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Classification of Module Categories for SO(3)a,

DaAviD E. EVANS AND MATHEW PUGH
School of Mathematics, Cardiff University,
Senghennydd Road, Cardiff CF24 4AG, Wales, U.K.

June 19, 2020

Abstract

The main goal of this paper is to classify *-module categories for the SO(3)2,
modular tensor category. This is done by classifying SO(3)s,, nimrep graphs and
cell systems, and in the process we also classify the SO(3) modular invariants.
There are module categories of type A, £ and their conjugates, but there are no
orbifold (or type D) module categories. We present a construction of a subfactor
with principal graph given by the fusion rules of the fundamental generator of the
SO(3)2m modular category. We also introduce a Frobenius algebra A which is an
SO(3) generalisation of (higher) preprojective algebras, and derive a finite resolution
of A as a left A-module along with its Hilbert series.

Contents
1 Introduction

2 Diagrammatic calculus for SO(3)a,
2.1 The Temperley-Lieb category . . . . . . . . . . . . e
2.2 The Dopio CALEZOTY . . . o« ot o o e e e e
2.3 The SO(3)am category C™ . . . . . o 0 i
2.4 Modular structure of C™ . . . . . . . L

3 Module categories over C™
4 Classification of modular invariants and nimreps

5 Cell system for SO(3)2,
5.1 Canonical module categories . . . . . . . . .. L oL
5.2 Trivalent cell systems . . . . . . . . . . L L
5.3 Classification of trivalent cell systems for SO(3)2,, nimrep graphs . . . . . . . . ... ...
5.4 Classification of module categories for SO(3)am . . . . . . . . . ... oL

6 SO(3)-Temperley-Lieb algebra and Ay, subfactor
6.1 SO(3)-Temperley-Lieb algebra . . . . .. .. .. ...
6.2 String Algebra construction . . . . . . . . ...
6.3 As,, subfactor ... .. e e
6.4 SO(3) Goodman-de la Harpe-Jones subfactors. . . . . . ... ... ... ... ... ....



7 An SO(3) generalised preprojective algebra 53

References 56

1 Introduction

The Verlinde ring in conformal field theory can be described by a modular tensor category
either in the language of the representation theory of a conformal net or of a vertex
operator algebra, particularly in the case of Wess-Zumini-Witten models associated to
the positive energy representations of the loop group of a compact Lie group. The full
conformal field theory is described by a gluing of a left and right Verlinde ring, the most
basic part of which is encoded in a modular invariant partition function, a matrix of
non-negative integers which is invariant under the action of the modular group. Not all
such modular invariants arise from a conformal field theory — the physical ones can be
described in the conformal net picture by braided subfactors or module categories over the
Verlinde ring. It is therefore of interest to understand module categories over a modular
tensor category, and which modular invariants they correspond to.

Here we look at the question of classifying module categories for the modular tensor
category corresponding to the non-simply connected, compact Lie group SO(3) at level
2m. The question could also be phrased in terms of quantum subgroups, since the module
categories over the tensor category of the representation of a compact group is described
by subgroups, together with an element of two-cohomology of the subgroup (see e.g. [16,
§7.12]). The corresponding questions have been addressed for SU(2) and SU(3) (see
references below), and the doubles of finite groups [49].

By a-induction, any module category for the modular tensor category C™ yields a
modular invariant partition function Zy, = (ay, ;) [8, 5, 18, 26]. A nimrep (non-
negative matrix integer representation of the fusion rules) is an assignment of a matrix
G, for each simple object A in the modular tensor category for SO(3)s,,,, with non-negative
integer entries, which satisfies the fusion rules of SO(3)an, i.e. GA\G, = >, N} ,G,. By
a standard argument (see e.g. [20, p.425]), the G\’s can be simultaneously diagonalised.
The eigenvalues of G given by S,,/S,0 for ¢ running in some multi-set (possibly with
multiplicities) which is described by the diagonal part Z,, of the modular invariant
associated with the module category, where the S-matrix is one of the generators of the
modular group and 0 here denotes the object corresponding to the vacuum. Our first
step is therefore to classify modular invariants, which we require to be normalised, i.e.
Zyo = 1, and compatible nimrep graphs. This was done for SU(2) in [11], and for SU(3)
in [28, 14, 47].

Just as the fusion rules alone are not enough to determine a fusion category but there
are additional structural constants, the nimrep is not enough to determine a module cat-
egory, or even to show its existence. The other ingredient is a system of Ocneanu cells,
which define 6j-symbols, (self-)connections or Boltzmann weights without spectral pa-
rameter. A cell system consists of a system of complex numbers satisfying certain local
equations of cohomological nature [47]. These equations can be derived from diagram-
matic axiomatisations of the representation theory of the Lie group, which for SU(2) is
due to Kauffman [34], and the cells are simply the entries of the Perron-Frobenius eigen-
vector. Thus for SU(2) the module categories are classified by their nimreps, the ADFE



Dynkin diagrams (see also [35, 48, 17]). For SU(3) the equations follow from Kuper-
berg’s Ay spider [36], the existence of cell systems for the SU(3) nimreps was claimed by
Ocneanu [46], and they were explicitly computed in [21].

A related question is whether any modular invariant Zg with associated nimrep G
can be realised by a braided subfactor N C M, where N, M are hyperfinite type III
factors and the Verlinde algebra is realised by systems of endomorphisms yXy of N,
and the action of the system yAXn on the N-M sectors yAX; gives the nimrep G. For
SU(2) this was answered in [46, 47, 59, 3, 4, 8, 9], for SU(3) Ocneanu claimed [46, 47]
that all SU(3) modular invariants were realised by subfactors and this was shown in
59, 3, 4, 8, 6, 7, 21, 22).

By the work of Toledano-Laredo [56] (see also [12, 25, 10]) the loop group of SO(3) =

U(2)/Zy is defined only at even levels of SU(2) and is additionally characterised by
a character x € Hom(Z, T) = Zy. For LSU(2) level 2k, we denote the corresponding
level of LSO(3) by k. For (k,x) = (2m,+1), the irreducible positive energy projective
representations \; of LSO(3) are given as LSU(2)-modules by

Ao = AV @AE A = AD @AW= A= AR @A A= AP (1)

where AU, [ =0,1,2,...,2k, denote all the irreducible positive energy representations of
LSU(2) at level 2k, and A% are both equal to s, as LSU(2)-modules with the group of
discontinuous loops corresponding to Z, acting via the the character 41.

The Verlinde ring of positive energy representations of LSO(3) admits a fusion product
only for even levels 2m (LSU(2) level 4m) and x = +1 [12, 25]. The positive energy
representations in LSO(3) at level 2m have fusion rules A\u = @, Ny, v, where for A = p
corresponding to the fundamental generator of LSO(3) the fusion matrlx N, = [Ny Jpw
is the adjacency matrix for the even part of Da,, o (see the diagram on the left in Figure
2). These figures are also in [1], along with the S-matrix of the corresponding conformal
field theory.

Existence of a modular category with the SO(3) fusion rules is known by a-induction
[3, §3]. Equation (1) gives the branchmg coefficients by o of the SO(3)ay, representation
A; into SU(2)4y, representations 2D e, A= B bAjA(z))\ . The branching coefficient
matrix intertwines the modular data for the two theories [5]:

bSSO(3) _ SSU(Z)b, bTSO(3) — TSU(Q)b, (2)

where SY TY denote the modular S, T-matrices for G = SU(2), SO(3). Equations (2)
and the requirement that S¢, TC are unitary are sufficient to uniquely determine 759,
and to uniquely determine S°°®) apart from sz(g) for A\, p € {\Ef}. The identity

Sf,?( y TOSOO(B.)TSO Tso<3) Z NY TS0B) g ( )

Ap vy )

which is derived from the Verlinde formula and (SS°®)T5003))3 = (§996))2 then uniquely
determines the remaining entries of S¥°®). The above procedure is known as a fixed point
resolution for simple currents [52, 53, 27]. Note that S? = I for m even, but S? = C' # [
for m odd, c.f. [33, §3.5].

This paper is organised as follows. We present a construction of the modular tensor
category for SO(3)9, in Section 2, which was first presented in [50]. This category
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has also recently appeared in [41] without the modular structure, where it is called the
adjoint subcategory Ad(Ds,+2) (note that in [41] there is a scaling of the trivalent vertex
by /[4],/[2], compared to that used here, where [m], is the quantum integer [m], :=
(@™ —q™)/(q—q')). Note that our SO(3) modular tensor category is not the same as
the category called SO(3), in [43], which is the even subcategory of the Temperley-Lieb
category, and which for ¢ is a primitive 2N 4 2-th root of unity is the adjoint subcategory
Ad(Ay) of [41].

In Section 3 we discuss module categories for the SO(3)s,, modular tensor category,
which are classified by a nimrep graph and cell system. The possible nimrep graphs
are classified in Section 4, along with the SO(3) modular invariants. Cell systems are
classified in Section 5. The classification of x-module categories is given in Theorem 5.12
at the end of Section 5.4. In [41] the Brauer-Picard group, that is, its group of Morita
auto-equivalences, of the SO(3)a,, (or Ad(Day,12)) modular tensor category was shown
to be Z3, except for m = 4 where it is S5 . Our classification of module categories agrees
with the classification in [41] of module categories which extend to invertible bimodules,
except at level 14, where we find two additional module categories which not extend to
invertible bimodules.

n the final two sections we apply the theory and results from the main part of this paper
to other mathematical constructions, including the SO(3)-Temperley-Lieb algebra and
preprojective algebras. More specifically, in Section 6 we relate the SO(3) diagrammatic
algebra with the SO(3)-analogue of the Temperley-Lieb algebra from [38, 37]. We correct
a claim in [24] about the surjectivity of a certain homomorphism from the BM W algebra
to the SO(3)-Temperley-Lieb algebra and disprove a conjecture about the injectivitiy of
this homomorphism. We also present a construction of a subfactor with principal graph
the bipartite unfolding of Ay,,, recovering a subfactor presented in [33].

Finally in Section 7 we introduce a Frobenius algebra A which is an SO(3) general-
isation of preprojective algebras. Preprojective algebras [29] play an important role in
representation theory, for example the moduli stack of representations of the preprojective
algebra is the cotangent bundle of the moduli stack of representations of the quiver asso-
ciated to the preprojective algebra. In [23] it was argued that preprojective algebras are
a construction related to SU(2), and this construction was generalised to SU(3). When
these generalised preprojective algebras are built from braided subfactors associated to
SU(3) modular invariants, it was shown in this work that they are finite-dimensional
Frobenius algebras. These algebras were the first examples of higher rank analogues of
preprojective algebras, which have since been heavily studied following the work of Iyama
and Oppermann [32]. We derive a finite resolution of A as a left A-module, and its Hilbert
series.

Acknowledgements. The authors thank the Isaac Newton Institute for Mathematical
Sciences, Cambridge during the programme Operator Algebras: Subfactors and their
applications, for generous hospitality while researching this paper. The authors also
thank the referees for their helpful comments on earlier drafts. Both authors’ research
was supported in part by EPSRC grant nos EP/K032208/1 and EP/N022432/1.



2 Diagrammatic calculus for SO(3)y,

2.1 The Temperley-Lieb category

We first describe the Verlinde algebra and fusion rules for SU(2) in the diagrammatic and
categorical language of the Temperley-Lieb algebra [34, 57, 60, 13].

Let ¢ be real or a primitive root of unity, so that § = [2], is real. Denote by 7,
the set of all planar diagrams consisting of a rectangle with [, n vertices along the top,
bottom edge respectively, and with (I +n)/2 curves, called strings, inside the rectangle so
that each vertex is the endpoint of exactly one string, and the strings do not cross each
other. Let V,,, denote the free vector space over C with basis 7;,. Composition RS of
diagrams R € T;,,, S € T, is given by gluing S vertically below R such that the vertices
at the bottom of R and the top of S coincide, removing these vertices, and isotoping the
glued strings if necessary to make them smooth. Any closed loops which may appear are
removed, contributing a factor of 6. The resulting diagram is in 7;,. This composition is
clearly associative, and the product in V = |, 50 Vi is defined as its linear extension.
The adjoint R* € 7, of a diagram in R € T;,, is given by reflecting R about a horizontal
line halfway between the top and bottom vertices of the diagram. This action is extended
conjugate linearly to V), so that V is a *-algebra.

The Temperley-Lieb category T'L(J) is the matrix category T'L(d) = Mat(Cy), where
Co is the tensor category whose objects are (self adjoint) projections in V,, := V,,, and
whose morphisms Hom(p;, p2) between projections p; € V,,, i = 1,2, are given by the
space P2V, n,p1. We will typically use fraktur script to denote morphisms. The tensor
product is defined on the objects and morphisms by horizontal juxtaposition. The trivial
object idg is the empty diagram which is a projection in V,. (The category Cy is the
idempotent completion, or Karoubi envelope, of the category whose objects are non-
negative integers, and whose morphisms are given by V;,.) Then the matrix category
Mat(Cp) is the category with objects are given by formal direct sums of objects in Cy,
and morphisms Hom(py & -+ @ pp,,q1 ® -+ @ qn,) given by ng X ny matrices, where
the 7, j-th entry is in Hom(p;, ¢;). The tensor product on T'L(§) is given on objects by
(P1® - ©Opn) (OB BGny) = (P1@q) B (P1®G2) B+ B (Pny, ®ny), and on morphisms
by the usual tensor product on matrices with the tensor product for Cy on matrix entries.
We write T'L(6),, := V.

We define a trace on 7,,, a map 7,, — C such that trace(ab) = trace(ba), by
attaching a string joining the j™ vertex along the top with the j™ vertex along the
bottom, for each j € {1,2,...,n}. This will yield a collection of closed loops, each of
which yields a factor of §. The trace is normalised by multiplying by a factor of 6=". This
trace is extended linearly to V.

We call a projection p € T'L simple if Hom(p, p) = C. In the generic case, § > 2, the
Temperley-Lieb category T'L is semisimple, that is, every projection is a direct sum of
simple projections, and for any pair of non-isomorphic simple projections p;, po we have
(p1,p2) = 0. The Jones-Wenzl projection fU), j =0,1,2,..., is the largest projection for
which fUE; =0= E;fU) foralli =1,2,...,j, where E; is the diagram

E= | |V ®)



The Jones-Wenzl projections satisfy the recursion relation

Ll ]
ITETR TN i
. . [ila -~
G+ = (9 — 4
r 0 e o
HE IEN 0
T T
where [m], is the quantum integer [m], := (¢™ — ¢~™)/(¢ — ¢'). From the recursion

relation we may deduce the identities

o= 0 (5)

[ . -]
f = : FUD (6)
1] -]

The simple objects in TL are p), j =0,1,2,... where pU) is the projection given by
the diagram f). Then from (6), trace(f)) = [j + 1],, where §¥) is the morphism id .

In the non-generic case, § = [2], < 2, for ¢ a primitive 2k + 4™ root of unity, we
have trace(f**1) = [k + 2], = 0. Thus the negligible morphisms (morphisms p for which
(p,p) = 0) are those in the unique proper tensor ideal in the Temperley-Lieb category
generated by f**1 [30]. The quotient TL®) := T L(5)/(j**Y) is semisimple with simple
objects p¥), §=0,1,2,... k.

There is a notion of under- and over-crossings on diagrams in TL(5), TL™ which is
unique up to interchanging ¢'/? <+ ¢~'/? and up to choice of primitive root ¢'/2, given by

) (e

These crossings satisfy the type II and III Reidemeister moves, that is, the inverse of a
crossing is given by reflection about a horizontal axis and they satisfy the Yang-Baxter
equation. These crossing diagrams provide additional diagrams to work with in 7'L(d),
TL®.

2.2 The D,,,.o category

We now restrict to the case § = [2], for ¢ a primitive 4(2m + 1)™ root of unity, corre-

sponding to k = 4m in the discussion above. We will add an additional generator to the
diagrammatic algebra ) to obtain the Dy, category of [42].

Let s be a diagram depicted by a box which has 2m vertices along both top and
bottom. Denote by 7;5, the set of all diagrams consisting of a rectangle with [, n vertices
along the top, bottom edge respectively, with a finite (possibly zero) number of copies
of s, and with a finite number of strings inside the rectangle so that each vertex (on the
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boundary of the rectangle and on the boundaries of any s boxes) is the endpoint of exactly
one string, and the strings do not cross each other, i.e. 7;5, the set of all planar diagrams
with [, n vertices along the top, bottom respectively, generated by the s box. Let Vj,
denote the free vector space over C with basis 7;5,. Composition of diagrams in 7;5, is as
for 7, but with the additional relations [42]:

1. s =1 s

1K 1B

Nl
2. s | =0

e

QY
3 - = [2m + 1], f™
LR

where in the last relation we have inserted * to indicate the orientation of the s-boxes.
Joining the endpoints of the last 2m strands along the top in the last relation to the last
2m strands along the bottom yields the identity s? = f™ [42].

Relations 1 and 2 above in fact follow from relation 3. We have the following identity
for Jones-Wenzl projections (see e.g. [42])

1]
pre] I

S =3 f(4m)

and composing the diagrams on both sides of this equality with the diagram in Figure
1 we obtain relation 1. Relation 2 follows from capping the diagrams on both sides of
relation 3 with a single cap along the top and then composing the diagrams on both sides
of the equality with the diagram in Figure 1. The right hand of the resulting equality is
zero due to the cap on f*™. Thus the only relation needed to define the s-box is relation

3.

Under- and over-crossings for diagrams in 7'L™ were defined in (7). Care is needed in
working with these crossing diagrams in V}, , since isotoping a string under an s introduces



Figure 1: Capping with an s-box

p(O) p(2) p(4) p(6) p(Zm*Z) P p(l) p(3) p(5) p(7) p(2mf3) p(2m*1)

Figure 2: Fusion graph for tensoring with p in 7'L*™)

a factor of —1 [42, Theorem 3.2J:

Thus any diagram is equal to one with at most one s-box, since if a diagram has at
least two s-boxes, one may use the crossings to move any two s-boxes adjacent, and after
applying relation 1 appropriately the diagram will look locally as in the L.H.S. of relation
3. Thus the two s-boxes may be replaced by [2m+1], f (4m) " This process may be repeated
for any remaining pairs of s-boxes in the diagram.

We define a trace on V; := V), , by attaching strings joining the vertices along the
top of diagrams to the vertices along the bottom as for V,. Applying relations 1-3 we
can reduce the number of s-boxes to at most one, as described above. If there is a single
s-box in the resulting diagram, the trace will be 0 by relation 2, whilst if there are no
s-boxes, the diagram will be a collection of closed loops which each yield a factor of 4.
Then as for TLW™) | trace(f4m V) = [4m + 2], = 0, and by [42], the Da,,,o-category C is
the matrix category C = Mat(C,)/(f®*1), where C, is the tensor category whose objects
are (self adjoint) projections in V¥ and whose morphisms Hom(p;, p2) between projections
pi € V;., i = 1,2, are given by the space poV;,, ,, p1. The category C is semisimple [42]
with simple objects p\¥), j =0,1,2,...,2m —1, and Py which is given by (f®™ +5). It
was shown in [42] that the fusion graph for tensoring with the SU(2)4, generator f) is
the Dynkin diagram Ds,, 2. The fusion graphs for tensoring with any other simple object
in TL“" can be deduced from this (see e.g. [33, §3.5]). In particular, the fusion graph
for tensoring with p® is the graph with two connected components illustrated in Figure
2. Izumi showed [33] that for m even, P, and P_ are both self-dual (that is, Py ® Py
contains an object isomorphic to the identity p(?)), whilst for m odd, Py is dual to P_
(that is, Py ® Py contains an object isomorphic to the identity p©). From relations 1
and 2 we have trace(s) = 0, and therefore trace(*'Py) = [2m + 1],/2, where P = idp, .

In C the objects p@™+9) corresponding to the Jones-Wenzl projections f@mHi), j =
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f(2m+j)

Figure 3: Isomorphism p(2m+j) = p(zm*j), 7=12...,2m

1,2,...,2m are identified with simple objects of C by p@m+i) = ,(2m=3) where the iso-
morphism ¢; : p@m+) — p(2m=3) i5 given (up to a scalar factor [2m — j+1]Y/2[4m +1]~1/2)
in Figure 3, where a label next to a strand indicates the number of strands it represents.

2.3 The SO(3)s, category C™

Since the s-boxes have an even number 4m of vertices on their boundaries, and the
diagrams are all planar, we can endow Vj, with a checkerboard shading such that the
region which has as its boundary the left-hand side of the outer rectangle is shaded white.
The shaded SO(3)y, fundamental generator, which we will also denote by f(?), is the
shaded diagram f such that the left-most region of the diagram is shaded white. Denote
by Vl(’i) the even sub-space of V}’,, consisting of all (shaded) planar diagrams generated by
the shaded diagram f® along with the 4m-box s, that is, the space of tangles generated
by f® which are consistent with the shading. An equivalent description of these even
tangles is that they are given by (®'f®) 25112”(®"f(2)), that is, the tangles obtained by
composing Vy, ,, with [ copies of f (2) along the bottom and n copies along the top. Then
the sub-category C® of C is the matrix category C? = Mat(C?), where C{? is the tensor
category whose objects are projections in V7(12) = fo)t, and whose morphisms Hom(py, ps)
between projections p; € Vr(f), 1 = 1,2, are given by the space ng,(é),mpl. In order to
respect the shading, one can no longer isotope a single strand over/under an s box, but
rather we must consider pairs of strings. Isotoping a pair of strings under an s box
therefore introduces a factor (—1)? = 1, and so the crossings (7) for diagrams in C can be
used to pull strings over or under s-boxes in C® with no change of sign. The sub-category
C® has simple objects p¥), j = 0,1,2,...,2m — 2, and Py. The fusion graph As,, for
tensoring with p(® is given by the graph on the left hand side in Figure 2, the connected
component of p(©. B

Let C™ be the category which is isomorphic to C® obtained under the faithful functor
¢ : C?® — C™ which sends f® to a single strand, an s-box (with 4m vertices) to a
t = p(s) box with 2m vertices, and




where the dark boxes denote ). Then C™ is the category of trivalent graphs and t-boxes.
Recall that the quantum integer [m], is defined as (¢™ — ¢~™)/(¢ — ¢ '), and that here
q is a primitive 4(2m + 1) root of unity. The SU(2) Jones-Wenzl projections f(*) are
mapped to f; == o(f#)), 5 =0,1,...,2m, which we call SO(3)-Jones-Wenzl projections.
It is easy to verify that under ¢ we have the following relations for diagrams in C™:

() =Bl V=0 ®

[2]4 2lg
) (e

and the relations on the 2m-box ¢ derive from:

W
fﬂ

Just as for the s-box in the Dy, o-category C~, we can deduce that t* = f,, and we
have the following relations for ¢ (c.f. Section 2.2):

ITETRTE N )l
t

t =- t t
ik -] T

=\

|
o
Il

(11)

From relations (8)-(9) we can obtain the relations




Similarly, for any diagram which contains an elliptic face, that is, a region which is
bounded on all sides by strings, applying relation (9) to one of these strings yields a linear
combination of diagrams bounded by fewer strings. Iterating this procedure will result
in a linear combination of diagrams without any elliptic faces, that is, the intersection of
any region of the diagram with the boundary of the diagram is non-empty.

Lemma 2.1. The SO(3)-Jones-Wenzl projections f;, j = 0,1,2,...,2m satisfy the fol-
lowing defining properties:

A A fl+j+n |
f] =0= f ) | = fl+j+n )
J
fj l+j+n|
l j| n

for any [,n > 0, where the thick lines denote multiple strands, with the number of strands
represented (U, j, n respectively) written next to the lines.

Proof. The first two identities follow easily from (5) in T LU4™):

SR 1 .
= = =0,

f; JCON

Ao 2, B2 /:\ Y

g [4]q 0 Vi, FC

The projector identity follows from the analogous identity for Jones-Wenzl projections in
TLU™) . Finally, that these relations uniquely define the SO(3)-Jones-Wenzl projections
follows by a similar argument to the proof of [55, Theorem 2.2.1(3)]. O

From a double application of the recursion relation for the Jones-Wenzl projections
the even SU(2) Jones-Wenzl projections f?9 j = 0,1,2,...,2m, satisfy the recursion

11



relation

f(2j+2)

f(Zj)

f(2j)

25 + 1],

25 —1]q

[47]q

2l4[24]4

27 + 2],

f(2.7')

25 + 1]4[27 + 2],

f(2j)

f(Zj)
f'(“2j)
f.(HZj)
B
[
f(ZJ')
[2]4[24],
27+2 ||
f(2j)

Under ¢ this recursion relations yields the following recursion relation on the SO(3)-
Jones-Wenzl projections f;, 7 =0,1,2,...,2m:

[ [ ]
NN fj
ITEN T b
. _ f . [23 — 1]61 - _ M fj
G+ J [2j 4 1]q M [Q]q[Zj + Q]q
NE BN f;
T T f,
[T T
[ ] [ ] [ ] [ ]
] - | /i 5
. _ [47, = A2
7 25 +1]q[27 + 2], ) 225+ 2
BN f; f;
[T T [ [

The simple objects of C™ are pj, j = 0,1,2,...,m— 1, given by f; = ¢(f*)), and Q4
given by ¢(Py) = %( fm £t). The trace on V5, restricts to a trace on V. Under © this

passes to a trace trr on W,, = gO(V,(LQ)), defined on diagrams by attaching a string joining
the ;'8 vertex along the top with the j' vertex along the bottom, for each j € {1,2,...,n},
with each resulting closed loop now contributing a factor of [3],. Let §; :=id,,. We have

trp(f;) = trace(f*)) = [25 + 1], (13)

12



9 Q0 Q . O

Po P1 P2 P3 Pm1>e O

Figure 4: Fusion graph for tensoring with p; in C™

Note that the trace of §; is non-zero for any j, however try(fpi; — fm—j) = [2m + 25 +
1], — [2m — 25 + 1], = 0, consistent with py,4; = pp,—; in C™.
The SO(3)-Jones-Wenzl projections satisfy the fusion rules

Pi @ p1 = pi-1 D pj D pjt, (14)

for j =1,2,...,2m—1, which follows from the fusion graph for tensoring with p® in C,in
Figure 2. For j = 0 we have the trivial identity py ® p1 = p;. We can explicitly construct
isomorphisms ¢ : p;@p1 — pj_1Bp;Bp;1 and Y~ = P* so that Y*¢ = §;®f; = id,, ®id,,
and @ZJ@D* = fj—l S5 fj b fj—&-l = idpj71 ©® idpj ©® idpj+1, by

U
1/}: ¢2 )
Vs

where

” _ Vem -1, i
Y /P,

[4]q[2m],

f;- T e 2 : : f]

(15)
and with 1* defined as the transpose of 1, with each entry 1; replaced by its reflection
1} about the horizontal axis. When j = 0, 11 = ¢ = 0 and 13 yields the isomorphism
between py ® p; and p;. The fusion graph for tensoring by the fundamental generator p;
is given in Figure 4.

Remark 2.2. There is a natural s-structure on C™, defined on diagrams by reflecting
about a horizontal axis, and extended conjugate linearly to linear combinations of dia-
grams.

Remark 2.3. For generic ¢, the diagrammatic algebra W := |, ¢ (fo)) for SO(3), is

given by diagrams generated by the trivalent vertex subject to the relations (8)-(9) — there
is no additional generator ¢ in this case. Thus for generic ¢, SO(3), is isomorphic to the
chromatic algebra [40, 24].

Over- and under-crossings in TL*™ transport to the following over- and under-
crossings in C™

\/ =q2> < T R X (16)
AN TN
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which can be found by mapping the L.H.S. of (16) to C® using ¢!, which yvields a
diagram involving four crossings that can be expanded using relation (7) in C®, and
finally mapping the resulting expression back into C™ using .

Lemma 2.4. Over- and under-crossings in C™ are uniquely given by (16), up to inter-

changing q < ¢~

Proof. The space of SO(3) diagrams with four free end points is spanned by the diagrams

N
> < ,  —_ and >< . Thus a crossing should be given by a linear combination of
these diagrams. The type II Reidemeister move and the relation

are suflicient to fix the coefficients in the linear combination. O

2.4 Modular structure of C™

The crossings defined in (16) yield a braiding in the SO(3)a,, category C™, thus making it
a braided tensor category. The SO(3)s,, category C™ is in fact a modular tensor category.
Define a matrix Y, indexed by the simple objects of C™, by [51]

where the thick lines denote multiple strands, with multiplicity jx, j, respectively. For
i,7 €1{0,1,...,m—1},Y, , = Y,e ,e, which is given by the corresponding diagram in
TLW™ under ¢, thus Y, ,. = [(2i + 1)(2j + 1)], (see e.g. [57, XIL. §5]. Note that the

PisPj
convention used there is that closed loops contribute a factor of —[2],, thus there is an

additional factor of (—1)"*7 in Y; ;). Define Y, ; by the closed diagram

Note that Y,,; = 0 by (11). We will show that Y, ; = 0 for all j = 0,1,2,...,m by
induction. Using the recursion relation for the Jones-Wenzl projections, the diagram on

14



the R.H.S. is given by the linear combination

by sliding the top f*~Y box around the 2j — 1 strands on the right side of the diagram.
By (6) this term is also zero by induction. Thus Y, o, = 3 (Y, p. £ Y5 1) = 3Yp, 9 =
327+ 1)2m + 1)),

We now compute Yy, q., for €1, e € {1}, Define Y;; by the closed diagram

where the first equality follows from relation (11) and the second from (10). Then by
(11), ;4 is equal to

-1 (4m)
(~ommt], | Pl S cymme, = (~1)" 2] Y,

(4m)

where 14, is a diagram in T'L\*™. Expanding the crossing marked by a dot using (7), we

obtain

(17)




Expanding the crossings marked by a dot, the first term gives

(Z-ql/2)2m _ (iq1/2>4m71 _ _(iq1/2>4m+2

u 2m-1
= _(Z-ql/2>6m+1 _ —(z’ql/2)8m

2m-1 2m-1

Y

which by (6) is equal to —¢""[4m + 1] [4m — 1], 'ysm—2. The second term on the R.H.S.
of (17) gives

f(4m)

T
2m-1 J

(4m) 4m
_ (_iq—1/2)2m—1 ‘ fl
2m-1 J :

2m-1

-
- )

(—iq’1/2)2m 71/2)4m71

= (—iq

which by (6) is equal to [4m -+ 1], [4m — 1], yam—2. Thus we obtain the recursion relation
Yoz = 27 +1¢[27 — 1], (1 — ¢*)yaj—2, which yields

2m—1 2m—1
Yam = [Am + 1], [1];1?;0 H (1- q4m72j) _ H (1- q4m72j)7
J=0 =0

since [4m + 1], = 1 and yp is the empty diagram.
Lemma 2.5. For ¢ a primitive (8m+4)th root of unity, H?Zgl(l—q‘lm_?j) = (—=9)™/2m + 1.

Proof. Let ¢ denote a primitive 2(2m + 1)th root of unity. We use the identity (see e.g.
[54, Appendix])
4dm+1

[[a-@) =2@2m+1).

j=1
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Now

4m+1 2m 4m+1 2m 2
[JTa-@=a-¢"H]]Ja-¢) [] da-a"=20-1" (H(l — @'2’”‘]))
J=1 j=1 1=2m+2 j=1
2m 2
=2(=1)" (H(l - q2(2m_j))> :
=1
thus HQm Y1 = ¢* %) = 1,,/2m + 1 where 7,, € {#1, +i}. Note that
2m—1 2m—1 (2m j)ﬂ'
_Am—2j\ _ \2m 2m—j : B _ (_1\m,m(2m+1) —(_A\Mm
[T (= a2 = ip T s (Zo=) — (capmgnemex = (caipnix,
7=0 7=0
where X := H2m0 Ysin ((2m — §)7/(2(2m +1))) > 0. Thus 7, = (—i)™. O

By Lemma 2.5 we have Y;; = i"[2m + 1],4/2m + 1. Then

1

Yo., 0., = 1 (Y, om + (€1 + €)Y, +eaeY,)
1
4

[(2m + 1)2), + ere2i™[2m + 1),v/2m + 1)

[2m4 s ((—1)m+6162¢m 2m+1)

By [51], the matrix Y is invertible if and only if the only index A for which Y, , =
trp(idy)trp(id,) is true for all g is A = po. This equality is clearly true for A = py.
Consider p = p1. Then Y, , = [3(2j + 1)]; = asin(3(2j + 1)7/(4m + 2)) where o =
sin(r/ (4m +2))", and tor(1)er (1) = [31,(2] + 1], = 27 — 1y + 2 + 1], + 2] + 3], =
a(sin((25 — 1)7?/(4m +2)) +sin((25 + )7 /(4m + 2)) 4+ sin((25 + 3)7/(4m + 2))). Thus
we need to find all values of j for which sin(3(25 + 1)7/(4m + 2)) = sin((2j — 1)7/(4m +
2)) + sin((2j + 1)/ (4m + 2)) + sin((2j + 3)7/(4m + 2)). Using the triple-angle formula
for sine on the the L.H.S., and writing the sum on the R.H.S. as a product of sine and
cosine functions, this equality reduces to cos(2(25 + 1)7/(4m + 2)) = sin(27/(4m + 2)),
which for j € {0,1,2,...,m — 1} is only satisfied for j = 0. A similarly computation for
Yoo, = 33@2m+1)]; and try (3 (Fn £ 1)) tre(f1) = 5[3]4[2m + 1], shows that these are
not equal. Thus Y) ,, # trp(idy)try(f1) for all X # pg, therefore Y is invertible.

The statistics phase w(A) for A a simple object is given by the diagram

j}KD il
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We have

| Ll Ll L1
fj f(2j) f<2‘7) f(2j)

(~ =
j@ 2j-1@ L L

2))
I
= —(—iq_1/2)4j+1 FGI _ (_Z.q—1/2)gj f@32)
é-) 25-2

where the last equality follows by the same procedure. Thus we have the recursion w(p;) =
(—ig V) w(p;_1) = ¢ Yw(p;_1), which yields w(p;) = ¢~ 2U*V. Since t = tf,,, we have

|

/—;"‘—ﬁ—

m
m
Hence w(t) = w(pm) = ¢~ ™™+ and we have w(Q+) = ¢~ 2m(m+1),
The S-, T-matrices are then given by [51]
o\ /3
S :=|o|tY, T := (|—|> Diag(w(A)), (18)
o

where 0 := 37, (trp(idy))? w(A) ™! where the summation is over all simple objects A. The
number w satisfies |o]? = 3, (trp(idy))?. These S-, T-matrices agree with those obtained
from (2) in Section 1.

3 Module categories over C"

A module category over C™ is a category M, an action bifunctor ® : C"™ x M — M
and functorial associativity isomorphism m. . : (c®¢)@mz — c @ (¢ @ x) and unit
isomorphism [, : 1 ®yq x — x for any ¢, € C™, x € M, such that the diagrams

(ced)ed)am

ac,c/,c” ®idg W)

(co(dad)omz (c®c) Qp (" pq )
lmc,c/@)c”,z mc,c/,c”®sz

ide®@m s 1
Cc Qm (C/ XM (C” R m x))

cel

c@m (¢ ® ") Omw)
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and

Me,1,x

(c®1)Qum x cOm (1 @ )
COM T

commute, where a. v : (c®) @ — c® (¢ ® ") is the associativity isomorphism and
re : ¢ ®1 — ¢ the right unit isomorphism in C™.

The action bifunctor ® ( on objects defines a nimrep G indexed by the (non-isomorphic)
indecomposable objects of M, so that ¢ @ x = Zy G(x,y)y, where the summation is
over all indecomposable objects y in M. In particular, for the SO(3),, fundamental
generator p;, we have that p; @y x = Z Ag(z,y)y, where Ag is the adjacency matrix of
G = G,,, the fundamental graph which ClaSSIﬁeS the nimrep. Further, by the associativity
isomorphism on M, p] @z = Z Al ¢(x,y)y, where Al (7, y) counts the paths of length
J from x to y.

On morphisms in M, ® defines the action of diagrams in W, ,, := @(Vﬁ)n), which
are generated by compositions of cups, caps, triple points and possibly one ¢-box. For
x,y indecomposable objects in M, a basis for Homy(p] @ 2, y) is given by all paths of
length j on G from z to y.

An alternative definition of a module category is given by [16]: the structure of a C™-
module category on a category M is given by a tensor functor F' from C™ to Fun(M, M),
the category of additive functors from M to itself. Such a functor is given on simple

objects ¢ by
= @ Ge(z,y) Cay, (19)
z,yeg

where the C,, are 1-dimensional R-R bimodules, R = (CG),. The category of R-R
bimodules has a natural monoidal structure given by ®p (see e.g. [23]), and we have R-R
bimodules F(p1) = @D, ,cq Ag(7,y) Coy = (CG)1 and F(p") = @™(CG)1 = (CG),,. The
functor F' sends a morphism p € V,,, of C™ to a morphism F(p) : (CG),, = (CG),

Two C™-module categories M, M’ with associativity isomorphisms m, m’ respectively,
are equivalent if there is a functor H : M — M’ and a natural isomorphism s., :
H(c®mx) = c@p H(x), for any ¢ € C™, x € M such that diagrams

") @pm )

H(c®m ( @) (c®d) @ H(x)

lsc,c/®Mz mc <! H(z)j

ide®s,.
c@py H(d @p ) c@m (¢ Om H(z))

, T

and

H(l) y

H(x)

commute.
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Any two equivalent module categories M7, My will have the same indecomposable
objects up to isomorphism. The nimrep matrices G, are uniquely determined by G,
for any simple object ¢ 2 @+ in C. The classification of nimreps is given in Section
4. Given a module category M, the automorphism ¢ of C that interchanges Q). <> Q_
yields a functor H : M — M,, where M, is a module category where the nimrep
matrices Gg,, Gg_ are interchanged. We determine the equivalence or inequivalence of
M and M, in Section 4. Equivalence of ®uq,, ®rq, on morphisms is given by a linear
transformation Homy, (] @, 2,y) — Homug, (pl @, H(z), H(y)), where z € My,
H(z) € My both label the same vertex of G, z € {z,y}. Any such linear transformation
is determined by linear transformations GL(Ag(z,y),C) 2 0¥ : Hom, (p1 @4, 7, y) —
Hom, (p1 ®m, H(z), H(y)). The classification of all possible actions of any diagram in
Vnn is given in Section 5.

4 Classification of modular invariants and nimreps

In this section we classify SO(3) modular invariants and their associated nimreps.

If Z is an SO(3) modular invariant, then from (2) that X := bZb" is an SU(2) modular
invariant (at SU(2) level 4m), where b is the branching coefficient matrix. Hence X must
be one of Z4,,, ., or Zp,, .,, or for m = 4,7, it could also be Zg,, Zg, respectively. In
fact, due to the reflection symmetry of b about its middle row, indexed by A®™, X has
reflection symmetry about both its middle row and middle column, and hence cannot
be Z4,,. ., which is the identity matrix. Thus for all levels except m = 4,7, X must be
ZDymss- When X = Zp, ., the equation X = bZb" fixes all entries of Z to be Zy , = 0, ,,
apart from when both A, u € {A;,}. The identity ZS = SZ forces Z,+ \+ = Z,- ,- and
Zy+ zo = Zy- A+~ Thus there are only two possibilities for Z, the identity invariant which
we denote by Z 4, , whilst we denote the non-trivial invariant by Z,,

At SO(3) level 8 with X = Zg., the equation X = bZb! fixes all entries of Z apart
from when one of A, # € {\, A7} and the other is A7. From ZS = SZ there are only four
possibilities Z, ;. for (a,b,¢) € {(0,0,1),(0,1,0),(1,0,0),(1,1,0)}, where a,b,c denote
the values of the entries Z/\1,/\I’ Z/\;f,/\lv Z/\Zf«\f{ respectively. Note that Zyo; and Z; ;o are
related by interchanging the roles of A\j +» A;, and Z; 00 = ZO 10- We denote Zy 19 by
Zgy and Zy g0 by Zge. At SO(3) level 14 with X = Zg,, the equation X = bZbT fixes all
entries of Z, which we denote by Zg¢,,.

The complete list of SO(3) modular invariants is thus

Z oy = Z G+ o 2+ o, |?

,_.o

Zym | j|2 + Xm,+Xm,— 1 C.C.
=0

Zgy = |XO|2 + |X2|2 + ’X3|2 + ‘X4,—|2 + X1X4,+ + C.C.
Zee = ZeyZoy = |x0|” + Ix2|” + |X3> + XaXa= + X4,-Xarr + X4+ X7
Ze,, = Zee, = ZeraZony = X0+ xs* + |x3 + xe|?

I
3&:

<.

where it is convenient to write Z as a quadratic form.
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Figure 5: SO(3)a,, nimrep graphs

The eigenvalues of the fusion graph As, for C™ are of the form S := S, 1/S,,. for

A a simple object of C™. For A = p;_1, 7 =1,2,...,m, we have
59) .= g, — sin(3mj/(4m + 2))
sin(7j/(4m + 2))

= 2cos(2mj/(4m +2)) + 1. (20)

For A = Q, since Y, o, = %ij,pm, we again have that fg, is given by (20) with
j=m+1. The values j = 1,2,...,m+1 are called the exponents of A,,,. The exponents
of any nimrep are a subset (ignoring multiplicities) of the exponents for Ajs,,, and thus by
(20) the eigenvalues of the nimrep graph G = G, lie in [—1, 3). Since its eigenvalues are
real, any such nimrep G must be a symmetric, or undirected, graph. Graves [31] classifies
all symmetric graphs whose eigenvalues lie in [—1,3]. For each SO(3) modular invariant
there is only one nimrep with the correct exponents (note that the exponent j corresponds
to the exponent (4m — 45 + 2,25 — 1,25 — 1) in [31]). These are AC,, 12 = Aoy, I4 = &
(see [31, Tables A.1, A.2]) and BT, = 0o, Hy = &, So21 = &5, So1.20 = E14 (see [31,
Tables 8.1, 8.2]. These graphs are illustrated in Figure 5. Note that the vertices of the
graphs As,,, 02, are the even, odd vertices respectively of the Dynkin diagram Dy, o,
with the edges given by multiplication by the SO(3)s,, fundamental generator p; (which
is a vertex of Ajgy,). Similarly the vertices of the graphs &, £ are the even, odd vertices
respectively of the Dynkin diagram FE;, whilst the vertices of &4, £f, are the even, odd
vertices respectively of the Dynkin diagram FEjg, with edges again given by multiplication
by the SO(3)s,, fundamental generator p;.

The nimrep graphs G = G, illustrated in Figure 5 uniquely determine all other nimrep
graphs G, for simple objects ¢ 2 ()+. Using the fusion rules of C, the nimrep graphs Gg,
are both uniquely determined up to interchanging Gq, <+ G¢_. For all cases apart from
G = Ay, &, the nimrep graphs Gg,, Gg_ are equal. Thus M = M,. For Aj,, the
functor ¢ is an equivalence. For &g, the nimrep graphs Gg, , Gg_ are given by

1 0
1
1
1

O O~ O
— o = O
— == O
O = O
— O N

— = O
— == O
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level 2m | nimrep G | SU(2) ancestor H | G the even/odd part of H |

2m Ao, Dspio even
2m O9m, D2m+2 odd
8 Es Ey even
8 &§ E; odd
14 514 Eg even
14 i Eg odd

Table 1: Classification of SO(3) modular invariants

where the labelling of rows and columns corresponds to the numbering of the vertices
in Figure 5. These are easily found from the fusion rules for C™, using the fact that
Gy, = Gg, + Gg_. The functor + which interchanges G, <+ Gg_ yields inequivalent
module categories, that is, for &, M and M, are inequivalent module categories.

5 Cell system for SO(3)s,

Morphisms in C™ are given by linear combinations of planar diagrams generated by triple
points and t-boxes, where t denotes the morphism given by a t-box, subject to relations
(8)-(10), where (10) should be interpreted as a relation on morphisms t and fs,,, = id,,,,.
The strings in any such diagram may be isotoped so that in any horizontal strip there is
only one of the following elements: a cup, cap, triple point or t-box. In this section we will
classify the actions of these generating elements on morphisms in any module category
M with associated nimrep G, where G = G, is one of the SO(3)q,, graphs in Figure 5.
For x,y indecomposable objects in M, a basis of morphisms in Hom x4 (pjl ®mT,y) are
given by all paths of length j on G from z to y. Recall from Section 3 that the structure of
a module category M is equivalent to a tensor functor F': C™ — Fun(M, M). For ® €
Winn = (Vi) a morphism in €™, F(D) : Homuy(p" @ 2, y) — Homa (0" @4 2, 9).
We will represent F'(®) by the same diagram as ®© but using thick lines to distinguish
it from ®. Since F' is a functor, the diagrams with thick lines satisfy the same relations
as diagrams in C™. These diagrams will be maps taking an input along the bottom edge
and giving output along the top edge, where for F/(D) acting on a single path o, the ith
vertex along the bottom edge of the diagram (i.e. the endpoint of a strand) has as input
the ith edge of o. Thus the operator F(®) acting on a path o of length n on G from x to
y will yield an element in (CG),, given by a linear combination of paths of length m on
G from z to y. We require that a diagram consisting only of vertical strands acts as the

identity, e.g.
‘ ‘ =abcd,

a b ¢ d

for a path a — b — ¢ — d of length 4, where a, b, ¢ and d are edges on G.
Let Ag = C™ where n is the number of vertices of G, and let A9 C A; C Ay C --- be
the path algebra (in the usual operator algebraic sense [20]), where paths may start at any

22



vertex of G, with A; given by all pairs of paths (o, az) of length j such that s(a;) = s(az)
and r(ay) = r(ag), where s(«), r(«) denote the source, range vertex respectively of a path
«. The A; are thus finite dimensional von Neumann algebras, with the Bratteli diagrams
for each inclusion A; C A4, given by the bipartite unfolding of G. The bipartite unfolding
G’ of a non-bipartite graph G with vertex set V' and adjacency matrix A is the bipartite
graph with vertex set V' x{0, 1}, and where the number of edges from vertex (v, i) to (v', j)
is given by (1—6; ;)A,,». Multiplication is defined on basis elements (a1, az), (0], ab) € A;
by (a1, a2)(a), ay) = dayr (a1, a3), and the embedding of a basis element (a1, as) € A;
in A;, | > j, is given by Zu(al - [, iy - i) where the summation is over all paths p of
length | — j such that s(u) = r(aq). Note that A, = F(W,).

Consider two module categories M7, My which have the same set of objects and nim-
rep graphs. These two module categories are equivalent if there are linear transformations
GL<AQ(‘I7 y)? C) 2 n(x7y) : HOHlM1 (/01 My T, y) - HOIIIM2 (pl Mo T, y)

5.1 Canonical module categories

To begin with, we consider the action of cups and caps. For each pair of vertices x, y of G,
denote by V., := Homp(p1 @ x,y). For any functor F' there exists two bilinear forms

E;{y, Egy : Voy X Vyo — C such that the creation, annihilation operators associated to

cups, caps respectively are given by
U = Z E:ij,r(b) (b7 C) bC, m = E?(a),r(a) (a’? b) €s(a)
€z b,c:s(b)=r(c)=x a b

where e, denotes a basis element for the one-dimensional space of paths of length 0 at
vertex x of G. Since diagrams in C™ are invariant under isotopy we have that

Under the functor F' the left hand side yields

= Z E;J(a),r(b)(b? RV = Z E1L“J(a),r(b)(b7 C)E?(a),r(a)(a7 b)c,

b,c:s(b)=r(c)=r(a) a b ¢ b,c

a

where the first equality comes from applying the creation operator corresponding to the
cup on the right side of the diagram. Thus the first equality in (21) yields that

N U _ n U _
Z Es(a),r(a)<a7 b)Er(a),r(b)(b7 ) = ( s(a),r(a)Er(a),r(a)) (a,¢) = da,c,
b:s(b)=r(a)
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whilst the second equality similarly yields (E;J(a),r(a)Ep(a),s(a)) (c,a) = 64 Thus the

bilinear forms E; , £}, are non-degenerate and

-1

E7, = (E,.) (22)

for any pair of vertices =, y of G. Since a closed loop contributes a factor [3], in C™, we
also have that

Q = ) ELpbo bm =D EL (0, B (b, 0)er = [B]gea,
c b,c

€y b,c:s(b)=r(c)=z

which, by (22), yields (c.f. [17, eq. (3)])
ZTr (Eagy (<E3,L1J,x)t>_1) = [3lq: (23)

where the summation is over all vertices y of G.

Definition 5.1. A canonical SO(3) module category is a module category M where
the bilinear forms are given by

E;;J ;(1:1y)7 yac V /\/ ¢xa 'y 7é Y, EUa;( :cx)>b(x;v) =9 (1> b(l) (24)

We will now show that any SO(3) module category is equivalent to a canonical module
category. First we need the following Lemma:

Lemma 5.2. Let G be an SO(3)s,, graph as in Figure 5, and let x,y be any adjacent
vertices of G. Then

(waiy(awyv Qyz) = (byE;,m(ayﬂc? Ay, (25)
where a,, is an element in the basis of V, , and (¢,) is the Perron-Frobenius eigenvector
of G corresponding to the Perron-Frobenius eigenvalue [3],.

Proof. For B (aye,a.y) # 0, let Fyy = B (auy, aye)/ By (aye, azy). Consider a sub-
graph of G of the form

1 2 3

with n vertices, where all edges attached to vertex ¢ < n in G are included in this subgraph.
Denote by a;, a; a basis for V; ;11, Viy1, respectively. Then by induction on 7 we see that
(23) gives Fj ;41 = [2i+1],/[2i — 1], = ¢iy1/¢;. Similarly, for a subgraph of G of the form

1 2 3

with n vertices, where all edges attached to vertex ¢ < n in G are included in this subgraph,
(23) gives Fiip1 = [2i]o/[2i]q = ¢ir1/¢s.

For the edges of Ay, connecting the vertices m,p,,p_, (23) yields the equations
Fopy + Fop_ = 2m + 1]g/[2m — 1], Fypm + Fpop = [3]g, which have the unique

solution Fy,p, = [2m + 1]/(2[2m — 1];) = ¢p. /¢m and F},, pr=1= ¢p¢/¢pi'
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For the edges of & connecting the vertices 2, 3,4, (23) yields the equations Fy 34 Fs 4 =
[5]4/[3lqgs Fs52 + Fs4 = [3], and Fyo + Fi3 = [4],/[2];, which have the unique solution

Fy3 = [4]¢/([214[3]q) = bs/d2, Fau = [6]4/([2]4[3]s) = ¢a/¢2 and Fy 4 = [6]¢/[4]q = ¢4/ ¢s.
For the edges of £f, connecting the vertices 2, 3,4, (23) yields the equations Fy 3+ Fs 4 =

6],/[4]q, F52 + F34 = [3], and Fyo + Fi3 = [4]q/[2]q, which have the unique solution

Fo3 = [3]4/[5lq = @3/ 02, Faa = [2]3/[5]g = ba/d2 and Fsu = [23/[3]g = ba/ds.
For the double self-loop (7,7") of the graph og,, (23) ylelds

2B (V) B (V) = B (1,7)? = By (V5 7)?
B (1 E (V) — B (1Y) B (V)
2B (VN Ep (V) — B (1:7)? = By (7 7)?
B (V) ER (V) — B (Y ER (V)

= (Epn(17) = En(Y 7)) =0,

Fm,m—l + - [S]q

=2

which implies (25) since ¢, = ¢,. For the double self-loop (7,7’) of the graphs £§ and
E14, (23) yields the same result. O

Suppose that My, My are two module categories with the same sets of objects. For
each pair of adjacent vertices z, y in G, denote by E;EI;, Eg(f; the bilinear forms F,
for My, Ms respectively, and let Vx(zy) = Hom,, (p1 ®m, T, Y), © = 1,2. Denote by
n@¥) € GL(Ag(z,y),C) a linear transformation 7@ V(l) Vx@y) Then

E:;(c2) :E:Qy)a yx Z U) fz?) (1)77 Z{z?) W Ea(cl;(agcy)a @&)) (26)
CORNE
Qgy Ay
where a@ denote elements in the basis of Vx(ly), ¢ = 1,2. Note that the coeflicient of

ES)(al), al)) on the RH.S. of (26) only depend on z and y and is invariant under
interchanging x and y.
When z # y, there is at most one edge a,, between x and y, so that (26) becomes

Eﬁ),(ag, az(;% = 77(?2?) (1)77(2(15) (1)E:5:13)/(a’(y)7 a&)) (27)

Suppose Eyy(asy), i) = \/6y/Vor. With 1T o) = 6,/ (183 ) VBe Ery(awy aii)),
we have from (27) that

x 1
77(%2) o)V Eyw yra (ry) /qu

77((2) ) (1)77((2) ) (1) E(l) (a(l) a(l))

Ayz ,Qyz  Azy yEr n ZZ:) 1(111) v/ ¢xE$ y(axy s CL;;C)) \% ¢x
by Lemma 5.2.
When z = y # s(7y) for v one of the double self-loops, (26) gives
B, o) = (155 Bl o). (28)
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Suppose Eé,%(aggg),aéz)) = 1. Then with 77 (2) o) =1/ x( m,ag(clx)) equation (28) is
satisfied. When =z =y = s(v), (26) gives
EQ@ 0 = > 0 (1)772?32952(1)19(1)( 05 (29)

acm Qg T

o)

xfl)7

Suppose Exx(am), bg(m) =0, b®- Denote by {¢;,d;} a basis for Vxx, i = 1,2. Then the

Qzz,

choice
ES)(c1,c1)
VED 1, e S d, dy) — B (e, dy )2

Ecgzlg)c (017 dl)

i) = —

Y

(z,x) _

77cz,d1 -
\/Ea(:}%(chﬁ) (d17d1) E }%(61,d1)

(z,7)
ndz Cc1 - 07

(@) _ 1
Ndydy = (1)—’
Ex,m (Cla Cl)

Y

satisfies (29). Note that Lemma 5.2 implies that Egg)g(cl, dy) = Eg(c?%(dl, ).

Thus we can find linear transformations n(*¥ such that any module category M, is
equivalent to a canonical module category. From now on we will only consider canonical
module categories. For a = a,, € V,,, we will use the notation a to denote the basis
element a,, € V,, for v # y, whilst for + = y we will identify @ = a. From (26) we
see that any two canonical module categories are equivalent only if there exists linear
transformations n(®¥ such that

77(<27y) (1),’7(:%227) (1) e 1 (.’,U # y)7 Z 6 (1 1)77 2) (1 15(2) b<1) 5 (2 2)7 (30)

zy ) zy
alt) bl

The second equation in (30) yields that 7®® must be orthogonal.

Remark 5.3. The choice of bilinear form for a canonical module category is consistent
with the *-structure in C™, since for a € V,,, v # v,

() <(q > _ V@ _ <ad \/¢r(b)bl~)> _ <ad W, >
< a G (a) V Ps(a) 7¢8(a)zb: V Ps(v) , s(a) '

5.2 Trivalent cell systems

We now consider the action of a trivalent vertex. Let the operator associated to a trivalent

vertex be given by
m =Y (a,b,c)esa),

a b ¢
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where the path abe forms a closed loop of length 3 on G and Y'(a, b, ¢) € C. By isotopy of
strings and functoriality this is equal to

br(d) Z Gr(a) M
fr—y = Y(b, C, d) g
d:s(d)=r(c) Pr(e) m ) T Vo a d
a b ¢ d d
a b ¢
=3V oD (b, e, d) 6,4 YOS — O@y g o g)
d ¢r(c) ¢s(a) ¢S(a

Thus the number W (abc) := ¢y@a)Y (a,b,¢) = ¢s)Y (b, c,a) = ¢5)Y (c,a,b) € C does not
depend on the cyclic permutation of a, b, ¢, i.e. it only depends on the closed loop abc of
length 3. We will call W (abc) a trivalent cell, and the choice of such W for each closed
loop of length 3 a trivalent cell system.

The relations for the diagrammatic calculus yield relations for the cell system:

> W(abe)W (ébd) = Gaabs(a)®ria); (31)
> /by W(abb) = 0, (32)
b
\/ ¢s(a)¢r(b) Z W(amé)W(bmd) -\ ¢T(a)¢7“(c) Z W(abm)W(mdé)
_ [2q

- m (¢T(a)¢r(b)¢r(c)5a,l;(scd - ¢s(a)¢r(a)¢r(b)5a,c(5b,d) . (33)
q
Suppose that My, My are two canonical module categories. Denote by Wi, Wy the
trivalent cell systems for M1, Ms respectively. We now deduce the conditions on W7y, Wy
in order for M, to be equivalent to M;. With linear transformations 7®¥ as in (30), the

image of a closed loop asbscs of length 3 on G under the operator m in M5 transforms
as follows:

m — Z naz az),r(az)) (bf) 7(b2 ))U(S(CZ),T(@)) m

C€2,C1

az by co a,b1,c1 ar by ¢
(s(a2),r(a b s(c2),r(c
= Z /’7(12 2 ( 2 an(blz) ( ))n02 (:12 ( 2) ¢ ( Wl(ala b17 Cl)es(a1)'
ai,b1,c1

Thus trivalent cell systems Wy, W5 are equivalent if there exists linear transformations
n@¥) as in (30) such that:

Walag, by, c2) = 3 psadrlaaylebalrCysesclyy, (a;, by, ey). (34)

a1,by,c1

For any closed loop of the form aab or bbb, where b is a self-loop (but not v or '), this
reduces to Wy and W; differing by a sign.
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Remark 5.4. If we consider x-module categories, that is, module categories compatible
with the x-structure on C™ (see Remark 2.2), then the identity

(bs(a)W(abC) - < m >S(a)> = <abc, \u > = <CLbC, Ps(a) Z W(fédv) d€f>

a b c s(a) doe.f

= ()W (¢ha)

yields that W (¢ba) = W (abc). In particular this implies that for any closed loop A of the
form aab or bbb, where b is a self-loop (but not y or +'), that W(A) € R. Combining this
identity with (34) yields that

r(a2),s(a r(b2),s(b r(c2),s(c s(az),r(a s(b2),r(b s(c2),r(c
(r(az),s(az)), (r(b2),s(b2)) (r(c2),s(c2)) 77( (a2) (2))77((2) (2))77((2) (e2)) (35)

Ney iy ba,b1 €2,C1 — flaz,a1 b2,b1 €2,C1 )

for any closed loop azbic; of length 3 on G. Since 7®*) € {41} for any  which is not
the source vertex of the double edge (v,7'), (35) is satisfied for any trivalent cell where
at least one of the edges is a self-loop (but not 7 or 4), using the first equation in (30).
When at least one of the edges is v or 7/, (35) yields that n*("-*(") is unitary. The
only closed loops of length 3 which do not involve any self-loops are [m, py, px] on Asy;
[234], [243] on &; and [234], [243] on &F,. For these closed paths we obtain the condition
néz(’gf)w(az))nlgjfglz)7r(bz))n£§§glz)»r(cz)) —1.

In the next section we determine equivalence classes of cell systems for the SO(3)a,
nimrep graphs. We will complete the classification of the action of generating diagrams
by considering the action of the morphism t defined by (10) in Section 5.4.

5.3 Classification of trivalent cell systems for SO(3)y, nimrep
graphs

In this section we find all equivalence classes of cell systems for the SO(3)s,, nimrep
graphs. In the proofs we will at times make implicit use of various quantum integer
identities. For example, at level 2m we have [2m+1+j] = 2m+1—j]forj =1,...,2m+1.
As a consequence of this, one can deduce other identities at specific levels. For example,
at level 14 we have [10][15] = 2[5][10] which implies that [15] = 2[5], from which many
other identities can be deduced, e.g. 2[2|[5] = [2][15] = 2[14], so that [14] = [2][5]. The
details of all quantum integer identities used are not provided explicitly in the proofs.
The labels of the vertices in this section are as in Figure 5.

Theorem 5.5. Any trivalent cell system in a canonical module category M with nimrep
graph A,,, is equivalent to

V21121 — 1][21 + 1][21 + 2]

Wi = ; (36)
[4][21]
LIl = [4l i 2] [2] y (37)
[4][21][21 + 2]
Wuwnz_¢mpmm+um+ﬂ’ (38)
[4][20 + 2]
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forl=1,2,..., m — 2, and

V[2)[2m — 3][2m — 1][2m)]

Wm—2 m—1m—1 — (39)
o [4][2m — 2]
 [Em—-2)/[2]
H e = im— 2] um
W imims = Wt = — V[2112m — 2][2m — 1][2m + 1]’ (41)
2[4][2m]
MQPMMWLW%AWLM+=[?$ : (42)

If M is a x-module category, then any trivalent cell system is equivalent to the one given
above, with W, _1 .. = Witm_m,. = [2m]/[2].
Proof. For As,, we have Perron-Frobenius weights ¢, = [2l + 1], 1 =0,1,..., m — 1, and
Om. = [2m]/[2] = [2m + 1]/2. Suppose
20120 — 121 + 1][21 + 2
Wz_l,z,zzsz\/[ Il J[20 +1]| ]7 (43)
[4][27]
where g, € {£1}. Relation (32) with r(a) = [ yields
—1 21 — 1]/[2][21 + 1][21 + 2]
Wit = (55[ IVEIl ++/[21 + 1] VVlll) (44)

20 + 3] [4][21]

Substituting this expression for W ;41 in relation (31) with s(a) =r(a) =1l and d = a
yields the quadratic equation

[2(20]20 + 20/ TAIWF + 2220 = 120+ 1)/ R]R0[20 + 2]Wig — £ [20+ 1[4l + 2]/ 4] = 0,

which has solutions

Ry, )
Wi = \/[2][4][2l][2l+2]( 20 — 1] £ [20 + 3])e
—2+ 1P g ifg=-1
2+ 1l __ ) VEFRIRLY Y
R EE ARl IR Vo I
AR+ 2 :
Then from (44),
S 20— 1)RRI+1RI+2] AR+ P e — 1
W) VErTs 2 2PRIRI+ 2 -
LLI+1 g 20 —1]\/[2][20 + 1][20 + 2] [41 + 2]\/[2][20 + 1] e -1
OE e DEZEECNY

([41)/[20 + 1][21 + 3]

_ ) Rhy/RPR +2]
—/[2][120][21 + 1][21 + 3]

L [4][21 + 2]

&l if € = —1,

if € = 1.
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We now consider relation (33) with s(a) =1 —1, r(a) = s(b) =1, r(b) =1+ 1 and ¢ = a,
d=0. If ¢ = —1, (33)) gives

20— 1)[20+ 1][20 + 3)[4]]  [2][2 — 1)[20 + 1][2] + 3] g

- _ e E——

[4][202/12] [4] 2]3[20]2

which is not possible since the L.H.S. is positive. On the other hand, for ¢, = 1 relation
(33) is satisfied. Finally, relation (31) with s(a) =1, r(a) =1+ 1 and d = a yields

9 B 2][20][20 + 1][20 + 3] [2][21 + 1][2] 4 3][2] + 4]
VVl,lJrl,lJrl - [2l + 1][2l + 3] - [4] [2l + 2] - [4] [21 n 2] )

so that

V121120 + 1][20 + 3][2 + 4]
[4][21 4 2] ’
with g1 € {£1} since W?,,;,, > 0. For the base step, relation (31) with s(a) = 1,
r(a) =2 and d = a gives W}, , = [3], which yields (43) when [ = 1.
From relation (33) with s(a) = m4, r(a) = s(b) =m—1, r(b) =m_ and ¢ = a, d = b,
we obtain

VVzJ+1,l+1 =&+

[6][2m — 1][2m + 1]
13]4]

_ [6)2m — 1][2m + 1]

= Win—tm—1m_ = 2Won—1m—1,m. [3][4]

2I/Vm— 1,m—1,m4 Wm— 1m—1m_ —

Substituting this expression for W,y y—1,,_ in relation (32) with r(a) = m — 1 yields

2[2][2m — 2][2m — 1][2m + 1] [6][2m — 1][2m + 1]
Wi* m—1m +£m\/ Wm— m—1,my T =0
b 4lR2m] b 2[3][4]
21[12m — 2][2m — 1][2 1
o W — o PIPHPn TP 1]
2[4][2m)
The same procedure for Wy,_1,,—1m_ shows that Wy, _1m1m_ = Whim—1m.. Re-

lation (33) with s(a) = m — 2, r(a) = s(b) = r(b) = m —1 and ¢ = a, d = b,
yields (40). Finally, relation (31) with s(a) = my, r(a) = m_ and d = a yields
Win—tmym Wintm_m. = [2m]?/[2]>. In a sx-module category we have Wi,_1 1, m_ =
Win—tm_my s thus W1 . = 7[2m]/[2] for 7 € T.

We now show uniqueness of the cell system. Since all cells apart from Wy, 1y m.
are fixed up to sign, it is clear that they are equivalent. If W, W are two cell Sys-
tems with Wm,l,m my = aﬂWm,l,m ey X E C*, equivalence requires the existence of
pm=tms) pimem-) pim—m=1) ¢ C such that nm=bm+)pmem-)pim-m=1) — o 50 we may
take n(m+m-) = pm—m=1) — 1 and nm=1m+) = . To be a *-module category we have
the restriction o € T, and hence n™+™1) = (pm=lm+))=1 — p(m-1mi) a5 required by
(35). ]
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Theorem 5.6. Any trivalent cell system in a canonical module category M with nimrep
graph & is equivalent to

W1,2,2 = [3]7 W2,2,2 = T W2,2,3 = - )
4 4
- _V/EIBIE o, VBB 0]
> 4 RTNE SRV
6]/[10 3

6
Wiysa=— Wo3aWo 43 = Jy

If M is a x-module category, then any trivalent cell system is equivalent to the one given
above, with W27374 = W27473 = v/ [3] [6]/\/ [4]
Proof. The Perron-Frobenius weights for £ are ¢1 = 1, ¢o = [3], ¢35 = [4]/[2], ¢4 = [6]/]2].
Relation (31) with s(a) =1, 7(a) = 2 and d = a yields Wi, , = [3], thus Wi, = e14/[3],
g1 € {£1}. From relation (33) with s(a) =1, r(a) = s(b) = r(b) =2 and ¢ = a, d = b, we
obtain 2l

€1[3|Wa20 — [3]2 = — = Wooo =ce1753.

Relation (32) with s(a) = 2 yields

81\/@4—51 [6]\/ﬁ + \/EW7 3

[4]

so we can express W24 in terms of Wy o

W2,2,4 =& -

From (31) with s(a) = r(a) = 2 and d = a we have

6 2
3] + % + W§273 + WQ%M = [3]%

Substituting in for Wy 4 from (45) we obtain the quadratic equation

2l o EVEFEL, L DFBIE

g v T e

ie. Waas = —e11/12][3]/+/[4], and from (45) we obtain Wy o4 = —e1+/[2][3][6]/[4].
Relation (31) with s(a) = 2, r(a) = 3 and d = a yields

[2](3] _ B4 _ [3][6]
W + WozaWous = T] = WosaWo43 = T
Relation (31) with s(a) =3, r(a) =4 and d = a yields
Bl6] | 2 _ [4][6] _ [6][10]
] + Wi, = PR = W344 = €2 2 [5]7
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where g5 € {£1}. From (33) with s(a) = 2, r(a) = s(b) =4, r(b) =3 and ¢ = a, d = b,
we obtain

BIOI0],, BeE B, VB
NGRS 2] T B

Finally, (32) with s(a) = 4 yields

ool , VeI Vie,,
[4]v/15] J_ e ’

which yields Wy 44 = —e2[6]4/[10]/4/[2]3[5]. Uniqueness follows as in the case of As,,. O

Theorem 5.7. Any trivalent cell system in a canonical module category M with nimrep
graph &f, is equivalent to

Wi =— 4 VV112=L szzﬁ
B 21[3]’ - Bl - Bl
Wans = 8] | Wans = — 3] [4], Wans = — [2][3] [4]’
[2][3][4][5] [5]/[2] [5]
[2][4] [2][4] [2][4]?
Waua = , Wi a4 = , Wiga = — ,
o VBIE] - [5] - 5]/[3]
_ [2P[3][4P?
WozaWaa3 = BE

If M is a x-module category, then any trivalent cell system is equivalent to the one given

above, with Wz, = Wa 43 = [2][4]7/B]// B3

Proof. The Perron-Frobenius weights for £, are ¢1 = 1, ¢o = [4]/[2], ¢3 = [3][4]/[2][5],
¢4 = [2][4]/[5]. Relation (31) with s(a) = r(a) = 1 and d = a yields W2, | + W7, =1,
whilst from (33) with s(a) =r(a) = s(b) =1, r(b) =2 and ¢ = a, d = b, we obtain

Solving these two equations yields two possibilities:

v/ [4] &1
- ,  Case [ . Casel,
Wi, =4 Ve Wits = {\/[31

0, Case 11, €1, Case II.

From relation (31) with s(a) = 1, r(a) = 2 and d = a we obtain W7, , + Wi, , = [4]/[2],
giving

Case 1,

Case II.



Relation (33) with s(a) =1, r(a) = s(b) = r(b) = 2 and ¢ = a, d = b, gives

—L_ Casel
4 4 €2 ) ase I,
2 2 eVHEIE

since [6] — [2][3] = —1/[4]. From (33) with s(a) =1, r(a) = s(b) = 2, r(b) = 3 and ¢ = a,
d =0b, we get

31v/14
_ VB _ ] evEr Oeh
WigoWso3 = — = Wao3 = [31\@
[2][5] —&9 . Case IL.
/ [5][6]
However, Case II is not consistent with relation (33) with s(a) = r(a) = s(b) =2, r(b) = 3
and ¢ = a, d = b, thus only Case I is possible. From (33) with s(a) =1, r(a) = s(b) = 2,
r(b) =4 and ¢ = a, d = b, we get
2|14 2[13]14
WiasWara = — 24 Wans = 5 [21(3]14]
[5] 5]
Relation (33) with s(a) = 3, r(a) = s(b) =2, r(b) =4 and ¢ = a, d = b, gives
B[4 [] [3][4]” 21*[3][4]*
e A W aaWeoya = — WaosaWo4sz = .
53 2] 2,34W243 [5]2 = 2,34W243 BE
Relation (31) with s(a) =3, r(a) = 4 and d = a yields
2PBIMEP | e BIEP [2][3][4][12] 2][4]
——a— + W35, = = Wsaa=c¢ = )
BE M P AT BPe B

have

Woaa=e3
Finally, (32) with s(a) = r(a) = 4 yields

4, Vel VR, W o VR

€3 ] + 444 = 0 =
[5]

_|._
[3][5] [5]
Uniqueness follows as in the case of Aj,,. O

€3

w

For the SO(3) graphs oa,, & and €14 we only have results for x-module categories,
where we have the identification W (éba) = W (abc). Since all closed loops of length 3 on
these graphs are of the form aab where b is a self-loop (so b = b), any cell system must be

real, since W (aab) = W (baa) = W (baa) = W (aab).
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Theorem 5.8. Any trivalent cell system in a canonical x-module category M with nimrep
graph o, is equivalent to the cell system given by

11,1 = v Wiie = L
h 28] - 3]
Wyt — V[20 = 2][20][21 + 1]’ Wiy = [41] |
[2][4)[20 - 1] V214121 - 1][21 + 1]
V20— 112021 + 2]
Wiy = —
[2][4][2] + 1]
) - 6]/[2m]
et = B vmn = a2
WS A Ay [21[6] N _ by [2m]
W(Va%V) - W(7 )Y a7) - _2[3][4”2771 _ 2]7 W(77777) - W(’%W 77) - _m'
where W(Zl_l)m’m denotes the cell for the closed loop (m—1) — m — m — (m—1) which

goes along the loop 1 € {v,7'}.
Proof. The cells Wy 19 and W_1y1, Wigg, Wiy gy for 1 =2,3,...,m — 1, can be deter-

mined in a similar way to those for As,,. Uniqueness of these cells also follows similarly.

For cells involving the double self-loop, we set Wy := W(vy,v,7), Wi := W(v,7,7),
Wy := W(y,7',7') and Ws := W (y/,,), which are all real since W (éba) = W (abc) in
a *-module category and ¥ = v, 4/ = 4/. From (32) with a = v we obtain

W _ _ﬂ (Wo + W), (46)

= ]

and similarly with a =+ we obtain

o o [2m]
N T |

From relation (31) with a = d = =, relation (31) with a = d = 4/ and relation (33) with
a=c=~and b =d =+, we obtain that W, are any real solutions to the system of
quadratic equations

(W1 + Ws). (47)

) [2m — 2] ) 2, [2m + 1] [2m — 2][2m)?
Vot 2nmm o Vi Wt Ty Wl = Tomp n (48)
N [2m — 2] [2m + 1] _ [2m —2][2m]?
Wit 2 g Wt Wit oy W = Soas (49)
W2 L W2 — WaW. Wi We — [Qm]2

All other relations (31)-(33) involving v, 4" are satisfied when equations (48)-(50) are
satisfied, and thus we have a one-parameter family of solutions. We will first find all
solutions where Wy = 0. We will then show that these solutions are all equivalent, and
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that any other solution must also be equivalent to one of these. Finally we will deduce
the solutions presented in the statement of the theorem.
Solving equations (48)-(50) with W5 = 0 we obtain the solutions

Wy — €1[2m]+/[6][2m — 2]’ W, —
3]/ [2][4][2m — 1] [2][3][4]

where €1, €, € {£1}.
We now turn to the equivalence of solutions for cells involving v, /. Suppose W, W
1 1 P (mvm) P m,m R (mvm)
are two equivalent solutions, and denote by w11 =1y, ', U1z := Ny s U2t =10 and

Ugg = ng,wn) the entries of the unitary, orthogonal linear transformation ™™ which
gives this equivalence as in (34). Then from (34) we have

/-W\_,(’y _ n(m_17m)n(m7m—l)u11W('Y _|_ n(m—l,m)n(m,m—l)u12W&;71

m—1),m,m m—1),m,m ),m,m
= U11W(7m_1),m7m + U12W&1_1),m,m, (52)
N(T;L—l),m,m = u21W(’ym—1),m,m + u22W(’Ynl1—1),m,m' (53)
Then from (46) and (47) we obtain the following equations involving the W, Wi
/_Wv() + /_WVQ = un(WO + Wg) + U12<W1 + Wg), (54)
W1 -+ W3 = Ugl(Wo + WQ) + Ugg(Wl + Wg) (55)

Equivalence between the W;, fV\V/Z gives

WO = U%WQ + 3U%1U12W1 + ?)’U/HU%WQ + ’U/?QWLO,, 56

(56)
Wi = uf ug Wo + (u uag + 2uiiugaua) )W + (Ulytiar + 2upiuigian) Wa + ulqusnWs, (57)
WQ = UHU%IWO + (Ulgugl + 2U11U21U22)W1 + (UHU%Q + 2U12U21U22)W2 + U12U§2W3, (58)

(59)

Wg = U%Wo + 3u§1u22W1 + 3U21U§2W2 + U§2W3. 59

Then it is easy to see that any solution for which W5 = 0, i.e. any solution given
by (51) with €; = €], ea = €,, for some €|, €, € {£1}, is equivalent to the solution with
€1 = €5 = 1 — that is, equations (54)-(59) are satisfied — by choosing uy; = €/, ug = €,
and w2 = ug; = 0. .

We now show that any other solution (W, Wy, Wy, W3) is equivalent to the solution
(Wo, W1, 0, Ws3) above with e, = g5 = 1. Let n™™ = uf be the unitary given by setting
Uy = Uy = cos B, Uy = sinf and uy = —sind, and let (W, W W WY) be the solution
equivalent to (W, Wi, Wa, W3) obtained by using the unitary u? in (34). We thus have
a continuous family of solutions (W¢, W{ W4 WY) for 6 € [0,27). We show that there
exists a choice of # such that W = 0. Now (34) yields

WY = cos 0 sin” oW, + (sin® § —2 cos? fsin Q)Wl + (cos® @ — 2 cos 0 sin? Q)Wg +cos? O sin OW;,

so that W9 = Wg, whilst Wg = —Ws. Then by the intermediate value theorem there
exists 6 € [0, 7] such that W = 0. Thus the equivalent solution (W¢, W¢ W2 W¥) is one
of the equivalent solutions given by (51).
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Since all solutions are equivalent, we may seek one with a symmetry between the self-
loops v and 7' such that W(v,v,v) = W(v',+,7') and W(v,v,7") = W(v,7',7'). Solving
(48)-(50) with Wy = W3, Wy = W, one such solution is

3

WY _ W'Y' _ [6] [Qm]

M RO )
W(’}/7 v 7) = W(,)/a ’)/7 f}/) = - 2[3] [4[]2[]2[7671 —_ 2] )
W(y,7,7) =W(,".Y) = —%.

]

Remark 5.9. We conjecture that the trivalent cell system in any canonical module cate-
gory with nimrep graph o9, is equivalent to the one presented in Theorem 5.8. We have
that W;, i = 0,1, 2,3, are now any complex solutions to (48)-(50). As in the proof of The-
orem 5.8, we can construct a continuous family of equivalent solutions (W¢, W{, W¢ W9)
for 6 € [0,27), where W) = « € C and W) = —«a € C. Thus by the intermediate value
theorem any solution for the W; is equivalent to a solution where W5 € R. If Wy = 0
we have the solution given in (51), since solving the equations (48)-(50) for Wy = 0
does not require any assumptions about W; € R. If we now assume 0 # W5 € R, the
imaginary parts of equations (48)-(50) yield the following possibilities only: (1) the W;
are all real, which is the case considered in the proof of Theorem 5.8; (2) Wy, Wy € R
and Wy, W5 € iR; (3) Wy € C with Re(Wy) = —Wh[2m + 1]/(2[2m — 1]), W3 € C with
Re(Ws3) # 0 and Im(W3) = Re(Wo)Im(Wy)/Wa, and Wy = —iWoIm(Wy) /Re(Ws); or (4),

2](Re(W3)? — 3Re(W1)?) — 2[4]Re(W1)Re(WW3)
[2]3Re(W7)? + [4]Re(Ws3)(2Re(W7) — Re(Ws)) '
2[Re(W1) + [4]Re(W3)
[2]3Re(W1)? + [4]Re(Ws3)(2Re(W;) — Re(W3))’
Wolm(Wy) + Re(W3)Im(Wh)
Re(Wh) ’

RG(W()) = W2

Im(Wl) = WQIIH(WQ)

Im(W3) = 2Im(W;) —

where the denominators on the R.H.S. are all non-zero, and Im(Wy), Re(W;), Wy and
Re(W3) are otherwise arbitrary. Cases (2) and (3) can be shown explicitly not to give any
solutions to the full equations (48)-(50). For case (4), numerical evidence for m = 2,20, 50

suggests that no solutions exist for any value of m, but we have not been able to verify
this.

Theorem 5.10. Any trivalent cell system in a canonical *-module category M with
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nimrep graph & is equivalent to either the cell system W given by

Wl 92 =0, W17,2,2 = [3],
Wiy = o, Wiy — VL
3] B [3]1/14]
_ BV Nl
W(v,7'.7") =0, W', = %,
iRvaE] V23]
Wiz = 4] W33 = 4
or the cell system 1% given by
Wy, = YOI T
. [4] [4]
= _  VI[2’6] =y _ [21V[3]
W2,2,3 - [4] ’ W2,2,3 [4] ’
117 [2] 117 / \/m
W , 7Y, = > 44 s = T =
(77, 7) N (7,77 3
17 o A7/ [3] [4]
W(v,7,v") =0, W©,v,v)=— ,
(.7 (7 Y) NG
— 2]1/13] — V213
W33 = ] Wi33 = 4

where Wy ,, /M7z7,72,2 denote the cell for the closed loop i — 2 — 2 — ¢ (i = 1,3) which
goes along the loop 1 € {v,7'}. The cell systems W and W are inequivalent.

Proof. The Perron-Frobenius weights for £ are ¢; = 1, ¢ = [3], ¢35 = [2][3]/[4]. Relation
(32) with s(a) = r(a) = 3 yields

[2][3] VI
V 13[Wags+ ———W333=0 Ws33=—""+=Ws33
[ ] 19y + \/m 39y :> 39y \/m (g}
Then relation (31) with s(a) = r(a) = 3 and d = a gives
5 o [21P[3)° . 2]/ [3] _ . [2][3]
Wiss+Wsss= —[4]2 = Wass 3—[4] , Wssgs 3 n ;

where ¢35 € {£1}.

For the remaining cells, we obtain the following equations, where we set Wy :=
W(v,7v,7), Wi := W(v,7,7), We := W(~v,v,v) and W3 := W(v',v/,7'). From rela-
tion (31) with s(a) =1, r(a) = 2 and d = a we obtain

(W17,2,2)2 + (W17,22)2 = [3]7 (60)
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and similarly with s(a) = 2, r(a) = 3 and d = a we obtain

/ 2]°[3]°
Wiya) + (Wihy)? = Y :
(Wias)™ + (Wass) 7E
Relation (31) with a = d = ~ yields

(Wiap)® + WG+ 2WF + W5+ (W, )" = [3)%,
and similarly with a = d = 4/ we obtain

(Wiyo)? + W24 2W2 + W2 4+ (Wih,)? = 3%,

whilst @ = v, d = 7/ yields

Wiy o Wiy o + WoWy + 2W Wy + WolWs + Wy s Wiy 5 = 0.

Relation (32) with a = v yields

2|13
Wiao + V[B]Wo + /[3]W, + \[/%]W;m =0,
and similarly with a =~/ yields
v 213] v
Wioo + VIBIWL+ /[3]W5 + 4 Wyss =0.

Relation (33) with s(a) =1, r(a) = s(b) = 2, r(b) = 3 and ¢ = a, d = b yields

e Vv [2]P[3]°
WKQ,QWQ’Y,Z?, + WKQ,QWQ’Y,Q,?) = _T-

Relation (33) with s(a) =1, r(a) =2, b=, ¢ = a, and d = b yields

W17,2,2W0 + W17,2,2W1 - [3](W17,2,2)2 = -

and similarly, with s(a) =1, r(a) =2, b=+, ¢ = a, and d = b we have

! Wy — v 2 _ [2VI8P
WiooWa + Wiy Wi B](W750)* = I
Similarly, with s(a) = 3 and r(a) = 2 we obtain
/ [4] 312/12]°
Wiy sWo + Wy Wy — ~= (Wyy5)° = s
V2 [4]
' 4] o 312/12]°
Wy sWo 4+ W5y ;W — E(W;&?)P _ _T-
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(66)

(67)
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Finally, relation (33) with s(a) =1, r(a) =2, ¢ =a, b= and d = v/ yields
W o Wi A+ Wil oW = v/ BIW5, W5 = 0, (72)

and similarly, with s(a) =3, r(a) =2, c =a, b= and d = 7/ yields

/ \/ 4 !/

Vi

Just as in the proof of Theorem 5.8, the cells Wy, Wi, Wy, W3 in any equivalent cell
system satisfies equations (56)-(59), and by the same argument used in that proof, we
see that any cell system is therefore equivalent to a cell system where W5 = 0. Solving
equations (60)-(73) with W5 = 0, we obtain the following solutions:

Y T e ¥ :—e@ Y — e [5]v/[2]
Wiss =0, Wiso = 1\/E7 Wiss 2 El Wias 1 3 [4]7
_ BV B ) G
Wy = 2[3]\/m, Wy = 1[3]7 Wy =0, W3 1[4]7
where €1, €, € {£1}, or
lem_ €1 3 ) Wflm— €2, W;m—(), Wyo3 =6 [5]37
’ [5] - - 3]
o VB T = N
Wo =6 5 Wi = —e/[3], W, =0, W3 = e )
where €1, €, € {£1}, or
Ve[ R [/ o N Y/
Wiso =6 1] s Wi, 1 [4]7 Wyas 2 4] Wias 1 T
e, L2 7 _a¥YBl Wy — e, VI
4]/l Bl ’ 2]

where €1, €6, € {£1}.

The equivalence of the cell systems W for different choices of €,e; € {£1} follows
as in the proof of Theorem 5.8, and similarly for W and W. Thus ‘we will only consider
cell systems with €, = e = 1. Equivalence of cell systems W and W, for cells involving
v, 7/, is given by a unitary u which satisfies relations (52) and (53) with m = 2, similar
equations for cells for the closed paths along vertices 2 — 2 — 3, and relations (54)-(59).
Equivalence of the cell systems W and W above is then given by u with w1 = ug = —ﬁ

3 —_~
and u;p = —uUg = L However, the cell systems W and W given above are not

VBl

equivalent. This can be seen from (52), the equivalent relation for /W; 23, and (54), which

39



give the inconsistent linear system

0= \/Wun + ﬂum

Vi Vi
bl_ VEFE, | BV,
3] [4] 4

b1V 2] 2] [6]/5]

BVA VB 2VEP
]

Theorem 5.11. Any trivalent cell system in a canonical *-module category M with
nimrep graph &4 is equivalent to

_ _ 6] _ VBB
Wiso =/ [3], Waoo = )’ W3 T
_— v V/[2]B][5][6]
W2,3,3 - 05 W273,3 = [4] y
W?:Y34:_ [5]3 ) W;/s4—_[5] [2];
” [4][6] " [3][6]
_ VP W BV
A AN oAt A — [10] [2]
W(%V,V)—Oa W(Vﬁﬁ) [4] [6]7

where W/, 5 denotes the cell for the closed loop @ — 3 — 3 — i (i = 2,4) which goes
along the loop n € {v,7'}.

Proof. The Perron-Frobenius weights for €14 are ¢1 = 1, ¢o = [3], ¢35 = [5], ¢4 = [12]/]6].
Relation (31) with s(a) = 1, 7(a) = 2 and d = a yields [Wy2,]" = [3]. Now Wi, € R
(see Remark 5.4), thus Wiss = €14/[3], &1 € {£1}. From relation (33) with s(a) = 1,
r(a) = s(b) =r(b) =2 and ¢ = a, d = b, we obtain

2)(3)* [6]

= W27272 = 61@.

61[3]W2,272 - [3]2 == —[

Relation (32) with s(a) = 2 yields

[6]/3] _ _ . AVIsIE
[3] + € [4] -+ \/ﬁWZZg =0 = W27273 = 1 [4] .

For the remaining cells, we obtain the following equations, where we set W, :=
W(V“V»W)? Wy = W(,%’%F}/)v Wy = W(777/77/) and Wy = W(W’a’)’/ﬁ/)' From rela-
tion (31) with s(a) =2, r(a) = 3 and d = a we obtain

2](3][5][6]

(W35 + (W37 = A (71)
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and similarly with s(a) = 3, r(a) = 4 and d = a we obtain

[5][12]
6]

(W;3,4)2 + (W;/?,,4>2 =
Relation (31) with a = d = v yields
(W;,s,s)z + W§ +2W7 + W3 + <W3:Y,3,4)2 = 5%,
and similarly with a = d = 4/ we obtain
(W) + WP+ 205 + Wi+ (W3 ) = 5],
whilst a = v, d = 7/ yields
Wy'3 s Waly 5 + WoWy + 2W, W + WolWs + W35 ,Wis, = 0.

Relation (32) with a = v yields

\/_W233+\/_W0+\/_W2+\/\/gw334 0,

and similarly with a =~/ yields

\/_W233+\/_W1+\/_W+\/\/%W334 0.

Relation (33) with s(a) =2, r(a) = s(b) =3, r(b) =4 and ¢ = a, d = b yields

2]5]v131[12]

W27,3,3W?7,3,4 + W;3,3W?Z3,4 - = [4] [6]

Relation (33) with s(a) =2, r(a) =3, b=, ¢ = a, and d = b yields

/ ) 214/ [3][5]?
W;3,3W0 + WZ3,3WI - J(W;w) = _M;
V3] [4]
and similarly, with s(a) = 2, r(a) =3, b=+, ¢ = a, and d = b we have
/ 5 / 214/ [3][5]?
W3, sWa 4+ Wi oWy — Yy g2 — _BIVIBIEP
3] [4]
Similarly, with s(a) = 4 and r(a) = 3 we obtain
/ [5](6] 2]v[BP[12]
W35 aWo + Wiz JW1 — (Wi34)* = ==,
VI12] [4]1/16]
/ [5] [6 2]v[P[12]
WygaWa + Wyl , W3 — (W) = — ==
[12] [4]1/16]

(75)

(76)

(77)

(78)

(82)



Finally, relation (33) with s(a) =2, r(a) =3, c=a, b= and d = 7/ yields

/ ) /

VB

and similarly, with s(a) =4, r(a) =3, ¢ =a, b=y and d = /' yields

[5](6]
[12]

W3y Wi+ Woy W — W35 Wiy = 0. (87)

Just as in the proof of Theorem 5.8, the cells Wy, Wy, Wy, W3 in any equivalent cell
system satisfies equations (56)-(59), and by the same argument used in that proof, we
see that any cell system is therefore equivalent to a cell system where Wy = 0. Solving
equations (74)-(87) with W5 = 0, we obtain the following solutions:

Vet o YEOEE o VBR BVE
- " 4 * ae 316]
Wo= e VO oy BIVE] W, — 0. N LU Vi)

BTG § NG

where €1, €6, € {£1}, or

i VAR G BVEE G o g YR
’ Fo T ’ B
Wy = e ABVIE TG Gl R )
Wy = e o Wy ] Wy =0, W3 =e 5]

where €1, €, € {£1}, or

T 73/ W= e 3] [2]’ W= o [2] [5]’ W —a [2] [5]7
> [4] v 8] " 3] "~ 8]
/Wo = €9 [2] [7], /Wl = 61M, /Wg = O, Wg = —61[4],

[4]1/13] 8]

where €1, € € {£1}.
The equivalence of the cell systems W for different choices of €,e2 € {£1} follows
as in the proof of Theorem 5.8, and similarly for the equivalence of the cell systems W,

w. Equivalence of W and W is given by the unitary u with u;; = —ugy = % and
bl . = = . IERVPIE
Uy = Uy = . Equivalence of W and W ig given by u with uy; = w9y =
[4][12] [8][12]
2]1/|6
and U2 = —U21 = [ ] [ ] . ]
[3][12]
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5.4 Classification of module categories for SO(3)s,

As discussed in Section 2, there is a trace try on the SO(3)s, algebra W, = ¢( 1(12))

defined on diagrams by attaching a string joining the ;' vertex along the top with the
j™ vertex along the bottom, for each j € {1,2,...,n}, with each resulting closed loop
contributing a factor of [3],. As noted in Section 2.3, we have trr(form) = [4m + 1], = 1.

Let Ay C A; C Ay C -+ be the path algebra for G, as in Section 5, so that the algebra
A, is the space of endomorphisms F'(W;), where F' is the tensor functor defined as in (19),
and has basis indexed by all pairs (o, as) of paths of length j on G, where s(a;) = s(as)
and r(a;) = r(az). By [15, Theorem 6.1] there is a unique normalised faithful trace try4
on [ J; 4, defined as in [19] by

trA((ah aQ)) = 5041,062 [3];j¢r(a1)¢s_(zl)v (88)

for paths a; on G of length j, where (¢,) denotes the Perron-Frobenius eigenvector of
G. We define another trace try; by tra,((a1,a2)) = [3J2tra((ay, az)) for || = j. Then
tra,(1;) is the rank of the identity 1 of A;, i.e. the number of paths of length j on G.

The algebra A; decomposes as A; = @, e, A;, where the sum is over all vertices v of G
and e, denotes a basis element for the one-dimensional space of paths of length 0 at v, as
in Section 5.1. Suppose ® is a morphism in C™ which is a diagram with j vertices along
the top and bottom, and let D := F(D) € A;. If we fix any vertex v of G, the action on
e, D of the morphism given by attaching strings joining the vertices along the top with
the those along the bottom is tra,(e,D) by (24), and we have try, (e,D) = try(D).

It was shown in Section 5.3 that any module category M with nimrep graph A,,,, &
or &7, is equivalent to a canonical module category with a real trivalent cell system in
which W (éba) = W (abe), and similarly and x-module category with nimrep graph oy,
&S or £14 has a real trivalent cell system. Therefore we may choose bases of the morphism
spaces such that F(fa,,) is a real projection, where 2m is the SO(3) level. Then by (13),
tra; (e F (fom)) = trr(fom) = 1, thus e, F(f2,n) is a rank-one projection for each vertex v
of G. Thus, from (10), e, F'(t) exists and is uniquely determined, up to a sign ¢, € {£1}.
Fix a vertex  of G. Since t is invariant (up to a change of sign) under rotation, the phases
g, are all determined by the choice of € := ¢,.

Thus F(t) is uniquely determined, up to sign, by the trivalent cell system W. Changing
sign is equivalent to interchanging the actions of Q@+ € C on M. As noted at the end
of Section 3, any two such module categories are equivalent. We therefore obtain the
following classification of *-module categories for SO(3)s,,, which is the main result of
the paper:

Theorem 5.12. The *-module categories for the SO(3)s,, modular tensor category C™
are classified by the SO(3)s,, nimrep graphs, illustrated in Figure 5. In particular,

e for m = 4 there are six inequivalent x-module categories: there are unique module
categories given by Ag and og, and two inequivalent module categories for each of
Es and &;

e for m = 7 there are four inequivalent *-module categories given by A4, 014, £14 and

Cc .
14>
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e for all other m there are two inequivalent x-module categories given by A,,, and

O2m-

We conjecture that Theorem 5.12 is in fact a classification of module categories for
C™. For any such module category the possible nimrep graphs are those given in Theorem
5.12, and there is a unique *-module category associated to that nimrep. As noted in
Remark 5.9 in the case of the nimrep graph o5,,, the numerical evidence suggests that all
module categories associated with a given nimrep are indeed equivalent, but we have not
been able to show this explicitly.

6 SO(3)-Temperley-Lieb algebra and A,,, subfactor

In Section 6.1 we discuss an SO(3)-analogue of the Temperley-Lieb algebra. In Section 6.2
we define the string algebras for an SO(3) graph G, that is, inclusions of finite dimensional
algebras whose Bratteli diagram is given by G, and realise the SO(3)-Temperley-Lieb
elements inside this algebra using the cell systems classified in Section 5. In Section 6.3
we present a construction of a subfactor built from the SO(3)-Temperley-Lieb algebra,
with principal graph coming from Ajs,,, recovering a subfactor presented in [33]. In Section
6.4 we comment on the application of the results of this paper to the realisation of the
SO(3) modular invariants by braided subfactors via an analogue of the Goodman-de la
Harpe-Jones subfactors.

6.1 SO(3)-Temperley-Lieb algebra

For generic ¢, Lehrer and Zhang [38, 37] gave a presentation of Endy, s, (V,?"), where
U, (sly) is the quantised universal enveloping algebra of sl over the function field C(g'/?),
and V; is the irreducible 3-dimensional representation of quantum sly, i.e. the fundamental
representation of so3. This algebra, the SO(3)-Temperley-Lieb algebra, is a quotient of
the BMW algebra [2, 44] whose parameters are given in terms of ¢q. This algebra BMW (q)
has generators g, e;, i € N, where the ¢! satisfy the braid relations

9i9i+19i = Gi+19iJi+1 9i9; = 9;9i» (|1 —j] > 1), (89)
whilst the e; satisfy the Jones relations
6? = [3]e;, €i€i+1€; = €;, eiej = eje;,  ([i—j| > 1). (90)
We also have mixed relations
=97 = —q )1 —e), giei = €igi = q ey, (91)

+1 +4 +1 +4
eigi e = q e, eigie =q e (92)

The following relations can also be derived from the above relations (89)-(92):

(i — ) gi+q %) = —q74(q2 —q %)e, Gi€i+1€6; = 9&1161'- (93)
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Let W be the SO(3) algebra for generic ¢, as in Remark 2.3. As in [24, Theorem
5.1], we can define a homomorphism of algebras n : BMW (q) — W by n(e;) = Ej,
n(g) =@+ (% = 1)E; — (¢* + ¢ 2)U;, where Ej; is given by (3) and Uj is given by

UX (o1

Contrary to the claim in [24, Remark 5.4], this homomorphism is in fact surjective:
Proposition 6.1. The homomorphism 7 : BMW (q) — W defined above is surjective.

Proof. Due to the relations (8), (9), it is sufficient to only consider diagrams in W without
elliptic faces — diagrams which do not have any regions which are bounded on all sides
by strings, that is, the intersection of any region in the diagram with the outer boundary
of the tangle is non-empty. We construct an algorithm to write any such diagram in W
as an element in alg(1, E;,U;|i € N). Let D be a diagram with n vertices along the top
and bottom, and without elliptic faces. Note that since the number 2n of vertices on the
boundary of any diagram is even, the number of triple points in the diagram must also
be even.

Step 1: If D does not contain any triple points then it is a Temperley-Lieb diagram,
i.e. is a product of e;.

Step 2: If there is a string in the diagram D which has one endpoint attached to a
vertex v along the top of the diagram and the other endpoint attached to a vertex adjacent
to v, then isotope the diagram to pull this ‘cup’ out above the rest of the diagram, as
illustrated in Figure 6.

Figure 6: Pulling a cup out of a diagram D

Suppose first that there is similarly a string whose endpoints are adjacent vertices along
the bottom edge of the diagram. If this string is the boundary of a region which shares a
common boundary with the top boundary of the diagram, then isotoping the strings we
can pull this ‘cap’ out above the rest of the diagram, as illustrated in the diagram on the
right of Figure 7, so that our diagram D = X D; where X is a Temperley-Lieb diagram.
Otherwise, by isotoping the strings as in the diagram on the left of Figure 7, we can move
the cap so that it can be pulled up as in the previous case, and our diagram is given by
D = X 1D X5 where X;, X5 are both Temperley-Lieb diagrams.

If there are no caps along the bottom edge, then since the number of vertices along
the bottom boundary of the sub-diagram D’ is 2 greater than the number along the top
edge, and since D’ contains no elliptic faces, there must be a triple point in D’ where
exactly one string is attached to one of the vertices along the top boundary of D’ but the
other two strings are attached either to vertices along the bottom boundary or to other
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.......

Figure 7: Pulling a cap out of a diagram D

triple points. Choose one of the latter two strings, and isotope the string to pull a cap
out above the rest of the diagram, as illustrated in Figure 8. We again have D = X D,
where X is a Temperley-Lieb diagram. Repeat Step 2 for the diagram D, until there are
no strings whose endpoints are adjacent vertices along the top edge of the diagram.

WA

Figure 8: Isotoping a triple point to pull a cap out of a diagram D

Step 3: Since there are no strings attached to a vertex at the top of the diagram
whose other endpoint is an adjacent vertex along the top edge of the diagram, for at
least one string attached to a vertex at the top of the diagram its other endpoint will be
attached to a triple point.

Case 1: Assume first that such a triple point exists for which at most 2 of its strands
are attached to a vertex along the top edge of the diagram. We isotope the strings to
pull this triple point out above the rest of the diagram, as we did in Step 2 for a cup. By
the same argument, there will be another string attached either to a vertex at the top
of the diagram or to this triple point whose other endpoint will be attached to a triple
point. From a combinatorial argument there one such triple point must have a second
string which is attached to one of the vertices at the top of the diagram. We choose this
triple point and pull it out above the rest of the diagram, and we have essentially one of
the two situations illustrated in Figure 9.

LIHIT YR

Figure 9: Pulling two triple points out of a diagram D

In the case of the diagram on the left we have Dy = X Dy where X is (U; — a(E; — 1))
for some ¢ € {1,...,n — 1}, where a = [2],/[4],- We now consider the diagram on the
right. Suppose that there are m < n — 2 vertical strands separating the two triple points.

We will show by induction on m that this diagram can be written as a linear combination
of diagrams of the form X;Dy X, where Xy, Xy € alg(1, E;,U;|i =1,...,n— 1) and Dy
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has m — 1 vertical strands separating the two triple points. Using relation (9) twice we
have, with «a as above,

So it remains to show that the last term, call it Fi, in the last line above is an element of
alg(1, E;, U; | i = 1,2), which follows from using the relation (12):

2447
¢ +q7?

Case 2: Now consider the case where if a triple point which has a strand attached
to a vertex along the top edge of the diagram then it has all 3 of its strands attached to
(necessarily adjacent) vertices along the top edge of the diagram. Suppose that there are
m < n — 2 vertical strands separating the two triple points. Then using relation (9) we
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have

i w/ﬁm )

and by induction we see that such a diagram is an element of alg(1, £;, U; |i =1,...,n —
1). m

It was conjectured in [24, Remark 5.4] that the map 7 is injective, however by [37,
Theorem 1.6] it has a non-trivial kernel

(I)q = GFqEQFq - qu - CFqEQElEgEQFq
+ qu (q2E2 + (qiz — 1)E2E1E3E2 — <q2 + qiz)EQUlEgEQ)Fq, (95)

where F,, = U,;Us and the coefficients a, b, ¢, d are given by:

2 -2 —4 —6 -8
_ ¢ —q " +2¢"—=2¢"+q C182
a=1+(1—¢%?% b=a+(1-¢*?* c= , d=(q— .
(1—-¢7) (1—¢%) @+ (g—q ")

It is a tedious computation to verify using (3), (94) and the SO(3) diagrammatic relations
that ®, does indeed evaluate as zero in W.

The generators E;, U; of W satisty the following relations, which are easily obtained
from (89)-(92):

E} = [3]E;, Ui = Ui, Uiki = 0 = EiUi, (96)
E b E; = E;, EU By = E;, (98)
3|4 2
%UiUiilEi =UEin. By = Ui By + % (Bin B — Ey), (99)
2 2]2 2 27
UiEiU; — %(UiEi—i-l + EiqU)+ %Ez#l =Uin1 BiUip — %(Ui-&-lEi + EUiv1) + %Ez‘,
(100)
6] — [2][3 2]2 6] — [2][3 2]?
UiUi 1 U — %UiEi+lUi — %Ui = U1 UUip1 — [ 3] [[4]“ ]Ui+1EiUi+1 — %Ui—‘rla
(101)

Note that here (¢* + ¢ 2)U; is the element f; = —g; — (1 — ¢ %)e; + ¢* of [38, 37] and E;
is ¢;. The L.H.S. (or R.H.S.) of equation (101) is equal to ([2]4[6],/[3]4[4]7) Fi, where F; is
the diagram illustrated in Figure 10.
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Figure 10: SO(3)-TL element F;

For generic ¢, the SO(3)-Temperley-Lieb algebra is defined [37, Theorem 1.6] as the
quotient of the above algebra by the ideal generated by the relation ®, = 0, where ®, is
defined in (95).

For ¢ a primitive 4(2m + 1)-th root of unity, the SO(3)a,,-Temperley-Lieb algebra has
generators E;, U;, i € N, with relations (96)-(101), along with an additional generator ¢
with relation

t(Em)(Em—lEm—l—l)(Em—2EmEm+2) e (EIES T EZm—l)(E2E4 o E2m—2) e (Em)t
= [2m + g fom, (102)

where f;, 7 = 0,1, ... are the SO(3) Jones-Wenzl projections. This relation is the algebraic
version of the diagrammatic relation (10).

6.2 String Algebra construction

From now on we will restrict to the case where M is a x-module category for C™. Let G
be the nimrep graph associated to M, i.e. one of the SO(3)s,, graphs illustrated in Figure
5, W the cell-system for M and F' the functor defining the module structure of M as in
Section 3. Let A; denote finite dimensional algebras in the path algebra of G as in Section
5, and let €;, {; denote the morphisms in C™ given by the diagrams FE;, U; respectively.
We define SO(3)a,,-Temperley-Lieb operators e; := F(€;),u; := F(&;) € Ajiq, so that
e;, u; are given by

O'ﬁ'y
1 _—
uj = Z —W(n177727)\)w(<1,€27)\) (O'.rrh ,7]270_'<-1 'C2)’ (104)
,1i,CisA ¢S(n1)¢r(ﬁ2)

where |o] = 7 — 1, [B] = || = |m| = |G| = 1. It is a straightforward but somewhat
tedious computation to show that these elements satisfy all the SO(3)a,,-Temperley-Lieb
relations (96)-(101). The additional generator F'(t) € A,, is the unique operator (up to
a choice of sign) such that (102) is satisfied (see Section 5.4). Since M is a *-module
category, these operators are self-adjoint, where (01, 03)* = (09, 01), extended conjugate
linearly to linear combinations. Let try be the trace on (J; A; defined in (88).

Lemma 6.2. For G an SO(3)2,, graph, tru is a Markov trace in the sense that tra(ze;) =
(3] ttr(x) for any z € A;, j > 1.

49



Proof. Let © € A; be the matrix unit (oq - of, s - o)), where || = j — 1, |af] =1
(i =1,2). Then

3 V&E_Tﬁf_

Lol pazahp) (0 BB )

$€j =
.87, Ps(6)
V gb'f' d)'/' ~
= Z ¢ 042,(75&/2,,85M7B<061 ’ 0/1 CH, 0 7)
o871 s
. \ ¢r a2)¢r('y
- Z 0427 Qg -7y - fy)
5(0‘2)
and
(b’f’ O! (bT' ~ ~
tralaes) =3 e (e ol - bz +9)
S a2
vV ¢r (o gbr('y i
Z a17o¢25a’1 ’yéaé ’Y[ ] 1¢5(a2 ¢s (a1)
= 5&1,@25a3,af2 [3] T rapPgan) = B3] ra(@).
The result for arbitrary x € A; follows by linearity of the trace. n

Before we present the construction of the SO(3)-Goodman-de la Harpe-Jones sub-
factor, we need a few results. Denote by dg the depth of the graph G, that is, dg =
max, ,(dy, ), where d, s is the length of the shortest path between vertices v,v" of G.

Lemma 6.3. For any j > dg, any element in the finite dimensional algebra A;.; is a
linear combination of elements of the form ae;b where a,b € A;.

Proof. Let a = (ay - a,as - ay), b= (b - by, by - by) where |a;| = |b;| =7 —1, |a}| = |b)| = 1.
Embedding a, bin Aj11 we have a = Y (a1-ay-Ta, a2-a574), b =3 (by-Vy -7y, b2+ b5 1),
where |7;] = 1. Then

aejb— Z \/ gbr ¢r

all'Ta7a2'a/2'Ta)’(o-'ﬁ'ﬁ~7o-'/7'/7)'(b b Tb7b2 b2 Tb)

ohmm PO
\ ¢T al, ¢r b} ~ ~
= 5027171 % (al ’ CL/1 : a/27 by - b/2 ) bll) (105)
s(ab

Since ¢, # 0 for all vertices v, providing as, b; are paths whose length is at least the
depth dg of the graph G, i.e. j > dg, any element in A;;; will be a linear combination of
elements of the form (105). O

6.3 A, subfactor

Let My C M; C My C --- be the path algebra of A,,, where we now restrict to pairs of
paths which begin only at the distinguished vertex 4 of Ay, (labelled 1 in Figure 5),
so that My = C and the Bratteli diagram for the inclusion M; ; C M; is given by the
bipartite unfolding of the graph As,,.
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Lemma 6.4. For the graph Ay, the finite dimensional algebra M, is generated by

Lej,uj, 7=1,...,1 for l <m —1,
Lej,uj, F(t), j=1,...,1, forl>m-—1

Proof. The statement is trivially true for [ = 1 since M; = C. For [ = 2 we have
er = [3]([121], [121]), uy = ([122],[122]) and F(fo) = 1 — [3] te; — uy = ([123],[123]). We
will show by induction that any element of M1, 2 < [ < m, is a linear combination of
elements of the form ae;b, au;b and a, where a,b € M;. We will denote the span of all
such elements by B;. Let a,b € M; be as in the proof of Lemma 6.3. From the expression
for ae;b given in equation (105) we see that for [ < m (= da,,,), any matrix units (&, &)
in M, for which r(&;) <[ are given by an element of the form ae;b for suitable a,b € M;.
It remains to show that matrix units (&1, &;) belong to B; when

I+1.0+2 1<m-2
T(él) =y M, P+, l:m_la

b+, =m.

Note that since |§;| = 1 + 1, for the final edge n; of & we have s(n;) <+ 1forl <m—1
(for [ > m = da,, s(n;) can be any vertex of Aj,,). Thus, for example, for | < m — 2,
the paths &; that we need to consider are those whose final edge n; satisfies (s(n;),7(n;)) €

{(L,I+1),(l+1,14+1),(I4+1,1+2)}. Now

CL’Lle — Z W(Cl? <27 )\)W

Do P (a1 a} - To,as-ay 70) (0 G- G0 1)
s(¢1)Pr (2

0,CisMisATi

“(by - V) - T, bo - by - Ty)

W (ah, C, YW (b, n, A
:5%(’12 (as, ¢, )W (b}, n, \)

T G ), (106)

]

where A is uniquely determined by ¢, 1 in each summand.
For [ < m—2, by an appropriate choice of a,b € M; where ay = by and s(a}) = s(b)) =
m we have that (106) yields

Y(ay-ay - G,by- by - m) + Qg (ay - af - Gar, b - Uy - migr)

where r(¢;) = r(n;) = 7, ; = ¢;(2,2)¢;(2j)W(a’2,Cj,)\j)W(b’l,nj,)\j) and )\, is the unique
edge with s();) = j, r(\;) = s(a}). The first term above is in B;, thus we can obtain
that any matrix unit (£1,&) € B, where r(§;) = [ + 1. For the final matrix unit (v, v)
where r(v) = [ + 2, this is easily obtained by taking the identity element in M., and
subtracting all the matrix units (£, ) where r(§) < [ + 1, which are all elements in B;.
Since (v, v) is the projection orthogonal to all these other matrix units, it is in fact given
by the SO(3)a,, Jones-Wenzl projection F'(f;11). The case where | = m — 1 is similar,
except that the matrix units (vy,vy), (v_,v_), where r(vy) = p, are now given by the
SO(3)a, Jones-Wenzl projections 1 (F(f,,) + F(t)).

Finally we consider the case [ = m. Denote by j, := r(a}) = r(aj), j» := (b)) = r(b}).
We consider matrix units (£1,&) € My,+1 where r(&;) = p_, the case for r(§;) = py is
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similar. Choosing a,b such that j,,j, € {m,p,} and s(a)) = s(b}) = m, equation (106)
yields (up to a scalar factor)

Z W, iusWijs(ar - a) - Cs,ba - bl - ms) + terms in By,.

s€{p+}

When j, = py or j, = p,, the sum has only one term, W ;. , W, ., (a1-a}-¢, , ba-bh-m, ),
which is therefore in B,,;1. The remaining matrix units to consider are (£;,&) € M,,11
where the final edge n; in the path &; is the edge from m to p, for both ¢+ = 1,2. In this
case (£1,&) & Bma1, but is instead given by a product (&1,v) - (v, &), where v is a path
whose final edge 7 is the edge from p_ to p, and thus (&1, v), (v,&) € Bmai- m

Define M} := M5, s > 0, where M} := M), and let M* :=\/, M. We have periodic
sequences { M} C M}, of commuting squares of period 1 in the sense of Wenzl in
[58], where having period 1 means that, for [ large enough, the Bratteli diagrams for
the inclusions M7 C M}, are the same, and the Bratteli diagrams for the inclusions
M C M;*! are the same. Note that M ™' C M7 C M are basic constructions for
large enough [ [20, Lemma 11.8], and hence M C M' C M? C --- is the Jones tower of
M C M*'. By Lemma 6.4 M} is generated by 1,e;,u; (j=1,...,l4+s—1) and F(t) (for
[ 4+ s > m). Consider an element (oy - oy - &, 09 - ag - ) € M7, where |o;| = s+1—2
and |o;| = |a}] = 1 such that (01,09) € M and (0y - a1, 09 - ag) € M™". The change
of basis (01 - a1 - &), 09 - g - ay) Z,Bi,ﬁ;- Xgll,gngg22g2(01 By - By, 09 B - B5) is given by

0170/1)041704’1

R We may take X to be given by applying the functor F

a connection X = (X, 5

to the crossing (16), and since the operators e;, u; and F(t) are the images under F of
diagrams in C™, they do not change their form by changes of basis. Thus the connection
X is flat and, by Ocneanu’s compactness argument [45], the higher relative commutants
of the subfactor M C M* are given by M’ N M! = M,. Thus the subfactor M C M! has
principal graph given by the bipartite unfolding of As,,. Subfactors with these principal
graphs appear in [33, Fig. 15].

6.4 SO(3) Goodman-de la Harpe-Jones subfactors

Previous methods used to construct the Goodman-de la Harpe-Jones subfactors for the
E; and Dyqq Dynkin diagrams in [9, Lemma A.1] and the SU(3)-analogue in [22] provide
braided subfactors which realise the SO(3) modular invariants classified in Section 4.

The first row of the intertwining matrix V' for these subfactors, which is a matrix
whose rows are indexed by the vertices of G and columns are indexed by the vertices of
Ao, such that VA4 = AgV, yields the algebra object A for each module category. For
each SO(3)a,, graph we have the following algebra objects:

\ nimrep ¢ \ algebra object A ‘

A2m fO

O2m fo® fi

Es Jo® Q1 or fo® Q-
& Jo® f3

E1a Jo® fs

&y oD fi® fa®2fsD fo
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For level 8, these recover the algebra objects found in [41]. Each algebra object has a
unique algebra object structure, apart from fy @ f3, corresponing to £ for which there
are two algebra object structures, as found in [41].

7 An SO(3) generalised preprojective algebra

Any module category for the Temperley-Lieb categories TL(d) or T L™ defined in Section
2.1 yields a preprojective algebra II via II = CG/(Im (F (\Y))), where F' is the tensor
functor defined as in (19) and (Im (£ (\/))) C CG is the two-sided ideal generated by the
image of the creation operators \_/ in CG. It is a graded algebra, with p'" graded part
II, = (CG),/(Im (F (\V)))),, where (Im (¥ (\V))), is the restriction of (Im (F (\J))) to
(CG), and is equal to Zf;ll Im(e;), the linear span of the images in CG, of the Temperley-
Lieb elements e;.
These preprojective algebras have an alternative description as [13]

S=PF(Y),
=0

in the generic case, and in the non-generic case

where the Jones-Wenzl projections p) are the simple objects in TL(8), TL“™ respec-
tively. Multiplication p is defined by p,; = F (50 Y, ®r 2 — Xpy. In either case
the preprojective algebra is given by applying F' to the direct sum of all simple objects
in the tensor category. The module categories for TL*™ yield precisely the finite di-
mensional preprojective algebras. They are in fact Frobenius algebras, that is, there is
a linear function ¢ : ¥ — C such that (x,y) := ((zy) is a non-degenerate bilinear form
(this is equivalent to the statement that ¥ is isomorphic to its dual ¥* = Hom(3, C)
as left (or right) -modules). There is an automorphism /5 of 3, called the Nakayama
automorphism of 3 (associated to (), such that (z,y) = (y, (x)). Then there is an X-X
bimodule isomorphism ¥* — ;X3 [61], where the -3 bimodule 135 is identified with ¥
as a vector space, but with the right action of > twisted by the automorphism /.

In this section we will construct a generalisation of the preprojective algebra related
to SO(3). Let M be an SO(3)s,, module category with nimrep graph G, and denote by
F the corresponding module functor. Analogous to the case of SU(2) and SU(3) [23], we
define IT59®) to be the graded algebra with p'™ graded part IT;°% = (CG),/Jp, where
J, = 3P~ m(e;) + Im(u;), the linear span of the images in CG, of the SO(3)-Temperley-
Lieb elements e;, u;. The algebra IT9°®) is isomorphic to the graded algebra

2m
A:=EPF(p)),
3=0

where F(pm+;) = F(pm—j), 7 =1,2,...,m (c.f. Figure 3), with F(p,,—;) C (CG),,—; and
F(pmyj) C(CG)mj

53



The even part T LS of TLU™ has simple objects p©@, p@ ... pld™  Since the
arguments of Sections 4, 5 (apart from Section 5.4) did not use any t-boxes, the same
arguments show that the x-module categories for TLEM are completely classified by a

nimrep, which is one of H¢, H°, the even, odd part respectively of the Dynkin diagram
M € {Dom+2, Er, Es}. Now A =@ F( (p%))) = @77 F'(p®)), where F' = F o ¢ is

a tensor functor from the even part TLG™ of TLU™ to Fun(M, M), with nimrep either

H® or H?, as in Theorem 5.12. Let F*, F*° be TLE™ module functors with nimreps H¢,
H° respectively, and F a TL®*™ module functor with nimrep . Then @2m Fe(p)) @

@?Zo Fo(p9)) = @Qm F(p®)), the even-graded part of the preprojective algebra ¥ for
‘H. Thus the Nakayama automorphism of A for H¢ or H° is given by the Nakayama
automorphism of ¥ for H. The graphs Dy, F7, Eg are precisely those for which the
Nakayama automorphism of ¥ is trivial. Thus the Nakayama automorphism for A is
trivial for all SO(3)a,, graphs.

Remark 7.1. Note that the definition of preprojective algebra II used here is equivalent
to the original one of [29], and uses the unoriented graph G. Here II is the quotient of
CG by the ideal generated by the quadratic relations (one for each vertex v of G) ) aa,
where the sum is over all edges a of G such that s(a) = v. A common definition in
the literature uses instead a quiver Q obtained by choosing an orientation on G, and
use the quadratic relations ) €,aa, where the sum is again over all edges a of G such
that s(a) = v, and where ¢, is 1 if the edge a is in Q and —1 if the edge a is in Q.
Both definitions yield isomorphic algebras [39]. In the quiver definition, the Nakayama
automorphism is never trivial, although the underlying permutation is always trivial for
the graphs D2m+27 .E'77 Eg.

In the case of SU(2) and SU(3) the fusion rules yield a finite projective resolution of
the corresponding (generalised) preprojective algebra. However, this does not happen for
SO(3): From the fusion rules (14) for C™ we obtain the following sequence in C™ which
is split exact by construction:

i+ P
0= pj1@p; =" pj®p1— pip1— 0,

for j=1,2,...,2m — 1. For j = 0,2m, we have

w*
0%p0®plgpl_>07 0 — pam—1 — pam @ p1 — 0.
Summing over all 7 =0,1,2,...,2m, we have the exact sequence
2m—1 2m—1 2m 2m
0= D rlie @l = Drien—Pe-o
§=0 §=0 j=1

where B[m] denotes the space B with grading shifted by m. From this we obtain the
exact sequence

2m—1 2m 2m 2m
0— P nil2le Polll = (EBPJ' ®Pl> ® pon (1] = @ = po = 0. (107)
j=0 j=1 j=0 §=0
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Similarly, by considering the exact sequence

Py 2P
0= pjim1 = pi@pr = p;j®pjs1— 0,

we obtain the following exact sequence

0= poul3] > D ril3) = mol2) & (@pjm) 1) @ il @ @] - 0. (108

Splicing the sequences (107), (108) together we obtain the following exact sequence

0= pan[3] = D pil8] = pol2] @ (@ p; ® p1> 1] — (GB p; ® p1> ® paml1]
e épj — po— 0. (109)

Applying the functor F' to (109) we obtain the following finite resolution of A as a left
A-module

0= R2m+3] B AB B R2le (A V[1]) B (AzV)®R2m+1] 58 A8 R0,

(110)
where V' := (CG); is the A-A bimodule generated by the edges of G. The connecting
maps are given explicitly by

x, ifx € R,
po() = .

0, otherwise.

p((x ®a) ®0) =za, for x € A;, 5 < 2m, pi((x ®a) ®v) = xa, for x € Ay,

Ve, 1 e -
& ®a)) = Db 4 Y W(abt )b @ b | @0,
p2(v ® (s5(a) ® a)) bszv Vo, R ; (abb’)z'a

pa(0 ® (2'd’ @ a)) =

¢r(c
W (abb')z'a b®b’+z W(d'ab)z'cd @ ¢
Ve (B e aenso?)

@0,
2) =0 (Z Vor) b®b>
M4( ):U7

where z, 2" € A with deg(z’) < 2m, a,da’ are edges of G, the summations are over edges
b,V',c,c of G, and v is a vertex of G.

Let Ha denote the Hilbert series of A, given by Ha(t) = > 7 H};t?, where the HY,
are matrices which count the dimension of the subspace {izj| x € A,}, for ¢, j vertices of
G. From the exact sequence (110) we obtain the following relation for H4:

—TE" T 4 Ha () — (It + AgHA()E) + (AgHA(t)t + Tt2™) — Ha(t) + T =0
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which yields the following Hilbert series of the SO(3)-preprojective algebra A:

1 —t2 +t2m+1 —t2m+3 _ (1 +t)(1 +t2m+1>

Ha(t) = 1—Ag(t—12) =3 14+ (Ag— Dt +2
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