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Abstract

Spectral measures for fundamental representations of the rank two Lie groups
SU(3), Sp(2) and Go have been studied. Since these groups have rank two, these
spectral measures can be defined as measures over their maximal torus T? and are
invariant under an action of the corresponding Weyl group, which is a subgroup
of GL(2,Z). Here we consider spectral measures invariant under an action of the
other finite subgroups of GL(2,Z). These spectral measures are all associated with
fundamental representations of other rank two Lie groups, namely T? = U(1)x U (1),

U(1) x SU(2), U(2), SU(2) x SU(2), SO(4) and PSU(3).
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1 Introduction

In [10, 11, 12, 13, 14] the authors have studied spectral measures for fundamental repre-
sentations of the rank two Lie groups SU(3), Sp(2) and G3. The spectral measure of an
operator is a particular compactly supported probability measure on the spectrum of that
operator. A representation graph of G is the fusion graph for an irreducible character of
G. By a spectral measure for the Lie group G we will mean the spectral measure of (the
adjacency matrix of) such a fusion graph. In particular, the joint spectral measure for
the two fundamental representations of the rank two Lie group were studied. The joint
spectral measure has support given by the joint spectrum o(Aq, Ay) of the operators given
by the adjacency matrices Ay, Ay of the representation graphs for the two fundamental
representations p1, po of G. The pushforward of these joint spectral measures under the
projection on the spectrum o(A;) of a single fundamental representation p; then yields
the spectral measure for p; on o(4;).

Since these groups have rank two, these spectral measures can also be defined as
measures over the two-torus T? (which is isomorphic to the maximal torus of the rank
two Lie group). The characters of the fundamental representations define a surjection
from T? to the joint spectrum o(A;, Ay), which is invariant under the action of the Weyl
group W(G) of G on the torus. The Jacobian for the change of variables from T? to
o(A1, Ay) clearly plays a key role in the spectral measures for G over both T? and the
joint spectrum. This approach fits with the spectral measure blowup philosophy of [2].

In conformal field theories built from these Lie groups, one considers the Verlinde
algebra at a finite level k, represented by a non-degenerately braided system yXy of
irreducible endomorphisms on a type III; factor N, whose fusion rules {N}{ } reproduce
exactly those of the positive energy representations of the loop group of the Lie group
G at level k, MMN, = > N N,. The statistics generators S, T' obtained from the
braided tensor category yAXn match exactly those of the Kac-Peterson modular S, T
matrices which perform the conformal character transformations [28] (see also footnote 2
in [4]). The fusion graph for these irreducible endomorphisms are truncated versions of
the representation graphs of G itself.

A braided subfactor is an inclusion N C M where the dual canonical endomorphism
decomposes as a finite combination of elements in yX), and yields a modular invariant



partition function through the procedure of a-induction [5, 3, 9]. The action of the N-
N sectors yXy on the M-N sectors Xy and produces a nimrep (non-negative integer
matrix representation of the original fusion rules) G G, = > N\ G, whose spectrum
reproduces exactly the diagonal part of the modular invariant. In the case of the trivial
embedding of N in itself, the nimrep G is simply N. The joint spectrum of the nimrep
graphs for the fundamental generators of the system yAy is again contained in the joint
spectrum (A1, As) of G. One can then determine the (joint) spectral measure for these
nimrep graphs over both T? and o(A;, Ay) — see [10, 11, 12, 14] for more details in the
cases of the rank two Lie groups SU(3), Sp(2) and Go.

For a rank two Lie group G, the spectrum of the McKay graphs (or representation
graphs) of a finite subgroup H C G are also contained in the joint spectrum o(Aq, Ag) of
G. One can thus also determine the (joint) spectral measure for these graphs over both
T? and o(Aq, Ay) [13)].

The compact semisimple rank two Lie groups are SU(2) x SU(2), SU(3), Sp(2) and
G (they are in fact simple, apart from SU(2) x SU(2)), and are all connected. Their
Weyl groups are the dihedral groups Dy, Dg = S3, Dg and D15 respectively, where D,,
is the dihedral group of order n, which are all subgroups of GL(2,7Z). Spectral measures
for SU(3), Sp(2) and Go were considered in [10, 11, 12, 13, 14]. Spectral measures for
SU(2) x SU(2) are products of the spectral measures for SU(2), considered in [1, 10].

In this paper we consider spectral measures associated to all the finite subgroups I' of
GL(2,Z) which are not also finite subgroups of SL(2,Z). The spectral measures consid-
ered are invariant under an action of the group. We consider two types of representation
graphs G, and H,, and hence determine spectral measures for two types of operators. The
representation graph G, (with adjacency matrix denoted by A,) is given by the fusion rules
for characters with respect to multiplication by the character x, for the representation
p. The representation graph H, (with adjacency matrix denoted by 'A ) is given by the
fusion rules for characters of T2, with respect to multiplication by the restriction of y, to
T2. (Joint) spectral measures for the representation graphs associated with fundamental
representations of other rank two Lie groups, namely T? = U(1) x U(1), U(1) x SU(2),
U(2), SU(2) x SU(2), SO(4) and PSU(3) are studied.

The paper is organised as follows. In Section 2 we discuss some preliminary material,
beginning with the finite subgroups of GL(2,Z). Then in Section 2.3 we discuss orbit
functions [19, 20] which have been the objects of much attention in the last decade, see
e.g. [22]. For an irreducible representation of a compact semisimple Lie group G with
Weyl group W (G), these orbit functions are the contribution to the character from a
single orbit under the action of W (G). We present an analogous definition in the case of
an orbit under the action on T? of any reflection group which is a finite subgroup I' of
GL(2,7). The orbit functions are used to define formal characters (which coincide with
the characters of G for I" the Weyl group W (G)), which in turn are used in Section 2.4
to define families of representation graphs associated with the finite subgroup I'. The
first family is given by the fusion graphs G for these formal characters, and the second by
the fusion graphs H for the action of these formal characters on T?. A discussion on the
relation between spectral measures over certain different domains is given in Section 2.5.

In Section 3 we discuss the spectral measure for the representation graphs H, G over
T? (for all finite subgroups of GL(2,Z)). Then in Sections 4-9 we determine the (joint)
spectral measures for the representation graphs over the (joint) spectrum for each finite



subgroup of GL(2,Z). This will essentially be obtained by determining the Jacobian
J = Jr of a particular change of variable for each group I'. As one consequence, we prove
a conjecture from the Online Encyclopedia of Integer Sequences (OELS) [24], namely that
the number of walks on N? starting and ending at (0,0) and consisting of 2n steps taken
from {(—1,—1),(—1,1), (1, —1),(1,1)}, is given by the squared Catalan numbers A001246
(see Remark 8.5).

2 Preliminaries

2.1 Finite subgroups of GL(2,Z)
There are 13 finite subgroups I' C GL(2,Z), up to conjugacy in GL(2,Z) [23]:

(i) T CSLR2,Z): Zo 7, Zs, Zy, Zs,
(i) T ¢ SLRz): 79,28 D, P, D, DY, Ds, Dy,

where '™, T') denote non-conjugate embeddings of I' in GL(2,Z) for i # j. The first
five subgroups are also finite subgroups of SL(2,Z). We denote by & the set of all finite
subgroups of GL(2,7Z) (up to conjugacy in GL(2,7Z)) which are not finite subgroups of
SL(2,7), i.e. those listed in (i7). Generators for these groups are given below:

1 0 -1 0 —1
Zo: 1, z&M . -, 23:T3:<1_1), Z4:T4:<1 0),
O AU @. pn_(1 0 @ . qw_ (01
DYV —I.T, DY —I,T, DV Ty, T,
Dé2) : Tg, —TQ,, Dg : T4,T2,, D12 : T6,T2,.

There is an obvious action of I' C GL(2,Z) on R? that is, T(m,n) = (ayym +
a1an, amym + agon), for m,n € R, which drops to the quotient R?/Z? = T2

For a finite subgroup I' € &, we denote by P, the fundamental domain of the quotient
Z?)T such that (A, Xg) € P, for all 0 < Xy < A, and by Py, the set P,y = {)\ €
Py v\ # X for any v € '}, i.e. if A € P, \ Py then A lies on the boundary of P,.

We have inclusions of these subgroups as illustrated in Figure 2.1. The lines between
these subgroups indicate the inclusions of one subgroup in another, where a double line
denotes that one is a normal subgroup of the other. Above each subgroup I is a diagram
illustrating the lines of reflection (the solid lines in each diagram) given by the action of
[ on T?, and the shaded region indicates a fundamental domain of T?/T". The individual
diagrams are given in more detail in Sections 5-9.

We are interested in the finite subgroups of GL(2,Z) which could appear as the Weyl
group for a rank two Lie group. The finite subgroups of SL(2,Z) are generated by
rotations of Z2, whilst the subgroups in & are generated by reflections of Z2. As Weyl
groups are finite reflection groups, we will restrict our attention to the groups in &, i.e.
the finite subgroups of GL(2,Z) that are not subgroups of SL(2,Z). We note however
that Z,, € SL(2,7Z) is a normal subgroup of a dihedral group Dy, = Z, X Zy € GL(2,7).



Zéz) — Vs Zé” —

Dz(tl) D‘(‘Z)

Figure 1: Inclusions of finite subgroups of GL(2,Z)

More precisely, ZS” x 2§ = DY for j = 2,3, Zy x 2 = D, 7, x 7§ = Dy for
j=2,3, and Zg x Z¥ = Ds.

2.2 Rank two Lie groups

The simply-connected compact simple rank two Lie groups are SU(3), Sp(2) (the second
order symplectic group, the set of 4 x 4 unitary matrices U such that UTJU = J, where
J = I, ® Ty, for I the 2 x 2 identity matrix), and Go, whilst the only other simply-
connected compact semisimple rank two Lie group is SU(2) x SU(2). Their Weyl groups
are the dihedral groups Dg = S3, Dy, D15 and Dy respectively, where D,, is the dihedral
group of order n, which are all subgroups of GL(2,Z). All compact connected rank two Lie
groups are given by quotients of SU(3), Sp(2), Go or of products of SU(2), T = U(1), by
finite subgroups of their centers. The centers of SU(3), Sp(2), Go, SU(2) are Zs, Zy, Zo, Za
respectively. Thus all connected but non-simply-connected compact rank two Lie groups
are given by T? = U(1) x U(1), T x SU(2) = U(1) x SU(2), the double covered groups
(Tx SU(2))/Zy =U(2), (SU(2) xSU(2))/Zs = SO(4), T x (SU(2)/Zs) = U(1) x SO(3),
SU(2) x (SU(2)/Zs) = SU(2) x SO(3), Sp(2)/Zy = SO(5), the triple covered group
SU(3)/Zs = PSU(3), and the quadruple covered group (SU(2)/Zy) x (SU(2)/Zs) =
SO(3) x SO(3). These Lie groups have Weyl groups 0, Zs, Zs, D4, Zs, D4, Ds, Dg
and D, respectively, which are also all finite subgroups of GL(2,7Z). There are two non-
conjugate embeddings each of Zy, Dy and Dg in GL(2,Z), as described in Section 2.1.
By comparing the action of the Weyl group on the maximal torus with the action of
I' € GL(2,Z) on T? described in Section 2.1, we find that both embeddings in GL(2,Z)
of each of Zs, Dy and Dg appear, as described in Table 1. Thus the Weyl groups for the
connected compact rank two Lie groups listed above in fact exhaust all finite subgroups
of GL(2,Z).



| Compact Lie group G| Lie algebra | We | m(G) | m(G) |

SU(3) Ay = su(3) DY 0 0

Sp(2) Ch = sp(2) Ds | 0 0

Gy g2 Dy 0 0

SU(2) x SU(2) Ay x Ap =su(2) x su(2) | DY 0 0

T2 = U(1) x U(1) & 0 0 72

T x SU(2) t x su(2) VAS 0 Z

U(2) u(2) =t x su(2) z% 0 Z

SO(4) Dy = s0(4) 2 su(2) x su(2) | DY 0 Lo

. PSUB) | @) D0 | 2|

T x SO(3) t x su(2) z 0 7 X Zs

SU(2) x SO(3) su(2) x su(2) D 0 Zs
SO(3) x SO(3) su(2) x su(2) DY 0 Zo X 7o

SO(5) By =s0(5) = sp(2) Dy 0 Lo

T x O(2) =T x (T x Zj) 2 79 |z, -

0(2) x O(2) 2 DY | Zy x Z, -

0(2) x SU(2) t x su(2) DV | 7, -

0(2) x SO(3) t x su(2) DV Zs -

T2 % ZY 2 Z9 |z, -

(SU(2) x SU(2)) X Zy su(2) x su(2) Dy Zo -

(0(2) x O(2)) X Zg t2 Dy Dy -

Table 1: Compact Lie groups G of rank two and their corresponding Lie algebra, Weyl
group Wg C GL(2,Z), group of components m(G) and fundamental group m(G).

The Lie group G is connected if and only if its group of components 7y (G) is trivial,
and simply-connected if and only if its fundamental group 7 (G) is trivial. The compact
rank two Lie Groups in Table 1 are grouped into blocks as follows. The first block of four
Lie groups are all semi-simple, connected, simply-connected compact Lie groups — these
are the only simply-connected compact rank two Lie groups. The next block consists of
the products of T and SU(2) (excluding SU(2) x SU(2) which was included in the first
block). Note that T x SU(2) is semisimple, but T? is not usually regarded as semisimple
since it is abelian. The groups listed in the third block are all compact connected rank two
Lie groups which are (double-, triple-, or quadruple-)covered by groups in the first two
blocks. The dashed line separates the Lie groups for which the Weyl group Wg C GL(2,7Z)
do not already appear in the first two blocks, and those for which W does appear. The
latter Lie groups are not considered in this paper.

In the final block we have listed non-connected compact rank two Lie groups. We do
not list Lie groups which are products G x H where G is a compact, connected rank two
Lie group and H is an arbitrary finite group, as the Weyl group in this case is just Wg,
the Weyl group for GG, and its group of connected components is H. The only semidirect
product T? x ', T' C GL(2,Z), which appears in this list is for I' = Zg?)) C GL(2,7Z).
This is because all other subgroups I' C GL(2,Z) either act trivially by conjugation or



the only non-trivial action of I' is that given by ng) (as is the case for Z, and Df)).
Thus the semidirect product T2 x T’ reduces to a product of T2 (or T? x Z{¥) by some
IV C GL(2,Z). Finally, for the last two groups listed, the Zs-action interchanges the two
components in the product.

In this paper we determine spectral measures associated to the compact connected rank
two Lie groups listed in the first three blocks, as these are sufficient to exhaust all finite
subgroups of GL(2,Z), up to conjugation in GL(2,Z). For our purposes it is sufficient
only to know the embedding of the Weyl group as a subgroup of GL(2,Z). The irreducible
characters and corresponding representation graphs will be constructed in the proceeding
sections from knowledge of I' C GL(2,7Z). For one of the groups G contained in the fourth
block in Table 1, one could obtain the spectral measures in this case by considering its
corresponding covering group H in the first two blocks, and determining the spectral
measures for representation graphs corresponding to those irreducible representations of
H which are fundamental generators (see Section 2.4) of G. Such spectral measures will
not be determined in this paper.

The framework used here, which is described in Sections 2.3-2.5, cannot be used for
subgroups I' C SL(2,7Z), since a fundamental domain P, of Z? /T is not uniquely defined.
It is still possible to associate a graph G, and hence a spectral measure, to I'. One way
of doing this is described in Remark 7.2 for the case of Z However the joint spectrum

® of the graph G is equal to the joint spectrum of D4 i Z(l X Z , and the spectral
measure over ® is twice that for Dfll). Similar statements can be made for the other
subgroups I' C SL(2,7Z), with the spectral measure over the joint spectrum ® for I' being
twice that for the corresponding dihedral group D =2 I" x Zs. Thus from this perspective
the finite subgroups of SL(2,7Z) do not give anything new compared with the subgroups

in &.

2.3 Orbit Functions and characters

Symmetric, anti-symmetric orbit functions C, Sy respectively are defined for a compact,
semisimple Lie group G and are closely related to the Weyl group Wg of G [19, 20] (see
also [22]). They are also called C-, S-functions respectively, since when defined for SU(2)
these functions coincide with cosine, sine functions respectively. When G is a Lie group
of rank n, then C), S, are functions of n variables which are the set of distinct points in
R"™ generated by the action of W on A. The n-tuples A are usually taken to be in the set
Py ={>""  AMA\;|0 <\, € Z}, where A; are the fundamental weights of G. However, the
definition extends to A € P = {>""" , N\;| \; € Z} = Z".

We will define C-, S-functions for any finite subgroup I' of GL(2,7Z), by replacing the
Weyl group We with I'. As discussed in Section 2.2, such a I' is in fact the Weyl group for
a compact, connected rank two Lie group G, although the existence of such a Lie group
is not necessary for the definition. Such a Lie group G will not necessarily be semisimple,
and thus extends the definitions of [19, 20] of orbit functions to non-semisimple compact,
connected Lie groups. For A € Z™ and 0 € R",

_ Z 627ri<'y)\,0>’ Z det 27rz (YA, 9 (1)

~vel vyel’



where (-, -) is the Euclidean inner product on R". For I' C SL(2,Z), the definitions of
C and S coincide, since det(y) =1 for all v € T".

In the case where I' = Wy is the Weyl group for some compact, semisimple Lie
group G, and A € P, the definition of C) given above is not the usual definition of
C-function used by Patera et al., which is Cx(x) = [Staby|™' Y2, oy, €™ ™. Here
Staby = {w € Wg|wA = A} is the stabilizer group of A. Note however that for A € P,, =
{A=>"" NN 0 < N € Z}, ie. for A in the interior of Py, [Staby| = 1 so that in that
case 5,\ = ().

For any I' C GL(2,7Z) these orbit functions are orthogonal over T" (c.f. [21] in the
case where I is the Weyl group for some compact, semisimple Lie group):

| cocme = s, = [ s @)

for \,u € Py, where 0 = (01,0,,...,0,), ¥ € T" and df = df,---df, for do;
the uniform Lebesque measure over T. These equalities follow from the orthogonality
Jpu™du = 6,0 of T, since

CAO)CL(0)d0 = Y / M 0A) = 3" G = D6,
’]Tn

" vy €D v €T

and

Sx(0)S,(0)d0 = Zdet(y)Zdet(fy’)/ 2T 10) 49
Tn

I ~yel ~v' el

= Z det(7) Z det(v') dynn = [Tl O

yel’ y'er

where we also use the fact that for A, u € P., YA =+u< A =pand v =7+".

For I" € &, we have Sy, =0 for A € P, \ P,,, i.e. for A lying on the boundary of P,
since for every element  with det(y) = 1 (i.e. 7y is a rotation), there exists an element ~/
with det(7') = —1 (i.e. 7' is a reflection) such that v/yA = vA. Thus in the summation
for S, the terms for 7'y and + have opposite signs and thus cancel.

When I' # Zg)’), we denote by o the point in Py, such that (g, o) < (A, A) for all
A€ P,.. For Zg’) there are two points (1,0), (0, —1) in P, which satisfy this condition,
and we take g to be (1,0). Then we define a formal character x, for A € Py by

Xa(wi, wa) = Sxio(01,02)/5,(01,02), (3)

where w; = > € T, j = 1,2. Note that x, is non-zero only for A € P, , since for
N € P\ Pyy, xxy =0 (since Sy =0).

We observe that since I' = Wy is the Weyl group for a compact, connected Lie group
G listed in the first three blocks of Table 1, equation (3) is just the Weyl character formula
for G. In the case of the other connected Lie groups G listed in Table 1, since these groups
are each covered by a group H from the first two blocks, (3) still yields the character for
irreducible representations of the Lie group, but only for the subset of P, corresponding
to those irreducible representations of H which are irreducible representations of G.

8



For non-connected Lie groups, which are all semi-direct products G = N x Z, where
N is one of the groups listed in the first two blocks of Table 1 and is normal in G, the
irreducible representations A and v(A) (for v the non-trivial element of Z,) are either
isomorphic or not. In the case where they are, one obtains two irreducible representation
(A,0), (A, 1) of G whose characters on T? are both given by x0)(t) = x(n1)(t) = xa(t)
for t € T2?. In the case where they are not isomorphic, one obtains a single irreducible
representation X' of G whose character on T? is given by xx(t) = xa(t) + X (¢). Thus
equation (3) is the Weyl character formula in the case where A = v(\), whilst for A 2 v()),
the Weyl character formula reads x (w1, w2) = (Sxto(b1,02) + Suinio)(01,62))/Se(01,62).

It was noted in [12, §5] in the context of the Lie group Go that there is a connection
between the orbit function Sy,,(x) and the modular S-matrix for the conformal field
theory associated to Gy at finite level k. More precisely, if we let x = ((u1 + 1)/3(k +
4),—(p2+1)/(k+4)), then up to a common scalar multiple, Sx;,(x) = S\ ,. Here we are
instead using Dynkin labels for A, p € P;. Similarly, if we let © = ((u1+1)/2(k+2), (12 +
1)/20k+2), (21 +12+3)/305+3), (s + 212+ 3) /306 + ), (1 + o+ 2)/2(k+3), (1 +
2412 + 3)/2(k + 3)) respectively, then up to a common scalar multiple, Syi,(x) = S, for
SU(2) x SU(2), SU(3), Sp(2) respectively, at finite level k, again using Dynkin labels for
A, i € Py. Thus for all the semi-simple, connected, simply-connected compact rank two
Lie groups the modular S-matrix is given by the orbit S-function, up to some common
scalar multiple which ensures that the S-matrix has norm 1.

2.4 Representation graphs

We construct two families of graphs for each subgroup I' C &. One family is the McKay
graphs G' for the irreducible representations of a compact, connected Lie group G with
Weyl group I', the other is the McKay graphs H! for the action of the irreducible repre-
sentations of G on the irreducible representations of the torus T2.

For any A, u € Py, xax, decomposes into a finite sum of characters x, for v € P,
since these are characters of a compact, connected Lie group G. More explicity,

XX = > X, (4)

where mf;u € N such that ) m;)u <ooforall \, ue Py.

Thus we may form the (infinite) graphs G}, the McKay graphs for the irreducible
representations A of the compact, connected Lie group G, whose vertices correspond
to the characters and edges correspond to multiplication by x,. The normal matrices
Ay = (m,’)u) v, the adjacency matrices of the graphs G}, commute since the characters
X do. In the case where () is real-valued for all x € T?, the matrix Ay is self-adjoint.

Now let {0 us) }pusuoez be the irreducible characters of T2, where o(y, ) (t1,t2) =
thieh? for t; € T, py, o € Z. The characters y, of G decompose as a finite sum of
characters o, of T? for v € Z?, and hence y,0,, decomposes into a finite sum of characters

o, vell?,
X\O0py = Z ni\ujo-l/7 (5)
14

where nf;,, € N such that ) n;)u < oo for all \, 4 € Z%. By considering the action of y, on
the o, we obtain a second pair of (infinite) graphs, H}, whose vertices correspond to the

9



irreducible characters of T?, and edges correspond to multiplication by yy. We will label
the vertex corresponding to o, by v € Z2. Again, the normal matrices "Ay = (nf;u) v, the
adjacency matrices of the graphs H}, commute, and in the case where x () is real-valued
for all z € T?, the matrix 'A is self-adjoint.

We will specify a pair of points py, po € P, which we will call fundamental generators,
since their characters are generators in the sense that y, for any other A\ € P, appears
in the decomposition of the product of some powers of x,, and x,,. In fact, {x,, X}
is a system of generators for the algebra of characters in all cases, except for the groups
Z;?’) and Dél). For ng) one needs to also use the additional information that xy(wi,ws) =
XA(@T, w2) (= xa(wr,@32)), where X = (A, —)y) for A = (A1, A2), which corresponds to the

(3)
automorphism of the graph (]52 given by reflecting the graph about the line y = —z and
reversing all orientations (see Figure 6 for the cases where u = pq, py respectively). For

Dél) one needs to also use the additional information that yx(wy,ws) = x (W1, wz), where
X = (A1 + A2, —)y), which corresponds to the automorphism of the graph QE o’ given by
reflecting the graph about the x-axis and reversing all orientations (see Figure 22 for the
cases where p1 = py, py respectively).

We will study (joint) spectral measures for the pair of graphs (g;, QZZ), and similarly
for the pair of graphs (K} ,H},). Equation (4) can be interpreted as meaning that the
matrix A, has eigenvector (x,(f)), for eigenvalue x,, (#), 6 € [0, 27]%. Thus the spectrum
of A,, is given by x,,(T?). Similarly, from equation (5) we see that the spectrum of ‘A,

is also given by x,, (T?).

2.5 Spectral measures over different domains

Suppose A is a unital C*-algebra with state ¢. If b € A is a normal operator then there
exists a compactly supported probability measure v, on the spectrum o(b) C C of b,
uniquely determined by its moments

e(b™"H™) = / 2"Z"dwy(2), (6)
o(b)
for non-negative integers m, n. If a is self-adjoint (6) reduces to
olan) = [ aman ) @

with o(a) C R, for any non-negative integer m.

One can also consider more general measures over the joint spectrum o(a, b) C o(a) X
o(b) C C? of commuting normal operators a and b. The abelian C*-algebra B generated
by a, b and the identity 1 is isomorphic to C(X), where X is the spectrum of B. The
joint spectrum is defined as o(a,b) = {(a(z),b(z))|x € X}. In fact, one can identify the
spectrum X with its image o(a,b) in C?, since the map x — (a(z),b(z)) is continuous
and injective, and hence a homeomorphism since X is compact [26]. In the case where
the operators a, b act on a finite-dimensional Hilbert space, this is the set of all pairs
of real numbers (A,, Ay) for which there exists a non-zero vector ¢ such that ap = A\, ¢,
by = A\p¢p. Then there exists a compactly supported probability measure 7, on o(a,b),
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the joint spectral measure of a, b, which, for a # b, is uniquely determined by its cross
moments
p(a™ a2 H*"?) :/ w™w™ 2" 2" Ay, (w, 2), (8)
o(a,b)
for all non-negative integers m;, n;. In the case where a or b is self-adjoint, it is sufficient
to consider the cross moments with n; = 0 or ny = 0 respectively in (8) to determine
the measure 7,;. For a,b both self-adjoint, the spectral measure for a is given by the
pushforward (p,)«(Vap) of the joint spectral measure v,;, under the orthogonal projection
Pa onto the spectrum o(a). In particular, v,, 1, can be determined by additionally setting
mge = ny = 0, m; = n; = 0 respectively.
Let 2y = xa(w1,w2) and let ¥y, be the map (wy,ws) — (2, 2,). We denote by D, ,
the image of W, ,(T?). Note that D), = D, . Then any [-invariant measure ¢, , on T?
produces a probability measure v, , on ® by

Y(wy, 2,)dvy 4 (T8, )) 2/ P(xa (w1, wa), Xp(wr, wa))dey u(wr, wa), 9)
D T2

for any continuous function ¢ : ©,, — C. Any such measure is uniquely determined
by its cross moments Sy nymone = fi’w xf\“lx_,\"lxﬁzx_unzdﬂw(x,\,:cﬂ). Since the x, are
invariant under the action of I' on T?, @, , is isomorphic to a quotient of T? by I'. We
denote by C' a fundamental domain of T? under the action of I'. The torus then contains

II'| copies of C, so that

P(wr, wa)dey p(wr, w2) = |T| /C¢(w1,w2)d5m(w1>w2)> (10)

T2
for any I'-invariant function ¢ : T2 — C.

As discussed above any probability measure on ©, , yields a probability measure on
oy, given by the pushforward (py).(7y,) of the joint spectral measure vy, under the

orthogonal projection py onto the spectrum o(\). In particular, when ¢(zy, x,) = ¥(x))
is only a function of one variable x, then

G() A (0, ) 2/ ¥(z)) /m,u(m) dvsu(@n, 20) = /UA () dva ()

QNM (=P

where the measure dvy(z)) = fxﬂem () dvy (A, x,) is given by the integral over z, €
S

Dau(my) = {7y € 04l (22, 7,) € Dy} Note that D, 5 = oy, thus for non-self-adjoint A
the joint spectral measure of A, A (over ® )\7;) is in fact the spectral measure of both A
and \.

3 Joint spectral measures for rank two Lie groups

3.1 Joint spectral measure for FAPZ.

The adjacency matrices 'A,, can be identified with operators on ¢*(Z)®¢*(Z), where if x,,
decomposes into irreducible characters of T? as x,, = >_, p.o,, then'A, =" pl s @572,
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where v = (1, 1), s is the bilateral shift on ¢*(Z). For Q = (§,0),ez, we regard Q ®
as corresponding to the vertex (0,0) whilst (s#* ® s#2)(Q ® ) corresponds to the vertex
(11, o) of HJ,. We define a state ¢ on C*(vy,v3) by ¢(-) = (- (Q®Q),Q® Q). Then
o(sM ®@sM) = (M @ M) (AR Q), 2R Q) = dx,.00x0.0-

Then we have the following result for the joint spectral measure over T? of ("A,,TA,,):

Theorem 3.1. The joint spectral measure ¢ (over T?) for the pair of graphs (), ,H},)
is given by the uniform Lebesgue measure de(wy, ws) = dw; dws.

Proof: The result follows from the fact that [,w*dw = fol e*™0% 40 = 6, 0, and thus

n

/ X1 (W15, 02) ™ X pr (W1, W2) X g (W1, W)X py (w1, W) devy dwy
’]I‘Q

= o((D,)™ (D)™ (D)™ (A,,)™).

See e.g. [10, Theorem 2| and [12, Theorem 3.1] for explicit details in the cases of SU(3)
and G4 respectively. O

In fact, by a similar proof the measure ¢ given in Theorem 3.1 is the joint spectral
measure over T? for the pair of representation graphs graphs (H}, 7—[5) for any pair A\, u €
P, (note that A, are irreducible representations of a connected Lie group G from the
first three blocks of Table 1 such that the Weyl group of G is I'). Thus the spectral
measure over T? is independent of the choice of \, u € P,.

We now consider the joint spectral measure v over ® := 9, ,,, the joint spectrum
of the commuting normal operators 'A, , TA ;. We denote by Jr be the Jacobian Jpr =
det(0(x,y)/0(6;,62)) for the change of variables z := z,,, y := x,,. Over ©, we thus
obtain

B (W1, W2), Xpa (621, w2))dlon iy = / blo )y dedy,  (11)
C 3]
Then from Theorem 3.1 and (10) we obtain

Theorem 3.2. The joint spectral measure v (over ®) for the pair of graphs (7—[51,7-[52) is

- _r
dv(z,y) = VAR dz dy.

We determine the Jacobian J = Jr for each group I' in the following sections.

3.2 Joint spectral measure for A,

The joint spectral measure for A, (over T?) for SU(3), Sp(2), G2 was shown to be given
by de(wy,ws) = ar|Jr(01,0:)]?/167* dw; dws, where dw is the uniform Lebesque measure
over T and ar = 1 for I' = Dg, D15 (the Weyl groups of Sp(2), G5 respectively), and
ape = 2 for SU(3) [10, 11, 12, 13, 14]. Over @, the joint spectral measure is thus given
by dv(x,y) = ar|Jr(z,y)|/167* dz dy. The same results hold for SU(2) x SU(2), where
ar = 1 [1, 10]. It can be shown from Sections 4-6 that the same results hold for the
rank two Lie groups T? = U(1) x U(1), T x SU(2) and U(2), with ar = 1 in each case.
However, for SO(4), considered in Section 8, the joint spectral measure for A, (over D)
is given by (14 y)~2|Jr(z,y)|/167* dz dy.
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Figure 2: a) Infinite graph nglo for T; b) Infinite graph QPZQO for T

This leads to the question of why there is a difference for SO(4) (and indeed for SU(3)
where ar = 2) and whether there is a consistent description for the spectral measure for
A, (over T? or @) for any rank 2 Lie groups in terms of some object which is naturally
associated to the group. It turns out that computing the orbit function S,(#) for each
group we obtain that 47%|S,(0)| = ar|Jr(6;, 02)| for all the Lie groups G discussed in the
preceding paragraph, except for SO(4) where we have 47%(S,(0)| = (1 + y) | Jr(6y, 62)|.
Thus, for all the rank two Lie groups discussed in the preceding paragraph, the spectral
measure for A, over T? is given by de(wi,ws) = |T'|71[S,(0)|* dwy dws. The spectral
measure over ® is dv(z,y) = [S,(0))? |Jr(z,y)| "' dedy, where we now write S,(6) in
terms of the I'-invariant variables x, y. This leads naturally to the following conjecture:

Conjecture 3.3. The joint spectral measure ¢ (over T?) for the pair of graphs (G} ,G,,)
is

1
T
The corresponding joint spectral measure v (over ©) for the pair of graphs (ggl, g;z) is
thus

d€(W1,CU2) = |SQ(9)|2dw1 dCUg.

_ 18,(0)1”

W) = [l y)

dx dy.

4 Zg: T?=U(1)x U(1)

The trivial subgroup Zo € GL(2,7Z) is generated by the identity matrix. We choose
fundamental generators p; = (1,0), p2 = (0,1). Since the action of Zg on T? is trivial, the
graphs ngO and ’H%O are the same. The graphs ngO for p = py1, po are illustrated in Figure 2.
Let x := x,, = w, y := T,, = wy, and denote by ¥ be the map V,, ,, : (w1, ws) = (z,y).
Then ® = D,, ,, = T? is the joint spectrum o(A,,,A,,) of the commuting normal
operators A,, A,. Under the identification z = w; = ¥ y = wy = ¥ the
Jacobian is Jz, = 4m?e?™ 01102 = dx?zy. By integrating |I||J(z,y); | = 1/47% over y,
x respectively we obtain the spectral measure v, , v,, respectively for A, , A,,. Since
Jpa™dz = 2méy, 0, we obtain that the spectral measure v, (over x, (T?) = T) for the
graph G0, j = 1,2, is given by dv, (z) = (27)~" dw.

The graph Q?jo, j = 1,2, is given by an infinite number of copies of the representation
graph QS = ?—[2 for T (which has Weyl group 0), where p is the fundamental representation

13



a) : b)

(2) 2)
Figure 3: a) Infinite graph szf for T x SU(2); b) Infinite graph szf for T x SU(2)

a) : b)

2
2

) )
Figure 4: a) Infinite graph ”H%l for T x SU(2); b) Infinite graph ”H%ﬁ for T x SU(2)

of T. In particular the connected component of the distinguished vertex (0,0) of QijO is
the representation graph QS for T.

5 ZV: T x SU(2)

The subgroup Zgz) € GL(2,Z) is generated by the matrix 75 of Section 1. It is the
Weyl group of the connected compact Lie group T x SU(2) = U(1) x SU(2). The spectral

measures for SU(2) were studied in [1, 10]. We choose fundamental generators p; = (1,0),
(2)

©)
p2 = (0,1). The graphs ng2 , 7—[%2 for p = p1, po are illustrated in Figures 3-4. Let
TI= T, = Wi, Y = Tp, :wz—i-wg_l’ (12>

and denote by ¥ be the map ¥, ,, : (wi,ws) — (z,y). A fundamental domain of ’]1"2/252)
is illustrated in Figure 5(a). Then ® := ®, ,, = T x [-2,2] is the joint spectrum
(A, A,,) of the commuting normal operators A,,, A,,. Similarly, ® is also the joint

spectrum of the commuting normal operators Zéz)Apl, Z )Ap2. Note that A, Zgz)Am are in

fact self-adjoint. Under the change of variables z = w;, y = wo+ws ', the Jacobian is given

by J,@ = —872ie?™ 1 gin(2mfy) = —4m2w;(wy — W3). The Jacobian is complex-valued and
2

vanishes in T? only on the boundaries of the images of the fundamental domain C' under
72 . Now J;@) = 16m*w?(w? — 2+ w32), which is invariant under the action of Z{” on TZ2.
2

We write J;@) in terms of the Z{?-invariant elements , y as J;(g) = —1671z%(4—y?). Since
2 2

4—y? >0 for all y € [—2,2], we can write JZ(z) in terms of z, y as JZ<2) = 4m%ix~/4 — y2.
2 2
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Tm(x)

T

A1 1 Re(x)

0,

Figure 5: a) A fundamental domain of ’JI‘2/Z§2) for T x SU(2).; b) The domain ® = ¥(C)
for T x SU(2).

5.1 Spectral measure for 7—[%%2) for T x SU(2)

By integrating |T| |JZ§) (z,9)7' = (272\/4 — y?)~" over y, x respectively we obtain the
spectral measure v, , v,, respectively for ZéZ)Apl, ZéZ)Apz. Since f_22 M_ldy =, the
spectral measure v,, (over x,,(T?) = T) for the graph 7—[%%2) for T x SU(2) is given by

dv,, (z) = (2m) "' dz. Since [ 1dy = 27, the spectral measure v, (over x,,(T?) = [-2,2])

(2) ©)
for the graph ’H%ﬁ for T x SU(2) is given by dv,, (y) = (7\/4 — y?)~' dy. The graph 7—[%12

is given by an infinite number of copies of the representation graph gg = 7-[2 for T.

@)
5.2 Spectral measure for ngQ for T x SU(2)

@
The graph gff is also given by an infinite number of copies of the representation graph gg
)
for T, thus the spectral measure v,, (over x,, (T?) = T) for the graph gff for TxSU(2) is
&)
given by dv,, (z) = (2mr)~' dz. The graph ng; is given by an infinite number of copies of
the representation graph G5 for SU(2) (which has Weyl group Z, = (—1) C GL(1,Z)).
2)

(
In particular the connected component of the distinguished vertex x of ng; , the vertex
with lowest Perron-Frobenius weight (which in this case is the apex vertex, i.e. the vertex
in the bottom left corner of the graphs in Figure 3), is the representation graph Qé_n

)
for SU(2). Thus the spectral measure v, (over x,,(T?) = [-2,2]) for the graph (]?12 for
T x SU(2) is given [27] by du,, (y) = 5=1/4 — y2 dy.

6 z: U2)

The subgroup ZY) € GL(2,7) is generated by the matrix T; of Section 1. It is the

Weyl group of the connected compact Lie group U(2). We choose fundamental generators
(3) 3)
p1 = (1,0), po = (1,1). The graphs 952 : ’H%Q for p = py, po are illustrated in Figures

15



a) b)

4 4 N
N N N
T > > > /

(3) (3)
Figure 6: a) Infinite graph g,%f for U(2); b) Infinite graph (]?22 for U(2)

A\ 4

v
v

a) E b)

(3) (3)
Figure 7: Infinite graph ’H%f for U(2); b) Infinite graph ’H%ﬁ for U(2)

6-7. Let
T =Ty = Wy + wo, Y = Tpy = Wiz, (13)

and denote by W be the map V,, ,, : (w1, ws) — (z,y). A fundamental domain of ’JI‘2/Z§3)
is illustrated in Figure 8(a), where the boundaries marked by arrows are identified. Then

T2/ Zég) is the Mébius strip, as in the figure on the left in Figure 8(b), where the dashed
line f; = 05 +1/2 in Figure 8(a) is identified with the dashed line around the centre of the
Mobius strip, and ® := ¥(C) is an embedding of the Mobius strip in C?. Under the change
of variables © = w; + wq, ¥y = wiws, the Jacobian is given by JZ;S) = 4w wo(we — wy).

The Jacobian is complex-valued and vanishes in T? only on the boundary 6; = 6 of the

fundamental domain C'. Now J;(S) = 16m*wiws (w} — 2wiws + w3) is invariant under the
2

. 3 . . . .
action of Zg) on T?, and we write Ji(g) in terms of the Zj-invariant elements z, y as
2

Jéf) = 16m1y?(2? — 4y). It is easy to check that \JZ53)| = 472\ /4 — |z|?.
Remark 6.1. Although the groups Zf) and Z;?’) are not conjugate in GL(2,7Z), they

are however conjugate in GL(2,R), where the conjugating matrix is H = ( 1 _11 )
/2 1/2
1/2 —1/2
H Z§2+i) = Zg?’_i)H for both i = 0,1. The geometric effect of the action of H on Z? is to
reflect about the line 2y = = (or equivalently, to rotate the plane clockwise by 7/4 and

which has inverse H~! = ( ) = %H . Thus H intertwines Zgz) and Z?’ with
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Figure 8: a) A fundamental domain C' of T?/ Zg?’) for U(2).; b) The surface T?/ Zg?’) for
U(2).

then reflect about the z-axis) and scale by v/2. Applying this action twice simply has the
effect of scaling Z? by 2, as H? = 21.

The origin of this relationship is the fact that the compact, connected Lie group
U(1)xSU(2) (which has Weyl group Zéz)) is a double cover of the compact, non-connected
Lie group U(2) (which has Weyl group Zg?’)). Thus not all irreducible representations of
U(1) x SU(2) are irreducible representations of U(2), but only the “even” ones, that is,
those indexed by A = (A1, A2) € Z? such that A\; + Ay = 0 mod(2), that is, the irreducible
representations p of U(2) yield the “even” irreducible representations Hy of U(1) x SU(2).

Re-drawing the Mobius strip in Figure 8(b) by “folding” it about the dashed line
around its centre we obtain the figure on the right in Figure 8(b), which should now be
regarded as a surface in R?. It has a line of self-intersection when drawn in R? (given by
the vertical line down the centre of the surface), however in R?* the surface only intersects
along this line at the point e at the bottom of the figure. The boundary of the surface is
the top edge which is isomorphic to the circle (note that this circle does not self-intersect
in R? even though it appears to when drawn in R3).

For new variables z01) = £(1,-1) = wiwy  Fwiltwy, y1 =y (= TH(1,0) = %(1,1)), in the
joint spectrum ® ;1) (1,—1) the “inner wall” and “outer wall” in the figure on the right of
Figure 8(b) are identified, thus ® 1y,,-1) is the cylinder T x [—-2,2], which is the joint

spectrum 9% for Zg) in Section 5.

®)
6.1 Spectral measure for 7—[%2 for U(2)

By integrating |T'| |J e (z,y) | = (4n*y/4 — |2]?)~! over y, @ respectively we obtain the
2

z§?

. @) ) . .
spectral measure v,,, v,, respectively for 72’ A, | 72 A . Alternatively, we can determine

these measures independently as follows.

We determine first the spectral measure for ’H%?) over the spectrum y,, (T?), which
is uniquely determined by the moments (% qu(ZQS)A;)”) of Zég)Apl.
J(ZQS)API) = xXp (T?) of ZQS)API is given by the disc 2D = {z € C||z| < 2} with radius
2.

The spectrum

Z8 Am (Zf)A*

S ».)") counts the number of paths of length m +n

The m,n'™ moment o
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73 (3) (3)
on le and its opposite graph (”H%f )°P (that is, the graph ’H%f with the orientation of

all edges reversed) which start at any choice of distinguished vertex x, where the first m
o)
edges are on ”Hp1 and the next n edges are on its opposite graph. Due to the orientation
73 (3)
of the edges of ’pr , the paths of length m on H%f are given by the number of paths
from * to the m™ level of the graph in Figure 9.

%

Figure 9: The Bratteli diagram for Dynkin diagram A «

It is thus easy to see that gp(Z( A (Z( ) * )™) will be zero unless m = n. When m = n,

p1
(%2 (3)Am( (3)A* )™) counts all pairs of paths which start at * and which both end at the

same vertex at the m'™® level of the graph in Figure 9, that is, gp(Z§3) z(Zég) 5" is the
dimension of the finite-dimensional algebra given by the m'" level of the Bratteli diagram
in Figure 9. These dimensions are given by the central binomial coefficient C2™ (c.f. [10,
§2.1]), thus w(Zég)AZ’l’ (Zgg)Azl)n) = 8nnC?™. The spectral measure (over [-2,2]) for the

Dynkin diagram A, » is given by (mv4 —r2)~'dr. Thus the spectral measure (over 2DD)
®)
for Ho? is given by (72\/4 — |2[?)~'dz, since

M 2m rmtne i0(m—n) 2 pmtn 2
/ / / ———didr = | ———=dr e?tm=m
oD 7T2\/4—|£E|2 m2\/4 — 12 0 T4 —1r? 0
r2m
= ———dr 6,27 = Cﬁ;“ém "
_o w24 — r? ’ ’
where the penultimate equality follows since the product is zero for m = n, whilst for
m = n we have the integral of ™ //4 — r2 which is an even function.

3)
The graph 7—[%22 , illustrated in Figure 7(b), is given by an infinite number of copies
of the representation graph gg for T, and in particular the connected component of the

3)
distinguished vertex (0,0) of ’H%ﬁ is the representation graph for T. Thus we have

®)
Theorem 6.2. The spectral measure v,, (over 2D) for the graph H;Z,f for U(2) is given
by
1

dv,, () = —F——==
n(2) = — TE

®)
whilst the spectral measure v, (over T) for the graph 7—[%22 for U(2) is given by dv,, (y) =
(2m)~tdy, y € T.

dex, x € 2D,
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3)
6.2 Spectral measure for Q?Q for U(2)

3)
We turn now to the graphs Q?f , 7 = 1,2. The adjacency matrix A, for the graph
3)
Q?f is normal, and thus its spectral measure (over x,, (T?)) is uniquely determined by
its moments (AT (A% )"). Its spectrum o(A,,) = x,, (T?) is again given by the disc
®)
2D of radius 2. We define a state ¢ by ¢(-) = (-2, Q), where Q is vector in Ez(gff )
corresponding to a distinguished vertex *, which is chosen to be one of the vertices which

is only the source (or range) of one edge. Thus the m, n* moment p(AZ (A% )™*) counts
AR

@)
the number of paths of length m +n on G,7 and its opposite graph (g,,Zf )°P_ where the
(3)
first m edges are on gff and the next n edges are on its opposite graph. Due to the

®) ®)
orientation of the edges of Q?f , the paths of length m on Q?f are given by the number
of paths from * to the m'" level of the graph in Figure 10.

Figure 10: The Bratteli diagram for Dynkin diagram A,

It is thus easy to see again that (A7} (A% )") will be zero unless m = n. When m = n,
(A7 (A5 )™) counts all pairs of paths which start at * and which both end at the same
vertex at the m'™ level of the graph in Figure 10, that is, (A7 (A5 )™) is the dimension of
the finite-dimensional algebra given by the m'" level of the Bratteli diagram in Figure 10.
These dimensions are well known to be given by the Catalan numbers ¢,,, = C>™/(m + 1)
[18, Aside 5.1.1], thus p(AT (A% )") = dmnCm- The spectral measure (over [-2,2]) for the

Dynkin diagram A, is the semi-circle measure /4 — r2dr/2x. Thus the spectral measure
z$3 .. 9 .
(over 2D) for G,2 is given by /4 — |x|?dz /27, since

2 2
/ 2T 4~ [aP do = / / rmneftmTnl /4 — 2 dodr
2D o Jo
2 2
= / P4 — 2 dr / fm=mqg
0 0
1 2
=3 / 724 — r2dr 8,027 = 2% CrOmin.
-2

3)
The graph gf; is again given by an infinite number of copies of the representation

graph G) for T, thus we have
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(1) (1)
Figure 11: a) Infinite graph gﬁ}* for SU(2) x SU(2); b) Infinite graph QZ“ for

SU(2) x SU(2)

a) f b)

(1) )
Figure 12: a) Infinite graph 7—[,?14 for SU(2) x SU(2); b) Infinite graph 7—[,%‘ for
SU(2) x SU(2)

(3)
Theorem 6.3. The spectral measure v,, (over 2D) for the graph gff for U(2) is given

by
1
dv,, () = ﬁ\/ll — |z|? dz, x € 2D,
T

®)
whilst the spectral measure v,, (over T) for the graph gf; for U(2) is given by dv,, (y) =
(2m)tdy, y € T.

7 D\V: SU(2) x SU(2)

The subgroup Dfll) € GL(2,Z) is generated by —I and the matrix Ty of Section 1. It
is the Weyl group for the connected, simply-connected, semisimple compact Lie group

SU(2)x SU(2) (c.f. Section 5). We choose fundamental generators p; = (1,0), p2 = (0, 1).
1) )
The graphs ng ‘o 7—[,?4 for p = py, p2 are illustrated in Figures 11-12. Let

T =1, =w +w] = cos(2rb,), Y=, =wy +wy ' = cos(2mby), (14)

and denote by ¥ be the map VU, ,, : (wi,w2) — (z,y). A fundamental domain C' of
T? /Dfll) is illustrated in Figure 13(a). Under the change of variables r = w; + wi’,
Yy = wy + wy ', the Jacobian is given by T = 1672 sin (270, ) sin(270y) = 472 (wiw; +
Wiwe — wiwy — wiws). The Jacobian is real and vanishes in T? only on the boundaries of

the images of the fundamental domain C' under DS). Again, J;(l) is invariant under the
4
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Figure 13: a) A fundamental domain C' of Tz/Dil) for SU(2) x SU(2); b) The domain
D =Y(C) for SU(2) x SU(2).

)

action of Dfll) on T2, and J;(l) can be written in terms of the Dfll -invariant elements z, y

4
as J;(l) = 167*(4 — 2%)(4 — y?), where 4 — p* > 0 for all p € [-2,2]. Thus we write J, )
4 4
in terms of x, y as J o) = 4n2\/(4 — 22)(4 — y?).
4

Remark 7.1. The group Zgz) is a normal subgroup of Dil). The fundamental domain

C for Df) = Zéz) X Zél) in Figure 13(a) is obtained from the fundamental domain for
Zg) in Figure 5(a) by imposing one extra symmetry which comes from the additional Z;l)
action. If we denote z,y for Z;Z) given in (12) by z1,y;, and z,y for Dfll) given in (14)
by 3,2, then we see that y; = yo whilst x5 = 2Re(1). Then there is a homomorphism
& Qzéz) — ’DDil) from the domain Qzéz) of Zg) to the domain QDS) of Dfll) such that
&(y1) = y2 and &(z1) = 2Re(z1), which maps the boundary of ’}Z)Zég) to part of the boundary
of QDS)' The rest of the boundary of QDS) is given by £(v), where v = (z,y) € 9252)
such that z € R, i.e. v = ®(t) for t € T? such that ¢ is fixed under the additional Z,
action in D{". Moreover, we see that JDil) = 2Re(JZ§2)) = §(JZ§2)).

Remark 7.2. As noted in the introduction, the subgroup Zgl) of SL(2,Z) is also a
normal subgroup of Df) = Zél) X Zéz). Since P, is not uniquely defined, the definition
of formal character given in (3) does not make sense. However, for a fixed choice P, of
fundamental domain of T?/ Zél) one can define a formal character for all A € P, simply
by xa(wi,w2) = Sx(01,62) (= Cx(61,02) since both elements of Zél) have determinant

one), where w; = e ¢ T, j = 1,2. Then one can construct representation graphs

(1) (1)
g?f , ’H%f for j = 1,2, where p; = (1,0), po = (0,1) play the role of the fundamental

generators (although one also needs the fact that x(—x, x,) (w1, w2) = X (a1,x0) (W1, w2) and/or
X, —x0) (W1, w2) = X (a0 (w1, W2) in order to generate all characters). Then z 1=z, =
w1 +wy and y := x,, = wa + Wy, and the map ¥ : (wy,ws2) — (z,y) is a map from T? to
the joint spectrum o0 = [—2,2] x [-2,2] for Dfll) described above. In this case, ¥ is a
two-to-one map from P, to ©P1” . The Jacobian for the change of variables wy,wy — x,y
is again given by J D and the spectral measures (over @DS)) for p1, py are given by
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twice the spectral measures (over @Df&l)) for Dfll) in (15), (16) below (the factor of two

comes from the fact that ¥ is now a two-to-one map from P, to DPi").

()
7.1 Spectral measure for %, for SU(2) x SU(2)

Here © = [—2,2] x [ 2,2] is the joint spectrum J(Dﬁ(ll)Apl, DS)APQ) of the commuting self-

adjoint operators D! Apl, D(I)A po- Then by integrating |I'| JD(l)(x,y)‘l over y we obtain
4

the spectral measure v,, for fil)Apl. Integrating |I'| J o (z,y)~" over x gives the same
4
result, and thus v, = v,,. Since f_22 V4 - y2_1dy = m, the spectral measures v, (over
(1)
X, (T?) = [-2,2]) for the graphs ’Hg“ ,j=1,2 for SU(2) x SU(2) are both given by

dv,, (z) = dv,, (2) = (7V4 — 22) ' dz, x € [—2,2] (15)

o
7.2 Spectral measure for G)* for SU(2) x SU(2)

(1)
The graphs gﬁ}* are both given by an infinite number of copies of the representation graph

Q,<)_1> for SU(2), and in particular the connected component of the distinguished vertex
x, the vertex with lowest Perron-Frobenius weight which in this case is the apex vertex,
i.e. the vertex in the bottom left corner of the graphs 1n Figure 11. Thus the spectral

(1)
measures v, (over x, (T?) = [-2,2]) for the graphs (]p ,J = 1,2, for SU(2) x SU(2)
are given by

dv,, (x) = dvy,(x) = %\/4 — 22 dx, x € [-2,2] (16)

8 DY: SO(4)

The subgroup Df) € GL(2,Z) is generated by —I and the matrix 73 of Section 1. It

is the Weyl group of the connected compact Lie group SO(4). We choose fundamental
D

generators p; = (1,0), po = (1,1). The graphs g,, H,* for p = py, pe are illustrated
in Figures 14-15. Let
x T, = witw ' twtw,! = 2cos(2mb;) + 2 cos(2mby), (17)
y = 3, = ltwwstwwy' = 1+ 2cos(2m(6; + 0)), (18)

and denote by ¥ be the map V¥, ,, : (wi,w2) — (z,y). A fundamental domain C' of

T2/ Df) is illustrated in Figure 16(a). Then ©® = ¥(C) is illustrated in Figure 16(b). Now
(01,1/2 — 01) maps to ¥(wy, —wy) = (0, —1) for all 6, € T, the dashed line 6, = 1/2 — 6,
in Figure 16(a) contracts to the single point (0,—1) in ©. The boundary of C' given
by 0, = 0, where 6, € [1/4,1/2], yields the curve ¢; given by the parametric equations
x = 4cos(2mb,), y = 2 cos(4n6,)+1 = 4 cos?(2mf;) — 1. Similarly, the boundary of C' given
by 61 = 0y, where 0, € [3/4], yields the curve ¢, given by the same parametric equations.
The boundary of C' given by 6; = —60 yields the curve c3 given by the parametric
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) (2)
Figure 14: a) Infinite graph gﬁ for SO(4); b) Infinite graph gﬁ} for SO(4)

2) 5 b)

(2) (2)
Figure 15: a) Infinite graph ’H,?{‘ for SO(4); b) Infinite graph 7—[,?24 for SO(4)

equations © = 4cos(27w0;), y = 3, where 6, € [1/2,1]. As functions of z € [—4,4],
the boundaries ¢;, ¢y of ® are thus given by y = x2/4 — 1 whilst ¢3 is given by y = 3.
As functions of y, the boundaries c¢;, ¢y are given by x = —2/y+1, v = 2y +1

respectively. Under the change of variables (17), (18), the Jacobian is given by J ) =
4

1672 (cos(2m02) + cos(2m(60y + 205)) — cos(2m6) — cos(2m (2601 + 62))). The Jacobian is real

and vanishes in T? only on the boundaries of the images of the fundamental domain C

under Df). Again, J;(z) is invariant under the action of Df) on T2, and can be written
4

in terms of the D'®-invariant elements z, y as J;@ =167y + 1)(3 — y)(4dy — 2% + 4),

which is non-negative since J e is real. Thus vx;le can write J e in terms of z, y as
4 4
Tpp =47/l + 1B = )by — 2 +4)

D

Remark 8.1. The group Zg’) is a normal subgroup of Df). The fundamental domain
C for Df) = Z?’ X Zgl) in Figure 16(a) is obtained from the fundamental domain for
Z;?’) in Figure 8(a) by imposing one extra symmetry which comes from the additional
Zgl) action. If we denote x,y for Z?’ given in (13) by z1,y;, and z,y for Df) given in
(17), (18) by 2, ya, then we see that xo = 2Re(z), whilst yo = 2Re(y1) + 1, and there is
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Figure 16: a) A fundamental domain C' of T?/ Df) for SO(4); b) The domain © = ¥(C')
for SO(4).

=

Figure 17: a) The domain © = ®(C); b) The surface 2Re(J,@) = 0.
2

a homomorphism £ : ’DZ(g) — % D@ from the domain ©Z<3) of Zg?’) to the domain © e
2 4 2 4

of Df) such that &(x1) = 2Re(x;) and &£(y1) = 2Re(y1) + 1. However, unlike the case
of ZéQ) < Dfll) described in Remark 7.1, the respective Jacobians for Zg’) < Df) are not

related by the relation J pE = & (JZ(s)). In fact, it is not possible to express Re(JZ<3>) in
4 2 2

terms of the Df)—invariant variables x5, 2. We introduce a third Df)—invariant variable
2 1= wiwy "+ wi tws, and we have a map ® : T? — R? given by ® (w1, ws) = (22, Y2, 22)
whose image is a surface ®(C) = © C R?, illustrated in Figure 17(b). We can write

Re(JZ(g)) in terms of the three Df)-invariant variables xs, ¥, 25 as
2
2Re(J,®) = 4% (w3 — wiwy) = 23y5 — dasys + das — dys + 12y5 — 42y — 8.
2

Then setting 2Re(J,) = 0 we obtain a surface J in R?, illustrated in Figure 17(a).
2

Now J intersects with the surface D only at the closed curve described by the curves
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(w9, (22 — 4)/4,2) and (29,3, (23 — 8)/4), and the point (0,0, —2), that is, QRG(Jzés)) is

zero only on this closed curve, which is the boundary of ®. The projection of this closed
curve onto the xs, yo-plane is then precisely the boundary of the joint spectrum © = ®(C')
for D¥, as in Figure 16(b).

Remark 8.2. Asnoted in Remark 6.1, the groups Zgz) and ng) are conjugate in GL(2,R),
with conjugating matrix A as in Remark 6.1. Since fo) = Zgl) X Zgiﬂ) fori = 1,2, we
see that H is also the conjugating matrix for Dfll) and Df). As in Remark 6.1, the origin
of this relationship is the fact that the compact, connected Lie group SU(2) x SU(2)
(which has Weyl group DS)) is a double cover of the compact, connected, but not simply
connected Lie group SO(4) (which has Weyl group Df)).

(2)

D
8.1 Spectral measure for H,* for SO(4)
By integrating [I'| |/ o (z,y) "] over y,z € D respectively we obtain the spectral measure
4

Vs Vp, Tespectively for Dprl, D(2)Ap2. More explicitly, using the expressions for the
boundaries of ® given in Section 8, the spectral measure v,, (over [—4,4]) is dv,, () =

J1(x) dx, where J;(x) is given by
3
@ =1 [ el
(x2—4)/4 4

The weight J; () is an integral of the reciprocal of the square root of a cubic in y, and thus

can be written in terms of the complete elliptic integral K (m ﬂ/ 2 V1 —msin?6 d@
of the first kind. Using [7, equation 235.00], we obtain

R 1 16 — 22
“uﬁ:§§K( 16 )‘

The weight J;(x) is illustrated in Figure ?7(a).
The spectral measure v, (over [—1,3]) is dv,,(y) = J2(y) dy, where Jo(y) is given by

2/y+1 . 2./y+1 1
3 <y>=4/ T () da = / »
i oL i 2/ (y+1)(3 —y) J2yyr1 VA(y + 1) — 22
1
y+1)B—y)

We observe that this is the weight which appears in Section 5.1, but shifted y — y — 1.
The weight Jo(y) is illustrated in Figure ?7(b).

Theorem 8.3. The spectral measures v,,, v,, (over x,, (T?) = [—4,4], x,,(T?) = [-1, 3]
@ p@
respectively) for the graphs le 7-[,)2 respectively, for SO(4) are given by

1 16—I2) 1
dv, () = — K dz, dv = dy.
@) = g ( T W) = e =
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Figure 18: weight for v,, for SO(4). Figure 19: weight for v,, for
SO(4).

2

" for SO(4)

(
8.2 Spectral measure for Qf‘*

@
We now consider the spectral measure (over y, (T?)) for QZ‘* , 7 = 1,2. The adjacency

(2)
matrix A, for the graph g,f}* is self-adjoint, and thus its spectral measure is uniquely
determined by its moments @(A”). It has spectrum o(A,,) = x,, (T?) = [-4,4]. We

2)

define a state ¢ by () = (-Q,Q), where 2 is vector in 62(934 ) corresponding to the
distinguished vertex *, which is chosen to be the vertex with lowest Perron-Frobenius
weight, which in this case is the apex vertex, i.e. the vertex with only one edge attached

to it. Thus the m'"™ moment @(A7}) counts the number of closed paths of length m on
)
gﬁ“ which start and end at .

(2)
Lemma 8.4. The number «,, of closed paths of length m on g,f}* which start and end

at x is given
S Cmy2  if m is even,
"o 0 if mis odd.
2)
Proof: Since (],24 is bipartite it is clear that the odd moments are all zero. Any

closed path of length 2n is given by a pair of paths which start at * and which both
end at the same vertex at the n'" level of the Bratteli diagram whose inclusion graph

2
at each level is given by g,f}(* ), and thus ¢(A7') counts the number of such pairs of
paths. Any path of length n on the Bratteli diagram is equivalent to a path in the
lattice N® from (0,0, 0) to (i,7,n), for some (4,j) € N2, with steps belonging to the set
S={(1,1,1),(1,-1,1),(-1,1,1),(=1,—1,1)}, where here we think of N as including 0.
Then a closed path of length 2n is equivalent to a path in the lattice N* from (0,0, 0) to
(0,0,2n) with steps belonging to the set S. Any such path is given by a sequence of steps
(e},€5,1) from S, j =1,2,...,2n. Thus we obtain two sequences €' = (e}, €,,..., €, ), for
1 =1,2, where ¢} € {#1}, "¢, =0 and Z?:l e} > 0 for each k such that ¢, = —1. Such

a sequence is enumerated by the Catalan numbers ¢, [25, Corollary 6.2.3(ii)], and thus

@)
the number of closed paths of length 2n on g,f}l , starting and ending at *, is given by
the number of pairs of such sequences, which is c2. O

Remark 8.5. This proves a conjecture from the Online Encyclopedia of Integer Se-
quences (OEIS) [24], namely that the number of walks on N? starting and ending at (0, 0)
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and consisting of 2n steps taken from {(—1,—1),(—1,1),(1,—1),(1,1)}, is given by the
squared Catalan numbers A001246. Moreover, from [6, Proposition 8|, we also find that

the squared Catalan numbers satisfy the following relation with multinomial coefficients
(ml, mo, M3, m4)‘ = (Z?:l ml)‘/(ml‘mg‘mg'mﬂ)

n n—1 n—1
2= (kkn—kn—k)+Y _(kk+2,n—k—1,n—k—1)1=23 (k. k+1,n—k—1,n—k).
k=0 k=0 k=0

Thus the 20" moment is ¢(A>") = ¢;. The following result is claimed in [24], but we
have not found a proof of the claim in the literature. Therefore we give a proof here.

Lemma 8.6. The generating function for the squared Catalan numbers is given by

1 1-16z2 1

M(z) = —FE(16z) — K(16z) — —
() Tz (162) 27z (16) 4z’
where E(m) = Oﬂ/ > /1 — msin?0d6 is the complete elliptic integral of the second kind.

Proof: The generating function M(z) for the squared Catalan numbers satisfies the
linear differential equation [8]

2

d
2
2%(1 — 162) P

+ (3 — 32Z)dd—]\j +(1—42)M(z) = 1, (19)

where it is easy to check that the coefficient of 2" satisfies the recurrence relation (n +
2)%c2,, = 4(2n+1)3c2 for the squared Catalan numbers. Now since (see e.g. [29, §22.736])

d E(16z) — (1 — 162)K(16z) d E(16z) — K(162)
—K(162) = —E(162) =
dz (162) 2(1—162)z ’ dz (162) 22 ’
we have
d 1—-162 1
—M = K(16z) — E(1 —
dz (2) 4722 (16) 4722 (162) + 422’
d? 24z — 1 5) 1
—M = —K(1 E(1 - —.
dz? (2) 423 (162) + 423 (16) 223
Thus a simple calculation shows that M (z) satisfies the differential equation (19) for the
squared Catalan numbers. O
A compactly supported probability measure ;1 on R can be recovered from the gener-
ating function of its moments by p = —lim._,oIm (G, (t +ic)) /7 (see e.g. [17]), where

Gu(z) = [o(z—1t)7'dpu(t) is the Cauchy transform for y, which has power series expansion
about z = oo given by G,(z) = > > ;m,z"""!, where m,, are the moments of y. Thus
G,(z) is related to the generating series for the moments by G,(z) = M(z7') /2.

@
Theorem 8.7. The spectral measure v,, (over x,, (T?) = [—4,4]) for the graph ng14 for
SO(4) is given by

1 2% — 16 % — 16
dv,, (z) = 2m2a] (2x2E( o ) —(z® + 16)K< p )) dz.
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Proof: The generating function for the moments of v,, is M;(z) = M(2?), where
M(z) is given in Lemma 8.6, since the odd moments of v, are all zero. Thus the Cauchy
transform for M;(z) is

2
—1
G, (:) = “B(6:%) -~ 10

z
K(16z7%) - =
T mZ (1627) 4

Now, for z € [0, 4],

. . w/2
lim Im (t T B16(t + z’e)—2)) = limIm (t i ZE/ \/1 — 16(t + i) 2 sin29d9>
0

e—0 T e—0 s

¢ /2 ti /2
= Im —/ \/1 — 16t~2sin? 0 dd = Im| — / \/1615_2 sin?@ — 1d6
T Jo T Jo

t 7'('/2
= = / V16t-2sin% 6 — 146,

T Jsin=1 |t/4]

since 16t~2sin*@ > 1 for § > sin~' |t/4|. Thus

lim Tm (t T Bae + ie)_z))

e—0 T
—1 /2 sin~! |t/4]
= i (/ \/1 — 16¢t—2 sin2 6de — / \/1 — 16t—2 Sil’l2 ‘9d9>
™ 0 0
= 7Z (E(16t%) — E(sin™" |t/4],16t77)) .
Similarly,
. (t +ig)? — 16 e
lim Im | ~————————K(16(t
lim m( Sl 1 i0) (16(t +ig)™")
—(t2 —16)4
= % (K(16t72) — F(sin™" [t/4],16¢72)) .
™

Since, lim._,o Im((¢ + i¢)/4) = 0, we obtain for z € [0, 4] that

dv,, (z) = —

=52, (22° (E(16272) — E(sin™" |z/4], 1627%))
—(2* = 16) (K (16272) — F(sin™" |z/4],1627%))) du,

where F'(¢,m), E(¢p,m) are the elliptic integrals of the first, second kind respectively,
defined by

@ 1 ]
F(qb,m):/ — (. E(qb,m):/ V1 —msin®6do,
0 vV1—msin®é 0

so that K(m) = F(n/2,m), E(m) = E(7w/2,m) are the complete elliptic integrals of the
first, second kind respectively. Similarly for z € [—4, 0] we obtain the same expression for
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dv,, (x) but multiplied by a factor of —1. Then the result follows from the elliptic integral
identities 111.09 in [7]. O

2)
We now consider the graph Q,%‘ for the second fundamental generator p;. The

connected component of the distinguished vertex  is the infinite graph A(%edd)* .=
limy, 00 AP D% whilst the connected component of the vertex (1,0) immediately to its
right is the 1nﬁn1te graph A(®even)* .= lim,,_, . A®"* where the graphs AY* are SU(3)
ADE graphs which classify the conjugate modular invariant partition functions for SU(3)
integrable statistical mechanical models, and which also yield a non-negative integer ma-
trix representation (nimrep) of the fusion rules of SU(3) at level [ — 3 (see e.g. [15] for
more details about the other SU(3) ADE graphs, SU(3) modular invariants and nimrep
theory). Spectral measures for the A"* graphs were computed in [10, Theorem 7]. The
distinguished vertex % with lowest Perron-Frobenius weight in each case is the vertex la-
belled 1 in [10, Fig. 13]. However, the spectral measures determined in [10, Theorem 7]
are for the case where * is the vertex labelled (I —1)/2] in [10, Fig. 13|, and not for
the case where x is the vertex with lowest Perron-Frobenius weight as claimed. We thus
provide the correct result here for the spectral measure of A®* where the distinguished
vertex * is chosen to be the vertex with lowest Perron-Frobenius weight:

Theorem 8.8. The spectral measure of AY* [ < oo, (over T), where the distinguished
vertex * is chosen to be the vertex with lowest Perron-Frobenius weight, is

de(u) = a(u)d;/ou, (20)
where d;/pu is the uniform measure over ™™ roots of unity, and

(1) = 2Im(u)*  for [ even,
=1 1- Re(u) for [ odd.

Proof: From [16] the eigenvectors of AD* are ¥ = 2v/1-1sin(2ra)/l), where \,a =
1,2,...,[(I—=1)/2]. For each eigenvalue 3V of AV* the eigenvector entry corresponding
to the distinguished vertex = | (I — 1)/2] is ¢} = 2v/1-Lsin(27[ (1 — 1)/2|\/1).

In the case where [ = 2n is even,

wj:é_nsm (Fn-12) = (—1)“1;2_”3111 (;ZA) _ (—1)“1%3111 (277%)

Then |¢2*> = 4sin®(2wA/1)/l and the result follows from [10, Theorem 7.
In the case where [ = 2n + 1 is odd,

2 27 2 1
A : :
. x/2n+lsm(2n+1n) 2n+lsm(ﬂ< 2n+1) )
2 T 2 T
_ A1 : (ML (T
= (-1) \/751n (2n—|—1)\) (—1) ﬂ&n(l)\)

= 1AM 1— cos
Vi \/

Then [¢}|> = (1 —cos(2mA/1))/l and the result follows as in [10, Theorem 7] but with
the weighting 2sin?(2w\/l) replaced by 1 — cos(27A/I). O
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Figure 20: weight for v,, for SO(4). Figure 21:  weight for
for SO(4).

Vps

Theorem 8.9. The spectral measure of the infinite graphs A(even)* = A(>0aa)* " (over T),
where the distinguished vertex * is chosen to be the vertex with lowest Perron-Frobenius
weight, is

de(u) = a(u)du, (21)

where du is the uniform Lebesgue measure over T, and

() = 2Im(u)?  for A(even)*,
W= 1- Re(u) for A(®oeaa),

Over their spectrum [—1, 3], the corresponding spectral measures Veyen, Voaq Of the infinite
graphs A(even) = A(>0dad)* respectively, are

1 13—y
d even = 5 - 1)d y d () = — dy. 22
Veven (Y) 27T\/(?) y)(y+1)dy Vodd (Y) STV (22)

Proof: For A(®een)* the result is given in [10, §7.3]. For A(®ead)* with the change
of variables y = 2cos(2mf) + 1 as in [10, §7.3], where u = €™ we have 1 — cos(2mf) =
(3 —y)/2, and the result follows in a similar way to that for A(Ceven), O

Thus we obtain the following result:

(2)
Theorem 8.10. The spectral measure v,, (over x,,(T?) = [—1,3]) for the graph QpD24
for SO(4) is given by

1 V3—vy
dVP2(y):%\/m )

The weights for the measures v,,, i = 1,2, are illustrated in Figure 77.

9 DV: PSU(3)

The subgroup Dél) € GL(2,Z) is generated by the matrices T3, T5 of Section 1. It is

the Weyl group for the connected compact Lie group PSU(3). We choose fundamental
™ (1)
generators p; = (1,0), p, = (1,1). The graphs Q,?G : ’H,?G for p = py1, po are illustrated
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(1) (1)
Figure 22: a) Infinite graph 9,136 for PSU(3); b) Infinite graph 956 for PSU(3)

(1)

(1)
Figure 23: a) Infinite graph #5° for PSU(3); b) Infinite graph Hpe  for PSU(3)

in Figures 22-23. The dashed lines in Figures 22(b) and 23(b) are directed edges, whilst
the solid lines are undirected edges. For w; = ™% € T, j = 1,2, let

=2, =24 w + W +wr+wy Fwiwy ! 4wy ws (23)
= 2+ 2cos(2m0;) + 2 cos(2mby) + 2 cos(2m(6; — b)),
Y=, = 1 +wiws + wiwy >+ wi wa + Wy + Wy 4 we 4wy +wiws |+ Wi ws (24)

= 1 rilitba) | p2mi61=262) | 2mi(=201402) 4 9 co5(26) ) + 2 cos(2m0;) + 2 cos(2m(0y — 6,)),

and denote by ¥ be the map ¥, ,, : (w1, w2) — (z,y).

A fundamental domain of T?/ Dél) is illustrated in Figure 24(a), where the boundaries
marked by arrows are identified. Then T?/ Dél) is a surface, illustrated in Figure 24(b).
It is the surface of a cone, with two singular points, one at the apex of the cone, and one
on its boundary at the bottom, which is the only boundary of the surface. The boundary
of C given by 6y = 0, where 6; € [0,1/2], yields the curve ¢; given by the parametric
equations z = 4 cos(2m0;) + 4, y = e 1™ 4 26201 4+ 4 cos(4m6,) + 3, where z € [0, 8] for
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Figure 24: PSU(3): a) A fundamental domain C of T2/D{"; b) The surface T2/D{": c)
The domain ©® = ¥(C') for PSU(3).

¢, € [0,1/2]. We have

Re(y) = (y +7)/2 = cos(4m0,) + 6 cos(276,) + 3 = 2 cos?(2ml, ) + 6 cos(270;) + 3
= (2 + 42— 16) /8, (25)

Im(y) = (y — y)/2i = sin(4m0;) — 2sin(276,) = 2 sin(27w6y)(cos(2w6;) — 1)
= +/z(8 — 2)3/8, (26)

where (8 — x)% > 0 for x € [0,8]. Since Im(¥(e?>™/3 1)) > 0, the boundary ¢, of D is
given by 8y = 2%+ 4z — 16 +i+/x(8 — z)3. Similarly, the boundary of C' given by 6; = 05,
where 0; € [0,1/2], yields the curve ¢y given by the same parametric equations except with
y <> y. Thus the boundaries ci, ¢y of ® are given by 8y = 22 + 4z — 16 + i\/x(8 — )3,
8y = x? + 4xr — 16 — i\/z(8 — x)3 respectively. The point (6,6,) = (2/3,1/3) on the
boundary of C' maps to W(e™27/3 ¢2/3) = (—1,1), which is a singular point in ®. The
boundaries of C' given by 0y = —6; and 6, = 26y, for 6, € [1/2,2/3], are identified, and
yield the curve c3 given by the parametric equations x = 2cos(4wf;) + 4 cos(2m6;) +
2 = 4cos?(2mh;) + 4cos(2w0;) and y = 2cos(6m0;) + 2 cos(4mh;) + 4cos(2w0y) + 1 =
8 cos®(27; ) + 4 cos?(2m0;) — 2 cos(2m6y ). Then writing cos(276;) in terms of =, we obtain
that c3 maps to y = —2x — 1 & (2 + 1)%2 in ©, where + is taken to be —. On c3, y € R.
The curve c3 lies on the interior of the surface ©, except at the point (0, —2) on ¢, ¢,
and the singular point (—1,1). Then ® = W(C) is the surface of the cone illustrated in
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Figure 24(c), with boundary given by the curves ¢;, ¢o. The equation of the surface is
Im(y)* = 2° — Re(y)? — 42Re(y) — 2> — 2Re(y) — . (27)

Away from the curve c3, y € R only for #; = 205 in the fundamental domain C', where
0, € [0,1/3]. Such y is given by the dashed curve in Figure 24(c). This curve is also given
by 05 = —6, for 0; € [2/3,1] (i.e. in T5(C)), and thus it is given by the same equation
y=—2x — 14+ (v +1)*?2 where now + is taken to be +.

We can also write the curves ¢; as functions of y. For ¢; and ¢y, we have from (25)
and x > —1 that x = 2(—1+ /5 + Re(y)). For 6, = —6, 05 = 20, and 0 = 265, i.e. for
y € R, the parametric equation for y is a cubic in cos(276;). Solving this cubic we obtain

x=4ps(y) +4p2(y)®,  ye[-2,1],
x=4ps(y) +4ps(y)®,  ye[-5/27,1],
x=4pi(y) +4pi(y)’,  y € [-5/27,10],

where p; is given by 6p;(y) = —1 + 273 P + 27346 P71 for ¢; = 20U~V | p =
(27y — 11 + /33(27y2 — 22y — 5))'/3. The first equation above is the equation for the
curve cg, whilst the latter two are the equations for the dashed curve in Figure 24(c). The

() (1) :
Ds'A,,,Ps°A,,) of the commuting normal operators

surface ® is the joint spectrum o(

W 0 W, . -
DsA,, PoA,,. In fact, Ps A, is a self-adjoint operator.

For the change of variables (23), (24), the Jacobian is given by J ) = — 43wy 3 (1-
6

w1)(1 = wy) (w1 — wo)(wy + wy + wiws)3. The Jacobian is complex and vanishes in T? only
on the images under Dél) of the boundaries of the fundamental domain corresponding

to the curves ¢; and ¢ in ©, and the singular point (2/3,1/3). Note that JDél) # 0
on the lines #; = —0; and 0y = 20y, for §; € [1/2,2/3] — which correspond to the
curve ¢z in ® — except at the endpoints (1/2,1/2) and (2/3,1/3), although Re(JDél)) =
—472(cos(27(6y — 305)) + cos(2m (2601 — 305)) — cos(2m(30; — 2605)) + cos(2m (30, — 63)) —
cos(2m (26, + 63)) + cos(2m(0; + 265))) = 0 on these lines. Again, J;él) is invariant under

the action of Dél) on T2, and can be written in terms of the Dél)-invariant elements z, y as
‘];g;) = —167* (y+22+1)(16+242— 13224223+ 16y —day—ay+4y?) = —m(y+22+1)(8y—

2?2 —424+16+1i/2(8 — 2)?)(8y —2* —4x+16—i\/x(8 — x)3). Thus we can write J in terms
of z, y as Jyu) = Am%i\/(y + 22 4 1)(16 + 24z — 1322 + 223 + 16y — 4wy — 2%y + 4y?) =
6

72in/(y + 22 + 1)(8y — 22 — 4z + 16 + /Q)(8y — 22 — 4z + 16 — /Q), where Q = z(z —

8)3. We have Q > 0 for z € [—1,0], whereas for z € [0,8], @ < 0 so that /@ is purely

imaginary. The Jacobian J,u) is a cubic in y, with two of the three roots appearing as
6

the equations of the boundaries ¢y, ¢ of ©. The third root intersects with © only at the
singular point (—1,1).

1

()
9.1 Spectral measure for 7-[,?6 for PSU(3)

We first determine the spectral measure v, (over o, = [—1,8]) for Dél)Apl. For the change
of variables T? 5 (&2t ¢*™%2) i (z,v;), where y; = Re(y), the Jacobian J,,, is given
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Figure 25: weight J;(z) for v,, for PSU(3).

by

T (01,02) = 47* (cos(27 (01 + 2602)) + cos(2m(26, — 36)) + cos(27 (36, — 6))
—cos(2m (261 + 05)) — cos(2m(30; — 205)) — cos(2w (6, — 365))) ,

Jog (@, 01) = 47r2\/(:v2 +4x — 16 — 8yy)(y? — 2% + 22 + = + 2y, + 4dayy).

The map T? 3 (wy, wq) — (z,¥1) is a twelve-to-one map, and J, ,, (x,y1) is invariant under
the dihedral group D;s which contains Dél) as a normal subgroup. Then by integrating

| Dia| |y, (z,91) 7| over y; we obtain the spectral measure v,, for Df(il)Apl. Thus the
spectral measure v,, (over [—1,8]) is dv,, (z) = J1(x) dz, where J;(z) is given by

—2z—1+vaF 1
12 / oo (2, y) [y for @ € [~1,0),
) T Py

—2p— 14z 1
12 [ o (2,92)| " dys for z € (0,8].
(z24+4x—19)/8

The weight J1(x) is an integral of the reciprocal of the square root of a cubic in y, and
thus can be written in terms of the complete elliptic integral K (m) of the first kind. Using
[7, equation 235.00], we obtain

6

3
Ji(z) = 7T2\/8—20£L’—£L'2—|—8\/I+1

3
——— K(v(x)™) for x € (0, 8],
2m2y/x + 1

where v(z) = 16y/x + 13/(8 — 20z — 2% + 8w + 13). The weight Ji(x) is illustrated in
Figure 25.

K(v(z)) forx e [-1,0],

We now consider the spectral measure v,, (over x,,(T?)) for Dél)ApT The spectrum
Tpy = Xps(T?) of po is given by the region @, ,, C C, illustrated in Figure ??(a), whose
boundary can be obtained from equations (25), (26) as Im(y) = £/ (a(y) — 1)(5 — a(y))3,
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where a(y) = /5 + 2Re(y). Let y1,y, denote the real and imaginary parts of y respec-
tively. The equation (27) of the surface ® is cubic in x, thus for any pair (y;,y2) there
are at most 3 values of = for which (z,y1,y2) € ®. Denote by ©’ the subregion of
D, illustrated in Figure ??(a), whose boundaries are obtained when the discriminant
—256(1+43y1)3+ (11 +90y; +27y? +27y3)? of the cubic polynomial (27) in x is zero, i.e. by

Yo = 3%\/—11 — 90y, — 2Ty? + €'16\/T + 3y, for ,¢' € {#1}. Consider the restriction
T = U, ,,|c to the fundamental domain C' of the map ¥, ,, : T* — ®;,,. For y € @/,
its pre-image T~!(y) in C' contains three distinct points, whilst for y € D;,, \ @’ its
pre-image T~*(y) is unique.

For the change of variables T? 3 (™1 ¢*™2) — (y;,1y5) the Jacobian J,, ,, is given
by Jy, .40 (01, 02) = 472(2(sin(27(0; — 62)) — sin(27w6,) + sin(2762)) + 4(sin(47(6; — 65)) —
sin(476,) + sin(4mbs)) + 3(sin(67(0; — 63)) — sin(676;) + sin(6762)) + sin(27 (61 + 262)) +
sin(27 (26, —363)) +sin (27 (360, — 265) ) —sin (27w (260, +62)) —sin (27 (61 —363)) +sin (27 (36, —
65))), which can be written in terms of the three Dél)—invariant variables z, y1, Y2 as

Jyl,yz (LU, Y1, y2) = 2\/571-2 V b(l‘, Y1, y2)7

where b(z, y1,y2) = 16 — 9z + 3422 — 2y; + 178wy, + 24x%y; + 39y? — 97xy? — 1022y} +
dy? + 24xy? — 9yt — 69y2 + 143xys — 422%y2 — 124y1y3 + 24xyy5 — 18yy2 — 9y;. The
solutions of (27) for = are

61; = 2 — 2%/3¢; P, — 82'3g(1 + 3y, ) P, ! (28)

where €; = €201 j =123 and

1/3
P, = (—11 — 90y, — 27y} — 27y5 + \/—256(1 +3y1)? + (11 4 90y; + 27y? + 27y§)2) :

Then the spectral measure v,, (over o,, = ©1,,) is dv,,(y) = J2(v1,y2) dy; dy2, where
Ja2(y1,y2) is given by

| Tys 2 (@1, 91, 42) |71 fory € A,
J2(y1,92) = 3|Jy1,yz (2,91, y2) 7! for y € B, (29)

(Zj:l |Jy1,y2 ($j>y1a y2)|)_1 for y € U8
where region A in Figure ??(a) is given by y € D ,, such that y; < —1/3, and 27y <
—11 — 90y, — 27y? — 16y/T + 3y;° for —1/3 < y; < —5/27; region B by 27y2 > —11 —

90y; — 27y* + 16T+ 3y;° for —1/3 < y; < 1, and y; > 1. The weight Jo(y1, 1) is
illustrated in Figure ?7(b).

Theorem 9.1. The spectral measures v,,, v,, (over x,, (T?) = [—1,8], X, (T?) = D1,
M M
respectively) for the graphs 7—[,?16 , 7—[,?26 respectively, for PSU(3) are given by
6
K(v(z))dz for x € [-1,0],
3
d,, (z) = 7r2\/8—20:c§x2+8\/x+1 ’

—— — K(v(x) ") dz for x € (0, 8],
22z + 1

dvp, (y) = J2(y1, y2) dyr dys,
where Ja(y1, y2) is given by (29).
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Figure 26: ©, ,, for PSU(3). Figure 27: weight J2(y1,y2) for v, for
PSU(3).

Remark 9 2. Similar remarks may be made re%ardmg the relationship between the
groups D (the Weyl group for PSU(3)) and D (the Weyl group for SU(3)) as were

made in Remarks 6.1, 8.2, for the groups 22 , Zg?’ and Dfll), Df) respectively. The
groups Dél) and Déz) are conjugate in GL(2,R), with conjugating matrix H given by
H = ( ; :? ) which has inverse H~! = ( :%g ?;g ) = —1H. As in Remark 6.1,
the origin of this relationship is the fact that the compact, connected Lie group SU(3)
(which has Weyl group Dé2)) is a triple cover of the compact, connected, but not simply
connected Lie group PSU(3). Thus not all irreducible representations of SU(3) are irre-
ducible representations of PSU(3), but only those of triality zero, that is, those indexed
by (A1, A2) € Z? such that \; — Ay = 0 mod(3).

Remark 9.3. There is also a relation between the Lie groups PSU(3) and G, in that Dél)
(the Weyl group for PSU(3)) is a normal subgroup of D5 (the Weyl group for Gs). This
relation is reflected in the spectral measures for these Lie groups. The spectral measures
associated to Gy were studied in [12]. The fundamental domain F' for Dy = Dél) X 2o
in [12, Figure 8] is obtained from the fundamental domain for Dél) in Figure 24(a) by
imposing one extra symmetry which comes from the additional Z, action. Suppose we
denote by 2/, 1’ the variables for D;5 given by

! -1 -1 -1 -1
ri=14w tw twrtwy Fwiw, +wp we
-1, 2

Y =2+ 1+ wwy +witwyt + wlws 4+ witws + wiws 2 4 wilws.
Then we see that ' = x—1 whilst ' = 2Re(y) —x+2, and there is a 2-to-1 homomorphism
£ @D(l) — ®p,, from the domain @D(l) of Dél) to the domain ®p,, of Djs such that
6 6
{(z) = z — 1 and {(y) = 2Re(y) — = + 2, which maps the boundary of ® u) to part
6

of the boundary of ®p,,. The rest of the boundary of Dp, , is given by &(v), where
= (z,y) €D, W such that y € R, i.e. v = ®(t) for ¢t € T? such that ¢ is fixed under the

addltlonal Zs actlon in Dys. Moreover, Jp,, = 2Re(J ) = £(J,, 1)) (c.f. Remark 7.1).
6
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1

)
for PSU(3)

In this section we make the assumption that Conjecture 3.3 in Section 3.2 holds for the

(1) (1)
joint spectral measure of the pair of graphs 7—[,?16 , 7—[,?26 . Then we determine from this

the spectral measures v,,, v,, (over x,, (T?) = [—1,8], x,,(T?) = D, respectively) for
(1) )
the graphs 7—[,?16 , ?—[,?26 respectively, for PSU(3). We have S(10)(f) = w1 —w; ' — ws +
w;l + wfle - wlwgl.
We consider first the spectral measure v,,. Now S,(6) = S(1,0)(¢) may be written in

(
9.2 Spectral measure for Qé)ﬁ

terms of the variables z, y1 as S0 (z,y1) = \/8y1 — 22 — 4x + 16. Then the spectral
measure v, (over [—1,8]) is given by dv,, (z) = Js(x) dz, where J3(z) is given by

W /—2x—1+\/$—+13 \/8y1 — 22 —4x + 16 dy for x € [—1,0]
1 el
e 1—ya T TP — 2 — 1 — y — 21 — dayy
—2a— 14z \/8y1 — 1% —4x + 16

4V2

dy, for x € (0, 8].

(@+40-10)/8 /23 — 22 —x — y? — 2y — day,

The weight J3(z) can be written in terms of the complete elliptic integrals K (m), E(m)
of the first, second kind respectively. Using [7, equation 235.05, 235.06], we obtain that
J3(x) is given by

8— 20z —a2+8/z+ 1
\/ 5 E(v(z)) for z € [-1,0],

v
8 —20x —22 -8/ +1°
7+ \/ K

1 3
— | 16vz +1 E(v(x
V1

472

(v(z)™) for z € (0, 8],

where v(z) = 16y/x + 13/(8 — 20x — 2® + 8Vr + 13). The weight J3(x) is illustrated in
Figure ??(a). It has been verified using Mathematica that the first 10 moments of this
measure are correct.

We now turn to the spectral measure v, (over 0,, = 9 ,,), which is given by dv,, (y) =

34(y1, y2) dy: dys, where 34(y1, yz) is given by

|5(1,0)(931,y1)|2/|<]y1,y2(931, Y1, Y2)| for y € A,
Jalyr,y2) = 3|S(170)(x2’yl)‘2/"‘]yl7y2(x27y17y2)‘ for y € B, (30)
Zj:l |S(1,0) ($j>y1)|2/|<]y1,y2(1'j, Y1,92)|  fory € D,

where the regions A, B and ©’ are as in Section 9.1, and x; are as given by (28). The
weight J4(y1,y2) is illustrated in Figure ?7(b).
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Figure 28: weight J3(z) for v,, for PSU(3).  Figure 29: weight J4(y1,y2) for v,, for

PSU(3).
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