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Abstract

The linear stability analysis of Rivlin-Ericksen fluids of second order
is investigated for boundary layer flows, where a semi-infinite wedge is
placed symmetrically with respect to the flow direction. Second order
fluids belong to a larger family of fluids called Order fluids, which is
one of the first classes proposed to model departures from Newtonian
behaviour. Second order fluids can represent non-zero normal stress

differences, which is an essential feature of viscoelastic fluids.
The linear stability properties are studied for both signs of the

elasticity number K, which characterises the non-Newtonian response
of the fluid. Stabilisation is observed for the temporal and spatial
evolution of two-dimensional disturbances when K > 0, in terms of
increase of critical Reynolds numbers and reduction of growth rates,
whereas the flow is less stable when K < 0. By extending the analysis
to three-dimensional disturbances, we show that a positive elasticity
number K destabilises streamwise independent waves, while the opposite

happens for K < 0.
We show that, as for Newtonian fluids, the nonmodal amplification of

streamwise independent disturbances is the most dangerous mechanism
for transient energy growth which is enhanced when K > 0 and reduced

when K < 0.
A preliminary study of boundary layer flows of UCM, Oldroyd B,

Phan-Thien Tanner and Giesekus fluids is performed. Asymptotic
Suction Boundary Layer theory allows us to simplify the governing
equations and obtain analytical solutions for the UCM and Oldroyd B
models. The mean flow obtained can be used as a starting point for
a modal and nonmodal linear stability analysis, following the analysis

performed for second order models.






Acknowledgments

I would like to thank my supervisors Dr Chris Davies and Prof Tim
Phillips for their invaluable guidance and support throughout the years
of my PhD. Their knowledge and patience has been key to my academic
growth.

I would also like to thank Dr Paul Griffiths for meeting me through
the UK Fluids Network and for his precious insights and encourage-

ments.

I thank the EPSRC for funding this research and the School of
Mathematics for hosting it.

My gratitude also goes to my academic brothers, Scott and Alex.
It was a pleasure to share an office, conference trips and inspiring

conversations about maths and about life.

It is impossible to express how grateful I am for my years in Cardiff,
which so many friends made special. I thank all the international friends
I crossed path with, who opened my mind and will stay always with me
even if far away. In particular, I thank my academic cousin, Lorenzo,

and the inexhaustible source of energy who is my flatmate Carlotta.

Finally, but not last, I would like to thank my father and brother.
They always welcomed me back home and made sure I found the best
food. They accompanied me in endless and regenerating walks in our

amazing mountains.

vii






Contents

[Declaration] iii
[Abstract] v
[Acknowledgments| vii
[List of Figures| xi
[ntroductionl
O s Thesid 5
[Chapter 1. Linear stability analysis of second order fluids| 9
(.1, Second order fluids| 10
[1.2. Governing equations| 14
(L.3.  Mean flowl 19
[1.4. Two-dimensional linear stability analysis| 31
[1.5. Two-dimensional linear stability results| 34
(1.6. Energy theory]| 44
[1.7. Three-dimensional stability analysis| 51
[1.8.  Concluding remarks| 56
[Chapter 2. 'Transient growth of second order fluids| 59
2.1. Previous studies| 61
[2.2. Effects of nonnormal operators| 66
[2.3.  Initial-value problem| 68
[2.4. Optimal growth| 70
[2.5.  Optimal disturbances| 85
[2.6. Pseudospectra, numerical range and applications to energy |
| growth 88
[2.7. Time-dependent simulations| 92
[2.8.  Concluding remarks| 98

[Chapter 3. Monochromatic DNS| 101

ix



X CONTENTS

[3.1.  Velocity-Vorticity Formulation of the Navier- |

| Stokes equations| 102
[3.2.  Velocity-vorticity formulation for the second order model| 105
(3.3, Numerical methodsl 113
.4 Results 116

[Chapter 4. Other viscoelastic models| 123
4.1, Literature review] 125
[4.2.  Governing equations| 128
[4.3.  Mean flowl 133
[4.4.  Linear Stability equations| 142

[Chapter 5. Numerical methods| 147
[.1.  Chebyshev differentiation matrices| 147
0.2, Mean flowl 149
[5.3.  Linear stability analysis| 155
[5.4.  Integration| 160
[5.5.  Transient growth 162
0.6, Monochromatic DNSI 164

Conclusiong 169

[Appendix A. Some algebraic manipulation| 175
[A.1. Steady two-dimensional equations of motion| 175
[A.2. Boundary layer approximation| 177
(A3, Useful identities in 3D 179
[A.4.  Three-dimensional stability equations| 181
[A.5.  Conservation of energy| 187
[A.6. Energy balance] 192
[A.7. Non-dimensional governing equations for the PT'T" and |

| Giesekus models 193

Bibliograp 195



List of Figures

(0.1 Illustration of disturbances in the boundary layer| 3
[1.1 Semi-infinite wedge Hlow configuration| 15
(1.2 Steady simple shear flow| 17
[1.3 Velocity profile and relative variation with respect to the |
[  Newtonian profile| 28
[1.4 Velocity profile and second derivative for flows with an inflection |
29
[L.5 Flow characteristics| 30
(1.6 Comparison between Newtonian and non-Newtonian |
[ elgenspectrum| 35
(1.7 Temporal and spatial growth rates for the flat plate] 36
(1.8 Temporal growth rates for the flow past a wedge and past a |
[_corner] 37
(1.9 Temporal neutral curves in the Newtonian and non-Newtonian |
[_cased 39
[1.10 Spatial neutral curves in the Newtonian and non-Newtonian |
[_cased 41
[1.11 Critical Reynolds numbers| 43
[1.12 Energy balance for the flat plate] 47
[1.13 Energy balance for the flow past a corner| 47
[1.14 Reynolds stress and mean shear| 49
(1.15 Disturbance profiles| 50
[1.16 3D growth rates in the Newtonian case for the flat plate casel 52
[1.17 3D growth rates in the non-Newtonian case for the flat plate |
[ and Req = 500 53

xi



xii LIST OF FIGURES

[1.18 3D growth rates in the non-Newtonian case for the flat plate |

[ and Rey = 1000 54
[1.19 3D growth rates in the non-Newtonian case for the flow past a |
[_corner] 55
[2.1 Illustration of transient growth due to nonorthogonal |
[ elgenvectors] 67
[2.2 Maximum possible amplification for the flat plate] 7
[2.3 Maximum possible amplification for flows past a corner and |
[ past a wedge) 7
[2.4 Contour plot of G,,., for the flat plate] 79
[2.5 Contour plot of G .« for the low past a wedge 80
[2.6 Ratio of Gax t0 Gax Newt fOT the flat plate| 80
[2.7 Maximum transient growth versus a for the flat plate] 81

[2.8 Maximum transient growth versus a for the flow past a wedge] 82

[2.9 Comparison between Newtonian and non-Newtonian optimal |

L__disturbances| 87
[2.10 Optimal disturbances| 88
[2.11 Resolvent norm and numerical range 92

[2.12 Numerical range in the Newtonian and non-Newtonian case| 93

[2.13 Evolution ot the optimal disturbance) 95
[2.14 Evolution of a randomly perturbed optimal disturbance] 95
[2.15 Evolution of the optimal disturbance at ['=100) 97
(2.16 Fvolution of the least stable model 97
[3.1 Temporally localised forced impulse] 113
[3.2 DNS for the flat plate and Req = 500 117
[3.3 DNS for the flat plate and Rey = 1000 118
[3.4 DNS for the flow past a wedge and ey = 1000] 119
[3.5 DNS for the stagnation point flow and Rey = 1000 120
4.1 ASBL profiles for UCM, OB, PT'T and G models| 144

[5.1 Chebyshev extreme points| 148




LIST OF FIGURES xiii

[5.2 Chebyshev collocation points mapped into the physical domain|151

[5.3 Convergence ot the numerical scheme for the mean flow for the |

153
[5.4 Convergence of the numerical scheme for the mean flow for |
[ different values of 4] 154

[5.5 Convergence of the numerical scheme with algebraic mappings |

[ for the least stable eigenvalue] 160

[5.6 Convergence of the numerical scheme with exponential mappings |

[ for the least stable eigenvalue 161

[5.7 Convergence of the numerical scheme with algebraic mappings |
[ for the global optimal 163

[5.8 Convergence of the numerical scheme with exponential mappings |
| for the global optimal 164







Introduction

The aim of this thesis is to investigate the hydrodynamic stability

of viscoelastic fluids in boundary layers.

Viscoelastic fluids are examples of non-Newtonian fluids. The me-
chanical behaviour of many real fluids is well described by the Navier-
Stokes theory. This theory is based on the assumption of a Newtonian
constitutive equation. More specifically, the extra-stress tensor can
be expressed as a linear, isotropic function of the components of the
velocity gradient. Many common fluids, such as water and air can be
assumed to be Newtonian. However, many rheologically complex fluids
such as polymer solutions, soaps, blood, paints, shampoo, ketchup are
not well described by a Newtonian constitutive equation.These fluids
exhibit a variety of non-Newtonian behaviours that cannot be captured

using the Navier-Stokes equations.

The branch of fluid mechanics which studies the deformation and
flow of materials is known as Rheology. The emergence of rheology as
a separate field can be dated back to 1929 with the formation of the
Society of Rheology, due to an increased interest in understanding the
mechanical behaviour of industrial materials like rubber, plastics, paints
and many biological fluids like blood. Since then, several constitutive
equations have been proposed to model departures from Newtonian
behaviour. Most of them take into account the microstructure to better

represent complex responses of the materials.

In this work, we focus on viscoelastic fluids, which exhibit both
viscous and elastic properties when undergoing deformation (Phan-
Thien [59]). Viscous fluids resist forces exerted upon them through
internal friction and they instantaneously forget the shape they are

in. For these fluids, the stress is directly proportional to the rate of
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2 INTRODUCTION

strain and satisfies the Newtonian law. Elastic solids always remember
the shape they start from and, when the stress is removed, they relax
back to their original shape. The stress experienced by the solid is
directly proportional to the strain. Viscoelastic fluids undergo a gradual
deformation and recovery when they are subjected to loading and
unloading. The stress is neither directly proportional to the strain nor

the rate of strain, the relationship is more complex.

One of the first class of material models proposed consists of fluids
of differential type (Owens and Phillips [54]). In this thesis, we consider
a subclass of differential type fluids known as the Rivlin-Ericksen fluids
of second order. In these models, only an infinitesimal part of the
history of the deformation gradient has an influence on the stress. The
extra-stress is a function of the velocity gradient and its higher time
derivatives. These materials lack a gradually fading memory and they
cannot represent the phenomenon of stress relaxation. However, they
can predict non-zero normal stress differences. The presence of non-zero
normal stress differences is an important feature of viscoelastic fluids,
which is responsible for interesting phenomena such as rod-climbing
and die swell (Boger and Walters [10]). The rod-climbing effect, also
referred to as Weissenberg effect, can occur when a rod is rotated into
a beaker containing a viscoelastic fluid. For Newtonian fluids, inertia
would dominate and the fluid would move to the edges of the container.
For viscoelastic fluids, the rotation produces a tension along the circular
streamlines and forces the fluid up the rod. The phenomenon of die-swell
can occur when a viscoelastic fluid is extruded from a capillary. For
viscoelastic fluids, the extrudate diameter tends to swell considerably
more than for Newtonian fluids. In the tube, a tension along the
streamlines associated with the normal stresses is present. At the
extrusion, the viscoelastic fluid relaxes the tension along the streamlines

by expanding radially.

The aim of the first part of this thesis is to understand the linear
stability behaviour of such fluids in boundary layers and to study how
the presence of non-zero normal stress differences affects the stability
properties. Specifically, a configuration of a flow over a semi-infinite

wedge is investigated.
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Fi1GURE 0.1. Illustration of disturbances in the boundary
layer.

The second order fluid model has been chosen for its mathematical
simplicity and the possibility of applying a boundary layer approxima-
tion similar to Newtonian fluids. Later in the thesis, we consider more
complex viscoelastic models such as the Upper-Convected Maxwell,
Oldroyd B, Phan-Thien Tanner and Giesekus models. We start investi-
gating the undisturbed flow profile as the first necessary step in order
to apply a linear stability analysis. By means of a theory known as as-
ymptotic suction boundary layer (ASBL), which assumes homogeneous
suction at the wall, we are able to considerably simplify the governing
equations and obtain analytical solutions for the Uprper-Convected
Maxwell and the Oldroyd B models. Analytical velocity profiles are not
common. To the best of our knowledge, this has not been done in the

past.

Boundary layers are thin layers near the surface of an object where
the velocity varies from zero at the wall to the full velocity at a certain
distance from the wall (see Figure . Boundary layer theory was
presented by Prandtl during the Heidelberg mathematical congress in
1904 (Anderson [3]). His related paper [62], published a year later,
showed how viscosity affects the flow at high Reynolds numbers. The
Reynolds number is a dimensionless quantity defined as Re = UL /v,
where U and L are the characteristic velocity and length, respectively,
and v is the kinematic viscosity of the fluid. It represents the ratio of

inertial forces to viscous forces.
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Prandtl suggested that the fluid adheres to the surface of an object
so its velocity adjacent to the wall is zero and that the viscosity be-
comes important only in a thin layer near the surface (Schlichting and
Gersten [73]). Prandtl’s work enabled the Navier-Stokes equations to

be reduced to a much simpler form.

In 1908, Blasius [9] solved the boundary layer equations for the
two-dimensional flow over a flat plate by reducing the system of partial
differential equations to a single ordinary differential equation by means
of a similarity transformation. In 1931, Falkner and Skan [28] extended
the work to include the case of the plate forming a wedge with respect

to the flow direction.

Boundary layer theory has many practical applications, such as the
calculation of the friction drag of bodies in a flow (Schlichting and
Gersten [73]), and therefore it is natural to extend it to non-Newtonian
fluids. In this thesis, we apply a boundary layer approximation to the
case of a non-Newtonian fluid of second order.

We are interested in studying how disturbances propagate in the
boundary layer region. The subject which concerns the stability and
instability of motion of fluids is known as hydrodynamic stability theory.
It began in the late 19th century with the important work of Reynolds
and Lord Rayleigh (Schmid and Henningson [77]). If the flow returns
to its original laminar state after being disturbed with a perturbation of
small or finite amplitude, the flow is said to be stable. If the disturbance
grows, the flow is said to be unstable. An unstable flow often evolves
into a state of motion called turbulence, which is characterised by
chaotic three-dimensional variations with a broad spectrum of spatial

and temporal scales.

The first step in stability analysis is to consider the disturbances to
be very small and to linearise the equations about a given base flow,
which allows one to simplify the equations considerably (Schmid and
Henningson [77]). As the disturbances grow, nonlinear effects become
important and cannot be ignored. Throughout this thesis we focus

our attention on linear stability. The linear stability equations have
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limited validity but they are important in identifying physical growth

mechanisms and the particular disturbance which grows the most.

In this work we conduct a local stability analysis where we assume a
normal mode form for the disturbances, which is equivalent to taking the
Fourier transform of the linearised equations. Following this approach,
for two-dimensional Newtonian fluids the classical Orr-Sommerfeld
equation is obtained. Later in the thesis, we present a modified Orr-

Sommerfeld equation for second order fluids.

For Newtonian fluids, an important result known as Squire’s theorem
justifies the study of two-dimensional instead of three-dimensional
disturbances (Drazin [23]). However, an equivalent Squire’s theorem for
second order fluids cannot be proven. Therefore, we extend the analysis

to the study of three-dimensional disturbances for second order fluids.

Classical linear stability analysis is based on eigenvalues. However, in
hydrodynamic stability and in many other physical situations dominated
by nonnormal systems, eigenvalues prove to be misleading and they
do not describe correctly the whole dynamics (Trefethen et al. [90]).
In nonnormal systems, such as Poiseuille, Couette and Blasius flows,
it can be seen that there can be short-time growth of energy even if
all the eigenvalues decay exponentially (Butler and Farrell [14]). This

phenomenon is known as transient growth.

For Newtonian fluids, the possibility of transient growth has been
known since the 1980s (Landahl [49]). Some work has been done
regarding the transient growth of viscoelastic fluids in channel flows
(Brandt [11]). Therefore, in this work we analyse the transient growth

of second order fluids in boundary layers.
Outline of this thesis

Chapter (1] provides a linear stability analysis of Rivlin-Ericksen fluids
of second order. First, a mean flow profile is obtained by applying
Prandtl’s boundary layer approximation to the governing equations.
This allows the PDEs to be simplified and a pseudo-similarity transfor-
mation is introduced to reduce them to an ODE. The ODE obtained
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retains a dependency on the streamwise direction. However, this prob-
lem is overcome by introducing an elasticity number, K, based on the
displacement thickness. Secondly, we derive a modified Orr-Sommerfeld
equation which governs the development of two-dimensional distur-
bances for second order fluids. This equation reduces to the Newtonian
Orr-Sommerfeld equation when the elasticity number K = 0, and has

extra-terms which account for non-Newtonian effects.

The mean flow and the Orr-Sommerfeld equations are solved numer-
ically. The results are represented in terms of neutral stability curves
and critical Reynolds numbers, taking into account both the temporal
and the spatial evolution of disturbances. Finally, the linear stability

analysis is extended to three-dimensional disturbances.

In Chapter [2] the linear stability equations are written as an initial-
value problem. This allows one to study the short-time behaviour of
disturbances and their tendency to grow transiently. We derive the
initial-value problem for second order fluids and analyse how non-zero
normal stress differences affect the transient growth. We compare the
maximum possible amplification of energy density in the Newtonian
and non-Newtonian cases and analyse which type of disturbances grows
the most. In order to confirm the transient growth results we solve the

initial-value problem by marching in time with a numerical scheme.

Chapter [3|is dedicated to the confirmation of the results obtained in
Chapter || using Direct Numerical Simulations (DNS). The governing
equations are written using a compact velocity-vorticity formulation,
where the number of variables in the system is reduced. We follow the
approach of Davies and Carpenter [19] and derive velocity-vorticity
equations for second order fluids. The flow is disturbed by a tempo-
rally localised forced impulse. We represent the solutions in terms
of Chebyshev polynomials and integrate the equations twice. Finally,
the discretised system of equations is solved by marching in time with
a predictor-corrector method. We present a comparison between the
temporal growth rates obtained through the simulations and the ones

given by the eigenvalue analysis described in Chapter [1]
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Chapter [4| is a preliminary study of the flow of more complex
viscoelastic fluids. We take into consideration the Upper-Convected
Maxwell, Oldroyd B, Phan-Thien Tanner and Giesekus models and
begin by expressing their constitutive equations as one single constitutive
equation which can represent them all. These models are characterised
by more complicated governing equations and the application of a
boundary layer, as for the Newtonian and second order fluids, is not
straightforward. Instead, we apply an asymptotic suction boundary
layer and obtain mean flow profiles that can be used as a starting point

for a linear stability analysis.

Chapter |5| describes the numerical methods employed throughout
this thesis. The main technique used to approximate derivatives in
the wall-normal direction is the Chebyshev collocation method. For
this purpose, we map the semi-infinite domain into a finite interval.
The type of mappings considered in this work naturally clusters the
grid points near the wall. This property is particularly suitable for
the problems studied, where more points near the wall are required to
resolve the rapid changes happening inside the boundary layer. We
perform numerical tests to determine what kind of mapping is best to
solve numerically the linear stability equations described in Chapters
and 21

A literature survey is given at the beginning of each chapter and

covers the main work already done on the topic.






CHAPTER 1

Linear stability analysis of

second order fluids

In this chapter, we present a linear stability analysis performed on
fluids of second order. This kind of analysis is the starting point to

understand the stability properties of a fluid in a specific geometry.

Second order fluids belong to a larger family of fluids called Order
fluids that can be classified as fluids of differential type or Rivlin-
Ericksen fluids (Rivlin and Ericksen [70]). The constitutive equation is
a polynomial function of the Rivlin-Eriksen tensors {Ay}. The tensors
{A} are frame-indifferent measures of higher rates of material straining.
Since the tensor A; has physical dimension t~*, where t is the time,
order fluids can be derived by arranging the terms in the polynomial
function as reciprocal powers of ¢. By terminating the expansion at first
order, we obtain the Newtonian fluid while at second order we obtain

the second order fluid.

This class of constitutive equations is one of the first proposed to
model departures from Newtonian behaviour. In such models, only
an infinitesimal part of the history of the deformation gradient has an
influence on the stress. In fact, the extra-stress tensor is a function of the
velocity gradient and its time derivatives. Therefore, while these models
are able to describe the phenomenon of creep, they cannot represent the
phenomenon of stress relaxation (Dunn and Rajagopal [26]). However,
second order models can capture non-zero normal stress differences.
As models to describe viscoelastic fluids, Order fluids are suitable to
describe slightly elastic fluids, where the fluid’s behaviour weakly departs
from the Newtonian one and flows for which the Rivlin-Ericksen tensors

vary slowly (Owens and Phillips [54]).
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In this chapter, we perform a linear stability analysis of a sec-
ond grade fluid past a semi-infinite wedge by solving a modified Orr-
Sommerfeld equation around a steady and parallel mean flow, which
is obtained by numerically solving a local ODE. We study the non-
Newtonian effects on stability by comparing the growth rates in the
Newtonian and non-Newtonian cases and we quantify this effect by
computing the neutral stability curves and the critical Reynolds num-
bers. We show the stabilising effect of elasticity in the second grade
model, and the destabilising effects in the second order model, for all

the geometrical configurations considered.

Section [1.1]| provides an introduction to second order models and a
brief literature review. In Section|l.2] we present the governing equations
and the geometrical configuration. In Section [1.3] we derive the mean
flow by applying a boundary layer approximation and in Section
we apply a two-dimensional linear stability analysis. The results can
be found in Section [I.5] In Section [I.6] we apply energy theory to
the non-Newtonian models considered. Section extends the linear
stability analysis to three-dimensional disturbances. In Section [1.8, we

comment briefly on the results obtained in this chapter.
1.1. Second order fluids

The Cauchy stress tensor o in a fluid of second grade has the form
(Rivlin and Ericksen [70], Owens and Phillips [54])

o= —pl+ pA; +a1Ay + aAd, (1.1)

where p is the pressure, p is the dynamic viscosity, a; and aq (SI: Kg/m)
are the material moduli usually referred to as normal stress moduls.

The spherical stress —pl is due to the constraint of incompressibility,

while A; and A, are the Rivlin-Ericksen tensors of order 1 and order 2
respectively(]

DA,
Dt

For the gradient velocity tensor Vv we use the following definition
Ov;
axi ’

A =Vv+ Vv Ay= +(VV)A; + A (V)T (1.2)

(Vv)i; =
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where v denotes the velocity field and D/Dt denotes the material time

derivative.

Rivlin and Ericksen [70] proved that, if the extra-stress tensor
depends only on the velocity gradients and higher time-derivatives, then
there exists a polynomial in T = o + pl, the deviatoric stress, and the
Rivlin-Ericksen tensors {A}. These are frame-indifferent measures of
higher rates of material straining. In general, the Rivlin-Ericksen tensor
A, of order k is defined as the k-th time derivative of the Cauchy-Green
strain tensor

C =F'F,
where F is the deformation gradient tensor. It can be seen that Ay is the
rate-of-strain tensor and there exists a recurrence relation that permits
us to calculate A, as the lower-convected derivative of the previous
kinematic tensor Aj. Since the tensor A, has physical dimension
t=* where t is the time, the second order models can be obtained by

truncating the polynomial expansion for T at second order.

The sign of the material parameters in this model has been a source
of some controversy (Dunn and Rajagopal [26]). Henceforth, we will
refer to the model with a positive material parameter o as the “second
grade model” and to the model with a negative oy as the “second order
model”, in line with the literature. However, sometimes we will talk
about “second order models” to indicate both cases and this will be

clear from the context.

In this work, we consider both the cases a; > 0 and a; < 0. The
second grade model, for which «; > 0, is taken into account because of
its compatibility with thermodynamics. Since the form (|1.1]) is properly
frame-indifferent, it can be used as an exact model. In this view, Dunn
and Fosdick [25], Fosdick and Rajagopal [29] justified some assumptions
on the coefficients of the second order constitutive equation. In order
for the fluid model to be compatible with thermodynamics, in the sense
that all motions of the fluid satisfy the Clausius-Duhem inequality and
the assumption that the specific Helmholtz free energy be a minimum

in equilibrium, it then follows that

>0, a3 >0 and a3+ ay=0. (1.3)
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A detailed discussion on these assumptions can be found in the critical

review of Dunn and Rajagopal [26].

The second order model, for which a; < 0, is studied because it
gives the right sign for the first normal stress difference, as shown in
the next section. Moreover, in terms of linear stability, it is a consistent
approximation to a proper stress-relaxing fluid, such as the Maxwell
fluid, at small elasticity numbers and when the disturbance time scale
is large compared to the characteristic time scale of the fluid (Porteous
and Denn [61]).

1.1.1. Second order fluids in boundary layers. In theoretical
work, Rajagopal et al. [66] showed that it is possible to apply Prandtl’s
boundary layer theory to the case of a non-Newtonian fluid of second
grade. In particular, they showed that the equations of motion of a
second grade fluid can be satisfied by an irrotational flow and they
identified suitable assumptions to obtain a consistent theory. In the
case of fluids of differential type the equations of motion are an or-
der higher than the Navier-Stokes equations, and thus the no-slip and
no-penetration boundary conditions are insufficient to determine the
solution completely (Rajagopal and Kaloni |[67] and Rajagopal [64]).
The same is also true for the boundary layer approximation. In order
to overcome this difficulty, in their study of an incompressible fluid of
liquid B’ near a stagnation point, Beard and Walters [6] suggested a
perturbation method. This method was also adopted by Rajagopal et
al. [65] in their analysis of the flow past a wedge of an incompressible
fluid of second grade. The perturbation method reduces the order of
the problem, but is only valid for small values of the non-Newtonian pa-
rameter. This parameter multiplies the higher order spatial derivatives

in the equation.

While studying flow near a stagnation point and flow past a wedge,
Garg and Rajagopal [31,32] suggested that it would be preferable to
use an augmented boundary condition justified by physically reasonable
assumptions. The augmented condition, based on smoothness properties
of the solution at infinity, was also adopted by Vajravelu and Roper [92]

in their study of the flow and heat transfer in a second grade fluid over
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a stretching sheet and by Vajravelu and Rollins [91] while studying

hydromagnetic flow of a second grade fluid over a stretching sheet.

Another difficulty that arises is the impossibility of finding a similar-
ity solution to the boundary layer equations as in the Newtonian case,
with the exception of stagnation flow. Garg and Rajagopal [32] showed
that a pseudo-similarity solution is possible and solved numerically the
local ODE obtained.

1.1.2. Linear stability of second order fluids. To the best of
our knowledge, little work has been done on the stability of second
grade/order fluids in boundary layers unlike the situation for channel
flows. In 1968, Chun and Schwarz [15] studied the stability of plane
Poiseuille flow of a second order fluid (a3 < 0). Their analysis yields an
Orr-Sommerfeld equation modified by adding a non-Newtonian term.
The mean flow is a parabolic profile as in the Newtonian case. They
showed that the critical Reynolds number decreases as the magnitude of
the non-Newtonian parameter increases. Later Sadeghy et al. [71] solved
the same modified Orr-Sommerfeld equation for the plane Poiseuille
flow of a second grade fluid («; > 0). They showed that non-Newtonian
effects in this model are stabilising. Rafiki et al. [63] studied the
hydrodynamic stability of plane Poiseuille flow of second order and
second grade fluids in the presence of a transverse magnetic field. The
combined effects of magnetic field and elasticity on the stability are
investigated. The analysis is performed by solving the modified Orr-
Sommerfeld equation using a collocation method. In agreement with
previous literature, Rafiki et al. [63] found that elasticity is stabilising
for second grade fluids (a; > 0) and destabilising for second order fluids
(a1 < 0).

Regarding the linear stability of non-Newtonian fluids in boundary
layers, Griffiths [34] recently studied the effect of shear-thinning on
the linear stability of flow over an inclined flat plate. Shear-thinning is

shown to delay instability for the two material models considered.

Regarding the stability of viscoelastic fluids, some results were

obtained for channel flows but, to the best of our knowledge, not much
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has been done for boundary layer flows. Porteous and Denn [61] studied
the linear stability analysis of plane Poiseuille flow for the second order
and Maxwell fluids. They showed that the second order model is a
consistent approximation to the Maxwell model in the limit of small
elasticity and when the disturbance time scale is large compared to the
characteristic time scale of the fluid. The results shows a destabilisation
process due to elasticity. At high values of the elasticity number, the
stability is qualitatively different from that for Newtonian fluids because

it results from the second mode of the Orr-Sommerfeld equation.

Sureshkumar and Beris [80] used an Arnoldi-based orthogonalization
algorithm to investigate the linear stability of Poiseuille flow. The
models investigated are Upper Convected Maxwell (UCM), Oldroyd B
and Chilcott-Rallison fluids. The results show that the destabilisation
caused by elasticity for the UCM fluid is reduced when effects of solvent
viscosity and finite extensibility are taken into account. Zhang et
al. [96] showed that, when the polymer relaxation time is shorter than
the instability time scale, the Poiseuille flow of FENE-P fluids appears
to be less stable. However, in the opposite case, the strong elastic effect
stabilises the flow.

1.2. Governing equations
The field equations for an incompressible second order fluid can be

derived by substituting expression (|1.1]) for the Cauchy stress into the

balance of linear momentum

Dv
— =V -0, 1.4
"D o (1.4)
where p is the density of the fluid and V - o denotes the divergence
of the stress tenso. Since the fluid is incompressible, i.e. % =0, we

require all possible motions be isochoric and hence for the conservation

of mass the continuity equation reduces to

V-v=0. (1.5)
2The divergence of the tensor o is defined by
(“)a'm-
(V : G)J - axj )

where Einstein summation convention is adopted.
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FIGURE 1.1. Semi-infinite wedge flow configuration (55 > 0).

The geometric configuration considered consists of a wedge of angle
By which is placed symmetrically with respect to the direction of the
uniform velocity field, as shown in Figure [1.1] The x-axis is chosen to
be in the streamwise direction, the z-axis in the spanwise direction and
the y-axis in the wall-normal direction. Due to the symmetric nature

of the problem, we can restrict our analysis to the case y > 0.

The angle parameter Sy is known as Hartree parameter. Notice
that, if By = 0, we recover the case of flow over a semi-infinite flat
plate, while Sy = 1 corresponds to the case of a stagnation point flow.
When g > 1 we have the flow into an acute corner, Sy < 0 gives a

flow past a corner and 0 < By < 1 is the flow past an acute wedge.

Consider the case of steady two-dimensional flow described by the
velocity field v = (u,v). After a straightforward manipulation of
equations and , which can be found in Appendix , we
obtain the following governing equations

ou Ov

% + 3_y = O, (16&)
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ou  Ou  10p p(0u  u
p | 0x2 \ Ox oy 0y? ax
n 0? u@—i—v@ +22 8u6u Ov Qv
Oxdy \ Ox dy dy o 6’y 8:6 8y
Lo (v A .y au , v 0u
ox ox oy 8.7: 895 ay
v v 10p (0% 0%
AP Y Tl 1.
u8x+v8y p8y+p<8x2+8y2 (1.6¢)
pofy @ (o oy oo o
oy? \ Ox 0y ox? \ Oz dy

0? ou  Ou N 0 8u8u+@@
Or \Ox dy 0Oz dy

ov ov Ou
- <3_y) Nz 3y> ]

1.2.1. Viscometric flow. The stress components can be com-
pletely determined in steady viscometric flows of isotropic simple fluids
(Phan-Thien [59]), such as the order fluids. Viscometric flows are flows
in very simple geometries that allow us to have an idea of the main non-
Newtonian characteristics. It can be seen that the constitutive equation
of an incompressible fluid of order 2 can be determined uniquely from
its viscometric functions. Here, we derive the stress for two viscometric

flows, simple shear flow and uniaxial extensional flow.

1.2.1.1. Simple shear flow. Consider a steady simple shear flow
vV = (Y29, 0,0), where ,, is the constant shear-rate, as represented in
Figure The first two Rivlin-Ericksen tensors become

0 Ay O 0 0 0
A= 1%, 0 0, Ay=[0 252 0
0 0 0 0 0 0
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FIGURE 1.2. Steady simple shear flow.

Therefore, the extra-stress tensor T = pl + o becomes

0 Yy O 0 0 0 42, 0 0
T=p|dy 0 O +a |0 292, 0| +az| 0 42, 0
0 0 0 0 0 0 0 0 0

Hence, we can write the components of the extra-stress tensor T in terms
of three functions of the rate-of-strain +,,, the so-called viscometric
functions n, Ny and N,, as follows

Ty = N(Vay) Yoy = [y
Tow — Tyy = Ni(Yay) = —20172,,
Tyy —Tso = No(Fay) = Oéﬁiy,
T, =Ty, =0,

where n is called shear viscosity and N and Ny are, respectively, the

first and second normal stress differences.

This model predicts constant viscosity and non-zero normal stress
differences. Non-zero normal stress differences are a feature of nonlinear
models and are responsible for interesting phenomena such as rod-
climbing and die swell (Boger and Walters [10]). The main limitation
of the second grade model (a; > 0) is that it predicts negative Ny and
positive Ny, while experiments indicate that N; should be expected

to be positive and Ny small in comparison to N; and non-positive for
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polymeric fluids (see Owens and Phillips [54]). On the contrary, the
second order model with a; < 0 predicts a positive first normal stress

difference as physically observed.

1.2.1.2. Extensional flow. Consider a uniaxial extensional flow v =
(éx, —%y, —gz), where ¢ is the constant extensional strain-rate. The

Rivlin-Ericksen tensors of order 1 and 2 become

2 0 0 0 0 0
Ai=10 00, Ay=1022 0
000 0 0 0

Therefore, the components of the stress tensor become

Ouw = —p + 20é + 401 + dné,
Oy = —P — pé+ € + azé?,
0. = =D — pté + 1€ + ané’,
Ouy =0y, =0y, = 0.

The extensional viscosity ng is defined as

Oy — a'yy Oy — Oz

nNe = : = : )
€ €

and in this case, remembering that oy + as = 0, it becomes
ne = 3p + 3(a + ag)é = 3.

For a Newtonian fluid the Trouton ratio, which is the ratio between
the extensional viscosity ng and the shear viscosity p, is equal to 3 and
does not depend on shear rate ,, or extension rate ¢. The second order
models predicts a Newtonian constant extensional viscosity. However,
for a viscoelastic fluid the extensional viscosity generally depends on
the extension rate and can be very large. Trouton ratios can reach
values as high as 10 or 10%. For example, dilute polymer solutions may
have high Trouton ratios because they are tension-thickening, i.e. their
extensional viscosity increases substantially with é (Phan-Thien [59],
Owens and Phillips [54]).



1.3. MEAN FLOW 19

1.3. Mean flow

In this section, we present the derivation of the undisturbed flow profile.
This is the necessary first step in order to perform the stability analysis.
The mean flow is obtained by applying a boundary layer approximation

as is usually done for Newtonian fluids.

Boundary layer theory was presented by Prandtl during the Third
International Congress of Mathematics held at Heidelberg, Germany
in 1904 (Schlichting and Gersten [73], Tani [81], Anderson [3]). The
related paper [62] was published in the Proceedings of the Congress
a year later and is one of the most important contributions to fluid
dynamics. This paper showed how viscosity affects the flow at high
Reynolds numbers. Prandtl theorised that the fluid adheres to the
surface of an object so its velocity adjacent to the wall is zero and
that the viscosity becomes important only in a thin layer near the
surface. This region is characterised by a transition from zero at the
wall to the full velocity at a certain distance from the wall. Outside
the boundary layer the flow was irrotational, essentially inviscid and
widely studied for centuries. In other words, boundary layer theory
deals with the asymptotic behaviour of flows at large Reynolds numbers
(Van Dyke [93]). It is also the first example of a singular perturbation

method applied to solve a partial differential equation.

Prandtl’s work enabled the aerodynamic drag to be calculated and
the Navier-Stokes equations to be reduced to a simpler form. In 1908,
Blasius [9], who was Prandtl’s student, solved the boundary layer
equations for 2D flow over a flat plate by reducing the PDEs to a single
ordinary differential equation. In 1931, Falkner and Skan [28] extended
the work to the case in which the free-stream velocity varies according

to a power law.

1.3.1. Potential flows. It is important to clarify the assumption
of an irrotational flow in the free stream. It is common to associate
irrotational flows with inviscid fluids. They are in fact two distinct
properties, the former relates to the flow and the last is a material

property. For Newtonian fluids, irrotational flows satisfy the full viscous
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and incompressible PDEs with no need to impose zero viscosity, as
remarked by Joseph [46]. Viscous effects are still present in irrotational
flows but they balance internally and they do not enter the equations
of motion. In this work, we do not deal with the viscous effects in the
outer layer and how they affect the inner layer since we consider flows

at high Reynolds numbers. We refer to Joseph [45] for further reading.

Regarding viscoelastic fluids, Joseph and Liao [47] provided a con-
dition for the extra-stress tensor for an irrotational flow to satisfy the
equations. Not many constitutive equations are compatible with irrota-
tional solutions. The flow is said to be irrotational when the vorticity
is zero, i.e.

w=Vxv=0.

If the domain is simply-connected, there exists a velocity potential
¢(x,t) such that v = V¢. The opposite is trivially true. In this case,
the momentum equation (|1.4]) can be written as follows

99 Vol

+p):V-T,

where T is the extra-stress tensor. Here we ignore body forces, but the
conclusion is still valid provided that they are conservative. Therefore,

the following condition must hold
Vx(V-T)=0. (1.7)

In other words, the divergence of the deviatoric tensor T is the gradient
of a function 7. The pressure can be determined by a generalised
Bernoulli equation, i.e.
00 IVof
ot 2
where C' is a constant depending on time only. Condition is

satisfied by inviscid and viscous Newtonian fluids, linear viscoelastic

+T 4+ C(t),

fluids and for second order fluids.

1.3.2. Boundary layer approximation. Rajagopal et al. [66]
pointed out some assumptions regarding the flow in order to apply
Prandtl’s boundary layer theory to the case of a non-Newtonian fluid

of second grade. It is necessary that, not only the ratio of the inertial
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forces to the forces due to the tangential stresses be large (high Reynolds
number), as in the Newtonian case, but also the ratio of the inertial
forces to the forces due to the normal stresses should be large. This

implies the following assumptions for a second order fluid
Re
R 1 d —>1
e > an Wi > 1,

where Re = % is the Reynolds number, and Wi = ‘Ll—g is the Weis-
senberg number. Here U is a characteristic velocity, that is usually
taken to be the free-stream velocity, and L is a characteristic length.
White [95] first introduced the Weissenberg number while analysing
the dimensionless groups of fluids of second grade. It quantifies the

nonlinearity of the rheological response and does not coincide, in general,
with the Deborah number (Poole [60], Dealy [22]).

Rajagopal et al. [66] suggested the possibility of having a boundary
layer with a two-deck structure. In addition to the viscous boundary
layer, they hypothesised an “elastic boundary layer” where inertia and
pressure forces balance the forces due to normal stresses. This possibility
was investigated further by Pakdemirli [55] who showed that a multiple
deck boundary layer theory is not possible for the second order model.
Therefore, here we consider the conventional viscous boundary layer
theory, where we have one inner expansion and an outer expansion

which is irrotational.

Inside the boundary layer the velocity gradient normal to the wall,
Ou/dy, is very large and therefore viscous forces cannot be neglected.
Requiring the viscous term to be of the same order of magnitude as the

inertia and pressure forces leads to

) 0 1
— = O y i 1 tl - = O 9
7 (Vv), or equivalently 7 ( \/E)

where 0 denotes a typical value of the thickness of the boundary layer
and v = u/p is the kinematic viscosity. At the same time, requiring the
non-Newtonian normal stress forces to balance the inertia and therefore
the viscous forces, we obtain

ézO( %), and so a; =0 (u).
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This is equivalent to saying that the Weissenberg number Wi needs to

be of order 1 to have a valid boundary layer theory.

The key idea of Prandtl’s order of magnitude argument is to recog-
nise that boundary layers are thin in comparison to their length of
development, hence §/L < 1. This is true at reasonably high Reynolds
numbers. From the continuity equation , it follows that g—z is of
order U/L and v is of order §U/L in the boundary layer, where U is
the chosen characteristic velocity. Thus, the component of the velocity
v in the y-direction is small compared to the velocity u in the direction
of the plate.

Applying the boundary layer approximation, as shown in Appen-
dix , to the two-dimensional field equations ((1.4) and (1.5), we

obtain

( Ou, N ov. 0
Ox, Oy, ’
Ou, Ou, 10p, pud*u, oy Fu,
Or. Moy T pde o p [W (18)
0 0?u, ou, 0%v,
"o, (“ oy ) Ty g |

\
where starred dependent and independent variables indicate dimen-
sional variables. If the plate forms an angle Sy /2 with respect to the
uniform velocity field as in Figure [I.1], the free-stream velocity varies
with distance to the leading edge according to potential flow theory

(Batchelor [5]) as a power law
Ue(x*) = ax;n’

where a is a positive constant and the exponent m is related to the

2m

Hartree parameter Sy = ——

After the following boundary layer transformation

n= %7 % = 5U€<Qf*)f(77>,

where

§= |——u,7 (1.9)
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is a measure for the displacement thickness and 1), is the stream function
introduced to satisfy the continuity equation, the boundary layer equa-
tions are transformed into the following local ordinary differential
equation for f(n)

2m+ 1) f" + (m+ 1) ff" +2m —2mf? =

DL i 1) (m+ 1) 7 4+ 21— 3m) £+ (Bm = D(f)?],

pv
(1.10)

" indicates the derivative with respect to the boundary layer

where
variable, 1. The key idea is to solve this equation numerically for fixed
values of * in order to obtain a local solution. It can be easily seen that
a similarity solution is possible only for stagnation point flow, where
m = 1 (Garg and Rajagopal [31,32]) and, trivially, for Newtonian fluids.
Notice that, when a; = 0, equation (1.10]) reduces to the well-known
third order equation known as the Falkner-Skan equation (Falkner and
Skan [28]). Instead, in the non-Newtonian case the equation to solve
is of fourth order. For the stability analysis, equation will be
transformed and the dependency on the streamwise position z* will be
included in the elasticity parameter, which will be defined later in this

section.

For Newtonian fluids, in the case of slightly decelerating flow, that
is, —0.091 < m < 0 (—0.199 < By < 0), there are two solutions, one
exhibit points of inflection while the other one has a region of reversed
flow near the boundary (Schlichting and Gersten [73]). If m < —0.091
(By < —0.199) separation occurs and profiles have a vanishing wall
shear stress. For zero and positive pressure gradients, where m > 0, the
Falkner-Skan equation has a unique solution without a point of inflection.
In this work, we are not concerned with the existence and uniqueness
of the solution of the local ODE , since we will always consider
solutions that are small departures from the Newtonian solutions. Using
Rayleigh’s inflection point criterion (Rayleigh [68]), we can conclude
that, in the inviscid limit, the boundary layer with an adverse pressure
gradient could exhibit exponential instabilities whereas for zero and

positive pressure gradients inviscid unstable solutions do not exist. In
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this section, we also analyse the non-Newtonian effects on inflection

points since they play a crucial role in the stability.

The stability analysis is traditionally performed, for a Newtonian
fluid, by choosing a fixed streamwise position x, = xg, as first proposed
by Tollmien [84] in 1929. The approach consists of finding the longitu-
dinal velocity at that station, ignoring the relatively small transverse
velocity, and then solving the Orr-Sommerfeld equation for the resulting

base profile.

Following the example of Schmid and Henningson [77], we apply the
same procedure to the second grade fluid and we define a displacement
thickness 9y, at position xg, as follows

1% 1-m
0o = Co(xg) =C mxo 2 (1.11)

where ¢ is defined by equation (1.9) and C'is a constant given by

C = / ~ Foont(n)) dn

calculated in the Newtonian case. This choice was made in order to
easily compare non-Newtonian solutions with Newtonian solutions. The

Reynolds number based on the displacement thickness is

Ue(ilio)50
1

Reg = (1.12)

and satisfies the following important relation

Zo m—+1
5—0 = WRQO.

The Reynolds number Reg is related to the Reynolds number Re,,

based on the downstream distance xq by

| Reg,
R@o =C m——|—1

Using these relations, equation ((1.10)) at the fixed position zq can

be rewritten as

20m + 1) f" + (m+ 1) ff" +2m —2mf? =
K2 [(m FFF 201 = 3m) "+ 3m— D)2, (1.13)
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where
_ M
o

is a non-dimensional parameter known as the elasticity number, that

Ko (1.14)

can be interpreted as representing the ratio of non-Newtonian normal

stress forces to inertial forces. In fact, we can write

Wi
KO = j?
R@O
where Wig = %{5?0) is the Weissenberg number based on the displace-

ment thickness dy. We also notice that Ky relates to the Weissenberg

number based on the streamwise distance xg, as follows

Ko = mc—tl Wi .

Equation is solved numerically by applying a Chebyshev
collocation method, as described in Section [5.2 The base flow for
the stability analysis is non-dimensionalised by using the free-stream
velocity U,, hence the velocity in the z-direction is
Ue 7

U pum—
v Ue(z4)

The wall-normal velocity Vg is
Vs 1 1

Ve = =
P Ue)  2/m+ )R,

[(L—m)nf = (m+1)f].

It is clear that this flow is nearly parallel because the transverse velocity
Vg is smaller than Ug by a factor of Re;j/ 2 5o it will be neglected in
order to perform the stability analysis. This is a valid approximation

when the Reynolds number Re,, = Ux, /v is large.

1.3.2.1. Boundary conditions. In the case of fluids of differential
type the equations of motion are an order higher than the Navier-
Stokes equations, and thus the adherence boundary conditions are
insufficient to determine the solution completely. The same is also true
for the boundary layer approximation given by equation and the
ODE . In order to overcome this difficulty, in their study of an
incompressible fluid of second order near a stagnation point, Beard and

Walters |6] suggested a perturbation method. This method was followed
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also by Rajagopal et al. [65] in their analysis of the Falkner-Skan flow

of an incompressible fluid of second order.

The perturbation method reduces the order of the problem, but
it is valid only for small values of the parameter K. This parameter
multiplies the higher order spatial derivatives in the equation. Garg
and Rajagopal [31}/32] suggested that it would be preferable to use
an augmented boundary condition justified by physically reasonable
assumptions. Therefore, equation is solved by applying the usual
boundary conditions that ensure no-slip and no-penetration at the wall

and matching with the free-stream velocity at infinity

f)=0,f(n)=0 atn=0,

f'(n) —1 as 1 — 0o,
augmented by the condition
f"(n) —0 as 17 — 00. (1.15)

Condition (1.15]) is derived by imposing gﬂ — 0 at infinity and is
Yx
equivalent to requiring that the solution approaches the free-stream

velocity smoothly far from the wall (Garg and Rajagopal [31,32]).

1.3.3. Mean flow characteristics. The effect of elasticity on the
velocity profile changes with the geometrical configuration. For the sec-
ond grade model (i.e. when K > 0), we can see from Figures [1.3|a),(b)
that the velocity at all points in the boundary layer is larger in the
non-Newtonian case for the flow over a flat plate (5 = 0) and the
greater variation appears at the wall. Instead, for the second order
model (i.e. when Ky < 0) the velocity at all points in the boundary
layer is smaller in the non-Newtonian case for the flow over a flat plate.
Figures [L.3|(c),(d) show that for a wedge angle of 7/2 there is a smaller
relative variation than for the flat plate observed in Figure [1.3](a),(b).
When K > 0 the non-Newtonian velocity is slightly smaller inside the
boundary layer while, when Ky < 0, the non-Newtonian velocity is
larger. In both cases the greater deviation from the Newtonian profile
happens at a distance n & 2 from the wall. In Figures [1.3(e),(f) we see
that the effect of increasing | K| for the stagnation point flow (6y = 1)
is the opposite of the flat plate case.
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Figures [L.4|(a),(b) show how the inflection point (where U} = 0) for
a flow past a corner (8 = —0.07, —0.14) moves towards the wall upon
increasing the non-Newtonian parameter Ky. On the contrary, for the
second order model (K, < 0), decreasing the non-Newtonian parameter
Ky moves the inflection point away from the wall. In fact, even the

flat plate profile has an inflection point for negative K, as can be seen

from Figure [1.4/(d).

Notice that, the non-Newtonian parameter K, in these graphs has
been chosen to be large enough to be able to distinguish clearly the
non-Newtonian effects on the mean flow. However, as already mentioned
in Section we need |Ky| < 1 for the boundary layer theory to be

valid.

Furthermore, it is possible to quantify the different effects of elasticity
on the velocity profile by measuring displacement thickness, initial slope
and shape factor. The initial slope f”(0) is physically important because
it determines the local wall shear stress and thus the friction drag. The
friction drag is the force experienced by the plate opposite to the
direction of the flow and it is calculated as the integral over the surface
of the local shear stress 7 at the wall, that is given by

Ou, Uy
y*:()_lua_y* - (')* f (77_0)

=0
Figure[L.5{a) shows that, for the second grade model (K > 0), increasing
the non-Newtonian parameter decreases the initial slope f”(0) for large

7(2.)

value of Sy (Bg = 0.5,1,1.2), while it increases for smaller angles
(By = 0.25,0,—0.07, —0.14). The opposite is true for the second order
model (K < 0), as shown in Figure [L.5|(b).

The displacement thickness is a measure of the displacement action
of the viscosity and it is defined as the distance by which the surface
should be moved in an inviscid fluid stream of velocity U, to have the

same mass flow rate of the viscous fluid. It is calculated as follows

o) U,
0, = 1— — | dy, = 616, 1.1
/0 ( U@) Y 1 ( 6)
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F1GURE 1.3. Velocity profile and relative variation with
respect to the Newtonian profile for increasing and de-
creasing values of the parameter K = Ky C?. (a), (b)
Bu = 0 (flat plate); (c), (d) B = 0.5 (flow past a wedge);
(e), (f) By =1 (stagnation flow).
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FIGURE 1.4. Velocity profiles (a),(c) and second deriva-
tives (b),(d) for flows with an inflection point (flow past a
corner) and increasing (a),(b) or decreasing (c),(d) values
of the parameter K = K,C?.
where

fi= =y dn= i - 7 ). (1.17)

and 6 = y./n is defined by equation (L.9). In Figures[L.5{c),(d) we plot
the constant factor §;. For small values of the angle parameter Sy,

elasticity in the second grade model (K > 0) makes the boundary layer
thinner, while it makes the boundary layer thicker for larger values of
Br. The opposite behaviour is observed for the second order model
(K <0).

The values at K = 0 agree with the ones found in the literature,
see for example Schlichting and Gersten . For the second grade

fluid, our numerical results agree with those obtained by Garg and
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FIGURE 1.5. Values of the initial slope (a),(b), displace-
ment thickness (c),(d) and shape factor (e),(f) for different
angle parameters Sy, increasing the non-Newtonian pa-
rameter K in (a),(c),(e) and decreasing K in (b),(d),(f).
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Rajagopal |32] for Sy = 0,0.25,0.5,1. Moreover, we calculated the
shape factor H, which is calculated as the ratio between displacement
thickness, given by equation (|1.16|), and momentum thickness as follows

Ox
H ==
0,

where 6, is the momentum thickness, defined by

.- [ (;;— (1 - “7)) =3 [ (a-fyan )

The momentum thickness represents the distance by which a surface
would have to be displaced perpendicular from the reference plane in an
inviscid fluid to have the same total momentum. From Figures[L.5{e),(f)
we see uniform behaviour over all the values of the parameter Sy, that
consists in a decrease of the shape factor for the second grade model
and an increase of the shape factor for the second order model. It is

interesting to notice that H varies more steeply for small values of .

In conclusion, the non-Newtonian effects in the second grade (Ko >
0) and the second order model (K < 0) have almost opposite effects

on the mean flow.

1.4. Two-dimensional linear stability analysis

In this section, we apply a linear stability analysis to study the non-

Newtonian effects on two-dimensional disturbances.

The full unsteady and two-dimensional governing equations derived

from equations (|1.4)), (1.5 and Definition ([1.1]) can be written as follows

( Ou, N dv, 0
or, Oys 5
Du, 10p.  u oy [OTF T

=———+-Au,+— (| =+, 1.1

Dt, pOxr, p “ p \ Oz, Y. (1.19)
Do _10pe iy, o0 (O aTyy) ,

| Dt, pOoy. p p \ Oxr,  Oy.

where 77, 7, and 7, are components of 7%, the non-Newtonian part of

the stress tensor o, such that we can rewrite the stress tensor o defined
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in (4.2)) as follows
o=—-pl+ HA’{ + ﬂr*,
p p

where A} = Vu, + Vu*T is the rate-of-strain tensor. Using identities

derived in Appendix [A.T] we have
« _ o 0?u, Lo ?u, 49 0?u, N v, \ 2 ou, \ >
I Uy —= Vx - 9
o ot 0x, 0x? 01,0, 0x, OYs
. 0%u, N 0?v, N 0%u, N 0%u, N v,
T = U Vx Us
W0t 0y, Ot Ox, 01,0y, oy?
0?v, Ou, Ou, Ov, Ov,
+2 498l T
02,0y, 0x, 0y, 0z, 0y

d%v, 9%, v, ou,\> [ ov\”
T =2 Y +20*—U+2u* Y +(u)_<v)‘

+ Uk

T Dy 0z, 0y, \ Oy, o,

*

Notice that the components 7., 7;,,7,, of the non-Newtonian stress

tensor 7* include time derivatives and several nonlinear terms.

We scale the velocities with the constant free-stream velocity U, (o)
and the lengths with the displacement thickness §y defined by equa-
tion (1.11]), relative to the fixed streamwise location xy. The new

dimensionless variables are

* * Ue t*
Qj = x_’ y — y_’ t o —(xo) s
do do do (1.20)
Uy Vs D« '

, U= ’ = :
U, (w0) Ud(wo) U7 pUu(0)?

Hence, the non-dimensional governing equations are

(u 00
or oy
Du dp

Dt Jdr  Reg

Dv op 1 or, or,
— =——+—Av+ K LA T £
| Dt y * Rey " o < z ) ’

where 7,,, 7,, and 7, are non-dimensional components of the non-
Newtonian part of the extra-stress tensor 7. In these equations Rey =
Ued(z0)00/v, Ko = a1/(pd3) are, respectively, the Reynolds and elasticity
numbers defined as before. In order to perform a local linear stability
analysis we assume the undisturbed flow to be steady and parallel,

neglecting the transverse component of the velocity. The velocity of
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the base flow in the streamwise direction is taken to be Ug(y) = f'(n),
i.e. the solution of the ODE (]1.13)) resulting from the boundary layer
approximation at the fixed location xg, as shown in Section[l1.3] However,

derivatives of Up require additional scaling due to the following relations

Ys Ys
y (50777 5 77 y?

where 7 is the boundary layer variable and C' is the constant

= [ (- K dn (1.21)
0
Therefore,
dUpg . d*Up 9 s d*Up 3 i d*Up 4
— C - = C = C w = C v .

We can now introduce the non-dimensional stream function 1, so
that the continuity equation is satisfied identically, and decompose it

into base flow ¥z and perturbation ¢ as follows

@D(C(],y,t) = ¢B(y) + 1;(957(%75)7

where g = dof is the stream function relative to the parallel and

steady base flow. The pressure p is expressed in the same way, i.e.

p(l’,y,t) - PB<m) +ﬁ(x7yvt)‘

Next, we assume the normal mode form for the disturbances, as follows

¢($, Y, t) = qb(y)ei(cmc—wt)7 ﬁ(xa v, t) — ﬁ(y)ei(am_wt),

where « is the wavenumber in the x-direction and w is the frequency of
the disturbance. In general, both o and w can be considered complex

numbers.

When the fluid is Newtonian, the assumption of a parallel base
flow and the neglect of the nonlinear terms allow the normal mode
decomposition to be applied. This is equivalent to taking the Fourier
transform and allows the PDEs to be transformed into an ordinary
differential equation called the Orr-Sommerfeld equation. We can easily
see that this is also true for the non-Newtonian model considered in

this work. The equation obtained is the Orr-Sommerfeld equation with
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an additional term due to the non-Newtonian correction

(Un = (6" — a%6) ~ Ujo = ——— [6" — 20%" + ']

+ Ko [(Up — ¢)(¢" — 2a%¢" + a'¢) — Up'¢], (1.22)

where ' represents differentiation with respect to the wall-normal coordi-
nate y and ¢ = w/a is the phase speed. This equation has been derived
by Chun and Schwarz [15] for the stability analysis of a Poiseuille flow
of a second order fluid (a; < 0) and used later by Sadeghy et al. [71]
and Rafiki et al. [63]. More details can be found in Appendix[A.4] where
equation is derived as a particular case of the three-dimensional
linear stability equations. Notice that equation is of the same
order as the Orr-Sommerfeld equation but it involves higher deriva-
tives of the base flow. The non-Newtonian terms do not increase the
order of the stability equation, unlike for the mean flow equation .

Therefore, no extra boundary condition is needed.

In order to study the temporal stability, the wavenumber « is
assumed to be real. The phase velocity ¢ appears as the eigenvalue
in the modified Orr-Sommerfeld equation and ¢ the associated
eigenfunction. For the spatial stability, we assume a real frequency w
and equation becomes a fifth order eigenvalue problem where «

is the eigenvalue.

The modified Orr-Sommerfeld equation is subject to the boundary

conditions
oly) =¢'(y) =0, aty=0,
o(y), ¢'(y) — 0, as y — 00.

The first set of conditions is due to no-slip and no-penetration at the
rigid wall y = 0. The conditions at infinity emerge from assuming that

the disturbances tend to zero far from the surface of the plate.

1.5. Two-dimensional linear stability results

The modified Orr-Sommerfeld equation (|1.22)) is solved using a Cheby-

shev collocation method. The semi-infinite domain y € [0, 0o0) is mapped
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F1GURE 1.6. Comparison between Newtonian and non-
Newtonian eigenspectrum for the temporal problem with
a* =0.179, Re = 580 and (a) K = 0.03, (b) K = —0.03.
The least damped eigenvalues are those in the grey circle.

onto the finite interval £ € [—1, 1] by means of the algebraic transfor-
mation l
y JE—
=) 1.23
y+1 ( )
where [ is a stretching parameter. Other mappings are possible, but the
numerical tests performed, that can be found in Section [5.3] indicate

that a good choice to solve ([1.22)) is an algebraic mapping with [ = 4.

All the numerical results are validated in the Newtonian limiting case
by comparing with results in the literature (Schmid and Henningson [77]

and Criminale, Jackson and Joslin [17]).

In Figure [1.6] the eigenvalues resulting from the linear temporal
analysis of the flow over a flat plate (g = 0) are displayed. In
Figure (a), we compare the eigenspectrum for the second grade
model with a parameter K = KyC? = 0.03 with eigenvalues obtained in
the Newtonian case. The choice of Reynolds number Re = Rey/C = 580
and a wavenumber of o* = a/C' = 0.179 (C' defined in (1.21])) generates
an unstable mode (i.e. ¢; > 0) in the Newtonian case, known as a
Tollmien-Schlichting wave. We can see the stabilising effect of elasticity
that moves the unstable mode into the lower half plane. Thus, the
flow is temporally stable for the second grade model, for this choice
of wavenumber and Reynolds number. In Figure (b) we compare
the eigenvalues for the second order model with K = —0.03 with the
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FIGURE 1.7. Temporal (a) and spatial (b) growth rates
for a flat plate (fy = 0) and Re = 580. Newtonian
case and non-Newtonian case with: (a) K = 40.01; (b)
K = 0.01,—0.05.

Newtonian eigenvalues for the same values of Reynolds number and
wavenumber. We observe that in this case, elasticity is destabilising
since it pushes the unstable eigenvalues forward into the positive half
plane. We also notice that the structure of the rest of the spectrum is

different for the two non-Newtonian models.

1.5.1. Growth rates. Considering the flat plate configuration (5y
= 0), Figure [L.7|(a) shows the temporal growth rate w; = w;/C as a
function of a*. We notice that when K = 0.01, the maximum growth
rate reduces dramatically, from w} ~ 1.8 x 107 to about 1073. Instead,
when K = —0.01 the maximum growth rate increases to almost 3 x 1073,
In general, decreasing K extends the range of positive rates to shorter

waves.

Figure [L.7|(b) shows the spatial growth rate —a; as a function of
frequency w*. Again we observe the marked stabilising effect of elasticity
in terms of growth rate reduction for the second grade model (K = 0.01).
We observe that, for the second order model (K = —0.05) the maximum
growth rate increases, but not so dramatically. Also, we notice that
for some wavenumbers a* the growth rate is actually smaller in the
non-Newtonian case. The non-Newtonian effects in both models move

the maximum to longer waves.
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FI1cure 1.8. Temporal growth rates for the flow past
a wedge and past a corner, Newtonian case and non-
Newtonian case. (a) g = 0.5, Re = 10000, K = £3 x
1074 (b) By = 1 (stagnation flow), Re = 27000, K =
+107% (c) By = 1.2, Re = 27000, K = +107%; (d)
B = —0.14 (flow past a corner), Re = 300, K = +0.05.

Figure (1.8 shows temporal growth rates in the Newtonian and non-
Newtonian cases for different values of Sy. In each case we observe a
reduction of temporal growth rate of the Tollmien-Schlichting waves
due to elasticity for K > 0 and an increase of growth rate for K < 0.
Observe from Figure (d) that the growth rates are significantly larger,

of order 1072, when there is an adverse pressure gradient (S5 < 0).

Notice that we choose Reynolds numbers of different orders of
magnitude for different values of Sy, since instability occurs at lower
Reynolds numbers when the angle parameter Sy is small (Schmid and
Henningson |77]). The choice of K is justified by the fact that, as
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remarked in Section [1.3] we need a Weissenberg number (Wig = Ky X
Rey) of order 1 for the non-Newtonian effects to be significant and the

boundary layer theory to hold.

1.5.2. Temporal neutral stability curves. Temporal neutral
stability curves define the region in the Rey-a plane where exponentially
growing modes exist and where they do not. The region inside the
curves represents instability while the region outside corresponds to
stability.

Notice that in order to plot neutral stability curves we need to take
into account that both Req and Ky depend on the location xy. If we
decide to perform the stability analysis considering a variation of the
Reynolds number as a variation of the distance zy from the leading
edge where the local stability analysis is performed, then we need to
write K in terms of the Reynolds number and the base profile needs
to be computed for each value of Rey. In the flat plate case (5 = 0),
the non-Newtonian parameter based on the displacement thickness can
be rewritten as o wa? 1

Ko(Reg) = o2 = WR—(%.
Thus, we define the fixed quantity

0110,2

K=—-
pv*’

which is independent of x, so that Ko(Req) = K/Re2.

Figure[L.9(a) shows a comparison between the neutral stability curve
in the Newtonian case and for K = £103 for flow over a flat plate. This
clearly shows the stabilising effect of elasticity in the second grade model
(K > 0) in terms of increase of the critical Reynolds number. The
non-Newtonian effects in the second order model (K < 0) promotes the
onset of instabilities. For high Reynolds numbers, the non-Newtonian
neutral curves approach the Newtonian neutral curve. This behaviour

is expected, since when Rey — oo, we have Ky — 0.

In the case of a non-zero pressure gradient (5 # 0), it is not possible

to isolate Reg to vary the position zy only through the Reynolds number
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FIGURE 1.9. Temporal neutral curves in the Newtonian
and non-Newtonian cases. (a) Sy = 0 (flat plate), K =

+10% (b) By = 0.5, K = £10*,
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(stagnation point), K = 42.5x 10*, g = 1; (d) Bz = 1.2,
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since we have ) o
o ora” g™

TR P Red
For this reason, we decided to plot the neutral curves in Figures [L.9(b)
-(e) by fixing the streamwise position at o = 1. In this case the

Ko

interpretation must be different, the Reynolds number varies through
a variation of the free-stream velocity U. Once again, when K >
0, elasticity has the effect of reducing the region of two-dimensional
instability as shown in Figure for different angle parameters. When
K <0, the instability happens at lower Reynolds numbers. Moreover,
the neutral curves in the non-Newtonian case approach the Newtonian
curves when the Reynolds number increases. It is worth noticing that,
for the flow past a corner (g = —0.14), as the Reynolds number
increases the non-Newtonian curves overlap the Newtonian curve. This
means that the inviscid instability, which arises in the presence of
an inflectional velocity profile, does not seem to be affected by non-

Newtonian effects.

Note that for different values of 8y different values of K are chosen
in order to ensure that the Weissenberg number, Wi, is of order 1 when
the Reynolds number is close to critical for the onset of instability. This
is to ensure that the boundary layer theory is valid, whilst the elasticity
effects remain significant (Rajagopal et al. [66]).

1.5.3. Spatial neutral stability curves. We define a frequency
F, as follows

w
F=10—".
Reo

This choice of scalings eliminates the streamwise dependency of the
frequency w. Spatial neutral stability curves are curves in the Rey-F'
plane that divide the region where there exists an exponentially growing

eigenmode and where it does not exist.

Figure [1.10] includes neutral stability curves for zero, positive and
negative pressure gradients. We can see that, as for the temporal
problem, when K > 0 elasticity has the effect of reducing the region of
instability. When K < 0 elasticity is destabilising and the instability

happens at lower Reynolds numbers.
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F1GURE 1.10. Spatial neutral curves in the Newtonian
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(inflection point), K = +250; zg = 1.

1.5.4. Critical Reynolds number. The critical Reynolds num-
ber is defined as the smallest Reynolds number for which there exists an
exponentially unstable mode. We calculated the critical wavenumbers,
o, and Reynolds numbers, Re.,, for different values of Sy and the
results are displayed in Table [I.I} In order to be able to compare the
non-Newtonian effect of elasticity for different values of Sy we choose,

as a measure of elasticity, the critical Weissenberg number
WiO,cr = KO,cheO,cn

defined with reference to the Newtonian critical Reynolds number Reg ¢,

and the critical elasticity number Koo = K/ Regycr.

From Table we deduce, for the second grade model (Wig ¢, > 0),
the stabilising effect in terms of an increase of the critical Reynolds
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non-Newtonian Newtonian non-Newtonian

Wiper — —1 —0.5 0 0.5 1

ﬁH ReO,cr ReO,cr ReO,cr ReO,cr ReO,cr
—0.14 126.68 132.58 138.42 144.07 149.48
0 470.71 495.70 519.06 540.96 561.60
0.5 7005.78  7324.05 7617.06 7890.03  8146.65
1 11483.50 11949.02 12380.61 12784.75 13166.26
1.2 12563.43 13064.70 13529.76  13965.65 14377.28
B H Qer Qer Qer Qer Qer
—0.14 0.5115 0.5025 0.4920 0.4843 0.4774
0 0.3231 0.3130 0.3038 0.2965 0.2902
0.5 0.1776 0.1742 0.1713 0.1687 0.1664
1 0.1722 0.1692 0.1665 0.1642 0.1622

1.2 0.1720 0.1690 0.1665 0.1643 0.1622

TABLE 1.1. Critical Reynolds numbers and critical
wavenumbers in the Newtonian and non-Newtonian cases.

number for all values of Sy considered, including the slightly negative
value of By that represents a profile with an inflection point. The
effect is the opposite for the second order model ( Wi, < 0) where the

instability is anticipated for each value of the Hartree parameter Sg.

Note that the magnitude of the critical Reynolds number Reg,
for the Newtonian case is strongly dependent upon the configuration
characterised by fy. This strong dependence is maintained for the
variation found in Reg ., when the non-Newtonian effects are introduced
in the manner that we have described. For example, with a critical
Weissenberg number Wig ., = 0.5, for a flat plate (8 = 0) the increase
or decrease in critical Reynolds number is of order 10, while for the

stagnation point flow (8z = 1) it is of order 102

The results in Table are summarised in Figure In Fig-
ure [1.11{(a), we show the relative variation of critical Reynolds numbers

with respect to the Newtonian critical Reynolds numbers, i.e.

ReO,cr - ReO,cr,Newt

Y

ReO,Cr,Newt
where Reg o Newt 15 the critical Reynolds number in the Newtonian case,

when Wiy = 0. We can see that, for a Weissenberg number | Wig .| = 0.5,
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the relative variation is around 4%, while for a Weissenberg number
| Wi | = 1, the relative variation is around 8% for every value of the
angle parameter Sy. In Figure [L.1I|b), we show the relative variation
of critical spanwise wavenumbers with respect to the Newtonian critical
spanwise wavenumbers. We observe that the non-Newtonian effects

affect the flat plate configuration (65 = 0) the most.

1.6. Energy theory

In this section we apply energy theory to the non-Newtonian models
considered here. We derive an evolution equation for an appropriate
choice of disturbance energy in order to study how non-Newtonian
effects influence the the energy balance. It is well known that the
nonlinear terms of the incompressible Navier-Stokes equations conserve
energy. Therefore, in the Newtonian case, the energy balance can be
seen as a nonlinear theory, because it applies to disturbances of arbitrary
amplitude (Schmid and Henningson [77]). Nonlinear terms play a role

in the distribution and transfer of energy but not in its increase.

We showed in Appendix that nonlinear terms in the incom-
pressible two-dimensional governing equations for the second order
models conserve energy. Therefore, in order to derive the en-
ergy equation we can start from the linearised equations and it will be

equivalent to starting from the full nonlinear equations.

In the case of a parallel main flow, the energy balance can be found
by multiplying the Orr-Sommerfeld equation by the complex conjugate
& of the stream function ¢ and integrating over the semi-infinite domain
in the y-direction (Drazin |23]). The same procedure is applied to
the modified Orr-Sommerfeld equation . After some algebraic

manipulation that can be found in Appendix and defining
I} = / "2 dy  for k=0,1,2,
0

we obtain the following equation

1
—iac (I7 +o*15) = (—R—eo + @'och(]) (I3 + 20717 + o*I7)
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“ia /0 " (UBIS + (U + 0?U) |8 + Upd'd) dy
ik, / T (UL + 20 (87 + a263) — URIGP) dy
ik, / T (Us (10" + 2070 + a'62)) dy.

Taking the real part of this equation we find the following energy balance

1 o [ P
= o U3+ 201 ') 3 JARCACEERT) g
D P
Ye7.¢ o ’ " /L (BN
_“;‘EO/O (202U — UR) (/0 — ¢')) dy

/0 (2Up(¢"¢' — ¢'¢")) dy. (1.24)
N,

where we divided every term by a total energy F, defined as follows

E=1I+aI§ + Ko (I3 + 20717 + o'I5) . (1.25)

Equation is essentially what, for Newtonian fluids, is known as
the Reynolds-Orr equation. The left-hand side term, ac;, represents
the temporal growth rate. On the right-hand side of the energy bal-
ance , D represents the rate of dissipation of the perturbation
due to the viscosity and is always negative, since for all perturbations
viscosity dissipates energy. The term P, also known as the production
term, represents the energy transfer from the mean flow to the pertur-
bation by means of the Reynolds stress. The remaining terms N; and

N, are due to non-Newtonian effects.

We can measure the proportion of energy E due to Newtonian and
non-Newtonian sources by dividing the definition (1.25) by E. We

obtain
B+ ol Ko(I3+ 2027 + o*13)
=~ 5 T E ’

-~

Er En

1

(1.26)

N
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where &, represents the Newtonian fraction and &, represents the non-

Newtonian fraction.

The Reynolds stress mechanism is a phenomenon of energy conver-
sion between the mean and the fluctuating flow (Butler and Farrell |14],
Pedlosky [58]). To visualise this mechanism, we express the transfer
term, P, in terms of the fluctuation velocities v and v. We can see that

energy increases due to the production term P when
—uvlUp

is positive. Hence, energy increases when

2

ovovy, __(n) (o),

oxr oy B ox " Jy B
is positive over the integral in the semi-infinite domain y € [0, c0),
where 1 is the stream function. When the lines of constant v slope in
the opposite direction of that of the mean flow, (%) " Up < 0 and the
perturbation gains energy. As the perturbation is advected, it becomes

orientated in the opposite direction and the energy returns to the mean

flow.

1.6.1. Results. We now analyse the results from the energy bal-
ance . First, we consider the case of a zero pressure gradient
(Br = 0), a wavenumber and a Reynolds number that gives an unstable
mode in the Newtonian case, i.e. o = o/C = 0.179, Re = Reo/C = 580.
In Figure we can see the role of different terms in equation (|1.24))
and how they change by introducing non-Newtonian effects. In agree-
ment with the results shown in the previous sections, by increasing
the non-Newtonian parameter K = K,C?, the temporal growth rate
ac; decreases. We can see from Figure that this stabilising effect
is principally due to the production term P, the diffusion due to the
viscosity D decreases slightly while the extra terms A; and A, remain
very small. The opposite happens for the second order model (K < 0),

where the kinetic energy increases due to an increase of P.

In Figure [1.13| we performed the energy balance for a base flow

with an inflection point. We choose the angle parameter to be slightly
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negative Sy = —0.14 in order to have a point of inflection in the velocity
profile. We choose a Reynolds number and a wavenumber to have an
unstable mode in the Newtonian case. We observe that also in this
case the temporal growth rate ac; decreases when the non-Newtonian
parameter K is positive and it increases when K is negative. Once

again, this is due to the change in the production term P.

In all the tests performed, we found that the magnitude of the non-
Newtonian contribution to the energy, &,, is very small with respect to

the Newtonian fraction, &, defined by relation (|1.26)).

It is clear that, also for the non-Newtonian models considered, the
preferential route for instability is the transfer of energy from the
mean flow to the perturbations by means of the Reynolds stress. This
conclusion is valid for all the geometrical configurations considered. To
avoid redundancy, figures representing the energy balance for other

values of the Hartree parameter Sy are not reported in this work.

A similar result was obtained by Zhang et al. [96]. They performed
an energy balance for the channel flow of FENE-P fluids and found that
the production of perturbation kinetic energy due to the work of the
Reynolds stress against the mean shear is responsible for the observed

effects on the stability.
In Figure we represent S defined by
1 o
S = G — 6,01 = 5 (96— 919).

which is proportional to the Reynolds stress and the mean shear Uy, in
the case of a flat plate (8 = 0). We can see how the non-Newtonian
effects influence S and Uy. The non-Newtonian effects for the second
order model (K < 0) increase the Reynolds stress S and slightly decrease
the mean shear. Therefore, we can say that an increase of S is causing
the destabilisation process. Instead, the non-Newtonian effects for the

second grade model (K > 0) provoke a decrease in S and stabilise the

flow.
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FIGURE 1.14. Mean shear Uy and S = ¢)¢, — ¢L.¢; for
the flat plate g = 0 with Re = 580 and o* = 0.179.

The physical perturbation velocities in the streamwise and spanwise

directions, respectively u and v, can be calculated as follows

u=(¢),
v= (Z&¢)r

In Figure [L.15) we plot the magnitude of the perturbation velocities u
and v, normalised such that the Newtonian velocities have maximum
equal to one. We can see that for zero and positive pressure gradients
(Br > 0) a negative elasticity parameter K decreases the wall-normal
perturbation velocity v and increases the streamwise velocity u. A
positive elasticity number K provokes an increase in |v| and a decrease
in |u|. We can see from Figure [I.15(d) that the opposite happens in

the case of a negative pressure gradient Sy < 0.

In order to perform the energy balance, the numerical integration
has been performed following the method described in Section [5.4, We
find that the eigenfunctions of the Orr-Sommerfeld equation ([1.22]) are

numerically sensitive to a decrease of the elasticity parameter K for the



50 1. LINEAR STABILITY ANALYSIS OF SECOND ORDER FLUIDS

10

—K=0 —K=0

AN - K=-10"" X K =-10"1
IR TN K =107 |] 8r K=10" |]
6 6

> [] > [l
4t 4
)il
2 2
%40 012 0.4 0.6 0.8 -1-10 1.2 %40 012 0.4 0.6 0.‘8 110
(a) (b)
10 T T T 10 T T T T
—K = —K=0
K =-10"* - K =-3x1073
8 K=10"* 8 K=3x10"% |[]
6 6
= .l.i,'l =
4 Ju] 4
2F 2
%.0 012 0.4 0.6 018 110 %.0 0.2 O‘.4 016 018 110
() (d)

F1GURE 1.15. Disturbance velocities for (a) Sy = 0 (flat
plate), Re = 580,a* = 0.179; (b) Sy = 0.5 (flow past a
wedge), Re = 1500, a* = 0.18; (c) Sz = 1 (stagnation
flow), Re = 2500, a* = 0.18; (d) Sy = —0.14 (inflectional
profile), Re = 100, a* = 0.15.

second order model (K < 0). Hence, the mapping parameter [ in the
transformation (|1.23) needs to be adjusted to better approximate the
eigenfunctions. We find that, in general, the optimal choice is [ = 20.
This stretching parameter is much greater than the one we used to
calculate the eigenvalues (I ~ 4), and it clusters fewer Chebyshev points
in the boundary layer. Therefore, a stretching parameter [ ~ 20 allows

a better resolution of the eigenfunctions for y — oc.
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1.7. Three-dimensional stability analysis

A study of three-dimensional disturbances for fluids of second order is
required. For parallel Newtonian flow, Squire’s theorem justifies the
study of two-dimensional instead of three-dimensional disturbances.
Squire’s theorem states that each three-dimensional mode corresponds
to some two-dimensional mode at a lower Reynolds number. Therefore,
to determine the critical Reynolds number, it is sufficient to study

two-dimensional disturbances for Newtonian fluids.

An equivalent Squire’s theorem was proved for Oldroyd B fluids
by Bistagnino et al. [8]. Zhang et al. [96] analysed three-dimensional
modes for the channel flow of FENE-P fluids and observed that the
two-dimensional waves appear to be the first to become unstable. A
result similar to the Squire’s theorem for a fluid of second grade cannot
be proven. Therefore, an extension to the study of three-dimensional

disturbances is necessary.

The linear system governing three-dimensional disturbances has
been derived in Appendix [A.4] after the application of the normal mode
form to the wall-normal velocity v and vorticity n = % — g—‘;’ of the

perturbation, as follows

(v,m) = (0(y), A(y)) exrHFzmeh),

where o and 3 are, respectively, the streamwise and spanwise wavenum-
bers and w represents the frequency. Defining q = (9,7)7, the problem

to be solved is a linear system of the form

Lq =wMaq, (1.27)
where M and L are linear operators defined as follows
[ k2 — D2+ K, (k2 — D?)? 0
M = + Ko ( ) L | (1.28a)
0 1+ Ky (k* — D7)
£ | Fos Lon , (1.28b)
| Lo Lsq
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where D denotes the derivative with respect to y and k? = a? + 3%

We can see that in the Newtonian case, when Ky = 0, the equation

for © does not involve the wall-normal vorticity 7. Instead, the equation

for 7, also known as Squire’s equation, is driven by solutions to the Orr-

Sommerfeld equation through the forcing term SU’0. In the Newtonian

case, this term is responsible for an algebraic growth of energy and

is referred to as the wvortex tilting term. Ellingsen and Palm [27]

first identified this mechanism by showing that inviscid channel flows

are always unstable to perturbations independent of the streamwise

coordinate.
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FIGURE 1.17. (a),(b) Contour plots for w; in the non-
Newtonian cases for the flat plate (8 = 0) and Req =
500. The red star (x) represents max, sw;. The black
line represents the neutral curve. (a) K = —0.001; (b)
K =0.001. (c),(d) Comparison of Newtonian (-) and non-
Newtonian (- -) temporal growth rates for (c¢) o = 0.02;

(d) B =0.2.

We observe that for a non-zero non-Newtonian parameter Ky, the
equation for the vorticity 1 has an additional forcing term and the
equation for the wall-normal velocity © is no more homogeneous but is
related to the vorticity through some non-Newtonian terms. Therefore,

the system we are considering now is fully coupled.

1.7.1. Results. We solved the three-dimensional eigenvalue prob-
lem (1.27). The results obtained are summarised by displaying the

neutral stability curves in an a-f plane.
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FIGURE 1.18. (a),(b) Contour plots for w; in the non-
Newtonian cases for the flat plate (8 = 0) and Req =
1000. The red star () represents max, sw;. The black
lines represent neutral curves. (a) K = —0.0001; (b)
K = 0.0001. (c),(d) Comparison of Newtonian (-) and
non-Newtonian (- -) temporal growth rates for (¢) a =
0.02; (d) 8 = 0.2.

Figure [1.16| shows the contour plot of the temporal growth rate w;
in the Newtonian case for the flat plate (85 = 0). Figure [1.16{a) shows
that the choice of a subcritical Reynolds number (Re = 500) gives a
stable flow. In Figure [1.16(b), we increase the Reynolds number to
Re = 1000 and we can see an exponential instability, for which w; > 0,
appearing at small spanwise wavenumbers. The red star (x) represents
the maximum growth rate reached in the a-8 plane, i.e. max, gw;.
We can see that, in both cases, the maximum is reached for spanwise

independent waves. This confirms the Squire’s theorem for Newtonian
fluids.
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FIGURE 1.19. (a),(b) Contour plots for w; in the non-
Newtonian cases for the flow past a corner (8 = —0.14)
and Rep = 150. The red star (%) represents max, g w;.
The black lines represent neutral curves. (a) K = —0.003;
(b) K = 0.003. (c),(d) Comparison of Newtonian (-)
and non-Newtonian (- -) temporal growth rates for (c)
a =002 (d) 8= 0.04.

Figures [1.17(a),(b) show the contour plots of the temporal growth
rates w;, for the second order model (K < 0) and for the second grade
model (K > 0), respectively. We can see that, for the second grade
model, there is a region of exponential instability for small streamwise
wavenumbers and for a value of the Reynolds number (Re = 500)
that gives an stable flow in the Newtonian case. In Figure [1.17|(c)
we displayed the growth rates for a fixed and small o and for a fixed
[ in Figure M(d) We observe how a positive elasticity number
K destabilises spanwise disturbances while it stabilises the Tollmien-
Schlichting waves. The opposite happens for a negative K, which

decreases the growth rates of mainly streamwise independent waves
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(o = 0) and increases the growth rates of mainly spanwise independent

waves (5~ 0).

Figure shows the results for a Reynolds number of Re = 1000.
The conclusions are the same, for the second grade model the Tollmien-
Schlichting wave is slightly stabilised while growth rates near the a = 0

axis become larger. The opposite happens for the second order model,
where K < 0.

Figure [I.19) shows growth rates for the flow past a corner with
B = —0.14. The results are very similar to that of the flat plate. We do
not report results for other values of the angle parameter Sy since they

are in line with the results we discussed so far.

1.8. Concluding remarks

We applied a boundary layer theory to second order fluids in order
to determine the mean flow. As for Newtonian fluids, this approach
allowed us to simplify the governing equations. We applied a pseudo-
similarity transformation and obtained a local ODE, which was solved

numerically for the purpose of the linear stability analysis.

The modified Orr-Sommerfeld equation was solved using a Cheby-
shev collocation method. We presented the results in terms of temporal
and spatial growth rates, neutral stability curves and critical Reynolds
numbers. For all the values of the angle parameter Sy, we observe a sta-
bilisation of the Tollmien-Schlichting waves for the second grade model
(K > 0) and a destabilisation for the second order model (K < 0).

Moreover, by means of an energy balance, we showed that the
stabilising effect for the second grade model is mainly due to a decrease
of the production term, which represents the transfer of energy between
the mean flow and the disturbance. For the second order model the

increase of energy occurs because of an increase of the production term.
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Finally, we expanded the analysis to three-dimensional disturbances.
We showed that, for K > 0, spanwise disturbances become more un-
stable. On the contrary, when K < 0 the growth rates of mainly

streamwise independent waves decrease.






CHAPTER 2

Transient growth of second order
fluids

The traditional starting point of hydrodynamic stability is an eigen-
value analysis such as the one performed in Chapter [I} Classical linear
stability analysis proceeds to diagonalise the exponential operator by
extracting the temporal behaviour of individual modes, while ignoring
the effects due to the transformation, which leads to a diagonal opera-
tor. For most wall bounded shear flows, it only gives the asymptotic
behaviour of the perturbation (¢t — oo) and fails to capture the short-
time characteristics (Schmid and Henningson [77]). Instabilities and
transition scenarios are observed in experiments on a shorter timescale
than those typical for Tollmien-Schlichting waves (Schmid |75]). In
fact, the time-asymptotic predictions may be irrelevant to the overall
perturbation dynamics, as this limit may never, or only under artificial
conditions, be reached. Therefore, it is necessary to describe disturbance
behaviour for all times.

The approach we consider in this chapter is called bypass transition,
because it bypasses the classical route of instability due to the presence
of an exponentially growing eigenmode. The basic idea is that there
can be short-time growth of energy even if all the eigenvalues decay
exponentially. Quoting Schmid and Henningson [77], bypass transition
can be defined as “the transition emanating from nonmodal growth
mechanism”. This scenario is related to the nonnormality of the stability
operators involved. A linear operator L is said to be normal if it
commutes with its Hermitian adjoint, i.e. if it satisfies the following
relation

et =rche.

59
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Normal operators can be unitarily diagonalisable, i.e. they have
orthogonal eigenfunctions (Trefethen and Embree [89]). This is, for
example, the case for the Rayleigh-Bénard convection (a plane hori-
zontal layer of fluid heated from below) and Taylor-Couette flow (fluid
confined in a gap between rotating cylinders). However, in shear flows
such as Poiseuille, Couette and Blasius, the stability operators are
nonnormal and their eigenfunctions form a non-orthogonal set. It can
be seen that the non-orthogonal superposition of exponentially decaying
eigenfunctions can lead to transient amplification of energy, before the
modal behaviour eventually prevails (Trefethen et al. [90]).

Moreover, eigenvalue analysis provides a critical Reynolds number,
Re.,, above which exponentially growing disturbances exist. Energy
stability theory gives the critical Reynolds number Reg below which
the energy of arbitrary perturbations decays in time. This critical
Reynolds number, based on energy methods, is usually determined
using the Reynolds-Orr equation (Drazin [23]). For flows dominated by
normal systems, like the Rayleigh-Bénard convection, the two critical
Reynolds numbers coincide, i.e. Re.,, = Reg. However, for Poiseuille
flow, eigenvalue analysis predicts a critical Reynolds number Re., =~ 5772
while energy methods predict a critical Reynolds number as low as
Reg =~ 49.6. The wide gap between Re. and Reg is a characteristic
of many nonnormal systems and, for Reynolds numbers in this gap,
transient growth prevails (Reddy and Henningson [69], Schmid [74]).

A result known as Squire’s theorem has led to an over-emphasis
on two-dimensional studies over three-dimensional studies. Squire’s
theorem states that every unstable three-dimensional modal disturbance
corresponds to a more unstable two-dimensional disturbance at a lower
Reynolds number. Therefore, two-dimensional disturbances are the first
to become unstable and they determine the critical Reynolds number
Re.,. Bypass transition analysis reveals that the variations that mostly
exploit the transient growth of energy commonly take the form of
streamwise vortices, which are vortices aligned with the flow direction.
These structures develop into streamwise streaks, elongated regions of
high or low velocity, relative to the mean flow, by means of the so-

called lift-up effect. The lift-up mechanism for instability is the vertical
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displacement of fluid particles by means of cross-stream momentum
(Brandt [11]).

Disturbances resulting from nonmodal growth mechanisms and
elongated in the streamwise directions are a common feature of many
transition processes (Alfredsson and Matsubara [2]). For this reason,
it is natural to expand the linear stability analysis of the second order

model, performed in Chapter [I] to include bypass transition.

In Section [2.1 we provide a summary of previous work on bypass
transition for Newtonian and non-Newtonian fluids, without any claim
to completeness. In Section [2.2] we provide an example to illustrate
the dramatic effects of nonnormal operators. Section is dedicated
to the derivation of an initial-value problem which drives the temporal
evolution of disturbances for second order fluids. In Section [2.4] we
introduce the concept of maximum possible amplification which is used
to quantify the tendency of the flow to grow transiently and we present
the results obtained for second order fluids. In Section[2.5] the definition
of optimal disturbance is given. Section [2.6]is an introduction to other
tools useful to study nonnormal operators, such as pseudospectra. In
Section we present some time-dependent simulations performed to
verify the transient growth results obtained in the previous sections. In

Section [2.8 we comment briefly on the results obtained in this chapter.
2.1. Previous studies

The phenomenon of transient growth has been known, for Newtonian
fluids, since the late 1980s and some work has been done also for

non-Newtonian fluids. In this section we summarise the main results.

2.1.1. Newtonian fluids. In 1975, Ellingsen and Palm [27] first
identified a linear growth mechanism for inviscid, incompressible and
non-stratified channel flows. They showed that, for these flows, stream-
wise independent disturbances grow linearly with time and this growth
is usually referred to as algebraic instability. The mechanism which
leads to this kind of instability has been explained by Landahl [49] and
is referred to as the lift-up effect. The lift-up effect is the generation of
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horizontal velocity perturbations by the lifting-up of fluid elements in
the presence of the mean shear. These particles initially retain their hor-
izontal momentum, while being displaced in the wall-normal direction,

leading to the formation of streamwise velocity variations (streaks).

Early work on algebraic growth focused on degeneracies (double
eigenvalues) and exact resonances (coincidence of an Orr-Sommerfeld
mode and a Squire mode). For example, Gustavsson [37] studied the
effect of direct resonances for Poiseuille flow as a possible mechanism
for transient growth. The presence of degeneracies and resonances
introduces an algebraic growth term into the temporal development
of a disturbance. Various results on degeneracies and resonances were
obtained, but significant energy growth was not found. Resonances and
degeneracies are not necessary for transient growth, which can occur

when the linear stability operator is nonnormal.

Butler and Farrell [14] investigated the transient growth of three-
dimensional disturbances in Poiseuille, Couette and boundary layer
flows. They found a growth of energy of three orders of magnitude at
subcritical Reynolds numbers, that is for Re < Re.,. Butler and Farrell
showed, using a variational method, that the optimal perturbations are

not of modal form and they resemble streamwise vortices.

Reddy and Henningson [69] considered different aspects of tran-
sient energy growth at subcritical Reynolds number for two and three-
dimensional Poiseuille and Couette flows. They analysed the conditions
for no energy growth, the dependence of the growth on the wavenumbers
and on time and the effects of degenerate eigenvalues. They showed
that the maximum transient growth is of order O(Re?) and that it
occurred at a time proportional to the Reynolds number, Re. Moreover,
Reddy and Henningson showed, by applying the Hille-Yosida theorem,
that the conditions of no growth based on the numerical range, which
will be defined in Section [2.6] are equivalent to those obtained by ap-
plying standard energy methods to the full Navier-Stokes equations,
which apply to perturbations of finite amplitude. This result has two
important implications. First, there cannot be an energy growth of

disturbances of arbitrary amplitude unless there is a linear growth
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mechanism. Secondly, subcritical transition for Poiseuille and Couette

flows can occur because the linear operator is nonnormal.

Corbett and Bottaro [16] proved, using a direct-adjoint technique,
that an adverse pressure gradient causes an increase of the resulting
growth of energy while a positive pressure gradient has the opposite
effect. The disturbance which evokes the greatest response over all time
is a streamwise oriented vortex which gives rise to a streamwise streak.
Furthermore, they showed that maximum local optima (perturbations
that maximise growth at a shorter time) gain significant amplification,
tend to be oblique and can compete in terms of energy growth with
Tollmien-Schlichting waves for supercritical Reynolds numbers, that is
for Re > Re,,.

2.1.2. Experiments and DNS. The lift-up effect turns out to
be dominant at moderate and high level of external noise, whereas the
so-called Tollmien-Schlichting waves are responsible for transition in
low-noise environments (Brandt [11], Schmidt and Henningson [77]).
Direct numerical simulations demonstrated the importance of the lift-up
mechanism in the case of the laminar-turbulent transition in boundary
layers subject to high level of free-stream turbulence (Brandt, Schlatter
and Henningson [12]). Streamwise streaks induced by the lift-up effect
dominate over the two-dimensional Tollmien-Schlichting waves, even
at supercritical Reynolds numbers (Re > Recr), and are followed by
streaks, oscillations and turbulent spots until the flow becomes fully
turbulent. Experiments extensively show the role of streaks (Afredsson
and Matsubara [2]). After the formation of streaks, the flow is in a more
complicated laminar state where nonlinear interactions intervene. The
breakdown seems to be associated with a secondary instability which
develops due to the highly spanwise inflectional profiles associated with

high and low speed regions.

2.1.3. Non-Newtonian fluids. One important motivation for
studying the stability behaviour of viscoelastic fluids, and in particular

polymer suspensions, can be found in drag reduction in turbulent regime
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(White and Godfrey Mungal [94], De Angelis et al. [20,21]). This phe-
nomenon was first observed over 70 years ago. In turbulent boundary
layers, dissolving a small quantity of long-chain flexible polymers into

solution can reduce turbulent friction by a significant amount.

Brandt [11] reviewed the main results in bypass transition for non-
Newtonian fluids. In the context of classical linear stability analysis, for
inelastic non-Newtonian fluids shear-thinning is found to be stabilising
while shear-thickening is destabilising. When viscosity variations are
ignored, plane Poiseuille flow of a shear-thinning fluid shows a slight
decrease in transient growth. When viscosity variations are included,
transient growth increases with respect to the Newtonian case. In
Couette flow, transient growth increased substantially for shear-thinning
fluids. Therefore, although shear-thinning damps the exponentially

unstable mode, it can promote nonmodal instability.

Zhang et al. |96] performed the modal and nonmodal linear analysis
of inertia-dominated channel flow of viscoelastic fluids modelled by Ol-
droyd B and FENE-P closures. The authors observed destabilisation of
both modal and nonmodal instability when the polymer relaxation time
is shorter than the instability timescale (i.e. for Weissenberg numbers
Wi < 1), whereas the flow is more stable in the opposite case. In the
subcritical regime, the nonmodal amplification of streamwise elongated
structures is still the most dangerous energy growth mechanism and is
slightly enhanced by the presence of polymers. The lift-up effect is still

the dominant instability mechanism also for viscoelastic fluids.

Hoda et al. [42] performed an input-output analysis where the
equations are transformed into a state-space representation and external
disturbances are expressed in form of body forces. The input is harmonic
in the streamwise and spanwise directions, respectively x and z, and
random in the wall-normal direction, y, and in time, . An ensemble-
average energy density is used due to the stochastic character of the
velocity field. They found that, increasing fluid elasticity through
polymer contribution to the viscosity or the elasticity number enhances

energy amplification. Once again, the disturbances that are most
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amplified are streamwise-elongated, with elasticity acting to reduce

spanwise length scale.

Hoda et al. [43] studied the frequency responses of streamwise-
constant perturbations in channel flows of Oldroyd B fluids. An explicit
Reynolds number scaling of frequency responses shows the same Re-
dependence as in Newtonian fluids. The maximum transient growth,
which will be defined in Section , is proportional to Re*. Moreover,
they analysed the Reynolds-Orr equation (energy-evolution equation)
for streamwise-constant perturbations. As in Newtonian fluids, the

nonlinear terms do not contribute to the growth of kinetic energy.

2.1.4. Different approaches and extensions. In nonmodal anal-
ysis, two general approaches can be distinguished: the response to initial
conditions and the response to external forcing (Schmid |75], Schmid
and Brandt [76]). The first approach is adopted in hydrodynamic stabil-
ity theory and focuses on seeking the most dangerous initial condition,
i.e. the initial condition that results in the maximum amplification of
energy. The second is central to receptivity analysis. The external forc-
ing may represent free-stream turbulence, wall roughness, body forces
or even neglected nonlinear terms. Receptivity analysis focuses on the
response to external forces, in terms of disturbance growth, resonance
behaviour, and pattern selection. Nonnormal systems can have a large
amplitude response to forcing, even though the forcing frequency is
far from one of the eigenfrequencies of the system. This phenomenon
is called pseudoresonance. In this work we focus on the study of the

response to initial conditions.

Since bypass transition analysis is not based on eigenvalues, it
can apply to stability operators that are explicitly time-dependent
for which a normal mode form cannot be applied in the first place
(Schmid [74]). In this case, the problem of determining the optimal
energy growth condition is studied in a variational formulation and

iterative optimisation techniques are employed.

Spatial evolution of disturbances can also be studied by writing

the stability equations in the form of a spatial evolution problem, or
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signalling problem. The spatial framework is preferable in problems
where the disturbance is induced by a roughness element, a vibrating
ribbon or harmonic point source or response to boundary layer to

free-stream turbulence (Schmid [74]).

In this chapter, we focus on the temporal problem. The temporal
evolution of disturbances is easier to study and will give an idea on how
the non-zero normal stress differences in the second order models affect

the transient growth.
2.2. Effects of nonnormal operators

We introduce a simple example in order to illustrate the effects of nonnor-
mal operators (Schmid and Henningson [77], Schmid and Brandt [76]).

Consider the following system of equations

{10l

where M are € are positive constants. The matrix is nonnormal due
to the presence of an element outside the diagonal, €. This system of
equations closely resembles the initial-value problem that drives the
time evolution of perturbed wall-normal velocity and vorticity, governed
by the Navier-Stokes equations. The equivalent system for second order
fluids will be derived in Section 2.3

The solution of the system with initial conditions v(0) = vy and

n(0) = 1o can be written as follows

! = voe_t/M
n

The eigenvalues of the matrix that governs the system of equations are

1
eM

+ (110 — €Mug)e 2/M [(1)] :

negative and this may suggest that the solutions v and 7 would decay
exponentially. This is clearly true for v. However, the solution for n

can be written as
n(t) = noe_Qt/M + UOEM(e_t/M - e_Qt/M).

The first term represents the initial condition 7y which decays expo-

nentially in time. The second term can be analysed for small times
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t>0 t=20

(a) Orthogonal

(b) Non-orthogonal

F1GURE 2.1. Ilustration of transient growth due to de-
caying nonorthogonal eigenvectors.

t/M < 1 by expanding the exponentials in Taylor series as follows

t2
?)()EM(e_t/M _ 6—2t/M> = vpet + 0) (M) .

Therefore, the term that represents the response of 1 to the forcing due
to v grows algebraically at early times proportionally to the parameter

€.

Figure [2.1] shows a geometric interpretation of the algebraic growth
due to nonorthogonal eigenvectors that decay exponentially in time
at different rates. An initial condition q represented in an orthogonal
eigenvector basis, as in Figure will decay in time if the eigenvectors
decay. If the initial condition q is a superposition of nonorthogonal
eigenvectors, as in Figure [2.1b] as time passes it is subject to an
increase in length before decaying in the large time limit. It is clear that
eigenvalues alone cannot fully represent the dynamics of the solutions

and a more complete study must involve eigenvectors.
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2.3. Initial-value problem

In this section the initial-value problem that drives the development
of disturbances is derived for the second order fluids. We follow, for
example, the approach of Schmid and Henningson [77]. A formulation
based on the initial-value problem enables us to study the behaviour of

general solutions, not only of single eigenmodes.

We start with the unsteady three-dimensional motion (1.4) and
continuity (1.5 equations and we proceed to linearise them about the
parallel base flow Ug = Ug(y). Then, we take the normal mode form

for the perturbations, as follows

(u,v,w,p) = (alt,y),5(t,y), 0(t, y), pt, y))e @), (2.1)

where « and 3 are, respectively, the streamwise (z-direction) and span-
wise (z-direction) wavenumbers (see Figure [L.1]). Unlike in Section [1.4]
we do not assume an exponential time-dependence. Some algebraic ma-
nipulation, which can be found in Appendix [A.4] leads to two coupled
equations for the disturbance wall-normal velocity © and wall-normal

vorticity n = ifu — 1aw, that are

(K2 = D) i, + Ko (K — D*) 6, = —iaUg (k* — D?) & (2.2a)
— il — Rie (K —D?)* 0 + K, [ —ialy (D? — k%)% %
0

iU + iBk2UL#H + iBUMH — ijBD?ﬂ ,
i+ Ko (k* — D?) iy = —iaUpn — iBUR0 (2.2b)
1
+ = (D* = k%) i + Ko |iaUz (D* — k%) i+ iBUF).
0

where k% = o + 32, the subscript ¢ indicates the time-derivative and
D indicates the derivative with respect to y. The mean flow velocity
is denoted by Up and is derived in Section [I.3] The Reynolds number,
Reg = Ue()dp/v, and the elasticity number, Ky = ;@Tlgv are defined as
in Chapter (1| by equations and . The boundary conditions
are

v=Do=n=0 at y=0 and y— oc.
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The horizontal velocities & and w can be recovered from ¢ and 7) using

the following relations
i = — (aDb — Bi). (2.3)

W= - (BDb + an) . (2.4)

It is easy to see that in the Newtonian case, when Ky = 0, equa-
tion involves only the wall-normal velocity © and can be solved
given an initial condition. Squire’s equation instead, is driven
by solutions to the Orr-Sommerfeld equation through the forcing term
1fUR0. Therefore, in the Newtonian case, this term is responsible for
an algebraic growth of energy and is referred to as the vortex tilting

term.

Ellingsen and Palm [27] first identified this mechanism showing
that the streamwise velocity grows linearly with time for a disturbance
independent of the streamwise coordinate. Given any base flow in the
x-direction, U(y), the linearised momentum equation for the streamwise
velocity component u, when there is no variation in the streamwise
direction (0/0x = 0), becomes

ou

Pl
The mean momentum is transported by the perturbation wall-normal
velocity, v. The Rayleigh equation, which is equation in the

inviscid Newtonian case (v = 0, K, = 0), implies that v is not a

—U'v.

function of time when a = 0. Therefore, the streamwise velocity
increases linearly with time. This linear growth is known as algebraic

instability.

The vortex tilting, otherwise known as lift-up effect, becomes more

clear when considering the linearised vorticity equation, which is

o _ _pdv
ot 0z’
where n = ‘3—’;’ — g—;‘ is the vorticity in the y-direction. This means

that the vorticity of the mean flow —U’, which is in the cross-stream
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direction z, is tilted into the y-direction by the strain rate % of the

perturbation, generating an increase of y vorticity.

We observe that, for a non-zero non-Newtonian parameter K, and
a non-zero spanwise wavenumber 3, equation has an additional
forcing term, iKoSBUZ0. Equation is now related to the vor-
ticity through some non-Newtonian terms, when disturbances are not
spanwise-independent (3 # 0). Therefore, the system we are considering

now is fully coupled.

When considering the case of streamwise independent disturbances
(av = 0) in the inviscid case (v = 0), the vorticity equation ([2.2b]) reduces
to

i+ Ko (8% — D?) iy = —iBUR0 + KoiBUR.

There is no immediate interpretation of this equation as in the New-
tonian case, when Ky = 0. We cannot conclude that the wall-normal
vorticity, and consequently the streamwise velocity u, experiences a

linear growth because v is not necessarily time-independent.

Defining q = (9,7)7, equations (2.2)) can be written in a compact

form as follows

0 , 0
8—(;1 = —Zﬁq or a_(_;l = £1q7 (25)
where £, = —iM™1L. The linear operators M, L are defined in

Section by equations (|1.28]).

2.4. Optimal growth

In this section, we define the maximum possible amplification and
other quantities useful to examine the tendency of the flow to transient

growth.

2.4.1. Eigenfunction expansion. Seeking solutions of equation

(2.5)) of the form
—twt

at,y) = qly)e ™,



2.4. OPTIMAL GROWTH 71

where w is the frequency, allows us to reduce the initial-value prob-
lem (2.5)) to the following generalised eigenvalue problem

wMd = Lq. (2.6)

This eigenvalue problem is entirely equivalent to the problem ({1.27]),

introduced in Section which governs three-dimensional disturbances.

General solutions of the initial-value problem (2.5 are assumed to
belong to the space S spanned by a sufficient number N of eigenfunc-
tions, that is defined as follows

SN = Span{q% 612a s 761N}7
where {q,}; are solutions of (2.6). In other words, q € S can be

expressed as
N
a=> kib)a, (2.7)
j=1
where {k;}; are the coefficients of the expansion.

This allows us to express the eigenvalue problem ([2.5)) as N separated

ordinary differential equations for the expansion coefficients, as follows
k;(t) :—inkj(t), fOI’jZ 1,...,N,
or in a more compact form, i.e.
K'(t) = —iQk(t), (2.8)

where k = (ky,...,ky)T and Q = diag{wy,...,wy}. This simplified
formulation (2.8 of the initial-value problem (2.5)) is possible provided
that the eigenspectrum is a complete set composed of discrete eigen-
modes. For Newtonian fluids, it is known that if the domain is bounded
then the eigenspectrum is discrete, but for unbounded boundary layers

the spectrum is composed of a discrete and a continuous part.

Butler and Farrell [14] successfully employed a discretised approxi-
mation of the continuous spectrum. Although the discrete approxima-
tion differs from the exact representation, the sum of these eigenmodes
correctly describes the solutions to the initial-value problem. An al-
ternative method involves numerical integration in time of the direct

and adjoint dynamic equations, as done by Corbett and Bottaro [16],
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while studying configurations that excite an optimal growth of energy in
Falkner-Skan boundary layers. This method does not involve any modal
representation and it is computationally more complex without giving

any advantage in terms of accuracy (Schmid and Henningson [77]).

For Newtonian fluids, the completeness of the spectrum is proven
by Gustavsson [36] (see for example the review by Herron [40]). To
the best of our knowledge, the completeness of the spectrum has not
been proven yet for second order fluids or for non-Newtonian fluids in

general. We will not research this further in this thesis.

In this thesis, we discretise the continuous spectrum for the second
grade models, as done by Butler and Farrell [14]. Therefore, particular
attention is required to ensure that the results are independent of the
discretisation parameter. Numerical tests have been performed and will

be explained in detail in Section |5.5]

2.4.2. Choice of perturbation energy. In order to determine
the perturbation that grows the most in some sense, we need a way to
quantify the growth. In general, for Newtonian fluids the perturbation
energy density is used (Gustavsson [37]) and it is defined as follows
1 [
k% J,

1 [

=52/ (K*[o1* + [Dof* + 14[%) dy,

Exewi(q) = " Myewia dy (2.9)

where g7 = (0*,7*) represents the conjugate transpose of q and Myewt
is the Newtonian part of the operator M defined by ([1.28al), i.e.

|2 — D2 0]

Mew:
[

The energy FEnewt is proportional to the kinetic energy of the pertur-
bation (Farrell and Butler [14]). The kinetic energy of a perturbation

confined to a single wavenumber in the x and in the z directions is

00 a b
EKZB/ // (@ + 0 + @%) de d= dy,
2 0 0 0

where a = 27/a and b = 27/ are the wavelengths. The physical

velocities @, ¥ and w can be calculated by taking the real part of the
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complex variables. For example, using the normal mode form (2.1)), @
is given by
1

=R (fL(t, y>ez‘(ax+ﬁz)) — 5 [a(t7 y>67i(ax+ﬁz) + ﬁ(t, y)ei(aaﬂrﬁz)} ’

where @ represents the complex conjugate of @. Applying relations (2.3)
and ([2.4) to eliminate 4 and w, the kinetic energy Fx becomes

pab [ [ 1 . .
=222 [ (108 + 35 (DO +10P) )
0

which is proportional to Enewt defined by equation ([2.9)).
The most natural choice for the second order model is to take the

full operator M that appears on the left hand side of the system of
equations (2.5)). Therefore, the energy norm is taken to be

EMF=%(fqﬁme (2.10)
- OOO (6% (K2 — D?)i + Ko (K — D2)20) dy
e 0°° (7" + Koit* (k2 — D)) dy
— [ WP P+ jif) ay
+ B / " (ID%0 + K2 + 1D + Ko + 2K Dof) dy.

This energy norm does not have an immediate physical interpretation
as the kinetic energy norm. It will be seen later that the two choices

produce qualitatively the same results.

2.4.3. Inner product and energy norm. The scalar product

between two functions qi, qs € SV is defined as
1 o0
(a1, 92)E = @/0 ay Mai dy = k' Mk,

where M € CV*¥ is the matrix whose components are defined by

1 o0
/‘fM%@
0

M;; = (qj,q)p = =
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Since the matrix M is Hermitian (M = M*) and positive definite, it
can be factorised such that M = F F. Thus, the inner product satisfies

(a1, 92)p = k3 Mk,
= k¥ FPrk,
— (Fki, Fky)s
= (ki, ko) g,

where (-, ), is the usual [>-norm defined as follows

(u,v)y = ulv.

Therefore, the associated norm satisfies

lallz = [|Fkll = [kllz ~ for qeSY.

For practical purposes the factorisation of M can be performed by

calculating a singular value decomposition (SVD) as follows
M=USV",

where S is a diagonal matrix with real entries and U = V' because M
is Hermitian. Therefore, we can easily calculate the matrix F' and its

inverse as

F=g8V2uf — pl=ys1/2

For a matrix B € CV*¥ | the energy norm is defined as follows
| BK||

kech {0} [|k[g

B,

kecN{o} [|Fk]2

|FBF ' Fk|»
ax
keCN {0} | Fk||2
= |[FBF~|>.

1Bl =

2.4.4. Maximum possible amplification. In order to quantify

the transient growth, we define the mazimum possible amplification of
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initial energy density, as follows

t 2
Glt,o,8) = max JAONE e oy
a0es¥ {0} [|qoll%

where £ is the linear operator given by ([2.5)). Fixing the wavenumber
vector (a, (), the function G represents the envelope of the energy
evolution of all the initial perturbations, qg, with unit energy norm. At

each moment in time, we maximise over all possible initial conditions.

In order to compute the exponential norm ([2.11]), we use the de-
composition (2.7) and the identities proved in Section [2.4.3] Thus, G
becomes

k(t)||?
G(t,a, B) = koe%lz%}f{o} %
_ HefiﬂtH%
= |[Fe P13
=o? (Fe_iQtF_l) g

where o, is the principal singular value of the matrix B = Fe **[F~1,
Employing the decomposition provides an easy way to compute
the maximum possible amplification G, which can be obtained by
calculating the SVD of the matrix B.

Notice that, traditional stability analysis focuses attention only on
the eigenvalues of e *¥. These do not capture the whole behaviour of
G, which is determined also by the eigenvector matrix F' and its inverse.
Deducing the behaviour of GG from the eigenvalue matrix 2 alone is
only valid when the similarity transformation given by F' does not
alter the norm, that is when V' is unitary and composed by orthogonal
eigenvectors. This is the case when B is normal. If this is not the
case, B is nonnormal and short-time growth of perturbation energy
is possible even though the matrix has stable eigenvalues. For large
times, the energy amplification is governed by the least stable eigenvalue.
Therefore, we expect the behaviour of G as t — 0o to be in accordance

with the results of the eigenvalue stability analysis.
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We define the global optimal disturbance as the initial condition, qg,
that maximises the growth over time, i.e.
Gmax (@, 8) = G(tmax, @, f) = max G(t,q, ). (2.12)
te(0,00)
Notice that Gy can only be defined when all the eigenvalues are stable.

If an unstable mode exists, then G(t) — oo as t — 0.

We can also define the largest global growth obtained for any wavenumber
vector as follows

GF = GmaX(Oq‘, 5F) = m%x Gmax(a, B) (213)
The latter depends only on the base flow conditions and Reynolds

number Re.

2.4.5. Results. The results obtained have been validated by com-
paring with those found in the literature for Newtonian fluids. For this
purpose, we refer to the book by Schmid and Henningson [77] and the
work by Corbett and Bottaro [16].

Figure shows the maximum possible amplification of initial
energy norm defined by for fixed values of the wavenumbers
(o = 0.2, = 0.4) and a Reynolds number Rey, = 1000. This choice
of parameters has been made to demonstrate the qualitative effect of
the non-Newtonian terms in the second order model on the maximum
possible amplification, G. For the Newtonian case, a two-dimensional
exponentially unstable mode exists for Rey ~ 520 and o ~ 0.3 as
reported in Table [1.1, However, for a = 0.2, 5 = 0.4 and Rey = 1000,
the flow is exponentially stable for all the non-Newtonian parameters
considered in Figure and therefore, G decays as t — o0.

We compare the results obtained with the two choices of energy
norm discussed in Section . In Figure (a), we use the energy
norm defined by , while in Figure (b) we use the kinetic energy
density defined by . We can see that qualitatively the results
are the same and the two norms can be distinguished only when the
non-Newtonian parameter K differs substantially from zero. It can
be seen that for the second grade model (K > 0) an increase of the
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non-Newtonian parameter K provokes an increase of the maximum
transient growth while the second order model (K < 0) has the opposite

behaviour.

Figures [2.3|a) and [2.3|(b) show the maximum possible amplification
of initial energy norm for flow past a corner (S = 0.5) and past a
wedge (g = —0.14), respectively. This choice of parameters gives expo-
nentially stable flows for all the non-Newtonian parameters considered.

The non-Newtonian terms have the same effects as for the flat plate.

Figure shows the contour plot of G, defined by for the
flat plate (8g = 0). The black line represents the neutral stability
curve inside which an exponentially growing mode exists and where the
maximum possible amplification is not defined or can be thought of
as infinite. The Newtonian results in Figure [2.4|a) are in agreement
with the literature (Schmid and Henningson [77], Schmid [74]). The
largest global optimal growth defined by is Gr = 1515.6 reached
at time t = 782 for ar = 0, fr = 0.65, as calculated by Corbett and
Bottaro [16].

Figures [2.4(b),(c) show the contour plot for the second order models
with K = 107* and K = —10~* respectively. These non-Newtonian
parameters have been chosen as an example to show the non-Newtonian
effects. We can see that the largest amplification of energy is still
reached for streamwise independent disturbances, as in the Newtonian
case. However, when K > 0, the amplification of energy is generally
larger and, when K < 0, the amplification of energy is smaller than in

the Newtonian case.

Figure [2.5| shows the contour plot of G .« for the flow past a wedge
(Bg = 0.5). The non-Newtonian effects on the transient growth are

qualitatively similar to the flat plate case.

Figure (a) displays the ratio of non-Newtonian G, to Newtonian
G max for a fixed spanwise wavenumber 8 = 0.6 and varying Weissenberg
number Wiy. We can observe the non-Newtonian terms mostly affect
streamwise independent disturbances, i.e. for @ = 0. In Figure 2.6|(b)

we can see that for K > 0 the global optima happen for larger times
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FIGURE 2.4. Contour plot of Gn.x for fg = 0 (flat
plate) and Reg = 1000. The black line indicates where
an exponentially unstable mode exists. (a) K = 0; (b)
K =10 (c) K = —10~%.

than in the Newtonian case, while for K < 0 the global optima happen

for shorter times.

This result is confirmed by looking at Figure where we plot the
quantity

émax(a) = Ghmax (@, /é) = mBaX Gmax (@, ), (2.14)
that represents G,.x defined by maximised over f3.

Figure (a) shows that the change in maximum transient growth
due to non-Newtonian effects happens at small streamwise wavenumbers
a. A small non-Newtonian parameter K = 0.0001 has a dramatic

impact on the largest global optima Gr = Guax(0), which increases
from Gt = 1515.6 in the Newtonian case to Gr = 2402.3. Moreover, the
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FIGURE 2.6. Ratio of non-Newtonian to Newtonian max-
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Ficure 2.7. Maximum transient growth versus the
streamwise wavenumber « for Sy = 0 (ﬂat plate) and
Reg = 1000. (a) Gmax defined by - ) B spanwise
wavenumber at which the maximum, Gmax, is reached;
(¢) tmax time at which the maximum is reached.

maximum is reached later in time (see Figure [2.7(c)), i.e. tmax increases
from the Newtonian .« = 782 t0 tmax = 1522 and for shorter waves
(see Figure 2.7(b)), i.e. Ar increases from the Newtonian fr = 0.65 to
Br = 0.68. A negative K = —0.0001 produces the opposite effects. The
largest global optima is Gr = 1193.7 and it is reached for a shorter time
tmax = 609 and longer waves with fr = 0.64, when compared to the

Newtonian case.

Figure 2.8 shows the results for the flow past a wedge with g = 0.5
and a Reynolds number Rey = 500. We can see that the results are
qualitatively similar to the flat plate case and do not need further

comment.

In Table 2.1) we report the largest global optima G defined in (2.13)).
For these calculations, we choose the momentum thickness scaling,
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following Corbett and Bottaro [16]. The reason is that, when scaled
using the momentum thickness, the spanwise wavenumber at which
the largest global optima is reached is independent of the mean flow
conditions. Moreover, momentum thickness scaling accounts for the
variation in ¢r (the time in which the optimal disturbance reaches its

maximum) resulting from differences in the base flow.

The momentum thickness is defined by equation ([1.18). We choose
to scale the lengths with the momentum thickness 6, relative to the

fixed streamwise location xg which is defined as follows

90 = eNewt,lé(xO)a
where 6 is defined by equation (1.16|) and Oxewt 1 is the constant

Ot = / (Fheowe (1 — Fleowe)) i,
0
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calculated in the Newtonian case. We introduce Reynolds and Weis-

senberg numbers based on 6y, as follows

Rey = Uel@obo —yp aale(zo)
v 16y
Notice that the following relations hold
. Wi
Reg = HRey, Wiy = Te

where H = C'/Onewt,1 is the shape factor defined as the ratio between
displacement and momentum thickness, calculated in the Newtonian

case. For the flat plate case, H ~ 2.59 as we can see from Figure [1.5]in

Section [L.3]

In Table 2.1] we represent the results obtained for Reynolds numbers
Rey = 166 and Rey = 385. These Reynolds numbers have been chosen to
compare the results with the ones obtained by Corbett and Bottaro [16].
Specifically, Rey = 385 corresponds to the Reynolds number based on
the displacement thickness Reg &~ 1000 for the flat plate case.

For all the flows considered, the largest global optimum is reached
for streamwise-independent waves, i.e. ar = 0. We can see that, in the
Newtonian case, when scaled with 6y, the spanwise wavenumber for Gr
appears to be independent of the mean flow condition characterised by
Br and S &~ 1/4. Notice that, in the Newtonian case, the moment in
time at which the largest global optimum is reached is about the same

for all the positive angle parameters considered, ty &~ 880.

For flow past a corner (S = —0.14), the maximum is reached at
a larger time ty = 927. We observe how, for all the angle parameters
considered the spanwise wavenumber [y, the time ty and the largest
possible amplification G decreases when the second order model is
selected, with Wiy < 0, and decreases when the second grade model is
selected, with Wiy > 0. Moreover, [y appears to change approximately
linearly with the Weissenberg number based on the momentum thickness.
A Weissenberg number Wiy, = 40.05 produces a change in 3y of about
1% and Wig = £0.1 produces a change of about 2%. This linear
dependence on the Weissenberg number manifests also on the time ¢

and on the largest transient growth Gr.
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Rey = 166 Reg = 385
Ba  Wip By to Gr Bo to Gr

—0.10 0.2390 802.03 357.49* 0.2347 1629.56 1674.25*
—0.05 0.2410 856.30 380.72* 0.2386 1827.99 1888.35*
-0.14 0 0.2432 926.30 408.82* 0.2432 2151.88 2202.45*
0.05 0.2457 1021.51 444.12* 0.2494 2856.03 2749.60*

0.10 0.2485 1165.67 491.16* - - -
—0.10 0.2452 768.81 283.86* 0.2414 1562.67 1332.59*
—0.05 0.2470 819.99 301.87* 0.2448 1750.79 1498.67*
—0.07 O 0.2489 885.33 323.59* 0.2489 2057.06 1742.94*
0.05 0.2510 973.27 350.59* 0.2542 2693.02 2157.79*

0.10 0.2533 1100.95 3R85.74* - - -
—0.10 0.2475 758.86 247.29 0.2438 1544.18 1162.12*
—0.05 0.2491 808.67 262.74 0.2470 1730.97 1307.12*
0 0 0.2508 872.23 281.42 0.2509 2026.73 1515.60*
0.05 0.2528 956.55 304.52 0.2557 2617.47 1862.12*
0.10 0.2550 1075.89 334.05 0.2649 5467.14 2771.06*
—0.10 0.2479 765.91 168.13 0.2446 1568.41 792.59
—0.05 0.2495 812.86 178.30 0.2476 1750.22 8R89.17
0.5 0 0.2512 871.08 190.36 0.2513 2024.78 1024.65
0.05 0.2531 945.42 204.99 0.2561 2520.51 1238.61
0.10 0.2552 1045.30 223.25 0.2650 3948.30 1688.11
—0.10 0.2471 774.23 147.29 0.2436 1590.90 694.91
—0.05 0.2487 820.22 156.10 0.2467 1769.96 778.84
1 0 0.2504 876.65 166.49 0.2505 2037.67 895.93
0.05 0.2524 947.52 179.00 0.2556 2504.65 1078.00
0.10 0.2547 1041.05 194.51 0.2651 3701.44 1440.19
—0.10 0.2469 775.71 142.60 0.2434 1594.62 672.67
—0.05 0.2485 821.55 151.13 0.2465 1773.57 753.97
1.2 0 0.2503 8&77.53 161.17 0.2504 2040.22 867.26
0.05 0.2523 947.83 173.25 0.2556 2501.90 1043.04
0.10 0.2547 1039.94 188.21 0.2654 3662.17 1390.06

TABLE 2.1. Largest global optima for Rey = 166 and
Rey = 385. The asterisk (*) indicates where an exponen-
tially unstable mode exists and G is calculated excluding
the TS wave. The missing values indicate where an expo-
nential unstable mode exists also as § — 0.
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2.5. Optimal disturbances

We can determine the initial condition that reaches the maximum
possible amplification at a given time ¢, by using the singular value
decomposition (SVD) of the matrix B = Fe “®[F~1  The initial
condition that reaches the global optima G., at t = t,. defined
by is referred to as optimal disturbance.

Using identities proven in Section [2.4.3] the maximum possible

amplification G at a certain time ¢ = ¢ can be written as follows

G(to,a,B) = max ||Fk(to)|3 = o7(B).

| Fkoll2=1

We define kg max as the vector of coefficients of the initial perturbation
with unitary energy norm that reaches the maximum at ¢,. We define
Kiax = e*itoﬂkgvmax as the vector of coefficients at the time ¢;. Then,

we can write

= (FKumax, FKimax),

= (Fkmax)" Fe™ K max

= (Fkuax) " Fe ™2 F ™ Fkg o
= (Fkunax)" BFKQ masx-
Therefore, defining

U1 = Fko max,
ur = Fkmax/ || FKmax |2,
and remembering that
1FKinaxll2 = | Fe™ P Fhoaxl2 = [|[Fe ™2 F 7 |l = 01(B),
we obtain the following equation

BU1 = o1Uy. (215)

Equation (2.15]) can be interpreted as the singular value decompo-
sition (SVD) of the matrix B, where oy is the largest singular value,
v1 and u, are the principal right and left singular vectors, respectively,

corresponding to o1. The vector v; represents the input of the system
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from which we can easily compute the initial perturbation qq using
the eigenmode decomposition (2.7)) and u; represents the output from

which we can compute q(y), as follows

N

Jo = Z (k(),max)j (~1j7 kO,max = F71U17
j=1

Ato) = Y (kmax); &), Kye = F .

7=1

In order to solve this problem we calculate the SVD of the matrix
B, that is
BV = XU,
where ¥ = diag{oy,...,on} is the diagonal matrix consisting of the

singular values of B in descending order, V' and U are unitary matrices.

2.5.1. Results. Figure shows a comparison between optimal
disturbances in the Newtonian and non-Newtonian cases for the stagna-
tion point flow (Sy = 1) and a Reynolds number Rey = 500. We choose
a wavenumber vector (a, 8) = (0,0.6) which is close to the global optima.
In Figures 2.9(a),(c), u has been scaled such that max(vo Newt) = 1 and
in Figures (b),(d), u has been scaled such that max(vmax Newt) = 1.

We see that the optimal disturbances, in the non-Newtonian cases,
have the same structure of streamwise-oriented vortices as in the Newto-
nian case. From Figures[2.9)a),(c), we observe that the initial streamwise
velocity ug is always two orders of magnitude less than the cross-flow
components. Figures 2.9(b),(d) show the evolved state of the optimal
disturbances at t = t,,,x. The shape of the initial vortex is still present

although it has diffused outwards away from the wall.

At t = thay, the streamwise velocity .y is one order of magnitude
larger than the cross-flow velocities, which indicates the presence of
streaks. From Figures[2.9(a),(b) we see that, when K > 0 the vortices
are more diffused away from the wall, whereas, when K < 0 the
vortices are closer to the wall. Figures [2.9(c),(d) shows that, for the
non-Newtonian fluid with K = —0.0001, the initial optimal streamwise

velocity is larger than in the Newtonian case and at .., it grows
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FI1GURE 2.9. Comparison between Newtonian and non-
Newtonian optimal disturbances for the stagnation point
flow with By = 1, Reqg = 1000, = 0.6, 5 = 0. (a) wall-
normal, vy, and spanwise, wy, initial velocities; (b) wall-
normal, v.y, and spanwise, Wy, velocities at t = ..
(c) streamwise, ug, initial velocities; (d) streamwise, Umax,
streamwise velocity at t = tax.

more than in the Newtonian case. The behaviour is the opposite when
K =0.0001. This is in agreement the results obtained in the previous

sections.

In Figure [2.10| we plotted the streamwise vortices for the second
order fluid with K = —0.0001 and Rey = 1000. The solutions plotted
are such that ||qollp = 1 and [|q(tmax)||r = Gmax- In Figures 2.10)a)
and (c) we can see the streamwise vortices at ¢ = 0 and at ¢ = tpax,
respectively. From Figures [2.10b) and (d), we can see the lift-up effect

in action, which transforms streamwise vortices into streamwise streaks.
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F1GURE 2.10. Optimal disturbance for the stagnation
point flow with Sy = 1, Rey = 500, = 0.6,5 = 0
and a non-Newtonian parameter K = —0.0001. (a),(b)
disturbance at t = 0; (c),(d) disturbance at t = tyax.

2.6. Pseudospectra, numerical range and

applications to energy growth

Another way to study nonnormal operators is through their pseudospec-
tra and numerical range (Trefethen and Embree [89]). In many applica-
tions, not only in hydrodynamic stability, eigenvalue analysis proves to
be misleading. In many physical situations, dominated by non-normal

systems, eigenvalues do not describe correctly the whole dynamics.

2.6.1. Pseudospectra. Pseudospectra are mathematical tools, in-
troduced by Trefethen [85], which extend the definition of eigenvalues.
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For the sake of brevity, we present only the definition for matrices. How-
ever, it can be extended to linear operators in Banach spaces (Trefethen
and Embree [89]).

Let A denote a matrix in CY*¥. An eigenvalue z € C and an

eigenvector v € CV satisfy
Av = zv.

Therefore, an equivalent condition for z to be an eigenvalue is to require
2zl — A to be a singular matrix. Pseudoeigenvalues are defined such

that, for an appropriate choice of norm || - ||,
(== A)~"|

is arbitrarily large. The matrix R(z) = (21 — A)™' is known as the

resolvent of A at z.

More precisely, the e-pseudospectra of A are regions of the complex

plane defined for each € > 0, as follows
A(A)={z€C:|(I-A)7* >}

When z is an eigenvalue of A, the resolvent R(z) is not defined and
(2T — A)7Y|| is thought of as infinite, by convention. Therefore, the
e-pseudospectra are closed nested sets containing A(A) = Ag(A), which

is the spectrum of A.

Restricting our attention to the case in which || - || = || - ||z, if A is
normal, then
1RGN = 61— A4) = =,

dist (2, A(A))

where dist(z, A(A)) denotes the usual distance from a point to a set
in the complex plane. Thus, A(A) is the union of the closed disks of
radius € centred at the eigenvalues of A. For nonnormal matrices, the
norm of the resolvent, ||R(z)||2, can be much larger even if z is far from

the spectrum.

An equivalent definition is based on the connection between resolvent

norm and eigenvalue perturbation theory. The e-pseudospectra of the
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matrix A is defined as follows
A(A)={2€C:ze€ A(A+ FE) for some E with ||E] < e}.

In other words, z is a e-eigenvalue if it is an exact eigenvalue of A

perturbed by a random matrix £ with norm less than or equal to e.

The two definitions are equivalent. Pseudospectra give approximate
information about the maximum transient growth. Roughly speaking,
the maximum transient growth G,.. depends on how far the pseu-
dospectra extend into the upper half-plane. A rigorous connection
between pseudospectra and transient growth is given by Reddy and

Henningson [69].

2.6.2. Numerical range. The energy growth rate at any time ¢
is defined as the numerical range. Using the discrete eigenfunction

expansion formulation (2.7]), we obtain

LdE 1 dkE 1 [(dk N, db
Bd g d TR et M),

1 . »
- T [(—iQ%, k) g + (k, —iQk) g
1 ‘
= m [Z (Qk,k)E _Z(kvgk)E]
_ L kR = R OR) | oo (R Q)
~FIE [ i ] ’ ( (k. k) )

The numerical range determines the potential for energy growth and
it is defined as the set in the complex plane of all Rayleigh quotients
of the matrix € defined by equation (2.8). Therefore, the numeric al

range of (2 is given by
FQ)={2€C:z=(k,Qk), with ||k g =1}
={z€C:z= (U,FQF*10)2 with [Jo]ls =1} .

When the operator € is normal, the numerical range is the convex hull
of its eigenspectrum. Therefore, there is no energy growth if all the
eigenvalues lie in the lower half plane. This explains why the critical
Reynolds numbers based on energy theory and based on eigenvalue
analysis coincide for the Rayleigh-Bénard convection (Schmid [74]).
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The numerical range for nonnormal operators is larger than the convex
hull of the spectrum. Thus, it can protrude in the unstable half plane

even if the spectrum is confined in the stable half plane.

2.6.3. Numerical abscissa. To capture the short-time dynamic
we can define the numerical abscissa that is the slope of the curve G(t)

at t = 07. Using the Taylor-series expansion of the matrix exponential

around ¢t = 0%, i.e. e ~ 1 — iQt yields the following result
dG d d ,
T = max Gprp| = max S ye 2
dt |,_g+  lkollz=1 dt im0t IFkoll2=1 dt =0+

d | .
= max & (F(l i)k, F(1 — th)k0>2

t=0*

= max <Fl<:0,F(—z'Q)ko)2+(F(—iQ)kO,Fko>2

| F'koll2=1

= max(Pho (i) P+ (F(-i9) F)") Fi,)

| Fkol[2=1
_ )\1( _FQFT 4 (-iFQF*l)H)

The numerical abscissa is calculated as the maximum Rayleigh quotient
of the Hermitian matrix —iFQF ! + (—iFQF 1) that is given by its
largest eigenvalue. The maximum protrusion of the numerical range
into the unstable half plane is equivalent to the numerical abscissa and

determines the maximum energy growth at ¢t = 0.

2.6.4. Results. In Figure [2.11], we show the contour plot of the

logarithm of the resolvent norm, i.e.

log (| B(2)]|z) = log (||2I — ]| z) -

As an example, we choose the case of a flat plate with Sz = 0, Reynolds
number Rey = 500, wavenumbers a = 0.3, 5 = 0.2 and non-Newtonian
parameter K = —0.01. These parameters have been chosen to illustrate

the concept of numerical range and pseudospectra.

From Figure [2.11], we can see how the contour plot of the resolvent
norm does not consist in the union of balls centred on the eigenvalues and
this indicates that the system is nonnormal. Moreover, the numerical

range, represented by the red dashed line, reaches into the unstable
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Ficure 2.11. Contour plot for the logarithm of the
resolvent norm and spectrum for the flat plate case with
B = 0, Reg = 500, = 0.3, = 0.2 and K = —0.01.
The red dashed line represents the numerical range, the
black dashed line represents the numerical range in the
Newtonian case.

half plane. This means that there exists positive energy growth rates,

despite all the eigenvalues being confined to the stable half plane.

In Figure [2.12] we compare the numerical range with the Newtonian
numerical range. We can see that, for K = —0.01 the numerical range
changes slightly with respect to the Newtonian case and extends less
into the positive half plane, while the least stable eigenvalue becomes
more unstable. For K = 0.01, the least stable eigenvalue moves away
from the positive half plane but the numerical range is larger than in

the Newtonian case.

2.7. Time-dependent simulations

In order to verify the transient growth results obtained in the previous

sections, we solved the initial-value problem (2.5) marching in time
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FIGURE 2.12. Numerical range for the flat plate case
with Sy = 0, Reg = 500, = 0.3, 5 = 0.2. (a) Newtonian
(K = 0); (b) non-Newtonian (K = —0.01); (c) non-
Newtonian (K = 0.01). The black dashed line (- -)
represents the numerical range in the Newtonian case.

with a numerical scheme. Thus, the problem to solve numerically is

oq .
E - _Z‘Cq7

q(t = 0) = qo,

where q = (9,7)7 and qg is a given initial disturbance. The linear
operators M and L are defined by equations ((1.28)).

Discretisation in the wall-normal direction y is performed by applying
a mapping to the semi-infinite domain and using a Chebyshev collocation
method, as described in Section |5.1, Therefore, the semi-discretised
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system becomes
dq
M— = —iL
dt Z q7
q(t = O) = qo,
where q is a vector of length NV, equal to the chosen number of Chebyshev

collocation points and M, L are N x N matrices.

For the time discretisation, we choose an implicit second order
numerical scheme known as the Crank-Nicolson method. We define a

number N of points in the interval of time [0, tg,], such that
t,=hn for n=0,...,N,

where h = tg,/ N is a small discretisation parameter. The fully discre-

tised system becomes

(M + iéL> Qns1 = (M — iEL) Qn,
2 2
qo =q(t =0),

where q,, is the approximated solution at the time ¢,,.

The solution of the numerical simulation at tg, = hN , dfin, 18 then
compared with the solution given by the eigenmode decomposition ([2.7)),
that is

N
ap = Y k;(tn)dy,
=1

where the coefficients of the expansion k;(ts,) are the components of

the following vector
k(tﬁn) = e_iﬂtﬁ"ko.

This solution is given by solving the system of equations (2.8)) for the
coefficients of the expansion and kg is the vector which contains the

coefficients of the expansion of the initial disturbance, qo.

2.7.1. Results. Several numerical tests have been performed. We
choose different types of initial disturbance and we observed that, in
each case, the solution of the simulation, qp, agrees with the solution
obtained with the eigenmode decomposition, qg,. In this work, we

present four tests that have been performed.
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F1GURE 2.13. Evolution of the optimal disturbance for
the flow past a wedge with Sy = 0.5, Rey = 500, K =
0.001,a0 = 0.3,8 = 0.2. (a) wall-normal velocity; (b)
vorticity; (¢) amplification of disturbance energy.
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FIGURE 2.14. Evolution of a randomly perturbed two-
dimensional optimal disturbance for the flow past a corner
with By = —0.14, Rey = 200, K = —107%,a = 0.3, 3 =
0.1. (a) wall-normal velocity; (b) vorticity; (c) amplifica-

tion of disturbance energy.
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2.7.1.1. Test 1. The initial disturbance is chosen to be the global
optimum, defined in Section [2.5] with unit energy norm. This is the

initial configuration which maximises the growth over all time, i.e. it
reaches the maximum Gy, at a time t,,, as defined by ([2.12]).

Figure[2.13|shows the results for the flow past a wedge with S5 = 0.5,
Rey = 500 and K = 0.001. The wavenumbers in the x- and z-directions
are chosen to be a = 0.3 and 3 = 0.2, respectively. From Figure (C)
we see that Go.x =~ 40 is reached at t,,x =~ 80. The evolution of
the optimal disturbance energy norm, ||q||%, is plotted along with the
maximum possible amplification G, defined by . By definition,
the energy norm of the disturbance touches the curve G exactly at

t = tmax-

Figures [2.13((a),(b) show the initial configuration, qq, and the com-
parison at tg, = 100 between the solution given by the eigenmode
decomposition, qp, and the solution obtained by marching in time, qgy,.
Figure [2.13|(a) shows the wall-normal velocity v, while Figure 2.13|(b)

shows the vorticity 1. We see good agreement between the solutions.

2.7.1.2. Test 2. The initial disturbance is chosen to be the configu-
ration which reaches the maximum possible amplification in the interval
of time [0,1000] which is randomly perturbed. In other words, the

initial disturbance is taken to be
N

a0 =Y (ko);a;,

j=1
where kj is a random perturbation of the optimal solution kg .y defined
in Section 2.5

Figure shows the results for flow past a corner with Sy = —0.14,
Rey = 200 and K = —107°. The wavenumbers in the z- and z-directions
are chosen to be a = 0.3 and § = 0.1, respectively. From Figure (C),
we see that GG does not decay as time increases. This is due to the

presence of an exponentially unstable eigenvalue.
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We observe from Figures [2.14(a),(b) that the solution computed
using the Crank-Nicolson method, qg, at tg, = 100 coincides with the

solution given by the eigenmode decomposition, qp.

2.7.1.3. Test 3. In this case, we choose as initial configuration a
disturbance that reaches the maximum possible amplification of energy
at time 7' = 100 as defined in Section 2.5

The test is run for the stagnation point flow with Sy = 1, Rey =
10000 and K = 107° and the results are reported in Figure The
choice of wavenumbers (o = 0.1, 5 = 0.6) gives a very high maximum
possible amplification, as can be seen in Figure (c) By definition,
the evolution of the optimal disturbance energy norm, ||q||%, touches
the curve G exactly at 7' = 100. Figures 2.15(a),(b) show a good
agreement between the simulation and the solution calculated using the

decomposition.

2.7.1.4. Test 4. For this test, the eigenfunction corresponding to

the least stable eigenvalue is selected as initial perturbation.

We run the test for the flow past a flat plate with Sy = 0, Reg = 1000
and K = —107°. The results, shown in Figure , show once again
that there is good agreement between the solutions obtained with the
two methods. Moreover, we can see from Figure 2.16]c) that the least
stable eigenmode does not experience energy growth, that is ||q||p < 1

throughout the whole time period considered.

2.8. Concluding remarks

In this chapter, we extended the linear stability analysis to include the
bypass transition scenario. The initial-value problem, which governs
the development of disturbances, was derived for second order fluids.
We found that, for second grade fluids (K > 0) the maximum transient
growth increases, while for second order fluids (K < 0) the maximum
transient growth decreases. Streamwise independent waves still reach
the largest amplification of energy, as in the Newtonian case. Hence,

the lift-up effect is still responsible for the transient growth of energy.
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Moreover, we observed that non-Newtonian terms mostly affect
streamwise independent waves. When K > 0, the global optimum
is reached for larger times and larger spanwise wavenumbers. When
K < 0, the global optimum occurs for shorter times and smaller spanwise

wavenumbers.






CHAPTER 3

Monochromatic DNS

The aim of this chapter is to introduce the velocity-vorticity formu-
lation and to use it in order to verify the linear stability results obtained
in Chapter [l Throughout this chapter, we refer to the contributions of
Davies and Carpenter [19], Davies [18] and Morgan [51].

The main idea of velocity-vorticity methods is to rewrite the equa-
tions in the form of a vorticity transport equation. This formulation
is remarkably simpler than the primitive-variable formulation, which
involves the velocity field v and the pressure p. The pressure does not
appear explicitly in velocity-vorticity formulations which involve only
the velocity v and the vorticity w. For more details on the advantages

of velocity-vorticity methods we refer to Speziale [79].

The approach followed by Davies and Carpenter [19] relies on a
compact formulation where the number of variables in the system
is reduced. There are only three equations to be solved in terms
of three dependent variables, the so-called primary variables. The
novelty of their formulation is that the no-slip condition is applied in
a mathematically consistent way through integral constraints for the
primary vorticity components to be associated with the corresponding

transport equations.

The three primary variables are the two perturbation vorticity com-
ponents in the plane of the solid surface, x and z, and the perturbation
velocity in the wall-normal direction, y. These are governed by two
transport equations for the vorticity components and a Poisson equation
for the velocity. The remaining dependent variables are called secondary

variables and can be determined explicitly from the primary variables.

101
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In Section we introduce the velocity-vorticity formulation of
the Navier-Stokes equations without going into details of the derivation.
Section is dedicated to the derivation the velocity-vorticity formula-
tion for the second order fluids introduced in Chapter 1. In Section
we describe the numerical methods and in Section we present the

results of the simulations.

3.1. Velocity-Vorticity Formulation of

the Navier-Stokes equations

In this section, we present an overview of the velocity-vorticity formu-
lation for Newtonian fluids. We follow the approach of Davies and
Carpenter [19] and Davies [18].

Let Ug = (Ug, Vg, Wg)T denote a general mean flow and Qp =
V x U = (Q, Qy, Q2.)T the mean flow vorticity. Consider the vector
v = (u,v,w)T to be the disturbance velocity field and w = V x v =
(wz, wy,w,)T its vorticity. Henceforth, we consider all variables to be
dimensionless and the Reynolds number, Re, is defined in the usual

manner, using appropriate characteristic length and velocity.

The Navier-Stokes equations will be written in terms of the so-called
primary dependent variables, {w,,w,,v}. The secondary dependent
variables, which can be determined explicitly from the primary variables,
are {wy,u,w}. Therefore, the secondary variables can be ignored for

the purposes of the numerical simulations.

The Navier-Stokes equations written in terms of the primary vari-

ables are

ow, ~ON. ON, 1
ot + oy 0z Rewa’ (3.1a)

0w,  ON, B ON, 1

o T or oy ReSws (3.15)
Ow,  Owy
Av = e 0 (3.1c)

where N = (N,, N, N,)" is defined as

N=OQgxv+wxUg+wxv.
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Linearisation can be performed by neglecting the non-linear term, w x v.
In order to obtain the velocity-vorticity formulation , we take the
curl of the three-dimensional Navier-Stokes equations, subtract the
equations for the base flow vorticity 2 and consider the transport
equations for the streamwise and spanwise vorticity only, w, and w,.
The last equation for the wall-normal disturbance velocity v is
derived by taking the curl of the definition of vorticity and making use
of the continuity equation, i.e.

V X w=—Au.

In this section, we omit the details of the derivation for the Newtonian
case. We will follow all the steps of the derivation for the second order

model in the next section.

Note that equations (3.1al) and (3.1b]) still depend on the secondary
variables through the convective quantity IN. Therefore, we define the

secondary variables in terms of the primary variables as follows

u = /y (wz — %) dy, (3.2a)
> ov\ .
w = —/y (wx + 5) dy, (3.2b)

® (0w,  Ow, .
Wy —/y ((% + 82) dy. (3.2¢)

The definitions of u and w are derived by integrating the definition

of vorticity with respect to y and assuming implicitly that v and w
vanish at infinity. The last definition (3.2¢c)) is derived by integrating
the following equation

V-w=0,
assuming that w, tends to 0 as y — oo. The vorticity is solenoidal since

the divergence of a curl is always zero.

3.1.1. Equivalence to the full Navier-Stokes equations. It
is possible to recover the full Navier-Stokes equations provided that two
further conditions for the behaviour of the perturbations at infinity are

satisfied. Further details can be found in Davies and Carpenter [19].
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The two conditions are

and

+ —
ot 0z or  Re
Assuming that v — 0 and Vp tends to a constant as y — oo, and
remembering that the secondary variables u, w,w, are all defined so as

to vanish at infinity, the latter condition may be simplified to

) 1 0 Owy  Ow, B

It may seem that these two conditions need to be imposed directly

in this formulation. However, they will be automatically satisfied by

making a convenient choice of mapping.

Notice that equivalent conditions need to be derived for the non-

Newtonian case. More details are given in the next section.

3.1.2. Boundary conditions at the wall. Assuming a wall pla-
ced at y = n(x, z,t), the no-slip and no-penetration conditions at the

wall read

u(z,n, z,t) = Uyan(z, 2, 1),
v(z,m, 2,t) = vyan(z, 2, 1),

w(x,n, z,t) = Wyan(x, 2, 1),

where Ugall, Vwall, Wwan are functions determined by the wall motion. In

the presence of a rigid wall, Uyan, Vwall, Wwan are all set to zero.

The boundary condition on v can be imposed easily on the Poisson
equation (3.1c). The boundary conditions at the wall for © and w
are imposed indirectly by deriving integral constraints for the primary
vorticity components, w, and w,. Rewriting the definitions and
and making use of the conditions on v and w, we obtain

/ Wy dy = —Wwyall — / @ dy7
. , 02

v

/ Wy dY = Uyan + B dy.
n n OT
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These can be viewed as constraints on the primary vorticity compo-

nents, w, and w,, and can be applied on the associated transport

equations (3.1al) and (3.1b]).

3.1.3. Conditions at infinity. There is no problem in applying
the condition v — 0 as y — o0, since it can be easily associated
with the Poisson equation (3.1c). However, there is no natural way
to constrain w, and w, at infinity and conditions and are
not straightforward to implement and apply. They are replaced by the

stronger conditions that both w, and w, vanish at infinity.

The consistency requirements and are clearly met if the
y-derivatives of all the primary variables w,, w, and v at infinity. Making
use of an algebraic mapping from the semi-infinite domain y € [0, 00)
to &€ € (0,1], it is easy to check the validity of and (3.4). The
mapping is defined as follows

£= (3.5)

l
Ty
where [ is a stretching parameter. Notice that this mapping is very
similar to the one defined by equation in Section . The
derivative of a function f with respect to the physical variable y can be

written with respect to the transformed variable ¢ as follows

of §of

oy 1og
The limit as y — oo in the physical domain corresponds to the limit
as & — 0 in the computational domain. Therefore, the derivative of
a function with respect to y goes to zero as y — oo if the derivative
with respect to £ remains bounded as & — 0. The compatibility
conditions and are satisfied provided that the ¢-derivatives

of the primary variables remain bounded as & — 0.

3.2. Velocity-vorticity formulation for

the second order model

In this section, we derive the velocity-vorticity formulation for the
second order model (1.1)) defined in Chapter [1]
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Let v denote the velocity field and w its vorticity. The dimension-

less governing equations for the second order model with constitutive

equation (|1.1)) are

Z—ZHGV) =-Vp+V-7, (3.6)

V.-v=0.

The dimensional governing equations can be found in Section [1.2] The

non-dimensional extra-stress tensor 7 is defined as follows
1 - - -
F=—A,+K(A, — A?),
A+ K(A, - AY)

where Re and K are, respectively, the Reynolds and elasticity numbers

defined in the same way as in the previous chapters, i.e.
UL
Re = p—, K= ﬂ,
Iz pL?
based on an appropriate choice of characteristic length L and velocity
U which will be specified later. The Rivlin-Ericksen tensors Al and A.Q

are defined as follows

Al Vv + VV

< 8A1

By taking the curl of the equation of motion in vectorial form (3.6)),

we obtain a transport equation for the vorticity w, i.e.

ow ow
E+VXN R_Aw+KA(6t> (3.7)

where N is the convective quantity

N:d)x{z—K[V-<(\7-V)A1>+V-(V\7V\7T—V\7TV\7)],

Notice the additional terms due to non-Newtonian effects are those
multiplied by the non-Newtonian parameter K. When K = 0 we recover

the Newtonian case.

Consider now the usual decomposition of the velocity and vorticity
fields into base flow and disturbances, as follows

{/:UB—FV, GJ:QB—FW
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Subtracting the transport equation for the base flow vorticity Qp
from equation leads to the following equation for the disturbance
vorticity w, i.e.

ow

ot

where N takes the form

1 Oow

N=wxUg+QgXxv+wxv
—K[V-(Us-V)Ai+(u-V)Ap: + (u-V)Ay)]
~ K[V (VU + VvV UT + VvuvT)]
+ K[V (VUE"'Vv + Vv VU + Vv Vv)],
with A} = Vv + Vv! and Ap; = VUp + VUE. Neglecting nonlinear

terms, N simplifies considerably to
N=wxUg+Qxv—-KI[V-(Ug-V)A;+ (u-V)Ag,)
— K[V (VUpVV' + VvWUR" — VU"Vv — Vv'VU;)]|. (3.8)

Therefore, the velocity-vorticity formulation written in terms of the

primary variables w,,w,, v reads

dw, ON, ON, 1 O(Aw,)
Y + VR ReAwNLK 5 (3.9a)
dw. ON, ON, 1 O(Aw,)
— = —A K————= .
o " or oy R T o (3.9)
Ow, Owy
Av = or 0z (3:9¢)

where the Poisson equation for the wall-normal velocity v is derived as
for the Newtonian case, described in Section [3.1 The convective terms
N, Ny, N, involve secondary variables which are defined, as for the
Newtonian case, in terms of the primary variables only by relations ((3.2)).
The system of equations is associated with the same boundary
conditions at the wall and at infinity described in Section for the

Newtonian case.

3.2.1. Equivalence to the original formulation. The velocity-
vorticity formulation (3.9)) is equivalent to the governing equations for

the second order model provided that two conditions for the behaviour
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of the disturbances far from the wall are satisfied. The first condition is
required to ensure that the incompressibility condition (V-v = 0) holds.
By differentiating definitions (3.2al),(3.2b|) for the secondary variables

u and w with respect to x and z, respectively, and then summing, we

8u+8w_/°° 8%_&%_821}_82@ i
or 0z ), \ox 0z o2 022)

By applying the Poisson equation (3.9¢) for v, this becomes

b (Y
ox 0z ), \0y? v

Thus, the incompressibility condition is satisfied if

obtain

lim — = 0. (3.10)
This is the same condition obtained in the Newtonian case.

The second condition is needed in order to obtain the transport
equation for the secondary component of the vorticity w,. It is obtained
by differentiating the vorticity transport equations , with
respect to x and z, respectively, summing the results and using V-w = 0.

We can recover the transport equation for w,, that is

Owy n ON, ON. A 8(Awy)
ot 0z 0r  Re ot '
provided that it holds in the limit as y — oo, i.e.

lim (% — Ka(g;uy) - aa‘]\f — aaz\; ];eAwy) =0. (3.11)
For simplicity, we restrict our attention to the case of a parallel mean
flow, Up = (Ugp(y),0,0). The secondary variables {u, w,w,} are defined

to vanish at infinity. We also assume that v — 0 as y — oo and take

Yy—0o0

into account that Uy — 0 as y — oo. Therefore, condition (3.11))
simplifies to

_ 1 0 0 [Ow, Ouw, B
JEI;O{(—JFK&) {a_ ( T )1 +KF} =0, (3.12)

where F'is defined by

093 3292 09> 82g1 8390
F = ZJ2 Z N
Ur (831 Tz ) TPy A Ty
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dg1 g0 dgo og1  go
+ gl ( ay + 8y2 + 92 ‘|’ ay + 8?}2 )

and the functions g; are linear combinations of derivatives of order j

with respect to x and z of the velocity field components, i.e.

aj’l)l
g; € Span W " .

The condition that must be satisfied in order to obtain the
transport equation for the secondary vorticity component w,, appears
to be much more complicated than in the Newtonian case. The first
term of condition goes to zero if the y-derivatives of w, and w,
tend to zero at infinity. As in the Newtonian case, this is achieved by a
convenient choice of mapping, as explained in Section [3.1} The second
term in the condition , K F', cannot easily be written in terms of
the primary variables only. However, the term K F' tends to zero if all

the y-derivatives up to the 3rd of u, v, w tend to zero at infinity, i.e.

oI
%—>O as Yy — 00, for j =1,2,3.
oyl

Applying the mapping from the physical domain to the computa-
tional one, as in the previous section, we have

of £ of

oy~ T o

Of _ 808 EOF

0y? 129¢ 12 0%’

Of _ (8o (&0 £0°F

oy? 3 0¢ 13082 I3 0&3
Therefore, it is only necessary to check that the computed &-derivatives

up to the third order of u, v, w remain bounded as & — 0.

3.2.2. Parallel mean flow. Assuming a steady and parallel mean
flow, Upg becomes
Up = (Us(y),0,0)",
with vorticity
Q5 = (0,0,~Up(y))" .
where " indicates the derivative with respect to the wall-normal direction

y. Notice that, for the non-Newtonian case, the mean flow profile is
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found by solving a local ODE. The derivation of the base flow is
explained extensively in Section [1.3] Therefore, Ug depends also on
the streamwise position x through the non-Newtonian parameter K. In

order to simplify our analysis, we perform a “local-flow” approximation.

Similarly to what was done for the linear stability analysis in Sec-
tion [1.4] we linearise the equations around a mean flow which is taken
at a fixed dimensional streamwise location zy. The lengths are scaled
using the displacement thickness dg at location xy, defined by equa-
tion , and the velocities are scaled using the free-stream velocity
Ue(xg). Detailed definitions are given in Section . The Reynolds and

elasticity numbers are thus defined locally and based on the displacement

thickness by equations (1.12) and ((1.14]), i.e.

Re:ReOZM’ K:KOI

[ Py

a7

By applying the parallel low approximation, the components of the
convective quantity N, defined by (3.8]), simplify to

N, = Upv + KoN,,
N, = Upw, — Upu + KoN,,
N, = —Upw, + K,N.,

where N, Ny, N, are the non-Newtonian terms given by

N 283u+ v N Pu N Pw N ou I
v ox3  OJydx?  0Oy?0x  0z0x% 020z B

Uy — =UY.

0z

N (8211 O N 0%w ) - @Ug s
dy?  0x%2 020y ox
Ny == (63361;2 "+ aijgx + 30705 * aza(;%m) ve
(g - (2
N.=- (ggxf * 6221;2 * aizgx * ag;}ax 2 %) Ve
(

0%u N 0?v ,  Ou
0z0y 020«
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Using the continuity equation (V- v = 0), these terms can be simplified

as follows

. 3 3 3
Nx:_(8u+ o N o3 )UB

ox3  OJy?0x 0220z

9%u N 82v> g ang U

O

Pu  _Pu  O*u O ou v
2 E—|2— + —
Ox? + dy? i 02?2 i ayax) Us ( dy 81‘) Us:

Pw N Pw N Pw -
oxr3  0y?0x  0z%0x B
0%u 0% ou
a (az@y 920z )U 9. U

We rewrite these using the definition of disturbance vorticity w in order

- v v A3
Ny =~ (ax3 T ogror T aZan> Us

to isolate derivatives with respect to the wall-normal component y for

computational reasons, which gives

. Pu  Pu 0*v du ”
Ne == (%+az2ax>U3 gi2e 5,V —vUs

_ ﬁ @ _ O, U
oy \\o22 oz ) ")’
. v P Pu  *u v
N —_ _ - - - o - - 1
v (8:v3 * 8z28:v) Us (6:c2 s 2) Us — 55U

0 (Ov 6 o _, "

. Pw  Bw ow, Ow, 0% ,
Ne=- (% * 822833) Us + ( Oz - 9z 8283:) Us
ow,, 0O Ow, 0%
a %UB oy (( or * 89382) UB) '

3.2.3. Normal mode form. We assume a normal mode form for

the disturbances in a similar fashion as in Section [2.3] as follows

u(x, Y, =, t) - ﬁ(:y? t)ei(am—i_ﬁZ)u UJ([E, Yy, z, t) - ‘-:’<y) t)ei(ar+62)7
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where o and 3 are the streamwise and spanwise wavenumbers. The
equations (3.9), omitting the tilde for a simpler notation, become

Ow, 9 oy Owg 1 9 9 )
5 + Ko (K> — D?) e R—%(k D) w, — DN, + i8N,
(3.13a)
Ow Ow 1
4+ Ko (k* -D*) -2 = ——— (K* = D*) w, — iaN, + DN,
o I )5t = TRe ) w: —ial, + DN,
(3.13b)
(k* — D*) v = ifw, — iaws, (3.13c)

where k? = a? + 3% and D = 9/0y. The vector N is decomposed into a

Newtonian, N°, and non-Newtonian part, N, i.e.
N = N° 4+ K,N.

The Newtonian term N° has components

N° = U,
N; = Upw, — Upu, (3.14)
NB = —UBwy,

while the non-Newtonian term N has components
N, = N} + DN? = iak*ulUp + o*oUl — iaull — vU}
+D ((o®v +iaw,) Up)
N, = Nyl + DN; + DQN; = iak*vUg + k*uUp — iavU),
+ D (iawUg 4 2uUp) (3.15)
— D? (iawUp + 2uUp),
N, = N! + DN? = iak*wUp + (iaw, + ifw. + afv) Uy
—ipuly — D ((iaw, — afv) Up).

Notice that we separated terms in order to facilitate the application
of the numerical scheme, which will be explained in detail in the next

section.
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F1GURE 3.1. Temporal evolution of the impulse for o = 10.

3.3. Numerical methods

In this section, we give an overview of the numerical techniques em-
ployed to solve the system of time-dependent PDEs ([3.13]). The flow is
disturbed by a temporally localised forced impulse of the form

n(t) = b(t)eew+h2), (3.16)

where 7 represents the height of the wall at a given time and b represents

a time-dependent amplitude, given by
bt) = (1 — e 7 )e™",

and o is the parameter which characterises the timescale of the impulse.
Figure 3.1 shows the temporal evolution of the impulse b(t) for o = 10.

The wall is only allowed to move in the wall-normal direction.
Therefore, the boundary conditions for the disturbance velocities, after

linearisation about the undisturbed wall at y = 0, become

w(0) = —b(t)U4(0), v(0) =b(t), w(0)= 0. (3.17)

The primary perturbation variables are expanded in terms of odd
Chebyshev polynomials and mapping the physical wall-normal coordi-

nate y € [0,00) to the computational coordinate ¢ € (0, 1] by means
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of the transformation . An even representation is chosen for the
secondary variables and the base flow profile Ug. The equations are
then integrated twice with respect to £&. We apply a predictor-corrector
method for the convective quantity N and for some other terms. The
system is then solved by marching in time with a second order two-step

scheme.

As a first step, to facilitate the application of the numerical scheme,

we can rewrite the system (3.13)) as follows

Ow Ow 1 0w
LKy (B2 —-D?) = = ° + A, + DB, + D*C,
g0 T Ko )5t = Reg o T AT PB A+ D
Ow Ow 1 0w (3.18)
2+ Ky (k2 —D? S =+ A, +DB, DZCZ ’
ot Ko ( ) Ot  Rey Oy2 T * ’
(k2 — D2) v = ifw, — iaw,,
where

A, = —Rk—;wx +i8 (N + Kol )
B, = —N! — KoN! + KN,
C, = —KoN? + iBK,N2,

kQ : \70 71
. = —R—eowz — (Ny + KONy> ,
B. = N + KoN} — iaK,N?,

Cz = KON:? — iOéKon,

N

where terms of the form N* are defined by equations (3.14) and (3.17).
Dividing the system (3.18) by &2, integrating twice with respect to &
between 0 and 1 and applying integration by parts, we obtain

01,0, 0o, 190Jyw, 1
Koy [ K - = = ol 3.19
or M ( ot B ot ) ZRey”>" (3-19a)
- 1 1 -
+ IQAx - ille + Z_QJQCma
01,0, ,0L,a, 10y, 1
Ko [k - = = Jol, 3.19b
or o ( ot 12 ot ) PRey” > (3-19D)
- 1 1 -
+ LA, — -1B, + - J.C,,

[ 2

1
(—k212 + l—2J2> b = ialyd, — i1, (3.19¢)
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where the tilde indicates quantities divided by &2. The operators

I, I, J5 are integral operators, defined as follows

ni= [ rac

L= [[ e

hf=€f - l/@%)a

3.3.1. Temporal discretisation. The two ODEs (3.19a]) (3.19b)

for the vorticity components w,, w, can be written on the form

yl(t) = f(t>y)7 y(t = 0) = Yo.

For the purpose of this work, we consider yg = 0. A disturbance in the
flow is induced by imposing a temporally localised forced impulse, as

described at the beginning of this section.

In order to solve this system starting from an initial condition g,
we employ an Adams predictor-corrector scheme which is of second

order in time and consists of two steps:

(1) Predictor step: we apply the two-step Adams-Bashforth me-
thod, as follows

At
y7113+1 =Yn + 7 [Bf (tna yn) - f (tnfla ynfl)] )

where y,, approximates the solution y at the time t,, = nAt, At

is the time discretisation parameter and y.,, is the predicted

solution.

(2) Corrector step: we apply the two-step Adams-Moulton method,
as follows
Ynt+1 = Yn + % [f (tn+17y5+1> + f (tmynﬂ :

Notice that the Poisson equation can be solved directly at each
time-step, given w,, w,, to obtain the wall-normal velocity v. More
details regarding the implementation of the numerical scheme can be
found in Section [5.6
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3.4. Results

We validate the results of the simulations by comparing them against
the solutions obtained by solving the eigenvalue problem. We compare
the temporal growth rate, w;, obtained from the eigenvalue analysis, as
described in Section [L.7], with the final growth rate calculated through

the simulations, when it settles to a constant value.

The temporal growth rate can be determined from the simulations
using the following formula
1 0A
ws = Aot
where A is the amplitude of a computed variable. The variable chosen

for the simulations is the spanwise vorticity at the wall, w,(0).

We chose to run the simulations for ¢ € [0, T, where T is sufficiently
large for all the transient behaviour to pass and the growth rates to settle
to a constant value. Then, the temporal growth rate w; is compared
with the imaginary part of

ws(T) ~ lim wg.
t—o00
For the purpose of the simulations in this chapter we use a time dis-

cretisation parameter At ~ 0.01.

Figure (a) shows the temporal evolution of the temporal growth
rate calculated with the simulations wg; for the flat plate case, where
Br = 0. We can see that, for sufficiently large values of t/T, the growth
rate wg; settles to a constant value which coincides with the solution to
the eigenvalue problem, w;. The error between the two computed growth
rates at ¢/T = 1 is O(107°). In Figure [3.2b), we plotted the temporal
evolution of the wall-normal vorticity at the wall, i.e. w,(0). Since
the choice of parameters (Rey = 500, = 0.3,3 = 0.2, K = —107°)
gives an exponentially stable mode, after an initial oscillation caused
by the wall-normal impulse, w.(0) tends to zero as time increases.
Figure [3.2c) shows the temporal evolution of the wall vorticity, w,(0),
in a logarithmic scale compared with the temporal evolution as predicted

by the eigenvalue problem.
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FiGURE 3.2. Numerical simulation for the flat plate case
with Sy = 0, Reg = 500, = 0.3,8 = 0.2, K = —107°
and 7" = 1000. (a) Comparison between the simulated
temporal growth rates (—) and solution to the eigenvalue
problem (--); (b) Evolution of w,(0), the wavepacket
envelope £|w,(0)| is also shown (--); (¢) Evolution of w,(0)
in a logarithmic scale and its approximated evolution
given by the eigenvalue problem (--).
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FiGURE 3.3. Numerical simulation for the flat plate case
with By = 0, Rep = 1000, = 0.05,8 = 0.5, K = 0.01
and 7" = 2000. (a) Comparison between the simulated
temporal growth rates (—) and solution to the eigenvalue
problem (--); (b) Evolution of w,(0), the wavepacket
envelope £|w,(0)| is also shown (--); (¢) Evolution of w,(0)
in a logarithmic scale and its approximated evolution
given by the eigenvalue problem (--).
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FIGURE 3.4. Numerical simulation for the flow past a
wedge with Sy = 0.5, Reg = 1000, = 0.05, 6 = 0.5, K =
0.01 and 7" = 1000. (a) Comparison between the simu-
lated temporal growth rates (—) and solution to the eigen-
value problem (- -); (b) Evolution of w,(0), the wavepacket
envelope +|w,(0)] is also shown (--); (¢) Evolution of
w,(0) in a logarithmic scale and its approximated evolu-
tion given by the eigenvalue problem (--).
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FiGURE 3.5. Numerical simulation for the flat plate case
with By = 1, Rep = 1000, = 0.05, 5 = 0.5, K = 0.0001
and 7" = 1000. (a) Comparison between the simulated
temporal growth rates (—) and solution to the eigenvalue
problem (--); (b) Evolution of w,(0), the wavepacket
envelope £|w,(0)| is also shown (--); (¢) Evolution of w,(0)
in a logarithmic scale and its approximated evolution
given by the eigenvalue problem (--).
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In Figure [3.3] we show the results for the case of the flat plate
(g = 0). The wavenumber vector («,/3) = (0.05,0.5) represents
disturbances mostly directed in the spanwise direction z. We observed
in Section that these waves can become exponentially unstable for
certain positive values of the parameter K. In order to confirm this
result, we run the simulation for Req = 1000 and K = 0.01. As expected,
the vorticity at the wall w,(0), does not decay asymptotically, as shown
in Figure [3.3(b). Therefore, the simulations confirm the presence of an
exponentially unstable mode for small streamwise wavenumbers a and
positive K. Figure [3.3(a) shows that, when the growth rate given by
the simulation, wg;, settles to a constant, it converges to the one given
by the eigenvalue problem, w;. The error between the two computed
growth rates at ¢t = T is O(107).

In Figures[3.4] and we show the results for the flow past a wedge,
where Sy = 0.5, and for the stagnation point flow, where g = 1. In
general, we see how the results of the simulations confirm the solutions
to the eigenvalue problem. In both cases, the error between the growth
rate given by the simulation, wg;, and the one given by the eigenvalue

problem, w;, is O(107°) for large ¢.

We performed several tests of this type, varying the angle parameter
B and the non-Newtonian parameter K. We observe that the simulated
temporal growth rate agrees very well with the one calculated by solving
the eigenvalue problem as described in Section [I.7. However, we notice
an increased numerical sensitivity of the numerical scheme when the
parameter K is negative. More specifically, it was not possible to report
any result for values of K smaller than —107°. The reason is that the
numerical scheme diverges when K is negative and larger than O(107)
in modulus. One possible explanation is the presence of a diffusive
term in the non-Newtonian part N, given by equation , which
would need to be treated implicitly. This is not straightforward to
implement since N involves the mean flow profile. An attempt, without
success, to solve this problem was to repeat the corrector step a few
times to achieve convergence. However, for all the positive values of the

non-Newtonian parameter K we observed a good agreement, for large ¢,
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between the growth rates calculated with the DNS and the ones given

by the solution to the eigenvalue problem.



CHAPTER 4

Other viscoelastic models

In this chapter, we consider the flow of more complex viscoelastic
fluids. As mentioned in Chapter 1, the second order model is suitable to
study the effects of non-zero normal stress differences. This model pre-
dicts a constant shear viscosity and it is not used in practice. However,
the second order model has been chosen as a “toy problem” for its sim-
plicity and the possibility of applying a boundary layer approximation

similarly to Newtonian fluids.

Viscoelastic fluids can be said to lie in between viscous fluids and
elastic solids (Phan-Thien [59]). Viscous fluids resist forces exerted
upon them through internal friction and they instantaneously forget the
shape they are in. For these fluids, the stress is directly proportional
to the rate of strain (Newtonian law). Elastic solids always remember
the shape they start from and, when the stress is removed, they relax
back to their original shape. The stress experienced by the solid is
directly proportional to the strain. Instead, viscoelastic fluids remember
the shape until its molecules have the time to relax. The stress is
neither directly proportional to the strain nor the rate of strain, but

the relationship is more complicated.

In particular, polymeric fluids are characterised by the presence
of long chain molecules which are made from joining together small
molecules (Barnes et al. [4]). The polymers affect the flow by the way
they align to the motion of the fluid, they are stretched and they retract
back to their unstressed configuration. Polymeric fluids can be said to

have a memory of their previous flow history.

We can distinguish two approaches that are widely used in order to
model the behaviour of materials: one is based on continuum mechanics

and one on microstructural theories (Tanner [82], Sibley [78]). The
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derivation of models such as the Upper-Convected Maxwell (UCM) and
the Oldroyd B models is based on continuum mechanics. These are
examples of models of differential type that are suitable to describe only
dilute solutions of polymer molecules. The UCM and Oldroyd-B models
are the simplest nonlinear viscoelastic models and cannot represent any
shear-thinning behaviour. Moreover, they predict zero second normal

stress difference and the extensional viscosity is not bounded.

Models such as the Phan-Thien Tanner and Giesekus models can
be considered to be extensions of the Oldroyd B constitutive equation
for the polymeric stress that include additional terms so as to provide
a model with shear-thinning behaviour, bounded extensional viscosity

and a non-zero second normal stress difference.

There are broadly three approaches to deriving constitutive equa-

tions from miscrostructural theories (Barnes et al. [4]):

e Dilute solution theories: each particle interacts only with the
solvent and not with other suspended particles. The polymer
molecules are treated individually and modelled as a chain of
beads and springs or beads and rods. Both the UCM and the
Oldroyd B models can be derived in that way.

e Network theories: for concentrated solutions and melts there
are particle-particle interactions. A polymer is considered as
a network of springs linked at junction points. The Phan-
Thien Tanner model was originally derived using these network
theories.

e Reptation theories: the motion of each molecule is reduced by
the surrounding polymers, which are assumed to form a tube
around the polymer.

There is a vast and increasing number of constitutive models avail-
able. The models we focus on in this chapter were chosen because they
can represent some non-Newtonian features while remaining relatively
simple. We take into consideration four different viscoelastic models
(UCM, Oldroyd B, Phan-Thien Tanner and Giesekus models) and use

a single constitutive equation to represent them all.
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The purpose is to study the stability characteristics. We start by
considering the asymptotic suction boundary layer (ASBL) theory to
determine the mean flow. We show that, similarly to the Newtonian
case, for the UCM and the Oldroyd B models, it is possible to obtain
an analytical solution which results in an exponential profile. For the
Phan-Thien Tanner and the Giesekus models, the equations simplify

considerably and can be solved numerically.

Section provides an overview of the main literature regarding
viscoelastic fluids in boundary layers and their stability properties.
In Section [4.2] we introduce the viscoelastic models and derive the
governing equations. In Section 4.3} the mean flow is derived by applying
an asymptotic suction boundary layer. In Section [4.4] we perform the
first steps to study the linear stability.

4.1. Literature review

In this section, we summarise some of the results obtained regarding
boundary layers of viscoelastic fluids and stability results without any

claim to completeness.

4.1.1. Boundary layers. Beard and Walters [6] considered flow of
liquid B’ (designed by Walters) near a stagnation point, using boundary
layer approximations. The Oldroyd B model is a special case of liquid
B’. For mathematical convenience, Beard and Walters restricted the
analysis to liquids with short memories (i.e. short relaxation times).
This approximation is reasonable because boundary layers are thought
to develop in viscoelastic fluids that are not highly elastic. If the flow is
regarded as a perturbation of the Newtonian viscous flow, the concept
of a boundary layer can be expected to apply. A self-similar solution is

only possible for the stagnation point flow.

Bhatnagar et al. |7] considered the flow of an Oldroyd B fluid
due to a stretching sheet in the presence of a constant free-stream
velocity. The governing equations are reduced by introducing a similarity
transformation for the velocity field and for the components of the

stress tensor. The problem is solved by applying a regular perturbation



126 4. OTHER VISCOELASTIC MODELS

analysis in terms of the Weissenberg number. This solution is in
agreement with the numerical solution found by adding a physically

acceptable boundary condition.

Sajid et al. [72] derived boundary layer equations for an Oldroyd B
fluid in the region of a stagnation point over a stretching sheet. They
followed the approach described by Harris [38] for an upper-convected
Maxwell fluid and obtained a similarity solution. The equations derived
by Sajid et al. [72] differ from the ones derived by Beard and Walters [6].
The approach described by Harris |38] consists of applying the Oldroyd
derivative operator to the momentum equations and inter-exchanging
the operators of divergence and Oldroyd derivative for the extra-stress

tensor. In principle, this is not consistent.

Later, several authors utilised the same approach as Sajid et al. [72].
Hayat et al. [39] studied the stagnation flow subject to convective
boundary conditions of an Oldroyd B fluid. The boundary layer equa-
tions used are the same as Sajid et al. [72]. Abbasbandy et al. [1]
investigated the Falkner-Skan flow of MHD Oldroyd B fluid using the

same boundary layer equations as in Sajid et al. [72].

4.1.2. Flow in the far field. All the papers related to the mean
flow determination summarised in the previous section assume a poten-
tial flow at infinity. In general this is not obvious because irrotational
flow is not, in general, compatible with the non-Newtonian equations.
As remarked in Section Joseph and Liao [47] provided a condition
for the extra-stress tensor for an irrotational flow to satisfy the equa-
tions. Not many constitutive equations are compatible with irrotational
solutions. This condition is satisfied by inviscid and viscous Newtonian

fluids, linear viscoelastic fluids and for second order fluids.

Therefore, by assuming an irrotational flow at infinity there is an
implicit assumption that elastic effects affect only the boundary layer

region.

4.1.3. Stability of viscoelastic fluids. Porteous and Denn [61]

studied the linear stability analysis of plane Poiseuille flow for the
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second order and Maxwell fluids. They showed that the second order
model, for which a; < 0 (see Section , is a consistent approximation
to the Maxwell model in the limit of small elasticity (i.e. elasticity
number K < 1 and Weissenberg number Wi = K Re < 1) and when
the disturbance time scale is large compared to the characteristic time
scale of the fluid. The results shows a destabilisation process due to
elasticity. At high values of K the stability is qualitatively different
than that for Newtonian fluids because it results from the second mode

of the Orr-Sommerfeld equation.

Ho and Denn [41] also examined the stability of Poiseuille flow of a
Maxwell fluid focusing on providing an explanation for a phenomenon
called “melt fracture”, a low Reynolds number extrusion instability.
They showed that at low Reynolds numbers the flow is stable and at
higher Reynolds numbers elasticity has a destabilising effect. They
commented on experimental results on melt fracture in high density
polyethylene. The growth of infinitesimal disturbances cannot be the

mechanism for melt fracture.

Sureshkumar and Beris [80] used an Arnoldi-based orthogonaliza-
tion algorithm to investigate the linear stability of Poiseuille flow. The
models investigated are UCM, Oldroyd B and Chilcott-Rallison flu-
ids. The results show that the destabilisation caused by elasticity for
the UCM fluid is reduced when effects of solvent viscosity and finite

extensibility are taken into account.

Palmer and Phillips |57] studied the spectra of linear Phan-Thien
Tanner liquids for plane Poiseuille flow. The base flow was solved nu-
merically using a Chebyshev-tau method. The linear stability equations
are also discretised using Chebyshev approximations. The spectrum
includes a continuous and a discrete part. The results are validated for
the UCM and Oldroyd B models, which are special cases of the PPT
model, by comparing with results in the literature. The linear PPT

fluid is stable for the range of parameters considered.
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4.2. Governing equations

In this section we present four different constitutive equations for vis-
coelastic fluids. These are all derived using a microstructural approach,
which takes into account the polymer molecule behaviour. We derive
a single constitutive equation to represent the four models considered

and facilitate the application of the asymptotic suction boundary layer.

4.2.1. Upper-Convected Maxwell model. The Upper-Convect-
ed Maxwell (UCM) model can be derived by representing a viscoelastic
fluid by dumbbells immersed in a Newtonian solvent. This can be
represented using a mechanical model consisting of a spring and a
dashpot in series (Palmer [56], Owen and Phillips [54]). An element
composed of a spring and a dashpot in series is known as Maxwell
element. The spring obeys Hooke’s law for perfectly elastic solids and
the dashpot follows the Newtonian law for purely viscous fluids. The
UCM model is one of the most important viscoelastic models, because

more complicated models are based on modifications of this one.

For this model, the stress tensor follows the constitutive equation
given by
T+ AT = n,
where \; is the relazation time and 1 is the viscosity of the viscous

element constituting the dumbbell. The tensor 4 = Vv + Vv is the
v

rate of strain and T represents the upper-convected derivative, which

is defined as follows

v DT
T = or (Vv)I'T — T(Vv),
or, component-wise, as follows
v oT;; oT;;  Ov; ov;
Tz" _ 7 o 1 T — ,-Tz _].
J ot + U 3xk 8xk & kal’k

In the UCM model, the relaxation time, A{, is given by the ratio
of the viscosity, 79, to the spring constant, k, which is defined as the
ratio of force acting on the spring to the displacement of the spring.

The relaxation time is the time taken for the molecules to relax after
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experiencing an instantaneous stretch due to a step strain being applied
on the fluid. Notice that, when \; = 0, we retrieve the Newtonian

constitutive equation.

A constitutive equation must be independent of changes of reference
frame, such as its translation, rotation or acceleration. This property is
called material frame-indifference. The upper-convected derivative, also
known as co-deformational derivative, is the rate of change as observed
while deforming and translating with the fluid. This is only one of
the possible adjustments to obtain frame-indifference which give rise
to various Maxwell models. However, the UCM is preferred to the
other Maxwell models since it gives the closest match to experimental
data for Ny/Ny, the ratio of the second normal stress differences to
the first normal stress differences. The definitions of first and second
normal stress differences can be found in Section |1.2.1] Experimental
data broadly suggests Ny/N; to be small in magnitude and negative for
polymer melts and solutions (Tanner [82]). The UCM model predicts

positive first normal stress difference and zero second normal difference.

This constitutive equation is very popular thanks to its simplicity,
but it is not very realistic for the description of many polymers. The
UCM model predicts a viscosity which is constant in steady simple
shear flow (Figure and equal to 7. In steady extensional flow, the
extensional viscosity is not bounded. For the definition of steady simple

shear and extensional flow, we refer to Section [1.2.1

The UCM model may also be derived from dilute solution theory.
This is achieved by modelling the polymer molecules individually as

a linear elastic dumbbell, which consists of two beads connected by a

spring.

4.2.2. Oldroyd B model. The UCM model only considers the
polymer contribution to the stress. The Oldroyd B model comes from
the linear superposition of the UCM model stress with the Newtonian
contribution of the solvent. The constitutive equation includes an extra

term for the Newtonian part of the fluid and an extra constant, referred
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to as the retardation time. Thus, the Oldroyd B model can be seen as
an extension of the UCM model (Owen and Phillips [54]).

The Oldroyd B model was derived by Oldroyd [52] in 1950. It can
be obtained from a molecular model which consists of a suspension of
Hookean dumbbells immersed in a Newtonian solvent, the dumbbells

simulating the dynamics of polymer chains.

The equation for the stress tensor is as follows
v . v
T+ MT = no (’Y+>\27) )

where 19 = 15 + 1, is the total viscosity, which is the sum of the
polymeric viscosity, 7,, and the solvent viscosity, 7s. The constant Ay
is the retardation time of the solvent part of the liquid. Roughly, the
retardation time is the delay in the strain response after imposition of
a stress. The following relation between viscosities and characteristic

times holds
)‘2 o Ns

)\1 B s + Tlp .
By separating the solvent and the polymeric contributions to the stress,

as follows
T =nsy+T,

we can write an equation for the elastic stress, 7, that is
T+ )\17V_ = 1p7Y-
The Oldroyd B model reduces to the UCM model when 7y = 0.

In steady simple shear flow the model predicts a quadratic first
normal stress difference, a zero second normal stress difference and a
constant viscosity. The Oldroyd B model has been found to qualitatively
describe many of the features of Boger fluids, which are dilute solutions
of polymers in highly viscous solvents (James [44]). Boger fluids are
so dilute that the variation of viscosity with shear rate can be ignored.
Moreover, they present a quadratic first normal stress difference like
the second order fluids, as seen in Section [1.2.1, However, Boger fluids
are not very common and the use of the Oldroyd B model in industry

is limited.
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Another major limitation is that the infinite extensibility of the
Hookean spring leads to an extensional viscosity which blows up at a
finite extensional rate. Various models have been proposed to overcome
this flaw by constraining the length of the dumbbell to a maximum
allowable length. One example is the Giesekus model which will be

described later in this section.

4.2.3. Phan-Thien Tanner model. The Phan-Thien Tanner (P-
TT) model was proposed by Phan-Thien and Tanner [83] in 1977.
Unlike UCM and Oldroyd B models, it is derived from a non-dilute
situation, assuming the polymer chains form a network. The PPT
model is based on the Lodge-Yamamoto network theory, which states
that the polymer liquid forms a network of molecules with temporary
junctions. The junctions are supposed to appear and disappear so that
the network configuration keeps changing. The strands connecting the
junctions are able to transmit force. More details about the derivation

of this model can be found, for example, in Tanner [82].

The stress tensor is given by the sum of the solvent and the polymeric
contributions to the stress, i.e.
T = 7787 + Tu

where 7T is the elastic stress which satisfies the following relation

A
T+ )\1; —1—531("77' —|—T"y) + f(T)T = nyY.

The PTT model is called exponential when

fr) = exp (ulr) ) -1,

Mp
and it is called linear when
A
f(r) = 6—1tl"(T).
Mp
The linear PTT model could be considered to be a linearisation of its

exponential equivalent.

The parameters in this model are the relaxation time A, the solvent
and the polymer viscosities, 7, and 7,, respectively. The parameters

€ €10,2] and € € [0, 1] are known as the extensional and shear-thinning
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parameters, respectively. They are specific to the PTT model and
determined experimentally by fitting the model to data for elongational
and shearing flows. Typical values for ¢ are O(1072) and for ¢ are
O(1071) (Tanner [82]).

Notice that by choosing ¢ = € = 0, we recover the Oldroyd B model
and, when { = € = 1, = 0, we recover the UCM model. PTT can be
seen as an improvement on the Oldroyd B model, since it incorporates
shear-thinning behaviour and it gives a bounded extensional viscosity.

However, it does not give a non-zero second normal stress difference.

4.2.4. Giesekus model. The Giesekus model was derived in 1982
by Giesekus [33], who introduced the idea of a non-isotropic drag on

the beads. The derivation is based on kinetic theory of dilute solutions.

The elastic part of the stress tensor is modelled by
T+ )\1‘7' + Oéﬁ’Tz =Ny,
Tlp
In this model « is the so-called mobility parameter with o € [0, 1]. When
a = 0, we recover the UCM model. With this model, the second normal
stress difference is non-zero (negative) in shearing and the elongational

viscosity is bounded.

4.2.5. A single constitutive equation. We write a single con-
stitutive equation to represent all the viscoelastic models introduced
in the previous sections in order to facilitate the study. The governing

equations are

V.-v=0, (1)
Dv 4.1
p— =—-Vp+ V. 1T +nAv,
Dt
where the elastic stress tensor 7 satisfies the constitutive equation

v . .
T+ M7 +9(T,%) =07 (4.2)
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The function g is defined as follows

. Al . A
g(T,7) = 531 (’y‘r + T")/) + 5Len—1tr(7')7' (4.3)
p
+0g [exp (eﬁtr(7)> — 11 T+ OzﬁTz,
Tp Tp

where the additional parameters d,, 0g are included to select the linear
and the exponential PTT models, respectively. The various models can

be retrieved by appropriate choices of the parameters:

e Newtonian for ns, =M\ =& =€=a = 0;

e Upper-Convected Maxwell model for ny =€ =€ = a = 0;
e Oldroyd B model for ¢ =€ =a = 0;

e Linear PTT model for o, = 1,0 = 0,a = 0;

e Exponential PTT model for é;, = 0,0g = 1, = 0;

e Giesekus model for £ =€ = 0.

4.3. Mean flow

In this section, we describe how we approximate the mean flow, which

is the starting point to perform a linear stability analysis.

4.3.1. Two-dimensional governing equations. The mean flow

is assumed to be two-dimensional, therefore we can write the governing
equations (4.1)) as follows

o
or oy
Du - (9}? asz aTxy

—_— = —— A 4.4
Do Op Omy Oy o
\th oy  Ox + dy A,

where v = (u,v)?, x is the streamwise direction and y is the wall-normal
direction (see Figure . The equation for the elastic part of the stress

tensor (4.2]), written component by component, gives

87—:1::5 + acha: + 87—J:a: _9 @ +@
a  ar oy gz " By
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ou ou Ov M
22~ 4= -
+ &N { o T+ (ay + &T) rxy] + Oe 5 (Taz + Tyy) Tz

A A 0
+ 0g |:6Xp (6_1(7—mm + Tyy)) - 1:| Tox T O‘_I(T:J?x + T:J?y) = QTIP_U7
T » Ox

) OTuy n OTuy n OTwy  (Ou N v
Toy WAL T T T gy T \ Gy T e
)\1 8U 81} /\1
+ 53 (a—y + %> (Tuw + Tyy) + 0 {exp <en—p(7'm + Tyy)) — 1] Tay

+6 Al( + Ty ) Tay + Al( + ) (8u+(%)
LE— \Tzz T T A—\ Tz Ty Ty Ty = 77 - —_— s
p yy Y np Y Yyyy P ay al'

0Ty OTyy O0Tyy ov ov
—_o = -
Tyy + A1 [ Bt +u o +v By axTxy—l— ay’fyy

ov ou Ov A
+ &N [28—y7'yy + (a_y + %) Ta;y:| + 5L€77_p(7'm + Tyy) Tyy
A A 0
+ 0 {exp <e—1(7'm + Tyy)> — 1] Tyy T a—l(ﬁy + ij) = 277p—v.
p Tlp dy
These equations were derived with MAPLE [50].

4.3.2. Difficulties in applying a boundary layer approxima-
tion. Unlike Newtonian and second order fluids (Rajagopal [66]), an
irrotational flow does not satisfy the governing equations. This was
the first step in order to apply a boundary layer approximation to the
wedge flow configuration (Figure , as done in Section for second
order fluids. The outer layer was assumed to be irrotational and the

velocity varied as a power law with the distance from the leading edge.

In Section [1.3.1] we pointed out a condition given by Joseph and
Liao [47] for a constitutive equation to be compatible with irrotational
solutions. This condition is satisfied by inviscid and viscous Newtonian
fluids, linear viscoelastic fluids and for second order fluids. However, it
is not straightforward to prove for the more complicated viscoelastic

models that we study in this chapter.

Flows of the type v = (az™,0) do not satisfy the irrotational

governing equations. Alternatively, a linear stability analysis which
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assumes a Newtonian base flow as a starting point for a linear stability
analysis gives a zero mean polymeric stress. In this way, the only
contribution of the function g(7, o), which is defined by equation (4.3)),
to the linear stability equations is given by the term multiplied by &,

because all the other terms are non-linear in 7.

For this chapter, we decided to focus our attention on the flat
plate case. The mean flow is determined by applying an asymptotic
suction boundary layer theory. For this purpose, we assume a constant

free-stream velocity.

4.3.3. Asymptotic suction boundary layers. Applying a uni-
form suction is one of the techniques used in laminar flow control, which
is a method to delay the laminar-turbulent transition. An asymptotic
suction boundary layer (ASBL) profile develops in porous boundary
layers, at some distance downstream of the leading edge, when uniform
suction is applied over a large area through the surface (Schlichting |73],
Fransson [30]). ASBL is one of the analytical solutions of the incom-
pressible Navier-Stokes equations. An interesting feature of this theory
is that an analytical solution can be easily obtained resulting in an
exponential profile. The suction has a similar effect as a favourable

pressure gradient in that it makes the Blasius profile more stable.

Another advantage of the ASBL is that it lacks the complications
associated with spatially growing boundary layer flows. The bound-
ary layer growth is counteracted by the constant homogeneous suction
and the displacement thickness is a constant. The transition to turbu-
lence for this flow has been widely studied for Newtonian fluids, both

experimentally and numerically (Fransson |30], Khapko [48]).

The assumptions that are made in order to obtain an asymptotic

suction profile are:

e steadiness, % =0;
e all variables depend only on y;
e constant suction at the wall v(0) = —Vj, where V) > 0 is the

suction rate.
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Notice that, in order to apply ASBL to the viscoelastic models consid-
ered, we also have to assume that the elastic stress tensor 7 depends

only on y.

To obtain the stability characteristics, we need to derive a modified
Orr-Sommerfeld equation to take into account the effects of the cross-
flow velocity. When deriving the Orr-Sommerfeld and Squire’s equations
the assumption of parallel flow is made. This assumption may be argued
to hold for a continuous suction case where the mean wall-normal
velocity component is constant. In order to neglect the v-component
the suction rate has to be small. However, the cross-flow term can easily

be considered and the parallel flow assumption is not needed.

4.3.4. Derivation of the mean flow. With the ASBL assump-
tions already outlined and assuming that the polymeric stress depends
on the wall-normal direction y only, i.e. 7 = 7(y), the continuity and
motion equations simplify to

(4.5)

dv dp  dry, d*v
pr— = —— + —H 4y, ——.
L dy dy dy dy

) u(oo) - Ue>
) U(OO) = _Vb:

where U,, Vj are positive constants. The continuity equation implies

that v must be a constant. By applying constant suction boundary

conditions at the wall, i.e. v(y = 0) = =V}, we obtain
U(y) = _%7
where 1} is the suction rate. Thus, the equations of motion become
du dr, d*u
—pVo— = Y sT7 o

Cdy ' dy
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With the same assumptions, the equations for the polymeric stress
become

ATy d du A
Tox — )\1 (Vb i +2— u ) + 6)\1 Txy + 5L€ (Txx + Tyy>7—x:1:
Y y dy n

p

A A
+ 0p {exp (5_1 (Tax + Tyy)) - 1} Tex + o (Tr2x + Tr2y) =0,

Mp p
dr, du A du
Toy — A1 (Vo dyy + d—Ty ) £E— 5 d (Taz + Tyy)
Al Al
+ 06— (Tuw + Tyy) Tay + 05 |€XD | €— (Tuw + Tyy) | — 1| Tay
p p
oO— (TazTay + TayTyy) = Tp—,
T y yTyy rn
d A
w — M Vo—— Tuy + 5)\1 Txy + 06— (Tux + Tyy) Tyy
dy M

A A
+ 5E [exp (E—I(sz —+ Tyy)) — 1:| Tyy + O(nl (T + Tyy) = 0.
P

p

4.3.5. Newtonian results. For Newtonian fluids, \; =1, =§ =
a =€ = 0. The ASBL equations (4.5 become

du d*u

—p Od_y = ﬂod—y27
__dp
oy

We apply the following boundary conditions
u(0) =0, wu(o0)="U,,

where U, is the constant velocity in the free stream. As reported for

example by Fransson [30], the solution is of the following exponential

u=U, {1 — exp (_p%y)] .
o

The displacement and momentum thickness, defined in Section by
equations ([1.16)) and ((1.18)), are easily calculated, and are given by

7o 1 no
0y = —, 0, = ————. 4.6
PVo 2pWo (4.6)

The Newtonian displacement thickness will be used as characteristic

form

length for the stability analysis. Thus, the Reynolds number based on
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0, becomes the ratio between the free-stream and suction velocities, i.e.
~ pUb U

Re = —.
Mo Vo

4.3.6. UCM. For the Upper Convected Maxwell model, n, = £ =
¢ = a = 0. In this case, the ASBL governing equations (4.5)) become

pVo;l—Z + d;Zy —0, (4.72)

—g—z + dd%y —0, (4.7b)

Tar — Al%d;;v - 2A12—mey —0, (4.7¢)

Tay — /\IVE)d;—x - Alfl—Zryy 770(;—; =0, (4.7d)
Tyy — )\1%% =0. (4.7¢)

The last equation (4.7¢) only involves 7, and can be easily solved,

Y
Tyy:DeXP()\lvo>7

for some constant D. In this case D must be zero, since 7, cannot be

infinitely large as y — oo . Hence, equations (4.7a) and (4.7d)) become
a system of coupled equations, that is

giving

du  dryy
PVO@ + dy 0,
dr, du
Ty 1Yo dy nody

These can be solved analytically by imposing u(0) = 0 and u(c0) = U..
The analytical solution is

v
u="U, {1—exp (g—oy)] ,
PVo A1 — 1o

Vopy )
= pU Vo e —_— .
Ty =P 0ep (pVOQ/\l —To

These solutions can also be written as follows

i)



4.3. MEAN FLOW 139
_ Y
Toy = pUe Vo exp (m) )
where K = % and Wi is the Weissenberg number based on the dis-
placement thickness ¢, = ;77‘2—0, which is given by
o >\1Ue o p)\er‘/O
5* Mo '

These solutions do not diverge as y — oo, since we consider K < 1.

Wi

The component 7., of the elastic stress can be calculated by solving

equation (4.7¢), in which we substitute the solutions for u, 7,,, which

by 2v2 62 2
Txx:21p2—0UeXp<2p—voy)+Cexp< Y )
pVo? A1+, PVo M1 — 1, A Vo

The constant C' must be zero to have a solution bounded at infinity. It

gives

can also be written as

Wi 2y
=2 .

Notice that the displacement thickness for the UCM model is easily

calculated and can be written in terms of the Newtonian displacement

thickness, 9., as follows

SUM — (1 - K)s..

4.3.7. Oldroyd B. For Oldroyd B fluids, £ = ¢ = o = 0. Hence,
the ASBL equations (4.5)) become

du dr d*u
Vo— Y otp——=0
_% dTyy =0
dy  dy ’
dr, du
e — M Vo——= — 2\ — 1T,y = 0,
T. 1Yo dy 1dy7'y
dr, du du
Toy = MVo— % = Mgy T =g = O
or,
Tyy — A Vo 8Zy =0.

Notice that only the equation of motion in the z-direction has changed

from the UCM model. Making the same considerations as for the
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UCM model, we deduce that 7, = 0 and we can solve analytically the

following system

du dr, d*u
Vo 4+ =2 4 p,=— =0,
dr, du
Txy — Al%d—yy — np@ = 0

The solution obtained by imposing zero velocity at the wall, i.e. u(0) = 0,
is given by
_ Y Y
u=—-C—-—D+ Cexp (—k}15—> + Dexp (—kgé—) s

where C, D are some constants and

L K- 1+ 1+ K(K+48-2)
1 — QBK )

N  K-1-\1+K(K+45-2)
2 — QﬂK )

where § = ns/no is known as the wiscosity ratio. Clearly, ky < 0.

Therefore, we impose D = 0 in order to not have the solution tending
to infinity as y — oo. Imposing the condition at infinity, u(oc) = U,,

we obtain C' = —U,. The solutions for v and 7, are

u="U, [1 — exp (—kl%)] )

Tey = p%Uea exXp (_klég> )

where a is a constant defined by
 K+1-\/1+K(K+43—-2)
“= oK
The equation for the elastic stress component 7., can also be solved

analytically and gives

Tyx = p%UebeXp (_leég) )

where b is the constant defined by

Wik, <K+1—\/1—|—K(K+4B—2)>
b= 2Kk + K ’
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or else written as
Wi (K—1-2K8+ T+ K +(2+40)K)
K? (K—1+B+\/1+K(K+4ﬂ—2)>

b:

The displacement thickness is a constant which can be easily calculated
and written in terms of the Newtonian displacement thickness, d,, as

follows
O

OB __
5P =7

4.3.8. Linear PTT. For the linear PTT model, é;, = 1 and dg =
a = 0. Therefore, the ASBL equations become

du dr, d’*u
Vo— Y4 p—— =0
_Op | dmy _
dy  dy
The equations for the polymeric stress tensor become
AT,y du du A1
Tor — M Vo i — 2)\1d—y7xy + 5)\1d—y7my + en—me (Taw + Tyy) =0,
AT, du A1 du
Ty — M Vo dyy - Al@Tyy + 55@ (T + Tyy)
du
4+ e—Tpy (Tuw + T, n,— =0,
y y ( yy) P dy
dr, du 1
Tyy — MVo—L + EXN —Tay + €—Tyy (Taw + Tyy) = 0.
vy 1vo dy 1 dy Yy . yy ( yy)

For this model there is no straightforward way to find an analytical
solution. We cannot conclude that 7,, = 0. Therefore, these equations

will be solved numerically.

4.3.9. Exponential PTT. For the exponential PTT model, g =
1 and 01, = a = 0. Therefore, the ASBL equations become

du dr, d*u
vy Ty T8y
Op N dryy _

Oy dy
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The elastic stress components satisfy the following equations
ATyy du du

T, lody 1dy7y+fly
A1
+ |exp 6_(7—xz+7—yy) — 1| 72 =0,
Tp
ATy du A1 du
sz — )\1‘/0 dyy — /\ld_yTyy +§?d—y (Tm; +Tyy)

)\1 du
+ |exp (e— Tex + T ) —1} Toy — Mp— = 0,
[ 77p( uy) y — Tlp dy

ATy,

du A
Tyy — MVo—— dy + &M ysz + [exp (577_1<Tm + Tyy)) - 1] Tyy = 0.
p

As for the linear PTT fluids, the mean flow equations will be solved

numerically.

4.3.10. Giesekus. For the Giesekus model, ¢ = £ = 0. Therefore,
the ASBL equations become

du  dryy, d*u

Vot =0,
O Ay
oy dy
The equations for the elastic stress become
dr, du A1
ww — MVt — 20— T, = (2 +T2) =0
T. 1vo dy 1dy7—y+anp (Txx+Txy) )
dr, du A1 du
Ty % = A T TT - -5 = 07
Tay 1Vo dy 1dy7yy+o‘np7y(7 + Tyy) npdy
dr, )\1
- MV Toy + Tyy) =0
Vomg f e (72, +75,)

As for the PTT models, these equations will be solved numerically.
Notice that when a = 0, the Giesekus model reduces to the Oldroyd B
model and, when ny, = a = 0, it reduces to the UCM model.

4.4. Linear Stability equations

As a characteristic length, we chose the Newtonian displacement thick-
ness derived in Section [4.3.5) which is defined by equation (4.6). The
velocity vector field is non-dimensionalised using the velocity in the far
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field, U.. The new dimensionless variables are as follows

Vi pVoX. pVoU.t. T, Ds
V=_—-— X=———, t:—a T = 77

U 7o 7o pVoU.’ b= pUZ’
(4.8)

where starred variables indicate dimensional variables. We omitted the

asterisk * in the previous sections for the sake of notational simplicity.

Thus, the equation of motion (4.1) in dimensionless form becomes

V-v=0 (49)
Dv 1 3 4.9
D—t——vp—FEV'T—FﬁAV,

where 3 = ns/no is the viscosity ratio and Re = U, /V} is the Reynolds
number. The equation (4.2)) for the elastic contribution to the stress

becomes

T+ Wit + g(t,7) = (1 - )7, (4.10)
where
oT7) = €5 (7 + 74) 4 e u(r)T
+ 0p {exp (elli/iﬁtr(‘r)) - 1} T+ alli/—iﬁTQ,

where Wi = A\ U, /J, is the Weissenberg number based on the displace-

ment thickness, J,.

4.4.1. Linear stability equations. In order to perform a linear
stability analysis, we decompose the velocity field, pressure and elastic

stress into mean flow and infinitesimal disturbances as follows

V(y) +v(z,y,z21t),
p(z,y,2,t) = P(y) + p(x,y,2,1),
T(y) +7(z,y,2,1).

v(z,y,z,t)

T(z,9,2,1)

where V = (Ug(y), Vg, 0)T is the mean flow velocity field, P the mean

pressure and T is the undisturbed elastic stress that reads

Tow(y) Toy(y) O
T(Q): sz(y) Tyy<y) 0
0 0 0
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F1GURE 4.1. ASBL velocity profiles and solutions for
the elastic stress for the Newtonian, UCM, Oldroyd B
(OB), linear Phan-Thien Tanner (PTTL) and Giesekus
(G) models. (a),(b) Newtonian solution, UCM solution
with Wi = 1, K = 0.1 and Oldroyd B solution with
Wi=1,K =0.1,8 = 0.5; (c),(d) Oldroyd B solution with
K = 0.01, Wi = 1, linear Phan-Thien Tanner solution
with K = 0.01, Wi = 1,8 = 0.1, = 0.05,¢ = 0.5 and
Giesekus solution with K = 0.01, Wi = 1,8 =0.1,a =
0.1.

In Figure [4.1] we show the mean flow velocity profiles and the mean
elastic stress obtained applying the asymptotic suction boundary layer,
as described in the previous section. The solutions have been non-
dimensionalised according to the transformations . The parameters
have been chosen merely to give qualitatively appreciable results. In
Appendix [A.7, we report the non-dimensionalised equations for the
Linear and Exponential PTT and the Giesekus models. These have been

solved numerically using the Chebyshev collocation method, described in
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Section [5.1] to approximate derivatives in the wall-normal component.
The system of equations have been solved using MATLAB routine,

fsolve.

From Figure [4.1)(a), we notice that the UCM and the Oldroyd B
models make the velocity at all points in the boundary layer larger
than the Newtonian velocity. This is as expected since the displacement
thickness for the UCM and the Oldroyd B models reduces with respect
to the Newtonian case. In Figure [£.1(b), we report the components of
the elastic stress tensor, 7., and 7,,, which are zero in the Newtonian
case. For the UCM and the Oldroyd B models, we have shown that

v = 0.

In Figure [1.1](c), we plot the velocity profiles for the Linear PTT
and the Giesekus models compared with the Oldroyd B model, which
is a special case of the former two. Notice that, for these two models

the 7, component of the polymeric stress tensor is non-zero.

We assume a normal mode form for the disturbances in the stream-

wise and spanwise directions, x and z, as follows

V(z,y,2,t) = v(y, t)e kerth=z),
F(x,y, 2, ) = 7(y, t)ekerth=2),

p(z,y,2,t) = py, 75)61(’%3"“4&2)7

where k,, k, are streamwise and spanwise wavenumbers, respectively.
For the sake of brevity, we present here only the two-dimensional

governing equations for the Oldroyd B model. The linear stability

equations become

0
a_;‘ + VDu + Upv + ik, Upu + ik,p
Re Re Y 7
ov
57 + VsDv+ik.Upv + Dp

6] 1
+ T (k* —=D*)v— Te (ikyTyy + D1yy) = 0,
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where D indicates derivative with respect to y. The equations for the
elastic stress become

Tow — 20 (1 — B) kyu + Wi (a;jf — 27, Ul

OTow . . 0
+V T + 1T Upky — 20 Tppkpu + 0T, — ZTW—U =0,
dy dy

ou . | O , ou
Txy+(5—1)a—y—z(1—ﬁ)kxv+ Wz(a—;—ryyUB—Tyya—y

0T, ) ‘ . ov
+ Vg 0yy —tkyuTyy — T kv + 1Upky Ty + vTI’y — Txya—y) =0,

ov [ O, ov
Tw+2(B—-1)—+ Wz( 8?’ —2Tyya—y

dy

0
+ VBaLZy — 20k, Ty + iUk Ty + UTéy) =0

4.4.2. Conclusive comments. The natural continuation of this
work is to proceed studying the linear stability analysis of the viscoelastic
models here considered, following the approach outlined for second order
fluids in Chapters 1 and 2. Then, the results can be compared with
those available in the literature for the same models obtained for channel

flows.



CHAPTER 5

Numerical methods

In this chapter, we describe some of the numerical techniques em-

ployed to obtained the results in the previous chapters.

5.1. Chebyshev differentiation matrices

In this section, we describe briefly how we approximate the derivatives
in the wall-normal direction, y, for the purpose of finding the mean
flow and solving the stability equations introduced in Chapter [ We
use a Chebyshev spectral collocation method and refer mostly to Tre-
fethen [86,87]. The main idea of spectral collocation methods, also
called pseudospectral methods, is to interpolate the data globally on a
grid, then evaluate the derivative of the interpolant on the grid. Spectral
methods allow remarkably high accuracy to be reached. They typically

converge faster than algebraically for functions that are smooth.

In order to approximate the derivatives involved in the mean flow
and stability equations, we use Chebyshev differentiation matrices.
Firstly, we restrict our attention to the interval [—1, 1] and we introduce
the Chebyshev extreme points, also known as Gauss-Lobatto-Chebyshev
points, defined by

T; = COS (%), j=0,...,N. (5.1)

From a geometric point of view, Chebyshev extreme points are projec-
tions of equispaced points on the unit circle onto the interval [—1, 1],
as represented in Figure [5.1] They are closely related to the Cheby-
shev polynomials since the Chebyshev extreme points are the extrema
of the N-th Chebyshev polynomial. The latter will be introduced in
Section [5.6

147
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FiGURE 5.1. Chebyshev extreme points, N = 10.

Notice that the points are numbered in the reverse order,
starting from 1, following the convention of Trefethen’s book [87]. The
Chebyshev extrema are naturally clustered at the boundaries —1 and 1.
This property is particularly suitable for problems where more points are
required near the wall to resolve the rapid changes happening inside the
boundary layer. Moreover, spectral methods based on polynomials must
cluster at boundaries to avoid the numerically catastrophic problem of
oscillations, known as the Runge phenomenon. Various choices of grid
points are possible but they are all distributed with the density that
tends to N/ (7r\/1—7332) as N — oo. This allows a spacing between
grid points that is O(N~?) to be achieved near the boundaries —1 and
1, and O(N™1) in the interior of the domain.

Given a function v, defined on the Chebyshev extreme points (5.1)),
the method can be summarised in two steps:

(1) Interpolate v by a polynomial py(z) of degree < N, such that
v(x;) = pn(z5), j=0,...,N.

(2) Using the Lagrange form of the interpolation polynomial, dif-
ferentiate the interpolant at the grid points, that is

w; = Py (z;), j=0,...,N.
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Therefore, the discrete derivative of the function v is obtained by a

matrix multiplication of the form

w=Dv=vV,

where v = (vp, ..., vy) is the vector containing the values of the function
v at the grid points ([5.1]), w represents the approximated derivative of
v at the grid points and D is a square matrix of order N + 1.

Formulas for the entries of the matrix D can be found in Tre-
fethen [87] and details are not discussed here. During the numerical
tests, for practical reasons, we used the MATLAB function cheb.m pro-
vided in the same book and reported in the Listing[5.1, We observe that,
unlike finite difference matrices, Chebyshev differentiation matrices are,
in general, dense. Furthermore, higher-order derivatives can be easily
approximated by calculating powers of the Chebyshev differentiation
matrix D. For example, the second derivative of the function v at the
grid points {xj}j-vzo can be approximated by the vector z defined as
follows

z=D*v =~V

5.2. Mean flow

In this section, we describe how we approximate the mean flow profile

for the purpose of the linear stability analysis. Consider the base flow
equation ([L.13)), derived in Section [L.3] which reads

2m+1) "+ (m+ 1) ff"+2m (1 - f?) =
K[ (m+1) f2f 4200 = 3m) [ "+ (3m = D(/)?], (5.2)

where K = KyC?, and C is defined by ([1.21]). The boundary conditions

are

f)=rfm=0 atn=0,
flm) =1, f"(n) =0  asn— oc.

We define a new function z(n) = f(n) —n. The reason for this choice

will become clear later. We can write f and its derivatives in terms of
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LisTING 5.1. MATLAB code for the
Chebyshev differentiation matrix.

function [D, x] = cheb(N)

x = cos(pi*(0:N)/N)’

¢ = [2; ones(N—1, 1); 2].x(—1)."(0:N)”’
X = repmat(x, 1, N+1);

dX =X — X’;

D= (cx(1./c)7)./(dX+(eye(N+1)));

D =D — diag(sum(D’));

end

z as follows

f'(n) =1+ 2'(n),
f//(n) — ZN(U); f”’(ﬁ) ///( ) fw( )7 iv(n).

Equation (5.2)), written in terms of the new function z, becomes
2m+1)2" +(m+1)(z+n)2" +2m (1 -1+ z’)2> =

K [(m+ 1)z (2 + 1) +2(1 = 3m)(1+ 2)2" + (3m — 1) (")?]
(5.3)

with boundary conditions

z2(n)=0,2'(n)=—-1  atn=0,

2(n),2"(n) =0  asn— oo.

In order to apply the Chebyshev collocation method described in Sec-
tion we apply the algebraic mapping from the physical domain
n € [0,00) to the computational domain & € [—1,1), as follows

n—1

m,

where [ is the stretching parameter. Thus, the extreme of the physical

£ =

interval n = 0 corresponds to ¢ = —1, and the limit » — 400 cor-
responds to & — 1. Therefore, the transformed boundary conditions
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FI1GURE 5.2. Chebyshev collocation points mapped into
the physical domain using the algebraic mapping with
N = 25, Only points < 20 are shown. (a) [ =
2, Hnn S < 6}| =16 ; (b) [ = 207|{77n S < 6}‘ = 8.

become

The conditions z'(c0) = 0 and z”(0c0) = 0 are automatically satisfied
dz d%z
dér dg?
bounded as & — 1. In fact, the function z has been introduced in

thanks to the specific choice of mapping, provided that remain

order to have 2z’ vanishing at infinity and make it possible to apply the

algebraic mapping.

Note that the constant d; defined by equation ([1.17]) in Section
and shown in Figure [1.5| can be now easily calculated as follows

alz/omu—f’) dn==(€=1).

It is straightforward to transform all the n-derivatives of z in equa-
tion (5.3) and write them in terms of derivatives with respect to . Then,
discretisation in the computational domain £ € [—1, 1] is performed by

means of the Chebychev collocation method described in Section [5.1
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The discretised equations are written as a system of four first order
equations and then solved using the MATLAB routine fsolve.

In Figure 5.3 we show the residual error increasing the number of
Chebyshev points, N. Let us denote with N a vector of increasing IV,

the residual error is calculated as follows

Rj =1lg; — gj-1lloo;

where g; is the solution calculated with N = N(j) collocation points.
We plot the residual errors for the solution f of equation and
its derivatives for the flat plate case (fg = 0) and a non-Newtonian
parameter K = —0.2. We can clearly see that the convergence is much
faster with a stretching parameter [ = 15 than it is for [ = 4. A higher
value of [ clusters fewer points inside the boundary layer and resolves
better the outer layer, as can be seen in Figure [5.2]

Various numerical tests have been performed, varying the non-
Newtonian parameter, K, and the angle parameter, Sg. The results
indicate that the case where K is negative is numerically more difficult.
While for K > 0, the choice of [ does not seem to influence the con-
vergence of the scheme, the case where K < 0 needs extra care. From
extensive numerical tests, we can conclude that a good choice for the
stretching parameter is [ &~ 15 and for the number of collocation points
is N = 65. In Figure we show the residual errors for different values
of the angle parameter, Sy, and non-Newtonian parameter, K. We can
see that when N = 65 the residual error is O(107°).

For the purpose of the stability analysis, we chose the number of
collocation points N = 65 and the stretching parameter | = 15. The

mean flow is then interpolated in order to perform the stability analysis.

Other methods have been explored for the solution of the mean flow
equation (5.2)), such as the Chebfun package |24] in MATLAB. Chebfun
is an open-source package which implements the ideas described by Tre-
fethen [88]. The implementation is based on the fact that every smooth
function can be efficiently represented by a polynomial interpolation in
Chebyshev points. However, for our problem this method is found to

not converge for negative values of the non-Newtonian parameter K.
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FicUre 5.3. Convergence of the numerical scheme used
to calculate the mean flow with g = 0 and K = —0.2.
Stretching parameter: (a) [ = 15; (b) | = 4.
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FI1GURE 5.4. Convergence of the numerical scheme used
to calculate the mean flow with stretching parameter [ =
15. (a) By = —0.14, K = 0.05; (b) By = 0.5, K = —0.05;
(¢) bu=1,K=0.1.
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5.3. Linear stability analysis

In this section, we describe the numerical methods used to perform
the linear stability analysis described in Section [1.4] and Section [1.7]
The modified Orr-Sommerfeld equation (|1.22)) is an eigenvalue problem

where the solution, ¢, represents the phase velocity of the disturbance.

In 1971, Orszag |53] demonstrated the efficiency and accuracy of
Chebyshev spectral methods for solving linear eigenvalue problems by
solving the Orr-Sommerfeld equation for plane Poiseuille flow. Cheby-

shev spectral methods naturally cluster grid points near the boundaries.

Different approaches are possible, such as the one proposed by
Bridges and Morris [13] in which the equations are integrated. This
method will be used later for the Direct Numerical Simulations and
explained in Section [5.6, For this work, we chose the Chebyshev collo-
cation matrix approach because it is easier to formulate. Furthermore,
the integration method requires major modifications for each new mean

velocity profile.

In this section, the modified Orr-Sommerfeld equation (1.22)) is
solved by approximating derivatives using the Chebyshev collocation
method described in Section [5.1] The eigenvalue problem is then solved
using the MATLAB routines eig and polyeig. We are interested in
comparing two different types of mapping from the semi-infinite domain
y € [0,00) to the computational domain £ € [—1, 1] and in finding the

optimal choice of stretching parameter.

5.3.1. Mapping the semi-infinite domain. In order to apply
the Chebyshev collocation method, the semi-infinite domain y € [0, 00)

is mapped onto the finite interval £ € [—1, 1] by means of the transfor-

mation ((1.23)), i.e.

=L, (5.4

<

<
o~

or

£=2"1 1. (5.5)
The mapping (5.4) is referred to as the algebraic mapping and the
mapping (5.5) is called the exponential mapping. As shown in Figure
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the Chebyshev extreme points ([5.1) mapped into the physical domain
y € [0,00) through the algebraic mapping (5.4) are naturally clustered
near the origin. Moreover, an increase of the stretching parameter [

translates to fewer points inside the boundary layer. This is true also
for the exponential mapping ([5.5)).

The derivatives of a function ¢ with respect to y can be written in

terms of derivatives with respect to & as follows

- il
%5 = (MM"”+ M*M") fl—? + 3M2M fgﬁ + M3 ZZ?,
j%f = (MM"” +4M*M'M" + M*M") %
+ (TM?M"™ + 4M°M") C;Zf + 6M3M’f;? + Mii%).

The metric M = M(&) is defined as M = %' For the algebraic map-
ping (5.4), M and its derivatives become

1 (5 - 1)2 / 5 -1 " 1 "
2 l ) l 7 l? 07

while for the exponential mapping (5.5) M and its derivatives become

M =

M = —%(5—1— 1), M'= —%, M" = M" =0.

Grosch and Orszag [35] did some comparisons between these two
different kinds of mapping and the truncation method for six different
problems,; including the Orr-Sommerfeld eigenvalue problem for the
Blasius boundary layer flow and the Falkner-Skan equation. They
conclude that the algebraic mapping gives better results for the model

problems they considered.

5.3.2. Temporal and spatial eigenvalue problems. When con-
sidering the temporal stability, the modified Orr-Sommerfeld equa-
tion ((1.22) needs to be solved for the phase velocity ¢, for a fixed and

real streamwise wavenumber «. The temporal problem can be written
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as a generalised eigenvalue problem of the form
Ap = cBo,
where ¢ is the eigenfunction and A, B are linear operators defined by
% 2 i ‘ 4
.A:— B — & UB—FR——FK()UZ;—O( KOUB

€o

)
+ [UB _ 2y QaZKOUB] D2
R@O

i
— KyUg| D*
+ |:OCR€0 0 B:| )
B=-0a"—a'Ko+ [1+20°Ky| D* — K,D*,

where D represents differentiation with respect to y, and Ug, Up, U
represent the base flow and its derivatives. The derivatives with respect
to y are transformed into derivatives with respect to £ using relations
described in Section [5.3.1} The problem is discretised by means of the
Chebyshev collocation matrices introduced in Section [5.1} Then, the
eigenvalue problem is solved using the MATLAB routine eig.

When considering the evolution of disturbances in space, the modi-
fied Orr-Sommerfeld equation (|1.22)) is solved for the streamwise wave-
number «, by fixing a real value for the frequency w. Therefore, the
spatial problem can be written in the form of a polynomial eigenvalue
problem as follows

(C[) + aCl + Of262 + (1/363 + Oé4C4 + 0565) ¢ = O,
where
1
Co = iwD? + {— — z'wKo} D,
RGO
C, = iU} —iKyUY —iUgD?* 4+ iK UgD*,
2
Co = —iw + {—— + inKo} D?,
RGO
Cs = iUp — 21K UgD?,
C ! jwK
= — —w
4 R@O 0
C5 - iKoUB.
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Notice that this is a polynomial eigenvalue problem of order 4 in the
Newtonian case, where Ky = 0, and of order 5 in the non-Newtonian
case, where Ky # 0. Similarly to the temporal case, this polynomial
eigenvalue problem is transformed by using one of the mappings in-
troduced in Section [5.3.1], discretised and solved using the MATLAB

routine polyeig.

5.3.3. Imposing boundary conditions. For both the temporal
and spatial problems, the eigenfunctions need to satisfy the boundary

conditions, i.e.

o(y) =¢'(y) =0, aty=0,
o(y), ¢'(y) =0, asy— oo.

After application of the mapping, these boundary conditions mean that
¢ and its y-derivative need to be zero at £ = 1. The condition that
¢ (y) — 0 as y — oo is automatically satisfied by applying any of the
two mappings, provided that j—? remains bounded in this limit. In fact,

do _\do
dy dg
and M — 0 as y — 00, that is when £ — 1 for the algebraic mapping

we have

and when ¢ — —1 for the exponential mapping. Although one of
the boundary conditions is automatically satisfied thanks to the map-
ping, for simplicity, we impose the following more restrictive boundary

conditions

¢(§) =¢'(§) =0,  at §==+1, (5.6)

" indicates derivatives with respect to &. Tre-

where now the prime
fethen [87] provides a handy way to deal with this type of boundary

condition, briefly described below.

Let us denote by p the polynomial that approximates ¢. In order to
satisfy the conditions (/5.6), we introduce an auxiliary polynomial ¢(¢)
such that

p(€) = (1= &)a(8),
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and ¢(£1) = 0. Differentiating, we obtain the following relations

p=(1-8)q(€) —2q(6),

P = (1=€)q" (&) — 464'(€) — 2q(8),

P = (1-€%)q" (&) — 6£¢"(€) — 64 (€),
P = (1-6%)q" (&) — 8¢¢" (&) — 1264 (€).

Note that, by construction, p now satisfies the conditions (5.6)). It
is straightforward to apply these transformations to the derivatives

appearing in the stability eigenvalue problem.

5.3.4. Numerical tests. In this section, we focus on the temporal
problem. We compare the two mappings in the solution of the modified
Orr-Sommerfeld equation . In particular, we study the least stable
eigenvalue, ¢, which is the one with largest imaginary part. The aim
is to show that, by increasing the number of Chebyshev collocation
points, IV, the least stable eigenvalue converges. Let us denote by N
the array containing different values of the number of grid points, N,

in an increasing order. The residual errors are defined as
Rj = l¢j = ¢jal,

where ¢; is the least damped eigenvalue calculated with N = N(j)

Chebyshev collocation points.

In Figure |5.5 we show the convergence of the numerical scheme
with the algebraic mapping . We plot the residual errors of the
imaginary part and the absolute value of the solution. We choose, as an
example, the case of a flat plate with Sy = 0, Rey = 1000, o = 0.3 and
K = —0.001. We can see from Figure 5.5 that a stretching parameter
[ = 4 gives a slightly more rapid convergence than [ = 20. In Figure 5.6}
we show the convergence of the numerical scheme with the exponential
mapping . We can see that the convergence with [ = 2 is very slow.

A stretching parameter [ = 5 works much better.

We performed various numerical tests varying all the parameters.
The results indicate that both the algebraic and the exponential map-

pings work well. The best choice of stretching parameter is [ ~ 4 for
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FicUure 5.5. Convergence of the numerical scheme used
to calculate the least stable eigenmode with the algebraic
mapping for fg = 0, Reyg = 1000, a = 0.3 and K =
—0.001. Stretching parameter: (a) { =4; (b) [ = 20.

log(Residuals)

the algebraic mapping, and [ ~ 10 for the exponential mapping. For
the linear stability results in Section [I.5] and Section [1.7] we chose the
algebraic mapping with [ =4 and N = 65.

5.4. Integration

In order to perform the energy balance, described in Section [1.6, we
need a method to approximate the integrals. We follow the method

used by Trefethen [87]. Let us consider the integral of a function g,

that is -
I= / 9(y) dy.
0
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FiGURE 5.6. Convergence of the numerical scheme used
to calculate the least stable eigenmode with the expo-
nential mapping for g = 0, Reqg = 1000, o = 0.3 and
K = —0.001. Stretching parameter: (a) { =5; (b) | = 2.
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tational domain [—1, 1], as follows

+1
I= f(&) dg,
—1
If the algebraic mapping (5.4)) is employed
dy 4
(&) = =29(8) = =—579(8),
(©) = G010 = =g(©
and, if the exponential mapping (5.5)) is used, then
dy [
f(&) = dgg(é)— 1+£9(6)-

161

We first apply a mapping so that I becomes an integral in the compu-

(5.7)
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We can rewrite the integral in (5.7) as I = u(1), where u satisfies

u'(y) = fly),  u(-1)=0, (5.8)

We can now discretise (5.8]) as explained in Section |5.1{ using the Cheby-
shev discretisation matrix D. Therefore, we can approximate the

function u at the grid points as follows
Du=1f,

where the last row and column of D have been removed to impose the
boundary condition and u, f are vectors containing collocation values
of u and f, respectively. Then we can easily approximate I = u(1)
by inverting the matrix D. Let w’ be the first row of D~!, then we

approximate the integral I as follows

I ~wTlrt.

5.5. Transient growth

In this section, we perform some numerical tests for the maximum
possible amplification of energy density defined in Section [2.4. The
numerical techniques are the same used for the eigenvalue problems
described in Section[5.3] The main difference is that, in order to calculate

the maximum transient growth, the whole spectrum is required.

We study how the two different kind of mappings ((5.4) and ([5.5))
perform in approximating the global optima, Gy, defined by (2.12)).
Given an array, N, containing increasing values of the number of grid

points, N, we define the residual error as follows
Rj = ’Gmax,j - Gmax,j71|)

where Ghax ;j is the global optima obtained with N = IN(j) grid points.

In Figure[5.7, we show the convergence of the numerical scheme with
the algebraic mapping . We choose, as an example, the case of a flat
plate (8 = 0) and Rey = 1000, wavenumber vector («, 5) = (0.1,0.6)
and K = 0.001. We plot the residual errors of the global optima
Gmax. From Figure we deduce that a stretching parameter [ = 4 is
preferable to [ = 10.
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Ficure 5.7. Convergence of the numerical scheme used
to calculate the global optima, G,.x, with the algebraic
mapping for Sz = 0, Rey = 1000, o = 0.1, § = 0.6 and
K =0.001. Stretching parameter: (a) [ = 4; (b) [ = 10.
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In Figure 5.8, we show the convergence of the scheme with the

exponential mapping (5.5). We can see that a stretching parameter

= 5 gives a more rapid convergence than [ = 20.

We performed several numerical tests varying all the parameters

involved. The results, which are not reported in this work for brevity,

suggest that the algebraic mapping works slightly better and a good

choice for the stretching parameter is [ = 4.

Notice that in order to calculate G .., we need to find the maximum
of G over all time, defined by equation (2.11)). Since, when the flow is

exponentially stable and no unstable mode exists, G decays at infinity,

it is sufficient to calculate the maximum in a interval of time which is
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FicUrE 5.8. Convergence of the numerical scheme used
to calculate the global optima, G\.y, with the exponential
mapping for Sz = 0, Rey = 1000, o = 0.1, § = 0.6 and
K =0.001. Stretching parameter: (a) [ = 5; (b) [ = 20.

sufficiently large. Hence, the accuracy of the numerical scheme used to
calculate G .« also depends on the time discretisation parameter At,
which we have chosen to be At = 0.1 for the numerical tests reported

here.

5.6. Monochromatic DNS

In this section, we describe some of the ideas underlying the monochro-
matic DNS described in Chapter [3 The numerical scheme adopted is
very similar to the one used by Morgan [51] to simulate the evolution

of disturbances on periodic modulated rotating disk boundary layers.
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A pseudo-spectral method is used, in which some operations are
performed in physical space and others in Chebyshev space. We make
extensive use of the Fast Fourier Transform (FFT), exploiting the re-
lations between Chebyshev series and Fourier series. The polynomial
interpolation in Chebyshev points is equivalent to trigonometric inter-
polation in equally spaced points and hence can be carried out by the
FFT. In this thesis, we do not go into the details of the FFT and its

relation to Chebyshev series and we refer to Trefethen [87].

We use only even and odd expansions in order to facilitate the
imposition of the boundary conditions. Therefore, we only need the
Chebyshev extreme collocation points in the interval (0, 1], which are

given by

Jm ,
; = — =0,...,N—-1
x] COS(Q]\])? «] ) ?

The even representation for a function f which is symmetric about 0, is
f= fo + f:fnTgn(x), x € (0,1].
2 n=1

The odd representation for a function f which is anti-symmetric about
0 is given by

F=Y fulma(z), z€(0,1]. (5.9)

We use an even Chebyshev representation for the base flow, Ug.
Using an odd representation would imply that the base flow decays
at £ =0, but Ug — 1 as y — oco. The Chebyshev coefficients of the
base flow and its derivatives can be calculated by means of the FFT
method (Trefethen [87]). We use an odd representation for the primary
variables and an even representation for the secondary variables. This
means that the condition that the primary variables decay as & — 0,
i.e. y — o0, is automatically satisfied. As mentioned in Section 3.1.3

these are reasonable restrictions at infinity.

As opposed to what was done for the linear stability analysis de-
scribed in Section [5.3] we choose the integrated form of the stability
equations following for example Bridges and Morris [13]. The advantage

is that the integral operators can be expressed as n-diagonal banded
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matrices and, therefore, easier to invert. This makes the integrated

form more suitable for time-dependent simulations.

To build the integration matrices, the following relation for the

integration of the Chebyshev polynomials is used

Ti(z) n=1,
[ 101 o - (@ B =1, (5.10)
Ty () n Ta(z) >0

The system of equations to solve for the primary variables {&,, @,, 0}

has been derived in Section 3.2l and are as follows

1@, OLo, 1 0Jyi, 1
Ko | k2 —— = ol
o T 0( ot B ot ) ZRey”>
- 1 1 -
+ IQAx - ille + Z_QJQCma
0L, L0, 1 0Jy0, 1
Ko [k - = — Jol,
or o ( ot 12 ot ) ZRey 2
- 1 1 -
+ IQAZ - ilez + Z_QJQCza
1
(_kQIQ + l_2J2> V= Z.CYIQ(I}Z — ZBIQCDI,
(5.11)
where
K . \70 71
Az:_ﬁawf+w<N?+KM%»
B, = —N? — KN} +iBK,NZ,
2 (5.12)
_ . \70 71
1%_—E%%—M%N@+mw»,

B, = N2+ KoN} —ia KN,
CZ = K(]N:? - ZOéK(]NS
The tilde indicates quantities divided by £2 and the Nf; terms are defined

by relations (3.14) and (3.15). The integral boundary conditions to
impose on the vorticity transport equations, after application of the
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[e'e) 1
/ oy dy = — s — B / e,
0 0

00 1
/ w, dy = Ugan + ial/ v dy.
0 0

The condition that v = vy, at y = 0 can be easily applied to the

mapping, become

Poisson equation.

We can now expand the primary variables {@,,®,, 0} using the
odd expansion (5.9). We run the simulation for a time interval [0, T,
where T is sufficiently large for all the transient behaviour to pass and
the growth rates to settle to a constant value. Then, we divide the
interval [0, 7] into M = T/At equal subintervals, where At is a step
size sufficiently small for the numerical scheme to converge. Let us
denote with w}*, wl* and v™ the vectors which contains the Chebyshev

coefficients at the time t,, = mAt of ©,,w, and v, respectively.

Let us denote with Iy, I, J5 the matrix representations of the integral

operators Iy, I, Jo, which are defined as follows

ni=[rag nr=[[ra nr-gr-z2 [ (@)

We do not go into the details of the derivation of these matrices. The

main idea is to use the relation ((5.10)).

Equations are solved marching in time with an Adams pre-
dictor-corrector method, which is described in Section [3.3], starting
from a zero initial disturbance. Disturbances on the flow are excited
by means of the wall-normal impulse and through application of
appropriate boundary conditions. The steps of the numerical scheme

can be summarised as follows:

(1) Set up the initial conditions, w? = w! =% = 0.

(2) Calculate the mean flow, Up, its derivatives and their Cheby-
shev representations.

(3) Compute the inverse of the left-hand side for the predictor and
the corrector steps, which is given by

L Ko, I J,
L_At+At(kI2 )
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(4) Start the temporal march.

(5)

(7)

(8)

Apply the predictor step:

T,w™ Jow?" 1
LoPmt+l — 22X 2 3R™ — R™1
Wa At 2Rz T 5 | At
Tow™ Jow? 1
Lot = 222 = 3R — R
Wa At T oRe2 5 | 4E
where

1

R™ = LA™ — TLB lngoy,
~ 1

R;n — IQAZL - illB;n 1_2']20’:1’

(5.13)

where A7, B7*, Ci* are the Chebyshev representations of the
terms defined by ([5.12]). Notice that the viscous term is treated

using the Crank-Nicolson scheme.

Set the predicted integral boundary conditions in the first rows

of the transport equations (5.13)):

o0 1
Pm+1 _ m+1 . m m—1
/ Wy dy = —wi — zﬂl/ (20" —v
0 0

00 1
/ whm L dy = i 4 iozl/ (20™ — o™ ) de.
0 0

Solve the Poisson equation for v™**.

< k2]:2_'_ —J ) m+1 __ ZO(I me+1 ZBI Pm+1

12

applying the boundary condition v™ = vy, at & = 0.

Apply the corrector step:

Lw Jow?®

L m+1 — Pm+1 m

Ya At 2R60l2 |:R + R ]
Luw™ Jow?

L m-+1 — 2Wy 2 RPm+1 Rm

s At 2Regl® [ + R

Set the corrected integral boundary conditions:

0 1
/ Wt dy = —w ! — iﬁl/ ™t e,
0 0

00 1
/ W't dy = uh + ial/ o™t de.
0 0

Go back to (5) and repeat until ¢, = T



Conclusions

The linear stability analysis of the boundary layer flow of a vis-
coelastic fluid has been investigated. The model chosen as a starting
point to study the stability behaviour of viscoelastic fluids in boundary
layers is the second order model. This model was introduced in 1955 by
Rivlin and Ericksen [70] and it belongs to a wider class of fluids called
order models. This class of constitutive equations is one of the first
proposed in order to model departures from non-Newtonian behaviour.
These models can represent non-zero normal stress differences which is

an important feature of viscoelastic fluids.

The sign of the material parameters in this model has been a source
of some controversy, as discussed by Dunn and Rajagopal [26] in their
critical review. For the purpose of this work, we considered both signs
of the material parameter a;. The reason being that the model with
a positive material parameter oy, which is referred to as second grade
model, is compatible with the laws of thermodynamics. However, the
constitutive equation with a negative material parameter oy, which is
referred to as second order model, predicts the correct sign of normal
stress differences. Moreover, Porteous and Denn [61] showed that the
second order model is a consistent approximation to the Maxwell model
in terms of linear stability. In this discussion and throughout the
whole thesis, we talk about second order models to indicate both cases

whenever it is clear from the context.

In this thesis, both classical linear stability analysis and bypass tran-
sition have been taken into consideration. The main result of classical
linear stability analysis is that the second grade model, where a; > 0,
is stabilising with respect to the Newtonian case when considering two-
dimensional disturbances, namely disturbances which vary only in the

streamwise and wall-normal directions. Instead, the second order model,

169



170 CONCLUSIONS

where «; < 0, destabilises the flow with respect to the Newtonian case.
When extending the analysis to three-dimensional disturbances, which
can vary also in the spanwise direction, the non-Newtonian effects prove
to be different. For mostly streamwise independent waves the second

grade model is destabilising while the second order model is stabilising.

In the bypass transition scenario, the second grade model appears
to increase the tendency of the disturbances to grow transiently while

the second order model reduces the transient growth.

In Chapter [T} the first step to apply the linear stability analysis was
to determine the mean flow profile for second order fluids. It is possible
to apply Prandtl’s boundary layer theory to the case of a non-Newtonian
fluid of second grade (Rajagopal et al. [66]). We investigated the case
where the wall is placed symmetrically with respect to the flow direction
and forms a wedge. The geometric configuration is characterised by an
angle parameter, Sg. Therefore, the free-stream velocity varies with
distance to the leading edge according to potential flow theory as a

power law.

As for Newtonian fluids, after suitable assumptions, the boundary
layer approximation allows the governing equations to be simplified. We
applied a pseudo-similarity transformation (Garg and Rajagopal [32])
and obtained a local ODE. This ODE retains the dependency on the
streamwise component and reduces to the well-known Falkner-Skan
equation for Newtonian fluids when the material parameter oy = 0.
For the stability analysis, the equations were non-dimensionalised using
the displacement thickness and the dependency on the streamwise posi-
tion was included in the elasticity parameter K. This non-Newtonian
parameter K is proportional to the material parameter oy and is a
dimensionless quantity representing the ratio of non-Newtonian normal

stress forces to inertial forces.

We solved the ODE numerically using a Chebyshev collocation
method combined with a mapping from the semi-infinite domain to
the computational domain. The non-Newtonian effects in the second
grade (K > 0) and the second order model (K < 0) have almost

opposite effects on the mean flow. In particular, we showed that a
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positive K has the effect of decreasing the shape factor H, which is the
ratio between displacement thickness and momentum thickness, and a
negative K provokes an increase of the shape factor with respect to the
Newtonian case. This is true for all the values of the angle parameter,
By, considered. The results agree with the ones found in the literature
for Newtonian fluids (Schlichting [73]) and second order fluids (Garg
and Rajagopal [32]).

We solved numerically, using a Chebyshev collocation method, the
modified Orr-Sommerfeld equation which governs the evolution of two-
dimensional disturbances (Chun and Schwarz [15]). The results were
presented in terms of temporal and spatial growth rates and neutral
curves. The results indicate that, for all the values of the angle parameter
By, the non-Newtonian terms in the second grade model stabilise the
flow with respect to the Newtonian case, while they have an opposite
effect for the second order model. This is consistent with the results
already known for Poiseuille flows (Chun and Schwarz |15], Sadeghy et
al. [71]). Moreover, we determined the critical Reynolds number, which
is the smallest Reynolds number for which there exists an exponentially
unstable mode. For the second grade model (K > 0), there is a
stabilising effect in terms of an increase of the critical Reynolds. The
effect is the opposite for the second order model (K < 0), where the
instability is enhanced. The linear stability results for the second
order model, which is the one that predicts the correct sign of the
non-zero normal stress differences, are in qualitative agreement with
those obtained by Sureshkumar and Beris [80] and Zhang [96] for the

Poiseuille flow of other viscoelastic fluids.

In Chapter [I], we performed an energy balance. It is well known
that the non-linear terms of the incompressible Navier-Stokes equations
conserve energy. Therefore, in the Newtonian case, the energy balance
can be seen as a nonlinear theory, because it applies to disturbances
of arbitrary amplitude (Schmid and Henningson [77]). We showed
that nonlinear terms in the incompressible two-dimensional governing

equations for the second order models conserve energy.
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For the second grade model (K > 0), the stabilising effect is princi-
pally due to the production term which represents the energy transfer
from the mean flow to the perturbation. The opposite happens for the
second order model (K < 0), where the kinetic energy increases due to

an increase of the production term.

It is necessary not to ignore three-dimensional disturbances. For
Newtonian fluids, Squire’s theorem justifies the study of two-dimen-
sional instead of three-dimensional disturbances. However, this result
for second order fluids cannot be proven. We showed that a positive
elasticity number K destabilises spanwise disturbances while it stabilises
the two-dimensional Tollmien-Schlichting waves. The opposite happens
for a negative K, which decreases the growth rates of mainly streamwise
independent waves and increases the growth rates of mainly spanwise

independent waves.

In Chapter [2, we extended the linear stability analysis to include
the bypass transition scenario. A feature of nonnormal systems, which
are governed by nonnormal operators, is that the eigenspectrum does
not fully describe the whole dynamics. For flows dominated by shear
forces, such as the Blasius flow, there can be transient amplification of

energy due to non-orthogonal eigenfunctions (Trefethen et al. [90]).

In order to give a complete idea of the linear stability characteristics,
the potential transient growth of energy cannot be ignored. Over the
last few decades, a lot of work has been done for Newtonian fluids. To
the best of our knowledge, the transient growth of viscoelastic fluids in

boundary layers has not been investigated in the past.

In this work, the initial-value problem that drives the development
of disturbances is derived for second order fluids following, for example,
Schmid and Henningson [77]. This formulation permits the study of the
behaviour of general solutions, not only single eigenmodes. The resulting
system of equations, unlike in the Newtonian case, is now fully coupled.
In order to quantify the tendency of the flow to transient growth, we
defined the maximum possible amplification of energy density, GG, and
the global optimum, G\,.y, which is the maximum amplification over
all time.
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Once again, the numerical techniques used for the results in Chap-
ter 2| rely heavily on the Chebyshev collocation method. In the New-
tonian case, our results agree with those obtained by Schmid [74] for
Blasius flow and by Corbett and Bottaro [16] for Falkner-Skan flows.
We showed that for the second grade model (K > 0) an increase of
the non-Newtonian parameter K provokes an increase of the maximum
transient growth, G, while the second order model (K < 0) has the
opposite behaviour. The results are qualitatively similar for all values
of the angle parameter, Sy. The largest amplification of energy is
still reached for streamwise independent disturbances (zero streamwise

wavenumber), as in the Newtonian case.

Non-Newtonian terms mostly affect streamwise independent distur-
bances. For K > 0 the global optimum, Gy, is reached for larger
times and for shorter waves (larger spanwise wavenumber) than in
the Newtonian case. On the contrary, for K < 0 the global optimum
is reached for shorter times and for longer waves (smaller spanwise

wavenumber).

Chapter |3] is dedicated to the verification of the linear stability
results obtained in Chapter [1| by means of Direct Numerical Simulations
(DNS). Following Davies and Carpenter [19], the disturbance equations
for second order fluids are rewritten in a compact velocity-vorticity
formulation, where the number of variables in the system is reduced.
The resulting formulation consists of three equations involving only
two vorticity components and one velocity component. We made sure
that, as for Newtonian fluids, this formulation is equivalent to the full

governing equations.

The flow is disturbed by a temporally localised forced impulse.
After the assumption of a normal mode form for the disturbances in the
streamwise and spanwise directions, the variables are expanded in terms
of Chebyshev polynomials. We employ a mapping from the physical
wall-normal coordinate to the computational coordinate and integrate
the equations twice. A comparison between the temporal growth rates
obtained with the DNS and the ones given by the eigenvalue analysis

was presented. We performed several tests of this type, varying the
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angle parameter, Sy, and the non-Newtonian parameter, K. All the
results show a remarkable agreement with those obtained from the

eigenvalue analysis performed in Chapter [1]

The flow of more complex viscoelastic fluids have been considered
in Chapter [l The second order model has been chosen as a “toy
problem” for its simplicity and the possibility of applying a boundary
layer approximation similarly to Newtonian fluids. Although this model
gives an idea of the effects of non-zero normal stress differences on the

stability of boundary layers, it is not used in practice.

As rheologically more complex viscoelastic fluids, we chose the UCM,
Oldroyd B, PTT and Giesekus models. The first step was to write a
single constitutive equation to represent them all. The application of a
boundary layer theory to these models presents some difficulties that
we pointed out in Chapter 4. We chose, as a starting point, to consider
the case of a porous boundary layer. When uniform suction is applied
over a large area through the surface an asymptotic suction boundary
layer (ASBL) develops at some distance from the leading edge. For

Newtonian fluids, the ASBL equations has an analytical solution.

We showed that, by applying a similar theory to the viscoelastic
models considered, an exponential analytical solution can be obtained
for the UCM and Oldroyd B models. For the remaining and more
complicated models, the equations simplify considerably and were solved

numerically.

The natural progression of this work is the investigation of the
linear stability properties of the UCM, Oldroyd B, PTT and Giesekus
models in boundary layers. A linear stability analysis can be carried
out starting from the mean flow profiles obtained by applying the ASBL
theory. In particular, it will be interesting to study how the different
non-Newtonian features represented by these models can affect the

modal and nonmodal linear stability.



APPENDIX A

Some algebraic manipulation

In this appendix, we derive some of the equations used throughout
this thesis.

A.1. Steady two-dimensional equations of motion

In this section, we derive the two-dimensional steady governing equa-
tions, starting from the general balance of linear momentum (|1.4)) and
continuity equation ([1.5)) and making use of the constitutive equation
for a second order model . In the steady case, the left-hand side of

the balance of linear momentum (|1.4)) written component-wise is

Dv ou ou
(rBr) =90, = (G +050).

(P%)z =p((v-V)v),=p (u%ija—

By substituting the expression for the stress tensor ([1.1]) and using the
relation oy + ap = 0, the right-hand side of equation (|1.4]) becomes

Since v is divergence free, we obtain

Au

VAleV:
Av

Y

where A is the Laplacian operator, and
V(A=A =V - ((v-V)A +VvVVv —VvIVv). (A1)

We have the following identities:
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Then, the first component of equation (A.1)) is
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The second component of (A.1]) is
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Therefore, governing equations (1.6 are obtained:

%4_@—0

or 0Oy

LN WYL )
ox dy pox ox? Oy
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All the calculations in this section have been checked with MAPLE [50].

A.2. Boundary layer approximation

We derive the boundary layer equations for a second order model. We
denote L as the z-scale of variation and ¢ to be the characteristic
length in the y-direction. From the continuity equation (1.6a]), we
deduce that the wall-normal velocity v is of order 6U/L. Taking U and
L to be of order 1, we write the orders of magnitude of the various
terms underneath each equation. The momentum equation in the
x-direction ([1.6h)) is
2 2

Ou | ,Ou _ 18p+ﬁ<%+g—;) (A.3)

1

2
1 1 o 1 5
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The momentum equation in the y-direction is
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Retaining the terms of order 1 from the first equation (A.3]), we obtain

the following

ou  Ou 19p p (0% ar| 0% [ Ou  Ou
— trv—=——-——+—| = — == lu=—+v=— A.
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At leading order, the equation ({A.4) gives

0= _10p a0 (@)2 .
pOy  p Oy \ \ 9y
_ o (0uY

we have that p; depends only on z. We take the limit of Equation (A.5))

as y — oo, and we get

Defining

1 0py I dU,

pdr  “dr

where U, is the free-stream velocity.

Combining equation (A.5) with the equation for p, we obtain the

boundary layer approximation (|1.8]):

ou ou 10p ﬂ@

Yor "oy T Tpon | poy?
P, 0 (Pu), ouike
dy* oy oy*|

A.3. Useful identities in 3D

In this section we derive some identities useful to derive the stability
equations for three-dimensional disturbances, which will be done in
Section [A.4l The left-hand side of the balance of linear momentum
can be written component-wise as follows

Dv ov ou ou ou ou
(pﬁ>l ZP(E—F(V-V)V)l:p<a+ua—x+va—y+w§>,
Dv ov ov ov ov ov
(pD—t>2Zp(E%—(V-V)V)Q:p<a+u%+va—y—l—w%),

Por ), =P\ ot — P\ T Yar T ay T8, )

3

Substituting the expression for the stress tensor (1.1)) and making
use of relation (|1.3)), the right-hand side of equation ((1.4) becomes
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Since v is divergence free, the viscous term becomes

Au
V-Ai=Av=| Av |,
Aw

where A is the Laplacian operator. The non-Newtonian term multiplied

by a; becomes

0A
V(A —4}) =V at1+(V~V)A1+VVVVT—VVTVV
The gradient of the velocity field is a tensor that can be written as
follows
du  Ov Jw
— u v w
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du  Ov dw
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Therefore, we obtain the following identities:
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A.4. Three-dimensional stability equations

In this section, we derive the three-dimensional stability equations, in
the form of an eigenvalue problem and in the form of an initial-
value problem . The modified Orr-Sommerfeld equation (|1.22)) can
be obtained as a particular case.

The unsteady and three-dimensional equation of motions for a second

grade fluid derived from equations (1.4}, (1.5 and Definition (1.1]), after
applying the non-dimensionalisation ((1.20]), can be written as follows

( @ + @ + _aw =0
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Du 8p 87—5545 aTxy asz
= + +

Dt~ Oz ' Oz Oy 0z’
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Dw 5%0 0Ty, 0Ty, n 0T,

| Dt~ 9z ox oy 0z’

where T;; are components of the extra-stress tensor T = o + pI, with

(A.6)

o stress tensor defined by Equation (1.1). Therefore, the normalised

extra-stress tensor T can be written as
1
T=—A +Ky(Ay— A}),
Reg
where A; and A, are given by definitions ((1.2). Then, using identities
that can be found in Appendix[A.3] we have
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We assume a parallel and steady base flow and we decompose

the velocity components and the pressure into base field and small

owow OJwdv Owdv Ow 82}]

TZZ

disturbances as follows
u="Up(y) + et(z,y,z1),
v =ev(z,y,2,1),
w = ew(x,y, z,t),

b= PB(x) + eﬁ(x,y,z,t),

where € is a small positive parameter and Up, P represent mean stream-
wise velocity and pressure, respectively. By substituting these decompo-
sitions and retaining terms of order O(¢) in the system ({A.6]), we obtain
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the equations for the disturbance velocities u, v, w and pressure p
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substituting and dividing by the exponential term, the components of

the extra-stress tensor become

2
Tpw = ﬁia@ + K, (2t — 20°Upti — 2UR D),
0
1
= (Da + iad) + Ko(Diy + iody + iaUpDi
€o

+ Upv — o’Upd + iaUpa — UgDY),

=,

A 1
€o

— &*Up — UpDw),
. 2
Tyy = —Db + Ko (2D, + 2iaUpDo + 2U5Da)

vy eo

1

v = (D +if0) + Ko(Didy + 0, — afUp
0

+iaUgDi + ifUR1),

~

2
T.. = —iB + Ko (2ipi, — 208Upw)
R€0

where D denotes the derivative with respect to y and the subscript
t denotes the derivative with respect to t. Therefore, the continuity
equation in the system (A.7)) becomes

iot + Do +ifw = 0,

and the equations of motion in the system (A.7)) become

1
iy + iaUpt + Ugd = —iap + T (D*a — k*a)
€o
+ Ko(D*y — k*ty — iak®Upt + iaUpD*a
+ Upt — o’Upd +iaUpa + iaUpDa), (A.8)

1
b +iaUpd = —=Dp + — (D*0 — k*d)
Reo
+ Ko (D*0; — k>0, + iaUpt — iak®Upd — K*Ugi

+iaUp Do + iaUpD*0 + 2ULDa + 2URD*0), (A.9)



A.4. THREE-DIMENSIONAL STABILITY EQUATIONS 185
~ . ~ YA 1 2 A 2 A
wy + 1aUpgw = —1fp + — (D w—k w)
Reo
+ Ko (D*iy — Ky — iak®Uph — aSURD

+ iaUpD*w + ifURG + ifURDa).  (A.10)
We eliminate the pressure from the equations by introducing the wall-
normal vorticity 7 = it — iaw. First, we multiply equation (A.8) by

1 and subtract i times equation (A.10)), which yields the following
equation for 7

1
M+ Ko (K* = D?) iy = —iaUph — iBURD + T (D* - k*)n (A11)
0

+ Ky (iaUs (D* = k) )+ ipURD) ,

where k* = o? + 32. Then we multiply (A.8)) by i« and sum i3 times
(A.10) and we obtain
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Deriving the last equation with respect to y, we get
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+ iak*UpD*b — ialUp D0 — iaUpD*0
— RUYa — 2k2UL D — k;2U;37>2a>.
We can now sum this equation to k% times (A.9) in order to derive the
following equation for v

1
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Rearranging terms and using 4 = 35(aDv — (1)) we obtain

(K = D?) & + Ko (K* — D*)* 6, = —iaUg (k* — D?) 0

| .
— iU — = (K = D*)" 0 + Ko (iaU}s — iakUps
€0
+ 2iak?UsD* — iaUgD% + kUi + iU H — iBU;D%).

(A.12)
Therefore, the coupled equations (A.11) and (A.12)) for 5 and ¢ will

form the initial-value problem ([2.5). We now assume a normal mode
form also in time, as follows

(0,9) = (01(y), M (y))e ™",

and define q = (01,71)7. Then, we can rewrite equations ([A.11)
and ([A.12) as an eigenvalue problem, as follows

Lq=wMq,

where M and L are linear operators defined as follows

r_ [ Los Lon
i EC ESQ ’
[ k2 —D? 4 K, (k2 — D?)? 0
M = :
_ 0 1+ Ko (k — D?)

where

Los = aUy (K — D?) + all} + —— (i — D?)’
1Reg

+ Ko( — aUp + ak'Up — 2ak*UsD? + aUpD*),
Lox = Ko (=B Up — UR + BURD?)
Lo = pUp — KoBUE,
1
1Reg
Therefore, we obtained the eigenvalue problem .

,CSQ = OéUB + (k‘2 - Dz) + OéKoUB (]{32 — D2> .

For two-dimensional disturbances § = 0 and the equation for the

wall-normal velocity v, when written in terms of the stream function
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¢, reduces to the modified Orr-Sommerfeld equation ([1.22)), which is

(Un = (& — 00) ~ U = 7 {6 = 20%0" + ')}

+ Ko {(Up — )(¢" — 2a°¢" + a'¢) — U} .
These calculations have been checked with MAPLE [50)].

A.5. Conservation of energy

In this section we show that nonlinear terms do not enter the evolution
equation for the perturbation energy for the second grade models,
similarly to Newtonian fluids (Drazin [23]). Therefore, nonlinear terms
conserve energy and the energy balance can be obtained from the
linearised equations. We show this for two-dimensional disturbances
and we do not make any assumption on the mean flow nor on the

domain.

Let us denote with u; and U; the perturbation velocity and the mean
flow velocity in the z;-direction, respectively. Then, we can write the
equation of motion for a second grade model in the x;-direction using
Einstein summation convention as follows

ot~ or, Vo, “ow, o, | Repdr 00,

where 7;; are the components of the following tensor
T = A2 — A%

This formulation can be straightforwardly derived from equations ([1.4)),
(1.5) and definition (1.1)). We isolate the time derivatives in 7;; as follows

8 82u,»
Tij = KU& (81’?) +Ti’j7

where 7;; is the part of 7;; that does not include any derivative with

respect to time. Multiplying each motion equation by u; and summing

on the index 7 we obtain
1 Ou? 0 < 82uz~) B ou; ou; oU;

7
2 Ot Yot \ " 0a? oy T ox; Y oy
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0 1 0? i 87}"'

Ox; R_eoui Ox? 8_90]
Using V-U =0 and V - u = 0, we can rewrite it as follows

1 0u? o o Ou ou; \
e Ko | (et ) — =
2 (975 (915 81’]’ ij an

10(ufu;)  10(u2U;) d(u;p)
_ oA Z O D, —
2 aiL'j 2 8.1'j Uittt al’l

! 4 Ou; o\ oT;
+ Re, (axj (uiaxj) - <8_x]> ) —l—Kouia—xj, (A.13)

where D;; is the mean rate-of-strain defined as follows

L1 fou; o
D”'_§(axj " 8xi)'

We define the total energy of the perturbation contained in a volume V'

1 2 8uz 2
E= [ ~u?dV + K, dv,
v 2 v a.Tj

and the evolution equation for the disturbance kinetic energy is obtained

as follows

by integrating equation (A.13)) over the volume V. In the Newtonian
case, where Ky = 0, the energy F reduces to the kinetic energy and all
cubic terms that derive from the nonlinear terms are integrated out by
assuming the disturbance to be localised or spatially periodic and using

Gauss’ theorem.

In the non-Newtonian case, where K, # 0, integrating equation

(A.13) over V' we obtain

OF 1 (0w’ o7/,

We focus on two-dimensional disturbances, and we show that only the

orl. . .
De, will appear in the energy

evolution equation. We expand the non-Newtonian contribution to the

energy equation (A.13]) as follows

oT;;
Uig = Ny + Ny,
J

linear terms coming from the term u;
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where N; are the terms resulting from the linear terms that we do

not report here for brevity and N, are cubic terms resulting from the
nonlinear terms that can be written explicitly as follows
o? 0? 0? 0?
Ny — 202 9 f g

2
0x? + U@yQ +u8y2 +U@x2

J -

with f, g, h, [ and m are functions introduced to simplify the calculations,
defined as follows

_ Ou ou
f—ua—i—va ,
ov v
g:“a_x”a_y’
y_ Dudu 0udu
Oxdy Oz 0y’

L () (oY’
-\ oz oy ) ’
ou\? Ov Ju

Using the continuity equation, A+C becomes

o0 f 0?g 0?g 0% f
A+C = 2u—’ + 202
+C u8x2+ U8y2+u8x8y+v(9x8y

- 0x \ Oz dy \ Ox or \ Oy oy \ Oy
0 f 0?g
+ u@ + UG_yQ .
F
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All the terms that can be written as a divergence will be integrated out,
therefore we consider only F that can be rewritten as

0z \ 02 ox 0xdy  Ox dy
—l—v2 anU + @ 2+v@+@@
dy \ 0xdy Dy oy?  Ox dy
R I A
~ Yoz \"os? U@a:@y U@y Y or? U@xay
ox ox ox Jy oy ox Oz Jy
—ﬁ U @ 2+u@@+u282—u+uv Ou
- Oz Ox Ox Qy Ox? 0xdy

+£ (] @ 2+u@8_u_u282u —uv O"u
oy ox ox Jy ox? 0x 0y

+ 2@ (u@ + vﬁ> .
dy \ Ox? 0x0y
) 14
B becomes

B—ug u Ou —HJ@ —|—v2 ua—%—l—v il
0 0x0y Oy? Ox \ 0z? 0xdy

u? Ou +uv@ + 2 uva% + v? O
0xdy oy? ox ox? 0x 0y

|
Sl
<

Lou (o P o (o
oy \ 0z0y Oy? Ox \ Ox? oxdy )~

-~

D becomes

ouh Ovh ou ov
D= 23_y+28_x_28_yh_2%h

ouh ovh ou\? ou ov\? ov
=2— 42— 2= | ——=2(=— ) =—.
oy ox oy /) Ox oxr ) Oy

[

-~

I
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E becomes

g Qum oom dul ool ou v
- Oz dy or Oy oxr 0Oy

B 8um+8vm+%_%+2l@
Oz oy or Oy oy
——

Now, adding all the terms that are not yet expressed as a divergence,

we obtain

ov [ 9%*u 0%u
G+H+I+J_20_y<uw+v8x8y)

ou 0*u 0*u ov [ 0% 0%v
Ty (“axay i W) o (“87 ! ”axay>
(e e ey
N Oy 0x? Oy dxdy  Ox Oz
o (2@ Pu 8_u@2u v 0% )
Oy dxdy Oy dy?> Ox 0xdy

N AR Y AR YA
N ox ox 2 \ 0y 2 \ Oz
00\ 1 (0u)* L (00’
Y oy 2 \ Oy 2 \Ox
o[ (L (a1 o
x ox 2 \ 0y 2 \Ox
dy dy 2\ 0y 2 \oz/) |’

All the nonlinear terms have been written as divergence. Using Gauss’

u
—v

9
9
0
9

divergence theorem and the boundary conditions, these terms will

disappear once they are integrated over the domain.
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A.6. Energy balance

In this section, we derive an energy balance for the second order fluids.
Consider the modified Orr-Sommerfeld equation (|1.22))

(UB—C) (¢//_a2¢)_Ug¢:ia}zeo {¢iv_2a2¢//+a4¢}

+ Ko {(Ug —¢) (¢ —2°¢" + o) — Uy o} . (A.14)

Multiplying by the complex conjugate ¢, integrating with respect to y
and using the homogeneous boundary conditions the left hand side of

Equation (A.14) becomes
| (W= 66— ? Un - )16 ~ UBlof?) dy -
0
= (it ath) — [T (U6 + Ul + (Uh + oUs) 1)

0

where we defined

I} :/ 0W)2dy  for k=0,1,2.

0

Integration of the viscous terms in Equation (A.14]) gives
/ ) (070 —20%¢"d + a'[9]?) dy = I3 +2°17 + oI5
0
The non-Newtonian terms, multiplied by K, in Equation become
| (W= o) (0~ 2020+ a16) - o) dy -
= —c (I3 + 22717 + o' 15) + / " (U034 20T +20%U4d'5) dy
0
[ Rl 4 202Ul + (a0~ U) 167 dy
Thus, we get
—iaReoc (I + &°I3) = (—1 +iacKoReo) (I3 + 20°17 + o'I7)
—iakes [ (Up'-+ Uslo' + (U + 0*Us) oF) dy

— iaK,Rey / (U467 + 208" 3 + 20°Ud'd + Usld'P) dy
0
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— iaKyReq / (20°Us|¢')" + ('Us — UR) |6]°) dy.
0

We take the real part of this equation and use the following identities

for a complex number z = z, + iz;
R(iz) = R(iz, — 21) = — 2,
z—2z 1

5= :_§<Z_Z>‘

We find

aReoc; (I7 + o?15) = — (1 + ac;KoReo) (I + 20717 4+ o' I3)

1 Reg

e [ (U (66 - 0)
S /0 (Us (8"6 — 6") + 20U}y (6'6 — ') dy
Ko R * / "7 v
_QT/ (20U} ("¢ — ¢/9")) dy.

Using integration by part, we obtain the energy balance ((1.24)):

aReqc; (112 + 042]02) + KoaReqgc; (122 + 2a2112 + a4]§) =
- (2071 1) - 5 [ (00 - 0))
SRR [T (20 (6 - 6) + (207U}, - UR) (66 - 65) dy
0

A.7. Non-dimensional governing equations for the
PTT and Giesekus models

The ASBL equations for the PTT and the Giesekus models need to be
solved numerically. For the purpose of the linear stability analysis, we
non-dimensionalise the ASBL equations using the following transforma-

tions (4.8]). Therefore, the equations obtained in Section for the
linear PTT model become

du  dr, d*u
o 2T 0
dy + dy +de2

dp 1 dry,

_8_y+ Re dy
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where Re = %O is the Reynolds number and the components of the

polymeric stress tensor are governed by

ATy du

d Wi
— K = 2 Wi+ € Wi—uny + eﬁfm (Tow + 7yy) = 0

dy
Tay — Kdgyfy — Wi jy € v;/l Zu (Taw + Tyy)
ey (e + ) — (1= B)5 =0
_ Kd;;;y Wi du Tt e%ryy (Tax + Tyy) = 0.

. . A V2
where Wi = AlU& = ’mn% is the Weissenberg number and K = 2220

10

For the exponential PTT model, the motion equations do not change

from the linear case. However the elastic stress equations obtained in

Section [4.3.9 become

d d d
Tow — K ;—;x -2 Wz’—umy + fWid—uTxy

dy
Wi
+ {exp (em(Tm + Tyy)) — 1] Tox = 0

dTyy du Wi du
Toy — K dy - Wld_yT y T & 5 d (Taw + Tyy)
Wi du
+ {exp (Em(ﬂw + Tyy)> - 1} Toy — (1 — B)d—y =0

dr, du Wi
Tyy — d—Zy + fWZd—yTxy + {GXP <€m(7m + Tyy)) - 1] Tyy = 0.

For the Giesekus model, the equations obtained in Section

become

ATy du Wi
Tz — K i — 2Wzd—y7'my +a1 —3 (fo +T§y) =0
dr, du Wi du
Toy — K dyy_ Wzd Tyy+a1 ﬁTw(qutTyy)—(l—ﬁ)@:O
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