) and Ng, (H'). Recall
from Proposition 5.1.8 that Ng, (H) < L.

Lemma 5.2.2. Letl =vk € L, withv € B and k € K. Thenl € Ng, (H) if and only
if vk € Ng, (HY).

Proof. Let epimorphism = : L — W be as in Lemma 5.1.13.

= Assume that [ € Ng, (H). Let d € H+. Let o(v) = diag(ti,ta,... ty) € D and
Y(d) = (51,82, - - - ,5k) € FE. We show that d""'* € H' by showing that v(h)-y(d” %) =
0 for all h € H.

Let h € H. Since | € Ng, (H), there exists ¢ € H such that ¢/ = h. Let vy(g) =

k
(ri,ro, ..., rg) € IF’;. By the definition of H+, we have v(g) - y(d) = 3_ r;s; = 0. Then
i=1

k k
0= risi = ritisit; " = (v(9)o ) - (V(d)o(v™)).
i=1 i=1
Since P permutes the coordinates of ]F’;,

YPED) - V(d)E@ k) = y(9)o(v)p(k) - y(d)o (v )p(r) = 0.

Then by Part 2 of Lemma 5.1.13,

vk vk —_ —_ —
Y(h) (@ ") =3(g") (@) = (W(9)EWD) - (VDE(r k) = 0.
«: Since (H')+ = H, by the forward implication, vk = (v~ "'k € Ng, (H). O
Now, we show that Ng, (H) for H € In3(C,) can be computed in time 20(%/2plogn),

Proposition 5.2.3. Let H = (X) < S,, such that H € InP(C),) with enveloping group
G. Lety: G — IF’; be as in Definition 5.1.4 and let m = min{dim~y(H), k—dim~(H)}.
Then Ng, (H) can be computed in time 2°0™1°8™)  Hence Ng (H) can be computed in
time 2°(2p 1°8™)

Proof. By Lemma 5.1.1, we can check that H € JnB(C)) in polynomial time. Let
s = dim~vy(H). We shall show that Ng,(H) can be computed in time O(n®), then
by Lemmas 4.3.11 and 5.2.2, Ng, (H) can be computed in time O(n™), hence proving
the first assertion. From here, since dim(y(H)) + dim(y(H)) = k, the minimum
min{dim~(H), k — dim~(H)} is at most k/2, the last assertion follows.

Row reduction can be done in polynomial time [BF73], so we can obtain a row-reduced
generator matrix M of y(H) in polynomial time. Then we may reorder the orbits of H
such that the matrix M is in standard form.

If w € MAut(y(H)) then M' := Mw = Mdiag(vi,va,...,vg)p(k) satisfies (M) = (M’).

Since M is in standard form, the elements of (M) are uniquely determined by their
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first s coordinates. So to test whether w € MAut(y(H)), it suffices to describe which
columns of M are mapped onto the first s coordinates of M’ and with which scalars,
then the rest of the action of w is uniquely determined up to orbit equivalence. We find
all such w € MAut(y(H)) by considering all choices of (1# 25", s" ') = J and
(vi)ies € (Fp)°.

For each such J and (v;);c 7, we first define M’ in the following way. We take M’ to be the
matrix in M (s, k,Ip) such that, for 1 <4 <'s, its 4-column M ; is v,.-1 M_,.—1. Then
each row of M’ can be extended to a row of length k using the fact that <M’> < (M).
Observe that if w € MAut(y(H)) then (Mw), j, the j-column of the product Mw, is a
scalar multiple of an M-column. Therefore we test whether the choice of J and (v;)ics
yields an element of MAut(y(H)) by testing, for all remaining columns M, ; of M’
where j > s, if there exists a remaining column M*J.,iﬂ of M and a scalar V1 € Fy
such that M;J = U M*’j,(L

If for some j there are no such M*’j,fl and Vi1, then by our observation on (Mw)s j,
the choice of J and (v;);cs do not extend to an element of MAut(y(H)), and we move

on to the next choice of J and (v;);es. If for some j, there are more than one possible

j’fl, we choose either. If we have succeeded in finding such M, I and V1 for all
J > s, then

(Mdiag(vyu—1, ..., Vpe-1)p(K))xj = V-1 M, 1 = M, ; foralll<j<k,
and so by letting w = diag(vj.—1,...,v,.-1)p(k), we have Mw = M' and so w €

MAut(y(H)). This step can be done in polynomial time by considering all k(p—1) <n

choices of Vet M, 1 for each j > s.

Let Y be the set of all elements w of MAut(y(H)) found as above. Since there are
(p — 1)°k® < n® choices for J and (v;);es, and the procedure described above can be
done in polynomial time, Y can be computed in O(n®). We show that Ng, (H) =
(Cs, (H),{Z Y(y) | y € Y}), where =71(y) is an element of L with Z-image y.

It is clear that Ng, (H) contains (Cs, (H),{Z '(y) | y € Y}). For the forward con-
tainment, let v € Ng, (H). Then there exists y € Y such that ME(rv) = My and
hence MZ(v)y~! = M. Then by Part 2 of Lemma 5.1.13, v= 1 (y~!) centralises
H. By Part 3 of Lemma 5.1.13, v2-1(y~!) € (G,Cs,(H)) = Cg,(H). Therefore
Ns,(H) = (Cs,(H),{=Z""(y) |y € Y'}).

By Theorem 2.1.16 and Part 9 of Theorem 2.1.9, Ng, (H) can be computed in O(n®)
time. O

While searching for elements of MAut(y(H)) in W = Ir; ¢ S, the above result limits
the depth of the search tree. In practice, we search for MAut(y(H)) in P = Sy, as we

shall see in Section 5.2.4.
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5.2.2 Disjoint direct product decomposition

Recall the definition of disjoint direct product decomposition from Definition 3.0.1. We
showed in Theorem 3.3.4 that the finest disjoint direct product of a given permutation
group can be computed in polynomial time. Recall v from Definition 5.1.4. Then
H = Ry X Ry X ... X R, is a disjoint direct product decomposition if and only if
v(H) =~v(R1) +v(R2) + ...+ v(R;) and the v(R;) have pairwise disjoint supports. In
this subsection, we will show that the disjoint direct decomposition of a group in class
InP(Cp) can be computed more efficiently, and calculate its complexity in more detail.

We will also introduce some data structures to be used in the later sections.
Notation 5.2.4. Denote the tuple (1,2,...,7) by i.
For the rest of this subsection, we assume the following.

Notation 5.2.5. Let M € M(s, k,IF),) be a generator matrix of v(H) in standard form.
For 1 <i < s, let x; .=y !(M;.), so that we may replace the original generating set of
H by X ={x1,x9,...,25}.

First, we see how we may detect certain disjoint direct factors of H from M. For a
tuple J of distinct elements of {1,2...,k}, let Q; = Ujecs9Q;.

Lemma 5.2.6. Let [ = {1 < i < s | M;j # 0}. Then there exist Ry, Ry such that
H = R; x Ry and Supp(R1) = Qs and Supp(R2) = Q\Qy if and only if MI,E\J s a

zero matrix.

Proof. <: Let Ry = (z; | i € I) and Ry = (x; | i ¢ I). Since the x; generate H and H
is abelian, we have H = Ry X Ry. Then as MI,E\J = 0, the support Supp(R1) C Q.
By the definition of I, we have Mg ; ; = 0, and so Supp(Rgz) € Q\Q,. Therefore Ry
and Ry have disjoint supports and hence H = R; X Ry is a disjoint direct product
decomposition.
=: Let i € I. As H = Ry X Ro, there exist r1 € R; and ro € Ry such that x; = riro.
Note that r; is non-trivial by the definition of I. We will show that Mi,E\J = 0 by
showing that M; ., = ~(r1). As M is in standard form, each element of (M) is fully
determined by its restriction to the first s positions, so it suffices to show that M;s =
Y(r1)s-
Since 7y fixes all points in 27, we have that z;|q, = r1|q,. Similarly, zi|o\a, = m2la\q, -
So

M; ;= ~(r1)s and M, g, ; = y(r2)p - (5.1)

In particular, we have M; 50y = v(71)sns. Hence to show that M; s = v(r1)s, it remains
to show that M;z 7 = 7(71)s\-

Since M 1is in standard form, there exists a unique 1 < t < s such that M;; # 0
and M,z = 0. Suppose first that ¢t ¢ J. We will show that M;,. = (rz2), which
contradicts the definition of I as y(rz); = 0. Since 5N J C 5\t, we have M;5n; = 0.
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Then since ry fixes 2y pointwise, M;sn; = 0 = y(r2)sns. By Equation (5.1), we have
M; 55 = (r2)s\s, and so M; 5 = ¥(r2)s. Since each element of (M) is fully determined
by its restriction to the first s positions, M; . = 7y(r2), a contradiction.

Therefore t € J, so 5\J C 5\t and hence M;z ; = 0. Since r; fixes all points outside
Q, it follows that v(r1)s 7 = 0 = M;5 ;. So M;5 = ¥(r1)s and hence M5, =0 O

Recall the new generating set X of H from Notation 5.2.5. We shall show in
Lemma 5.2.8 that the finest disjoint direct product of H can be obtained by computing

a certain partition of X.

Definition 5.2.7. Let a € IN and let v € ;. Then the support of v is Supp(v) = {1 <
i <a|v; #0}. Let V be a subspace of I}, then its support Supp(V) = Uyey Supp(v).

Lemma 5.2.8. Let P = (Cy | Ca | ... | Cy) be the finest partition of {x1,x2,...,xs}
such that for all distinct Cy and Cy, we have

for all x € C, and y € Cy, Supp(x) N Supp(y) = 0. (5.2)

For each cell C; of P, let R; = (x € C;). Then H = Ry X Ry X ... X R, is the finest

disjoint direct product decomposition of H.

Proof. Since H is abelian and {x1, x2, ...,z } generates H, we have H = R; X Ry X ... X
R,. Since each pair of cells in P satisfies Equation (5.2), the groups R; have pairwise
disjoint supports. So H = R X Ry X ... X R, is a disjoint direct product decomposition.
It remains to show that it is the finest disjoint direct product decomposition.

Let 1 < ¢ < r. Suppose that R; = R;1 X R;o is a disjoint direct product decompo-
sition of R;. Let Ji := Supp(y(Ri1)) and let Iy = {1 < i < s | M; j, # 0}. Then
by Lemma 5.2.6, Mh,E\Jl is a zero matrix. So Xy := {x; | t € I;} has support
Supp(R;1). Similarly, there exists a subset Xjo C C; with support Supp(R;2). So
Supp(xz) N Supp(y) = 0 for all x € X;; and y € Xyo, which contradicts the assumption
that P is the finest partition which satisfies Equation (5.2). O

We shall compute the finest disjoint direct product decomposition of H by computing
the finest partition P of {z1,z2,...,zs} as in Lemma 5.2.8. We will do so by iteratively
computing certain partitions P; of {x1,z2,..., 2}, for 1 < j < k, which we will now
define.

Notation 5.2.9. For 1 < j <k, let A; = U{zlﬁi and let P; be the finest partition of
{z1,29,...,2s} such that for all distinct cells C, and C} of P;, we have

for all z € Cy and y € Gy, Supp(z|a;) N Supp(y|a,) = 0. (5.3)

Remark 5.2.10. We note the following.

L. Since Supp(z|a;_,) N Supp(y|a,_,) S Supp(x|a,;) N Supp(yl|a,), each cell of P; is

a union of cells of P;_1.
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2. Recall that we assume that M is in standard form. So for j < s, the partition P;

is the trivial partition consisting of all singletons.
3. If j =k, then A; =€), so P}, is the partition P from Lemma 5.2.8.
Next, we show how we can compute the P; for s < j < k.

Lemma 5.2.11. Let s < j < k. Let P; = (C1 | Co | ... | Cy) be as in Notation 5.2.9.
Let
J={Cs | 1< a<r and there exists v € Cy such that x|, , # 1}

and let Cy = Ug,egCq. Let P’ be the partition with cells Cy and all Cy for Cq & J.
Then Pji1 =P'.

Proof. First, we verify that P’ satisfies Equation (5.3). Let C/, and Cj be distinct cells
of P'. Let x, € Cj and z,, € C;. We show that Supp(zu|a,,,) N Supp(zs|a;,,) = 0 by
showing that Supp(M,, 757) N Supp(M, 7) = (). Suppose first that C,C} ¢ J, then
C, and Oy are cells of Pj. So Supp(M,,5) N Supp(M,, ) = 0. By the definition of J, we
have M, j41 = M, 41 = 0, and so indeed Supp(Mu’m) N Supp(Mmm) = 0.

Suppose now that C, ¢ J and Cy = Cj. Then M, i1 = 0, and so Supp(M,, 777) N
Supp(MU,jﬁ) = Supp(Muj) N Supp(MUJ). Since Cj is a union of cells of P;, there
exists a cell C' of P; such that z, € C. Then by the definition of P;, we have that

Supp(M,,5) N Supp(M,,5) = 0. So P’ indeed satisfies Equation (5.3).

It remains to show that P’ is the finest possible partition of the generators. Let C’,
be a cell of P’. We show that there does not exists a proper subset 7" C C! such
that Supp(M,, 757) N Supp(M, 757) = 0 for all z, € T" and z,, € C;\T". Aiming for a
contradiction, assume that such a 7" exists.

Suppose first that Cf, & J. Then we have Supp(M,, 577) = Supp(M,, 5) for all z, € C,.
So Supp(M,,5) N Supp(M,,5) = 0 for all x,, € 7" and x, € C,\T". Since C/, is a cell of
P;, this contradicts that P; is the finest partition satisfying Equation (5.3).

So C! = Cj. By the definition of J, for all C' € J, there exists x,, € C such that
M, j+1 # 0. Observe that T” either contains all such z,, or none of them. Without loss
of generality, suppose that T" contains all such x,. So TN C # () for all C € J. By
Remark 5.2.10, 7' N C is a union of cells of P;, so the entire cell C' is contained in T

Hence C; C T. Since T" C C, we have T" = C;, which is a contradiction. O
Hence, we have the main result of this subsection.

Proposition 5.2.12. Let H be as in Definition 5.1.2. Let M € M(s, k,I)) be a given
generator matriz of y(H) in standard form. Then the partitions P; from Notation 5.2.9
and so the partition P can be computed in O(sa(s)k) time, where « is the inverse
Ackermann function.

Hence the disjoint direct product decomposition of H can be computed in O(sa(s)k)

time.
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Proof. We compute the disjoint direct product decomposition of H by computing the
partition P as in Lemma 5.2.8. The partition P is computed by iteratively computing
the P; in Notation 5.2.9 using Lemma 5.2.11. As in Remark 5.2.10, we initialise P, to be
the trivial partition consisting of all singletons. We evoke the procedure in Lemma 5.2.11
O(k) times to compute the partitions P; for each s < j < k. It remains to show that
the procedure in Lemma 5.2.11 can be computed in time O(sa(s)).

To compute P;i1, we merge cells of P; if the cells contain a permutation x such that
z|q;,, # 1. Checking if the projection of each z on €21 is trivial can be done in constant
time by checking if the corresponding row of M has 0 at the (j + 1)-st position. We
construct Pj41 using the Union-Find data structure, which has a worst case complexity
of O(sa(s)) [TvL84]. O

5.2.3 Normalising elements that permute the H-orbits

Let L = B x K be as in Proposition 5.1.8 and recall that Ng, (H) < L. In Proposi-
tion 5.2.18, we show that given a non-trivial element x € K, in polynomial time, we

can decide if there exists an element of Ng, (H) which induces the permutation x on
the H-orbits.

Lemma 5.2.13. Let F := GL4(p) x D. Define an action of F' on M (s, k,I)) by
MPBD — R=IMd  for all R € GLy(p) and d € D.

Let k€ K < S,. Let M, M' € M(s,k,I,) be generator matrices of v(H) and y(H" ")
respectively. Then there exists v € B such that vk € Ng, (H) if and only if there exists
f € F such that M¥ = M’.

Proof. Let v € B. Then vk € Ng, (H) if and only if H” = H* ', which means that H
and H* ' are in the same B-orbit. By Lemma 5.1.13, this is equivalent to v(H) and
~(H*") being in the same D-orbit.

Observe that (M) = (M’') if and only if M and M’ are in the same orbit under left
multiplication by GLs(p). Therefore H and H +~! are in the same B-orbit if and only
if M and M’ are in the same F-orbit. O

We decide if M and M’ are in the same F-orbit by comparing their orbit rep-
resentatives. Algorithm 1 of [Feu09] computes such representatives for matrices A €
M (s, k, ). Since we will be proving its complexity, we will present our minor variation
of the algorithm here.

We first define an ordering on M (s, k,IF),). Let A, A" € M (s, k,IFp). Let Afi denote
A, ; reversed. Then we define A < A’ if there exists j such that A, ; = Afkﬂ- forl<i<j
but Aﬁj <lex A fj, where <, denotes the lexicographic ordering. We define the orbit
representative of A under F to be the least image under the ordering <. Recall that

we denote the tuple (1,2,...,7) by i.
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In Feulner’s paper, he computes a series of partitions called the support partitions,

which we now define.

Definition 5.2.14. Let A € M (s,k,F,). For all 1 < j <k, the j-support partition Q;
of A is the finest partition of {1,2,..., s} such that for 1 <14 < j, there exists a unique
cell C' of Q; such that Supp(A.;) C C.

We show that the support partitions and the partitions P; from Notation 5.2.9 are

equivalent.

Lemma 5.2.15. Let Q; be as in Definition 5.2.14. For 1 <1i <'s, let x; := 771(141,’*)
and let P; be as in Notation 5.2.9. For each cell C of Q;, let C = {x,, | u € C}. Let
Qj be the partition of {x1,x2,...,xs} consisting of such cells C. Then Qj =P;.

Proof. Let C, and C, be distinct cells of Q;. Let A; = ngle‘- First we show
that Supp(zu|a;) N Supp(wy|a,;) = 0 for all z, € C, and z, € Cy by showing that
Supp(M,,5) N Supp(M,,5) = 0.

Let w € C, and v € Cp. If there exists t € Supp(MuJ) N Supp(MvJ), then M, ; and
M, ; are both non-zero. So Supp(M,+)NC, # 0. Then by the definition of Q;, we have
Supp(M,;) C Cq. Similarly, Supp(M, ) € Cp, which is a contradiction.

Next we show that Qj is the finest possible. Suppose that there exists T C C, such
that Supp(xu|a;) N Supp(ze|a;) = 0 for all 2, € T and for all z, € Co\T. Let
Cop ={1<u<s|z, €T} and Cpy = {1 <u < s|xy € C,\T} be disjoint subsets
of Cy. Define R; to be the partition of 5 consisting of cells C,1, Cy2 and all other cells
Cy of Q; where b # a. Then R; is a partition finer than Q;. We shall show that for
all 1 < ¢ < j, there exists a unique cell C' of R; such that Supp(M, ;) C C, which
contradicts the finest property of Q;.

Let 1 < i < j. Then by the definition of Q;, there exists a cell C' of Q; such
that Supp(M,.;) € C. If C # C,, then we are done. Suppose now that C =
Cq. If Supp(M, ;) intersects both C,; and Cya non-trivially, then there exists u €
Ca1 and v € Cgyo such that both M,; and M,; are non-zero. This implies that
Supp(M,, ) N Supp(M, 5) # (), which contradicts the definition of T'. Therefore, ei-
ther Supp(M, ;) C Cq1 or Supp(M, ;) C Caa. O

Next, we will present a simplified version of Algorithm 1 in [Feu09]. The differences

are as follows.

e Feulner considers codes over arbitrary finite fields, but we restrict to fields of prime

order.
e We assume that A is in standard form. Feulner did not make this assumption.

e For 1 < j <k, let DUl =~ (F;)j be the subgroup of D consisting of matrices
diag(ti, ta,...tj,1,1,...,1) for ty,ts,...t; € I, Algorithm 1 in [Feu09] computes
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the orbit representative of A under the action of GL4(p) X DU given an orbit
representative of A under the action of GL4(p) x DU, We compute the F-orbit

representative of A directly.

e Feulner’s algorithm performs row reduction, computes the partition Q;;q and
computes the orbit representative of A under the action of G Lg(p) x DU+ simul-

taneously. We first row reduce A and compute all Q;.

Lemma 5.2.16. Let A € M(s,k,I,) be such that the first s columns are linearly
independent. Let f € F be such that AT is row-reduced. Then AT < A and so A7 is the
orbit representative of A under the action of GLg(p) x DI®l.

Proof. Since the first s columns of A are linearly independent, (Af), s is an identity
matrix. Since the s lexicographically smallest vectors of I} are (Af )51, (Af )52, e
(ANE_ we have AT < A, O

*,8)

Algorithm 5 Computing the orbit representative of A € M(s, k,IF,) under the action
of F
Input: A € M(s,k,IF,), where the first s columns are linearly independent
Output: F-orbit representative A’ of A and f € F such that A’ = Af
1: Let A’ be a row-reduced copy of A > O(sk?)
2: Get the j-support partition Q; of A’ for 1 <j <k
> O(sa(s)k) by Proposition 5.2.12 and Lemma 5.2.15

3: forje[s,s+1,...,k—1] do > O(k) times
4 forie[s,s—1,...,1] do > O(s) times
5: C < cell of Q; such that i € C > Finding C' is O(s)
6: U < Aé,j

7 T+ {teC|A . #0} > Getting 7" is O(s)
8 ifu#0and T =0 then

9: for r € C do > O(s) times
10: Multiply row Aj. , by u! > O(k) multiplications
11: end for

12: for all1 <t <jdo > O(k) times
13: if 3¢ € C such that A}, # 0 then > O(s) time
14: Multiply column A ; by u > O(s) multiplications
15: end if

16: end for

17: end if

18: end for

19: end for

20: return A’ and f € F such that A’ = A/

Theorem 5.2.17. Let A € M(s,k,IF),) be such that the first s columns are linearly
independent. Then Algorithm 5 returns the orbit representative of A under F in time
O(s%k?).
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Proof. The correctness follows from Lemma 5.2.16 and [Feu09]. We can write A in
reduced row echelon form in time O(sk?) using Gauss-Jordan elimination [BF73]. By
Proposition 5.2.12 and Lemma 5.2.15, the Q; can be computed in O(sa(s)k) time,
where « is the inverse Ackerman function. We store each partition Q; by storing an
array L; such that for ¢ < s, we have that ¢ is in cell C’Lj [ of Qj, where Lj; [i] denotes
the i-th element of L;. Computing each L; takes O(s) time.

Then we can get C' of line 5 by computing the positions of CLj [ in Lj, which can
be done in O(s) time. Since C' has at most size s, obtaining 7" can be done in O(s)
time. Similarly, line 13 is of O(s) complexity. Hence the algorithm has complexity
O(sk? 4 sa(s)k + sk + ks(s + s + sk + k(s + 8))) = O(s?k?). O

Lastly, we see how we use Algorithm 5 to decide if there exists an element of Ng, (H)

which induces a given permutation on the H-orbits.

Proposition 5.2.18. Let H < S,, such that H € JwB(Cp). Let L = B x K be as in
Proposition 5.1.8 and let k € K. Assume that we have generator matrices M, M’ €
M(s,k, ) for v(H) and ~(H®™"). Then in O(s2k?), we can determine if there exists
v € B such that vk € Ng, (H), and output such a v if it exists.

Proof. By Lemma 5.2.13, such a v exists if and only if M and M’ are in the same
F-orbit and so have the same F-orbit representative. By Theorem 5.2.17, elements
(R1,d1) and (Rz2,ds) of F mapping M and M’ respectively to their orbit representative
under F' can be computed in in O(s%k?).

If the orbit representatives are different, then no such v exists, so we assume that
M and M’ have the same orbit representative. Let o be as in Lemma 5.1.13. Since
MBA)Rd2)™F — bf' e have (M)dydy " = (M'). Therefore Ho M dd ) — gt and
hence o~ (dydy ')k € N, (H). So v = o~ (dydy ). O

5.2.4 Computing Ng (H) by searching in K

Recall . = B x K from Proposition 5.1.8. In this subsection, we will first show in
Proposition 5.2.21 that given the finest disjoint direct product decomposition of H,
we can efficiently compute Np(H). Then in Theorem 5.2.22, we see how the results
in earlier subsections come together to show that Ng, (H) for H € Jn(C)) can be
computed in time O((%)!).

We start by showing that Cg(H) is the enveloping group G of H.

Lemma 5.2.19. Let H € InPB(C)) and let G be the enveloping group of H. Let B be
as in Proposition 5.1.8. Then Cp(H) = G.

Proof. <: Let €1,Qs,...,Q be the orbits of H. Since B fixes each H-orbit setwise,
we have Cp(H) < CSym(Ql)(H|Q1) X Csym(QQ)(H‘Q2) X ... X CSym(Qk)(H|Qk) =G.
>: Let {g1,92,...,9x} be a generating set of G < B. Then as H and G are abelian,

each g; centralises H. O
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Let X be a generating set of H corresponding to the rows of M in standard form,
as in Notation 5.2.5. Next we show that each element of Ng(H) conjugates elements

of X with non-disjoint supports to the same power.

Lemma 5.2.20. Letv € Ng(H). Let z;,xj € X be such that Supp(x;) N Supp(z;) # 0.

Then there exists 1 < u < p—1 such that xj = ' and x = x75.

Proof. Since z¥ € H, the image vy(z¥) € (M) and hence vy(z¥) is a linear combination of
the rows of M. Since M, 5 is an identity matrix, M;; # 0 and M;; =0forall 1 <[ <s
such that [ # i. Then since v setwise stabilises each H-orbit, vy(z¥); # 0 and y(z¥); =0
for all 1 <1 < s where [ # i. Hence y(z¥) is a multiple of M; ., = v(x;) and therefore
there exists t € I, such that v(z}) = v(z;)t. Then z} = z}. Similarly, there exists '
such that 2% = x;/. We shall show that ¢ = t'.

Let €, be an H-orbit such that Q, C Supp(z;) N Supp(x;). Let g, = gf’i“, as in
Definition 5.1.2. Let 1 < r, < p — 1 be such that z;|q, = gj*. Then since z¥ = !, we
have

(gi)" 1o = (wilo,)"2 = (a})]a, = (@Dle, = (zila,)" = gi".

Hence gZ‘Q“ = ¢!, Similarly, since Q, C Supp(z;), we have that gZ'Q“ = gf:. Therefore
t=t. O

Now we show that given the finest disjoint direct product decomposition of H, we
can compute Np(H) in polynomial time. Recall that for A C Q, we identify Sym(A)
as a subgroup of Sym(2).

Proposition 5.2.21. Let H € JnwB(C)) with orbits Q1,Qs, ..., Q. Let G be the en-
veloping group of H and let H = R X Ry X ... X R, be the finest disjoint direct product
decomposition of H. Let B be the group generated by Ngymq,)(H|q,) for all 1 <i < k.
Then Np(H) can be computed in polynomial time.

Proof. Let g1,92,...,gr be the standard generators of GG, as in Definition 5.1.2. Let
t € T}, be primitive. For 1 <7 <7, let I'; = Supp(R;) and n; € Sym(I';) such that
g;-” = g} for all g; such that Supp(g;) C I';. We first show that

Np(H) =(G,n1,m2, .., 0. (5.4)

>: By Lemma 5.2.19, G = Cp(H) < Np(H). To show that each n; is in Ng(H), let
h € H. Then we can write h = hihy...h, with h;j € R;, and so b = h{'ha' .. k. If
i # j, then since h; and 7; have disjoint supports, h;.” = hj. Therefore b € H if and
only if b" € R;.

If Q, C Ty, then h;|q, = g;, for some r, and so

(A1), = (hala,)™1ow = (gp)™10w = gif = (hala,)"-
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Therefore h)" = ht € R;.

<: Let v € Np(H). For 1 < i <r, let v; = v|p,. We show that v; € (G,n;) for all 1,
from which the containment follows.

By Lemma 5.2.20, there exists t* € I}, such that 2" = " for all z € X N R;. So
a¥i = ¢t = 2" . Therefore v; € (Ca(Ri),n") < (G, ni).

Now that we have proved Equation (5.4), for the complexity result, by Lemma 5.1.3,
the g; can be computed in polynomial time. Since conjugacy of permutations in the
symmetric group is in polynomial time, each 7; can be computed in polynomial time.

Therefore Ng(H) can be computed in polynomial time. O

Lastly, we show that to compute Ng, (H) for H € InP(C)), it suffices to search in
K. Our implementation to compute Ng, (H) will use the procedure described in the

following proof.

Theorem 5.2.22. The NORM-SYM problem for H = (X) < S,, where H € Jn'B(C))
can be computed in time 905l y).

Proof. By Lemma 5.1.1, we can recognise that H € JnB(C}) in polynomial time. By
Lemma 5.1.3, in polynomial time, we can compute the generators gi,¢go,...,g9x of G
and hence obtain the map v : G — ]F'; as in Definition 5.1.4. Since row reduction
can be computed in polynomial time |[BF73|, we may obtain a generator matrix M of
v(H) = (y(x) | x € X) in standard form in polynomial time. By Proposition 5.2.12, we
can compute the finest disjoint direct product decomposition of H in polynomial time.
Next we compute Cs, (H) and Ng(H), which can be computed in polynomial time by
Theorem 2.1.16 and Proposition 5.2.21 respectively. Initialise N as (Cs, (H), Ng(H)).
For each k € K, using Proposition 5.2.18, in polynomial time, we determine if there
exists v € B such that vk € Ng, (H). If such a v exists, we update N as (N,vk). The
procedure above can be done in time O((%)!) =205 log3),
By the end of the procedure, we have N < Ng (H). To show Ng, (H) < N, let
g € Ng, (H). Then since g € L = B x K, by Lemma 4.3.11, we can find x € K and
v € B such that ¢ = vk. If K = 1, then g € Np(H) and so g € N. Suppose now
that x # 1. Using Proposition 5.2.18, we would have found an element v/ € B such
that v’k € Ng,(H), so 'k € N. Then vk(v'k)~! = v/t € Ng(H) < N. Therefore
g=vK € N. ]

Theorem 5.0.1 now follows. Note that Proposition 5.2.3 gives better complexity than
Theorem 5.2.22 when p < k. However, the algorithm for Proposition 5.2.3 requires the
checking of all elements of (]F;)m, which we do not have useful pruning for. When p and
m are large, this becomes infeasible (see Figure 5.2). Our implementation will instead
follow the method described in Theorem 5.2.22.
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5.3 Pruning techniques

Recall that we compute Ng, (H) using backtrack search. In this section, we present some
pruning techniques which improve the performance of normaliser algorithms, arising
from the view of H € InP(C)) as a linear code over IF,,. We will give more details of
how we apply these results to computing Ng, (H) in Section 5.4. By Lemma 5.2.2, the
pruning tests in this section can be used on H+ as well.

First, we show that the stabilisers and the equivalence of orbits can be computed
using M. Recall =, from Definition 2.1.10.

Lemma 5.3.1. Let 3 be a point in a H-orbit ;. Let M € M(s,k,IF)) be a generator
matriz for y(H). If M, ; has a unique position i with non-zero entry, then v(Hgy) =
<M§\i,*>-

Proof. >: By our assumption on M, ;, we have Mz\; ; is the zero vector, so '7*1(Mg\i,*)
fixes 5.

<: Let h € H(gy. Then (h) is a linear combination of rows of M and so there exists
ai,az,...,as € Fy such that y(h) = >77_; a;M; «. Since H|q, is regular, (H|q,)s) = 1,
so y(h); = 0. Since M; , is the only row of M with non-zero entry in the j-th position,
a; =0, and so y(h) € (Mg\; ). O

Note that the assumption on M, ; in the previous lemma can be achieved by per-

forming row operations. Hence the stabiliser of any point can be computed this way.

Lemma 5.3.2. Let M be the row-reduced generator matriz of v(H). Then §; =, ; if
and only if there exists d € ]F;‘, such that M, ; = dM, ;.

Proof. <: Recall the p-cycles g; from Definition 5.1.2. Fix a € ©; and 8 € €);. Define
a mapping v : ; — Q; by setting Y(ad) = ﬁg?t for 0 <t <p—1. Since (g;) and <g§l>
are isomorphic and regular, v is a bijection. We show that v satisfies Definition 2.1.10
and so §); =, ;.

Let h € H and 6 € ;. Then § = % for some r. Let v(h); = v;. Then y(h); = dv; and

so hlo, = g;* and hlo, = gjc-lvi. Hence

T+v; d(r+wv;) dv; dv;

PO = (8% ) = plai )= B% = (BN = p(a%)% = p(s)".

=: By Lemma 2.1.12, there exists an involution [ € S,, with support €; U £}, such
that hlo, = (hlg,)’, for all h € H. Let h € H and v; = y(h); and v; = y(h);. Then
hlo, = g and hlo, = g;’. Then (¢})" = (¢;") = (hle,)' = hla, = g;’- Let g} = gi.
Then gfvi = g;-}j and so v; = dv;. O

Hence we can determine if Q; =, §; by checking the equality of MtﬁM*yi and
Mt;IjM*’j, where ¢; and t; are the first non-zero positions of M, ; and M, ; respectively.
This can be done in time O(sk + sk?).
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Definition 5.3.3. Two columns M, ; and M, ; of M are equivalent if Q; =, Q;. We
denote this by M, ; =, M, ;.

),

Next, we show how we can use linearly dependent columns of M together with

Lemma 2.4.16 to prune the search tree.

Definition 5.3.4. A set V of linearly dependent vectors are minimally linearly depen-

dent if no proper subset U C V is linearly dependent.
Notation 5.3.5. Let J be a subset of {1,2,...,k}. Denote the union U;c;§2; by €.

Lemma 5.3.6. Let I and J be subsets of {1,2,...,k}. Let g € Ng,(H) such that
Q? = Q. Then the column rank of M, 1 is equal to the column rank of M, j. Hence

1. the columns of M, 1 are linearly independent if and only if the columns of M, ;

are linearly independent;

2. the columns of M, are minimally linearly dependent if and only if the columns

of M, j are minimally linearly dependent.

Proof. Part 1: Let rr and r; be the column ranks of M, ; and M, ; respectively. Since
H|q, and H|q, are conjugate in Sym(Q;UQ ;), we have p'’ = |(H|q,)| = [(H|q,)| =p"”,
so r7 = rj. The result follows since the columns of M, ; are linearly independent if and
only if [(Hlo,)| = p!I.

Part 2: We show that the columns of M, ; are minimally linearly dependent if and
only if [(Hlq,)| = pI=1 Suppose that the columns of M, 1 are minimally linearly
dependent. Let 7 € I. Since M, ; is a linear combination of columns of M, p\;, we have
(M) = |[(M, n;)|- By the definition of a minimally dependent set, the columns of
M, p\; are linearly independent, so |(H|q,)| = [(M1)| = [(M, 1\;)| = pll=1, O

Let C be a code. Let the weight wt(c) of ¢ € C' be the number of 1 < i < k such
that ¢; # 0. and let w; be the number of ¢ € C of weight i. Then the weight enumerator
of C' is the polynomial Zle w;xt.

Lemma 5.3.7. 1. Let A,T C Q be such that |Ha| = |Hr| = p', say. Let
May, Mry € M(t, k,T,) be generator matrices of Hiay and Hry respectively.
If Hay and H(ry are conjugate in Sy, then there exists a bijection § between the
=,-classes of columns of M(ay and of columns of My that preserves the size of

the classes.

2. Let Q,Q" < H such that Q' = Q" for somer € S,. Then v(Q) and v(Q') have

the same weight enumerator.

3. Let T be the set of minimum weight vectors in v(H). Then Ng, (H) setwise
stabilises v~ 1(T).
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Proof. Part 1: Follows from Lemma 4.1.1, and Q; =, €; if and only if M, ; =, M, ;.
Part 2: We show that the number of cycles in h € H is equal to the weight of v(h).
Then the result follows since conjugation preserves cycle structures.

By the definition of 7, we have vy(h); # 0 if and only if h|g, # 1. Since h|q, is either
trivial or a p-cycle, y(h); # 0 if and only if hlg, is a p-cycle.

Part 3: Let v € Ng, (H). Since conjugation preserves cycle structure, for all t € T', we
have thatwt(y(t)) = wt(y(t)), and so vy~ 1(t*) € v~1(T). O

By Lemma 2.4.9, the search tree can be pruned by determining when two stabilisers
are not conjugate in S,,. Parts 1 and 2 show how we can decide the non-conjugacy of
stabilisers. Note that since there is no known polynomial-time algorithm for computing
the weight enumerator, we use a simple heuristic to determine when we use Part 2 (see
Algorithm 10). We find a set stabilised by Ng, (H) using Part 3, which can be used to
further reduce our search tree (see Algorithm 7).

Lastly, we give a technical lemma which can be used to prune the search tree at
depth m > s, where |H| = p°.

Lemma 5.3.8. Let M € M(s,k,T,) be a generator matriz of v(H) in standard form.
Fizm e {s,....k} andlet J ={1,..., m}U{t} C{1,2,...,k}. Let f: J —{1,2,...,k}

be an injection. If there exists 1 <1i < s such that
M, #0 and M; ;s Mj; =0 forallj € JN{1,2,...,s}, (5.5)

then there does not exist n € Ng, (H) such that Q? = Qs forallj € J.

Proof. Aiming for a contradiction, assume that such an ¢ and 7 exist. Then by Part 4
of Lemma 5.1.13, Z(n) € MAut(y(H)). So there exist d = diag(vi,ve,...,vx) € D and
q € P such that Z(n) = dgq. Let M’ = Mdq. Then as in Definition 5.1.10, for all j € J
and 1 <17 < s,

M; ;= vjs M, js- (5.6)

In particular, M;t = vys M, 1, which is non-zero.
Since dq € MAut(M), each row of M’ is a linear combinations of the rows of M. Since
M is in standard form, M}, = >>_ M[, M, .. Then

s s
! !/
Mi,* = g Mi,uMu,* = E 'quMZ"ufMu’*7
u=1 u=1

where the second equality follows from Equation (5.6). Therefore by Equation (5.5),
Mi,,t = 1 Uyt M; s Myt = 0, a contradiction. [

The rationale behind Lemma 5.3.8 is as follows. If there exists a x € K represented
by a leaf under the current node at depth m > s such that vk € Ng, (H) for some
v € B, then there exists d € D such that dp(k) € MAut(y(H)). Let M’ := Mdp(k).
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Then we know, up to s unknown scalars from I, the first s columns of M ' Since rows

of M’ are linear combinations of the rows of M and the elements of (M) are defined by
their first s coordinates, we now know the whole of M’, up to s unknown scalars. So
if we can deduce that some entries of M’ must be zero, then we may prune the search

tree.

5.4 Algorithm

Given a generating set X of H < S, such that H € In(C),), we compute Ng, (H)
using Algorithm 6. The algorithm roughly follows that described in Theorem 5.2.22,
with extra steps for the pruning of the search tree.

The overview of the algorithm is as follows. We first represent H and H' by gen-
erator matrices M and M* respectively over F,. Then we compute Cs, (H), which
may allow us to compute the normaliser of a group with a smaller degree, as in Propo-
sition 4.1.6. We then compute Np(H), where B is as in Proposition 5.1.8. That is,
we compute all normalising elements fixing the H-orbits. Lastly, we perform backtrack
search in K 2 S to find the remaining normalising elements.

For this section, we shall assume that y(H) has dimension s < k/2. To simplify
notation, we shall also assume that H has no equivalent orbits. See Proposition 4.1.6

for the reduction to this case.

Algorithm 6 Computing the normaliser of H € InP(C,)

Input: A generating set X of H < S, where H € In3(C}) and H has no equivalent
orbits.
Output: Ng, (H)

1: Check that H € InB(C)) > polynomial by Lemma 5.1.1
2: Compute orbits O = {Q,Qa, ..., Qx} of H > polynomial by Proposition 2.1.2
3: Compute the enveloping group G of H > polynomial by Lemma 5.1.3
4: Let v: G — ]F’; be as in Definition 5.1.4

5: Initialise N + G >Cs, (H)=G
6: Let M be a generator matrix of v(H) in standard form

7: Let M+ be a generator matrix of y(H') > where H' is as in Definition 5.2.1
8: N« (N,Np(H)) > using Proposition 5.2.21
9: domains < domainsInit(M, M* ) > see Algorithm 7
10: LDScols + {{i}U{1<j<s|M;; #0}|s+1<i<k}
11: dualLDScols « {{i} U{k—s<j<k|(M%1);; #0}|1<i<k-—s}
12: RECURSESEARCH(]]) > see Algorithm 8
13: return N

All algorithms are implemented in GAP, apart from MAKEINVARIANTSETPARTN in

Algorithm 7, which is implemented in C++, as it is time critical®.

This implementation of MAKEINVARIANTSETPARTN in C++ is done by Dr Christopher Jefferson.
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Pre-search

We shall describe the computation before the backtrack search. By the end of step 11,
N contains Ng(H) > Cg, (H). So as in Theorem 5.2.22, this allows us to only search
for non-trivial elements x € K which give rise to elements of Ng, (H). We will also be
computing various structures we shall use later in the search.

We start by describing lines 1-11 of Algorithm 6 in more detail:

Lines 1-4 We set up the map ~ which enable us to compute Ng, (H) by computing
MAut(vy(H)), as in Theorem 5.1.15.

Line 5 We gather the normalising elements we find as N. We start by initialising
N = @G. Since we assume that H has no equivalent orbits, N contains Cs, (H) by
Proposition 2.1.13.

Lines 6-7 We represent H as a code over IF,. We compute the a generator matrix
M of v(H) using X. Since H has no equivalent orbits, the row-reduced matrix
M is in standard form. We shall be using H+ as in Definition 5.2.1. We can
compute the generator matrix ML of v(H)* as follows. If M = (I, | M) for
some My € M(k — s,s,IFp), then M+ = (MT | I_;) is a generator matrix of
y(H)* [vL99]. We will use v(H)* to refine our search via Lemma 5.2.2.

Line 8 We first compute the finest disjoint direct product decomposition of H, as
in Proposition 5.2.12. Then as in Proposition 5.2.21, we compute Ng(H). We
update N as (N, Ng(H)).

Line 9 For each H-orbit €2;, we compute a set of possible images of §; under Ng, (H),
called the domain of ;. This gives an approximation of Ng, (H) and will be used
to guide our search in Algorithm 8. We use various methods to restrict the initial

domains. More details will be given later in Algorithm 7.

lines 10-11 We compute certain sets of linearly dependent columns of M and M*.
We shall explain how we use these sets for pruning later. Since M is assumed
to be in standard form, the standard basis of I}, forms the first s columns of M.
Therefore we can write each later column of M as a linear combination of these
s columns. More specifically, each element of LDScols is the column positions of
a linearly dependent set formed by column M, ; for s +1 < ¢ < k and a subset of
the first s columns of M.
As noted in lines 6-7, the standard basis of IFI;*S forms the last k — s columns of
M+,

Algorithm 7: Initialising the domains

We describe how we initialise the domains using Algorithm 7. We will be computing

several partitions of O, each preserved by Ng (H). Hence the meet P* of these parti-
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tions is also preserved by Ng, (H). We update the domains by setting the domain of €;

to be the cell of P* containing it.

MAKEDUALEQUIVPARTN We first find the equivalent orbits of H+ using Lemma 5.3.2.

In line 12, we construct certain elements g centralising H, as in Proposition 2.1.13.
Using Lemmas 4.3.11 and 5.2.2, for each g we construct a corresponding element
of Ng, (H). Next, we compute a partition P; of O based on sizes of the equiva-
lence classes for H'. By Lemma 4.1.1, Ng (H') preserves Pt. By Lemma 5.2.2,
N, (H) also preserves P. Note that in the algorithm, we store P2 by a partition
of the indices {1,2,...,k}.

MAKESTABILISERSPARTN This uses Lemma 2.4.9 to further refine the initial do-

mains. That is, if there exists g € Ng, (H) such that QY = €, then by Part 1 of
Lemma 5.3.7, there exists a bijection from the equivalence classes of =, over the
H q,)-orbits to the equivalence classes of =, over the H, (2;)-orbits which preserves
the class sizes. By Lemma 5.3.1, the matrices representing the stabilisers can be
computed efficiently. Using Lemma 5.2.2, this algorithm also works using the dual

HL.

MAKEINVARIANTSETPARTN Here we compute the set invSet of minimal weight vec-

tors of v(H). By Part 3 of Lemma 5.3.7, Ng, (H) stabilises invSet. The algorithm
runs in exponential time by systematically considering linear combinations with
increasing numbers of non-zero coefficients of rows of M. The variable m gives
the minimal weight of all the vectors we have encountered so far. Since M55 is
the identity matrix, if v is a linear combination with non-zero coefficients of 4
rows of M, then wt(v) > i. Since we are only interested in vectors with weight
at most m, we only need to consider all such linear combinations v of up to m
rows of M. Lastly, we obtain a partition of Qj, s, ..., Q stabilised by Ng, (H)

by considering the number of vectors in invSet with non-zero entries in each €;.

Therefore, the normaliser Ng, (H) preserves the partitions P}, Py, PL, Pr and

hence P*. The function DOMAINSINIT returns a list of sets domains, where each entry
domainsli] is a subset of {1,2...,k} such that if there exists g € Ng, (H) with Qf =

then j € domains]i].

Search

Now we shall describe the recursive search, Algorithm 8. We shall traverse the search

tree depth first, using the domains to guide our search. Note that N is the global

variable which stores the group generated by all elements of Ng, (H) we have found so

far.

Line 2 An orbit 2; will be removed from the domain of €; if we show that there are

no normalising elements under the current node that map €; to €2;. When we
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Algorithm 7 Initialise domains

1: procedure DOMAINSINIT(M, M*)

2 Pt < MAKEDUALEQUIVPARTN(M ™)

3 Ps < MAKESTABILISERSPARTN(M)

4: P < MAKESTABILISERSPARTN(M 1)

5: P <~ MAKEINVARIANTSETPARTN (M)

6:  P* < Meet(PL, Ps, P+, Pr)

7: return [cell of P* containing i | 1 < i < k]
8: end procedure

9: procedure MAKEDUALEQUIVPARTN(M ')

10: Compute the =,-classes of the H'-orbits > using Lemma 5.3.2

11: for each pair of equivalent orbits €2; and €2; do

12: Let g € Cs, (H™) conjugate Q; to Q; > as in Proposition 2.1.13

13: Find v € B and k € K such that g = vk > using Lemma 4.3.11

14: N «+ (N,v"1k) > vlk € Ng,(H) by Lemma 5.2.2

15: end for

16: Pj + partition of {1,2,...,k} such that i, j are in the same cell if and only if
Q0= ] = |[]=,|

17: return Pj

18: end procedure

19: procedure MAKESTABILISERSPARTN(mat) > mat is M or M+
20: for i€ [1,2,...,k] do

21: stab; < v~ ((mat)) g, > using Lemma 5.3.1
22: Compute the =,-classes of the stab;-orbits > using Lemma 5.3.2
23: end for

24: Ps < partition of {1,2,...,k} such that i, j are in the same cell if and only if
stab; and stab; have same multiset of the sizes of the =,-classes

25: return Py

26: end procedure

27: procedure MAKEINVARIANTSETPARTN (M)

28: m <— ming<i<s(wt(M; ))> minimum weight of codewords we have found so far
29: invSet < {i | wt(M; ) = m} > minimum weight codewords found so far
30: fori e [2,3,...,m] do

31 for all linear combinations v with non-zero coeflicients of i rows of M do
32: if wt(v) < m then > finds a vector with smaller weight
33: m + wt(v), invSet < {v}

34: else if wt(v) = m then > finds a minimum weight vector
35: Add v to invSet

36: end if

37: end for

38: end for

39: Pr < partition of {1,2,...,k} such that i, j are in the same cell if and only if
{v € invSet | v[i] # 0} = |[{v € invSet | v[j] # 0}|

40: return P;

41: end procedure
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Algorithm 8 RECURSESEARCH

1:
2
3
4:
5
6
7

5

10:

11:

12:
13:
14:
15:
16:
17:

18:
19:
20:

21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

procedure RECURSESEARCH(« = |1, a, . . ., ayg|, indomains)
domains < copy(indomains)
if d=k then

k < permutation in K such that Qf =Q,, forall 1 <i <k
if there exists v € B s.t. vk € Ng, (H) then > using Proposition 5.2.18

else

N « (N,vk)
Backtrack to node [aq, ag, . .., a;], where j is the largest integer such that
a; =1 for 1 <14 < j, if it exists > as in Algorithm 2
end if
if a1, a9,...,04-1) =[1,2...,d—1] and ayg # d and a4 is not the minimum

value in orbit a (o2 ®d-1) ¢hon return end if

passedTests,domains < CHECKLDS(M, LDScols, a, domains)

> see Algorithm 9
if —passedTests then return end if
passedTests, domains < CHECKLDS(M*, dual LD Scols, ., domains)
if —passedTests then return end if
Mstab < v(Hq,,..0.) > using Lemma 5.3.1
MstabIm <« 7(H(Qa17_..79ad))
passedTests,domains < COMPARESTABS(M stab, M stabIm, a, domains)

> see Algorithm 10
if —passedTests then return end if
M stab «+ generator matrix of V((HL)(Ql’“.’Qd)) > using Lemma 5.3.1
M stabIm™ < generator matrix of ’y((HJ_)(Qa17.._7Qad))

passedTests, domains < COMPARESTABS (M stab™, M stabIm™, o, domains)
if —passedTests then return end if

if d > s then
forl1<i<sandte[s+1<t<k|MqyM,,=0]do
domains[t] < [j € domainslt] | M; ; = 0] > using Lemma 5.3.8
end for
end if

domains < allDif f Refiner(domains)

if 3i : domainsli] = () then return end if

for agy1 € domains[d + 1] do
RECURSESEARCH ([, @, . . . , agy1], domains)

end for

end if

34: end procedure
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backtrack, we shall revert to indomains.

Lines 3-9 If d = k, then we have arrived at a leaf node of the search tree. Using
Proposition 5.2.18, we determine if there exists v € B such that vk € Ng, (H). If
such a v exists, we update N as (NN, vk). To ensure that we only add a generating
set of Ng, (H) to N, we find the largest j such that i = «; for all 1 <4 < j, and

backtrack to node [aq, as, ..., a;-1], as in Lemma 2.3.5.

Line 10 This uses Lemma 2.3.6, where for each node [1,2,...,d — 1, ag] such that d #

g4, we ensure that oy is the minimum value of the orbit of ag in Niq, 0,0, 1)-

Lines 11-22 Here, we perform four additional pruning tests to detect if no normalising
elements are arising from a leaf under the current node. We only do further tests
if we pass all the tests so far. When appropriate, we also refine our domains. More

details on the pruning tests will be given later.

Lines 23—27 This uses Lemma 5.3.8 to prune at depth m > s. If there exists j €
domains[t] such that M;; # 0, then by Lemma 5.3.8, there are no normalising
element under the current node which maps €2 to to €2;. Hence we may remove

j from domains]t].

Lines 28&29 Since the images of O must be pairwise different, whenever the domains
are changed, we invoke a simple procedure to further refine the domains. For
1<i<k,letJ; ={1<j<k|domains[j] = domains[i]}. If |J;| = |domains][i]|,
then any normalising element arising under the current node must map {€; |
i € Ji} to {Q; | i € domains[i]}. We remove elements of domains[i] from all
other domains[l] where | ¢ J;.  That is, for all | € J;, we set domains|l] =
domainsll]\domains[i]. More advanced refinements exist but are not considered

in this thesis. For more details, see, for example, [GMNOS].

Lines 30-32 If the pruning tests result in empty domains, we backtrack. Otherwise,
we continue the depth first search, branching using domains. Note that we may

also use Lemma 2.3.6 to reduce the partial base images we consider.

Now we describe the pruning tests used in Algorithm 8. These methods use Algo-
rithms 9 and 10.

CHECKLDS See Algorithm 9. This uses Lemma 2.4.16 to prune the search tree. For
each linearly dependent set in LDScols, if all but one column in the set have been
assigned with an image, we use Lemma 5.3.6 to prune the domain of remaining
column. To do this, we consider each column in the domain and check if it is in
the span of the other columns using the GAP function SOLUTIONMAT. If not, by

Lemma 5.3.6, we may remove the column from the domain.
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Algorithm 9 cHECKLDS

1: procedure CHECKLDS(M, LDScols, [a1, g, . .., aq], domains)

2: for Ids € LDScols do > see Algorithm 6, line 10

3: I+ lds\{1,2,...,d} > unassigned column images

4: if |I| = |lds| — 1 then > image of M, jj;) must be in the span of other
columns

5: for i € domains[I[1]] do

if M., & (M., | j €lds\I[1]) then
7: Remove i from domains[I[1]]

> no normalising element under current node that
sends €7(1) to €2; by Lemma 5.3.6

8: end if
: end for
10: end if
11: end for
12: return TRUE, domains

13: end procedure

COMPARESTABS See Algorithm 10. This uses Lemma 2.4.9 to prune our search tree.
As in Lemma 5.3.2, we find the orbit equivalence classes F and E’ over the sta-
bilisers. As in Part 1 of Lemma 5.3.7, we test whether there is a bijection between
the sizes of E and E’. If not, we backtrack. Otherwise, we refine the domain using
Lemma 4.1.1 by ensuring that orbits in a sized e equivalence class in E can only
map to orbits in a sized e equivalence class in E’. As in Part 2 of Lemma 5.3.7,
we can also compare the weight enumerator of the subspaces representing the sta-
bilisers. Since weight enumerator computation takes exponential time, we only do

this if the stabiliser is sufficiently small, using a simple heuristics.

5.5 Extension: Groups in class Jn3(Ds,)

In this section, we shall consider H € Jn)(Dyp,), where Dy, is the dihedral group
of order 2p with odd prime degree p. We shall show that Ng, (H) can be found by
computing the normalisers of two of its Sylow subgroups, which can be identified with
groups in classes InP(Cp) and In'P(Cs) respectively. This yields a faster algorithm to

compute the normalisers of such groups.

Notation 5.5.1. Let n = pk. Let ©1,Q9,...,Q, be disjoint sets such that Q =
Uk = {1,2,...,n}. For 1 < i <k, let D; < Sym(£;) be a permutation rep-
resentation of Dg, and let G; be the unique subgroup of D; isomorphic to C),. Let
D=D1xDogx...xDp<8,and G =G| xGyx...xG <S8,. Let H be a subdirect
product of D.

The next two results describe some properties of the Sylow subgroups of H.

Lemma 5.5.2. Let H, be a Sylow p-subgroup of H. Then
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Algorithm 10 COMPARESTABS

1: procedure COMPARESTABS(M stab, M stabIm, [aq, v, . . ., ag], domains)
2: Compute the =,-classes F1, Fo, ..., E. of the columns of M stab

> using Lemma 5.3.2
3: Compute the =,-classes E}, Ey, ..., E., of the columns of MstabIm

> using Lemma 5.3.2
4: if multisets of class sizes are different then

> no normalising elements under the current node
by Lemma 5.3.7.1

5: return FALSE, domains
6: end if
7: for i€ {1,2,...,k}\{a1,2,...,0q} do
8: Get E, such that Q; € E,
9: for j € domains[i] do
10: Get E!, such that Q; € E/,
11: if |E,| # |E!,| then > no normalising elements mapping €2; to §; by
Lemma 4.1.1
12: Remove j from domains]i]
13: end if
14: end for
15: end for
16: if (s —d) *p <45 then > 45 is a heuristic
17: if Weight Enumerator(M stab) # W eight Enumerator(M stabIm) then
> (y~Y(Mstab)), (y~'(MstabIm)) are not conjugate
by Lemma 5.3.7.2
18: return FALSE, domains
19: end if
20: end if
21: return TRUE, domains > no obstruction to conjugacy found

22: end procedure

1. H,=HNG < H, and so Ng, (H) < Ng, (Hp).
2. Hy, is a subdirect product of G, and so H, € InP(C)).

Proof. Part 1: Since H N G is a p-group, H NG < H,. As G is the unique Sylow
p-subgroup of D, it follows that H, < G and so H, < HNG. From G < D, we deduce
that H, < H. As H has a unique Sylow p-subgroup, H,, is characteristic in H. Hence
H, a4 Ng, (H), and so Ng, (H) < Nsn(Hp).

Part 2: Certainly H, < G and so Hplg, < G for all 1 < i < k. Since G is cyclic, to
show that H,|o, = G, it suffices to show that there exists t € H), such that t|q, # 1.
Since H is a subdirect product of D and G; < D;, there exists h € H such that
1 # hlg, € G;. We show that h? € H,.

Since h|q, is a p-cycle, h%|q, # 1. For all j, the element hlq, of Dy is of order 1,2 or p.
So h?| q; is of order 1 or p. Since Gj is the unique p-subgroup of Dj, hzlgj € G; for all
j,s0 h? € GNH = Hp,. O

Lemma 5.5.3. Fiz a Sylow 2-subgroup Ho of H. Then
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1. there exist a; € Q; for all 1 <1 <k such that Hy = H(q, as,....ap)-
2. H = H, x H,.
8. Hy is a subdirect product of (D1)(a,) X (D2)(az) X - -+ X (D) (ay)-

Proof. Part 1: <: Suppose that there exist s1,s2 € Hp such that si|g, and sa|q, are
distinct and non-trivial. Then (si|q,, s2|o,) = D; and so Ha|q, = D;, a contradiction.
So there exists an involution ¢; € D; such that (t;) > Hslg,. Since every involution
in D; fixes a point, there exists o; € (2; such that t; fixes a;. Then Hzlq, < (Di)(a,)-
Hence, Ha < (D1)(a;) X (D2)(ag) X -+ X (Dk)(ay,)- As Ha < H, the result follows.

>: For 1 < i < Kk, the group (H(a, as,....a0))|0: < (Di)(a,), Which is a 2-group. So
H o, q,....a1) 18 @ 2-group and the result follows.

Part 2: By Part 1 of Lemma 5.5.2, H, < H, so H,H> < H. From H, N Hy = 1, we see

that

| Hp||H|
H,H;| = ——~ = |H|.
So H = HpHy = Hy x Hy. Part 3: Let 1 <4 < k. Then by Part 1, Ha|o, = (D;)(a,) Or
Hslq, = 1. If Hy fixes €;, then by Part 2,
H‘Qz = (HPHQ)’Qi = Hp‘QiHQ‘Qi = Hp’Qi =G,
which contradicts the fact that H is a subdirect product of D. O

We will show, in Proposition 5.5.6, how we can compute Ng, (H) using normalisers
of Sylow subgroups of H. We will be using the following lemma, which is also known

as Frattini argument.

Lemma 5.5.4. Let S be a normal subgroup of a group T' and let U be a Sylow p-subgroup
of S. Then T = Np(U)S.

For the rest of the section, assume the following.

Notation 5.5.5. Let H, and Hs be the Sylow p-subgroup and a Sylow 2-subgroup
of H respectively. For 2 < ¢ < k, let ¢; : Q1 — €; be a bijection witnessing
the permutation isomorphism from D; to D;, and satisfying ¢;(c1) = «;, where o
is stabilised by Hs. Using Notation 2.1.11, let K = (¢; | 2 < i < k). Let L =
(Nsym(©1)(G1); Nsym()(G2), - - - » Nsym(a,) (Gr), K).

Fix an orbit Q;; of Ha|g,. For each 2 < i < k, let Q;; == Qﬁ be a (Hz|q,)-orbit. Let
r=U", Q.

Proposition 5.5.6. Let H,Hy, Hy and L be as in Notation 5.5.5. Then Ng,(H) =
(NL(Hp) N NL(HQ))H < L.

Proof. By Part 1 of Lemma 5.5.2, Ng, (H) < Ng, (H,), then by Proposition 4.3.10,
Ng, (H) < L, so it suffices to show that Ng,(H) = (N(Hp) N NL(H2))H.
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We first show that Ng, (H) < (Np(Hp)NN(Hz))H. Taking S,T and U in Lemma 5.5.4
as H, N(H) and Hs respectively,

NL(H) = NNL(H)(HQ)H = (NL(H) N NL(HQ))H.

It follows from Part 1 of Lemma 5.5.2 that Ny (H) < N (H,), which gives the result.

We now show that Ng,(H) > (Np(Hp,) N Ni(Hz))H. Certainly, H < Ng, (H). Let
v € Nr(Hp) N N(H) and let h € H. By Part 2 of Lemma 5.5.3, there exist a € H),
and b € Hy such that h = ab. Since v € N, (H)p), we have a” € H,. Similarly, b¥ € Hy
and so h¥ = a"bV” € HyHy = H. Hence v € Ng, (H). O

Therefore, to compute Ng, (H), we compute N, (Hp) N N (Hz). We will show how
we compute Np(Hp) N Nr(Hz) in Lemma 5.5.9. Before that, we first give a group T’
containing Np,(Hp,) N N (Ha).

Lemma 5.5.7. For 1 <i <k, let N; = Ngyim(q,)(H2|o;) N Nsym(q,) (Hpla,). Let K and
[ be as in Notation 5.5.5, and let T == (N7, Na, ..., Ng, K).

1. NL(Hp) N NL(HQ) < T and so NL(Hp) N NL(HQ) = NT(HQ) N NT(Hp).

2. Let r € I}, be primitive. For 1 <i <k, let g; € Sym(Q;) be a generator of Gi,
and let ¢; € Sym(Q;) with support Q\{a;} such that gi' = gF. Then N; = (¢;)
and so T = (c1) 1 Sk.

Proof. Part 1: Let | € Ni(H,) NN (Hz). Since L = Ngyyy(0,)(G1) 1Sk by Lemma 4.3.8,
there exists k € K such that [k~! fixes each €); setwise. Then (Ix~!)|q, € N; and so
leT.

Part 2: We first show that N;(c;). By Proposition 5.1.8, we have Ngyi(q,)(Gi) = (gi; ¢i),
so N; < (gi) % (¢i). Assume that there exists gc € (gi,¢;) such that gc € N; with
1# g€ (g;) and ¢ € {(¢;). Since g moves o; and ¢ only fixes a;, we have o # «;. Let
7; be the element generating Hs |, = Ca. Then r/° = r;. So

90)(rfc) = ]9 = 9°

This yields a contradiction since r; only fixes one point «;. Therefore g = 1.

Next we show that N; > (¢;). Certainly ¢; € Ngyiy(q,)(Gi). Let 7; be the element
generating Hoa|g,. Since r; € Nsym(Qi)(Gi) and r; fixes «;, we have r; € (¢;). So
rit € Hs|q, and hence ¢; normalises Hs|qo,.

Lastly, the isomorphism follows from Lemma 4.3.8. O

We have seen that Hs is a subdirect product of C’%, where for each 1 < ¢ < k,
the projection Ha|g, = C9 is intransitive and has support €2;\a;. Recall T' from Nota-
tion 5.5.5. Then Hs|r is in class In'PB(C2). So Ngymry(Hz|r) can be computed using
Algorithm 6. Next, we show how N7 (Hz) can be computed from Ngyp, ) (Hz|r). Recall

that we take natural inclusion from Sym(€;) to S,,.
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Lemma 5.5.8. Let 6 : Ngymr)(Hz|r) — K be defined by Q?(g) =Q; if QY = Q.
Then NT(HQ) == <N1, NQ, ceey Nk, Im(9)>

Proof. >: Observe that as [(Halg,)| = 2, we have Ngym(,)(Halo,) = Csym(,)(H2le,),
so N; centralises Ha. Therefore N; < Np(Hz). To show that Im(0) C Nr(Ha), let
g € Ngym)(Hz|r) and let h € Hy. Then there exists A’ € H such that (h|r)? = »/[r.
We will show that A% = A’

Let 1 < i < k and let Q51 = 07, so Q9 = ;. 1If hlg, = 1 then (A'9)]g, =
(h|g,)? @ = 1. As P'|q, is an element of Halg, = Cy with Mg, = (hla,)? = 1, it
follows that Ao, = 1. So (h%9))|q, = h'|q,.

Suppose instead that hlg, # 1, so h'|o, is the non-trivial element of Ha|g,. Since
0(g) € K, we can get a bijection witnessing the permutation isomorphism from H|g,
to Hl|g, using the restriction of 6(g) onto €; U ;. As in the proof of the forward
implication of Proposition 1.1.7, it follows that (H|q,)?9) = H lo;- Since K permutes
the fixed points of Hy, we have (Hslq,)? = H3|q;, so (h|Q )909) is also the non-trivial
element of Ha|q,. Hence (h?(9) e, = (h\g )09) = = Mlq,-

Therefore h%(9) = b’ € Hy and hence 6(g) € Ng, (Hs). Since 6(g) € K < T, we have
0(g) € Np(Ha).

<: Let t € Np(Hz) and let ¢« :== 6(t|r) € K < T. Then as both Np(Hz) and Im(0)
permute the sets €);, it follows that Qf = Q; if and only if Qf'lr = (11 if and only if
Q! = Q. Therefore t.~ 1 is an element of T which fixes each ; setwise. Then by Part 2 of
Lemma 5.5.7 , T = (¢1)1Sk, and so te ™! € (e, ¢a,...,cx), which is (N1, No, ..., Ni). O

Hence by letting R = (Ngym(0,)(G1); Nsym(02)(G2); - - - s Nsym(a,) (Gr), Im(0)), we
have Np(Hz) < R. As in Theorem 5.2.22, we may compute Ngr(H)) by considering
all k € Im(d) < K. Lastly, we show that N (H,) N Ni(Hz2) can be computed from
NR(Hp)~

Lemma 5.5.9. Let W < GLg(p) be as in Definition 5.1.9. Let =: L — W be as in
Lemma 5.1.153. Let T be as in Lemma 5.5.7 and let Z|p : T — W be the restriction of
= to T < L. Then E|r is an isomorphism and Ni(Hy,) N Np(Hz) = E|7HE(Nr(Hp))).

Proof. It follows from Part 1 of Lemma 5.1.13 that =|7 is a homomorphism. Since
L = (T,G) and = has kernel G by Part 3 of Lemma 5.1.13, it follows from Part 2 of
Lemma 5.5.7 that TN G = 1, so Z|r is an isomorphism.

<: By Part 1 of Lemma 5.5.7 and Lemma 5.5.8, we have

NL(Hp) N NL(HQ) = NT(HQ) N NT(Hp) <RnN NT(Hp) <RnN NL(Hp) = NR(Hp),

since T, R < L. So Z|7(Ny(H,) N Ny (Hz)) = E(Np(H,) N N (Ha)) < Z(Ng(H,)).

>: Let ! € Ng(H,). Then Z|;'(Z(1)) is an element of T’ normalising H,,. So it remains
to show that Z|7'(Z(1)) normalises Ho.

By Lemma 5.5.8, R = (Nr(H2),G). As Ker(2) = G by Part 3 of Lemma 5.1.13, we
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have E‘T(NT(HQ)) = E(NT(HQ)) = E(R) So
2l (E() € Elp (B(R)) = Nr(Ha).
O

Therefore, to compute the normaliser Ng, (H) of H < S), in class InB(Dy,), we do

as follows.
1. Compute the Sylow p-subgroup H), of H and a Sylow 2-subgroup H> of H.
2. Let T be as in Notation 5.5.5. Compute Ngyuyr)(Ha|r) using Algorithm 6.

3. Let 6 be as in Lemma 5.5.8 and let

R = <NSym(Q1)(Hp’91)7 NSym(Qz)(Hp|Qz)7 s 7NSym(Qk)(HP’Qk)7 Im(@))
Compute N (Hp) using backtrack search (Algorithm 6).

4. Compute Np(H,) N Np(H3) as in Lemma 5.5.9. Then by Proposition 5.5.6,
Ns, (H) = (NL(Hp) N NL(Hz), H).

Note that by Proposition 2.1.18, Step 1 can be computed in polynomial time. Note
also that by Parts 8 and 9 of Theorem 2.1.9, Step 4 can be computed in polynomial

time.

5.6 Results

5.6.1 Normalisers of H € In3(C))

We compare the performance of computing Ng, (H) for H < S, in class In®B(C)), using
Algorithm 6 and using the GAP function NORMALIZER.

In our experiments we considered groups H < Sy in class In3(C,) as in Defini-
tion 5.1.2 that are isomorphic to 05/2, for p =2,3,5,7,11. We generate these instances
by populating the entries of a k/2 x k matrix with random elements of I,. If the rank
of M is not k/2, we rerun the generation.

For each value of p and for each value of k, we create 10 instances of H and compute
Ng, (H) using both the function in GAP? and our new algorithm. Each computation
is run with a 10 minute time limit. We report the median, lower quartile and upper
quartile time (in seconds) to compute Ng, (H) in Figure 5.1.

The results (Figure 5.1) show that the new algorithm performs faster than the one

implemented in GAP. We can also compute the normaliser of groups with a much higher

2There are some runtime gain by instead computing Nz (H), where L = (Cp 1 Cp—1) 1 S is as in
Proposition 5.1.8, or even by computing N;(H) where J & 5,1 Sk, is a subgroup of S,, which permutes
the H-orbits. For simplicity, we compute Ng,, (H) in our experiments.
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degree within the 10 minute limit. Many groups whose normalisers previously could
not be computed in 10 minutes can now be computed in less than 0.1s.

Next we compare the performance of computing Ng, (H) for H < S, in class
InP(C,) using the methods described in Proposition 5.2.3 and Theorem 5.2.22 re-
spectively.

The results are shown in Figure 5.2, where FULLSEARCH refers to the algorithm
described in Section 3.3. To obtain complexity 90} log (%)), LIMITDEPTH is a combina-
tion of methods of Proposition 5.2.3 and Theorem 5.2.22. The algorithm is as follows.
Let H € JnwB(Cp) and let m = dim~y(H). As in Algorithm 6, we perform backtrack
search in K. At a node at depth m, we iterate over all (p — 1)™ combination of (Ir;)™,
as in Proposition 5.2.3. If we succeed in finding a normalising element g € Ng, (H),
we update N as (N, g), else we backtrack. Results (Figure 5.2) show that even though
FULLSEARCH has a worse worst case complexity, it performs much better than LiMIT-

DEPTH in practice, especially when p or m are large.

p m FULLSEARCH LIMITDEPTH p m FULLSEARCH LIMITDEPTH
5 4 0.11 0.125 2 6 0.125 0.125

5 6 0.4765 0.625 3 6 0.2655 0.297

5 8 3.0625 2.953 7 6 0.9605 12.0235

5 10 8.2415 65.75 11 6 5.453 »600

Figure 5.2: Median times (in seconds) of computing Ng, (H) of 10 random H < Sy, in
class InP(C)p) with 20 orbits and dim y(H) = m, using LIMITDEPTH and FULLSEARCH.

5.6.2 Normalisers of H € JnP3(Dy,)

Lastly we compare the performance of computing Ng, (H) for H < S, in class Jn(Dsp),
using the methods described in Section 5.5 and using the GAP function NORMALIZER.

We consider H < Sy, in class In3(Ds,) as in Notation 5.5.1, for p = 3,5,7,11. By
Part 2 of Lemma 5.5.3, H is a product of a subdirect product of C§ and a subdirect
product of C’Z]f. We generate H by generating these subdirect products that are isomor-
phic to C’; /2 and C’;.f/ 2 respectively, using the method described in Section 5.6.1. The
rest of the experiment works the same as that in Section 5.6.1.

The results (Figure 5.3) show that the new algorithm generally performs better than
the one implemented in GAP, only slightly losing in small cases. As in Section 5.6.2,
we can now compute the normalisers of much bigger groups than we previously could.
Many groups whose normalisers could not previously be computed in 10 minutes can
now be computed in less than 0.1s. The algorithm is also very consistent, as the upper

and lower quartiles are very close to the median times.
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Chapter 6

Normalisers of Groups In Class
InB(T') for T Non-abelian Simple

Let T < 5, be a transitive non-abelian simple group. In this chapter, we consider
H < S, for H € 3nB(T). The main result of this chapter is to prove that the normaliser
Ng, (H) can be computed in polynomial time. Recall from Chapter 2 that we measure

complexity in terms of n. So, the main theorem is:

Theorem 6.0.1. Let T' < Sy, be transitive and non-abelian simple. Let H = (X) < S,
be in the class InP(T). Then Ng, (H) can be computed in time polynomial in | X|n.

Since we are also interested in a practical algorithm, we will present an efficient
polynomial time algorithm to compute Ng,(H) for H € InB(T"). Additionally, we
extend our result to give a fast algorithm to compute Ng, (H) for H € InB(S,,) where
5 < m #6.

The structure of the chapter is as follows. In Section 6.1, we present some polynomial
time results we shall use in later sections. In Section 6.2, we analyse the structure of H.
In Section 6.3, we prove Theorem 6.0.1. In Section 6.4, we further analyse the normaliser
Ng, (H), which will give a better implemented algorithm for computing Ng, (H). In
Section 6.5, we present an algorithm to compute Ng, (H) using results in Section 6.4.
Let m be an integer such that 5 < m # 6. In Section 6.6, we show that the normaliser
Ng, (H) for H < S, in class JnB(S,,) can be computed using the normalisers of two
subgroups in classes Jn3(A,,) and InP(Cs) respectively. In Section 6.7, we present the

runtimes of our algorithms against the existing implementation in GAP.

6.1 Polynomial time library

In this section, we present some polynomial-time results we will be using later in the
chapter.
We shall assume that all groups are given by their generating sets. By Theorem 2.1.1,

we further assume that the generating set of a group G < S, has size at most m. By

111
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Parts 4 to 6 of Theorem 2.1.9, we can check if a map defined on generators extends to
a homomorphism, isomorphism or automorphism in polynomial time. Hence, for the
rest of this chapter, all homomorphisms (including isomorphisms and automorphisms)
will be given by the images of a generating set of the domain group under the homo-
morphism.

We start with polynomial time simplicity test of permutation groups. Since the
abelian simple groups are regular cyclic groups and calculating the size of a permutation
group can be done in polynomial time (Part 1 of Theorem 2.1.9), we can also detect

non-abelian simple groups in polynomial time.

Lemma 6.1.1 (|[BKL83, Theorem 5.1]). Let T = (X) < S,,. Then in polynomial
time, we can decide if T is simple. Hence, in polynomial time, we can decide if T is

non-abelian simple.

Next, we give a polynomial bound on the size of the outer automorphism group of
a non-abelian simple group. Guralnick et al. give a stronger result in [GMP17], but the

following simplified version is sufficient for polynomial-time arguments.

Lemma 6.1.2 (|GMP17]). Let T be a non-abelian simple group with a non-trivial per-
mutation representation of degree m. Then |Out(T)| < 2/m.

We will frequently assume that we have a library of standard copies of permuta-
tion representations of non-abelian simple groups. The library stores one permutation

representation for each simple group S.

Remark 6.1.3. For each group S in a library of standard copies of permutation repre-
sentations of non-abelian simple groups, we assume that the following information is

known:
1. a pair of elements g, h € S such that S = (g, h),
2. the size |S]|,

3. a right transversal R of Inn(S) in Aut(S), where each w € R is given by the

images of g and h under w.

The following paraphrased theorem gives polynomial-time isomorphisms between

sufficiently large simple groups.

Lemma 6.1.4 ([Kan85, Theorem 9.1]). There exists a polynomial time algorithm which,
given a simple subgroup T < Sy, such that |T| > m®, computes a ‘natural’ representation
of T'. Hence, assuming that we have a library of standard non-abelian simple groups as
described in Remark 6.1.3, we can construct an isomorphism between T and a standard

copy S in time polynomial in m.

For smaller simple groups T, we can construct an isomorphism between 7" and its

standard copy via the following lemma.
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Lemma 6.1.5. Let T < S,,, be a non-abelian simple group such that |T'| < m8. Assume
that we have a library of standard copies of non-abelian simple groups, as described in
Remark 6.1.5. Then we can construct an isomorphism between T and a standard copy

S in time polynomial in m.

Proof. We first compute the order of 7', which can be done in polynomial time (see
Part 1 of Theorem 2.1.9). By [Art55], all finite simple groups have distinct orders apart

from:
(a) Ag = PSL4(2) and PSL3(4), which have order 20160, and
(b) PQap+1(q) and PSpa,(q) for each odd prime power g and all n > 3.

So we can identify at most 2 candidates for S. It is well known that all simple groups
are 2-generated. For each candidate S, let s and t be the generators of the standard
copy of S.

For each pair g,h € T', let ¢y, : T — S be a map defined by g — s and h + ¢. Then
T = S if and only if there exists g,h € T such that ¢4 is an isomorphism. That is,
there exists g, h € T such that (g, h) = T and the map ¢, extends to a homomorphism.
We shall consider all pairs g, h € T. We check the first assertion by checking if |(g, h)| =
|T|, which can be done in polynomial time, by Part 1 of Theorem 2.1.9. Since (g, h) < T,
this implies that (g, h) = T. By Part 4 of Theorem 2.1.9, deciding if ¢4 extends to a
homomorphism can be decided in polynomial time.

Since we consider at most 2|T|? maps and |T| < m®, the algorithm runs in polynomial

time. O

Hence, we can obtain an isomorphism between a given non-abelian simple group 7°
and a standard copy S in polynomial time. Therefore, given two non-abelian simple
groups 11 and T5, we can decide if 77 = T5 in polynomial time by checking if their
respective standard copies S7 and S; are the same. Furthermore, if 77 and 75 are
isomorphic non-abelian simple groups, we can obtain an isomorphism ¢ : 77 — 715 in
polynomial time by first obtaining isomorphisms ¢; : 77 — 57 and ¢9 : T — S, and
then ¢ = p15 "

Corollary 6.1.6. Let Ty = (X) and To = (Y) be non-abelian simple groups in S,.
Then in polynomial time, we can decide if T1 = Ts, and if they are, give an isomorphism

between them.

As discussed in Remark 6.1.3, we assume that the outer automorphisms Out(S) of
each group S in the library of standard non-abelian simple groups can be listed as a
set of coset representatives. For m > 5 and m # 6, we have that Out(A,,) = Ca, and
Out(Ag) = Vy, the Klein four group. For the outer automorphisms of simple groups of
Lie type, see [Car72, Chapter 12|. For the outer automorphisms of the sporadic simple

groups, see [Lyoll].
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Lemma 6.1.7. Let T = (X) < S, be given. Suppose that we have constructed an
isomorphism between T and a standard copy S. Then a transversal R of Inn(T) in
Aut(T) can be obtained in polynomial time. Since R C Aut(T), each element o € R of

the transversal is given by the images of the generating set X of T under .

Recall from Lemma 2.1.19 that we can decide if a given isomorphism is induced by
conjugation in polynomial time. This is an important lemma for this chapter and will

be used repeatedly in different contexts throughout the chapter.

6.2 Structure of subdirect products of T*

Let T' < S), be a transitive non-abelian simple group. In this section, we analyse the
structure of H € InPB(T). In particular, we show in Proposition 6.2.4 that H is a
disjoint direct product of subgroups isomorphic to T

We start by fixing some notation.

Notation 6.2.1. Let Q1,Qs, ..., Q be the orbits of H. Let Q = Ule(li ={1,2,...,n},

where n = mk.

Recall the notation from Corollary 1.4.4. Since each H|q, = T is simple, the IV; must
be either 1 or H|q,. We now prove a result we shall use in the proof of Proposition 6.2.4.
Recall the definition of projection maps in Notation 1.2.4, and recall that we denote
{1,2,...,i} by i.

Lemma 6.2.2. LetI'1, 'y, ..., I, be pairwise disjoint subsets of Q such that Q = U;_T';.
For each 1 < i <, let T; be a subgroup of Sym(Q2) with support T'; such that T; = T. Let
A < Sym(Q) be the group A =T1Ts...T,. Let N be a normal subgroup of A with index
|T|. Then there exists a unique 1 < i < k such that N is the kernel of the projection of
A onto 'y, and so N =TT ... T;_1Ti1Tiys ... T

Proof. Let 1 < j < k. Then T; = T is a minimal normal subgroup of A. By
Lemma 1.3.2, either T; < N or (T}, N) = T; x N. If the latter is true then (T}, N)
is a subgroup of A with size |T'|" and so is the group A. Since T; and N have trivial
intersection, they commute. So N =TT ... 1 1111742 ...T,. We show that there
exists a unique 1 < i < k such that (T;, N) = A.

For the proof of existence, aiming for a contradiction, suppose that there does not exist
1 <4 < k such that (T, N) = A. Then for all 1 < j <k, we have T; < N. Then since
A=TT,...T., we have A < N, which is a contradiction.

For the proof of uniqueness, suppose that that there exist distinct ¢ and j such that
(I;,N) = A and (T;,N) = A. By the observation in the opening paragraph, N =
TTy... Ti1Tit1Tip2 ... Ty and so Tj < N. Then (Tj, N) = N # A, which is a contra-
diction. O
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Next, we shall prove the main result of this section. To avoid confusing notation,
we will denote the direct product of groups by X. For disjoint sets I'y and I'y, we shall
consider subgroups of Sym(I';) x Sym(I'z) as subgroups of Sym(I'y UT').

Notation 6.2.3. Let A C Q be the union of some H-orbits. We denote by H|a X 1o\
the subgroup A of Sym(2) with support A such that A|an = H|a.

Proposition 6.2.4. Let T' < S, be a transitive non-abelian simple group and let H €
InB(T). Then there exists a partition P == (Cy | Cy | ... | Cp) of {1,2,...,k} such
that by letting I'; = Ujec, 25 for all 1 <i <, we have

1. Hp, 2T forall1 <i<r, and

2. H=Hlp, x H|p, X ... x H|p,, where the action of the direct product is on the
disjoint union of the supports of the direct factors, and so H = T".

Proof. We proceed by induction on k. If k =1 then P = (1) and H = H|p, = T = T*.
Let A be the set UF—'Q;. For the inductive step, let Py_y == (C1 | C2 | ... | C;) be the
partition of {1,2,...,k — 1} and let I'; = Uje,2; for all 1 < i <r be such that

Hlp, =T forall1<i<rand Hpo=H|p, xH|p, X...x H|r,,

where we identify the direct product as the corresponding subgroup of Sym(A). Observe
that for each 1 <4 < r, the group H|r, X La\r, is a subgroup of H|a. Using the notation
of Corollary 1.4.4, since N, I H|q, = T, either N, =1 or N, = Hlq,.

Suppose first that Ny = H|g,. Then by Part 1 of Corollary 1.4.6, H = H|a x Nj.
Then by letting Cr41 = {k} and P == (Cy | Ca | ... | Cr41), conditions (1) and (2) are
satisfied.

Suppose now that N = 1 and take Ry, = H|q,. Then by the first isomorphism theorem,

[Ker(0r-1)| = |(H]a)|/Tm(0p-1)| = T,

So Ker(f;_1) is a normal subgroup of H|a = T" of index |T|. By Lemma 6.2.2, there

exists a unique 1 < s < r such that

Ker(@k_l) = >< H|1"]. X 11’*S = H|A\Fs X 11’*5,
1<j<r, j#s

and so 0_1 (H|A\Fs X 1{‘5) = 1. Then by the definition of ¢;_1, we have
¢e—1 (Hlar, ¥ 1r,) = H|a\r,  1r,u0, -

Let S = 1a\r, X H|r,. Since Op_1(H|a) # 1 and H|an = H|a\r, X H|r,, we have
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Or—1 (S) # 1. By the definition of @)1, we have

or—1(5)

{h[abi(h|a) | hla € S}
{(hlahla,) | hla € S}

= Hlr,uo, X 1a\r,-

So, by Corollary 1.4.4, since N = 1, we have

H = ¢p1(H|a) =or—1 (H|ar, % 1r,) (9))
= (pr—1 (H|a\r, X 1r,) , or—1(9)).

Since H|a\r, X 1r, and S commute, their images under o1 also commute, so

H = (H|a\r, X 1Ir,ua,)(1avr, X Hlr,uo,) = X Hlr; | X Hlr,uay,
1<j<r, j#s

where we identify the direct product as a subgroup of Sym(2). Let P be the partition
of {1,2,...,k} consisting of cell Cs U {k} and all other cells C; for all 1 < j < r such
that j # s. Then Condition (2) is satisfied. Clearly, H|r, = T for all 1 < j < r such
that j # s. By Corollary 1.4.4, the restriction of 6;_1 to S is a homomorphism. Since
S 2T = 0,_1(5), it is an isomorphism. So, the restriction of p;_1 to S is also an

isomorphism. Then H|r,uq, = ¢k—1(5) = T, and so condition (1) is also satisfied. [

Before we prove the polynomial time result in Lemma 6.2.8, we highlight a few
corollaries of Proposition 6.2.4. We start by showing that each H|r, is a diagonal
subgroup of TICl.

Lemma 6.2.5. Suppose that H = T. Then for each 2 < i < k, there exists an
isomorphism ; : H|q, — H|q, such that hlq, = 1i(h|q,) for allh € H.
Therefore, for all h € H, by considering the Sym(€;) as subgroups of Sym(2) via the

natural inclusion maps, we have h = h|q, H?:z Yi(hla,).

Proof. Let 1 < ¢ < k. Then since H = T = H|qg,, the projection map m; : H —
H|q, defined by h +— h|q, is an isomorphism. Let ¢; : H|q, — Hlq, be defined by
Vi(hla,) = mi(n7 (|, )) for all h € H. Then ¢; : H|q, — H|g, is an isomorphism and
Gilhlay) = mi(h) = hla,. 0
Notation 6.2.6. Let T be as in Notation 6.4.1. Denote by Ng_(T) the subgroup of
Aut(T) induced by Ng,, (T).

Recall =, from Definition 2.1.10. The order of Ng, (T') can be used to bound the

number of equivalence classes of =,,.
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Lemma 6.2.7. Let T < S, be a transitive and non-abelian simple group. Suppose that

|Aut(T)|/|Ns,,(T)| = t. Let U € InP(T") such that U = T. Then the U-orbits are

partitioned into at most t equivalence classes by =,.

Proof. For this proof, we will be writing maps on the right. Let Q1,Q9,...,Q be
the orbits of U and let I' = Supp(T) = {1,2,...,m}. We identify T" and Ul|gq, for
all 1 < i < k as a subgroups Sym(I" U €;). By Proposition 1.1.7, for all 1 < i < k,
there exists d; € Sym(T' U ;) such that T% = Ulg,. By Lemma 6.2.5, there exist
Vi Ulg, = Ulg, for all 2 < i < k such that for all u € U, we have ulg, = (u|a, ).
Then for all 1 < ¢ < k, the map f3; defined by 7 — ((Tdi)q/)i’l)dfl is an automorphism
of T. Let 1 <1i,j < k. We show that if 5;Ng, (T) = B;Ns,,(T), then Q; =, 5, from
which the result shall follow.

We have ﬁzﬂj_l € Ng,,(T) and so T B8 = ((Tdi)wi_lt/)j)d;l is induced by conju-
gation in S,,. Then v, 11/1]- is an isomorphism induced by conjugation in Sym(£2; U Q;)
such that (u\gi)¢;1¢j = ulq, for all w € U. By Lemma 2.1.12, ©; =, ;. O

Lastly, we show that the decomposition in Proposition 6.2.4 can be computed in

polynomial time.

Lemma 6.2.8. Let H = (X) < S,,. Assume that H is known to be in the class InB(T")
for some non-abelian simple group T. Then in polynomial time, we can compute P

satisfying the conditions in Proposition 6.2./.

Proof. In this proof, we will identify the direct product of groups with disjoint supports
to be a subgroup in the symmetric group over the disjoint unions of the supports of the
direct factors. Let P = (C; | C2 | ... | Cy). As in Proposition 6.2.4, for all 1 < i <r,
let I'; = Ujec, ;. We shall show that H = H|p, x H|p, x ... x H|p, is the finest
disjoint direct product decomposition of H, from which the result shall follow from
Theorem 3.0.2.
Since the H|r, have disjoint supports, H = H|r, X H|p, X ... x H|p, is a disjoint direct
product of H. To show that it is the finest decomposition, aiming for a contradiction,
suppose that there exists 1 < i < r such that H|r, is d.d.p. decomposable. Then there
exists a non-trivial subset A C I'; such that H|r, = H|an X H|p,a. Then H|a x 1is a
non-trivial normal subgroup of H|p,. Since H|p, = T is simple, this is a contradiction.
O

6.3 Normalisers in polynomial time

The main objective of this section is to show that the normaliser Ng, (H) of H <
Sy for H € InB(T) can be computed in polynomial time. We shall also show in
Proposition 6.3.6 that in polynomial time, we can decide if a given permutation group
is in the class JnPB (7).
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Let U < S be non-abelian simple, that is not necessarily transitive. We start by
showing that Ng, (U) can be computed in time polynomial in ¢ [LM11]. Since the proof

of the result is short, we will include it here.

Proposition 6.3.1 ([LM11]). Let U = (X) < S; be a non-abelian simple group. As
in Lemma 6.1.7, assume that a transversal R of Inn(U) in Aut(U) is known, where
each element of R is defined by the images of X. Then Ng,(U) can be computed in

polynomial time in t.

Proof. Initialise Y as the empty set. For each w € R, by Lemma 2.1.19, in polynomial

Luz,, for all w € U, and

time, we can decide if there exists x,, € S; such that u* = z,
exhibit one such z, if it exists. If such a x,, exists, put in Y one such x,,. This procedure
is in polynomial time since by Lemma 6.1.2, |R| is polynomially bounded.

Then by Lemma 1.3.9, Ng,(U) = (Cs,(U),U,Y). By Theorem 2.1.16, Cs,(U) can be

computed in polynomial time, hence the result follows. O

Indeed, for A < S; with a polynomial bound on |Out(A)|, assuming that we have a
transversal of Inn(A) in Aut(A), the normaliser Ng,(A) can be computed in polynomial
time.

Now, let A; and Ay be disjoint sets. Let Uy and Us be subgroups of Sym(A;UAs2)
isomorphic to a non-abelian simple group 7. Let A; and As be supports of U; and
U, respectively. We shall show that, in polynomial time, we can decide if U; and U,
are conjugate in Sym(AjUAs). Recall from Corollary 6.1.6 that we can construct an
isomorphism ¢ : Uy — Us in polynomial time. We shall show that we can decide if Uy
and Us are conjugate in Sym(A; U Ag) by considering polynomialy many isomorphisms
between U; and Us.

Notation 6.3.2. Let A and B be groups and let ¢ : A — B be an isomorphism. For
a € Aut(A), let ¢ : A — B be the isomorphism defined by ¢,(a) = ¢(a®) for all
a€ A

Lemma 6.3.3. Let Ay and Ay be disjoint sets. Let A = (X) and B = (Y') be subgroups
of Sym(A1UA2) with supports Ay and Ag respectively. Let ¢ : A — B be an isomorphism.
Let R be a transversal of Inn(A) in Aut(A), where each element of R is defined by the
images of X. If A and B are conjugate in Sym(A; U Ag), then there exists w € R such
that ¢, is induced by conjugation in Sym(A; U Ag).

Proof. Assume that A and B are conjugate in Sym(A; U Ag) and let ¢ € Sym(A; U Ag)
be such that A° = B. Let o € Aut(A) be defined by ¢® = ¢~ 1(g¢) for all g € A. So,
there exist ¢ € Inn(A) and w € R such that o = we. We shall show that ¢, is induced
by conjugation in Sym(A; U As).
Let g € A. Then ¢,(g) = ¢(g*) = ¢(g™ ). Since 1= € Inn(A), there exists ¢’ € A
such that (¢%)* " = (¢®)¢". Then
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So ¢, is induced by the conjugation of c¢¢(g') € Sym(A; U Ag). O

Proposition 6.3.4. Let Ay and Ay be disjoint sets. Let Uy = (X) and Uz = (Y) be
subgroups of Sym(AqUAg) with supports Ay and As respectively. Let T' be a non-abelian
simple group. Assume that we have an isomorphism 1y : Uy — T, defined by the images
of each x € X. Assume further that we have a transversal R of Inn(Uy) in Aut(Uy),
where each w € R is defined by the images of each x € X. Then in time polynomial in
|A1 UAz|, we can decide if there ezists ¢ € Sym(A; UAg) such that Uf = Us, and if such

a ¢ exists, output c.

Proof. By Corollary 6.1.6, in polynomial time, we can construct an isomorphism ¢ :
Uy — Us,. For each w € R, using Lemma 2.1.19, we decide (and exhibit, if possible) if
there exists ¢ € Sym(A; UAsg) such that ¢,, is induced by the conjugation of ¢. If none of
the ¢, is induced by a conjugation, then by Lemma 6.3.3, U; and Us are not conjugate
in Sym(A; U Ag). Otherwise, we find ¢ € Sym(A; U Ag) such that U = ¢, (Uy) = Us.

Then the polynomial time result follows from Lemmas 2.1.19 and 6.1.2. O
Finally, we shall show that given H = (X) < S,,, in polynomial time, we can
1. decide if H € InPB(T) for some transitive non-abelian simple group 7', and
2. if it is, compute Ng, (H).

We shall start with the first assertion. A useful corollary of Proposition 6.3.4 is that
we can decide if two non-abelian simple groups are permutation isomorphic, and hence

deciding if H € InPB(T') can be done in polynomial time.

Lemma 6.3.5. Let A= (X) < S, and B = (Y) < S, be non-abelian simple. Assume
that we have a library of standard copies of non-abelian simple groups, as described in
Remark 6.1.3. Then in polynomial time, we can decide if A is permutation isomorphic
to B, and if they are, output ¢ € Sy, such that A° = B.

Proof. By Corollary 6.1.6, in polynomial time, we can construct isomorphisms ¢; and
¢o from A and B respectively to their respective standard copy S and S’. If § = 5,
then A= B, and ¢1¢, !'is an isomorphism between A and B. By Proposition 1.1.7, A
is permutation isomorphic to B if and only if A and B are conjugate in S,,. Then the

result follows from Proposition 6.3.4. 0

Proposition 6.3.6. Let H = (X) < S,,. Then in polynomial time, we can decide if
there exists a transitive non-abelian simple group S < Sym(§1) such that H € InB(S),
and if so, output S.

Proof. First, we compute the orbits Q1,9, ..., of H, which can be done in polyno-
mial time by Proposition 2.1.2. Then there exists a transitive non-abelian simple group
S such that H € JnB(S) if and only if H|q, is non-abelian simple and for all 1 <14 < k,

we have H|q, is permutation isomorphic to Hlq,.



120 Chapter 6: Normalisers of Groups In Class InJ3(T)

The H|q, can be computed in polynomial time. By Lemma 6.1.1, we can check if H|q,
is non-abelian simple in polynomial time. Let 2 < i < k. Then by embedding H|q,
and H|q, in Sym(€; U);) in the most natural way and Lemma 6.3.5, we can decide if
H|q, is permutation isomorphic to H|q, in polynomial time. Since we consider at most

k — 1 < n pairs of groups, the result follows. O

Now, we return to H € In3(T") for a transitive non-abelian simple group 7' < Sy,

and prove the main theorem of this chapter.

Theorem 6.3.7. Let H = (X) < S, be such that H € InP(T) for some transitive

non-abelian simple group T. Then Ng, (H) can be computed in polynomial time.

Proof. By Proposition 6.3.6, in polynomial time, we can find the transitive non-abelian
simple group 7" such that H € InB(T).

To compute Ng (H), we first compute a partition P = (C; | Cy | ... | C)) as in
Proposition 6.2.4. By Lemma 6.2.8, this partition can be computed in polynomial time.
For each 1 <i <7, let I'; = Ujec,§2j. So now we have H = H|r, x H|p, x ... x H|r,,
where we identify the direct product with the corresponding subgroup in the symmetric
group over the disjoint union of the supports of the direct factors. By Proposition 4.2.6,
N, (H) can be computed by computing the Ngyy(r,)(H|r;) for all 1 <4 < r and the
cij € Sym(I'; UT;) such that (H|r,)% = H|r, for all 1 < 4,5 < k such that i # j, if
such c;; exists.

Let 1 <4 < 7. By Proposition 6.3.1, since H|r, is non-abelian simple, Ngyyr,)(H|r;)
can be computed time polynomial in |I';|. Since |I';| < n and r < k < n, the normalisers
Ngym(r,)(H|r,) for all 1 <4 < r can be computed in polynomial time.

Let 1 < 4,5 <r such that i # j. By Proposition 6.3.4, in time polynomial in |I'; U T},
we can decide if there exists ¢;; € Sym(I'; UT';) such that (H|r,) = H|r,, and output
cij if it exists. Since |T; UT;| < n and we consider r? pairs of orbits, all such ¢;; can be

computed in polynomial time. ]

Hence, complexity-wise, the normaliser Ng, (H) of H < S,, where H € In3(T) for
some transitive non-abelian simple group T’ can be computed in polynomial time. Next,
we will focus on obtaining a polynomial time algorithm for computing Ng, (H) which

runs efficiently in practice.

6.4 Isomorphisms induced by conjugations

In this section, we give an alternative way of deciding if an isomorphism ¢ between
non-abelian simple groups H; and H; with supports A; and A; respectively is induced
by conjugation in Sym(A; UAj). We need not assume that A; and A; are disjoint or
that H; # H;. Note that here we are considering a special case of Lemma 2.1.19, where

the domain and the image of the isomorphism are non-abelian simple. The focus of this
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section will not be on the complexity, but instead, we aim to build the mathematical

framework for the implemented algorithm which we shall describe in Section 6.5.

For the rest of the section, we shall adopt the following notation and assumptions.

Notation 6.4.1. Let I' = {1,2,...,m}, and let T" < Sym(I"). Let H < Sym(f2) be a
group in InP(T).

Let H = Hy x Hy x ... x H, be the finest disjoint direct product decomposition of H.
For all 1 <i <7, let A; = Supp(H;), and so Q = U;_; A;.

Further assume the H; have the same number of orbits s, and let {A;1, Ao, ..., Ais}
be the orbits of H; for each 1 <7 < r.

For all 1 < a <s, let H;, denote H|a,,, and for all h; € H;, let h;, denote hi|a,, .

ia’

We will be writing maps on the right. We will also be taking the natural inclusion
map of Sym(7) into Sym(J) for all subsets I C J. Our goal is to decide if a given
isomorphism ¢ : H; — H; is induced by conjugation in Sym(A; U A;) and exhibit an
element giving rise to such conjugation, should it exist.

When computing the normalisers Ng, (H) using Theorem 6.3.7, we find that the
slowest part is determining if an isomorphism ¢ : H; — H; is induced by conjugation in
Sym(A; U Aj). Determining this using the procedure described in Lemma 2.1.19 gives
time polynomial in 2sm. In this section, we see how we can improve this. We require
some preprocessing consisting of polynomially many applications of Lemma 2.1.19 for
isomorphism between groups of degree m, which has time polynomial in 2m. However,
as we will see in Table 6.2, this gives significant improvement in terms of computation
time, where the speedups are more evident as s gets larger.

The improvement made is by first testing if the given isomorphism is induced by
conjugation using Proposition 6.4.3. For each 1 < ¢ < rand 1 < a < s, we will
associate the H;-orbit A;, with an automorphism w;, of T. We will also associate the
isomorphism ¢ with an automorphism g of T'. We will see how we use these w;, and 3
to decide if ¢ is induced by conjugation in Proposition 6.4.3. First, we define and give

certain properties of the w;, and 3.

Lemma 6.4.2. Let1 <i,5 <r and ¢ : H; — H;j be an isomorphism. For alll < a <'s,
let diq € Sym(T'U A;,) such that T%a = Hy,, and let 6;q : T — H,q be the isomorphism
mduced by the conjugation of diq. For all 1 < a < s, let ¢;q : Hi1 — H;q be the
isomorphism defined by hiq = (hi1)Yia for all hy € H;, and let ¢q : Hiq — Hj, be the
isomorphism defined by (hia)$a = ((hi)®)|a,, for all h; € H;.

1. Let wyp =1 € Aut(T) and let wiq == i1¢ia57;11 € Aut(T) for all2 < a <s. Then
for all h; € H;, we have h;q = (hﬂ)éi—llwmém.

2. Let B = 6i1¢15;11 € Aut(T). Then for all 1 < a < s and h; € H;, we have
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(hm)¢a = (hﬂ)di_llﬁwjaéja, and so
k

(hi)p = [ [ (hir)d;;" Bwjabia-

a=1

Proof. Part 1: Let h; € H;. Then (hﬂ)éi_llwiaém = (hi1)Yia = hia-
Part 2: Let h; € H;. If a =1, then, since wj; = 1, we have

(hi1)0;1" Bwjabja = (hin)d;1 (6116165, )165a = (hir)1.
Suppose now that a # 1. Let hj = (h;)¢ € Hj, so (hiq)$q = hjq. Then
(hi1)é;1" Bwjabja = (hir)b;y" (616105, )wjabja = (hi1) 9105, Wjadja = (hj1)8;) Wjabja-

By Part 1, (hjl)éj_lleaéja = hjq. The last assertion follows from the observation that

(hi) =TTy (hia) fa- 0

Recall Ng, (T') from Notation 6.2.6. We will decide if ¢ is induced by conjugation

by comparing certain cosets of Ng,_ (7') in Aut(T"), where the coset representatives are

constructed from the wj, and 8 defined in Lemma 6.4.2.

Proposition 6.4.3. Let 1 < i,5 <, and let H; and H; be as in Notation 6.4.1. Let
¢ : H; — Hj be an isomorphism. Let B and wy, for all1 <1 <7 and1 < a < s be as
in Lemma 6.4.2. Then ¢ is induced by a conjugation in Sym(A; U A;) if and only if,

as multisets,

{wiaNs,,(T) |1 < a < s} ={pw;aNs,,(T) |1 < a < s}

Furthermore, if ¢ is induced by a conjugation of g € Sym(A; UA;), then g maps Qiq to

Qjp only if wiaNs,, (T') = BwjNs,, (T).

Proof. Let A be a set of size |A;| disjoint from Aj, and let d € Sym(A; U A) be an
involution such that A? = A. Consider A = {h;((h;)¢)? | h; € H;}, which has orbits
{Aig|1<a< S}U{A?a | 1 <a<s}. By Lemma 2.1.19, ¢ is induced by a conjugation
in Sym(A; U A;) if and only if there exists a bijection v : {Ajq | 1 < a < s} — {A?a
1 < a < s} such that for all 1 < a < s, the A-orbits A;, and (A;,)y are equivalent. We
show that A-orbits A;, and A?b are equivalent if and only if wiam = /Bwﬂ,m,
from which the result follows.

=: Let §, forall 1 <[ <rand1l<a<sbeasinLemma 64.2. Let t € T. Since
(T)dia = Hi|a,,, there exists h; € H; such that hy = (t)d;1. Let hy = (hy)¢ € Hj,
SO hih? is an element of A. By the forward implication of Lemma 2.1.12, there exists
g € Sym(A;, U A;lb) such that h;,9 = h;lb. By Part 1 of Lemma 6.4.2,

il)

hia? = ((hi1)0;; wiadia)? = ((H)wiabia)?,
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and since hj, = (hip)dp, using Part 2 of Lemma 6.4.2,

hy = ((hin)8;1' Bwjpde)? = (1) Bw;pdin)”.

So (t)wia and (t)Bwjp, are conjugate in Sym(I'). Hence w;qNs,, (1) = Bw;pNs,, (T).
<: We shall show that A;, =, A;lb using the backward implication of Lemma 2.1.12.

Let v € Ng, (T). Since wiuNs,, (T) = Bw;pNs,, (T), there exists v/ € Ng, (T) such
that wi,v = Pw;pr’. Consider the isomorphism 5i_alw/*15jb from Hj, to Hj,. Then
there exists ¢ € Sym(A;, U Ajp) inducing the isomorphism 5;Lluy’_15jb. Let g be the
involution in Sym(A;, U Aj) such that 69 = ¢ for all § € Aj,. We will show that
for all h; € H; and h; = (h;)¢ € Hj, we have (hm)gd = hjbd. Since hih;l € A, by
Lemma 2.1.12, A;q =, A?b-

Let h; € H; and hj :== (h;)¢ € H;. Then

(hia)éi;lw/*léjb = hi1)5i_11wm5m(5;b11/1/*1(5jb by Part 1 of Lemma 6.4.2
= (hil)éi_llwial/vlil(sj'b
= (hil)(si_llﬁwjbéjb since WigV = ,Bwjbyl

= hjy, by Part 2 of Lemma 6.4.2.

Therefore h; 9% = h]-bd. O

Lastly, we give corollaries for the cases when |Aut(T") : Ng,, (T')| < 2, which can be
used to create faster algorithms, as we do not need to compare of cosets of Ng,_(T") in
Aut(T), as in Proposition 6.4.3.

Corollary 6.4.4. Suppose that Aut(T) = Ng, (T). Let U,U" € TnRB(T) such that
Ux2U 2T. Then U and U’ are conjugate in Sym(Supp(U) U Supp(U")) if and only
if the number of orbits of U is equal to the number of orbits of U’.

Proof. By Lemma 6.2.7, all orbits of U are equivalent. Similarly, all orbits of U’ are

equivalent. The result then follows from Proposition 6.4.3. O

Corollary 6.4.5. Suppose that |Aut(T) : Ng, (T)| < 2. Let U,U" € InP(T) such
that Uy = Uy =2 T. Then all isomorphisms ¢ : U — U’ are induced by conjugation in
Sym(Supp(Ur) U Supp(Uz)) if and only if one of the following holds:

1. U and U’ have the same number of orbits, all of which are equivalent.

2. Each of U and U’ has two equivalence classes under =,, where all the classes have

the same size.

Proof. <: If Part 1 holds, then the result follows from Proposition 6.4.3. Suppose now
that Part 2 holds. Since Aut(7)/Ng,,(T) forms a group, S € Aut(7T) permutes the
cosets of Ng, (T') in Aut(7T). So the results follows from Proposition 6.4.3.

=: By Lemma 6.2.7, each of U and U’ has at most two equivalence classes under =,.
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Since B € Aut(T) either fixes or swaps the cosets of Ng, (T'), the sizes of the equivalence

classes under =, of U and U’ must be the same. O

6.5 Algorithm

In this section, we present an algorithm for computing the normaliser Ng, (H) for H <
Sy, where H is in class In3(T"). We show that Algorithm 11 computes the normaliser
Ng, (H) and runs in polynomial time. In Section 6.7, we will show its performance in
practice.

Algorithm 11 uses the procedure in Algorithm 12. We first show that the procedure is
correct and runs in polynomial time. Note that Algorithm 12 is an alternative algorithm
of the procedure described in Lemma 2.1.19 to decide if an isomorphism between non-

abelian simple groups is induced by conjugation, and uses results in Section 6.4.

Lemma 6.5.1. Algorithm 12 is correct and runs in polynomial time.

Proof. Let ¢ : H; — H; be an isomorphism. Let S be a left transversal of Ng, (T')
in Aut(7") and let the wj, be as in Lemma 6.4.2. We first prove the correctness of the
algorithm. Since conjugation preserves orbits, if the condition in line 2 holds, then ¢
is not induced by conjugation. Suppose otherwise. Then by Proposition 6.4.3, ¢ is
induced by conjugation in Sym(Supp(H;) U Supp(H;)) if and only if S; = S;. So the
algorithm is correct.

For the complexity result, by Proposition 2.1.2, the orbit structure of a group can be
computed in polynomial time. By Lemma 2.1.19, line 11 can be computed in polynomial
time. It remains to show that S; and S; can be computed in polynomial time.

We shall show that given w € Aut(T"), we can find o € S such that o Ng, (T') = wNg,, (T)

in polynomial time. We do so by considering all o € S and checking if 0 ~'w € Ng, (T).
1

That is, we check if the automorphism ¢~ w is induced by conjugation in S,,. By

Lemma 2.1.19, this can be decided in polynomial time. Since |Aut(7")|/|Ns,, (T)| =
|Out(T')| < |S], the size of S is polynomial in m. So we consider at most polynomially

many o € S and hence this procedure runs in polynomial time. O

Before we show that Algorithm 11 is correct and runs in polynomial time, we first
show that a left transversal of Ng_(7') in Aut(7") can be computed in polynomial time.
By Corollary 6.1.6 and Lemma 6.1.7, a transversal of Inn(T) in Aut(T") can be obtained

in polynomial time.

Lemma 6.5.2. Let T = (X) < S,,. Let R be a right transversal of Inn(T') in Aut(T),
where each element of R is defined by the images of X. Given X and R, in polynomial

time, we can compute a left transversal S of Ng, (T) in Aut(T'), where each element of
S is defined by the images of X.

Proof. Note that R~ := {w™! | w € R} forms a left transversal of Inn(T) in Aut(T).
Initialise S as the empty set {}. We compute S by considering all w € R~!, and add w
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Algorithm 11 Computing the normaliser Ng, (H) for H € Jn33(T)

Input: A generating set X of H < S, such that H € In3(T).
Output: Ng, (H).

1:

Find a non-abelian simple group 7" such that H € In3(T)
> using Proposition 6.3.6

2: Rp < right transversal of Inn(T') in Aut(7T) > see Lemma 6.1.7
3: S < left transversal of Ng, (T') in Aut(7T) > as in Lemma 6.5.2
4: Compute the H; such that H = Hy; x Ho X ... x H, is the finest disjoint direct

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:

24:
25:
26:
27:
28:
29:
30:
31:
32:
33:

product decomposition of H >so each H; 2T
For 1 <i <, let {A;1,A,...,A,} be the orbits of H;
Forall1<i<rand1l<a<s, find dj s.t. T%a = H|p,, ™ asin Lemma 6.3.5
Forall1<i<rand1l<a<s,letd;, and w;, be as in Lemma 6.4.2
Compute Cg, (H) as in Theorem 2.1.16
Initialise N = (H,Cg, (H))
for 1 <i<rdo
for i <j<rdo
if i # j then
Find an isomorphism ¢ : H; — H; > using Corollary 6.1.6
else
Let ¢ : H; — H; be the identity map
end if
R < transversal of Inn(H;) in Aut(H;) > see Lemma 6.1.7
for w € R do
Define isomorphism ¢, : H; — H; by h; — ¢(hY)
if ISCONJUGATORISOM(@W, S, {wia}lgagsia {w]'a}lgagsj) 75 FAIL then
if i # j then
g < ISCONJUGATORISOM (¢, S, {wia }1<a<s; {Wja}lgagsj)
¢ < involution in S,, with support Supp(H;)USupp(H;) such that
0¢ =469 for all § € A;

N «+ (N,¢)
break > Only one conjugating element needed
else
N + (N,IsCONJUGATORISOM(¢,,))
end if
end if
end for
end for
end for
return N




126 Chapter 6: Normalisers of Groups In Class InJ3(T)

Algorithm 12 Determine if a given isomorphism is induced by a conjugation
Input: Isomorphism ¢ : H; — Hj, defined by the images of the generators of H;; left
transversal S of Ng, (T') in Aut(7T); the wy, as in Lemma 6.4.2.
Output: If ¢ is not induced by conjugation in Sym(Supp(H;) U Supp(H;)), outputs
FAIL; Otherwise, outputs g € Sym(Supp(H;) U Supp(H;)) such that ¢(h;) = h{ for all
h; € H;.

1: procedure ISCONJUGATORISOM(¢, S, {wia }1<a<s;» {Wja}1<a<s;)

2: if number of orbits of H; # number of orbits of H; then

3: return FAIL
4: else
5: Let f € Aut(T') be as in Lemma 6.4.2
6: S; < multiset {0, € S s.t. 0,Ng,, (T) = wiaNs,, (T) |1 < a < s;}
7: S < multiset {0, € S s.t. 04 Ng,,(T) = Pw;aNs,,(T) |1 <a <s;}
8: if multisets S; # S; then
9: return FAIL > ¢ not induced by conjugation by Proposition 6.4.3
10: else
11: Find g € S,, with support Supp(H;) U Supp(H;) inducing ¢
> using Lemma 2.1.19
12: return g
13: end if

14: end if
15: end procedure

to S if there does not exists o € S such that oNg, (T) = wNg,, (T). To check that, we
check if w™lo € W That is, we check if w™'o is induced by conjugation in S,,.
By Lemma 2.1.19, this can be done in polynomial time.

Since we consider at most |R|? pairs of ¢ and w and |R|?> < 4m by Lemma 6.1.2, the

algorithm runs in polynomial time. O
Finally, we show that Algorithm 11 is correct and runs in polynomial time.
Theorem 6.5.3. Algorithm 11 computes Ng, (H) in polynomial time.

Proof. Let N be the output of Algorithm 11. We first show that N = Ng, (H) using
Proposition 4.2.6.

<: Since (H,Cg,(H)) < Ng,(H), it remains to show that lines 24 and 27 only
add normalising elements to N. Since ¢ is an isomorphism, by Lemma 6.5.1, the
function ISCONJUGATINGISOM outputs g € Sym(Supp(H;) U Supp(H;)) such that
(Hil supp(r;))? = Hjlsupp(m;)- i = j, then g € Ngyy(a,)(H;) and so by consider-
ing the natural inclusion of Sym(4;) in S,,, we have g € Ng, (H).

Suppose now that ¢ # j. Then c in line 23 conjugates H; to H; and H; to H;, and fixes
all other H, where a # i,j. Since H = Hy X Hy X ... x H,, we have ¢ € Ng, (H).

>: By Proposition 4.2.6, to show N > Ng, (H), it suffices to show that the following

conditions hold:

L. Ngym(supp(e:)) (Hi) € N forall 1 <i <.
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2. If H; and Hj are conjugate in Sym(Supp(H;)USupp(H;)), then there exists g € N
such that H = Hj.

For the first assertion, let 1 < ¢ = j < r. Then ¢ is the identity map, so the ¢, are

outer automorphisms of H;. Then by Lemma 6.5.1, N contains a set
{zy € Sym(Supp(H;)) | Vg € G such that g = ¢ for some w € R},

where R is a transversal of Inn(H;) in Aut(H;). Since H; < H and Cgym (supp(s,)) (Hi) <
Cs, (H), by Lemma 1.3.9, Ngym(Supp(n,))(Hi) S N.

For the latter assertion, let 1 < 4,5 < r where ¢ # j and H; and H; are conjugate
in Sym(Supp(H;) U Supp(H;)). By Lemma 6.3.3, there exists w € R such that ¢, is
induced by conjugation in Sym(Supp(H;) U Supp(H;)). The result then follows from
Lemma 6.5.1.

For the complexity claim, line 1 is polynomial by Proposition 6.3.6. By Lemma 6.1.7,
we get Rp in line 2 in polynomial time. By Lemma 6.5.2, S in line 3 can be computed
in polynomial time. We compute the finest disjoint direct product decomposition of
H using Algorithm 3, which runs in polynomial time by Theorem 3.0.2. By Proposi-
tion 2.1.2, computing the orbits of a group can be done in polynomial time, so line 5
runs in polynomial time. Since T and H;, are permutation isomorphic for all 1 < <7
and 1 < a < s;, and rs; < n?, by Lemma 6.3.5, the d;, in line 6 can be found in
polynomial time. By Theorem 2.1.16, Cg, (H) can be computed in polynomial time,
so line 8 runs in polynomial time. Lines 10 and 11 give polynomially many iterations
since r < k <n and s; < k < n. By Corollary 6.1.6, line 13 is in polynomial time. By
Lemma 6.1.7, we can obtain the R in line 17 in polynomial time. Lastly, line 20 is in

polynomial time by Lemma 6.5.1. O

6.6 Extension: Groups in class Jn3(S,,)

In this section, we present a new algorithm for computing the normaliser Ng, (H) of
H < S, for H € 3nPB(S,,), where m > 5 and m # 6. First, we set up the notation we

will use throughout the section.

Notation 6.6.1. Let m > 5 such that m # 6. Denote by S,, the symmetric group
acting naturally on m points. Let H be a subgroup of S,, in class In3(S,,,) with orbits
Q1,Q,..., Q. Let Q =UF_Q; and assume that Q = {1,2,...,n}.

Let G = Hlq, x H|q, X ... x Hlq,, where we identify the direct product as a subgroup
of Sym(f2). So H < G and G = Sk .

Let L be as in Lemma 4.3.8, so L = S, 1S, and Ng, (H) < L.

Denote by A,, the alternating group acting naturally on m points. Let C' be the
subgroup of G in class InB(A,,) such that C =2 A* . So C|q, = Alt(;) forall 1 <i < k.
Let A=HnNC.
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Next, we show that the subgroup A of H is in class Jn3(A4,,). Note that we will be
taking natural inclusion maps, so Sym(§2;) < Sym(2) for all 1 <i < k.

Lemma 6.6.2. Let H, A and €; be as in Notation 6.6.1. Then
1. A is a subdirect product of C, and so A € InP(A,).
2. A =soc(H). Hence A< Ng, (H), and Ng,(H) < Ng, (A).

Proof. Part 1: By the definition of A, we have A < C. It remains to show that
Alq, = Alt(Q;) for all 1 <i < k.

Let 1 <i < k. Since H < G and C < G, we have A = C N H is normal in H. So
Alq, < H|q,, therefore A|g, = 1, Alt(€2;) or Sym(2;). Since A < C, the projection Alg,
is a subgroup of Alt(€2;), so Alq, # Sym(€2;). We shall show that A|q, # 1.

Since H|q, = Sym(€2;), there exists h € H such that h|g, € Alt(€;) and h|q, is non-
trivial and not an involution. Then h? € A and (h?)|q, # 1. So Alg, # 1.

Part 2: Since A € In3(A,,), by Proposition 6.2.4, there exist subgroups Ny, Na, ..., N,
of A such that each NV; is isomorphic to A, and A is the (internal) direct product of the
N;. Observe that each N; is normal in G. So the N; are normal subgroups of H. Since
the N; are simple, they are minimal normal subgroups of H, and hence are contained
in soc(H). So A= Nj x Ny x ...x N, is also contained in soc(H).

To show that soc(H) < A, we show that all minimal normal subgroups of H are
contained in A. Let N be a minimal normal subgroup of H. Then for all 1 < ¢ < k,
we have Nlg, < H|gq,, so N|q, can be either 1, Alt(€2;) or Sym(£2;). Since a minimal
normal subgroup is a direct product of isomorphic simple groups, N|q, # Sym(€2;) for
all 1 <3 < k. Therefore N C A.

Lastly, since soc(H ) is a characteristic subgroup of H, the last two assertions follow. [

In Lemma 6.6.5, we will construct a complement of A in H. Before that, we give
some lemmas we will be using in the proof. We start with a well-known fact on the

automorphism groups of symmetric groups. For more information, see, for example,

[McC14].
Lemma 6.6.3. Lett £ 2,6. Then all automorphisms of S are inner.

Recall the definition of equivalent orbits from Definition 2.1.10. Recall also that we
identify Sym(€2;) and Sym(2;) as subgroups of Sym(€; U €2;).

Lemma 6.6.4. Let H, A be as in Notation 6.6.1 and let Q; and §; be H-orbits. If ;

and §; are equivalent orbits of A, then §; and Q; are equivalent orbits of H.

Proof. Without loss of generality, suppose that i = 1 and j = 2. Let N := Hq,)|q,.
Then by Corollary 1.4.4, we have N < H|q,. So N = 1, Alt(Q22) or Sym(s).

We will first show that N = 1. Aiming for a contradiction, suppose that N contains
Alt(€22). Then there exists h € H(q,) such that h|g, is non-trivial and not an involution.
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It follows that h' := h? is an element of A where h'lo, = 1 and A'|q, # 1. Then
Lemma 2.1.12 gives a contradiction. Hence N = 1.

Let 0 : H|lo, — (H|q,)/N be the surjective homomorphism as in Corollary 1.4.4.
Since N = 1, the map 6; : H|g, — H|q, defined by h|g, — h|q, is also a surjective
homomorphism. Since H|g, = H|q, and 6; is a surjective homomorphism, the map 6,
is an isomorphism. Since H|g, = Sy, by Lemma 6.6.3, 0, is induced by conjugation in
Sym(; U Qo). That is, there exists ¢ € Sym(€; U Q) such that for all h € H, we have
hla, = 01(hla,) = (h|a,)¢. Finally, by Lemma 2.1.12, Q; and s are equivalent orbits
of H. O

Now we show that we can compute a complement of A in H by taking some point
stabilisers of H. We will identify the direct product of permutation groups with disjoint
supports as a subgroup of the symmetric group over the disjoint union of the supports
of the direct factors. Recall that we will always be taking the inclusion maps Sym(I") <
Sym(A) for all T' C A.

Lemma 6.6.5. Let H and A be as in Notation 6.6.1. Fix a 2-subset I'y of Q1. Let
Fy = Hq\r,)- For2<i<k, let

Fi1 if |Supp(Fi-1la,)| = 2,
(Fi-1)()\r,) for some fized 2-subset T'; of Q;, otherwise.

F, =

Let F = Fy. Then H = AF.

Proof. For all 1 <i <k, let A; be as in Corollary 1.4.4. We will inductively show that
H|a, = A|a, Fi|a,. For the base case, by Part 1 of Lemma 6.6.2, A|a, = Alt(£21). Since
H|a, = Sym(Q), by letting g1 € Sym(€2;) be the transposition with support I';, we
have Fi|a, = (¢91). Hence

H|a, = Sym(Q1) = Alt(1){g1) = A|a, F1]a, .

For the inductive step, for notational convenience, we consider step k. By letting A =
Aj_1 for notational convenience, assume that H|an = A|aFi—1|a. Let Ni, Ry, 0r_1 and
¢k—1 be as in Corollary 1.4.4. Then, by considering Sym({2) as a subgroup of Sym(€2),
we have H = (pp_1(H|a), Nk) and Ny < Hl|q,, so Ni is Sym(€2), Alt(Q) or 1. We
shall consider the three cases separately.

Case 1: Suppose that N = Sym(£2;). Then by Part 1 of Corollary 1.4.6,

H=H|a x Ny
= (A|aFk—1]a) x Sym(€) by the inductive hypothesis. (6.1)

By the definition of A, we have A = A|a x Alt(Q).
Since Fj_q is the stabiliser of a subset of A, we have Hpny < Fr and so H(A)|Q,c <
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Fy 1], However, Hialq, = Ny = Sym(£), so Fy_1|q, = Sym(£) and thus Fj,_; =
F_1]|a x Sym(Q). Hence F = Fj,_1|a x Sym(I'y) for some 2-subset I'y, of Q.
Therefore, from Equation (6.1), we get

H = (AlaFi-1]a) x (Alt(Q2)Sym(Ty))
= (Ala x Alt(Q))(Fr—1|a x Sym(Tx)) = AF.

Case 2: Suppose that N = Alt(Qg). Then, by Corollary 1.4.4 and the inductive
hypothesis,

H = (pr-1(A|aFr-1]a), Nk) = (pr—1(Ala) pr—1(Fr—1]|a), Alt(Qg)). (6.2)

We will first show that A = (pr_1(Ala), Alt(Q)) and F = pp_1(Fi—1|a)-

If 0_1(A|a) # 1, then the kernel of the restriction of 0;_1 to A|a is a normal sub-
group of AJa of index 2. Since A|a is isomorphic to A}, for some r, and normal
subgroups of A7 is isomorphic to A} for some u < 7, this gives a contradiction.
Hence 6x_1(A|a) = 1.Thus ¢r_1(Ala) < A, and so (pr—1(A|a), Alt(Q)) < A. Ob-
serve that as a consequence of Part 1 of Lemma 6.6.2, A < A|a x Alt(£2x). Since
(pr—1(A|a), Alt(Q)) contains A|a x Alt(Q), we have A = (prp_1(A|a), Alt(Q)).

To show that F' = p_1(Fk_1]|a), by the definition of Fj_;, it follows from Equa-
tion (6.2) that Fi_1 = (@r—1(Fr—1|a), Alt(Q)). Since the support of Fj_;|q, is not
sized 2, we have F' = (Fy_1)(q,\r,) for any fixed 2-subset 'y C Q. Let g be the trans-
position in Sym(I'y), then 6;_1(H|a) = C2, so Ry, has size 2 and we may let Ry = {1, ¢g}.
Then F = g1 (Fr—1]a).

Hence, from Equation (6.2), H = (A, F). Since A < H, we have H = AF.

Case 3: Suppose that Ny = 1. Then H = ¢p_1(H|a) = ©k—1(A|aFr_1]|a). We first
show that there exists 1 < j < k — 1 such that Q; and 2 are equivalent A-orbits.
By Part 1 of Lemma 6.6.2, A € Jn3(A4,,). Then by Proposition 6.2.4, there exists a
partition P = (Cy | Cy | ... | Cp) of {1,2,...,k} such that, by letting A; = Ujec,2; for
all 1 <i <r, we have A|p, = A, and A = A|p, X A|r, X ... X A|a,, where we identify
the direct product as a subgroup of Sym(£2). Without loss of generality, suppose that
k € Ci. If C; = {k}, then, by taking the natural inclusion map of the symmetric
groups, Alq, is a direct factor of A, and so Alg, < A < H. Since Alq, fixes A, it is a
subgroup of H(a), which contradicts the fact that Ny = 1. So there exists 1 < j < k—1
such that j € C7. Without loss of generality, suppose that j = 1.

Since Aut(A,,) = Sn = Ng,, (An), by Lemma 6.2.7, all orbits of Ala, are equiva-
lent to each other. Then by Lemma 6.6.4, €21 and  are equivalent H-orbits. By
Lemma 2.1.12, there exists ¢ € Sym(€; U Q) such that for all h € H, we have
hla, = (hla,)¢. As a consequence, Fj,_1|q, has support of size 2, and so F' = Fj_;.
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Thus,

H = {(hlahlo,) | h € H}
= {hla(hlq,)|h € H} since hlq, = (h|a,)°
= {af((af)]a,)|a€ Ala, f € Fr—1|a} by the inductive hypothesis
= {aflal,)(fla,)" [ a € Ala, f € Fyr-1la}
= {(alalo,))(f(fle,)%) | @ € Ala, f € Fi—1|a}as Supp((ala,)®) N Supp(f) =0
= AF,_1=AF since F = Fj_;.

Therefore, in all three cases of Ni, we have H = AF, as required. O

Since AN F = 1, the subgroup F is a complement of A in H. Next, we will show
that the normaliser Ng, (H) conjugates F' to a conjugate in H. We will be using the

fact that transpositions in S, are conjugate in A,,.
Lemma 6.6.6. Let m > 5. Then all transpositions in Sy, are conjugate in Apy,.

Proof. Let o1 and o9 be transpositions on S,,. Then there exists 7 € S, such that
o] = o02. If 7 is an even permutation then we are done. Suppose otherwise. Since
m > 4, there exists distinct points 1 < 4,7 < m such that i,5 ¢ Supp(o2). Then
7(i,7) € A, and UI(i’j) = 09. O
Lemma 6.6.7. Let H and A be as in Notation 6.6.1 and let F' < H be constructed as
in Lemma 6.6.5 such that H = AF. Let v € Ng,(H). Then there exists h € H such
that F¥ = F".

Proof. Let F’ = FY. Firstly, observe that since g permutes the H-orbits, for each
1 < i < k, the support of F'|g, has size 2.

We proceed by induction on k. For the base case, let g, ¢’ € Sym(€) be transpositions
such that F' = (g) and F’ = (g'). Then there exists h € H = Sym(£2;) such that g" = ¢’
and so F" = F'.

Let A = Uf;llQi. Then, by the inductive hypothesis, there exists heH |a such that
F'|a = (F|a)". Let N = H(a)lo,. Then, by Corollary 1.4.4, N = Sym(), Alt(2;) or
1.

Case 1: Suppose first that N = Sym(€2;). Then by Part 1 of Corollary 1.4.6, , H =
H|a x N. Since H|a and N have disjoint supports A and €, respectively, and F, F’ <
H, we have that F' = F|a x Flq, and F' = F'|p x F'lg,. Let g,¢" € Sym(Q4) be
transpositions such that F|g, = (g) and F'|q, = (¢’). Then, there exists h € Hlg, =

Sym(Q) such that F'|q, = (F|q,)". So h:= hh is an element of H where
F' = (F|a)" % (Flo,)" = F'la x Fllo, = F"

Case 2: Suppose now that N = Alt(€y). By the observation in the opening paragraph,
there exist transpositions g,¢’ € Sym(€Qy) such that Flo, = (g) and F'|lo, = (¢').
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By Lemma 6.6.6, there exists h € N which conjugates ¢ to ¢’. Let ¢;_; be as in
Corollary 1.4.4, then h := ¢,_1(h)h is an element of H.

Let f € F and consider f* € H. Since h|a = h, we deduce that (f")|a = (f]A)B € F'|a.
Let f’ be an element of F” such that f'|a = (f")|a. Since F'|q, = (¢}, such an f’ is
unique as otherwise f'|a and f'[ag" are elements of H and so ¢’ € H(a) = Alt(,). We
will show that f» = f’.

By taking Ry in Corollary 1.4.4 as {1, g}, the projection (¢k_1(ﬁ))]9k is in (g). Since
fla, € (g9) and h conjugates g to ¢’, we have (f")|q, = (f“’kfl(i‘)ﬁ)mk € (¢'). Since
F'lq, = (¢'), we have that (f"f'~1!)|q, is also contained in (¢'). Now, since f* and f’
have the same projection on A, the permutation f”f'~! pointwise stabilises A, and so
frf=1 € Alt(Q,). Therefore fAf'=1 € (g/) N Alt(Q) = 1.

Case 3: Lastly, suppose that N = 1. As in Lemma 6.6.5, there exists 1 < j < k—1
such that €1; and €1 are equivalent orbits of H. Without loss of generality, suppose
that j = 1. Then, by Lemma 2.1.12, there exists ¢ € Sym(€; U Q) such that for all
h € H, we have hlg, = (hlo,)¢. Let h = h(h|o,)° € H. Let f € F and f € F' such
that (f\A)’:L = f'|a. Then

(Flos) Pl = ((fla,)®) € M9 = (flo, )Mo = (f]0,)° = 'l

Therefore,

= (flafla)" = (F1a) (Flo) o) = (F1a)(F'la,) = f/ € F
So F? < F’. The reverse inclusion follows from symmetry. O

Let L = S, Sk be as in Notation 6.6.1. We now show that we can compute Ng,, (H)
by computing the normalisers N, (A) and Ny (F').

Theorem 6.6.8. Let H, A and L be as in Notation 6.6.1. Let F' be as constructed in
Lemma 6.6.5. Then Ng, (H) = (Nr(F)NNL(A))H.

Proof. >: Clearly H < Ng, (H). To show that Np(F)N Nr(A) < H, let h € H and
g € NL(F) N Np(A). Then by Lemma 6.6.5, there exists a € A and f € F such that
h=af. Thus h9 =a9f9 € AF = H.

<: Let g € Ng, (H). Then, by Lemma 6.6.7, there exists h € H < Ng, (H) such that
F9 = F" and so gh™! is an element of Ng, (H) which normalises F. That is, gh~! €
Ny, () (F). By Lemma 4.3.8, Ng, (H) < L and so Ng, (H) = Np(H). Therefore

gh™" € Ny, ) (F) = Ny, ()(F) = Np(F) N NL(H).

By Part 2 of Lemma 6.6.2, N(H) = LN Ng,(H) < LN Ng,(A) = Nr(A), hence
gh™! € NL(F)N NL(A). O

Observe that A and F|gyp,(r) are in classes InP(A,,) and TnP(Ca) respectively.
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Therefore, we would like to use the algorithms in Section 6.5 and Section 5.4. The
following results show how we use Algorithms 11 and 6 to compute normalisers of
groups H in InPB(Sy,).

Recall from Notation 6.6.1 that L = S, ! Sk, where Sym(€21) x Sym(€2) x ... X
Sym(Q4) is the subgroup of L which embeds into the base group of the wreath product,
and the top group of the wreath product permutes the ;. Note that we identify the
direct product above as a subgroup of Sym(£2).

Lemma 6.6.9. Let H, A and L be as in Notation 6.6.1. Then Np(A) = Ng, (A).
Proof. Since Ngym(a,)(Ala,) = Ns,, (Am) = Sm, by Lemma 4.3.8, Ng, (A) < L. O

Lemma 6.6.10. Let H and L be as in Notation 6.6.1. Let F and the I'; be as in
Lemma 6.6.5. Let I' := Supp(F'). Let ¢ : Ngymr)(F|r) — Sym(Q2) be an isomorphism
where for all g € Ngywr)(Fr),

1. ¢(g)lr = g, and
2. for all1 <1i,j <k such that I' =T, the image ¢(g) maps Q;\I'; to Q;\T;.

Then N(F) = (Im ¢, Sym(Q1\I'1) x Sym(Q2\I'2) X. .. xSym(Q\I'x)), where we identify
the direct product as a subgroup of Sym(Q) with support Sym(Q\TI').

Proof. >: Firstly observe that Sym(2;\I'1) x Sym(Q2\I'2) X ... x Sym(Q;\I'x) is a
subgroup of Sym(£2;) x Sym(€s) x ... x Sym(€), which is contained in L. As the
direct product has support disjoint to the support of F', it normalises F'. To show
Im ¢ C NL(F), let g € Ngymr)(F|r). Clearly ¢(g) normalises F', so it remains to show
that ¢(g) € L. Observe that if g induces a permutation o on the I';, then ¢(g) induces
the same permutation o on the Q;. So ¢(g) is contained in a subgroup of Sym({)
isomorphic to S, 1 Sk, where Sym(€21) X Sym(32) X ... x Sym(€2) embeds into the base
group of the wreath product and the top group permutes the €2;, which is exactly L.
<: Let v € NL(F). Since N1 (F) permutes the F-orbits, I is a union of orbits of N, (F).
Then g == v[r € Ngymr)(F|r). Since v € L, there exists a permutation o € Sy induced
by the action of v on the €);. Then g induces the same permutation ¢ on the I';. It
then follows that ¢(g) induces the same permutation o on the ;. So v¢(g)~! setwise
stabilises each of the €);.

Since ¢(g)|r = g = v|r, the permutation v¢(g)~! fixes I' pointwise. So

ng)(g)il € Sym(Ql\Fl) X Sym(Qg\Fg) X ... X Sym(Qk\Fk),

where we identify the direct product as a subgroup of Sym(2) with support Sym(Q\I').
O

Therefore, we compute Ng, (H) for H € InB3(S,,) as follows:

1. Compute A := soc(H).
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2. Compute a complement F' of A in H as in Lemma 6.6.5. Let L = S,,1 Sy be as
in Notation 6.6.1.

3. Compute Ng, (A) using Algorithm 11. By Lemma 6.6.9, N(A) = Ng, (A).

4. Let I' = Supp(F). Compute Ngypr)(F|r) using Algorithm 6. Then compute
N (F) as in Lemma 6.6.10.

5. Set N := (N.(F)N NL(A), H). By Theorem 6.6.8, N = Ng, (H).

Lastly, note that by Proposition 2.1.17, A can be computed in polynomial time.

Also, since |[Aut(Ay,)|/|Ns,,(Am)| = 1, we may use Corollary 6.4.4 for faster computa-
tion of Ng, (A).

6.7 Results

In this section, we compare the runtimes of computing Ng, (H) of H < S, in classes
InP(T') or InP(S,,), for transitive non-abelian simple group 7" and 5 < m # 6,using
the GAP function NORMALIZER and our new algorithms.

6.7.1 Normaliser of H € In'B(T)

We shall consider H € In3(T") for the different cases of T in Table 6.1.

T m Name |Out(T)| |Aut(T)|/|Ns,, (T)]
PrimITIVEGROUP(6,1) 6  PSL(2,5) 2 1
PRIMITIVEGROUP(6,3) 6 As 4 2

PrIMITIVEGROUP(12,3) 12 PSL(2,11) 2 1
PRIMITIVEGROUP(12,2) 12 My 2 2
PRIMITIVEGROUP(50,3) 50 PSL(2,49) 1 1
PriMITIVEGROUP(50,1) 50 PSU(3,5) 6 3

Table 6.1: Transitive non-abelian simple groups 1" considered for experiments.

For each T' < S,,, and integer k, we generate a group H < S, in class In3(T)
by first generating a random partition P of {1,2,...,k}. This partition shall give the
supports of the finest disjoint direct factors of H. That is, for each cell C' of P, we have
H|y, o0, is a finest disjoint direct factor of H isomorphic to T'.

We generate such a partition P by iteratively computing random partitions P; of
{1,2,...,i} for all 1 < i < k. Initialise P, as (1). Let P; be a partition of {1,2,...,i}
and let s be the number of cells of P;. We generate P;y1 by first generating a random
number r from {1,2,...,s+ 1}. If » < s, we construct P,; by adding ¢ 4+ 1 to the cell
of P; indexed by r. Else if r = s + 1, we construct P, by adding a new cell consists
of only 7 + 1 to P;. Finally, we set P = P.
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For each cell C; of P, we generate a subdirect product H; of T!¢! isomorphic to T
with orbits {Q; | j € C;} in the following way. First, we fix a generating set X of T
For each j € Cj, let ¢; € S, such that Supp(T)% = €25, and let «; be a random element
of Aut(T). Then let H; = ([[;cc, 2% | z € X). Finally, we get H € InB(T) by
letting H be the direct product of the H;.

For each T" and k, we consider 10 groups H < S,; in class InP3(7"). For each
instance of H, we compute its normalisers using both the GAP function NORMALIZER
and Algorithm 11. We report the lower quartile, median and upper quartile computation
time for both of these algorithms in Figure 6.1.

Next, we compare the algorithms of computing Ng, (H) of H < S, in classes
InB(T), using the procedure described in Theorem 6.3.7 (NOTESTS) and Algorithm 11
(WITHTESTS). More specifically, NOTESTS is the same as WITHTESTS, but ISCONJU-
GATORISOM follows the procedure described in Lemma 2.1.19 instead of that in Algo-
rithm 12. We consider the groups H € In3(T") which have 2 disjoint direct factors with
the same number of orbits s, for T' = PRIMITIVEGROUP(12,3), PRIMITIVEGROUP(12,2).
Each of these H < Says is generated by first generating a partition P of {1,2,...,2s}
by first randomly shuffling the list [ := [1,2,...,2s], and taking P as the partition with
cells Cp = {li] | 1 <i < s} and Cy := {l[i] | s+ 1 < i < 2s}. Then H is generated

from P as before. The result is shown in Table 6.2.

s NOTESTS WITHTESTS s NOTESTS WITHTESTS
1 0.125 0.25 1 0.266 0.6405
2 0.258 0.3435 2 1.7585 0.7815
3 0.7815 0.5465 3 2.664 1.0625
4 2.0625 0.735 4 8.8435 1.1015
5 4.4535 1.0545 ) 15.7735 1.3825
6 7.6875 0.953 6 22.406 1.563
7 13.5315 1.063 7 25.7735 1.7815
8 24.0235 1.297 8 38.9135 2.0475
9 38.0315 1.477 9 41.633 2.453
10 58.133 1.5935 10 5b.727 2.6485
(a) T = PRIMITIVEGROUP(12,3) (b) T = PrIMITIVEGROUP(12,2)

Table 6.2: Median times (in seconds) of computing Ng, (H) of 10 random H in class
InPB(T), where H has 2 disjoint direct factors, each of which has s orbits, using Theo-
rem 6.3.7 (NOTESTS) and Algorithm 11 (WITHTESTS).

6.7.2 Normaliser of H € InB(S,,)

Let H € InB(S,,). Then by Lemma 6.6.5, there exists A € InPB(A,,) and F € InP(Cy)
such that H = AF. Hence we can generate a group H in Jnf3(S,,) by generating a
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Figure 6.1: Median log time (s) for computing normalisers of 10 random H < S, for

H € InB(A) with 10 minutes timeout. The lower and upper boundaries of the shaded
area give the lower and upper quartiles respectively.
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Figure 6.2: Median log time (s) for computing normalisers of 10 random H < S, for
H € 3n(S,,) with 10 minutes timeout. The lower and upper boundaries of the shaded
area give the lower and upper quartiles respectively.

group A as in Section 6.7.1 and a group F' as in Section 5.6.1 and take H = (A, F).
However, experiments suggest that this will mostly result in A = AF .

Hence we construct a group H € In3(S,,) the following way. We first construct a
random partition P = (Cy | C2 | ... | Cy) of {1,2,...,k} as in Section 6.7.1. Let s be
a random integer between [r/2] and r. Next, we construct a random s x r matrix M
over IFy, as in Section 5.6.1. Then let M’ be an s x k matrix over IF5 such that Mi/?j =1
if and only if j € Cs and M; , = 1. For 1 < j <k, let g; be the transposition permuting
(j—1)m+1and (j—1)ym+2. Let F = (J[%_, g™ |1 <i < s).

Next, we generate a finer partition P’ from P by constructing partitions of each
cell of P, where each random partitions are generated as in Section 6.7.1. Then A €
InPB(A,,) is constructed from P’ as in Section 6.7.1. Finally, take H = (A, F).

We consider H € In(S,,) for m = 5,8,15 and 25. For each value of m and k, we
consider 10 groups H < Sy, in class In3(S,,). For each instance of H, we compute
its normalisers using both the GAP function NORMALIZER and the method described
in Section 6.6. We report the lower quartile, median and upper quartile computation

time for both of these algorithms in Figure 6.2.
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Conclusion

In this thesis, we investigated the NORM-SYM problem of computing the normaliser
Ng, (H) of a given intransitive group H = (X) < S,.

We first introduced disjoint direct product decomposition and showed that the finest
such decomposition of a given permutation group can be computed in polynomial time.
The disjoint direct product decomposition can be used to convert the NORM-SYM prob-
lem into polynomially many smaller NORM-SYM problems and solving the conjugacy
problem for polynomially many smaller pairs of groups. We also saw how we can reduce
the NORM-SYM problem into a smaller NORM-SYM problem using equivalent orbits.

As the NORM-SYM problem is solved in practice using backtrack search, we pre-
sented several pruning methods using the aforementioned equivalent orbits and disjoint
direct product decompositions, and also using the permutation isomorphism classes of
certain projections. We then shifted our focus to the class InB(A) of groups whose
transitive constituents are permutation isomorphic to a transitive group A < Sy, and
we reduce the computation of Ng, (H) for H € In3(A) into computing Ng(H) for
a proper subgroup group S < Sy, hence reducing the size of the search space. The
methods mentioned so far are shown to be able to speed up calculations of Ng, (H) for
H € InB(A).

We then considered the case where H € Jn3(A) and A is simple, which is further
divided into two parts based on whether A is abelian. For H € JnB(C,) where p is
prime, we show that computing Ng (H) is polynomial equivalent to computing the
monomial automorphism group of codes over IF,,. Using this alternative viewpoint, we
give an algorithm to compute Ng, (H) with a better worst-case practical complexity
that performs efficiently in practice. For H € In3(T') where T is non-abelian simple,
we showed that Ng_ (H) can be computed in polynomial time, and give an algorithm
that also performs well in practice. Finally we used these two algorithms to compute
Ng, (H) for H € InP(Dop) U InP(S,,), where p is an odd prime and 5 < m # 6.

For most of the thesis, we have focused on groups with permutation isomorphic
transitive constituents. The results from Chapters 5 and 6 may be useful when com-
puting Ng, (H) where there exists A such that H|a is highly intransitive and is in class
InP(Cp,) UInP(T'). However, although we can detect such a set A in polynomial time,
it is unclear when we should check for it. While we believe that the pruning methods

from Chapter 4 may be beneficial in a more general setting, it is also unclear if the
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benefits outweigh the cost of running such tests and refiners at every node of the search
tree. Therefore a future direction is to generalise the pruning methods and integrate
them into the state-of-the-art partition backtrack or graph backtrack framework, to

directly compare their effectiveness.
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