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Abstract

We use double field theory to give a unified description of the low energy limits of
type ITA and type IIB superstrings. The Ramond-Ramond potentials fit into spinor
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representations of the duality group O(D, D) and field-strengths are obtained by acting
with the Dirac operator on the potentials. The action, supplemented by a Spin™ (D, D)-
covariant self-duality condition on field strengths, reduces to the ITA and IIB theories in
different frames. As usual, the NS-NS gravitational variables are described through the
generalized metric. Our work suggests that the fundamental gravitational variable is a
hermitian element of the group Spin(D, D) whose natural projection to O(D, D) gives
the generalized metric.
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1 Introduction and summary

T-duality transformations along circles of compactified type II superstrings show that type
ITA and type IIB superstrings are, in fact, the same theory for toroidal backgrounds of odd
dimension (see [I] and references therein). This naturally leads to the question of whether there
exists a formulation of type II theories that makes this feature manifest. In this paper we will
address this question, reporting on results that have recently been announced in [2].

The understanding of the T-duality transformation rules for the Ramond-Ramond (RR)
fields has been the subject of many works in a number of formalisms [3H8]. Experience with
bosonic strings, or with the NS-NS sector of type II superstrings, has shown that the duality
group is O(d, d), where d is the number of toroidal dimensions [9,10]. In double field theory —
an approach to make T-duality manifest for the massless sector of string theory by doubling the
coordinates [1TH14] — it has been useful to work with the group O(D, D), where D is the total
number of spacetime dimensions. (See [I5] for earlier work by Siegel and [16H27] for related
papers.) Conservatively, one can focus on the elements of O(D, D) that act only on d compact
space dimensions. In bosonic double field theory, however, the full O(D, D) is a symmetry when
all spacetime coordinates are non-compact and doubled. The symmetry is manifest, acting both

on the fields and on the coordinates.

In an important work, Fukuma, Oota and Tanaka [28] discussed the ITA and IIB supergravity
limits of superstrings compactified on a torus 7% The authors verified that the dimensionally
reduced theory arising from the RR sector contains scalars, one-forms, and higher forms, each
of which fit into the spinor representation of O(d, d). The kinetic operator was shown to use the
spin representative of the familiar O(d, d) matrix of scalar fields that arise from the metric and
b-field components along the compact directions. The required spin representatives of O(d,d)
elements were discussed in the earlier work of Brace, Morariu, and Zumino [29] in their study
of RR backgrounds in the matrix model. The relevance of O(d,d) spinors for dimensionally
reduced RR fields was first noted by Hull and Townsend [4].

In this paper we construct the double field theory of the RR massless sector of superstring
theory. The NS-NS massless sector is described by the same theory that describes the mass-
less sector of the bosonic string [ITHI4]. The fields are a duality invariant dilaton d and the
generalized metric H sy, that encodes the metric and b-fields in a matrix called H:

ij _gikp,
Huw = 7 ) = (1.1)
birg™  gij — bikg™ by;

Here M, N,...=1,...,2D denote fundamental O(D, D) indices. The double field theory action



then takes the Einstein-Hilbert-like form
S = /d:z: di e R(M, d) (12)

where R(H,d) is an O(D, D) invariant scalar. In here all fields depend on the doubled coor-
dinates XM = (i;,2%), and after setting 9° = 0 the action (I2) reduces to the conventional
low-energy action for the massless NS-NS fields. The action also features a gauge symmetry
with an O(D, D) vector parameter M = (&, ") that combines the diffeomorphism parameter
¢ and the Kalb-Ramond gauge parameter &;:

SeHun = LeHun = E70pHun + (0mE” — 07¢n) Hon + (OnET — 0en) Hurp
(1.3)
od

1
Mond — éaMgM :
Here Eg defines a generalized Lie derivative and 0y = (5’, 0;). The gauge invariance of the
action requires the O(D, D) covariant constraints

1
OMOA = pMNOONA = 0,  OMAOMB = 0, MV — G 0) L aa

for all fields and parameters A and B, where 7 is the O(D, D) invariant metric. This constraint
implies that locally one can always find an O(D, D) transformation that rotates into a frame
in which the fields depend only on half of the coordinates, e.g., only on the z* or the Z;.

Let us now turn to the RR sector, which requires some new ingredients. The first one
is that the RR gauge fields fit naturally into the spinor representation of O(D, D). In the
case of interest, the physical dimension is D = 10 and we have a spinor of O(10,10). The
spinor representation of O(D, D) of dimension 2P is real (or Majorana) and reducible. This
dimension equals the sum of the number of components of all the forms in a D-dimensional
spacetime. An additional Weyl condition yields two spinor representations of opposite chirality,
each of dimension 2P~1 that can be matched with even and odd forms and therefore with
the RR fields in the type II theories. The RR potentials of the ITA and IIB theories do not
include all odd and all even forms, but duality relations can be naturally imposed on the field
strengths to reduce the spectrum to the desired one. This ‘democratic’ formulation of the type
II supergravities uses field strengths of degrees 2,4, 6, and 8 for type IIA and field strengths of
degrees 1,3,5,7, and 9 for type IIB [2§].

The type II theories are formulated in a ten-dimensional spacetime with Lorentzian sig-
nature. In fact, the requisite self-duality condition of type IIB is consistent only with this
signature. A number of features arise from this choice of signature that require a careful dis-
cussion of the relevant duality groups, in particular of the ‘spin’ groups that provide the double
covers of the orthogonal duality groups. The RR fields, as mentioned above, fit into a spinor
of O(D, D), but the so-called ‘spinor’ representation of O(D, D) is only defined up to signs. A
true representation exists for the group Pin(D, D), which provides a double cover of O(D, D),
or for the group Spin(D, D), which provides a double cover of SO(D, D). Just like SO(D, D) is
a subgroup of O(D, D), Spin(D, D) is a subgroup of Pin(D, D). Because of the double covering,
each element in O(D, D) has two lifts to Pin(D, D) and similarly each element in SO(D, D) has
two lifts to Spin(D, D). Moreover, there is a group homomorphism p : Pin(D, D) — O(D, D)



that also takes Spin(D, D) to SO(D, D). If S is an element in Pin(D, D), then (—S) is also an
element and both S and (—S) map to the same O(D, D) element under p.

T-dualities about single circles are elements of O(D, D) that are not in SO(D, D): they are
represented by matrices of determinant minus one. Their lifts are transformations in Pin(D, D)
that are not in Spin(D, D) and have the effect of changing the Weyl condition of a spinor. Since
the chirality of the spinor that encodes the RR forms must be fixed in order to write down the
theory, the duality group is Spin(D, D). Calling x the spinor that encodes the RR forms we
have the duality transformations

Duality transformations: x — Sx, S € Spin(D,D). (1.5)

In the doubled space it is natural to define a Dirac operator

1 1 . -
= TMoy = —= ("0, +T,0"), 1.6
7 Lo = 5 ( ) (1.6)
where I'™ are gamma matrices of O(D, D). Using the Clifford algebra and the constraint (L),

we readily verify that @@ = 0. We show that @ is duality invariant and as a result (5] implies
dx — Sdx, S € Spin(D,D). (1.7)

Since @ is first order in derivatives, @y is naturally interpreted as the field strength associated
to the RR potentials, to which it indeed reduces for §* = 0.

Following the insights of [28] it is natural to consider the spin group representative of H
to discuss the coupling of the RR fields to the NS-NS fields. The generalized metric H is a
symmetric matrix that is also an O(D, D) element. Since the determinant of H is plus one,
we actually have H € SO(D, D). The group SO(D, D) has two disconnected components: the
subgroup SO (D, D) that contains the identity and a coset denoted by SO~ (D, D). One can
check that in Lorentzian signature H is actually in SO~ (D, D). The associated spin represen-
tatives are in Spin~ (D, D); they are elements S and —S, such that p(+S) = H. It turns out
to be impossible to choose a spin representative in a single-valued and continuous way over the
space of possible H. We illustrate this with an explicit example of a closed path in the space
of H configurations (i.e. a closed path in SO~ (D, D)) for which forcing a continuous choice
of representative results in an open path in Spin~(D, D), a path in which the initial and final
elements differ by a sign. We note that this phenomenon occurs whenever a timelike T-duality
is employed, and therefore does not arise in Euclidean signature where H € SO™ (D, D) and a
lift to Spin™ (D, D) can be chosen continuously.

In light of the above topological subtlety we suggest that instead of viewing H as the fun-
damental gravitational field, from which a spin representative needs to be constructed, we view
the spin element itself as the dynamical field, denoted by S € Spin~(D, D). The generalized
metric can then be defined uniquely by the homomorphism: H = p(S). The condition that H
is symmetric requires that S be hermitian, S = St. Under the duality transformation (L5 we
declare that

Duality transformations: S - 8§ = (S7H)TsS™! S eSpin(D,D). (1.8)



This transformation is consistent with that of the generalized metric, namely, p(S) is an
SO(D, D) transformation that takes H = p(S) to H' = p(S').

We can now discuss the double field theory action for type II theories, whose independent
fields are S, y and d. It is the sum of the action (I.2]) for the NS-NS sector and a new action
for the RR sector:

S - /dmd:ﬁ (e R(H,d) + i(dr’X)T S9x). (1.9)

H = p(S), S e Spin (D,D), St =S§.

The RR action is quadratic in the field strengths @y, and S is actually needed to produce the
Hodge dual that then leads to conventional kinetic terms. The duality invariance of the RR
action is manifest on account of (L7)) and (L8]). The definition of the theory also requires the
field strength @y to satisfy a self-duality constraint that can be written in a manifestly duality

covariant way,

dy = —C7'S Py. (1.10)

Here the charge conjugation matrix C satisfies C~'T'MC = (I'M)T. While the action is in-
variant under Spin(D, D), the self-duality constraint breaks the duality symmetry down to
Spin™ (D, D). This is not unexpected since the epsilon tensor in the duality relations is only
left invariant by the orientation-preserving transformations GL* (D) C SO™(D, D). It should
be emphasized that the action is originally Pin(D, D) invariant. The Weyl condition on the
spinor reduces the duality symmetry of the action to Spin(D, D). Finally, the self-duality
constraint reduces the symmetry of the theory to Spin™ (D, D).

The RR potentials have the usual abelian gauge symmetries in which the form fields are
shifted by exact forms. This symmetry also takes a manifestly duality covariant form,

Sx = d, (1.11)

and leaves ([L9)) invariant because @2 = 0. More nontrivially, the invariance of the theory under
the gauge symmetries parameterized by ¢M requires that y transform as

~ 1
55)( = EﬁX = fMaMX+§8M£NFMFNX. (1.12)

In here we defined the generalized Lie derivative /:'5 acting on a spinor. To complete the analysis
we require a gauge transformation of the gravitational field S that satisfies two consistency
conditions: (i) together with (I.I2]) it must leave the action invariant, and (ii) it must imply
the gauge transformation (L3]) for H that is required for gauge invariance of the NS-NS part
of the action. We find that these two conditions are satisfied by

5eS = 5M3Ms+%c[r’3@,c—ls]ap§@. (1.13)

In order to evaluate the action in different T-duality frames, i.e., for different solutions of
the constraint (L4]), and to compare with the conventional formulation in terms of fields like
g and b, we need to choose a particular parametrization of the field S. We start from the
parametrization (LI]) of the generalized metric H = p(S) implied by S. A spin representative



Sy can then be defined locally, and we parametrize the field S by setting S = Sy. It turns
out, however, that once a parametrization has been chosen in terms of g and b, the original
Spin(D, D) symmetry of the action cannot be fully realized as transformations of g and b since
they change the sign of the RR double field theory action for timelike T-dualities. If the full
Spin(D, D) is to be a symmetry we must view S as the fundamental field. A manifestation
of the sign phenomenon is that evaluating the action in T-duality frames related via timelike
T-dualities results in RR actions that differ by an overall sign, a result that turns out to be
consistent with proposals in the literature. In order to explain this, let us discuss the evaluation

of the action in different T-duality frames.

Suppose we have chosen a chirality of x and a parametrization of S such that the theory
reduces for 8" = 0 to type ITA. All other solutions of (LC4) can be obtained from this one by an
O(D, D) transformation. For the bosonic double field theory, or for the NS-NS part of the type
IT theory, it has been shown in [I3] that the action reduces in all frames to the same theory:
the conventional low-energy action of bosonic string theory, but written in terms of different
field variables, which are related by the corresponding T-duality transformations. In type II
theories, however, this changes, because generally T-duality relates different type II theories to
each other. If, for instance, the theory reduces in one frame to type ITA, we will see that it
reduces in any other frame obtained by an odd number of spacelike T-duality inversions to type
IIB, and vice versa. If, on the other hand, the frames are related by an even number of spacelike
T-duality inversions, the theory reduces in both frames to the same theory, either ITA or IIB.
We next consider the case of a frame that is obtained by a timelike T-duality transformation.
First, let us review the status of timelike T-duality as discussed in the literature.

If one considers the reduction of the ten-dimensional low-energy type IIA or IIB theory
on a timelike circle, one finds that each RR p-form gives rise to a form of the same degree in
the nine-dimensional Euclidean theory, together with a (p — 1)-form, which originates from the
timelike component. The latter form enters with the wrong sign kinetic term. Consequently,
the timelike circle reductions of type IIA and type IIB do not give rise to the same theory in
nine dimensions; they give two theories that differ by an overall sign in the RR kinetic terms.
Therefore, the ITA and IIB theories cannot be T-dual on a timelike circle. It has been proposed
by Hull that on a timelike circle the proper T-dual pairs are type IIA and type IIB*, or type
IIB and type ITA* [30]. In the low-energy description the type IIA* and type IIB* differ from
the ITA and IIB theories just by the overall sign of the RR kinetic terms, such that the timelike
circle reductions of ITA and IIB*, and of IIB and IIA*, give rise to the same theory.

If we start from a T-duality frame in which the double field theory reduces to type IIA
(IIB), we indeed find that the same theory reduces to IIB* (ITA*) in any frame obtained by a
timelike T-duality transformation. In summary, the manifestly T-duality invariant double field

theory defined by (L9) and (LI0) unifies these four different type II theories in that each of
them arises in particular T-duality frames.

This paper is organized as follows. In sec. 2 we review the properties of the spinor repre-
sentation of O(D, D) and of its double covering group. Due to the aforementioned topological
subtleties, we find it necessary to delve in some detail into the mathematical issues. In sec. 3
we discuss the field that is interpreted as the spinor representative of the generalized metric.



The duality covariant form of the action and duality relations is introduced in sec. 4, while
their evaluation in particular T-duality frames is done in sec. 5 and 6. We conclude with a
brief discussion in sec. 7. A number of technical proofs as well as an example illustrating the
topological obstructions in the construction of the spin representative of the generalized metric

are given in an appendix.

2 O(D,D) spinor representation

In this section we review properties of the T-duality group O(D, D) and its spinor representation
or, more precisely, the properties of its two-fold covering group Pin(D, D) and its representa-

tions. Convenient references for this section are [28], [31], and [32].

2.1 O(D,D), Clifford algebras, and Pin(D, D)

In order to fix our conventions, we start by recalling some basic properties of O(D, D). This
group is defined to be the group leaving the metric of signature (1p,—1p) invariant. We choose

a basis where the metric takes the form

"= (‘f 3) , (2.1)

and we denote it by nMY or ny;y which, viewed as matrices, are equal. The indices M, N run
over the 2D values 1,2,...,2D. The preservation of n implies that group elements h € O(D, D),

viewed as matrices, satisfy
M = hMthQnPQ & n = hnh'. (2.2)

This implies that det (h) = £1. The subgroup of O(D, D) whose elements have determinant
plus one is denoted by SO(D, D). While the group O(D, D) has four connected components,
SO(D, D) has two connected components. In SO(D, D) the component connected to the iden-
tity is the subgroup denoted as SOT(D, D). It can be shown that in the basis where the
metric takes the diagonal form diag(1p,—1p), the two D x D block-diagonal matrices of any
SO (D, D) element have positive determinant. The other component of SO(D, D) is denoted
by SO~ (D, D). It is not a subgroup of SO(D, D) but rather a coset of SO™(D, D).

The Lie algebra of O(D, D) is spanned by generators 7MY = —TNM gatisfying
Any group element connected to the identity can be written as an exponential of Lie algebra

generators,
WMy = [exp (3ApoTP) M v, (2.4)

where
(TMNYE = opKIMNT (2.5)

is the fundamental representation of the Lie algebra (2.3]). We use the anti-symmetrization

convention Xy = %(XMN — XnNm)-



We turn now to the spinor representation of O(D, D) and to the groups Spin(D, D) and
Pin(D, D), whose properties will be instrumental below. The (reducible) spinor representation
of O(D, D) has dimension 2” and can be chosen to be real or Majorana. Imposing an additional
Weyl condition will yield two spinor representations of opposite chirality, both of dimension
2P=1 These can be identified with even and odd forms and thus with the RR fields in type II.

To begin with, we introduce the Clifford algebra C'(D, D) associated to the quadratic form
n (-, -) on R?P. With basis vectors I'y;, M = 1,...,2D, we have

nun =n(u,I'y) = <(1) é) . (2.6)

The main relation of the Clifford algebra states that for any V € R2P
VoV =V, V)1, (2.7)

where 1 is the unit element and the dot indicates the product in the algebra. This algebra is
generated by the unit and basis vectors I'y;. Writing V' = V™I, substitution in (7)) gives

{FM,FN} =Ty - I'n+ITn-Ty= 2nun. (2.8)

Using the quadratic form 73,y and its inverse n™Y to raise and lower indices, we can write
arbitrary vectors as V = VMI'y, = V) T'M | which then allows to write (Z8) with all indices
raised.

An explicit representation of the Clifford algebra (and below of the Pin group) can be

conveniently constructed using fermionic oscillators v and v, i = 1,..., D, satisfying
vty =67, {vne} =0, e} =0, (2.9)
where
W)t = o' (2.10)
Defining

— VB, T = Vag 2.11)

the oscillators realize the algebra (2.8]). Spinor states can be defined introducing a Clifford
vacuum |0) annihilated by the 1); for all :

¥;]0) =0, Vi. (2.12)
From this, we derive a convenient identity that will be useful below,
bt - |0) = poliept . i) (2.13)

A spinor  in the 2P-dimensional space can then be identified with a general state

Z  Cir.ip ¥ YL y|0) (2.14)



where the coefficients are completely antisymmetric tensors. Thus, there is a natural identifica-
tion of the spinor representation with the p-forms on R”. We define (0] to be the the ‘dagger’
of the state |0) and declare:

00y =1. (2.15)

For more general states,
(@ ot = (Ol¢i, - i - (2.16)

We work on a real vector space, so the § operation does not affect the numbers multiplying the
vectors. In the notation where dagger takes |a) to (a| and vice versa, we can quickly show that
(a]b) = (bla). We see from these definitions that in the spinor representation (I'*)! is indeed

equal to I';. Since all matrix elements are real, the dagger operation is just transposition.

Let us now turn to the definition of the groups Spin(D, D) and Pin(D, D), which act on
the spinor states. These groups are, respectively, double covers of the groups SO(D, D) and

O(D, D). To describe these groups we need to introduce an anti-involution x of the Clifford
algebra C(D, D), which is defined by

Vi Voo Vi) =)V -... V- 1. (2.17)

Note that for any vector V in R?P| V* = —V. For arbitrary elements S,T of the Clifford
algebra one has (S+71)* = S*4+T* and (S-T)* = T*-S*. The group Pin(D, D) is now defined
as follows:

Pin(D,D) := {Se€C(D,D)|S-S*=+1,VeR?’ = §. V.5 ecRrR?P}. (2.18)

The first condition implies for all group elements that S* is, up to a sign, the inverse of S. The
second condition indicates that acting by conjugation with S on any vector V € R2P results
in a vector in R?P. One readily checks that S € Pin(D, D) implies S* € Pin(D, D). In what
follows we will omit the dot indicating Clifford multiplication whenever no confusion can arise.
We finally note that the Lie algebras of O(D, D) and Pin(D, D) are isomorphic, and in spinor
representation the generators are given by

1 1
MN MN _ M N
THY = ST = Z[F N (2.19)

which satisfy (2.3)).

Next, we define a group homomorphism
p: Pin(D,D) — O(D, D), (2.20)

with kernel {1, —1}, that encodes the two-fold covering of O(D, D). It is defined via its action
on a vector V € R?P according to

p(S)V = Svs~t. (2.21)
It is easily seen that this is a homomorphism, i.e., for arbitrary S1,S2 € Pin(D, D)

p(5152) = p(S1)p(S2) - (2.22)



Moreover, p indeed maps into O(D, D), for it preserves the quadratic form,

n(p(S)V,p(S)V)1 = n(SVS~tSvs—hH1 = svs—t.svst 2.23)
2.23
=S (V-V)-8§t=5.1.5 VvV, V)=V, V)1,

where the Clifford algebra relation (277)) has been used. Finally, p is surjective, i.e., for any
h € O(D, D) there is an Sj, € Pin(D, D) such that p(Sp,) = h. More precisely, by the two-fold
covering, both S, and —S} are mapped to h under p.

The map p can be written in a basis using V = VMI'y; for the original vector and V'’ =
VM, with VM = M VN for the rotated vector, where hM y is an O(D, D) element.
With this, the map in (22I]) becomes

p(S)YV = V' = svst = wMyvNry = svMr, st (2.24)
Relabeling and canceling out the vector components we find
STy St = I'yhNy. (2.25)

Here p(S) = h, and h — with matrix representative h’™ y — is the O(D, D) element associated
with S. We rewrite the above equation by raising the indices. Using the invariance property

UMN(h_l)NK = nnhN p, we find
STMg=t — (AhHMyTN | (2.26)

Rewritten as Ay STV =1 = '™ this is the familiar statement that gamma matrices are
invariant under the combined action of Pin(D, D) on the spinor and vector indices.

Let us now turn to the definition of the subgroup Spin(D, D) of Pin(D, D). It is obtained if
in [2.18) we have S € C(D, D)®*", which is the Clifford subalgebra spanned by elements with
an even number of products of basis vectors. In this case the homomorphism p above restricts

to a homomorphism
p: Spin(D,D) — SO(D, D), (2.27)

with kernel {1,—1}. If, in addition to restricting to C'(D, D)*V", the normalization condition
is changed to SS* = 1, the resulting group is Spin* (D, D) and p would map to SO*(D, D).

Let us consider a set of useful elements S of Pin(D, D). We write the elements using the
oscillators ; and W

N VAYANE,
Sb =e QZwa ,

P = %”’“ (r= (i) = &% € GL* (D)), (2.28)

S; =i+, (i=1,...,D),

where GL™ (D) is the group of D x D matrices with strictly positive determinant. It is instructive
and straightforward to verify that the first condition in (ZI8) holds. Noting that (e*)* =

we have
(Sp)* = e 20tV = ezbuv! — ()L, (2.29)

"Here we are closely following [28] with a slightly different notation.

10



We note that S, € Spin™ (D, D). For S, we have

(S) = o ewRav _ L wiRiv R
vdetr Vdetr
_ L wiridyer _ detr iy, (2.30)
Vdetr vdetr
= Vdetre V'RV = (S)71,
which implies that S, is in Spin™(D, D). Since S; is linear in gamma matrices, S} = —S;. We
thus have
SiS7 = =55 = (' + )W + i) =~ — i = —1. (231)

It follows that S; € Pin(D, D), while even powers of the S; are in Spin(D, D).

Using the definition ([221]) we can calculate the O(D, D) elements associated with these
Spin(D, D) elements. For this we expand (2.25)) to find
ST 871 = Tph + T by,
. . . (2.32)
ST'S™h = Tph* 4+ 1% by

and we build the A matrix as follows

h*®  h;
WMy =7 T (2.33)
hzk hlk

Applying the above to (2.28]) one finds the O(D, D) matrices associated to the Pin elements:

hy = p(Sy) = ((1) _1b> , bl =—b, (2.34)
h, = p(S,) = (g (T_OI)T>, r € GLT(D), (2.35)

1— €; —€;

—€; 1-— €;

The group elements hy, h,. and even powers of the h; generate the component SO (D, D)
connected to the identity. It is convenient to also record that

p(e%bijd’iwj) — (; (1)> 7 p(v' =) = —(1_ei € > . (2.37)

€; 1—62'

We note that (Z38) provides an embedding r — h, of GL™ (D) into SO™ (D, D), preserving
the group structure,
hrhs = hys, (2.38)

and thereby, via (2.28]), an embedding into Spin™(D, D). In order to represent GL™ (D, D)
in Spin(D, D), we note that this group can be identified with the coset GL™ (D) h_, with an
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arbitrary h_ € GL™ (D). An example for such an element h_ is given by the transformation

that changes the orientation in one direction, and for this we consider:

p(wii = vi’) = p((0' =)W + 1)) = p(¥ = i)pw’ + 1)

. 1-— (3 (3 1-— €; —€; . 1-— 26@' 0 (239)
N (3 1-— (3 —€; 1-— €; N 0 1-— 2€i ’

where we used (2.36]) and ([2.37)) . This shows that
p(pih; — ') = h_ = diag(ks, ki), 4 not summed (2.40)

with the diagonal D x D matrix k; = diag(1,...,—1,...,1) that has a —1 in the i-th diago-
nal entry. We will use this result below to define a spinor representative of a metric g with

Lorentzian signature.

2.2 Conjugation in Pin(D, D)

We turn next to the definition of the charge conjugation matrix. The charge conjugation matrix
C' can be viewed as an element of Pin(D, D) in general and as an element of Spin(D, D) for

even D. It is defined in terms of the oscillators by

o { g+ = (W' +¢) (W o) - (WP +p), if D odd, (2.41)

= (P — Y1) (W2 —2) - (VP —¥p), if D even.

Noticing that with ¢ not summed (1 £ ;) (1" £ ;) = £{" ,¢;} = £1, simple calculations
show that
Co(C) = (1P, C(C ) =1. (2.42)

It is useful to note that the charge conjugation matrix is proportional to its inverse,
c7l = (~)PP-L2 o (2.43)

Since C' and C~! just differ by a sign, all expressions of the form C'...C~! can be rewritten as
C~1...C. It is straightforward to show that

Cii(Co) = —(-1)Py",  Cy'(Cy) ™ = —(=1)Pyy,

' ' (2.44)
Copi(Co)™h = (=1Py',  CWi(C)T = (=P
It then follows from (6.41]) that in all dimensions
C; 071 = b, CyYiCct = ;. (2.45)
As 9’ = (¢;)T, these relations can be written in terms of gamma matrices as follows
crMot =@My or Oy O t= (). (2.46)

Introducing the O(D, D) element

o (0 1
e (1)), .
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we can use (2.25]) to write the second equation in (246]) as
CTyuC =Ty = Ca) =TnIV . (2.48)

We thus learn that
p(C) = J. (2.49)

Since C' and C~! just differ by a sign, p(C~!) = J and equation (Z46]) also implies that

citMo = (M, (2.50)

More generally we define the action of dagger by stating that 1T = 1, and that on vectors
V' dagger is realized by C conjugation:

Vi=ovet=Jv. (2.51)
On general elements of the Clifford algebra we define dagger using

Vi-Va-...-V)t=vio vyl (2.52)

n

so that for general elements (S - So)t = S; . SI. A short calculation gives
ct = o7t (2.53)

It is straightforward to verify that S € Pin(D, D) implies ST € Pin(D, D). It is then natural
to ask how the homomorphism p behaves under the dagger conjugation.

To answer this and related questions it is convenient to describe the dagger operation in
C(D, D) in terms of C' conjugation and the anti-involution 7 defined by

Vi Voo Vi) =V Vo VA, (2.54)
which satisfies 7(51.52) = 7(S52)7(S1). Indeed, it is clear that

St=cr(S)Cct. (2.55)

We now prove that the action of 7 in Pin(D, D) maps under p to the inverse operation in
O(D,D):
p(r(8)) = p(S)™". (2.56)
We begin with the defining relation (Z2I)) applied to S~

STIWVS = p(STHv . (2.57)

Now take the 7 action on both sides. Noticing that the right-hand side is left unchanged we
get, because for any vector 7(V) =V,

r(S)Vr(S™YH = p(S™HV = 7(S)Vr(S)™t = p(S™HV

(2.58)
= p(r(9)V = p(S)"'V,

13



thus establishing ([256). It is now easy to calculate p(ST) using (Z355). Indeed, taking p of this
equation gives

p(SY) = Jp(7(8))J = Jp(S)" ', (2.59)

where we recognized that p(C~!) = J and used ([256). Recalling that O(D, D) elements h
satisfy hJh? = J, we have hT = Jh~'J. Thus the right-hand side above is simply p(S)7,

showing that
p(ST) = p(S)". (2.60)

For elements S of Spin(D, D), 7(S) = S*, thus (2Z.55) becomes
St=cs*C~!, SeSpin(D,D). (2.61)
Using that S* = £S5~ for S € Spin® (D, D), this implies

st = cstct  for S e Spint(D,D),

(2.62)
St = —cstc™! for S e Spin(D,D).
In particular, for the spin generators .S; and S, we get
sl = ¢s; et
(2.63)
St = cstot.
Since 7(S;) = S, for the final generator we have
st = cs,ct. (2.64)

2.3 Chiral spinors

We close this section with a brief discussion of the chirality conditions to be imposed on the
spinors. To this end it is convenient to introduce a ‘fermion number operator’ N, defined by

Ne = 3 wku (2.65)
k

It acts on a spinor state that is of degree p in the oscillators as follows

1 . .
Nelp = Ne (5 Civiy™ -+ 9710) )

. o ‘ (2.66)
= 2P Coniy g yl0) = gl
P

where ([ZI3) has been used. Thus, acting with (—1)VF on a general spinor state (ZI4]), one
obtains
D 1 . .
(—)Nry = Z(—l)pacil...ip Y-t |0) (2.67)

p=0
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We conclude that the eigenstates of (—1)VF consist of a x that is a linear combination of only
even forms, with eigenvalue +1, or of a x that is a linear combination of only odd forms, with

eigenvalue —1. Given an arbitrary spinor , one can project onto the two respective chiralities,

= 0EED) = (DY = (268)

Then x4+ has positive chirality, consisting only of even forms, and x_ has negative chirality,
consisting only of odd forms. The operator (—1)VF is the analogue of the v° matrix in four

dimensions.

Finally, we note that the chirality is preserved under an arbitrary Spin(D, D) transforma-
tion. In fact, since the group elements of Spin(D, D) contain only an even number of fermionic
oscillators, they map even forms into even forms and odd forms into odd forms. In contrast, a
general Pin(D, D) transformation can act with an odd number of oscillators and thereby map
spinors of positive chirality to spinors of negative chirality and vice versa. Thus, when fixing
the chirality, as for the action to be introduced below, we break the symmetry from Pin(D, D)
to Spin(D, D).

3 Spin representative of the generalized metric

In this section we discuss the spin representative Sy of the generalized metric Hpsny. We deter-
mine its transformation behavior under gauge symmetries and T-duality. More fundamentally,
we will adopt the point of view that Sy is just a particular parametrization of the fundamental
field S.
3.1 The generalized metric in Spin(D, D)
We take the fundamental field to be S, satisfying

S =S8, SeSpin(DD). (3.1)
The generalized metric Hpsn will then be defined as

H = p(S) = HT = piS"Y = H, He SO (D,D). (3.2)

Moreover, we constrain H and thereby S by requiring that the upper-left D x D block matrix
encoding g~! has Lorentzian signature. An immediate consequence of (3.1 follows with ([2.62)

S =st = —¢stct. (3.3)
Equivalently, recalling that C = £C 1,

SCS = —C. (3.4)

It is also possible to adopt the opposite point of view, i.e., to take the group element H as
given and then determine a corresponding spin group representative Sy as a derived object.
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However, as we will discuss in more detail below and in the appendix, this cannot be done
in a consistent way globally over the space of H. In the following we first determine a spin
representative Sy locally from #H, but we stress that this should be viewed as just a particular
parameterization of S — in the same sense that the explicit form of H sy in terms of g and b
is just a particular parametrization of H.

We start by writing the O(D, D) matrix Hysn as a product of simple group elements

-1 -1 -1
g —g~'b 1 0\ (g 0 1 —b T
H = = = hy h,—1hy . 3.5
(bg_1 g—bg_1b> (b 1> ( 0 g> (0 1) b Mg=t T (35)

The matrices defined in the last equation are analogous to the matrices defined in (2.34]) and
(238). More precisely, this is true for h, while for hy (or hy—1 = hy') eq. ([Z38) is only valid
if g has euclidean signature, because then g € GL*(D). Here, however, we assume that g has
Lorentzian signature (— + ---+). Accordingly, H is indeed an element of SO~ (D, D).

In order to find the corresponding spinor representative for hy and thereby for H, it is
convenient to introduce vielbeins in the usual way,

gij = ei"ej’kag,  kap = diag(—1,1,...,1), (3.6)
where o, 3,... = 1,..., D are flat Lorentz indices with invariant metric k,g. In matrix notation,
we also write

g = ekel . (3.7)

We can choose e to have positive determinant, and thus its spin representative can be chosen

to be S. as defined in (2.28). Using (2.40), the spin representative of diag(k, k) can be taken
to be

Sk = ' — iyt (3.8)

where the label one denotes the timelike direction. We note that
Sp=25}=571=-5;. (3.9)

Since S S = —1, we confirm that S, € Spin~ (D, D).

Thus, we can choose the spinor representative of g to be

1 i i G
Se Sk S = ——— eV BV (Lo — gt )e? (FDY (3.10)

& det (e)

where ;% = exp(E);, and we used (ET);7 = E;%. From its definition it follows that

Si = 8,. (3.11)
Similarly,
Sg_1 = (SO s s;t = detee ¥ (E7Y; (Yl — wlwl)e_wEijd’j . (3.12)

%We note that our conventions differ slightly from those in [I4] in that what we denote by # has been denoted

! there. All other conventions, however, are the same.
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We note that S is an element of Spin™ (D, D) because it is the product of Sy € Spin~ (D, D)
times elements of Spin™ (D, D). From this and (Z6I]) we also infer that

Si =8, =cs;ct =-cs;tot. (3.13)

We can finally define the element Sy, of Spin(D, D) as follows
Sy = Sg Sg_l Sy = e2bii¥iv; Sg_l e 2t (3.14)
Using (B.I1)) we infer that
Sl = Su. (3.15)
By construction, the image of Sy under the group homomorphism p is precisely H:
p(S) = p(Sp) (S, p(Ss) = hyhy'hy =H. (3.16)

Since Sb,Sg € Spin™(D, D) and Sg_l € Spin~ (D, D), we have Sy € Spin~ (D, D). As a result,
Sy satisfies the identities (3.3]) and (B8.4]) and therefore gives a consistent parametrization of S.

The flat Minkowski background g = k with zero b-field gives a generalized metric that we
denote as Ho = diag(k, k). Since S, = Sj, and S, = 1, we have

Sno =Syt =Sk =1l — 10" (3.17)

3.2 Duality transformations

We discuss now the transformation behavior of S under some arbitrary element S € Pin(D, D).
Since we view S as an elementary field we can postulate such a transformation. The transfor-
mation of S, however, must be consistent with the transformation of the associated H = p(S).
Writing also H' = p(S’), we want to postulate a transformation for which
S
S —25 S implies # LGRS (3.18)

In words, the O(D, D) transformation p(S) associated with S € Pin(D, D) relates the corre-
sponding generalized metrics. The generalized metric appears explicitly in the NS-NS action.

Recall that under an O(D, D) transformation h the generalized metric transforms as
Harn = Hpo(h )Py (% (3.19)
In matrix notation, we will write H transformations as follows:
H =hoH = (W) HA. (3.20)
For an element S € Pin(D, D) we postulate the following S transformation:

S'(X) = (SHis(x)s7t. (3.21)
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Here X’ = hX, where h = p(S). The compatibility with ([3:20) is verified by taking p on both
sides. Suppressing the coordinate arguments, we indeed find
H o= p(S") = p((STHTSS™) = p((S™HT) p(S) p(57")

3.22
S YT H ) = (YTHA = hoH. (3.22)

We infer that H' satisfies (3.20).

Independently of the postulated transformation rule ([3:21I]), we can ask how Sy, defined in
(BI4) in terms of H, transforms under a duality transformation generated by an element S €
Pin(D, D). This transformation is simply given by

S: Sy — Sy, where H = p(S) oH. (3.23)
It is of interest to compare
(STHT Sy S™1 «— Sy (3.24)
Under p they both map to H', thus the two can be equal or can differ by a sign. Perhaps
surprisingly, there is a sign factor that depends nontrivially on p(S) and on H. We will write

(S_l)T SH S_l = O'p(s)(H) Sp(S)oH- (3.25)

In the remainder of this section we determine this sign factor.
The case of zero b field and flat Minkowski background, Ho = diag(k, k), is readily analyzed.
We consider a factorized T-duality h; with spin representative S; = ¢t +1; = ;7! = S;L . Under

1
this transformation Hg remains invariant, since it corresponds to a diagonal metric with entries

of absolute value one. We then have, using (3.17)),
(S, e S0 = (WF +) (011 —10") (W +40y) . (3.26)

It is manifest that the right-hand side is equal to Sy, when ¢ # 1, and a small calculation shows
that is equal to —S%, when ¢ = 1:

(57 Sy 87 = (1)1 Sy, - (3.27)

We see that the sign is negative for a timelike T-duality, while the sign is positive for spacelike
T-dualities.
There is a large set of O(D, D) transformations h for which the sign in ([B:25]) is plus. As
we show in the Appendix
(S8 81 = +Shoy, when he GL(D)x RzP(P-1) (3.28)

The group GL(D) x R3P(0=1) ig that generated by successive applications of GL(D) trans-

formations and b-shifts, transformations h; of the form indicated in (2:34]), which define the

abelian subgroup R3D(DO-1),

It is the T-dualities that produce sign changes. We therefore consider the sign factor in

(ST S STt = 0i(H) Shion- (3:29)
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As we can see, the sign factor depends on the particular H appearing on the left-hand side
above. Our strategy in Appendix is to determine O(D, D) transformations h that acting
on H do not change the sign factor. We will show that if h € GL(D) x R2PD=Y and h; hh; €
GL(D) x R2P(P~1)  then

ogi(hoH) =0;(H). (3.30)

It turns out that b-shifts satisfy the above conditions. Since at any point X the b-field of an
‘H can be removed completely by a b-shift, we learn that the sign factor depends only on the
metric g in H:

oi(H) = oi(g) . (3.31)

We then find a restricted class of GL(D) transformations that also satisfy the conditions for
invariance of the sign factor. With these we are able to show that the metric ¢ can be put in
diagonal form, with entries 1. The sign factor then becomes calculable, just like we had for
the case of Hg. Our final result is:

oi(H) = sgn(gii) - (3.32)

It follows from this equation that for the flat Minskowski metric the duality transformation
J about all of the spacetime coordinates gives the sign factor: o;(Ho) = —1. At the end of
Appendix we prove that this result holds for a general background H whose metric has
Lorentzian signature:

oj(H)=-1. (3.33)

It is possible to give some intuition for the appearance of the minus signs under duality
transformations. For more details see Appendix [A.3] where an example is worked out as well.
Since a sign cannot change continuously, o;(H + 0H) = o;(H) as long as the variation dH does
not generate singularities in the fields (g, b) or their T-dual versions h;o(g,b) in equation ([3.29]).
Consider now a continuous family #H(«) parameterized by « in which the metric component
gii(a) changes sign at some point a*. Consider also the related family h; o H(«) obtained by
T-duality about the i-th direction. Under this duality the new metric, indicated by primes, is

1
gii(a)

gii(a) = (3.34)
It follows that g}, diverges and is discontinuous at & = o*. Note, however, that the generalized
metric h; o H(a) is regular throughout, since it is obtained from the regular H(«) by the action
of the regular matrix h;. The discontinuity of ¢, implies a discontinuity in the vielbein ¢’ and
a discontinuity in S, = Ser SkS;r,. This results in a discontinuity of S, 03(a)- Since h; o H(a) is
continuous, the only discontinuity in Sj,;0%(s) consistent with the homomorphism p is a change
of sign. The right-hand side of (8:29]) changes sign at the point where the original metric
component changes sign. This is consistent with our result (3.32]).

The issues of signs are not an artifact of our definition of Sz. In Appendix[A.3lwe construct
a continuous family of regular generalized metrics H(«) for which H(0) = H(n/2), so that
H(a) with o € [0,7/2] is a closed path in the space of generalized metrics. If we define the
representative S,y and then continuously deform this representative along the path we find
that at the end of the path the representative is —Sy). The lift to the spin group cannot be
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done continuously over the space of generalized metrics. If we do the lift using our definition of
Sy from H we find that for some intermediate o the metric g(«) and the b-field b(a)) become
singular, while H(«) remains regular. At this point the definition of Sy gives a discontinuity.

There seems to be some tension between the defined duality transformation of S in (B:21)),
which has no signs, and the duality transformation (B.25]) of its particular parametrization
S%, which shows some signs. The sign-free transformation of S implies that the double field
theory action is fully invariant under all duality transformations, including those, like timelike
T-dualities, that give a sign in (3.25]). Once we choose a parametrization by setting S = Sy, the
sign factors in ([3.25]) have two consequences. First, it follows that the Spin(D, D) invariance of
the action cannot be fully realized through transformations of the conventional fields g and b.
More precisely, it can only be realized for SO(D, D) transformations that do not involve a
timelike T-duality. This means that if we take timelike T-dualities seriously, we inevitably have
to view S as the fundamental field. Second, when comparing the double field theory evaluated
in one T-duality frame (as J = 0) to the same theory evaluated in another T-duality frame
obtained by a timelike T-duality transformation (as d; = 0), the conventional effective RR
action changes sign. This sign change corresponds precisely to the transition from type II to
type II* theories expected for timelike T-dualities. Correspondingly, the freedom in the choice
of parametrization for S, namely 4+.S%, has no physical significance in that it merely fixes for
which coordinates (z or &) we obtain the type II and for which we obtain the type II* theory.
Similarly, the actual sign of the RR term in the double field theory action (I.9)) has no physical
significance. Therefore, we find a consistent picture, though certain invariances of the action
cannot be fully realized on the conventional gravitational fields.

3.3 Gauge transformations

In this section we determine the gauge transformation of the spinor representative S in such a
way that it us consistent with the known gauge variation of the generalized metric H ;. This
variation, given in (L3)), can be rewritten as:

seHM p = o HM p + (0Mek — O M) HE p + (9pe™ — 05 ¢p) HM i (3.35)

where we used that the metric ny/n that lowers indices is gauge invariant. We have positioned
the indices of the generalized metric as in H® to emphasize its role as an O(D, D) group
element. We also recall that HM g HE y = 6™ . The matrix H used so far represents Hee.

It turns out to be convenient to write the gauge variation in terms of the spin variable IC
defined by
K = cC!s. (3.36)

This combination will be used to prove the gauge invariance of the action in section [4.2.21 While
S is a spin representative of He e, we now check that /C is the spin representative of H*®,. Indeed
recalling that p(C~!) = J with J defined in (2.47)), we have

p(K) = p(C™Hp(S) = JTHae = H°,, (3.37)
since J is identical to the matrix n~! that raises indices. We write this conclusion as

Sye, =K. (3.38)
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We will show that the gauge transformation of L compatible with that of H*®, takes the form
1
5K = eMayK + §[FPQ, K]orq (3.39)

where TPQ = %[FP ,T?]. We will prove the above in a different but equivalent form, which
reads 1
0K = fMaM’C + B (FPQ — kS 'HPR HQs) K 0r&g - (3.40)

This, in turn, can be written more suggestively as

1
G K™ = eMOuK)K™t + 3 (TFPQ —TRSHP R 1) Opeq (3.41)

To see that ([B:40) is equivalent to (3:39) we use that (2.25]) implies for any h € O(D, D)
STpgS~! = Trshfiph®y, p(S) = h. (3.42)
Specialized to the O(D, D) element HM y this yields
Sie.Tpo (Sye) ™t = TrsHEpHYg | (3.43)
and with use of (338) we find
KTpoK™ = TrsHEp M g — KIT9 = TESHPRHOK. (3.44)

This final identity demonstrates the equivalence of (3.40) and (B3.39).

The strategy in our construction will be to express the gauge transformations as Lie algebra
identities that can be realized both in the fundamental and spin representations of O(D, D). To
begin, we consider the transport term 52 in the transformation (835 of the generalized metric,
written as follows

(5§HMP)('H_1)PN = §L8L7-LMP(7-L‘1)PN. (3.45)

This equality of Lie-algebra elements is here realized in the fundamental representation. In the
spin representation, where the group element H®, is represented by K we would have

(G = Mok K. (3.46)

This proves that the transport term in ([3.40]) is required by consistency. Calling AgHM p the
non-transport terms in the transformation, we now have

AHM p (HHE Ny = AHMpH N
= (0Men — OnEM) + (0pR — N Ep)HM kH N (3.47)
= (0p&o — OrEs HEpH® o) (M6 N —n™M2sT ) ,

where the last equality is readily checked by expansion of the product. We now recognize the
last factor in the last line of the above equation as (T7?)M . the Lie algebra generator in the
fundamental representation, as introduced in ([2.3]). We thus have

AHMp (PN = (0p&q — OrEs HEpHIQ) (TPHM i . (3.48)
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Passing to the spin representation with matrices ([2Z.I9) we find

1
(AcK)KT = 3 (0po — Orés HEp HO ) TTC
) (3.49)

= 5 (TP9 TR U R 1) Opeq .

This coincides exactly with the non-transport term in (3.41]) and concludes our proof that the
postulated gauge transformation (3.39]) of K is consistent with that of the generalized metric.

4 Action, duality relations, and gauge symmetries

In this section we introduce the O(D, D) covariant double field theory formulation of the RR
action and the duality relations. We prove T-duality invariance and gauge invariance, and we
determine the O(D, D) covariant form of the field equations.

4.1 Action, duality relations, and O(D, D) invariance

The dynamical field we will use to write an action is a spinor of Pin(D, D) written as in ([2.14]):

N E I = 3 s Gy e 0) (4.1)
p=0 P
Here the component forms Cj, . ;, (%, ) are the dynamical fields and, as is usual in double field
theory, they are real functions of the full collection of 2D coordinates z and Z. We will assume
x to have a definite chirality. Thus, as discussed in sec. 23] it consists either of only odd forms
or even forms. The bra associated with this ket is called x' and is defined by

= X‘ = Z Czl dp O‘w'lp"' i1 - (4.2)

We conventionally define the conjugate spinor using the C' matrix defined in section
Y = x'C. (4.3)

We will make use of a Dirac operator on spinors that behaves just as an exterior derivative on
the associated forms:

J= 7 Moy = 40+ 4id’, (4.4)

where we used (ZI1)). The @ operator behaves like the exterior derivative d in that its repeated

action gives zero:
LompN L v N L un
§P I 8M8N = Z{F ,F }E?MaN = =N 8M8N = O, (4.5)

2

r = 2
by the constraint (L4). The @ operator will be used to define field strengths in a Pin(D, D)
covariant way. It is clear that acting on forms that do not depend on Z, the only term that
survives, 1°0;, both differentiates with respect to « and increases the degree of the form by one.

More details will be given in section [bl
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We turn now to a discussion of the double field theory action. We claim that the RR action

is S = [ dazdzL, where the Lagrangian density £ is simply given by

L= 1@ sy (4.6)

The above Lagrangian is manifestly real: £ = £ because the spinor y is Grassmann even and S
is Hermitian. The Lagrangian can be written using conjugate spinors and the kinetic operator
I = C~'S. We claim that the above Lagrangian is equal to

1
L = gaMericrNaNX. (4.7)
Indeed, using the conjugate spinor ([L3) and (2.40) this second version is written as

L = %aMXTch CTrSV2dx = %aMxT (TM)tsv2gyx

(4.8)
1 1
= V2008 V2ix = J(@0'sdx.
The properties of bar conjugation allow us to recognize that
- 1 1 1 1 _ 1
= ——(TMp C=—aouxI"Mic=—"—oyxC ' ("C=—ayux'™, (4.9
dx \/5( AX) \/iMX( ) 5 Omx ™) 75 X (4.9)
and therefore we can write the action more compactly as
1 N
L = 1 dx K dx . (4.10)

Our first task now is to establish the global Spin(D, D) invariance of this Lagrangian (the
dxdz measure is O(D, D) invariant). This is the maximal invariance group that is consistent
with the fixed chirality of xy. Under the action of a Spin(D, D) element S, whose associated
O(D, D) element is h = p(S), the spinor field x transforms as follows:

x—=x = Sx. (4.11)

Implicit in here is that the coordinates the fields depend on are also transformed: primed fields
depend on primed coordinates XM = hM y XN Note also that the daggered state transforms as

xI = xTsT. (4.12)
We also have that
Px = %FM((?MX — % (YN yonSx = % SSTTMS) (WY N mwonx . (4.13)
We now use (Z26) to find
I = = ST () o = 2 STVorx (4.14)
and therefore we have
Iy > Sy . (4.15)
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We have thus leaned that @y transforms just like y. In other words, the Dirac operator @
is Spin(D, D) invariant. Recalling the transformation of S in B21) : S — (S™HTSS™!, the
invariance of the Lagrangian (4.6 is essentially manifest:

L= @08~ @ST ST ISS sy = L. (4.16)

The action must be supplemented by duality constraints among the field strengths. We can
write Spin™t (D, D) covariant versions of the duality relations that relate all RR field strengths@

Ix = —Kix. (4.17)

According to (4I5]), the left-hand side transforms covariantly with S € Spin(D, D). The right-

hand side transforms in the same way, since
—Kdxy — —CHSTHISSISgy = —SC ISPy = —SK Py, (4.18)

where we used that ([2.:62) implies C~1(S™1)T = SC~! for S € Spin™ (D, D). Thus, the duality
relations are actually only invariant under Spin™ (D, D). This is to be expected since already
for conventional duality relations the presence of an epsilon tensor breaks the symmetry to the
group GLT (D) of parity-preserving transformations.

The relations (£I7) require a consistency condition. Acting on both sides of [@I7]) with K,
we see that consistency requires K2 = 1, which in turn implies

K2 = c7'SCTlS = C(SCS) = O(-C) = —(-1)2PP-D = 1, (4.19)

where we used ([3.4]) and (Z.43]). Thus, the duality relations are self-consistent in dimensions for
which %D(D — 1) is odd. For D < 10, these are

D ={10,7,6,3,2} . (4.20)

We note that the even dimensions above are precisely those for which conventional self-duality
relations can be imposed consistently. Indeed, the middle degree forms corresponding to the
self-dual field strengths are then odd, and for them %x? = 1 in Lorentzian signature. As we
will show in sec. [5.1.3] the component form of (4.I7) contains one self-duality relation in even
dimensions, so this result is to be expected. In the following we will focus on D = 10, but we
note that D = 2,6 can be seen as type II toy models. The possible significance of theories with
odd D will not be discussed here.

We close by giving the equations of motion of y, which are readily derived from (4.7]),

JKIx) = 0. (4.21)

As it should be, the equation of motion is the integrability condition for the duality relations:
acting with a @ on both sides of ([@I7), and using @2 = 0, we recover the field equation.

3For the special case of type ITA, a similar O(D, D)-covariant form of the duality relations has also been
proposed in the second reference of [23].
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4.2 Gauge invariance

In this subsection we give the gauge transformation of the RR fields. The p-form gauge trans-
formations are manifestly invariances of the Lagrangian and of the duality constraints. For the
gauge transformations parameterized by &M the transformation of y is nontrivial and so are
the checks of gauge invariance of the Lagrangian and the duality constraints.

4.2.1 Gauge transformations

We start by introducing the double field theory version of the abelian gauge symmetries of the
p-form gauge fields. These are parameterized by a spacetime dependent spinor A:

Sax = . (4.22)

Since A encodes a set of forms and @ acts as an exterior derivative, the above transformations
are the familiar ones. It follows that

Wdx =PdIN=0, (4.23)

and this implies the gauge invariance of the Lagrangian density (4.6]) and of the duality con-
straint (£17)).

For the gauge parameter ¢ that encodes the diffeomorphism and Kalb-Ramond gauge

symmetries, we postulate the gauge transformation

~ 1
Sex = Lex = Moyx + —= M Tur x

V2

1 (4.24)
= Moyx + §aNfMFNFMX-

In the second form it is simple to verify that a gauge parameter of the form £y = 9ps0 is trivial

in that it generates no gauge transformations:
1 1
dooX = Mo omx + 58]\/81\4@ FNFMX = 58}\/61\4@ 77MNX = 0. (4.25)
A short calculation gives the gauge transformation of the conjugate spinor y:

1
(5@2 = §M8M>Z + 5(9]\[&\/[ )ZFMFN. (4.26)

Let us now turn to the gauge algebra. We claim that the gauge transformations parametrized
by A and &M close as follows

[0x,0¢] =0z, - (4.27)

To check this we consider the left-hand side acting on x:

1
(63, 0] x = 0adex = x(EMOmx + §5N£MFNFMX)
(4.28)

1
= Moy dN + §aNngNrM&M.

25



The right-hand side of the expected algebra is:

= 1
Og X = LN =3 (Mour + §8N§MPNPM)\)
€
V2

1 1
= Moy N + —0pEMTPOuN+ ——
Moy d +\/§P£ M —1—2\/5

where the term with two derivatives on £ vanishes by the use of 52 = 0. Using the commutator

1
Op (M OMTTN + SONEMTTATYA) (4.29)

ONEMTETNTM9p\ |

(TP, TNTM | = 2N M _ 0 PMN | (4.30)
one can readily show that
1 1
— 0 P TNrM1gp\ = ——— apeM T oy N 4.31
e NEMm| 10p 7 33 M (4.31)

where we used the constraint and relabeled the indices. Then, returning to (£.29)),
1
Og X = MopdN + 5 ONEMTNTM PN (4.32)

This agrees with (£.28)) confirming the closure of the gauge algebra. We have also verified that,
as expected, [d¢,,0¢,] = —0¢, ¢,)c, Where [+, -]c is the C-bracket discussed in [14].

4.2.2 Gauge invariance of the action and the duality constraints

The action is manifestly invariant under p-form gauge transformations. Here we check the
invariance under d¢. We use the Lagrangian in (.7):

L = i@lcax. (4.33)

As usual, when we vary the Lagrangian, which has the index structure of a scalar, we obtain a
transport term and a ‘non-covariant’ term

6L = EMoyL+ AL . (4.34)

Since A¢ acts as a derivation and commutes with bar-conjugation,

AcL = i ((@) K dx + dx (AK) dx + dx K Aa@x) : (4.35)

For the action to be gauge invariant, A¢£ must be such that 0¢£ in (4.34) is a total derivative.
Since A¢K can be read from (3:39), we only have to calculate A¢@y. We begin my noting that

% (Px) = %FMOM(gpapx + S0pEQITT) (4.36)

The noncovariant piece in this transformation includes all terms in the right-hand side except
for £0p@x. Therefore we have
1

1
Ac(dx) = —5 (€T opx + 5 0pEQI VT ) (4.37)
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since the term with two derivatives on ¢ vanishes. A short computation using (430) to bring

I'M next to the spinor gives the final answer

(i) = 50rEQT T (4.38)

Bar conjugation immediately yields,

Ae(dx) = %ang I Irer?. (4.39)
Using the above variations and ([8:39) we find that (£35]) gives
AL = %ang Jx (FQFP K+ P9 K] + ICFPFQ) Iy . (4.40)
A short calculation shows that the factor in parenthesis equals 2nF9K. As a result we find
Al = iaMgM IxKdy = oueM L. (4.41)

Back in @34) we get 6L = MOy L + (OEM)L = Oy (€M L), which confirms the gauge

invariance of the action.

Finally, we have to prove gauge covariance of the duality constraints @y = —K@y. We now
take the gauge variation d¢ of both sides of the duality constraint. The transport terms on both
sides are identical, using the duality constraint. So only the non-covariant terms matter, and

we can evaluate A¢ on both sides of the constraint, finding
Aedx = —(AeK)Ix — KAedx. (4.42)

Our task is to verify that this holds, using the duality constraint. Bringing all terms to one

side we must check that
Aedx + (AK)Px + KAy = 0. (4.43)
Using our earlier results we find that the left-hand side is equal to
%ang (rPrQ e K]+ /chrQ)aX. (4.44)
Expanding the commutator and using the duality constraint we find that the above becomes
5 0rt ((TPT@ - TPQ) 4 K (DPT9 —TP9))dy = apton™@(1+ K)ix = 0. (4.45)

This concludes our proof.

4.3 General variation of S and gravitational equations of motion

In this section we determine the general variation of the action under a variation of S in order
to determine the contribution of the new action to the field equations. This is non-trivial since
S is a constrained field in that it takes values in Spin(D, D). The corresponding problem for
the constrained variable given by the generalized metric H has been discussed in [14], and the
method employed there can be elevated to S, as we discuss next.
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In [14], sec. 4, it was shown that a general variation of the constrained variable H can be
parametrized in terms of a symmetric but otherwise unconstrained matrix M™% as follows

1
OHMY = 2 [(0%p+HYp) (6% g —HY Q) + (6% p = HY p) (67 g + MY g)| MTY
4.46
_ E[MMN_HM MFPQyN } ( )
2 F @l
Lowering the N index,
1
MMy = 3 [ MMy — M MPQ N } . (4.47)
As in section [3.3] we now form the Lie-algebra element
1
CHMpyH N = 3 (MMRHRN — HMpMPB >
1
= B MPRHRQ (nMP(SQN — nMQ5PN) (4.48)
1
= 5 Mprig (TP My,

where we made repeated use of the symmetry properties of H and M and used (2.3]). In the
spin representation this equation yields

1 1
(0K) K=t = ZMPR,HRQ rre — 1 MMN’HMP PNP, (4.49)
after some index relabeling. Our final result for the variation is therefore
1
oK = 5 MuynHMp TNP K. (4.50)

This, with H®, = p(K), is the general variation of K consistent with its group property K €
Spin(D, D). It is consistent with the variation (£47]), and thus the variation of the NS-NS

action is unmodified as compared to the discussion in [14].

Next, we apply (450) in order to compute the variation of the RR action

1 — 1 -
oL = 5 I oK Ix = e M HM p Gy TNPK dx . (4.51)

Since M is an arbitrary symmetric matrix, we read off that the contribution to the field equa-

tions is given by the symmetric ‘stress-tensor’

1 R
EMN — 1—6H<Mp Iy TP K @y . (4.52)

It is possible to verify that, as required, the above symmetric tensor is real (EMN)T = gMN,

This calculation makes use of CT = C~! and (3.44). It is also important to note that EMY
transforms covariantly under duality:

EMN(X = WMphN g EPQ(X). (4.53)

The explicit check makes use of ([8:42]) and the duality properties of H.

28



Taking the variation of the NS-NS action into account, which leads to the tensor Rysn
defined in eq. (4.58) of [14], this leads to the O(D, D) covariant form of the type II field
equations,

Run+Eun = 0, (4.54)

supplemented by the duality constraint (AI7]). In fact, the duality constraint allows us to

EMN considerably:

simplify
1 -
e = Ly G or gy (4.59

One may try to verify again the reality of this stress-tensor. A short calculation shows that it is
only real whenever CC' = —1. This is precisely the constraint for consistent duality constraints,
as discussed at the end of section 4.1l Since we work with real numbers throughout, a non-real
stress-tensor can only be equal to zero.

5 Action and duality relations in the standard frame

In this section we examine the form of the action and duality relations when choosing the
‘standard’ duality frame d' = 0, and we show that they reduce to the conventional democratic
formulation of type II theories. For this we have to assume that we are in a region with a well-
defined metric, so that we can choose the parametrization S = S%. The physical significance of
this particular parametrization will be discussed in the next section.

5.1 Action and duality relations in 9 = 0 frame

In this section we evaluate the action and duality relations in the standard frame d = 0. We
begin by deriving some relations which will turn out to be useful for this analysis.

5.1.1 Preliminaries

Let us derive some useful identities for the action of S, on general spinor states. To this end
we need to determine the action of an exponential of fermionic oscillators. We find

VU NH0) = (14 RIGU; + RO RS 0Py + - ) u)
= (w’wwRﬂ{wj,w’f}+§Rﬁquwi{wj,wp}{wq,wk}+---)\0> (5.1)

1.
= (8 + R+ ZRIRS - Jullo) = (exp R)F o).

In order to determine now the action of S, = SeSkSl on general states, we compute the
action of the respective factors. For S, we introduce e = exp(FE) and we have

, 1 ; . 1
Se¢Z’0> — QTWEjkTﬁk wz‘0> —

el 0) . (5.2
vdete dete i 0) (5:2)

i _ 1
(expE)j P 0) = e
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For Sl we find an expression with unusual index position

STyt [0y = ﬁ e 47 10) | (5.3)

The action of Si can be easily computed,

Sk |0) = (wlwl—wlwl)wprm = —kpq 70 , (5:4)
using the flat Lorentz metric £ = diag(—1,1,...,1) defined in (B:6). Using (52), (53) and
(5.4)), the action of Sy is then given by

) ) 1 o 1 ;
S, 9t |0) = SeSpSIyt|0) = —— S.Sped 7 |0) = ———— Sceid kjp P |0
1 ‘ ‘
- Tk o PV10) = — Je Pl ohd
= T dete (ei” kjp eg”)¥710) dete (e’ eq” kjp )1 |0) (5.5)
= G 10) = ———— gig " [0)
d t gzq \/wglq bl

where we used the definition of the metric in (3.6) and wrote dete = (/|det g|. Similarly, for

Sg_ 1 one finds

Syt 0) = —v/|detg| g7 ¢ |0) (5.6)
where g% is, as usual, the inverse of the metric Gij-

All of the above relations straightforwardly extend to the case where S, acts on multiple
fermionic oscillators, for which egs. (5.5]) and (5.6]) are generalized to

-1 1/}1'1 L W’,,’m = —/|det g gi1j1 .. ,gipjp P TP 0) ,

i i 1 i i (5.7)
Sqp™ - 4p'|0) = —mgim“'giz,jpw v [0)
With these ingredients we are now ready to evaluate the action.

5.1.2 The action

We start by writing the action in the duality frame d = 0. For this choice, the field strength

IF) =dlx), (5.8)

reduces to
D1 o . D ;
sy = 20 0iCinin W0 10 = 3 e G ¥ - 10)
B =04 =1
”D g (5.9)
1 . .
= > = Fi gt |0)
p=1p

where we performed an index shift and relabeled the indices. Thus, the components are given
by the conventional field strengths

Fiy i, = P0Gy iy - (5.10)
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It is sometimes useful to avoid explicit indices and combinatorial factors by using the language
of differential forms. In general, we identify a spinor state |G,) with a p-form G®) as follows

1 : : 1 : ,
IG,) = o Giyooiy W - |0) +— GP) = o Giyooiy ™ Ao N da'™ (5.11)
Whenever we speak of a p-form G and its components Gi,..i,, we will assume a normalization
that includes the p! coefficient shown above. It is now straightforward to translate (5.10) to

form language:
F®) = qgo-b (5.12)

We now collect all field strengths of different degrees into a single form £ = Zp F® and do
the same for the potentials C' =3 C (P). We then have that (5.12)), or for that matter (EI0),
for all relevant p is summarized by

F=dC. (5.13)

In order to evaluate the action we need to choose a parameterization for S, which we take
to be Sy,
S = Sy = e2bigViv; Sg_le_%bijww . (5.14)

The b-dependent terms in Sy suggest the definition of modified field strengths, related to the
original field strengths |F) = @|x) by the addition of Chern-Simons like terms:

D
~ _1p ahiahd 1~ i i
|F) = e 2%V F) = Y —Fy g, 9t g|0) (5.15)
=1
This relation is summarized in form language by
~ 1 . .
F=e¢"Ar = e Ado,  with @ = 5 by da’ A da (5.16)
Explicitly, for example,
FG — pB _p@ A @)
5.17
FO = FO _p® A PO 4 L@ @ n 50 ete 47
The bra corresponding to |1/7\ ) is given by
N D N
(F| = Zﬁmmp---wh Fiyo - (5.18)
p=1""

Next, we can evaluate the Lagrangian (4.0) using (5.14]), (5.15) and (5.I8]), which yields

D
1 ~ 1. 1 1 -~ ~ . )
L = Z<F|Sgl|F> = 1 E —q,p|Fil...iij1qu<0|7/)ip"'¢z‘1 Sgli/)Jl"'T/)]q|0>- (5.19)
pg=1 """

Using now (B5.7)) for the action of S ! and the normalization

(O, - - i 0™ . Ap™|0) = Gy p! 8y ™15y ] (5.20)
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following from (0|0) = 1, the action reduces to

~

D
1 1 .. N
L = —Z\/E Z ngwl e giip El...iij1...jp , (5.21)
p=1 "

where we used the short-hand notation /g = \/|det g|. This can also be written as

D
1 ~
L= Vg Y IFOP (5.22)
p=1
where we define for any p-form w(®):
W= L i i
|w | = 17 g et g wil,,,ipwjlmjp . (5.23)

The result in (5.22) is the required sum of kinetic terms for all p-form gauge fields (of odd
or even degree, depending on the chirality of x), which appear in the democratic formulation.
This action needs to be supplemented by the duality relations, ensuring that we propagate only
the physical degrees of freedom of type II. We consider these next.

5.1.3 Self-duality relations in terms of field strengths

Here we show that for 9 = 0 the self-duality conditions @y = —Kd@y, c.f. eq. [@IT), reduce to

(D*P)(2D*P*1) N F\(D_p) ‘

F®) = (=1 (5.24)

These are conventional duality relations for p-form field strengths. In here we use the following
definition of the Hodge-dual form:

(*A)lep = W giljl s gipjpg P+l D ]pAkarl'”kD . (525)
Our conventions for the epsilon symbols are as follows:

612"'D — +1, 67«1---7«D — 67,1...2D7

V9 (5.26)
€12.p = —1, €irip = \V9E€ir . ip s

i.e., € is a tensor density, while ¢ is a (pseudo-)tensor. As usual, lowering the indices on giP
with g;; yields €;,. 4., and € and € coincide on flat space. We note the familiar relation for the
square of the Hodge star on forms of degree p in a D-dimensional spacetime with signature s:

s xwP) = (=1)P(P=P) gy (P) | (5.27)

We can ask when is (5.24)) consistent with repeated application of the Hodge star operation. A
calculation gives the condition
s(—1)2P0-1 = 1 (5.28)

Not surprisingly, in Lorentzian signature this agrees with the result in (4I9). Finally, for
D = 10, the duality constraints (5.24)) take the form

F®) = _(—1)2petD) 4 F(D-p) (5.29)
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We can now begin our calculation. Let us first introduce the short-hand notation
B = lbyiyd, BY = —Llb;9;, (5.30)
which allows us to write Sy in (B14]) as follows
Sy = e Bl e B, (5.31)
The self-duality conditions @y = —K@x can now be written as
e Blgy) = —eBC! e_BTSg_1 e B|dy) , (5.32)

where we multiplied the factor e ® from the left to form the modified field strengths |F\ ) defined
in (B.I5):
F) = —e BC e B 51 F) . (5.33)

Using (2.45]) we readily verify that
Ce BC™! = ¢ BC e_%b“wiwj = eBT, (5.34)
and, as a result,
|Fy = —C71 SN F). (5.35)
A further simplification is possible using (3.13) in the form S, = —C‘ng_ 1C, giving
|F) = S,C7F). (5.36)

Finally, we recall that in the dimensions with self-consistent duality constraints ([£19) we have
C~! = —C and therefore
|F) = —8,C|F). (5.37)

This is the simplest possible form of the duality constraints.

We can now examine (5.37)) in terms of component fields, as defined in (5I5]). We find

where we used (2.45]). Next, we show that the charge conjugation matrix in (5.38)) effectively

D
. : 1 A
il...ip P ¢2p|0 = Z ]7 21 Jp S ¢21 e ¢ip ¢ |0> ) (538)

ﬁ|}A

acts like an epsilon symbol. In fact, by multiple application of the oscillator algebra one can
verify that
Viy i, C10) = gy -y p P2 - pP|0)
— Ezﬂp71“41]p+1“ﬂD ¢ﬂp+1,,,¢ﬂD 0
(D —p)! 0
1 p(p—1)

— m(_1)T€i1i2~~ipjp+1“~jz) Q/ijﬂ .. ¢jD|0> .

(5.39)
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Back in (5.38]) and defining p = D — p we have

D
_ Z (_1)”(”21)% ﬁil...ip i1tz ip j1---Jp Sg wh . ,,¢j5‘0>

p
D
ple-1) 1 1 _
= 2 (DT IR iy i iy ¥ 0710)
p=1 ’

5.40
D pip—1) 1 1 ( )
pp 0 PR S SR U D
— Z(_l) p' pl k11 " 9kpis ght2te Jpp Fil---ip wkl ’ ,,wkp’0>
p=1
D po-1) 1, o kr ks
N - (<) oy ¥ -+ 077 |0)
p=1 '
D (D-p)(D-p-1) 1
D=p)(D=p=-1) i
= > (-1 )i, 01 0 0)
p=1

In obtaining this result we made use of (5.7, the definition (5.25)) and some simple manipula-
tions. Thus, we have shown that the duality constraint implies the claimed duality relations

6.24).

5.2 Conventional gauge symmetries

Let us now verify that the gauge transformations parameterized by &M and A reduce to the
conventional gauge symmetries of type II theories in the frame d'" = 0. We start with the p-form
gauge symmetries ({.22]) whose parameter we write in components as

D 4 : :
= > =iy, ¥ 0(0) (5.41)
p=o V"
For & = 0 this implies
alx) = dN) = 9N = 10 Nig.oip O -2 9710) (5.42)
p:l
from which we read off
NCiy iy = POy Niy..iy) - (5.43)

These are the conventional p-form gauge transformations. In form language they read

5xC = dA. (5.44)

Let us now discuss the gauge transformations parameterized by ¢M = (f,, 1), We first claim
that the C forms transform as p-forms under diffeomorphisms parameterized by £°. To see this,
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we compute
D
. . 1 . .
Gelx) = (690 + 0 Wn) 3o 1 Cogy w0 0) (5.45)
p=0 "

The transport term just gives rise to the transport term of the component fields. The second
term can be evaluated using (2Z.I3]), which then implies for the components

0¢Ciy iy, = fjajc'il...ip+p8[i1§j Cljli...i) = LeCiy. iy - (5.46)

This is the usual diffeomorphism symmetry which infinitesimally acts via the Lie derivative.

We now consider the & parameters, which are parameters for the b-field gauge transforma-
tions. It turns out that the C forms transform non-trivially under this symmetry. In order to
see this we compute for § = 0

D
; 1 ; i i
0elx) = & rylx) = Y o1 inin Craiyya¥ -0 r+2|0)
=0
: (5.47)
D 1 . ' '
=) OlirSiy Clg.oig ™ -+ 077(0)
2 (p— gyt lntia S
where we performed an index shift p — p + 2 in the last equation. We thus read off
6¢Ci..i, = PP — 143, &i, Cis..iy) - (5.48)
In the language of forms the above equation reads
5:C = dENC. (5.49)
Note that this implies that
5:C0 =65.01 =0, 600 =ag.c®, .., 5:0% =dinCP). (5.50)
Recalling that
50 = dg, (5.51)
it is straightforward to define new potentials A that do not transform under &
A=t AcC. (5.52)
Indeed it is simple to verify that
5 A=0. (5.53)
One can also write the C fields in terms of the A fields easily:
C = AA. (5.54)

The A potentials are hatted to distinguish them from conventional type II potentials to be
discussed below.
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5.3 Democratic formulation

The democratic formulation of type II theories introduces an action for all even and odd forms,
which is then supplemented by duality relations between the corresponding field strengths. The
resulting equations of motion are equivalent to the standard equations of motion by virtue of
the Bianchi identities of the field strengths [28,33]. Here we briefly introduce this formulation
and show the equivalence with the conventional formulation.

5.3.1 Review and comments on the standard formulation

The standard 10-dimensional low energy action for type II theories is given by

S = SNns-Ns + SRR, (5.55)

where Sns_ng is the same for both type ITA and type IIB and written as
Sxsns = / 005/ =ge 2% [R + 4(96)% — %|H(3)|2} . (5.56)

The RR actions Sgg for type IIA and type IIB are given by, respectively,
SUA - — —% / Az =g (yﬁ@)\? + yﬁ<4>\2) +% / b AdAB®) AdAB) | (5.57)
SUB) = —%/d10$\/—_g<|ﬁ(l)|2 + | FOP 4 %|ﬁ<5>|2) + %/b@) AdAD AdAB?) | (5.58)

with the additional self-duality condition FO) = «FO) for type 1IB, which has to be imposed
on the field equations after varying the action. We also note that the type II* theories take
the same form, with the overall sign of the kinetic terms for the RR fields (but not of the
Chern-Simons terms) reversed. The field strengths F® are defined in terms of the original RR
potentials A™) as

FO) = qgA0) F® =qa0
F®) =dA® 4 g® A A0 F@ =d40® + H® A AW (5.59)
FO) = dA® 4 LHO) A AR — 14D 7 dA®).

The field strengths above must be invariant under p-form gauge transformations of the poten-

tials. But the presence of A-forms without an exterior derivative acting on them implies that
the p-form gauge transformations of A’s are a bit nontrivial:

5, A0 = 0 AL = gr©)
AR = ax® HAB) = dA® —p@) A g\O) (5.60)
AW = ax® — Lp@ A d\D

One can readily verify that & Aﬁ () = 0 and that the Chern-Simons terms are invariant because

the integrands change by a d-exact form. Since the F’s involve the field b, the A potentials
are not invariant under the b gauge transformations, 5€~b(2) = d¢. The invariance of the F’s

requires
5514(0) =0 5€~A(1) =0
5:A®) = 0 5: A% = 0 (5.61)
5 AW = Ldgn AP
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One can readily verify that 55ﬁ (P) = 0 and that the Chern-Simons terms are invariant because
the integrands change by a d-exact form (use dA® A dAB) =0, for the IIB case).

A set of modified RR potentials C™ are constructed by combining the NS-NS 2-form ()
and the original RR potentials A™):

AWM
AB) 4 b2 A A (5.62)

C0) = A(0) c®
C@2 = A2 L p@) A A0 c®
CW = AW 4+ 12 A AD@ 4 152 A b A AO)

These transformations have one peculiar feature. The field C fails to be equal to @ A A
because of the terms in C®. As we will argue below, this is because matters can be simplified

by using a different A® field. The inverse relations are

A0) — ¢(0) AL = o
A@) = 0@ _p2) A 00 AB) = 0B) _ p@ A o) (5.63)
AW = oW _ %b@) AC®@)

We now claim that the C fields defined above coincide with the C' fields we have been using
in this paper; the fields that transform naturally under T-duality and have conventional p-form

gauge transformations. Indeed, a short calculation shows that the p-form gauge transformations

in (5.60) imply
HNC =dA, (5.64)

in agreement with (5.44). Moreover, the ¢ gauge transformations in (5.61) imply that the &
gauge transformations of the C fields are summarized by

§:C = dENC, (5.65)
in agreement with (5.49]). Finally, the field strengths F take a simple form in terms of the C

forms

F=ec ndC, (5.66)

in agreement with (5.16). The desired properties § \F =0 and 5§~ﬁ = 0 are now manifest.
We noted earlier in (5.52) that the potentials

A= nC, (5.67)
are invariant under 55. Comparing with (5.63]) we see that
AP = A®) oy g (5.68)
and for the case p = 4 a short calculation shows that
AW = A 4 240 7 4@ (5.69)

This equation is consistent with (5.61]) and (5521(4) = 0. Moreover, using (.54 and (5.66) we
find
Feen d<e_b(2) A A> , (5.70)
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which quickly yields
F=dA+H®AA. (5.71)

The above means that a formulation with potentials A is somewhat more efficient than the
conventional formulation. Indeed, a small calculation shows that the type IIB Chern-Simons
term, expressed in terms of A® and A®@ takes exactly the same form as before, thus

SUA) —% / a2/ =g (JFOP + [FOP) +% / b A dA® A dA® | (5.72)
1 ~ ~ 1 ~ 1 N N
SUB = —§/d10x\/—_g<|F(1)|2+|F(3)|2+§|F(5)|2> + 5/b<2>AdA<4>AdA@ (5.73)

Here, collecting information,
F=dA+HONA, §A=c" ndr, 6:A=0. (5.74)

The advantage of this formulation is that the haphazard J) transformations of the A’s now

takes a closed form expression and the 55 symmetry is manifest.

The formulation in terms of C' potentials is also elegant as it brings out the duality properties
more clearly. This time the Chern-Simons terms are a bit more complex, however. One finds

ITA 1 & 5
S = =5 [ aCev=g (1FR + FOR)

+ 1 /5(2) A d<0(3) — @ A C(l)) A d<0(3) Y ACIIN C(l))
2 Y

1B 1 = = PN )
Sﬁ{R) — _5 /leJE\/—_g <|F(1)|2—|—|F(3)|2+§|F(5)|2> (5 75)

1 1
Z 2) (“4) _ Zp®2 2) 2 _p®? (0)
+ 2/6 /\d(C 2b NC >/\d(C b ANC >,

F=e"NdC, 6,C=d\, §:C=diNC.

5.3.2 Democratic formulation and equivalence

Let us now turn to the democratic formulation. The democratic action features kinetic terms
for all forms, but no explicit Chern-Simons terms,

A),dem 1 (n 1 p(n p(n
gl)dem _Z/dlox\/__g 3 |F()|2:Z/ > FMARF™ (5.76)

n=2,4,6,8 n=2,4,6,8

em 1 7i(n 1 p(n g
gUB)dem _Z/dlox\/__g ST EmP = Z/ > FUWASF™ . (5.77)

n=1,3,5,7,9 n=1,3,5,7,9

Note that the normalization of the action has a factor of 1/2 relative to similar (non Chern-

Simons) terms in the standard formulation (5.57]). The above actions are supplemented by the
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duality relations

~ ~

«F1) = F(9), «F2) — _F(8)7

«FB) — _ﬁ(7), «FA) — 13(6),

«F0O) = F6) «FO) — _p@) (5.78)
«F( — _13(3)7 «F0®) — ﬁ(2)7

«FO = FO)

The above are indeed the duality constraints we obtained before at the component level, as can
be readily checked using (5.29]). Moreover, our action, evaluated for d = 0, is also identical
to the above democratic action. This can be seen in (5.22), where we also recall in (5.23])
the definition of |...|? on forms. By showing that the democratic formulation agrees with
the standard formulation we will have shown that our double field theory type II action, for
d = 0, agrees with the type II theories. We note that the democratic formulation of the type
IT* theories is completely analogous; it introduces a RR action with a kinetic term for each

potential together with duality constraints, both with a reversed overall sign.

The claim is that the field equations of the standard action are the same as those of the
democratic action after imposing these duality relations. We present this equivalence for type
ITA. The story for type IIB is completely analogous.

The field equation for g;; is relatively straightforward. Since the NS-NS action is the same for
the standard formulation and the democratic formulation, it is sufficient to examine the energy-
momentum tensor for both formulations. The energy-momentum tensor 7;; in the standard
formulation does not receive contributions from the Chern-Simons terms. We simply have

Ty = & (FP) + £,(FW) (5.79)
where ] ]
Ei(F™) = g Fike e B 59l FP (5.80)

The energy-momentum tensor resulting from the democratic action is given by

Ty=g S E(FM), (581)
n=2,4,6,8

where the 1/2 factor is due to the normalization, as mentioned above (5.78]). From the identity
Eij(F™) = &;(*F™) and the duality relations, we infer that the energy-momentum tensor in
the democratic action is equal to that in the standard action. Both formulations give the same

Einstein equations.

In the standard formulation (c.f. (5.56) and (5.57) the field equation for b is
d(e™2 « H®) 4 FO g 5@ _ %ﬁw ANF® = 0, (5.82)
and in the democratic formulation (5.76) with (5.78) the field equation for b reads
d(e 2 « H®) + %ﬁ@) AxF@ %ﬁw A «F©) %ﬁ(b’) AxF® = 0, (5.83)
which is equivalent to (5.82]) after imposing the duality relations (5.78)).
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The most nontrivial checks in the equivalence of the two formulations are the field equations
for C(™). In the standard formulation we have nontrivial Bianchi identities from (5.60):

AP0 = _ ) p fln-2) (5.84)
The field equations for CV) and C'®) in the standard formulation read, respectively,

0 —d <_ « BO L 0@ A xBPW L Ly A 5@ A BO L L@ A p@ A 5@ A ﬁ(2)> ,
2 0 (5.85)
0 =d (*ﬁ(‘*) +5@ A FD 1 Ly@ pp@) 5 13(2)) :
2

In the democratic formulation the field equations for all odd forms CM, C®) Cc®) ¢ are
respectively given by

0= d <_ LD 1@ A F® _ 15@ A 5@ A FO £ L@ A 5@ A p@ A ﬁ(8)>
> 6 ’

0 — d <*ﬁ(4) L@ A F® 1 L@ 42 A*ﬁ(8)> ,
2 (5.86)

0 = d (= x PO 140 A uFO)
0=d (*ﬂg)) :

By imposing the duality relations (5.78]) the last two equations become the Bianchi identities
for F4 and F® in (5:84]) and the first two equations are equivalent to the field equations (5.85])
for CM) and C®). In summary, for the common potentials the equations of motion agree after
use of duality relations. For the potentials in the democratic formulation that are absent in the
standard formulation, the democratic equations of motion arise from the Bianchi identities of
the potentials in the standard formulation. The analysis given above explicitly shows that in the
democratic formulation the field equations are equivalent to those of the standard formulation.

6 IIA versus IIB

Here we consider double field theory evaluated in frames with 9% # 0. In the first part, we review
the results of [I3] for the NS-NS sector and give an intuitive picture of how this generalizes to
the RR sector. In the second part, we give a more explicit treatment of the RR action when
evaluated in different T-duality frames.

6.1 Review of NS-NS sector and motivation for RR fields

In the previous section we have seen that for fields with no & dependence or, equivalently,
setting d' = 0, the proposed double field theory reduces to the type IIA or type IIB theory
in the democratic formulation, depending on the chosen chirality of x. It is equally consistent
with the strong constraint, however, to keep the & dependence of fields while dropping the x
dependence by setting 9; = 0. We will see that if the theory reduces to type IIA when setting
9% = 0, the same theory reduces to type IIA* when setting d; = 0, and vice versa. Similarly, for
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the opposite chirality of y, in one frame the theory reduces to type IIB and in the other frame
to type IIB*.

More generally, we can consider intermediate frames that originate from the Z; = 0 frame by
an arbitrary O(D, D) transformation. Specifically, with the subgroup O(n — 1,1) x O(d,d) C
O(D, D) acting on coordinates (z*,z% Z,), with 4 = 0,...,n — 1 and a = 1,...,d, we can
consider the O(d,d) transformation that maps the , = 0 frame to the z® = 0 frame. Here we
find that the resulting theory is equivalent to the original one if d is even or to the theory with
opposite chirality if d is odd. In other words, for d odd, if we start with a chirality such that
the theory reduces to IIA for Z, = 0, the same theory reduces to type IIB for 2* = 0, and vice

versa.

In order to set the stage to discuss the above claims, let us first review the transition from
the £ = 0 frame to the x = 0 frame for the pure NS-NS sector. This matter was analyzed in
sec. 3.2 of [13]. The two T-duality frames 9" = 0 and 9; = 0 are mapped into each other by the
O(D, D) transformation J that exchanges z and z,

01
JMy = <1 0) . (6.1)

The action evaluated in one duality frame is equivalent to the action evaluated in the other
duality frame, but written in terms of field variables that are redefined according to the O(D, D)
transformation (6.1]). To make this more explicit, we introduce

H=JHJ =H". (6.2)
In components, we obtain
A= (TR PRI (6.3)
—g"" by g“

If we view H as the generalized metric associated with a new metric ¢’ and a new antisymmetric
field ¥', following (L)) we would write

o _ g —g"b;; [ G — bt (6.4)

where in the second step we defined the tilde fields by

Ji=gl; — Gy=4g%, and b7 =0j;. (6.5)

Note that the change of index position in passing from primed to tilde variables makes the
right-hand sides of (6.3) and (6.4]) have consistent index positions:

5 = (9%~ birg™ by bikg™ Gij —§7~ik5kj i (6.6)
J VG G — b gbl | '

—g™ b g
The dilaton is invariant under this inversion duality: d=d.
Let us verify directly that the field redefinition in (6.6 is equivalent to the change of
variable induced by T-duality, following eqs. (3.20)—(3.22) of [I3]. In there, we considered the
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fundamental field &; = g;; + b;; represented by the matrix £ and the T-dual field E=¢&1,
writing -
i = (e = G747 = ExEN = 57, (6.7)

where §¥ and b are the symmetric and antisymmetric parts of £7, respectively. Consequently,
G" is interpreted as the metric and gij denotes the inverse metric. The duality transformations
of the metric imply that they satisfy [13]:

Gij = &g &5, g7 = E% g€l (6.8)

Writing these equations in terms of g and b (or their dual variables g and l~)), we recover (6.06])
for the diagonal matrix entries. For the off-diagonal entries we compute, for instance,
—gikb" = =g (EY = G) = —guEN + 67 = —Eug"ERE + 6 60
= —&ig" + 67 = —(gpi +bpi)g” + 07 = bipg? o
confirming the equality of the off-diagonal entries in (6.0]).

We note that the field redefinitions (6.5]) interchange upper with lower indices in order
to work consistently with the lower indices of the dual coordinates #;. In particular, the
diffeomorphisms in the dual coordinates are generated by 5, in that the gauge transformations
(see (2.37) and (2.38) of [13]) reduce for 9; = 0 to

580 = GONET 1+ 56 EN 1 IEEF (6.10)
Viewing £ with upper indices as a covariant rather than a contravariant tensor, this is the

conventional transformation of such a tensor under infinitesimal diffeomorphisms.

The double field theory action Sns_ns for the NS-NS fields is, of course, the same as the
double field theory action Sppr for the low energy bosonic string. We thus write

SNS—NS‘ = S[g, b, d,@} , (6.11)

=0
with S a function of the four arguments written above. In the dual frame 9 = 0, our discussion
above implies that we have

SNS—NS‘ = SDFTL%O = 5[?7, b,d, 5} : (6.12)
The replacements in the arguments of .S are, explicitly,
95— 37, 97 = Gy, by =V, 95— (6.13)

Let us now see how this generalizes in presence of the RR fields. Before we give a general
discussion in the next section, it will be instructive to first examine more explicitly, along the

lines reviewed above, what happens in the frame d; = 0 with 9% # 0. Let us first evaluate the
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field strength |F') in this frame,

D
= dx) = ?ﬁjéjzl%cilmip ¢i1...¢ip|0>

p=0

D1 57 ia i S 1 2J i1 ip—1
= Z — I Cjiy iy p2 - ?[0) = Z ] & Cjiyiy o W21 |0)
p=1 ’

p=1

— I Ciy iy -1 |0)
(6.14)

At first sight this looks rather different from the conventional field strength of a p-form, but it
can actually be brought to the form of a ‘dual field strength’ if we introduce a dual potential
C according to

P o ~j1--JD—
Czl...zp = O‘pezl...zpjl...jp,pc L (615)

where the numerical coefficients oy, will be fixed below. We recall that the epsilon symbol is
constant and equal to +1, i.e., it is not a tensor but rather a density. In terms of this new

variable, ([6.14]) reads

D-1
a ~ . o~ . . . .
_ p+1 o JD—p—1./0 i
= —p Giingip oy O O Pt ]0)
p=0

)

0;=0
. (6.16)
-1
o1 (1) idD iy i
3 o=y o P )

where we introduced in analogy to (G.10])

Fivede = p@linGozdn) | (6.17)

We should stress that (6.15) does not involve any metric and so this is not the Hodge dual.
Consequently, C is not a covariant tensor in the usual sense. However, what we actually have
to verify is that, as in (6.10]), this is a tensor in the T-dual sense that it transforms under &
rather than & with a Lie derivative. To see this, we examine the gauge transformation (Z24))

Selx) = &G Ix) + & vt|x) - (6.18)

The transport term gives manifestly rise to the correct structure, so we focus on the second
term, denoted by 47, which yields

D
5 p+lszz i i
S = o 8 Gt - 0"0)
=0
i (6.19)
2 ap(pt1) 5z Ny k ; ;
= 3 LD B it O 0)
p=0 '
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To simplify this, we use that a fully antisymmetric tensor with D 4 1 indices in D dimensions

vanishes identically,

0= (D+ 1)§j€~[j €ir.miphi..kp_p)

. o (6.20)
= P+ D€ iplbrkp_p — (D = D)y €iy ik k) -
Using this in ([6.19)), one obtains
= Do (D —p) N . .
oelx) = ZpTeil...ipkl___kD,pﬁ’“lsj CTk2kD—pyit . qpip|0) | (6.21)
p=0 '
where we relabeled ki <+ j. In total, we read off
§eC0r = EHICH--s 1 (D — )OI, CMinin] = Ciiny (622)

This is the dual Lie derivative with respect to é, of a dual p-form, where we note that upper

indices are now covariant indices and so the signs in (6.22)) are the conventional ones, c.f. (5.40])

and (6.10]).

6.2 RR action in different T-duality frames

So far we have seen explicitly that the field strengths in the dual frame 8; = 0, &' # 0, take the
conventional form when written in terms of the right ‘T-dual’ variables C%». We will now
prove more generally that the action and duality relations in the frame 0; = 0 yield the T-dual
type II theory written in terms of the T-dual variables (6.6]) for the NS-NS fields and C for the
RR fields. Since the O(D, D) transformation inverts all space-time dimensions, it contains a
timelike T-duality and thus maps, say, IIA and IIA* into each other.

To proceed, we describe the field redefinition (6.15]) by introducing the following tilde vari-
able of the O(D, D) spinor,
X = SsX S;p=0C. (6.23)

This corresponds to the action of the spinor representative of the O(D, D) transformation
J = J~! that exchanges z' and #;, which for convenience we have chosen to be C, but we stress

that this field redefinition does not affect the coordinate arguments.

We can then verify that the field redefinition y — x indeed amounts to the duality trans-

formation (6.I5). In fact, with (2.45]) and (5.39]) we obtain

_ L xiviy i i 1
= Zﬁclmpwlmwp’(» = Cy = ZﬁCil...ipllﬁil”%/%pC!m
P 1 g (6.24)
B _1\3P(P=1) (. ileipdiedD—p oy J1 L. D
- 3 G
This equation determines the tilde variables in terms of the original ones:
it 1(p_ - 1 i1.mip1.dD—
Gt = (e ey (6:25)

44



where we performed an index shift. It can be checked with the standard identity
i1--ipJ1-JD—p €iy.iph1.kp_p = —p!(D — p)! 5[j1k1 cee 5jD*p]kD7p , (6.26)

following from (5.26]), that this coincides with (6.15]) for o, = (—1)%p(p_1)+1/(D —p)l
In terms of the tilde variables (6.23)) we have, using (2.26]),

1 1. 1 _ N
Iy = EI‘MﬁM(Sjlx) = EFMSJlﬁMX
) ) ) (6.27)
= EJMNS;WN@MX = S;lﬁrNuMNaM)x = S;lax,
where we introduced a redefined derivative and Dirac operator,
N 1 . .
P = —=TVoy, Oy = JMyou. (6.28)

V2

Recalling that the matrix J™ 5 has only the non-vanishing matrix elements J% and J;j that
are equal to Kronecker deltas we find that

P = P+ 0 . (6.29)
As expected, the 8; and &' derivatives have been exchanged. For the Lagrangian we now find

1

L= () Sudx = Z(éx)*(s;lﬂsﬂ S7ldx = —i(éx)*sﬁéx, (6.30)

1=

where we used the sign factor in ([3.33]). We see that in tilde-variables the RR action takes the
same form as in the original variables, up to a sign. It can also be checked that the duality
constraints in the dual frame take the form

dx = 'S5, (6.31)

which differs from the constraints in the original frame by a sign factor.

It follows now that setting 9; = 0 in the evaluation of the Lagrangian as written in the first
form in (6.30) is equivalent to setting é = !9 in the evaluation of the Lagrangian as written
in the last form in (6.30]). But this latter evaluation is identical to our original computation in
sec. 5, with 8; derivatives replaced by &' derivatives and Ci,...i, replaced by C-iv . Of course,

this time we get an extra minus sign.

Due to this sign change in the RR action we conclude that if the theory reduces for =0
to ITA, the same theory reduces for 9; = 0 to IIA*, but written in terms of the T-dual variables.
We thus have, for instance,

SDFTII 50 = Snua |:gv b7 d7 07 6] s SDFTH 90 = Spa~ |:§7 67 CZ) é) é] ) (632)

where we indicated by Sprr,, the full double field theory action of type II, while Stia and Sypax
are the low-energy actions of ITA and ITA*, respectively. Moreover, the corresponding duality
constraints differ by a sign. This is the expected sign given that the stress-tensor from the RR
sector in the dual frame must have a sign opposite to the one in the original frame.
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Similarly, if the chosen chirality is such that the theory reduces in the & = 0 frame to type
IIB, the same theory reduces in the 9; = 0 frame to type IIB*. We finally note that had we
chosen the equally valid parametrization S = —S%, we would have obtained either ITA* or IIB*
in the frame &' = 0 and the conventional ITA or IIB theories in the opposite frame.

It is instructive to reconsider the above analysis in somewhat more explicit terms by per-
forming an expansion of the RR action in tilde derivatives 9,

Srr = Skh+ Skh + Sik (6.33)

where the superscript denotes the number of 9. For simplicity, let us assume that the b-field
vanishes. The first term SI({)& is a conventional type II action as discussed in sec. 5. The
remaining terms can be straightforwardly computed using that, by the linearity of the Dirac

operator @, the full field strength (5.8) is simply the sum of (5.9) and (6.16),

D
1 . .
|F) = Zﬁfil...ip P |0) (6.34)
p=0
where
Fir.ip = Fiy iy + Bp€iyipjr.jp_p P 7P, (6.35)

and B, = (—1)Pap41/(D — p). In here F is the conventional field strength, depending on
derivatives 9, and F is the field strength in terms of the dual variables, depending on the dual
derivatives 9. Precisely as in sec. 5, one then finds for the full RR-action

1 1 . o
SRR = _Z%:E!\/gglm“‘QZ”]p]‘—i1...ip}—j1...jp- (6.36)

Insertion of (G.35) then gives

0 1 1 . .
Sty = -1 SIVEG g By iy Fyygy
P
) L1 (6.37)
ng){ = 4+ Z i g Fp fidp
| 171 tpJp
4 - ! N
For the second equation we shifted the summation index p and used the identity
o o 1
VI g e ik kpy €i1pladp—y = — —= DD = P Gy "Ykp_plip—p (6.38)

N

which follows from (6.26]) and (5.26]). We stress that the minus sign on the right-hand side of
this identity is due to the Lorentzian signature. It is this sign that is responsible for the relative
sign between S and S®) in ([E37). We have thus re-derived the sign change of (6.30) for the
special case of vanishing b-field. Let us note that, as discussed in sec. B.2] not all invariances of
the original action are still present once we parametrize S in terms of the conventional fields.
For instance, the transformation J maps, using (6.24]),

0; — 5i, Cil...ip — éil"'ip = F; — Fil"'ip . (6.39)

1-ip

Therefore, S© in (637)) is transformed without a sign change, i.e., S is mapped to —S®2)
and so (6.33)) is not invariant.
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We close this section with a brief discussion of intermediate frames, which we illustrate with
the simplest case of one T-duality inversion. Thus, we split the indices as z° = (2!, 2%) and
assume that the non-trivial derivatives are (51, 0,), where ‘1’ denotes the special direction. As
above, we consider a field redefinition that takes the form of the T-duality inversion,

1
= S = @) D (Cara 0+ PC a9 [0)
p
1
= 21 (Carea 1™ o 0™ 4 pCran gy 97 1) [0) (6.40)

p

1 ) )
=Gl o)
p P

This implies that the redefined C'®) are given in terms of the original ones by

, { Capay it i1 =1, in=ag, ... ,ip=a, (6.41)

iy — . o
Clay...ap ifin=a1,... ,ijp=uaq,.

Put differently, the new p-forms are obtained from the original ones by adding or deleting the
special index. It follows that this redefinition interchanges even and odd forms and thus changes
the chirality of x. The field strength then reads

Ix = (V0 + 10" ) (W' + )X = (V' + 1) (W (—0a) + ¥ X = Siviox, (6.42)

where we recognized the transformed (primed) derivatives 8, = (9", —9,), recalling that the
transformation h; in (236]) changes the overall sign of the coordinates z°.

In precise analogy to (6.30), we can now conclude that the action in the frame with 8", 8, # 0
takes the same form as in the frame d' = 0, just with all field variables replaced by primed
variables. Since the primed variables have the opposite chirality, it follows that if the theory
reduces for &' = 0 to, say, type IIA, in the new frame it reduces to type IIB if g1 is positive
and to type IIB* if g11 is negative. More generally, if we evaluate the theory in any frame that
results from the & = 0 frame by an O(d, d) transformation, we obtain the corresponding T-dual
theory.

7 Discussion and conclusions

In this paper we introduced a double field theory formulation for the low-energy limit of type
II strings. T-duality relates different type II theories, a feature that does not occur in bosonic
string theory. In the double field theory built here each of the type II theories can be obtained by
choosing different ‘slicings’ within the doubled coordinates. Consistent slicings are those allowed
by the O(D, D) covariant strong constraint 9 dy; = 0 that originates from the Ly — Ly = 0
constraint of closed string theory. If we consider two slicings related by an odd number of
spacelike T-duality inversions and one yields type IIA, the other must yield type IIB. The
double field theory necessarily features the so-called type IIA* and type IIB* theories, which
are related to the conventional type II theories via T-dualities along timelike directions.

47



Despite this unification, the actual invariance group of the theory is only Spin™ (D, D) and
therefore does not contain any of the T-duality transformations that relate different type II
theories. This means that the Pin(D, D) transformations that are not in Spin™ (D, D) must
be viewed as dualities rather than invariances. More precisely, while we fix the chirality of the
spinor x from the outset, the opposite chirality is obtained by the field redefinition induced by
the appropriate T-duality transformation. The situation is similar to theories that depend on
a background but which are nevertheless background-independent in the sense that any shift
of the background can be absorbed into a field redefinition. Just as one may then ask for a
manifestly background independent formulation, we may now wonder if there is a formulation
with full Pin(D, D) invariance. This would presumably require the introduction of a spinor
without a chirality condition, together with an additional gauge symmetry to remove the new
unphysical degrees of freedom.

Further generalizations of this work are possible. It would be interesting to see if this type
IT double field theory allows for an enhancement of the global symmetry to a U-duality group,
such that the NS-NS and RR fields transform in an irreducible representation. Results on
reformulations of 11-dimensional supergravity may be relevant, see [34] and [22/27]. Moreover,
exceptional groups are of particular interest since they naturally combine fundamental and
spinor representation, and in this context the Kac-Moody algebras E1; [23135] and Eqq [36L37]
have been proposed. Being infinite-dimensional, they easily accommodate the massless fields
of various string theories, but they also give rise to an infinite set of further representations for
which a physical interpretation has yet to be found.

The work here may also contain pointers for a yet to be constructed string field theory of type
II strings. This is an outstanding problem since these remain the only string theories for which
no string field action is known. Finally, there might be applications to generalized Kaluza-Klein
type reductions or to the construction of T-duality invariant world-volume theories of branes.
We leave these and other questions for future research.

Acknowledgments

For useful discussions we would like to thank Marco Gualtieri, Juan Maldacena, Ashoke Sen
and Paul Townsend. We thank Chris Hull for comments, and understand from him that he has
worked in closely related directions.

This work is supported by the U.S. Department of Energy (DoE) under the cooperative
research agreement DE-FG02-05ER41360. The work of OH is supported by the DFG — The
German Science Foundation, and the work of SK is supported in part by a Samsung Scholarship.

A Duality transformations of Sy

In this appendix we discuss the transformation behavior of Sz in some detail. We first give the
general proofs of the transformation rules stated in the main text, and then give an example to
illustrate these rules.
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A.1 GL(D) and b-shifts

Our goal is to determine the sign factor o appearing in the transformation of Sy, under O(D, D),
(STHT Sy 871 = 0,5 (H) Sps)onm - (A1)

We start by considering the ‘geometric subgroup’. It consists of GL(D) transformations and the
abelian subgroup R2D(D-1) of b-shifts, which together form the semi-direct product GL(D)
R3P(D=1) We show that for this subgroup no sign factor arises:

Theorem: Given an arbitrary H, for any h, € GL(D) and hy € R2P(D-1)

on.(H) = op,(H) = 1. (A.2)

We can then immediately conclude that op,(H) = 1 for any h € GL(D) x R3D(DO-D),

In the remainder of this subsection we will prove this theorem. We first present the proof
for b-shifts, and then discuss GLT (D) and GL™ (D), respectively.

b-shifts: The O(D, D) element which shifts b — b — Ab and its corresponding Spin(D, D)
element are given by, respectively,

1 —Ab L Ap:abiahd
s <0 1 > , Sap = e 2BV (A.3)
Then the duality transformation of Sy under b-shifts can be written as
(SZ;)T Sy S&% — o3 DbiYiY; SHe%AszWW — o 3 Dbyt o3 bivit; Sg_l o~ 30 T o3 bt
= enlbij—Abij)iit; S, e~ 3bi—Abw' _ g, (A.4)

We conclude o, (H) = 1.

GLT(D): An arbitrary O(D, D) element in GL™ (D) and its corresponding Spin(D, D) element
can be written as

T 0 1 i j
h, = , S, = —— CRE , A5
<O (r‘l)t> \/detre (A5)

with detr > 0. Under this O(D, D) transformation, g and b transform covariantly,
g — rgrt, b — rbrt. (A.6)

This transformation of the metric g is induced by the covariant transformation e — re of the
vielbein. The duality transformation of Sy under GL™ (D) is then

(SO Swust = (SO syt sust =[SOS SE] (0SS (808081 L (AT)

We first evaluate the terms in the square parentheses. We only need to evaluate the second
parenthesis since the term in the first parenthesis is just its hermitian conjugate,

s, SbS,Tl - S, e—%bijwid’j Sr_l _ e—%bij(wkrki)(dilmj) _ e—%(rbrt)kzdikwl = Sy, (A.8)

where we used

Spp'S;t = et SuhiSTh = () (A.9)
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Thus we see that the b-field transforms exactly as required by (ALG]). It remains to inspect the
following term in (A7)

(5, hts st = (s s sests (A.10)
We write now S, in terms of the oscillators as

1 g
S, = ——=eV'Ei'Yi (A.11)

where exp(E) = e. To simplify the computation of ([A.10Q)), it is convenient to note that with
A =t AJ7 we have

e
I
=
&
U
Q
=

Q
|
I

ellel) = 7e = eloglre) | (A.12)

1 ip.J 1 i 1 i j
S.S, = V! Rl VBT eV log(re)i?d; — g = G, (A.13
Vvdetr Vdete det (re) ( )

where log(re) is defined by €l°8("®) = re. Using this in (AIQ) gives
(S, s te Tt = 50t (A.14)
In total, combining this and (A.8]) we obtain
(S S St = 8L S Sy = Sy (A.15)
which proves o, (H) =1 for h, € GLT(D).

GL™(D): An arbitrary GL™ (D) matrix and its corresponding Spin(D, D) element are given
by, respectively,

L okRidy

V/|det r| ’

with det 7 < 0. The index i is fixed but arbitrary; in particular, there is no sum over i. R/ is
defined by

(A.16)

T 0 Y
h, = (0 (T‘_l)t> ) Sy = (" —Piy)")

et = ry st. r = kiry, (A.17)

where k; = diag(1,---,—1,---,1) is the diagonal matrix that has a —1 in the diagonal entry
i and r; € GLT(D). Under this O(D, D) transformation, g and b transform covariantly as in
(A6). We have to keep in mind, however, that in writing the metric as g = eke’, we require e
be positive definite, and thus we cannot write ¢/ = re. One way to resolve this is to define a
positive definite €’ as

e = rek;. (A.18)

Since k = k;kk;, this definition of ¢’ correctly gives ¢’ = rek(re)t = rgrt. The duality transfor-
mation of Sy under GL™ (D) is then

(S;htsust = (shis) st syt (A.19)

_ [(s;l)ng sﬂ A IRl EACAC I

50



It is straightforward to see that, as in the case of GLT(D), S, S, S; ! = Sy. The remaining

part is more subtle. We first compute
e L e T G PR L (A.20)
= (SISO — hid?) Sy (W'hs — i) S

Here we used Sy, = (¥i); — i00%) Sk (¢iah; — biab?), which can be straightforwardly verified both
for the case that i is equal to the timelike direction and for the case that it is different from the
timelike direction. This guarantees that the proof is independent of the particular factorization

in (AI7). Since
(iap— ) b0 (Wb —bih') = P (ka)? s (b — i) Wy (Wi — i) = hi(ki);t s (A21)
we obtain as in (A13))

SpSe(With; — ') = (Yl — ") eV T 1 V" BT (@i — i)t

1
V/|det | Vdete

! Y () (A.22)

= (Y"1 — Yt )W

b eartestrie) ) — g,
|det (re)|
Summarizing, we have shown
(S, )'SusS, ™t = S} S, Sy = S, (A.23)

which proves oy, (H) =1 for h, € GL™ (D).

A.2 T-dualities

We turn now to the sign factors in ([A.T]) for factorized T-dualities. Using the shorthand notation
oi(H) = on;(H), we will prove that o;(#H) = 1 if the ith direction is spacelike and o;(H) = —1
if this direction is timelike.

We start by establishing a simple lemma that allows to distinguish elements of the geometric

subgroup just discussed from genuine T-duality transformations.

Lemma 1: An O(D, D) matrix of the form

ho= (S :) : (A.24)

where * stands for nonzero blocks, is an element of GL(D) R22(P=1) and can be written as
the product of a GL(D) element and an element of R3D(D-1),

Proof: The group properties of O(D, D) imply for a general matrix of the form (A.24))

h = <g Z) = d = (a7, a~'b antisymmetric . (A.25)
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Then the matrix takes the form
a b a 0 1 a1b
— , A.26
(0 (a_l)t> <0 (a_l)t) (0 1 ) ( )

Let us now assume that

proving the claim.

(S;H Su St = 0y(H) Sh,om - (A.27)
Using S5; = Si_l = SZ-T, this can also be written as
Si Sy Si = 0i(H) Sh,on - (A.28)
Letting h denote an O(D, D) transformation, the above equation implies that
Si Shop Si = i(hoH) Shihon - (A.29)

We want to determine the equivalence class of h € O(D, D) satisfying o;(hoH) = 0;(H). A
sufficient condition is given by the following lemma:

Lemma 2: If h € GL(D) x R:P(P=1) and h; hh; € GL(D) x R%D(D_l), then

oi(hoHM) =0;(H). (A.30)
Proof: We write
h. = hihh; € GL(D) x R2P(P-1) (A.31)
and note that
Sh, = £5;ShS;. (A.32)
Since h € GL(D) x Rz P(D-1),
(S )TSu S, = + Show - (A.33)

We calculate the left-hand side of (A:29]), using (A33]) in the first step,
Si Shor Si = Si (S; T Sy S, S;
= S (S;H)1S; (SiSuSi) SiS;ts; (A.34)
= ((S5Sn 5™ (0:(H) Shion) (S9n8:) ™",
where we made use of (A.80). Making use of (A.32)),
Si Shon Si = 0i(M) (Si) Spiow Sit = 0i(H) Shanion » (A.35)
since hy € GL(D) x RzP(P=1) We now note that using (A.31])

hohioH =hihhihjoH =hihoH, (A.36)
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and therefore we have obtained,
Si Shop Si = o0i(H) ShihoH - (A.37)
Comparing with (A.29]) we conclude that (A.30) is true, as we wanted to prove.

As a first application we show that b-shifts satisfy the conditions of Lemma 2. Indeed,
taking h = hy, for some arbitrary D x D matrix b, a small computation confirms that

1+0be; —b b+ be;
hihy by — + be + e;0 + be
0 14 e;b

> € GL(D) x R2P(P-1) (A.38)
It then follows that

Since at any point X the b field in H can be removed completely by a b-shift, the sign o;(H) is
in fact a function o;(g) of the metric only:

oi(H) = oi(g) . (A.40)

In order to determine now o;(g), we use GL(D) transformations that bring the metric into
a simpler form. There is an important complication, however: for arbitrary » € GL(D) it is
not generally true that h;h,.h; is in GL(D) x R3>D(D _1), and thus Lemma 2 cannot be generally
applied. For the Lemma to be applicable, the lower left block of the matrix h;h,.h; must vanish.
A small calculation shows that this requires

—eir(l—e;)— (1 —e)r )T e; =0 (i not summed) . (A.41)
Using e; Ae; = Aj;e; for any matrix A, and e;e; = ¢;, we can rewrite the above condition as
— ei(r — rije;) — ((r—l)T - ((T_I)T),-,-e,-)ei =0. (A.42)
Consider the condition that the first term vanishes:
ei(r —rye;)) =0. (A.43)

This requires the i-th row of r to vanish, except for the diagonal element r; that can be
arbitrary. Without loss of generality, and to display more easily the matrices, let us take ¢ = 1.
The condition then gives

T11 6T
eif(r—rne)=0 — r=r.=|( , (A.44)
Vo7

letting r, denote the solution of this constraint. We decomposed the matrix r, into a 1 x 1
corner block with element r11, a (D — 1) column vector V, the vanishing (D — 1) row vector,
and the (D — 1) x (D — 1) invertible matrix 7. A small calculation shows that

r;1:< L/ru GT). (A.45)

—f_117/r11 71
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This shows that (r;l)T has a vanishing first column, except for its diagonal element, which
implies that

((T*_l)T - ((T*_l)T)llel)el =0. (A.46)

Thus for r, the second term in (A42]) vanishes as well. This shows that for r, as in (A.44]), we
have hih, hy € GL(D) X R%D(D_l), and the conditions of Lemma 2 apply. We thus have

o1(9) =01 (hy,0g9) =01 (g*) , with g, =r.gr! . (A.47)

Let us compute the rotated metric assuming a block decomposition for g:

g= g11 ET (A 48)
i g .
A small calculation gives
. 11911711 ri1(guV +7A)T (A49)
Jx =T%gT, = . . . L o . .
T11(911V+fA) (911V+fA)VT+VATf*T+f*ng
Choosing
1 — 1 -
iy = ., V=——1(A, A.50
\/ |911| g11 ( )
we find .
sgn(gi1) 0"
G N (9- L AAT)T .
9 gi1

By the general result on diagonalization of quadratic forms, we can choose 7 in such a way that
the lower-right block becomes a diagonal matrix with entries equal to plus or minus ones,

sgn(gi1) 07 .
G = . |, k diagonal with £ 1 entries. (A.52)
0 k
By Sylvester’s theorem of inertia, the matrix g, has a single —1 entry. Thus either g1; is
negative and g, = k, with k£ the Minkowski metric, or g;; > 0 and g, = k;, for some ¢ # 1. In
either case we know how to determine the sign factor:

o1(9) = o1(g+) = sgn(gu1) - (A.53)

Since our choice of the first coordinate was just irrelevant, this holds for a factorized T-duality
about any coordinate. Our final result is therefore

oi(H) = sgn(gi;) - (A.54)

Equivalently, o; = 1 for a T-duality along a coordinate direction z! that is space-like, and
o; = —1 for a T-duality along a coordinate direction that is timelike.

In order to use ([A.54)) for the successive application of several T-dualities, we have to keep
in mind that each action of h; transforms the full metric g;; non-trivially and therefore the full

sign factor cannot be inferred from the signs of the diagonal entries of the initial metric g;;.
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For the special case of the transformation J, i.e., T-dualities along all coordinates, however, we
can show that o;(H) = —1 as follows.

Under the O(D, D) transformation J, H transforms as
H = JHJ. (A.55)
We define h = h 'hy and rewrite H and H' as
H = W Hoh, H = h Mo HT. (A.56)
With the corresponding spin representative Sj, = S5 1), of h we then have, by definition,
Su = SiSuySh,  Sw = Sh-1Su,S] .. (A.57)

Using that Sjl = ST, we have

(ST ST = SuSiSuSnSh = |(S)7'SuSsS]] S [SuSISISHT] - (A8)
J is an invariant matrix, hJhT = J, and thus in Pin(D, D) we have
SpSySI = +S;. (A.59)
We can thus simplify (A.58])
(STHTSH ST1 = 551885, ST (S = =SS, (Sp )T = —Sw (A.60)
where we used S5y, ST, = —S%, in the second equality and (A.57)) for the last equality. We

have thus shown that o;(H) = —1.

A.3 Example

Next, we present an instructive example concerning the above rules of sign factors. We con-
struct a closed loop in the space of H in SO~ (D, D) that cannot be lifted to a closed loop in
Spin~ (D, D).

Consider for D = 2 the one-parameter family of SO* (D, D) transformations parameterized

by a:
h(e) = exp[aT], a€ [0, g] , (A.61)
where T is the Lie algebra generator
0 1 01
-1 0 -1 0
T = TH 4124732473 = ) A.62
0 1 01 ( )
-1 0 -1 0
and TMY are the standard fundamental generators (25). A computation gives:
cos® a % sin2a —sin’a % sin 2«
1 2 1 02
—s8in2a cos“a  —ssin2a —sin“a
ha)=| 2, | ‘0, w : (A.63)
—sin“a  5sin2a cos” « 5 sin 2«
—% sin2a  sin? o —% sin2a  cos®a
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Since T* = —T, we have h(a)! = h(a)~!. For later use we also note that (A.61]) can be defined
for arbitrary «, which then has the periodicity h(«) = h(aw+m). This family of transformations
was designed so that for o = m/2 we get the product of the two T-dualities h; and hs:

0 0 -1 0
0 0 0 -1
h(Z) = = hihs. A.64
) 1 0 0 0 L (464
0 -1 0 0

Consider now the ‘flat’ generalized metric Ho = diag(k, k) € SO~ (D, D). The SO (D, D)
transformations h(«) acting on this generalized metric give us a family of rotated metrics,

H(a) = (h(a) ™)' Hoh(a)™ = h(a)Hoh(a)™". (A.65)
A computation of the matrix product gives

— cos? 2 % sin 4« sin? 2« % sin4q

% sin 4« cos? 2a % sinda —sin? 2a

H(a) = . 2 1 . 2 1 . * (A'66)
sin” 2a 5 sin 4o — cos‘ 2« 5 sin 4o
% sinda  —sin? 2« % sin 4« cos? 2a

As it turns out, the transformation hyhs leaves H invariant, thus H(«) traces a closed curve
as o € [0, 7/2]:
H(0) = H(5) = Ho. (A.67)

For general «, the metric and b field read off from H = H,e are

gija) = ( -1 tan2a> , bij(a) = < 0 tan2a) . (A.68)

tan 2« 1 —tan 2« 0

For o« = 7 both the metric and the b field components become infinite, even though the

generalized metric is still perfectly regular:

0 01 0

- 0 00 —1
HEO =11 00 o (A.69)

0 -1 0 0

At this singular point we expect that our explicit formula for Sy is affected by some kind of

‘phase transition’.

Next we turn to the study of the corresponding elements in Spin(D, D). Since h(«) is in
the component of the group connected to the identity, its spinor representative follows directly

from (A.62),
S(a) = Spay = ep[al], T = %(Fl4+P12+F32+F34> . (A.70)
Recalling that IMY = J(TMTN — TNTM) and that T'M = /2 (41, 49, 91, 1?) we infer
D = 0? + s + M + 9107 = (1 + 90 + o) (A.71)
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As T2 = —1, we get in closed form

A

S(o) = cosa-1+sina-I'. (A.72)
We can now investigate its action on the spinor representative for Hy, which we choose to be

Sy, = PP —rt, (A.73)

where we denoted the timelike direction by 1. We then define

Sula) = (S(a)™) Sy, S() 7", (A.74)

such that Sy (0) = Sy,. Taking the p homomorphism of (A.74]) we conclude that Sy(«a), so
defined, is
Su(a) = :ESH(Q). (A.75)

Since the plus sign holds for o = 0 and both sides appear to be defined by continuous defor-
mations, it is puzzling that the sign becomes minus at some point. This is what we want to
understand.

The explicit calculation of (A74) gives with (A72)
Sy(a) = cos(2a) [wlwl —ah1pt — tan(20) (' — 1) (W + 1/12)] . (A.76)
Recalling that H(%5) = Ho, we observe that

Su(3) = —(@'n —ipt) = =Sy, = —Sy(x). (A.77)

We have gotten now a minus sign in (A.79). Alternatively, while o € [0,7/2] gives a closed
loop for H(«) it gives an open loop for Sy (). The aim of the following discussion is to see

how this minus sign arises.
We should compare Sy () with the family S3(a)» Which can be defined independently as:

_ aof -1 . -1 _ -1 -1
St(a) = Sha) Syt Sbley» With S, L) = (Se(a))Tsk So - (A.78)

In this definition one must extract g(«) and b(«) from H(«) and use g(«) to define a vielbein
e(a) from g(a) = e(a)ke(a)t. The potential difficulty here is the possibility that divergent g’s
can lead to discontinuous e’s and thus a discontinuous definition of Sy.

We begin the calculation by computing the vielbein using ¢ = ek e’ and the metric from
(AL68). The vielbein is not unique, but one representative is

~ [Isec2al tan2a
e() = ( 0 ) > (A.79)

Next, we need a matrix E such that e = exp(E):

_fu v o fe" S(e"—=1))  [[sec2al tan2a
R Y T W (T N
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We then compute
S71 = Vastee V' BB _ \[dote e hi—utvs (A.81)
The exponential can be worked out explicitly, giving
S;1 = Videte (1—e (e — 1)) (¥ 1 + vupleb)) (A.82)
Therefore, using (A.80) we find
51 = |sec2a'/? (1 — | cos 2a [(! sec 2a| — 1)1lehy + tan 2a 1/111/12}) . (A.83)
We then obtain for the metric

Sg_l = |sec2q] (COS2 20y — P19t — sin 2accos 2a (Pl ahs + %) + sin? 2a 1/)21/)11/)11/)2> .

(A.84)
The b-field contributions are given by
Sy = e 2V = 1 pyyply? (A.85)
while all higher terms vanish in D = 2. Using (A.68]),
Sy = 1—tan(2a) et ? Sg = 1—tan(2a) Y9 11 . (A.86)
After some further calculation we get
cos(2a)| .
Sniy = leos(20)| s — 1) — L2CN i o0 1 — ) (02 4 11
cos(2a) (A.87)

= sgn(cos(2a)) Sn(a) ,

where sgn denotes the sign of its argument, and we compared with (AJ76]). This result is
perfectly consistent with the sign change found in (A77)). For small values of a > 0, the sign
is positive and so this agrees with (A.75) using the + sign. At a = 7, S3(a) is discontinuous.
For o > %, (A75) holds for the minus sign, as it should be in order to be consistent with the
final relative sign at o = 3.

Let us finally reconsider the above analysis in a different approach. Specifically, since we
saw above that the sign change occurs at a singular point for which ¢ degenerates and Sy
becomes ill-defined, it is natural to inquire what happens if one employs a definition that only
requires H to be regular, but not necessarily decomposable into h, and hy,. Such a definition
can indeed be given by separating H(«) into two pieces:

A~

H(a) = Ho(HoH()) = HoH () (A.88)

where Hg is an O(D, D) element disconnected from the identity while A is an O(D, D) element
connected to the identity. Thus, # can be written in exponential form. Indeed, with the explicit

forms (A.G3]) and (A.GE) one can verify

~

H(a) = exp[—2aT]. (A.89)
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Therefore, its spinor representative can also be defined as an exponential which, after choosing
S14,, gives a spinor representative for H(«) according to (A.88]).

At first sight, this leads to a well-defined and smooth spinor representative for all ae. There
is a subtlety, however, which is due to the following periodicity of 7:[,

H(a) = H(-Z +a), (A.90)

following analogously to the periodicity of h(a) noted after (A.G3]). Consequently, given an
H(«), there is no unique parameter value « that reproduces this generalized metric according
to (A89)), and therefore there is no unique spinor representative of #. More precisely, if we
attempt to define the exponential form of Sy by replacing T" by I in (A.89)), there are actually
two choices,

exp | — 20T

Sy = [ ] S (A91)
exp [(—2a+ )T

Since, using (A72l), exp[ﬂf] = —1, these two choices differ precisely by a sign. This has the

consequence that there is no continuos and single-valued way to choose the spin representative

over the complete path of H(a). In fact, since the path is closed, single-valuedness requires

Sﬁ(o) = Syzy = 1. This, in turn, can only be achieved if we choose in (A9]]) the first
2

parametrization of S for a = 0 and the second parametrization for a = 5. Thus, at some

™
9
Sy, and Sy. (In the previous approach, this point was at o = %.) Thus, we conclude that while

point in the interval (0, Z) we need to change the parametrization, leading to a non-continuous

in this approach the ‘point of discontinuity’ can be chosen arbitrarily in the interval (0, %), the

associated sign change as in ([A.77)) is unavoidable.
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